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Abstract
Machine learning and new artificial intelligence algorithms inspire the scientific
community to explore and develop new approaches for discovery of scientific laws
and governing equations for complex physical and nonlinear dynamical systems. The
question on how well deep learning approaches can approximate a dynamic system
given a set of input data is difficult to answer. Neural networks have garnered
significant attention in the last decade but it is not clear how well these tools
can learn the inherent characteristics of a dynamical model (such as conservation
laws) from training data only. Considering the unperturbed Keplerian two-body
problem, this work investigates the approximation and prediction capabilities
of neural networks in learning dynamical system models in a purely recurrent
model. Training neural networks with data from a single revolution around an orbit
produces poor performance when predicting motion on subsequent revolutions. By
incorporating deviations from constancy of angular momentum and total energy
into the objective function for the neural network model, predictive performance
improves significantly. Further improvements appear when a richer training data
set (generated from a number of orbits with different orbital element values) is
employed or with different structures such as residual or deep residual architectures.
Furthermore, the effect of the mathematical representation (i.e. coordinate system)
on the learning process is also investigated. From numerical results, it can be inferred
that neural networks were able to better learn inherent dynamics characteristics in
spherical coordinates without any apriori information than in a Cartesian coordinate
system. It is shown that a simple architecture is able to learn the symmetry of the
central force and reproduce the conservation of the constants of the motion.
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Chapter 1 |
Introduction

1.1 Problem Significance and Motivation

Artificial Intelligence (AI), and deep learning approaches in particular, have recently
proven very effective in certain application domains. However, a key challenge is
how well AI methodologies can generalize beyond the narrow set of data they are
initially trained on. As AI and deep learning are increasingly being applied to
predict the behavior of complex nonlinear dynamic systems where the system state
is not fully observable and the amount of training data is limited, the question of
their generalizability becomes even more important. Approximation capabilities
of state-of-the-art machine learning approaches (particularly deep learning) in
capturing the underlying physical characteristics of a dynamical system remain
poorly understood. Although these methods have been used successfully to predict
the behavior of a dynamical system for a short time period (couple of time step
ahead), their performance deteriorate for forecasting dynamical system behavior for
a long time period. This is due to the fact that these algorithms are unable to learn
underlying physical features (or characteristics) of the system. For example, it is
desired that a “properly” trained machine learning based weather prediction models
capture the flow features (e.g. circulation) or to reproduce conservation principles
of a Hamiltonian system. Thus, it is obscure whether machine learning tools can
become a valued partner in scientific discovery and technology development.
Today’s methodologies are mainly applied in a clustering type of analysis of big
data; human scientists must handle most of the model-centric aspects of the physics,
often relying on human experience, heuristics, and already established domain-
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specific methodologies. Specifically, identifying additional high value features and
quantifying confidence of predictions outside of the training space all lie outside the
capabilities of most state-of-the-art AI approaches and fall into the domain of human
experts. As science attempts to understand ever more complex systems, and as data
sets become larger and more difficult to process, new AI architectures and methods
have to to generate deep insights based on physics, mathematics, and context-aware
representations that succinctly capture relevant dynamics and behaviors of the
complex systems under study and can generalize across domains. Data-driven
approaches to establish dynamic system models have been used for centuries,
especially in astrodynamics, where sometimes only input-output observations are
available. Kepler’s laws, Newton’s laws of motion and Newton’s gravitational
law were developed with critical reliance on observational data. The advent of
ubiquitous computing solutions has led to unprecedented breakthroughs in pattern
analysis and machine intelligence. Parallel developments in sensing technologies,
microelectronics and embedded systems permit the acquisition of high precision
data from physical systems to enable Machine Learning (ML) approaches.

1.2 Previous Research

Identification and control of nonlinear dynamical systems using neural networks
were introduced by Narendra and Parthasarathy in 1990 [1] based on observed
simulation results. With rapid progress, neural networks for identification of un-
known dynamical systems [2] have been subjected to a broad and comprehensive
consideration for long-term prediction capabilities. There are different types of
machine learning, with supervised learning, reinforcement learning, and unsuper-
vised learning [3–5]. Machine learning methods have shown great capabilities for
a wide range of applications such as improving orbit prediction accuracy through
supervised machine learning [7].
While it may appear that the proliferation of data and coupled embedded systems
are slated to supplant physical models and their associated insights with data
driven models, the stark reality is far from that view point. The main reason is that
efforts are concentrated on developing efficient learning algorithms to fit a fixed
structure model to a large amount of data rather than finding the optimal model
structure. The special process of dynamic system identification is to apply reverse
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engineering to experimental data-sets (measurements) to eventually characterize a
physical system with a mathematical model.
To address this problem, the system identification community has sought a reliable
methodology to derive a mathematical model capturing the main characteritics of
dynamic systems. With their remarkable ability to derive meaning from complicated
or imprecise data [1], neural networks (NNs) can be used to extract patterns and
detect trends that are too complex to be noticed by humans or other computer tech-
niques. However, the ability of the NN to succeed is directly related to its specific
structure [3], [4]. Some problems might be too complicated for simple structures
or at least structures that require a significant computational capability. Recently,
outstanding results for speech and image recognition have been achieved by some
state-of-the-art NNs [5] [6], which comes from their unique learning capabilities.
While model-fitting picks the model that best describes the data (among linear
models, linear multivariate models, nonlinear generalized models, etc.), dynamic
system identification using neural networks tailors a unique non-linear model based
on the measured data [7] [8].

1.3 Approach

In this work, we study the quintessential question about approximation as well as
prediction capabilities of ML tools, especially with neural networks. We consider the
unperturbed two-body problem to investigate the approximation and interpolation
capabilities of NN-based methods. In this scenario, the underlying nonlinear
dynamics will be realized by a multi-layer neural network. Different variants of NNs
will be used to investigate the approximation capabilities of NN-based algorithms.
We investigate whether the trained NN model can reproduce known constants of
the motion (e.g. energy and angular momentum). It should be emphasized that
this work does not advocate the use of any ML tools to predict orbit states of
resident space objects. This study is an attempt to understand the approximation
and prediction capabilities of a multi-layer neural network approach. The two-body
problem is used here as an example due to its rich history and this is a first attempt
to understand how incorporation of prior knowledge about system dynamics such
as conservation laws affects the learning of a neural network.

3



Chapter 2 |
The Neural Network

2.1 Role and Promises

Nature has inspired many inventions. Velcro band hook was inspired by the burdock
plant while the adhesive feet of the gecko might have influenced the development
of scotch tape. It would seem only logical, then, to look at the human brain’s
architecture for motive on how to build an intelligent machine. The first step toward
artificial neural networks came in 1943 when W. McCulloch, a neurophysiologist,
and W. Pitts, a mathematician, wrote an essay on how neurons might work. In
their paper [9], they presented a general computational model of how biological
neurons in animal cerebral cortexes might work to perform complex calculations
based on propositional logic. One approach focused on biological processes in the
brain while the other focused on the application of neural networks to artificial
intelligence. The early successes of such types of networks led to the widespread
belief that humans would soon have access to truly intelligent machines, in the
sense of human intelligence. Between the 1960s and the 1980s, it became clear that
the original promise would go unfulfilled mainly because of a lack of computational
power. However, early in the 1980s, better techniques (for the most part in the
training algorithms) and a tremendous increase in computing capacities in the
1990s made it possible to use neural networks for practical applications. Recent
development introduced powerful neural network structures along with improved
training algorithms capable of remarkable achievements that no other machine
learning technique could hope to match. Over the past few decades, neural networks
have emerged as a powerful set of tools in pattern classification, signal processing
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as well as dynamical system modeling and control. When traditional modeling is
difficult to achieve, networks models are frequently able to learn behavior and are
able to generalize to a certain extent. Typically, a neural network consists of an
organized structure composed of processing units. An appropriate number of these
computational nodes may be able to capture a given system’s complex input-output
mapping and the number of these nodes essentially determines the degrees of
freedom of the non-parametric model. According to Kolmogorov’s theorem [10],
any continuous function from an input subspace to an appropriate output subspace
can be approximated by a two-layer neural network with finite number of nodes.
Kolmogorov’s Theorem. Let f(x) be a continuous function defined on a unit
hypercube [0, 1]n, then there exist simple functions φi and ψij such that f(x) can be
represented in the following form:

f(x) =
2n+1∑

i=1

φi

(
d∑

j=1

ψij(xj)

)
. (2.1)

While neural networks are frequently described using network architecture ter-
minology and diagrams, the reality is that any neural network results in a set of
parametric interpolation functions representing the input-output behavior. Like
any curve-fitting approach, neural networks must be approached with attention to
whether or not the approximation architecture is a good choice for the problem at
hand. According to Cover [3] and Kolmogorov’s theorems, multi-layer neural net-
works can serve as universal approximators, but in actuality, they offer no guarantee
on accuracy in practice for a reasonable dimensionality (global and distributed
approximation can be at the expense of high parametric dimensionality).
Cover’s Theorem. A complex pattern classification problem or input-output prob-
lem cast in a high-dimensional space is more likely to be approximately linearly
separable than in a low-dimensional space.

2.2 General Description

2.2.1 Input, Output and Layers

A neural network can be seen as a complex nonlinear mapping between some given
input and output data. Mathematically speaking, if E and F are two topological
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spaces, a neural network is a mappingM : E → F such that

M : x 7→ y =M(x), (2.2)

where x is the input and y the output of the neural network. The mappingM is
generally non linear and is function of a set of parameters α:

M =Mα. (2.3)

Along with the specific structure of the mappingM, the set of parameters α defines
a neural network uniquely. Based upon two components (the processing elements
called neurons or perceptrons, and the connection between them called links or
connections), a neural network is generally organized in layers. The input layer is
built with neurons that receive data from outside the network, the output layer
with neurons whose outputs are used externally, and the hidden layers with neurons
that receive and produce data internally. Typically, a neural network consists of
one input and one output layer which represent the input and the output of the
overall network, respectively, and one or more hidden layers. Figure 2.1 presents
the general structure of a simple neural network. Highly complex computations
can be performed by a vast network composed of fairly simple neurons. The next
section develops in detail this concept of artificial neurons.

2.2.2 Neurons and Activation Functions

A neuron is an elementary unit that plays the role of a mathematical function.
The inputs of each neuron are generally numbers, each input connection being
associated with a weight. The neuron receives the weighted inputs, sums them,
adds a bias and passes them through a nonlinear function known as an activation
function (or transfer function). This thresholding function (inspired from logic gates
in threshold logic) is bounded, differentiable and often monotonically increasing
and continuous. For a real-valued network, if x ∈ Rn denotes the input vector,
w ∈ Rn the weight vector, b ∈ R a bias, the output of the neuron is y ∈ R:

y = φ
(
wTx + b

)
, (2.4)
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Input layer

Hidden layers

Output layer

Neuron

Connection

Figure 2.1: Generic neural network with a three-dimensional input layer, three
hidden layers and a two-dimensional output layer

where φ is the nonlinear activation function. Figure 2.2 presents a graphical
representation of a neuron where n = 3 and

x =
[
x1 x2 x3

]T
w =

[
w1 w2 w3

]T
. (2.5)

Neuron

w1
<latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit>

w2
<latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit>

w3
<latexit sha1_base64="mpHq8Mwe3L9IODhXh0BMj69tljg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENMo2h</latexit><latexit sha1_base64="mpHq8Mwe3L9IODhXh0BMj69tljg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENMo2h</latexit><latexit sha1_base64="mpHq8Mwe3L9IODhXh0BMj69tljg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENMo2h</latexit><latexit sha1_base64="mpHq8Mwe3L9IODhXh0BMj69tljg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENMo2h</latexit>

x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

x3
<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

Figure 2.2: Graphical representation of a neuron
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Figure 2.4 presents a short list of activation functions that are usually used.
It should be mentioned that φ is directly part of the structure of the networkM
while w and b are a subset of the set of parameters α ofMα:

{w, b} ⊂ α. (2.6)

This model of a neuron is called the perceptron and is one of the most common
architectures. Used alone, it is the simplest network structure. If duplicated and
organized in consecutive layers as in Figure 2.1, it can constitute a very effective
network.
Looking at two consecutive layers l − 1 and l, the weight vectors and the bias for
each neuron in layer l are stacked in a matrix Wl and a vector bl respectively. If
the layers l − 1 and l are comprised of p and q neurons respectively (meaning that
the output of layer l − 1 yl−1 ∈ Rp and the output of layer l yl ∈ Rq), the layer
operator Ψl : Rp → Rq is defined as

Ψl : xl 7→
[
φ
(
wl

1
T
xl1 + b1

)
φ
(
wl

2
T
xl2 + b2

)
· · · φ

(
wl
q
T
xlq + bq

)]T
(2.7)

where
Wl =

[
wl

1 wl
1 · · · wl

q

]
bl =

[
bl1 bl2 · · · blq

]T
. (2.8)

A similar expression is

yl = Ψl
(
xl
)

= φ
(
WlTxl + bl

)
(2.9)

where the function φ is applied to the q elements of WlTxl + bl.

Finally, the general output y of a network with d layers can be written as

y =Mα(x) =

(
d∏

i=1

Ψi

)
(x) := Ψd ◦Ψd−1 ◦ · · · ◦Ψ1(x), (2.10)

and is called a Feed-Forward neural network (also called fully-connected neural
network or muti-layer perceptron). The full set of parameters α is

α =
{
W1,W2, · · · ,Wd,b1,b2, · · · ,bd} (2.11)
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layer l � 1
<latexit sha1_base64="U+sOvp8s5mgOoyQTg4okYwbFXqU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg7jw+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCtX41i</latexit><latexit sha1_base64="U+sOvp8s5mgOoyQTg4okYwbFXqU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg7jw+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCtX41i</latexit><latexit sha1_base64="U+sOvp8s5mgOoyQTg4okYwbFXqU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg7jw+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCtX41i</latexit><latexit sha1_base64="U+sOvp8s5mgOoyQTg4okYwbFXqU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg7jw+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCtX41i</latexit>

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

layer 

yl�1 = xl
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Figure 2.3: Different activation functions

As a mapping operator, measuring the efficiency of a network means measuring
how well it is capable of mapping a set of inputs to a set of outputs. These concepts
and the metric associated with it are discussed in the next section.

