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ABSTRACT
The development of a high-speed jet noise prediction method that is significantly less
computationally expensive than previous computationally-based methods and which provides
a simple user interface is described. Several sets of far-field spectral density experimental data
are decomposed into their large-scale turbulence component and the corresponding near-field
wavenumber spectra are calculated. A wavepacket model is used to characterize the near-field
wavenumber spectrum at the surface of the jet flow, and the wavepacket properties given by
the near-field spectra at various frequencies and operating conditions are found using Gaussian
fits. A large database is compiled from the wavepacket properties for a range of operating
conditions, and the far-field jet noise is predicted using a mathematical model that combines
the wavepacket model and existing models. Comparison of the wavepacket-model far-field
supersonic jet noise predictions and experimental measurements are made, and the results
demonstrate that the wavepacket-model results in accurate noise predictions.
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1. Introduction
Some of the loudest sounds produced by human machines come from supersonic jet engines.
The noise levels generated by these engines creates a high noise environment that may be
hazardous to those in its vicinity, as such high noise exposure can be linked to hearing loss in
those in the surrounding community and in personnel working close to these engines. In light
of this, the Federal Aviation Administration (FAA) has taken measures to mitigate the
deleterious effects this noise has on the environment and the people around it by enforcing
strict noise regulations. These efforts have led to a large decrease in the number of people
exposed to significant noise levels in the last 40 years, but more efforts to understand the noise
generation must be investigated[1]. The ability to predict the sound generated by these engines
provides a useful tool to prevent or reduce noise issues before they have a chance to occur, and
such a tool will be necessary moving forward in the creation of newer, better performing, and
quieter jet engines.
In order to predict the noise emissions from high speed jets, computationally expensive
methods like Computational Fluid Dynamics (CFD), Reynolds-Averaged Navier-Stokes
(RANS) simulations, and Large Eddy Simulation (LES) models have been used historically,
and these methods take many hours, days, or weeks to complete one prediction. This work
proposes a faster method than those previously used to predict the far-field noise created by
supersonic jets, and the current model is comparable in procedure and run-time to other
empirical or semi-empirical methods. The method developed by Stone [2] for circular jets and
the method based on SAE ARP 876[3] are two common methods currently used to predict jet
noise; however, these empirical methods are based on an acoustic analogy whereas the method
investigated in this research is based on a wavepacket model. Using the theoretical framework
laid out by Morris[4] and the experimental work performed by Brown and Bridges[5], a large
database containing Gaussian coefficients that correspond to near-field wavenumber spectra
of nozzles operating under different conditions with various geometries is compiled in this
thesis. The relations between the near-field and far-field noise are developed to allow for farfield jet noise predictions in the form of the contribution to the far-field of the large-scale
component of the turbulent structure. These relations are made using a wavepacket model as a
foundation. In this thesis, is argued that a simple wavepacket model can be used to make far1

field supersonic jet noise predictions from the near-field wavenumber spectrum faster than
other current methods.

1.1 Supersonic Jet Noise
In this section, the properties of supersonic jet noise will be examined and an overview of the
corresponding noise generation mechanisms will be established. The nozzle types relating to
this specific research will be discussed, as well as with the various flow structures present in
supersonic flow-fields, the sources of noise, and the means of its radiation.

1.1.1 Nozzle Types
A nozzle is used to direct hot gasses from the combustion chamber to the atmosphere in order
to achieve jet propulsion. In a model experiment, ideal gas is contained within a reservoir at
some pressure, 𝑃 . This gas is exhausted from the nozzle exit through the throat with area, 𝐴
into the ambient region with pressure, 𝑃 . The ratio, 𝑃 /𝑃 is the nozzle pressure ratio, 𝑁𝑃𝑅.
Additionally, the ratio of the reservoir temperature, 𝑇 , and the temperature in the ambient
medium, 𝑇 , is called the nozzle total temperature ratio, 𝑁𝑇𝑅. These relationships characterize
the nozzle operating conditions. For a sonic flow condition, a critical nozzle pressure ratio is
reached when,
𝑁𝑃𝑅

=

𝛾+1
2

(1)

,

where 𝛾 is the specific heat ratio of the gas. For 𝛾 = 1.4, 𝑁𝑃𝑅

= 1.893. The nozzle is choked

when this condition is met, as the area-Mach number relation and mass flow through the throat
are at their respective maxima. The Mach number at the nozzle throat in the sonic state is
always 𝑀 = 1. A relation between the nozzle pressure ratio and the fully expanded jet Mach
number can be established based on isentropic flow and the Mach number of jets with any
nozzle pressure ratio can be established. This is given in equation 2.
2
𝑀 =
𝑁𝑃𝑅
𝛾−1

2

/

−1

(2)

Figure 1.1 shows examples of the different operating conditions produced in converging
and converging-diverging nozzles. For subsonic flow, 𝑃 /𝑃 < 1.893 in the nozzle, leaving
𝑀 < 1 before, at, and after the nozzle throat. This is seen in A and G for purely subsonic flow.
In B, the flow is choked and then returns to its subsonic state, whereas in H, the flow is choked
and will remain sonic at the exit. In C, the nozzle pressure ratio is greater than that of the
critical point, and so the flow leaves the nozzle throat supersonically; however, after the flow
undergoes a shock inside the nozzle, the pressure adjustment puts the flow back into a subsonic
state before it leaves the nozzle. For supersonic flow, where 𝑃 /𝑃 > 1.893, the Mach number
is dependent on different attributes for the converging and converging-diverging nozzles. In
the nozzle plenum, 𝑀 < 1, and at the nozzle throat, the sonic condition is met and 𝑀 = 1 at
the choke point. Since a choked nozzle cannot exceed a Mach number of one, the flow
properties will remain constant at the throat, but the flow will expand rapidly once leaving the
throat if the nozzle pressure ratio exceeds the critical point.

Figure 1.1. Various operating conditions in converging-diverging and converging nozzles [6].
Since the focus of this thesis is on supersonic jets, three jet conditions are possible. If the
static pressure at the nozzle exit is less than the ambient pressure, too much expansion of the
jet is allowed, and the jet will undergo a series of oblique shocks and expansions in order to
3

equalize the pressure to that of the ambient medium. This condition is called an over-expanded
jet, shown in figure 1.1 as D. If the Static pressure at the nozzle exit is greater than the ambient
pressure, the jet will not expand enough to match the back-pressure. In order to achieve
pressure homogeneity at the nozzle exit, a series of Prandtl-Meyer expansion fans and shocks
are created downstream of the nozzle exit to reduce the nozzle exit pressure to the ambient
pressure. This set of conditions form what is known as the under-expanded jet condition shown
in F and I. The final condition occurs when the static pressure at the nozzle exit is the same as
the pressure in the ambient medium, as seen in E. This condition is the on-design nozzle
condition, and it is rare due to the complexities of the operating conditions and nozzle
geometries. Through all these conditions, a supersonic jet can be generated.

1.1.2 Three Sources of Noise Generation
There are three principal sources of noise generation in supersonic jets. They are the turbulent
mixing noise, the broadband shock-associated noise, and screech tones. In figure 1.2, a
measured noise spectrum of a supersonic jet emitted from a converging-diverging nozzle is
shown, and the prominent components of supersonic jet noise are labeled. The jet noise is
shown as a function of Strouhal number, a non-dimensional parameter represented as the
product of the frequency of the sound in Hz, 𝑓, and the quotient of the jet exit diameter, 𝐷 , and
jet exit velocity, 𝑈 . More specifically, 𝑆𝑡 = 𝑓𝐷 /𝑈 is a non-dimensional frequency describing
the rate of oscillation of the turbulence created in the jet. The data is shown as power spectral
density in decibels per unit St. Of the three, turbulent mixing noise is the most common noise
generation component due to the constant interaction of the turbulent structures and the
ambient medium in the shear layer of the supersonic jet. In the downstream direction, turbulent
mixing noise is the most prevalent noise component, whereas in the upstream direction, screech
tones and broadband shock-associated noise are more dominant.

4

Figure 1.2. Far-field supersonic jet noise spectrum from a converging nozzle measured 70
degrees from the downstream axis. NPR = 3.67, NTR = 1.01, D = 2 in, U = 1365.08 ft/s.

1.1.2.1

Turbulent Mixing Noise

In the scientific community, the school of thought that turbulent mixing noise can be
broken down into two primary components is generally accepted[7]. These components are the
noise from the fine-scale turbulence and the large-scale turbulence. The dominance of each
mixing noise component depends greatly on the jet Mach number and temperature. If the jet is
subsonic, the convective Mach number of the turbulent structures will also be subsonic unless
the jet is hot. When this is the case, the fine-scale turbulence dominates because the large-scale
turbulent structures are inefficient noise generators at subsonic convection velocities. If the jet
is supersonic, the convective Mach number of the turbulent structures will be supersonic. This
5

will cause the noise radiation from the large-scale turbulent structures to be the more dominant
of the two components, and the fine-scale turbulent structures will only be observed as
background noise. This phenomenon is explained by the wavy-wall analogy, which is shown
in figure 1.3. Consider a wavy wall with the same wavelength and convection speed as the
instability waves propagating downstream in the jet. If the phase velocity of the wavy wall is
supersonic compared to the sound speed of the ambient medium, then Mach waves will radiate
from the wavy wall. The noise radiated from the wall will propagate most efficiently at angles
closer to the jet, and the specific direction of the most intense noise propagation is governed
by the Mach angle relation, shown in equation 3, and the speed of the most amplified instability
wave radiating noise from the jet:
1
,
𝑀

𝜇 = sin

(3)

where Ma is the ratio of the phase velocity to the sound speed of the ambient medium. If the
phase velocity of the wavy wall is subsonic compared to the sound speed of the ambient
medium, Mach waves will not form and will not radiate noise. If the jet is subsonic, the
convective Mach number of the turbulent structures – and by analogy, the wavy wall – will
also be subsonic unless the jet is hot enough to increase the turbulence to supersonic phase
velocities. Unless this is the case, the fine-scale turbulence dominates because the large-scale
turbulent structures are inefficient noise generators at subsonic convection velocities, as
discussed previously.

6

Figure 1.3. Mach waves radiating from a wavy wall of instability waves with supersonic
phase velocity, C, at some polar angle, θ, through an ambient medium with sound speed,
𝑎

[7]

.

Following Tam and Burton[8] [9], an addendum must be made to the wavy-wall analogy to
account for the growth and decay of the large structures as they propagate downstream.
Because the mixing layer is thin and the velocity gradient is large across the shear layer, the
growth rate of the instability waves is large. As the wave continues propagating further
downstream, the flow diverges and shear layer thickens as the velocity gradient decreases. At
some point downstream the velocity gradient will decrease to a point where the wave no longer
grows. As the wave continues to propagate downstream past this location, the instability wave
will decay until it becomes vanishingly small. Knowing the mechanisms behind the growth
and decay of these waves is important in determining how they radiate sound. If a fixedfrequency instability wave has a constant amplitude, there will be only a single corresponding
wave speed due to the discrete nature of the wavenumber spectrum. This in turn leads to only
one direction of radiation for Mach waves. However, for instability waves that undergo some
amplification and decay, the wavenumber spectrum is broadened and is no longer discrete.
Some components of this broadband wavenumber spectrum could move with supersonic phase
velocities, leading to acoustic radiation in the form of Mach wave radiation over a wider range
of angles, as dictated by the wavy-wall analogy.
7

In the work of Tam, Golebiowksi, and Seiner[10], two universal spectra were empirically
determined to fit a wide range of jet noise spectra from different databases. The two spectra
found in the study are shown in figure 1.4, and the shape of each spectrum is preserved at all
angles from the downstream axis. They are the Large-Scale Similarity (LSS) spectrum which
represents the noise radiated from large-scale turbulent structures, and the Fine-Scale
Similarity (FSS) spectrum, which represents the noise radiated from the fine-scale turbulence.
From these studies, evidence was compiled that strongly suggested that the noise radiation of
the large-scale and fine-scale turbulence is also largely a function of polar angle from the
downstream axis. At angles closer to the jet axis the large-scale turbulence is a more efficient
source of noise radiation, and at angles further from the jet axis the fine-scale turbulence
radiates more strongly.

