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ABSTRACT

A large amount of unwanted water and gas production from upward or downward
coning can significantly erode profits in oil recovery processes. Simulation estimates of the
magnitude and timing of coning can be erroneous owing to unknown reservoir
heterogeneity, large grid blocks near the wells, and inaccuracies in simulation well models,
such as that from Peaceman. This may lead to a failure to accurately calculate the critical
oil rate in a given case. Thus, a good understanding of coning behavior is required for an
effective water and gas control. An improved analytical water and gas control solution
helps facilitate the computation of the critical rate and avoidance of unwanted water and
gas. The solution may lead to a significant reduction in operating cost during oil production.
This thesis presents a multi-well steady-state analytical solution for coning of three
phases (water, oil, and gas) flowing simultaneously. The solution for multiple wells is
developed using the principle of superposition with a potential function that includes
capillary pressure and relative permeability. The assumption of vertical equilibrium (VE)
is made, which gives maximum vertical crossflow and therefore the largest possible coning.
Any model for relative permeability and capillary pressure can be used, although we used
Stone 2 for relative permeability and Brooks-Corey for capillary pressure. We give
dimensionless inflow performance windows (IPW) to show the allowable physical window
of three-phase rates and the maximum oil rate as a function of the water and the total well
flow rate. The new potential functions are also used to demonstrate superposition for
several well patterns with no-flow boundaries. Besides estimating critical oil rates, the
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solution could be important to benchmark numerical solutions and improve the accuracy
of Peaceman’s well model.
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Chapter 1
INTRODUCTION

1.1 Description of the Problem
A large of amount of unwanted water or gas production from upward or downward
coning can significantly erode profits in oil recovery processes. Simulation estimates of the
magnitude and timing of coning can be erroneous owing to unknown reservoir
heterogeneity, large grid blocks near the wells, and inaccuracies in simulation well models,
such as that from Peaceman. Especially, the use of coarsely-gridded reservoir and/or
Peaceman’s well model can result in a significant error in estimates of coning and critical
rates. Ideally, finely-gridded reservoir would be the solution to precisely capture the coning
behavior, however, in that case, computational cost becomes an issue. Thus, it is necessary
to keep a balance between the accuracy and the computational cost.
Coning behavior is a concern in the petroleum industry and thus there have been
many studies to precisely describe the coning behavior near the wellbore region with an
analytical solution. Recently, there have been several notable papers that have presented
analytical solutions in a dimensionless “Dupuit form.” Existing analytical coning solutions
in a “Dupuit form” include simultaneous two-phase flow for any number of wells with
Vertical Equilibrium (VE) and steady-state assumed. There has been an attempt to extend
the solution to simultaneous three-phase flow, but only for a single well case without
considering capillary pressure. Hence, analytical solutions for coning under simultaneous
steady-state flow of three phases for any number of wells is desired.
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1.2 Research Objectives
In this thesis, we extend the existing steady-state analytical solution for coning of
three phases (water, oil, and gas) flowing simultaneously with any number of wells. The
solution for multiple wells is developed using the principle of superposition with a potential
function where arbitrary capillary pressure and relative permeability models can be
included. Any model for relative permeability and capillary pressure can be used, although
here we used Stone 2 for relative permeability and Brooks-Corey for capillary pressure.
The assumption of vertical equilibrium (VE) is made, which gives the maximum vertical
crossflow and therefore the largest possible coning. Based on the assumptions, the model
becomes simple and intuitive: it will help both to precisely describe the coning behavior
and considerably reduce the computational cost. The research objectives of the thesis are
as follows:
1. to extend the existing analytical coning solutions for multiple wells from
simultaneous flow of two phases to three phases. Furthermore, the solution
should allow arbitrary capillary pressure and relative permeability models.
2. to investigate the sensitivity of key parameters that impact coning behavior.
3. to develop dimensionless inflow performance windows (IPW) that show the
allowable physical window of three-phase rates and the maximum oil rate
as a function of the water and the total well flow rate.
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4. to allow the solution to be independent of the grid block size so that it can
benchmark numerical solutions and potentially improve the accuracy of
Peaceman’s well model.

1.3 Outline of the Thesis
The thesis consists of five chapters and the organization is as follows: Chapter 2
first gives the literature review on the thesis. The methodology of the analytical coning
solution is introduced in Chapter 3. Chapter 4 shows the results for the single well case and
Chapter 5 shows the results for the multiple well cases. Last, summary and conclusions of
the thesis are drawn with the achievements given in Chapter 6. Recommendations for
future research is suggested in Chapter 6 as well.
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Chapter 2
LITERATURE REVIEW
This chapter provides a background on the literature review related to the topic of this
thesis: 1) Error near-wellbore, 2) Vertical Equilibrium (VE), and 3) Analytical coning
solutions.

2.1 Errors Near-Wellbore
The use of a coarsely-gridded reservoir and/or Peaceman’s well model (1978, 1983)
can result in significant error in estimates of coning and critical rates. In large-scale
reservoir simulation, grid blocks are not finely-gridded, thus it is unlikely to accurately
capture subsurface phenomenon such as coning (Killough and Foster Jr., 1975).
Furthermore, Peaceman (1978) developed a mathematical relationship between wellbore
pressure and well block pressure in a two-dimensional uniform rectangular grid in
homogeneous media with either isotropic or anisotropic permeability. Due to its simplicity,
Peaceman’s equation has been widely used in reservoir simulation. However, there are
some limitations in the model itself which leads to an error while predicting subsurface
behavior. There have been several studies that showed errors resulting from a coarselygridded reservoir and using Peaceman’s well model (Sharma et al., 2011; Leeftink et al.,
2015; Siripatrachai, 2016).
Sharma et al. (2011) showed that the grid block size affects several properties such
as shear rate and injection rate while injecting polymer. Authors then stated that numerical
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simulation of polymer injection rates using Peaceman’s well model and large grid blocks
are not accurate since they cannot capture the effect of high velocity close to injection wells
and numerical dispersion.
Leeftink et. al (2015) highlighted the importance of grid resolution near-wellbore
by showing a significant error of gas injectivity near-wellbore while injecting gas in a
Surfactant Alternating Gas (SAG) process. Authors found that poor grid resolution nearwellbore leads to a massive underestimation of the effect of dry-out, which increases
injectivity in a SAG process and suggests the importance of finely-gridded blocks near the
wellbore region. Furthermore, authors also pointed out that Peaceman equation (1978)
assumes both uniform saturation and Newtonian mobility in the well grid block, which
leads to erroneous results while injecting foam in a SAG process. Poor grid resolution near
the well in numerical simulation leads to less increase in mobility near-wellbore, while the
analytical solution presented by Leeftink et al. (2015) is able to model large mobility
increases.
Siripatrachai (2016) showed the effect of the variation of grid block sizes nearwellbore. Results show that finely-gridded blocks near the wellbore region captures water
saturation and water phase pressure better than coarsely-gridded blocks do, however at the
same time requires additional computational cost.
Peaceman’s model is still widely used today owing to its simplicity and is often the
only option available in many commercial codes (IMEX, 2017; ECLIPSE, 2014). Sharpe
and Ramesh (1992) modified Peaceman's well model to improve modeling of coning,
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however, their assumptions were too restrictive and unphysical since they assumed no
gravity.
Ideally, a finely-gridded reservoir would be the best way to precisely capture the
subsurface. However, in that case, computational cost becomes an issue. Thus, at some
point, it is necessary to keep a balance between precision and computational cost. For this
reason, in this thesis we present an analytical solution, which is unrelated to grid block size.

2.2 Vertical Equilibrium (VE)
Vertical equilibrium (VE) is a condition where all driving forces in the vertical
direction sum to zero, resulting in hydrostatics (capillary-gravity equilibrium) as shown by
Zapata and Lake (1981) and Lake et al. (2014). VE is often mistakenly thought to occur
when flow is zero in the vertical direction. VE, however, implies immediate, infinite
instantaneous flow in the vertical direction, and therefore gives maximum crossflow of
fluids.
Coats et al. (1971) suggest that VE can be easily understood by an analogy with
heat conduction. Consider there is a metal sheet with several feet in length but only quarter
inch in thickness. In this case, two-dimensional heat conduction simulation can be
implemented rather than three-dimensional in terms of thermal equilibrium because of its
small thickness compared to its areal length.
Coats et al. (1967) validated the applicability of the VE assumption when there is a
good vertical communication in a two-phase flow system by comparing two-dimensional
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areal simulation with a three-dimensional numerical simulation. Based on these results, the
authors recommend the use of VE (when applicable) to reduce the computational cost by
an order of magnitude.
Martin (1968) also validated VE and extended the previous work by Coats et al.
(1967) into three-phase flow. In these two studies, in order to simplify the reservoir
simulation into two-dimensional areal simulation, authors have implemented pseudo
functions: pseudo relative permeability and pseudo capillary pressure.
Jacks et al. (1973) point out that pseudo functions cannot account for cases where
flow rates drastically change and hence suggests using a dynamic pseudo function. By
comparison to previous numerical verifications of VE concept, Yortsos (1995)
theoretically proved the validity of VE with different conditions using an asymptotic
analysis.
Lake et al. (2014) has shown the validity of the VE assumption. Assuming steadystate flow in a two-dimension Cartesian coordinates, the mass conservation equation for
phase 𝑗 is written as:
𝜕𝜑𝑗
𝜕𝜑𝑗
∂
𝜕
(𝜆𝑟𝑗
) + 𝑅𝐿2
(𝜆𝑟𝑗
) = 0,
𝜕𝑥𝐷
𝜕𝑥𝐷
𝜕𝑧𝐷
𝜕𝑧𝐷

(1)

where, 𝑅𝐿 is a dimensionless scaling group called effective aspect ratio which is defined
by:
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𝑅𝐿 =

𝐿 𝑘𝑧
√ .
ℎ 𝑘𝑥

(2)

𝑅𝐿 can be understood as a ratio of characteristic time for fluid to move in the
horizontal direction to that in the vertical direction (Lake et al., 2015). Thus, large 𝑅𝐿
means that it takes relatively short time to move in the vertical direction. That is, large 𝑅𝐿
corresponds to very good communication in the vertical direction, while small 𝑅𝐿 to little
communication in the vertical direction. Coning is less likely to occur for small 𝑅𝐿 . Large
𝑅𝐿 occurs in cases with:
1) large hydraulic radius of influence (𝐿);
2) small reservoir thickness (ℎ);
3) large vertical permeability (𝑘𝑧 ); and,
4) small horizontal permeability (𝑘𝑥 ).
Figure 2.1 shows the schematic reservoir and the concept of 𝑅𝐿 . When 𝑅𝐿 is large,
fluids quickly equilibrate in the vertical direction compared to that in the horizontal
direction (Lake et al., 2014; Coats et al., 1971). Hence, the equation can be decoupled into
two parts:
𝜕𝜑𝑗
∂
(𝜆𝑟𝑗
) = 0,
𝜕𝑥𝐷
𝜕𝑥𝐷
𝑅𝐿2

𝜕𝜑𝑗
𝜕
(𝜆𝑟𝑗
) = 0.
𝜕𝑧𝐷
𝜕𝑧𝐷

8

(3)

(4)

When VE (infinite 𝑅𝐿 ) is assumed and 𝜆𝑟1 ≠ 0, the second equation implies that
the vertical potential gradient of phase 𝑗 is hydrostatic. With capillary and gravity forces
present, we assume the potential is always in capillary-gravity equilibrium. VE assumption
is generally satisfied when 𝑅𝐿 is greater than about 10 (Zapata and Lake, 1981).
One of the advantages of making the VE assumption is that it reduces the dimension
of the model by one (Coats et al., 1967; Martin, 1968; Jacks et al., 1973; Yortsos, 1995),
which can save considerable computational time and allow for development of more
complex analytical solutions.
The VE concept is widely used in petroleum engineering, groundwater
contamination and also in CO2 sequestration. In petroleum engineering, the “Dupuit form”
of the analytical coning solution under VE has been developed through several studies
(Delliste, 1998; Charbeneau et al., 2000; Obigbesan et al., 2001; David and Anim-addo,
2004; Johns et al., 2005; Ansari, 2006; Ansari and Johns, 2013; Phaiboonpalayoi and Johns,
2016). Details of some of these solutions will be introduced in the next section.