2.2.3 Loss Function

For N ∈ N∗, a training data set S of size N is a set of pairs (xk,yk)k∈J1,NK where
xk ∈ Rn serves as input for the network and yk ∈ Rm is considered as the objective
output of the network. yk serves as a reference value (or target value) and is
considered to be the truth. The value ỹk ∈ Rm is the quantity produced by the
network. This is the output of the network. From Equation 2.2:

ỹk =Mα(xk). (2.12)
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Figure 2.4: Different activation functions
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To measure the efficiency of the network based on the training data set S, it is
imperative to confront the output ỹk of the network to the true value yk. For each
sample k ∈ J1, NK in the training set, the most common metric used is the mean
square error (MSE):

MSE(k) =
1

m

m∑

i=1

(yk(i)− ỹk(i))2 =
1

m
||yk − ỹk||22 . (2.13)

Finally, the sum of the MSE over the whole training set S is called the Loss:

L = L(Mα,S). (2.14)

The Loss function illustrates the proficiency of the network to map two different
data sets (namely {xk} and {yk}, k ∈ J1, NK):

L(Mα,S) =
N∑

k=1

MSE(k). (2.15)

The smaller the Loss, the better the network performs in mapping the input data
set {xk} to the targeted values {yk}, k ∈ J1, NK. While the given training data set
S remains unchanged for a given application, Equation 2.14 shows that the Loss
is then only dependent on the network architectureM and network parameters
α. The next two sections explain how to minimize the Loss while identifying an
appropriate structure forM and finding the best set of parameter α.

2.2.4 Designing a Qualified Network

Choosing a correct architecture for a neural network is the subject of active research.
Creating a neural network architecture means proposing a network topology forM.
Deciding how the neurons are interconnected therefore is a difficult problem. Even
for a simple multi-layer perceptron as presented Figure 2.1, one can change the
number of layers, the number of neurons per layer, the type of activation function
to use in each neuron and other parameters. The question of how to choose a
correct structure for a given problem has been addressed multiple times but there is
no pragmatic technique that describe how to design an efficient neural network. It
is also uncertain whether there exists a unique optimal model for a given problem
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and there is different consensus regarding the impact on performance from adding
additional hidden layers or increasing the number of neurons. However, designing a
competent network architecture is relatively easy from the moment one has access
to sufficient computation capabilities to test distinct configurations. For many
problems, one can just begin with a single hidden layer. It has actually been shown
that a single-layer perceptron can model even the most complex functions provided
it has enough neurons. On the other hand, deeper networks can model complex
functions using exponentially fewer neurons, making them much faster to train.

2.2.5 Training a Neural Network

Once the structure of the neural network has been decided, one can try to minimize
the Loss function L by varying the set of parameter α which the networkM is
dependent on. SinceM is a large and complex nonlinear operator, minimizing L is
equivalent to solving a large and complex nonlinear optimization problem O:

O : min
α
L(Mα,S). (2.16)

Training a neural network consiss of finding a proper set of parameters α that
will yield a minimum value for L. But the flexibility of neural networks is also
one of their main drawbacks: there are many parameters to adjust. Although the
optimization community has studied the general problem of optimizing nonlinear
functions for many years, the multilayer neural networks do not represent a typical
optimization problem. Gradient descent and its various variants such as conjugate
gradient are often used for optimization of smooth nonlinear functions. However,
many of these optimizers do not perform very well for the training of multi-layer
neural networks as they have a tendency to get stuck in local minimum due to a
fixed learning rate. Furthermore, many of these optimizers do not parallelize to
run on GPUs or a distributed network and hence are computationally intensive for
large networks. For the training of multi-layer neural networks, different variants of
gradient descent algorithms have been developed which have an adaptive learning
rate to avoid local minima and plateaus in the Loss function. The most commonly
used optimizers are: Adagrad [11], Adadelta optimizer [12], Adam optimizer [13],
FtrlOptimizer [14], RMSprop [15] and NADAM [16]. These algorithms employ
momentum based methods and/or compute averages of gradients to adjust the
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learning rate to avoid local minima [17].
In this section, all the parameters are stacked in a single vector α:

α→ α. (2.17)

Considering an random initialization for α0, the classical gradient descent scheme
is

αi+1 = αi − η
∂L

∂α

∣∣∣∣
α=αi

. (2.18)

Some optimizers make use of momentum that helps accelerate the gradient descent
in the relevant direction and dampens oscillations by adding a fraction γ of the
update vector of the past step to the current update vector:

vi = γvi−1 + η
∂L

∂α

∣∣∣∣
α=αi

(2.19)

αi+1 = αi − vi. (2.20)

The momentum term increases for dimensions whose gradients point in the same
direction and reduces updates for dimensions whose gradients change direction. As
a result, the gain is in general faster convergence and reduced oscillation.
Adagrad adapts the learning rate to the parameters, performing larger updates for
infrequent parameters and smaller updates for frequent parameters. If gi(j) is the
gradient of the objective function with respect to the parameter α(j) at time step
i:

gi(j) =
∂L

∂α

∣∣∣∣
α=αi

(j), (2.21)

the update for the parameter α(j) becomes:

αi+1(j) = αi(j)−
η√

Gi(j) + ε
gi(j), (2.22)

where ε is a smoothing term to avoid singularities (usually on the order of magnitude
of 10−8) and Gi is a vector where element j is the sum of the squares of the gradients
with respect to α(j) up to time step i:

Gi(j) =
i∑

k=1

gk(j). (2.23)
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One of Adagrad’s main benefits is that it eliminates the need to manually tune the
learning rate while its main weakness is the accumulation of the squared gradients
in the denominator: since every added term is positive, the accumulated sum keeps
growing during training which causes the learning rate to shrink and eventually
become infinitesimally small, at which point the algorithm is no longer able to
acquire additional knowledge.
Instead of inefficiently storing previous squared gradients, Adadelta defines a
running average E[gi(j)

2] that depends only on the previous average and the
current gradient:

E[gi(j)
2] = γE[gi−1(j)

2] + (1− γ)gi(j)
2. (2.24)

The update for the parameter α(j) becomes:

αi+1(j) = αi(j)−
η√

E[gi(j)2] + ε
gi(j), (2.25)

Finally, the Adaptive Moment Estimation algorithm (Adam) is another method
that computes adaptive learning rates for each parameter. In addition to storing
an exponentially decaying average of past squared gradients, Adam also keeps an
exponentially decaying average of past gradients:

mi = β1mi−1 + (1− β1)gi (2.26)

vi = β2vi−1 + (1− β2)gi (2.27)

mi and vi are estimates for the first moment (the mean) and second moment (the
uncentered variance) of the gradients respectively (hence the name of the method).
The update equation is then

αi+1 = αi −
η√

E[vi] + ε
E[mi]. (2.28)

Empirically, Adam works well in practice and compares favorably to other adaptive
learning-method algorithms. All of these optimizers are available with Google’s
TensorFlow package and have been optimized for parallel processing.
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2.3 The Residual Neural Network

Residual neural networks (ResNet), originally developed for image classification
seem to require fewer parameters for enhanced accuracy [18], [19], [20], [21] and
are built upon two principles, which are modularity and residual learning. The
first idea behind ResNet is that they are primitively small networks that can be
repeated (or stacked) to increase the depth of the network. A deeper ResNet is
built by simply repeating this original module. The question of how to choose the
structure (often equivalent to the number of layers) is a difficult problem. Typically,
one wants to add a new layer only if some benefit results. One way to ensure this
additional layer allows the network to learn something new is to also provide the
input without any transformation to the output of this extra layer. This essentially
drives the new layer to learn something different from what the input has already
encoded. For some fixed-point problem, if the approximated value is xc such that
ψ(xc) ' xc and a true value x0 = ψ(x0), the error is x0 − xc. We call the residual
the quantity ψ(x0)− ψ(xc) = x0 − ψ(xc). The residual is the error in the result. In
the ResNet description, instead of directly fitting a desired underlying mapping
(the original mapping), we explicitly let these layers fit a residual mapping. If the
underlying mapping is denotedM, we let the ResNet fit the residual mapping

L(x) :=M(x)− x. (2.29)

2.3.1 Description of the Network

A ResNet of depth d is a network composed of d residual blocks, each of them
performing an operation. These operations are generally identical among the blocks,
may be very simple or can be built upon a more complex scheme and involve several
sub-operations. Given a layer k < d (or a block), the particularity of the ResNet is
to provide the output xk−1 of layer k − 1 (or input xk−1 of layer k) without any
transformation to the output xk of this layer. Figure 2.5 (network on the top)
depicts the general representation of a ResNet.
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Figure 2.5: General Representation of a ResNet. The top network is represented
without a wrapping layer whereas the bottom network is represented with a wrapping
layer.
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2.3.2 Mathematical description

Consider E ⊂ Rn a normed vector space and RB: E → Rn a real-valued function,
regular enough. If RB is introduced in the residual scheme of Figure 2.5, any xk,
0 ≤ k ≤ d, can be written as

xk = (Id + RB)k(x0), (2.30)

where for 1 ≤ k ≤ d,

(Id+RB)k =
k∏

i=1

(Id+RB) := (Id + RB) ◦ (Id + RB) ◦ · · · ◦ (Id + RB)︸ ︷︷ ︸
k times

, (2.31)

and (Id + RB)0 = Id. The residual block operator RB is simply the operator Ψ

introduced Equation 2.7. The output y of the ResNet is:

y = xd =

(
d∏

i=1

Ψ + Id

)
(x0) =

(
d∏

i=1

RB + Id

)
(x0). (2.32)

Furthermore, for any k, 0 ≤ k ≤ d− 1:

xk+1 − xk = RB(xk), (2.33)

and, for any arbitrary h > 0:

xk+1 − xk

h
= h−1RB(xk)⇔ ẋk = R̃B(xk), (2.34)

with R̃B := h−1RB and using Euler discretization. This offers a new perspective:
while FF NNs provide a complex nonlinear mapping between input x0 and output
xd, ResNets offer a mapping built upon a differential equation between layers [22].
Therefore, topological spaces accessible from input x0 are different depending on
the choice of the network.
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2.3.3 Dimension and dimensionality

The network on the top Figure 2.5 is a general representation of a ResNet where
the dimensionality of the vector xk, 0 ≤ k ≤ d, remains constant across the network
and where the dimension of RB(xk) is of the same dimension as xk. As a result,
input and output have the same dimension and dimensionality. This usually does
not cause any issue as a majority of ResNets applications are dedicated to image
recognition. The ResNet is used to extract features from an original image and input
and output are images of the same size; consequently dimension and dimensionality
are fixed. Using a ResNet when dimension and/or dimensionality of the input is
different than the ones of the output requires a slight modification in the ResNet
structure. Hence, a wrapping layer is introduced. The general representation of
a ResNet with a wrapping layer is also presented in Figure 2.5 (bottom network).
This wrapping layer, which can be placed anywhere in the network has the role
of accomodating and matching the dimension and/or dimensionality of the input
with the ones of the output. However, it is computationally beneficial to introduce
it as a first layer if the input’s dimension is lower than the output.

2.4 The Deep Residual Neural Network

Derived from the Residual neural network, the Deep Residual neural network
(DeepResNet) is a special neural network structure that combines both the FF and
ResNet architectures. Starting from a basic ResNet, the DeepResNet has the special
feature of having several residual blocks per layer. Similarly as in the FF, the input
is sent to the first residual blocks that constitute the first layer. The layers can be
seen as several residual blocks stacked on top of each other as presented in Figure
2.6 or more simply as a classical hidden layer in a FF neural network. However,
the difference with a FF network is that the output of the previous layer is sent
without any transformation to the the output of the next layer. The DeepResNet
is then very similar to a FF with the special feature of the ResNet. It should be
noted that the last skip connection that sends the output of layer d − 1 to the
output of layer d (e.g. the output of the network) has to be wrapped to respect the
dimensionnality. Again, a wrapping layer is introduced to respect the dimension of
the quantities considered.
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Figure 2.6: General Representation of a DeepResNet with a wrapping layer.
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Chapter 3 |
General Methodology

3.1 The Two-body Problem

3.1.1 History

Identification and control of nonlinear dynamical systems using neural networks
were introduced by Narendra and Parthasarathy in 1990 [1] based on observed
simulation results. With rapid progress, neural networks for identification of
unknown dynamical systems [2] have been subjected to a broad and comprehensive
consideration for long-term prediction capabilities. Data driven models have been
used for centuries in dynamical system modeling especially in astrodynamics, where
sometimes only input-output observations are available. Kepler’s laws, Newton’s
laws of motion and Newton’s gravitational law were developed with critical reliance
on observational data. One of the most important problems in classical mechanics is
the well known two-body problem, which describes the motion of two point particles
(or two uniform spherical masses) subject to a central force. Since Johannes Kepler
first formulated the laws that describe planetary motion early in the 17th century,
many scientists endeavored to solve for the equation of motion of the planets.
Newton worked on the special case of the three-body problem and realized that any
longitude on Earth could be determined knowing the Moon’s position. Laplace and
Poincaré, based on Euler’s work, dealt with stability issues using series expansions
just as in the time of Newton and Leibniz and the discovery of the calculus. While
the general process to solve the two-body problem in the three spatial dimensions
takes advantage of some of the most essential techniques in classical mechanics
(decomposition of the dynamics, use of relative motion, the symmetries, reduction
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of the order of the system with conservation laws), celestial mechanics are the
experimental laboratory for the discovery of new mathematics. Based on Giuseppe
Piazzi’s observations of Ceres (1801) [23], Gauss calculated the orbit of Ceres
originally using only three points. With some approximations, Gauss found inverse
square law and initiated the theory of least squares and the premises of data driven
models. Due to its rich history and its conservative properties, the unperturbed
two-body problem is chosen to investigate the approximation and interpolation
capabilities of NN-based methods. The objective is to see if NNs are able to learn
the inverse square law of the gravity field and hence predict motion of a satellite in
a purely predictive manner.

