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Abstract

Carbon nanotubes, and the composites made from them, promise properties unrivaled
by more traditional materials. To fully understand, predict, and tune those properties, a
plethora of technical and theoretical challenges must be overcome. One such challenge is to
find a technique with which to predict the dynamic behavior of carbon nanotubes containing
defects. The dynamics of pristine carbon nanotubes are relatively well understood, but
their analysis relies heavily on the periodic nature of their structure. When that structure
is altered, these analyses are no longer valid. A new model is therefore needed that can
incorporate these defects but is still computationally efficient enough to be coupled with a
model of a composite matrix and have its vibrational characteristics analyzed under a range
of conditions.
In this dissertation, a model of a metallic matrix carbon nanotube composite is developed by first examining the dynamics of two well-known damping models — the microslip
and macroslip models. This analysis focuses on the implications of substituting the simpler
macroslip models in place of the more mathematically complex microslip model. Specifically,
the ability of these two damping models to predict the stability of a system subjected to
self-exciting aeroelastic interactions (flutter) is considered. It is discovered that the microslip
damper, while capable of stabilizing this system within a certain range of amplitudes, will
always dissipate less energy than an equivalent macroslip damper vibrating at the same amplitude. The energy dissipation/amplitude relationships developed here are later employed
to characterize the nature of the damping provided by a carbon nanotube composite.
This study of generalized damping models is followed by the application of order reduction methods to defect-bearing carbon nanotubes. First, isotope and Stone-Wales defects
are considered, and two well-known order reduction methods, modal domain analysis and
modified modal domain analysis, are adapted for use on these atomic-scale systems. These
models are demonstrated to predict the natural frequencies and normal modes of the defectbearing carbon nanotubes with high accuracy, while greatly decreasing the computational
costs associated with these calculations. Furthermore, this analysis reveals that even defects
as ubiquitous and insignificant as the variation of isotopes within a carbon nanotube can
produce large changes in the mode shapes of the resulting structure.
The third and final defect that is considered is a multi-vacancy defect, which results
in an even greater change to the structure of a carbon nanotube. As this type of defect
removes atoms from the system, previous methods of order reduction are not applicable to
it. Instead, a novel method of order reduction is developed, called modal domain reduction
that, by combining elements of modal domain analysis and dynamic reduction with a new
technique for handling the decrease in the number of degrees of freedom in the system,
iii

permits the vibrational properties of the system to be calculated efficiently and accurately.
Finally, these order reduction techniques for individual carbon nanotubes are incorporated into a model of an aluminum matrix carbon nanotube composite. The composite itself
is represented by a reduced-order model, created by applying Guyan, or static, reduction to
the full-order matrix model. The interactions between the carbon nanotube and the matrix
are calculated using the Lennard-Jones model. Several models of composites, some with
pristine carbon nanotubes and other with carbon nanotubes containing a Stone-Wales or a
multi-vacancy defect, are subjected to cyclic loading to determine their damping properties.
The validity of these models is established through comparisons to published experimental
results, and the nature of the observed damping is characterized in terms of the microslip
and macroslip damping.
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Chapter 1
Introduction and Literature Review

1.1

Introduction

Carbon nanotubes (CNTs), and the composites made from them, promise properties unrivaled by more traditional materials [1–3]. To fully understand, predict, and tune those
properties, a plethora of technical and theoretical challenges must be overcome. One such
challenge is to find a technique with which to predict the dynamic behavior of CNTs containing inevitable defects. The dynamics of pristine CNTs are relatively well understood,
but the analysis of them relies heavily on the uniform nature of their structure [4, 5]. When
that structure is altered, these analyses cease to be valid. A new model is therefore needed
that can incorporate these defects but is still computationally efficient enough to be coupled
with a model of a composite matrix and have its vibrational characteristics analyzed under
a range of conditions.
The phonon dispersion of pristine CNTs, that is to say CNTs that do not have the
periodicity of their structure interrupted, has been well studied [6, 7]. Numerical analyses
of phonon dispersion of pristine CNTs rely on the assumption that the CNT is made up
of an infinite number of repeating units — an assumption that is incorrect when defects
are present. Growing interest in the use of CNTs as nanomechanical resonators for radio
frequency applications [8], strain and pressure sensors [9] and mass sensors [10] require that

1

the vibrational response of realistic nanotubes — CNTs with defects — be fully understood.
There is a need for materials that combine high structural strength with the ability
to damp vibrations, particularly in the construction of turbine rotors [11, 12]. Rotors are
subject to fatigue and eventual failure if their vibration is insufficiently damped, as a result
either of flutter (self-exciting aeroelastic interactions) [13] or to localized vibrations caused
by mistuning [14]. These effects are frequently mitigated by attaching friction dampers to
the rotor blades [15]. This increases the weight of the turbine, as well as the production costs.
The development of composite materials that are strong enough for turbine applications and
that also inherently possess the necessary damping properties would provide a simple and
elegant solution to these problems. CNT composites not only promise these properties, but
have already been used in applications that require high strength and significant material
damping, ranging from bicycle frames to wind turbine blades [16]. However, the requirements
for turbine rotors are more strenuous, and before such materials can be used models are
required that can efficiently and accurately predict the behavior of parts constructed from
them. As CNT composite will inevitably contain CNTs with defects in them, it is important
the interaction between defect-bearing CNTs and the composite matrix in which they are
embedded is examined.
The research presented here seeks to address some of these gaps in our understanding
of the dynamics of defect-bearing CNTs. First, two damping models that have the potential to accurately model the behavior of CNT composites are compared, and their ability
to stabilize a system subjected to flutter is discussed. Following that, changes to the vibrational properties of CNTs due to defects are investigated directly using order reduction
techniques. These methods, which are common in structural dynamics literature, permit
the properties of complex systems to be calculated efficiently by removing from the models
those degrees of freedom that have minimal impact on the properties that are being examined. The resulting model allows the analysis of systems that would otherwise be too costly
to simulate. Reduced-order models of CNTs containing isotope, Stone-Wales, and multi-
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vacancy defects are developed, and their vibrational properties are analyzed and compared
to those predicted by the corresponding full-order models. Two of the order reduction methods used here (modal domain analysis and modified modal domain analysis) are well-known
in structural mechanics literature, however prior to this work they have not been used to
model atomic-scale systems. The third order reduction method, modal domain reduction, is
novel. Following the development of these reduced order models of CNTs, the models are
incorporated into simulations of aluminum/CNT composites, and the impact of the defects
is observed and characterized using the damping models that were developed initially. The
research presented here represents the first time that order reduction methods are used to
analyze and simulate defect-bearing CNTs.

1.2
1.2.1

Literature Review
Carbon Nanotubes

Since their discovery by Iijima in 1991 [17], carbon nanotubes have been at the forefront
of research in nanotechnology. Like graphene, the structure of a carbon nanotube formed
from carbon atoms bonded in an hexagonal lattice. To form a nanotube, a section of this
lattice is ‘rolled’ into a cylinder. An individual cylinder is a single walled carbon nanotube
(SWNT). If multiple such cylinders are nested within each one another, the structure is a
multi-walled carbon nanotube (MWNT) [18]. Much of the interest in carbon nanotubes has
been due to the theoretical prediction and later experimental confirmation of their remarkable
mechanical and electrical properties. Reported Young’s moduli for SWCTs are in excess of 1
TPa [19]. Other research has shown that the yield strength of a SWCT is on the order of 50
GPa [20]. It should be noted, though, that measuring these properties at the nano-scale is
no easy task, and the exact stiffness and strength of a SWCNT is a topic of ongoing research.
In addition to experimental studies, there has been a widespread effort to explain and predict the properties of carbon nanotubes theoretically and through numerical simulation [2].
3

There are two broad and sometimes overlapping categories into which these studies fall. One
group of studies seeks to start at the atomic level, either by using first-principles approaches
such as density functional theory or by employing molecular dynamics approaches [2,21–25].
The other group of studies approximates a carbon nanotube as a continuous solid, and tries
to find parameters for established continuum models that will fit the measured results for
carbon nanotubes [26–29]. The overlap between these two camps comes when the atomic
structure of carbon nanotubes is considered, but the interatomic interactions are simplified
to the point that the system has more in common with a discretized continuous system than
a true molecular dynamics simulation [30–32]. These molecular structural mechanics models
have the advantage that they are less computationally intensive than full-fledged molecular
dynamics simulations, while still being sensitive to changes in the arrangement of atoms in
the structure. However, like their continuum counterparts, they rely heavily on previous
results (be they experimental or theoretical) to determine the properties of the structural
elements that represent bonds and atoms.

1.2.2

Defects in Carbon Nanotubes

It has been hypothesized that many of the properties of carbon nanotubes rely so heavily
on the structure of the nanotube that defects in the structure could radically change the
behavior of the nanotube as a whole [1, 2]. Studying carbon nanotubes containing defects
— especially defects that appear irregularly in the nanotube — involves complications not
found in pristine (defect-free) carbon nanotubes. A pristine carbon nanotube is a periodic
structure, which is to say that the structure of the nanotube repeats itself after a certain
distance. This allows a nanotube to be simulated by modeling a small section of its structure,
with periodic boundary conditions [5]. When this periodicity is broken, for example by an
irregular defect in the nanotube, a much larger simulation is usually required.
There are, generally speaking, four types of defects that can occur in carbon nanotubes
(or graphitic structures in general). The first are vacancies, in which atoms are removed
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from the structure but the remainder of the structure does not significantly change. The
second are topological defects, which are caused by carbon atoms forming non-hexagonal
rings. The third are rehybridization defects, in which some of the bonds between carbon
atoms have an intermediate hybridized character, lying somewhere between sp2 and sp3 . The
final type of defect is the presence of atoms of different materials, usually caused by doping
or functionalization of the structure [33–35].
The importance of understanding the role defects play in determining the mechanical
properties of carbon nanotubes has been emphasized by experiential studies examining the
density of defects in typical nanotubes and the impact of these defects. One study found
that a high quality carbon nanotube contains, on average, one defect per 4µm [36]. This
low density makes an accurate simulation of these nanotubes especially difficult, as the total
number of atoms involved would be extremely large. However, the consequences of defects
was made clear by Gao et al., who showed that a defect-rich carbon nanotube produced using
pyrolysis was ten times weaker than a structurally more perfect nanotube formed using the
electrical discharge method [37].
Several studies have attempted to numerically predict the properties of carbon nanotubes
containing defects, using both molecular dynamics and molecular structural mechanics approached. In one such study, Zhang et al. [38] used molecular dynamics to investigate the
fracture strength of carbon nanotubes containing vacancy defects. Elasticity was not investigated explicitly in this study, but the stress-strain curves for pristine and defective nanotubes
suggest that the stiffness decreases in the presence of vacancies [38]. Sakharova et al. [39]
looked specifically at the elasticity of carbon nanotubes with vacancies, and found a similar
trend. In their study, a molecular structural dynamics model was employed and the simulation considered on the order of 6000 atoms. It was determined that the Young’s modulus,
shear modulus, and Poisson ratio are all sensitive to the presence of vacancies. Furthermore,
a linear relationship was established between the percentage of sites in the nanotube that
contained a vacancy and the Young’s and shear moduli [39].
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The inability of continuum models to accurately predict the properties of carbon nanotubes containing defects is not without precedent. It has been well established that relatively small, aperiodic perturbations in an otherwise periodic system can lead to vibration
mode localization [40–42]. Vibration mode localization refers to the drastic spatial variation
in system response of a near-periodic system, which is not present in the response of the
fully periodic system. To illustrate this, consider a periodic system. Such a system is, by
definition, made up of identical units. If the loading on each unit is identical and the initial conditions on each unit are identical, then the response of each unit will be identical.
However, if the system is perturbed such that it is no longer periodic, the same loading and
initial conditions can result in one or more units experiencing a response of much higher
amplitude than the rest of the system [40,41]. Continuum models of carbon nanotubes make
assumptions concerning the uniformity of the nanotube material [2] that do not allow for
localization to be accounted for.
The results of numerical and experimental studies indicate that the presence of defects
in a carbon nanotube have a profound impact on its mechanical properties, but the results
themselves are not sufficient to form the basis of a model of a carbon nanotube containing defects for vibrational analysis. While the elasticity of a structure as a whole is very important
in understanding its vibrational response, a deeper investigation of the local deviations from
this overall elasticity is required to calculate the mode shapes of the structure. Furthermore,
vacancies are not the only defects that may be present in a carbon nanotube. A method of
analyzing carbon nanotubes with a variety of defects is therefore needed.

1.2.3

Carbon Nanotube Composites

As attractive as the properties of carbon nanotubes are, the scale on which carbon nanotubes exist limits their use as a structural material. Some of these limitations can be
overcome by incorporating carbon nanotubes in composite materials. Though combing carbon nanotubes with weaker materials inevitably results in composites that are less strong
6

than individual carbon nanotubes, they still hold the potential to outperform more traditional materials [1, 43]. These composites have yet to reach their full potential, but substantial headway has been made in creating carbon nanotube impregnated resins [3, 43–45].
Research has also shown that the properties of carbon nanotubes can be harnessed by embedding them in metallic composites [11, 46–49]. In addition to increasing the stiffness and
strength of the metals (although it should be mentioned that the change in those properties
varied greatly between these studies), it has been shown that embedding carbon nanotubes
in metals can lead to increased vibrational damping in the composites, and some cases an
increased resistance to softening at high temperatures [11, 47].
Of the papers cited previously in relation to metal/CNT composites, of particular interest
is the 1998 study by Kuzumaki et al. [46]. In it, two important details concerning aluminum
reinforced with carbon nanotubes were observed. The first was that, unlike with carbon
fibers, there was no carbide formation at the interface of the carbon nanotubes and the
aluminum matrix. From a theoretical standpoint, this both emphasizes the stability of
a the nanotubes’ structure, and paves the way for a relatively simple model. Had there
been carbide formation at the interface, that would have impacted the behavior of the
composite — something that would have to be considered in any theoretical model. The
second detail that was revealed was that, when the mechanical properties of the composite
were compared to those of pure aluminum, the difference in strength was less than predicted
using the Kelly-Tyson formula. This formula, however, does not account for interfacial slip
between the matrix and the reinforcing fiber [50] — something that was later identified
as the source of these composites’ damping properties [51]. This interfacial slip appears
to be key to understanding the dynamic behavior of carbon nanotubes. Naturally, these
experimental findings have been followed by theoretical studies that attempt to explain
these results [52–59].
While many of the existing studies concerning the vibration of composites containing
carbon nanotubes produce good results, each has its shortcomings. Several of these stud-
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ies [53–55, 58] rely on continuum models of carbon nanotubes. While this is common in
nanotechnology literature, such models overlook the anisotropic nature of carbon nanotubes,
and cannot accurately represent the stiffness of a nanotube in both tension and bending [2].
Furthermore, the comparisons to experimental results and molecular dynamics simulations
show that there are elements of the behavior or carbon nanotubes, especially those with
larger diameters, that defy simplification using continuum methods [60].
Those studies that take a more detailed view of carbon nanotubes, largely by modeling
them at an atomic level, [52, 57, 59] are limited in the length of the carbon nanotubes under
consideration, as the added complexity of these methods results in additional computational
costs. The truncated length of the nanotubes result in a arguably skewed model of the
interfacial friction between the nanotube and the matrix. All three of the studies listed used
a stick-slip damper (also referred to as an elastic perfectly plastic model in materials science
literature) to calculate the force of the nanotubes due to van der Waals interactions, after [59].
The difference in behavior of a small and large number of stick-slip damper in series is, in
effect, the difference between a macroslip and a microslip damper (the latter being capable
of partial slip) [61]. The dynamic behavior of microslip and macroslip dampers is different
enough to raise concerns about the overall accuracy of these analyses [62]. Though quite
different in their approaches and conclusions, all these studies mentioned here — using both
continuum or atomistic methods — succeed in highlighting a very real interest on the part
of the scientific community in understanding energy dissipation in nanocomposites, and the
need for techniques that allow the complexities of these structures to be handled accurately,
but with moderate computational effort.