2.3 Analytical Coning Solutions
There have been many coning papers, which can be grouped into three categories:
Analytical, numerical and empirical approach. Alikhan and Ali (1985) stated that analytical
solutions provide an estimation of critical oil rate, which refers to a maximum oil rate that
can be produced without any water or gas production. At the same time, authors pointed
out that existing analytical approaches are limited in that they have certain restrictions like
steady-state flow. However, analytical solutions are still useful because they provide
9

simple computation of critical rate and not dependent on the grid block size (Ansari and
Johns, 2013). In addition, the solutions can be used as a benchmark for numerical
simulation (Ansari and Johns, 2013). Coning studies have mainly focused on estimating
critical rate, water breakthrough time and water cut after breakthrough (Kuo and DesBrisay,
1983). In this thesis, we will focus on determination of the critical oil rate.
Dupuit (1863) assumed VE and steady-state between air and water in shallow wells.
The Dupuit equation, however, assumes that only one-phase is being pumped and neglects
capillary pressure and relative permeability.
Muskat and Wyckoff (1935) derived an approximate steady-state solution for twodimensional water coning in an oil reservoir. Authors assumed single phase flow in the
development of the solution. That is, oil is in steady-state flow, water is static and not
produced. Numerous other authors have subsequently examined analytical steady-state
coning solutions for a vertical well (Arthur, 1944; Meyer and Garder, 1954; Chaney et al.,
1956; Chierici et al., 1964; Chappelear and Hirasaki, 1976; Pirson, 1977; Wheatley, 1985;
Piper and Chaperon, 1986; Piper and Gonzalez Jr., 1987; Abass and Bass, 1988; Høyland
et al., 1989; Guo and Lee, 1993; Pietraru and Le Bars, 1996; Gunning et al., 1999; Armenta
and Wojtanowicz, 2002; Siemek and Stopa, 2002; Utama, 2008; Tabatabaei et al., 2012).
Arthur (1944) extended the work of Muskat and Wyckoff (1935) into simultaneous
water and gas coning to dipping and layered beds and presented a trial and error solution
for simultaneous gas and water coning. Authors also developed charts to solve gas and
water coning behavior based on Muskat’s solution. Results show that the distance of the
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well from the static interface of the two fluids is critical, with coning occurring even for
small drawdowns.
Meyer and Garder (1954) presented an analytical solution for critical oil rate in a
three-phase reservoir in a homogeneous formation. Authors assumed radial flow and that
only one phase flows while the other two phases are static.
Chaney et al. (1956) studied three-phase coning based on a potentiometric model
and mathematical analysis. Authors included completions at any depth in a homogeneous
and isotropic reservoir.
Starting from the water and gas coning theory of Muskat and Wyckoff (1935),
Chierici et al. (1964) developed a set of curves using electrical analogy for two types of
problems: 1) Critical oil rate when reservoir and fluid properties are only given and 2)
critical oil rate when reservoir properties, fluid properties and the length and position of
perforated interval are given. Authors assumed that the formation is homogeneous, the
underlying aquifer is very small, and the gas cap expands at a very small rate.
Chappelear and Hirasaki (1976) derived an analytical coning solution using the
VE assumption and segregated flow. Authors also assumed radially symmetric,
homogeneous, anisotropic reservoir with a partially perforated well. Fluids are assumed to
be incompressible.
Pirson (1977) extended Dupuit’s segregated flow solution to account for a third
phase (oil), two of which are static (water and gas). Authors presented a case where oil is
produced from a thin oil column underlaid by bottom water and overlain by gas. Based on
this condition, determination of critical rate was shown with a relation between the depth
11

of the well penetration into the pay thickness and the completion interval. That is, Pirson’s
solution has been used to estimate the maximum oil rate to avoid upward coning of water
and downward coning of gas into the perforated well.
Wheatley (1985) developed a two-phase flow analytical solution for critical rate
where oil flows into a partially penetrating well underlain by water. Fluids are assumed to
be incompressible.
Piper and Chaperon (1986) provided equations to estimate critical rate in horizontal
wells in an anisotropic formation. The critical rate in a vertical well in an anisotropic
formation - including the influence of distance between well and boundary - is also derived.
Coning is more sensitive to anisotropy: critical rate slightly increases while vertical
permeability decreases, but the critical cone elevation does not change significantly. It is
observed that critical cones become closer to horizontal wells than to vertical wells. That
is, critical rate is higher in horizontal wells than in vertical wells, but this advantage lessens
when anisotropy increases. Thus, the critical rate in a horizontal well needs to be estimated
carefully from key parameters.
Piper and Gonzalez Jr. (1987) presented a calculation method for critical rate and
optimum completion interval in an oil reservoir overlain by a gas cap and underlain by an
aquifer. Authors extended the solution of Wheatley (1985), where fluid potential and
critical rate for two-phase flow have been calculated, into three-phase flow. Authors also
showed that previous studies, which neglected the effect of cone rise on fluid potential,
failed to precisely calculate the critical rate.
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Abass and Bass (1988) developed an analytical solution for water coning under
different conditions. Authors calculated the critical rate for steady-state and pseudo steadystate flow in a two-dimensional radial flow system using an averaged pressure concept.
Hoyland et al. (1989) presented practical correlations to predict critical rate for
water coning based on a large number of simulation runs with a general numerical reservoir
model. Results are limited to a well perforated from the top of the formation.
Gunning et al. (1999) proposed an analytical coning solution for dual completion
in order to mitigate water coning in thin oil column reservoirs. The solution has been
compared with a numerical simulation. In addition, authors presented a dimensionless
inflow performance window (IPW), which they call “safety-zones” to show the physical
region where water-free oil can be produced. Furthermore, authors also showed the effect
of heterogeneity to coning.
More recently the analytical approach of Dupuit has been extended to provide more
realistic coning solutions (Delliste, 1998; Charbeneau et al., 2000; Obigbesan et al., 2001;
Johns et al., 2005; Ansari, 2006; Ansari and Johns, 2013; Phaiboonpalayoi and Johns,
2016). Delliste (1998) developed a new dimensionless analytical coning solution in a
“Dupuit form” for simultaneous steady-state flow of two phases from a single vertical well,
including capillary pressure and relative permeability. Authors has also showed a steadystate coning solution for three-phase flow using the Brooks-Corey-Burdine (BCB) model,
however it was not for simultaneous three-phase flow. They allowed only one phase or two
phases to be produced simultaneously. Furthermore, there was a slight error in the
derivation of averaged relative permeability for oil phase using the BCB model in a
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dimensionless form. In addition, for simplicity, author used a simple 𝑘𝑟𝑜 model, which is
suggested by Charbeneau and Chiang (1995). The author has only shown a limiting case
where capillary pressure is neglected. Furthermore, author developed the first
dimensionless inflow performance windows (IPW) for physical operating rates, where the
critical oil rates are given. Author then showed how the window changes after varying
several parameters, respectively. In addition, the author showed that the oil rate could be
substantially increased by increasing the water flow rate and applied this notion to skimmer
pumps in aquifer remediation. The technology has also been applied to Downhole WaterSink (DWS) technology (Swisher and Wojtanowicz, 1995; Swisher and Wojtanowicz,
1996; Shirman and Wojtanowicz, 2000) for the oil field.
Strack (1989) developed a potential function for several cases including a
freshwater pumping well located near a coastal aquifer and used this function to develop a
multi-well solution using the principle of superposition. Obigbesan et al. (2001) developed
an analytical solution that estimates the maximum rate of LNAPL for skimmer-, single-,
dual pump wells. Succeeding the work of Obigbesan et al. (2001), David and Anim-Addo
(2004) extended the existing analytical coning solution from a single well to multiple wells.
For the multi-well solution, David and Anim-Addo (2004) superposed the single well
solution using a potential function.
Ansari and Johns (2013) then expanded the existing dimensionless analytical
coning solution for a single well to allow for multiple wells using superposition of their
derived potential function. The effect of capillary pressure and relative permeability were
included in the potential function. Authors validated their analytical solution against finely-
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gridded reservoir simulation. Comparison shows that when they increased the effective
aspect ratio (𝑅𝐿 ), the result approached the analytical solution, which assumed VE.
Phaiboonpalayoi and Johns (2016) presented a single well coning solution for
simultaneously steady flow of three phases (water, oil, and gas), but did not allow for
capillary pressure or relative permeability in their solution or for multiple wells. Authors
partially introduced the Stone 2 model in a dimensionless form, however, did not include
it into their solution. In addition, authors have not showed the multiple well case for vertical
wells. That is, they have just shown the three-phase analytical coning solution assuming
constant permeability in a single-well without capillary pressure.
In summary, many dimensionless “Dupuit form” of coning solutions for
simultaneous steady-state flow for two phases have been published. Earlier, both singlewell and multi-well cases have been shown for two-phase flow. For BCB model, the
derivation of BCB model for averaged relative permeability has been introduced and
implemented, however without simultaneous three-phase flow (only one-phase or
simultaneous flow of two phases). For the Stone 2 model, the derivation was partially
introduced but was not included into the solution. Additionally, only the single-well case
has been shown. In this thesis, we show the solution using Stone 2 model for averaged
relative permeability. Furthermore, we extend the single-well solution into a multiple well
solution.
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Figure 2.1 Schematic of the reservoir to show the concept of 𝑅𝐿
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Chapter 3
METHODOLOGY

