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Abstract

This dissertation studies the feature screening and two-sample mean testing proce-
dures for high-dimensional data. Firstly, a new feature screening procedure based
on the joint quasi-likelihood is proposed for generalized varying coefficient models.
Secondly, we propose a new testing method considering the correlation structure
for high-dimensional mean vectors.

Generalized varying coefficient models are particularly useful for examining
dynamic effects of covariates on a continuous, binary or count response. This
dissertation is concerned with feature screening for generalized varying coefficient
models with ultrahigh dimensional covariates. The proposed screening procedure
is based on joint quasi-likelihood of all predictors, and therefore is distinguished
from marginal screening procedures proposed in the literature. In particular, the
proposed procedure can effectively identify active predictors that are jointly depen-
dent but marginal independent of the response. In order to carry out the proposed
procedure, we propose an effective algorithm and establish the ascent property
of the proposed algorithm. We further prove that the proposed procedure pos-
sesses the sure screening property. That is, with probability tending to one, the
selected variable set includes the actual active predictors. We examine the finite
sample performance of the proposed procedure and compare it with existing ones
via Monte Carlo simulations, and illustrate the proposed procedure by a real data
example.

Testing the population mean is fundamental in statistical inference. The tra-
ditional Hotelling’s T2 test becomes practically infeasible due to the singular-
ity of sample covariance matrix when the dimensionality of the data is larger
than the sample size. For a symmetric positive definite W matrix, we consider
T = (x; —X9)TW(x; — x9) for the two sample problem. We first prove that in or-
der to maximize the asymptotic power of T, W = AX~! for some positive constant
A. The goal is to model correlation matrix and use the correlation to improve the
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power of a test. We consider linear structure models for the inverse of correlation
matrix Q=R Q(0) = 6,G1 + Y1, 6,G). An estimation procedure for  is pro-
posed and the asymptotic power of the proposed test by incorporating correlation
information is demonstrated. We compare the performances of the proposed test
and the existing methods via Monte Carlo simulations, and a real data example is
also given.
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Chapter

Introduction

1.1 An Overview of Variable Selection and Fea-

ture Selection

High-dimensional data analysis problems have arisen in the areas such as genomics,
proteomics, finance, biomedical imaging, tomography and tumor classifications.
The classical statistical methods are challenged when the number of features can
be much greater than the sample size, which motivates the statisticians to de-
velop new methodologies for the analysis of high-dimensional data. Fan and Li
(2007) gave a comprehensive overview of statistical challenges of high dimension-
ality and Fan (2014a) introduced the challenges in the analysis of big data prob-
lems. Variable selection and feature selection have been the most popular topics
in high-dimensional data analysis in the last two decades.

Traditional variable selection methods such as AIC, BIC and Mallow’s C,
are not applicable to high-dimensional data due to their tremendous computa-
tional cost. Penalized regression methods such as nonnegative garrote (Breiman,
1995), least absolute shrinkage and selection operator (LASSO) (Tibshirani, 1996),
smoothly clipped absolute deviation (SCAD) (Fan and Li, 2001) and minimax con-
cave penalty MCP (Zhang, 2010) can select significant variables and estimate re-
gression coefficients simultaneously and have been widely used in high-dimensional
analysis. However, since modern applications in some areas such as genomics and

proteomics generate ultrahigh-dimensional data whose number of predictors grows



exponentially with sample size, the aforementioned variable selection techniques
may fail due to the computational complexity.

The difficulty in the analysis of ultrahigh-dimensional data motivates researchers
to create new statistical methods. Donoho (2005; 2006) proved the individual
equivalence of the minimal L;-norm and the minimal Lg-norm solutions. Candes
and Tao (2007) proposed the Dantzig selector for a linear model with much more
predictors than observations. On the other hand, several feature screening meth-
ods based on marginal utilities have also been proposed. Fan and Lv (2008) first
introduced the concept of sure screening property in ultrahigh-dimensional data
analysis and proposed the sure independence screening (SIS) and the iterated sure
independence screening (ISIS) for linear regression models. Hall and Miller (2009)
proposed a feature ranking method using a generalized empirical correlation learn-
ing and extended the feature selection method to nonlinear models. Fan et al.
(2009) and Fan and Song (2010) further extended SIS and ISIS from linear regres-
sion model to generalized linear regression models. Fan et al. (2011) developed
the nonparametric feature screening technique based on B-spline expansion for the
ultrahigh-dimensional additive model. Zhu et al. (2011) proposed a sure inde-
pendence ranking and screening (SIRS) procedure to select important predictors
in the multi-index model; Li et al. (2012b) proposed a model-free sure indepen-
dence screening procedure based on the distance correlation (DC-SIS). However,
the marginal screening methods fail to identify the active predictors which are
marginally independent but jointly dependent of response. Sometimes the marginal
screening methods select the inactive predictors which are highly correlated with
the important predictors.

Varying coefficient models with ultrahigh-dimensional covariates (features) could
be very useful for analyzing genetic study data to examine varying gene effects.
The collected data set frequently has an ultrahigh dimensionality p that is al-
lowed to diverge at a nonpolynomial (NP) rate with the sample size n, namely
log(p) = O(n®) for some a > 0. Traditional statistical methods confront sig-
nificant challenges in dealing with such high-dimensional data sets. Fan et al.
(2014b) extended the nonparametric B-spline method for varying coefficient mod-
els and proposed a marginal sure screening procedure. Liu et al. (2014) proposed

another marginal sure screening procedure based on the conditional correlation co-



efficient for varying coefficient models. But those two methods also have the same
drawbacks as other marginal screening methods. Wang (2009) proposed a forward
regression approach to feature screening in ultrahigh dimensional linear models,
Xu and Chen (2014) proposed a feature screening procedure for generalized linear
models via the sparsity-restricted maximum likelihood estimator and Yang et al.
(2016) proposed sure joint screening for the Cox’s model. As demonstrated in
Wang (2009), Xu and Chen (2014) and Yang et al. (2016), their approaches can
perform better than the marginal screening procedures, and can effectively identify
predictors that are jointly dependent but marginally independent of the response.

In this thesis, we propose a new feature screening procedure for ultrahigh-
dimensional generalized varying coefficient linear models. The proposed procedure
is distinguished from the existing sure independence screening (SIS) procedures
(Fan and Song, 2010, Fan, Ma and Dai, 2014b, Liu et al., 2014) in that the
proposed procedure is based on joint likelihood of potential active predictors, and
therefore is not a marginal screening procedure. We also demonstrate that the
newly proposed procedure can outperform the marginal screening procedure for
the ultrahigh-dimensional generalized varying coefficient linear models. This thesis

makes the following major contributions to the literature.

a) We propose a sure joint screenin procedure for ultrahi imensiona
W joint ing (SJS dure for ultrahigh di ional
generalized varying-coefficient models. We further propose an effective algo-
rithm to carry out the proposed screening procedure, and demonstrate the

ascent property of the proposed algorithm.

(b) We establish the screening property for the proposed joint screening proce-

dure.

The proposed procedure can effectively identify active predictors that are jointly
dependent but marginally independent of the response without performing an iter-
ative procedure. We develop a computationally effective algorithm to carry out the
proposed procedure and establish the ascent property of the proposed algorithm.
We further prove that the proposed procedure possesses the sure screening prop-
erty. That is, with probability tending to one, the selected variable set includes

the actual active predictors.



1.2 A Brief Introduction of Two Sample Mean
Testing Problems in High-dimensional Data
Analysis

The research of testing the equivalence of two-sample mean vectors has been well
developed in classical multivariate analysis, but it confronts the new challenge in
high dimensional data analysis. Suppose that for i = 1,2, {x;;,j =1,--- ,N;} is a
random sample from a population x; with finite mean vectors u; and finite positive

definite covariance matrix . The two sample mean testing problem is to test

Hy:py = py vs. Hy g # p. (1.2.1)

The classical Hotelling’s T? test is used in the two-sample mean testing problem
when n = (N + Ny — 2) > p and x;; ~ N,(p,,2),7 = 1,2, The test statistic is
defined by

N1 N-
2 14v2 —\T o—1/= _
= — (X1 — S — 1.2.2
N1+ Ny (1 = %) (1 = %s) ( )
Ni Ni
where X; = NL Z Xij,i = ]., 2, and S = % Z (Xij - }Zi)(xij — ii)T.
( i=1j=1
Under the null hypothesis H,
n—p+1
n—pT2 ~ Fyni1—p, (1.2.3)
hence we reject the null hypothesis when
T > Fppi1p(a), (1.2.4)

where F}, ,11-p(a) is the 1 — « quantile of the distribution F, 1.

Testing the hypothesis in (1.2.1) becomes challenging for high-dimensional data
and attracts lots of researchers to create new testing methods. The traditional
Hotelling’s T? test given by (1.2.2) is not well defined because of the singularity
of S when p > N; + N,. Bai and Saranadasa (1996) and Pan and Zhou (2011)
demonstrated that the power of the Hotelling’s T2 test can be adversely affected

even when p is close to N1+ Ny, since S is nearly not invertible. Bai and Saranadasa



(1996), Srivastava and Du (2008), Srivastava (2009) developed several new theories
and methodologies in the two-sample mean testing problems in a large dimensional
setting with p/N — k € (0,1). Lee et al. (2012), Srivastava et al. (2013), Chen
and Qin (2010) and Thulin (2014) extended their research into a high-dimensional
setting without imposing condition x — (0,1). Chen et al. (2011) proposed to
use a ridge-type covariance matrix estimator S + AI, to replace S in (1.2.2) and
introduced regularized Hotelling’s T test. Some researchers considered projecting
the high-dimensional samples to a low-dimensional space and then processing the
classical Hotelling’s T2 test. Lopes et al. (2011a; 2011b) constructed the random
projection test and suggested projecting the high-dimensional sample to a [n/2](the
integer part of n/2)-dimensional space. Li et al. (2015) derived the theoretical
optimal direction with which the projection test possesses the best power under
alternatives and used a sample-splitting strategy to construct an exact t-test.
The aforementioned test methods included approximations of the covariance
matrix ¥. Bai and Saranadasa 1996, Srivastava and Du (2008), and Chen and
Qin (2010) replaced the covariance matrix by diagonal estimators that make no
essential use of correlation structure. Chen et al. (2011) and Li et al. (2015) used
a ridge-type covariance matrix estimator S + Al,. However, those estimates may
not be accurate enough and may affect the power of corresponding tests. This
thesis proposes to model the correlation matrix (R) and toimprove the power of
a test that involves the correlation matrix. This thesis assumes the inverse of
the correlation matrix R~! can be represented as a linear combination of a set of

matrix bases:

R'=0,A +  +0xAk.

We propose estimating € by minimizing the following quadratic loss

meintr[R(QlAl + Ok Ag) — L% (1.2.5)

where R is the sample correlation matrix.

The thesis shows that as the sample size goes to infinity, the ratio between the
minimizer of (1.2.5) and the true 6 goes to a constant and the asymptotic joint
distribution of ék, k=1,2,---,K is a normal distribution.

In practical implementation, we may introduce a relative large number of Ays



into the model (1.2.5) to reduce approximation error. Thus, we introduce regular-
ization method to reduce model complexity of model (1.2.5). The contribution of
this project can be summarized as follows:

(1) We propose a new hypothesis testing method for two sample mean problem
of high dimensional by considering the linear structure of the precision matrix;
(2) We derive the limiting null distribution of the new test statistic under both the
null hypothesis and the alternative hypothesis;

(3) We also propose the idea of using regularization method to select the matrix
bases;
(4) The numerical studies show the outstanding performance of the new method

when there exists strong correlations among variables.

1.3 Organization of this dissertation

The rest of the dissertation is organized as follows. Chapter 2 provides a literature
review of feature screening methods and existing two-sample mean testing meth-
ods in high-dimensional data analysis. Chapter 3 proposes a new feature screening
method for the ultrahigh-dimensional generalized varying-coefficient linear models
and further demonstrates the ascent property of the proposed algorithm carry-
ing out the proposed feature screening procedure. It further studies the sampling
property of the proposed procedure and establish its sure screening property. In
addition, it presents numerical comparisons, an empirical analysis of a real data ex-
ample, and some discussions. Chapter 4 proposes the theoretical properties of the
regularization method for precision matrix estimation and provides the application
of such an estimate to test the two-sample mean problem. It then demonstrates
the gain in power by incorporating correlation information. A real data example
is shown to compare our test to other existing testing methods. Chapter 5 sum-
marizes the research in this thesis and discusses the possible applications of the

proposed methods in the future.



Chapter

Literature Review

In this chapter, we give a brief literature review on three topics: (1) variable
selection via penalized regression methods; (2) feature screening procedures for
ultrahigh-dimensional data and (3) two-sample mean testing techniques for high-
dimensional data. First, we review some penalized regression methods and related
algorithms. Second, we briefly review some feature screening procedures based
on different models such as linear models, generalized linear models and time
varying coefficient models, and also introduce some feature screening procedures
considering the joint effect among predictors; and finally, we review some statistical
methods for the two-sample mean testing problems in the high-dimensional data

analysis.

2.1 Variable Selection via Penalized Regression
Methods

Although the subset selection procedures based on the classical criteria admit nice
sampling properties (Barron, Birge and Massart, 1999), they are infeasible when
the number of predictors is large due to the heavy computational cost. To address
this issue, researchers advocate using penalized regression approaches to select the
important variables and estimate the regression coefficients simultaneously. In this
section, we mainly introduce the penalized methods and numerical algorithms used

in the thesis.



Counsider linear model

Y =XB+e (2.1.1)
where Y = (Y4, ......, ¥,,)T is an n-element response vector, X = (xy, ......,x,)7 is an
n x p design matrix and xy, ...... , X, are independently and identically distributed
(IID), B = (B1, .o, Bp)T is & p-vector and € = (€1, ......,€,)7 is a random error

vector with n IID elements. The penalized least square function is defined by
1 p
QB) = Iy = XBI1* + > ;(1;)). (2.1.2)
j=1

where py(-) is the penalty function and A > 0 is a tuning parameter controlling
the amount of shrinkage applied to the estimate. The basic idea of penalized least
squares methods is to minimize (2.1.2).

Fan and Li (2001) advocated three properties of the penalized least squares
method:

1. Unbiasedness: The estimator is nearly unbiased for the truly large coefficients

to reduce model bias.

2. Sparsity: The estimator automatically sets small estimated coefficients to zero,

to reduce model complexity.

3. Continuity: The estimator is continuous in the data, in order to guarantee the

model prediction to be stable.

Furthermore, Antoniadis and Fan (2001) proposed that the penalized least squares

estimator possesses the following three properties:
1. Approximate unbiasedness if p\(t) = 0 for large ¢;
2. Sparsity if mingsof{t + py(t)} > 0;

3. Continuity if and only if argmin,.,{t + p\(t)} =0 .



2.1.1 Least Absolute Shrinkage and Selection Operator

Tibshirani (1996) proposed the least absolute shrinkage and selection operator
(LASSO) for variable selection in linear models. The penalty function correspond-
ing to LASSO is

pa([t]) = Alt]. (2.1.3)

With this penalty function, the penalized least squares function
1 p
QB) = IIY = XBII* + A 3 18] (2.1.4)
j=1

This is equivalent to minimizing the residual sum of squared errors subject to the

constraint i |8;| < s, by which the model size is controlled and the sparsity is
guaranteedj.ilg’rovided that X is sufficiently large, a portion of the values that make
up 3 will be exactly 0 for the LASSO penalty function. Thus, the LASSO provides
a continuous subset selection procedure. LASSO is also consistent for estimating
B under appropriate conditions, which was investigated in Knight and Fu (2000).

On the other hand, LASSO has some drawbacks at the same time. First of
all, LASSO cannot handle collinearity problem since it tends to select only one
variable from the group and ignore the rest when the pairwise correlations exist
among a group of variables. Besides, LASSO is not suitable for general factor
selection since it can only select individual input variables. Another drawback of
LASSO estimator is that it equally penalizes all the coefficients, resulting in the

biasness of large coefficients.

2.1.2 Smoothly Clipped Absolute Deviation (SCAD) Penalty

Fan and Li (2001) proposed the smoothly clipped absolute deviation (SCAD)
penalty function to select variables and estimate coefficients simultaneously. The
SCAD penalty function is defined by

(aX — [t +I(Jt] > )

pa(lt]) = M(Jt] < \) + p— : (2.1.5)
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The penalty function above is continuous and symmetric, leaving large values of
the parameter A not excessively penalized. The penalty function also satisfies all
conditions for the aforementioned advocated properties, and Fan and Li (2001)
suggested a practical choice for a > 2, and often a = 3.7 in SCAD from the view of
Bayes risks. Furthermore, Fan and Li (2001) proved the SCAD penalized estimator
possesses the oracle property. In other word, the non-zero component is estimated
as well as it would have been if the correct model were known in advance. In
addition, when a component of the true parameter is 0, it is estimated as 0 with

probability tending to one.

2.1.3 Minimax Concave Penalty (MCP)

Zhang (2010) proposed the minimax concave penalty (MCP) and it is defined by

pa(t]) = A(Jt] — [t]2/2aN) I (|t] < aX) + GT/\QI(M > al) (2.1.6)

where a > 0. MCP is motivated by and rather similar to SCAD. The MCP enjoys
the aforementioned three desired properties and the oracle property. Zhang (2010)
discussed the issue of choosing a in depth; a = 3 is suggested for penalized linear

regression and a = 30 is suggested for penalized logistic regression.

2.1.4 Coordinate Descent Algorithms

It is hard to optimize aforementioned penalized least squares function due to the
nonconvexity. However, some convex functions can be used to approximate them,
thus, the nonconvex problem can be solved via convex optimization algorithms.
Fan and Li (2001) proposed a unified local quadratic approximation (LQA) algo-
rithm for optimizing nonconvex penalized least squares, the idea of which is to
locally and iteratively approximate Q(8) in (2.1.2) by a quadratic function. Zou
and Li (2008) introduced the local linear approximation to the nonconvex penalty
functions. Efron et al. (2004) proposed a fast and efficient Least Angle Regres-
sion (LARS) algorithm. In this section, we mainly focus on coordinate descent
algorithm which successively optimizes on coordinate at a time. The procedure of

coordinate descent algorithm can be summarized as:
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(1) Set the initial value 3,.

(2a) Successively optimizes Q(3) in (2.1.2) from the first, the second,......, and

the p-th coordinate while keeps other coordinates fixed.
(2b) Repeat 2a until some convergence criterion is satisfied.

Denote X_; and B—j,O as X and Bo with the j-th column and j-th component
removed, respectively. When we are optimizing the j-th component ; fixing other

components at their current value 3, in (2a), we update the component by
. .1 2
B = argmin Q;(f;) = argmin(z—{[R; — ;53" + pa(l8;]) + ¢) (2.1.7)
J J

where x; is the j-th component, R; =Y — X,jB,j’O and ¢ = HP/\(’Bﬁ,o)Hl is a
constant. For an orthonormal design where X”X = nl,, Q,;(B;) can be simplified

to

Qi(55) = 5085~ &) + m(1Bs) 219

where ¢; = nilX]TRj. For LASSO, the solution to (2.1.8) is

aLASSO = Sgn(ﬁj)(|5j| — Ay (2.1.9)

For SCAD, the solution to (2.1.8) is

R sgn(8;)(18;] — M)+ when [8;| < A;
Oscap = 4 sen(B))[(a —1)|58;] —aX]/(a —2) when 2\ < |8;] < a);  (2.1.10)
Bj when |3;] > a\.

And for MCP, the solution to (2.1.8) is

G { sen(A)(5] =X/ = 1) when [55] < o 2.111)

B; when |3;| > a\.

Wu and Lange (2008) first applied coordinate descent algorithm to LASSO,
and Friedman et al. (2007) showed that coordinate descent algorithm is very

competitive with LARS algorithm for computing the solution path.
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2.2 Feature Screening for Ultrahigh-dimensional

Data

The penalized regression methods reviewed in last section have been successfully
applied in high-dimensional data analysis, but when the dimensionality of data
grows exponentially with the sample size, they are challenged in terms of statis-
tical accuracy, algorithm stability and computational complexity. Such ultrahigh-
dimensional data analysis has gained much popularity in the modern scientific
fields such as genomics and proteomics, economics and finance. In this section, we
briefly introduce feature selection procedures for different models, and both the

strengths and weaknesses of each method are demonstrated.

2.2.1 Linear Models and Transformed Linear Models

We first review some feature selection methods for linear models based on Pearson
correlation, and for transformed linear models based on generalized correlation and

rank correlation.

2.2.1.1 Pearson Correlation

Fan and Lv (2008) introduced the concept of sure screening and proposed the sure
independence screening(SIS) method based on the correlation learning. The SIS
method can shrink the dimensionality from high to a moderate level.

Consider a linear model (2.1.1), if all the variables are standardized with mean

0 and standard deviation 1,
w=XTY (2.2.12)

is the marginal correlations of predictors with response variables. Fan and Lv
(2008) proposed that by sorting the p componentwise magnitudes of w in a de-

creasing order, a submodel
M., = {1 <i<p:|wis among the first [yn] largest of all} (2.2.13)

can be obtained, where v € (0,1) and [yn] is the integer part of yn. Hence
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the full model is shrunken to the submodel M, with size d = [yn] according
to the marginal correlations of the predictors with the response variable. Let
M, = {1l <i<p: B # 0} be the true model with size s, and suppose we have

the following four conditions:
1. p > n and log(p) = O(n®) for some £ € (0,1 — 2x), where £ > 0.

2. Denote z = Y7 /2X and Z = XX7Y2 where X = (xi,......,X,) and ¥ =
cov(X), then z has a spherically symmetric distribution. If there are ¢, ¢; > 1

and C7 > 0 such that the deviation inequality
P{nax (57122 ) > ¢1 or Auin(51ZZ" ) > 1/e1} < exp(—Cin)

holds for any n x p submatrix Z of Z with cn < p < p.

3. var(Y) = O(1) and, for some k > 0 and ¢y, c5 > 0,

. . -1
min || > 2% and min [cov(f;Y, Xy)| = cs.

4. There are some 7 > 0 and ¢4 > 0 such that
Amax (X)) < eqn”

Then SIS is proved to have the sure screening property as follows:

Theorem 2.2.1. If 2k + 7 < 1, then there is some 0 < 1 — 2k — 7 such that, when

v~ en”?, we have, for some C > 0,

P(M, c M) =1—0Olexp{—Cn'~%/log(n)}]

it indicates that P(M, < M.,,) — 1 as n — o0.

Since SIS method enjoys the sure screening property, Fan and Lv (2008) imple-
mented a two-stage selection method. First, we use SIS to reduce the dimension-
ality to a moderate level, so the full model {1, ...... ,p} is shrunken to a submodel
M., with size d < n, and then apply a lower dimensional model selection method
to the submodel M, such as SCAD, LASSO, adaptive LASSO and the Dantzig

Selector. From the results of their numerical studies, SIS-SCAD outperforms other
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combinations and generates smaller and more accurate models. They also showed
that SIS-SCAD has the oracle properties.

However, SIS is not a perfect model selection method and has some drawbacks.
First, some unimportant predictors which are highly correlated with the impor-
tant predictors will be included, and other important predictors that are relatively
weakly correlated with the response will be neglected; Second, the important pre-
dictors that are marginally independent of the responses but jointly dependent
of the responses cannot be selected by the SIS; Another drawback is that the
collinearity among the predictors make the variable selection more difficult. In
order to overcome these drawbacks, Fan and Lv (2008) proposed an iterative SIS
method, that is to apply SIS method iteratively and in each step the residual from

the model selected in the previous step is treated as the response.

2.2.1.2 Generalized Correlation and Rank Correlation

The SIS method works well for the linear regression model with ultrahigh-dimensional
predictors, however, the Pearson correlation cannot be directly used to do the fea-
ture selection in the nonlinear model. In order to capture both linearity and
nonlinearity, Hall and Miller (2009) proposed a feature selection method based on
the generalized correlations between the response and predictors.

Hall and Miller (2009) defined the generalized correlation between the j-th
predictor and Y by:

cov{h(Xj;),Y}

pol X ¥) = ?zg-i v/ var{h(X;)}var(Y) (2:2.14)

where H is a vector space generated by any given set of functions h. If we restrict

H to a space of constant and linear functions, p,(X;,Y’) is the absolute value

of Pearson correlation between X; and Y. Assume that Y = (Y7, ...... YT s
an n-element response vector, X = (xi, ...... ,X,)T is an n x p design matrix and
X1, nnnn ,x,, are 1ID, p;(X;,Y’) can be estimated by

Pg(X;,Y) = sup Zy:l{h(Xij) —hi}(Y; =Y)

ner D {h*(Xiy) — B?}Z:.‘:l(yi —Y)? (2.2.15)

where h; = n~ 13" h(X;;) and Y =n1 X" Y. In addition, >, (V; —Y)? does
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not depend on 7, so

. 2 {A(X) = b} (Yi = Y)
R A R oo B

(2.2.16)

can be used instead.

The generalized correlation reflects both the linear and nonlinear relationships
between the predictors and the response. Hall and Miller (2009) proposed a new
feature screening method using generalized correlations as the marginal utility,
which is ranking all the predictors based on the magnitude of the estimated gen-
eralized correlation of each predictor. Hall and Miller (2009) also introduced a
bootstrap method to assess the authority of ranking all predictors. Let 7; denotes
the rank of the j-th predictors based on the magnitude of the estimated generalized
correlation of the j-th predictor. Compute the generalized correlation pj(X;,Y)
of j-th predictor in the bootstrapped sample, and calculate the rank 7*(j) of the
bootstrapped sample. Given a level a;, a nominal (1 — «) two-sided, equal tailed
prediction interval [7_(j), 7, (j)] is computed based on the distribution of 7*(j)’s
of the bootstrapped samples. Hall and Miller (2009) suggested the j-th predictor
is considered as influential if 7, (j) < %p. The rule assumes that the total number
of important predictors is less than p, and more than half of all the predictors
are rejected by this rule. Hall and Miller (2009) also indicated that there may
exist high rate of false positives under this rule. Thus %p can be replaced by some
smaller fraction of p.

Hall and Miller’s method is based on making transformation on the covariates,
an alternative way to characterize the nonlinearity is to make transformations on

the response. Li et al. (2012a) defined a marginal rank correlation

b
n(n—1)

DXy < Xip)I(Y; < Y)) — 1, (2.2.17)

wj = 4
i#l

to measure the importance of the j-th predictor X;. According to the magnitude
of w;’s, a feature selection procedure selects a submodel ./(/l\% ={1<j<p:|w|>
Yn}, where 7, is a threshold value.

Li et al. (2012a) proposed that the feature screening procedure based on the

rank correlation is robust against heavy-tailed distribution and invariant under
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monotonic transformations and enjoys sure screening property under some tech-
nical conditions. The feature selection method is also robust to the outliers and

influence points in the observations.

2.2.2 Generalized Linear Models

Generalized linear models have been widely used in statistical research and appli-
cations. Thus, it is necessary to extend the feature selection procedures from linear
models to generalized linear models. In recent years, researchers have developed

some feature selection methods for generalized linear models.

2.2.2.1 Marginal Likelihood Screening

Fan et al. (2009) extended the SIS method to generalized linear models(GLIM) by
ranking the marginal likelihood of each predictor. Assume the conditional density

function of y with the canonical form is given by:

FyX) = exp{yf(X) = b(6(X)) + c(y)} (2.2.18)

where b(-) and ¢(-) are known functions and 6(X) = X” 3. Assume that E(Y|X) =
b'(0(X)) = g 4B + XTB). X is an x p matrix (xy,......,X,), and each column
is standardized with mean zero and standard deviation one. Denote the nega-
tive likelihood function of the i-th observation is I(3y + x7 3,Y;), so the marginal
likelihood of j-th feature is

L; = érol}gj};l(ﬁo + 2,85, Vi) (2.2.19)

The SIS idea in this situation is first to compute the marginal likelihood L =
(L, ... ,L,)" and then select the important predictors by ranking the marginal
likelihood. A submodel

M., = {1 <i<p:|L; is among the first [yn] smallest of all} (2.2.20)

is obtained, where v € (0, 1) and [yn] is the integer part of yn. After implementing
this method, the full model {1, ...... ,p} is reduced to a moderate level d = [yn], then



17

some well-developed variable selection methods such as LASSO, adaptive LASSO,
SCAD and Dantzig Selector can be used.

If we partition the sample in two parts and apply SIS to each partition, and
denote the two active indices by M; and M, which satisfies \/\;l =M, m./\;lgl =d.

The method also possesses the sure screening property.

Theorem 2.2.2. If 2k + 7 < 1, where k > 0 and 7 > 0, then for some C > 0, it

follows
P(M, c M) =1 — Olexp{—Cn'~2%/log(n) + log(p)}]

As shown in Section 2.2.1.1, the marginal feature screening methods fail when
the predictor is marginally uncorrelated but jointly related to the response, or
jointly uncorrelated with the response but highly correlated with some important
predictors. Fan et al. (2009) proposed an iterative feature screening method under

generalized linear model which follows 4 steps:

1. Calculate the marginal likelihood vector (Ly, ......, L,) and obtain a submodel
M\l = {1 < j < p: L;is among the first k; smallest of all}. Then apply
some well developed variable selection methods such as LASSO and SCAD

to select a new subset /ﬁ .

2. Then apply the SIS method to the model {1, ...... ,p}/./(/l\, which is to compute:

L§.2) = min L(Bo + XZT/Q,B/Q + X505, Y3) (2.2.21)
Bo.B .85 im1 ’

where XZT/Q is the sub-vector of X; containing the elements in M. Select a
subset My = {je{1,.... ,p}/./(/l\ ; L§2) is among the first ky smallest of all}.

3. Some large dimensional variable selection methods such as LASSO and SCAD
is applied to the set Mo ./\//72 to update the subset M.

4. Repeat step 2 and 3 until |M\| > d. So the final selected model is M.

Fan et al. (2009) also proved that the iterative method possesses the sure screening

property.
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2.2.2.2 Maximum Marginal Likelihood Estimator

Fan and Song (2010) proposed a screening method by ranking the magnitude
of the maximum marginal likelihood estimator (MMLE). The generalized linear
model and the negative log-likelihood function are same as those in section 2.2.2.1.
When p > n, the minimizer of the negative log-likelihood is not well defined.