3.1.2 Dynamics and Mathematical Description in Cartesian

Coordinates

Let r1 and r2 be the position vector of two bodies, and m1 and m2 be their mass.
If r = r2 − r1 is the relative position vector between the two bodies, the dynamics
of the two-body problem are given by

r̈ = − µ
r3
r, (3.1)

with µ = G(m1 + m2) and G is the universal gravitational constant. In an

inertial reference frame and using Cartesian coordinates, with r =
[
x y z

]T
and

r =
√
x2 + y2 + z2, (3.1) can be written as

ẍ = −µx
r3
,

ÿ = −µy
r3
,

z̈ = −µz
r3
.

(3.2)

From (3.1) and (3.2), we define the function f : R3 → R3 as

f : r 7→ r̈⇔ f :



x

y

z


 7→



ẍ

ÿ

z̈


 = − µ

r3



x

y

z


 . (3.3)
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3.1.3 General Solution of the Two-body Problem

The idea is to investigate whether a certain model of neural network has the poten-
tial to approximate the function f introduced in (3.3) and therefore to determinate
if such a model has the capacity to interpret and portray the underlying dynamics
embedded in some data set.

Consider the initial value problem as follows:

ẋ = F(x, t);

x(t0) = x0,
(3.4)

where x =
[
r ṙ

]T
∈ R6 is the unknown state vector of time t that is to be

approximated. F : R6 → R6 contains the dynamics f of the two-body problem in
the six-dimensional space of position and velocity. A solution of (3.4) is

x(t) = x0 +

∫ t

t0

F(x(τ))dτ, (3.5)

where a numerical integrator is used to compute the second term of (3.5).
One can reformulate the two-body problem in Cartesian coordinates and write the
dynamics using a pseudo-matrix form

F(·) =

[
03×3(·) I3×3(·)
f(·) 03×3(·)

]
(3.6)

such that

ẋ = F(x, t)⇔
[
ṙ

r̈

]
=

[
03×3(·) I3×3(·)
f(·) 03×3(·)

][
r

ṙ

]
=

[
ṙ

f(r)

]
, (3.7)

where the matrix product has to be seen as a composition.
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3.1.4 Integrated Solution by the Neural Network

Because the dynamics are to be approximated by a neural network, (3.7) becomes

ẋ = F̃(x, t)⇔
[
ṙ

r̈

]
=

[
03×3(·) I3×3(·)
NN(·) 03×3(·)

][
r

ṙ

]
=

[
ṙ

NN(r)

]
, (3.8)

where f has been replaced by the neural network model (NN).
Consider now F̃ : R6 → R6 that contains a neural network to approximate the
dynamics instead of the function f from (3.3). The neural network replaces the
function f . Denoted with a tilde x̃(t) to indicate that the solution comes from a
neural network approximation, (3.5) becomes

x̃(t) = x0 +

∫ t

t0

F̃(x̃(τ))dτ. (3.9)

While the neural network takes over the dynamical model, a well chosen integrator
will then have the role to finally integrate the general solution. The integrator
implemented is a fourth order Runge-Kutta fixed step-size algorithm. Subsequently,
the accuracy of the neural network is measured by calculating the difference between
the integrated solution using the neural network model, x̃(t), and the true solution,
x, with the true dynamics F and a Dormand-Prince integration algorithm. Figure
3.1 displays how the solution from the neural network and the true solution are
generated to compute the Loss function.

3.1.5 Runge-Kutta Integration Scheme with the Neural Net-

work

For any step-size h > 0 and ∀n ∈ N, we define xn+1 as the RK4 (Runge-Kutta
4th-order) approximation of x(tn+1) by

xn+1 = xn +
1

6
(k1 + 2k2 + 2k3 + k4) , (3.10)
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<latexit sha1_base64="yENkPksEsCrD8n3K4jyM48IDnas=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoigh6LXjxWsB/QlrLZTtqlm03Y3VRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgkRwbTzv2ymsrW9sbhW3Szu7e/sH7uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAaju5nfHKPSPJaPZpJgN6IDyUPOqLFSz3U56QgMDVUqfiL8wu+5Za/izUFWiZ+TMuSo9dyvTj9maYTSMEG1bvteYroZVYYzgdNSJ9WYUDaiA2xbKmmEupvNL5+SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7x2asKbbsZlkhqUbLEoTAUxMZnFQPpcITNiYgllittbCRtSRZmxYZVsCP7yy6ukcVnxvYr/cFWu3uZxFOEETuEcfLiGKtxDDerAYAzP8ApvTua8OO/Ox6K14OQzx/AHzucPhcCS6w==</latexit><latexit sha1_base64="yENkPksEsCrD8n3K4jyM48IDnas=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoigh6LXjxWsB/QlrLZTtqlm03Y3VRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgkRwbTzv2ymsrW9sbhW3Szu7e/sH7uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAaju5nfHKPSPJaPZpJgN6IDyUPOqLFSz3U56QgMDVUqfiL8wu+5Za/izUFWiZ+TMuSo9dyvTj9maYTSMEG1bvteYroZVYYzgdNSJ9WYUDaiA2xbKmmEupvNL5+SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7x2asKbbsZlkhqUbLEoTAUxMZnFQPpcITNiYgllittbCRtSRZmxYZVsCP7yy6ukcVnxvYr/cFWu3uZxFOEETuEcfLiGKtxDDerAYAzP8ApvTua8OO/Ox6K14OQzx/AHzucPhcCS6w==</latexit><latexit sha1_base64="yENkPksEsCrD8n3K4jyM48IDnas=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoigh6LXjxWsB/QlrLZTtqlm03Y3VRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgkRwbTzv2ymsrW9sbhW3Szu7e/sH7uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAaju5nfHKPSPJaPZpJgN6IDyUPOqLFSz3U56QgMDVUqfiL8wu+5Za/izUFWiZ+TMuSo9dyvTj9maYTSMEG1bvteYroZVYYzgdNSJ9WYUDaiA2xbKmmEupvNL5+SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7x2asKbbsZlkhqUbLEoTAUxMZnFQPpcITNiYgllittbCRtSRZmxYZVsCP7yy6ukcVnxvYr/cFWu3uZxFOEETuEcfLiGKtxDDerAYAzP8ApvTua8OO/Ox6K14OQzx/AHzucPhcCS6w==</latexit><latexit sha1_base64="yENkPksEsCrD8n3K4jyM48IDnas=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoigh6LXjxWsB/QlrLZTtqlm03Y3VRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgkRwbTzv2ymsrW9sbhW3Szu7e/sH7uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAaju5nfHKPSPJaPZpJgN6IDyUPOqLFSz3U56QgMDVUqfiL8wu+5Za/izUFWiZ+TMuSo9dyvTj9maYTSMEG1bvteYroZVYYzgdNSJ9WYUDaiA2xbKmmEupvNL5+SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7x2asKbbsZlkhqUbLEoTAUxMZnFQPpcITNiYgllittbCRtSRZmxYZVsCP7yy6ukcVnxvYr/cFWu3uZxFOEETuEcfLiGKtxDDerAYAzP8ApvTua8OO/Ox6K14OQzx/AHzucPhcCS6w==</latexit>

ri
<latexit sha1_base64="L9i2tQuiQaUeRL64A6CCTzTRzZY=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK1WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPdhaR8g==</latexit><latexit sha1_base64="L9i2tQuiQaUeRL64A6CCTzTRzZY=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK1WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPdhaR8g==</latexit><latexit sha1_base64="L9i2tQuiQaUeRL64A6CCTzTRzZY=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK1WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPdhaR8g==</latexit><latexit sha1_base64="L9i2tQuiQaUeRL64A6CCTzTRzZY=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK1WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPdhaR8g==</latexit>

ri+1
<latexit sha1_base64="cajCNLQOl/6oEFGGtCIqVPwQ/lc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgi6LblxWsA9oQ5hMJ+3QySTMTAol5E/cuFDErX/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbG5t71R3a3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9L7wezMqFYvFk54n1IvwWLCQEayN5Nv2MMJ6EoSZzP2MXbm5b9edhrMAWiduSepQou3bX8NRTNKICk04VmrgOon2Miw1I5zmtWGqaILJFI/pwFCBI6q8bJE8RxdGGaEwluYJjRbq740MR0rNo8BMFjnVqleI/3mDVIe3XsZEkmoqyPJQmHKkY1TUgEZMUqL53BBMJDNZEZlgiYk2ZdVMCe7ql9dJ97rhOg33sVlv3ZV1VOEMzuESXLiBFjxAGzpAYAbP8ApvVma9WO/Wx3K0YpU7p/AH1ucPm2WTnw==</latexit><latexit sha1_base64="cajCNLQOl/6oEFGGtCIqVPwQ/lc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgi6LblxWsA9oQ5hMJ+3QySTMTAol5E/cuFDErX/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbG5t71R3a3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9L7wezMqFYvFk54n1IvwWLCQEayN5Nv2MMJ6EoSZzP2MXbm5b9edhrMAWiduSepQou3bX8NRTNKICk04VmrgOon2Miw1I5zmtWGqaILJFI/pwFCBI6q8bJE8RxdGGaEwluYJjRbq740MR0rNo8BMFjnVqleI/3mDVIe3XsZEkmoqyPJQmHKkY1TUgEZMUqL53BBMJDNZEZlgiYk2ZdVMCe7ql9dJ97rhOg33sVlv3ZV1VOEMzuESXLiBFjxAGzpAYAbP8ApvVma9WO/Wx3K0YpU7p/AH1ucPm2WTnw==</latexit><latexit sha1_base64="cajCNLQOl/6oEFGGtCIqVPwQ/lc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgi6LblxWsA9oQ5hMJ+3QySTMTAol5E/cuFDErX/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbG5t71R3a3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9L7wezMqFYvFk54n1IvwWLCQEayN5Nv2MMJ6EoSZzP2MXbm5b9edhrMAWiduSepQou3bX8NRTNKICk04VmrgOon2Miw1I5zmtWGqaILJFI/pwFCBI6q8bJE8RxdGGaEwluYJjRbq740MR0rNo8BMFjnVqleI/3mDVIe3XsZEkmoqyPJQmHKkY1TUgEZMUqL53BBMJDNZEZlgiYk2ZdVMCe7ql9dJ97rhOg33sVlv3ZV1VOEMzuESXLiBFjxAGzpAYAbP8ApvVma9WO/Wx3K0YpU7p/AH1ucPm2WTnw==</latexit><latexit sha1_base64="cajCNLQOl/6oEFGGtCIqVPwQ/lc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRgi6LblxWsA9oQ5hMJ+3QySTMTAol5E/cuFDErX/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbG5t71R3a3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9L7wezMqFYvFk54n1IvwWLCQEayN5Nv2MMJ6EoSZzP2MXbm5b9edhrMAWiduSepQou3bX8NRTNKICk04VmrgOon2Miw1I5zmtWGqaILJFI/pwFCBI6q8bJE8RxdGGaEwluYJjRbq740MR0rNo8BMFjnVqleI/3mDVIe3XsZEkmoqyPJQmHKkY1TUgEZMUqL53BBMJDNZEZlgiYk2ZdVMCe7ql9dJ97rhOg33sVlv3ZV1VOEMzuESXLiBFjxAGzpAYAbP8ApvVma9WO/Wx3K0YpU7p/AH1ucPm2WTnw==</latexit>