We assume three-phase immiscible flow (water, oil, and gas) as shown in Figure
3.1, with assumptions similar to those made in previous papers (Delliste, 1998; Charbeneau
et al., 2000; Obigbesan et al., 2001; David and Anim-addo, 2004; Johns et al., 2005; Ansari,
2006; Ansari and Johns, 2013; Phaiboonpalayoi and Johns, 2016). That is,
1) there are at most three phases and all fluids are immiscible and incompressible;
2) fluids flow radially towards the vertical wellbore of radius, 𝑟𝑤 , at a constant
volumetric flow rate, 𝑞𝑡 , where 𝑞𝑡 = 𝑞𝑤 + 𝑞𝑜 + 𝑞𝑔 ;
3) fluids are in steady-state and in vertical equilibrium (VE), which leads to maximum
crossflow of fluids in the vertical direction (details of the VE assumption can be
found in Chapter 2);
4) fluid viscosities and densities are constant;
5) 𝜌𝑤 is assumed greater than 𝜌𝑜 and 𝜌𝑜 greater than 𝜌𝑔 ;
6) flow is isothermal;
7) the thickness of the reservoir is constant, ℎ;
8) the reservoir is homogeneous and isotropic;
9) the thickness of each phase is as follows: ℎ𝑤 is from the bottom of the reservoir to
the level where 𝑝𝑐𝑤𝑜 = 0, ℎ𝑜 is from the level where 𝑝𝑐𝑤𝑜 = 0 to the level where
𝑜𝑔

𝑜𝑔

𝑝𝑐 = 0, and ℎ𝑔 is from the level where 𝑝𝑐 = 0 to the top of the reservoir; and,
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10) at distance 𝑟𝑒 , the thickness of each phase is constant and equal to ℎ𝑤𝑒 , ℎ𝑜𝑒 and ℎ𝑔𝑒 ,
respectively.
𝑜𝑔

When capillary pressure is neglected (the Bond numbers 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite),
𝑜𝑔

the elevation at which 𝑝𝑐𝑤𝑜 = 0 is the same as the water-oil contact (WOC), and the 𝑝𝑐 =
𝑜𝑔

0 level corresponds to the gas-oil contact (GOC). Otherwise, the 𝑝𝑐 = 0 level is always
below the GOC and 𝑝𝑐𝑤𝑜 = 0 is always below the elevation of the WOC. Details are shown
in Figure 3.1. The fluid levels in Figure 3.1 are illustrative only and can change
significantly depending on the flow rates and the initial thickness of each phase.

3.1 Single Well Solution for Simultaneous Three-Phase Flow
The radial mass balance equation for phase 𝑗 integrated from the bottom to the top
of the reservoir is:
ℎ

∫ [
0

1 𝑑
(𝑟𝑢𝑗 )] 𝑑𝑧 = 0,
ℎ 𝑑𝑟

where, 𝑢𝑗 is the horizontal Darcy’s flux of phase 𝑗 given by 𝑢𝑗 = −𝜆𝑗

(1)

𝑑𝜑𝑗
𝑑𝑟

. The parameter

𝜆𝑗 is the mobility of phase 𝑗 and 𝜑𝑗 is the flow potential of phase 𝑗. Substitution of Darcy’s
flow equation into Eq. (1) yields:
𝑑𝜑𝑗
1𝑑
[𝑟𝜆𝑗̅ ℎ
] = 0,
𝑟 𝑑𝑟
𝑑𝑟
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(2)

°

𝑘𝑘
1 ℎ
where, 𝜆𝑗̅ is defined as 𝜆𝑗̅ = ℎ ∫0 𝜆𝑗 𝑑𝑧 = 𝜆𝑗° 𝑘̅𝑟𝑗 , and 𝜆𝑗° = 𝜇 𝑟𝑗 . The potential function for
𝑗

each phase, Φ𝑗 , is given by

𝑑Φ𝑗
𝑑𝑟

= 𝑇𝑗

𝑑𝜑𝑗
𝑑𝑟

, where, 𝑇𝑗 is the transmissibility of phase 𝑗 ,

ℎ

defined as 𝑇𝑗 = ∫0 𝜆𝑗 𝑑𝑧 = 𝜆𝑗̅ ℎ. Integration of the potential function yields:

Φ𝑗 = ∫ (𝑇𝑗

𝑑𝜑𝑗
) 𝑑𝑟 + 𝐶,
𝑑𝑟

(3)

where the integration constant is arbitrary. The transmissibility accounts for any relative
permeability and capillary pressure model. Using the potential function, Eq. (2) becomes
the Laplace equation:
1 𝑑 𝑑Φ𝑗
[𝑟
] = 0;
𝑟 𝑑𝑟
𝑑𝑟

∇2 Φ𝑗 = 0.

(4)

The general solution to the Laplace equation for a single well producing at a
constant volumetric rate 𝑞𝑗 is:
Φ𝑗 =

𝑞𝑗
ln 𝑟 + 𝐶.
2𝜋

(5)

For a single well, the constant 𝐶 is determined from a known value within the
reservoir, typically at a large radial distance from the well where ℎ𝑗 = ℎ𝑗𝑒 at 𝑟𝑗 = 𝑟𝑗𝑒 so
𝑞

𝑟

that Eq. (5) becomes Φ𝑗 − Φ𝑗𝑒 = 2𝜋𝑗 ln 𝑟 . Thus, the potential function can be easily
𝑒

determined as a function of radial distance, 𝑟.
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The potential function is also a complicated expression of the phase levels.
Appendix A derives the thickness of each phase with distance, which when substituted into
Eq. (3) gives the potential function in terms of the thickness of phase 𝑗. For simultaneous
three-phase flow, the potential functions for each phase are:

Φ𝑤 =

Φ𝑜 =

𝑞𝑤 ℎ𝑤𝑒
∫
2𝜋 ℎ𝑤

𝑑ℎ𝑤
+ Φ𝑤𝑒 ,
1
𝑞𝑤
𝑞𝑜
Δ𝜌𝑤𝑜 𝑔 (2𝜋𝑇𝑤 − 2𝜋𝑇𝑜 )

𝑞𝑜 ℎ𝑜𝑒
𝑑ℎ𝑜
∫
+ Φ𝑜𝑒 ,
𝑞𝑔
1
𝑞𝑤
2𝜋 ℎ𝑜 ( 1 + 1 ) 𝑞𝑜 − 1
−
Δ𝜌𝑤𝑜 𝑔 Δ𝜌𝑤𝑜 𝑔 2𝜋𝑇𝑜 Δ𝜌𝑜𝑔 𝑔 2𝜋𝑇𝑔 Δ𝜌𝑤𝑜 𝑔 2𝜋𝑇𝑤

Φ𝑔 =

𝑞𝑔 ℎ𝑔𝑒
∫
2𝜋 ℎ𝑔

𝑑ℎ𝑔
+ Φ𝑔𝑒 .
𝑞𝑔
1
𝑞𝑜
Δ𝜌𝑜𝑔 𝑔 (2𝜋𝑇𝑔 − 2𝜋𝑇𝑜 )

(6)

(7)

(8)

The integrals in Eqs. (6) to (8) can be computed to specified accuracy using
numerical integration with any relative permeability or capillary pressure model, although
the Stone 2 relative permeability model (1973) and Brooks-Corey capillary pressure model
(1964) are used in this thesis. For simplified models, Eqs. (6) to (8) can be solved exactly
without numerical integration.
Dimensionless variables are widely used to improve scaling, avoid unit conversions
and to generate type curves (Shook et al., 1992). Scaling groups used for a single well are:
1) dimensionless potential function: Φ𝐷𝑗 = − (2𝜋Φ𝑗 )⁄𝑞𝑡 ;
2) dimensionless radial distance: 𝑟𝐷 = 𝑟⁄𝑟𝑤 and 𝑟𝐷𝑒 = 𝑟𝑒 ⁄𝑟𝑤 ;
3) dimensionless thickness of phase 𝑗 at radius 𝑟𝐷𝑒 : ℎ𝐷𝑗 = ℎ𝑗 ⁄ℎ;
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4) dimensionless flow rate for phase 𝑗: 𝑞𝐷𝑗 = 𝑞𝑗 ⁄𝑞𝑡 ;
𝑜𝑔

5) gravity number: 𝑁𝑏𝑤𝑜 = −(2𝜋ℎ2 𝜆°𝑜 Δ𝜌𝑤𝑜 𝑔)⁄𝑞𝑡 and 𝑁𝑏 = −(2𝜋ℎ2 𝜆°𝑜 Δ𝜌𝑜𝑔 𝑔)⁄𝑞𝑡 ;
°
°
6) endpoint mobility ratio: 𝑀𝑤𝑜
= 𝜆°𝑤 ⁄𝜆°𝑜 and 𝑀𝑜𝑔
= 𝜆𝑔° ⁄𝜆°𝑜 ; and,

7) dimensionless density ratio: 𝜌𝐷𝑜 = 𝜌𝑜 ⁄𝜌𝑤 and 𝜌𝐷𝑔 = 𝜌𝑔 ⁄𝜌𝑤 .
The flow rate 𝑞𝑡 is the total flow rate in well 𝑖 , where 𝑞𝐷𝑤 + 𝑞𝐷𝑜 + 𝑞𝐷𝑔 = 1.
Because of the choice of dimensionless groups, the total flow rate is specified, while two
of the three phase flow rates can be independently specified. The minus sign is added in (1)
and (5) to make the group values positive for production. This comes from the fact that all
flow rates (𝑞𝑡 , 𝑞𝑤 , 𝑞𝑜 , and 𝑞𝑔 ) are negative for production. A subscript 𝑖 is added to (1) and
(5) when multiple wells are used with different total rates. For multiple wells, the total flow
rate in (1) is based on one of the wells. The solution now becomes:
ℎ𝐷𝑤𝑒
𝑟𝐷
𝑑ℎ𝐷𝑤
𝑤𝑜
ln
= 𝑁𝐺 ∫
,
𝑞𝐷𝑜
1 𝑞𝐷𝑤
𝑟𝐷𝑒
ℎ𝐷𝑤
−
° ̅
𝑘̅𝑟𝑜 𝑀𝑤𝑜
𝑘𝑟𝑤
ℎ𝐷𝑜𝑒
𝑟𝐷
𝑤𝑜
ln
= 𝑁𝐺 ∫
𝑟𝐷𝑒
ℎ𝐷𝑜

𝑑ℎ𝐷𝑜
,
1 − 𝜌𝐷𝑔 𝑞
1−𝜌
1 𝑞𝐷𝑔
1 𝑞
(𝜌 − 𝜌𝐷𝑜 ) ° ̅ + ° ̅𝐷𝑤 − (𝜌 − 𝜌 ) ̅𝐷𝑜
𝑀𝑤𝑜 𝑘𝑟𝑤
𝐷𝑜
𝐷𝑔 𝑀𝑜𝑔 𝑘𝑟𝑔
𝐷𝑜
𝐷𝑔 𝑘𝑟𝑜

ln

ℎ𝐷𝑔𝑒
𝑑ℎ𝐷𝑔
𝑟𝐷
𝑜𝑔
= 𝑁𝐺 ∫
.
𝑞𝐷𝑜
1 𝑞𝐷𝑔
𝑟𝐷𝑒
ℎ𝐷𝑔
− ° ̅
𝑘̅𝑟𝑜 𝑀𝑜𝑔
𝑘𝑟𝑔

3.2 Multiple Well Solution for Simultaneous Three-Phase Flow
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(9)

(10)

(11)

The Laplace equation is a linear differential equation that satisfies the principle of
superposition. Thus, the solution for the potential function for a multi-well system with 𝑁
wells is:
𝑁

𝑁

Φ𝑗 = ∑ Φ𝑗𝑖 = ∑
𝑖=1

𝑖=1

𝑞𝑗𝑖
ln 𝑟𝑖 + 𝐶.
2𝜋

(12)

The subscript 𝑖 is the well index and 𝐶 is a constant determined at any point in the reservoir
where the thickness of each phase is known. The radial distance 𝑟𝑖 from well 𝑖 to any point
in the reservoir is:
𝑟𝑖 = √(𝑥 − 𝑥𝑖 )2 + (𝑦 − 𝑦𝑖 )2 .