Figure 1.4. Large-Scale Similarity (solid line) and Fine-Scale Similarity (dashed line) spectra.
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1.1.2.2

Broadband Shock-Associated Noise

Broadband shock-associated noise occurs when shock cells are present in the jet. These
quasi-periodic shock cells are caused by the interaction between expansion waves or shocks
generated at the nozzle lip region and the mixing layer of the jet. The resulting product of this
interaction can be considered a waveguide for the formation of shock cells in the jet plume. As
large turbulent structures travel downstream through the stationary quasi-periodic shock cells,
the two interact with each other and the resulting noise radiation is called broadband shockassociated noise. This interaction produces a wave that has a supersonic phase speed at large
angles to the jet downstream axis, and so broadband shock-associated noise maintains more
efficient acoustic radiation upstream than at angles close to the downstream direction. It is the
dominant noise component at angles further from the downstream axis.
The first acoustic measurements that specifically measured broadband shock-associated
noise in the far-field were conducted by Harper-Bourne and Fisher[11] using unheated
converging round nozzles. It was shown by Viswanathan[12] that at high frequencies, the
turbulent mixing noise and broadband shock-associated noise can have the same levels, and
furthermore, that detailed attention should be given to discerning the contributions of each
separate noise component on the total jet noise spectrum. Bridges showed the difference in
level of broadband shock-associated noise between cold and hot jets [13]. As the total
temperature ratio increases, the broadband shock-associated noise levels rise; however, at a
certain total temperature ratio, which Bridges found to be about 1.6, the broadband shockassociated noise levels do not increase further and instead remain constant. It is surmised that
the rising total temperature ratio in supersonic jets stabilizes the large-scale turbulent structure
magnitudes in the shear layer.

1.1.2.3

Screech Tones

Screech tones are the result of an acoustic feedback loop generated by the interaction
between instability waves, shock cells, and outside acoustic perturbations. Acoustic
disturbances external to the jet plume excite instability waves near the nozzle lip, and the
initially small excited instability waves grow in amplitude as they propagate downstream.
9

When the amplitude of the wave is large enough, it will interact with the quasi-periodic shock
cells within the jet, and this interaction results in radiation of noise mostly in the upstream
direction. These radiated acoustic waves reach the nozzle lip and excite new instability waves,
causing a feedback loop that occurs with some set frequency. The frequency by which this
feedback loop occurs is directly related to the frequency at which the screech tone radiates
noise. This phenomenon, shown in figure 1.5, was first observed and reported by Powell [14],
where he deduced that screech tones were a result of the aforementioned acoustic feedback
loop.

Figure 1.5. Depiction of the screech-tone acoustic feedback loop [7].

1.2 Thesis Overview
The following chapters maintain the following layout. Chapter two outlines the procedures
used to fit the large-scale similarity spectrum to experimental far-field jet noise data. The
calculation of the near-field noise corresponding to the far-field large-scale similarity spectrum
is described and the process of fitting Gaussian functions to this near-field data is discussed.
Gaussian parameters are extracted from the Gaussian fits for all cases and the methods to
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achieve a large database of Gaussian parameters corresponding to various operating conditions
at all Strouhal numbers are defined.
Chapter three starts by detailing the process by which the prediction program makes
predictions using the information written in chapter two. The limitations of and correct way to
use the prediction program are given, and the equations used to calculate the jet parameters are
described. The results achieved during the making of the database and after the predictions are
made are depicted in detail, and comparisons are made between predicted data and
experimental data.
Chapter four follows up on the results found in chapter three and discusses the implications
of said results. The limitations, successes, and shortcomings of the prediction program are laid
out, and the potential areas of future related work are suggested.
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2. Methodology
This chapter describes the methodology used to derive the theoretical equations and models
for the prediction program. The procedures used to develop the prediction program software
and the analytical scripts used to create the groundwork for the large database needed for the
noise predictions are also described. One test case will be shown and the analysis of this case
will be broken down into all of its component parts. A wavepacket model will also be
introduced, specifically its implementation into the calculations, and consequentially, the
prediction program.

2.1 Experimental Setup
The experimental data used as the basis of this research was taken from the Small Hot Jet
Acoustic Rig (SHJAR) jet noise experiments performed and reported by Brown and Bridges [5]
in the Aeroacoustic Propulsion Laboratory (AAPL) at the NASA Glenn Research Center. The
setup incorporated a single flow jet rig capable of producing subsonic, sonic, and supersonic
jets at various operating conditions. Several nozzles with different diameters were tested,
although the focus in this thesis is the two-inch diameter nozzle. The apparatus used to measure
the acoustic output from the rig consisted of a 24-microphone array positioned in an arc around
the jet, with a radius of 100 inches from the nozzle exit to the microphone locations. There is
a five-degree spacing between each microphone in the array at 15 to 135 degrees from the
downstream axis.

2.2 Database Generation
The spectral content of supersonic jet noise for a large number of round-nozzle supersonic jet
conditions is available, and the far-field power spectral density of the 2-inch nozzle SHJAR
tests and corresponding Strouhal numbers for all polar angles from the downstream axial
direction were provided for this research (courtesy of NASA Glenn Research Center). The
experimental data is only valid for a single azimuthal angle due to the fixed nature of the
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microphone array setup, and so the assumption made in the following calculations is that the
jet noise is axisymmetric in the acoustic far-field.
The power spectral density data for all the test cases is fitted with either the LSS spectrum,
FSS spectrum, or a combination of both spectra depending on the polar angle at which the data
was measured. The process of fitting the similarity spectra to the experimental data involves
manually shifting the position of the similarity spectra’s amplitude and frequency by some
constant amount so as to maintain the shape of the two similarity spectra. At angles where the
LSS or FSS spectra define the jet noise exclusively, the dominating similarity spectrum is
simply “hand-fit” to the data and its position is recorded. In all other cases where the two
spectra must be added together to satisfy the total jet noise spectrum, the two spectra are
manually positioned over the experimental data until the addition of two similarity spectra best
resemble the jet noise spectrum. This “trial-and-error” procedure is repeated for all 24 spectra
for all cases used in this research. An optimization scheme was created to automate this routine.
However, due to the lack of fidelity in the optimization program, this avenue was abandoned
in favor of the “hand-fit” method. Figure 2.1 shows an example of the fitted total spectrum for
a converging nozzle with a 𝑁𝑃𝑅 = 5.77 and 𝑁𝑇𝑅 = 1.65. The proper fit of the LSS and FSS
spectra to the experimental data is heavily reliant on the alignment of the peak Strouhal number
and the LSS component. Since the LSS spectrum is associated with the large scale structures
that directly contribute to the near-field wave-packet model, as previously examined in the
wavy-wall analogy, the LSS component is most important in this study and is therefore the
primary focus between the two empirically derived spectra when fitting the experimental data.

13

Figure 2.1. Comparison of the measured data and the sum of the two mixing noise components.
Solid blue = experimental data; solid black = total spectrum; dashed red = LSS spectrum;
dashed-dotted green = FSS spectrum.
Using this method, the contribution of the large scale turbulence component as a function
of observer angle can be extracted from the total measured spectrum. From the LSS
contributions found at each polar angle, the large-scale turbulent noise levels for all given
Strouhal numbers can be obtained, as shown in figure 2.2. The trend of low frequency noise
associated with large-scale turbulent structures to increase with decreasing polar angle is seen
in this figure, where the overall directivity of the jet noise with respect to frequency and angle
are observed. Furthermore, it is evident that the large-scale turbulent contribution is greatest at
𝑆𝑡 = 0.08 at 20˚ from the downstream axis. For most cases, the LSS spectrum is only well
defined in the measured spectra from 15˚ to 50˚ from the downstream axis. After this angle,
the large-scale turbulence contribution is insignificant. It should be noted that the peak noise
direction is not located at the angle closest to the downstream axis, and this is due, in part, to
the effect of the jet flow-field on the noise propagated at θ = 15˚. Regardless of this interaction,
14

the noise at this angle is well represented by the LSS spectrum and is therefore included in
these findings.

Figure 2.2. LSS spectral densities as a function of observer angle and Strouhal number.
Following the analysis of Morris[4], it is possible to calculate the near-field wavenumber
spectra at various Strouhal numbers needed to implement a wavepacket model for later
predictions. A cylindrical surface of sufficient radius to include both the radiating and nonradiating elements of the turbulent pressure fluctuations is considered. If a stationary medium
surrounds the jet and the cylinder, the pressure external to the cylinder will satisfy the wave
equation,
𝜕 𝑝
−𝑐
𝜕𝑡

𝜕 𝑝 1 𝜕𝑝 1 𝜕 𝑝 𝜕 𝑝
+
+
+
= 0,
𝜕𝑟
𝑟 𝜕𝑟 𝑟 𝜕𝜑
𝜕𝑧

(4)

where 𝑐 is the ambient speed of sound, r is the radial coordinate, φ is the azimuthal angle, and
z is the axial distance. Considering all azimuthal modes, the pressure can be written in terms
of its Fourier transform with respect to time, t and axial distance, as well as with the inclusion
of a Fourier series in the azimuthal direction,
𝑝(𝑟, 𝜑, 𝑧, 𝑡) =

1
(2𝜋)

𝑃 (𝑟, 𝑘, 𝜔)𝑒 [ (

15

)]

𝑑𝜔𝑑𝑘,

(5)

with,
𝑝(𝑟, 𝜑, 𝑧, 𝑡)𝑒 [

𝑃 (𝑟, 𝑘, 𝜔) =

(

)]

(6)

𝑑𝜑𝑑𝑧𝑑𝑡.

𝑃 (𝑟, 𝑘, 𝜔) then satisfies the equation,
𝑑 𝑃
1 𝑑𝑃
𝜔
𝑛
+
+
−𝑘 −
𝑑𝑟
𝑟 𝑑𝑟
𝑟
𝑐

(7)

𝑃 = 0.

The general solution to equation 7 for outgoing waves is,
𝑃 (𝑟, 𝑘, 𝜔) = 𝐴 (𝑘, 𝜔)𝐻

( )

(𝜆𝑟),
(8)

𝜆=
where 𝐻

( )

−𝑘

, − < 𝑎𝑟𝑔(𝜆) ≤ ,

is the Hankel function of the first kind of order n. The amplitude of the pressure

fluctuation is represented by 𝐴 (𝑘, 𝜔), which is determined by the pressure variations on the
surface of the cylinder surrounding the jet. The pressure field on the cylinder surface behaves
stochastically and does not radiate at any single frequency. In light of this, the analyses of Tam
and Chen[15] and Tam[16] show that the wavenumber spectrum of the n-th azimuthal mode of
these fluctuations can be represented as,
(9)

𝑃 (𝑎, 𝑘, 𝜔) = 𝑎 (𝜔)𝐺 (𝑘, 𝜔),

where 𝑎 (𝜔) is a real random function of frequency. Normalized, 𝐺 (𝑘, 𝜔) can be written as,
(10)

𝐺 (𝑘, 𝜔)𝑑𝑘 = 1.
From equation 8 and equation 9,
𝑃 (𝑟, 𝑘, 𝜔) = 𝑎 (𝜔)

( )

(𝜆𝑟)

( )

(𝜆𝑎)

𝐻
𝐻

(11)

𝐺 (𝑘, 𝜔).

Substituting equation 11 into equation 5 results in an expression that represents the pressure
fluctuations on and outside of the surface of the cylinder surface,
1
𝑝(𝑟, 𝜑, 𝑧, 𝑡) =
(2𝜋)

𝑎 (𝜔)𝐺 (𝑘, 𝜔)
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𝐻
𝐻
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( )

(𝜆𝑟)
(𝜆𝑎)

𝑒

(

)

𝑑𝜔𝑑𝑘.

(12)

The autocorrelation of this pressure expression is then given by,
𝑝(𝑟, 𝜑, 𝑧, 𝑡)𝑝(𝑟, 𝜑, 𝑧, 𝑡 + 𝜏)
=

×

1
(2𝜋)
( )

(𝜆 𝑟)

( )

(𝜆 𝑎)

( )

(𝜆𝑟) 𝐻

( )

(𝜆𝑎) 𝐻

𝐻
𝐻

...