1.2.4

System Order Reduction

Reducing the order of a system, that is to say reducing the number of equations that must
be solved, is a process with obvious ramifications for complex systems such as those found in
molecular dynamics simulations. This process can be approached from either a physical or a
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mathematical standpoint. From the physical side, it is sometimes possible to observe that a
given system can be broken down into sub-systems, identical in construction and behavior.
These periodic units allow a quasi-infinite system, such as a crystal lattice, to be modeled by
a modest number of atoms in a volume with periodic boundary conditions [4, 63]. In many
ways this is an ideal order reduction method for vibrational analysis, as the vibrational
frequencies and modes of the periodic unit call can be calculated more easily than those for
the full system, yet the Floquet-Bloch theorem allows the modes and frequencies of the full
system to be extrapolated from those of the unit cell without significant computational effort
and without loss of accuracy [4, 64, 65].
Though periodic systems are ideal for order reduction, many systems cannot be modeled
that way. Some, though, are close to being periodic; they can be thought of as periodic
systems that have been perturbed. This is similar to a situation that occurs on the macroscale
when the parameters of a periodic system (such as a bladed rotor) are subject to small,
random changes — referred to in turbomachinery literature as ‘mistuning’ [66, 67]. Though
the methods used to address mistuning were developed for use in a finite elements framework,
they can be expanded to handle certain atomic scale systems. The behavior of an atomic
system predicted using an empirical force field with the assumption that displacements are
small (a necessary assumption for a linear vibrational analysis [68]) can be summarized in
terms of mass and stiffness matrices. These matrices are not fundamentally different than the
mass and stiffness matrices of a finite element system, and so an order reduction algorithm
that can be applied to a finite element system can be applied to that linearized atomic
system.
A method of efficiently computing the vibrational response of this type of mistuned
system was proposed by Yang and Griffin [69]. Their method, which involved projecting the
system onto a reduced basis comprised of some of the modes of the nominal system1 , from
which it derived the name SNM (subset of nominal modes). This technique is also referred
1
In the context of rotor dynamics, aperiodicities in the system represent flaws in the rotor due to manufacturing error. Therefore, the nominal system is the periodic system from which the real system deviates.

9

to as modal domain analysis (MDA) [66].
MDA succeeded in predicting the vibrational response of system in which the stiffness
matrix was perturbed, however it failed when both the stiffness and mass matrices were
perturbed. To correct this, an addition was made to this method by Sinha [66]. In this
modified modal domain analysis method (MMDA), the reduced-order basis set comprised
not only certain modes of the nominally tuned system, but also modes of what might be
termed ‘periodically mistuned’ systems. The mass and stiffness matrices were mistuned, and
were then subjected to proper orthogonal decomposition (POD). The largest valued POD
features were each used in turn to uniformly perturb the tuned system (thus maintaining
its periodicity). The modes of these systems were then used in the development of the
reduced-order basis set.

1.3

Organization of this Dissertation

Following this introduction, further background information on the structure of pristine
CNTs and on the mathematics that underly the analysis of their phonon dispersion (that is
to say, their vibrational properties) is presented in Chapter 2. Then, in Chapter 3, microslip
and macroslip dampers are described in detail, an analysis of the ability of a microslip damper
to stabilize flutter is presented, and the energy dissipation of both types of dampers as a
function of displacement is discussed. Chapters 4 and 5 are concerned with the development
of reduced-order models of CNTs with defects. In Chapter 4, modal domain analysis and
modified modal domain analysis are adapted for use with atomic systems. They are applied
to CNTs with isotope and Stone-Wales defects, and the results are discussed. A new method
of order reduction, modal domain reduction, is developed in Chapter 5 and applied to CNTs
with multi-vacancy defects. These models are combined with a reduced-order model of bulk
aluminum to form a model of an Al/CNT composite in Chapter 6. This is used to simulate
the behavior of an Al/CNT in which the CNTs contain defects, and to determine its response

10

to low frequency excitation. The results of this simulation allow the stiffness and damping
of the composite to be estimated, and for the damping properties to be classified in terms
of the dampers discussed in Chapter 3.
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Chapter 2
Background on Crystal Lattices and Carbon
Nanotubes

2.1

Introduction

There is a considerable body of research stretching back to the early part of the 20th
century concerning the behavior of individual atoms in infinite crystal lattices [64, 70]. The
assumption that the crystal lattice is infinite has proved beneficial for analysis, as it allows the
lattice to be represented accurately by a small unit cell with periodic boundary conditions [5].
Such lattices are frequently referred to as periodic lattices, a convention that is adhered to
in this dissertation. Periodic lattices are not merely studied out of convenience; they can
provide accurate insights into the behavior of bulk solids, provided that the structure of the
solid is largely free from defects [4].
Among the many properties that can be ascertained using relatively small unit cells with
periodic boundary conditions are the normal modes and modal frequencies of the system.
In atomic lattices, those vibrational properties are more commonly described in terms of
phonons. Phonons are quantized packets of vibrational energy, so to study the vibrational
behavior of a crystal is to study the behavior of phonons in that crystal [71]. Phonons are
characterized by their frequency and by their wavevector, a quantity that indicates both the
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direction of wave propagation and the spatial periodicity of the wave. Though the notion of
phonon dispersion is more common in the physics literature, in keeping with the conventions
of engineering vibrational analysis normal modes and modal frequency are used more often
in this work. It can be easily seen that a wavevector and a normal mode contain the same
information — they both describe the shape made by a collection of atoms as they vibrate.
The frequency of a phonon and the frequency of the corresponding normal mode are, of
course, the same. In one situation, though, the wavevector cannot be avoided. The FloquetBloch theorem is defined in terms of wavevectors [4, 64], rendering the use of normal modes
inconvenient. In that context only is the wavevector used here.
For the purposes of computational efficiency, it is highly advantageous to model a repeating atomic structure as a periodic lattice whenever possible. However, this is not always
feasible. There are a number of defects that can occur in a crystal lattice that break the
periodicity of the structure in a way that significantly alters the properties of the crystal [72].
Such defects include doping, vacancies, and various topological and structural defects that
occur due to the arrangement and bond character of the carbon atoms [33–35]. In general,
these defects are aperiodic — that is to say that they prevent the nanotube from being represented by a small unit cell. What is required to analyze these is a technique for reducing
the computational effort needed to simulate the vibration of a large system with aperiodic
flaws, without compromising the accuracy of the results.

2.2

The Structure of a Carbon Nanotube

A single walled carbon nanotube is nothing more than a strip of graphene rolled into a
cylinder. Therefore, to understand the structure of a carbon nanotube, first the structure of
graphene must be understood. Graphene is a lattice of sp2 bonded carbon atoms — meaning
that each carbon atom is bonded to three others. The angle between the bonds is equal,
resulting in an hexagonal lattice. [18]. To form a carbon nanotube, a section of graphene is
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rolled in such a way that the arrangement of atoms at the edges to be joined is identical.
The resulting tube has an unbroken lattice structure.
Two pieces of information are needed to describe a atomic lattice: the position of the
atoms in a ‘unit cell’, and the set of lattice vectors. Such a lattice is composed of copies
of the unit cell — an arbitrary but finite volume that contains at least one atom — each
translated to a position relative to the origin described by a linear combination of the lattice
vectors. In other words, if the lattice vectors are a1 , ..., an and the position of the atoms in
the unit cell are p1 , ..., pm , then the positions of all the atoms in the lattice are described by
nP P
o
m
n
the set P =
(α
a
+
p
)
|α
∈
Z
[4].
j j
i
j
i=1
j=1
To describe a hexagonal lattice such as graphene, the unit cell must contain two atoms.
In a hexagonal lattice, any two bonded atoms are reflections of each other. A reflection
cannot be described in terms of a translation, so the unit cell must contain two atoms that
are mirror images of each other — atoms A and B in Fig. 2.1 [5].

A

B

Figure 2.1: Atoms A and B are mirror images of each other. An atom each of type A and B
must be included in a unit cell for graphene.
It is implicit from the mathematical definition of an atomic lattice that the lattice extends
to infinity in all directions. While this is clearly not the case for any actual arrangement of
atoms, it is a useful approximation when the vibration of atoms far from the edges is under
consideration. The periodicity of the structure allows for the vibrational properties of the
entire lattice to be calculated from the properties of a single unit cell. For graphene, this
means that only two atoms are needed for such a model (see Fig. 2.2). When a carbon
nanotube is modeled, the procedure is slightly different.
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a1
a2

Figure 2.2: The hexagonal lattice of graphene, with the carbon atoms represented as gray
dots. The dotted lines indicate the boundaries of a representative unit cell.
As was previously mentioned, a carbon nanotube can be thought of as a rolled up strip of
graphene. The graphene must be ‘cut’ in such a way that when its edges are joined to form
a cylinder, the lattice structure of the carbon atoms is not disturbed. This condition can be
summarized in the following way: a graphene strip can form a carbon nanotube if and only
if a line drawn from one side of the strip to the other, perpendicular to the edge, can be
written as αa1 + βa2 , α, β ∈ Z. This line is the chiral vector of the nanotube. In conjunction
with the chiral vector there is another vector, defined in a similar way, that runs parallel to
the edges of the graphene strip and that can be written in terms of integer multiples of the
lattice vectors (with the added stipulation that those integers must be relatively prime). This
is the translation vector, and it indicates the shortest distance an atom can be translated
perpendicular to the edge of the strip, such that it it coincident with an identical atom (see
Fig. 2.3) The rectangle described by the chiral and translation vectors will be used as the
unit cell for the carbon nanotube.
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t

c

Figure 2.3: A strip of graphene that could be rolled into a carbon nanotube. The dotted
lines represent the cuts in the graphene sheet that form the strip. c is the chiral vector and
t is the translation vector.

2.3

Derivation of the Eigenvector Problem for an Atomic
Lattice from the Interaction Tensor Representation

A common approach to calculating the forces on an atom in a lattice uses a constant
interaction tensor. The prevalence of this model in prior studies of crystal lattices dictate
that an examination of it is required. Before this examination is undertaken, it should be
emphasized that the derivation presented here, which uses the interaction tensor to produce
an eigenvalue problem, (the solution to which provides the frequencies and modes of the
system) is by no means an original concept — similar derivations can be found in a number
of sources, including Cleland and Jorio et al. [4, 5]. However, neither source provides a
complete and detailed derivation for a system in which the unit cell contains two atoms.
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Rather than looking at the ‘stiffness’ of the bonds connecting atoms, this section will use
the more concise interaction tensor (after [4]) of two adjacent atoms. Although the bonds
are not explicitly modeled as springs, this model is still equivalent to a harmonic force field.
The interaction tensor, Φ(i,j) is defined as the curvature of the interaction energy between
atoms i and j, i.e.:

(i,j)

Φαβ =

∂ 2U
(where ri,α is the α component of the position of atom i)
∂ri,α ∂rj,β

(2.3.1)

(i,j)

Note that Φαβ corresponds to Φαβ (Ri , Rj ) in the notation used by Cleland, and the
element in the αth row and the β th column of −K (i,j) , in the notation used by Jorio et al.
The position vector used here is r, rather than y, in keeping with Cleland. Similarly, u is
the displacement vector, rather than x.
Consider an atom located at real lattice point Rj . Furthermore, consider a continuous
lattice displacement u (r, t), where r is a point in space; this is not restricted to lattice points.
At time t, the position of an atom originally located at Rj is now rj (t) = Rj + u (rj (t), t). It
is important to note that the displacement is evaluated at the instantaneous position of the
atom, not the original position. For small displacements, the instantaneous position can be
approximated by the original positions, resulting in the relationship: rj (t) = Rj + u (Rj , t).
For brevity, uj (t) := u (Rj , t). Therefore rj (t) = Rj + uj (t). The equations of motion can
then be derived. It should be observed that Φ is a tensor, and in keeping with Cleland’s
notation, the dot (inner product) of two vectors and a tensor in this context is taken to mean
the double sum (i.e. v1 · T · v2 = v2T [T]v1 , where [T] is the matrix representation of the
tensor T, and the vectors v1 , v2 are taken to be column vectors).
The kinetic energy of the system is
N
1 X ∂rj
T = m
2 j=1 ∂t

2

N
1 X ∂uj
= m
2 j=1 ∂t

2

(2.3.2)

where m is the mass of each atom in the unit cell (it is assumed here that all the atoms in
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the system have the same mass). The potential energy is

U=

1X
uj · Φ(j,k) · uk
2 jk

(2.3.3)

The full derivation of equation 2.3.3 can be found in [4], §2.6. The Hamiltonian of the system
is then:
N

∂uj
1X
m
H=
2 j=1
∂t

2

+

1X
uj · Φ(j,k) · uk
2 jk

(2.3.4)

Taking the generalized position qi to be ua , where a = di/3e − (i mod 3), the generalized
momentum pi is q˙i /M , and the Hamiltonian can then be written:
#
"
3N
3N
1 X p2j X
jk
qj Φ qk
+
H=
2 j=1 m k=1

(2.3.5)

The equations of motion for the system can then be found using Hamilton’s equations:
dqi
∂H
pj
=
=
dt
∂pi
m
3N
X
dpi
∂H
=−
Φjk qk
=−
dt
∂qi
k=1

(2.3.6)
(2.3.7)

Combining these and converting back into terms of u:
N X
3
X
d2 ujα
(j,k)
=−
Φαβ ukβ
m
dt2
k=1 α=1

(2.3.8)

Until this point, the main difference between this derivation and that presented by Cleland had been in nomenclature. However, it is now necessary to diverge further, as Cleland’s method does not allow for a unit cell to contain more than one atom.

Let us

consider a unit cell that contains two atoms, originally at lattice points Ri and Ri+1 .
The positions of the atoms can be condensed into a single vector with six components
r[a] = [ri1 , ri2 , ri3 , r(i+1)1 , r(i+1)2 , r(i+1)3 ]T (a subscript in brackets indicates a quantity relat-
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ing to a unit cell). r[a] can clearly be broken down into R[a] +u[a] , and so equation 2.3.8 can
be rewritten as:
N/2
X
d2 u[a]
m
=−
Φ[a,b] u[b]
dt2
b=1

where:



(2.3.9)



(j,k)
Φ(j,k+1) 
 Φ
Φ[a,b] = 

Φ(j+1,k) Φ(j+1,k+1)

(2.3.10)

Now, a general form of u[a] can be inserted into equation 2.3.9. The general solution to
this equation is of the form u[a] = A[a] (r[a] )eiωt . In addition to this, Bloch’s theorem states
that A[a] (r[a] ) = Aeik·R[a] , where k is the wave vector for that particular mode. Subsequently,
u[a] = Aeik·R[a] eiωt . Substituting this into equation 2.3.9 gives:

2

ik·R[a] iωt

mω Ae

e

N/2
X

=

Φ[a,b] Aeik·R[b] eiωt

(2.3.11)

b=1

After a little algebra:
2

mω A =

N/2
X

Φ[a,b] Aeik·(R[b] −R[a] )

(2.3.12)

b=1

It is clear that only the relative positions of the atoms are relevant, so a coordinate system
is chosen such that R[a] = 0. This reduces the above equation to:

2

mω A =

N/2
X

Φ[a,b] Aeik·R[b]

(2.3.13)

b=1

From this, the dynamical matrix can be defined:

D=

N/2
X

Φ[a,b] eik·R[b]

(2.3.14)

b=1

therefore:

mω 2 A = DA → D − mω 2 I A = 0

(2.3.15)

While this is sufficient to continue, it is instructive to note that D is the Fourier transform of
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Φ, a fact which underlines the nature of Bloch’s theorem: it is not imposed on the problem,
it is rather a natural feature due to the periodicity of the system.
Just as Φ[a,b] can be broken down into four sub-matrices, D can be broken into four
sub-matrices:




N/2




(j,k)

(j,k+1)

Φ
 D11 D12  X  Φ
 ik·R[b]
D=
=

e
D21 D22
Φ(j+1,k) Φ(j+1,k+1)
b=1

(2.3.16)

Note that atoms j and k are the first atoms in their respective unit cells (the A atoms, in
Jorio’s notation — see figure 2.1). Therefore atoms j + 1 and k + 1 are the second atoms
P
(the B atoms). It follows, then, that k Φ[j,k] is the sum of all interaction tensors between
atom j and every other A atom in the lattice, and so D11 dynamical matrix of the A atom in
a unit cell with respect to all other A atoms. Similarly, D22 is the dynamical matrix of the
B atom with respect to all other B atoms. D12 and D21 are the dynamical matrices of the A
atom with respect to all B atoms and the B atom with respect to all A atoms, respectively.
So far, this derivation has assumed that all atoms influence the movement of all other
atoms. While this is not necessarily an incorrect assumption, it makes assembling the dynamical matricies computationally very expensive. Instead, only the influence of four nearest
‘layers’ of neighbors are considered. However, before the interaction tensors between atoms
is calculated, a further approximation should be expained. If the radius of a nanotube is
sufficiently large, atoms interact with their close neighbors as if they were coplanar (that is
to say that the variation in position in the radial direction is insignificant in comparison to
the interatomic spacing). Therefore the relative radial positions of neighbors in equilibrium
can be ignored, and the nanotube can be treated as a flat plane of atoms with periodic
boundary conditions on two opposite sides [5].
With these assumptions and approximations in place, the interaction tensors for two
atoms, j and k, which are nth neighbors with respect to each other can be calculated as
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follows:
Φ(jk) = U −1 (θ)Φn U (θ)
where





 cos θ sin θ 0

U (θ) = 
 − sin θ cos θ 0

0
0
1










0
 φn1 0

Φn = 
 0 φn2 0

0
0 φn3







and θ is the in-plane angle between i and j. Example components of Φn , calculated by Jorio
et al. [5], are given in Table 2.1.
Table 2.1: Components of the interaction tensor of graphitic carbon in dynes/cm, from [5].
Neighbor:
φn1
φn2
φn2

