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Abstract

The conventional way of construction in building industry has many disadvantages,
for example, the environmental pollution, massive energy consumption, less cus-
tomization, and the intense human labor involved. A new, more efficient way of
manufacturing construction materials could reduce time, cost and labor intensity,
while providing design freedom for complex architectural forms. Towards this end,
three dimensional (3D) printing, or additive manufacturing of concrete structures
offers great potential.

This technology however is still in its relative infancy, and further research is
needed in order to bring this technology to the market. Specifically, the materi-
als aspect of 3D printing pose many open research questions, such as rheological
properties of the concrete that enabling effective pumping and printing, while also
hardening quickly enough to support the weight of subsequent layers. In order to
address these questions, two approaches can be employed: experiment and math-
ematical modeling. While an experiment approach alone is time consuming and
costly, numerical simulation properly validated with experiments offers a far less
costly and more effective alternative.

To numerically model the behavior of concrete at fresh or solidified state, a
viscoelastic constitutive law for both small-strain and finite-strain are introduced
based on the generalized Maxwell model. In the solidified state, a small strain ver-
sion of the viscoelastic constitutive relation can be used to model phenomena like
stress relaxation and creep. While for fresh state mixture, the large strain version
can model the finite deformation present in the deposition process, and interface
evolution in 3D printing. However, careful selection of a numerical framework
is necessary, since in the traditional finite element approach, large deformations
can cause mesh distortion and entanglement, and topological changes in the do-
main (free surface formation, closure) require computationally intensive remeshing.
Meshfree methods on the other hand, do not require mesh and can deal with these
aforementioned problems easily. A numerical framework based on the meshfree
reproducing kernel particle method (RKPM) is developed in this work to model
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the deposition process.
Several numerical examples are tested to verify the developed computational

framework. It is observed that the numerical results agree well with reference
results, which indicates a strong potential for the effectiveness of the numerical
framework for viscoelastic modeling of extremely large deformation problems such
as deposition of concrete.
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Chapter 1 |
Introduction

1.1 Motivation
There is a wide consensus that current economic and industrial development is
proceeding in an unsustainable manner. Population growth and urbanization pose
a great pressure on the world’s resources and environment in the twentieth century,
as they contribute to a tremendous expansion of energy use [9]. This phenomenon
is continuing, especially in developing countries. Thus, the call for more sustainable
development is growing worldwide.

This trend is particularly relevant to the construction industry, as conventional
construction techniques release large amounts of carbon dioxide (CO2) into the
atmosphere, which is the main greenhouse gas. Not only great amount of CO2

emissions are produced, but waste is also produced in the form of waste water and
excess building materials. Waste water is serious environmental problem which
can result in severe water shortage [10], which is often overlooked.

Conventional construction is also labor insensitive due to the process of molding
and demolding. Traditional construction also provides limited design freedom for
architecture consisting of complex shapes.

A relatively new way of manufacturing, called additive manufacturing (AM),is
becoming increasingly popular throughout the world. In contrast to subtractive
manufacturing (SM) techniques such as milling and formative manufacturing (FM)
(e.g. casting), additive manufacturing uses no formwork and produces little waste
since the material is placed where it only needs to be for the final product. This
technique has also been termed digital fabrication, digital manufacturing, rapid
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prototyping, or three-dimensional (3D) printing.
Additive manufacturing is characterized by extruded, successive and layered

printing of materials. Additive manufacturing technology is being increasingly
adopted across various fields, from aerospace and automotive manufacturing, med-
ical devices, and food science for aesthetics [3]. In recent decades, this new tech-
nology has been introduced to construction field for concrete structures.

3D printing of concrete and cementitious material, known as freeform fabri-
cation has great potential to address these problems. Like other AM techniques
it produces near zero waste: by using 3D printing, civil engineers can optimize
structures before they are manufactured so that the final print uses a minimum
amount of materials.

Presently, this technology is poorly understood, and before it can used in indus-
try applications, identifying a printable concrete is required: the concrete mixture
must simultaneously yield workability, low drying shrinkage and sufficient strength,
while also avoiding weak bonds between printed layers.

Among these properties, the rheological properties are key for the actual process
of printing the concrete to be successful. Laboratory experiments may identify a
proper mix for desired properties, yet because of the numerous parameters involved,
the possible combinations makes this approach virtually intractable. Numerical
simulation combined with experimentation is potentially a far more effective ap-
proach to study these problems than a pure experimental trial-and-error approach.
However, little work has been done to study this problem computationally. Thus
in order to bring this technology to fruition, it is of essential importance to build
a numerical framework to study this problem.

1.2 Objective and outline
The interdisciplinary nature of modeling concrete printing is illustrated in Figure
1.1. The three main ingredients are indicated, namely chemical hydration, rheology,
and the computational approach. Strictly speaking, multiscale modeling should be
carried out to consider all these factors.

The chemical reaction of hydration governs the development of microstructures
of concrete mixtures and thus determines the macroscale hardening process and
the material behaviors such as viscosity and stiffness. Simulation of hydration in
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Figure 1.1: Interdisciplinary relation involved in the concrete printing modeling.

concrete has been studied [11–15], and can produce macroscale material param-
eters, and offers a physics-based approach rather than phenomenological or em-
pirical. However, multiscale modeling is a computationally intensive and complex
approach requiring development of a comprehensive framework for simulation. Not
only does this involve the chemical processes, but it also requires the development
of a numerical method capable of simulating the deposition process.

In this work, a continuum mechanics-based macroscale modeling approach is
developed to this end. That is, a numerical framework is presented which has the
potential to model 3D printing of concrete mixtures. In consideration of extremely
large deformations involved and the presence of surface generation and closure in
concrete printing, a meshfree method called reproducing kernel particle method [16]
is chosen as the numerical method. Considering that concrete mixtures go through
a viscous dominant phase to a solid dominant phase, an viscoelastic material law
in integral form based on the generalized Maxwell model [17] is chosen as the
constitutive law.

The remainder of this thesis is organized as follows. A literature review of
the basics of concrete is presented in Chapter 2, which is followed by a general
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overview of 3D printing with emphasis on 3D concrete printing and the challenges
involved. Since the constitutive relation of the concrete flow is the essential part
of concrete printing modeling, a comprehensive review of the behavior of concrete-
like materials will also be given in Chapter 2. In Chapter 3, the reproducing kernel
particle method will be described, and several numerical examples will be showed
to verify the accuracy of this method, as well as examine the effect of the choices
in the formulation on accuracy of the solution. Chapter 4 presents a small-strain
meshfree framework for viscoelastic analysis where several benchmark problems
are solved with good accuracy. A finite-strain version of the meshfree viscoelastic
modeling is then developed in Chapter 5, with the aim toward the verifying a
numerical framework for simulation of concrete printing. Finally, a concluding
remarks and summary will be presented in Chapter 6.
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Chapter 2 |
Literature review

2.1 Concrete construction
Concrete is the most widely used man-made material in the world, with about 2
billion tonnes used every year [5]. It is a mixture, made up of portland cement,
fine and/or coarse aggregates, water, chemical and mineral admixtures, and up
to 8% air in volume. Portland cement is created by burning clay and limestone
into clinker material, while adding approximately 5% gypsum in mass. Aggregate
is obtained either by cracking stone (coarse aggregate) or from river sand (fine
aggregate).

There are many advantages of concrete as a construction material. The raw
materials to produce concrete are cheap and readily available almost everywhere
around the world. Structures built by concrete can obtain high strength. Concrete
is also an inert material that is fire resistant.

Although concrete has many attractive properties in construction, it still bears
some disadvantages. Producing the raw materials for example, is energy-intensive,
and at the same time a large amounts of carbon dioxide are emitted. It is reported
that 1 ton of clinker produced releases 1 ton of CO2 into the atmosphere.

Since the chemical and mechanical properties are crucial for 3D printable con-
crete, a review is presented in detail in the following text. First, the chemistry is
reviewed briefly, which is the basis of microscale physics of the hydration reaction.
The rheology, or mechanical properties of concrete is then reviewed.

5



2.1.1 Chemistry of concrete

After the raw materials to form concrete are mixed together, a chemical reaction,
called hydration reaction occurs, and the fresh concrete begins to harden. Through
the so-called curing process, the concrete solidifies and becomes solid.

Before the chemical composition is presented, it is convenient to introduce the
notation of oxides [18]. The shorthand forms of the chemical formula are listed
in Table 2.1. The basic chemical compositions of concrete are tricalcium silicate
(3 CaO·SiO2, or C3S), dicalcium silicate (2 CaO·SiO2, or C2S), tricalcium aluminate
(3 CaO · Al2O3, or C3A), and tetracalcium aluminoferrite (4 CaO · Al2O3 · Fe2O3,
or C4AF).

These main components react with water to form the gel which is carbon silicate
hydrate (C−S−H). The reaction equations forming silica gel are as follows:

2 C2S + 9 H −−→ C3S2H8 + CH (2.1)

2 C3S + 11 H −−→ C3S2H8 + 3 CH (2.2)

where C3S2H8 is the main product of hydration reaction, the composition of which
is variable. It is an amorphous porous gel which is stable in water and acts as the
"glue" to combine aggregates together.

The other two ingredients react with water and gypsum (CSH2) to generate
other products. For C3A:

C3A + 3 CSH2 + 26 H −−→ C6AS3H32 (2.3)

2 C3A + C6AS3H32 + 4 H −−→ 3 C4ASH12 (2.4)

where C6AS3H32 is ettringite, and C4ASH12 is called monosulfoaluminate.
For C4AF:

C4AF + 3 CSH2 + 21 H −−→ C6(A, F)S3H32 + (F, A)H3 (2.5)

C4AF + C6(A, F)S3H32 + 7 H −−→ 3 C4(A, F)SH12 + (F, A)H3 (2.6)

In these equations, the composition of iron oxide and alumina is not fixed, so there
is no particular chemical formula for them.
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Table 2.1: Typical oxide and its shorthand notation.

Oxide Common name Shorthand notation
CaO lime C
SiO2 silica S

Al2O3 alumina A
Fe2O3 ferric oxide F
CO2 carbon dioxide C
SO3 sulfur trioxide S
H2O water H

2.2 3D printing of concrete and cementitious materi-
als
According to American Society of Testing and Materials (ASTM) definition [19],
3D printing refers to the process of joining materials to make objects from 3D
model data, usually layer upon layer. In this definition, the important features
of 3D printing are highlighted: the additive process of manufacturing (in contrast
to the formative and subtractive way) connected with a computer-aided design
(CAD) model to generate the geometry of slices for layered manufacturing.

The typical processes of 3D printing are: (1) creating a 3D model using CAD
software; (2) slicing the model into a series of images, refereed to as 2.5D, since
each layer has a constant height; and, (3) output of the information to a printer
in order to print the 2.5D images. Post-processing is employed when supports or
other materials need to be removed after the printing process.

3D printing itself involves materials, design methods, and manufacturing pro-
cesses. As such, there is an inter-dependent relationship between the final product,
properties of the material, overall design, and the manufacturing process [20]. A
3D printing process must consider all these factors so that an optimal product can
be obtained.

3D printing of concrete or cementitious materials, also known as freeform fab-
rication, is in its infancy but offers great potential. It produces near zero waste
since it is an additive manufacturing construction technology: materials are only
placed where they need to be in their final form. It also provides design freedom,
and can be customized widely. Importantly, by using 3D printing, civil engineers
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can also optimize the structure before manufacturing it so that the final print uses
the minimum amount of materials necessary. However, before this technology can
fully be realized in the building construction industry, several issues need to be
addressed. In this section, the deposition technology of concrete materials and the
challenges of 3D printing in concrete materials are reviewed.

2.2.1 Deposition of concrete and cementitious materials

The previous section is the general review of deposition technologies used for a
wide range of materials, not limited to concrete and ceramic materials. In this
section, existing deposition technologies for concrete materials are reviewed, which
are material extrusion, powder bed printing, and slip-forming.

Material extrusion is perhaps the most popular technique, for example, the so
called Contour Crafting (CC) [1] in University of Southern California in the US,
the Concrete Printing (CP) [2,21] in Loughborough University in the United King-
dom, and 3D Concrete printing (3DCP) [3] in Eindhoven University of Technology
in the Netherlands, to name a few. The basic components of this type of technol-
ogy include a printing head to extrude the material, a mixing system to produce
mixtures, a pump system to transport the material, a gantry or robot system to
move the printer head, and a control system to control the process.

Figure 2.1, Figure 2.2, and Figure 2.3 depict the processes of Contour Crafting,
Concrete Printing, and 3D Concrete Printing, respectively.

(a) Printed structure (b) Extrusion detail

Figure 2.1: Contour Crafting by USC [1].
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(a) Printed structure (b) Detail of the printed structure

Figure 2.2: Concrete Printing by Loughborough University [2].

(a) Printing system (b) Nozzle, the diameter of which is 9mm
and printer head.

Figure 2.3: 3D Concrete Printing by TU/e [3].

Powder bed is another type of deposition technology, for example, the process
used by D-shape [4]. Compared to extrusion-based technology, it has several differ-
ences. First, it can produce more complex structures since the remnant material
serves as the supporting material. Thus there is no need to use supports for over-
hanging structures. It does however require much more material than the final
structure consists of. Extra effort is also required to remove the remaining mate-
rial. Finally, the surface is also polished after completion. Figure 2.4 shows the
process of printing using the D-shape technology.

Slip-forming is the approach taken by ETH, Zurich [5]. This process employs a
moving mold to cast the concrete, in which the reinforcement is included. Figure
2.5 shows the process of slipforming.
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(a) Coarse prototype (b) Completed structure

Figure 2.4: Complex structures produced by the D-shape technology [4].