(13)

Application of the outer boundary condition at known thickness of each phase (𝑥𝑒 , 𝑦𝑒 ) in
the reservoir (Φ𝑗 (𝑥𝑒 , 𝑦𝑒 ) = Φ𝑗𝑒 ) gives:
𝑁

Φ𝑗 = ∑
𝑖=1

𝑞𝑗𝑖 𝑟𝑖
ln + Φ𝑗𝑒 ,
2𝜋 𝑟𝑒𝑖

(14)

where, 𝑟𝑒𝑖 = √(𝑥𝑒 − 𝑥𝑖 )2 + (𝑦𝑒 − 𝑦𝑖 )2 .
With the scaling groups, conversion of Eqs. (14) and (6) to (8) into a dimensionless
form gives:
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𝑁

𝑞𝑡𝑖
𝑟𝐷𝑖
Φ𝐷𝑗 = ∑ 𝑞𝐷𝑗𝑖 ( ) ln
+ Φ𝐷𝑗𝑒 ,
𝑞𝑡1
𝑟𝐷𝑒𝑖

(15)

𝑖=1

and
𝑁

𝑁

Φ𝐷𝑤 = ∑ Φ𝐷𝑤𝑖 =
𝑖=1

ℎ𝐷𝑤𝑒
𝑤𝑜
∑ 𝑞𝐷𝑤𝑖 𝑁𝐺1 ∫
𝑞𝐷𝑜𝑖
ℎ𝐷𝑤
𝑖=1
𝑘̅𝑟𝑜

𝑑ℎ𝐷𝑤
+ Φ𝐷𝑤𝑒 ,
𝑞
− ° 𝐷𝑤𝑖
𝑀𝑤𝑜 𝑘̅𝑟𝑤

(16)

𝑁

Φ𝐷𝑜 = ∑ Φ𝐷𝑜𝑖
𝑖=1
𝑁
𝑤𝑜
= ∑ 𝑞𝐷𝑜𝑖 𝑁𝐺1
∫
𝑖=1

ℎ𝐷𝑜𝑒

ℎ𝐷𝑜

(17)
𝑑ℎ𝐷𝑜
+ Φ𝐷𝑜𝑒 ,
𝑞𝐷𝑔𝑖
1 − 𝜌𝐷𝑔 𝑞𝐷𝑜𝑖
1 − 𝜌𝐷𝑜
𝑞𝐷𝑤𝑖
(𝜌 − 𝜌 ) ° ̅ + ° ̅ − (𝜌 − 𝜌 ) ̅
𝑀𝑤𝑜 𝑘𝑟𝑤
𝐷𝑜
𝐷𝑔 𝑀𝑜𝑔 𝑘𝑟𝑔
𝐷𝑜
𝐷𝑔 𝑘𝑟𝑜

𝑁

Φ𝐷𝑔 = ∑ Φ𝐷𝑔𝑖 =
𝑖=1

𝑁

ℎ𝐷𝑔𝑒
𝑜𝑔
∑ 𝑞𝐷𝑔𝑖 𝑁𝐺1 ∫
𝑞𝐷𝑜𝑖
ℎ𝐷𝑔
𝑖=1
𝑘̅𝑟𝑜
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𝑑ℎ𝐷𝑔
𝑞𝐷𝑔𝑖 + Φ𝐷𝑔𝑒 .
− ° ̅
𝑀𝑜𝑔 𝑘𝑟𝑔

(18)

Figure 3.1

Schematic of the reservoir model for steady-state three-phase flow. Dashed
lines are the elevations of zero capillary pressure, while solid lines
correspond to drainage capillary entry pressures (contacts between two
phases).
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Chapter 4
RESULTS FOR SINGLE WELL CASE

Chapters 4 and 5 give example coning calculations for simultaneous flow of three
phases. First, we show the phase thicknesses for a single well with one no-flow boundary
(case 1) in Chapter 4, where solutions are constructed with and without capillary pressure
to illustrate its effect on fluid levels. For the single well case we also give dimensionless
inflow performance windows (IPW) to illustrate the boundaries of the possible physical
rates with and without capillary pressure. The limit of these physical rates is a critical value,
where a given phase flow rate cannot be exceeded.
The total flow rate is constant for each well, so that one of the phase flow rates is
dependent on the two other rates. That is, we always have 𝑞𝐷𝑤 + 𝑞𝐷𝑜 + 𝑞𝐷𝑔 = 1, where in
this paper the gas rate is generally the dependent flow rate. A change in the total flow rate
impacts the dependent phase flow rate, and also the two gravity numbers.

4.1 Single well with infinite flow boundary (Case 1)
In this example, the dimensionless radial distance of the reservoir (𝑟𝐷𝑒 ) to constant
potential is taken to be 1,000. Because phase thicknesses change the most near a well, the
radial distance is shown in log scale from 𝑟𝐷 = 1 (at the wellbore) to 𝑟𝐷 = 25 in all figures.
Figure 4.1 shows the fluid levels with and without capillary pressure, but for the
case where the oil flow rate is critical. The water rate is constant for both solutions, while
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the gas rate changes as needed for a constant total rate. The critical oil rate is found where
the dimensionless oil thickness (ℎ𝐷𝑜 ) at the wellbore becomes zero. The zero capillary
pressure case corresponds to infinite Bond number, while the Bond numbers of 𝑁𝑏𝑤𝑜 =
100 and 𝑁𝑏𝑤𝑜 = 50 are used to represent nonzero capillary pressure. The results show that
as capillary pressure is included, the critical oil rate decreases from 0.61 to 0.33, a factor
of about 2.0. The smaller critical oil rate with capillary pressure results from a decreased
oil thickness, which is partly the result of a larger entry height for oil-water than for gasoil. The two critical oil rates in Figure 4.1 with and without capillary pressure are marked
as point A and B in Figure 4.8, respectively, as is discussed later.
The dimensionless flow rate of each phase is varied in Figures 4.2 to 4.4. Capillary
pressure is included (𝑁𝑏𝑤𝑜 = 100 and 𝑁𝑏𝑤𝑜 = 50 ) in all three figures, and in each case the
corresponding critical phase rate is shown. Figure 4.2 shows the thickness along the cross
section of the reservoir as 𝑞𝐷𝑤 is varied, while 𝑞𝐷𝑜 is fixed at 0.2. When 𝑞𝐷𝑤 increases
from 0 to 0.5, the gas cone slightly increases, while water cones more downward. The
water-oil contact (WOC) is sensitive to the flow rate changes. These sensitivities are related
to the assumption of VE and the contrast in densities between the fluids. As a denser phase
is produced, the other phases react to that loss of mass so that VE (instantaneous
hydrostatics) is restored.
Figure 4.3 shows the phase levels for changes in 𝑞𝐷𝑜 while 𝑞𝐷𝑤 is fixed at 0.5.
When 𝑞𝐷𝑜 increases from 0.2 to 0.4, the gas slightly cones down towards the oil phase,
while water cones up towards the oil phase. The result shows a greater sensitivity to the
WOC as the oil flow rate changes, than for the GOC. When 𝑞𝐷𝑜 is 0.4, the dimensionless
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oil thickness became zero, which is the maximum 𝑞𝐷𝑜 at the given condition (the critical
oil rate for that case).
The gas flow rate 𝑞𝐷𝑔 is varied in Figure 4.4 while 𝑞𝐷𝑤 is fixed at 0.18 (thus the oil
rate is the dependent rate here). When 𝑞𝐷𝑔 increases from 0.6 to 0.8, gas coning increases
upward, while the water cone moves significantly downward. This large change in the
water level is because 𝑞𝐷𝑜 decreases as 𝑞𝐷𝑔 increases. The total flow rate is again constant.
The rate with 𝑞𝐷𝑔 = 0.8 is the critical gas rate, because the gas thickness becomes zero
then.
𝑜𝑔

Figure 4.5 shows the sensitivity of bond number (𝑁𝑏𝑤𝑜 and 𝑁𝑏 ) on the thickness
of each phase along a cross-section of the reservoir. Three cases are shown: The black, red
𝑜𝑔

𝑜𝑔

and blue lines show the case where (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50), (𝑁𝑏𝑤𝑜 = 500, 𝑁𝑏 = 250),
𝑜𝑔

and (𝑁𝑏𝑤𝑜 , 𝑁𝑏 = infinite). Results show that as bond number increases, gas cones up and
water cones down. Small bond number results in the oil thickness to decrease at the same
flow rates. That is, critical oil rate will decrease as bond number decreases under the given
condition.
Figure 4.6 shows the sensitivity of oil density ratio (𝜌𝐷𝑜 ) on the thickness of each
phase along a cross-section of the reservoir. Three cases are shown: The black, red, and
blue line show the case where 𝜌𝐷𝑜 = 0.7, 𝜌𝐷𝑜 = 0.8, and 𝜌𝐷𝑜 = 0.9. Flow rates are 𝑞𝐷𝑤 =
0.3 , 𝑞𝐷𝑜 = 0.5 , and 𝑞𝐷𝑔 = 0.2 for all three cases. Result shows that critical oil rate
decreases as 𝜌𝐷𝑜 increases.
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Figure 4.7 shows the sensitivity of the gas density ratio (𝜌𝐷𝑔 ) on the thickness of
each phase along a cross-section of the reservoir. Three cases are shown: The black, red,
and blue line show the case where 𝜌𝐷𝑔 = 0.1, 𝜌𝐷𝑔 = 0.15, and 𝜌𝐷𝑔 = 0.2. Flow rates are
𝑞𝐷𝑤 = 0.3, 𝑞𝐷𝑜 = 0.5, and 𝑞𝐷𝑔 = 0.2 for all three cases. Result shows that gas density
ratio does not affect the gas-oil contact (GOC) and water-oil contact (WOC) as much
compared to that of the oil density ratio. Furthermore, critical oil rate decreases as 𝜌𝐷𝑔
increases.
The inflow performance window (IPW) in Figure 4.8 demonstrates the physical
boundaries of the flow rates that cannot be exceeded. The total flow rate is constant here,
as opposed to the IPW plots presented by Delliste (1998) and Johns et al. (2005). First
consider the red curves, which gives the physical region when capillary pressure is included
( 𝑁𝑏𝑤𝑜 = 100 and 𝑁𝑏𝑤𝑜 = 50 ). The left upper boundary of the window is where the
dimensionless water thickness equals zero, while the lower right boundary of the window
corresponds to zero dimensionless oil thickness. The boundary at the lower left is where
the dimensionless gas thickness zero. The dashed line is where 𝑞𝐷𝑜 + 𝑞𝐷𝑤 = 1 and 𝑞𝐷𝑔 =
0. The physical operating region is therefore within these limiting curves, and is shaded
gray. The blue curves show the change in the physical operating region when capillary
pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏𝑤𝑜 are infinite). For the blue curves, the boundary
where the dimensionless gas thickness becomes zero does not exist. That is, the gas rate
can equal the total well flow rate.
The physical region for the IPW curves with capillary pressure is narrower than the
case where capillary pressure is zero. This means capillary pressure decreases the critical
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oil rates by about a factor of 2.0, for the parameters used. That is, the flow rates are more
restricted when capillary pressure is included. For example, in Figure 4.8, the critical oil
rate where capillary pressure is included is 0.33 (point A) while the critical oil rate where
capillary pressure is neglected is 0.61 (point B).
IPWs can be changed by varying several parameters such as the density gas ratio
𝑜𝑔