Assume that the predictors are standardized with mean zero and deviation one,
the MMLE B;M of the j-th predictor is defined as

n

B(z)w,g{w) = arg Br'Ioliﬁn Z L(Bjo + XijBi, Yi)- (2.2.22)

i1 4
Ihi=1

/\M:<

B,

This could be computed quickly and the implementation is robust. Then Fan and
Song (2010) also gave the definition of the population version of MMLE:

/\M:(

B, = (BY.B") = arg min El(By + Xi8;,Y), (2.2.23)

50,051
where F is the expectation under the true model.
Based on the magnitude of MMLE, a submodel could be selected:

M, ={1<j<p: B} =} (2.2.24)

where 7, is a predefined value. Fan and Song (2010) also established the theoretical
properties of MMLE. Define the true model as M, = {1 < j < p: ; = 0} with
size d. Fan and Song (2010) first proved that the marginal regression parameter
Ajj-‘f = 0 if and only if cov(Y, X;) = 0, which shows that the marginal regression
parameter is in fact a measurement of the correlation between the covariate and
the response. In order to prove sure screening property of MMLE, Fan and Song
(2010) first established the following result:

Theorem 2.2.3. If |cou(Y, X;)| = cin™® for j inM, and a positive constant
c1 > 0, then there exists a positive constant ¢ such that min j € M, |B1| = con™
if b'(-) is bounded or EG(a|X;|)| X;/I(|X;| = n") < dn™", where 0 < n < k, and

some small positive constants a and d, where G(|z]) = supj,</y| b’ (w)].

Theorem 3 reveals that the marginal signals are stronger than the stochastic
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noise when X,’s are correlated with the response. Then Fan and Song (2010)
established the uniform convergence and sure screening property of MMLE under

some technical conditions.

Theorem 2.2.4. (1). If n'=%/(k2K?) — o, then for any c3 > 0, there exits a

positve constant c4 such that

<f£?<§,’6ﬂ —BM| = esn™) < plexp(—can' >/ (kLK) +nmy exp(—moK)}.
(2.2.25)

K

(2). By taking v, = csn™" with ¢5 < ¢o/2, we have

P(M, © M,,) > 1 — dfexp(—csn'=>/(k2K2)) + nmy exp(—moK®)},

where d = | M|, the size of the true model; k, = b (K,B + B) + moK®/sq
with sg, mg > 0, B is the upper bound of the true value ofﬁ ‘1 and K, is the

supremum norm of X.

Fan and Song (2010) also indicated that the marginal screening method by
ranking the magnitude of MMLE can handle the NP-dimensionality log(p) =

1=2r)a/(a+2)) " with a = oo for the case of bounded covariates. This is weaker

o(n!
than SIS proposed by Fan and Lv (2008) when the covariates are normal, but
the method allows nonnormal covariates and other error distributions. Fan and
Song (2010) showed that the number of selected variables |/(/l\%| is bounded by
O{n* Amax(2)}, where A\pax(2) is the largest eigenvalue of ¥ with probability ap-
proaching one under some regularity conditions, so the value of x determines the
threshold ~,.

Fan and Song (2010) also proposed that the MMLE screening method is equiv-
alent to the method stated in Section 2.1 since both of them have sure screening

property and the number of selected variables are of the same order of magnitude.

2.2.3 Varying Coefficient Model

Ultrahigh dimensional varying coefficient models have become more and more im-
portant in statistical research as a useful extension of linear models. In this model,

the regression coefficients are changed over different subjects featured by certain
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covariates. Since the number of predictors is much larger than the sample size,
feature selection is fundamental for the analysis of ultrahigh dimensional vary-
ing coefficient models. In this section, we review two existing statistical feature

selection methods for the varying coefficient models.

2.2.3.1 Nonparametric Independence Screening

The varying coefficient model is an important class of nonparametric regression
model. It is defined as

Zp] u)X; + €, (2.2.26)

where (;(u)’s are coefficient functions.

Feature screening methods are needed when the number of covariates is large.
Fan et al. (2014b) proposed a nonparametric independence screening (NIS) by
ranking the nonparametric marginal utility of each covariate given w.

Denote the true model M, = {j : 1 < j < p, E[f}(u)] > 0} with the size
d = |M,|. Fan et al. (2014b) first fitted the marginal regression of each covariate
given u, then find a;(u) and bj(u) which minimize E{(Y — a;(u) — b;(u)X;)?u}.
The expressions of the minimizers are b;(u) = % and a;j(u) = E[Y|u] —
bj(u)E[X;|u]. Let ag(u) = E[Y|u], the nonparametric marginal utility of each

covariate

(cov[ X, Y[u])®

u; = B(a;(u) + bj(u)Xj)z — E(ao(U))2 = B var[ X |u]

1. (2.2.27)

Let a;(u) and bj(u) be approximated by splines method. Define

be a normalized B-spline basis, d;(u) = ( ) 7j,b;(u ) B(u)76;, and do(u) =
B(u)" 7. It can be shown that (77, 67)” Q Y,n = (B!B,)'BlY

b;
e
:B(Ul)Tv ]1I3 U1 I3<U1)T
where Q,,; = (B, ®,;) = :

B(u,)" XjnB )T

nx2l,
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and Y = : . Thus, the estimate of the marginal utility

nx1
a:||aj(u) + b (W) X175 = l[ao(w)| [
1 n
Z CL] uz —Z ao ul

A submodel M., = {1 < j < p:u; = ,} can be selected, where 7, is a predefined
threshold. Fan et al. (2014b) also showed that it is equivalent to ranking the

(2.2.28)

3

covariates by the residual sum of squares of marginal nonparametric regression,

which is
0; = |IY —a;(u) — bj(u)X,]]7, (2.2.29)

and a submodel M, = {1 < j <p:7; <1,}, where v, is a predefined threshold.

Fan et al. (2014b) proved the sure screening property of the proposed method
under some regularity condition. However, the proposed method also suffers
the weakness of SIS such as failure of selecting important variables which are
marginally independent of Y and select unimportant variables which are highly
correlated with important variables. Thus, Fan et al. (2014b) adopted two iter-
ative methods, conditional-INIS and greedy-INIS to improve the performance of
the proposed method. A group penalty is needed because an estimated coefficient
function vanishes if and only if all of the coefficient in the corresponding spline

expansion are zero. Fan et al. (2014b) implement group-SCAD in the paper.

2.2.3.2 Conditional Correlation Learning

Liu et al. (2014) proposed a new feature selection method for the varying coeffi-
cient models based on conditional correlation coefficient (CC-SIS). The conditional
correlation between the response and the j-th predictor X; given u is defined to

be

cov(X;,Y|u)

X, Yu) =
PLX; Yu) = v eov (X, Xjlu)cov(Y, Y u)’

(2.2.30)




22

and the marginal utility is

oy = BAGA(X;, Y )}, (2.2.31)

In order to estimate p(X;,Y|u), we need to estimate five conditional means such

E(Y|u), E(Y?|u), E(X;|u), E(X}u) and E(X;Y|u). Liu et al. (2014) used the
kernel smoothing method to estimate those conditional means. The estimation of
E(Y|u) is

: (2.2.32)

E(Y|u) =Zn:

K,
zﬂi Ky (u; —u)

where K (t) is a kernel function, h is a bandwidth and K,(t) = h™'K(t/h).
The kernel regression estimates of the other four conditional means have the
similar definitions. The estimation of the conditional covariance cov(X;,ylu) =

E (Xjyu) — E(X ]|u)E(y|u), and the estimation of the conditional correlation is

cov(X;, Yu)
VoV (X5, Xju)cov(Y, Yu)

p(X;,Y|u) = (2.2.33)
The kernel regression can guarantee cov(X;, X;lu) = 0 and cov(Y,Y|u) > 0, and
the bandwidth A of the five conditional means are required to be same.

The plug-in estimate of pj, is

Zp 5 Y ug). (2.2.34)

Based on the magnitude of p*’s, the screened submodel is defined as

—~

M ={j:1<j<p:p;is among the first d largest}, (2.2.35)

where |/(/l\ | = d is taken to be smaller than the sample size n. Thus, the full
model is reduced to a moderate scale. Liu et al. (2014) indicated we can set
d = [n*°/log(n*")] for ultrahigh-dimensional varying coefficient models.

Denote the true model and its complement by M, and M¢. To establish the
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ranking consistency property, some regularity conditions are needed:

—_

. The population level unconditioned-squared correlation cannot be too small.

2. u, X and ¢ are independent given X%[* B, (u) and the linearity condition is
satisfied:

E{X|X}\FA*,@M*(U),U} =COV(X,X;:A*|U)BM*(U){COV(X§A*|U>}_1 X [3%‘* (u) X, -
(2.2.36)

3. The density function of u has continuous second-order derivatives.

4. The kernel function K(-) is symmetric and uniformly bounded on its finite

support.
5. X; and Y satisfy the sub exponential tail probability uniformly in p.

6. All conditional means and their corresponding first and second derivatives are

finite and the conditional variances are significantly greater than zero.

Under Conditions 1-6, Liu et al. (2014) proved the ranking consistency property:

T}I_I)IOIO inf{]glj\'l/lr}k p; — ]rél/%i p;} > 0 in probability, (2.2.37)
which states all the true predictors have larger p*’s than the unimportant ones.
Liu et al. (2014) also established the Sure Screening Property under conditions
3-6, that is P(M, < M\) — 1 asn — 0.
CC-SIS is based on a marginal utility. Thus it may fail to identify the important
variables which are marginally uncorrelated to the response but jointly correlated
to the response. Liu et al. (2014) proposed an iterative CC-SIS that can overcome

this weakness.

2.2.4 Joint Effects

The aforementioned feature screening procedures are based on the marginal utili-
ties between response and predictors. They may fail to select the active variables

which are marginally uncorrelated with the responses but jointly correlated with
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the responses and some inactive variables may be selected if they are highly cor-
related with the active ones. The screening methods considering the joint effects
between predictors overcome the aforementioned weakness. In this section, two

feature selection procedures accounting for the joint effect of features are reviewed.

2.2.4.1 Sparse MLE

The marginal screening methods fail to select the important variables which are
marginally independent of the response and remove the unimportant variables
which are highly correlated with the important ones. Iterative SIS methods im-
prove the performance of the marginal screening method, however, they have higher
computational cost and increased complexity. Xu and Chen (2014) proposed a
new method via the sparsity-restricted maximum likelihood estimator (SMLE) for
the generalized linear models, which considers the joint effects of features in the
screening process. The new method overcomes the weakness of marginal screening
methods and also enjoys lower computational cost.

Consider a random sample of size n from a generalized linear model, the log-

likelihood function of 3 is given by

n

t(B) = Y {(XTB)Y: - b(XiB)} (2.2.38)

i=1

under the canonical link. The SMLE is defined by

B[k] = argmgxfn(,@) subject to ||B||o < k (2.2.39)

where || - ||o denotes the number of nonzero components of a vector and k is larger
than the cardinality of the true model |M,|. Let M = {1<j<p: @[k]j # 0} be
the nonzero components of By;,). The SMLE method is a joint-likelihood-supported
screening method that accounts for the joint effects between features.

In order to obtain the SMLE with a low computational cost, Xu and Chen
(2014) developed an iterative hard-thresholding algorithm (IHT) to estimate the
SMLE. For a given 3, the log-likelihood function ¢, (3) is approximated by

ha(7:B) = 6(B) + (v = B)"Su(B) — (u/2)]l7 — Bll3 (2.2.40)
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for some scaling parameter u > 0, where || - || is the Ly norm and S, (3) is the
score function. The first two terms are given by Taylor’s expansion and the third
term is a regularization term. It can be seen that h,(7;3) approximates ¢,(3)
very well when « is close to 8 and in fact h,(3;8) = (,.(8).

In the iterative process, B(t) is updated by

B — arg max h(7y; BY) subject to ||yl < k. (2.2.41)

The regularization term in (2.2.41) prevents B far away from B® which makes
B a nongreedy update for obtaining B[k]. Thus, the iteration is started with
an initial 3 and stopped until ||3¢*Y — B8], falls below some tolerance level.
The solution to (2.2.41) is

B+ _ H(ﬁ(t) +u Xy - bl(Xﬁ(t))}; k), (2.2.42)

where H(v; k) = [H(y1;7), ..., H(vp; )] and H(y;7) = vI(]y| > r) with r as the k-
th largest component of 4. Xu and Chen (2014) showed the increment property of
SMLE method, so the sequence 84*Y based on IHT algorithm increases the value
of £,(-) and necessarily converges to a local maximum of ¢,(-). The increment
property guarantees that the SMLE method is a promising method for feature
screening. Xu and Chen (2014) also proved the sure screening property of SMLE
method under some technical conditions, which means that p(M, < M\) — 1, as

n — 0.

2.2.4.2 Sure Joint Screening
Yang et al. (2016) proposed a feature screening method based on the joint partial
likelihood for the Cox’s model:

h(t|X) = ho(t) exp(X*3), (2.2.43)

where hy(t) is an unspecified baseline hazard function and 7" is the survival time.
Denote the observed time by Z = min(7', C') and the event indicator by § = I(T <
('), where C' is the censoring time. Suppose that {(X;, Z;,6;)} is an IID random
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sample from model (2.2.43) and ¢! < - -+ < t%; are the ordered failure times. Denote
the risk set right before the time t? by R;:

Ry =1{i:Z; =1 (2.2.44)

Let N failures at time ¢} < -+ < % be xq), -, X, the partial likelihood

function of the random sample is

N
6(8) = Y IX[)8 — log{ Y exp(X] B)}]. (2.2.45)
j=1 i€R;

Denote the true model by M,. From here, it is for survival data. Yang et
al. (2016) proposed a screening method for the Cox model by maximize the con-

strained partial likelihood

B, = arg mlgxép(ﬁ) subject to ||8,,]l0 < m, (2.2.46)

where m > |M,|. Since it is impossible to maximize the constrained partial
likelihood in the high dimensional setting, Yang et al. (2016) considered a proxy
of the partial likelihood function

L) ~ 0(8) + (v~ BE(B) + 5 (v~ BBy~ B),  (2247)

where £,(8) = 0ly()/07]_g and 0(B) = 02€P(7)/0767T|’y:[3‘ For the setting
of large p and small n, Kg(ﬁ) is not invertible. Thus, the authors proposed to use

the following approximation for 6;;(7)

u

9(v18) = 6(B) + (v = B) 4,(8) = 5(y = B) Wy = B),  (2248)

where u is a scaling constant and W = diag{—¢,(3)}. The authors approximated

£(8) by udiag{(,(B)}.
It can be seen that g(7v|8) is an additive function of ~, for any given 3 since W
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is a diagonal matrix. Thus, the maximizer of the following maximization problem

m’%xg('y\,ﬁ) subject to ||v|lo < m (2.2.49)

is 3 = 3 1{1%5] > Fensvl} := H(F3m), where ¥ = B+u~"W () and ||
is the m + 1-th largest among {71, -, %}-

The algorithm for the feature screening procedure is:
1. Set the initial 8 = 0.

2. Set t = 0,1,2,--- and iteratively conduct 2a and 2b until some convergence

criterion is satisfied.

Step 2a. Compute ¥ = (%t)a o ,:ngt))T =B + Uflw_l(ﬁ(t))é;(ﬁ(t)) and
~(t) - " -
B = (HE;m),-- , H(#;m)) == HEFY; m).

Set Sy = {j: Bj # 0}, the nonzero elements of B(t).

Step 2b. Update 3 by B as follows. If j ¢ .5, set Bj(»tﬂ) = 0; otherwise, set
{ﬁ;tﬂ) : j € St} be the maximum likelihood estimate of the submodel S;.

The proposed method can select the important variables that are marginally in-
dependent but jointly dependent of the survival time and is considered to perform
better than the marginal screening method. In addition, it can be carried out with
low computational cost. Yang et al. (2016) also demonstrated the increment prop-
erty and the sure screening property of the proposed method under some certain

conditions.

2.3 Review of Two Sample Mean Testing in High-

dimensional setting

In this section, we focus on two-sample mean testing methods. These methods
can be directly applied to the one-sample mean testing problems. Suppose that
x; = {X11,  ,X1n;} and Xy = {Xa1, -+ ,Xan, } are two independent p-dimensional
random samples with means g, and p, and covariance matrices X5 and g, respec-

tively. We assume that >; = Yy = Y and the two sample mean testing problem is
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to test the null hypothesis
Ho:py = py vs. Hy oy # o (2.3.50)

All the testing methods reviewed in this section can be extended to the one-sample

testing problem.

2.3.1 Classical Hotelling’s T Test

The classical Hotelling’s T? test is used in the two sample mean testing problems
when n = (N7 + Ny — 2) > p and x;; ~ Np(p;,X), 7 = 1,2. The test statistic is
defined by

2 _ N1N2

N, + N, (X1 — %X2)"S7H (%1 — %2) (2.3.51)
N 2 N;
where X; = y; Zl Tyt = 1,2, and § = | 21 _ 1(Xz‘j — %) (xi; — %)
j= =14
Under the null hypothesis H,
n—p+1
LTQ ~ Lpntl—p, (2352)

np

hence we reject the null hypothesis when
T? > Fpny1p(a), (2.3.53)

where F}, ,11-p(a) is the 1 — « quantile of the distribution F, 1.
Bai and Sranadasa (1996) derived the approximation of the power function of

Hotelling’s T? test for the two sample problem.

Theorem 2.3.1. If y, = p/n — y € (0,1), Ni/(Ny + N2) — k € (0,1) and
101 = o(1), then
Bir(8) = B(—Ea + 4/ 572K (1 = )[[6][2) — 0,

2y

where § = X7Y2(uy — py) and By () is the power function of Hotelling’s T? test.
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Denote nl|§||> — a > 0, and Theorem 5 shows that the limiting power of
Hotelling’s T test is slowly increasing for y close to 1 as a increases. However, the

Hotelling’s T2 test cannot be used when p > n, since the matrix S is not invertible.

2.3.2 Dempster’s Test

Under the normality assumption x; = {x;; : x;; ~ Ny(p;,2),i = 1,2, =
1,---,N;} and XT = (xq1,-+ ,Xin,, Xo1, -+ ,Xon,) and x; and X, are indepen-
dent, Dempster (1958; 1960) proposed a non-exact test for the two-sample mean

testing problems with p > n. Consider a matrix with N; + Ny orthogonal columns

B = (by, -+ ,bn,+n,) in a Euclidean space, where
by =4/ ! 1
1 — Nl + N2 N1+Na»
- - (2.3.54)
by — ( 2 1

2 a9
Ni(N; + No) v zmm+m)m

and b;,i = 3,--- , N; + Ny are chosen to ensure the orthogonality of B. Denote
Y =B'X = (y,, " ,¥nun)" Itisseen that E(y,) = (Nipq+ Nopty) /(N1 +No),
E(y,) = /(N1 No)/(Ny + No)(py — o) and {y;,i = 3,--- , N;+ Ny} are distributed
as N(0,X). Thus, y, is the difference between the sample means, and y, ~ N(0, %)

under H,.
Dempster (1958; 1960) defined the nonexact test statistic by

Q2

F=xn ’

(2.3.55)
=1

where Q; = y!y,. Dempster (1958; 1960) assumed that Q; is distributed as my?
and m and r can be solved by the method of moments, the distribution of F' is
FT,?’LT“

Dempster (1960) provided two methods for estimating r as follows:
1. Assume that Q; ~ myx?, denote a sufficient statistic

N1+N2 N1+N2

t=nllog- D) @)1 Y, @ (2.3.56)
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that depends only on r and when r is small, its distribution can be approxi-

mated by

1 1+1/n
t~[=
[r+ 3r2

IxXp—i- (2.3.57)

Thus, the first estimate of r is defined by the solution of the following equa-
tion
1 1+1/n

t=|=—+ =
[7’1 3r?

1tn - 1). (2.3.58)

2. The second estimate of r is constructed by using the angles between y, and
y;, which is denoted by 6;; with 3 <i < j < (Ny + Na). Let

. 1 3
Ui; = —log(SmQ(Qij)) ~ (; + 2—742))(%, (2359)

and the second estimate of r can be obtained by solving

t+ Z uijz(iqt 3)<n)+[1+M](n—1)(2.3.60)

o) = =5
r 2r r 3r
3<i<j<(N1+N2) 2 2 2 2 2

Bai and Saranadasa (1996) suggested that

(trX)? X
_— and m = ok (2.3.61)

r =

and if nS ~ W,(2,n),

2

CFICE [trS® — (trS)/n] (2.3.62)

is an unbiased and ratio-consistent estimator of tr¥2. Thus, we can obtain another

estimate of r

(trS)?
n’ )[trS2 — (trS)?/n]

(n+2)(n—1

. (2.3.63)

?:

Bai and Saranadasa (1996) also gave the approximation of the power function of
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Dempster’s test.

Theorem 2.3.2. Ify, = p/n — y € (0,1), N1/(N1 + Na) — k€ (0,1) and r is
known, when (py — pe) TS (p6y — py) = o((1/Ny +1/No)tr2?) and Apax = o(V/ 1r¥2),

we have

R e 1 e TR

where Apax 15 the mazimum eigenvalue of ¥ and Br,, (py — ) is the power function

of the Dempster’s test.

Theorem 6 reveals that if y is close to 1, the asymptotic power of the Dempster’s
test increases much faster than that of the Hotelling’s Test as the non-central

parameter increases.

2.3.3 Testing Methods Using Diagonal Estimators for X

In this section, we review some testing methods using diagonal estimators of co-
variance matrix X. These methods have been shown to be more powerful than
the classical Hotelling’s T test when the dimension is close to the sample size. In

addition, they can also be used for the high-dimensional data.

2.3.3.1 Bai-Saranadasa Test (BS test)

The Hotelling’s T? test and Dempster’s test depend on the normality assumption
and Dempster’s test involves a complicated estimation of r. Bai and Saranadasa
(1996) proposed a new test for Hy without the normality assumption to simplify

the testing procedure. The new test is based on the following assumptions:

1. x;; =Tz;,i=1,2,j =1,---, N;, where I is a px m matrix satisfying y['7 = 3,

and z;; are IID random m-vectors satisfying F(z;;) = 0, Var(z;;) = I,
E(zijr) <o,k =1,---,m, E(z};) = 3+ A < o and whenever kz vp = 4,
-1

m

ET] zzkk equals 0 when at least one v equals 1 and equals 1 when there are
k=1

two v’s equal to 2.

2. yn:]?/n—’?/e (071)7 Nl/(Nl_‘_NQ)_)ﬁe (071)
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3. (g — )T (g — o) = o((1/Ny + 1/Np)tr¥?) and Apayx = o(vV/tr2).

Bai and Saranadasa (1996) first constructed a statistic

1 1
Tn = (5(1 — 5{2)T<il - 5(2) (ﬁl + E)trS (2364)
Under the null hypothesis Ho, E(T;,) = 0 and Var(T,,) = 07, = Q(Ni )2(1 +

L)tr£? under the normality assumption and Var(T,,) = o7, (1 + o(1)) Wlthout the
normality assumption but assumptions 1-3 are satisfied.

The authors proved that under Assumption 1-3,

Ty
v/ VarT,

They also showed that (2.3.62) is an unbiased and ratio-consistent estimator of
tr¥2. Hence, the test statistic is defined by

~ N(0,1), as n — oo. (2.3.65)

T, 4+ D) (x —x X; — Xg) — trS

Tps =~ = & N;()( — ) (R — %) ~ 5 (2.3.66)

n+
vVarly o e 65 — (trS)2/n]
and Tgs ~ N(0,1).
Bai and Saranadasa (1996) derived the asymptotic power of their test,

k(1 — K[| — pol|?

Bras (Mg — pa) — P(—=&a + (L=l = oo ) — 0, (2.3.67)

V2tr¥?

under the assumptions 1-3, which is same as the asymptotic power of Dempster’s
test.

BS test is also more powerful than Hotelling’s 7 test when y is close to 1, and
it simplifies the Dempster’s test by avoiding estimating r. BS test is sightly more
powerful than Dempster’s test because an error may be caused by the estimation

of r in Dempster’s test.

2.3.3.2 Chen and Qin Test(CQ test)

BS test reveals the restriction on n, p and the largest eigenvalue A, of ¥ are needed

to control the terms Z X} Xij,1 = 1,2 in (X3 —X3)" (X, —X3). Chen and Qin (2010)

j=1
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N;
proposed a test (CQ test) that avoid the effect of ] xg;-xl-j,i = 1,2. The authors
j=1

assumed the following factor-like model structure :
Xy = lizij, i =1,2,5=1,--- | N; (2.3.68)

where each I'; is a p x m matrix for some m > p such that FiFiT = 2, and z;
are IID random m-vectors satisfying E(z;;) = 0, Var(z;;) = I,,. In addition, it is
required that F(z,) = 3 + A < o and

Bz 202 20 ) = B VE(2 ) E(21) (2.3.69)

i7l1~ijlo ijlg il ijla

q

for some ¢ > 0 such that >, oy < 8 and [; # Iy # --- # l;. We can see that CQ
=1

test does not require Xy = X,.

Chen and Qin (2010) proposed to use a test statistic

Ny No N1 Ny
> X(Xy; > X5 Xa; D D) XX

i#] i#j i=1j=1
T, = —9 : 2.3.70
T NN =1)  Na(Np—1) NN, (2.3.70)

with E(T,.,) = 0, and
Var(T,,..,) 2 tr(37) + 2 tr(¥3) + 1 tr(3,3) (2.3.71)
ar(1, - ——tr —tr —tr 3.
Q@ NN —1) Y T Ny(Ny—1) Y T NN,

under H,. If the following conditions

Ni1/(Ny + No)k € (0,1), as n — o,
(ky = 12) " Zi(py — ) = o[n™ (81 + B2)?] for i = 1,2, (2.3.72)
(D8 5% = o[tr2((Z1 + %)?)]

are satisfied, then

1,
—— - N(0,1) (2.3.73)

T —
cQ Var(T,.,)

under Hy. The power function under condition (gt —po)? i (pe; —pty) = o[n=r(X;+
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ndl—RMMl—uM%
2tr(32)

Boq(my — py) = (& + : (2.3.74)

where 3, = (1 — &)%) + KXs.
Chen and Qin (2010) also proposed the ratio-consistent estimators for tr(X%?)
and tr(X%,):

N;
tr(X2) = [Ni(N; = D)Mo { D (x5 — Xigi) X0 (05 — K )X} (2:3.75)

j#k
and
- N1 N
tr(S152) = (N1 No) {0 Y (3 — Ru))Xqy(Xok — Ro)X3,},  (2.3.76)
I=1k=1

where X;(; ) is the ith sample mean after excluding x;; and x;, and x,(;) is the ith

sample mean without x;;.

2.3.3.3 Srivastava and Du Test (SD test)

Srivastava and Du (2008) proposed another test for two-sample mean problems un-
der the normality assumption: x; = {x;; : x;; ~ Np(p;, 2),0=1,2,5=1,--- , N;},
and x; and x, are independent.

Define the diagonal matrix of ¥ = (¢;;) and sample covariances by

D, = diag(o11,- -+, 0pp) (2.3.77)
Dg = diag(si1,- -+, Spp)s (2.3.78)
where {s;;,7 =1, -+ ,p} are the diagonal elements of sample covariance matrix S.

Then the sample correlation matrix is defined by
R=Dy?SDg>. (2.3.79)

and denote \;p,7 = 1,---,p are the eigen values of sample correlation matrix R.
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Srivastava and Du (2008) constructed a test statistic

NiNy (= - \TP-1(% - n
TSD — Nll"r]\272 (Xl - X2) DS 2(X1 _:(2) o n_—p2’ (2380)
[2(trR% — 2 )¢, ]2

where ¢, ,, — 1 in probability as (n,p) — oo, and

trR?

The authors showed that Tsp ~ N(0,1) and derived the asymptotic function of
SD test

NNy (Nl - NQ)TD(;l(Ih - H2)>

— — ¢
5TSD<["’1 l’l’2) ( 6 N1+N2 \/W

, asn,p — O,

(2.3.82)
when
1
n = O(p°) with 5 <(<land Ni/(Ny + Ny) — ke (0,1);
i Aip
0 < lim <o,i=1,..,4 and lim max —= = 0; (2.3.83)
p—0 P p—o0 1<i<p \/7
Ny + Ny

(nN—lNz)(ul — py) < M, M does not depend on p.

Srivastava and Du (2008) also showed that under the conditions (2.3.83), fry, (14—
o) = Brye (4 — o) ~ Bry, (g — o) with strictly inequality unless 011 = -+ = 0.

2.3.4 Projection Methods

The test methods using diagonal estimators of the covariance matrix > may lose
power because of the limited use of the covariance structure. We can use the
covariance structure more effectively by projecting the high-dimensional data to a
lower dimensional space and then use the classical Hotelling’s T? test. We give a

brief overview of some projection testing methods in this part.
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2.3.4.1 Lopes, Jacob and Wainwright Test (LJW test)

The classical Hotelling’s T? test is not well defined when p > n since S is not
invertible. BS, SD and CQ test formed estimates of ¥ by some diagonal matrices
which are easily invertible. However, the limited use of covariance structure sac-
rifices power when non-trivial correlation exists. Lopes et al. (2011a) proposed a
testing method with projected samples in a space of lower dimension that utilizes
the covariance structure more effectively.

LJW test is processed under the normality assumptions with >y = ¥5 when
p = n/2. Let P be a k x p projection matrix with IID N(0,1) entries, where
k is suggested to take [n/2]. The projected samples {PIxyy, -+, Plxin,} and
{PI'x91, ,Pl'xon,} are IID N(PIu,, PIYXP;) respectively, with i = 1,2. The

Hotelling’s T? test can be processed to the two projected samples since n > k:
Hy: Py = Pl vs. Hy - Plp, # P, (2.3.84)
The corresponding Hotelling’s T test statistic
Th, = ———— (%1 — %)  Po(PLSP) ' Pl (%1 — %2), (2.3.85)

and ”_ICIZHTIQJP ~ Fyn—kt1. The formula of T%p shows that its distribution is the

same under both Hp,, and Hy, so we can reject Hy if T%p > n_k—,?Jrlem_kH(oz),

where Fj ,_p41(e) is the 1 — a quantile of Fj,,_g1.