𝑎 (𝜔)𝑎 (𝜔 )𝐺 (𝑘, 𝜔)𝐺 (𝑘 , 𝜔′)

𝑒

(13)

𝑑𝜔𝑑𝜔 𝑑𝑘𝑑𝑘 ,

where the overbar signifies an ensemble average and where,
𝜆 =

𝜔
−𝑘 .
𝑐

(14)

In order to characterize the random frequency function, the autocorrelation of the pressure at
the cylinder surface is assumed to be described as,
𝑝(𝑎, 𝜑, 0, 𝑡)𝑝(𝑎, 𝜑 + 𝜒, 0, 𝑡 + 𝜏) = 𝐴 𝜌 𝑈 𝐷 𝛿(𝜏)𝛿(𝜒),

(15)

where A is a non-dimensional parameter and 𝐷 , 𝜌 , and 𝑈 are the jet exit diameter, density,
and velocity, respectively. Equation 15 describes pressure fluctuations with random frequency
and modal qualities, similar to a white noise signal. Using equations 10, 13, and 15, the random
frequency function can be shown to take the form,
𝑎 (𝜔)𝑎 (𝜔 ) = 𝐴 (2𝜋) 𝜌 𝑈 𝐷 𝛿(𝜔 + 𝜔 )𝛿

,

.

(16)

Using Appendix-A from Tam[16] with changes in branch cuts and the respective variable
definitions,
𝜆(−𝑘, −𝜔) = −𝜆∗ (𝑘, 𝜔),

(17)

where * indicates a complex conjugate. From the same work, it can be shown that,
𝐻

( )

(−𝜆∗ 𝑟) = − 𝐻

( )

∗

(18)

(𝜆𝑟) ,

and also that,
𝐺 (−𝑘, −𝜔) = 𝐺 ∗ (𝑘, 𝜔).

(19)

Following Morris[4], the function 𝐹 (𝑟, 𝑧, 𝜔) is introduced as,
𝐹 (𝑟, 𝑧, 𝜔) =

𝐺 (𝑘, 𝜔)
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𝐻
𝐻
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( )

[𝜆(𝑘, 𝜔)𝑟]

[𝜆(𝑘, 𝜔)𝑎]

𝑒(

)

𝑑𝑘.

(20)

Having established these relations, equations 16, 17, 18, 19, and 20 can be substituted into
equation 13 and, with an integration with respect to 𝜔 , with 𝑘 = −𝑘′ give,
𝑝(𝑟, 𝜑, 𝑧, 𝑡)𝑝(𝑟, 𝜑, 𝑧, 𝑡 + 𝜏) =

𝐴
𝜌 𝑈 𝐷
(2𝜋)

|𝐹 (𝑟, 𝑧, 𝜔)| 𝑒 (

)

𝑑𝜔.

(21)

Following this, the Fourier transform of the autocorrelation yields the spectral density of the
pressure fluctuations,
𝑝̂ (𝑟, 𝜑, 𝑧, 𝑡)𝑝̂ (𝑟, 𝜑, 𝑧, 𝑡 + 𝜏) 𝑒

𝑆(𝑟, 𝜑, 𝑧, 𝜔) =

𝑑𝜏.

(22)

Performing the integration gives,
𝑆(𝑟, 𝑧, 𝜔) =

𝐴
𝜌 𝑈 𝐷
2𝜋

|𝐹 (𝑟, 𝑧, 𝜔)| .

(23)

Since this work is not concerned with defining the contributions of different azimuthal modes
to the jet noise, the assumption is made that the jet sources and far-field are axisymmetric. This
means only considering 𝑛 = 0, simplifying the spectral density computations.
Since the experimental data used in this research were measured in the far-field, equation
23 must be modified to account for this. In order to achieve this, the following spherical polar
coordinates are given:
𝑧 = 𝑅𝑐𝑜𝑠𝜃,

(24)

𝑟 = 𝑅𝑠𝑖𝑛𝜃.

The asymptotic form of the Hankel function is introduced, given by,
𝐻

( )

(𝜁) →

2
𝑒
𝜋𝜁

(25)

𝑎𝑠 |𝜁| → ∞.

A stationary-phase approximation is used to evaluate equation 20, giving,
2𝑖 𝐺
𝐹(𝑅, 𝜃, 𝜔) = −
𝑅 𝐻(

𝜔 cos 𝜃
,𝜔
𝑐
𝑒
) 𝜔𝑎 sin 𝜃
𝑐

(26)

.

Combining equations 25 and 26 gives a final equation that is reliant on the jet operating
conditions and geometry and which relates the near-field non-dimensional wavenumber
spectrum of the pressure fluctuations on the cylinder surface and the far-field spectral density:
𝐴

𝐺

𝜔 cos 𝜃
,𝜔
𝑐
𝐷

=

𝜋 𝑅
2 𝐷
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𝐻

( )

𝜔𝑎 sin 𝜃
𝑐

𝑆(𝑅, 𝜃, 𝜔)
.
𝜌 𝑈 𝐷

(27)

The array of peak large-scale spectral densities described previously and shown in figure 2.2
is related to the far-field source term in equation 27, and is represented as linear data in
𝑃𝑎 /𝐻𝑧. The left hand side of equation 27 represents the magnitude of the near-field
wavenumber spectrum, which is found by substituting the large-scale turbulence contributions
for 𝑆(𝑅, 𝜃, 𝜔) and taking the square root. An example of the resulting near-field spectrum is
shown in figure 2.3 for a single Strouhal number. Only the radiating components of the nearfield pressure fluctuations on the cylinder surface can be calculated. The reason for this is
related to the wavy-wall analogy discussed previously. If the phase velocity at a certain
wavenumber is not supersonic, there will be no radiation of sound from the cylindrical surface
to the far-field in the direction of the observer. In figure 2.3, the wavenumber at which the
spectrum cuts-off indicates the wavenumber at which the phase velocity first becomes
subsonic. This generally occurs at higher wavenumbers for lower Strouhal numbers where the
waves become evanescent. Although this thesis does not consider them, there is evidence that
similar methods to the one above would work with subsonic jets since turbulent fluctuations at
any jet velocity will contain some components with supersonic phase velocities.
Once the wavenumber spectra are evaluated, Gaussian functions following the standard
mathematical form in equation 28 are fit to the wavenumber spectra at all selected Strouhal
numbers:
(

𝑓(𝑥) = 𝐴𝑒

)

.

(28)

The parameters, 𝐴, 𝛼, and 𝐶, are the maximum amplitude, center-point, and width-related term
of the Gaussian function. The width-related term is defined as,
𝐶=

𝐹𝑊𝐻𝑀
2√2ln 2

(29)

where FWHM is the full width at half maximum. The near-field spectrum is fitted using a
nonlinear regression modeling function called “fit” built into the MATLAB software which is
specifically tailored to find the best fit for the Gaussian coefficients with 95% confidence
bounds given for each of the three coefficients. This model allows for the addition of multiple
Gaussian functions to create the best representation of the data in question; however, only a
single function was necessary as it was discovered that multiples did not significantly improve
the accuracy of the model. The accuracy of this model and the subsequently calculated
coefficients is of high importance as the fitting process has a significant influence on the
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accuracy of the later noise prediction. Particularly important is the accuracy of the peak
wavenumber, α, previously referred to as the center-point. The location of this peak
wavenumber orients the far-field data in the frequency domain, and if the value of this
coefficient is inaccurate, the predicted far-field spectrum will undergo an improper shift in
directivity.

Figure 2.3.

Wavenumber spectrum of large-scale turbulence pressure fluctuations on a

cylindrical surface of diameter 𝐷 (𝑆𝑡 = 0.10).
The resolution of these calculations is limited to the number of angles at which the data
was measured. Because of this, it was originally thought it would be difficult to properly fit
Gaussians to the wavenumber spectra due to their highly discrete nature. Because the fitted
Gaussian is so crucial to the integrity of the prediction, is it important to achieve an optimal
quality in the curve fitting process to minimize uncertainty in the far-field calculations. As a
proactive measure, the wavenumber spectra were initially enhanced to a greater resolution
using a simple polynomial interpolation function in order to provide the fitting procedure with
a more defined dataset; however, no significant improvement in the shape of the fitted
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Gaussians was observed, so the practice of increasing the resolution of the data was not
continued. The Gaussian functions are calculated for each Strouhal number and examples of
the resulting fits are shown in figure 2.4.

Figure 2.4.

Wavenumber spectra of large-scale turbulence pressure fluctuations on a

cylindrical surface of diameter 𝐷 with fitted Gaussians for all Strouhal numbers. Solid red
indicates the calculated wavenumber spectra and dashed blue indicates the fitted Gaussian
functions. (a) St = 0.02, (b) St = 0.03, (c) St = 0.04, (d) St = 0.05, (e) St = 0.06, (f) St = 0.07,
(g) St = 0.08, (h) St = 0.09, (i) St = 0.1, (j) St = 0.15, (k) St = 0.2, (l) St = 0.3, (m) St = 0.4.
The Gaussian coefficients A, α, and C, can be shown as a function of Strouhal number.
Figure 2.5 shows the maximum amplitude, A, for all Strouhal numbers that correspond to a
near-field wavenumber spectrum with a resolved peak. As expected and observed in figure 2.4,
the amplitude decreases with increasing Strouhal number, and this shows that the wavepacket
model is most influential on the noise radiation at lower frequencies and is least, or negligibly,
influencing the radiation at higher frequencies. This phenomenon correlates well with the
presence of higher amplitude noise at low Strouhal numbers than at higher Strouhal numbers
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in the LSS spectrum. Therefore, it can be said that the peak large-scale turbulent noise is most
dominant at low Strouhal numbers. Figure 2.6 shows the peak wavenumber, α, at all selected
Strouhal numbers, and figure 2.7 shows the width-related parameter, C, at all selected Strouhal
numbers. Both of these parameters maintain a linear relationship which increases
monotonically with Strouhal number.

Figure 2.5.

Amplitude of all fully-resolved Gaussian functions fitted to near-field

wavenumber spectra at all relevant Strouhal numbers.
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Figure 2.6.

Peak wavenumber of all Gaussian functions fitted to near-field wavenumber

spectra at all selected Strouhal numbers.
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Figure 2.7. Width-related parameter of all Gaussian functions fitted to near-field wavenumber
spectra at all selected Strouhal numbers.
From the values shown in figure 2.6 for peak wavenumber, the convection speeds of the
turbulent structures at each Strouhal number can be calculated. Comparing the characteristic
frequency to the peak wavenumber at the corresponding Strouhal number gives the convection
speed found in equation 30:
𝑈 =

𝜔 2𝜋 𝑆𝑡𝑈
=
𝛼
𝛼 𝐷

(30)