ṙi+1
<latexit sha1_base64="YawmO6+Tb0pZ+WR4pmxkBwwmfVs=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJDEITRiqDHoRePE9wcbKWkWbqFpWlJfhVG7cGv4sWDIl79Gt78NqZbD7r5IPB47/dLXl6QCK7Bcb6tytLyyupadb22sbm1vWPv7nV0nCrK2jQWseoGRDPBJWsDB8G6iWIkCgS7D8bXhX//wJTmsbyDScK8iAwlDzklYCTfPugPYsj6EYFREGYqz/2Mn7q5b9edhjMFXiRuSeqoRMu3v8xFNI2YBCqI1j3XScDLiAJOBctr/VSzhNAxGbKeoZJETHvZNH+Oj40ywGGszJGAp+rvjYxEWk+iwEwWQfW8V4j/eb0Uwksv4zJJgUk6eyhMBYYYF2XgAVeMgpgYQqjiJiumI6IIBVNZzZTgzn95kXTOGq7TcG/P682rso4qOkRH6AS56AI10Q1qoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB5ySlnY=</latexit><latexit sha1_base64="YawmO6+Tb0pZ+WR4pmxkBwwmfVs=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJDEITRiqDHoRePE9wcbKWkWbqFpWlJfhVG7cGv4sWDIl79Gt78NqZbD7r5IPB47/dLXl6QCK7Bcb6tytLyyupadb22sbm1vWPv7nV0nCrK2jQWseoGRDPBJWsDB8G6iWIkCgS7D8bXhX//wJTmsbyDScK8iAwlDzklYCTfPugPYsj6EYFREGYqz/2Mn7q5b9edhjMFXiRuSeqoRMu3v8xFNI2YBCqI1j3XScDLiAJOBctr/VSzhNAxGbKeoZJETHvZNH+Oj40ywGGszJGAp+rvjYxEWk+iwEwWQfW8V4j/eb0Uwksv4zJJgUk6eyhMBYYYF2XgAVeMgpgYQqjiJiumI6IIBVNZzZTgzn95kXTOGq7TcG/P682rso4qOkRH6AS56AI10Q1qoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB5ySlnY=</latexit><latexit sha1_base64="YawmO6+Tb0pZ+WR4pmxkBwwmfVs=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJDEITRiqDHoRePE9wcbKWkWbqFpWlJfhVG7cGv4sWDIl79Gt78NqZbD7r5IPB47/dLXl6QCK7Bcb6tytLyyupadb22sbm1vWPv7nV0nCrK2jQWseoGRDPBJWsDB8G6iWIkCgS7D8bXhX//wJTmsbyDScK8iAwlDzklYCTfPugPYsj6EYFREGYqz/2Mn7q5b9edhjMFXiRuSeqoRMu3v8xFNI2YBCqI1j3XScDLiAJOBctr/VSzhNAxGbKeoZJETHvZNH+Oj40ywGGszJGAp+rvjYxEWk+iwEwWQfW8V4j/eb0Uwksv4zJJgUk6eyhMBYYYF2XgAVeMgpgYQqjiJiumI6IIBVNZzZTgzn95kXTOGq7TcG/P682rso4qOkRH6AS56AI10Q1qoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB5ySlnY=</latexit><latexit sha1_base64="YawmO6+Tb0pZ+WR4pmxkBwwmfVs=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJDEITRiqDHoRePE9wcbKWkWbqFpWlJfhVG7cGv4sWDIl79Gt78NqZbD7r5IPB47/dLXl6QCK7Bcb6tytLyyupadb22sbm1vWPv7nV0nCrK2jQWseoGRDPBJWsDB8G6iWIkCgS7D8bXhX//wJTmsbyDScK8iAwlDzklYCTfPugPYsj6EYFREGYqz/2Mn7q5b9edhjMFXiRuSeqoRMu3v8xFNI2YBCqI1j3XScDLiAJOBctr/VSzhNAxGbKeoZJETHvZNH+Oj40ywGGszJGAp+rvjYxEWk+iwEwWQfW8V4j/eb0Uwksv4zJJgUk6eyhMBYYYF2XgAVeMgpgYQqjiJiumI6IIBVNZzZTgzn95kXTOGq7TcG/P682rso4qOkRH6AS56AI10Q1qoTai6BE9o1f0Zj1ZL9a79TEbrVjlzj76A+vzB5ySlnY=</latexit>

ṙi
<latexit sha1_base64="LVT0eF4FjhSVyph6871z6KoGL0E=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2Ae0IUymk3boZBJmJkINwV9x40IRt/6HO//GSZuFth4YOJxz78yZEyScKe0431ZlZXVtfaO6Wdva3tnds/cPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJjeF332gUrFY3OtpQr0IjwQLGcHaSL59NBjGOhtEWI+DMJN57mcs9+2603BmQMvELUkdSrR8+8tcQ9KICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJY+R6dGGaIwluYIjWbq740MR0pNo8BMFjHVoleI/3n9VIdXXsZEkmoqyPyhMOVIx6ioAg2ZpETzqSGYSGayIjLGEhNtCquZEtzFLy+TznnDdRru3UW9eV3WUYVjOIEzcOESmnALLWgDgUd4hld4s56sF+vd+piPVqxy5xD+wPr8AbYMlgY=</latexit><latexit sha1_base64="LVT0eF4FjhSVyph6871z6KoGL0E=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2Ae0IUymk3boZBJmJkINwV9x40IRt/6HO//GSZuFth4YOJxz78yZEyScKe0431ZlZXVtfaO6Wdva3tnds/cPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJjeF332gUrFY3OtpQr0IjwQLGcHaSL59NBjGOhtEWI+DMJN57mcs9+2603BmQMvELUkdSrR8+8tcQ9KICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJY+R6dGGaIwluYIjWbq740MR0pNo8BMFjHVoleI/3n9VIdXXsZEkmoqyPyhMOVIx6ioAg2ZpETzqSGYSGayIjLGEhNtCquZEtzFLy+TznnDdRru3UW9eV3WUYVjOIEzcOESmnALLWgDgUd4hld4s56sF+vd+piPVqxy5xD+wPr8AbYMlgY=</latexit><latexit sha1_base64="LVT0eF4FjhSVyph6871z6KoGL0E=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2Ae0IUymk3boZBJmJkINwV9x40IRt/6HO//GSZuFth4YOJxz78yZEyScKe0431ZlZXVtfaO6Wdva3tnds/cPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJjeF332gUrFY3OtpQr0IjwQLGcHaSL59NBjGOhtEWI+DMJN57mcs9+2603BmQMvELUkdSrR8+8tcQ9KICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJY+R6dGGaIwluYIjWbq740MR0pNo8BMFjHVoleI/3n9VIdXXsZEkmoqyPyhMOVIx6ioAg2ZpETzqSGYSGayIjLGEhNtCquZEtzFLy+TznnDdRru3UW9eV3WUYVjOIEzcOESmnALLWgDgUd4hld4s56sF+vd+piPVqxy5xD+wPr8AbYMlgY=</latexit><latexit sha1_base64="LVT0eF4FjhSVyph6871z6KoGL0E=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2Ae0IUymk3boZBJmJkINwV9x40IRt/6HO//GSZuFth4YOJxz78yZEyScKe0431ZlZXVtfaO6Wdva3tnds/cPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJjeF332gUrFY3OtpQr0IjwQLGcHaSL59NBjGOhtEWI+DMJN57mcs9+2603BmQMvELUkdSrR8+8tcQ9KICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJY+R6dGGaIwluYIjWbq740MR0pNo8BMFjHVoleI/3n9VIdXXsZEkmoqyPyhMOVIx6ioAg2ZpETzqSGYSGayIjLGEhNtCquZEtzFLy+TznnDdRru3UW9eV3WUYVjOIEzcOESmnALLWgDgUd4hld4s56sF+vd+piPVqxy5xD+wPr8AbYMlgY=</latexit>

r̈i
<latexit sha1_base64="21p4JSds8KjvsyOcoKqFgK/KSM0=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WBD0OvXic4OZgLSNN0y0sTUqSCiMU/CpePCji1c/hzW9juvWgmw8Cj/d+P34vL8oYVdrzvp3ayura+kZ9s7G1vbO75+4f9JTIJSZdLJiQ/QgpwignXU01I/1MEpRGjDxEk5vSf3gkUlHB7/U0I2GKRpwmFCNtpaF7FMSx0CZIkR5HiZFFMTS0GLpNr+XNAJeJX5EmqNAZul9BLHCeEq4xQ0oNfC/ToUFSU8xI0QhyRTKEJ2hEBpZylBIVmln8Ap5aJYaJkPZxDWfq7w2DUqWmaWQny5hq0SvF/7xBrpOr0FCe5ZpwPD+U5AxqAcsuYEwlwZpNLUFYUpsV4jGSCGvbWMOW4C9+eZn0zlu+1/LvLprt66qOOjgGJ+AM+OAStMEt6IAuwMCAZ/AK3pwn58V5dz7mozWn2jkEf+B8/gB6nJZ0</latexit><latexit sha1_base64="21p4JSds8KjvsyOcoKqFgK/KSM0=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WBD0OvXic4OZgLSNN0y0sTUqSCiMU/CpePCji1c/hzW9juvWgmw8Cj/d+P34vL8oYVdrzvp3ayura+kZ9s7G1vbO75+4f9JTIJSZdLJiQ/QgpwignXU01I/1MEpRGjDxEk5vSf3gkUlHB7/U0I2GKRpwmFCNtpaF7FMSx0CZIkR5HiZFFMTS0GLpNr+XNAJeJX5EmqNAZul9BLHCeEq4xQ0oNfC/ToUFSU8xI0QhyRTKEJ2hEBpZylBIVmln8Ap5aJYaJkPZxDWfq7w2DUqWmaWQny5hq0SvF/7xBrpOr0FCe5ZpwPD+U5AxqAcsuYEwlwZpNLUFYUpsV4jGSCGvbWMOW4C9+eZn0zlu+1/LvLprt66qOOjgGJ+AM+OAStMEt6IAuwMCAZ/AK3pwn58V5dz7mozWn2jkEf+B8/gB6nJZ0</latexit><latexit sha1_base64="21p4JSds8KjvsyOcoKqFgK/KSM0=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WBD0OvXic4OZgLSNN0y0sTUqSCiMU/CpePCji1c/hzW9juvWgmw8Cj/d+P34vL8oYVdrzvp3ayura+kZ9s7G1vbO75+4f9JTIJSZdLJiQ/QgpwignXU01I/1MEpRGjDxEk5vSf3gkUlHB7/U0I2GKRpwmFCNtpaF7FMSx0CZIkR5HiZFFMTS0GLpNr+XNAJeJX5EmqNAZul9BLHCeEq4xQ0oNfC/ToUFSU8xI0QhyRTKEJ2hEBpZylBIVmln8Ap5aJYaJkPZxDWfq7w2DUqWmaWQny5hq0SvF/7xBrpOr0FCe5ZpwPD+U5AxqAcsuYEwlwZpNLUFYUpsV4jGSCGvbWMOW4C9+eZn0zlu+1/LvLprt66qOOjgGJ+AM+OAStMEt6IAuwMCAZ/AK3pwn58V5dz7mozWn2jkEf+B8/gB6nJZ0</latexit><latexit sha1_base64="21p4JSds8KjvsyOcoKqFgK/KSM0=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WBD0OvXic4OZgLSNN0y0sTUqSCiMU/CpePCji1c/hzW9juvWgmw8Cj/d+P34vL8oYVdrzvp3ayura+kZ9s7G1vbO75+4f9JTIJSZdLJiQ/QgpwignXU01I/1MEpRGjDxEk5vSf3gkUlHB7/U0I2GKRpwmFCNtpaF7FMSx0CZIkR5HiZFFMTS0GLpNr+XNAJeJX5EmqNAZul9BLHCeEq4xQ0oNfC/ToUFSU8xI0QhyRTKEJ2hEBpZylBIVmln8Ap5aJYaJkPZxDWfq7w2DUqWmaWQny5hq0SvF/7xBrpOr0FCe5ZpwPD+U5AxqAcsuYEwlwZpNLUFYUpsV4jGSCGvbWMOW4C9+eZn0zlu+1/LvLprt66qOOjgGJ+AM+OAStMEt6IAuwMCAZ/AK3pwn58V5dz7mozWn2jkEf+B8/gB6nJZ0</latexit>

˜̈ri
<latexit sha1_base64="2cx2dMKz5RZtK0YgofjlbTuSzl8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6LLoxmUF+4AmhMlk0g6dPJi5EUrIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce4+fCq7Asr6N2srq2vpGfbOxtb2zu2fuH/RUkknKujQRiRz4RDHBY9YFDoINUslI5AvW9yc3pd9/YFLxJL6HacrciIxiHnJKQEueeewAFwHLnSBIIHciAmM/zGVRFF7OC89sWi1rBrxM7Io0UYWOZ345QUKziMVABVFqaFspuDmRwKlgRcPJFEsJnZARG2oak4gpN5+9UeBTrQQ4TKSuGPBM/T2Rk0ipaeTrzvJOteiV4n/eMIPwys15nGbAYjpfFGYCQ4LLTHDAJaMgppoQKrm+FdMxkYSCTq6hQ7AXX14mvfOWbbXsu4tm+7qKo46O0Ak6Qza6RG10izqoiyh6RM/oFb0ZT8aL8W58zFtrRjVziP7A+PwBHN+aKg==</latexit><latexit sha1_base64="2cx2dMKz5RZtK0YgofjlbTuSzl8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6LLoxmUF+4AmhMlk0g6dPJi5EUrIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce4+fCq7Asr6N2srq2vpGfbOxtb2zu2fuH/RUkknKujQRiRz4RDHBY9YFDoINUslI5AvW9yc3pd9/YFLxJL6HacrciIxiHnJKQEueeewAFwHLnSBIIHciAmM/zGVRFF7OC89sWi1rBrxM7Io0UYWOZ345QUKziMVABVFqaFspuDmRwKlgRcPJFEsJnZARG2oak4gpN5+9UeBTrQQ4TKSuGPBM/T2Rk0ipaeTrzvJOteiV4n/eMIPwys15nGbAYjpfFGYCQ4LLTHDAJaMgppoQKrm+FdMxkYSCTq6hQ7AXX14mvfOWbbXsu4tm+7qKo46O0Ak6Qza6RG10izqoiyh6RM/oFb0ZT8aL8W58zFtrRjVziP7A+PwBHN+aKg==</latexit><latexit sha1_base64="2cx2dMKz5RZtK0YgofjlbTuSzl8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6LLoxmUF+4AmhMlk0g6dPJi5EUrIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce4+fCq7Asr6N2srq2vpGfbOxtb2zu2fuH/RUkknKujQRiRz4RDHBY9YFDoINUslI5AvW9yc3pd9/YFLxJL6HacrciIxiHnJKQEueeewAFwHLnSBIIHciAmM/zGVRFF7OC89sWi1rBrxM7Io0UYWOZ345QUKziMVABVFqaFspuDmRwKlgRcPJFEsJnZARG2oak4gpN5+9UeBTrQQ4TKSuGPBM/T2Rk0ipaeTrzvJOteiV4n/eMIPwys15nGbAYjpfFGYCQ4LLTHDAJaMgppoQKrm+FdMxkYSCTq6hQ7AXX14mvfOWbbXsu4tm+7qKo46O0Ak6Qza6RG10izqoiyh6RM/oFb0ZT8aL8W58zFtrRjVziP7A+PwBHN+aKg==</latexit><latexit sha1_base64="2cx2dMKz5RZtK0YgofjlbTuSzl8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6LLoxmUF+4AmhMlk0g6dPJi5EUrIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce4+fCq7Asr6N2srq2vpGfbOxtb2zu2fuH/RUkknKujQRiRz4RDHBY9YFDoINUslI5AvW9yc3pd9/YFLxJL6HacrciIxiHnJKQEueeewAFwHLnSBIIHciAmM/zGVRFF7OC89sWi1rBrxM7Io0UYWOZ345QUKziMVABVFqaFspuDmRwKlgRcPJFEsJnZARG2oak4gpN5+9UeBTrQQ4TKSuGPBM/T2Rk0ipaeTrzvJOteiV4n/eMIPwys15nGbAYjpfFGYCQ4LLTHDAJaMgppoQKrm+FdMxkYSCTq6hQ7AXX14mvfOWbbXsu4tm+7qKo46O0Ak6Qza6RG10izqoiyh6RM/oFb0ZT8aL8W58zFtrRjVziP7A+PwBHN+aKg==</latexit>