𝑜𝑔

(𝜌𝐷𝑔 ), Bond numbers (𝑁𝑏𝑤𝑜 and 𝑁𝑏 ), Gravity numbers (𝑁𝐺𝑤𝑜 and 𝑁𝐺 ), and the initial
thicknesses of the phases (ℎ𝐷𝑤 , ℎ𝐷𝑜 , and ℎ𝐷𝑔 ). In practice, the oil flow rate could be
maximized by locating the perforations in such a way to minimize gas and water production.
The oil flow rate could also be increased by independently increasing the gas and water
rates using a complex wellbore completion similar to what is used in Downhole WaterSink (DWS) technology.
Figures 4.9 and 4.10 show the change of the dimensionless IPWs where several
parameters are varied. Figure 4.9 shows the dimensionless IPW where both Gravity
numbers are increased compared to that of Figure 4.8. Result shows that the size of the
physical region increased as both Gravity numbers increase. There are many factors that
affect the Gravity numbers but if the increase resulted from the endpoint mobility of oil
(𝜆°𝑜 ), it means mobility of the oil increased in this condition. That is, under this condition,
oil is relatively easily movable, which results in the expansion of the physical operating
region.
Figure 4.10 shows the dimensionless IPW where dimensionless oil thickness
decreased from 0.55 to 0.3. Result shows that the physical region became narrower as
dimensionless oil thickness decreases. That is, the decrease in the dimensionless oil

29

thickness decreased at the boundary condition means that there is less oil that could be
produced from the reservoir, which results in the physical region where oil can be produced.
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Figure 4.1

Dimensionless thickness of each phase along a cross-section of the reservoir
at the critical oil rate with and without capillary pressure. The red line
𝑜𝑔
includes capillary pressure (𝑁𝑏𝑤𝑜 = 100 and 𝑁𝑏 = 50, 𝑞𝐷𝑤 = 0.3, 𝑞𝐷𝑜 =
0.33, and 𝑞𝐷𝑔 = 0.37), while the blue line is when capillary pressure is
𝑜𝑔
neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite, 𝑞𝐷𝑤 = 0.3 , 𝑞𝐷𝑜 = 0.61 , and
𝑞𝐷𝑔 = 0.09).
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Figure 4.2

Dimensionless thickness of each phase along a cross-section of the reservoir
while varying the dimensionless water flow rate, 𝑞𝐷𝑤 . The black, red, and
blue line show the case where ( 𝑞𝐷𝑤 = 0 , 𝑞𝐷𝑜 = 0.2 , and 𝑞𝐷𝑔 = 0.8 ),
(𝑞𝐷𝑤 = 0.25, 𝑞𝐷𝑜 = 0.2, and 𝑞𝐷𝑔 = 0.55), and (𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.2,
and 𝑞𝐷𝑔 = 0.3), respectively. 𝑞𝐷𝑜 is fixed and capillary pressure is included
𝑜𝑔
(𝑁𝑏𝑤𝑜 = 100 and 𝑁𝑏 = 50) for all three cases.
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Figure 4.3

Dimensionless thickness of each phase along a cross-section of the reservoir
while varying the dimensionless oil flow rate, 𝑞𝐷𝑜 . The black, red, and blue
line show the case where (𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.4, and 𝑞𝐷𝑔 = 0.1), (𝑞𝐷𝑤 =
0.5, 𝑞𝐷𝑜 = 0.3, and 𝑞𝐷𝑔 = 0.2), and (𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.2, and 𝑞𝐷𝑔 =
0.3), respectively. 𝑞𝐷𝑤 is fixed and capillary pressure is included (𝑁𝑏𝑤𝑜 =
𝑜𝑔
100 and 𝑁𝑏 = 50) for all three cases.
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Figure 4.4

Dimensionless thickness of each phase along a cross-section of the reservoir
while varying the dimensionless gas flow rate, 𝑞𝐷𝑔 . The black, red, and blue
line show the case where ( 𝑞𝐷𝑤 = 0.18, 𝑞𝐷𝑜 = 0.022, and 𝑞𝐷𝑔 = 0.8),
(𝑞𝐷𝑤 = 0.18, 𝑞𝐷𝑜 = 0.12, and 𝑞𝐷𝑔 = 0.7), and (𝑞𝐷𝑤 = 0.18, 𝑞𝐷𝑜 = 0.22,
and 𝑞𝐷𝑔 = 0.6 ), respectively. 𝑞𝐷𝑤 is fixed and capillary pressure is
𝑜𝑔
included (𝑁𝑏𝑤𝑜 = 100 and 𝑁𝑏 = 50) for all three cases.
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Figure 4.5

Dimensionless thickness of each phase along a cross-section of the reservoir
𝑜𝑔
while varying the Bond numbers (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 ). The black, red, and
𝑜𝑔
blue line show the case where ( 𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50 ), ( 𝑁𝑏𝑤𝑜 =
𝑜𝑔
𝑜𝑔
500, 𝑁𝑏 = 250), and (𝑁𝑏𝑤𝑜 , 𝑁𝑏 = infinite). Flow rates are 𝑞𝐷𝑤 = 0.6,
𝑞𝐷𝑜 = 0.2, and 𝑞𝐷𝑔 = 0.4 for all three cases.
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Figure 4.6

Dimensionless thickness of each phase along a cross-section of the reservoir
while varying the oil density ratio (𝜌𝐷𝑜 ). The black, red, and blue line show
the case where 𝜌𝐷𝑜 = 0.7, 𝜌𝐷𝑜 = 0.8, and 𝜌𝐷𝑜 = 0.9. Flow rates are 𝑞𝐷𝑤 =
0.3, 𝑞𝐷𝑜 = 0.5, and 𝑞𝐷𝑔 = 0.2 for all three cases.
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Figure 4.7

Dimensionless thickness of each phase along a cross-section of the reservoir
while varying the gas density ratio (𝜌𝐷𝑔 ). The black, red, and blue line show
the case where 𝜌𝐷𝑔 = 0.1 , 𝜌𝐷𝑔 = 0.15, and 𝜌𝐷𝑔 = 0.2. Flow rates are
𝑞𝐷𝑤 = 0.3, 𝑞𝐷𝑜 = 0.5, and 𝑞𝐷𝑔 = 0.2 for all three cases.
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Figure 4.8

Inflow performance windows with physical operating phase rates at
constant total rate. The red lines show the boundaries of the physical region
𝑜𝑔
where capillary pressure is included (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50) while the
blue lines show the boundaries where capillary pressure is neglected (𝑁𝑏𝑤𝑜
𝑜𝑔
and 𝑁𝑏 are infinite). The dashed line shows the case where 𝑞𝐷𝑤 + 𝑞𝐷𝑜 =
1 and 𝑞𝐷𝑔 = 0. The physical operating region with capillary pressure is
shown by the gray-colored region. Point A and B shows the critical oil rates
where capillary pressure is included and neglected, respectively, as shown
in Figure 4.1.
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Figure 4.9

Inflow performance windows with physical operating phase rates at
constant total rate. Figure 4.9 shows the IPW where both Gravity numbers
are increased compared to that of the IPW in Figure 4.8. The red lines show
the boundaries of the physical region where capillary pressure is included
𝑜𝑔
(𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50) while the blue lines show the boundaries where
𝑜𝑔
capillary pressure is neglected (𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite). The dashed line
shows the case where 𝑞𝐷𝑤 + 𝑞𝐷𝑜 = 1 and 𝑞𝐷𝑔 = 0. The physical operating
region with capillary pressure is shown by the gray-colored region.
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Figure 4.10

Inflow performance windows with physical operating phase rates at
constant total rate. Dimensionless oil thickness is decreased compared to
that of Figure 4.8. The red lines show the boundaries of the physical region
𝑜𝑔
where capillary pressure is included (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50) while the
blue lines show the boundaries where capillary pressure is neglected (𝑁𝑏𝑤𝑜
𝑜𝑔
and 𝑁𝑏 are infinite). The dashed line shows the case where 𝑞𝐷𝑤 + 𝑞𝐷𝑜 =
1 and 𝑞𝐷𝑔 = 0. The physical operating region with capillary pressure is
shown by the gray-colored region.
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Chapter 5
RESULTS FOR MULTIPLE WELL CASE

In this chapter, we give multiple well solutions for several different patterns to
demonstrate the superposition function. First, we show a single well with one no-flow
boundary (case 2) and a single well with two no-flow boundaries (case 3). Next, we expand
the case 3 into two wells with two no-flow boundaries (case 4) and one production well
and one injection well in an infinite reservoir (case 5). Last, we show the inverted five-spot
pattern in an infinite reservoir (case 6).

5.1 Single well with one no-flow boundary (Case 2)
First, we modelled a case with one production well surrounded by one no-flow
boundary in an infinite acting reservoir, as shown in Figure 5.1. The dimensionless area
(𝑟𝐷 × 𝑟𝐷 ) of the reservoir is 500 × 500. One image well is needed to model the one noflow boundary, making a total of two wells. The well is located at (𝑥𝐷 , 𝑦𝐷 ) = (125, 125).
The boundary condition here is ℎ𝐷𝑤𝑒 = 0.3 , ℎ𝐷𝑜𝑒 = 0.55 (and ℎ𝐷𝑔𝑒 = 0.15 ) at (𝑥𝐷𝑒 ,
𝑦𝐷𝑒 ) = (500, 500).
Figure 5.2 shows the contour map of the dimensionless oil thickness where
𝑜𝑔

capillary pressure is neglected (𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite). Critical oil rate (𝑞𝐷𝑜 ) at both
wells are 0.9 while 𝑞𝐷𝑤 = 0.05 and 𝑞𝐷𝑔 = 0.05. Figure 5.3 shows the contour map of the
𝑜𝑔

dimensionless oil thickness where capillary pressure is included (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50).
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Critical oil rate (𝑞𝐷𝑜 ) at both wells are 0.566 while 𝑞𝐷𝑤 = 0.05 and 𝑞𝐷𝑔 = 0.384. The
results show that as capillary pressure is included, the critical oil rate decreases from 0.9 to
0.566, again a factor of about 2.0.