With this, it is possible to compare the convection speed with the jet velocity, as seen in figure
2.8 for each peak wavenumber and corresponding Strouhal number. Based on previous
experimental measurements of turbulence convection velocities, the convection speeds for all
Strouhal numbers should fall within or near 60 – 80% of the jet velocity. Since it is observed
that the convection speeds in figure 2.8 do correspond to this range of percentages, the
convection speed values corresponding to the database peak wavenumbers are realistic values.
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Figure 2.8. Comparison of jet velocity and convection speeds corresponding to the database
peak wavenumbers at all Strouhal numbers. NPR = 1.69, NTR = 2.20.
Once the Gaussian curves are obtained, the first of four preliminary phases is complete,
and a table can be compiled which aids in the generation of the finalized database, starting the
second phase. The results from the program used to perform all steps described to this point
are formatted into a cell array which is saved and exported from the program. The cell array
only holds the results from a single SHJAR test case, and so the above process must be
completed for every test case included in the eventual database. Once all test cases are run
through the phase-one program, each set of results for each case is contained in its own separate
saved and extracted data-structure. The phase-two program is created with the purpose of
formatting the saved phase-one data structures for every test case into a large table. The
database is saved as a two-dimensional cell array, where the columns indicate the test case and
the rows hold the data and information for each case. Included in this table are the following
for each column of data: nozzle type, design Mach number, nozzle pressure ratio, nozzle total
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temperature ratio, and the three Gaussian parameters, 𝐴, 𝛼, and 𝐶 at each chosen Strouhal
number. The table contains analysis parameters from supersonic jet cases with jet Mach
numbers from 1.19 to 2.40 and corresponding nozzle pressure ratios from 1.39 to 5.71. Of the
152 experiments conducted during the SHJAR validation process, only 101 are for supersonic
jets, and of those 101, six cases were deemed unreliable by the NASA experimentalists. It was
initially expected that all the 95 remaining data sets would need to be included in the table in
order to achieve adequate resolution to interpolate intermediate cases that are not explicitly
included in the database; however, it was found that only 14 cases were necessary for the
current method to achieve the resolution required. Even with the small number of cases chosen,
this allows for predictions to be made outside of the current cases available from previous
experimentation.
Once this second phase is complete and the table is generated, an operating-conditions
database can be constructed. The 14 SHJAR cases selected in the previously mentioned table
all correspond to converging nozzles of the same geometry and design Mach number. All cases
chosen in this table were picked based on the requirement of having a nozzle temperature ratio
within 0.023 of either 2.20 or 3.19. The determination of relations between nozzle pressure
ratio, nozzle temperature ratio, Strouhal number, nozzle geometry, and Gaussian parameters
hinged on keeping as many variables constant as possible. Of all the SHJAR experimental
cases given, only 14 cases had near constant nozzle temperature ratios for various nozzle
pressure ratios for a fixed nozzle geometry, the nozzle being a converging nozzle with design
Mach number of 1.00. Of these cases, six had nozzle temperature ratios of approximately 2.20
and eight close to 3.19. Table 2.1 shows the nozzle pressure ratio, nozzle temperature ratio,
and jet Mach number of each of the cases used. The amplitudes corresponding to each fixed
nozzle temperature ratio were examined together to find any discernable similarities between
the two sets at fixed Strouhal numbers. Figures 2.9, 2.10, and 2.11 show the comparison of
Gaussian parameters at a single fixed Strouhal number between the two nozzle temperature
ratios, and it is clear there are similarities in the shapes of each dataset. Due to some rapid
changes in slope at higher nozzle pressure ratios, only the data corresponding to nozzle
pressure ratios between 1.69 and 3.49 were accepted for use in the database. Inside this range,
the data follows a predictable progression.
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Table 2.1. Operating conditions of the SHJAR cases used to create the database.
NPR
1.693
2.519
4.017
3.534
1.891
3.536
1.385
2.564
1.690
3.494
2.564
3.975
2.491
3.487

NTR
3.212
3.206
3.199
3.197
3.197
3.193
3.193
3.192
2.207
2.202
2.201
2.199
2.199
2.197
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Mj
1.502
1.935
2.298
2.208
1.636
2.208
1.194
1.947
1.240
1.820
1.612
1.894
1.590
1.817

Figure 2.9. Relationship between Gaussian amplitude and nozzle pressure ratio at two fixed
nozzle temperature ratios at St = 0.02. Blue: NTR = 2.20; Orange: NTR = 3.19.
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Figure 2.10. Relationship between peak wavenumber and nozzle pressure ratio at two fixed
nozzle temperature ratios at St = 0.02. Blue: NTR = 2.20; Orange: NTR = 3.19.
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Figure 2.11.

Relationship between Gaussian width-term and nozzle pressure ratio at two

fixed nozzle temperature ratios at St = 0.02. Blue: NTR = 2.20; Orange: NTR = 3.19.
Given the low resolution of these datasets, the Gaussian amplitudes, peak wavenumbers, and
Gaussian width-terms as functions of nozzle pressure ratio are interpolated within the 1.69 to
3.49 nozzle pressure ratio range to improve their resolutions and ultimately decrease the step
size in the eventual database. This is accomplished using the MATLAB ‘fit’ function, which
can perform a piece-wise linear interpolation between data points and provide an equation
representing the fitted curve. This routine preserves the shape of the curves by developing a
piece-wise linear equation which fits the input dataset, assuming that the input dataset is not
smooth. The output equation is a function of nozzle pressure ratio that accepts a highly resolved
input array of nozzle pressure ratio values from 1.69 to 3.49 at a step size of 0.01. This routine
is applied to all Gaussian parameters at each Strouhal number.
At this point, the Gaussian parameters are defined for two nozzle temperature ratios at all
nozzle pressure ratios. In order to generate a comprehensive database, Gaussian parameter
magnitudes at additional nozzle temperature ratios must be added. In order to achieve this, a
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line is drawn between the 2.20 and 3.19 nozzle temperature ratio data points for amplitude,
peak wavenumber, and width-term at a single nozzle pressure ratio. Figure 2.12 shows a
representation of this for the Gaussian amplitude. It is assumed that the amplitude will grow
linearly with increasing nozzle temperature ratio at any fixed nozzle pressure ratio.

Figure 2.12. Linear interpolation of Gaussian amplitude as a function of nozzle temperature
ratio at a nozzle pressure ratio of 1.69 at St = 0.02.
Using the same fitting routine as before, the linear equation for each Gaussian coefficient is
found and a highly resolved array of nozzle temperature ratio values from 2.20 to 3.19 is
applied to each equation. This process is repeated for each nozzle pressure ratio for every
Strouhal number. The result of this procedure is the finalized database meant for use in the
predictions. It contains the Gaussian amplitude, peak wavenumber, and Gaussian width-term
for every combination of nozzle pressure ratio and nozzle temperature ratio included in the
generation of the database. There are 181 nozzle pressure ratios between 1.69 and 3.49 and
100 nozzle temperature ratios between 2.20 and 3.19 to combine at 13 different Strouhal
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numbers between 0.02 and 0.4, resulting in a total of 18,100 possible combinations. This
database is stored as a data structure containing three nested data structures that hold the
amplitude, peak wavenumber, and width-term data. Within these three nested data structures
are 13 fields for each Strouhal number, and within each field is a 181 by 100 matrix containing
the amplitude, peak wavenumber, or width-term magnitudes for every combination of
operating conditions. The database is saved for use in the prediction program.

2.3 Far-field Projection
This section describes the method by which the prediction program makes a far-field noise
prediction from near-field wavepacket data. Following the analyses of Morris [4] and
Papamoschou[17] as a basis for the analysis and assuming an axisymmetric jet condition,
equations 4 through 10 are considered at 𝑛 = 0 and without azimuthal dependence. With this
is mind, it is assumed that the spatial variation of the pressure fluctuations on the surface of
the cylinder takes the form of a wavepacket,
𝑝(𝑎, 𝑧, 𝜔) = 𝐵𝑎 (𝜔)𝑒

(

)

𝑒

(31)

,

where B is a non-dimensional quantity, α is the peak wavenumber, and 𝐶

is the width-related

term corresponding to the wavepacket model. Figure 2.13 shows the general shape of the
wavepacket for an arbitrary frequency as a function of downstream distance. Note that 𝐶

is

a parameter related to the width of the “bell” and 𝑐 is the ambient speed of sound.
Taking the Fourier transform of equation 31 gives,
𝑃 (𝑎, 𝑘, 𝜔) = 𝐵𝑎 (𝜔)

𝑒

(

)

𝑒

(

)

𝑑𝑧.

(32)

)

(33)

Equation 32 can be rewritten in the form,
𝑃 (𝑎, 𝑘, 𝜔) = 𝐵𝑎 (𝜔)𝑒

(

)

𝑒

𝑒

(

𝑑𝜖 ,

where 𝜖 = (𝑧 − 𝑧 ). The integration can be performed analytically using the result that,
𝑒

±

𝑑𝑥 =
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√𝜋
𝑒
𝐶

,

(34)

Figure 2.13. Near-field pressure perturbations in the form of a wavepacket traveling along a
cylindrical surface.
Then 𝑃 (𝑎, 𝑘, 𝜔) can be rewritten as,
𝐵 √𝜋
𝑃 (𝑎, 𝑘, 𝜔) = 𝑎 (𝜔)
𝑒
𝐶

(
(

)

)

𝑒

.

(35)

Thus from equation 9 it is clear that,
𝐵 √𝜋
𝐺 (𝑎, 𝑘, 𝜔) =
𝑒
𝐶

(
(

)

)

𝑒

.

(36)

However, the normalization condition must be taken into account. Substituting equation 36
into equation 10 shows that,
𝐵 √𝜋
𝐶

(

)

𝑒

𝑒
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(

)

𝑑𝑘 = 1,

(37)

and expanding and rearranging equation 37 gives,
𝐵 √𝜋
𝑒
𝐶

𝑒

𝑒

𝑒

(38)

𝑑𝑘 = 1.

Evaluating the integral and simplifying reveals an expression for B:
𝐵=

𝑒

(39)

.

2𝜋

Substituting back into equation 36 and simplifying gives,
(

𝑒

𝐺 (𝑎, 𝑘, 𝜔) =

(

𝑒

2√𝜋𝐶

)

)

𝑒

(40)

.

Following the same analysis found between equations 12 and equation 27 without the
azimuthal mode dependence, the pressure fluctuations on and outside of the surface of the
cylinder can be represented by,
1
𝑝(𝑟, 𝑧, 𝑡) =
(2𝜋)

𝑎 (𝜔)𝐺 (𝑘, 𝜔)

𝐻
𝐻

( )

( )

(𝜆𝑟)
(𝜆𝑎)

𝑒

(

)

𝑑𝜔𝑑𝑘,

(41)

and the autocorrelation of this pressure expression is then given by,
𝑝(𝑟, 𝑧, 𝑡)𝑝(𝑟, 𝑧, 𝑡 + 𝜏)
=
×

1
(2𝜋)
𝐻
𝐻

( )

( )

𝑎 (𝜔)𝑎 (𝜔 )𝐺 (𝑘, 𝜔)𝐺 (𝑘 , 𝜔 )
(𝜆𝑟) 𝐻
(𝜆𝑎) 𝐻

( )

( )

(𝜆 𝑟)

(𝜆 𝑎)

𝑒

(42)

𝑑𝜔𝑑𝜔 𝑑𝑘𝑑𝑘 .

In order to characterize the random frequency function assuming an axisymmetric jet, equation
42 at the cylinder surface is given according to Tam and Chen [15],
(43)

𝑝(𝑎, 0, 𝑡)𝑝(𝑎, 0, 𝑡 + 𝜏) = 𝐴 𝜌 𝑈 𝐷 𝛿(𝜏),

Using equations 10, 42, and 43, the random frequency function can be shown to take the form,
(44)

𝑎 (𝜔)𝑎 (𝜔 ) = 𝐴 (2𝜋) 𝜌 𝑈 𝐷 𝛿(𝜔 + 𝜔 ).
Substituting equations 17, 18, 19, 20, and 44 at 𝑛 = 0, equation 42 becomes,
𝑝(𝑟, 𝑧, 𝑡)𝑝(𝑟, 𝑧, 𝑡 + 𝜏) =

𝐴
𝜌 𝑈 𝐷
2𝜋
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|𝐹 (𝑟, 𝑧, 𝜔)| 𝑒 (

)

𝑑𝜔.

(45)

Following this, the Fourier transform of the autocorrelation yields the axisymmetric spectral
density of the pressure fluctuations,
𝑆(𝑟, 𝑧, 𝜔) =

𝑝̂ (𝑟, 𝑧, 𝑡)𝑝̂ (𝑟, 𝑧, 𝑡 + 𝜏) 𝑒

𝑑𝜏.

(46)

Performing the integration gives,
(47)

𝑆(𝑟, 𝑧, 𝜔) = 𝐴 𝜌 𝑈 𝐷 |𝐹 (𝑟, 𝑧, 𝜔)| .

Substituting equation 26 into equation 47 results in an equation for the far-field spectral
density based on a wavepacket model, given as,
𝜔 cos 𝜃
,𝜔
𝑐
𝐷

𝐴 𝐺
𝑆(𝑅, 𝜃, 𝜔) =

(48)

4𝜌 𝑈 𝐷
𝑅

𝐻

,

𝜔𝑎 sin 𝜃
𝑐

( )

Taking the absolute value of equation 40 and changing the argument gives,

𝐺

𝜔 cos 𝜃
,𝜔
𝑐

=

𝑒
2√𝜋𝐶

⎛

⎞

𝑒⎝

(49)

⎠.

Multiplying equation 49 by 𝐴/𝐷 yields,
𝐴 𝐺

𝜔 cos 𝜃
,𝜔
𝑐
𝐷

𝐴 𝑒
=
𝐷 2√𝜋𝐶

⎛

𝑒⎝

⎞
⎠.