˜̇ri
<latexit sha1_base64="1eu/UjGuLb2Mr4NWjXsTSEwL7QY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCJPJpB06eTBzI5SQjRt/xY0LRdz6D+78GydtFtp6YOBwzr137j1+KrgCy/o2aiura+sb9c3G1vbO7p65f9BTSSYp69JEJHLgE8UEj1kXOAg2SCUjkS9Y35/clH7/gUnFk/gepilzIzKKecgpAS155rEDXAQsd4IEciciMPbDXBZF4eW88Mym1bJmwMvErkgTVeh45peeQ7OIxUAFUWpoWym4OZHAqWBFw8kUSwmdkBEbahqTiCk3n11R4FOtBDhMpH4x4Jn6uyMnkVLTyNeV5Z5q0SvF/7xhBuGVm/M4zYDFdP5RmAkMCS4jwQGXjIKYakKo5HpXTMdEEgo6uIYOwV48eZn0zlu21bLvLprt6yqOOjpCJ+gM2egStdEt6qAuougRPaNX9GY8GS/Gu/ExL60ZVc8h+gPj8wdU8pm8</latexit><latexit sha1_base64="1eu/UjGuLb2Mr4NWjXsTSEwL7QY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCJPJpB06eTBzI5SQjRt/xY0LRdz6D+78GydtFtp6YOBwzr137j1+KrgCy/o2aiura+sb9c3G1vbO7p65f9BTSSYp69JEJHLgE8UEj1kXOAg2SCUjkS9Y35/clH7/gUnFk/gepilzIzKKecgpAS155rEDXAQsd4IEciciMPbDXBZF4eW88Mym1bJmwMvErkgTVeh45peeQ7OIxUAFUWpoWym4OZHAqWBFw8kUSwmdkBEbahqTiCk3n11R4FOtBDhMpH4x4Jn6uyMnkVLTyNeV5Z5q0SvF/7xhBuGVm/M4zYDFdP5RmAkMCS4jwQGXjIKYakKo5HpXTMdEEgo6uIYOwV48eZn0zlu21bLvLprt6yqOOjpCJ+gM2egStdEt6qAuougRPaNX9GY8GS/Gu/ExL60ZVc8h+gPj8wdU8pm8</latexit><latexit sha1_base64="1eu/UjGuLb2Mr4NWjXsTSEwL7QY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCJPJpB06eTBzI5SQjRt/xY0LRdz6D+78GydtFtp6YOBwzr137j1+KrgCy/o2aiura+sb9c3G1vbO7p65f9BTSSYp69JEJHLgE8UEj1kXOAg2SCUjkS9Y35/clH7/gUnFk/gepilzIzKKecgpAS155rEDXAQsd4IEciciMPbDXBZF4eW88Mym1bJmwMvErkgTVeh45peeQ7OIxUAFUWpoWym4OZHAqWBFw8kUSwmdkBEbahqTiCk3n11R4FOtBDhMpH4x4Jn6uyMnkVLTyNeV5Z5q0SvF/7xhBuGVm/M4zYDFdP5RmAkMCS4jwQGXjIKYakKo5HpXTMdEEgo6uIYOwV48eZn0zlu21bLvLprt6yqOOjpCJ+gM2egStdEt6qAuougRPaNX9GY8GS/Gu/ExL60ZVc8h+gPj8wdU8pm8</latexit><latexit sha1_base64="1eu/UjGuLb2Mr4NWjXsTSEwL7QY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCJPJpB06eTBzI5SQjRt/xY0LRdz6D+78GydtFtp6YOBwzr137j1+KrgCy/o2aiura+sb9c3G1vbO7p65f9BTSSYp69JEJHLgE8UEj1kXOAg2SCUjkS9Y35/clH7/gUnFk/gepilzIzKKecgpAS155rEDXAQsd4IEciciMPbDXBZF4eW88Mym1bJmwMvErkgTVeh45peeQ7OIxUAFUWpoWym4OZHAqWBFw8kUSwmdkBEbahqTiCk3n11R4FOtBDhMpH4x4Jn6uyMnkVLTyNeV5Z5q0SvF/7xhBuGVm/M4zYDFdP5RmAkMCS4jwQGXjIKYakKo5HpXTMdEEgo6uIYOwV48eZn0zlu21bLvLprt6yqOOjpCJ+gM2egStdEt6qAuougRPaNX9GY8GS/Gu/ExL60ZVc8h+gPj8wdU8pm8</latexit>

˜̇ri+1
<latexit sha1_base64="Htk6Uf4OH2GZryCNFp9aKAkK4fc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkUQhJKIoMuiG5cVbC00IUwmk3bo5MHMjVCG7Nz4K25cKOLWX3Dn3zhps9DWAwOHc+69c+8JMs4k2Pa3UVtaXlldq683Nja3tnfM3b2eTHNBaJekPBX9AEvKWUK7wIDTfiYojgNO74PxdenfP1AhWZrcwSSjXoyHCYsYwaAl3zx0gfGQKjdMQbkxhlEQKVEUha/YqVP4ZtNu2VNYi8SpSBNV6Pjml55E8pgmQDiWcuDYGXgKC2CE06Lh5pJmmIzxkA40TXBMpaemdxTWsVZCK0qFfglYU/V3h8KxlJM40JXlpnLeK8X/vEEO0aWnWJLlQBMy+yjKuQWpVYZihUxQAnyiCSaC6V0tMsICE9DRNXQIzvzJi6R31nLslnN73mxfVXHU0QE6QifIQReojW5QB3URQY/oGb2iN+PJeDHejY9Zac2oevbRHxifP0Jkmiw=</latexit><latexit sha1_base64="Htk6Uf4OH2GZryCNFp9aKAkK4fc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkUQhJKIoMuiG5cVbC00IUwmk3bo5MHMjVCG7Nz4K25cKOLWX3Dn3zhps9DWAwOHc+69c+8JMs4k2Pa3UVtaXlldq683Nja3tnfM3b2eTHNBaJekPBX9AEvKWUK7wIDTfiYojgNO74PxdenfP1AhWZrcwSSjXoyHCYsYwaAl3zx0gfGQKjdMQbkxhlEQKVEUha/YqVP4ZtNu2VNYi8SpSBNV6Pjml55E8pgmQDiWcuDYGXgKC2CE06Lh5pJmmIzxkA40TXBMpaemdxTWsVZCK0qFfglYU/V3h8KxlJM40JXlpnLeK8X/vEEO0aWnWJLlQBMy+yjKuQWpVYZihUxQAnyiCSaC6V0tMsICE9DRNXQIzvzJi6R31nLslnN73mxfVXHU0QE6QifIQReojW5QB3URQY/oGb2iN+PJeDHejY9Zac2oevbRHxifP0Jkmiw=</latexit><latexit sha1_base64="Htk6Uf4OH2GZryCNFp9aKAkK4fc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkUQhJKIoMuiG5cVbC00IUwmk3bo5MHMjVCG7Nz4K25cKOLWX3Dn3zhps9DWAwOHc+69c+8JMs4k2Pa3UVtaXlldq683Nja3tnfM3b2eTHNBaJekPBX9AEvKWUK7wIDTfiYojgNO74PxdenfP1AhWZrcwSSjXoyHCYsYwaAl3zx0gfGQKjdMQbkxhlEQKVEUha/YqVP4ZtNu2VNYi8SpSBNV6Pjml55E8pgmQDiWcuDYGXgKC2CE06Lh5pJmmIzxkA40TXBMpaemdxTWsVZCK0qFfglYU/V3h8KxlJM40JXlpnLeK8X/vEEO0aWnWJLlQBMy+yjKuQWpVYZihUxQAnyiCSaC6V0tMsICE9DRNXQIzvzJi6R31nLslnN73mxfVXHU0QE6QifIQReojW5QB3URQY/oGb2iN+PJeDHejY9Zac2oevbRHxifP0Jkmiw=</latexit><latexit sha1_base64="Htk6Uf4OH2GZryCNFp9aKAkK4fc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkUQhJKIoMuiG5cVbC00IUwmk3bo5MHMjVCG7Nz4K25cKOLWX3Dn3zhps9DWAwOHc+69c+8JMs4k2Pa3UVtaXlldq683Nja3tnfM3b2eTHNBaJekPBX9AEvKWUK7wIDTfiYojgNO74PxdenfP1AhWZrcwSSjXoyHCYsYwaAl3zx0gfGQKjdMQbkxhlEQKVEUha/YqVP4ZtNu2VNYi8SpSBNV6Pjml55E8pgmQDiWcuDYGXgKC2CE06Lh5pJmmIzxkA40TXBMpaemdxTWsVZCK0qFfglYU/V3h8KxlJM40JXlpnLeK8X/vEEO0aWnWJLlQBMy+yjKuQWpVYZihUxQAnyiCSaC6V0tMsICE9DRNXQIzvzJi6R31nLslnN73mxfVXHU0QE6QifIQReojW5QB3URQY/oGb2iN+PJeDHejY9Zac2oevbRHxifP0Jkmiw=</latexit>

r̃i+1
<latexit sha1_base64="Ty887r3/Rs8FN2bApmrc/rsiA/4=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL8EiCEJJRNBj0YvHCrYWmhA2m027dLMJuxuhhHjxr3jxoIhX/4U3/42bNgdtfTDweG+GmXlByqhUtv1t1JaWV1bX6uuNjc2t7R1zd68nk0xg0sUJS0Q/QJIwyklXUcVIPxUExQEj98H4uvTvH4iQNOF3apISL0ZDTiOKkdKSbx64irKQ5G6M1CiIclEUfk5PncI3m3bLnsJaJE5FmlCh45tfbpjgLCZcYYakHDh2qrwcCUUxI0XDzSRJER6jIRloylFMpJdPPyisY62EVpQIXVxZU/X3RI5iKSdxoDvLQ+W8V4r/eYNMRZdeTnmaKcLxbFGUMUslVhmHFVJBsGITTRAWVN9q4RESCCsdWkOH4My/vEh6Zy3Hbjm35832VRVHHQ7hCE7AgQtoww10oAsYHuEZXuHNeDJejHfjY9ZaM6qZffgD4/MHLMaXVQ==</latexit><latexit sha1_base64="Ty887r3/Rs8FN2bApmrc/rsiA/4=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL8EiCEJJRNBj0YvHCrYWmhA2m027dLMJuxuhhHjxr3jxoIhX/4U3/42bNgdtfTDweG+GmXlByqhUtv1t1JaWV1bX6uuNjc2t7R1zd68nk0xg0sUJS0Q/QJIwyklXUcVIPxUExQEj98H4uvTvH4iQNOF3apISL0ZDTiOKkdKSbx64irKQ5G6M1CiIclEUfk5PncI3m3bLnsJaJE5FmlCh45tfbpjgLCZcYYakHDh2qrwcCUUxI0XDzSRJER6jIRloylFMpJdPPyisY62EVpQIXVxZU/X3RI5iKSdxoDvLQ+W8V4r/eYNMRZdeTnmaKcLxbFGUMUslVhmHFVJBsGITTRAWVN9q4RESCCsdWkOH4My/vEh6Zy3Hbjm35832VRVHHQ7hCE7AgQtoww10oAsYHuEZXuHNeDJejHfjY9ZaM6qZffgD4/MHLMaXVQ==</latexit><latexit sha1_base64="Ty887r3/Rs8FN2bApmrc/rsiA/4=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL8EiCEJJRNBj0YvHCrYWmhA2m027dLMJuxuhhHjxr3jxoIhX/4U3/42bNgdtfTDweG+GmXlByqhUtv1t1JaWV1bX6uuNjc2t7R1zd68nk0xg0sUJS0Q/QJIwyklXUcVIPxUExQEj98H4uvTvH4iQNOF3apISL0ZDTiOKkdKSbx64irKQ5G6M1CiIclEUfk5PncI3m3bLnsJaJE5FmlCh45tfbpjgLCZcYYakHDh2qrwcCUUxI0XDzSRJER6jIRloylFMpJdPPyisY62EVpQIXVxZU/X3RI5iKSdxoDvLQ+W8V4r/eYNMRZdeTnmaKcLxbFGUMUslVhmHFVJBsGITTRAWVN9q4RESCCsdWkOH4My/vEh6Zy3Hbjm35832VRVHHQ7hCE7AgQtoww10oAsYHuEZXuHNeDJejHfjY9ZaM6qZffgD4/MHLMaXVQ==</latexit><latexit sha1_base64="Ty887r3/Rs8FN2bApmrc/rsiA/4=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL8EiCEJJRNBj0YvHCrYWmhA2m027dLMJuxuhhHjxr3jxoIhX/4U3/42bNgdtfTDweG+GmXlByqhUtv1t1JaWV1bX6uuNjc2t7R1zd68nk0xg0sUJS0Q/QJIwyklXUcVIPxUExQEj98H4uvTvH4iQNOF3apISL0ZDTiOKkdKSbx64irKQ5G6M1CiIclEUfk5PncI3m3bLnsJaJE5FmlCh45tfbpjgLCZcYYakHDh2qrwcCUUxI0XDzSRJER6jIRloylFMpJdPPyisY62EVpQIXVxZU/X3RI5iKSdxoDvLQ+W8V4r/eYNMRZdeTnmaKcLxbFGUMUslVhmHFVJBsGITTRAWVN9q4RESCCsdWkOH4My/vEh6Zy3Hbjm35832VRVHHQ7hCE7AgQtoww10oAsYHuEZXuHNeDJejHfjY9ZaM6qZffgD4/MHLMaXVQ==</latexit>