1
2
3
4
36.50 8.80 3.00 -1.92
24.50 -3.23 -5.25 2.29
9.82 -0.40 0.15 -0.58
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Chapter 3
Microslip Damping

3.1

Introduction

One of the most promising avenues for developing nanocomposite materials is the possibility of taking a material already quite well suited to a task, and enhancing specific properties
of it through the addition of certain nanostructures [43, 73]. For example, rotor blades for
turbomachinery applications require high strength to withstand the extreme loads placed
on them, tolerance to extreme temperatures, and the ability to withstand self-exciting dynamic loads without yielding or fatiguing [13, 74, 75]. This third criterion arises from flutter,
an aeroelasticity interaction between the rotor blade and the airflow around it which, if
left unchecked, causes the rotor blade to oscillate with increasing amplitude [13,75]. Modern
superalloys are sufficient to satisfy the strength and temperature criteria, but like most highstrength materials, they exhibit very little material damping [76]. As a result, mechanical
dampers are needed to ensure that blade oscillations remain within a safe range [12, 75, 77].
The need for such dampers could be removed, however, if the material from which rotor
blades are constructed could have its material damping increased to the point that it was capable of stabilizing flutter. Recent work pertaining to carbon nanotubes embedded in metals
suggest that these composites could achieve just such an increase in damping. [3,11,43,46,48].
It has long been known that fibers embedded in another material can provide damping,
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due to slipping at the interface between the fibers and the material in which they are embedded (the matrix) [47]. Analysis has also shown that, in cases where the only loads on the
fibers are imparted by the matrix, these fibers undergo partial slip — that is to say that a
portion of the fiber’s length does not slip relative to the matrix, while the rest does [47,78]. A
common approach in studies of interfacial slip, whether at the nanoscale or the macroscale,
is to utilize a macroslip friction model, which does not consider partial slip [57, 58, 75, 79].
The macroslip model assumes that the damper acts as a linear spring until some maximum
displacement is reached [12, 75]. Beyond this maximum displacement, the damper provides
a constant force until the motion reverses its direction. Studies by Sinha and Griffin [12, 75]
succeeded in showing that a rotor blade subjected to negative damping can be stabilized by
a macroslip damper, using the method of describing functions (also known as the method
of harmonic balance). However, it was also shown that this stabilization could only take
place if the magnitude of the negative damping is less than some maximum value and the
amplitude of the blades oscillations is less than some upper limit. All these results are reflection of the fact that work done by the negative damping is proportional to the square of
amplitude, whereas the energy dissipated by the macroslip friction damper is proportional to
the amplitude. Later, Ferri and Whiteman [80] also used the method of harmonic balance,
and presented analytical results for the interaction between negative viscous damping and a
displacement dependent macroslip friction model. They considered a rigid damper, and also
found global stability under certain conditions.
Despite the successful analysis of macroslip dampers in rotors, this model is not sufficient for modeling a blade constructed from a fiber composite material, with high material
damping. The nature of the loading on fibers requires that partial slip (when a portion of
the damper moves but the rest stays fixed) occurs when there is a sufficient load applied to
the fibers [81]. This is better approximated using a microslip model, which accommodates
this partial slip situation [15, 82]. Recently, Martel et al. [83] have studied the stabilizing
effects of microslip friction damping models developed by Oloffson [84] on the spring-mass
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model of a rotor stage.
This chapter deals with a fundamental study of comparison between the stabilizing effects
of microslip and macroslip friction damping models. The microslip friction model developed
by Menq et al. [61,81] has been used. Unlike macroslip friction dampers, energy dissipated by
a microslip friction damper is not proportional to amplitude. Therefore, the following issues
have been addressed using the describing function method: i. Are the amplitudes of stable
limit cycles lower for microslip? ii. How do the limits on the maximum amplitude of transient
disturbances for a stable limit cycle compare? iii. Does microslip friction stabilize a higher
value of negative damping? and iv. What is the relationship between energy dissipation per
cycle by microslip and amplitude of vibration?
The organization of this chapter is as follows. First, the microslip model is described.
Then, a non-dimensional single degree of freedom model incorporating a microslip friction
damper is developed. Next, the describing function method is employed to determine the
amplitudes of limit cycles. Lastly, numerical results for microslip models are presented along
with comparisons to those from macroslip friction models.

3.2

Microslip Friction Model

The microslip friction model used in this investigation was developed by Menq et al. [61,
81]. The behavior of this damper can be likened to the behavior of an elastically deformable,
massless block resting on a shear layer. The block has coefficient of elasticity E, cross
sectional area α, and length L. The shear layer has stiffness per unit length ks and maximum
possible shear force per unit length τm , shown in Fig. 3.1. The behavior of a microslip damper
relative to a macroslip damper is illustrated in Fig. 3.2.
While the forces applied to the block are small enough, the block and the shear layer
both stretch at the same rate and no slipping takes place between them. In this no slip state,
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Figure 3.2: Hysteresis curves of microslip and
Figure 3.1: Schematic of microslip damper macroslip damper systems
the damper force psc is proportional to total deflection ∆ as follows:

psc (∆) = kd ∆

(3.2.1)

kd = ks L tanh (λ) /λ

(3.2.2)

where:

λ=

p
ks L2 /Eα

(3.2.3)

When the force is relaxed, both the block and the shear layer return to their undeformed
configurations – in other words the damper acts as a linear spring with stiffness kd . If a
sufficiently large force is applied, the block will deform enough that its leading edge will
begin to slide on the shear layer. At this point the damper ceases to be fully elastic, and
cannot return to its undeformed state without the addition of energy to the system. This
will be referred to as the partial slip state. The damper begins to slip when ∆ equals ∆s ,
defined:
∆s = τm /ks
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(3.2.4)

Let a be the fraction of the length of the damper which is slipping (see Fig. 3.1). The
deflection and damper force are expressed as functions of a:


∆a = (τm /ks ) 1 + λ2 a [(a/2) + tanh λ (1 − a)/λ]

(3.2.5)

psc (a) = (τm L) [a + tanh λ (1 − a)/λ]

(3.2.6)

If a larger force is applied to the block, sufficient that the boundary between the slipping
and non-slipping regions reaches the trailing edge of the block, the damper is said to be in
its full slip state. The damper leaves the partial slip state when ∆ equals ∆f s :
∆f s = (τs /ks ) + τm L2 /2Eα



(3.2.7)

In the full slip state, the damper force is constant and independent of the displacement
of the damper:
psc = p∗f s = τm L

(3.2.8)

The preceding equations provide a ‘skeleton curve’ (hence the subscript ‘sc’) for the behavior
of the damper as it moves from rest. For subsequent unloadings and reloadings, the Massing
rule [85] is applied to determine damper force p∗ as a function of damper displacement ∆,
which is a function of blade displacement x∗ . When the direction of loading is reversed after
slipping, the damper will follow the force/displacement curve described as follows:

p∗ (x∗ ) = 2 [psc ((x∗ − x∗0 ) /2)] + p0

(3.2.9)

where p0 and x∗0 are the force and displacement respectively at which loading is reversed.
Further, ∆ = x∗ for the initial loading, and ∆ = (x∗ − x∗0 ) /2 for subsequent loadings and
unloadings after slipping.
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3.3

Single Degree of Freedom Model, Nondimensionalization and Describing Function Analysis

It is assumed that, like a blade-friction damper system, the dynamics of a composite blade
vibrating at a specific frequency can be accurately modeled by a single degree of freedom
system, Fig. 3.3. This model for blade-damper systems has been derived by Griffin [77] and
has been validated by experimental data. The blade is considered to be linearly elastic with
modal stiffness k. Aerodynamic forces on the blade are represented by negative damping,
c, acting on the blade. In the preceding formulation of the microslip damper model, the
behavior of the damper is determined by parameters τm , Eα, L, and ks (here Eα is treated
as a single parameter, as the two terms are not separated). The differential equation of
motion for the single degree of freedom system is:
d 2 x∗
dx∗
m ∗2 + c ∗ + kx∗ + p∗ (x∗ , τm , Eα, L, ks ) = 0
dt
dt

(3.3.1)

where damper force p∗ is defined by eq. 3.2.9.
To achieve a greater generality in these results, the system will be nondimensionalized.
This reduces the number of microslip friction parameters to two, specifically  and xs (Appendix A), where  is the nondimensional stiffness and xs is the nondimensional distance at
which slipping starts. Furthermore, the following nondimensional quantities will be introduced:
 := ks / (k + kd )

(3.3.2a)

p
ζ+ := −c/ 4m (k + kd )

(3.3.2b)

x = x∗ /x0

(3.3.2c)

t = t∗ /T

(3.3.2d)
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Figure 3.3: Dimensional single degree-offreedom system

T =

Figure 3.4: Nondimensional single degree-offreedom system

ω = ω∗T

(3.3.2e)

x0 : p∗f s /kd

(3.3.2f)

p
m/ (k + kd )

(3.3.2g)

xs := ∆s /x0

(3.3.2h)

Here ζ+ , x, t, and ω are the nondimensional magnitude of negative damping ratio, displacement, time and frequency, respectively. The slip distance x0 and inverse of the natural
frequency of fully stuck system T are the characteristic length and time used in this nondimensionalization. The nondimensional system (Figure 5) can be described by the equation:
dx
d2 x
− 2ζ+
+ (1 − ) x + p (x, , xs ) = 0
2
dt
dt

(3.3.3)

Here p (x, , xs ) (defined in Appendix A) is the nondimensional force exerted by the
damper. For the sake of brevity, the parameters on which it depends are often suppressed
and written simply as p(x).
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Assuming that the steady-state response is harmonic:

x = A sin ωt

(3.3.4)

−ω 2 A sin ωt − 2ζ+ ωA cos ωt + A (1 − ) sin ωt + p (x) = 0

(3.3.5)

Substituting equation 3.3.4 into 3.3.3

Because the displacement is assumed to be harmonic, the nonlinear damper force, p (x), will
be periodic and may be described by a Fourier series expansion. Using only the fundamental
frequency terms of this series

p (x) = g cos ωt + h sin ωt

(3.3.6)

The coefficients g and h are found by performing the following integrations numerically:
π

Z
g=

p (A sin θ) cos θdθ

(3.3.7)

p (A sin θ) sin θdθ

(3.3.8)

0

Z
h=

π

0

Substituting eq. 3.3.6 into eq. 3.3.5 and equating the coefficients of sin (ωt) and cos (ωt) on
both sides, the following two algebraic equations are obtained:

−ω 2 A + A (1 − ) + h = 0

(3.3.9)

−2ζ+ ωA + g = 0

(3.3.10)
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Figure 3.5: Amplitudes of limit cycles

Figure 3.6: Simulated response for initial conditions corresponding to point A in Fig. 3.5

Recombining eqs. 3.3.9 and 3.3.10 and solving for A produces:



q
2
2
2
A = −h ± h + (1 − ) g /ζ+ /2 (1 − )

3.4

(3.3.11)

Numerical Results and Discussion

In general, eq. 3.3.11 produces two solutions, AL and AU , such that AL < AU (Fig. 3.5).
As with the macroslip damper, the lower amplitude AL is that of a stable limit cycle, while
the upper amplitude AU marks the maximum amplitude of transient disturbances below
which the system is stable [75]. The behaviors of the system when given unstable and stable
initial conditions are shown in Fig. 3.6 and 3.7, respectively. The phase portraits of the
responses are shown in Fig. 3.8. For any damper parameters ( and xs ) there is a value of
ζ+ such that the limit cycle and the boundary of stability become coincident. For values of
ζ+ greater than this, the system is globally unstable.
The behavior of the microslip damper model can be described through a comparison to
that of the macroslip damper model in an otherwise identical system. Using the nondimen-
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Figure 3.7: Simulated response for initial conditions corresponding to point B in Fig. 3.5

Figure 3.8: Phase portrait of response with
microslip damper

sionalized macroslip damper model [75], microslip damper which provides force pm (x, , xs )
can be matched to macroslip damper which provides force pM (x, ). The behaviors of both
dampers before partial slipping starts and after full slipping starts are identical. The only
difference between the two dampers occurs when the microslip damper is in the partial slip
region of its behavior.
While the microslip damper is partially slipping, it behaves, in part, inelastically. Subsequently, energy is removed from the system and damping takes place. If the nondimensional
displacement is less than one, the macroslip damper will not slip, and so will act elastically
and contribute no damping. Therefore, for A < 1, the microslip damper provides greater
damping than the macroslip damper, Fig. 3.9. Also, there is an amplitude At below which
the microslip damper dissipates a greater amount of energy. That is why the amplitude of
the microslip damper’s stable limit cycle is lower for small amount of negative damping, Fig.
3.5.
For A > At , the energy dissipated by a macroslip damper is higher (Appendix B), and
therefore the amplitude of the stable limit cycle is lower for the microslip damper. Also, it is
seen that the amplitude at which the system becomes unstable is always lower for microslip
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dampers, which suggests that, at full slip, a macroslip damper provides more damping than
a comparable microslip damper.
Because at large amplitudes the macroslip damper provides more damping, the maximum
amount of negative damping that can be stabilized by a macroslip damper is always larger
than the maximum amount damped by a comparable microslip damper. The system has a
limit cycle when the energy added by flutter is equal to the energy dissipated by the damper.
Therefore, as the macroslip damper dissipates more energy, the amount of flutter that it can
stabilize must be larger. This is verified by the amplitude plot in Fig. 3.5. A limit cycle is
stable [86] when
∂EG
<0
∂A

(3.4.1)

where EG is the difference between work done per cycle by negative damping and energy
dissipated per cycle by friction dampers.
As can be observed from Fig. 3.9, the energy dissipated by two microslip dampers with
different values of slip distance xs can, at a specific amplitude, be equal. This effect does not
occur with macroslip dampers, and can be explained as follows: Consider two dampers with
equal values of , but one (damper A) with xs equal to xsA and the other (damper B) with
xs equal to xsB , such that xsA < xsB . For xsA < A < xsB , it is clear that damper A slips
and damper B does not. Therefore the damping provided by damper A is larger. However,
when both dampers are slipping fully, damper B will dissipate more energy (Appendix B).
Subsequently, as the amount of damping provided is a continuous function of amplitude,
there must be an amplitude at which both dampers provide the same amount of damping.

3.5

Conclusion

The preceding results show that a composite rotor blade (modeled as a microslip damper)
is capable of stabilizing negative damping. Furthermore, for small values of negative damping, this microslip damping causes the system to enter a stable limit cycle with a lower
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amplitude than a macroslip damper (friction damper with macroslip) with comparable parameters would. However, it is shown that the amount of flutter (the magnitude of the
negative viscous damping coefficient) and the maximum amplitude of a transient disturbance that can be stabilized by microslip damping are always lower than those which can
be stabilized by a macroslip damper with comparable parameters. Also, it has been found
that microslip damping with different values of slip distance can dissipate same amount of
energy per cycle for the same amplitude of vibration.