Suppose that (g, — pe) TS (g — py) = o(1) and ﬁ — Kk € (0,1), the
authors showed that under all sequences of projections P!, the asymptotic power
function of LJW test

1—
6((/“’1 - “2)7 Z7 PkT) - CI)(_éOé + H(TQK)\/EAi) —0asn— 0, (2386)
where A} = (py — po)" Po(PlSPy) 7 PL(1y — o).
Lopes et al. (2011b) refined their first projection test method by computing
the average of the matrix P, (P SP) ' Pl over the ensemble Py. The test statistic
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is defined by

=92 N1N2

o = N T %)" Ep, [Po(PTSP) " PT](%; — %) (2.3.87)

For choosing the number of independent copies of P, Lopes et al. (2011b) sug-
gested Tép statistic stabilizes after averaging 30 projections.
Let y, = k/n, where k € {1,--- ,min(n,p)} and the authors suggested k =

[n/2], i = $22-n and G, = 4/ (13727;)3 v/n, the authors proved that if y, = y +
0(\%) for a constant y € (0, 1),

T2 — [,
Sty L N(0,1) as (n,p) — o, (2.3.88)
0-71
under Hy. If the two conditions (g, — pe)T X7 (e, — p5) = 0(1) and N1]Yi-1N2 —> K€

(0,1) are also satisfied, as (n, p) — o, the asymptotic power function of the test is

Brp(phy — po, X) = (=& + K(1 — k)4 llg—yy\/ﬁﬁk) + o(1), (2.3.89)
where Ay = Ep [Ag].

2.3.4.2 Optimal Direction (OD test)

Li et al. (2015) proposed another projection test and also derived the optimal
projection direction with the best power under the alternatives. Suppose that
X;j,1 = 1,2and j = 1,--- , N; is a random sample from population x; with mean
wu; and covariance ¥. Let A be a p x k nonzero constant projection matrix with
k « p, and ATx; — N(ATp,, AT A) in distribution and A”SA — AT A — 0 in
probability. Define the projection Hotelling’s T test to be

N1 N,

2 m(xl — %) TA(ATSA) AT (%) — xy), (2.3.90)

which is a two sample Hotelling’s T2 test based on Yij = ATx;;. Thus, we have

Ni+Ny—k—1
kn

T3 ~ FrnNy i Ny—k1 (2.3.91)
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under Hy. The authors proved that the projection test T2 reaches its best power
at k=1and A=a=3"1(pu; — p,).

In order to construct T2 in practice, a sample-splitting strategy is used. The
random sample x;;,7 = 1,2 and j = 1,--- , IV, is partitioned into two separate sets:
Si1 = X1, , XN, and Sj2 = X;1, -+, XiN,,, where Nj + Ny = N;. 81,1 = 1,2
is used to estimate a and S; is used to construct 7 a2 Let X;; — X9 and 5] be
the sample mean difference and pooled sample covariance matrix obtained from
Si1,7 = 1,2, respectively. Since S; is not invertible when p > n, the authors
estimate a by @ = (S1+AD) "1 (X1, —%y1), where D = diag(S;) and ) is a parameter.

Thus, the projection test with the optimal direction is

T2 N12N22

b= N v (e %) A(@7558) A (%12 — Ka2), (2.3.92)
12 22

where X11—X51 and 57 are the sample mean difference and pooled sample covariance
matrix obtained from S;»,7 = 1,2. Since a is independent of S;» and Tg follows
a central F) n,,4nN,,—1 distribution, T2 is equivalent to an exact t-test based on
ATxij, where x;; € Sip,7 = 1,2. Li et al. (2015) suggested that we may choose
Nz = 0.6N; and A = (Ny; + Nop)~7 with 7 = 0.5 in practice.
The authors also demonstrated that under the local alternative:
1 1

— 2.3.
Nt (2.3.93)

where n = 87 X718, the asymptotic power of the OD test is no less than those of
BS, DS and CQ test under certain conditions.



Chapter 3

Group Feature Selection in Ultrahigh

Dimensional Generalized

Varying-coefficient Linear Models

3.1 Background

Let Y be the response variable and {x,U} its associated covariates, where x =

(Xi,---,X,) and U be p-dimensional and univariate covariates respectively. Fur-
ther, let pu(x,U) = E(Y|x,U). The GVCM assumes that

n(x,U)=g{n(x,U)} = x"e(U), (3.1.1)

where ¢(-) is a known link function and «(-) is a vector consisting of unspecified
smooth regression coefficient functions. Here it is assumed that all «;(-)’s are
nonparametric functions and the support of U is finite and denoted by [a, b].
Suppose that {U;,x;,Y;}, ¢ = 1,...,n, constitute an independent and identi-
cally distributed sample and that conditionally on {U;, x;}, the conditional quasi-
likelihood of Y; is Q{u(U;, x;), Y;}, where the quasi-likelihood function is defined by
9Q (1Y)

Qu,y) = SZ \S}Zsy) ds, or equivalently = %, for a specific variance function

V(s). Denote by ¢{a(-)} the quasi-likelihood (McCullagh and Nelder, 1989) of the
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collected data {(U;,x;,Y;),i = 1,...,n}. That is

Ha() 2 g H4xTa(U,)}; V). (3.1.2)

To estimate the nonparametric regression coefficient, we use B-spline regression
method. Let S, be the space of polynomial splines of degree [ > 1 and {¢;x, k
1,...,dy,} denote a normalized B-spline basis with ¢ < 1 and d,,; = O(n'/?),

where || - |« is the sup norm. For any «,,; € S,,, we have

dn,

anj(U) = Z ﬁ]k¢jk<U) = B?¢](U)7 j = 17 2 (313)
k=1

for some coefficients { ﬁjk} w—1- Here d,,; increases with n. We allow d,,; to be differ-
ent for different j since different coefficient functions may have dlfferent smooth-
ness. Under some conditions, each nonparametric coefficient function «o;(U), ;7 =
1,---,p can be well approximated by functions in S,,.

Substituting (3.1.3) into (4.1.4), the maximum quasi-likelihood estimate of

(4.1.4) is to maximize

;i [ {Zp]ﬁfqu(m)xﬁ} ] i “z!'B);Yi], (3.1.4)

with respect to 3, where z; = (Xutp, (U)7, -+, Xy, (U)T) T and B = (8], -+, B,)"
With slight abuse notation, we use ¢{a(-)} in (4.1.4) and ¢(83) in (4.1.5). However,
the notation will be clear in the context. In the presence of ultrahigh dimensional
covariate x, the corresponding optimization problem becomes ill-posed. It is typ-
ical to assume sparsity. That is, only a few z-covariates are significant, and the
others do not have impact on the response. We next propose a feature screening

procedure for model (4.1.4).
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3.2 A New Feature Screening Procedure

Denote |a;(U)]2 = [Ea?(U)]"?, the Ly-norm of a;(U). For ease of presentation, s
denotes an arbitrary subset of {1,...,p}, x, = {z;,7 € s} and a,(U) = {a;(U),j €
s}. For a set s, 7(s) stands for the cardinality of s. Suppose the effect of x is
sparse, and the true value of a(U) is a*(U), so 3 is corresponding to B*. Denote
s* = {j : |o(U)|2 > 0}. By sparsity, we means that 7(s*) is much less than
p. The goal of feature screening is to identify a subset s such that s* < s with
overwhelming probability and 7(s) is also much less than p. Theoretically we may

formulate this problem to be an optimization problem as below:

%f(i))cﬁ{a(-)} subject to 7({j : [a; ()5 > 0}) < m, (3.2.5)
for a pre-specified m, which is presumed to be much less than p.
When the approximation error is negligible, we construct a feature screening

procedure by considering the following maximization problem:

gla(x) o, (1)} subject to 7({j : [l ()]3 > 0}) < m. (3.2.6)
Note that ||c,; (U)[3 = ,B;‘FE{@DJ-(U)?#]-(U)T}BJ-. Under the assumption that E{v;(U)y;(U)"}
is finite positive definite for all j = 1,--- | p, the maximization problem in (4.1.6)

is equivalent to

mgxﬁ(ﬁ) subject to 7({j : |B,[3 > 0}) < m. (3.2.7)

For high dimensional problems, it becomes almost impossible to solve the con-
strained maximization problem (3.2.7) directly. Alternatively, we consider a proxy
of the quasi-likelihood function. It follows by the Taylor expansion for the quasi-

likelihood function ¢() at 8 lying within a neighbor of ~ that

() ~ 68) + (v ~ BYTC(B) + 57— B (B)(x — B),

where £'(8) = 0(v)/0y|,_g and ("(B) = 626(7)/6'787T]7:ﬁ. Denote P, =
?:1 dn;. If 0"(B) is invertible, the computational complexity of calculating the
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inverse of ¢"(3) is O(P?). For large P;, small n problems (i.e. P, » n), £"(3)
becomes not invertible. Low computational cost is always desirable for feature
screening. To cope with singularity of the Hessian matrix and save computational

cost, we propose using the following approximation for ¢’ ()

h(v18) = B) + (=B C(B) - Sy~ BT W(B)y - B), (828

where u is a scaling constant to be specified and W (3) = diag(W1(8),--- , W,(8)),
a block diagonal matrix with W;(8) being a d,,; x d,,; matrix. Here we allow W (3)
to depend on 3. This implies that we approximate ¢”(3) by —uW (3). Throughout
this paper, we will use W;(3) = —5%(6)/8,6}55?.

It can be seen that h(3|8) = ¢(3), and under some conditions, h(vy|38) < ¢(3)
for all 4v. This ensures the ascent property. See Theorem 1 below for more details.
Since W (3) is a block diagonal matrix, h(7y|3) is an additive function of v; for any
given B. The additivity enables us to have a closed form solution for the following

maximization problem

m’%x h(v|8) subject to 7({j : |v,[3 > 0}) < m, (3.2.9)

for given B and m. Define v; = 3; + uflﬂfj_l(,@j)%(ﬂ)/aﬁj forj=1,---,p, and
¥=0G1 )T = B+u W H(B)'(B) is the maximizer of h(v|3). Denote
gj = 'S/?Wj(,@j)ﬁ/j for j = 1,---,p, and sort g; so that gq)y = gp) = -+ = g
The solution of maximization problem (3.2.9) is the hard-thresholding rule defined

below
:)\/j = 'S’j]{gj > Gim+1)}-
This enables us to effectively screen features by using the following algorithm.

Step 1. Set the initial value 65.0) =0,5=1,---,p.

Step 2. Set t = 0,1,2,---, iteratively conduct Step 2a and Step 2b below until

the algorithm converges.

J

{fyg.t)}TWj(,B(t))f?y)_ Let g((?) > g((;)) > > g((;)), the order statistics

Step 2a. Calculate ’ygt) = 6§t) + uzlefl(ﬁ‘)aﬁ(ﬁ(t))/ﬁ,@j, and QJ('t) _
) H)}, the nonzero index set.

t
m

of gy)s. Set S; = {j: gj(-t) > g((
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Step 2b. Update 8 by 84D = (81"Y, ... BU*NT as follows. If j ¢ S, set

,Bg.t“) = 0, otherwise, set {,6‘§-t+1) : j € S;} be the maximum likelihood

estimate of the submodel S;.

Remark: Unlike the screening procedures based on marginal partial likelihood
methods, our proposed procedure is to iteratively update B using Step 2. This
enables the proposed screening procedure to incorporate correlation information
among the predictors through updating ¢,(3) and (;(8). Thus, the proposed
procedure is expected to perform better than the marginal screening procedures
when there are some predictors that are marginally independent. Meanwhile, since
each iteration in Step 2 can avoid large-scale matrix inversion and, therefore, it
can be carried out with low computational costs.

Conditioning on S; containing all actively predictors, one may directly apply
existing results in spline regression for B§t+1) and a;. Without conditioning on S,

it is very challenging in establishing theoretical properties for ,8§-t+1)s.

Theorem 3.2.1. Let {B(t)} be the sequence defined in Step 2b in the above algo-

rithm. Denote

= s e W28 (=" (B)}W2(8)} |

Here and hereafter Apax(A) and Apmin(A) stands for the mazimal and the minimal

eigenvalues of a matriz A, respectively. If u, = p®, then

(BYY) = 0(BY),

where BV s defined in Step 2b in the above algorithm.

Theorem 3.2.1 claims the ascent property of the proposed algorithm if w; is
appropriately chosen. That is, the proposed algorithm may improve the cur-
rent estimate within the feasible region (ie. 7({j : |o;(U)|2 > 0}) < m), and
the resulting estimate in the current step may serve as a refinement of the last
step. This theorem also provides us some insights about choosing u; in practi-
cal implementation. For varying coefficient models: E(Y|U,x) = xTa(U), we

may set H{a(-)} = =273 {YVi — x;a(U;)}?. In this case, ((8) in (4.1.5) is
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0B) = 27130 (Vi —zI'B)2. Thus, —0"(B) = S, ziz! = Z"Z, where Z is

n X p; matrix with ¢-th row being ZZT. Thus,
PV = Aax(ding(Z72) V(2" Z)ding(272) 1),

which does not depend on the step of iteration ¢. If z;’s are marginally standardized
so that its marginal sample mean and sample standard deviation equal 0 and 1,
respectively, then diag(Z”Z)~'?(Z"Z)diag(Z"Z)~'/? is the corresponding sample
correlation matrix of z;’s. Thus, p is the largest eigenvalue of the sample correlation

matrix.

3.3 Sure Screening Property

For a subset s of {1,...,p} with size 7(s), recall notation x; = {z;,j € s} and
associated coefficients a,(U) = {a;(U),j € s} corresponding to 3, = {B;,] € s}
with 3, = (81, .., Bja,;). We denote the true model by s* = {j : Ea3j(U) > 0,1 <
j < p} with 7(s*) = ¢. The objective of feature selection is to obtain a subset §
such that s* < § with very high probability.

We now provide some theoretical justifications for the screening procedure for
the GVCM. The sure screening property (Fan and Lv, 2008)) is referred to as

Pr(s*cs)—1, as n— o. (3.3.10)

To establish this sure screening property for the proposed feature screening method,
we introduce some additional notations as follows. For any model s, let ¢(3,) =
o0(B,)/08, and ("(B,) = 0*((B,)/08,08~ be the score function and the Hessian
matrix of £(-) as a function of B,, respectively. Assume that a screening procedure

retains m out of p features such that 7(s*) = ¢ < m. So, we define
ST ={s:s*"cs;|sllo <m} and ST ={s:s" ¢ s;|s]o < m} (3.3.11)

as the collections of the over-fitted models and the under-fitted models. We inves-
tigate the asymptotic properties of Bm under the scenario where p, ¢, m and 3* are

allowed to depend on the sample size n. We impose the following conditions, some
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of which are purely technical and only serve to facilitate theoretical understanding

of the proposed feature screening procedure.
(C1) The support of U is bounded and is assumed to be [a, b].

(C2) The functions {a;(U)}}_, belong to a class of functions F, whose rth deriva-

(r)

tive a; * exists and is Lipschitz of order 1,

F= {aj(-) ol (s) — ol (1) < K|s —t]" for s,t€ [a, b]},

J

for some positive constant K, where r is a nonnegative integer and 7 € (0, 1]

such that v =r +n > 0.5.

(C3) There exists wy, wy > 0 and for some non-negative constants 7, 75 such that
T+ T2 < 2/5 with

min |o;(U)[2 = win™ and ¢ <m < wen™.
jES

(C4) logp = O(n*/d,) for some 1/5 < k <1 —2(r; + 1) and d,, = O(n*/®).

(C5) w'(+)/V(:) is bounded by some constant M > 0, where u{-} and V(-) are the
mean and variance functions used for the quasi-likelihood function, respec-

tively.

(C6) There exist constants Cy,Cy > 0, 6 > 0, such that for sufficiently large n,
Cldgl < )‘min[_n_lgﬂ(:@s)] < )‘maX[_n_lgﬂ(ﬁs)] < C2d7:1’

for B, € {B: B, — Bi]2 < 0} and s € ST, where Apin[] and Apax[-] denote

the smallest and largest eigenvalues of a matrix.

(CT7) There exists positive constants a and b such that P(|X;Y| = z) < aexp(—bx)

forallz >0 .

Under Conditions (C1) and (C2), the following two properties of B-splines are

valid.
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(a) (de Boor, 1978) For k = 1,...,d,, ¥j#(U) = 0 and ZZ’;lek(U)z =1,
U € [a,b]. In addition, there exist positive constants C3 and C such that

(b) (Stone, 1982, 1985) If {«;, 7 = 1,2, --- , p} is a set of functions in F described
in condition (C2), there exists a positive constant Cj that does not depend
on a;(U) so that the uniform approximation error has the following bound.

p = suPyefap) 0 (U) — o (U) 2 < C5d,, ", V5, as d, — 0.

Conditions (C1) and (C2) ensure properties (a) and (b), which are required for the
B-spline approximation and establishing the sure screening properties.

Note that |a,;(U)[3 = 8] E{tp,;(U)4;(U)"}B;, based on the properties (a),
(b) and Condition (C3), we can derive that

min |3,z = wid,n" ™. (3.3.12)
jes*

Condition (C3) states a few requirements for establishing the sure screening
property of the proposed procedure. The first one is the sparsity of 8% which
makes the sure screening possible with 7(5) = m > ¢. Condition (C3) requires
that the signal of the active components (|a;(U)|2,j € s*) does not vanish. This is
referred to as minimal signal condition in the literature. Minimal signal condition
is a commonly-imposed assumption in existing work on marginal feature screening
for other model (e.g, Liu, et al., 2014). By (3.3.12), it is equivalent to requiring that
the minimal component in 8% does not degenerate too fast, so that the signal is
detectable in the asymptotic sequence. Condition (C4) has p diverge with n at up
to an exponential rate. Meanwhile, together with (C6), it confines an appropriate
order of m that guarantees the identifiability of s* over s for 7(s) < m. For varying

coefficient model discussed in Section 2.1, Condition (C6) requires
Crd," < Amin[n 25 2] < Anax[n ™2 2] < Cod, Y,

where Zg is the corresponding design matrix of model s. We establish the sure
screening property of the quasi-likelihood estimation by the following theorem.
Condition C7 indicates that there exists a positive constant ¢y and g such that for
all [t] < to, E{exp[t(X,;Y — E(X,;Y)]} < exp(gt?/2) uniformly for j = 1,--- ,p.
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Theorem 3.3.1. Suppose we have n independent observations with p candidate
features from model (4.1.2) and conditions (C1)—(C7) are satisfied. Let S be the
features obtained by (3.2.5) of size m. Then, we have

Pr(s*c3s)—1, as n — .

The proof is given in the Appendix. The sure screening property is an appealing
property of a screening procedure since it ensures that the true active predictors
are retained in the model selected by the screening procedure. We establish the
sure screening property under weaker conditions imposed in Fan, et al. (2014) and
Xia, et al. (2016).

One has to specify the value of m in practical implementation. As to the
choice of m, there are two scenarios. The first one chooses m by a data-driven
method that described in Section 2.3. The second one is an ad hoc method. In the
literature of feature screening, it is typical to set m = [n/log(n)] for a parametric
model, where [a] indicates the integer part of a (Fan and Lv, 2008). Since we use a
linear combination of d,, B-spline bases in our proposed screening procedure for the
GVCM, we set m = [(n/d,)/log(n/d,)] throughout in Examples 3.1, 3.2 and 3.3.
Although it is an ad hoc choice, it works reasonably well in our numerical examples.
With this choice of m, one is ready to further apply existing methods such as the
penalized quasi-likelihood method to further remove inactive predictors. To be
distinguished from the SIS procedure, the proposed procedure is referred to as

sure joint screening (SJS) procedure.

3.3.1 Choice of m

Feature screening may be used in various contexts. In some contexts, people may
treated m as a pre-specified value. For example, due to budget constraint, a
biologist may be able to examine up to m genes that potentially associate with a
certain phenotype. In other contexts, people may treat m as a tuning parameter
to control model complexity. In such cases, it is desirable to develop an automatic

data-driven method to determine m. We propose to select m by minimizing the
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high-dimensional BIC score:

n

HBIC(m) = —20(83,, ,
where [Ai'j = (le, e ,@dn), j=1,...,m, and (), is a sequence of numbers that di-
verges to o0. Wang, et al. (2013) proposed the HBIC for selecting tuning parameter
in the penalized least squares method for high dimensional linear models. Here we
modified their proposal for high dimensional generalized varying-coefficient mod-
els. In our simulation, we take C, = loglogn, and compare its performance with
AIC and BIC tuning parameter selectors defined in the same manner. It is worth
to noting that the proposed tuning parameter HBIC selector requires to search
over m = 1,2,--- [n/d,]. This is distinguished from that the classical AIC and
BIC used for subset selection requires to search over subsets. Thus, the tuning
parameter selector does not require expensive computational cost.

Recall notation ST and S™ defined in (3.3.11). Theorem 3.3.2 below shows
that the HBIC selects the right model size almost surely.

Theorem 3.3.2. Suppose we have n independent observations with p candidate
features from model (4.1.2) and conditions (C3)—(C6) are satisfied. Let S be the
features obtained by (4.1.5) and (3.2.7) of size m. Then, we have

Pr {még HBIC(7(s)) < HBIC(q)} — 0, (3.3.13)
where ¢ = T(s*), and

Pr{ min  HBIC(7(s)) < HB[C(Q)} — 0. (3.3.14)

seST s s*

In Example 3.4, we will examine the performance of the proposed HBIC tuning

parameter selector.

3.4 Numerical Studies

In this section, we conduce numerical studies to examine the finite sample per-

formance of the proposed feature screening procedures and compare it with the
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existing ones. All simulation are conducted by using R code.

3.4.1 Simulation Studies

In our simulation, the covariate u and x are generated as follows: first draw
(U*,x)T from a p + 1 dimensional normal distribution N(0,%). Then set U =
®(U*), where ®(-) is the cumulative distribution function of N(0,1). Thus, U
follows a uniform distribution U(0, 1) and is correlated with x, and all the predic-
tors X, ..., X, are correlated with each other. In our simulation, we consider two

scenarios for ¥ = (o)
¥1: Compound symmetric correlation structure: o;; = 1if ¢ = j and p otherwise.
Y9: AR(1) correlation structure: o;; = pl=7l,

In our numerical studies, we set the number of B-spline basis functions to be
d, =5 for each coefficient function and set the threshold in (??) m = [n/log(n)].
We use the following two criteria to assess the performance of the proposed pro-

cedure.

P,: The proportion of submodels M with size d that contain all the true predictors

among 1000 simulations.

P;: The proportion of submodels M with size d that contain X; among 1000

simulations.

Example 3.2.1.1. This example is designated to compare the proposed screening
procedure with existing SIS procedures for VCM. Since the proposal of Fan, Ma
and Dai (2014) shares the same spirit as that of Liu, Li and Wu (2014), and Song,
Yiand Zou (2014) and Chu, Li and Reimherr (2016) were proposed for longitudinal
data, we will concentrate on our comparison with CC-SIS proposed by Liu, Li and

Wu (2014). Given {U,x}, we generate a continuous response from
Y = Oél(U)Xl + Oég(U)XQ + Oég(U)Xg + 064(U)X4 + €, (341)

where ¢ ~ N(0,1). Model (3.4.1) implies that «o;(-) = 0 for j > 4 and M, =

{1,2,3,4}. We consider two sets of coefficient functions:
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a1 Let ay(u) = as(u) = az(u) = 2 + 2sin*(27u), and ay(u) = —3p * oy (u).

o ar(u) = —(3 + 2cos?(Fu)), ao(u) = —(3 + 3u), az(u) = (2 —u)* + 2,
ay(u) = 3 4 2sin*(Zu).

In this example, we consider p = 1000 and 2000, and the sample size n = 200
and 400. All simulation results are based on 1000 replications. Simulation results
are summarized in Tables 3.4.1-—3.4.2.

Table 3.4.1 shows the values of Py,--- Py and P, for continuous response
with ¥ = >;. Under the design of a;, X4 is jointly dependent but marginally
independent of Y. In this setting, the marginal screening procedure always fails to
identify X4. As shown in Table 3.4.1, when there exists marginal independence, it
is hard for CC-SIS to detect X, whose values of P, and P, are small as expected.
However, our method can identify X, in this setting and the corresponding values
of P, and P, are close to one. Therefore, our new procedure outperforms CC-SIS
in the marginal independence setting. Under the design of av, there is no predictor
that is jointly dependent but marginal independent of Y. The performances of both
CC-SIS and the proposed procedure are good, as the detecting probabilities are
close to one. However, CC-SIS performs better when the sample size increases and
the dimensionality decreases. On the other hand, those factors have less influences
on the new procedure than CC-SIS. Furthermore, the corresponding values of P;s
and P, of our new procedure are closer to one in every case in this setting. In a
word, when ¥ = ¥, regardless of whether marginal independence exists, our new
procedure outperforms CC-SIS which suggests its sure screening property.

Table 3.4.2 shows the values of P;s and P, for continuous response with ¥ =
Y. There is no predictor that is jointly dependent but marginal independent of
Y. Hence both of the CC-SIS and the new procedure perform well, as most of
the values of P, are greater than 0.9. Table 3.4.2 also indicates that when the
sample size increases and the dimensionality decreases, both CC-SIS and our new
procedure perform better. Futhermore, this table also shows that those factors
have less effect on our new procedure. For instance, when n = 200, some values of
P, obtained by CC-SIS are less than 0.8, but the corresponding values of P, of the
new procedure are close to one. Besides, Table 3.4.2 shows that the new procedure

performs better than CC-SIS in every case, which is consistent with our theoretical
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analysis since our new procedure has the sure screening property. Hence, our new
procedure also beats CC-SIS in the setting of ¥ = 3.

In addition, comparing the two methods with different p’s, Table 3.4.1 and
Table 3.4.2 show that when p increases, the performance of CC-SIS and the new
procedure become worse. This is because when the predictors are highly correlated,
the unimportant predictors may be selected due to their strong correlations with

the true predictors.

Table 3.4.1. The proportions of Pjs and P, for Continuous Response with ¥ = ¥

CC-SIS New (SJS)
n p P (84 ( . ) ’Pl 732 733 734 Pa 731 7)2 7)3 P4 Pa
200 1000 1/3 1 1 1 0 0 1 1 1 1 1
ay | 0.995 1 1 0992 10987 | 1 1 1 1 1
200 1000 1/2 e 1 1 1 0.015 | 0.015 | 1 1 1 1 1
oy (0994 0999 0.996 0979|0970 | 1 1 1 1 1
200 1000 2/3 @; |0.995 0.997 0.995 0302 0297 | 1 1 0999 1 |0.999
oy (0976 0995 0984 0942 10909 | 1 1 1 1 1
200 2000 1/3 1 1 1 0.001 | 0.001 | 1 1 1 1 1
oy (0992 0999 0.998 0989 1097 | 1 1 1 1 1
200 2000 1/2 aq |0.999 0.997 0.998 0.008 | 0.008 | 1 1 1 1 1
oy [ 0991 0998 0.994 0973 1098 | 1 1 1 1 1
200 2000 2/3 «; |0.989 0.987 0.985 02840274 1 1 0993 1 |0.993
ay (0974 0999 0976 093210892 | 1 1 1 1 1
400 1000 1/3 1 1 1 0 0 1 1 1 1 1
(7} 1 1 1 1 1 1 1 1 1 1
400 1000 1/2 oy 1 1 1 0.023 10023 1 1 1 1 1
oy 1 1 1 1 1 1 1 1 1 1
400 1000 2/3 o 1 1 1 0.623 | 0.623 | 1 1 1 1 1
o 1 1 1 1 1 1 1 1 1 1
400 2000 1/3 o 1 1 1 0 0 1 1 1 1 1
(7} 1 1 1 1 1 1 1 1 1 1
400 2000 1/2 oy 1 1 1 0011|0011 1 1 1 1 1
oy 1 1 1 1 1 1 1 1 1 1
400 2000 2/3 o 1 1 1 0.549 | 0.549 | 1 1 1 1 1
(a2} 1 1 1 1 1 1 1 1 1 1

Our method has advantages in terms of the computing efficiency as well. Table
3.4.3 shows the medians and MADs of computing time (seconds), and the number
of iterations for continuous responses. When p = 1000, most of the medians of the
computing times are below 5 seconds, and the MAD is pretty small; when p = 2000,
the computing times become larger, but the medians are still mostly below 9
seconds and the MADs are also small. In general, the algorithm converges faster as

the sample size increases. As shown in Table 3.4.3, the algorithm always converges
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Table 3.4.2. The proportions of Pjs and P, for Continuous Response with ¥ = ¥9

CC-SIS New (SJS)
n p P (84 ( . ) 731 'Pg P3 734 Pa 731 732 733 734 Pa
200 1000 1/3 1 1 1 0644 | 0644 | 1 1 1 1 1
(o7} 1 1 1 1 1 1 1 1 1 1
200 1000 1/2 oy 1 1 1 0.887 10887 | 1 1 1 1 1
o 1 1 0996 0999099 | 1 1 1 1 1
200 1000 2/3 oy 1 1 0.741 0990 0731 1 1 0952 1 |0.952
(o) 1 0.745 0.999 1 07441 1 1 0998 1 |0.998
200 2000 1/3 o 1 1 1 0.551 | 0.551 | 1 1 1 1 1
(7} 1 1 1 1 1 1 1 1 1 1
200 2000 1/2 oy 1 1 0.997 0.858 | 0.855 | 1 1 1 1 1
o 1 0.991 0.999 1 099 | 1 1 1 1 1
200 2000 2/3 o 1 1 0.678 0991|0669 | 1 1 0903 1 |0.903
ay | 0999 0.693 0.999 1 0692 1 1 099 1 |0.996
400 1000 1/3 oy 1 1 1 09820982 | 1 1 1 1 1
(7} 1 1 1 1 1 1 1 1 1 1
400 1000 1/2 oy 1 1 1 1 1 1 1 1 1 1
oy 1 1 1 1 1 1 1 1 1 1
400 1000 2/3 oy 1 1 0.993 1 0993 | 1 1 1 1 1
(o) 1 0.996 1 1 0.99 | 1 1 1 1 1
400 2000 1/3 oy 1 1 1 0951 10951 | 1 1 1 1 1
a 1 1 1 1 1 1 1 1 1 1
400 2000 1/2 oy 1 1 1 099910999 | 1 1 1 1 1
oy 1 1 1 1 1 1 1 1 1 1
400 2000 2/3 o 1 1 0.991 1 0991 | 1 1 1 1 1
[ 1 0.986 1 1 0.986 | 1 1 1 1 1

after 5 iterations when n = 400 and it usually converges after 10 iterations when
n = 200. All of the facts above show that our new procedure is highly efficient.