5.2 Single well with two no-flow boundaries (Case 3)
We modelled a case with one production well surrounded by two no-flow
boundaries in an infinite acting reservoir, as shown in Figure 5.4. The dimensionless area
(𝑟𝐷 × 𝑟𝐷 ) of the reservoir is 500 × 500. Three image wells are needed to model the two
no-flow boundaries, making a total of four wells. The well is located at (𝑥𝐷 , 𝑦𝐷 ) =
(125, 125). The boundary condition here is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55 (and ℎ𝐷𝑔𝑒 = 0.15)
at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) = (500, 500).
Four different cases are shown from Figure 5.5 to Figure 5.8. Figure 5.5 and Figure
5.6 show the contour map of cases where the oil rate is critical in both wells. Figure 5.5
shows the contour map of the dimensionless oil thickness where capillary pressure is
𝑜𝑔

neglected (𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite). Critical oil rate (𝑞𝐷𝑜 ) at the well is 0.8129 while
𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.1821.
Figure 5.6 shows the case where capillary pressure is included (𝑁𝑏𝑤𝑜 = 100 and
𝑁𝑏𝑤𝑜 = 50). 𝑞𝐷𝑜 at the well is 0.466 while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.484. As capillary
pressure is included, the critical rate for both wells decreased from 0.8129 to 0.466 about
a factor of 2.0.
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Figure 5.7 shows the case where 𝑞𝐷𝑔 is increased while 𝑞𝐷𝑤 is fixed. 𝑞𝐷𝑜 at both
wells is 0.7, while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.295. Comparison of Figure 5.5 and Figure
5.7 show that increased 𝑞𝐷𝑔 results in an increase in the oil thickness.
Figure 5.8 shows the case where 𝑞𝐷𝑤 is increased while 𝑞𝐷𝑔 is fixed. 𝑞𝐷𝑜 at both
wells is 0.7, while 𝑞𝐷𝑤 = 0.295 and 𝑞𝐷𝑔 = 0.005. Comparison of Figure 5.5 and Figure
5.8 show that increased 𝑞𝐷𝑤 results in an increase in the oil thickness.
Figure 5.9 shows the estimated critical oil rate from the analytical solution as a
function of the dimensionless distance of the well location to the no-flow boundaries. 𝑥𝐷 =
𝑦𝐷 is assumed for the well location for all cases. Result shows that as the well location is
located further from the no-flow boundaries, the critical oil rate for the well increases. That
is, the no-flow boundaries affect the production well by decreasing the critical oil rate. Four
example cases are shown from Figure 5.10 to Figure 5.13. For all four cases, 𝑞𝐷𝑤 is fixed
to see the effect of the critical oil rate.
Figure 5.10 shows the case where the well location is (𝑥𝐷 , 𝑦𝐷 ) = (10, 10) .
Critical oil rate for this case is 𝑞𝐷𝑜 = 0.4505 while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.5445.
Figure 5.11 shows the case where the well location is (𝑥𝐷 , 𝑦𝐷 ) = (20, 20). Critical oil
rate for this case is 𝑞𝐷𝑜 = 0.5135 while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.4815. Figure 5.12
shows the case where the well location is (𝑥𝐷 , 𝑦𝐷 ) = (50, 50). Critical oil rate for this
case is 𝑞𝐷𝑜 = 0.6292 while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.3658. Figure 5.13 shows the case
where the well location is (𝑥𝐷 , 𝑦𝐷 ) = (100, 100). Critical oil rate for this case is 𝑞𝐷𝑜 =
0.7587 while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.2363.
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5.3 Two wells with two no-flow boundaries (Case 4)
We modelled a case with two wells surrounded by no-flow boundaries in an infinite
acting reservoir, as shown in Figure 5.14. The dimensionless area (𝑟𝐷 × 𝑟𝐷 ) of the reservoir
is 500 × 500. We show a quarter of the reservoir in the figure owing to symmetry, where
six image wells are needed to model the two no-flow boundaries (making a total of eight
wells). The first well is located at (𝑥𝐷1 , 𝑦𝐷1 ) = (100, 150) while the other one is at
(𝑥𝐷2 , 𝑦𝐷2 ) = (150, 100) , where the intersection of the two perpendicular no-flow
boundaries is set at the origin. The boundary condition here is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55
(and ℎ𝐷𝑔𝑒 = 0.15) at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) = (500, 500). In this case, both wells are assumed to
produce at exactly the same phase rates.
Figures 5.15 to 5.18 show four different cases with varying flow rates. Figure 5.15
shows the contour map of the dimensionless oil phase thickness where capillary pressure
𝑜𝑔

is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite), and the oil rate is critical and equal to 0.9,
while 𝑞𝐷𝑤 is 0.05 and 𝑞𝐷𝑔 is 0.05. Figure 5.16 shows the case where capillary pressure is
𝑜𝑔

included (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50). As capillary pressure is included, the critical rate for
both wells decreased from 0.9 to 0.5, again a factor of about 2.0. Figure 5.17 shows the
case where 𝑞𝐷𝑔 is increased, which caused the oil thickness to increase. 𝑞𝐷𝑜 at both wells
is 0.8 for this case (critical oil rate), while 𝑞𝐷𝑤 = 0.05 and 𝑞𝐷𝑔 = 0.15. Figure 5.18 shows
the case where 𝑞𝐷𝑤 is increased. The oil thickness increases as 𝑞𝐷𝑤 increases. The critical
oil flow rate, 𝑞𝐷𝑜 , at both wells is 0.8, while 𝑞𝐷𝑤 = 0.15 and 𝑞𝐷𝑔 = 0.05.
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5.4 One production well and one injection well in an infinite reservoir (Case 5)
In this case, we show one production well and one injection well. First, from
Figures 5.19 to 5.20, only water is being injected at the injection well. Results show that
dimensionless oil thickness decreases while the dimensionless water thickness increases at
the injection well.
From Figures 5.21 to 5.24, we operate the one production well and the one injection
well at the same time. Figure 5.21 shows the dimensionless oil phase thickness of the case
where the boundary condition is ℎ𝐷𝑤𝑒 = 0.5 , ℎ𝐷𝑜𝑒 = 0.35 , and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 ,
𝑦𝐷𝑒 ) = (500, 500). The critical rate at the production well for this case is 0.436. Figure
5.22 shows the dimensionless water phase thickness.
Figure 5.23 shows the dimensionless oil phase thickness of the case where the
boundary condition is ℎ𝐷𝑤𝑒 = 0.3 , ℎ𝐷𝑜𝑒 = 0.55 , and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) =
(500, 500). The critical rate at the production well for this case is 0.827. Comparison of
Figure 5.21 and Figure 5.23 shows that as the dimensionless oil thickness increases, the
critical oil rate increases as well. Figure 5.24 shows the dimensionless water thickness.

5.5 Inverted five-spot pattern in an infinite reservoir (Case 6)
Nine square inverted five-spot patterns in an infinite reservoir were modelled as
shown in Figure 5.25. Twenty five wells were used to model this case (sixteen production
and nine injection wells). The dimensionless area (𝑟𝐷 × 𝑟𝐷 ) of the reservoir is 500 × 500
where the boundary condition is ℎ𝐷𝑤𝑒 = 0.3 , ℎ𝐷𝑜𝑒 = 0.55 , and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 ,
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𝑦𝐷𝑒 ) = (500, 500). Only a portion of the reservoir (nine patterns) is shown from Figure
5.26 to Figure 5.32.
Injection is implemented by changing the sign of the total flow rate (positive for
injection). All production wells are assumed to produce at the same phase flow rates, while
the injection well injects only water. Schematic of the pattern for case 6 is shown in Figure
5.25, where the boundaries of the center pattern are in bold. Capillary pressure is neglected
𝑜𝑔

(both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite) in this case.
Figures 5.26 to 5.32 show three different results within the same reservoir. Figures
5.26 to 5.28 show the case where the production well operates at 𝑞𝐷𝑤 = 0.8, 𝑞𝐷𝑜 = 0.1
and 𝑞𝐷𝑔 = 0.1. Figure 5.26 shows the dimensionless oil phase thickness while Figure 5.28
shows the dimensionless water phase thickness of the same case. Figure 5.27 shows the
enlarged figure of the unit cell of Figure 5.26.
Figures 5.29 and 5.30 show the case where 𝑞𝐷𝑜 at the production well is increased
(𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.4, and 𝑞𝐷𝑔 = 0.1) compared to that of Figure 5.26. Figure 5.29
shows the dimensionless oil phase thickness while Figure 5.30 shows the dimensionless
water phase thickness.
Finally, Figures 5.31 and Figure 5.32 show the case where 𝑞𝐷𝑜 at the production
well is increased further (𝑞𝐷𝑤 = 0.2, 𝑞𝐷𝑜 = 0.7, and 𝑞𝐷𝑔 = 0.1). Figure 5.31 shows the
dimensionless oil phase thickness while Figure 5.32 shows the dimensionless water phase
thickness. The results show thinning of the oil thickness near the production and injection
wells.
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Figure 5.1

Schematic of one well with one no-flow boundary. One production well is
located at (125, 125) when the middle point of two wells is at (0, 125).
One image well, which is necessary for creation of a no-flow boundary, is
shown as well.
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Figure 5.2

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with one no-flow boundary as shown in
Figure 5.1. Figure 5.2 shows the case where the oil rate is critical (𝑞𝐷𝑤 =
0.05, 𝑞𝐷𝑜 = 0.9, 𝑞𝐷𝑔 = 0.05) and capillary pressure is neglected (𝑁𝑏𝑤𝑜 and
𝑜𝑔
𝑁𝑏 are infinite). Value goes to zero at the well although it is set from 0.3
to 0.55 in order to show the color effect.
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Figure 5.3

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with one no-flow boundary as shown in
Figure 5.1. Figure 5.3 shows the case where the oil rate is critical (𝑞𝐷𝑤 =
0.05, 𝑞𝐷𝑜 = 0.566, 𝑞𝐷𝑔 = 0.384 ) and capillary pressure is included
𝑜𝑔
(𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50). Value goes to zero at the well although it is set
from 0.3 to 0.55 in order to show the color effect.
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Figure 5.4

Schematic of one well with two no-flow boundaries (after Ansari (2006)).
One production well is located at (125, 125) when we set the intersection
of two no-flow boundaries to be (0, 0) . Three image wells, which are
necessary for creation of no-flow boundaries, are shown as well.
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Figure 5.5