Figure 3.9: Comparison of energy dissipated
by macroslip and microslip dampers
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Chapter 4
Reduced-Order Models of Carbon
Nanotubes: Isotope and Stone-Wales Defects

4.1

Introduction

If the properties of carbon nanotubes are to be fully understood and possibly modified for
specific purposes, it is vital that the impact of defects on these properties is fully understood.
Defects in carbon nanotubes (CNTs) are both inevitable and mathematically problematic.
Not only have point defects been observed in situ by Fan et al. [36], but the presence of
isotope defects—specifically a mixture of

12

C and

13

C—can be inferred by the ubiquitous

presence of both isotopes [4]. Furthermore, any crystal lattice that is of finite size must
at some point be terminated, and this termination is itself a defect [87]. These defects
are a significant impediment to the analysis of CNTs, as they rob the nanotubes of their
periodicity.
Like its planar analogue, graphene, a pristine CNT (one which is without defects) can
be thought of as an unending sequence of identical, repeating units [88]. This allows the
free vibration characteristics of the nanotube to be calculated by considering the behavior
of only one of these units and invoking the Floquet–Bloch theorem [4, 89]. Breaking the
nanotube’s periodicity by introducing a defect renders this approach invalid, and results in
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greatly increased computational expense.
The presence of defects in an otherwise periodic structure has significant consequences
for its vibrational properties. It has been shown that disorder in an atomic system leads
to fundamental changes in the nature of wave propagation in that system, a result that
has a commensurately large impact on the vibrational modes—that is to say, the phonon
dispersion—of the system [90]. Furthermore, the phonon dispersion of a CNT has profound
implications for its mechanical and transport properties [5]. Understanding and, perhaps,
harnessing the emergent properties due to these defects require accurate and efficient methods
for determining the vibrational characteristics of almost-periodic atomic systems. In this
chapter, two such methods are considered, and each is applied to two dissimilar types of
defect.
Of the many defects that can affect CNTs, those under consideration in this chapter
are isotope defects and Stone–Wales defects (SWDs) in single-walled CNTs. As previously
mentioned, isotope defects are simply the presence of multiple isotopes of carbon distributed
randomly throughout the structure [4]. This has the effect of perturbing the mass matrix
of the system, but it does not influence interatomic interactions or the stiffness matrix. An
SWD, which will be described in more detail later, is the rearrangement of certain bonds in
the nanotube. While a pristine nanotube consists exclusively of hexagonal rings of carbon,
an SWD is the presence of adjacent pentagonal and heptagonal rings [91]. This alters the
manner in which the carbon atoms interact without changing their masses. In other words,
the stiffness matrix changes, but the mass matrix remains unchanged.
Prior attempts have been made, notably by Chen et al. [92] and Georgantzinos et al. [93],
to account for the impact of defects on the vibration of CNTs using numerical methods.
These studies report changes in the natural frequencies of CNTs due to the presence of defects
but do not consider changes in the corresponding mode shapes. Both of these investigations
rely on the molecular structural mechanics model developed by Li and Chou [30]. They
require a full-order model of the perturbed CNT—restricting their use to relatively short
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CNTs. Furthermore, the molecular structural mechanics model does not permit for the
relaxation of an atomic structure after a defect is created and for the subsequent alterations
to the interatomic stiffnesses.
Periodic systems with inevitable defects are not unique to the atomic scale. Rotor blades,
the circular arrangement of which causes them to be periodic, have proved to be a fertile
area of investigation not only for the behavior of such systems with defects but also for the
development of order reduction methods to handle the increase in complexity that these
defects bring [14, 66, 94]. Two such methods, modal domain analysis (MDA) and modified
modal domain analysis (MMDA), are here applied to CNTs with isotope defects and SWDs.

4.2

Methods

While the equations of motion that govern the behavior of a system of atoms are far from
being simple [4, 95], this study pertains only to the vibrational properties of such a system.
Specifically, the properties of interest are the vibrational modes and natural frequencies of
CNTs. The concepts of vibrational modes and frequencies are defined in a rigorous sense
only for linear systems, that is to say, systems in which interactive force is proportional to
displacement [68].The equations of motion that will be used here are derived by first finding
a static equilibrium for the system in question — effectively reducing its temperature to 0
°K — and assuming that during vibration atoms are only displaced a small distance from

this equilibrium. This ‘frozen phonon’ approach [96] allows the system to be linearized, and
so permits the equations of motion for free vibration to be written as

Mẍ (t) + Cẋ (t) + Kx (t) = 0

(4.2.1)

where x (t) contains the positions of the atoms in the system and M, C and K are the constant mass, damping and stiffness matrices, respectively. Vibrational modes and frequencies
are properties of the undamped system; therefore, the damping matrix C can be set to
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zero [68]. Note that, for the remainder of this chapter, the time dependence of x will be
implied.
While the stiffness matrix in eq. 4.2.1 could be found using ab initio methods [97], such
calculations for large-scale aperiodic systems are unfeasibly expensive and time-consuming.
Therefore, the stiffness matrix is here built using molecular dynamics techniques. It is
typical to express the interactions among atoms in terms of an interaction potential, Φ [4].
Of the many functions proposed for the interaction potential of a CNT, the one chosen for
this study is the Tersoff potential using the optimized parameters found by Lindsay and
Broido [98–100] . While modifications and improvements have been made to this potential
[101, 102], which increase its ability to accurately model physical systems, the purpose of
the interaction potential in this chapter is primarily for demonstrating the validity of order
reduction techniques. The Tersoff potential combines ease of implementation with sufficient
accuracy to reflect the impact of structural changes in the CNT on the stiffness matrix. The
methods described here are applicable to any potential function that can be linearized in the
manner that will be described.
The first step in the linearization process is to ensure that the system is at a stable equilibrium. A standard procedure in molecular dynamics, this is achieved by altering the positions
of the atoms until the total potential energy reaches a local minimum [95]. This computation
has been performed using the built-in energy minimization feature of the software package
LAMMPS, with energy tolerance of 10-9 eV and force tolerance of 10-12 eVÅ-1 [103]. While
the minimum potential energy condition does not ensure stability, its stability can be checked
by ensuring that all the predicted natural frequencies of the linearized system are real [104].
The potential energy of the system is

T (x) =

1X
Φab (x)
2 a6=b

(4.2.2)

where Φab is the interaction potential between atoms a and b. The relative stiffness of the
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αth and β th degrees of freedom is
∂ 2 T (x)
∂xα ∂xβ

kαβ =

(4.2.3)

where xα and xβ indicate the αth and β th components of the displacement vector x [95].
At this point, it is convenient to explain the nomenclature that will be used in the
remainder of this chapter, as regards the positions of individual atoms. Consider a system
of n atoms. Each atom is treated as a point mass, and has three degrees of freedom. It
follows, therefore, that x ∈ R3n×1 . A single component of x, xα , indicates the position of a
single degree of freedom of the system. Of course, the order in which the degrees of freedom
are written in the position vector does not alter the way it functions, but for simplicity the
convention used here is




u
·
ê
 1 1


 u1 · ê2 


x= . 
 .. 




un · ê3

(4.2.4)

where ua is the position vector of the ath atom and {ê1 , ê2 , ê3 } is the set of unit vectors that
define the coordinate system. Once again, it is implicit that x is a function of time.
The formulation for kαβ , the stiffness of one degree of freedom with respect to another,
allows for a global stiffness matrix K ∈ Rγ×γ , where γ = 3n is the number of degrees of
freedom in the system, to be constructed




k11 ... k1γ 
 . .


..
..
K := 




kγ1 ... kγγ
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(4.2.5)

The mass matrix M is defined as




0
...
0 
m1 I3

.. 
 0
m
I
. 
2
3


M :=  .

..
 ..
.
0 




0
...
0 mn I3

(4.2.6)

where ma is the mass of the ath atom, and I3 is the 3×3 mass matrix. Using these definitions,
the linearized equations of motion for this system of atoms can be written as

Mẍ + Kx = 0

(4.2.7)

The ability of the linearized Tersoff potential to predict the phonon dispersion and thermal conductivity of pristine graphene sheets and single-walled CNTs is validated against
experimental data in Lindsay and Broido’s [98] derivation of the improved Tersoff parameters. In that work, the components of the interatomic stiffness matrix K are referred to as
the harmonic interatomic force constants.

4.2.1

Order reduction techniques

For the purposes of this study, there are two systems to consider: a pristine (fully periodic)
system, with mass matrix Mp and stiffness matrix Kp , and a perturbed system, with mass
matrix Md = Mp + δM and stiffness matrix Kd = Kp + δK. The vibrational frequencies
and modes for each system can be found from the following eigenproblems:


Kp − Mp ωp2 vp = 0

(4.2.8)


Kd − Md ωd2 vd = 0

(4.2.9)

and
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Figure 4.1: A (4,4) CNT with the unit cell highlighted and boxed. Note that the unit cell is
not of minimal size—this is to ensure that the cell is large enough to contain an entire SWD.
where the symbols ω and v represent a natural frequency and the corresponding mode vector
or mode shape, respectively.
The periodicity of the pristine system makes it unnecessary to solve the full-order eigenproblem (eq. 4.2.8) for that case. Instead, the Floquet–Bloch theorem allows the order of
the problem to be reduced to that of one periodic unit (referred to as a unit cell) with no
loss of accuracy [4, 89, 105]. A unit cell of a CNT is shown in Fig. 4.1.
When the periodicity of the pristine system is broken by the presence of a defect, the
Floquet–Bloch theorem is no longer applicable. Therefore, finding the modes and frequencies
of the perturbed system is a much more computationally expensive process. To mitigate
this, order reduction techniques are used to limit the size of the system while maintaining
approximately accurate mode shapes and natural frequencies within a certain frequency
range. The two methods of order reduction considered here are MDA and MMDA. While
both have been described in detail elsewhere [14, 66, 94], their application to almost-periodic
atomic systems is novel.
Both techniques follow the same basic steps: an order reduction matrix (T ∈ Rγ×ζ , where
γ is the number of degrees of freedom in the full-order system and ζ is the number of degrees
of freedom in the reduced-order system) is constructed. The manner in which the matrix
T is constructed is the only difference between the two methods. A reduced-order position
vector y is defined such that
x = Ty

(4.2.10)

Eq. 4.2.10 is substituted into the equations of motion (eq. 4.2.7), and the equations of
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motion are left-multiplied by TT , resulting in

Mr ÿ + Kr y = 0

(4.2.11)

Kr = TT Kd T

(4.2.12)

M r = TT M d T

(4.2.13)

where

and

The corresponding eigenproblem that results in the mode shapes and modal frequencies is
then

Kr − ωr2 Mr vy = 0

(4.2.14)

The prediction of natural frequencies from the reduced-order model is represented by ωr .
The modal vector vr from the reduced-order model in physical coordinates is computed by
the following relationship:
vr = TT vy

4.2.2

(4.2.15)

Modal domain analysis

MDA seeks to reduce the order of the system by first transforming it from physical
coordinates—each of which corresponds directly to the position of a single atom in a certain
direction—to modal coordinates, in which the position vectors of atoms are given as a linear
combination of vibrational modes of the pristine nanotube. Order reduction is then achieved
by eliminating certain of these modal coordinates [94].
As the pristine system is periodic, its vibrational modes and frequencies can be found
efficiently using the Floquet–Bloch theorem. These modes, denoted v1 , ..., vγ , together form
a γ × γ matrix
V = [v1 ... vγ ]
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(4.2.16)

Note that the modes of this system are orthogonal; therefore, the matrix V is of full rank.
This matrix allows for position vectors to be transformed from the modal domain as follows:

x = Vy

(4.2.17)

where y is a position vector in modal coordinates. As the matrix V is of full rank, this
transformation is isomorphic [106]. Order reduction can be achieved by removing certain
modes from matrix V to form the order reduction matrix, T, in eq. 4.2.10

T = [vα vβ ...] , vα , vβ , ... ∈ {v1 ... vγ } , ζ := Rank (T) < γ

(4.2.18)

It should be noted that the transformation from physical coordinates to reduced-order coordinates is no longer isomorphic, as the dimension of the modal coordinate space is lower
than that of the physical coordinate space [106].

4.2.3

Modified modal domain analysis

MMDA applies the same rationale as MDA, with one significant difference: the order
reduction matrix T is built from the modes of the pristine system and the modes of other
periodic systems, chosen to represent the differences in mode shapes due to the presence of
defects [66]. In this case, only one such system will be used, and its modes are designated
vA1 ...vAγ . Note that this system must be of the same order as the full system. Just as with
MDA, the number of modes used to construct the transformation matrix must be less than
the order of the full system, or else no order reduction is achieved. The order reduction
matrix can, therefore, be written

T = [vα vβ ... vρ vσ ...] , vα , vβ , ... ∈ {v1 ... vγ } , vρ , vσ , ... ∈ {vA1 ... vAγ }

Once again, ζ := Rank (T) < γ.
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(4.2.19)

4.2.4

Defects

Two types of CNT defect are considered here: isotope defects and SWDs. Isotope defects
refer simply to the presence of various carbon isotopes distributed through the structure
that result in a perturbed mass matrix, while the stiffness matrix remains unchanged. As
structural defects, SWDs influence how the atoms in a nanotube interact and so result in a
perturbed stiffness matrix, but do not affect the mass matrix.

Isotope defect
As the nanotubes comprise carbon atoms, the masses used in the presence of isotope
defects correspond to those of

12

C and

13

C. The resulting mass matrix is referred to as Md .

The stiffness matrix is not affected — i.e. Kd = Kp .
For MDA, the only mode shapes that are required are those of the pristine system, which
are found using the Floquet–Bloch theorem. MMDA attempts to improve on the accuracy
of MDA by supplementing the order reduction matrix with mode shapes that reflect the
characteristics of the defects, as well as the pristine system. To that end, a separate system
is required that exhibits relevant behaviors of the perturbed system, but is itself periodic
(and so can be readily analyzed). Following the approach used in [66, 107], this system
is found by employing proper orthogonal decomposition (POD) [108, 109] to identify the
dominant features in the mass matrix due to the defects.
As the aim of this analysis is to efficiently generate the basis vectors that form the matrix
T, eq. 4.2.10, using a periodic system that retains important characteristics of the perturbed
system, the perturbed system is first broken down into cells, analogous to the repeated unit
cell of the periodic system. Let η be the number of degrees of freedom in a unit cell. The
masses of atoms in these cells will be compared, and the most prominent features will be
used to form the unit cell for a new, ‘periodically perturbed’ system.
To divide the system into cells, the mass matrix Md can be split into ν = γ/η sub-matrices
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as follows:




0
...
0 
0
...
0 
Md1
δM1



.. 
.. 
 0 Md2
 0
.
δM
. 
2




=
M
+
Md =  .

 .

p
..
.
 ..


..
.
0 
0 

 ..





0
...
0 Mdν
0
...
0 δMν

(4.2.20)

Each block-diagonal matrix of dimension η is the mass matrix of an individual cell.
Furthermore, the atoms in the system are modeled as point masses, so each block-diagonal
matrix δMa is itself diagonal. A new, more concise matrix can be assembled thus

Mc := [diag (δM1 ) ...diag (δMη )]

(4.2.21)

where diag (δMa ) indicates a column vector containing the diagonal elements of δMa . Mc ∈
Rη×ν . Using a singular value decomposition, this matrix can be written as
Mc = UΣVT

(4.2.22)

where U ∈ Rη×η , Σ ∈ Rη×ν and V ∈ Rν×ν [26,27]. diag (Σ) = [σ1 σ2 ... σp 0 ... 0]T , where
p = min (ν, η), and σi ≥ σi+1 . Eq. 4.2.22 can also be written as

Mc =

p
X

ui σi viT

(4.2.23)

i=1

where ui is the ith column of U and vi is the ith column of V [14,109]. The columns of U are
the POD features of Mc and form an orthonormal basis for the columns of Mc . Furthermore,
since σ1 ≥ σi+1 , the first POD component represents the most dominant feature of Mc , the
second POD component represents the next dominant feature, and so on [108].
Using these POD features, new matrices, δMPOD1 to δMPODp , are formed as follows: let
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Wi be a diagonal matrix, such that diag (Wi ) = ui ; Then δMPODi can be defined

δMPODi



Wi 0 ... 0 

.. 
 0 Wi
. 


:= σi  .

..
 ..
.
0 




0
... 0 Wi

(4.2.24)

From each δMPODi , the periodically perturbed mass matrices MPODi = Mp + δMPODi can
be defined. As these mass matrices are periodic, the natural frequencies and mode shapes of
a system with stiffness matrix Kp and mass matrix MPODi can be efficiently calculated using
the Floquet–Bloch theorem. A selection of the resulting mode shapes, denoted vPODij to
indicate the j th mode of the system build using the ith POD feature, can be combined with
certain modes of the pristine system to form the order reduction matrix, T (eq. 4.2.19).