2.2.2 Challenges in 3D printing of concrete and cementitious
materials

Due to the phase change of concrete, there exists both a fresh state and hardened
state. According to Le et. al. [21], the fresh state of concrete should fulfill four
standards: extrudability, workability, open time, and buildability. In the hard-
ened state, concrete should meet the following standards: sufficient compressive
strength, flexual strength, and tensile bond strength etc. [2].

The aforementioned four standards for the fresh state can be summarized as
follows:

• extrudability: the capacity of concrete to pass through the necessary pipes
and nozzles at the printing head.

• workability: the capacity to cast.

• open time: the time period in which the fresh mixture maintains workability
and extrudability, or it is not too dry or too wet.

• buildability: the capacity of the printed filaments to be built up in vertical
direction.

In other words, the material should be fluid at first to enable pumping and
printing, and later it should be stiff enough to maintain the weight of subsequent
layers. That is to say, there is a critical time window between consecutive printed
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Figure 2.5: Printing a structure by slipforming [5].

layers: the time gap between layers needs to fall into this range. In addition,
it should have sufficient strength since presently there is no reinforcement used
in printed structures. Finally, as there is no mold involved, the surface area is
relatively large, and the water can more easily to evaporate into the atmosphere.
Thus, the material should also have low drying shrinkage, or a special curing
condition should be provided.

From the standpoint of printing process, the tool path should also be consid-
ered. If the tool path is different, even for the same material and geometry, the
performance of the final structure may be different. As a result, an optimal printing
tool path should be considered and designed.

Since there are many factors involved, identification of the optimal process
parameters in general is difficult due to the many possible permutations.
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2.3 Rheological models and simulations involving con-
crete flow
Concrete has been termed a "miracle" material. In a fresh state, it can be consid-
ered as a dense suspension [22] and can, for example, be treated as a non-Newtonian
fluid with the Bingham fluid model [23–26]. As curing process continues, it solid-
ifies and exhibits the behavior of a solid. Obviously, there is a transition stage in
which concrete has both fluid and solid characteristics, which can be described by
rheology, which which is the study of materials that are characterized by both the
behavior of Non-Newtonian fluids and plastic solids. A schematic of this type of
behavior is shown as Figure 2.6.

Modeling this material behavior correctly is critical for effective numerical sim-
ulation. As indicated in Figure 2.6 , the stage of the concrete decides what con-
stitutive law to use. It may be treated as a fluid when at fresh state, or a solid
when at solidified state, or in between. It is reported that the first simulation of
fresh concrete flow can be traced back to 1992 [27]. Since then, academic interest
has grown, and in recent decades, large number of publications on fresh concrete
flow have emerged. In a majority of the literature, fresh concrete is modeled as a
non-Newtonian fluid. A commonly used model is the Bingham fluid model which
contains two important parameters, the yield stress τy and plastic viscosity η. An-
other popular material law used is the Herschel & Bulkley (H-B) model [28], which
is a Bingham-based power law.

In term of computational techniques, various computational fluid dynamics
(CFD) methods have been used to model concrete flow. Patzak and Bittnar [29]
used the finite element method (FEM) to study the dam break problem, the slump
test, and an L-box test of concrete. They adopted the volume of fraction (VOF)
method to track the free surfaces involved. Mechtcherine et.al. [30] gave a detailed
description of theory and application of the discrete element method (DEM) to
study the problem. In a combined effort by Roussel et.al. [27], the particle finite
element method (PFEM), lattice Boltzmann method (LBM), and distinct element
method (DEM) were employed out to study the slump test and the channel flow
test of concrete.

Since the chosen material law is an essential component of numerical simula-
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tion of concrete flow, in this section, various rheological models used for concrete
simulation are presented, including viscoelastic models and viscoplastic models.

Figure 2.6: Physical models for concrete at different states.

2.3.1 Non-Newtonian fluid

A fundamental characteristic of fluids is that they cannot sustain shear stress at
rest, which can be observed from, for example, Newton’s law which describes a
linear relation between shear stress τ and strain rate ε̇ (or engineering strain rate
γ̇) as τ = 2ηϵ̇ = ηγ̇ where η is a constant material parameter called dynamic
viscosity. Non-Newtonian fluids are the fluids that do not obey this law. Namely,
for non-Newtonian fluids, the shear stress is not linearly proportional to the shear
rate.

The laws between shear stress and shear rate for fluids are called constitutive
laws, which can be divided into time-independent and time-dependent laws.

Shear thinning and shear thickening fluids are typical examples of time-independent
Non-Newtonian fluids. In shear thinning fluids, such as toothpaste, the viscosity
decreases as shear rate increases. In shear thickening fluids, such as cornstarch, the
opposite is true, with viscosity increasing as the shear rate increases. The shear
stress- shear rate relation for these two types are shown in Figure 2.7, along with
Newtonian fluids for reference.

Viscoplastic and viscoelastic models are also employed for time-independent
materials. Viscoplastic materials, as the name indicates, are materials that behave
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(a) Shear stress and shear rate relation (b) Viscosity and shear rate relation

Figure 2.7: Relations between shear stress, viscosity and shear rate, for various
models

Figure 2.8: Schematic of time dependent fluids.

with both viscous and plastic characteristics, while viscoelastic materials exhibit
viscous and elastic characteristics. For viscoplastic fluids, there exists a so-called
yield stress, for which when the shear stress exceeds this threshold, the material
behaves like a fluid.

For fluids with time dependent constitutive laws, they can be divided into
thixotropic and rheopectic fluids. In thixotropic fluids, the viscosity decreases as
the duration of shearing increases, while in rheopectic fluids, the opposite is true.
The relation between viscosity and duration of shearing for these types of fluids is
shown in Figure 2.8.
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2.3.2 Plastic solid and viscoplastic solids

Solids can also be divided into elastic solids and plastic solids. Purely elastic solids
fully recover the initial unloaded state after the applied force is removed. In plastic
solids, irreversible deformations can occur with loading, in contrast. Depending on
whether the materials are rate-independent or rate-dependent, plastic solids can
be modeled by elastoplastic laws or viscoplastic laws.

Elastoplastic response can be derived using a one dimensional analogy to an
elastic spring and a Coulomb friction element [31]. For a viscoplastic material, a
viscous damper in parallel with the friction device can be considered to derive the
material law [31].

Bingham model is possibly the most popular for simulating concrete flow, which
is a viscoplastic solid law. The schematic physical model is shown in Figure 2.9.
Recall that in this model, a critical stress exists called yield stress: only when the
shear stress exceeds this stress can the material flow. This model can be expressed
as the following relation between stress τ, yield stress τy , and shear rate γ̇:

τ =

τy + ηγ̇ if τ > τy

Gγ if τ ≤ τy

(2.7)

where G is the elastic modulus of the spring.

Figure 2.9: Schematic of viscoplastic model.

2.3.3 Viscoelastic solid

For materials with both solid and fluid characteristics like concrete, the viscoelastic
solid can also be used for modeling. Usually the rheological model consists of
elastic springs and viscous dampers, which are used to derive the constitutive
relation from a one-dimensional analogy, for example, the Maxwell model [17], the
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Figure 2.10: Schematic of Maxwell model.

Figure 2.11: Schematic of Kelvin model.

Kelvin model [32], the standard solid model [33], and the Oldroyd-B model [34].
The schematic plot for these models are shown in Figure 2.10, 2.11, 2.12, 2.13,
respectively. The constitutive models derived can be used to simulate creep and
relaxation.

The Maxwell model can be interpreted as a viscous damper and an elastic
spring in a serial arrangement (see Figure 2.10), which is usually used to model
polymers.

For the Maxwell model, the following equations hold:

ε = εe + εv

τ = 2Gεe = 2ηε̇v

(2.8)

where ε is the total strain and εv, εe are the viscous strain and elastic strain,
respectively. τ is the shear stress. η and G are dynamic viscosity and shear
modulus for the elements. Using engineering strain rate notation, this equation is

Figure 2.12: Schematic of standard solid model.
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Figure 2.13: Schematic of Oldroyd-B model.

rewritten as:
τ + λτ̇ = ηγ̇ (2.9)

where λ = µ
G

is the relaxation time of Maxwell model.
The Maxwell model can be extended to the so-called generalized Maxwell model

by employing a linear spring in parallel with many Maxwell elements [17], which is
adopted as the constitutive law for the computational modeling in present work.

Similar equations can be derived following the same procedures and analogies
as in the Maxwell model, and are briefly summarized as follows.

For Kelvin model, the following relations hold:

εe = εv = ε

τ = 2Gεe + 2ηε̇v

(2.10)

For standard solid model, the following relations hold:

τ = τ0 + τ1

τ0 = 2G0ε

τ1 + λτ̇1 = η1γ̇

(2.11)

where ε is the total strain of the model, τ0 the shear stress on the elastic spring,
and τ1 the shear stress on the bottom Maxwell element, which can be solved by
Equation 2.9. The relaxation time here is λ = η1

G1
.

Oldroyd-B model is comprised of the Maxwell model and a viscous damper [35].
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For this system, the following equations hold:

τ = τ0 + τ1

τ0 = η0γ̇

τ1 + λτ̇1 = η1γ̇

(2.12)

where τ0 and τ1 are shear stresses developed by upper viscous damper and the
bottom Maxwell element, respectively. The relaxation time here is λ = η1

G1
.

2.3.4 Stress and strain decomposition

To model the material behavior of elastoplastic, viscoplastic, or viscoelastic ma-
terials, the stress and strain decomposition is typically adopted since materials
typically exhibit differing behavior in the volumetric and deviatoric components
of the stress. Simply speaking, the volumetric response is characterized by the
pressure-volume relation, or response in hydrostatic pressure, while the deviatoric
response is characterized by the shear stress and shear strain relationship, or in
other words the response under material distortion.

The stress and strain tensors (of various measure to be discussed in detail later)
can be expressed as:

σ =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 (2.13)

ε =


ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 (2.14)

The decomposition into spherical (volumetric) and deviatoric part of stress can
be performed as:

sph(σ) =


1
3σii 0 0
0 1

3σii 0
0 0 1

3σii

 (2.15)

dev(σ) =


σ11 − 1

3σii σ12 σ13

σ21 σ22 − 1
3σii σ23

σ31 σ32 σ33 − 1
3σii

 (2.16)
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where σii = σ11 + σ22 + σ33.
And for strain:

sph(ε) =


1
3εii 0 0
0 1

3εii 0
0 0 1

3εii

 (2.17)

dev(ε) =


ε11 − 1

3εii ε12 ε13

ε21 ε22 − 1
3εii ε23

ε31 ε32 ε33 − 1
3εii

 (2.18)

where εii = ε11 + ε22 + ε33.
The decomposition in plane strain problems is trivial as 3D cases, but for plane

stress (2D) problems, care must be taken for the out-of-plane component [36]. For
example, in plane stress linear elastic problems, the component ε33 can be solved
for by applying the constraint σ33 = 0, which is obtained as:

ε33 = − ν

1 − ν
(ε11 + ε22) (2.19)

where ν is the Poisson’s ratio of the material.

2.4 Conclusions
A general overview of concrete materials, 3D printing and its special application on
concrete materials is introduced in this chapter, including the chemical properties,
deposition techniques, and challenges involved. A general overview of rheology
of non-Newtonian fluids, and viscoelastic and viscoplastic solids is given, where
the various material laws can represent the response of different materials. Some
commonly used models are reviewed. The stress and strain decomposition is then
given for the application of the viscoplastic, viscoelastic laws, since materials often
exhibit different behavior in volumetric and deviatoric response. This review serves
as a basis for the choices in numerical simulation of printing concrete materials
described in the following chapters.
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Chapter 3 |
Numerical framework: the Re-
producing Kernel Particle Method
(RKPM)

3.1 Introduction
The Lagrangian finite element method (FEM) [37–39] has enjoyed great success
in solving difficult engineering problems since its inception in the 1950s. However,
this approach bears some disadvantages in particular classes of problems. For suf-
ficiently large deformations, elements become distorted and the formulation loses
accuracy, and stops in the case that the deformations become so large that the
mesh becomes entangled [40]. On the other hand, a relatively new class of numer-
ical methods call meshfree methods can circumvent these difficulties, by directly
constructing the approximation in the Cartesian coordinates and avoiding the use
of a mesh altogether. This section will introduce the meshfree approach with par-
ticular emphasis on the reproducing kernel particle method (RKPM), which is the
basis for the present work. For a broader review, please refer to refs [40, 41].

In 1977, Gingold and Monaghan [42] and Lucy [43] proposed the first meshfree
method called smoothed particle hydrodynamics (SPH). Over time, this method
attracted researchers from many different areas, and in particular, in solid mechan-
ics starting in the 1990s. To improve the accuracy of the kernel function in kernel
estimate of SPH method, Liu et. al. [16] introduced a correction function to satisfy
the reproducing condition for monomials and they called it the reproducing kernel
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(RK) approximation.
The construction of the shape function of the RK approximation is done glob-

ally on a set of nodes, compared to locally based on a mesh as in FEM. It does not
require any mesh connectivity but rather connectivity is defined naturally through
distance functions, thus allowing deassociation, and reassociation of nodal con-
nectivity in problems with extreme deformations. The RKPM consists of RK
approximation equipped with a Galerkin formulation, which is the approximation
of the solution of PDEs by approximation functions.

Though it has many advantages, some drawbacks exist at the same time. The
shape function of the RK approximation does not have Kronecker Delta property,
hence the essential boundary conditions cannot be directly enforced like FEM.
There are, on the other hand, many methods which can resolve this issue, for ex-
ample, the Lagrange multiplier method [44], the penalty method [45], the Nitsche’s
method [46–48], and the transformation method [49], to name a few.