r̃i
<latexit sha1_base64="FWKzWvKOsFyLWrNk0WYXof0qke0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYB/QhDCZTNqhkwczN0KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4quALL+jZqK6tr6xv1zcbW9s7unrl/0FNJJinr0kQkcuATxQSPWRc4CDZIJSORL1jfn9yUfv+BScWT+B6mKXMjMop5yCkBLXnmkQNcBCx3IgJjP8xlUXg5LzyzabWsGfAysSvSRBU6nvnlBAnNIhYDFUSpoW2l4OZEAqeCFQ0nUywldEJGbKhpTCKm3HyWv8CnWglwmEj9YsAz9fdGTiKlppGvJ8uYatErxf+8YQbhlZvzOM2AxXR+KMwEhgSXZeCAS0ZBTDUhVHKdFdMxkYSCrqyhS7AXv7xMeuct22rZdxfN9nVVRx0doxN0hmx0idroFnVQF1H0iJ7RK3oznowX4934mI/WjGrnEP2B8fkDRKKW5Q==</latexit><latexit sha1_base64="FWKzWvKOsFyLWrNk0WYXof0qke0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYB/QhDCZTNqhkwczN0KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4quALL+jZqK6tr6xv1zcbW9s7unrl/0FNJJinr0kQkcuATxQSPWRc4CDZIJSORL1jfn9yUfv+BScWT+B6mKXMjMop5yCkBLXnmkQNcBCx3IgJjP8xlUXg5LzyzabWsGfAysSvSRBU6nvnlBAnNIhYDFUSpoW2l4OZEAqeCFQ0nUywldEJGbKhpTCKm3HyWv8CnWglwmEj9YsAz9fdGTiKlppGvJ8uYatErxf+8YQbhlZvzOM2AxXR+KMwEhgSXZeCAS0ZBTDUhVHKdFdMxkYSCrqyhS7AXv7xMeuct22rZdxfN9nVVRx0doxN0hmx0idroFnVQF1H0iJ7RK3oznowX4934mI/WjGrnEP2B8fkDRKKW5Q==</latexit><latexit sha1_base64="FWKzWvKOsFyLWrNk0WYXof0qke0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYB/QhDCZTNqhkwczN0KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4quALL+jZqK6tr6xv1zcbW9s7unrl/0FNJJinr0kQkcuATxQSPWRc4CDZIJSORL1jfn9yUfv+BScWT+B6mKXMjMop5yCkBLXnmkQNcBCx3IgJjP8xlUXg5LzyzabWsGfAysSvSRBU6nvnlBAnNIhYDFUSpoW2l4OZEAqeCFQ0nUywldEJGbKhpTCKm3HyWv8CnWglwmEj9YsAz9fdGTiKlppGvJ8uYatErxf+8YQbhlZvzOM2AxXR+KMwEhgSXZeCAS0ZBTDUhVHKdFdMxkYSCrqyhS7AXv7xMeuct22rZdxfN9nVVRx0doxN0hmx0idroFnVQF1H0iJ7RK3oznowX4934mI/WjGrnEP2B8fkDRKKW5Q==</latexit><latexit sha1_base64="FWKzWvKOsFyLWrNk0WYXof0qke0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYB/QhDCZTNqhkwczN0KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4quALL+jZqK6tr6xv1zcbW9s7unrl/0FNJJinr0kQkcuATxQSPWRc4CDZIJSORL1jfn9yUfv+BScWT+B6mKXMjMop5yCkBLXnmkQNcBCx3IgJjP8xlUXg5LzyzabWsGfAysSvSRBU6nvnlBAnNIhYDFUSpoW2l4OZEAqeCFQ0nUywldEJGbKhpTCKm3HyWv8CnWglwmEj9YsAz9fdGTiKlppGvJ8uYatErxf+8YQbhlZvzOM2AxXR+KMwEhgSXZeCAS0ZBTDUhVHKdFdMxkYSCrqyhS7AXv7xMeuct22rZdxfN9nVVRx0doxN0hmx0idroFnVQF1H0iJ7RK3oznowX4934mI/WjGrnEP2B8fkDRKKW5Q==</latexit>

Figure 3.1: How the neural network is used: the upper part illustrates Eq. 3.9 with
the neural network used to approximate the dynamics along with the Runge-Kutta
fixed-size step algorithm while the bottom part is the classical generation of the true
solution with the known dynamics and a Dormand-Prince integration algorithm.

with

k1 = hF(xn, tn);

k2 = hF

(
xn +

k1

2
, tn +

h

2

)
;

k3 = hF

(
xn +

k2

2
, tn +

h

2

)
;

k4 = hF (xn + k3, tn + h) .

(3.11)

If a neural network model is used to replace the true dynamics, F is replaced by F̃

and using 3.8 it is possible to define the pairs (pi,qi)1≤i≤4 ∈ R3 × R3 as
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p1 = hṙn;

q1 = hNN(rn);

p2 = h
(q1

2
+ ṙn

)
;

q2 = hNN
(p1

2
+ rn

)
;

p3 = h
(q2

2
+ ṙn

)
;

q3 = hNN
(p2

2
+ rn

)
;

p4 = h (q3 + ṙn) ;

q4 = hNN (p3 + rn) .

(3.12)

for the Runge-Kunta integration scheme. Finally, the RK4 approximation of x(tn+1)

using the neural network model as a substitute for the dynamics (written with a
tilde x̃(tn+1) to specify that it comes from an approximation) is

x̃(tn+1) = x̃n+1 = x̃n +
1

6

([
p1

q1

]
+ 2

[
p2

q2

]
+ 2

[
p3

q3

]
+

[
p4

q4

])
. (3.13)

Figure 3.2 presents an expanded view of the Runge-Kutta integration scheme
implemented along with the neural network. As a fourth-order integrator, the
Runge-Kutta algorithm makes use of the neural network at each integration step
four times.

3.1.6 Constants of the Motion

Quite apart from whether a specific structure of NN can learn the inherent dynamics
of the two-body problem, it is critical to assess the capabilities of such a model
to recover the constants of the motion, namely the angular momentum and total
energy.
Let be h2/1 the angular momentum of body m2 relative to m1 is

h2/1 = r×m2ṙ (3.14)
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Figure 3.2: 4th order Runge-Kutta integration scheme using a neural network
model to approximate the dynamics.
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where ṙ is the relative velocity of m2 with respect to m1. Let be h = h2/1/m2 the
specific relative angular momentum (h is the relative angular momentum of m2

per unit mass):
h = r× ṙ. (3.15)

Taking the time derivative of h yields

dh

dt
=

dr

dt
× ṙ + r× dṙ

dt
= ṙ× ṙ + r× r̈ = 0− µ

r3
r× r = 0. (3.16)

Therefore, angular momentum is conserved. By conservation of angular momentum,
the path of m2 relative to m1 lies in a single plane.
Furthermore, from 3.1,

r̈ · ṙ =
µ

r3
r · ṙ. (3.17)

For the left-hand side,

r̈ · ṙ =
1

2

d(ṙ · ṙ)
dt

=
d

dt

(
v2

2

)
. (3.18)

For the right-hand side,

µ

r3
r · ṙ =

µ

r3
rṙ = − d

dt

(µ
r

)
. (3.19)

Substituting in 3.17,

d

dt

(
v2

2
− µ

r

)
= 0 or

de

dt
= 0, (3.20)

where
e =

v2

2
− µ

r
(3.21)

is the total mechanical energy per unit mass and is constant at all points of the
trajectory.
Historically, the angular momentum is known as the vector C3 and is the normal to
the "invariable plane" defined by Laplace and the total mechanical energy is known
as the scalar C4 and is the tenth constant of the motion. The equations of motion
of a system of n bodies consist of 3n second-order differential equations which are
equivalent to 6n first-order differential equations. Thus 6n integrals of the motion
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are required to solve for the general absolute motion of a n-body system. Since
only 10 constants of the motion exist, the motion of a system of two-bodies cannot
be determined in closed form, hence the numerical integration.

3.1.7 The Loss Function: from basic expression to incorpo-

rating soft constraints

Overall, since the Loss is an indicator of the fitness capabilities of the network,
it will compare the true value of the states with the approximations provided by
the network. According to 2.13 and 2.15, for a training set S of size N , the Loss
function is

L =
N∑

k=1

(
1

3
||rk − r̃k||22

)
. (3.22)

When approximating the dynamics of the unperturbed two-body problem (e.g.
conservative system), the constants of the motion can be seen as constraints.
Constraints can be either hard constraints, which set some conditions for the model
that are required to be satisfied, or soft constraints, which results in penalizing
the Loss function if a deviation from constancy is observed. The unperturbed
two-body problem is a constrained problem and the phase of training the neural
network by taking into account the constants of the motion as soft constraints
becomes a constraint optimization problem. In order to evaluate the prediction
accuracy gained by considering these constraints, we provide the network with the
context of inherent dynamics by incorporating a penalty term in the Loss function
corresponding to violations of conservation of angular momentum as well as total

energy. Given an initial state x0 =
[
r0 v0

]T
, we define initial angular momentum,

h0 = r0 × v0 and initial energy, e0 = v20/r0 − µ/r0. Now, the Loss function can be
modified as follows to account for conservation of angular momentum and energy:

L =
N∑

k=1


1

3
||rk − r̃k||22 +

1

3

∣∣∣
∣∣∣h0 − h̃k

∣∣∣
∣∣∣
2

2
+ ||e0 − ẽk||22︸ ︷︷ ︸

soft constraints


 . (3.23)

Note that inclusion of angular momentum and total energy in the Loss function is
equivalent to have pre-conditioning terms.
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3.1.8 In Polar Coordinates

There is no doubt that the ability of NNs to learn the dynamic behavior also
depends upon the mathematical representation of the physical system. This is due
to the fact that nonlinearity is not an inherent attribute of a physical system, but
rather dependent upon the mathematical description of the system’s behavior [25].
Ideally, one has an infinity of coordinate choices to represent the same physical
system. In the study of celestial mechanics, the quest to find a judicious coordinate
system led to the development of various canonical transformations. To study the
effect of mathematical representation on a NN’s accuracy, it is relevant to consider
the approximation of two-body dynamics in polar coordinates, where the external
force field is only in the radial direction. The objective is to see if NNs accurately
identify this hidden mathematical structure from orbital observations. From Eq.
3.1, the dynamics of the two-body problem expressed in polar coordinates is

r̈ = − µ
r2

+ rθ̇2,

θ̈ = −2ṙθ̇

r
.

(3.24)

From Eq. 3.24, we define the function g : R2 → R2 as

g :

[
r

θ

]
7→
[
gr(r, θ)

gθ(r, θ)

]
=

[
−µ/r2

0

]
. (3.25)

that contains the dynamics of the central gravitational force in polar coordinates.
One can reformulate and write the full dynamics equations using a pseudo-matrix
form

G(·) =

[
02×2(·) I2×2(·)
g(·) 02×2(·)

]
(3.26)
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such that if x =
[
r θ ṙ θ̇

]T
, then

ẋ = G(x) + h(x)⇔




ṙ

θ̇

r̈

θ̈




=

[
02×2(·) I2×2(·)
g(·) 02×2(·)

]



r

θ

ṙ

θ̇




+ h(x) =




ṙ

θ̇

−µ/r2
0




+ h(x),

(3.27)
where the matrix product has to be seen as a composition and h : R4 → R2

h :




r

θ

ṙ

θ̇



7→



rθ̇2

−2ṙθ̇

r


 (3.28)

takes into account the remaining terms in the radial and circumferential acceleration
components. Similarly, if the dynamics of the central force to be approximated by
a neural network, (3.27) becomes

ẋ = G̃(x) + h(x)⇔




ṙ

θ̇

r̈

θ̈




=

[
02×2(·) I2×2(·)
NN(·) 02×2(·)

]



r

θ

ṙ

θ̇




+ h(x) (3.29)

where g has been replaced by the neural network model (NN). Therefore, the idea
is to investigate whether the part of the dynamics coming from the central force,
e.g. g, can be replaced by a NN. More precisely, it is important to examine:

1. whether the second component gθ(r, θ) is set to 0 or not,

2. in which extent the first component gr(r, θ) is independent from θ.

Note that gθ(r, θ) = 0 corresponds directly to a constant value for angular momen-
tum and introduce a direct preconditioner on the network parameters α.
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3.1.9 Computational Details

3.1.9.1 TensorFlow Library

Researchers have been implementing software libraries to facilitate the construction
of neural network architectures for decades. Until the last few years, these systems
were mostly special purpose and only used within an academic group. This lack of
standardized, industrial-scalable software made it difficult for non-experts to make
use of machine learning tools. However, the situation has changed dramatically
over the last few years. Google implemented the DistBelief system in 2012 and
made use of it to construct and deploy many simpler deep learning architectures.
The advent of DistBelief, and similar packages such as Caffe, Theano, Torch
and Keras, MxNet and so on have widely spurred industry adoption. Originally
developed by researchers and engineers from the Google Brain team within Google’s
AI organization, TensorFlow [24] is an open source software library based on a
strong computer algebra system allowing high performance numerical computation
thanks to a high level of abstraction. Tensorflow uses the concept of tensors as the
fundamental underlying primitive powering deep-learning systems. This focus on
tensors distinguishes these packages from systems such as DistBelief or Caffe which
don’t allow the same flexibility for building sophisticated models.