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.5 shows the case where the oil rate is critical (𝑞𝐷𝑤 =
0.005, 𝑞𝐷𝑜 = 0.8129, 𝑞𝐷𝑔 = 0.1821) and capillary pressure is neglected
𝑜𝑔
(𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite). Value goes to zero at the well although it is set
from 0.3 to 0.55 in order to show the color effect.
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Figure 5.6

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.6 shows the case where the oil rate is critical (𝑞𝐷𝑤 =
0.005, 𝑞𝐷𝑜 = 0.466, 𝑞𝐷𝑔 = 0.484 ) and capillary pressure is included
𝑜𝑔
(𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 = 50). Value goes to zero at the well although it is set
from 0.3 to 0.55 in order to show the color effect.
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Figure 5.7

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.7 shows the case where 𝑞𝐷𝑔 is increased ( 𝑞𝐷𝑤 =
0.005, 𝑞𝐷𝑜 = 0.7, 𝑞𝐷𝑔 = 0.295) compared to that of Figure 5.5.
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Figure 5.8

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.8 shows the case where 𝑞𝐷𝑤 is increased (𝑞𝐷𝑤 =
0.295, 𝑞𝐷𝑜 = 0.7, 𝑞𝐷𝑔 = 0.005) compared to that of Figure 5.5
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Figure 5.9

Critical oil rate as a function of the dimensionless distance of the well
location to the no-flow boundaries of Figure 5.4. For all cases in Figure 5.4,
𝑥𝐷 = 𝑦𝐷 is assumed for the well location.
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Figure 5.10

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.10 shows the case where the well location is
(𝑥𝐷 , 𝑦𝐷 ) = (10, 10). Critical oil rate for this case is 𝑞𝐷𝑜 = 0.4505 while
𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.5445. Value goes to zero at the well although it
is set from 0.3 to 0.55 in order to show the color effect.
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Figure 5.11

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.11 shows the case where the well location is
(𝑥𝐷 , 𝑦𝐷 ) = (20, 20). Critical oil rate for this case is 𝑞𝐷𝑜 = 0.5135 while
𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.4815. Value goes to zero at the well although it
is set from 0.3 to 0.55 in order to show the color effect.
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Figure 5.12

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.12 shows the case where the well location is
(𝑥𝐷 , 𝑦𝐷 ) = (50, 50). Critical oil rate for this case is 𝑞𝐷𝑜 = 0.6292 while
𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.3658. Value goes to zero at the well although it
is set from 0.3 to 0.55 in order to show the color effect.
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Figure 5.13

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one well with two no-flow boundaries as shown in
Figure 5.4. Figure 5.13 shows the case where the well location is
(𝑥𝐷 , 𝑦𝐷 ) = (100, 100). Critical oil rate for this case is 𝑞𝐷𝑜 = 0.7587
while 𝑞𝐷𝑤 = 0.005 and 𝑞𝐷𝑔 = 0.2363 . Value goes to zero at the well
although it is set from 0.3 to 0.55 in order to show the color effect.
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Figure 5.14

Schematic of two wells with two no-flow boundaries (after Ansari (2006)).
Two wells are located at (100, 150) and (150, 100) and the intersection of
two no-flow boundaries is at (0, 0). Six image wells are necessary for
creation of the two no-flow boundaries as shown.
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Figure 5.15

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for two wells with two no-flow boundaries as shown in
Figure 5.14. Figure 5.15 shows the case where ( 𝑞𝐷𝑤 = 0.05, 𝑞𝐷𝑜 =
𝑜𝑔
0.9, 𝑞𝐷𝑔 = 0.05) and capillary pressure is neglected ( 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are
infinite). Value goes to zero at the well although it is set from 0.4 to 0.55 in
order to show the color effect.
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Figure 5.16

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for two wells with two no-flow boundaries as shown in
Figure 5.14. Figure 5.16 shows the case where ( 𝑞𝐷𝑤 = 0.05, 𝑞𝐷𝑜 =
𝑜𝑔
0.5, 𝑞𝐷𝑔 = 0.45) and capillary pressure is included (𝑁𝑏𝑤𝑜 = 100, 𝑁𝑏 =
50). Value goes to zero at the well although it is set from 0.4 to 0.55 in order
to show the color effect.
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Figure 5.17

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for two wells with two no-flow boundaries as shown in
Figure 5.14. Figure 5.17 shows the case where 𝑞𝐷𝑔 is increased (𝑞𝐷𝑤 =
0.05, 𝑞𝐷𝑜 = 0.8, 𝑞𝐷𝑔 = 0.15) compared to that of Figure 5.15.
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Figure 5.18

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for two wells with two no-flow boundaries as shown in
Figure 5.14. Figure 5.18 shows the case where 𝑞𝐷𝑤 is increased (𝑞𝐷𝑤 =
0.15, 𝑞𝐷𝑜 = 0.8, 𝑞𝐷𝑔 = 0.05) compared to that of Figure 5.15.
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Figure 5.19

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one injection well with two no-flow boundaries as
shown in Figure 5.14. The boundary condition is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55,
and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) = (500, 500).
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Figure 5.20

Contour map of the dimensionless water phase thickness estimated from the
analytical solution for one injection well with two no-flow boundaries as
shown in Figure 5.14. The boundary condition is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55,
and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) = (500, 500).
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Figure 5.21

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one injection well and one production well with two
no-flow boundaries as shown in Figure 5.14. Figure 5.21 shows the critical
oil rate case (𝑞𝐷𝑤 = 0.479, 𝑞𝐷𝑜 = 0.471, 𝑞𝐷𝑔 = 0.05) where the boundary
condition is ℎ𝐷𝑤𝑒 = 0.5, ℎ𝐷𝑜𝑒 = 0.35, and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) =
(500, 500). Value goes to zero at the well although it is set from 0.2 to 0.35
in order to show the color effect.
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Figure 5.22

Contour map of the dimensionless water phase thickness estimated from the
analytical solution for one injection well and one production well with two
no-flow boundaries as shown in Figure 5.14. Figure 5.22 shows the critical
oil rate case (𝑞𝐷𝑤 = 0.479, 𝑞𝐷𝑜 = 0.471, 𝑞𝐷𝑔 = 0.05) where the boundary
condition is ℎ𝐷𝑤𝑒 = 0.5, ℎ𝐷𝑜𝑒 = 0.35, and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) =
(500, 500).

68

Figure 5.23

Contour map of the dimensionless oil phase thickness estimated from the
analytical solution for one injection well and one production well with two
no-flow boundaries as shown in Figure 5.14. Figure 5.22 shows the critical
oil rate case (𝑞𝐷𝑤 = 0.093, 𝑞𝐷𝑜 = 0.902, 𝑞𝐷𝑔 = 0.05) where the boundary
condition is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55, and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) =
(500, 500). Value goes to zero at the well although it is set from 0.3 to 0.55
in order to show the color effect.
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Figure 5.24

Contour map of the dimensionless water phase thickness estimated from the
analytical solution for one injection well and one production well with two
no-flow boundaries as shown in Figure 5.14. Figure 5.22 shows the critical
oil rate case (𝑞𝐷𝑤 = 0.093, 𝑞𝐷𝑜 = 0.902, 𝑞𝐷𝑔 = 0.05) where the boundary
condition is ℎ𝐷𝑤𝑒 = 0.3, ℎ𝐷𝑜𝑒 = 0.55, and ℎ𝐷𝑔𝑒 = 0.15 at (𝑥𝐷𝑒 , 𝑦𝐷𝑒 ) =
(500, 500).

70

Figure 5.25

Schematic of twenty five wells using a partially confined inverted five-spot
pattern in an infinite reservoir.
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Figure 5.26

Contour map of the dimensionless oil phase thickness for an inverted fivespot pattern as shown in Figure 5.25. Figure 5.26 shows the case with
production wells at 𝑞𝐷𝑤 = 0.8, 𝑞𝐷𝑜 = 0.1, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Figure 5.27

Contour map of the dimensionless oil phase thickness for an inverted fivespot pattern as shown in Figure 5.25. Figure 5.27 shows the enlarged figure
of the unit cell of Figure 5.26. Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜
𝑜𝑔
and 𝑁𝑏 are infinite).
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Figure 5.28

Contour map of the dimensionless water phase thickness for an inverted
five-spot pattern as shown in Figure 5.25. Figure 5.28 shows the case with
production wells at 𝑞𝐷𝑤 = 0.8, 𝑞𝐷𝑜 = 0.1, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Figure 5.29

Contour map of the dimensionless oil phase thickness for an inverted fivespot pattern as shown in Figure 5.25. Figure 5.29 shows the case with
production wells at 𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.4, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Figure 5.30

Contour map of the dimensionless water phase thickness for an inverted
five-spot pattern as shown in Figure 5.25. Figure 5.30 shows the case with
production wells at 𝑞𝐷𝑤 = 0.5, 𝑞𝐷𝑜 = 0.4, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Figure 5.31

Contour map of the dimensionless oil phase thickness for an inverted fivespot pattern as shown in Figure 5.25. Figure 5.31 shows the case with
production wells at 𝑞𝐷𝑤 = 0.2, 𝑞𝐷𝑜 = 0.7, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Figure 5.32

Contour map of the dimensionless water phase thickness for an inverted
five-spot pattern as shown in Figure 5.25. Figure 5.32 shows the case with
production wells at 𝑞𝐷𝑤 = 0.2, 𝑞𝐷𝑜 = 0.7, 𝑞𝐷𝑔 = 0.1 and injection wells
𝑜𝑔
(𝑞𝐷𝑤 = 1). Capillary pressure is neglected (both 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite).
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Chapter 6
CONCLUSIONS

6.1 Summary and Conclusions
Significant error exists near-wellbore in reservoir simulation due to coarselygridded blocks and error of Peaceman’s well model. Many analytical solutions have been
developed in the past and recently there have been several notable papers that have
presented analytical coning solutions in a dimensionless “Dupuit form.” Succeeding their
work, we developed an analytical coning solution for simultaneous three-phase flow with
and without capillary pressure for any number of vertical wells completed over the entire
thickness of the reservoir. The solution assumes VE and steady-state flow and therefore
gives the maximum crossflow and the greatest level of coning. The solution also allows for
multiple wells using superposition and can be coupled to any relative permeability and
capillary pressure model, although we used Stone 2 and Brooks-Corey here. The new
solution is rapid and serves as a benchmark for numerical simulation. The following key
conclusions are made:
•

The new solution shows the sensitivity of the various phase thicknesses to
individual flow rates. The critical oil rate can be increased by changing the water
and gas flow rates.

•

Inclusion of capillary pressure affects both gas and water coning. That is, the critical
oil rate significantly decreases when capillary pressure is present.
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•

A new type of dimensionless IPW is generated where the total flow rate is kept
constant. IPWs can be easily generated to demonstrate the change in the allowable
physical rates, where the critical oil rate is a function of the flow rates of the other
two phases.