Domain integration is another important issue in meshfree methods. In the
origonal implementation, a background mesh was used to perform numerical in-
tegration, by Gauss quadrature. However, for a truly meshfree, this is not the
most favorable approach. For example, direct nodal integration (DNI) is an alter-
native which avoids a mesh altogether, but it has a numerical instability [50]. To
alleviate this drawback, Chen et. al. proposed the stabilized conforming nodal
integration (SCNI) method [51] for problems with moderately large deformations,
and the stabilized non-conforming nodal integration (SNNI) method [52] for prob-
lems with extreme deformations. More recently, Hillman and Chen [53] proposed
the naturally stabilized nodal integration (NSNI) method to deal with the instabil-
ity in direct nodal integration. In this approach, they also introduced an implicit
gradient scheme to reduce the computation time significantly.

Convergence is another important issue in numerical methods. For mesfree
methods, domain integration has a significant effect on convergence, which is in
contrast to FEM. The variationally consistent integration (VCI) method has been
introduced by Chen et.al. which can provide arbitrary order exactness [54], and
yields associated convergence rates using low order quadrature, such as in direct
nodal integration, or stabilized methods such as NSNI [53].
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3.2 Methodology of RKPM
The reproducing kernel particle method employs the Galerkin formulation of bound-
ary value problems, and the reproducing kernel approximation. In this section,
each of them are discussed.

3.2.1 Reproducing kernel approximation

The RK approximation discretizes a domain into a set of Np nodes. Consider a
set of nodes S = {x1, x2, ..., xNp|xI ∈ Ω̄}, where xI is the position vector of node
I. The RK approximation is then constructed as:

uh(x) =
Np∑
I=1

ΨI(x)dI (3.1)

where ΨI(x) is the shape function associated with node I, and dI is the nodal coef-
ficient. The shape function is constructed by the product of a correction function
and a kernel function:

ΨI(x) = C(x; x − xI)Φa(x − xI) (3.2)

where Φa(x−xI) is the kernel function with compact support size a, and C(x; x−
xI) is the correction function which is composed of monomial bases to allow the
exact reproduction of monomials:

C(x; x − xI) = HT (x − xI)b(x) (3.3)

where H(x−xI) is a column vector of complete nth order monomials and b(x) is a
column vector coefficients. The kernel function provides smoothness (or roughness)
of the approximation. The coefficients are obtained by enforcing the following
reproducing condition:

Np∑
I=1

ΨI(x)H(x − xI) = H(0) (3.4)
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Solving equations 3.2, 3.3 and 3.4 yields the shape function construction as:

ΨI(x) = H(0)M−1(x)H(x − xI)Φa(x − xI) (3.5)

where the moment matrix M(x) is defined as:

M(x) =
Np∑
I=1

H(x − xI)HT (x − xI)Φa(x − xI) (3.6)
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Figure 3.1: Cubic B-spline kernel function with a support size a = 2.

3.2.1.1 Kernel functions

From Equation 3.2, one can see that the kernel is an important composition of
RK approximation. It decides the smoothness of the RK approximation and the
influence domain locally by a support size. The choice of the support size is
essential in meshfree methods. If it is very big, then the computational cost is
high and it is less approximated to the delta function which induces with bigger
errors; if it is very small, then the number of neighbors is not enough to construct
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the shape function. One typical kernel function is the cubic B-spline which in
one-dimensional space (1-D) is:

ϕa(x − s) = ϕa(z) =


2
3 − 4z2 + 4z3 for 0 ≤ z ≤ 1

2
4
3 − 4z + 4z2 − 4

3z3 for 1
2 ≤ z ≤ 1

0 for z > 0

z = |x − s|
a

(3.7)

Figure 3.1 shows a plot of the kernel function for support size a = 2 and s = 0.
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Figure 3.2: RK shape functions with 11 nodes and with linear basis.

3.2.1.2 RK shape functions

As an example of the RK shape function construction, a series of 11 nodes in the
range of [0, 10] with nodal spacing h = 1.0 is chosen. Linear basis (n = 1) and
quadratic basis (n = 2) and a normalized support size of a = 2 are employed. The
shape functions ΨI(x) at each node for these two cases are shown in Figure 3.2
and Figure 3.3, respectively.
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One can see that in general the shape functions of the RK approximation do
not have the Kronecker Delta property. Thus when using RK approximation, the
boundary conditions should be taken care of by special techniques which will be
discussed later in the text.
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Figure 3.3: RK shape functions with 11 nodes and with quadratic basis.

3.2.1.3 Consistency condition check

In order to check the consistency of the RK approximation, the following repro-
ducing condition should be verified:

Np∑
I

ΨI(x)P T (x − xI) = P T (0) (3.8)

The results for linear basis and quadratic basis approximation are plotted in
Figure 3.4a and Figure 3.4b, respectively. It is shown that the results are in good
agreement with the consistency (reproducing) condition.
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0 2 4 6 8 10

x

-0.5

0

0.5

1

1.5

y

(b) Consistency check with quadratic basis

Figure 3.4: Consistency check with 11 nodes, with two different basis vectors.

3.2.1.4 Error estimate

In order to evaluate the accuracy and convergence rate of the RK approximation,
the L2-norm and H1-norms are typical error measures, which in 1-D are defined
as follows:

∥ u − uh ∥L2 = [
∫

Ω
(u − uh)2dΩ]1/2

= {
∑
xg

[u(xg) − uh(xg)]2ω(xg)}1/2 (3.9)

and

∥ u − uh ∥H1 = (
∫

Ω
(u − uh)2dΩ +

∫
Ω
(u,x − uh

,x)2dΩ)1/2

= {
∑
xg

[(u(xg) − uh(xg))2 + (u,x(xg) − uh
,x(xg))2]ω(xg)}1/2 (3.10)

where xg and ω(xg) denote the location and weight of a Gauss (numerical integra-
tion) point.

For an approximation of a function with n − th order basis, the convergence
rate should be n + 1 for L2 norm and n for H1 norm. In the solution of boundary
value problems the same rates are also expected, under the assumption that the
exact solution is sufficiently smooth.
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3.2.2 Strong form and weak form of the governing equation

The general governing equations in the context of continuum mechanics can be
formulated as the classical initial boundary value problem:

∇ · σ + f = ρü in Ω (3.11a)

σ · n = h on ∂Ωh (3.11b)

u = g on ∂Ωg (3.11c)

u(0) = u0 in Ω (3.11d)

u̇(0) = u̇0 in Ω (3.11e)

where f is the body force per unit volume in the domain Ω̄ which is bounded by
boundary ∂Ω, h is the surface traction on the natural boundary ∂Ωh, g is the
displacement prescribed on the essential boundary ∂Ωg, and n is the unit outer
normal to the boundary. The stress σ is obtained through the constitutive law,
which is further related to strain ε obtained by the classical strain-displacement
relation ε = ∇su, where ε is the strain and ∇s denotes the symmetric part of
a gradient. The decomposition of the boundary satisfies ∂Ω = ∂Ωg ∪ ∂Ωh and
∂Ωg ∩ ∂Ωh = ∅. The initial condition for displacement and velocity is given by u0

and u̇0.
Note that for static or quasi-static problems, the inertia term and thus the

initial condition are not present. The corresponding weak form of the governing
equation can be obtained by the variational or virtual work principle. For simplicity
and without loss of generality, the inertia term is ignored here.

First, the trail solution space for the weak formulation is defined as:

S = {u : Ω̄ → Rnsd|u ∈ [H1]nsd , u|∂Ωg = g} (3.12)

where nsd is the dimension of the problem.
The corresponding test function space is:

V = {w : Ω̄ → Rnsd|w ∈ [H1]nsd , w|∂Ωg = 0} (3.13)

With these in hand, the weak form asks:
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Given f , find u ∈ S, such that for all w ∈ V the following holds:

a(u, w) = (f , w) + (h, w)∂Ωh
(3.14)

where the compact notation has been introduced in the above:

a(u, w) =
∫

Ω
wi,jσijdΩ

(f , w) =
∫

Ω
wifidΩ

(h, w)∂Ωh
=

∫
∂Ωh

wihidS

(3.15)

3.3 Numerical examples by RKPM
Several numerical examples are given to verify the properties of RKPM, which
include the approximation of functions in 1-D and 2-D, and solving ordinary and
partial differential equations in 1-D and 2-D, and elasticity in 2-D. The accuracy
and the convergence of the results will be analyzed.

3.3.1 1-D approximation

In this example, the function y = sin(x) with the domain x ∈ [−π, π] is the function
to be approximated. The domain is discretized by evenly distributed 11, 21, 41
and 81 nodes which are given the exact value of the function as nodal coefficients.
These nodal coefficients are then used to obtain the approximate value at a series
of points.

To evaluate the approximation error, 2-point Gauss quadrature is used. A
comparison of the approximated result with the exact value in a case of 21 nodes
is shown in Figure 3.5. In this study, the support size a = 1.5, 2.0, 2.5, 3.0 and linear
basis are used in the convergence analysis to test the influence of the support size
on the computation error.

The L2-error of the approximation is plotted in Figure 3.6. One can observe
that the convergence rate of the result is nearly n + 1 = 2 with linear basis, and
agrees well with the theory presented in the previous text. One can also see that
increasing the support size tends to increase the level of error in the L2 norm. As
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Figure 3.5: Approximated result for sin(x) with 21 nodes.

mentioned earlier, this is because with a smaller support size, the kernel function
is more approximated to the delta function.

-3 -2.5 -2 -1.5 -1 -0.5 0

log(h)

-7

-6

-5

-4

-3

-2

-1

lo
g
(L

2
)

a = 1.50; Slope = 1.999

a = 2.00; Slope = 1.998

a = 2.50; Slope = 1.997

a = 3.00; Slope = 1.995

Figure 3.6: L2-norm of the approximation of sin(x).
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3.3.2 1-D two-point boundary value problem

3.3.2.1 Strong form

Next, the 1-D Helmholtz equation is solved by RKPM. The strong form of the
second order ordinary differential equation is:

∂2u

∂x2 + k2u = 0 (3.16)

where k is the wave number. The domain is x ∈ [0, L] with the essential boundary
condition u(0) = u0 = 1.0 and u(L) = uL = 0.0.

The exact solution for these conditions are:

u(x) = sin(k(L − x))
sin(kL)

(3.17)

which will provide reference values for assesing the numerical results.

3.3.2.2 Weak form

The weak form of the Helmholtz equation can be obtained by weighted residual
formulation as follows:

∫
Ω

w(∂2u

∂x2 + k2u)dΩ =
∫

Ω
w

∂2u

∂x2 dΩ +
∫

Ω
wk2udΩ = 0 (3.18)

where w is the test function, or weight function. Let the set of the test functions,
or test function space, be denoted as:

V = {w|w ∈ H1, w(0) = w(L) = 0} (3.19)

Similarly, the space of trail solutions, expressed as S is:

S = {u|u ∈ H1, u(0) = 1, u(L) = 0} (3.20)

Introducing integration by parts and the essential boundary conditions yields:

∂u

∂x
��*

0w |L0 −
∫

Ω

∂w

∂x

∂u

∂x
dΩ +

∫
Ω

wk2udΩ = 0 (3.21)
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Written in a more compact form using the notation introduced earlier, the weak
form is expressed: find u ∈ S such that for all w ∈ V, the following equation holds

a(u, w) − (k2u, w) = 0 (3.22)

where
a(u, w) =

∫
Ω

∂w

∂x

∂u

∂x
dΩ (3.23)

and
(k2u, w) =

∫
Ω

wk2udΩ (3.24)

3.3.2.3 Galerkin form and matrix form

The Galerkin form is obtained by applying the RK approximation to both the trial
function and test function, namely:

uh =
Np∑
I

ΨIdI = NT D

wh =
Np∑
I

ΨIwI = NT W

(3.25)

where ΨI is the shape function at node I and dI is nodal coefficient. NT =
[Ψ1, Ψ2, ..., ΨNp] is the matrix for RK shape functions for all nodes. DT = [d1, d2, .., dNp]
and W T = [w1, w2, .., wNp] are vectored nodal coefficients and weights.

The weak form in Equation 3.22 is then approximated by the Galerkin form:

a(uh, wh) − (k2uh, wh) = 0 (3.26)

Substituting the approximation for trial and test functions into Equation 3.26
gives:

W T (
∫

Ω
N,xNT

,xDdΩ − k2
∫

Ω
NNT DdΩ) = 0 (3.27)

where N,x = ∂N
∂x

stands for the derivatives of N with respect to x.
Since W is arbitrary, Equation 3.27 can be cast in a matrix system of equations:

KD = 0 (3.28)
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where the stiffness matrix K is:

K =
∫

Ω
N,xNT

,xdΩ − k2
∫

Ω
NNT dΩ (3.29)

3.3.2.4 Imposing boundary condition by transformation method

As discussed previously, the shape function of the RK approximation does not
exhibit the Kronecker Delta property. The transformation method is used in this
study to impose the boundary condition.

The transformation method can be derived as follows. By the approximation
in Equation 3.25, one has:

U =


u1

u2
...

uNp

 =


Ψ1(x1) Ψ2(x1) . . . ΨNp(x1)
Ψ1(x2) Ψ2(x2) . . . ΨNp(x2)

... ... ... ...
Ψ1(xNp) Ψ2(xNp) . . . ΨNp(xNp)




d1

d2
...

dNp

 = ΛD (3.30)

where uI ≡ uh(xI) and Λ is the so-called transformation matrix.
The nodal coefficient vector can thus be expressed as:

D = Λ−1U (3.31)

The matrix form in Equation 3.28 is then rewritten as:

(KΛ−1)U = 0 (3.32)

The boundary condition can then be imposed directly by plugging u1 = 1
and uNp = 0. After the nodal values are solved, one can recover the numerical
approximation at arbitrary point x by reconstructing the coefficient vector, or
solving for the solution directly reconstructed as:

uh(x) = NT D = NT Λ−1U (3.33)
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Figure 3.7: Comparison of the numerical result and the exact result for the wave
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Figure 3.8: L2 norm of the numerical result by RKPM for 1D wave bar problem.