(50)

The methods used to calculate the near-field spectra must have similar Gaussian forms.
Additionally, it is not possible to determine the value of 𝑧 since it depends on the phase of the
far-field pressure and since the power spectrum does not provide any phase information. If the
cross spectra were implemented in the far-field, the phase information present in 𝑧 could be
calculated. This would require a different experimental setup than the one used in this research,
as two signals are needed to perform a cross-spectral analysis. With this in mind, the element
in equation 50 with 𝑧 dependence can be neglected, giving a final expression for the
wavepacket near-field wavenumber spectrum,
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𝐴 𝐺

where 𝐶

𝜔 cos 𝜃
,𝜔
𝑐
𝐷

⎛

𝐴
= 𝑒⎝
𝐷

⎞
⎠,

(51)

= 𝐶/2 due to the difference between the Gaussian form used when fitting the

experimental near-field spectrum and the form found in the wavepacket model. Additionally,
equations 48 and 27 differ by a factor of 2𝜋. In order for the predictions to be correct, the two
far-field spectral density equations must match up. Therefore, equation 48 must be multiplied
by 1/2𝜋. Additionally, equations 51 and 27 differ by a factor of 1/𝐷 , so the amplitude, 𝐴,
must be multiplied by 𝐷 for the experimental and wavepacket-model near-field spectra to
correspond with each other. These two adjustments are simply changes in the definitions of
the amplitude variable.
In this chapter, the methodology behind generating far-field predictions using a
wavepacket model was established. The process of fitting the LSS spectrum to the
experimental data was detailed and examples of the extracted instability waves were shown.
The mathematical procedure for calculating the near-field wavenumber spectrum from the
large-scale turbulence component of the far-field jet noise was detailed, and the progression of
this wavenumber spectrum as a function of Strouhal number was displayed with fitted
Gaussians. The methods used to generate a large database of Gaussian parameters
corresponding to the near-field Gaussian fits were explained, and the development of a
wavepacket model for the calculation of far-field noise using this database was described. The
next chapter will introduce the resulting predictions in the near-field and far-field as a function
of Strouhal number and observer angle, respectively. Trends between Gaussian parameters and
operating conditions are determined and the evolution of the wavepacket as a function of
Strouhal number is also discussed. The speed of the prediction program will also be evaluated.
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3. Results
In this chapter the details of the prediction program and the numerical results yielded by
the program are presented. The far-field predictions made using the wavepacket model are
compared to the experimental data provided by NASA Glenn for cases with similar operating
conditions. The effects of the operating conditions on the Gaussian coefficients are examined
and correlations between the two are made.

3.1 Program Procedure
With the groundwork for the prediction process laid out in the previous sections and the
database generated, the program is ready to calculate the far-field noise, representing the fourth
phase in making predictions. The program was designed with the intention of being userfriendly and fast on a device with a single CPU. All result shown in this thesis were obtained
using a computer with a single Intel® Core™ i7-5500U CPU at 2.40 GHz with 8 gigabytes of
installed RAM running a 64-bit operating system. To accomplish this, the user must run the
prediction program in Matlab and enter all requested parameters. The first input dialog box
given to the user is shown in figure 3.1. The user is instructed to enter the nozzle pressure ratio
and nozzle temperature ratio for the case for which they would like to make predictions for.

Figure 3.1. Input dialog box for user-defined nozzle pressure ratio and nozzle temperature
ratio
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As is evident from figure 3.1 and from the discussions from previous sections, the range of
nozzle pressure ratios and nozzle temperature ratios accepted by this dialog box are 1.69 ≤
NPR ≤ 3.49 and 2.20 ≤ NTR ≤ 3.19. These two inputs will always be rounded to two decimal
places, regardless of the how many digits the user enters. There are several safeguards built
into this input dialog box to prevent incorrect inputs from being included in the calculations.
If the input nozzle pressure and temperature ratios are outside of the indicated respective
ranges, the program will generate an error message indicating the input should be within the
range given. If there is no input given, an error message will indicate that the operating
conditions must be defined by the user. If anything other than a number is entered into the
dialog box, an error will occur and the predictions will not be made.
With the operating conditions defined, the jet flow velocity can be calculated in order to
convert the chosen Strouhal numbers to radian frequencies. Assuming an ambient pressure of
𝑃 = 2116.8 psf, the total pressure is found using
(52)

𝑃 = (𝑁𝑃𝑅)(𝑃 ).
Considering the isentropic pressure relation,
𝑃
𝛾−1
= 1+
𝑀
𝑃
2

(53)

and solving for 𝑀 gives,
𝑃
𝑃

𝑃

−𝑃
(54)

𝑀 = √2
𝛾𝑃 − 𝑃
With the jet Mach number now known, the speed of sound in the jet can be calculated by
𝐶 =

𝛾𝑅 𝑇

(55)

where 𝑅 is the universal gas constant and 𝑇 is the static temperature of the jet. Knowing the
value of 𝐶 the calculation of 𝑈 follows as
𝑈 =𝑀𝐶
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(56)

To convert each Strouhal number to its characteristic frequency, the expression for the
calculation of Strouhal number must be solved for its corresponding radian frequency:
𝜔 = 2𝜋

𝑆𝑡𝑈
𝐷

(57)

The radial distance from the source to the observer can be changed from the default 100𝐷 to
any other far-field distance by the user. This default value was chosen because it corresponds
to the distance at which the SHJAR measurements were taken.
The operating conditions database is loaded into the program and the Gaussian parameters
corresponding to the user-defined operating conditions are extracted. With these Gaussian
parameters, equations 48 and 51 are used to predict the far-field large-scale turbulent structure
contributions at all relevant observer angles. From the calculated contributions at all angles,
the spectral density as a function of Strouhal number is calculated for each desired observer
angle. Once the predicted far-field spectrum shape is established at all requested angles, the
sample size of the data is increased so the user may utilize a more broadband dataset. This is
necessary because the predicted far-field spectra are limited to Strouhal numbers between 0.02
and 0.4, and the resolution of the predictions within this range of Strouhal numbers is very
discrete. Compared to the experimental far-field data, the predictions only provide a very
narrow frequency range of jet noise values. Therefore, it is convenient to provide the user with
a more comprehensive range of data through the following procedure. The LSS spectrum is
fitted to each prediction at each observer angle using a nonlinear least-squares-difference
optimization scheme. In this optimization routine, the LSS spectrum is translated in the
abscissa and ordinate by some predefined two-dimensional translation coefficient, 𝑥 , referred
to as the initial guess. The difference between the translated LSS spectrum and the predicted
power spectral density data is compared for each angle. Several iterations are run with varying
translation coefficients, and the program attempts to find the least-square-difference between
the LSS spectrum and prediction. Once the best fit is found, the LSS is plotted over the
prediction, and the process is repeated for the next angle. The only change in this routine that
occurs between the different predictions at each angle is that the initial guess is set equal to the
final and best guess from the last case. This means that the first iteration of the optimization
routine for the next case will start with an initial guess that is closer to the final translation
coefficient than it would be with a random guess. This not only decreases the amount of time
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needed to run the optimization scheme, but also reduces the computational load and provides
more accurate fits of the LSS spectrum to the predicted far-field data. This procedure provides
the user with a wider frequency spectrum as well as a finer frequency step, since the LSS
spectrum is of a higher resolution than the predicted data. The program then displays the farfield predictions at the observer angles initially requested by the user including the fitted LSS
spectrum.

3.2 Gaussian Parameters
As has been made evident, the Gaussian parameters from the near-field wavenumber
spectra have a strong dependence on the nozzle pressure ratio, nozzle temperature ratio, and
Strouhal number. Since only a single converging nozzle was considered in this research, the
geometry of the nozzle is fixed and is not considered as a dependent variable for the Gaussian
parameters. In figures 3.2, 3.3, and 3.4, the change in Gaussian parameters as a function of
Strouhal number is shown for several different nozzle pressure ratio and nozzle temperature
ratio combinations. One initial observation that can be made for the amplitude and peak
wavenumber parameters is that the highest magnitudes of each parameter are found in a case
with high nozzle pressure ratio and nozzle temperature ratio, and the lowest values are found
in cases with low nozzle pressure ratio. This suggests that the magnitude of the parameters
may be correlated with the magnitude of the nozzle pressure ratio. More investigation into the
influence of the operating conditions on the Gaussian parameters follows.
From figure 3.2, it is clear that, regardless of the operating conditions, the Gaussian
amplitude has a distinct increase and decrease envelope as the Strouhal number increases, and
furthermore, the shape of this envelope remains fairly consistent with changes in operating
conditions. The peak amplitude is nearly always found between Strouhal numbers of 0.03 and
0.09. A trend is observed that indicates that the higher the peak amplitude becomes, the lower
the corresponding peak Strouhal number is and the sharper the increase and decrease of the
envelope. In other words, higher noise levels generally correspond to lower frequencies.
Within the aforementioned range of peak Strouhal numbers, the spread in amplitude between
each case is the greatest, indicating that the most dynamic variance in amplitude in the nearfield noise occurs at these frequencies.
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In figure 3.3, the two most significant observable phenomena are the increase in peak
wavenumber with increasing Strouhal number and the change in slope with changing operating
conditions. The increase in wavenumber with increasing Strouhal number is a result of the
overall positive shift in wavenumber of the near-field spectrum. In regard to the change in
slope, at a Strouhal number of 0.02 the maximum difference in wavenumber between cases is
less than one, but the maximum difference in wavenumber between cases at a Strouhal number
of 0.4 is more than 10. This suggests higher variation in peak wavenumber of the near-field
noise at higher frequencies and the plot suggests the peak wavenumber spread between cases
would continue to increase with higher frequency. The plot also suggests that the peak
wavenumber would converge to a single number at a low enough frequency.
In figure 3.4, it is observed that the width-term increases in magnitude with increasing
Strouhal number, similar to the trend of the peak wavenumber as a function of Strouhal
number. There is significantly more irregularity in the trends of each case for the width-term,
and the increase in slope seen in figure 3.3 is not as clearly defined in figure 3.4, although it is
present to a lesser degree. Figure 3.4 shows again that the highest values correspond to a case
with high nozzle pressure ratio and high nozzle temperature ratio.
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Figure 3.2. Variation of near-field Gaussian amplitude with Strouhal number. Red triangle
(up): NPR = 1.69, NTR = 2.21; Green plus: NPR = 1.39, NTR = 3.19; Red circle: NPR = 3.67,
NTR = 1.45; Green triangle (down): NPR = 2.49, NTR = 2.20; Blue asterisk: NPR = 1.69,
NTR = 3.21; Black diamond: NPR = 2.58, NTR = 2.70; Cyan square: NPR = 2.52, NTR =
3.21; Orange dot: NPR = 2.56, NTR = 3.19; Pink x: NPR = 3.53, NTR = 3.20.
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Figure 3.3.