Example 3.2.1.2. This example is designated to examine the performance of
the proposed procedures for binary response. Given {U, x}, we generate a binary

response with the probability of Y = 1 being p(U, x) defined below.
logit{p(U,x)} = a1 (U) X1 + a2 (U) X5 + a3(U) X3 + as(U) Xy, (3.4.2)

where logit(t) = log{t/(1 — t)}, the logit link in the logistic regression. Model
(3.4.2) implies that a;(-) = 0 for j > 4 and M, = {1,2,3,4}. In this example, the
coefficients are set to be the same as those in Example 3.2.1.1.

In this example, we consider p = 1000 and 2000, and the sample size n = 300
and 500. All simulation results are based on 1000 replications, and are summarized
in Tables 3.4.4—3.4.5.
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Table 3.4.3. Computing times (Seconds) and the Number of Iterations for Continuous
Response

21 EQ
p Time Iterations Time Iterations Time Iterations Time Iterations
(n,p) = (200,1000)
1/3 ] 3.97(0.17) 10(0) 4.10(0.36) 10(0) 4.13(0.45) 10(0) 3.90(0.20) 10(0)
1/2 | 4.22(0.24) 10(0) 5.03(0.87) 10(0) 3.98(0.83) 10(0) 4.25(0.37) 10(0)
2/3 | 3.93(0.11) 10(0) 4.08(0.83) 10(0) 4.25(0.36) 10(0) 4.21(0.32) 10(0)
(n,p) = (200,2000)
1/3 | 7.87(0.47) 10(0) 7.37(0.63) 10(0) 8.04(0.70) 10(0) 7.24(0.20) 10(0)
1/2 | 7.91(0.59) 10(0) 8.40(0.53) 10(0) 7.98(0.53) 10(0) 7.25(0.21) 10(0)
2/3 | 7.75(0.61) 10(0) 7.03(0.64) 10(0) 8.05(0.35) 10(0) 7.15(0.39) 10(0)
(n,p) = (400,1000)
1/3 1 2.73(0.37) 5(1) 2.03(0.3) 4(1) 2.98(0.41) 5(1) 2.89(0.46) 5
1/2 12.2000.21)  4(0) | 1.44(0.10)  3(0) | 2.91(0.40)  5(1) | 2.86(0.46)  5(1)
2/3 | 1.98(0.30) 4(1) 1.50(0.22) 3(0) 2.42(0.39) 5(1) 2.58(0.33) 5(1)
(n,p) = (400,2000)
1/3 | 4.87(0.67) 5(1) 3.73(0.47) 4(0) 4.87(0.57) 5(1) 6.01(0.98) 5(1)
1/2 | 3.69(0.29) 4(0) 3.34(0.55) 3(0) 5.97(1.05) 5(1) 6.03(0.93) 5(1)
2/3 | 3.18(0.43) 4(0) 2.34(0.68) 3(0) 4.67(0.68) 5(1) 6.54(1.72) 5(1)

Table 3.4.4 shows the values of P;s and P, for the binary responses. Under the
design of ¥ and a;, X, is jointly dependent but marginally independent of Y. As
shown in Table 3.4.4, the values of P, and P, are very close to one, which means
our method is able to identify the predictor that is jointly important but marginally
independent of the response. In general, P, is the largest and this is because the
absolute value of ay(U) is no less than those of the other three coefficient functions,
which makes X, much easier to be identified. If there is no marginal independence,
the values of P;s and P, are very close to one. From the table, we see that the
values of P, are mostly greater than 0.9. In addition, our procedure performs
better as the sample size increases and the dimensionality decreases, which is also
consistent to the sure screening property of the new method.

Furthermore, comparing the performance of the new procedure under different
p’s, Table 3.4.4 shows that the new procedure performs better as the value of p
decreases. This is the same as that happened in linear regression model setting.
The reason is also that the unimportant predictors may be detected because of
their strong correlations with the true predictors.

The computing efficiency of the proposed procedure for binary response can be

seen from Table 3.4.5, where the medians and MADs of computing time (seconds)
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Table 3.4.4. The proportions of Pjs and P, for Binary Response

Y=% Y=2%
n p P - ( . ) 'Pl 732 'Pg P4 Pa ’Pl 732 7)3 P4 Pa
300 1000 1/3 @y | 0.999 0.998 1 1 0.997 1 1 0.998 0.994 | 0.992
ay | 0.999 1 1 1 0.999 1 1 1 1 1
300 1000 1/2 «a; |0.983 0.987 0.987 1 0.958 1 1 0.984 1 0.984
o 1 1 1 1 1 1 1 0.996 1 0.996
300 1000 2/3 a; |0.925 0.928 0.946 1 0.813 1 1 0.896 0.996 | 0.894
oy | 0.995 1 0.996 0.994 | 0.988 1 0.997 0.976 1 0.973
300 2000 1/3 1 1 1 1 1 1 1 0.998 0.99 | 0.988
(e 1 1 1 1 1 1 1 1 1 1
300 2000 1/2 a; | 0974 098 0.984 1 0.941 | 0.998 1 0.955 0.999 | 0.952
oy | 0.999 1 1 0.998 | 0.997 1 1 0.994 1 0.994
300 2000 2/3 a; |0.898 0.903 0.923 1 0.75 | 0.998 0.999 0.821 0.994 | 0.816
oy | 0.991 1 0.996 0.99 | 0.979 1 0.99 0.952 1 0.943
500 1000 1/3 e 1 1 1 1 1 1 1 1 1 1
(e 1 1 1 1 1 1 1 1 1 1
500 1000 1/2 oy 1 1 1 1 1 1 1 1 1 1
o 1 1 1 1 1 1 1 1 1 1
500 1000 2/3 aq | 0.998 0.998 0.998 1 0.994 1 1 1 1 1
(e 1 1 1 1 1 1 1 1 1 1
500 2000 1/3 @y 1 1 1 1 1 1 1 1 1 1
(D) 1 1 1 1 1 1 1 1 1 1
500 2000 1/2 oy 1 1 1 1 1 1 1 1 1 1
o 1 1 1 1 1 1 1 1 1 1
500 2000 2/3 oy | 0.987 0.995 0.998 1 0.980 1 1 0.998 1 0.998
(e 1 1 1 1 1 1 1 1 1 1

and the number of iterations for binary response are recorded. In general, the
computing times become larger as the sample size and the dimension of predictors
increases. The algorithm converges in 5 iterations and it is not influenced by
the sample sizes and the dimension of the predictors, which also shows the high
efficiency of the proposed method.

Example 3.2.1.3. This example is designated to examine the performance of
the proposed procedures for count response. Given {U,x}, we generate a count

response from a Poisson distribution with mean A\(U, x) defined below.
log{)\(U, X)} = Oél(U)Xl + OéQ(U)XQ + Oég(U)Xg + 014(U)X4. (343)

Model (3.4.3) implies that «;(-) = 0 for j > 4 and M, = {1,2,3,4}. In this

example, the a;(+)s are set to be fa;(+) as those in Example 1.
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Table 3.4.5. Computing times (Seconds) and the Number of Iterations for Binary
Response

Zl Er_)
(e 3] (e D) (s 31 (e D)
P Time Iterations Time Iterations Time Iterations Time Iterations
(n,p) = (300, 1000)
1/3 | 15.65(2.51) 5(1) 13.18(2.37) 4(1) 12.36(1.69) 4(1) 14.52(2.62) 4(0)
1/2 | 17.39(2.56) 4(0) 8.17(0.28) 3(0) 14.70(2.39) 4(1) 14.48(2.67) 4(0)
2/3 | 15.44(2.39) 4(0) 9.19(1.75) 3(0) 14.55(1.98) 4(1) 16.76(3.19) 4(1)
(n,p) = (300,2000)
1/3 | 23.63(4.09) 5(1) 19.80(3.31) 4(1) 17.76(3.55) 4(1) 16.93(3.21) 4(1)
1/2| 17.70(1.08) 4(0) 13.54(0.39) 3(0) 22.61(4.13) 5(1) 18.79(3.60) 4(1)
2/3 | 16.94(1.94) 4(0) 13.46(0.64) 3(0) 22.24(3.89) 5(1) 21.50(3.56) 4(1)
(n,p) = (500, 1000)
1/3 | 75.23(11.43) 5(0) 50.36(8.00) 4(0) 55.09(8.95) 5(1) 55.03(7.53) 5(1)
1/2 | 64.40(8.98) 4(0) 33.64(3.32) 3(0) 62.36(8.52) 5(1) 56.10(9.03) 5(1)
2/3 | 55.52(8.34) 4(0) 31.63(3.18) 3(0) 63.35(8.16) 5(1) 56.07(9.19) 5(1)
(n,p) = (500,2000)
1/3 | 112.07(18.07) 5(0) 57.70(4.09) 4(0) 70.14(12.46) 5(1) 71.20(10.52) 5(1)
1/2 | 75.85(13.67) 4(0) 49.28(7.43) 3(0) 69.76(11.67) 5(1) 70.23(12.71) 5(1)
2/3 | 78.53(11.51) 4(0) 44.31(3.67) 3(0) 79.09(13.66) 5(1) 72.74(11.21) 5(1)

In this example, we consider p = 1000 and 2000, and the sample size n =
300, and 500. All the simulation results are based on 1000 replications, and are
summarized in Tables 3.4.6—3.4.7.

Table 3.4.6 shows the values of P;s and P, for the count responses. In most
cases, the values of P;s and P, are very close to one, regardless of whether there
exists the marginal independence. We find that if there exists a significant differ-
ence between the absolute values of the coefficient functions, our proposed method
can easily detect the one with the larger absolute value, but sometimes fails to de-
tect others, which makes some values of P, small. In general, our new procedure
performs better when the sample size increases and the dimensionality decreases,
which is consistent to the sure screening property of the new procedure. In ad-
dition, the new procedure has a better performance with smaller p’s, which is
happened in both linear and logistic setting, this is also because our new method
mistakenly selects some unimportant predictors due to their high correlations with
the true ones.

The computing efficiency of the proposed procedure for count responses can be

seen from Table 3.4.7. Compared to the binary response, the computing time is
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relatively shorter. In general, the computing times also become larger as n and

p increases. The algorithm converges in fewer steps than the binary case, which

indicates the high efficiency of the proposed method when dealing with count

responses.
Table 3.4.6. The proportions of Ps; and P, for Count Response
X=X =3
n p P (8% ( . ) ’Pl 7)2 P3 P4 Pa Pl 7)2 7)3 P4 Pa
300 1000 1/3 «; [0.982 0.976 0.978 0.983 | 0.942 | 0.998 0.998 0.983 0.989 | 0.975
as | 0.998 0.999 1 0.997 | 0.996 1 0.998 0.998 0.998 | 0.995
300 1000 1/2 «; |0.945 0.941 0.928 0.989 | 0.842 | 0.999 1 0.884 0.994 | 0.883
ay [0.982 0988 0.994 0.98 | 0.95 1 0.981 0.979 0.999 | 0.968
300 1000 2/3 «; | 0.815 0.848 0.808 0.979 | 0.554 | 0.993 0.998 0.622 0.994 | 0.617
a, | 0.866 0.917 0.894 0.852 | 0.626 1 0.825 0.793 0.997 | 0.703
300 2000 1/3 «a; [0.965 0.966 0.956 0.973 | 0.895 | 0.998 1 0.966 0.97 | 0.955
ay | 0.987 0.994 0.997 0.989 | 0.976 1 0.99 0.99 0.999 | 0.987
300 2000 1/2 «; |0.897 0.895 0.88 0.994 | 0.739 | 0.996 0.997 0.811 0.991 | 0.806
ay | 0.962 0.982 0.985 0.964 | 0.909 | 0.999 0.95 0.938 0.997 | 0.913
300 2000 2/3 «p |0.744 0.743 0.748 0.986 | 0.421 | 0.992 0.99 0.489 0.988 | 0.479
a, | 0.811 0.879 0.858 0.806 | 0.534 1 0.694 0.676 0.995 | 0.54
500 1000 1/3 oy 1 1 1 1 1 1 1 1 1 1
s 1 1 1 1 1 1 1 1 1 1
500 1000 1/2 «; | 0.999 0.999 1 1 0.998 | 0.999 1 0.991 1 0.990
(o) 1 1 1 1 1 1 1 1 1 1
500 1000 2/3 «a; |0.989 0.983 0.991 1 0.965 | 0.999 1 0.958 1 0.958
as | 0.996 1 1 0.993 | 0.989 1 0.996 0.997 1 0.994
500 2000 1/3 oy 1 1 1 1 1 1 1 1 1 1
(o) 1 1 1 1 1 1 1 1 1 1
500 2000 1/2 «; | 0.999 1 0.999 1 0.998 1 1 0.988 1 0.988
(o) 1 1 1 1 1 1 1 1 1 1
500 2000 2/3 «a; [0.981 0.976 0.972 1 0.933 1 1 0.929 1 0.929
as | 0.988 0.995 0.996 0.994 | 0.974 1 0.987 0.979 1 0.973

Example 3.2.1.4 Effect of minimum model size. We also examine the effect of m

for our new method. In this example, we consider the following scenario:

(1) a = a;

(2) n = 300,500, p = 1000, 2000 and p = 0.5;

(3) m = 4,5,6,7,8,9.

We examine continuous, binomial and count responses in this example, and the

simulation results are based on 100 replicates. The results are presented in Table
3.4.8, 3.4.9 and 3.4.10.
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Table 3.4.7. Computing times (Seconds) and the Number of Iterations for Count

Response
21 Er_)
(e 3] (s D) (s 31 (e D)

P Time Iterations Time Iterations Time Iterations Time Iterations
(n,p) = (300, 1000)

1/3 | 13.62(2.44) 4(1) 11.10(2.10) 4(1) 16.17(2.40) 5(1) 11.86(2.39) 4(1)

1/2 | 10.51(2.23) 4(1) 12.61(2.03) 3(1) 12.90(2.46) 5(1) 15.39(2.65) 5(1)

2/3 | 9.76(0.67) 3(0) 11.15(1.51) 3(0) 12.84(2.46) 5(1) 13.04(2.44) 5(1)
(n,p) = (300,2000)

1/3 | 17.24(3.16) 4(1) 18.50(3.96) 4(1) 22.47(3.79) 5(1) 20.40(3.48) 5(1)

1/2 | 17.12(3.23) 4(1) 16.64(2.84) 4(1) 20.38(3.67) 5(1) 20.53(3.61) 5(1)

2/3 | 13.84(0.62) 3(0) 13.67(0.51) 3(0) 19.84(3.73) 5(1) 21.20(3.98) 5(1)
(n,p) = (500, 1000)

1/3 | 56.39(9.94) 4(1) 43.94(6.90) 4(1) 54.58(8.08) 5(1) 63.15(9.99) 5(1)

1/2 | 43.14(6.40) 4(0) 39.69(6.17) 4(1) 51.78(9.01) 5(1) 52.92(8.86) 5(1)

2/3 | 47.08(7.45) 4(1) 29.25(1.14) 3(0) 51.12(9.04) 5(1) 52.86(8.80) 5(1)
(n,p) = (500,2000)

1/3 | 77.70(11.08) 4(1) 53.43(10.93) 4(1) 70.14(12.30) 5(1) 71.47(12.31) 5(1)

1/2 | 61.36(8.73) 4(0) 52.00(11.15) 4(1) 70.80(12.03) 5(1) 74.42(10.20) 5(1)

2/3 | 50.81(11.06) 4(1) 50.32(8.40) 3(0) 70.83(11.98) 5(1) 76.46(11.58) 6(1)

Table 3.4.8. The proportions of P, for continuous response

2
n D p af)|m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 a9 | 0.97 1 1 1 1 1
300 2000 1/2 a3 | 0.96 1 1 1 1 1
500 1000 1/2 o 1 1 1 1 1 1
500 2000 1/2 «ay 1 1 1 1 1 1
b
n P p af)|m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 o 1 1 1 1 1 1
300 2000 1/2 o 1 1 1 1 1 1
500 1000 1/2 @y 1 1 1 1 1 1
500 2000 1/2 «o 1 1 1 1 1 1

Based on the results in the three tables, we can see that there is no significant

relationship between m and the success probability. Sometimes the success proba-

bilities under smaller m are larger than those under larger values of m. However,

we need the value of m to be larger than the true model size. When m = 4, which

is the true model size, the values of success probability for the count response are

not satisfying. When m is larger than the true model size, we can always have

great chance to select all the important variables.



Table 3.4.9. The proportions of P, for binary response

2
n D p a()|m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 a9 | 0.99 1 1 1 1 1
300 2000 1/2 o 1 1 1 1 1 1
500 1000 1/2 «o 1 1 1 1 1 1
500 2000 1/2 1 1 1 1 1 1
2y
n D p  a()| m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 s | 0.97 1 1 1 1 1
300 2000 1/2 o 1 0.99 0.99 1 1 1
500 1000 1/2 « 1 1 1 1 1 1
500 2000 1/2 @ 1 1 1 1 1 1
Table 3.4.10. The proportions of P, for count response
2
n D p a()| m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 a | 0.75 0.93 098 099 0.99 0.96
300 2000 1/2 ap | 0.66 0.87 0.93 096 094 0.97
500 1000 1/2 a9 | 0.98 1 1 1 1 1
500 2000 1/2 ay | 0.98 0.98 1 1 1 1
2y
n P p  a()|m=4 m=5 m=6 m=7 m=8 m=9
300 1000 1/2 a2 | 092 0.99 098 093 0.98 0.99
300 2000 1/2 a2 | 0.86 0.90 097 092 098 0.92
500 1000 1/2 a9 | 0.97 0.99 1 1 1 1
50 2000 1/2 e | 1 1 1 1 1 1

o8

Example 3.2.1.5. This example is designed to examine the performance of HBIC
tuning parameter selector. We set n = 500, p = 1000, 2000, > = > with p = 0.5

and a = a is the coefficient functions. We set C,, = log(logn) in HBIC, and

compare the performance of HBIC with those of the AIC and BIC tuning parameter

selectors. The following three criteria are used to evaluate the performances:

1. P: the probability that the true model is selected;

2. C: the number of correctly selected predictors from four active predictors;

3. I: the number of predictors incorrectly selected as active ones from all inactive

predictors.

The simulation results based on 200 replications are summarized in Table 4.2.8.



Table 3.4.11. Comparing AIC, BIC and HBIC (mean and sd)

99

Continuous response Binary response Count response
p=1000 p=2000 p=1000 p=2000 p=1000 p=2000
AIC P 0.100 0.060 0.055 0.020 0.420 0.370
C 4(0) 4(0) 4(0.100) 4(0) 4(0) 4(0.141)
I | 10.200(7.366) | 9.850(7.262) | 11.425(6.889) | 13.63(6.030) | 1.64(2.242) | 2.030(2.901)
BIC P 0.745 0.715 0.760 0.710 0.665 0.570
C 4(0) 4(0) 4(0.571) 4(0) 4(0.262) 4(0.278)
I | 0.305(0.560) | 0.325(0.549) | 0.300(0.481) | 0.220(0.503) | 0.530(0.956) | 0.720(1.161)
HBIC P 0.970 0.975 0.915 0.710 0.700 0.620
C 4(0) 4(0) 3.73(0.954) 4(0) 4(0) 4(0)
I | 0.030(0.171) | 0.025(0.157) | 0.005(0.171) | 0.320(0.509) | 0.600(1.143) | 0.660(1.002)

Table 3.4.11 shows that the AIC, BIC and HBIC tuning parameter selectors
can reduce model complexity significantly, while retain all active predictors. As
seen from Table 3.4.11, the HBIC performs much better than the AIC and theBIC
in terms of controlling the false positives in linear varying coefficient model. For
the HBIC, the probability of obtaining the true model is close to one and the
number of false positives is close to zero. For logistic model and Poisson model,
the HBIC performs much better than the AIC and the BIC in terms of selecting
the true model. The BIC also works well for logistic model and Poisson model,

since the probabilities of obtaining the true model are very close to those of the
HBIC.

3.4.2 An Application

We illustrate the proposed methodology by an empirical analysis of a subset of data
collected the Framingham Heart Study (FHS, for short) See Dawber, Meadors, and
Moore (1951) and Jaquish (2007) for details about FHS. The data subset consists
of data for 977 subjects. Of interest is to investigate the impact of dynamic genetic
effects on obesity. In our analysis, we focus on nonrare SNPs. Here, nonrate SNPs
are referred to those SNP whose the minor allele frequency of a SNP is great than
0.05. In our analysis, we include 4395 nonrare SNPs with missing rates being less
than 0.02. Define the response variable to be 1 if this subject’s BMI is greater
than 25 and 0 oterwise. The goal is to identify the SNPs strongly associated with
the obesity. To examine the dynamic (age-dependent) effect of SNPs and gender
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Figure 3.1. AIC and BIC versus A

on obesity. We consider a logistic varying coefficient models with u being age,
and 8791 covariates since for each SNP, both dominant effect and additive effect
are considered, in addition to include gender as a covariate in our analysis. This
leads to high-dimensional logistic varying coefficient model with the sample size
n = 977.

We first apply the proposed screening procedure to the logistic varying co-
efficient model with the number of knots being d,, = [log(n)] = 6 and m =
[(n/d,)/log(n/d,)] = 28 where [a] indicates the integer part of a. Note that the
gender variable is not subject to screening. Thus, there are total 29 variables after
screening.

We further apply SCAD (Fan and Li, 2001) (group SCAD) to the model
obtained from the screening procedure. Both Akaike information criterion (AIC)
and Bayesian information criterion (BIC) are used to select the tuning parameter
in the SCAD. Figure 3.1 provides the plots of AIC and BIC scores versus A. The
optimal values for A\ of SCAD-AIC and SCAD-BIC are 6.6 and 7.6, respectively.
The SCAD-AIC selects a model with 13 SNPs, while the SCAD-BIC selects a
model with 12 SNPs. All SNPs selected by the SCAD-BIC are selected by the
SCAD-AIC, which also selects SS66164135_A. Figures 3.2 and 3.3 depict the plots
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Figure 3.2. Estimated Coefficient Functions for A = 6.6

of the estimated coefficient functions, and their pointwise confidence intervals.
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Figure 3.3. Estimated Coefficient Functions for A = 7.6

3.5 Discussions

We have proposed a sure joint screening (SJS) procedure for feature screening in
the generalized varying-coefficient models with ultrahigh dimensional covariates.
The proposed SJS is distinguished from the existing SIS in that SJS is based on the

joint likelihood of potential candidate features. We propose an effective algorithm
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to carry out the feature screening procedure, and show that the proposed algorithm
possesses an ascent property. We study the sample property of GVCM-SJS, and
establish the sure screening property for GVCM-SJS.

Theorem 3.2.1 ensures the ascent property of the proposed algorithm under
certain conditions, but it does not implies that the proposed algorithm converges
to the global optimizer. If the proposed algorithm converges to a global maximizer
of (3.2.5), then Theorem 3.3.1 shows that such a solution enjoys the sure screening
property. We have simply set m = [n/log(n)] and m = [(n/d,)/log(n/d,)] in our
numerical studies. It is of interest to derive a data-driven method to determine m

and reduce false positive rate in the screening stage.

3.6 Technical Proof

Proof of Theorem 3.2.1. It follows by the Taylor expansion for the quasi-
likelihood function ¢(v) at B lying within a neighbor of + that

() = (8) + (v~ BYTE(B) + 57— B C(B) (v~ B),
where 3 lies between ~ and 3. For (v — B)TK”(B)('V — B) term, we have

(v = B H{=L"(B)} (v — B)
= (v = B)"'W"(BW (B —L"(B)yW(BW(B)(v — B)
Amax[W2(B){=L"(BIW2(B)] (v — B) W (B) (v — B),

N

where W () is a block diagonal matrix with W;(3) being a d,,; x d,,; matrix. Since
—("(B) is non-negative definite, Amax[W 12(8){—¢"(8)}W~V2(8)] = 0 Thus, if

U > Amax[W2(B) (=" (B)}W2(B)],

then

{(v) = UB) + (v = B)(B) - g(v = B)W(B)(v - B) = (~IB).
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Thus it follows that ¢(y) = h(v|8) and ¢(B) = h(B|3) by the definition of h(vy, 3).
The solution of oh(y|B)/dy = 0is v = B + u'W(B)¢'(B). Hence, under the

conditions of Theorem 3.2.1, it follows that

(B D) = h(BHD|1BW) = h(BYBY) = ¢(BY).

The second inequality is due to the fact that 7({j : ||ﬂ;(t+1)\|2 >0}) =7y :
18] > 0}) = m, and B*** = argmax~ h(v]B8") subject to 7({j : |v;]. >
0}) < m. By definition of B, ¢(B*Y) > ¢(B*™Y) and 7({j : ||,8§-t+1)\|2 >
0}) = m. This proves Theorem 1. O
Proof of Theorem 3.3.1. For a given model s, a subset of {1,...,p}, let a(+)
be the unrestricted maximum likelihood estimation of ay(-) based on the spline

approximation. It suffices to show that

Pr lmaxﬁ{as(U)} > min {a,(U)} | — 0, (A.1)

sesS™ SEST

as n — 0.

We approximate o;(U) by

dn
anj(U) = Z ﬁ]kwjk<U> = /B?ij(U)? j = 17 D (A2)
k=1
where ¢, (U), k = 1,...,d,, are basis functions and d,, is the number of basis

functions, which is allowed to increase with the sample size n.
Let S; denote all functions that have the form Zi’;l Bikjr(U) for a given set
of basis {¢j, k =1,...,d,}. For a,;(U), define the approximation error by

p3(U) = a5(U) = an(U) = o5(U) = 3 Btbn(U), 5 =1,...,p.

Let dist(a;(-),S;) = inf  sup [p;(U)]2, and take p = max dist(e;(+),S;).

anj(U)eS; Uela,b) Isjsp
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Let o, (U) = (an1(U), ..., anp(U)T and a(U) = (a1 (U), ..., a,(U))T. For any s,

¢1<U) ﬂl P1(U)
a,(U) = : +

Bs

sxsdp sdpx1

= W,(U)B; + ps(U),

where W, (U) = diag(¢,(U), ..., 9, (U)) with ¢;(U) = (¢j1(U), . .., 1ja,(U)) and
/Bj = (/lew'-aﬁjdn)T;j: 1,...,8.

For any s € S™, define s’ = s U s* € 52™. So, we have

Hay(U)} — Hay(U)}
= UV (U)By + ps(U)} — {¥4(U)Bs + po(U)}
= U (U)B,} + C{U(U)By}ps (U) — LU (U)BL} — £{T,(U) B} o5 (U),

p =% . .
where 3, and B, are two immediate values. Denote

A =UBy) = U(BY), Do =L (By)ps(U), Ay =L(By)p5(U).

Thus,
Hay(U)} — Hak(U)} = Ay + Ay — As.

For Ay, by the Cauchy-Schwartz inequality, we have

E|As| = EIC(B < \/BI6B) I Elos D).
According to the property of quasi-likelihood, we have
E|¢'(By)|* = trE{'(B,)l (B,)"} = —trEl"(B,).

By condition (C6) and Corollary 1 in Wei, Huang, and Li (2011), it follows Ay =
0p(1). Similarly Ay, we have Az = 0,(1).
Next, we consider A;. By Wedderburn (Part 5, 1974), the quasi-score function
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of B, is given by

10T

580 = T = X gy b B0l
where 4/(t) is the first-order derivative of u(t). Let H,(8,) = —0*((8,)/08.08T
be the Hessian matrix of ¢(3,) corresponding to 3,.

Under (C3), we consider 3, close to 3% such that |3, — B%| = wid,n™™ for
some wy, 71 > 0. Clearly, when n is sufficiently large, 3, falls into a neighborhood
of B%, so that condition (C6) becomes applicable. Thus, it follows by Condition
(C6) and the Cauchy-Schwarz inequality that, we have

Ay = UBy)—UBY)
= [By = BuI"Su(BY) — (1/2)[By — B2]" Ha(By)[By — BY]
< [By = B Su(BY) — (C1/2)nd, By — By
D2 = (C1/2)d, widgn' ™, (A.3)

< wid,n | SL(B

E)

where 3, is an intermediate value between 3, and B%. Thus, we have

Pril(By) —€(B%) =0} < Pr{|S.(B%)]2 = (Crwy/2)n' ™}
< DL Pr{Sy(BY) = (2m) 7N (Crw /2)*n* 7™}

jes’
d'll

0> Pr{S2,(B8%) = (2md,) " (Crwy /2)°n> T},

jes' k=1

A

where

Ay = 5. (8%) = S (ZBy)
4 ]k(IBS ) ; V(Zg;,,@s/)

We assume that z; is marginally standardized. Since p/(zl,8,)/V (25, 8y) is

[Yz‘ - E(YZ|ZZ)]ZW¢

bounded by constant M under condition (C5), so according to the property of
B-splines and condition (C7), there exists a positive constant t; = to/M and g

"(z7,8,) 2
such that for all |t| < ¢y, E{exp(tm[ﬁ — BE(Yi|z:)]zij1)} < e98/2
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By Petrov Exponential Inequalities (Lin and Bai, 2009, Page 68), we have

PT‘{A4 = (Clw1/2)(2dnm)—1/2n1—n}
< PT’{A4 = (Clwl/Q)(2w2)*1/2n70.572n177'1d;l/Z}
< exp (—(02/2)n1—271—72d;1) : (A4)

where ¢ = Cyw, /(2M+/2wy). Also, by the same arguments, we have
PriAs < —(Crw/2)(2m) 20! < exp (—(2/2)n' P d) ) (A.5)
The inequalities (A.4) and (A.5) imply that,
Pr{U(B,) > (BY)} < Amd,exp (~(c/2n!=2nmd1)

So under condition (C4), we have

Pr {8, > 9%

seS™
< ) Priuy) = 0B}
ses™
< dmd,p™ exp{—0.5¢*n' 224 1)

4exp{logm +mlogp — 0.5¢*n**""d 1 + 1/5logn}

N

4exp{logwy + (12 + 1/5)logn + wyn™ log p — 0.5¢*n 27" 1}
4wy exp{my logn + wyn™ logp — 0.5c¢*n' "4 1}

o(l) as n— . (A.6)

By Condition (C6), ¢(3,) is concave in By, (A.6) holds for any B, such that
18y = B3l = widnn™™.