3.3.2.5 Numerical results

The length of the problem domain is chosen as L = 1.0. A discretization of
the domain by 6, 11, 21, and 41 nodes is used for this example. A normalized
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support size a = 3.0 and wave number k = 2/h are chosen, where h is the uniform
nodal spacing. The cubic spline kernel and linear basis are employed for the shape
function. 5-point Gauss quadrature is used to evaluate the L2-norm error.

The numerical result by RKPM with 41 nodes, compared to the exact solution
with is shown in Figure 3.7. It can be seen that good agreement between the RKPM
and the exact solution is obtained. The L2-norm of the error for various nodal
spacing is shown in Figure 3.8, where it can be seen that the optimal convergence
rate of two is achieved by RKPM, and also that even superconvergence is observed.

3.3.3 2-D approximation

The function z = sin(x) sin(y) with the domain (x, y) ∈ [−π, π] × [−π, π] is chosen
as a function to be approximated. The domain is discretized by evenly distributed
11 × 11, 21 × 21, 41 × 41 and 81 × 81 nodes. A rectangular kernel ϕa(x, y) =
ϕa(x)·ϕa(y) with support size a = 3 is chosen, along with linear basis P = [1, x, y]T .

2-point Gauss quadrature is used to evaluate the approximation error. The
comparison of the approximated result to the exact value in 21 × 21 nodes case is
shown in Figure 3.9, where good agreement is observed.

Figure 3.9: Comparison of approximated result (left) and exact plot (right) for
z = sin(x) sin(y) with 21 × 21 nodes.

The L2-error estimate of the approximation is plotted in Figure 3.10. It is easy
to see that the convergence rate of the result is nearly n + 1 = 2 with linear basis,
again in good agreement with the expected rate.
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Figure 3.10: L2-norm of the 2-D approximation of sin(x) sin(y).

3.3.4 2-D second order PDE

3.3.4.1 Strong form

Next, the Poisson equation is solved to examine the performance of RKPM in a
second-order PDE in two-dimensions:

∆u + f = 0 (3.34)

where ∆ is the Laplacian operator and the source term f is chosen as:

f = −(x2 + y2)exy (3.35)

A domain (x, y) ∈ [0, 1] × [0, 1] and boundary condition u = g = exy on ∂Ω.
The exact solution of this Poisson problem is:

u = exy (3.36)
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3.3.4.2 Weak form

The weak form of the Poisson equation can be derived similar to Section 3.3.2.
Using the weighted residual formulation gives:

∫
Ω

w(∂2u

∂x2 + ∂2u

∂y2 )dΩ +
∫

Ω
wfdΩ = 0 (3.37)

where w is the test function or weighted function.
The trail solutions space is:

S = {u|u ∈ [H1], u = g on ∂Ωg} (3.38)

and the corresponding test function space is:

V = {w|w ∈ [H1], w = 0 on ∂Ωg} (3.39)

Introducing integration by parts and the essential boundary condition yields:
∫

∂Ω
(∇u · n)��*0w dS −

∫
Ω

∇u · ∇wdΩ +
∫

Ω
wfdΩ = 0 (3.40)

In compact form as before, the weak form is formulated as: find u ∈ S such
that for all w ∈ V, the following equation holds

a(u, w) − (f, w) = 0 (3.41)

3.3.4.3 Galerkin form and matrix form

To obtain the Galerkin equation, the RK approximation is introduced for both the
trial function and test function, as before:

uh =
Np∑
I

ΨIdI = NT D

wh =
Np∑
I

ΨIwI = NT W

(3.42)

where ΨI , NT , DT and W T are the same as Section 3.3.2.
The weak form in Equation 3.41 can then be approximated as the Galerkin
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form:
a(uh, wh) − (f, wh) = 0 (3.43)

Plugging the RK approximation for trial and test functions into Equation 3.43
yields:

W T {
∫

Ω
[N,x, N,y] · [NT

,x, NT
,y ]T DdΩ +

∫
Ω

NT fdΩ} = 0 (3.44)

Since W is arbitrary, then Equation 3.44 can be solved using the following
matrix form:

KD = b (3.45)

where the stiffness matrix K and the force vector b are:

K =
∫

Ω
(N,xNT

,x + N,yNT
,y )dΩ

b =
∫

Ω
NfdΩ

(3.46)

Again, this system equation can be solved by using the transformation method.
Instead, this study will study the other classical techniques as follows.

3.3.4.4 Imposing essential boundary conditions in meshfree methods

In order to impose the essential boundary conditions, the Lagrange multiplier
method, the penalty method and Nitsche’s method are used in this study.
1. Lagrange multiplier

The solution of a self-adjoint PDE can be obtained from a minimization prob-
lem, with constraints also introduced as needed, enforced using a Lagrange multi-
plier. Since the RK approximation lacks the Kronecker Delta property, the essen-
tial boundary condition (a constraint) can be imposed by the Lagrange multiplier
method rather than the transformation method. In this case, the functional at
hand is:

ΠP = Π +
∫

∂Ωg

λ(u − g)dS (3.47)

where the conventional term Π is:

Π = 1
2

∫
Ω

∇u · ∇u dΩ −
∫

Ω
uf dΩ −

∫
∂Ωh

uhdS (3.48)

37



The trail function space for u and λ are:

Su = {u|u ∈ [H1], u = g on ∂Ωg}

Sλ = {λ|λ ∈ [H0]}
(3.49)

and their corresponding test function spaces are

Vu = {w|w ∈ [H1], w = 0}

Vλ = {v|v ∈ [H0]}
(3.50)

The weak form of this method can then be obtained by taking variational
derivative of the functional in Equation 3.47. Employing the notation w for δu

and v for δλ one obtains:
∫

Ω
∇u ·∇w dΩ−

∫
Ω

wf dΩ−
∫

∂Ωh

whdS +
∫

∂Ωg

(u−g)vdS +
∫

∂Ωg

λδudS = 0 (3.51)

In compact notation, the weak form can then be obtained as:

a(u, w) − (f, w) − (h, w)∂Ωh
+ (λ, w)∂Ωg − (u − g, v) = 0 (3.52)

The approximation for u, w, λ and v are then introduced to obtain the Galerkin
formulation:

uh =
Np∑
I

ΨIuI = NT U

wh =
Np∑
I

ΨIwI = NT W

λh =
Np∑
I

ÑIλI = ÑT λ

vh =
Np∑
I

ÑIvI = ÑT V

(3.53)

Note here, the shape function ÑI for approximation of λ can be chosen as a finite
element approximation, which is the option chosen in this example.

Following similar procedures as before, one can obtain the Galerkin form and
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matrix form. For simplicity, the final matrix form is cast as:K AT

A 0

 U

λ

 =

b

q

 (3.54)

where K and b are the same as Equation 3.46. The newly introduced matrices
and vectors are:

A =
∫

∂Ωg

ÑNT dS

q =
∫

∂Ωg

ÑgdS
(3.55)

One can see that extra degree of freedoms are introduced by Lagrange multiplier
method, which adds computational cost. However, it does not have any parameters
to tune.

Figure 3.11: Comparison of the numerical solution and exact solution of Poisson
equation by Lagrange multiplier.

2. Penalty method
The essence of penalty method is to use a large positive number to impose the

essential boundary condition in a modified functional:

ΠL = 1
2

∫
Ω

∇u · ∇u dΩ −
∫

Ω
uf dΩ −

∫
∂Ωh

uhdS + β

2

∫
∂Ωg

(u − g)2dS (3.56)
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Following similar proceedures as the Lagrange multiplier method, but without
introducing new degrees of freedom, the matrix form of the system equation is
written as:

(K + βKβ)u = (b + βbβ) (3.57)

where the newly added matrices and vectors are:

Kβ =
∫

Ω
NNT dΩ

bβ =
∫

∂Ωg

NgdS
(3.58)

Though no extra degree of freedom is introduced, the implementation of penalty
method needs tuning of the penalty parameter β [55]. The advantage of this
technique is the ease of implementation and keeps the symmetric property of the
stiffness matrix. The drawback is that if the penalty parameter is too small, then
the boundary condition is not imposed strictly; if it is too large, the stiffness matrix
obtained is ill-conditioned and would result in inaccurate solutions.

Figure 3.12: Comparison of the numerical solution and exact solution of Poisson
equation by penalty method.

3. Nitsche’s method
Nitsche’s method is considered as a consistent improvement of penalty method
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[55]. The weak form of Nitsche’s method is:

a(u, w)−(∇u · n, w)∂Ωg − (u, ∇w · n)∂Ωg + β(u, w)∂Ωg

= (f, w) + (h, w)∂Ωh
− (g, ∇w · n)∂Ωg + β(g, w)∂Ωg

(3.59)

Introducing the approximation function by Galerkin approximation results in
the final matrix form as:

(K + βKβ − K̃ − K̃T )u = (b + βbβ − b̃) (3.60)

where the newly introduced matrices and vectors are:

K̃ =
∫

∂Ωg

N∇NT ndS

b̃ =
∫

∂Ωg

g∇NndS
(3.61)

Where n is the normal in vector form.
The advantages of Nitsche’s method include that it produces symmetric stiff-

ness matrix; it is less sensitive than the penalty method on the penalty parameter
and it is moderately easy to implement; last but not least, it does not introduce
additional degrees of freedom. However, it may not be easy to apply to nonlinear
problems.

3.3.4.5 Numerical results

The domain is discretized by 3 × 3, 6 × 6, 11 × 11, and 21 × 21 nodes, respectively.
A linear basis and a support size a = 1.75 are adopted for RK approximation.
2-point Gauss quadrature is employed to conduct the numerical integration. For
penalty method and Nitsche’s method, the penalty parameter used is β = 1 × 105.
The numerical results of the solution by Lagrange multiplier, penalty method and
Nitsche’s method are shown in Figure 3.11, Figure 3.12 and Figure 3.13, respec-
tively. It is easy to see that very good agreement has been made with all three
methods. The L2 norm error of these methods is shown in Figure 3.14, where sim-
ilar error measure and convergence rate are observed, despite the penalty method
being sensitive to the choice of parameter.
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Figure 3.13: Comparison of the numerical solution and exact solution of Poisson
equation by Nitsche’s method.
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Figure 3.14: Comparison of the L2 norm by Lagrange multiplier (LM), penalty
method (PM) and Nitsche’s method (NM).

3.3.5 2-D elasticity problem

Next, two elastic problems with linear isotropic elasticity are solved by RKPM.
The governing equation in the weak form is Equation 3.14. The Galerkin form
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of the governing equation can be obtained by substituting the RK approximation
functions into the weak form:

a(uh, wh) = (h, wh)∂Ωh
+ (f , wh) (3.62)

where the compact notation the same as Equation 3.14 and the approximation
functions are:

uh =
Np∑
I

ΨIuI = NT U (3.63)

It should be noted that different from the Poisson problem, elasticity is vector-
valued problem. That is, the shape functions and the nodal coefficients are not
the same as previous section. Namely,

ΨIuI =

ΨI 0
0 ΨI

 uI

vI

 (3.64)

where uI and vI are nodal coefficient of displacement in x- and y-direction for node
I.

For an elastic isotropic material, the constitutive equation can be expressed as:

σ = C : ∇su (3.65)

where C is the forth order elasticity tensor and ∇su = 1
2(∇u+(∇u)T ) is the strain

tensor. The corresponding matrix form of the elastic tensor under the plane stress
assumption is denoted by D, which is:

D = E

1 − ν2


1 ν 0
ν 1 0
0 0 1−ν

2

 (3.66)

where E and ν are elastic modulus and Poisson’s ratio, respectively.
The matrix form is established as:

KU = b (3.67)
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where the stiffness matrix and vectors are:

K =
∫

Ω
BT DB dΩ

b =
∫

Ω
Nf dΩ +

∫
∂Ωh

NhdS
(3.68)

where the strain matrix B = [B1, B2, ..., BNp] and for I − th node, BI is:

BI =


ΨI,x 0

0 ΨI,y

ΨI,y ΨI,x

 (3.69)

3.3.5.1 Plane stress linear patch test

Here a linear patch test is conducted. That is, a problem is designed such as it has
a linear solution, and the resulting numerical solution is examined. The domain of
the problem is chosen as (x, y) ∈ [0, 1]× [0, 1], and an essential boundary condition
u = g = [0.2x+0.3y; 0.1x+0.4y] on ∂Ω is prescribed. No body force is prescribed.

The exact solution of this problem is:

u =

0.2x + 0.3y

0.1x + 0.4y

 (3.70)

The domain is discretized by 4×4, 6×6, 11×11, and 21×21 nodes along with
2 × 2 Gauss quadrature applied. A rectangular kernel with support size a = 1.75
and linear basis are used for the RK approximation. The material parameters are
E = 0.3 × 108Pa and ν = 0.3. The transformation method is adopted to impose
the essential boundary condition.

The comparison of the numerical result and exact result for displacement in x-
and y-direction in the case of 11×11 nodes discretization are shown in Figure 3.15
and Figure 3.16. One can see that the numerical solutions nearly reproduce the
exact solutions.

The L2 norm error of this approximation is plotted in Figure 3.17 for the
discretizations chosen. One can see that near machine-precision is achieved for all
discretizations.
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Figure 3.15: Results comparison of the numerical results and exact result of dis-
placement in x-direction.

Figure 3.16: Results comparison of the numerical results and exact result of dis-
placement in y-direction.

3.3.5.2 Timoshenko cantilever beam

The Timoshenko cantilever beam is chosen as the next problem. Figure 3.18
presents the geometry of the beam and the tip load applied. The essential bound-
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Figure 3.17: L2 norm for displacement.

Figure 3.18: Schematic of the Timoshenko beam problem.