Variation of near-field peak wavenumber with Strouhal number. Red triangle

(up): NPR = 1.69, NTR = 2.21; Green plus: NPR = 1.39, NTR = 3.19; Red circle: NPR = 3.67,
NTR = 1.45; Green triangle (down): NPR = 2.49, NTR = 2.20; Blue asterisk: NPR = 1.69,
NTR = 3.21; Black diamond: NPR = 2.58, NTR = 2.70; Cyan square: NPR = 2.52, NTR =
3.21; Orange dot: NPR = 2.56, NTR = 3.19; Pink x: NPR = 3.53, NTR = 3.20.
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Figure 3.4. Variation of near-field width-term magnitude with Strouhal number. Red triangle
(up): NPR = 1.69, NTR = 2.21; Green plus: NPR = 1.39, NTR = 3.19; Red circle: NPR = 3.67,
NTR = 1.45; Green triangle (down): NPR = 2.49, NTR = 2.20; Blue asterisk: NPR = 1.69,
NTR = 3.21; Black diamond: NPR = 2.58, NTR = 2.70; Cyan square: NPR = 2.52, NTR =
3.21; Orange dot: NPR = 2.56, NTR = 3.19; Pink x: NPR = 3.53, NTR = 3.20.
As discussed in chapter 2 and as previously shown in figure 2.12, the Gaussian parameters
used in the database experience linear growth with increasing nozzle temperature ratio. This
linear growth does not apply to the Gaussian parameters as a function of nozzle pressure ratio.
At nozzle pressure ratio ranges of 1.69 to 2.49 and 2.57 to 3.49 for all Strouhal numbers, the
slope of the relationship between Gaussian parameters and nozzle temperature ratio remains
nearly constant for each range of nozzle pressure ratios, separately. When examined more
closely, the slope within these ranges isn’t truly constant and does undergo some variation;
however, since the scale of these variations is small, they are deemed negligible and it is
assumed that the slope maintains an overall gradual increase within these two ranges for all
Strouhal numbers. For all three Gaussian parameters, the greatest change in slope always
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occurs between nozzle pressure ratios of 2.49 and 2.57 for all Strouhal numbers. Within this
range of nozzle pressure ratios, each Gaussian parameter is subject to varying degrees of slope
change at different Strouhal numbers. The Gaussian amplitude as a function of nozzle
temperature ratio experiences a continual decrease in slope starting at a Strouhal number of
0.02 through to a Strouhal number of 0.4, although the variation is not linear and starts to
plateau around 0.1 Strouhal number. The Gaussian width-term experiences the greatest
variation in slope between Strouhal numbers of 0.05 and 0.1. There is minimal change in slope
for the peak wavenumber, and the slope variation that does occur is not significant enough to
identify at specific frequencies. The trend of peak wavenumber as a function of nozzle
temperature ratio is therefore considered quasi-linear for all nozzle pressure ratios at all
frequencies. Figures 3.5, 3.6, and 3.7 show the evolution of the Gaussian parameters with
variable nozzle temperature and pressure ratio at various Strouhal numbers, as discussed
above. Each of the three figures is shown for a Strouhal number that displays a significant
change in the slope between nozzle pressure ratio cases. For the Gaussian amplitude, it is
observed that there is an absolute increase in magnitude with increasing nozzle pressure ratio
for all Strouhal numbers up to 0.15. For the peak wavenumber, this relationship holds true for
all Strouhal numbers. There is no consistent variation of the width-term at any Strouhal
number, particularly at the highest nozzle pressure ratios.
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Figure 3.5. Variation of wavepacket Gaussian amplitude as a function of nozzle temperature
ratio for various nozzle pressure ratios at St = 0.09. Red circle: NPR = 2.18; Green plus: NPR
= 2.23; Blue asterisk: NPR = 2.28; Orange dot: NPR = 2.33; Pink x: NPR = 2.38; Cyan square:
NPR = 2.43; Black diamond: NPR = 2.48; Red triangle (up): NPR = 2.53; Green triangle
(down): NPR = 2.58; Blue triangle (right): NPR = 2.63; Orange Triangle (left): NPR = 2.68;
Pink star: NPR = 2.73.
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Figure 3.6. Variation of wavepacket peak wavenumber as a function of nozzle temperature
ratio for various nozzle pressure ratios at St = 0.02. Red circle: NPR = 2.18; Green plus: NPR
= 2.23; Blue asterisk: NPR = 2.28; Orange dot: NPR = 2.33; Pink x: NPR = 2.38; Cyan square:
NPR = 2.43; Black diamond: NPR = 2.48; Red triangle (up): NPR = 2.53; Green triangle
(down): NPR = 2.58; Blue triangle (right): NPR = 2.63; Orange Triangle (left): NPR = 2.68;
Pink star: NPR = 2.73.
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Figure 3.7. Variation of wavepacket Gaussian width-term as a function of nozzle temperature
ratio for various nozzle pressure ratios at St = 0.07. Red circle: NPR = 2.18; Green plus: NPR
= 2.23; Blue asterisk: NPR = 2.28; Orange dot: NPR = 2.33; Pink x: NPR = 2.38; Cyan square:
NPR = 2.43; Black diamond: NPR = 2.48; Red triangle (up): NPR = 2.53; Green triangle
(down): NPR = 2.58; Blue triangle (right): NPR = 2.63; Orange Triangle (left): NPR = 2.68;
Pink star: NPR = 2.73.

3.3 Predictions
The results found in this section were generated using the procedure outlined in chapter 2
and section 3.1. Figure 3.8 shows the change in the wavepacket envelope with increasing
Strouhal number on the cylinder surface as a function of downstream distance. As expected,
the wavepackets at lower frequencies maintain a longer growth and decay envelope and
therefore travel further downstream than those at higher frequencies. This behavior remains
consistent for all Strouhal numbers. It is also observed that the wavepacket amplitude also
follows a growth and decay trend with increasing Strouhal number. It is evident that at these
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operating conditions, the highest wavepacket contributions originate from the middle
frequency components of the wavepacket and the lowest contributions from the high-frequency
components of the wavepacket. However, this behavior is not constant for all operating
conditions. Since the amplitude is controlled by the amplitude term found in the database, it
can be said that this amplitude increase and decrease follows the same trends as those found in
figure 3.2. This means there is no direct discernable relationship between operating conditions
and amplitude as a function of Strouhal number other than that an increase in both nozzle
pressure ratio and nozzle temperature ratio will generally result in a downward shift in peak
Strouhal number of the wavepacket. Note that the distance downstream in figure 3.8 is
dimensionless and the physical distances downstream should not be interpreted from this plot.

Figure 3.8. Evolution of a wavepacket on the cylindrical surface with increasing Strouhal
number. NPR = 1.69, NTR = 2.2.
Predictions were made for a nozzle pressure ratio of 1.69 and a nozzle temperature ratio of
2.20, with a corresponding jet velocity of 1,357 ft/s. The observer distance was set to the default
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16.67 feet from the jet exit. All predictions were made on a laptop computer with a single CPU.
Once the operating conditions were entered by the user, the runtime for the predictions was
approximately three seconds. This shows that the current method runs much faster than
previous methods using computational fluid dynamics models. Figures 3.9, 3.10, and 3.11
show the near-field wavenumber spectrum predicted using the wavepacket model compared to
the Gaussian-fitted experimental near-field wavenumber spectrum – all for a converging
nozzle. The wavepacket model near-field spectra are calculated using equation 51 and the
corresponding Gaussian parameters generated in the database. It is clear that the wavepacket
model wavenumber spectra correspond well with the Gaussian fits from the experimental data.
It is this part of the predictions that is of particular importance, because the accuracy of the
predicted near-field spectra in comparison to the experimental data shows that the wavepacket
model can make accurate jet noise predictions. It also shows that the methods used to generate
the database are sufficient to make predictions. From figures 3.9, 3.10, and 3.11, it is evident
that the peak amplitude, peak wavenumber, and width-term are not all identical between the
fitted Gaussian and the wavepacket at all Strouhal numbers. There is a tendency for the peak
amplitude of the wavepacket near-field spectrum to be lower than that of the Gaussian fit at
Strouhal numbers where there is no resolved peak, and the wavenumber spectra without
resolved peaks all occur at and below a Strouhal number of 0.1. Regardless, the deficit is small
and does not have a significant effect on the far-field predictions. At Strouhal numbers with a
resolved peak, the wavepacket-model peak amplitude is in close agreement with the fitted
Gaussian peak amplitude. The accuracy of this term determines the accuracy of the far-field
amplitudes at each respective Strouhal number. At all Strouhal numbers but 0.15, 0.1, and 0.09,
the peak wavenumbers of both near-field spectra are almost exactly equal to each other. The
accuracy of the peak wavenumber determines the accuracy of the far-field predictions at each
respective Strouhal number. The most obvious inconsistency between the wavepacket model
and experimental wavenumber spectra is the rate of change of the slope. This is controlled by
the width-term, so it is clear that the width-term could be more precise; however, it will become
evident that the current precision of the width-term is adequate to make reliable far-field
predictions.
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Figure 3.9. Comparison of near-field wavenumber spectra between wavepacket model and
Gaussian-fitted experimental data. NPR = 1.69, NTR = 2.2, St = 0.06. Black curve: Gaussian
fit of experimental near-field spectrum; Red-dashed curve: Wavepacket near-field spectrum.
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Figure 3.10. Comparison of near-field wavenumber spectra between wavepacket model and
Gaussian-fitted experimental data. NPR = 1.69, NTR = 2.2, St = 0.1. Black curve: Gaussian fit
of experimental near-field spectrum; Red-dashed curve: Wavepacket near-field spectrum.
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Figure 3.11. Comparison of near-field wavenumber spectra between wavepacket model and
Gaussian-fitted experimental data. NPR = 1.69, NTR = 2.2, St = 0.4. Black curve: Gaussian fit
of experimental near-field spectrum; Red-dashed curve: Wavepacket near-field spectrum.
Figures 3.12, 3.13, and 3.14 show far-field jet noise predictions fitted with the LSS
spectrum at various angles. The predictions closely resemble the shape of the LSS spectrum,
providing further confirmation that it is possible to make accurate far-field predictions using
the wavepacket model. The LSS spectrum fits the data so well that a more broadband spectrum
can be precisely extrapolated from the predictions. Comparison of figures 3.12, 3.13, and 3.14
shows there is an appropriate shift in peak Strouhal number and amplitude with increasing
angle from the downstream axis. In figure 3.12, it should be noted that the maximum amplitude
of the predicted far-field is slightly less than the maximum amplitude of the LSS spectrum.
This is due to the lack of resolution in the predicted data, and it should be assumed that the
peaks of both spectra would be much closer if the resolution of the predicted data were much
greater. Regardless, the difference between the peaks is generally within one decibel in all
cases.
53

Figure 3.12. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 1.69, NTR = 2.2, θ = 15˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
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Figure 3.13. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 1.69, NTR = 2.2, θ = 30˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
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Figure 3.14. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 1.69, NTR = 2.2, θ = 40˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
The operating conditions used to generate the predictions found in figures 3.9 through 3.14
were chosen because they provide a means to directly compare the wavepacket model
predictions with the experimental data found in the SHJAR experiment database. Ideally, the
experimental spectra should agree with the predicted jet noise and fitted LSS spectra in
frequency and amplitude, as the conditions under which the experimental spectra were
obtained are well described by the prediction parameters. Figures 3.15, 3.16, and 3.17 show a
comparison of the predictions and experimental data at the same operating conditions for a
converging nozzle with a two inch exit diameter and supersonic jet exit velocity.
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Figure 3.15. Comparison between far-field wavepacket-model jet noise prediction with fitted
LSS spectrum and experimental far-field jet noise. NPR = 1.69, NTR = 2.2, θ = 15˚. Blackdotted curve: Prediction; Red-dashed curve: LSS spectrum; Blue curve: Experimental data.
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Figure 3.16 Comparison between far-field wavepacket-model jet noise prediction with fitted
LSS spectrum and experimental far-field jet noise. NPR = 1.69, NTR = 2.2, θ = 30˚. Blackdotted curve: Prediction; Red-dashed curve: LSS spectrum; Blue curve: Experimental data.
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Figure 3.17. Comparison between far-field wavepacket-model jet noise prediction with fitted
LSS spectrum and experimental far-field jet noise. NPR = 1.69, NTR = 2.2, θ = 40˚. Blackdotted curve: Prediction; Red-dashed curve: LSS spectrum; Blue curve: Experimental Data.
From these comparisons, it is clear that both the frequency and amplitude components of the
predictions are accurate. The location of the peaks correlate well with each other at each
respective Strouhal number. Table 3.1 shows a comparison between the peak Strouhal numbers
and corresponding amplitudes for the experimental spectra and predicted spectra at each angle.
It should be noted that due to the noisy and jagged nature of the experimental data, the peak
Strouhal number of the experiment is picked based on where the LSS spectrum would best
characterize the entire spectrum of the experimental data. The difference in Strouhal number
and amplitude between the predictions and experimental data is low in all cases, with the
exception of the 15˚ and 45˚ observer angles. The experimental peak Strouhal numbers are
slightly lower than the predicted peak Strouhal number at both angles. At the 15˚ observer
angle, the amplitudes are slightly over-predicted; however, the error at the peak Strouhal
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number is within a single decibel, and the greatest difference in amplitude near the peak
Strouhal number is within three decibels. At the 45˚ observer angle, the peak amplitude is
under-predicted by nearly two decibels, and at all Strouhal numbers the predictions give lower
amplitudes than those of the experimental data. Additionally, when comparing the amplitudes
given by the LSS fit to the predictions and the experimental data, it is observed that there is a
larger difference in amplitude at higher Strouhal numbers than exists at lower Strouhal
numbers. That said, it should be noted that at 45˚ from the downstream axis, the FSS spectrum
would contribute to the total spectrum at these operating conditions. The FSS spectrum
contribution is greater at higher Strouhal numbers than near the peak Strouhal number due to
the low amplitude of the FSS spectrum. This means that the under-predicted large-scale
component is not severely inaccurate, especially at higher Strouhal numbers due to the
contribution of the FSS spectrum. In fact, the predictions are likely within a single decibel of
the experimental data at higher Strouhal numbers, and at lower and mid-ranged Strouhal
numbers, the amplitude difference is generally under two decibels.
Table 3.1. Comparison between the peak Strouhal number and corresponding amplitude of
the far-field wavepacket-model jet noise prediction and experimental far-field jet noise.
Angle from
Downstream
Axis (degrees)
15
20
25
30
35
40
45