For any s € S™, let BS, be Bs augmented with zeros corresponding to the
elements in s'\s* (i.e. s = {su (s*\s)} U (s\s*)). By Condition (C1), it is seen
that |8, — 8% = Hﬁs* (M) — Baro(snsn) 2 = Hlés*u(s’\s*) Bl = 1850 (sn5%) —
Bl > |Brerl = wrdgn. Consequently,

Pr{mas B0 > min B0} < e {6,805 6,800} = ot

sesS™ sesS™ seS™
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So, we have shown that

sesS™ SES"L

Pr g 180} > nin @ (0)) | — o

as n — o0. The theorem is proved. O
Proof of Theorem 3.3.2. According to the definition of HBIC, for any model s,
HBIC(1(s)) < HBIC(q) implies that

(B,) — tBoe) > dufr(s) — gy S 1BD) 108?( )
g _d“q%édn)‘ (A7)

We show that the probability that (A.7) occurs at any s € S™ goes to 0. For any

se 8™, let § = s U s*. To consider those B; near 3%, we have
(B2~ %) = 18, — BYTL(B2) — S18: — B (BDNB: - B2,
for some 3; between 3; and 3%. By Condition (C6),
(B, B [ (BDNB, — B3} > Cud;nl B, — B
Therefore,
(Bs) — 132 < {85 — B0 (82) — Shd; s — 2P

Hence, for any 3; such that |3; — B%| = wid,n™™, we have

Cl

7‘1)2‘

U(Bs) — L(B3) < widnn ™ [[€(B5)

"n(widn

y (A.4), (A.5) and (A.6), we can get

Pr { sup ((B;) = f(ﬁ?)} = o(1).

seS™

Now let és be BS augmented with zeros corresponding to the elements in §\s.
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It can be seen that

18; — Bz

> B3] = widnn™™,

by (C3). Therefore, uniformly over s € S™ and with probability tending to 1,

Pr { sup (B;) > e(ﬂ;f)} <Pr { sup ¢(3;) > e(ﬁ;f)} ~ o(1).
sesS™ seS™m

Hence, the probability that (A.7) occurs at any s € S™ tends to 0 which is (3.3.13).
On the other hand, for s € ST, let k = 7(s) —q. It suffices to consider a fixed £,
since k takes only the values 1,...,m—q. By definition, HBIC(7(s)) < HBIC(q)

if and only if
Cy log(dnp)
2n '

We show that, uniformly in s € ST with 7(s) = k + ¢, this inequality does not

occur. For large n, by condition (C6),
< (B, BYTH(BY) — 1B, — BT (BB, - B}
< (B, BB~ SO, B, ~ BB, - 7).

where B: lies between BS and B: Denote A = BS — 3%, and define
1
f(A) = ATV(BF) - §Cld;1nATA.

So, we have
af(A)
oA

This implies that f(A) reaches its maximum at A = d,,¢'(3,)/(Cyn). Thus,

— ((B8) — C1d'nA = 0.

(Cind, ")~ (B2)(BY).

N |

Hence, we show that, uniformly over s € S7" with 7(s) = k + g,

Cy log(d,p)
on ’

S (Cond, ) (BB =
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occurs with diminishing probability. Thus, under conditions (C4) and (C6), by

Markov inequality, for each s € ST, we have

Pr | 2 (Cund:) (87 0(80) > b, S
= Pr[UBTE(B0) = CkC, log(d)]
_Ble@eEn)  EeEtee)

CikCplog(dup)  CikCp(log(dy) +n%)

the number of models in ST is lower than p”, we have shown that

Cy log(d,p)

5 ,Vse ST — 0,

Pr |5 (Cind, ) (@) E(BD) = K,

This completes the proof. n



Chapter I

New Test on High-Dimensional

Mean Vectors With Consideration of

Correlation Structure

4.1 New Test Method Considering the Linear

Structure of Precision Matrix

Suppose that for k = 1,2, x4, ¢ = 1,--- ,ng, is a random sample from a p-
dimensional population with mean g, and covariance matrix 3, which is assumed
to be finite and positive definite. We use x;, = n,;l D Xg; to be the sample mean

of the k-th sample, and S = (n; + ny — 2)~1 Zizl Sk (g — Xpe) (% — Xp) T to be

the pooled sample covariance matrix. The two-sample mean problem is to test
Hy:py = py versus Hy:py # po. (4.1.1)
In multivariate analysis, the Hotelling test statistic for the two sample problem is

defined as

Ty = (X1 — XQ)Tsfl(Xl — X3),
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whose power function is an increasing function of pt¥=u,, where p; = p, — po.
However, when p > n; + ny — 2, S is not invertible. Thus, Hotelling test is not
well-defined for high dimensional data.

Bai and Sarandasa (1996) suggested the following test for the two sample prob-
lem

Ths = %1 — %o

and show that the power of Ty, is an increasing function of |pu,|?/+/2tr(X?). Tt

can be shown that

[all®//260(22) < g B g (4.1.2)

for any p,. This implies that the power of T} increases not as fast as Hotelling’s
type test because Ty, ignores the correlations among the variables. For a given
constant symmetric positive definite W matrix, we consider the following test
statistic

T =n(x; — %) W(x; — %) (4.1.3)

to improve power over Tj,, where the weight matrix W is properly chosen and n =
ny + ny. Assume that for any a with ||lal| = 1, y/na” £ ~Y?(x; — X,) asymptotically
follows a normal distribution N (y/na’ p,, (n/ni+n/ns)). Asshown in the technical
proof, the best choice of W should be proportional to £~!. This motivates us to

model the precision matrix X! first.

4.1.1 Modelling precision matrix

If we decompose the covariance matrix ¥ = DV?2RD'Y?, where D is the diagonal
matrix with j-diagonal element being o;;, and R is the correlation matrix. The
natural estimator of D is diag(S). Thus, it suffices to model R~ in order to
estimate X7, Before we pursue further, let us examine some commonly-used
correlation structures. Compound correlation matrix R.s = (1 — p)I, + plplg,
where I, is the identity matrix and 1, is the p-dimensional column vector with all
elements being 1. Then R.;' = a1 Ay+asAs with Ay = T, Ay = 117, a1 = (1—p)~*
and ay = —{(p—1)p+ 1}p/(1 — p). The correlation matrix R, from AR(1) model
has its (i,7)-element pl"=7l. Let by = (1 + p?)/(1 — p?), by = —p/(1 — p?) and
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by = —p?/(1 — p*). Then R} = bjA; + byAs + b3A3, where A; =1, Ay has 1 on
the two main off-diagonals and 0 elsewhere, A3 has 1 on (p,p) and (1,1), and 0
elsewhere. These examples motivate us to assume that R™! can be represented as
a linear combination of a set of matrix bases to achieve a parsimonious model for
R, that is

R!'=60,A + - +0xAk.

Since the diagonal elements of R equal to 1, the linear representation implicitly
imposes p constraints. To avoid solving constraint optimization problem, we pro-
pose a more flexible model for R™1. Let A;,---, Ag be a set of known symmetric
matrix bases and 6y, ..., 0k be K unknown parameters. Assume that R™! has the
following structure

R'=0A +  +0gAg. (4.1.4)

It is worth pointing out that there always exists such a representation for the
inverse of any correlation matrix. Since R™! is a positive definite symmetric matrix,
therefore R™" = >, rj(-j_l)Ejj + D cicicp Tl(j_l)Eij, where R™! = (rgj_l)) and E;; is
a matrix with the (7, j)- and (j,7)-elements being 1 and all other elements being 0.

We first propose an estimation procedure for @ = (0y,--- ,0x)T. Denote by R
the sample correlation matrix, where R = [diag(S)]~/2S[diag(S)]~/? and diag(S)
is the diagonal matrix from the diagonal elements of S. We propose estimating 6

by minimizing the following quadratic loss

meintr[f{(ﬁlAl + -0 Ag) - L)% (4.1.5)

Denote B to be a K x K matrix with (k,{)-clement being p~'tr(RA,RA,) and
b to be a K x 1 vector with k-the element being p‘ltr(f{Ak). The minimizer of
(4.1.5) has 8 = B™'Db.

Theorem 4.1.1. Suppose that {Xy;,t =1, - ,ng}, k = 1,2, is a random sample

from a p-dimensional population x| which can be represented as x¥) = XV 2w +

T

Wi, where the components of w = (wq,...,w,)" are independent and identically

distributed, and having the eighth moment with E(w;) = 0, E(w;)? = 1, E(w;)* =



74

k. It follows that
§k<—><1 +—y)*16k, k =:1,...,}(

where y = lim, o p,/(n —2) and n = ny + ny.

Theorem 4.1.1 implies that if y > 0, ék is not consistent estimate for 6, but
[(n+p—2)/(n— 2)]§k is consistent. The joint distribution of 6;’s is derived by
Theorem (4.1.2)

Theorem 4.1.2. Under the conditions of Theorem 4.1.1, for any constants (w1, ..., 7Tk),

we have

o ! {PZ k[0 — (1 + yn2)™'00] — V} — N(0,1),

where y = lim, o p,/(n —2), n = ny + no,

v = trRD; — 2trRD1+6w eTRl/QDe el RY2%e,
(n—2)? 2) ‘

k=1/¢=1

n(n—1) 3”(” —1) 5 T 5 TR1/2., \4
——~trDogD; + —— | 2trRD w RD R
1(n —2)° rDoDy + i(n —2)° rRD; + ];_1 e, b e ;_l(ez ey)

1 (n —3n+4 (n—4)p  (m—1p  (na—1)p Pun ) trRD,
(n—2)?

1+ Yoo (n —2)2 2)2 ni(n—2)2 mng(n—2)2 (n—2)2
n[3(n—1)+ L
H1 4 gt ((n — 2;3 2] thrRDl B, Y egTRl/QDlek(emeeg):‘]
k=1 (=1

”(”_1) [ 5w T —1/2 T 1
+ 2trRD,R + w§ § e/R12e, e’ RD,RY?e,(el R %e;)?
(L+ gam2)(n — 2 G 2y et e R Terder B e

+(1 4 Yn2) ' ——5trRDy l?p + B Z 2 e/ R (ele/zez)?’]

(n 2)? k=1¢=1

3n(n —1)p + 6n(n —1)(n — 2) S N, Tryi/2. \d

_ 2trD1R + 3, D;R R
AT+ yr)n—2) DI o JyeiPuRter Qe e

A(n — 2)8

— 1)trRD &
(14 g1 20— DR 1[2p+6w22 ey R'%e) ]

2n(n —1 P
—(1+ yn_Q)‘lﬁ [2trRD1 + Bu 2 e/RD;e; ) (ef Rl/zei)4]
=1 k=1
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P

) e

e; R 'e;e; RD Re; | 2(e] Re;)?
4(n—2) )

i=1j=

+5

iM@

(ei R"%e;)*(ef R %)) ]

— 1)trRD
(14 Yo a)” 1”” : 1ZZeTR e;e Re;

2(e/ Re;)’
7’L—2 (z e])
i=17=1

l—|

+Bw

Ma

( ZRl/Qe»?(ele/?ej)?]

x>
Il

1

-1 o p P
—(1+ yn_2)_ln(n )(3n 46 ) Z Z e/ Diejel Re;|2(e] Re;)?
4(n — 2) ==

k=1

p
+Buw Y (ef R %e;)*(ef RY 2€j)2] :
and

0,2

1+2y\° -1 % TR/ 12, \2
= (7=, ) (2n'e@®Dy 2+ Bun” g {R'’D,R"%e,)

142 P
Jr( 1 — yy) Z Z eﬁ RDlefleZ RDleb[ (eﬁlReéz) + Bu Z(GZRl/Qe ) ( TR,l/zegQ) ]
Zl 1@2 1 k=1

1+2 d
—2( 1+ y) n! 2 e/RD;e/[2¢/RD;Re; + 3, Y (e/R%e))* - e/ R'’D R ]
—Y (= k=1

+(1+y) 2 (n "trRD1)%(2 — 2y — Buy) + 2(1 + ) 2y[n 'tr(RD;)?]
+(1 4+ y)2(n "trRD)*(2n 'trR2 + Buy)

(n 'trRD;) (2n_1trR2D1 + /Bwn_ltrRDl)

(1+y)?
2 p
+ TEE (n""trRDy)n! Z e/RD,e, [QegRQeg + ﬁw] )
=1

B = {p7"trRARA+y, o (p” "trRAL) (p "trRA )}y, D1 = mA+.. +nAx,

(M1, ....,nx) = (71,...,7x)B™Y, Dy is the p x p dimensional matriz with the (i, j)
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element being u;; = 2(eI' Re;)® + B,.elRe; D0_ (el RY%e;)? (el RY?e;)?, and ey, is

the k-column of the p x p identity matriz and B, = k — 3.

In practical implementation, we may introduce a relative large number of Ays
into the model (4.1.4) to reduce approximation error. For example, we may in-
clude bases for both the compound symmetric correlation structure and the AR
correlation structure into model (4.1.4) if we are not sure which basis should be
included. Thus, we introduce regularization method to reduce model complexity

of model (4.1.4). Specifically, we consider the following penalized method

r{R(O1A1 + - Ok Ax) — L} + D pa(l6x]), (4.1.6)

k=1

where py(-) is a penalty function with a tuning parameter A\. Minimizing (4.1.6)
with respect to @ results in a penalized estimator.

For a given estimate 6, define the estimate of R with linear structure (4.1.4)
to be ﬁL = (§1A1 + o+ gKAK)_l. As a result, we estimate the population

covariance matrix by
% = [diag(S)]"*R.[diag(S)]".
The estimate of the population precision matrix Q = X! is
Q = [diag(S)]"V*R; ' [diag(S)] "2, (4.1.7)

where S is the pooled sample covariance matrix.

4.1.2 Limiting null distribution and power comparison

By replacing W in (4.1.3) by ﬁ, we obtain the test statistics

T, = (%1 — %2)TQUX; — %y). (4.1.8)
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We next study the limiting distributions under both null hypothesis and alternative
hypothesis.

Theorem 4.1.3. Suppose that {Xp;, i =1, - ,n}, k = 1,2, is a random sample

from a p-dimensional population x*) | which can be represented as x¥) = V2w +

T

Wi, where the components of w = (wy,...,w,)" are independent and identically

distributed and having the eighth moment with E(w;) = 0, E(w;)* = 1, E(w;)* =
k. Denote B, = k — 3, then under Hy and as y = lim, o p,/(n — 2), it follows

that
T, —cit
w Hyg N(0,1),
COq

where R = {diag[R, ]} ?Rp{diag[R.]} "2,

2 2 2
2 n N 4dn“p
= (2p+ — + (2p + — +
o (2p + Kpny ) " + (2p + Kpny )ng -
p
( ) [éltrR2 + 2pBy, + 2 Z efR%e,ei R ey, + BwtrR_l],
h=1
and
n p
po = mnp(nit+ny') — — (ni' +n3") [p+ Bu Z(emeeg)?’efR_l/Qeg]
=1
3n(n—1) , _ b
P it ot 0 3] SR e
nn—1) -1 -1
+m (nl + Ny )tI‘R A().

e, is the k-column of the identity matriz L,, Ay is a p x p matriz with (h,{)-
p

element being ap, = 2(el Rey)® +8,ef Rey Y, (e?RI/th)%e?Rl/Qeg)Q, and g, 0p
f=1

and the estimate of Ag are obtained by replacing R in po, o2 and Ay by R and

1

c= 1+p/(n—2)"

This theorem proves that under the null hypothesis, the asymptotic distribution
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of T;, is normal distribution. We next derive the limiting distribution of 7,, under

the alternative hypothesis.

Theorem 4.1.4. Under conditions of Theorem 4.1.3 and Hy : py # oy, it follows

that
n’l, — cly — cndy,
cy/o? +4n2(nyt + nyt)o,

~ N(0,1)

where y= hmn—mopn/(n - 2)7 ¢ = (1 + y)_1; 511 = Ngz_ll*”d with Hg = K1 — Ko

Furthermore, the asymptotic power function of T,, is

Q.. o0la) = B ( — 2400 + 1oy, )

N o2+ dn2(nTt + nyh)o,
where ®(-) is the cumulative distribution function of N(0,1) and ®(—z,) = «.

Theorem 4.1.4 implies that T,, is an unbiased test (i.e., Q(d,, 0o|a) = « for any

o, and o) since

o — 2000 + Noy, > B(—z,).
N od + dn2(nyt + ny o,

In fact, Bai and Saranadasa (1996) and Chen and Qin (2010) also studied the
two sample mean testing problem Hy : py = po v.s. Hy : py + po. When the
two population covariance matrices of x(!) and x® are equal, Bai and Saranadasa

(1996) and Chen and Qin (2010) have the same asymptotic powers as follows

| pall? >
s(pg, 2|a) = D — 2z, + )
Qs (pa: El) < (nT' 4+ nyt)vV2try?

In fact, when ¢,, = o(1) and n, p is large enough, we have
Q((Sn? 0'0|Oé) > Qbs(“’da E|Oé)

Especially, when 3 is the identity matrix, we approximately have Q(d,,0¢|a) =
Qbs(u’da 2’04)
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4.2 Simulation

4.2.1 Performance of selecting basis matrices

In this part, we use our proposed method to estimate the precision matrix of X

from N(0,X). In our motivation example, we consider two scenarios for 3 = (o;):
3};: Compound symmetric correlation structure: o;; = 1if ¢ = j and p otherwise.
3. Correlation structure from AR(1): oy = pl=Il.

In the first scenario, R™! can be written as 6;A; + 03A,, where A, is the
identity matrix, Ay, = lplg is a matrix with 0 on the diagonal and 1 off the
diagonal, 8; = —[(p—2)p+ 1]/0p and 0y = p/by, with 6y = (p—1)p* — (p—2)p— 1.
In the second scenario, R™! can be written as a combination of three basis matrices:
R~ = 0,A; +0,A,5 +03A5, whereA, is the identity matrix, A, is a matrix with 0
on the diagonal and 1 off the diagonal, A3 has the (p,p) and (1,1) elements being
1 and other elements being zeros, 6; = (1 + p?)/6y, 02 = —p/by and 03 = —p?/6,
with 6y = 1 — p?.

First, we evaluate the performance of (4.1.6). Let the basis matrices be A4, ..., A,
Ay, ..., A  are the basis matrix for compound symmetric and AR(1) covariance
structure, and for k = 5, Ay has the {(7,7) : |i — j| = k — 3} elements being 1 and
other elements being zeros, where [2n'/%] is truncated integer of 2n'/3. (4.1.6) will
be used to select the basis matrices A;. In the simulations, the following criteria

will be reported.
o ||[R™! — R[5 where | - |5 is the quadratic norm;
e C: median of number of selected basis matrices;
e [: median of number of wrongly selected basis matrices.

In the simulation setup, p is taken as p = 0.25,0.5,0.75. The sample size is
ny = ng = 100,200 and the dimension is p = 500,1500. The distribution of wj;
is Gaussian. We use the new estimate method under four different situations as

follows:

1. Only the true basis matrices are included;



2. Redundant basis matrices are not removed;

3. Regularization method using MCP (Zhang, 2007) penalty;

4. Regularization method using SCAD (Fan and Li, 2001) penalty;
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which are denoted by True, Full, MCP and SCAD. The simulation results based
on 1000 replicates are given in Table 4.2.1-4.2.2. Table 4.2.1 show that when the

full model is used to estimate 6,

IR —

R|; is much greater than TRUE, MCP

and SCAD because the number of true basis matrices is smaller than the number

of full models and full model leads to over-fit. Moreover, TRUE, MCP and SCAD

have similar |[R~

basis matrices.

— R which shows that MCP and SCAD can almost select true

Table 4.2.2 shows that the number of selected basis matrices is

close to the number of true basis matrices, so the two selection methods perform

very well.
Table 4.2.1. Precision Matrix Estimation
El 22
n=100, p=500 n=100, p=500
p 0.25 0.5 0.75 0.25 0.5 0.75
HR*1 — R71H2 True | 0.0278(0.0208) 0.0828(0.0600) 0.2429(0.1854) | 0.0922(0.0667) 0.0920(0.0620) 0.1257(0.0646)
Full | 0.1168(0.0548) 0.1801(0.0707) 0.4219(0.2052) | 0.1392(0.0679) 0.1359(0.0556) 0.2668(0.1064)
MCP | 0.0275(0.0199) 0.0813(0.0589) 0.2422(0.1800) | 0.0668(0.0051) 0.1214(0.0743) 0.1442(0.0870)
SCAD | 0.0274(0.0198) 0.0810(0.0583) 0.2405(0.1782) | 0.0666(0.0051) 0.1451(0.0843) 0.1678(0.0916)
n=200, p=500 n=200, p=500
p 0.25 0.5 0.75 0.25 0.5 0.75
IRT—RI||, | True |0.0186(0.0143) 0.0577(0.0433) 0.1663(0.1267) | 0.0458(0.0328) 0.0485(0.0301) 0.0695(0.0361)
Full | 0.0723(0.0243) 0.1275(0.0484) 0.2974(0.1308) | 0.0764(0.0312) 0.0908(0.0292) 0.1966(0.0727)
MCP | 0.0193(0.0145) 0.0577(0.0432) 0.1656(0.1279) | 0.0689(0.0271) 0.0584(0.0319) 0.0760(0.0443)
SCAD | 0.0193(0.0144) 0.0579(0.0427) 0.1669(0.1255) | 0.0596(0.0195) 0.0585(0.0409) 0.0897(0.0542)
n=100, p=1500 n=100, p=1500
p 0.25 0.5 0.75 0.25 0.5 0.75
IRU—RY, | True |0.0275(0.0195) 0.0849(0.0617) 0.2379(0.1817) | 0.1526(0.1119) 0.1565(0.1111) 0.1771(0.1070)
Full 0.1665(0.0993) 0.2125(0.1051) 0.4130(0.1915) | 0.2157(0.1099) 0.1878(0.0988) 0.2667(0.1015)
MCP | 0.0280(0.0197) 0.0804(0.0599) 0.2435(0.2141) | 0.0657(0.0031) 0.2080(0.1044) 0.2112(0.1023)
SCAD | 0.0279(0.0196) 0.0799(0.0590) 0.2432(0.2122) | 0.0654(0.0030) 0.2197(0.1023) 0.2444(0.0973)
n=200, p=1500 n=200, p=1500
p 0.25 0.5 0.75 0.25 0.5 0.75
IRU—RI, | True |0.0194(0.0141) 0.0565(0.0428) 0.1674(0.1267) | 0.0797(0.0576) 0.0749(0.0549) 0.0864(0.0537)
Full | 0.0918(0.0490) 0.1320(0.0544) 0.2824(0.1343) | 0.1099(0.0551) 0.1016(0.0445) 0.1720(0.0581)
MCP | 0.0192(0.0140) 0.0581(0.0436) 0.1703(0.1272) | 0.0663(0.0022) 0.1013(0.0501) 0.1105(0.0537)
SCAD | 0.0192(0.0140) 0.0585(0.0434) 0.1718(0.1283) | 0.0661(0.0022) 0.0994(0.0544) 0.1380(0.0543)




Table 4.2.2. Precision Matrix Estimation and Basis Selection

21 22

n=100, p=500 | n=100, p=500

p 1025 05 0751025 05 0.75

MCP | C| 2 2 2 2 5 3
I 0 0 0 0 2 0

SCAD | C| 2 2 2 2 4 3
I 0 0 0 0 1 0

n=200, p=500 | n=200, p=500

p 1025 05 0.75]025 0.5 0.75

MCP | C| 2 2 2 5 5 3
I 0 0 0 2 2 0

SCAD [ C| 2 2 2 5 5 3
I 0 0 0 3 2 0

n=100, p=1500 | n=100, p=1500

p 1025 05 0.75]025 0.5 0.75

MCP |C| 2 2 2 2 6 5
I 0 0 0 0 3 2

SCAD [ C| 2 2 2 2 5 5
I 0 0 0 0 3 2

n=200, p=1500 | n=200, p=1500

p 1025 05 0.75]025 0.5 0.75

MCP | C| 2 2 2 2 9 6
I 0 0 0 0 6 3

SCAD | C| 2 2 2 2 8 6
I 0 0 0 0 5 3

4.2.2 Performance of the testing statistic 7,

Three scenarios for ¥ = (o;;) are considered:
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31 Compound symmetric correlation structure with the diagonal elements being

1 and other elements being p;

3,: Correlation structure from AR(1): o;; = pl=7l;

232 0521 + 0522

The parameter p is taken as p = 0.25,0.50,0.75. Without loss of generality, n; =

ny is assumed. The dimension is p = 500,1500 and the sample size is ny

100,200,k = 1,2. w;; is from N(0,1) or Gamma(4,2) — 2. In the simulations,

T

p1 = Op and py = ¢(135,050 44)" and we consider ¢ = 0,0.5,1. We compare
the newly proposed method with other seven methods proposed before. In the
simulation, we examine the performance of the proposed method under different

settings as follows
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1. Only the true basis matrices are included;

2. Redundant basis matrices are not removed;

3. Regularization method using MCP (Zhang, 2007) penalty;

4. Regularization method using SCAD (Fan and Li, 2001) penalty;

We compare those four methods with the other existing methods which are pro-
posed by Bai and Saranadasa (1996), Chen and Qin (2010), Srivastava and Du
(2008) with or without modification, Lopes, Jacob and Wainwright (2011, 2012)
and Srivastava, Li and Ruppert (2014). The 11 different methods are denoted by
New(true), New(full), New(MCP), New(SCAD), BS, CQ, SD1, SD2, LWJ1, LWJ2
and RAPTT. All the simulation results are based on 10,000 replications and are
summarized in Table 4.2.3-4.2.8.

Table 4.2.3 and Table 4.2.6 report the simulation results for the compound
symmetric covariance structure for both the normal distribution and the gamma
distribution. The new test methods return the type I error rate very well and the
powers of the four new methods are extremely high when ¢ > 0 and increase as p,
¢ and n/p increase. All the new test methods outperform other existing methods.
LWJ1, LWJ2 and RAPTT present the similar pattern to the proposed methods,
however, LWJ2 fails to control the type I error rate. BS, CQ, SD1 and SD2 are
affected by the value of p and their powers decrease significantly as p increases,
since BS, CQ, SD1 and SD2 ignore the correlation among variables. In particular,
when ¢ = 0.5, the powers of these four test methods are always less than 0.3.