Figure 3.19: Comparison of the numerical result and exact result of displacement
in x-direction.

ary conditions and natural boundary conditions are:

u = g =

 P y
6EI

(2 + ν)(y2 − D2

4 )
−P νL

2EI
y2


σ · n = h =

 0
− P

2I
(D2

4 − y2)

 (3.71)

where D and L are the height and length of the beam. I = D3

12 is the moment
of inertia of the beam with unit thickness. The parameters used are P = 1000N,
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Figure 3.20: L2 norm for displacement in Timoshenko beam problem.

E = 3 × 107Pa, ν = 0.3, D = 1m, and L = 4m.
The exact solution of this problem is:

u =

 P y
6EI

[(6L − 3x)x + (2 + ν)(y2 − D2

4 )]
− P

6EI
[3νy2(L − x) + (4 + 5ν)D2x

4 + (3L − x)x2]

 (3.72)

The domain is discretized by 3 × 9, 4 × 13, and 6 × 21 nodes. 2 × 2 Gauss
quadrature is applied. The rectangular kernel with support size a = 1.75 and
linear basis are adopted for the RK approximation.

The numerical results of the displacement in x-direction are compared to exact
values in Figure 3.19 for the case of the 4 × 13 nodes discretization, which agrees
well. Figure 3.20 shows the L2 norm error of this approximation. The optimal con-
vergence rate is achieved for y-displacement, with the rate for the x-displacement
similar to the expected rate.

3.4 Conclusions
In this chapter, the methodology of reproducing kernel particle method (RKPM) is
presented. The method is the combination of the reproducing kernel approximation
and the Galerkin weak form of the partial differential equation at hand.

The RK approximation can be considered a corrected kernel estimate of SPH.
The lack of Kronecker delta property requires other approaches to impose the
essential boundary condition. Several approaches, like the transformation method,
penalty method, Lagrangian multiplier and Nitsche’s method were presented and
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tested. The pros and cons of each method was compared and contrasted.
Several numerical examples were studied using this method. Namely, the 1-D

approximation, 1-D PDE, 2-D approximation, 2-D PDE of the Poisson equation
and the 2-D elasticity problem. Good agreement was made which verified the
effectiveness and accuracy of the method, and in particular, good accuracy was
achieved in simulation of small-strain elastic mechanics problems. This method
will be used to model both small and large strain viscoelastic mechanics problems
in later chapters.
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Chapter 4 |
RKPM modeling of small-strain
viscoelastic problems using the
integral form

4.1 Introduction
Viscoelastic modeling is common in industry applications such as creep in concrete
structures [56], polymer processing [57], food and drug manufacturing [58], among
others. Viscoelastic modeling is employed to model the behavior of these materials
which is time-dependent, and that they seem to have memory in that the current
response is dependent on the entire history of loading.

The viscoelastic constitutive equation can be expressed in two different forms,
namely differential form and convolution integral form. The differential form of
the constitutive equation is derived from physical models in which the material
response is related to a combination of elastic springs and viscous dashpots. For
example, Zienkiewicz etc. [59] derived a differential form of constitutive equation
from the generalized Kelvin model. In derivation of the stress-strain relation, the
total strain is additively decomposed into an elastic part and viscous part.

The convolution integral form can be obtained in several ways. For example, by
using principles of thermodynamics, Schapery [60] introduced a relaxation modulus
and creep compliance, and decomposed them into initial and transient components
to propose a generalized integral form for both stress relaxation and strain creep.
Later, researchers used Prony series [61, 62] to represent the bulk modulus and
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shear modulus in viscoelastic problems [63].
Alternatively, Simo and Hughes [31] used the generalized Maxwell model to

obtain the integral form by integrating the differential form of the constitutive
relation of each Maxwell elements. One problem associated with this model is
the inadequacy of physical data for assigning material properties [59]. Thus, in
applications, simpler models are typically used, like the Maxwell model, Kelvin
model, or the standard solid model. One point worthy of being noted is that
in their scheme, the volumetric/deviatoric decomposition used to do update the
stress is trivial for 3 dimensional (3D) and plane strain problems, however, for
plane stress problems, care must be taken in dealing with the out-of-plane strain
component [64].

In recent decades, the finite element method (FEM) has been widely used
to study viscoelastic problems. Differential form of constitute equations are im-
plemented weakly in the same way as the momentum equation. Because of the
stress splitting involved, mixed finite element formulations are extensively used, for
instance, the elastic viscous stress splitting (EVSS), the discrete EVSS (DEVSS),
and the discontinuous Galerkin (EVSS-G) or SUPG (EVSS-SUPG) stabilized form.
For a detailed literature review of these formulations, see [65]. A direct solution
to the integral form of viscoelastic constitutive equation at current step needs to
store all the information at quadrature points from entire previous time steps which
requires large memory storage [62]. So when using integral form of constitutive
equation, a recursive integration method is adopted in which the current stress is
only dependent on the information from the previous time step. It can tremen-
dously reduce this storage limitation for simulation of large scale problems. In this
chapter, an integral form of constitutive equation is used.

In recent years, meshfree methods have become more and more popular since
compared to mesh based methods, they can deal with extremely large deformation
problems, such as those involving free surface closure and formation, which would
otherwise require remeshing. The smoothed particle dynamics (SPH) method is
one of the earliest invented methods. Applications of SPH method to investigate
viscoelastic problems can be found in, for example, [66,67]. In order to improve the
consistency of kernel approximation, Liu etc. [16] proposed the reproducing kernel
particle method (RKPM) by multiplying the kernel function with a correction
function. RKPM has since been widely used in computational mechanics problems.
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An important issue associated with meshfree methods is the instability prob-
lem coming form direct nodal integration [44, 68]. Gauss quadrature avoids the
issue, but to make the method to be truly meshfree, a nodal integration method
is superior. To deal with this issue, the stabilized conforming nodal integration
(SCNI) [51] and stabilized non-conforming nodal integration (SNNI), for example,
have been proposed by Chen et al. Another issue of this method is the lack of Kro-
necker Delta property. But it can be relatively easily resolved by transformation
method [49], the Lagrange multiplier method [44], the penalty method [45], and
the Nitsche’s method [46–48], among others.

To the best of the authors’ knowledge, this work is the first time viscoelastic
problems are simulated under the RKPM framework. Here it is first presented in
small strain regime, and the extension to large strains later in the text will demon-
strate the advantages of meshfree methods to deal with very large deformation
problems involving viscoelasticity.

The chapter is organized as follows. The problem statement of small-strain
viscoelasticity is presented first, in which the governing equations and integral form
of constitutive equation will be reviewed. This is followed by a brief description of
the RKPM framework, including RK approximation and discretization equations.
Next, some numerical examples are provided, followed by conclusions.

Figure 4.1: Schematic of the domain of 2D problem.
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4.2 Problem statement

4.2.1 Governing equations of viscoelasticity

The model problem for present work is assumed to be quasi-static. That is, the
governing equation is treated as being in equilibrium (ignoring the inertia effect),
while the constitutive equation is time-dependent. In the context of continuum
mechanics, the governing equation can be formulated as the classical boundary
value problem:

∇ · σ + b = 0 in Ω (4.1a)

σ · n = h on ∂Ωh (4.1b)

u = g on ∂Ωg (4.1c)

where b is the body force on domain Ω̄ which is bounded by boundary ∂Ω, h

is the surface traction on the natural boundary ∂Ωh, g is the displacement on
the essential boundary ∂Ωg, and n is the unit outer normal to the domain. The
decomposition of the boundary satisfies ∂Ω = ∂Ωg ∪ ∂Ωh and ∂Ωg ∩ ∂Ωh = ∅. An
example of decomposition of 2D geometry is showed as Figure 4.1. Note that up
to this point, the governing equation is the same, with the exception of how σ will
be specified in relation to the strains and displacements.

Figure 4.2: Generalized Maxwell model.
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4.2.2 Constitutive equation

The bulk response of many viscoelastic materials is typically much stiffer than
the deviatoric response, and thus the relaxation effect in bulk component can be
ignored [31]. Based on this fact, the relaxation in bulk component will be neglected.
However, if needed, viscoelasticity can be easily extended to obtain a bulk response,
for example, see [69].

The integral form of constitutive equation for small strain problems used in
the present work was derived based on the generalized Maxwell model [31]. The
model is a parallel combination of n Maxwell elements and an elastic spring. A
schematic view of the model in 1-dimensional space is depicted in Figure 4.2. The
idea applies to 3-dimensional space where τ = dev[σ] and e are deviatoric stress
and deviatoric strain tensor, and ηI and µI are the dynamic viscosity and shear
modulus respectively. The derivation will be briefly reviewed.

First, the transient stress is considered to be the difference between initial stress
and internal stress:

σ(t) = σ0(t) −
N∑

I=1
qI(t) (4.2)

where qI = 2µIαI is an internal stress variable and αI is the inelastic or viscous
strain at the corresponding dashpot.

The initial stress can be derived from the initial free energy. From the fact that
most viscoelatic materials behave differently in bulk and deviatoric response, the
initial stored energy can be additively expressed as:

W 0(ε) = W̄ 0(e) + U0(Θ) (4.3)

where e = dev[ε] = ε − 1
3tr[ε]1 and Θ = tr[ε] are deviatoric and volumetric strain

in three-dimensional space, respectively. W̄ 0 and U0 are the deviatoric and bulk
potential energy, respectively.

The initial stress can then be expressed as:

σ0
ij = ∂W 0

∂εij

(4.4)

The variable qI can be solved for in the following manner. In the I −th element,
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it is easy to first see
τI = 2ηIα̇I = 2µI(e − αI) (4.5)

Then, from Equation (4.5)2 and the relation qI = 2µIαI , one can derive a first
order ODE, and solve it to obtain the inelastic strain. After the internal stress is
obtained, the transient stress in Equation (4.2) can be written in a integral form,
which can be expressed as:

σ(t) = U0′
(Θ)1 +

∫ t

t0
g(t − s) d

ds
{dev[∂eW̄ 0(e(s))]} (4.6)

where the normalized relaxation function g(t) is defined as:

g(t) = γ∞ +
N∑

I=1
γIe−t/λI (4.7)

where λI = η
µ

is the relaxation time for I − th Maxwell element, γI = µI

µ0
is the

elastic shear modulus fraction of I − th element of all the shear moduli µ0 = ∑
µI .

The integral form of the constitutive relation in Equation (4.6) is an analyt-
ical form, and it is not suitable in computer implementation. That is, numeri-
cal integration needs to be applied. Let a discretized time domain be [T0, T ] =
∪[tn, tn+1], tn+1 = tn + ∆tn, using the semigroup property of exponential function
and the recurrence relation between σn and σn+1 [31], one reaches a corresponding
discrete form of a stress update algorithm as:

σn+1 = U0′
(Θn+1)1 + γ∞S0

n+1 +
N∑

I=1
γIh

(I)
n+1 (4.8)

where γI is the shear modulus fraction of I − th spring, S0
n+1 is the initial elastic

shear stress at time step n+1, and h
(I)
n+1 is the transient shear stress at time step

n+1 in the I − th element, which can be calculated by:

en+1 = dev[εn+1] (4.9a)

S0
n+1 = dev[∂eW̄ 0(en+1)] (4.9b)

h
(I)
n+1 = exp(−∆tn/λI)h(I)

n + exp(−∆tn/2λI)(S0
n+1 − S0

n) (4.9c)

54



From Equation (4.8), one can see that the total stress is decomposed into three
parts: the initial elastic bulk stress, the initial elastic shear stress at the single
spring element and the unsteady shear stress from all Maxwell elements.

The stress update scheme can be explained in a similar way to return mapping
algorithm used in viscoplasticity problems. Initially, the viscous strain is frozen
and the stress state is assumed to be elastic, and then the viscous damper relaxes
to the real state at which the real stress is calculated.

4.2.3 Algorithmic tangent moduli

In order for an incremental form, to calculate the stress, the algorithmic tangent
moduli is needed, which can be obtained as taking the derivative of the discrete
Equation (4.8) with respect to the strain εn+1:

Cn+1 = ∂σn+1

∂εn+1
(4.10)

Introducing a linear isotropic elastic material, that is:

U0(Θ) = 1
2

KΘ2

W̄ 0(e) = µe : e
(4.11)

where K and µ are bulk and shear modulus of the material, respectively, and
combining Equations (4.8), (4.9), (4.10) and (4.11), one can derive the algorithmic
tangent moduli in tensorial form as:

Cn+1 = KI ⊗ I + g∗(∆tn)[2µ(I − 1
3

I ⊗ I)] (4.12)

where I and I are second order and forth order identity tensor. g∗(∆tn) = γ∞ +∑
γI exp(−∆tn/2λI) is the algorithmic expression for the relaxation function. In

arriving at Equation (4.12), the chain rule is used.
One is easy to see that for a numerical experiment, the algorithmic tangent

moduli is constant if the time step ∆tn is unchanged. However, this does not mean
that one can update the stress at time step tn+1 as simply as σn+1 = Dεn+1 where
the underlined variables represent the corresponding variables in Voigt notation.
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In fact, from the stress update scheme in Equation (4.8) and (4.9), one can derive:

σn+1
ij = σn

ij + Cijkl∆εn+1
kl +

N∑
I=1

γIh
(I)n
ij [exp(−∆tn/τI) − 1] (4.13)

which tells us that the current stress depends on the current strain increment
and the previous internal variables, which are inherited from earlier values. This
explains the characteristic of viscoelastic materials of "memory".

From the expression of the algorithmic tangent moduli shown in Equation
(4.12), one can also see that the relaxation term only happens in the shear parts
which is consistent with the Generalized Maxwell model and the observed behavior
of viscoelastic materials. Another finding is that, by expanding the series terms
in the algorithmic tangent moduli, it yields that the moduli can be expressed in a
series form similar to the Prony series form which is widely used in the literature.

4.2.4 Deviatoric and spherical decomposition of strain in plane
stress problems

The deviatoric and volumetric decomposition should be consistent with the decom-
position done in 3D state. Thus, the decomposition can be done in 3D state, and
transferred to the 2D notation.