•

Multiple well cases were demonstrated using the principle of superposition, as is
typically done in many analytical solutions. No-flow boundaries greatly affect the
critical flow rate of the wells.

The limitations of the solution are that flow is steady-state and VE is assumed. The new
solution could potentially be incorporated into Peaceman’s well model to improve
numerical prediction of coning. This could be done by generating the analytical solution
within a grid block near the well.

6.2 Future Research
Based on the thesis, the possible research topics that could be conducted in the future are:
•

The perforations are not explicitly specified in this thesis, in that the flow rates are
assumed as shown. That is, we gave the coning levels for all possible combination
of rates, so that in some cases these rates would require unusual perforation
intervals to be achieved in practice. The perforation interval could be specified first
and then flow rates determined in an iterative process by integration of Darcy’s law
for each phase over the perforated interval.
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•

This thesis only focused on coning behavior for vertical wells. The solution can be
extended into a coning solution for horizontal wells. The basic idea is introduced
in Phaiboonpalayoi and Johns (2016).

•

As discussed, significant errors near-wellbore exists with the use of Peaceman’s
well model. Thus, the new solution could potentially be incorporated into
Peaceman’s well model to improve the numerical prediction of a coning behavior.
This could be done by generating the analytical solution within a grid block near
the well. This will be helpful in precisely describing the coning behavior near the
wellbore region.

•

The solution only includes drainage for relative permeability. However, it would
be much more precise if both drainage and imbibition could be incorporated into
the model.
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Appendix A
FLOW POTENTIAL

Flow potential for phase 𝑗 is defined as,
𝜑𝑗 = (𝑝𝑗 − 𝑝𝑟𝑒𝑓 ) + 𝜌𝑗 𝑔(𝑧 − 𝑧𝑟𝑒𝑓 ),

(A-1)

where, the reference pressure and elevation are arbitrary, but are fixed once defined. In this
paper, we set the reference point at the bottom of the reservoir. The flow potentials for oil
and gas phase are then given as:
𝜑𝑜 = 𝜑𝑤 − Δ𝜌𝑤𝑜 𝑔ℎ𝑤 ,

(A-2)

𝜑𝑔 = 𝜑𝑜 − Δ𝜌𝑜𝑔 𝑔(ℎ𝑜 + ℎ𝑤 ),

(A-3)

where, Δ𝜌𝑤𝑜 = 𝜌𝑤 − 𝜌𝑜 and Δ𝜌𝑜𝑔 = 𝜌𝑜 − 𝜌𝑔 . Differentiation of Eqs. (A-2) and (A-3)
with radial distance 𝑟 gives,
𝑑𝜑𝑤 𝑑𝜑𝑜
𝑑ℎ𝑤
−
= Δ𝜌𝑤𝑜 𝑔
,
𝑑𝑟
𝑑𝑟
𝑑𝑟

(A-4)

𝑑𝜑𝑜 𝑑𝜑𝑔
𝑑ℎ𝑜 𝑑ℎ𝑤
−
= Δ𝜌𝑜𝑔 𝑔 (
+
).
𝑑𝑟
𝑑𝑟
𝑑𝑟
𝑑𝑟

(A-5)

Rearrangement of Eq. (A-4) gives:
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𝑑ℎ𝑤
1
𝑑𝜑𝑤 𝑑𝜑𝑜
=
(
−
).
𝑑𝑟
Δ𝜌𝑤𝑜 𝑔 𝑑𝑟
𝑑𝑟

(A-6)

Subtraction of Eq. (A-6) from Eq. (A-5) yields:
𝑑ℎ𝑜
1
1
𝑑𝜑𝑜
1 𝑑𝜑𝑔
1 𝑑𝜑𝑤
=(
+
)
−
−
.
𝑑𝑟
Δ𝜌𝑜𝑔 𝑔 Δ𝜌𝑤𝑜 𝑔 𝑑𝑟
Δ𝜌𝑜𝑔 𝑔 𝑑𝑟
Δ𝜌𝑤𝑜 𝑔 𝑑𝑟

(A-7)

Since the thickness of the reservoir is constant (ℎ = ℎ𝑤 + ℎ𝑜 + ℎ𝑔 ), differentiation gives:
𝑑ℎ𝑤 𝑑ℎ𝑜 𝑑ℎ𝑔
+
+
= 0.
𝑑𝑟
𝑑𝑟
𝑑𝑟

(A-8)

𝑑ℎ𝑔
𝑑𝜑𝑔 𝑑𝜑𝑜
1
=
(
−
).
𝑑𝑟
Δ𝜌𝑜𝑔 𝑔 𝑑𝑟
𝑑𝑟

(A-9)

Thus, from Eqs. (A-6) to (A-8):

The volumetric flow rate of phase 𝑗 at any radial location is:
ℎ

ℎ

𝑞𝑗 = 2𝜋𝑟 ∫ 𝑢𝑗 𝑑𝑧 = 2𝜋𝑟 ∫ 𝜆𝑗
0

where, 𝑢𝑗 = −𝜆𝑗

𝑑𝜑𝑗
𝑑𝑟

0

𝑑𝜑𝑗
𝑑𝑧,
𝑑𝑟

(A-10)

. Under VE, the flow potential is only a function of 𝑟, hence, the radial

derivative of the flow potential passes through the integral. Thus,
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𝑑𝜑𝑗
𝑞𝑗
=−
.
𝑑𝑟
2𝜋𝑟𝑇𝑗

(A-11)

Substitution of Eq. (A-11) into Eqs. (A-6), (A-7) and (A-9), respectively, yields:
𝑑ℎ𝑤
1
𝑞𝑜
𝑞𝑤
=
(
−
),
𝑑𝑟
Δ𝜌𝑤𝑜 𝑔 2𝜋𝑟𝑇𝑜 2𝜋𝑟𝑇𝑤

(A-12)

𝑞𝑔
𝑑ℎ𝑜
1
1
𝑞𝑤
1
1
𝑞𝑜
=(
)
+(
)
−(
+
)
,
𝑑𝑟
Δ𝜌𝑜𝑔 𝑔 2𝜋𝑟𝑇𝑔
Δ𝜌𝑤𝑜 𝑔 2𝜋𝑟𝑇𝑤
Δ𝜌𝑜𝑔 𝑔 Δ𝜌𝑤𝑜 𝑔 2𝜋𝑟𝑇𝑜

(A-13)

𝑑ℎ𝑔
𝑞𝑔
1
𝑞𝑜
=
(
−
).
𝑑𝑟
Δ𝜌𝑜𝑔 𝑔 2𝜋𝑟𝑇𝑜 2𝜋𝑟𝑇𝑔

(A-14)

Eqs. (A-12) to (A-14), respectively, give the thickness of the water, oil and gas phase as a
function of 𝑟.
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Appendix B
AVERAGED RELATIVE PERMEABILITY

In the solutions, the average relative permeability at a fixed location over the entire
thickness of the reservoir must be calculated (see Eq. (2)). In this paper, we followed the
same steps as previous studies have done (Delliste, 1998; Johns et al., 2005; Ansari, 2006;
Ansari and Johns, 2013; Phaiboonpalayoi and Johns, 2016). The vertically averaged
relative permeability in a dimensionless form is defined as,
1

𝑘̅𝑟𝑗 = ∫ 𝑘𝑟𝑗 𝑑𝑧𝐷 .

(B-1)

0

The averaged relative permeability for each phase is affected by the vertical saturation
distribution (these are pseudo-relative permeabilities for coning). We have used Stone 2
model as a relative permeability although any model can be used in the solution. For
relative permeability for each phase, we have implemented Newton-Cotes formula (11point closed rule).

For Stone 2 model (1973), the relative permeability for each phase is given by,
𝑛1
𝑆𝑤 − 𝑆𝑤𝑟
°
𝑘𝑟𝑤 = 𝑘𝑟𝑤
(
)
,
𝑤𝑜
1 − 𝑆𝑤𝑟 − 𝑆𝑜𝑟
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(B-2)

𝑘𝑟𝑜𝑔
𝑘𝑟𝑜𝑤
°
𝑘𝑟𝑜 = 𝑘𝑟𝑜
{( ° + 𝑘𝑟𝑤 ) ( ° + 𝑘𝑟𝑔 ) − 𝑘𝑟𝑤 − 𝑘𝑟𝑔 },
𝑘𝑟𝑜
𝑘𝑟𝑜

(B-3)

𝑛

𝑘𝑟𝑔 =

°
𝑘𝑟𝑔

1 − 𝑆𝑤 − 𝑆𝑜 − 𝑆𝑔𝑟 3
(
) .
1 − 𝑆𝑤𝑟 − 𝑆𝑔𝑟

(B-4)

where,

𝑘𝑟𝑜𝑤 =

°
𝑘𝑟𝑜
(

𝑤𝑜 𝑛21
1 − 𝑆𝑤 − 𝑆𝑜 − 𝑆𝑜𝑟
,
𝑤𝑜 )
1 − 𝑆𝑤𝑟 − 𝑆𝑜𝑟
𝑜𝑔

𝑘𝑟𝑜𝑔 =

°
𝑘𝑟𝑜

(B-5)

𝑛23

𝑆𝑜 + 𝑆𝑤 − 𝑆𝑜𝑟 − 𝑆𝑤𝑟
(
)
𝑜𝑔
1 − 𝑆𝑔𝑟 − 𝑆𝑜𝑟 − 𝑆𝑤𝑟

.

(B-6)

Stone 2 assumes the water phase is wetting, while gas is non-wetting and oil is the
intermediate wetting phase. The corresponding Brooks-Corey capillary pressure model
(1964) with the same wetting assumption is:
𝑝𝑐 = 𝑝𝑑 𝑆 −1⁄𝑛 ,

(B-7)

where, 𝑆 is the normalized saturation of phase 𝑗.
The integration in Eq. (B-1) must be done piece-by-piece depending on the value
of capillary pressure. For example, above the oil-gas entry pressure, the wetting phase
saturation is the liquid phase saturation where,
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𝑜𝑔 −𝜆

𝑆𝑙 = 𝑆𝑤 + 𝑆𝑜 = 𝑆𝑙𝑟 + (1 − 𝑆𝑙𝑟 ) (

𝑜𝑔

𝑝𝑐

𝑜𝑔 )

𝑝𝑑

,

(B-8)

𝑜𝑔

and 𝑆𝑙𝑟 = 𝑆𝑤𝑟 + 𝑆𝑜𝑟 . When 𝑁𝑏𝑤𝑜 and 𝑁𝑏 are infinite (capillary pressure is neglected),
vertically averaged relative permeability of each phase from integration gives,
𝑘̅𝑟𝑤 = ℎ𝐷𝑤 ,

(B-9)

𝑘̅𝑟𝑜 = ℎ𝐷𝑜 ,

(B-10)

𝑘̅𝑟𝑔 = ℎ𝐷𝑔 .

(B-11)

More details can be found in Phaiboonpalayoi and Johns (2016).
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