Stone-Wales defect
Introducing an SWD into the system requires rearranging the atoms, and so alters the
stiffness matrix but not the mass matrix. An SWD can be created simply by taking two
neighboring (i.e. bonded) atoms and rotating them 90° about the center of their bond, in the
plane tangent to the surface of the nanotube (Fig. 4.2) [91,110]. As the positions of some of
the atoms will have been changed, there is no guarantee that the system is at equilibrium.
It is necessary, therefore, to repeat the energy minimization procedure. Once that has been
completed, the perturbed stiffness matrix Kp can be assembled in the same manner as for
the pristine system. Note that the defect causes the atoms in its vicinity to be arranged into
two heptagons and two pentagons—a defining characteristic of an SWD [91].
Analyzing the system using MDA proceeds in the same manner as for the system with
isotope defects, and therefore needs no further explanation. MMDA, on the other hand, requires a different approach. It is neither feasible nor meaningful to break down the perturbed
stiffness matrix and perform POD on it. The size of the matrix makes these computations
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Figure 4.2: The formation of an SWD via the rotation of a carbon-carbon bond. Note that
this transformation results in a system that requires equilibration.
very difficult, and there is no guarantee that the resulting POD features will produce a stable
system. A similar problem occurs when the positions of the atoms are analyzed using POD.
The features that are isolated must be energy minimized before their stiffness matrices can
be calculated, which frequently results in the system either returning to its unperturbed
state or becoming unstable and breaking apart.
An alternative approach is to once again break down the system into cells, but then
directly compare the structure of each cell, choose the cell with the largest perturbation
and use that cell as the basis for a ‘periodically perturbed’ system. For the case that
is examined here—a single SWD—finding the most perturbed cell is simply a matter of
identifying which cell contains the defect. To determine the modes of a system constructed
using the most perturbed cell (the cell containing the defect), the Floquet–Bloch theorem
requires information pertaining not only to the stiffnesses of the atoms in the unit cell relative
to the other atoms in the unit cell, but also to the stiffnesses of those atoms relative to atoms
in neighboring unit cells. If the cell containing an SWD is used as a unit cell, then every
cell in this new system contains an SWD. This raises a problem: the defect in one cell
can potentially interact with the defect in another—a situation that could only arise if the
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perturbed system contained a high density of defects. To counteract this, the stiffnesses
resulting from the interactions between the cell containing an SWD and the unperturbed
cells around it are also included in the definition of the unit cell of the periodically perturbed
system.
The entire process can be summarized mathematically as follows: it can be assumed
without any loss of generality that the most varied cell is the first cell, i.e. the degrees of
freedom pertaining to it are numbered 1 to η where η is the number of degrees of freedom
in a cell. A transformation matrix can be defined




Iη





exp i 2πk × 1 Iη 


ν
Tc (k) = 

exp i 2πk × 2 I 

η
ν


..
.

(4.2.25)

where Tc ∈ Rγ×η and k ∈ Z, 0 ≤ k < ν. The eigenproblem for the periodically perturbed
system is then

K − ω 2 M Tc (k) vp = 0

(4.2.26)

where v ∈ Rη×1 , so to extrapolate the corresponding mode of the complete partially perturbed system it is necessary to left-multiply it by Tc . Note that the eigenproblem must be
solved ν times, once with each possible value of wavenumber k, to produce the full set of
frequencies and mode shapes for basis vectors in eq. 4.2.19.

4.3

Numerical results

To demonstrate the validity and relative effectiveness of these two techniques — MDA
and MMDA — in approximating the vibrational modes and natural frequencies of a CNT
containing defects, a series of test cases are constructed. Each test begins with a model
of a pristine CNT. To avoid end effects, periodic boundary conditions are applied to the
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Figure 4.3: Arrangement of atoms in the isotope defect case, prior to graphene being rolled
into a nanotube. 12 C atoms represented in blue, 13 C in red.
models. Several nanotubes of varying length, diameter and chirality have been considered.
These results are quite similar; therefore, for the sake of brevity, only the results from the
nanotube with chiral vector (4,4) and length 59.3Å (aspect ratio ≈ 10) will be presented.
This chiral vector indicates that this is an ‘armchair’ nanotube with a diameter of 5.425Å.
This nanotube model contains a total of 384 atoms (subsequently the full-order system
contains 1152 degrees of freedom). Note that the periodic boundary condition means that
the nanotube’s length is, in effect, infinite, so the length given above refers to the maximum
vibrational wavelength of the full-order system.
Each of the two types of defects under consideration, isotope and Stone-Wales, is applied
separately to the nanotube. For the isotope defect case, the isotope masses correspond to
12

C and

of

13

13

C atoms, with approximately 1.1% of the atoms in the system assigned the mass

C in an effort to match the relative abundance of these isotopes in nature [111]. The

distribution of isotopes in this model is illustrated in Fig. 4.3. Only the mass matrix, eq.
4.2.24, generated from the first POD feature is used to generate basis vectors for MMDA.
The Stone-Wales case involves a single SWD, located at a randomly chosen position in the
nanotube. The position of this defect and its impact on the overall shape of the nanotube
is illustrated in Fig. 4.4.
Both MDA and MMDA achieve order reduction by approximating only certain modes
of the full-order system. These modes are generally selected by first choosing a frequency
range of interest, then building the order reduction matrices, equations 4.2.18 and 4.2.19,
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Figure 4.4: Structure of a CNT with an SWD. Defect circled in red. Three-dimensional
rendering performed with visual molecular dynamics [112].
from modes with frequencies in this range [94]. In this study, approximations are made for
the first 100 modes of the perturbed system — corresponding to the frequency range from 0
to 12.5 THz. The MMDA order reduction matrix contains the first 100 modes of the pristine
system and the first 100 modes of the ‘periodically perturbed’ system that is generated using
the methods described earlier. The MDA order reduction matrix is constructed from the first
200 modes of the pristine system. The choice of size of the order reduction matrices ensures
that both order reduction techniques require approximately the same computational effort.
Note that, while the use of 200 modes in creating the MDA order reduction matrix allows
for the estimation of the first 200 modes of the perturbed system (with the expectation that
the first 100 predicted modes will be more accurate than the second 100), only the first 100
modes of the MMDA approximation are expected to be relevant. For this reason, only the
results relating to the first 100 modes are shown here.
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In keeping with previous work on almost periodic systems [66, 107], the accuracy of the
approximations found here is measured by comparing the frequency deviation of a given mode
(the predicted frequency of the perturbed system minus the frequency of the corresponding
mode of the pristine system) with the frequency deviation of the full-order model. Each of
these values is presented as a percentage of the pristine frequency for the mode in question.
In the cases that are considered here, the modal frequencies of the perturbed systems do not
deviate drastically from those of the pristine system — in general, the frequency deviations
are less than 5% of the frequency of the pristine system (figures 4.5 - 4.7). Therefore, a plot
of the frequencies themselves does not provide much information concerning the accuracy of
the order reduction techniques under consideration. One such plot (Fig. 4.5) is presented
to illustrate this. Note that in all the results shown here, rigid body modes (modes that
correspond to zero frequencies) are excluded, as both approximation methods are capable of
predicting those modes exactly. Plots of the frequency deviations for the isotope defect and
SWD cases are presented in figures 4.6 and 4.7, respectively. Each plot contains the results
for the full-order system, in addition to the frequencies estimated using MDA and MMDA.
The modal frequencies are only one part of the results produced by these order reduction
methods; both MDA and MMDA provide approximate mode shapes that correspond to
each frequency. These mode shapes are critical in predicting or matching the results of
spectroscopic analyses [5]. A comparison with the mode shapes of the full-order system
is achieved here using the modal assurance criterion (MAC) [113], which takes two mode
shapes and returns a value between zero and one (inclusive), where one indicates identical
modes and zero indicates orthogonal modes.
To give a full picture of the relationship between the modes of the full-order system and
the modes of the reduced-order systems, the MAC of each mode of the reduced-order systems
is calculated with respect to each mode of the full-order system. Should the values on the
diagonal of the plot be close to 1, this will show not only that the modes of the full-order
system are correctly predicted by the reduced-order system, but also that the associated
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Figure 4.5: Vibrational frequencies of a pristine (4,4) CNT, as well as the same CNT
with an SWD, and the approximations of the
perturbed system using MDA and MMDA.

Figure 4.6: Frequency deviation of a (4,4)
CNT with isotope defects.

modal frequencies are similar. Plots of the MAC for MDA and MMDA approximations of
the system containing an isotope defect are shown in figures 4.8 and 4.9, while Fig. 4.10
shows the MAC of the modes of the pristine system with respect to the full-order system.
Similar results for the SWD case are shown in figures 4.11 – 4.13.
The presence of defects in the otherwise periodic structure of a CNT has the potential
to cause mode localization—the confinement of the majority of the energy of the mode to
a small portion of the CNT [6,36]. To visualize localization in the defect-bearing CNT, the
participation factor—after [114]—is used. Originally defined for a system in which each atom
has one degree of freedom, the participation factor can be extended to three-dimensional
systems as follows (note that this extension is necessary, as the application of the original
form of the participation factor to a system with atoms having multiple degrees of freedom
results in participation factor values that are dependent on the coordinate system used). For
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Figure 4.7: Frequency deviation of a (4,4) CNT with a single SWD.
each mode v = [v1 v2 ... vγ ]T , a new vector µ is defined such that

µ :=

h

v12

+

v22

+

1/2
v32

v42

+

v52

+

1/2
v62

iT
...

(4.3.1)

In other words, µ contains the magnitude of the displacement of each atom in that mode of
vibration. The participation factor (pf) is then calculated by first normalizing µ such that
(µ · µ)2 = 1 then
pf :=

1
(µ · µ)4

(4.3.2)

The value of the participation factor lies between zero and the number of atoms in the
system, with smaller values indicating more localized modes.
The participation factors of the full-order perturbed system and the pristine system
are shown for the CNT with isotope defects and with an SWD in figures 4.14 and 4.15,
respectively. As localization requires some perturbation of a periodic linear system, there
is no localization in the modes of the pristine system [90]. Subsequently, the modes of the
perturbed system with participation factors much lower than those of the pristine system
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Figure 4.8: MAC of MDA modes versus fullorder modes—isotope defects.

Figure 4.9: MAC of MMDA modes versus
full-order modes—isotope defects.

Figure 4.10: MAC of pristine modes versus
full-order modes—isotope defects.

Figure 4.11: MAC of MDA modes versus
full-order modes—SWD.
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Figure 4.12: MAC of MMDA modes versus
full-order modes—SWD.

Figure 4.13: MAC of pristine modes versus
full-order modes—SWD.

can be said to show localization.
To illustrate the relative efficiency of MDA and MMDA compared with solving the fullorder eigenproblem, the Matlab implementations of MDA and MMDA developed for this
article are timed as they estimate the eigenvalues and eigenvectors of the system. Note that
the algorithm for finding the eigenvalues of the full-order system and the MDA algorithm do
not change between the isotope defect case and the SWD case, while the MMDA algorithm
does change. Running on a single core of an Intel Xenon E5-2650 v4 processor, with a
clock speed of 2.2 GHz, the full-order system requires on average 19.251 s to solve. For the
same system, the MDA algorithm requires only 0.652 s to run. For the isotope defect and
SWD cases, MMDA requires 1.225 s and 1.395 s respectively. Each of these results is the
average of 10 trials. Further increases in efficiency are possible as both the MDA and MMDA
algorithms are highly parallelizable.

54

Figure 4.14: Participation factors for a CNT
with isotope defects.

4.4

Figure 4.15: Participation factors of a CNT
with an SWD.

Discussions

The aim of this investigation has been to determine whether either MDA or MMDA is
a suitable technique for approximating the vibrational response of a CNT containing one
or more defects. In this context, the vibrational response is summarized by the vibrational
mode shapes and their associated frequencies. First, isotope defects are considered. From
the frequency deviation of the full-order and reduced-order systems shown in Fig. 4.6, it is
clear that both MDA and MMDA are successful in approximating the natural frequencies of
the system. However, the MMDA results diverge slightly from the full-order results towards
the end of the plotted frequency range—a result that is most likely due to the use of only
100 modes of the pristine system [66].
The frequency results alone are hardly enough to justify the use of order reduction techniques—the frequency deviation is so small that an analysis of the pristine system produces
frequencies that are within 0.15% of the frequencies of the system that contains defects. A
comparison of the mode shape of the pristine system and the system with isotope defects tells
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a very different story, however. In Fig. 4.10, it is clearly shown that the mode shapes of the
pristine system differ greatly from those of the perturbed system, with only about 10 modes
of the two systems matching closely. Figures 4.8 and 4.9, which show the MAC results for
the MDA and MMDA mode shapes, respectively, demonstrate that both techniques produce
mode shapes that correspond almost exactly to the mode shapes of the full-order system.
The presence of an SWD—a much more notable defect than an isotope defect—results
in relatively large frequency deviations. For the nanotube used here, that deviation peaks
at roughly 4% of the frequency of the pristine nanotube. Therefore, the frequencies of the
pristine nanotube alone are enough to motivate the development of reduced-order models. Of
the two reduced-order models discussed here, it is clear from Fig. 4.7 that MMDA produces
much more accurate frequency approximations than MDA. MMDA succeeds in matching
almost every frequency of the full-order system much more closely than MDA.
The MAC results further indicate that MMDA produces a valid and useful approximation
of the perturbed system. The modes of the pristine system deviate significantly with respect
to those of the full-order perturbed system across the frequency range in question (Fig. 4.13),
indicating that the presence of an SWD has a large impact on the system’s mode shapes.
The MDA modes only matched the modes of the full-order system closely in a handful of
cases (Fig. 4.11). MMDA, by contrast, produced high MAC values for the vast majority of
modes (Fig. 4.12).
It is of especial interest that the reduced-order methods described here, particularly
MMDA, are capable of efficiently predicting the mode shapes of the perturbed systems, as
those systems have the potential to exhibit mode localization. The participation factor for
each of the first 100 modes of the pristine and perturbed system are plotted in figures 4.14
and 4.15. Figure 4.14, which presents the results for the isotope defect case, shows that
the participation factor for the modes of the perturbed system is generally lower than those
of the pristine system, but not enough to be considered as localized modes. The lowest
participation factor for the isotope defect case is slightly below 200, which is similar to the

56

lowest participation factors of the pristine system. In the SWD case (Fig. 4.15), several
modes have notably low participation factors. In particular, mode 51 has a participation
factor of roughly 125, far lower than any modes of the pristine system. This is a strong
indication that mode 51 of the full-order system exhibits localization.
An illustration of the relative ability of the two order reduction techniques to predict
mode localization is given in Fig. 4.16. Here, mode 51 of the system containing the SWD
is examined. As in Fig. 4.3, the nanotube is shown ‘unrolled’, to allow each atom to be
clearly seen. The shade of each atom indicates the maximum displacement of that atom,
divided by the largest displacement in that mode. Note that, due to frequency errors in the
MDA results, the mode displayed is numbered mode 53 in the previous figures. This mode
most closely matches mode 51 of the full-order system, and was therefore picked for this
comparison. No such step was necessary for the MMDA results—mode 51 of the MMDA
results matched mode 51 of the full-order results closely. It can be seen in Fig. 4.16 that, in
both the full-order and MMDA results, the vast majority of atomic movement is confined to
a small band containing the SWD. The atoms with the greatest displacement in both these
results are members of the five-atom rings formed by the defect. The MDA results, on the
other hand, erroneously show many more atoms participating in this mode, and the greatest
displacement is not confined to atoms immediately involved in the defect.

4.5

Conclusion

Overall, the results found in this study indicate that order reduction techniques—namely
MDA and MMDA—allow the prediction of the vibrational properties of CNTs containing
isotope defects and SWDs with significantly decreased computational effort. MDA produces
accurate results for the isotope perturbation case, but is unable to closely match the frequencies or mode shapes when the stiffness matrix was perturbed by the presence of an
SWD. For both types of defect, MMDA is able to accurately predict the first 100 natural
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Figure 4.16: Maximum atom displacement of mode 51 from the full-order model, and as
predicted by MMDA and MDA results.
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frequencies and mode shapes based on a system with 200 degrees of freedom (the full-order
system contained 1152 degrees of freedom). Furthermore, the mode shapes predicted using
the MMDA method replicate the mode localization in the full-order system. The success of
these methods demonstrates that they are suitable tools for future studies into the impact
of defect types and locations on the phonon dispersion of CNTs of varying size and chirality.
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Chapter 5
Reduced-Order Models of Carbon
Nanotubes: Multi-Vacancy Defects

5.1

Introduction

The isotope and Stone-Wales defects examined in the previous chapter are, in some
respects, small perturbations to the structure of a single-walled carbon nanotubes (SWCNT).
Each defect impacts only the mass or stiffness of the system, and the perturbed system
contains the same number of degrees of freedom as the pristine system. A defect with a
potentially larger impact, which will be considered in this chapter, is a multi-vacancy defect
(MVD) (the absence of a group of atoms from a CNT). It should be noted that single
vacancies (the absence of isolated atoms) in SWCNTs are expected to be unstable [115], but
stable multi-vacancies are readily induced [116], well documented [117], and are expected to
produce significant changes to the mechanical properties of a SWCNT [118]1 . The calculation
of these properties, specifically the natural frequencies and normal modes of vibration of the
SWCNT, without order reduction would be extremely costly due to the aperiodicity of the
MVDs. A distinguishing feature of SWCNT with vacancy defects is that they contain fewer
atoms than a comparable pristine SWCNT. As a result, modified modal domain analysis
1

In this chapter, it becomes essential to differentiate between single-walled and multi-walled carbon
nanotubes, as the nature and impact of MVD differs greatly between these two types of CNT [115]
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(MMDA) is not applicable here as it is not clear how a pristine system will be perturbed in
a periodic manner to capture the characteristics of a vacancy defect.
A novel method of order reduction for a SCWNT with MVDs is presented here. The
method, called modal domain reduction (MDR), permits the defect-bearing system to contain fewer degrees of freedom than the pristine system. This is achieved by combining
elements of modal domain analysis (MDA) and dynamic reduction (DR), along with stipulations for handling the degrees of freedom of the pristine system that are not present in the
defect-bearing system. The DR method is an approach that splits a system into primary and
secondary degrees of freedoms and reduces the order of the system by explicitly calculating
the behavior of the primary degrees of freedom while approximating the influence of the
secondary degrees of freedom at some given frequency [119].
MDR is demonstrated on two example SWCNT models with MVDs. Care is taken to
produce molecular dynamics (MD) models of vacancy-bearing SWCNTs that exhibit the
‘self-healing’ expected of irradiated CNTs [116, 118, 120]. These models are then linearized,
and the MDR is applied to reduce the size of the linear systems. Finally, the natural
frequencies and normal modes of their reduced-order models are calculated and compared
with those of the full-order models, to illustrate the success of this method. As with other
order reduction methods, MDR allows the user to select a band of frequencies in which error
is minimized.