The tensorial form of the stress and strain can be denoted as:

σ =


σ11 σ12 0
σ21 σ22 0
0 0 0

 , ε =


ε11 ε12 0
ε21 ε22 0
0 0 ε33

 (4.14)

The decomposition is then, for stress:

sph(σ) =


1
3σii 0 0
0 1

3σii 0
0 0 1

3σii

 , dev(σ) =


σ11 − 1

3σii σ12 0
σ21 σ22 − 1

3σii 0
0 0 −1

3σii

 (4.15)
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where σii = σ11 + σ22. And for strain:

sph(ε) =


1
3εii 0 0
0 1

3εii 0
0 0 1

3εii

 , dev(ε) =


ε11 − 1

3εii ε12 0
ε21 ε22 − 1

3εii 0
0 0 ε33 − 1

3εii


(4.16)

where εii = ε11 + ε22 + ε33.
Under plane stress assumption, the strain component ε33 can be determined

from the constraint that σ33 = 0. From the Equations (4.8) and (4.9), one can
derive the expression for viscoelastic material as:

ε33 =
−(K − 2

3µ0g
∗)(ε11 + ε22) − f

K + 4
3µ0g∗ (4.17)

with
f =

N∑
I=1

γI exp(−∆tn/λI)hn
33 −

N∑
I=1

γI exp(−∆tn/2λI)Sn
33 (4.18)

One can see that, for elastic material in which the internal variables are zeros
and the relaxation function g∗ = 1, the strain component reduces to:

ε33 = − ν

1 − ν
(ε11 + ε22) (4.19)

which is consistent with the elastic plane stress problem [64]. With these relations
in hand, the strain decomposition can facilitate the stress update.

4.3 Numerical methodology
The basic of reproducing kernel approximation is presented in Section 3.2.1. The
formulation starts from the weak form of the governing equation until the discrete
matrix form of the system equation is constructed. Because of the linear nature of
the constitutive model developed, in each load step, the incremental displacement
can be solved in one step, however here, the general formulation is presented. The
calculation continues until the total simulation time is reached.
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4.3.1 RKPM formulation

4.3.1.1 Weak form

Assume that the configuration at time step t is known, then ones seeks to obtain
the configuration at the next time step. By the virtual work principle, we have:

∫
Ω

σn+1
ij δεn+1

ij dV =
∫

Ω
bn+1

i δun+1
i dV +

∫
∂Ωh

h̄n+1
i δun+1

i dS (4.20)

Performing linearization, and introducing the RK approximation:

∆uh(x) =
N∑

I=1
ΨI(x)∆dI (4.21)

δ∆uh(x) =
N∑

I=1
ΨI(x)δ∆dI (4.22)

and the strain-displacement relation εn = ∇s(un) where ∇s(un) is the symmetric
part of the gradient of un, we have the following discrete system to solve at the
current step n + 1:

Kn+1(∆d) = F ext
n+1 − F int

n (4.23)

where the stiffness matrix and the force vector are:

Kn+1 =
∫

Ω
BT Dn+1BdV

F ext
n+1 =

∫
Ω

ΨT bn+1dV +
∫

∂Ωh

ΨT h̄n+1dS

F int
n =

∫
Ω

BT σndV

(4.24)

where the material stiffness matrix Dn+1 is the Voigt notation of the algorithmic
tangent moduli Cn+1, obtained from Equation (4.12). Iteration on (4.23) is per-
formed until convergence. For linear models as in the present formulation, no
iteration is needed.

In solving the system algebraic equations, the transformation method is used
to alleviate the drawback of lacking Kronecker Delta property.
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Figure 4.3: Results comparison for uni-axial tension example with E = 10Pa, η =
5Pa · s.

4.4 Numerical Examples
Three numerical examples are used to verify the stress update algorithm and the
numerical methodology. Firstly, a uniaxial tension example and a stress relaxation
example are presented to validate the stress update algorithm, which are followed
by the cantilever beam bending problem with tip load. In this work, the RKPM
framework with Gauss integration is employed to study the viscoelastic problem.

4.4.1 Uniaxial tension example

In this example, the Maxwell element is used as the constitutive model. Two
different cases are tested in which one case has a high relaxation time and the
other has a low relaxation time to see how the material behaves under the same
load. The material properties are η = 5Pa · s with E = 10Pa and E = 100Pa for
the comparison. Unless stated explicitly, Poisson ratio is ν = 0.3.

Suppose a bar is stretched purely uniaxially in the x-direction. The prescribed
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Figure 4.4: Results comparison for uni-axial tension example with E = 100Pa, η =
5Pa · s.

uniaxial tensile strain is:

ε11 = t

1000
(0s ≤ t ≤ 1s) (4.25)

The other two normal strains can be obtained by the Poisson effect, while all the
shear strains are zero, thus one has ε22 = ε33 = −νε11.

The exact solution can be found by solving an ordinary differential equation,
and can be obtained in a similar manner as Equation (4.5):

τ̇ + τ

λ
= 2µė (4.26)

The deviatoric strain component e11 is obtained from the relation:

e11 = ε11 − εii

3
= 2(1 + ν)

3
ε11 (4.27)

With the initial condition τ11 = 0 at t = 0s, the exact solution for the deviatoric
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stress component τ11 is:
τ11 = η(1 + ν)

750
(1 − e−t/λ) (4.28)

where λ = η
µ

= η
E/2(1+ν) is the relaxation time.

The comparison between the numerical solution and exact solution of the devi-
atoric stress component τ11 in different cases are shown in Figure 4.3 and Figure
4.4. From the result, one can see very good agreement is made between the stress
update algorithm and the exact solution.

Also, from the standpoint of material behavior, one can qualitatively verify the
results. It is well known that dashpots needs time to initialize; that is, it can not
react to stress with certain strain immediately like a spring does. So the elastic
spring works first, then the dashpot takes effects gradually. What is more, if the
spring is "more stiff" than the dashpot (easy to move), then the viscous dashpot will
move easily. Otherwise, the elastic spring will tend to move more. This explains
why the stresses at initial stage goes linearly with strain in both cases; while case
1 (E = 10Pa) is more elastic dominant and case 2 (E = 100Pa) is more viscous
dominant (stress is near constant with the strain is increasing).

4.4.2 Stress relaxation example

A uniaxial stress relaxation problem is examined as the second example. The
Maxwell element is still used as the constitutive model and the same material
properties as the first example are employed here.

The prescribed strain in the x-direction is:

ε11 = ε0H(t − t1) (4.29)

where ε0 = 1 × 10−3, t1 = 0.5s and H(t) is Heaviside function which equals to 1
when t > 0, otherwise it is zero. The other two normal strains can be obtained,
again by the Poisson effect, again with the shear strains being zero.

With above initial condition, the exact solution for the deriatoric stress com-
ponent τ11 can be obtained similar to before, and is expressed as:

τ11 = 4(1 + ν)µε0

3
H(t − t1)e− t−t1

λ (4.30)
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where the component e11 can be solved by Equation (4.27). In deriving the exact
solution of Equation (4.30), the integration by parts technique is used.

The comparison between the numerical solution and exact solution is shown as
Figure 4.5 and Figure 4.6. One can see that very good agreement is made between
the stress update algorithm and the exact solution. Again, the same trend in
material behavior is observed as the first example.

These two examples of constitutive modeling verified the stress update algo-
rithm of the integral form of the viscoelasticity constitutive equation obtained
from the generalized Maxwell model.
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Figure 4.5: Results comparison for stress relaxation example with E = 10Pa, η =
5Pa · s.

4.4.3 Cantilever beam with tip load

A 2-D cantilever beam of viscoelastic material under tip load under plane stress
assumption is studied in this example. The geometry of the problem is displayed in
Figure 4.7. The length of the beam is L = 20m with a cross-section area A = 1m2

62



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time(s)

0

2

4

6

8

10

S
tr

a
in

 c
o
m

p
o
n
e
n
t 
e 1

1
(m

/m
) 10

-4

Strain history

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time(s)

0

0.02

0.04

0.06

0.08

S
tr

e
s
s
 c

o
m

p
o
n
e
n
t 

1
1
(P

a
)

Stress history: Exact solution

Stress history: Numerical solution

Figure 4.6: Results comparison for stress relaxation example with E = 100Pa, η =
5Pa · s

(the width and height are both 1m). The load is given as:

P = P0[H(t) − H(t − t1)] (4.31)

where P0 = 1N and the applied time of the load is t1 = 10s.
The material model is the so-called standard solid model which is comprised of

one Maxwell element in the generalized Maxwell model (see Figure 4.2). The values
of the model are E∞ = 0.1MPa, E1 = 0.4MPa, and relaxation time λ1 = η1

µ1
= 1.0s.

Poisson’s ratio is 0.3, and constant. The analytical solution of the response for the
beam tip can be derived, which is [62]:

wL = P0L
3

3I
[D(t) − D(t − t1)H(t − t1)] (4.32)

where I is the area moment of inertia of the beam. D is the creep compliance and
defined as:

D(t) = D0 + D1(1 − e−t/λ) (4.33)
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where

D0 = 1
E0

, E0 = E∞ + E1, D1 = 1
E∞

− 1
E0

, λ = E0λ1

E∞
. (4.34)

Figure 4.7: Schematic of the geometry of the cantilever beam with tip load.

It must be stressed that the analytical solution is derived based on the assump-
tion that the relaxation effect happens on both bulk and deviatoric component.
To verify the numerical method presented by this analytical solution, the consti-
tutive relation needs also to be adjusted accordingly for the bulk part [69]. For
this specific beam problem, the stress update scheme of the stress, and the bulk
component are:

σn+1 = γ∞P 0
n+1 +

N∑
I=1

γIm
(I)
n+1 + γ∞S0

n+1 +
N∑

I=1
γIh

(I)
n+1 (4.35)

and

Θn+1 = tr[εn+1] (4.36a)

P 0
n+1 = U0′

(Θn+1)1 (4.36b)

m
(I)
n+1 = exp(−∆tn/λI)m(I)

n + exp(−∆tn/2λI)(P 0
n+1 − P 0

n ) (4.36c)

where P 0
n+1 is the initial elastic bulk stress and m

(I)
n+1 the internal stress of I − th

element. In the derivation, it has assumed that the relaxation time in bulk and
shear component are the same.

The corresponding algorithmic tangent moduli and out-of-plane strain ε33 are:

Cn+1 = Kg∗I ⊗ I + 2µg∗(I − 1
3

I ⊗ I) (4.37)

and
ε33 = −

(Kg∗ − 2
3µ0g

∗)(ε11 + ε22) + f1 + f2

Kg∗ + 4
3µ0g∗ (4.38)
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Figure 4.8: Result comparison of the tip y-displacement.

with the new term f1 and f2 being

f1 =
N∑

I=1
γI exp(−∆tn/λI)hn

33 −
N∑

I=1
γI exp(−∆tn/2λI)Sn

33

f2 =
N∑

I=1
γI exp(−∆tn/λI)mn

33 −
N∑

I=1
γI exp(−∆tn/2λI)pn

33

(4.39)

where mn
33 and pn

33 are the counterparts of the internal stress and initial bulk stress,
in bulk component, to that of the shear components, respectively.

The discretization of the domain is performed with 41 × 3 nodes, with 2 × 2
Gauss quadrature employed for numerical integration. The time step used for
iteration is 0.1s. The comparison between numerical result and the analytical
solution of the tip displacement in the y-direction is shown in Figure 4.8, with
good agreement obtained. In the time period 0 ≤ t ≤ 10s, the creep phenomenon
is observed. The beam relaxes to its original state gradually after the load is
removed.

One can see that good agreement has been made for the overall trend of the
relaxation processes in all the examples. The numerical framework presented is
thus verified to be effective.

65



4.5 Conclusions
The integral form of viscoelastic constitutive relation is implemented under the
RKPM framework in this chapter. To implement the stress update algorithm, the
strain decomposition into volumetric and deviatoric component is necessary. It
was considered that the relaxation effect happens in the shear component in the
derivation, due to the fact the relaxation effect in bulk can be ignored for many real
viscoelastic materials. However, it can be easily extended to the bulk component
following the same fashion, as it was in the cantilever beam example.

Three numerical examples were tested to verify the implementation of the con-
stitutive equation numerically. The results from uniaxial tension examples showed
the effectiveness of the stress update scheme; with the help of reproducing kernel
particle method (RKPM), the cantilever beam problem with tip load was studied.
In order to compare the numerical result with the analytical solution, the extension
of the relaxation effect to the bulk component of stress was performed. Very good
agreement was made between the numerical and analytical solutions. These exam-
ples show that the numerical framework constructed in this chapter is effective for
modeling small-strain viscoelastic problems.
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Chapter 5 |
A large strain viscoelastic mod-
eling by the reproducing kernel
particle method

5.1 Introduction
For large strain viscoelasticity modeling, Green and Tobolsky [70] proposed a pi-
oneering work based on multiplicative decomposition of the deformation gradi-
ent into volumetric and isochoric component motivated by the signifcant differ-
ece between bulk and deviatoric response of this type of material. Subsequently,
Simo [71], Simo and Hughes [31], and Holzapfel [72] developed formulations based
on decomposition. In these works, the internal state variable is used to track
the history, origonating from Coleman and Gurtin [73]. A linear rate-type of
the evolution equation of the internal variables was derived from a generalized
Maxwell rheological model. Simo [71] also considered the damage effects. To con-
sider the fully coupled thermo-mechanical response, Hozapfel and Simo derived a
thermodynamically-consistent constitutive equation for thermoviscoelasticity [74].
Lubliner [75] extended this multiplication decomposition approach by further de-
composing the isochoric deformation gradient into elastic and viscous components.