Peak Strouhal Number
LSS
0.119
0.132
0.147
0.166
0.187
0.204
0.218

Experiment Difference
0.108
0.011
0.137
0.005
0.152
0.004
0.176
0.009
0.191
0.004
0.194
0.010
0.206
0.013

Corresponding Power Spectra Density
(dB re: 20 μPa/unit St)
LSS
Experiment
Difference
120
119
1
121
121
0
122
120
1
122
122
0
121
120
0
118
118
0
114
116
2

At 25˚, 30˚, and 35˚ observer angles, there is noticeable deviation in amplitude at lower
Strouhal numbers whereas at other Strouhal numbers there is little difference between the
predictions and the experimental data. This is due to the shape of the LSS spectrum, on which
the database of the predictions were based. The highest priority of the predictions is to predict
the peak noise of the jet correctly, and using the LSS spectrum as a basis for the predictions
means that the predictions will be most accurate near the peak Strouhal number and at higher
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Strouhal numbers at most angles. In spite of this difference in values, comparison of the
predictions and experimental data at various other operating conditions showed that the
predictions are well suited to make an accurate assessment of supersonic jet noise.
Figures 3.18, 3.19, and 3.20 show the far-field jet noise spectra predictions made for a
nozzle pressure ratio and nozzle temperature ratio of 2.5 and a jet exit velocity of 1,860 ft/s.
The observer distance and nozzle geometry are the same as for the previous predictions. The
time taken to run this set of predictions using the same computer and computational parameters
as the previous prediction was approximately three seconds. The time taken to run all cases
attempted at the time this thesis was written was also approximately three seconds. This case
was chosen because it is unique in that there are no experimental cases in the SHJAR database
with a nozzle pressure ratio and nozzle temperature ratio of 2.5. Therefore, this displays the
program’s ability to make truly new predictions. From these figures, a greater deviation of the
predictions from the shape of the LSS spectrum is observed. More specifically, this deviation
occurs at angles closer to the jet downstream axis. At 40 degrees, almost no deviation, beyond
that due to the discrete nature of the predictions, is observed. With this in mind, the deviations
from the LSS spectrum in this set of predictions are so small they can be considered negligible
and the LSS spectrum still provides an accurate tool for improving the resolution and
extrapolating a more broadband set of data from the predictions.
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Figure 3.18. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 2.5, NTR = 2.5, θ = 15˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
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Figure 3.19. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 2.5, NTR = 2.5, θ = 30˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
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Figure 3.20. Far-field prediction of near-field radiated instability wave pressure fluctuations
using a wave-packet model with fitted LSS spectrum. NPR = 2.5, NTR = 2.5, θ = 40˚. Blackdotted curve: Prediction; Red curve: LSS spectrum.
In this chapter, the results of the prediction program were discussed for different operating
condition combinations. The trends of Gaussian parameters as a function of Strouhal number
were discussed, and so were the trends of the Gaussian parameters as separate functions of
nozzle temperature ratio and nozzle pressure ratio. The evolution of the wavepacket as a
function of Strouhal number and downstream distance was evaluated. Predictions were then
made for certain operating conditions in the near-field and far-field, and the near-field
wavenumber spectrum from the wavepacket model and the experimental Gaussian fits were
compared to determine the compatibility of the wavepacket program with the model used to
create the database. The far-field predictions were shown alone and were then compared with
experimental far-field measurements comparable to the predictions. The computational cost of
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the program was then detailed. In the next chapter, conclusions are drawn from these results,
and suggestions for future work are proposed.
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4. Conclusions
This chapter provides an overview of the research detailed in this thesis. A summary of this
work is discussed, considering the effectiveness of the prediction program and wavepacket
model. Following this, comments on possible future work are given to provide some direction
for any research continuing the body of work found in this thesis.

4.1 Summary
The goal of this work has been to establish a proof of concept regarding the potential of a
wavepacket model to predict supersonic jet noise using a computationally inexpensive method.
Using far-field jet noise spectra obtained by Brown and Bridges[5] from circular converging
nozzles producing under-expanded jets, near-field Gaussian wavepackets were extracted using
the procedure found in Morris[4]. This data corresponds to nozzle temperature ratios of
approximately 2.20 and 3.19, separately, at varying nozzle pressure ratios. Only supersonic
data was considered in all analyses. A large database was generated consisting of peak
amplitudes, peak wavenumbers, and width-terms of the near-field wavenumber spectra for all
combinations of nozzle pressure ratio and nozzle temperature ratio. Using a wavepacket model,
a far-field jet noise prediction program was developed that uses the parameters from the large
database corresponding to the input operating conditions.
Through the analysis of the wavepacket model, the wavepacket envelope length scale was
shown to decrease with increasing Strouhal number, indicating that the lower frequency noise
is produced at the jet surface over a longer axial distance than the higher frequency noise. This
is due to the fact that the lower frequency noise is related to the large-scale turbulent structures
radiated by the jet and the higher frequency noise associated with the fine-scale turbulence
does not radiate as efficiently, as explained by the wavy-wall analogy. Using the wavepacket
model to generate far-field predictions, it was found that all predicted far-field spectra were in
close agreement with the large-scale similarity spectrum at all frequencies within the prediction
limit. Where the predicted spectrum departed from the LSS spectrum, the difference was within
two decibels; however, at most combinations of operating conditions, the difference between
the two spectra is within one decibel. When the predicted spectra do differ from the LSS
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spectrum, the greatest discrepancies occur at the lowest and highest frequencies of the
predicted spectra. The fact that the predicted spectra align with the LSS spectrum so well
implies that the predictions are representative of the turbulent mixing noise produced by the
large-scale turbulence that is dominant at the angles close to the downstream axis. This is to
be expected since the database used as a foundation for the predictions was based on the largescale turbulent structure contributions. But this result gives further confirmation that the
wavepacket mathematical model does indeed represent the jet noise source mechanism
correctly. In scrutinizing the predictions for accuracy, the predictions with the fitted LSS
spectrum were compared to experimental data at similar operating conditions. Comparisons
between several different predictions and their corresponding SHJAR experimental
counterparts, in both the near-field and far-field, shows that the predicted far-field spectra
match up with experimental far-field spectra at equivalent operating conditions. This
observation provides validation that the prediction program is feasible for practical
applications, and that predictions that could not be compared with experimental data are likely
to be as accurate as the compared predictions. This means the method used to interpolate the
Gaussian parameters generated in the large database is sufficient in order to make accurate jet
noise predictions. The overall runtime of the prediction program is significantly less than that
of other computational fluid dynamics simulations and other low-cost methods of jet noise
prediction. If accompanying plots are requested by the user, the program takes on the order of
four seconds to produce near-field and far-field prediction data with included figures.
Additionally, the automated process of fitting the LSS spectrum to the predicted data is
included in this time.