5.2
5.2.1

Methods
Molecular Dynamics

Two types of models are used in this work: MD models and linearized approximations
of those MD models. To avoid confusion, only the MD models will be referred to here as
‘models’, while the linearized approximations will be called ‘systems’. The 2nd generation
Reactive Empirical Bond Order (REBO) potential is chosen to govern the carbon-carbon
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interaction in the MD model of the SWCNT, as it provides sufficient detail to capture not
only the behavior of sp2 bonded carbon atoms but also those bonds whose order has been
altered by the presence of the vacancy [101]. The parameters used are those developed by
Brenner et al. and modified by Lindsay and Broido to better match the experimentally
determined phonon dispersion of graphene [98].
The MD model of a defect-bearing SWCNT begin with a pristine SWCNT with periodic
boundary conditions on its ends, to prevent the effects of termination impacting the results.
This model is energy minimized using the conjugate-gradient method built into the LAMMPS
software package [103]. Energy minimization ensures that the system is at static equilibrium,
which has been found to be stable for all simulated cases. This SWCNT will be referred to
as the pristine model.
A multi-vacancy is created in the SWCNT by removing a cluster of neighboring atoms
(see Figs. 5.1 and 5.2). This can result in the extensive re-arrangement of its structure in the
region of the defect [120, 121]. It is therefore necessary to allow the SWCNT model to reach
a more stable (or lower energy) equilibrium than could be found through conjugate-gradient
energy minimization alone. This is achieved by simulated annealing and quenching [116].

(a)

(b)

Figure 5.1: Detail of a four atom multi-vacancy in a (10,0) nanotube (a) before and (b) after
simulated annealing and quenching. Figure generated using VMD [112].
The model is initially energy minimized to prevent a temperature spike at the beginning
of the simulation caused by residual unbalanced forces. The temperature of the model is
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(a)

(b)

Figure 5.2: Detail of a two atom multi-vacancy in a (10,10) nanotube (a) before and (b)
after simulated annealing and quenching. Figure generated using VMD [112].
controlled using a Nosé-Hover thermostat [122], and is increased from 0° K to 1500° K over the
course of 10 ps (the number of atoms in the system and the volume of the simulation domain
are held constant). This high temperature is chosen to allow the expected rearrangement of
atoms to take place on a feasible time scale for atomistic simulation. The model is held at
1500° K for 100 ps, then cooled to absolute zero at a rate of 0.1° K/fs. Similar parameters
are used by Krasheninnikov et al. [116]. The system is then energy minimized again, to
ensure that it contains no unbalanced forces prior to linearization.

5.2.2

Linearization

Natural frequencies and normal modes are only rigorously defined for linear systems –
systems in which the interatomic forces are linearly proportional to the displacements of
atoms from equilibrium [68]. It is therefore necessary to linearize a MD model about its
static equilibrium configuration to compute the linear stiffness matrix. The linearization is
achieved by using a finite difference method to calculate the stiffness between each pair of
degrees of freedom (DOFs) in the model as follows:

kαβ =

∂fα (x)
fα (x + ∆xβ ) − fα (x − ∆xβ )
∂ 2 T (x)
=
≈
∂xα ∂xβ
∂xβ
2∆xβ

(5.2.1)

where T is the total potential energy of the model, fα is the force on the αth DOF, and x
is a vector containing the positions of each atom. Here, xα and xβ are the components of
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x corresponding to the αth and β th DOFs, and ∆xβ indicates a vector with all elements as
zeros except one, which is ∆xβ at the location of the β th DOF. This method requires that
the system be at equilibrium. The stiffness matrix of the perturbed system, Kv , is then
constructed from these stiffnesses, such that kαβ is the component in the αth row and β th
column of Kv . The same process is applied to the pristine model to produce the stiffness
matrix Kp . Note that the MVD in the perturbed system means that Kv and Kp are not of
the same size.
The atoms in the linearized model can be represented as point masses, allowing the mass
matrices Mv and Mp to be assembled as




0
...
0 
0
...
0 
m1 I3
m1 I3



.. 
.. 
 0
 0
m2 I3
m2 I3
. 
. 



Mp :=  .

 Mv :=  .
..
..
 ..

 ..

.
.
0
0








0
...
0 mn−r I3
0
...
0 mn I3

(5.2.2)

where I3 is the 3 × 3 identity matrix, n is the number of atoms in the pristine system, r is
the number of atoms removed to form the MVD, and mi is the mass of the ith atom.
The linearized equations of motion for the pristine and perturbed systems are

Mp ẍp + Kp xp = 0

(5.2.3a)

Mv ẍv + Kv xv = 0

(5.2.3b)

where xp and xv are displacement vectors of pristine and perturbed systems, respectively.
Here, it is assumed that all atoms have the same mass, m, therefore Mv = mI3(n−r) .
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5.2.3

Order reduction

Natural frequencies and normal modes of the perturbed system can be calculated from
the eigenproblem

Kv − ωi2 Mv vi = 0

(5.2.4)

where ωi indicates a natural frequency of the system and vi is the correspond mode shape.
Solving this eigenproblem for the full-order system can be computationally expensive, making
the analysis of the full system impractical for models that approach the size of physical
CNT. To enable the calculation of the natural frequencies and normal modes of a large
system containing MVDs, an order reduction method has been developed. This method is
the combination of modal domain analysis (MDA) and dynamic reduction (DR).
The method of order reduction used here has similarities to the modal reduction method
developed by Kammer [123] and the System Equivalent Reduction Expansion Process (SEREP)
method [124], where the system is first transformed into modal coordinates, then its order is
reduced using dynamic condensation. These methods are unsuited to this type of problem,
however, as they use the modes of the full-order system to perform the transformation into
modal coordinates [119]. Fortunately, for defect-bearing CNTs there exists a pristine system
that is periodic and can be analyzed efficiently. If, as with MDA, it is assumed that the
modes of the perturbed system are related to those of the pristine system, the modes of the
pristine system can be used to transform the system to modal coordinates. The subsequent
application of dynamic condensation permits the possibility that many modes of the pristine
system, which need not have similar frequencies, can participate in a mode of the perturbed
system. As the method described here differs in key ways from both MDA and existing
modal reduction methods, but shares fundamental similarities with both, it will be referred
to as modal domain reduction (MDR).
The transformation to modal coordinates requires several steps. First the modes of the
pristine system, v1 , ..., v3n , where n is the number of atoms in the system, must be found
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using Bloch’s theorem [4]. Let these modes be numbered in order of ascending frequency.
These modes can then be combined into a matrix

V = [v1 ... v3n ]

(5.2.5)

In the case of a vacancy defect, the pristine system contains more atoms than the perturbed
system. Therefore, the rows of V that correspond to the physical coordinates of those atoms
must be removed. This intermediate matrix will be referred to as V0 . Finally, the number
of columns must also be reduced to match the number of DOFs in the perturbed system.
Therefore, the 3r highest modes are eliminated from the matrix V0 (i.e. the last 3r columns).
The resulting matrix will be referred to as Ψ. It should be noted that while the matrix V is
of full rank, arbitrarily removing columns from V0 does not guarantee that Ψ will be of full
rank. However, attempting to ensure that Ψ is of full rank is an additional computational
burden which does not noticeably improve the accuracy of the results in the cases tested
here.
A modal coefficient vector, y, is defined such that

xv = Ψy

(5.2.6)

Substituting eq. 5.2.6 into eq. 5.2.3b and left-multiplying by ΨT results in

Mm ÿ + Km y = 0

(5.2.7)

Km = ΨT Kv Ψ

(5.2.8a)

M m = ΨT M v Ψ

(5.2.8b)

where

The subscript m denotes the use of modal coordinates. Now that the transformation to modal
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coordinates has been established, the order of the system can be reduced using dynamic
condensation (full details of this method can be found in [119]). The modal coefficient
vector is partitioned into primary and secondary modes, resulting in similar partitions of the
Km and Mm matrices. It can be assumed without any loss of generality that the primary
modes appear first.
 
yp 
y= 
ys

(5.2.9a)



Kpp Kps 
Km = 

Ksp Kss

(5.2.9b)



Mpp Mps 
Mm = 

Msp Mss

(5.2.9c)

In this chapter, s and p, in normal type, act as subscripts to denote the primary and secondary
modes. s and p, italicized, are integers that indicate the number of primary and secondary
modes, respectively. Note that calculating the frequencies and modes of Kpp and Kpp is
equivalent to analyzing the system using MDA [14].
Rearranging the eigenproblem (Km − ωi2 Mm ) vi = 0 to solve for the secondary modal
coefficient vector ys produces
ys = − Kss − ω 2 Mss

−1


Ksp − ω 2 Msp yp

(5.2.10)

Subsequently,
y = T (ω) yp
where



(5.2.11)



 I 
T (ω) = 

RD (ω)
RD = − Kss − ω 2 Mss
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−1

Ksp − ω 2 Msp

(5.2.12a)



(5.2.12b)

Substituting eq. 5.2.11 into eq. 5.2.7 and pre-multiplying by T (ω)T ,

Mr ÿp + Kr yp = 0

(5.2.13)

Kr = T (ω)T Km T (ω)

(5.2.14a)

Mr = T (ω)T Mm T (ω)

(5.2.14b)

where

The reduced-order model in eq. 5.2.13 is the MDR method, which requires that a frequency, ω, be specified to account for inertial terms in the equations of motion. This reducedorder model will be most accurate in the neighborhood of chosen ω. If a wide range of natural frequencies are required, it may be necessary to generate several such models to ensure
accuracy.

5.3
5.3.1

Estimation of Errors in MDA and MDR
Modal domain analysis (MDA)

Assuming that the transformation matrix Ψ is orthonormal,

Mm = mI

(5.3.1)

Therefore, eq. 5.2.7 can be written as

ÿ +

1
Km y = 0
m

(5.3.2)

The eigenvalues of this system, λ, then satisfy the equation

det


1
Km − λI = 0
m
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(5.3.3)

Alternately, eq. 5.3.3 can be written as

where

det (A + E − λI) = 0

(5.3.4)



1 Kpp 0 
A=


m
0 Kss

(5.3.5a)





1  0

m K

E=

sp

Kps 

0

(5.3.5b)

using the partitions of Km defined in eq. 5.2.9b. Then, from theorem 2 of [125]

λ

1
Km
m

2 kEk2
q
≤ kEk
− λ (A)i ≤
i
ηi + ηi2 + 4 kEk2



(5.3.6)

where kEk is the spectral norm of E, λ (·)i indicates the ith eigenvectors of a matrix, and

ηi :=




min

µ2 ∈λ(

1
K
m ss



min

) λ̃i − µ2 ,

1
µ1 ∈λ( m
Kpp )

if λ̃i ∈ λ

λ̃i − µ1 , if λ̃i ∈ λ

1
K
m pp
1
K
m ss


(5.3.7)



In other words, ηi is the gap between an eigenvalue of A (which, from the definition of A,
must be an eigenvalue of either
trix of A ( m1 Kss or

1
K ).
m pp

1
K
m pp

or

1
K ),
m ss

and the closet eigenvalue of the other subma-

Because reduced-order models from MDA are represented by Kpp

and Mpp , a relatively loose upper bound on the eigenvalue error of the MDA approximation
is given by kEk.
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5.3.2

Modal domain reduction (MDR)

Consider the reduced-order system in eq. 5.2.13. The eigenproblem resulting from this
system is then

Kr − ω̄ 2 Mr u = 0

(5.3.8)

Using eq. 5.2.12, 5.2.14a and 5.2.14b,

h

Kpp + RD (ω)T Ksp + Kps RD (ω) + RD (ω)T Kss RD (ω)
i

−ω̄ 2 Mpp + RD (ω)T Msp + Mps RD (ω) + RD (ω)T Mss RD (ω) u = 0 (5.3.9)

Note that ω̄ indicates a natural frequency of the reduced-order system (in other words, a
frequency predicted by the reduced-order system), while ω is a guessed frequency. Because
of eq. 5.3.1, Mps = 0. Therefore,
RD (ω) = − Kss − ω 2 Mss

−1

Ksp

(5.3.10)

Due to the assumptions made in the formulation of transformation matrix T (ω), a natural
frequency of the reduced-order system, ω̄, is guaranteed to be a natural frequency of the
full-order system when ω = ω̄. Subsequently, error is expected when ω 6= ω̄.
It is established in [126] that

2

Kss − ω̄ Mss

−1

=

K−1
ss

+

s
X

ϕν ϕT
ν

ν=1

ω̄ 2
σν (σν − ω̄)

(5.3.11)

where σν and ϕ are eigenvalues and eigenvectors, respectively, of the system defined by Kss
and Mss , such that ϕν Mss ϕT
ν = 1. This will be referred to as the residual system. From eq.
5.3.11,
Kss − ω 2 Mss

−1

= K−1
ss +

s
X
ν=1
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ϕν ϕT
ν

ω2
σν (σν − ω)

(5.3.12)

Using eq. 5.3.10, 5.3.11, and 5.3.12,

RD (ω) = − Kss − ω̄ 2 Mss

−1

Ksp +

s
X

ϕν ϕT
ν qν Ksp

(5.3.13)

ν=1

where
ω̄ 2 − ω 2
(σν − ω̄ 2 ) (σν − ω 2 )

qν =

(5.3.14)

Eq. (11) is exact when ω is exactly equal to the natural frequency, ω̄. Otherwise,

ys ≈ RD (ω) yp

(5.3.15)

Substituting eq. 5.3.13 into eq. 5.3.15,

2

ys ≈ − Kss − ω̄ Mss

−1

Ksp yp +

s
X

ϕν ϕT
ν qν Ksp yp

(5.3.16)

ν=1

The first term on the right-hand side of eq. 5.3.16 is identically equal to the exact ys . Let
the second term be called yerr . A measure of the error is the ratio of the norms of yerr and
yp
s
s
X
X
kyerr k
T
≤
ϕν ϕν qν Ksp ≤
ϕν ϕT
ν qν kKsp k
kyp k
ν=1
ν=1

(5.3.17)

Since Kss and Mss are Hermitian, it can be assumed the eigenvectors ϕν are orthogonal.
Due to eq. 5.2.12 and the definition of ϕν , ϕT
ν ϕν =
s
X

ϕν ϕT
ν ϕi =

ν=1

1
.
m

Thus

ϕi
m

(5.3.18)

Ps

ϕν ϕT
ν . As the set of all ϕν is orthogonal
P
and of rank s, it forms a complete set of the eigenvectors of sν=1 ϕν ϕT
ν . Furthermore,

This shows that each ϕi is an eigenvector of

s
X

ν=1

!
ϕν ϕT
ν qν

ν=1
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ϕi =

qi
ϕi
m

(5.3.19)

Therefore, the values

qi
m

are the eigenvalues of

Ps

ν=1

ϕν ϕT
ν qν Since spectral norm of a matrix

is its largest singular value, and the singular values of a Hermitian matrix are the absolute
values of its eigenvalues,
s
X

qi
m

(5.3.20)

qi
kyerr k
≤ max
kKsp k
1≤i≤s m
kyp k

(5.3.21)

ϕν ϕT
ν qν = max

1≤i≤s

ν=1

From eq. 5.3.17,

Note that kKsp k = mkEk using eq. 5.3.5b
Using eq. 5.3.14, eq. 5.3.21 is rewritten as
kEk
kEk
kyerr k
≤ max
−
2
1≤i≤s
kyp k
(σν − ω ) (σν − ω̄ 2 )

(5.3.22)

The advantage of MDR over MDA is now clear: for ω̄ close to ω, the right-hand side of eq.
5.3.22 is almost zero. Therefore, the impact of eigenvalues of the residual system on the
error of MDA is greatly diminished. This demonstrates the well-known property of dynamic
reduction that error is minimized in the neighborhood of the input frequency ω.