3.1.9.2 Poliastro Library

Poliastro is an open source collection of Python functions useful in astrodynamics
and orbital mechanics, focusing on interplanetary applications. It provides a simple
and intuitive API and handles physical quantities with units. Poliastro handles
analytical and numerical orbit propagation, initial orbit determination, maneuvers
computation, trajectory plotting and much more. Poliastro works on recent versions
of Python and is released under the MIT license, hence allowing commercial use of
the library.

3.1.9.3 Computing specifications

Table 3.1 gathers the hardware and software computing specifications.
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Table 3.1: Hardware and Software Computing Specifications

Hardware

Dual Xeon E5-2695v4 2.1 Ghz

Cores 36

Threads 72

RAM 192 Gb

Software
Python v3.7

Tensorflow v1.10.0

Poliastro v0.11.0
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Chapter 4 |
Numerical Results and Dis-
cussion

4.1 Method

The final objective is to investigate the approximation capabilities of the two-body
Keplerian dynamics with a multi-layer neural network coupled with a fourth order
Runge-Kutta integrator. From what has been discussed previously, these approx-
imation capabilities depend on the framework chosen. This work considers the
influence of the training set, the expression of the Loss function, the design of the
network and the choice of problem coordinates to explore the learning capabilities
of neural networks.
It is crucial to specify that all the NNs used for training and then system identifi-
cation are used in a recurrent manner. Indeed, during the identification phase after
training, only one true initial condition is given to the NN model at initial time t0.
Prediction at time t1 is directly used as input for the NN to provide a prediction at
time t2 and so on. All the structures considered are used in this recurrent scheme
and a true solution is never injected afterwards to correct the NN model prediction
sequence.
Furthermore, it is very common and highly recommended to work with scaled data
when using NNs. First, weights and biases are randomly initialized using a standard
Gaussian distribution with zero mean and unit variance. Second, nonlinear activa-
tion functions inside the networks are mostly bounded between -1 and 1; thus the
values before the last layer are between these bounds. It is then a common practice
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to have input and output data around these values. It would be inconceivable to
hope for some output orders of magnitude higher than those of the network itself.
Hence, all the lengths are in Length Unit (LU) which corresponds to the Earth
radius. Time Unit (TU) is calculated such that µ = 1 LU3/TU−2. This offers the
comfort to use input close to 1 and output between -1 and 1.

4.2 Initial Neural Network Architecture and Study

on the Training Set

This first study focuses on the impact of the training set and first involves a training
with a reference near-circular Low-Earth Orbit (LEO) with semi-major axis and
eccentricity

a = 7172490m and e = 0.0011. (4.1)

The initial conditions for the reference orbit in Cartesian space are given as follows:

x0 = 757700m, y0 = 5222607m, z0 = 4851500m; (4.2)

ẋ0 = 2213.21m s−1, ẏ0 = 4678.34m s−1, ż0 = −5371.30m s−1. (4.3)

A RK4 integrator with 0.01s time step is used to predict position and velocity
vectors over an orbit while using a NN model for two-body dynamics approximation
and true initial conditions. True orbit data is assumed to be available every 0.01s
to compute the Loss function. The Loss function for this study is the one given
without any soft constraint:

L =
N∑

k=1

(
1

3
||rk − r̃k||22

)
. (4.4)

To assess the effect of different NN architectures (layers and neurons per layer) on
the approximation accuracy, we initiate the study by considering sixteen distinct
configurations with two to five layers and the number of neurons varying from
ten to forty per hidden layer. For two thousand iterations (or epochs e.g. the
number of times the entire training data set will flow through the network), we
examine closely the progression of the Loss function and more particularly the
monotonicity, its final value and the rate of convergence. Figure 4.1(a) presents the
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evolution of the Loss function for the sixteen different configurations. Although all
the architectures manage to provide an acceptable network, the Loss function does
not converge for all considered NN architectures, and varies from configuration
to configuration. Networks with four layers or more (eight configuration total as
seen in Figure 4.1(b)) rapidly start oscillating. This non-monotonicity implies that
the optimizer is not able to update the weights at each iteration to continuously
decrease the overall value of the Loss function. This can happen if there are too
many parameters to optimize: some updated weights or bias values result in a
smaller Loss while others are responsible for an increase. This analysis allows us to
draw two conclusions:

1. more layers and/or more neurons per layer don’t always mean better accuracy;

2. optimizers with neural networks that are too deep may not converge mono-
tonically (even if they do not diverge), and end up with a fuzzy behavior.

Based upon these results, we use a NN with three layers and thirty neurons per
hidden layer.

Figure 4.2(a) shows the evolution of the Loss function for three layers with
thirty neurons per layer FF [30-30-30] trained with orbital data for 1.6 orbit time
period. It is apparent that the Loss function reaches a plateau around 3×10−8 after
approximately 600 epochs. Figure 4.2(b) shows the true and NN approximated
reference orbit plots for 4 revolutions. Figures 4.3(a) and 4.3(b) show the norm of
the approximation error for position and velocity variables, respectively. Similarly,
Figure 4.3(c) shows the plot of error in reproducing constants of the motion, i.e.,
angular momentum and total energy. The vertical red line corresponds to the
end of the training time period. From these plots, it is clear that although the
approximation error is small for the training time period, the prediction accuracy
of the NN approximated orbit dynamic model deteriorates rapidly over time when
predicting subsequent revolutions.
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Figure 4.1: Evolution of the Loss function for different network architectures.

36



0 500 1000 1500 2000

Iterations

10
-8

10
-6

10
-4

10
-2

L
o

s
s

(a) Loss Function Evolution

-2

2

-1

0.4

0

z
(L

U
)

0.2

1

y (LU)

0

x (LU)

0

2

-0.2
-2 -0.4

True orbit

Predicted orbit

(b) True and NN Approximated Orbits

Figure 4.2: Performance of NN over training data involving time prediction

37



0 1 2 3 4 5 6 7

Time (TU)

0

1

2

3

4

5

6

7

N
o
rm

 o
f 

p
o
si

ti
o
n
 e

rr
o

r 
(L

U
)

×10
-4

(a) Norm of position error vs. time

0 1 2 3 4 5 6 7

Time (TU)

0

0.2

0.4

0.6

0.8

1

N
o

rm
 o

f 
v

el
o

ci
ty

 e
rr

o
r 

(L
U

/T
U

)

×10
-3

(b) Norm of velocity error vs. time

0 1 2 3 4 5 6 7

Time (TU)

0

0.5

1

1.5

2

2.5

3

3.5

N
o
rm

 o
f 

an
g
u

la
r 

m
o

m
en

tu
m

er
ro

r 
(L

U
2
/T

U
)

×10
-3

0

0.002

0.004

0.006

0.008

0.01

N
o
rm

 o
f 

sp
ec

if
ic

 e
n

er
g
y

er
ro

r 
(L

U
2
/T

U
2
)

Norm of angular momentum error
Norm of specific energy error

(c) Constant of the Motion Violation

Figure 4.3: Error induced by NN over training data involving time prediction
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The accuracy of the same NN-based model is even worse when it is tasked to
predict the motion of another orbit with semi-major axis and eccentricity

a = 7791108m and e = 0.0982, (4.5)

(cf. Figure 4.4 and 4.5). From these results, we can conclude that the NN
approximated dynamic model is unable to learn the inherent characteristics of
Keplerian dynamics, i.e., conservation of energy and angular momentum and hence
resulting in poor prediction capabilities.
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Figure 4.5: Error induced by NN over unknown data involving time prediction
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To further improve the accuracy of the NN-approximated orbit model, we
consider the training data comprising one revolution for ten different orbits. The
data gathered from the ten orbits are stacked in a single set to produce a large
training array consisting essentially of inputs with ten different initial conditions.
Table 4.1 below lists the orbital elements for all 10 orbits.

Table 4.1: Orbital elements for the ten training orbits
Semi-major axis a 10000km ≤ a ≤ 14500km, ∆a = 500km

Eccentricity e e = 0.2

Inclination i i = π/6

RAAN Ω Ω = π/3

Argument of perigee ω ω = π/4

True anomaly θ θ = π/2

It should be noted that the orbital elements considered correspond to all 10
orbits being coplanar. Also, for validation and testing, we consider three more
orbits with the same constraints in the orbital elements as listed in Table 4.1.
Figure 4.6(a) shows the plot of Loss function evolution during the NN training. As
expected, the Loss function decreases continuously and converges to approximately
5× 10−7 after 600 epochs. Because of the very large set of data, the value of the
Loss function is consequently larger than the converged Loss function values in
the previous test case. Figures 4.7(a) and 4.7(b) show the approximation error
for position and velocity states for three orbits not included in the training. In
position, the absolute error between the neural network prediction and the true
value does not surpass 3 × 10−7 LU with a mean below 10−7 LU. Similarly, the
norm of velocity approximation error does not exceed 1.2× 10−6 LU/TU with a
mean close to 2× 10−7 LU/TU. Finally, Figures 4.8(a) and 4.8(b) show the norm
of error in conservation of angular momentum and energy, respectively. The better
performance of the NN in learning the orbit dynamics as compared to the previous
Test Case can be attributed to the richness of the training data set.
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Figure 4.8: Error induced by NN over unknown data involving time predicton for a
large dataset

4.3 Influence of the Soft Constraints in the Loss

Function

As an indicator of the fitness capabilities of the network, the Loss function compares
the true value of the state with the approximation provided by the network during
the training. Additionally, to measure how well the conservative motion is preserved,
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a penalty term resulting in violation of constants of the motion is introduced as a
soft constraint inside the Loss function. As a result, the Loss is:

L =
N∑

k=1


1

3
||rk − r̃k||22 +

1

3

∣∣∣
∣∣∣h0 − h̃k

∣∣∣
∣∣∣
2

2
+ ||e0 − ẽk||22︸ ︷︷ ︸

soft constraints


 . (4.6)

The evolution of the Loss function is shown in Figure 4.9(a). Notice that the
converged value of the Loss function is larger than the converged Loss function
in earlier training due to addition of the new terms ||h0 − h̃k||22 and ||e0 − ẽk||22.
However, the larger value of penalty function does not necessarily mean a poor
approximation capability of the NN model. Figures 4.10(a) and 4.10(b) show the
norm of the approximation error for position and velocity variables, respectively.
The vertical red line still corresponds to the end of the training data set. Although
the approximation accuracy decreases with time prediction, the prediction accuracy
of the NN learned model has increased by an order of magnitude as compared to
results presented in Figures 4.3(a) and 4.3(b). This increase in prediction accuracy
can be attributed to inclusion of constants of the motion during the training of
NN. This observation is once again confirmed by the plot of constant of the motion
violation in Figure 4.10(c). From these results, we can conclude that inclusion of a
penalty term in the Loss function corresponding to violation of constants of the
motion helps with NN training. However, including constants of the motion as
soft constraints in the Loss function does not improve significantly the NN-based
model accuracy when the prediction is performed on an unknown orbit. Figure 4.11
and 4.12 prove that this enhanced training has not produced acceptable prediction
capabilities for the NN model.
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Figure 4.9: Performance of NN over training data involving time prediction with
soft constraints
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Figure 4.10: Error induced by NN over training data involving time prediction with
soft constraints
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Figure 4.12: Error induced by NN over unknown data involving time prediction
with soft constraints
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In addition, Figures 4.13 and 4.14 shows the enhanced training by including
constraints violation in the Loss function. Similarly as before, the precision accuracy
is one order of magnitude better. In position, the absolute error between the neural
network prediction and the true value does not exceed 1.5× 10−8 LU with a mean
below 4 × 10−9 LU. The norm of velocity approximation error does not exceed
4× 10−7 LU/TU with a mean around 5× 10−8 LU/TU. Because the integration
error is close to 10−10 LU in position and 10−9 LU/TU in velocity, these plots
confirm for the first time the ability of the NN model to learn the orbit dynamics.
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Figure 4.13: Performance of NN over unknown data involving time prediction for a
large dataset with soft constraints
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Figure 4.14: Error induced by NN over unknown data involving time prediction for
a large dataset with soft constraints

4.4 Influence of the Architecture

This section considers three different NN architectures: Feed-Forward (FF), Residual
Neural Network (ResNet) and Deep Residual Neural Network (DeepResNet). The
capabilities of three ResNet and two DeepResNet architectures will be compared
with the FF [30 30 30] approximation capabilities from the previous sections. Table
4.2 presents the six different NN architectures used to investigate the approximation
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and interpolation capabilities of NN-based methods.

Table 4.2: NN architectures tested
Feed-Forward ResNet DeepResNet

3 layers with 30 neurons per layers
20 Residual Blocks

20 layers with 20 neurons
30 Residual Blocks

30 layers with 30 neurons
40 Residual Blocks

The ResNet and DeepResNet structures used in this section are those presented in
Chapter 2. Both networks are implemented with a single wrapping layer in order to
take into account the change of dimension of the output (acceleration) with respect
to the input (position). However, the wrapping layer preserves the dimensionality
as both input and output are of dimension three.