Table 4.2.4 and Table 4.2.7 present the simulation results for auto regressive
correlation structure for the normal distribution and gamma distribution. Under
this setting, the newly proposed method return the type I error rate very well and
the powers of these new tests increase as ¢ and n/p increase but decrease as p
increases. LWJ1, LWJ2 and RAPTT tests also have the similar patterns as the
new tests, but the new test methods outperform these methods. For the auto
regressive covariance structure, the correlation between variables are weak if p is
not large enough. BS, CQ, SD1 and SD2 beat the new methods in this setting.
However, the performances of these methods are supposed to be good when the

correlation between variables are weak since they neglect the correlation structure



Table 4.2.3. Power Comparison for N,(p,%1) and Ny(po, X1)
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c=0 c=10.5 c=1
p 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0610 0.0463 0.0710 0.9979 1 1 1 1 1
New(full) 0.0613 0.0466 0.0720 0.9978 1 1 1 1 1
New(MCP) | 0.0606 0.0456 0.0705 0.9979 1 1 1 1 1
New(SCAD) | 0.0599 0.0427 0.0663 0.9978 1 1 1 1 1
BS 0.0676 0.0669 0.0680 0.1333 0.0954 0.0843 0.9570 0.2628 0.1665
CcQ 0.0676 0.0669 0.0680 0.1333 0.0952 0.0843 0.9571 0.2630 0.1665
SD1 0.0311 0.0103 0.0026 0.0589 0.0145 0.0033 0.4731 0.0315 0.0061
SD2 0.0688 0.0681 0.0684 0.1367 0.0964 0.0845 0.9599 0.2653 0.1666
LWJ1 0.0528 0.0523 0.0525 0.4032 0.6189 0.9578 0.9958 1 1
LWJ2 0.0002 0.0002 0.0002 0.5188 0.9468 1 1 1 1
RAPTT 0.0521 0.0517 0.0515 0.4006 0.6269 0.9582 0.9943 1 1
n = 200, p = 500
New(true) | 0.0517 0.0386 0.0560 1 1 1 1 1 1
New(full) 0.0509 0.0387 0.0564 1 1 1 1 1 1
New(MCP) | 0.0513 0.0379 0.0550 1 1 1 1 1 1
New(SCAD) | 0.0498 0.0344 0.0510 1 1 1 1 1 1
BS 0.0663 0.0662 0.0668 0.2496 0.1291 0.1014 1 0.9937 0.4166
CcQ 0.0664 0.0663 0.0668 0.2494 0.1290 0.1014 1 0.9937 0.4169
SD1 0.0308 0.0088 0.0022 0.1075 0.0151 0.0030 1 0.0973 0.0104
SD2 0.0674 0.0666 0.0668 0.2522 0.1302 0.1017 1 0.9936 0.4179
LWJ1 0.0517 0.0518 0.0518 0.9697 0.9990 1 1 1 1
LWJ2 0.0019 0.0019 0.0019 1 1 1 1 1 1
RAPTT 0.0508 0.0508 0.0506 0.9735 0.9992 1 1 1 1
n = 100, p = 1500
New(true) | 0.0677 0.0547 0.0704 0.9099 0.9925 1 1 1 1
New(full) 0.0681 0.0544 0.718 0.9090 0.9921 1 1 1 1
New(MCP) | 0.0669 0.0524 0.0652 0.9091 0.9922 1 1 1 1
New(SCAD) | 0.0652 0.0464 0.0575 0.9046 0.9913 1 1 1 1
BS 0.0721 0.0727 0.0732 0.0889 0.0807 0.0781 0.1661 0.1073 0.0966
CcQ 0.0720 0.0727 0.0731 0.0891 0.0806 0.0781 0.1661 0.1071 0.0966
SD1 0.0225 0.0039 0.0004 0.0302 0.0044 0.0004 0.0512 0.0065 0.0006
SD2 0.0729 0.0733 0.0735 0.0913 0.0813 0.0782 0.1697 0.1086 0.0969
LWJ1 0.0476 0.0473 0.0474 0.1241 0.1809 0.4019 0.5606 0.8116 0.9943
LWJ2 0 0 0 0.0003 0.0112 0.5523 0.9518 1 1
RAPTT 0.0540 0.0535 0.0536 0.1348 0.1912 0.4151 0.5652 0.8086 0.9933
n = 200, p = 1500
New(true) | 0.0552 0.0394 0.0643 1 1 1 1 1 1
New(full) 0.0554 0.0396 0.0644 1 1 1 1 1 1
New(MCP) | 0.0543 0.0381 0.0623 1 1 1 1 1 1
New(SCAD) | 0.0520 0.0323 0.0527 1 1 1 1 1 1
BS 0.0717 0.0719 0.0715 0.1059 0.0873 0.0817 0.4382 0.1612 0.1207
CcQ 0.0717 0.0720 0.0715 0.1059 0.0873 0.0817 0.4384 0.1613 0.1207
SD1 0.0224 0.0050 0.0005 0.0347 0.0055 0.0006 0.1122 0.0105 0.0011
SD2 0.0732 0.0722 0.0716 0.1070 0.0877 0.0818 0.4441 0.1624 0.1211
LWJ1 0.0510 0.0510 0.0511 0.4069 0.6439 0.9745 0.9981 1.0000 1.0000
LWJ2 0.0001 0.0001 0.0001 0.4381 0.9669 1.0000 1.0000 1.0000 1.0000
RAPTT 0.0471 0.0472 0.0473 0.4123 0.6458 0.9714 0.9979 1.0000 1.0000




Table 4.2.4. Power Comparison for N, (g, 22) and Ny(po, X2)
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c=0 c=10.5 c=1
p 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0641 0.0618 0.0543 0.8106 0.5503 0.4228 1 1 0.9996
New(full) 0.0639 0.0624 0.0547 0.8117 0.5502 0.4234 1 1 0.9995
New(MCP) | 0.0641 0.0619 0.0538 0.8154 0.5511 0.4227 1 1 0.9996
New(SCAD) | 0.0641 0.0611 0.0523 0.8152 0.5585 0.4198 1 1 0.9995
BS 0.0524 0.0580 0.0600 0.9491 0.8564 0.6158 1 1 1
CcQ 0.0523 0.0580 0.0602 0.9492 0.8565 0.6158 1 1 1
SD1 0.0437 0.0471 0.0456 0.9387 0.8307 0.5606 1 1 1
SD2 0.0553 0.0611 0.0639 0.9488 0.8619 0.6225 1 1 1
LWJ1 0.0496 0.0500 0.0515 0.2661 0.2407 0.2119 0.9497 0.9159 0.8780
LWJ2 0.0001 0.0009 0.0048 0.1863 0.1575 0.1562 1 0.9998 0.9934
RAPTT 0.0499 0.0510 0.0489 0.2715 0.2449 0.2201 0.9511 0.9268 0.8871
n = 200, p = 500
New(true) | 0.0588 0.0564 0.0529 0.9973 0.9363 0.8465 1 1 1
New(full) 0.0589 0.0568 0.0535 0.9973 0.9363 0.8470 1 1 1
New(MCP) | 0.0589 0.0565 0.0527 0.9975 0.9360 0.8458 1 1 1
New(SCAD) | 0.0589 0.0554 0.0514 0.9975 0.9361 0.8434 1 1 1
BS 0.0525 0.0539 0.0584 0.9999 0.9982 0.9608 1 1 1
CcQ 0.0524 0.0540 0.0584 0.9999 0.9982 0.9608 1 1 1
SD1 0.0479 0.0463 0.0444 0.9999 0.9975 0.9476 1 1 1
SD2 0.0545 0.0554 0.0591 0.9999 0.9983 0.9615 1 1 1
LWJ1 0.0510 0.0501 0.0503 0.8035 0.6705 0.5403 1 1 0.9999
LWJ2 0.0025 0.0054 0.0106 0.9612 0.8414 0.6521 1 1 1
RAPTT 0.0498 0.0494 0.0502 0.8063 0.6843 0.5595 1 1 0.9999
n = 100, p = 1500
New(true) | 0.0705 0.0664 0.0571 0.4952 0.3100 0.2294 1 0.9858 0.9309
New(full) 0.0710 0.0670 0.0574 0.4959 0.3103 0.2302 1 0.9847 0.9309
New(MCP) | 0.0705 0.0666 0.0567 0.5002 0.3111 0.2285 1 0.9853 0.9306
New(SCAD) | 0.0701 0.0656 0.0551 0.4997 0.3138 0.2241 1 0.9864 0.9228
BS 0.0531 0.0550 0.0572 0.6694 0.5332 0.3390 1 0.9999 0.9934
CcQ 0.0531 0.0550 0.0571 0.6696 0.5332 0.3391 1 0.9999 0.9934
SD1 0.0388 0.0402 0.0419 0.6204 0.4811 0.2818 1 0.9999 0.9879
SD2 0.0552 0.0586 0.0592 0.6784 0.5422 0.3471 1 0.9999 0.9927
LWJ1 0.0499 0.0488 0.0502 0.0993 0.1009 0.1022 0.4026 0.3931 0.3719
LWJ2 0 0 0.0002 0.0001 0.0002 0.0044 0.5294 0.4724 0.4385
RAPTT 0.0527 0.0492 0.0503 0.1043 0.1066 0.1037 0.4129 0.3995 0.3851
n = 200, p = 1500
New(true) | 0.0637 0.0619 0.0566 0.9004 0.6393 0.4985 1 1 1
New(full) 0.0643 0.0623 0.0563 0.9005 0.6396 0.4995 1 1 1
New(MCP) | 0.0636 0.0623 0.0562 0.9052 0.6389 0.4974 1 1 1
New(SCAD) | 0.0634 0.0613 0.0543 0.9051 0.6381 0.4922 1 1 1
BS 0.0551 0.0555 0.0565 0.9879 0.9420 0.7359 1.0000 1.0000 1.0000
CcQ 0.0551 0.0555 0.0565 0.9879 0.9420 0.7359 1.0000 1.0000 1.0000
SD1 0.0459 0.0459 0.0436 0.9854 0.9316 0.6971 1.0000 1.0000 1.0000
SD2 0.0558 0.0560 0.0581 0.9873 0.9433 0.7404 1.0000 1.0000 1.0000
LWJ1 0.0487 0.0462 0.0487 0.2638 0.2397 0.2232 0.9641 0.9484 0.9265
LWJ2 0.0000 0.0000 0.0012 0.1065 0.1065 0.1298 1.0000 1.0000 0.9994
RAPTT 0.0487 0.0489 0.0491 0.2657 0.2487 0.2357 0.9653 0.9506 0.9355




Table 4.2.5. Power Comparison for N, (g, 23) and Ny(po, X3)
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c=0 c=10.5 c=1
p 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0643 0.0527 0.0294 0.9408 0.8411 0.5719 1 1 1
New(full) 0.0648 0.0563 0.0383 0.9326 0.8040 0.5843 1 1 1
New(MCP) | 0.0643 0.0527 0.0397 0.9423 0.8558 0.5884 1 1 1
New(SCAD) | 0.0644 0.0521 0.0416 0.9420 0.8570 0.6047 1 1 1
BS 0.0654 0.0677 0.0680 0.2663 0.1319 0.1063 1 0.9272 0.4432
CcQ 0.0653 0.0676 0.0681 0.2665 0.1320 0.1062 1 0.9273 0.4432
SD1 0.0481 0.0304 0.0169 0.1900 0.0590 0.0255 1 0.4625 0.0896
SD2 0.0673 0.0686 0.0694 0.2744 0.1346 0.1079 1 0.9292 0.4566
LWJ1 0.0459 0.0463 0.0467 0.3173 0.3401 0.3528 0.9761 0.9863 0.9894
LWJ2 0.0002 0.0006 0.0018 0.2837 0.3524 0.4032 1 1 1
RAPTT 0.0468 0.0508 0.0487 0.3123 0.3406 0.3665 0.9745 0.9841 0.9904
n = 200, p = 500
New(true) | 0.0554 0.0448 0.0222 1 0.9992 0.9687 1 1 1
New(full) 0.0554 0.0505 0.0363 0.9999 0.9980 0.9733 1 1 1
New(MCP) | 0.0550 0.0482 0.0370 1 0.9990 0.9736 1 1 1
New(SCAD) | 0.0547 0.0445 0.0401 1 0.9993 0.9749 1 1 1
BS 0.0647 0.0661 0.0654 0.8724 0.2521 0.1588 1 1 1
CcQ 0.0647 0.0661 0.0654 0.8724 0.2522 0.1587 1 1 0.9999
SD1 0.0491 0.0293 0.0135 0.7281 0.1091 0.0363 1 1 0.5085
SD2 0.0658 0.0666 0.0662 0.8774 0.2557 0.1594 1 1 1
LWJ1 0.0497 0.0502 0.0499 0.8965 0.8808 0.8327 1 1 1
LWJ2 0.0023 0.0037 0.0050 0.9945 0.9893 0.9628 1 1 1
RAPTT 0.0469 0.0471 0.469 0.8969 0.8878 0.8493 1 1 1
n = 100, p = 1500
New(true) | 0.0687 0.0586 0.0367 0.6716 0.5170 0.2954 1 1 0.9966
New(full) 0.0692 0.0592 0.0459 0.6556 0.4739 0.3026 1 1 0.9950
New(MCP) | 0.0570 0.0447 0.0339 0.7842 0.5248 0.3047 1 1 0.9965
New(SCAD) | 0.0577 0.0424 0.0283 0.7912 0.5275 0.3286 1 1 0.9991
BS 0.0689 0.0689 0.0696 0.1054 0.0856 0.0794 0.4611 0.1605 0.1208
CcQ 0.0690 0.0690 0.0696 0.1054 0.0856 0.0794 0.4611 0.1602 0.1208
SD1 0.0438 0.0221 0.0105 0.0671 0.0276 0.0114 0.2542 0.0495 0.0161
SD2 0.0705 0.0710 0.0708 0.1088 0.0883 0.0806 0.4767 0.1651 0.1232
LWJ1 0.0515 0.0523 0.0467 0.1131 0.1201 0.1358 0.4626 0.5313 0.6227
LWJ2 0.0000 0.0000 0.0001 0.0003 0.0010 0.0092 0.7636 0.8929 0.9465
RAPTT 0.0507 0.0518 0.0530 0.1149 0.1276 0.1429 0.4609 0.5326 0.6293
n = 200, p = 1500
New(true) | 0.0583 0.0489 0.0257 0.9837 0.9273 0.6698 1 1 1
New(full) 0.0591 0.0533 0.0375 0.9801 0.8952 0.6916 1 1 1
New(MCP) | 0.0582 0.0483 0.0389 0.9846 0.9394 0.6946 1 1 1
New(SCAD) | 0.0590 0.0483 0.0409 0.9846 0.9367 0.7354 1 1 1
BS 0.0686 0.0636 0.0642 0.1616 0.1016 0.0868 1.0000 0.4438 0.2214
CcQ 0.0686 0.0636 0.0642 0.1616 0.1016 0.0868 1.0000 0.4438 0.2212
SD1 0.0446 0.0218 0.0084 0.1040 0.0288 0.0128 0.9934 0.1038 0.0240
SD2 0.0700 0.0638 0.0648 0.1644 0.1038 0.0876 1.0000 0.4516 0.2228
LWJ1 0.0526 0.0508 0.0528 0.3140 0.3480 0.3852 0.9896 0.9932 0.9978
LWJ2 0.0000 0.0000 0.0006 0.2038 0.3150 0.4406 1.0000 1.0000 1.0000
RAPTT 0.0512 0.0544 0.0522 0.3283 0.3665 0.4075 0.9858 0.9926 0.9976




Table 4.2.6. Power Comparison for Gamma (4,2) with ¥,
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c=0 c=0.5 c=1
P 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0580 0.0395 0.0634 0.9975 1 1 1 1 1
New(full) 0.0589 0.0396 0.0664 0.9976 1 1 1 1 1
New(MCP) | 0.0573 0.0384 0.0625 0.9975 1 1 1 1 1
New(SCAD) | 0.0561 0.053 0.0586 0.9973 1 1 1 1 1
BS 0.0699 0.0701 0.0696 0.1350 0.0973 0.0875 0.9405 0.2644 0.1693
CcQ 0.0702 0.0704 0.0699 0.1357 0.0975 0.0877 0.9421 0.2662 0.1701
SD1 0.0306 0.0096 0.0028 0.0613 0.0135 0.0030 0.4948 0.0314 0.0057
SD2 0.0711 0.0706 0.0698 0.1392 0.0980 0.0875 0.9426 0.2677 0.1697
LWJ1 0.0543 0.0547 0.0547 0.3937 0.6207 0.9545 0.9956 0.9999 1
LWJ2 0 0.0001 0.0001 0.5232 0.9478 1 1 1 1
RAPTT 0.0497 0.0502 0.0500 0.4098 0.6317 0.9596 0.9936 1 1
n = 200, p = 500
New(true) | 0.0505 0.0358 0.0574 1 1 1 1 1 1
New(full) 0.0504 0.0359 0.0588 1 1 1 1 1 1
New(MCP) | 0.0501 0.0348 0.0560 1 1 1 1 1 1
New(SCAD) | 0.0487 0.0325 0.0511 1 1 1 1 1 1
BS 0.0664 0.0682 0.0686 0.2590 0.1331 0.1053 1 0.9870 0.4300
CcQ 0.0664 0.0682 0.0686 0.2597 0.1335 0.1056 1 0.9877 0.4316
SD1 0.0299 0.0074 0.0023 0.1149 0.0153 0.0032 0.9999 0.1030 0.0105
SD2 0.0672 0.0686 0.0686 0.2621 0.1336 0.1057 1 0.9859 0.4304
LWJ1 0.0529 0.0529 0.0526 0.9730 0.9994 1 1 1 1
LWJ2 0.003  0.003 0.003 1 1 1 1 1 1
RAPTT 0.0521 0.0520 0.0522 0.9728 1 1 1 1 1
n = 100, p = 1500
New(true) | 0.0579 0.0459 0.0547 0.9041 0.9940 0.9791 1 1 1
New(full) 0.0579 0.0456 0.0674 0.9034 0.9936 0.9804 1 1 1
New(MCP) | 0.0571 0.0441 0.0520 0.9031 0.9934 0.9797 1 1 1
New(SCAD) | 0.0551 0.0394 0.0464 0.9004 0.9919 0.9785 1 1 1
BS 0.0721 0.0727 0.0723 0.0871 0.0804 0.0942 0.1641 0.1075 0.0942
CcQ 0.0724 0.0731 0.0732 0.0874 0.0805 0.0777 0.1649 0.1079 0.0947
SD1 0.0223 0.0049 0.0012 0.0511 0.0055 0.0013 0.0729 0.0070 0.0016
SD2 0.0729 0.0736 0.0724 0.0886 0.0808 0.0774 0.1677 0.1090 0.0944
LWJ1 0.0498 0.0494 0.0498 0.1292 0.1919 0.4161 0.5648 0.8074 0.9944
LWJ2 0 0 0 0.0011 0.0109 0.5475 0.9515 1 1
RAPTT 0.0500 0.0501 0.0502 0.1337 0.1923 0.4153 0.5672 0.8078 0.9931
n = 200, p = 1500
New(true) | 0.0513 0.0344 0.0594 0.9999 1 1 1 1 1
New(full) 0.0514 0.0346 0.0630 0.9999 1 1 1 1 1
New(MCP) | 0.0506 0.0332 0.0568 0.9999 1 1 1 1 1
New(SCAD) | 0.0481 0.0279 0.0470 0.9999 1 1 1 1 1
BS 0.0664 0.0664 0.0664 0.1007 0.0814 0.0758 0.4475 0.1564 0.1169
CcQ 0.0664 0.0664 0.0665 0.1008 0.0814 0.0763 0.4491 0.1573 0.1176
SD1 0.0216 0.0031 0.0006 0.0314 0.0034 0.0007 0.1080 0.0074 0.0009
SD2 0.0670 0.0665 0.0664 0.1018 0.0817 0.0764 0.4577 0.1584 0.1173
LWJ1 0.0484 0.0484 0.0483 0.4081 0.6394 0.9729 0.9978 0.9999 1
LWJ2 0 0 0 0.4363 0.9595 1 1 1 1
RAPTT 0.0501 0.0498 0.0498 0.4046 0.6431 0.9736 0.9978 0.9998 1




Table 4.2.7. Power Comparison for Gamma (4,2) with ¥
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c=0 c=0.5 c=1
P 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0653 0.0617 0.0547 0.8110 0.5516 0.4168 1 1 0.9993
New(full) 0.0660 0.0617 0.0553 0.8112 0.5532 0.4190 1 1 0.9993
New(MCP) | 0.0648 0.0612 0.0539 0.8172 0.5536 0.4175 1 1 0.9993
New(SCAD) | 0.0647 0.0612 0.0525 0.8170 0.5599 0.4152 1 1 0.9993
BS 0.0527 0.0529 0.0568 0.9472 0.8545 0.6135 1 1 1
CcQ 0.0535 0.0534 0.0569 0.9481 0.8554 0.6137 1 1 1
SD1 0.0441 0.0434 0.0405 0.9390 0.8327 0.5575 1 1 1
SD2 0.0572 0.0573 0.0612 0.9504 0.8618 0.6227 1 1 1
LWJ1 0.0499 0.0486 0.0470 0.2660 0.2388 0.2092 0.9471 0.9181 0.8792
LWJ2 0.0002 0.0008 0.0033 0.1837 0.1559 0.1544 1 0.9997 0.9937
RAPTT 0.0516 0.0520 0.0536 0.2751 0.2470 0.2182 0.9462 0.9228 0.8838
n = 200, p = 500
New(true) | 0.0644 0.0624 0.0596 0.9978 0.9410 0.8463 1 1 1
New(full) 0.0649 0.0625 0.0594 0.9979 0.9421 0.8465 1 1 1
New(MCP) | 0.0646 0.0623 0.0591 0.9978 0.9413 0.8457 1 1 1
New(SCAD) | 0.0645 0.0617 0.0572 0.9978 0.9412 0.8427 1 1 1
BS 0.0568 0.0596 0.0609 0.9999 0.9988 0.9625 1 1 1
CcQ 0.0570 0.0599 0.0612 0.9999 0.9988 0.9625 1 1 1
SD1 0.0526 0.0525 0.0465 0.9999 0.9981 0.9485 1 1 1
SD2 0.0599 0.0612 0.0631 0.9999 0.9987 0.9619 1 1 1
LWJ1 0.0513 0.0494 0.0509 0.7978 0.6711 0.5388 1 1 1
LWJ2 0.0030 0.0061 0.0111 0.9646 0.8420 0.6547 1 1 1
RAPTT 0.0500 0.0480 0.0510 0.8060 0.6852 0.5590 1 1 1
n = 100, p = 1500
New(true) | 0.0695 0.0679 0.0599 0.4939 0.3075 0.2311 0.9999 0.9864 0.9377
New(full) 0.0702 0.0685 0.0603 0.4921 0.3099 0.2314 0.9999 0.9860 0.9371
New(MCP) | 0.0694 0.0680 0.0596 0.4988 0.3096 0.2305 0.9999 0.9865 0.9373
New(SCAD) | 0.0690 0.0676 0.0578 0.4978 0.3108 0.2256 0.9999 0.9872 0.9366
BS 0.0509 0.0502 0.0549 0.6690 0.5424 0.3442 1 1 0.9927
CcQ 0.0517 0.0506 0.0550 0.6706 0.5438 0.3446 1 1 0.9927
SD1 0.0377 0.0383 0.0374 0.6248 0.4892 (.2848 1 1 0.9872
SD2 0.0529 0.0530 0.0578 0.6851 0.5541 0.3522 1 1 0.9920
LWJ1 0.0505 0.0492 0.0525 0.1022 0.1001 0.0936 0.4069 0.3891 0.3799
LWJ2 0 0 0.0001 0 0.0005 0.0035 0.5262 0.4733 0.4396
RAPTT 0.0531 0.0502 0.0465 0.1075 0.1040 0.1008 0.4045 0.3923 0.3823
n = 200, p = 1500
New(true) | 0.0647 0.0629 0.0583 0.9025 0.6508 0.5075 1 1 1
New(full) 0.0643 0.0629 0.0589 0.9025 0.6511 0.5078 1 1 1
New(MCP) | 0.0646 0.0628 0.0580 0.9067 0.6503 0.5063 1 1 1
New(SCAD) | 0.0645 0.0618 0.0557 0.9065 0.6505 0.5018 1 1 1
BS 0.0548 0.0545 0.0549 0.9883 0.9439 0.7379 1 1 1
CcQ 0.0549 0.0546 0.0549 0.9883 0.9439 0.7381 1 1 1
SD1 0.0449 0.0438 0.0432 0.9861 0.9330 0.6976 1 1 1
SD2 0.0547 0.0563 0.0558 0.9885 0.9440 0.7396 1 1 1
LWJ1 0.0510 0.0485 0.0484 0.2716 0.2491 0.2232 0.9656 0.9498 0.9308
LWJ2 0 0 0.0013 0.1151 0.1065 0.1279 1 1 0.9993
RAPTT 0.0534 0.0524 0.0500 0.2732 0.2526 0.2348 0.9670 0.9522 0.9346
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c=0 c=0.5 c=1
P 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
n = 100, p = 500
New(true) | 0.0648 0.0530 0.0319 0.9417 0.8412 0.5675 1 1 1
New(full) 0.0644 0.0577 0.0419 0.9353 0.8003 0.5785 1 1 1
New(MCP) | 0.0647 0.0530 0.0423 0.9433 0.8554 0.5831 1 1 1
New(SCAD) | 0.0646 0.0526 0.0433 0.9428 0.8571 0.6009 1 1 1
BS 0.0731 0.0741 0.0744 0.2717 0.1396 0.1116 1 0.9162 0.4524
CcQ 0.0735 0.0741 0.0748 0.2731 0.1401 0.1118 1 0.9186 0.4549
SD1 0.0549 0.0342 0.0181 0.1931 0.0661 0.0277 0.9998 0.4772 0.1004
SD2 0.0745 0.0748 0.0761 0.2805 0.1426 0.1141 1 0.9188 0.4644
LWJ1 0.0485 0.0493 0.0522 0.3100 0.3344 0.3566 0.9746 0.9835 0.9893
LWJ2 0.0001 0 0.0012 0.2845 0.3491 0.3988 1 1 1
RAPTT 0.0504 0.0496 0.0497 0.3162 0.3477 0.3702 0.9777 0.9871 0.9925
n = 200, p = 500
New(true) | 0.0564 0.0469 0.0253 1 0.9990 0.9673 1 1 1
New(full) 0.0582 0.0507 0.0384 1 0.9986 0.9713 1 1 1
New(MCP) | 0.0564 0.0487 0.0163 1 0.9986 0.8559 1 1 1
New(SCAD) | 0.0560 0.0469 0.0140 1 0.9992 0.9028 1 1 1
BS 0.0670 0.0685 0.0692 0.8707 0.2667 0.1678 1 1 0.9998
CcQ 0.0671 0.0687 0.0692 0.8719 0.2676 0.1682 1 1 0.9998
SD1 0.0522 0.0310 0.0162 0.7306 0.1147 0.0395 1 1 0.5238
SD2 0.0678 0.0688 0.0695 0.8734 0.2690 0.1704 1 1 0.9997
LWJ1 0.0491 0.0484 0.0493 0.8969 0.8850 0.8354 1 1 1
LWJ2 0.0024 0.0032 0.0070 0.9966 0.9898 0.9624 1 1 1
RAPTT 0.0525 0.0510 0.0511 0.8929 0.8841 0.8485 1 1 1
n = 100, p = 1500
New(true) | 0.0683 0.0617 0.0412 0.6796 0.5276 0.2981 1 1 0.9965
New(full) 0.0679 0.0642 0.0503 0.6636 0.4822 0.3057 1 1 0.9961
New(MCP) | 0.0566 0.0454 0.0371 0.7803 0.5311 0.3019 1 1 0.9979
New(SCAD) | 0.0570 0.0441 0.0334 0.7901 0.5332 0.3287 1 1 0.9997
BS 0.0736 0.0730 0.0727 0.1089 0.0881 0.0842 0.4717 0.1737 0.1299
CcQ 0.0740 0.0734 0.0730 0.1089 0.0889 0.0847 0.4740 0.1746 0.1306
SD1 0.0474 0.0247 0.0097 0.0734 0.0298 0.0109 0.2734 0.0550 0.0170
SD2 0.0751 0.0741 0.0735 0.1112 0.0898 0.0858 0.4862 0.1790 0.1313
LWJ1 0.0535 0.0529 0.0536 0.1121 0.1264 0.1379 0.4675 0.5267 0.6150
LWJ2 0 0 0 0.0002 0.0012 0.0098 0.7534 0.8866 0.9417
RAPTT 0.0568 0.0534 0.0503 0.1217 0.1295 0.1396 0.4778 0.5501 0.6251
n = 200, p = 1500
New(true) | 0.0573 0.0467 0.0262 0.9864 0.9240 0.6733 1 1 1
New(full) 0.0573 0.0510 0.0389 0.9825 0.8926 0.6967 1 1 1
New(MCP) | 0.0570 0.0462 0.0401 0.9868 0.9371 0.7009 1 1 1
New(SCAD) | 0.0575 0.0466 0.0419 0.9870 0.9348 0.7392 1 1 1
BS 0.0674 0.0678 0.0679 0.1631 0.1028 0.0901 0.9998 0.4508 0.2226
CcQ 0.0674 0.0678 0.0680 0.1635 0.1030 0.0902 0.9998 0.4518 0.2231
SD1 0.0430 0.0189 0.0083 0.1019 0.0298 0.0095 0.9848 0.1113 0.0255
SD2 0.0679 0.0682 0.0683 0.1651 0.1038 0.0908 0.9998 0.4593 0.2251
LWJ1 0.0506 0.0512 0.0487 0.3142 0.3567 0.4003 0.9867 0.9940 0.9969
LWJ2 0 0 0.0001 0.2031 0.3147 0.4329 1 1 1
RAPTT 0.0485 0.0476 0.0488 0.3179 0.3601 0.4051 0.9873 0.9945 0.9970
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between variables. We can see that as p increases, the powers of these four methods
also decrease significantly.

To make a fair comparison, we consider the mixture structure of compound
symmetric and auto regressive structure, and the simulation results are reported
in Table 4.2.5 and Table 4.2.8. The basis matrices we used for >3 is the union of
the basis matrices for 3; and ¥, which are actually not the real basis matrices for
Y3. However, the newly proposed methods outperform all other existing methods.
The type I error rates are controlled very well and the power increases as ¢ and n/p
increase. For instance, when (n,p,c) = (100, 1500, 0.5), all other methods almost
have no powers.

In general, the power of the new test is better for the compound symmetric
structure than auto regressive structure when other situations are same. For ex-
ample when (n,p,c) = (200,1500,0.5), the power for the compound symmetric
structure and autoregressive structure are 0.905 and 0.52, respectively. There-
fore, the performances of the new proposed methods are affected by the covariance
structure of the variables.

The performances of the four different sorts of new proposed methods are very
close in the simulation for »; amd 3, since the true basis matrices are always
considered in the estimation procedure. For Y3, the New (full) method controls
the type I error rate better, but the when we compare the power of the results,
other three methods beat the New(full). Hence, the regularization methods help
increasing the power of the test when the true basis matrices are unknown. The

fact shows the necessity of the regularization procedure in the new test technique.

4.3 Real data example

To examine the effectiveness of our newly proposed method, we apply our method
to a high resolution microcomputed tomography dataset. The data were collected
by the Center for Quantitative X-ray Imaging at The Pennsylvania State Uni-
versity, which contains the bone volume measured at different density levels in a
genetic study. Our target is to detect the difference of bone density patterns for

the mice with different genotypes. The data are normalized by dividing the bone
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Figure 4.1. Histogram of the correlations

volume at each density level by the total bone volume, so that the bone size effect
is removed. Let p; and py be the population bone volumes for genotype TOAO and
T1A1, respectively. The hypothesis test is

Ho:py = po vs. Hy o piy # pia.

In the selected data set, there are p = 120 measurements of bone volume for each
observation, and there are n; = 16 mice with genotype TOAO and n, = 13 with
T1A1 in the data set. It is a two sample mean testing problem for high-dimensional
data, since p > n; + ny — 2. Figure 1 is the histogram of the off-diagonal elements
of the correlation matrix, which shows the high correlation between variables. It
implies the irrationality of using diagonal matrix to approximate the correlation
matrix. We consider using [2N ewn1/3] basis matrices selected by following the
same rule stated in the simulation studies. We apply the new test methods with-
out and with the regularization process to the high resolution microcomputed
tomography dataset, and compare the results with those of BS, CQ, SD1, SD2,
LWJ1, LWJ2 and RAPTT. The results are summarized in Table 4.3.1.
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Table 4.3.1. P-values of the tests
Method P-value Method P-value

New (full) 0 New(MCP) 0
New(SCAD) 0 BS 0.2003
cQ 0.2579 SD1 0.4313
SD2 0.3310 LWJ1 0.0458

LWJ2 0.5712 RAPTT 0.0495

Table 4.3.1 shows that the new method with or without regularization process
can reject Hy and the p-values are 0, which is a strong evidence showing that
the difference of bone volume between two different genotypes has been detected.
BS, CQ, SD1 and SD2 cannot reject Hy as we expected, because they neglect the
correlation structure between variables. For the three projection methods, LWJ2
fails to reject Hy and other two methods can reject Hy. However, the corresponding
p-values are very close to 0.05. The results imply the effectiveness of our proposed
method when the high correlations between variables and the proposed method is

also more powerful than the existing methods.

4.4 Technical Proofs

Proof of (4.1.2). Let ¥ = TAT'T, the eigen-decomposition of 3, where T'is a p x p
orthogonal matrix and A is a diagonal matrix with k-th element \;. We represent

p,; in the coordinate system of I' as p,; = I'a. Then

p
S g = > ap /M,

k=1
where a = (ay, -+ ,a,)" and
p

| bal?//26(82) = 3 /(2 ) A2
1 k=1

k=
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Note that (2XF_, \2)¥/2 > ), for every k. Thus,

| all?/A/2tr(32) < pi X" py

for any p,. This is (4.1.2).