4.2 Future Work
Using the wavepacket model as the basis of the prediction program provides promising results
in gaining a truly fast and low-cost method to calculate supersonic jet noise. However, there
are improvements that can be made to the current method. Increasing the range of nozzle
pressure and temperature ratios included in the database would allow a wider range of jet
conditions to be predicted for. In order to accomplish this using the current method of database
generation, additional supersonic jet noise experiments would need to be analyzed or
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performed. Preferably, the jet noise data would be found at fixed nozzle temperature ratios for
various nozzle pressure ratios, as there are clear trends when comparing supersonic jets at these
operating condition settings. These experiments should also include supersonic jet noise data
for additional nozzle types and geometries, as the current capabilities of the program are
restricted to a single type of converging nozzle with fixed geometry. Given the prevalence of
converging-diverging nozzles, it should be a priority to include these nozzles in the database.
Improving the optimization scheme created to fit the LSS and FSS spectra to the experimental
data, mentioned in chapter two, would dramatically cut the time needed to develop the
improved database using the new experimental data. It is definitely worth pursuing a working
version of this optimization if this database is to be expanded using the methods described in
this work. Additionally, the range and resolution of Strouhal numbers used in the database and
noise calculations would provide a more broadband set of predictions without needing to fit
the LSS spectrum to the predictions for improved resolution and range. The current
mathematical model assumes a cylindrical surface around the jet. Moving forward, more
accurate results might be obtained by assuming a conical surface around the jet as this is more
in accordance with the actual variation of the jet flow with downstream distance. Finally, the
use of far-field power spectral density means that phase information is not available. This
makes it impossible to determine the value of 𝑧 , the location of the peak amplitude of the
wavepacket. This could be overcome if the measurements included cross-spectra in addition
to the power spectra.
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Appendix: Program Script
Below is the MATLAB script for the prediction program. Additional files are needed to
run the program, such as the Gaussian parameter database, several functions, and other tables
and files.
clear all
close all
TestNum = 1571;
PlotGaussParam = 0;
% if = 1, then plot Gaussian Parameters
A, b, and c;
otherwise, don't plot Gaussian Params
PlotPSDvAngle = 0;
% if = 1, plot PSD vs Angle data;
otherwise, don't plot PSD vs Angle data.
PlotPrediction = 1;
% if = 1, plot predictions;
otherwise, don't plot predictions.
ExpCompare = 1;
% if = 1, compare experiments and
predictions w/ plots; otherwise, don't
Subplots = 0;
% if = 0, don't plot convenient
subplots;
otherwise, do plot convenient subplots
savefigs = 0;
% request operating conditions
prompt1 = {'Enter NPR between 1.69 and 3.49',...
'Enter TTR between 2.20 and 3.19'};
dlg_title = ' ';
num_lines = 1;
inputparams1 = inputdlg(prompt1,dlg_title,num_lines); % creates a
pop-up box where users enter the values asked for
input_NPR = str2double(inputparams1{1});
% pull nozzle pressure
ratio from answer cell
input_NTR = str2double(inputparams1{2}); % pull nozzle total
temperature ratio from answer cell
if isnan(input_NPR) || isnan(input_NPR)
error('NPR and NTR must be defined by the user')
end
%% Write optimization scheme that finds smallest difference between
user inputs and existing values in database
tic
load(fullfile('[INSERT FILE PATH HERE]’,'SHJARCaseDatabase.mat'))
load(fullfile('[INSERT FILE PATH
HERE]','OperatingConditionsDatabase.mat'))
% Workspace variable 'Database' contains the following for all
cases:
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% -----------------------------------------------------------------------% Row 1 - SHJAR test number
% Row 2 - Nozzle type represented by nozzle code
% Row 3 - Design Mach number
% Row 4 - Nozzle pressure ratio
% Row 5 - Nozzle total temperature ratio
% Row 6 - Jet velocity
% Row 7 - guassian fit parameters (A, b, and c) at Strouhal numbers
of 0.02,
% 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.15, 0.2, 0.3, and
0.4
% Row 8 - Near-field Gaussian Spectrum, (:,1)=wavenumber,
(:,2)=amplitude
% Row 9 - Gaussian parameters (wavepacket model A and c)
% Workspace variable 'OpConDatabase' contains the following for all
cases:
% -----------------------------------------------------------------------% Field 1 - Gaussian Amplitude
% Field 2 - Gaussian Centerpoint
% Field 3 - Gaussian Width-related Term
% %
% Within each field are 13 other fields containing the the magnitude
of the
% amplitude, centerpoint, or width-related term for all NPR and NTR
% combination for every Strouhal number included in the Database.
% %
%% Define operating conditions from input NPR and NTR
NPR = round(input_NPR,2);
NTR = round(input_NTR,2);
if NPR < 1.69 || NPR > 3.49
error('NPR must be a value between 1.69 and 3.49')
end
if NTR < 2.2 || NTR > 3.19
error('TTR must be a value between 2.2 and 3.49')
end
NPRsort = round(1.69:0.01:3.49,2);
NTRsort = round(2.20:0.01:3.19,2);
[~,NPRidx] = find(NPRsort == NPR);
[~,NTRidx] = find(NTRsort == NTR);
gamma = 1.4;
% Specific heat ratio
Tamb = 500;
% Ambient temperature in Rankine
Ttot = NTR*Tamb;
% Total Temperature in Rankine
Pamb = 14.7;
% Ambient Pressure in psi (lbf) =
bar/atmospheric pressure
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Pamb = Pamb*144;
% convert to psf
Pj = Pamb;
% Nozzle exit pressure = Ambient pressure
Ptot = NPR*Pamb;
% total pressure in psf
Rgas = 1717; % Gas Constant (ft*lbf)/(slug*Rankine)
[http://www.engineeringtoolbox.com/individual-universal-gasconstant-d_588.html]
C0 = sqrt(gamma*Rgas*Tamb); % Ambient speed of sound
%% Calculate missing values using isentropic flow equations
Mj = (sqrt(2)*sqrt(Ptot*((Pj/Ptot)^(1/gamma))-Pj))/sqrt(gamma*PjPj); % solve for Mj using isentropic pressure relation
Tj = Ttot*((1+(((gamma-1)/2)*(Mj^2)))^(-1));
% Nozzle exit jet
temperature (Rankine)
Cj = sqrt(gamma*Rgas*Tj); % Speed of sound at exit of nozzle in jet
Uj = Cj*Mj; % calculated jet velocity
rhoj = gamma*Pj/(Cj^2);% Jet exit density (slugs/ft^3) (Pamb == Pj)
%% Temporarily Force Certain Values
Dj = 2/12; % 2 inch nozzle diameter converted to feet (THIS CAN BE
CHANGED BY THE USER)
a = 2/12;
% source radius (ft)
r = 100*Dj; % radial distance from source (ft) (THIS CAN BE CHANGED
BY THE USER)
stNum = [0.02, 0.03, 0.04, 0.05, 0.06, 0.07,...
0.08, 0.09, 0.1, 0.15, 0.2, 0.3, 0.4]; % list of strouhal
numbers used
stString = {'st02' 'st03' 'st04' 'st05' 'st06'...
'st07' 'st08' 'st09' 'st1' 'st15' 'st2' 'st3' 'st4'}; % string
of strouhal numbers for structure looping
st2Hz = stNum*Uj/Dj;
% strouhal numbers converted to frequencies
(Hz)
omega = 2*pi*st2Hz;
% Hz to rad/s
%% READ THIS SECTION
theta = fliplr(15:5:130);
A = zeros(length(omega),1);
b = zeros(length(omega),1);
c = zeros(length(omega),1);
for jj = 1:length(omega)
A(jj) = OpConDatabase.Amplitude.(stString{jj})(NPRidx,NTRidx);
% extract amplitude from OpConDatabase
b(jj) =
OpConDatabase.PeakWavenumber.(stString{jj})(NPRidx,NTRidx); %
extract alpha (peak wavenumber) from OpConDatabase
c(jj) = OpConDatabase.Width.(stString{jj})(NPRidx,NTRidx); %
extract width-related term from OpConDatabase and multiply by 2
because the fit function had a factor of 2 missing before the width
variable
end
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H = zeros(length(omega),length(theta));
Fkabssq = zeros(length(omega),length(theta));
FFSpectrum = zeros(length(omega),length(theta));
k0 = zeros(length(omega),length(theta));
TestNumArray = Database(1,:);
TestNumArray = cell2mat(TestNumArray);
[~,TestNumIdx] = find(TestNumArray == TestNum);
for jj = 1:length(omega)
% far-field predictions
for ii = 1:length(theta)
k0(jj,ii) = omega(jj)*cosd(theta(ii))/C0;
H(jj,ii) = besselh(0,1,(omega(jj)*a*sind(theta(ii))/C0)); %
Hankel function (correction factor);
Acorr(jj) = A(jj)*Dj;
% corrected amplitude to account for
1/Dj factor in NF wavepacket wavenumber spectrum
Fkabsmod(jj,ii) = (Acorr(jj)/Dj)*exp(-((b(jj)k0(jj,ii))^2)/(4*(c(jj)/2)^2)); % Correct Fkabs
Fkabssq(jj,ii) = Fkabsmod(jj,ii).^2;
corr = 1/(2*pi);
% Amplitude correction factor for farfield calculation
FFSpectrum(jj,ii) =
corr*(4*rhoj^2*Uj^3*Dj^3/(r^2))*(Fkabssq(jj,ii)./(abs(H(jj,ii)).^2))
;
% "Correct" FFspectrum
end
end
%% Plot PSD vs Angle to check the Wavepacket Model prediction
if PlotPSDvAngle == 1
for jj = 1:length(omega)
figure()
plot(theta,FFSpectrum(jj,:),'-o')
title(sprintf('LSS Spectral Density vs. Polar Angle\n St =
%.2f',stNum(jj)))
xlabel('Polar Angle, \theta')
ylabel('PSD (Pa^2/Hz)')
grid on; grid minor;
end
end
if ExpCompare == 1
for jj = 1:length(omega)
k(jj,:) = linspace(0,(omega(jj)/C0),length(theta));
figure()
plot(k(jj,:),Fkabsmod(jj,:),'--r'); hold on
plot(Database{8,TestNumIdx}.(stString{jj})(:,1),Database{8,TestNumId
x}.(stString{jj})(:,2),'k'); hold off
xlabel('Wavenumber')
ylabel('Wavenumber Amplitude')
grid on; grid minor;
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end
end
%% Convert Pa^2/Hz to dB (re: Pa^2/unit St)
pref = 2e-5;
fchar = Uj/Dj;
FFSpectrum_dBHz = 10*log10(FFSpectrum/(pref^2));
FFSpectrum_dBSt = FFSpectrum_dBHz+10*log10(fchar);
LSSv1 = importdata('LSS xyscan data v1.txt');
% load in LSS curve
LSSx = LSSv1(:,1); LSSy = LSSv1(:,2);
% break x and y LSS vectors
into separate variables
%% Optimization
plotlimyMax = max(max(FFSpectrum_dBSt))+5; % set plot limits based
on maximum of largest set of data
plotlimyMin = max(max(FFSpectrum_dBSt))-45; % force plot limits to
fall within a range of 50 units
x1 = [-0.7; 3];
bestDeltaLSS = zeros(length(x1),6); % preallocate
Lxfit = zeros(length(LSSx),6);
% preallocate
Lyfit = zeros(length(LSSy),6);
% preallocate
prediction = zeros(length(omega),6);
for ii = 18:24 % Plot predictions
funLSS =
@(x)diffCalcLSSpredict(LSSx,LSSy,FFSpectrum_dBSt(:,ii),x); % anon
func handle for diff calc on LSS
lb1 = []; % lower limits on where optimization can test fitting
LSS
ub1 = []; % upper limits on where optimization can test fitting
LSS
options = optimoptions(@lsqnonlin,'MaxFunEvals',5000,...
'MaxIter',5000,'TolFun',1e-50); % extend optimization limits
bestDeltaLSS(:,ii) = lsqnonlin(funLSS,x1,lb1,ub1,options);% find
best optimization values for LSS fitting
x1 = bestDeltaLSS(:,ii);
Lxfit(:,ii) = LSSx*10^bestDeltaLSS(1,ii); Lyfit(:,ii) =
LSSy+bestDeltaLSS(2,ii);
% translated LSS x and y vectors
prediction(:,ii) = FFSpectrum_dBSt(:,ii).';
if PlotPrediction == 1
figure('Name',sprintf('%d Degrees from Downstream
Axis',theta(ii)),'NumberTitle','off');
% Plot LSS curve over
actual data for total spectrum
semilogx(Lxfit(:,ii),Lyfit(:,ii),'-g'); hold on
semilogx(stNum,prediction(:,ii),'k'); hold off
ylabel('PSD, dB (re 20 \muPa/unit St)')
xlabel('Strouhal Number')
grid on;
grid minor
xlim([10^-2,10]); ylim([plotlimyMin,plotlimyMax]);
if savefigs == 1
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saveas(figure(ii-17+length(stNum)),sprintf('[INSERT FILE
PATH HERE]\\Adjusted Prediction_%ddeg_NPR=1.69,
NTR=2.2.jpg',theta(ii)));
end
end
end
toc
if ExpCompare == 1
Pstruct = load(sprintf('TestNumber=%d.mat',TestNum));
filename = sprintf('D210_%d.dat',TestNum);
% name of data
file to be imported
S = importdata(filename);
%
% The above is a structure with data (Strouhal Number, 1/3 Octave
Band,
% Polar Angle, and PSD) and text from NASA's SHJAR database
%
cts = struct2cell(S); % cell to structure
cts1 = cts(1,1);
% cell array with just data, no text
M = cell2mat(cts1);
% cell to matrix for data portion
idx = find(M(:,1)==0);% find where new polar angle begins
S.data(S.data<0) = NaN;% prevent discontinuities and negative
numbers
%% Data Structure
strAngle = {'p130' 'p125' 'p120' 'p115' 'p110' 'p105' 'p100'
'p95' 'p90' 'p85'...
'p80' 'p75' 'p70' 'p65' 'p60' 'p55' 'p50' 'p45' 'p40'...
'p35' 'p30' 'p25' 'p20' 'p15'};
angles = zeros(length(idx),1);
for m = 1:length(idx)
if m == length(idx)
Data.(strAngle{m}).strouhal = S.data(idx(m):end,1);
Structure field of strouhal numbers at all angles
Data.(strAngle{m}).thirdOct = S.data(idx(m):end,2);
Structure field of 1/3-octave bands at all angles
Data.(strAngle{m}).psd = S.data(idx(m):end,4);
%
Structure field of power spectral density at all angles
angles(m) = 180 - S.data(idx(m),3);
% array of all
angles used
else
Data.(strAngle{m}).strouhal = S.data(idx(m):idx(m+1)1,1);
% Structure field of strouhal numbers at all angles
Data.(strAngle{m}).thirdOct = S.data(idx(m):idx(m+1)1,2);
% Structure field of 1/3-octave bands at all angles
Data.(strAngle{m}).psd = S.data(idx(m):idx(m+1)-1,4);
% Structure field of power spectral density at all angles
angles(m) = 180 - S.data(idx(m),3);
% array of all
angles used
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%
%

end
end
%% Plots at all angles
% below are individual plots of different sets of data at different
polar
% angles
plotlimyMax = max(Data.p15.psd)+5; % set plot limits based on
maximum of largest set of data
plotlimyMin = max(Data.p15.psd)-45; % force plot limits to fall
within a range of 50 units
for ii = 18:24
idx3 = ii-17;
% make loop variable that starts at 1
LxExp(:,ii) = LSSx*10^Pstruct.Translation.(strAngle{ii}).k;
LyExp(:,ii) = LSSy+Pstruct.Translation.(strAngle{ii}).l;
% translated LSS x and y vectors from experimental data
ExpSt(:,ii) = Data.(strAngle{ii}).strouhal;
ExpPSD(:,ii) = Data.(strAngle{ii}).psd;
[pkAmpLSS(idx3),pkStLSSidx(idx3)] = max(Lyfit(:,ii));
pkStLSS(idx3) = Lxfit(pkStLSSidx(idx3),ii);
end
for ii = 18:24
figure('Name',sprintf('%d Deg
Comparison',theta(ii)),'NumberTitle','off');
% Plot LSS curve
over actual data for total spectrum
semilogx(Lxfit(:,ii),Lyfit(:,ii),'--g'); hold on
semilogx(stNum,prediction(:,ii),'k')
semilogx(ExpSt(:,ii),ExpPSD(:,ii),'b'); hold off
ylabel('PSD, dB (re 20 \muPa/unit St)')
xlabel('Strouhal Number')
xlim([10^(-2),10]);
ylim([plotlimyMin,plotlimyMax])
grid on; grid minor
end
end
toc
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