5.4

Numerical Results and Discussions

The investigation into the impact of MVDs on the vibrational properties of SWCNTs
involves analyses of many models of SWCNTs with varying length, chirality, and size of
defect. For the sake of brevity, two representative examples are presented here. Further
examples are provided as supplemental data, available online. The examples shown here
were selected to illustrate the most extreme cases, in which the MDR and MDA results were
the least similar. The first example is a (10,0) SWCNT, approximately 200Å in length,
containing a four atom multi- vacancy (see Fig. 5.1). The chiral vector indicates that this is
a ‘zigzag’ CNT with a diameter of 7.83Å. The second example is a (10,10) SWCNT, also with
a length of 200Å, containing a two atom multi-vacancy (see Fig. 5.2). This ‘armchair’ CNT
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has a diameter of 13.56Å. The (10,0) CNT system contains 1916 atoms (5748 DOFs), while
the (10,10) CNT system contains 3358 atoms (10074 DOFs). Each CNT model is subjected
to simulated annealing and quenching to achieve the static equilibrium configuration around
which the system is linearized to obtain mass and stiffness matrices. The two CNT models
illustrate two distinct classes of defect. In the (10,0) case, the defect is large relative to
the circumference of the nanotube and so is not able to fully ‘heal’, as illustrated in Fig.
5.1. In contrast, the vacancy in the (10,10) case ‘heals’ during annealing into an octagonal
arrangement of carbon atoms, bounded by hexagonal and pentagonal rings.
To provide a comparison to an existing order reduction method, the MDR results presented here are compared to results of a reduced-order model of the same size generated using
MDA. The natural frequencies and normal modes of the pristine and perturbed (10,0) CNT
are calculated directly, and the first 100 frequencies are plotted in Fig. 5.3. Additionally,
MDA and MDR are used to reduce the order of the model to 400 modes, and the first 100
frequencies of each of those reduced-order models are also plotted in Fig. 5.3. The frequency,
ω, used for the MDR model, eq. 5.2.12, is 0. The errors in the predicted frequencies from
both reduced-order models, relative to the frequencies of the full-order system with defects,
are shown in Fig. 5.4. Note that the rigid body modes, which correspond to frequencies of
zero, are excluded from these results as there are no errors in them (results for additional
systems, not discussed here, are provided in Appendix D).
For the (10,10) CNT with defect, two frequencies (ω) are considered for the MDR model,
eq. 5.2.12: 0 and 1.8 THz. 1.8 THz corresponds roughly to the frequency of the 50th mode
of the perturbed system. As before, the size of the reduced-order model is 400 modes.
The predicted natural frequencies for these two MDR models are shown in Fig. 5.5, along
with the frequencies of the pristine, full-order perturbed, and MDA systems. The errors in
frequencies by both MDR models, relative to those of the full-order perturbed model, are
shown in Fig. 5.6.
The first point illustrated by Figs. 5.3-5.6 is that MDR is capable of accurately approx-
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Figure 5.3: Natural frequencies of the pristine and perturbed (10, 0) CNT, with predicted
frequencies found using MDA and MDR

Error (%)

10

3

10

2

10

1

10

0

10

-1

10

-2

Perturbed (MDR)
Perturbed (MDA)

0

20

40

60

80

100

Mode number

Figure 5.4: Errors in predicted natural frequencies of the (10,0) CNT
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(a)

(b)

Figure 5.5: Natural frequencies of the pristine and perturbed (10,10) CNTs, with the frequencies predicted by MDA and a) MDR with ω = 0 and b) MDR with ω = 1.8THz
imating the natural frequencies of both the (10,0) and (10,10) CNTs with vacancy defects.
Also illustrated in these figures is the inability of MDA to match the results of the full-order
perturbed system. For both CNTs, the frequencies predicted by MDA were greater than
those of both the pristine and perturbed systems. However, for the (10,0) CNT, this deviation is slightly less pronounced. For the (10,10) CNT, which contains the ‘healed’ defect, the
MDA frequency results differ wildly from calculated frequencies for the full-order system. In
addition to further demonstrating the unsuitability of MDA for this type of problem, the
results of the analysis of the (10,10) CNT show that, despite a smaller number of atoms
removed, the ‘self-healed’ defect seems to provoke greater changes in the linearized system
than the ‘unhealed’ defect.
The errors in the frequencies predicted by MDR for the (10,0) case (Fig. 5.4), show
that, while not perfect, the reduced-order system is a close approximation of the full-order
system. The highest error in the first 100 frequencies is on the order of 4%, with the majority
of predicted frequencies within 1% of the true values. There is a clear trend of decreasing
accuracy as the mode number increases, which is to be expected due to the dependence of
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Figure 5.6: Errors in the natural frequencies of the (10,10) CNT predicted by MDR
the dynamic condensation technique on its input frequency, which in this case is 0. Similar
trends are visible for the (10,10) case, Fig. 5.6, but are even more pronounced when the
input frequency is shifted to 1.8 THz. As previously mentioned, the perturbed (10,10) CNT
seems more significantly different from its pristine form than the (10,0) CNT due to the
‘self-healing’, which would naturally decrease the accuracy of an order reduction method
based on the modes of the pristine system. This can be observed in Fig. 5.6, where some of
the frequency errors can be seen to exceed 5% when the predicted frequency is sufficiently
far from the input frequency. Close to the input frequencies, the error drops significantly,
with errors below 0.1% observed for modes 40 to 70 when ω = 1.8 THz.
In addition to the natural frequencies, the mode shapes predicted by the reduced-order
model must be considered. In Fig. 5.7, the modal assurance criterion (MAC) values of the
first 100 modes of the (10,0) defective CNT from MDR system relative to the first 100 modes
of the full- order perturbed system are shown. The MAC of two modes is a measure of their
similarity, with values ranging from 0, indicating that the two modes are orthogonal, to 1,
meaning that the modes are identical [113]. Further details of the MAC calculation are given
in Appendix C. Fig. 5.8 shows the MAC values of first 100 modes of the MDR reduced-order
systems (ω = 0 in Fig. 5.8a and ω = 1.8 THz in Fig. 5.8b) relative to the full-order system
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Figure 5.8: MAC values of the MDR reduced-order system versus the full-order perturbed
system for the (10, 10) CNT, with a) an input frequency of 0 Hz b) an input frequency of
1.8 THz
The MAC plots, Figs. 5.7 and 5.8, indicate the quality of the MDR approximations.
The MAC values of the first 100 modes of the reduced-order systems generated using MDR
relative to the first 100 modes of the full-order pristine systems show that the MDR mode
shapes are very similar to the full-order results. The majority of MDR modes shown match
exactly one mode of the full-order system.
In addition to allowing the mode shape predicted by reduced-order models to be compared
to the mode shapes of the full-order perturbed system, the MAC of the modes of the pristine
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Figure 5.9: Sum of MAC values of the pristine system versus the full-order perturbed system
for the (10, 0) CNT
system relative to the modes of the perturbed systems provide insight into the inability of
MDA to accurately reduced the order of the perturbed systems. For MDA to successfully
approximate a given mode of the perturbed system, that mode must be a linear combination
of the modes used to construct Ψ in eq. 5.2.6. In other words, Ψ must be a basis for that
mode. If this is the case, then the sum of the MAC values for that mode relative to each
of the modes in Ψ will be 1 (see Appendix C). Consequently, the further that sum is from
1, the less accurate the MDA approximation of the mode will be. In Fig. 5.9, the sum of
the MAC values of the first nr modes of the (10,0) pristine system relative to the first 100
modes of the corresponding perturbed system are shown, with n r varying from 400 (7% of
the total number of modes of the system) to 3200 (55% of the total number of modes of the
system). Note that the scale on the y-axis is logarithmic. Only for the nr = 3200 case do
the sum of the MAC values approach 1, showing that the modes of the perturbed system
are not well approximated by a small number of modes of the pristine system.
To compare the efficiencies of MDR and MDA methods, both algorithms are implemented
in MATLAB, and computational times are estimated as they reduce the order of the (10,10)
CNT system to nr modes and calculate the eigenvalues. The dimension of the reduced-
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Figure 5.10: Average error of the first 100 natural frequencies of the (10,10) CNT versus computational times as the size of the reduced-order model is varied. Arrows indicate direction
of increasing nr
order model, nr , is varied from 100 to 1500 for MDR, and from 100 to 2500 for MDA.
The algorithms are run on a single core of an Intel Xenon E5-2650 v4 processor, with a
clock speed of 2.2 GHz and 16GB of RAM. A single core is used to eliminate the effect of
MATLAB’s built- in multithreading capabilities on the results. The time to complete the
calculation for each algorithm is plotted in Fig. 5.10, against the average error of the first
100 predicted modes. The results shown are an average of 15 trials for each algorithm and
each reduced-order model.
The results of this efficiency test, illustrated in Fig. 5.10, show a clear advantage to
using MDR. Even for a relatively large nr , MDA struggles to approximate the frequencies
of the (10,10) CNT system. MDR, on the other hand, though slower for a given reducedorder system size, nr , can produce results that are up to three orders of magnitude more
accurate. It should be noted from Fig. 5.10 that MDR has a minimum completion time
because of matrix inversion required for computing RD (ω) – eq. 5.2.12b. As the order
of reduced-order model, nr , increases, the time required to compute the RD (ω) decreases
since the size of the matrix to be inverted is smaller. At the same time, the solution of
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the final eigenproblem becomes costlier. The reverse of this is also true — as nr decreases,
the time needed to perform the order reduction increases and the time required to solve the
eigenproblem decreases. Therefore, unlike MDA, the computational time required for MDR
does not approach zero as the number of modes decreases. The time required to compute
the modes of the pristine system is not considered for these results, as it is small compared
to the time required to complete the other steps and this computation can be completed
once as a pre-processing step if several similar systems are to be considered.

5.5

Conclusion

Two SWCNT models are constructed, each with a different size of vacancy defect, and
their equations of motion are linearized using a finite differences method, resulting in stiffness
and mass matrices. To efficiently find a subset of their natural frequencies and normal modes,
a new model order reduction technique (MDR) – a combination of modal domain analysis
and dynamic condensation – is developed. Using this technique, these systems are analyzed
and the results are compared to the full-order results and to the results found using the
existing MDA order reduction technique. It is found that the new method, MDR, is capable
of predicting the natural frequencies and normal modes of both linearized defect-bearing
SWCNT systems with a high degree of accuracy. Furthermore, it is shown that these results
cannot be duplicated with the use of MDA alone in a similar amount of time.
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Chapter 6
Reduced-Order Modeling of Damping in
Aluminum/Carbon Nanotube Composites

6.1

Introduction

It is mentioned in Chapter 3 that fiber-reinforced composites have the potential to supply
the damping properties required for constructing, among other things, safe and reliable rotor
blades. CNT reinforced composites are particularly promising for this type of application, as
they show increased strength, stiffness, and resistance to softening at elevated temperature
[43, 48], in addition to increased increased vibrational damping [49, 52, 127].
If CNT composites are to be used for structural and vibration damping components,
considerable study will required to optimize the many parameters that go into developing the
correct alloy and incorporating the appropriate CNTs in the right proportions to optimize the
properties of these composites. From an experimental standpoint, this optimization process
threatens to be unreasonably time consuming and expensive. In an effort to remove much
of this expense, this chapter details and validates an accurate and efficient computational
method of modeling the interaction between a defect-bearing CNT and a metallic matrix.
Using this method, it will be possible to predict the impact of material choice and treatment
of the CNT on the interfacial damping of the resulting composite.
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Extensive work has been done on experimentally measuring the properties of CNTs
embedded in resins [1, 3, 43, 54, 128], including their damping properties. However, resin
based composites are limited by the nature of the polymers from which they are formed.
A less well studied but nevertheless promising approach is to embed CNTs in metallic matrices [1, 46, 48, 49]. Specifically, aluminum is well-suited as a matrix material for CNT
composites. These composites have demonstrated increased strength and an insensitivity to
the annealing effects of extended exposure to high temperatures [48]. Experimental results
regarding the damping properties of Al/CNT composites are limited, with the majority of
studies on the subject focusing on the improvements in stiffness and yield strength that
the addition of CNTs can produce [48, 129]. Those studies of damping in Al/CNT composites, much like similar studies for polymer/CNT composites, examine damping in terms
of viscoelasticity [49, 54] — that is to say they are primarily concerned with storage and
loss moduli. Though not inherently problematic, these measures of the mechanical response
do not provide any information concerning the energy loss of the system as a function of
displacement if the system is non-linear.
Computational studies of the damping of Al/CNT are similarly rare in comparison to
those that examine damping in polymer/CNT composites. However, when the complex
structure of the polymers is simplified and treated as a continuum, the methods and results
of these studies can be used as points of comparison for Al/CNT simulations [57, 58]. Furthermore, the results of many studies of Al/CNT composites that do not specifically deal
with damping reveal much about interfacial slip in these composites [130–132]. The insight
that is provided by existing studies into the interfacial behavior of CNT composites is limited, however, as they exclusively consider pristine carbon nanotubes — that is to say carbon
nanotubes that are free from defects. The assumption is particularly limiting as it is well
known that disorder is inevitable and contributes to lubricity at the atomic level [133, 134].
The following sections detail two order reduction methods that permit large Al/CNT
systems with Stone-Wales or multi-vacancy defects to be simulated accurately and efficiently.
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The first method is the application of Guyan, or static, reduction to the aluminum matrix.
Guyan reduction permits those atoms which do not interact with the CNT and are not
subject to outside forces to be removed from the simulation without any loss of accuracy.
The second method models the behavior of the defect-bearing CNT using a subset of its
normal modes, which can be found using the methods discussed in the preceding chapters.
Combined, these methods greatly decrease the number of degrees of freedom to be considered
when simulating the Al/CNT system, resulting in a considerable increase in computational
efficiency. These methods are then employed to examine the damping of blocks of Al/CNT
composite with various defects subjected to a periodic displacement field as a function of
displacement amplitude.

6.2

Methods

6.2.1

Overview

Molecular dynamics simulations are generally unsuitable for analyzing the behavior of
systems subjected to low-frequency excitation. This limitation is due to the short time steps
(on the order of 1 fs) that are required to ensure that the numerical integration to determine
an atom’s position and momentum is numerically stable and can accurately describe the
thermal vibrations of individual atoms [95]. These short time steps mean that the number
of calculations, and therefore the computational resources, required to simulate the behavior
of a system even on a microsecond timescale can often be prohibitive. To investigate the
damping in Al/CNT composites it is necessary to simulate several cycles of a low-frequency
excitation, which would require a timescale on the order of milliseconds or even seconds.
This is achieved by treating the system as quasi-static — that is to say, assuming that the
thermal vibration of individual atoms will not have a measurable impact on the macroscale
dynamics of the system. The assumption is experimentally confirmed by [49], where it is
shown that the elastic and damping properties of an Al/CNT composite remain constant
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while temperature is varied from 25°C to 200°C. In practice this means taking the total time
that is to be simulated, dividing it into relatively large time steps, and treating the behavior
of the system at each time step as a molecular statics problem. In addition to neglecting
thermal effects, this quasi-static approach assumes that the frequency of excitation does not
alter the elastic and damping properties of the composite. This assumption is supported
by [49] and [135]. Both these studies show that varying the frequency at which a CNT
composite is excited (over a range of frequencies that spanned from 0.5 Hz to 30 Hz) does
not change its measured elastic or damping properties. Therefore, a quasi-static simulation
can be expected to accurately predict the damping and elastic properties of an Al/CNT
composite experiencing low frequency excitation.
The method used here to simulate the behavior of a metallic composite containing singlewalled carbon nanotubes requires a number of separate processes. To clarify the purpose
of each process and illustrate how they work together to form the simulation, they will
be described briefly here before being detailed in full. In broad terms, the purpose of this
simulation is to take a CNT embedded in a block of aluminum, apply a known force to certain
atoms in the aluminum matrix, and determine the positions of the atoms in the system that
minimize the net force on each atom. From this, the displacements of the atoms subjected to
external forces can be extracted. The resulting data is analogous to the force-displacement
data typically measured for macroscale dampers.
The simulation can be broken down into four parts: the geometry of the system, the
elastic interactions, the Lennard-Jones interactions, and what will be referred to here as the
simulation ‘solver’ (see Fig. 6.1). The geometry of the system refers to the initial position of
the atoms in both the CNT and the matrix, and to the order reduction methods that permit
the full-order system to be converted into reduced-order coordinates. The elastic interaction
refers to the interatomic interactions between atoms in the same part of the system (between
atoms in the CNT, for example). A critical assumption used in the order-reduction methods
is that the displacement of atoms in a given part of the system is sufficiently small that
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Figure 6.1: Flowchart of the solution procedure

the internal forces on those atoms are linearly proportional to displacement. That allows
the interatomic interactions within a given part to be condensed into a stiffness matrix.
The interaction between atoms in the CNT and the aluminum matrix is modeled using the
Lennard-Jones potential. As the CNT is permitted to slip relative to the matrix, it is crucial
to the accuracy of this simulation that the force between an atom in the CNT and an atom
in the matrix be modeled using a more comprehensive, nonlinear relationship.
In order to simulate the response of the composite to cyclic loading, a force is applied
to the model and the resulting displacement must be calculated. This process is referred
to here as ‘solving’ the simulation, though more generally it is an extension of the energy
minimization process. This solution is achieved using the conjugate gradient method. A
flowchart depicting the interactions among these various processes is provided in Fig. 6.1.