The best choice of W. By the property of noncentral y2-distribution, it can be

shown that the asymptotic mean and variance of T" are
E.(T) = (n/n1 + n/ny)tr(TV2WEY?) + el We,,,
and
Var,(T) = 2(n/ni + n/ng)*tr(EWIW) + 4(n/n; + n/ny)el WEWe,

where €, = v/nu,. Then the asymptotic power function of T can be expressed as

—za\/2 22 (SWEW) + el We,
\/2 ny2g( EWZW) + 42 + 1)l WEWe,
TA
_ ol —— v'Av
\/1 +2(L L) 1A \/2(5 n)2tr(A2) + 4(2 + )T A
> B(v,A) (4.4.1)

where v = 37 2%¢, and A = ZV2WXY2, Denote by n =viv = englen, and
by Amin(D) and Apax(D) the minimal and maximal eigenvalues of D, respectively.
Note that

Auin(A) 1o _ VIAPY Ao (A) Mo
X2 (A)p T tr(A?) T AL (A) p
and
)\min(A) Mo VTAV

)\max(A) \/Z(p(l + = + 27’]0 \/2 tr AQ) + 4T A2

ni



v Av Amax

A)
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Mo

<

\/2(7?—1 +

2)tr(A2) + 4 TA%  Amin(A) \/2 oy o)

)‘mln( )
Let C(A) T(A) Then
o A
B, A)=d{ — - ;A (4.4.2)
5 \ 1 2[ pnt + n22n0]
1+2 <n711n2> CZ(A)%O nin3 ning
and
B, A) < ®{ — “o ;¢ A (4.4.3)
5 \ 1 2[ pnt + n22170]
1+2 <n?n2> C_Z(A)%O nin3 ning

where n/n; + n/ny = n?/(niny). Since 0 <

c(A) <

1, then when ¢(A) = 1, the

right side of (4.4.2) achieve the maximum value and

o2

B(VaA) =

n2 \
Jie(m) e

4 2
Zm n 2770
2 n n2 7 + nlnz

In order to maximize the asymptotic power of T in the worst scenario, c(A)

should be taken to be 1 since 0 <

c(A) < 1.

c(A) 1 implies that W =

AX~! for some positive constant A\. This leads to the asymptotic power function

O{[—za(n/n1 + n/n2)y/2p + nol/A/2p(n/n1 + n/n2)? + 4(n/ny + n/na)no}.

Proof of Theorem 4.1.1. We have R™!

= 01A; + ...

+ 0 Ak. Now, we

compute the following optimal problem as follows min tr[R(@lAl +...+O0gAK)—

I,]%. Then we have

é\ltrﬁ,Alﬁ,A1 + §2trf{A1f{A2 + ...

éltrf{AKf{Al + é\gtrﬁAKﬁ,Az + ...

01,...,0k

+ é\Ktrﬁ,Alﬁ,AK = trﬁAl

(4.4.4)

+ é\Ktrﬁ,AKﬁAK = trf{AK.
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That is, the estimate - (51, . ,§K)T satisfies

-1

6=B a (4.4.5)

where & = (p~'trRA,,...,p 'trRAK)” and B is a K x K dimensional matrix
with the (ki, ko) element being (p~'trRA;, RAy,). To obtain the limit of 6, we
will obtain the limits of p~'trRA, and p~'trRA,,RAy, for k k1, ks = 1,..., K.
Step 1. Proving p~'trRA, — p~'trRA, = 0p(1) for k =1,..., K. Because R is
not related to diag(X), then without loss of generality, we assume that diag(X) =

I,. Then we have

pRA, = pltr[diag(S)]"V2S[diag(S)] VA,
= puSAy 4+ tr{[diag(S)] 7 — 1, }S[diag(8)) Ay
+p*1trS{[diag(S)]’1/2 ~I}A;

= " p! Z r;-rRl/QAle/Qri _ p_lnlflTRl/QAle/Qfl
n—2 P n—2
" Qp_lngngl/QAleﬂfg + 0,(1)
n J—

= p "trRA} + 0,(1)

nitnz L 12
i=ni+1 Ty i = N

1=1,...,npand r;4,, = n~ 2wy fori = 1,...,ny. Then p‘ltrf{Ak—p_ltrRAk =
op(1) for k=1,... K.

where n = ny + ng, T = nj" D, Ty = nyt > wy; for

Step 2. Proving p‘ltrﬁAklf{AkQ —p HrRA, RA, —y, o (p” 'WrRAy, ) (p~ HtrRAy,)

op(1) for ki, ks = 1,..., K. We have

p_ltrf{Aklf{AkQ
_ p—ltr([diag<s>]-I/QS[diag<S)]-1/2Akl[diag(S)]-l/QS[diag@)J-1/2Ak2)
= p 'trSAL, SAy, +0,(1)
n?

e p Z; r/RZAL, R rr/ RV A, R r,
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2

+ o i 2 p! ; rf R2A, R rxTRV2AL, Ry
—2%1)%1 2 rTRY2A,, RV25 ¥ RY2A, Ry,
—2 n 7_122) p g Z:; riTRl/zAklRl/Qf‘gf'QTRl/2Ak2R1/2ri
e 7_122) p~ T R AL R R AL R E
+ (n 222)219_1”31“5R1/2Ak1 RYV?5,r RY? AL, RY?T,
+2(n?i—22)2p_1n1n2fip RY2A;, RY T, rERYV2 AL, RY?E, + 0,(1)
_ letrRAklRAkQ T RAL) (T BRAL) + 0,(1)

= p "rRALRAy, + 4, o(p ' trRAL, ) (p” 'trRAL,) + 0,(1).

That is, p~'trRA,RAy, — p ' trRALRAy, — yuo(p 'ttRAy, ) (p~1trRA,,) =
0,(1) for ki, kg = 1,..., K. Let a = (p~'trRA4,...,p ' trRAK)T and A be a
K x K dimensional matrix with the (ki,ky) element being p~'trRA; RAy, for
ki,ko =1,..., K. Then we have

~—1

6 = B a
= (A+yaa’) la+0,(1)
= A'-Alad ATy oA ) a + 0,(1)
= A'a(l+ya’A ') +0,(1)
= 0(1+ya"A'a) ™ +0,(1)
(14970 + 0,(1)

where 8 = (0y,...,0k)", (1+ya" A 'a) ' = (1+y) " and Yoo = p/(n—2) -y
as p,m — .

Then the proof of Theorem 4.1.1 is completed.

Proof of Theorem 4.1.2. We will prove the CLT of p>r | Wk[é\k -1+

Yn_2)10;] for any constant vector (my,...,mx)T. Step 1 will prove kaK:I T [gk —
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(14 yn2)'0x] = trRD; — (1 + y,_o) "trRD;RR! where 7 = (1,...,nx)" =
B '(m,....,7x)", B = A+ y,oaa” and D; = mA; + ... + ngAg. Step 2
will prove the CLT of (trRD; — ERD;, trRD;RR~! — EtrRD; RR~1). Step 3 will
obtain the CLT of kaK:1 Wk[é\k — (1 + yn_2) " t0].

Step 1. We have B = B™' = BB - B)B . Thus

-1

6 = B a
- B'4-B(B-B)B &
- B'a-B'(B-B)f
= Bla—-(1+ yn72)71B_1<:§ —B)8 +o0,(p ")

where (B—B)8 is the K-dimensional vector with the kth element being p~'trRA,RR 1 —
(1 + y,o)p 'trRAy, for k =1,..., K. That is,

PO — (1 +y,2)7'6)
= pB(@a—-a)—(1+y,2) 'pB ' (B-B)o
= B '[trRA; — (1 + yo) "0tRARR ™, ..., ttRAx — (1 + y,_0) 'trtRALRR'].

Then we have pr”[0 — (1 + yn_2) 6] = ttRD; — (1 + y,_2) "trRD;RR1.

Step 2. We will prove the CLT of (trRD;—ERD;, trRD; RR~!—EtrRD; RR1).
It is easy to verify that {(E;—E;_1)ttRDy,i = 1,...,n} and {(E;—E,_;)trRD;RR~,i =
1,...,n} are two martingale difference sequences and satisfying Lindeberg condi-
tions and E; is the conditional expectation based on ry,...,r;_1. We will first
derive v = pEmT[0 — (1 + yp_2)"10] = 1 — (1 + yo_2) ‘v where 1, = ERD; and
Uy = Etrf{le{Rfl. We have

tl"ﬁDl
= trSD; + tr(diag "?(S) — I,)Sdiag "/*(S)D; + trS(diag "*(S) — 1,)D,
1
= trSD; — §tr(diag(S) —1,)SD,

1
+Ztr(diag(S) —1,)S(diag(S) — I,)D; + gtr(diag(S) —1,)?SD,
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1
5D, S(ding(S — T,)) + gtrDls(diag(S) “1,)% 4 0,(1)
trSD; — tr(diag(S) — I,)SD;
1 3
+Ztr(diag(S) —I,)S(diag(S) — I,)D; + Ztr(diag(S) —1,)?SD; + 0,(1)

tr(diag~"/*(S) — 1,)Sdiag™"/*(S)D;
1
—§tr(diag(S) —1,)Sdiag*(S)D; + gtr(diag(S) — 1,)*Sdiag *(S)D,

—%tr(diag(S) —1,)SD,; + itr(diag(S) —1,)S(diag(S) — I,)D,

+§tr(diag(S) _1,)°SD, + 0,(1)

DS (diag2(8) ~T,) = — D, S(diag(S ~1,) + gtrDls(diag(S) _L)+0,(1).

Thus we have

EtrRD,
EtrSD, — Etr(diag(S) — I1,,)SD,
1
+1Etr(diag(S) —I,)S(diag(S) — I,)D; + %Etr(diag(S) —1,)?SD; + o(1)
trRD; — ( 3 thrRDl + B Z Z eTRl/QD 1ex(e TRl/zeg) ]
n—

k=1/¢=1

n(n—1) 3n(n—1) T VTRl e
A= 2>3t rDoD; + i(n — 2 2trRD; + S, I;ek RD;e; ;(eg RY%e;) | + 0(1)

because ESD; = trRDy,

EtrSD, (diag(S) — I,

2

e 2)2EtrRWFan/QDl(diag(R1/2Fan/2) —1,) +o(1)
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B <n—2>2;1§1
N (n—Z)QZZ

i=1j5=1k=1

Ee{Rl/QririTRl/QDlek(egRerr]TRl/zek —n~ 1) +0(1)

)

Erl-TRleekeZRl/Zri(rJTRmekemerj —n" 1) +0(1)

p p
> | 2trRDy + By, Z Z eeTRl/QDleke}le/Qeg . eZRl/Qekemeeg] + o(1)

S )
ol

p P
~|26RD; + 8, > > e/ R"*Dyey(ef RI/Qeg)3] +0(1)
k=1/¢=1

EtrDls(diag(S) - 1,)?

= DR Z Z Z Z Ee DlRl/zrir;fFRl/zek(engrjrle/Qek —n ") +o0(1)

i=1j=1h=1k=1

( R1/2r rTR1/2 —n_l)

= R )3 Z Z Z Z Er’RY%e el DR ?r,(r TRl/ze el RY2r; —n™Y) + o(1)
i=1j=1h=1k=1
(rTRY2e el R ?r), — —1)
n(n—1) 12 Tpl/2
— o2 2trRD; + 5, Z ekRDlekz (efRY?erel RY%e))? | + o(1)
k=1 =1
1
- %lmfml + Bu Z e/ RD;e; Z (el R'%ey) ] +o(1)
k=1 =1

and

Etr(diag(S) — I,)S(diag(S) — I,)D;

n ‘ '
B (n — Z)SEtF(dlag(Rl/QF”Rl/z) N Ip)Rl/QFan/Q(dlag(Rl/QFan/g) —1I,)D1 +0(1)

_ — 3 Z Z Zn: i Zn: E TRl/Qr rTR1/2 *1)e;‘5R1/2r] r! R1/2

k=1/4=11i=1j=1m=1

(
(elRY?r,,rTRY%e, — n 1)el Dy + o(1)

= DD + o(1)
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where F,, = > r;rl, Dy is the p x p dimensional matrix with the (i, j) element
being u;; = 2(e;Re;)? + Buri; Do, (el RY?e;)% (el RY%e;)2.

Moreover we have

tr(RR'RD;)
— tr[SR™! + (diag™/*(S) — I,)Sdiag *(S)R ™! + S(diag "/*(S) — I,)R ]
[SD; + (diag™"*(S) — I,)Sdiag~"*(S)D; + S(diag™"*(S) — I,)D;]
= tr(SR7'SD;) — tr[(diag(S) — I,)SR'SD;] — tr[(diag(S) — I,)SD;SR ']
+itr(diag(S) —1,)S(diag(S) — I,)D;SR !
—I—itr(diag(S) —1,)S(diag(S) — I,)R'SD;
+%tr(diag(S) —~1,)°D;SR'S
—|—§tr(diag(8) _L)’R'SD,S
1
+Ztr(diag(S) —I,)SR!(diag(S) — I,)SD;
+itr(diag(S) —1,)SR~'S(diag(S) — I,)D,
1
+Ztr(diag(S) —I,)R *(diag(S) — I,)SD;S

+%tr(diag(S) _1,)R'S(diag(S) — L)D;S. (4.4.6)

Then in the following, we will derive Etr(SR™'SD, ), Etr[(diag(S)—1I,)SR™'SD,],
Etr[(diag(S)—1,)SD;SR™!], Etr(diag(S)—1I,)S(diag(S)—1,)D; SR, Etr(diag(S)—
1,)S(diag(S)—L,)R'SD,, Etr(diag(S)—1,)?D, SRS, Etr(diag(S)—I,)?R'SD,S,
Etr(diag(S)—1,)SR ! (diag(S)—1,)SD;, Etr(diag(S)—1I,)SR'S(diag(S) —I,)Dy,
Etr(diag(S) — I,)R*(diag(S) — I,)SD;S and Etr(diag(S) — I,)R'S(diag(S) —
I,)D;S. Because

Etr(RV’F,F,R"’D;) = > > EtR"’rir;r]R'’D,

i—1 j—

=
—_

n n
n n

= Z Z EtrRl/ZririTrerRl/QDl

J

~
—

—1 j—
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1 1
- " 4RD, + ZuRD, + - <2trRD1 + BwtrRD1>
n n n

+1+p+ By
_ p ﬁtrRDl,

n

then we have

EtrSR™'SD,
2
n
= mEtrRW(F — T — noteTs ) (Fp — Ty T1 — nytors )RY?Dy
2
- " __EtRY?F,F,R'’D,
(n—2)?
nin E R1/2— —TF R1/2D E R1/2 TF Rl/2D
—m tr rirr, 1— ( — 2) tr ror, 1
2 2
—%EtrRWF r i RY2D, — (" ”;)QEtrRl/QFnrzrg’R”?Dl
n— n—
n2n? n?n2
+(—21)2trR1/21_"1f1T1_"1f1TR /2D1 + (—Q)tI'R /21'21'2 I'QI'Q R1/2D1
n_ —
2 2
—i-% 1:{1/21'11'1 roT, TRY?D, + %trf{lpfgg rir; TRY2D,
_ —
n(n —1) np n
= ——trRD ———trRD —— | 2trRD LITRD
R uRD, - (2RD, kD,
4(n—1) 4 ny—1 ng — 1
————JtrRD; — ——<trRD; + trRD
(n—22 T (a2 p(n1<n—2>2 na(n—22)
n?>—3n+4 n—4 ny— 1 ng — 1 Buwn
~ ————trRD; + + + trRD; + ———trRD
(n—2)p p((n—2)2 m(n—2)? ng(n—2)2) PR G T
n>-3n+4 (m—4)p (ny—1)p (ne —1)p Buwn
= trRD;. 4.4.7
( =27 (=22 mn-27 ng(n—2)2+(n—2)2> Rt (4.4.7)

Etr[(SR™'SD)(diag(S) — L,)]

- (n—2)32j§

-1 p P
= % [ZtrRDl + Bu Z e/R'’D;e;(efR' e’

n

p
Z Ee/R"?rix!r;r TRl/ZDlek(e;‘:Rl/thr:,le/Qek —n") +0(1)



101

-1 & p
—l—M Z 2el Reef RDe; + S, Z e{Rl/QDleke;‘gRl/zeg(engek)Q
(n—2)° k=1 (=1
np

T2y

2trRD; + 3, Z Z el RY’D, ey (el RY?e))’ ] +0(1)
k=1/¢=1

9 1 p P
_ e 2)3”?] [ZtrRDl + 8w )5 D eipRl/leek(ele/gee)?)] +o(1).  (448)
k=1/¢=1

Etr[SDlsR_l(diag(S) - 1L)]

= 3E Z Z 2 Z EeTRI/Qrz TRI/QD Rl/zr rTR 12,

( ) 1=17=1h=1k=1
( I'RY2r,rIRY2e;, — nil) + o(1)

= [QtrRDl + Bu Z Z el RY2D, e (e {R1/2e,5)3]

k=1/¢=1

p p
( D thrRDlR + Buw Z Z efR1/2eke;‘:RD1R1/2eg(e@TRl/Qek)z}

T2 o
—I—mtrRDl [Qp + By Z Z el R ¢, (el R %ey) ] +o(l)  (4.4.9)
—16=1
Etr(diag(S) — I,)S(diag(S) — I,)R"'SD; (4.4.10)
= Etr(diag(S) —1,)S(diag(S) — I,)D;SR™!
— )1 Z zp: e/ Reje! Die; [2(e?Rej)2 + Bu zp:(egRl/zei)2(eZR1/2ej)2] + o(1)
i=1j= k=1

Etr(diag(S) — I,)°D;SR™'S

_1 p p
_ 1) [2trD1R + B Y e/ DiRey, E(e{RWeg)‘*]

—92)\3
(n=2) i i

+n(n —1)p [

p p
(n _ 2)4 2trD1R + Bw Z eleRek Z(eZRI/QeZ)zL] T 0(1)

k=1 (=1
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n(n —1)(n — 2+ p) [

P p
(n—2)t 2trD1R + B, ) e/ DiRey Z(e{Rl/zeg)A‘] + o(AQ.11)

k=1 (=1

Etr(diag(S) — I )QR‘lsD S

T SO
k=1 {= 1
N (n—l)th{Dl [2 +BWZZ Rl/Qeg ] (4.4.12)
(n—2) k=1¢=1

Etr(diag(S) — L,)SR ™' (diag(S) — I,)SD;
= Etr(diag(S) — I,)R'S(diag(S) — I,)D;S

n(n —2) A LA a4
NI 2+ Bu Z e; RDe; z(ekR e) | +o(l) (44.13)
i=1 k=1
Etr(diag(S) — I )R_l(diag(S) —1,)SD;S (4.4.14)
p
) ZZ(—Z ZGTR e;e; RDiRe; [2<e?Rej>2 + Bu Z<e£Rl/2ei>2<e£Rl/2ej>2]
n—
i=1j= el
n(n — trRD; & ) p
MY ;;e?fi ‘eje; Re; [2( i Re;)’ Z (el R 2 Rl/er)Ql
and
Etr(diag(S) — I,)D; (diag(S) — I,)SD:S (4.4.15)
_ 1 p P D
- o ZZ e/Dieje] Re, [ (elRe,)” + B, Y (e[ R'%e;)? <e£Rl/2ej>2]
i=lj=1 k=1
n_l)ppT el T pT122T122
2)4 ZZ 'Dieje Re; | 2(e] Re;)? +ﬁwk21(ekR/ei) (ekR/ej)
n(n —1) ( P

p P
= ( Z Z e;-rDlejeiTRej [2(6?Rej)2 + Bw Z (eZRl/Qei)Q(ele/er>2] :
i=17j=1

k=1
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.6)-(4.4.15), we have

Vo = tI‘Ef{R_l ﬁDl

|

n?—3n+4 (n—4)p N (mi—1Lp  (ng—1)p Bun

=27 =22 w27 mmn—22 - 2)2) trRD,

) -1 p P
n[ <(Z — 2))3+ p] |:2t1"RD1 + ﬁw Z Z egTRl/QDlek (eZRl/zeg)S]
k=1/¢=1

n(n —1) SRS Tr1/2 TH1/2..\3
m[?trRDl—kﬁwZZeER/Dlek(ekR/eg)]
k=1¢=1

1 p
% thrRD R+ 8, Y. Y efRe;ef RD;R" e (e] Rl/gek)Z]
n J—
k=1/¢=1
p
—(nn—2)3tfRD1 [Qp + Bw Z Z egR_l/Qek(eZRl/Qeg)ﬂ
k=1/¢=1

) 22 P
+—n(n ) Z Z eiTRejeiTDlej [2(eiTRej)2 + B Z(eZRl/Qei)Q(egRl/er)Ql

+3n(n— 1)(n—2+p) [

2(n — 2)3

i=1j=1 k=1

p p
2trD1R + 5, Z e; D Rey, Z(e;le/zeg)‘l]

4(n —2)* k=1 =1

4(n —

+M2)> [2trD R + S, 2 el D, RekZ (el R'2e,) ]

k=1 /=1

_ p
+3n(n 1)trRD, [2p+ﬁ Z (TR e,) ]

4(n —2)*

o2n(n —1 d
+n(n—) [2trRD1 + B Z e/RDe; Z(e}CRl/Qei)‘l]

4(n —2)3

i=1 k=1

n(n —1) »
+h 2 Z e/ R7'eje; RDiRe; [2(eiTRej)2 + Z(Q£R1/261)2<Q£R1/er)2]
s k=1
n(n — 1)121”RD L _ P
+ 4(n — 2) ! Z 2 e, R 'e;e/ Re; |2(e] Re;)* + S, Z (eI R?e,)2(eTRV?e,)?
i=1j=1 Pt
n(n—1)(n—2+p)\hxo 1 o T T 12, 12, \2
+ A(n — 2)* Z Z e/ D ejel Re; | 2(e! Re;)? Z "R TR V%e,)?| .
i=1j=1 P
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That is,

o (n*=3n+4 (n—4p (m—-1p  (no—1)p Bun
- ( =27 @ m=2Z¢ mn-2¢ nan—22  (n-2)7

-1 p P
*n[?)((:i — 2))3+ p] |:2t1"RD1 + ﬁw Z Z egTRl/QDlek(eZRl/zeg)S]
k=1/4=1

) tI'R,Dl

_1 p P
—"(”—2)3 l?trRDlR +Bu Y > ] R™%e;ef RDiR e (e] Rl/Qek)2]
k=14¢=1

—LgtrRD1 [Qp + By 2 Z el R™1¢, TR1/2eg)3]

(n—2) k=1¢=1

3n(n —1 6n(n—1)(n —2 P o
+ n(n )p;(Ln ﬁ(;)zx J(n—2) [2trD1R + B 2 e/ D Rey Z(efR1/2e5)4
k=1 /=1

3n(n — 1)trRD &
+ T 2) 1[2p+5w§§ TR%e, ]

+2n(n—1 2trRD N TR1/2,.\4
3 1 + ﬁw Z e RDlez Z(ekR ez)
4(n - 2) i=1 k=1

1 P
L )32 >, ¢/ R 'e;e/ RDiRe, [2(9?Rej)2 + B Z(GZRl/gei)Q(ele/erV]

4(n —2) 4 2
— 1)1trRD p P »
+n(n4(n _) ;)4 ! 22 eZTRflejeiTRej [ ( TReJ Z e£R1/2el TRl/er) ]
i=1j=1 ~
n(n = 1)(8n —6+p) SN T el T S T 1/2 eI RV 2e.)2
+ (n—2)1 ZE 'Dieje] Re; | 2(e] Re;)? 2 TR TR126,)? | .

Thus we have

v=u —(1+ yn_g)_lyg

p P
= trRD; — 22 2) [QtrRDl + Buw Z Z efR1/2Dlek(efR1/2e€)3]

k=1/¢=1

n(n —1) 3n(n — 1) 2 P
o 2)3trDoD1 28 2trRD1+ﬁw’;ekRD1ek;(eeR/ek)
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1 n?=3n+4 (m—4)p (m—1p (ng—1)p Buwn
trRD
1+ yos ( =22 " m-22 mm-22 mam-22 (n-22) "
3(n—1)+ 53
1+ )1 Y; — 2))3 7) [2trRD1 + B0 Y. > el RY’Dye(e] Rl/Qeg)?’]
k=1/¢=1

-1 PP
nn —1) - [QtrRDlR +Buw YD eZTR1/2eke£RD1Rl/2e@(eZTRWek)Q]
k=1¢=1

n p P
+(1+ ynfz)*lmtrRD1 lQp + B Z Z R-12, (eTR!/2e,) ]

3n(n—1)p+6n(n—1)(n—2) p .
_ 4(1 4 yp_2)(n — 2)* [%rD Z_: D Re, Z R / e) ]

—(1 4 yn—2)” SH(Z& i)trE{Dl [2 + fu izp: el R"%e,) ]

2)
—(1 4y, 2)7! (( 2)13) [2trRD1 + Bu Z e/ RDe; Zp: (ele/Qei)‘l]
i=1 k=1

nn—1) &
—(1+ yn2)14<(n—_2)>3 Y1) e/R'e;e] RDiRe; [2(eZRej)2

i=1j=1

p
+Bu Y. (ef RI/Qei)Q(eZRmej)Q]

k=1

n(n —1)trRDy & & e
—(1+ Yp2)™" 2y lezle R 'e;el Re, | 2(e’ Re;)?

p
+0u ), (kR %e;)* (ef R er)2]

k=1

—(1+ yn,g)fln(n _41()753?2_) 6+p) Z Z e/ Die;e] Re; [ (e] Re;)?

i=1j=1

B Z (ekR'%e;)*(ef RY 2€j)2] :

k=1

Moreover, we have

o110 = Z Ei_l(trEif{Dl — Ei—lﬁ»Dl)Q

i=1
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p
2n tr(RDy)? + Byn™!

Z(GZR1/2D1R1/2Q@)2
(=1
P P p
+nt Z Z eZRDlegleZ;RDleg2
01=105=1

e . SR e R
k=1
P P
—2n~! Z e/ RD, e/ | 2¢/ RD,Re; + 3, Z (egRl/zeg)2 : eZRl/QDlRl/Qek
=1 k=1

0220

2 Ei,l(trEif{RflﬁDl - El 1]§,R71]§,D1)
i=1

p
= (yn +2)°n7" [2tr(RD1)2 + Bu Z(egTRl/QDlRmeg)Q]
(=1
+(n " "rRD1)*(2 — 2y, — Buwln)
+2y,[nttr(RD;)?

P

(€] Rer,)? + A, Y (e[ R %, (e R e,
l1=1/42=1

N (n~1trRD;)?

01) (€ 2:|
k=1
thrR2 + 5wp]
n

p p
202+ y,)’n~" > e/ RDye [2e{ RD;Re( + 3, Y (ef R'%e/)’e{ RV’D;R' ey,
/=1

—2(2 + y,) (n""trRDy)n Z[ \

2e] RD;Re, + 3, ) (ef R'e,)’e{ R'/°D Rl/Qek]

(2 + Yn 2 —1 Z Z eZRDlegleZ;RDleb[

3

k=1

P
+(4 + 2y,)(n""rRD;)n Z

RDe, [Qez RZe, + 64

120 Z [(trERD, — E,_,RD,)(tE,RR'RD; — E,_,RR'RD))]

= (2+ yn)n_l

p

(QtTRD RD; + ﬁw Z e%Rl/QDlRl/QegegleD Rl/Qeg)
/=1

+(n"'trRDy)(n "trRD1)(2 + Bu)



107

p p
~(1+yn)n ") e/RDse; <2eZRD1Ree + B Y (ef R %e)’e] Rl/QDlRmek>
=1 k=1

p p
—n 1 Z e/RD;e, <2e€TRD1Reg + Buw Z (ele/Qeg)2 . ele/QDlRl/Qek)

=1 k=1

=1 k=1

p p
—(n "rRDy)n ! 2 <2e@TRD1Reg + Buw Z (engeg)2e£R1/2D1R1/2ek)

p p
~(2+ya)n ") e/RDse; lQef RDRe, + (3, ) (ef Rl/Qeg)Qele/ZDlRl/zek]
/=1 k=1

_(n—ltrRDl)(;fltrRDl)(Q + Bw)

p p
+(1 +y)n ! 2 Z e; RD;es e; RDsey,

l1=14=1

[2(eZReg2)2 + B Zp:(e;‘gRl/Qe )2(efRY%ey,)? ]

k=1

p p p
+n Z Z e; RDies e/ RDey, [2(e£Re52)2 + Buw Z(eZRl/Qegl)2(e£R1/28£2)2]

l1=1/42=1 k=1

n~trRD; &
po—1 Z eeTlRDleg1 [2(33T1R2eg1 + 510]

n
l1=1

p
(2+ yn)n ' (20RDRD; + B, ) e/ R"’D,R"?e,ef R’ D R %e))
/=1

p p
—(4 +2y,)nt Z e, RD, e, <2e;7FRD1Reg + Buw Z (ele/zeg)2e£R1/2D1R1/2ek>

/=1 k=1

M@

—(n "rRDy)n "t

p
+(2 4+ ya)n Z

[2(6% Refz)Q + Bw

p
<2eZRD1Reg + Buw Z (e;‘le/zeg)Qele/QDlRl/Qek)
k=1

~
Il
—

'ﬂ

Dlegleg RD;ey,

(’\

Mﬁ i M”@

(e le/Qeel)Q(ele/Qe@)Q]

e
I
—

“’ﬂ

. RD; ey, [Qe;ﬂRQeg1 + ﬁw]

N n~1trRD; Z”:
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O'2 = 0110 + (1 + y)_20220 — 2(1 + y)_ldlgo
P
= 2n 'tr(RDy)? + Byn Zl(e;rpRl/QDlRl/Qeg)2
=1
PP P
4+n! Z Z eZRDlegleZRDlegz 2(e;7F1Regz)2 + B Z:(ele/Qegl)Q(e;le/er)2
6=10y=1 k=1

p p
—2n7" ) e/ RD1e; <2e;§FRD1Reg + B Y (ef R %e)? - e;‘fRWDlRl/Qek)

=1 k=1

p
+(1+y) 2y +2)°n" [2tr(RD1)2 + B Z(e{ R1/2D1R1/2e4)2]

+(1+y) 2 (n "trRD1)%(2 — 2y — BuYn) + 2y(1 + y)*[n 'tr(RD;)?]