The evolution of the Loss function for these six networks can be seen Figure
4.15(a) with a zoom between epochs 2000 and 2500 on Figure 4.15(b). From Figure
4.15(a), it is clear that the Loss function is monotically decreasing only for the
FF neural network to reach a steady state value of approximatively 2× 10−7. The
Loss function for ResNets 20, 30, 40 is globally decreasing but oscillations can be
seen early in the training phase. After 2000 epochs, the Loss is stabilized just
above 10−7; Loss for ResNet 20 being slightly higher than Loss for ResNet 30 again
slightly higher than Loss for ResNet 40. DeepResNet 20×20 achieves the smaller
Loss among all the networks, reaching 10−7, but still with some oscillations. On
the other hand, DeepResNet 30×30 presents greater amplitude for oscillations
combined with the highest Loss among all the networks above 2× 10−7. Hence, we
will focus on three structures that produce the best performance on the training
data set: Feed-Forward [30 30 30], ResNet 40 and DeepResNet 20×20.

Figures 4.16(a), 4.16(c) and 4.16(e) show the norm of the approximation error
for position for the three test orbits not included in the training (each orbit being
separated by a vertical line) for the three NN structures. Considering the FF NN,
the absolute error between the neural network prediction and the true value does
not surpass 1.4 × 10−8 LU with a mean at 4.24 × 10−9 LU. For ResNet 40 and
DeepResNet 20×20, the absolute error in position is below 10−8 LU with a mean at
1.99×10−9 LU and 1.38×10−9 LU respectively. Figures 4.16(b), 4.16(d) and 4.16(f)
show the norm of the approximation error for velocity for the three test orbits for the
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(a) Loss Function Evolution

(b) Loss Function Evolution (Zoomed Version between epochs 1800 and
2000)

Figure 4.15: Evolution of the Loss function for different network architectures.

three NN structures. The FF NN achieves an overall absolute error below 4× 10−7

LU/TU with a mean at 9.24× 10−8 LU/TU. For ResNet 40, the absolute error in
velocity stays below 2.5× 10−7 LU/TU with a mean at 4.29× 10−8 LU/TU. Finally,
DeepResNet 20×20 does not surpass 1.75×10−7 LU/TU with a mean at 2.61×10−8

LU/TU. These results show good approximation capabilities by the three different
structures with an advantage to DeepResNet 20×20. Errors for position and
velocity are very close to integration tolerances, typically around 10−10. To further
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investigate the dynamical approximation capabilities of the NNs and see whether
the penalty term in the Loss function is efficient to get conservation of angular
momentum and total energy. Figures 4.17(a), 4.17(c) and 4.17(e) first show the
norm of the approximation error for angular momentum. FF NN is at a maximum
of 1.2× 10−7 LU2/TU, ResNet 40 at 6× 10−8 LU2/TU and DeepResnNet 20×20 at
4× 10−8 LU2/TU. Average values for the three networks are 2.45× 10−8 LU2/TU,
1.14× 10−8 LU2/TU and 6.02× 10−9 LU2/TU respectively. Again, DeepResnNet
20×20 achives minimum approximation error. Finally, Figures 4.17(b), 4.17(d) and
4.17(f) show the norm of the approximation error for total energy. FF NN, ResNet
40 and DeepResNet 20×20 present a maximum at 2× 10−6 LU2/TU2, 1.2× 10−6

LU2/TU2 and 7 × 10−7 LU2/TU2 with average values at 2.40 × 10−7 LU2/TU2,
1.57× 10−7 LU2/TU2 and 9.71× 10−8 LU2/TU2 respectively. Overall, DeepResNet
20×20 achieves a better accuracy for the three orbits approximation and is able to
capture the constants of the motion. Table 4.3 summurizes the average error for
the three different networks over the three test orbits.

Table 4.3: Average errors over 3 orbits for the different NN structures considered
Average error over 3 test orbits FF [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 4.24× 10−9 1.99× 10−9 1.38× 10−9

Norm of velocity error [LU/TU] 9.24× 10−8 4.29× 10−8 2.61× 10−8

Norm of angular momentum error [LU2/TU] 2.45× 10−8 1.14× 10−8 6.02× 10−9

Norm of energy error [LU2/TU2] 2.40× 10−7 1.57× 10−7 9.71× 10−8

Number of parameters 2070 480 7720

Comparing NN capabilities, it is essential to take into account the complexity of
the network represented by the number of free parameters. From Table 4.3, one can
infer that ResNet 40 provides the better tradeoff between accuracy and complexity
of the network by providing the same order of accuracy as DeepResNet but with
an order of magnitude less parameters.
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(a) Position error FF NN (b) Velocity error FF NN

(c) Position error ResNet 40 (d) Velocity error ResNet 40

(e) Position error DeepResNet 20×20 (f) Velocity error DeepResNet 20×20

Figure 4.16: Error induced by NN over unknown data involving time prediction for
a large dataset with soft constraints for different structures
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(a) Angular momentum error FF NN (b) Energy error FF NN

(c) Angular momentum error ResNet 40 (d) Energy error ResNet 40

(e) Angular momentum error DeepResNet 20×20 (f) Energy error DeepResNet 20×20

Figure 4.17: Error induced by NN over unknown data involving time prediction for
a large dataset with soft constraints for different structures
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4.5 Learning in Polar Coordinates

To investigate the precise behavior of the NN and assess its capabilities to approxi-
mate the dynamics of the central force, we perform an analysis on the value of the
weights and bias of the network. More practically, we feed the network with all
possible combinations of r and θ and check the value of gr(r, θ) and gθ(r, θ) layer
per layer. Four different snapshots are taken: after the first layer, after the second
layer, after the third layer and at the output.
Figures 4.18(a) to 4.18(d) present the four snapshots for the value of gr(r, θ). After
the first layer, Figure 4.18(a), gr(r, θ) is clearly dependent on both r and θ. The
first layer of weights and bias does not set a value of gr independent of θ. After
the second layer, Figure 4.18(b), almost all the domain is set to 1 which implies
high values for weights and bias before the activation function. The only variation
that can be seen is for low r at θ near 0. After the third layer, Figure 4.18(c), the
value of gr(r, θ) is almost constant with a small variation around θ = 2rad. At this
point, gr is still dependent on θ. From Figure 4.18(d), it is evident that gr(r, θ)
is independent of θ. Hence, the NN is able to learn the inherent symmetry of the
dynamical system.
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(a) Value of gr(r, θ) after first layer (b) Value of gr(r, θ) after second layer

(c) Value of gr(r, θ) after third layer (d) Value of gr(r, θ) at the output

Figure 4.18: Investigation on gr

Figures 4.19(a) to 4.19(d) present the four snapshots for the value of gθ(r, θ).
After the first layer, Figure 4.19(a), gθ(r, θ) is basically sent to -1. It can be seen
also that the value of gθ is independant of r. After the second layer, Figure 4.19(b),
low θ yields a value of gθ slightly less than -1, almost independant of r again. After
the third layer, Figure 4.19(c), the value of gθ(r, θ) has considerably changed and
varies now between 0.2 and -1. Also, gθ is now dependant of r. From Figure 4.19(d),
it is evident that the output of the NN approximates the true zero value of gθ with
2 decimal space accuracy. Further investigations are required to assess the effect of
NN structure on learning in two dimensionnal r, θ space.
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(a) Value of gθ(r, θ) after first layer (b) Value of gθ(r, θ) after second layer

(c) Value of gθ(r, θ) after third layer (d) Value of gθ(r, θ) at the output

Figure 4.19: Investigation on gθ

Table 4.4 summurizes the average error for the three different networks over
the three test orbits in polar coordinates. It is to be noted that the first column
presents the results in Cartesian coordinates when there is no penaly term included
in the Loss function. It is clear to see that this first attempt in polar coordinates
achieves lower accuracy than a training in Cartesian coordinates with 3 orders of
magnitude in difference in accuracy. Further comparisons with other structures can
be made by confronting values from Table 4.4 with those from Table 4.3.
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Table 4.4: Average errors over 3 orbits for the different NN structures considered in
Cartesian and polar coordinates with no penalty terms in the Loss function

Average error over Cartesian Polar

3 test orbits FF [30 30 30] FF [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 7.94× 10−8 5.02× 10−4 1.22× 10−4 9.98× 10−5

Norm of velocity error
[LU/TU]

2.02× 10−7 8.50× 10−4 2.41× 10−4 1.01× 10−4

Norm of angular momentum er-
ror [LU2/TU]

3.41× 10−7 2.53× 10−3 6.55× 10−4 2.11× 10−4

Norm of energy error
[LU2/TU2]

9.33× 10−7 2.34× 10−3 8.99× 10−4 5.49× 10−4

We recall that training a NN is equivalent to solve a large optimization problem
where the parameters are the weights and biases of the structure. Therefore, a
random initialization at the beginning of the training phase could potentially lead
to a local minimum. In order to verify whether previous case was a local minimum,
the initial values of the weights from the last layer corresponding to the output
gθ(r, θ) are set to 0 (same for biases). Table 4.5 summurizes the average error for
the three different networks over the three test orbits when initializing the weigths
for gθ(r, θ) to 0. In this specific scenario, the first column includes the training in
Cartesian coordinates with penalty terms in the Loss function. The motivation
is that setting initial weigths to 0 for gθ(r, θ) is similar to enforce conservation
of angular momentum (see second line of (3.24)). On average, ResNet 40 and
DeepResNet 20×20 achieve better accuracy and are able to predict an accurate
orbit up to 3.03× 10−9 LU in position and 8.76× 10−8 LU/TU in velocity as well
as reproducing the constants of the motion.
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Table 4.5: Average errors over 3 orbits for the different NN structures considered in
Cartesian and polar coordinates including penalty terms in the Loss function for
training in Cartesian coordinates and initializing weigths for gθ(r, θ) at 0

Average error over Cartesian Polar

3 test orbits FF [30 30 30] FF [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 4.24× 10−9 4.54× 10−9 3.12× 10−9 3.03× 10−9

Norm of velocity error
[LU/TU]

9.24× 10−8 9.56× 10−8 9.05× 10−8 8.76× 10−8

Norm of angular momentum er-
ror [LU2/TU]

2.45× 10−8 2.76× 10−8 1.09× 10−8 1.60× 10−8

Norm of energy error
[LU2/TU2]

2.40× 10−7 3.71× 10−7 2.31× 10−7 2.13× 10−7
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Chapter 5 |
Conclusion

5.1 Conclusion of Research Results

In this study, we have investigated the learning capabilities of neural networks based
on the well known Keplerian two-body problem. The goal was to examine whether
the specific structure of neural networks could learn the inherent dynamics of the
two-body problem and examine whether a neural network learned model could
reproduce well-known characteristics of Keplerian dynamics such as conservation
of energy and angular momentum. We considered several test cases to assess
the learning capability of the converged NN. Although NN approximation errors
are very small for a training data set involving the prediction of a specific orbit,
the approximation accuracy deteriorates rapidly for the test data set. The NN
approximation completely breaks down when it is tasked to predict an orbit not
included in the training data set. Furthermore, the NN-learned model performs
very poorly in reproducing constants of the motion. However, the accuracy of the
NN-learned model is increased by an order of magnitude when one includes the
penalty term in the Loss function formulation corresponding to the violation of
constants of the motion during the NN training. Furthermore, the performance of
the NN-learned model increases considerably when the training data set is made
richer by training the neural network over a set of orbits rather than a specific orbit.
In addition to the study on the training set and the Loss function, we investigated
the approximation and prediction capabilities of three types of neural networks:
Feed-Forward, Residual and Deep Residual. First using Cartesian coordinates, it has
been shown that the three structures are able to provide accurate results for orbit
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prediction considering a large data set while incorporating violation of constants
of the motion in the Loss function. While the DeepResNet structure considered
provides the most accurate results, the ResNet architecture shows very similar
performance with many fewer parameters. Both orbit prediction and constants of
the motion are approximated within numerical integration tolerances. Same work
using polar coordinates has been performed to assess the learning capabilities of
a NN model in a description where the central force is explicit. Simple FF NN
structure was able to find the symmetry of the two-body problem up to 2 decimal
places of accuracy. Initializing the NN with weights corresponding to conservation
of the angular momentum allows the training in polar coordinates to be the most
accurate. Once again, ResNet and DeepResNet structures show the best results
overall.

5.2 Future Recommendations

Although it seems that the NN-learned model can be trained to approximate
Keplerian dynamics to good accuracy, the complexity of the learned model is still
an issue to be investigated. The resulting NN model is a profligate model for
Keplerian dynamics as compared to Newton’s law of gravitation. Hence, future
research can first be concentrated on investigating different architectures for the
NN-based model such as a purely recursive model to take into account the time
dependency of the input data. It is also possible to incorporate the recurrent model
during the training phase directly by allowing the prediction capabilities to be
several time steps instead of only one. There are also many other parameters that
can be tuned to adjust the training of the NN model such as other activation
functions or even the selection of other optimizer algorithms depending on the
neural network architecture.
More important, the ultimate goal would be to develop a parsimonious NN model
of the Keplerian dynamics. Different NN architectures mean a different number
of parameters and different accuracy. Representing the dynamics of the two-body
problem with a converged NN signifies that no less than the total number of
parameters of the network is required to identify the system. And there always is a
trade-off between accuracy and computational burden. A more complex structure
might have better accuracy but larger number of parameters as well as more
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demanding computational needs.
Finally, future work should concentrate on how one can use a regularization method
to incorporate apriori information about the dynamical system. Not only would it
allow the gain of prior information over the network parameters but it would also
bring better knowledge on how to handle these parameters as well as the initial
guess. Automatically incorporating radial field information as a regularization
term in the Loss function would allow one to generate prior insight before the
training phase. For example, one could choose to minimize the one-norm of the
corresponding weights of the gθ term to enforce central force field approximation.
Depending upon the coordinate choice, one would have different regularization
terms in the Loss function. Eventually, one could determine how to incorporate
hard constraints in the optimization process (and deal with a modified version of
the optimizers) to enforce known information during the training and obtain better
approximation capabilities.
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