Numerical simulation of viscoelastic phenomena by conventional finite element
method will encounter the locking problem because of near incompressibility. Multi-
field formulations are often employed to deal with this issue. For example, Holzapfel
adopted the Hu-Washizu variational principle [72].
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The constitutive laws are obtained by integrating the rate evolution equations
in each Maxwell element. In order to numecially calculate the stress history, a
recurrence relation [76] is adopted to avoid direct integration, which requires large
memory storage for each quadrature point.

It should be noted that when performing time integration on the rate equations,
not only objectivity should be satisfied, but also so-called incremental objectivity.
The Hughes-Winget scheme [77] is one popular scheme to satisfy this condition.
Another possibility is to simply use the material configuration stress measures and
rates, and objectivity nor incremental objectivity are necessary [31].

For extremely large, finite strains, such as in problems like material deposi-
tion in 3D printing, the Lagrangian finite element method will encounter mesh
distortion and entanglement issues which can even stop the simulation. Mesh-
free methods, on the other hand, are adept at modeling these types of problems.
The reproducing kernel particle method (RKPM) [16], a popular meshfree method
invented in the 90s, is adept at dealing with this situation.

This work is developed based on a truly meshfree method on the quadrature
level: using nodal integration, in which the typical route of using Gauss quadrature
which employs a mesh, is not used for numerical integration. In order to obtain
stable results, the stabilized non-conforming nodal integration (SNNI) method [52]
is implemented. For very large deformation problems with free surface formation
and closure, the mapping between undeformed configuration and the deformed
configuration is no longer one-to-one. The semi-Lagranginan formulation proposed
by Guan et. al. [7, 78] is adopted to deal with the issue, in which approximations
and the Lagrangian formulation only employs the current configuration as its basis.
This numerical framework has been coded in the Penn State in-house meshfree
explicit galerkin analysis (MEGA) program [79].

This chapter is organized as follows. The problem statement of dynamic vis-
coelastic finite strain problem is first introduced. The governing equations and
integral form of the constitutive equations are then presented to close the sys-
tem of governing equations. This is followed by a brief description of the RKPM
framework, including discretization process, stabilization techniques, and time inte-
gration. Next, a large-strain viscoelastic drop test is simulated to demonstrate the
effectiveness in modeling large deformation viscoelastic problems, and concluding
remarks are given.

68



5.2 Governing equations for large-strain viscoelastic
mechanics

5.2.1 Strong form

The governing equations in the context of continuum mechanics with dynamic
response can be formulated as a classical initial boundary value problem. Cast in
the current configuration, we have:

ρü = ∇x · σ + b in Ω × [0, T ] (5.1a)

σ · n = h on ∂Ωh × [0, T ] (5.1b)

u = g on ∂Ωg × [0, T ] (5.1c)

u(0) = u0 in Ω, t = 0 (5.1d)

u̇(0) = u̇0 in Ω, t = 0 (5.1e)

where u is the displacement field, σ the Cauchy stress tensor, ρ the density at
current configuration, b the body force per unit volume on the current domain
Ω̄ which is bounded by boundary ∂Ω, h is the current surface traction on the
natural boundary ∂Ωh, g is the current displacement on the essential boundary
∂Ωg, and n is the unit outer normal to the current domain. The initial condition
for displacement and velocity is given by u0 and u̇0. The decomposition of the
boundary satisfies ∂Ω = ∂Ωg ∪ ∂Ωh and ∂Ωg ∩ ∂Ωh = ∅. The operator ∇x = ∂x =
∂

∂x
is the gradient operator in the spatial configuration.

5.2.2 Weak form

To derive the weak form of the problem, the space for trial solutions is defined as:

S = {u : Ω̄ → Rnsd|u ∈ [H1]nsd , u|∂Ωg = g} (5.2)

The corresponding space for test functions is:

V = {w : Ω̄ → Rnsd|w ∈ [H1]nsd , w|∂Ωg = 0} (5.3)

69



Introducing the weight function and substituting into the weighted residual formu-
lation yields: ∫

Ωx

w · (∇x · σ + b − ρü)dΩ = 0 (5.4)

Using integration by part and Gauss Theorem into Equation (5.4), one can
obtain the weak form of the governing equation as: find u ∈ S such that for any
w ∈ V,

∫
Ωx

wi,jσijdΩ +
∫

Ωx

wiρüidΩ −
∫

Ωx

wibidΩ −
∫

∂Ωhx
wihidS = 0 (5.5)

always holds.

5.2.3 Constitutive equation

Before describing the large strain constitutive law, the multiplicative split of the
deformation gradient [80] needs to be introduced. The deformation gradient is
defined as:

F = dx

dX
(5.6)

The volumetric and deviatoric multiplicative decomposition of the deformation
gradient is performed as [31]:

F = F volF dev (5.7)

where the volumetric component F vol and deviatoric component F dev are defined
as:

F vol = J
1
3 I

F dev = F̄ = J− 1
3 F

(5.8)

where J = det F is the determinant of the deformation gradient and I is the
identity tensor. It is easy to see that det F̄ = 1 which is why the deviatoric
component is also called volume-preserving component.

The right Cauchy-Green strain tensors associated with Equation (5.8) is:

C = F T F

C̄ = F̄ T F̄
(5.9)
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which will be used in the large strain viscoelastic constitutive equation.
The extension of the constitutive law from small strain to large strain in mate-

rial configuration is simple, provided that the same generalized Maxwell model is
adopted. In this work, the bulk response is considered to be purely elastic and no
relaxation effect is taken into account.

Similarly, the initial free-energy function of the material is assumed to be:

W 0(C) = U0(Θ) + W̄ 0(C̄) (5.10)

where Θ ≡ J . The functions U0 and W̄ 0 define the initial volumetric and volume-
preserving contributions to the stored-energy function.

Differentiating the free energy with respect to the Lagrange strain gives the
initial 2nd PK stress:

S0 = 2∂CW 0(C) = JU0′(Θ)C−1 + J− 2
3 DEV[2∂C̄W̄ 0(C̄)] (5.11)

The unsteady 2nd PK stress is the difference of initial stress and the time dependent
internal stresses:

S(t) = S0(t) − J− 2
3 DEV[

N∑
i=1

Qi] (5.12)

where the internal stress Qi satisfies the linear rate form of evolution equation:

Q̇i(t) + 1
τi

Qi = γi

τi

DEV{2∂C̄W̄ 0[C̄(t)]}

lim
t→−∞

Qi = 0
(5.13)

The solution of this first order ordinary differential equation is:

Qi(t) = γi

τi

∫ t

−∞
exp[−(t − s)/τi]DEV{2∂C̄W̄ 0[C̄(t)]}ds (5.14)

And thus the formula for 2nd PK stress is deduced by substituting Equation (5.14)
into Equation (5.12):

S(t) = JU0′(Θ)C−1 + J− 2
3

∫ t

−∞
g(t − s) d

ds
(DEV{2∂C̄W̄ 0[C̄(s)]})ds (5.15)

where the relaxation function is g(t) = γ∞ + ∑N
i=1 γi exp(−t/τi).
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Finally, here we recall the push-forward operation between the Kirchhoff stress
and second PK stress to facilitate calculations in the current configuration:

σ = 1
J

τ = 1
J

F SF T (5.16)

where τ is the Kirchhoff stress tensor.

5.3 Numerical methodology
The reproducing kernel particle method is employed as the numerical framework
for the dynamic large strain viscoelastic modeling. The basic of reproducing kernel
approximation has already been presented in Section 3.2.1. The Galerkin formu-
lation, stabilized non-conforming nodal integration scheme, the time integration
scheme and the numerical stress update scheme will next be presented.

5.3.1 Galerkin formulation

Applying the RK approximation to both trial and test functions, one obtains:

uh =
Np∑
I

ΨIDI = ND

wh =
Np∑
I

ΨIWI = NW

(5.17)

where N is the assembled matrix for shape functions of each node, with linear
basis employed here. D and W are vectors containing nodal coefficients. The
construction of these shape functions for finite-strain problems will be discussed
later in the text.

Substituting the approximation functions into the Equations in (5.5) leads to
the following semi-discrete system equation [38]:

Mü = F ext − F int (5.18)
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where the matrices and vectors are:

M =
∫

Ω
ρNT NdΩ

F ext =
∫

Ω
NT bdΩ −

∫
∂Ωh

NT hdS

F int =
∫

Ω
BT σdΩ

(5.19)

where B is the strain-displacement matrix, which is obtained by the strain dis-
placement kinematic relation. The Voigt notation is used for the stress vector σ

as well as the other matrices and vectors.

Figure 5.1: The smoothing domain in SNNI [6].

5.3.2 Stabilized non-conforming nodal integration (SNNI)

Direct nodal integration (DNI) suffers from low convergence rates, poor accuracy
and rank instability. To alleviate the problems associated with DNI, Chen et. al.
proposed the stabilized conforming nodal integration (SCNI) [51]. But for problems
with large strain or fragmentation, reconstructing conforming domain continuously
is difficult. Instead, the non-conforming counterpart is proposed in [52]. The
schematic of employing non-conforming domains is showen in Figure 5.1.

In SNNI, the gradient is calculated in a smoothed way in which the smoothed
gradient operator ∇̃ is defined as:

∇̃(·)|xL
= 1

VL

∫
ΩL

∇(·)dΩ = 1
VL

∫
∂ΩL

(·)ndS (5.20)
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where xL is the nodal point, VL the volume of the domain and ΩL the smoothing
domain. The gradient on a node is smoothed in the domain and then the domain
integral is converted to a surface integral using the divergence theorem.

Figure 5.2: The comparison between Lagrangian and semi-Lagrangian kernel [7]:
(a) undeformed configuration, (b) Lagrangian kernel, and (c) semi-Lagrangian ker-
nel.

5.3.3 Lagrangian and semi-Lagrangian formulation

For the Lagrangian reproducing kernel function, the shape function is constructed
based on the undeformed configuration. While for semi-Lagrangian, the shape
function is constructed in the deformed configuration [78]. A comparison of the
Lagrangian and semi-Lagrangian approximations is schematically shown in Figure
5.2. One can see that for Lagrangian RK, the kernel is deformed with the material
and thus each node has the same neighbors throughout the computation. But for
semi-Lagrangian, the kernel is undeformed to allow for different neighbors pass
through the kernel, and disassociation, and reassociation is possible.

The shape function of the reproducing kernel approximation in the Lagrangian
formulation is constructed as:

ΨI(X) = HT (0)M−1(X)H(X − XI)ϕa(X − XI) (5.21)

where X is the material point in the undeformed configuration.
Using the Lagrangian RK shape function with updated Lagrangian formulation,

the spatial derivative of shape function which is required by the discretization of
the equation of motion is computed as:

∂ΨI(X)
∂x

= ∂ΨI(X)
∂X

∂X

∂x
= ΨI(X),XF −1 (5.22)
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where the deformation gradient F can be numerically calculated as:

F = ∂x

∂X
= ∂(X + u)

∂X
= I +

∑
I

ΨI(X),XuI (5.23)

Or, in index form, it can be denoted as:

Fij = δij +
∑

I

ΨI,Xj
uIi (5.24)

Then F −1 can be solved directly from the inversion of F . However, it breaks down
if F is not invertible, which may happen when the mapping is no longer one-to-
one in surface closure or surface generation, in very large deformation problems.
Instead, the semi-Lagrangian formulation can be adopted to deal with this issue.

The shape function in semi-Lagrangian formulation is constructed as :

ΨI(x) = HT (0)M−1(x)H(x − xI)ϕa(x − xI) (5.25)

where x is the spatial point in the deformed configuration, and xI ≡ x(XI). Thus
the particles follow the motion of the material, while the influence is defined in the
spatial configuration.

In this case, the deformation gradient (if desired) can be calculated numerically
in the following way. Recall the deformation mapping as:

x = X + u (5.26)

One can get the inverse of the deformation gradient then directly as:

F −1 = ∂X

∂x
= ∂(x − u)

∂x

= I − ∂u

∂x

= I −
∑

I

ΨI(x),xuI

(5.27)

or in the index form,
F −1

ij = δij −
∑

I

ΨI,xj
uIi (5.28)

With the inverse of deformation gradient at hand, one can get the deformation
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gradient to do the stress update procedure necessary for material laws defined in
the undeformed configuration such as the viscoelastic laws presented here.

5.3.4 Boundary treatment

Typically, large deformation meshfree problems employ the semi-Lagrangian for-
mulation, in which contact is naturally induced by kernel overlap. In the drop
test problem to be presented, the test is characterized by contact, and for the La-
grangian formulation, a special treatment for contact should be introduced. That
is, since the algorithm searches neighbors and calculates the shape functions and
the derivatives once, at the beginning of the computation, a special boundary
treatment should be implemented to allow for the contact.

Toward this end, a spring boundary condition treatment is proposed which is
similar to the widely used repulsive force boundary in SPH [81]. The advantage of
using this boundary condition is that it keeps the merit of Lagrangian formulation
which just calculates the shape function and the derivatives once and thus saves
computing time.

The idea is that when a drop particle approaches to the boundary of the wall
(rigid in the y-direction here), a spring-like force exerts force on the particle to
repulse it away. Physically, the force can be derived from a simple spring-mass
analogy as:

fy = K · |y − yc| if y < yc (5.29)

where fy is the vertical repulsive force acting on a particle if the vertical coordinate
y is lower than a critical height yc, and K the spring stiffness.

For semi-Lagrangian formulation, the overlapping of kernels between particles
induces repulsive force naturally which is called natural kernel contact [82], and
thus no special treatment is needed unless a frictionless surface is desired, but this
is not considered here.

It can be seen from the construction that the Lagrangian formulation is more
computationally efficient, but tuning the spring constant is needed; while semi-
Lagrangian formulation naturally realizes the contact, it is more computationally
costly.
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5.3.5 Time integration scheme

The explicit central difference time integration scheme is introduced using the
Newmark-β algorithm (β = 0 and γ = 1/2) for the semi-discrete equation in
Equation 5.18. The row-sum technique is used for a lumped mass to make the
integration fully explicit.