+H(1+y) 22 +y) Z e; RDie e/ RDsey, {Q(ezRe&)z

p

B (el Rl/zea)?(ele/Qe@)?] 14y

, (n71trRDy)? [
k=1 n

2trR? + ﬁwp]

p
—2(1+y)*2+y)’n" Z e, RD;e, [2% RDRe, + 3, ) (efR"%e)’e] R1/2D1R1/2ek]
/=1 k=1

hS]

) |
—2(1+ ) %2 +y)(n *trRD)n Z [2% RDRe, + (3, ) (ef R'%e/)’e{ R'’D R ey,
k=1

p
+(14+y)2(4 + 2y)(n 'trRDy)n Z . RDe, |:2€£R2egl + Bw]

p
—2(1+ )2+ y)n ' (2trRD,RD; + 3, Z el RY?’D,;R"%e,el RV2D R ?e))
/=1
p P \
+2(1+y)"'(4+2y)n~" Y e/ RDey <2efRD1Reg + Bu Y (ef R'%e)’e{ R'’D R ey,
(=1 k=1 /

p
<2e€TRD1Reg +Bu Y. (e;‘le/Zeg)QeZRmDIRI/Qek)

k=1

M7=

+2(1 +y) H(n "rRDy)n
1

S

M7=

—2(1+y) 2 +yn? Z e; RDies e/ RDey, [2(G£Reg2)2

l1=1/42=1
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p
+6, ) (i R %er, )’ (ef RY 2%)2]

k=1

“'tRD;
—2(1 + y)*1¥ Z ezRDleg1 [ZeZRzezl + 5w]

=1
That is,
2 1+2y\° 1 2 LN T2 12, \2
o° = 1 2n"tr(RDy)* + Bun™ Z(eER/ D;R'?e)
Y =1
1+ 2y 271p o T T 2 e 12, \2(TR1/2
+ T n Z Z e, RDe; e, RDey, | 2(e), Rey,) —I-BwZ(ekR e ) (e, R77e
l1=142=1 k=1
1+ 2y>2 L9
—2 n e, RD;e;
( 1—y ;1 ‘

k=1
+(1+y)*(n 'eRD1)*(2 — 2y — Buyn)
2

+2(1 + ) ?y[n 'tr(RD;)?]
+(1 +y) 3 (n "trRD1)?(2n "t1R? + Buyn)
(n 'trRD;) (2n*1trR2D1 + ﬁwnfltrRDl)

p
(Qe;;f RD;Re( + 3, Y (ef R"%e()” - e R1/2D1R1/2ek>

2
(1+y)?

P
(n'trRD;)n! Z e; RDiey, [2e; R’e;, + f,] .

+
2
(1+y) =

Step 3: Thus we have that [(aijo)ij:l]_m(trf{Dl — u, trtRD;RR — 1) is
asymptotically distributed as bivariate normal distribution with mean zero and
identity covariance matrix. By the delta method, we have that o~ !p Zszl Tk [§k —
(1 + yn_2)"'0x] is asymptotically distributed as N(0, 1).

The proof of Theorem 4.1.2 is completed.

Proof of Theorem 4.1.3. Let the estimate of R™! be

R1=(0,A +...+0gAx).

where R-1 = [IT—T/QP and the estimate of RY? is (fT‘l\/z)*l. Because the ex-
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—-1/2

pression (X; — X3)7 [diag(S)] remains the same for any variances of x, then we

assume that diag(X) = I, without loss of generality. Thus we have

I, = (5(1 — %,)"[diag(8)]""*R-1[diag(8)]"*(%) — %»)

= 020 %) — %) [diag(S)] "2 A, [diag(S)] 3 (%) — %y)

2 0 — ;) (%) — %) [diag(S)]"/?A,[diag(S)] (%) — X2)

= cz 0,(X1 — o) [diag(S)] V%A, [diag(S)]"V2(%; — %2) + O,(p7Y)

= (X1 — %y)"[diag(S)]”V*R ™! [diag(S)]T* (%1 — %2) + Op(p")

= (X1 — %) RN (X1 — %) + c(X1 — %2)" {[diag(S)] " — LR [diag(S)]* (%1 — X»)
+e(X1 — %o) R {[diag(S)] ™2 — L} (%1 — %2) + Op(p")

= (% — %) TR IR, — %) + 2¢(%) — %o) T {[diag(S)]V? — LR\ (X, — %»)
+e(x1 — %o)" {[diag(S)] ™ — LR {[diag(S)] "% — L}(X1 — %2) + Op(p")

= (X — %) RN (% — %g) — (X1 — X2)" {diag(S) — LR (%X, — %9)

+?:f (%1 — %2)" {ding(S) — L)*R™ (%, — %)

(%1 — %) {diag(8) — LR {diag(8) — L} (%1 — %2) + O,(p7).

Because
TH-1 NG ot dpn®
Var(n(x;—Xz)" R (X1 —X2)) = (2p+rpn; ) —+2p+rpny ) —+ , (4.4.16)
ny ny Mnng
then let

(2p)~Y?n T,
= (2p)V2en(x, — %)TR7L(X) — %)
—(2p)_1/20n(>_< — x5) T {diag(S) — p}R_l(il — X3)

+(2p)1/2n%(xl — %) {diag(S) — L}*R (%) — %X3)

+(2p)"*n 4(x1 — %5)"{diag(S) — I,}RH{diag(S) — L} (X; — X2) + O,(p(Hh4.17)
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“12en(x; — %3)TR7H(X; — X3) is the quadratic form of X; — X5, then

Because (2p)
(2p)"V2en(x; — %) TR, — X3) — E(2p) " 2en(x; — %2)"R7H(X; — X3) follows
a central limit theorem. In the following, we will prove that —(2p)~"2en(x; —
%5) T {diag(S) —L,}R (X1 —%X2) = E[—(2p)"2en(x; — %o) T {diag(S) — L} R} (%) —

X2)] + 0,(1). Similarly, it can be proved that

(2p) 0% (51— %) {ding($) ~ IR (%1 — %)

—B(2p) % (51— %) {ding(8) ~ IR (%1 — %) = 0,(1)

and

(20)7 7 (%1 — %) {ding(S) — LR {diag(S) — L} (%1 — %)

—E(2p)_1/2n§(5<1 — XQ)T{diag(S) — Ip}R_l{diag(S) — L} (X1 —X2) = 0,(1).
Then we have

co (Zp)_l/QnTn — (2p)_1/QCnE(>_(1 — )_(Q)TR_l()_(l — )_(2)

+(2p) " Y2enB(x; — %o)T {diag(S) — LR (%) — Xy) (4.4.18)
(o) B (%) — %) (dig(S) ~ LR (%1 — %)
f(2p)‘1/2n§E(>‘<1 — %,)"{diag(S) — IL,}R{diag(S) — L, }(%; — xz)]

— N(0,1) (4.4.19)

o = Nar](20) (s - )R )|

+Var[(2p)_1/2n(>_<1 — XQ)T{dlag(S) — Ip}R_l()_(l — )_(2):| .

In fact, it will be proved that Varl(Qp)_1/2cn(>_(1 — X9)T{diag(S) — L}R (%1 —
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5(2)] =o(1).
Step 1. We will show that under H,, we have

—(2p)V2en(x) — %) {diag(S) — LR (X, — Xy)

2p)~1/2 1 1 P
- ‘(]Z)Tm (n—l * n—) (2p+ﬂw2 D (e[ R %ey)’ef R‘”ek> + 0p(1)

(o) (51— %) (ding($) ~ LR (%1 — %)

3en(n—1) (1 1 < TRV
(n—2)2\/>(_+_> 2p+ﬁw22 TRM2e))] + 0,(1)

(210)’1/2”;61(??1 — X2)" {diag(8) — L}R™{diag(S) — I} (1 — X2)

p
en(n —1) 1 1 . T d 1
= ——— — (= 4+ = )uR | 2R » efR'%e;,)’(efR"?
A(n — 2)%/2p (m ™ n2> ! ( (s Re)® + Suel R Z er)?
= =1
+0p(1)
and
Var[(?p)_l/an(il — %) {diag(S) — LR !(x; — 5(2)}
ne (1IN R 4o 2¥e! R2e;, ef R R
= % n—% + n—g tr + pﬂw + kzlekl €k, €, e, + ﬂwtr .
We have

(2p)""*n(%1 — %2)" {dliag(S) ~ LIR (%1 — %o)
(2p)""*nx{ {diag(S) — )R "%,

+(2p) " V?nx {diag(S) — LJR'x
—2(2p) "V nxT{diag(S) — I,}R %,
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ny niy ni
= 2p —1/2 Z Z Z Z{eTRl/Qr rTRl/Qeg ’1}e;7FR’1/2rjr£R1/2eg
( (=1i=1j=1k=1
ng ni+n2 ni ni
+ (2 1/22 Z ZZ{eTRl/Zr rTRl/Zeg ’1}e;7FR’1/2rjr£Rl/2eg
1 l=1i=n1+1j=1k=1
ni mnmi+nz ni+n2
2p 1/222 Z Z {eTRl/Qr rTRl/zeg ’1}egTR’1/2rjr;‘:R1/2eg
( (=1i=1j=n1+1k=n1+1
ni+n2 ni+nz ni+n2
( 2p 1/22 Z Z Z {eTRl/er TRl/Qee ’l}egTRfl/errle/Zeg
l=1i=n1+1j=n1+1k=n1+1
2 niy ni nitn2
2p WZZZ Z {eTR1/2r rTR1/2eg ’1}e€TR’1/2rjrgR1/2eg
nlng(n— (=1i=1j=1k=ny+1
2n3 2 1/25: n§l2 i nli'm {eTR1/2r rTR1/2e fl}eTRfl/Qr.rTRlﬂe
nlnz(n— p (2 14 Itk 14

(=1i=n1+1j=1k=n1+1

3 p
= ﬁ@p)_m 2 Z {elRV?rxTRY%e; — n el RV 2r,xTRY %,
1 (=11<i<m
3 p
+2n— 2p) 12 Z Z {eTRV?rxTRY?e, — n_l}egR_l/err;‘-FRl/Qeg
ni(n — 2) (=11<itj<m
03
+— —1/2 2 Z {eeTRl/QririTRmeg — n’l}efR’l/errle/Qeg
ni(n — (=11< 4: £k<ny
3 P nit+n2 ni
+n2( -1/ Z Z{eETRl/ZririTRmeg - n’l}egR’I/zrerTRl/Qeg
1 l=1i=n1+1j=1
P nitn2
+n%( ~1/2 2 Z 2 [l RV rTRY2e, — n~ 1}l R™V2r,rTRY e,

{=11i=n1+11<j+k<n

P n1 ni+ng
4 1/222 Z {eTR1/2I'Z TR1/2 _n—l}e?R—lﬂr] ]RI/Q

2
n2( l=11=1j=n1+1

DY Y el R TR e, 0 e RV R e,

l=1i=1n1+1<jFk<n1+n2

_|_

2p —1/2 Z Z {egRl/zrir;fFRl/zeg - n_l}efR_mririRl/Qeg

( {=1n1+1<i<ni+nz
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3 /4
T T N TR- T
+T —1/2 Z Z {eIRY*rxTRY%e, — n 1}el R 1/2rjrj R!/%e,
2 (=1 n1+1<iFj<ni+ne2
3 p
n T T — TR — T
TEm ) 2y 2 {ef R"’rir/ R e — n~'}e{ R *rr{ R e
(=1 ny +1<i®j+k<ni +no
P ni+nsg

3
_ 2n (2p 1/22 Z Z {eTRl/er TR1/2 —n‘l}egTR_l/zrirkRmeg

mny(n — 2) (=11<i<n k=n1+1

) 3 p ni+n2
n (2p)~Y Z Z Z {eIRV2r,xTRY?e; — n~}el RV 11T R e,

nanz(n — 2) (=11<ifj<n; k=n1+1

2 p
2p —1/2 Z Z Z{eTRl/QI'Z TRl/Qeg _1}egR_1/2rjriRl/2eg
nmz(n - 0=1n1+1<i<ni +ng j=1
2n3
5(20) 172 Z 2 Z{eTRl/ rr/ R%e, — n'jef R/ 2r;rf R ey,
nln2 (n - l=1n1+1<ifk<ni+ng j=1

Then we have

—(2p)V2en(x) — %o)T{diag(S) — LR (X, — Xy)

2p)~1/2 11 P
= _(p)—cn (_ + _) (2p+ﬂwz Z TR1/2 3 gR_l/Qek> + 0p(1)

n—2 Ny N9 —
Because
p
Var Z (efRr;rTR e, — n_l)efR_l/zrjrle/zek
k=11<ifj<ng

+ Z Z (el RY?r;rTR?e;, — nl)e{Rl/errgTRl/Qek>
k=1 1<iFj+l<n;
n 2

n3 P _
#2320, Rew,)* + Y (R e, (e R ey, el R e,

k1,ko h=1
”i’ 2
+F(2trR + Bup) + o(1)
3

o2n3 n
_ n—41(2trR2 + Bup) + n—}l > [2ef, R%;, + Bulef, R ey, + o(1)
k1
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NG IEYN)

- 1 [4’51rR2 + Bu2p + QZeflRZekleﬁRflekl + BwtrRll + o(1),

n
k1

p
o ( Z Z (eZRl/Qrir?Rl/Qek - n_l)egR—l/err?Rmek

k=1n1+1<iFj<n

p
+ Z Z (et RY?rir/ R ey, — n_l)e;‘fR‘l/errgRl/zek)

k=1n1+1<iFj+l<n

n3
- n—i [4trR2 +Bu2p +2) ef R, ef R7'ey, + ﬁwtrR‘ll T o(1),
k1

p ni
* Z Z Z (et RY’rir/ R ey, — n_l)efR_l/zrjrgRl/zek>

k=1i=1n1+1<j+l<n

2

4
n -

and

n ni

p
o ( Z Z (et R"*r;x] R"?e;, — nfl)ezR*WI‘jI‘jTRl/?ek
k=1i=n1+1j

—_

p n
* Z Z Z (et RY’rir] R'%e; — n_l)eZR‘l/erreTRl/Qek>
k=1

i=n1+1 1<j+0<m

2
_ nemy [4trR2 + Buw2p + 22 eflpﬁekle{lR*lekl + ﬁwtrRll +o(1),

4
n
k1

then we have

Varl(Qp)l/an(fcl — X) " {diag(S) — LIR'(% — )‘(2)]
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nc (1 1 2 T2, T -1 “1
= % (n_% + n_§> 4trR*° + 2pfB, + 2%}ek1R ey e, R ey, + ButrR — 0.

Thus we have

(21))’1/2?%;61(?(1 — X2)" {diag(S) — L}R™{diag(S) — I} (%1 — X2)

D p

—1 1 1
= M (_ + _> terl (2(G£Reg + ﬂweh 2 R1/2 TR1/2eg> >

ht=1
+o,(1). (4.4.20)
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Similarly, we have

(o) B (%) — o) (ding(S) ~ LR (%1 — %)

3en(n —1) (1 ) 1/
— +— ) [2p + Bu ef R"%e,)"] + 0,(1)4.4.21
4(n—2)22p \n1  ng p+ 0 kzuzl ‘) p(1X )

where

3c . 1, _
(2p)_1/2nZE(i1 — ig)T{dlag(S) — Ip}2R 1(X1 — X3)
_ 3¢ o
= (2p) V= 1 Ex{ {diag(S) — L,}*R™'x
—I—(Qp)_l/Qn:):L EX2 {diag(S) — Ip}zR_lfcg

3¢ _
—2(2p)_1/2nZEX1 {diag(S) — L,}*R %,
/ 3 P n1 n1 ni
_ ZQ CEZ 2 Z Z{eTR1/2rTr R1/2 —1}2e£TR—1/2rjrkR1/2ez
1 =1i=1j=1k=1

4 —1/2 3C P nitn2 nip ni

2p)

S BN Y Y e RV AR e, — e R e R e,
n (TZ l=11=n1+1j=1k=1

n4(2p /2 3C ny mi+ng ni+no

ZZ Z Z (eI RY*rTr, R %e, —1}2eg’R—1/2rjrkR1/2eé

n (n (=1i=1j=n1+1 k=n+1

4 2 —-1/2 3 ni+nz nitnz nit+n2

n ( ) C Z Z Z 2 {eTRl/QrTr R!2e, _1}2e?R_1/2rjI'le/2ez
7’L (n {=1i=n1+1 j=n1+1 k=ni+1

9 2 -1/2 3 ny N1 nNi+n2

n 2n°(2p) % CEEZE Z (eI R*rTrR" e, — n ' }2efR~?r;r, R e,
n1n2 (=1i=1j=1k=n1+1

2n 2p 1/2 3c " e Tp1/2.T 1/2 W2, TRp-1/2 1/2
i S R R - R~ ri.R +o(1
nina(n Z Z Z Z {es T Li Ser rjreR e, + o(1)

(=1i=n1+1j=1k=n1+1
3en(n —1) 1 1 d 12
_ (n—2)2f( + >2p+,@wz_:§ el RY%e,)*] + o(1)

Moreover, we have

(2p)""%n 4(X1 — %) {diag(8) — L,}R™{diag(S) — I,}(%1 — %2)
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(2p)’1/2ngtrR’1{diag(S) — LM — %o)(%1 — %o)T {diag(S) — 1}

2 niy mni ni ni
((P) - 4 tR- ZZZ Z <{eTR1/2r I,TR1/2 ’1}e;‘lFR1/2rjr;‘fR1/2eg
n n
i=1j=1k=1m=1
{e! Rl/QrmrT R1/2 —1})
ht=1

2p)~"*n SRR Tr1/2. T1l/2
—i—((npz—z Z ZZZ<{e RY%r;r’RY%e

i=n1+1 j=1k=1m=1

{eTR?r,,r' RY?e, — n_l})
hyt=1

s § B (e

i=1j=n1+1k=1m=1

{elRY?r,,rI RY2e, — nl})
hot=1

)

+—(2p)_1/2n4 R En En Sl Em <{eTR1/2r4rTR1/2eh n
h ity o
(n — 2)2n1n2 4 immt1 jem 1 k=1 m=1

p
{eIRY?r,rT RY?e, — n_l})
hot=1

(2]9) 2, ShN TRl/2.. T 1/2
R 0L 3 ) (R R

i=1j=1k=n;+1m=1

{eIRY*r,rT R e, — n_l})
hot=1

1204
e $5 8 S (e

i=n1+1j=1k=n;+1m=1

{elRY?r,,r' RY?e, — nl})
hot=1

e T (2p) 1/2 R_l Z Z Z Z ({eTRl/Qr rTRl/Ze
2n2 1 b

(n i=1j=n1+1 k=n;+1m=1

{e!RY?r,,r' RY2e, — n_l})
hyt=1

)

0(2 )~ V2n 1 TR1/2,. Tpl/2
4( 22 trR Z Z Z 2 ({e R"*r;r; R"%ey, —

i=n1+1j=n1+1k=n1+1 m=1

n-eTRY2p. r TRV
te, RV*r;r, RV%ey

n_l}ele/errZRl/Qeg

“ TR1/2. TR1/2
YelRY?r,rTRY%e,

n’l}egRl/errle/Qeg

n-NeTRY2r.r TRV
te, RV*r;r, RV%e

01l R R e,

n-NeTRV2p. rTRV2
te, RV*r;r;, RV ey



p
{e'RY?r,,r' RY2e, — nl})
h,Z:I
(2)1/” Nhuhv TR1/2. TR1/?2
+7 trR ZZZ Z {elRY?*r,xTRY %), —
(n — i=1j=1k=1m=n1+1
{eIRY?r,r’ RY?e, — n_l})
hyt=1
0(2 ) 1 ShS TR1/2,. Tpl/?2
+3 trR Z ZZ 2 {e; R"*r;r; R"*e), —
( i=n1+1 j=1k=1m=n1+1

{eIRY?r,rTRY?e, —

)

2p)~1/2pt _
I IID)

i=1j=n1+1k=1m=n1+1

),

)

{e; R1/2rmrT R'%e,

c(2p)~V?n?

+4(n—2)2n1n2trR_ Z Z Z Z

i=ni1+1j=ni1+1 k=1m=n1+1

P
n_l})
hyt=1

)~ 1/24 noni
et N9 VDYDY

i=1j=1k=ni+1m=n1+1
n_l})
h¢=1
(2p) 20t ¢
LD DY
_ 2
(n 2) n1n2 i=n1+1j=1k=n1+1m=n1+1

)

{e’RY?r,,r' RY2e, —

{eTR"?r,,r' R e,

{e; 'R'?y,, rl R!2e,

2 1/2
+L”Zt R Z Z Z Z ({egRl/Qrir?Rl/th
(n n i=1j=n1+1 k=ny+1 m=n;+1
{e'RY?r,,r' RY2e, 1})
hyt=1
2 1/2
a1t NID YD YD VD W (T4 Lo S
n

t=n1+1j=n1+1 k=n1+1m=n1+1

({ele/QririTRl/th -
({e;‘le/zrir;fFRl/zeh -
({e{Rl/zririTRmeh —

({e:,meririTRl/Zeh —

119

n! }e;‘lFRl/errle/Qeg

n! }eZRI/erI{Rl/Qeg

n! }GZR1/2I']‘I'£R1/2€(

n! }e;‘lFRl/err;‘gRl/Qeg

n’l}ele/errle/zeg

n! }eZRI/errle/zeg

n el RY?r xT R %e,

n~t }ef,le/err;le/Qeg
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p
{e'RY?r,,r' RY2e, — nl}) + 0,(1).
=1
Similar to (4.4.20), it is obtained that

(2p)""%n 4(X1 — X2)" {diag(8) — L}R™{diag(S) — I} (%1 — X2)

p

en(n —1) 1 1 . . d 1
= — + = )R [ 2R el R efR'%e;,)’(efR"?
4(n—22 o (n1+n2> r ( ( eg +ﬁ e, Rey Z ez)
= ht=1

+o,(1). (4.4.22)

Step 2. Under Hy, we have (2p)~2cnE(%;,—%2) TR} (X, —X2) = cnp(2p) V2 (ny '+
n,'), and

2(9p + Iip’fl_l) n2 02(2]) + fipn_l) n?  4c*n?
V 2 71/2 7. v TR*l . — ¢ ( p 1 _+ 2 —+ .
ar(cn(2p)” /7 (X% —Xs) (X1—X%2)) 2 n? 2p n3  2pning

Then by (4.4.16), (4.4.21), (4.4.22), (4.4.20) and (4.4.19),we have

T, —
RN (0,1)
COy

where

o = nE(X, — %) R7Y(% — %)
—nE(X; — %) {diag(S) — LR} (%) — Xy)
+nz§1E(i1 — %) {diag(S) — L}*R (%1 — X»)
—H”&E(xl — %) {ding(S) — LIR " {diag(S) — L,}(X1 — %»)

P
. 1 -1 n 1 1 T 1/2 3 eI R1/2
= np(nl +n2)—n2(n—1+n—2) (2p+ﬂw22 R ER (S73

oo (o * ) o e L R

1 N2

nn—1) (1 1 .
M (4 ) uR A
*4@w—m2(n1+ ) T
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and

s = Var(n(x; — %) "R (%) — X))

+Var [n(il — %) {diag(S) — LR (%1 — >_<2)}

= (2p+ ﬁpnfl)n—Q +(2p + ffpnz‘l)n—2 +
n? ny - niny

4n?p

1 1
o (—2 + —) [‘“rm +2pf, +2) e R, ef R ey, + futiR ! |

ny 2 "

with Ag being a p x p matrix with the (h, ¢) element aj ¢ being aj,, = 2(el Rey)® +
BuelRer 27 (efR?e;)?(efR?e,)?. In fact, we have

T, —¢ci
T N (0, 1)
COo

where fiy, 62 and Ag are obtained by replacing R in 1o, 02 and Ag by R, ¢ =

1
K -1 K -1
k=1 k=1

1+p/(n—2)
The proof of Theorem 4.1.3 is completed.
Proof of Theorem 4.1.4. We have

and

—1/2 —-1/2

K -1
R = dlag <Z é\kAk>
k=1

(2p)”"*nT,
= (2p) V(%) — %) [diag(S)] VR [diag(S)] V(%1 — %»)
= n(2p) P (%1 — %) "B (X1 — Xo)
—en(2p) V(%) — %o)T{diag(S) — diag(T)}B1(%; — Xy)
H(20) Mz — %) {ding(S) — ding(2)75 (=1 — %)

+(2p)’1/2§n(}21 — X9) " {diag(S) — diag(2)} X" {diag(S) — T} (X, — X3) + O,(ph).
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Under Hi : gy + po, we have

E[(2p) 2en (% —%2) 'S (%1 —%s)] = %p<u1—u2>Tz-1<m—m>+%§<n#+ngl>

and

Var[c(Qp)_l/Qn( ) (X1 — Xs)]

c? n2 c? n?  4c*n?p
- S o L

2p( p+ kpn; ') 2p( P+ Kpng )n% -~

2
ni
1 -1

+acn®(nyt 4+ ny ) (= p2) "B — pa).

Moreover, similar to the proofs of Theorem 4.1.3, we have

en(2p) V2 (%, — %o)T {diag(S) — diag(2)}X (%, — X2)

9,7)—1/2 1 1 p P
— _(p)—cn (_ + n_) (210 + Bu Z Z TR1/2 )3 ZR_1/2ek> + 0,(1),
2 k=1

n—2 ny

(29) V(%) — o) (diag() — diag(2)172 (%1 — %)

3en(n — 1) 1 1 2 TR
(n_Q)Qf(n—l+—> 2p+,@w2=:§ TRY2e))*] + 0,(1),

x;)" {diag(S) — diag(X)} X {diag(8) — T}(%1 — X2)

p
cn(n—l) 1 1 - T - 1/2 eTR!
= M (2 2 uR [ 2(e7R weiRe; » (efR"2e;) (el R
4(n—2)2\/%(n1+n2> r (( e)) + Buer eZ N5 N
= o=1
+0p(1)

and

Varl(?p)_l/an(il — %) {diag(S) — LR !(x; — 5(2)}
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2 /1 1
_ e <—2 + —2) 4trR2 4 2pfy + 22 eflR2ekle£1Rflek1 + ButrR™|

2p \ny n3 -

Then we have
nT,, — cuy — cnody,

e/ +4n2(nyt + ny o,

~ N(0,1).

where 6, = plX ' py with g = py — py. The asymptotic power function for
Hy @ py = po is as follows

Q (6, o0lar) = q>< —2q00 + N0y, )

A od 4+ An2(nt + nyh)o,

where —z, is the critical value of N(0,1) at the level @ and ® is the cdf of N (0, 1).
Then we have Q(d,,0ola) = ®(—2,). That is, the test T,, is asymptotically unbi-
ased.

Power Comparison: We consider the Gaussian case. The power function of

the proposed test in this paper is approximately equal to

Qb ola) ~ B V2 nitny )¢ nd,
’ \/Qpnz(nfl +ny1)2 +4n2(n;t + ny ),

Bai and Saranadasa (1996)’s test has the power as follows

H/"'dH2
Qvs(pg, X)) = P | —2z, + .
bs(Ha Zi|e) ( \/Z(nfl + n51)2tr22

If 6, = o(1), then 8,/4/2p(ny' +ny")2 + 4(n;t +ny Yo, ~ 6,/[vV20(n7t + ny ).
When X is the identity matrix, we approximately have Q(0,, oo|a) = Qps(pra, X|c).
Moreover, Qps(ptq, X|a) is the increasing function of ||peq|?/[v2trE2(ny! + nyt)].
Let ¥ = TAI'T, the eigen-decomposition of X, where I' is a p x p orthogonal

matrix and A is a diagonal matrix with k-th element ;. We represent p, in the
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coordinate system of I' as p; = I'a. Then
p
On/ND = BIE g = p Y AR/

k=1

where a = (ay,--- ,a,) and

gl /A0 {Z2) = DT at /(] AR,

By Cauchy-Schwarz inequality (p~' Y% _, az/A)2(p D0  Ae)? = (p P D0 a})?
and p~ 1 D0 _ AL = (pt Y0 Ak)?, we have

p

(p~ Z aj/Ax)’

k=1

az)2.

i Mrs
M*@

b
Il
—

Then we have

Zak/)‘k = \/—/\2/

or

0u/[V/2p(ny " + 1y )] = pal*/ V2022 (0t 4 my )]

Thus we have
Q(0n, o0la) = Qps(pra, ).

The proof of Theorem 4.1.4 is completed.



Chapter

Conclusion and Extension

5.1 Conclusion

In the first project, we propose a new joint feature screening method for generalized
time varying coefficient model. The new method considers the joint effect among
the predictors, so it can outperform the existing marginal methods when there
exists some important variables that are marginally independent of the response.
We also propose an efficient algorithm to carry on the whole screening process, and
we also show that this algorithm possesses the accent property. The sure screening
property of the new method is established which guarantees the important variables
could be selected with an overwhelming probability. The numerical studies show
that the new method can perform very well even if some important variables are
marginally independent of the response.

In the second project, we proposed a new testing method for two sample mean
problem for high dimension data which involves a new estimation method for the
covariance matrix. We first prove the accuracy of our estimation method, and
then the asymptotic distributions of the test statistic under both the null and
alternative hypothesis are derived. Based on both the simulation studies and the
real data example, we can see that the new method can outperform other existing

methods when the variables are strongly correlated.
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5.2 Extension

For the first project, we propose a new joint feature screening method for gener-
alized time varying coefficient model. The new method considers the joint effect
among the predictors, it does not possesses the ranking consistency. That means
the new method would select some wrong predictors in the screening stage. In
the future, we can focus on developing another joint screening method considering
the effect among the predictors, and it also possesses the ranking consistency so
the unimportant variables can be separated from important predictors provided
an ideal cutoff.

For the second one, we proposed a new testing method for two sample mean
problem for high dimension data which involves a new estimation method for the
covariance matrix. In the portfolio risk estimation and optimization problems, a
good estimator for the volatility matrix is very important. We may extend our new

estimation method in the application of portfolio risk estimation and optimization.
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