The predictor-corrector algorithm for the time integration from a given time
step tn to tn+1 is carried out first by a predictor:

d̃n+1 = dn + vn∆t + ∆t2

2
an

ṽn+1 = vn + ∆t

2
an

(5.30)

based on the predicted physical values, then the generalized acceleration can be
calculated from the momentum equation for each node. The corrector then is
computed as:

dn+1 = d̃n+1

vn+1 = ṽn+1 + ∆t

2
an+1

(5.31)

Figure 5.3: Schematic of the geometry of the drop test.
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5.3.6 Stress update scheme

The classical strain driven technique is employed in this work, which results in a
stress update scheme. The numerical procedure for this process is summarized as
follows:

pn+1 = U o′(J)

τ̄ 0 = dev[2F̄n+1∂C̄W̄ 0(C̄n+1)F̄ T
n+1]

h̄n =
N∑

I=1
γIdev[F̄n+1H̃

(i)
n F̄ T

n+1]

τn+1 = Jn+1pn+1I + g∗(∆t)τ̄ 0 + h̄n

(5.32)

where pn+1 is the bulk stress, τ̄ 0 the initial stress deviator of Kirchhoff stress, h̄n

the internal shear stress, and g∗(∆tn) = γ∞ + ∑
γI exp(−∆tn/2λI) the algorithmic

expression for the relaxation function. H̃(i)
n is a internal variable of i − th Maxwell

element and can be updated as:

H̃(i)
n = exp(−∆tn/τi)H(i)

n − exp(−∆tn/2τi)S̃0
n

S̃0
n+1 = F̄ −1

n+1τ̄
0F̄ −T

n+1

H
(i)
n+1 = H̃(i)

n + exp(−∆tn/2τi)S̃0
n+1

(5.33)

The neo-Hookean hyperelasticity law is introduced to calculate the initial stress:

U o(J) = 1
2

κ(J2 − 1
2

− ln J)

W̄ o(C̄) = 1
2

µ[tr(C̄) − 3]
(5.34)

where κ and µ are bulk and shear modulus, respectively. Then the initial elastic
Kirchhoff stress can be derived by Equation (5.12) and a push-forward operation,
which gives:

τ o = κ

2
(J2 − 1)I + µdev(F̄ F̄ T ) (5.35)
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Figure 5.4: Comparison of drop test by semi-Lagrangian formulation with SPH
result. Left: semi-Lagrangian; right: SPH [8].

5.4 Numerical example
A 3-D drop test of a viscoelastic material is studied in this example, taken from [8].
The geometry of the problem is shown in Figure 5.3. At the initial time, a drop
with a diameter of D = 0.02m is above a rigid wall, with a height of h = 2D.
The acceleration due to gravity is g = −9.81m/s2 and acts on the body in the
y−direction. The drop moves with an initial velocity v=1m/s downward at time
t = 0.0s. The drop then moves downward and impacts with the rigid ground. The
material model for the drop can be represented by a single Maxwell element which
has a viscosity η = 40Pa · s and relaxation time λ = 0.02s. The Poisson’s ratio
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Figure 5.5: Comparison of drop test by Lagrangian formulation with SPH result.
Left: Lagrangian; right: SPH [8].

is ν = 0.4. A coarse discretization of the domain is employed with the particle
spacing dx = 0.002m. In the MEGA setup, the z − direction is fixed to model this
2D plane-strain problem.

A small time step ∆t = 5 × 10−6s for computation is set for semi-Lagrangian
formulation in order to get stable result based on iteration of the simulation. The
time history of the shape of the drop by semi-Lagrangian formulation is compared
in Figure 5.4 to the reference results from Xu et.al using SPH [8]. For a viscoelastic
material characterized by both viscous and elastic property, the drop bounces back,
in contrast to that in a purely viscous drop, where there is no bounce back [8,83,84].
One can observe that the results from the current meshfree method agree well with
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the referenced results. The current error comes from the computation of bulk force
(or pressure). In the referenced SPH formulation, the pressure is treated nearly
incompressible and solved by the state equation which assumes that the pressure
is dependent on the density via an nearly incompressible equation of state. While
in this work, the bulk force is purely elastic and computed directly through the
hyperelastic constitutive equation with a high bulk modulus, although the explicit
formulation limits the value of the modulus.

From this examples, it is found that using the Lagrangian formulation with
the same time step as the semi-Lagrangian formulation, the drop blows up when
it bounces back, which seems to indicate that it is more sensitive to the time step.
In order to get stable results by Lagrangian formulation, the time step should be
smaller than semi-Lagrangian counterpart. This may be due to the spring force
introduced in the formulation, which adds an additional restriction on the time
tep. In this case, the time step used was ∆t = 5 × 10−8s. The spring constants
used are K = 50N/m, yc = 0.001m. Figure 5.5 shows the comparison of the shape
profile during the motion. One can see that the overall shape agrees well with
the SPH results except the one at time t = 0.042s. The simulation verifies the
effectiveness of the proposed boundary treatment in the Lagrangian formulation.
It is also observed that moderate oscillation happens in the simulation, and further
stabilization may be needed [53].

Figure 5.6 shows the comparison of the width of the drop for the various for-
mulations. In all the results, one can observe both increasing stage and decreasing
stage, when the drop is impacting on the ground the width is expanded, while
when bouncing back, the width shrinks. In contrast to the moderate change of the
width of the drop by semi-Lagrangian formulation, it changes to a larger extent by
the Lagrangian formulation.

Overall, the numerical results by both semi-Lagrangian and Lagrangian for-
mulations match with the referenced results qualitatively for the shape, and the
temporal history of the drop’s width.

5.5 Discussion
The model developed in this chapter showed some effectiveness in dealing with the
large strain viscoelastic problem, however, it does not mean it is sufficient enough
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Figure 5.6: Comparison of the width of the drop.

for real modeling of concrete deposition. Several questions should be addressed
before the real applications.

Firstly, the viscosity of the material in this work is time- and rate-independent,
which is not the case in real application of concrete deposition process. In a
long time scale like several hours elapsed in a circular wall sample printing, the
constitutive law for concrete could be time- and rate-dependent as shown in Figure
2.7 and Figure 2.8 in Chapter 2. However, in a short time period as studied in
this work (total simulation time is 0.056s), it is applicable to assume that it is
rate- and time-independent. Thus, in this study with a short time simulation, the
linear viscoelastic law is employed to model concrete deposition process, meaning
we assume it obeys the Newtonian fluids law for the viscous part. However, for long
time period modeling, it may not be suitable, under which circumstance, nonlinear
viscoelastic laws could be used.

In addition, one can see that since the hyperelasticity is employed for the elastic
stress computation, it inherits the disadvantage of using a free energy density, other
than the neo-Hookean law adopted in this work, in a general form:

W = W (F ) (5.36)

Which indicates that the calculation of the stress depends on the calculation of
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deformation gradient F . However, the mapping between the initial configuration
and the current configuration does not exist any longer when two inter-layers close
up together to become one layer during the deposition process. That is to say, the
deformation gradient does not exist any longer in this case.

In order to model the deposition process in a large time scale, the material
law employed cannot involve the deformation gradient. Namely, in calculation
of the internal force or the Cauchy stress, the hyperelasticity laws can hardly be
used for calculation of the elastic stress. The following extension of the Maxwell
viscoelasticity law provides a possibility.

The true stress is decomposed into bulk and shear component as:

σ = −pI + τ (5.37)

where p is the pressure and τ is the shear stress. The pressure is calculated by the
equation of state through the relation with density as p = p(ρ) rather than from
an energy density function W (F ), which can be denoted as [8]:

p(ρ) = ρ0c
7
0

7
[( ρ

ρ0
)7 − 1] (5.38)

where c0 is the reference velocity.
The shear stress is calculated by:

▽
τ + τ

λ
= µγ̇ (5.39)

where the objective rate for the stress ▽
τ should be used for large deformation

problem and is expressed as:

▽
τ = dτ

dt
− LT τ − τL (5.40)

where L = ∂v
∂x

is the spatial velocity gradient.
Equation (5.38) and (5.39), along with Equation (5.37) close the Maxwell model

based viscoelastic constitutive relation for computation. One can see that this
approach avoids using the deformation gradient.

Alternatively, other forms of viscoelasticity law could also be considered, for
example, the power law [85], which is a nonlinear viscoelastic constitutive law.
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Instead of Equation (5.39), the shear stress is calculated by:

τ = η(γ̇)γ̇ (5.41)

where η(γ̇) = Kγ̇n−1 indicates that the viscosity is dependent on the shear rate
in a power law form with K being the consistency index, n the flow behavior
index [86]. The pressure is also calculated through the equation of state [87]. When
using this material law in real applications, the two material parameters, namely
the consistency index K and the flow behavior index n need to be calibrated by
experiment, which could be done through a shear test by a rheometer.

5.6 Conclusions
The integral form of finite strain viscoelastic constitutive relation is implemented
under the RKPM framework in this work. The stress is considered to be the
difference between the initial elastic stress and the internal stress. A hyperelastic
material model is introduced to calculate the initial elastic stress at the finite
strain regime. The constitutive law is cast in the material configuration in which
the stress update scheme is carried out, and the state variables are pushed forward
to the counterparts in spatial configuration, which avoids objectivity issues.

The updated Lagrangian formulation is adopted in this work and an explicit
central difference time integration is chosen for temporal discretization. To for-
mulate a truly meshfree method, the stabilized non-conforming nodal integration
technique is used to circumvent the unstable results from direct nodal integration.

A drop test is studied by the numerical framework developed. The bouncing
phenomenon is observed in this example which is the result of elastic portion of the
material. The numerical results agree well with the results reported in literature,
which verifies the effectiveness of the framework constructed. Some suggestions
are put forward in order to model the actual 3D concrete printing.
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Chapter 6 |
Conclusion

6.1 Conclusions
A numerical framework consisting of a viscoelastic constitutive relation based on
the generalized Maxwell model and the reproducing kernel particle method is de-
veloped, aimed at modeling concrete behavior in the fresh state and solidified state.
To model the creep or relaxation behavior of concrete structures at solidified state,
the small strain version may be used; while for fresh concrete modeling, the large
strain version should be chosen, and at extreme deformations, the semi-Lagrangian
formulation should be employed rather than a pure Lagrangian formulation which
would otherwise need special boundary treatment.

Several important points are observed:

1. The deviatoric and volumetric decomposition of strain/stress is a key ingre-
dient of the modeling and stress update scheme of the viscoelastic model;

2. For small strain modeling with plane stress assumption, the out-of-plane
strain component is essential in accurately computing the stress;

3. The large strain viscoelastic numerical framework stabilized by the SNNI
algorithm is specially adept to model viscoelastic phenomenon in finite de-
formation and thus has the potential to model the deposition in 3D printing
of fresh concrete mixtures.
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6.2 Future directions
For a short time period modeling and thus in a short deposition process, the model
developed is good enough to simulate the viscoelastic behavior of the concrete, since
the assumption of constant elastic modulus and viscosity stand more valid and the
merging interface is not considered in the short deposition process. However, as
a preliminary study of 3D printing of concrete, the numerical framework built is
not complete enough for modeling any actual concrete printing. The deficiencies
of the study lie in the material model adopted and other factors:

• The model is not sufficient for large time scale and thus long time deposition
process modeling as mentioned in Chapter 5. In this case, the elastic mod-
ulus and the viscosity are time-dependent. The later is also rate-dependent.
When choosing or developing the proper material law, this condition should
be considered;

• For actual concrete deposition process, the mapping between the initial
configuration and the current configuration does not exist, and thus the
hyperelastic-based viscoelasticity law does not work;

• The constitutive model is just based on the simple Maxwell element and
purely numerical. In addition, the material parameters are not obtained by
actual experiments;

• The constitutive law adopted is phenomenological in the macroscale but not
physically or chemically driven in a microscale. It ignored the chemical hydra-
tion reaction which is the main driven factor that determines the macroscale
viscosity and elastic modulus values;

• Only one constitutive law is considered in this work though there are many
others as described in the literature review (Chapter 2). Whether which one
is superior than another is not studied.

The limitations listed above also give suggestions for future work. Specifically,
directions for future studies include:

• For long time period simulation, the equation of state can be adopted to
calculate the bulk stress or pressure rather than the hyperelasticity law. This
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kind of constitutive law (Maxwell model based or the power law) can also be
studied and implemented;

• For actual concrete deposition modeling, the material model adopted should
be calibrated by experiments which could help build a more accurate model
for modeling of 3D concrete printing. Take the popular Bingham as an
example. Prepare the concrete mixtures to be 3D printed and conduct rhe-
ological experiments by a rheometer in different time, for instance, in 1h,
2h, ... etc. The time history of viscosity and the yield stress values can
be collected through the experiment. In this way, the rate-dependent and
time-dependent relation could be determined;

• For actual modeling in a small time scale, experimental work is needed to find
out the actual material parameters, for example, see ref [88]. The Maxwell
model or the standard solid model is the most used form which can be repro-
duced from the generalized Maxwell model, and thus is enough for modeling.
Since a lot more material parameters are needed to be fitted by experiments
when using a more complicated network [59], it is not widely used;

• Control the viscoelastic material parameters and find an optimum mixture.
It is reported that higher alkali content in the concrete mixture can highly
decrease the value of elastic modulus and viscosity while a higher density of
calcium can increase those values [88];

• Try other classical constitutive relations like the Bingham/viscoplastic law
or the power law viscoelastic law to model the response of fresh concrete
mixtures and make a comparison;

• Optimization of the printing variables involved in real 3D concrete printing;

• Microscale modeling of the chemical reaction by, for example, the molecule
dynamics (MD) method to obtain material parameters like viscosity and
elastic modulus;

• Multiscale modeling of the 3D concrete printing problem combining the chem-
ical hydration and rheology.
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