6.2.2

Simulation Geometry

The simulation consists of two parts, the CNT and the aluminum matrix. The aluminum
matrix fills the majority of the simulation box, with a void running parallel to the z-direction
to accommodate the CNT (see Fig. 6.2). Elemental aluminum forms a face-centered cubic
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lattice, and its unit cell has an edge length of approximately 4.05Å [111]. These parameters
are used to generate a block of aluminum the size of the simulation box (39.14 Å × 39.14 Å ×
204.48 Å) using LAMMPS. To allow the CNT to be embedded in this block, a cylindrical
void is created in the center, aligned with the z-axis. Calculating the radius of this void that
minimizes residual stress when the CNT is added to the simulation is not trivial. While it
is relatively simple to find the equilibrium distance between an isolated pair of carbon and
aluminum atoms, each carbon atom in the simulation interacts with many aluminum atoms,
and vice-versa. To find the optimum radius of the void, the size of the void is first set equal
to the diameter of the CNT. The aluminum block and the CNT are both imported into the
simulation, and the potential energy is calculated. Then, the radius of the void is increased,
and the processes is repeated until a local minimum of potential energy is found. Note
that, because the aluminum matrix is highly ordered and the positions of the atoms in it
are inherently discrete, the number of possible void diameters is both discrete and relatively
small.

Figure 6.2: Example of the composite geometry, rendered in VMD [112]. Carbon-carbon
bonds are red and aluminum atoms are shown in blue.

With the void in place, the aluminum block undergoes simulated annealing and energy
minimization as described in Chapter 4. It is critical that the CNT and the aluminum
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fext
Matrix
CNT

Figure 6.3: A schematic representation of the loading applied to a unit cell of the composite
simulation. The hatching at the ends of the block of composite material indicate that the
atoms on those planes are prevented from moving parallel to the CNT.
matrix are energy minimized independently, as they will be linearized independently and
linearization must take place about an equilibrium position. The same process that is used
to linearize the CNT model is used to linearize the model of the aluminum block.
To observe the dynamic response of the system, external forces are applied to it at a
given frequency. The simulation box used here has periodic boundary conditions, and so the
material inside the simulation box acts as if it is part of an infinitely large solid comprised
only of blocks of atoms arranged and moving in precisely the same way as those in the
simulation box. This requires that care be taken when applying external forces to the system
to ensure that the resulting movement of the system is both mathematically admissible and
has physical meaning. To satisfy both these stipulations, the following conditions were
applied to the aluminum matrix: first, the aluminum atoms lying on a plane orthonormal
to the longitudinal axis of the CNT have their displacement constrained (i.e. removed from
the subsequent calculations) in the z-direction (parallel to the longitudinal axis of the CNT);
then aluminum atoms on a parallel plane, half the length of the unit cell away from the first
plane in the z-direction (104.24Å) have an external force applied to them in the z-direction.
The first plane (corresponding to the constrained atoms) is necessary to ensure that the
system does not merely slide an arbitrary distance in the z-direction when a force is applied.
This is illustrated in Fig. 6.3.
The CNTs used in this analysis have a chiral vector of (10, 0) and span the simulation
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box in the z-direction. The arrangement of atoms in a CNT with and without defects has
been dealt with at length in preceding chapters of this thesis, and so will not be repeated
here. However, comment must be made on the reduced-order models used. In previous
chapters, the aim of order reduction has been to permit the efficient calculation of the free
vibrational response of defect-bearing CNTs. However, because an external force is applied,
it is the forced response of the CNT that is of interest. It is a well-known property of linear
elastic systems that the spatial component of their forced response can be constructed from
a linear combination of their mode shapes (the spatial component of their free response) [68].
Furthermore, if the forced response can be accurately represented by a small subset of the
modes of a system, that subset can be used to construct a reduced-order model that is capable
of accurately predicting the response of that system to a particular forcing function [119].
Finding the modes of the CNT system that correspond to the behavior of a CNT embedded in an aluminum matrix subject to an external load requires the behavior of the full-order
system under similar loading conditions to be calculated. Then the most active modes are
extracted. The degree of involvement of each mode is here determined using the modal
assurance criterion (MAC). The modes with the highest involvement (defined here as having
a MAC values that sum to at least 0.9) are retained in the reduced-order model, while the
remaining modes are neglected.
The model of the aluminum matrix must be considered differently from the model of
the CNT, because unlike the CNT there are atoms in the aluminum matrix that experience
neither an external force (from the loading on the system) nor an interaction force from the
CNT (due to the Lennard-Jones forces). As the simulation is quasi-static, it can be assumed
that all the time derivatives of the displacement vector are zero. The result of this is that the
atoms comprising the matrix (and by extension the degrees of freedom associated with them)
can be subdivided into two groups: the primary atoms (and degrees of freedom) — those
which experience forces other than internal interactions within the matrix, and secondary
atoms (degrees of freedom) that do not experience outside forces. When divided in this way,
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the static response of the matrix can be determined without loss of accuracy by considering
only the primary degrees of freedom. This method, outlined below, is referred to in the
literature as Guyan or static reduction [119, 136].

Guyan Reduction
Consider the following linear system

f = Kx

(6.2.1)

where f is the force vector acting on the system, K is the stiffness matrix, and x is the
displacement vector. Let x be divided into primary and secondary degrees of freedom, such
that the degrees of freedom not subjected to outside forces are classified as secondary degrees
of freedom, and all the rest are primary degrees of freedom. Without any loss of generality,
let the primary degrees of freedom appear first in the force vector. This allows f to be written
 
fp 
f = 
0

(6.2.2)

If this method of partitioning is extended to the rest of the system, eq. 6.2.1 can be
rewritten as
  
 
fp  Kpp Kps  xp 
 =
 
0
Kps Kss
xs

(6.2.3)

Separating the above into equations for the force on the primary degrees of freedom and
the secondary degrees of freedom results in

fp = Kpp xp + Kps xs
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(6.2.4a)

0 = Ksp xp + Kss xs

(6.2.4b)

This allows the displacement of the secondary degrees of freedom to be written in terms
of the displacement of the primary degrees of freedom, thus

xs = −K−1
ss Ksp xp

(6.2.5)

Substituting eq. 6.2.5 into eq. 6.2.4a allows the relationship between the external forces
on the primary degrees of freedom and their corresponding displacements to be expressed
without requiring the explicit calculation of the displacements of the secondary degrees of
freedom, as follows


fp = Kpp − Kps K−1
ss Ksp xp

(6.2.6)

Unless it can be guaranteed that there is no external force on the secondary degrees
of freedom and the system is at rest, Guyan reduction is an approximation. However, as
this is a quasi-static simulation and the secondary degrees of freedom are chosen specifically
because they are not subject to outside forces, Guyan reduction on the aluminum matrix
results in no loss of accuracy.

6.2.3

Elastic Interactions

The elastic interactions between atoms in a given part of the simulation (either the CNT
or the matrix) are determined by linearizing the interaction forces for that part. As before,
this is done by calculating the second partial derivatives of the interaction potential and
assembling them into a stiffness matrix. Then, the interatomic forces within that part of
the system can be calculated by right-multiplying the stiffness matrix by the displacement
vector. Additionally, the Jacobian of the force vector is simply the stiffness matrix. For the
CNTs, the REBO potential [101] using the parameters derived by Lindsay and Broido [98]
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are used. For the aluminum matrix, the potential is defined using the embedded atom
method (EAM) [137], after Silvestre et al. [131], with the parameters developed by Mishin
et al. [138].

6.2.4

Lennard-Jones Interactions

As previously mentioned, the interaction between the CNT and the aluminum matrix
cannot be modeled using a linearized interaction because of the possibility that the CNT
will slip relative to the matrix, and slipping violates the small displacements assumption
that is vital to linearized models. Instead, the Lennard-Jones potential is used to model this
interaction. This is implemented using an extended version of the LAMMPS software package, which permitted the calculation of not only the forces involved, but also the Jacobian
of the forces.

Defining the Lennard-Jones Potential
Consider a system of n unbonded and uncharged atoms, acted upon only by van der Waals
forces 1 . In such a system, two atoms at a sufficient distance from each other will experience
an attractive interatomic force, due to transient spontaneous polarization (London forces).
Though the magnitude of the London forces increases as interatomic distance decreases, at a
certain distance a repulsive force, a result of the Pauli exclusion principle, begins to dominate.
The Lennard-Jones potential is a simple function of interatomic distance that seeks to model
this behavior [139]. For two atoms, separated by a distance r, the Lennard-Jones potential
energy can be expressed
TLJ


 
σ 12  σ 6
−
= 4
r
r

1

(6.2.7)

This is the classic system for which the Lennard-Jones potential was derived. The Lennard-Jones
potential is, however, frequently used to approximate the long-range interactions of unbonded atoms in
more complex systems. In such cases, it appears in conjunction with additional terms to describe the
potential energy of the system due to short-range interactions, eg. [102].

91

where  and σ are constants — specific to the elements involved — with units of energy and
distance, respectively. The magnitude of the interatomic force due to this potential is
−2σ 12 σ 6
+ 7
r13
r


fLJ = 24


(6.2.8)

The force predicted by the Lennard-Jones potential will here on be referred to as the LennardJones force.
Though the definition is not overtly cumbersome, the summation of the Lennard-Jones
potential over a system of n atoms, with positions expressed as a single column vector, u,
quickly becomes unwieldy. To mitigate this, the notation z(a) is used to indicate the 3 × 1
vector composed of those values of z which relate to the atom a — e.g. u(a) denotes the
(a)

position vector of atom a. Similarly, zi

is used to indicate the ith component of vector z(a) .

The net force on atom a of this n-atom system is

f (a) =

n
X

"
24

b=1,b6=a

−2σ 12
13

|u(a) − u(b) |

+

!#

σ6
7

|u(a) − u(b) |

u(a) − u(b)
|u(a) − u(b) |

(6.2.9)

Written out in full, the ith component of f (a) is
(a)
fi

=

n
X



(b)
(a)
α(a,b) ui − ui

(6.2.10)

b=1,b6=a

where




−2σ 12
σ6

+

 2 7 P 
2 4 

(a)
(b)
(a)
(b)
3
k=1 uk − uk
k=1 uk − uk



α(a,b) = 24  
 P3
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(6.2.11)

The Jacobian of the Lennard-Jones Force
For the purposes of dynamic simulations, the expression for the Lennard-Jones force given
in eq. 6.2.9 can be used as it stands. However, if an equilibrium position of the atoms in
the system is required2 , it is beneficial to derive an expression for the Jacobian of the force
vector, f , relative to the position vector, u, of this system. Note that this is equivalent to the
Jacobian of force relative to displacement, as a change in position implies the same change
in displacement.
In keeping with the notation introduced in the previous section, the components of the
Jacobian, J will be written as
(a)

(a,b)

Ji,j

=

∂fi

(6.2.12)

(b)

∂uj

Substituting eq. 6.2.10 into eq. 6.2.12
(a,b)

Ji,j

(a,a)

Ji,j

=

=

∂α(a,b) 
(b)
∂uj

n
X
b=1,b6=a

(a)

(b)

ui − ui

"
−

∂α(a,b) 
(b)
∂uj



− α(a,b) δij ,

(a)

(b)

ui − ui



(a 6= b)

(6.2.13a)

#
+ α(a,b) δij

(6.2.13b)

where





∂α(a,b)
(b)

∂uj







(b)
(b)
(a)
 28σ 12 u(a)

8σ 6 uj − uj
j − uj


= 24  
−
8 
5 




2
2

 P3
P3
(a)
(b)
(a)
(b)
k=1 uk − uk
k=1 uk − uk

2

(6.2.14)

For the system described in §6.2.4 — which most closely corresponds to a noble gas at relatively low
pressure — an equilibrium position of the atoms has no physical relevance other than to act as a low energy
starting point for a molecular dynamics simulation. When the Lennard-Jones potential is used in conjunction
with other force fields to describe the behavior of a solid or system of solids, equilibria become both more
significant and more challenging to compute.
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6.2.5

Solving Constrained Equations of Motion Using the Conjugate Gradient Method

The problem which must be solved at every force step of the quasi-static simulation is,
in full-order coordinates
fLJ (x) + Kx + fext = 0

(6.2.15)

where x is the position vector, fLJ (x) is the force on each atom due to the Lennard-Jones
potential, K is the stiffness matrix of the system3 , and fext is the external force on the system.
In reduced-order coordinates, this is

TT fLJ (Ty) + TT KTy + TT fext = 0

(6.2.16)

where T is the order reduction matrix. Let fNET equal the left-hand side of eq. 6.2.16. Then,
the condition in eq. 6.2.16 is also satisfied by

kfNET k2 = 0

(6.2.17)

where k·k indicates the 2-norm of a vector. Solving eq. 6.2.17 is simpler than solving eq.
6.2.16 for two reasons: first, it is a scalar valued equation, so solving it requires only one
algebraic equation to be solved, regardless of how many degrees of freedom are present in
the system; second, the expression kfNET k2 is greater than or equal to zero for any physically
admissible forces (complex-valued forces having no meaning in this context), and so the
solving eq. 6.2.16 is equivalent to minimizing the left-hand side of eq. 6.2.17.
Minimizing kfNET k2 is here achieved using the conjugate gradient method. The conjugate
3

Previously the stiffness matrices of the individual parts of the system have been used. If the displacement


T T
vector is defined such that x = xT
, then the stiffness matrix of the system can be written
CNT xM


KCNT
0
K=
0
KM
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gradient method is an iterative process for determining a local minimum of some objective
function. [140] Each iteration begins with an initial point at which the function and its
derivative (or, in the multi-dimensional case, its Jacobian) is evaluated. Then, using the
derivative and information concerning the direction of the previous step, a new direction is
found in which the function is believed to be decreasing. A line search algorithm is used
to find a point in the given direction that decreases the value of the objective function
sufficiently (what constitutes a sufficient decrease will be discussed later). This process is
repeated until a convergence condition is satisfied (typically defined by a minimum value of
the objective function or a minimum slope) [141]. In this case, the convergence condition is
that kfNET k2 ≤ 0.25 eV2 /Å2 .
As the first step of the conjugate gradient method has no previous step for reference, it
uses only the Jacobian to determine in which direction the next point to be evaluated will
lie. Therefore, this step is identical to a step in the method of steepest decent. An initial
point is specified by the user and the Jacobian of the function to be minimized is evaluated.
Here, the Jacobian JNET is
2

JNET = ∇ kfNET k



∂
∂
kfNET k2 ...
kfNET k2
=
∂y1
∂yn

n
X
∂
∂fNET j
2
kfNET k = 2
fNET j
∂yi
∂yi
j=1


(6.2.18a)

(6.2.18b)

The Jacobian indicates the direction in which the function in increasing at the largest rate
(at the given point), therefore a new point displaced from the initial point by an infinitesimal
distance in the direction of the negative of the Jacobian will have a lower net force on it
than in its previous position. This assumes, of course, that the net force and its derivatives
are continuous with respect to position. The specific point that will be chosen using a line
search, a process that will be detailed later. For each subsequent step, the direction that is
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searched for the next point is found using the general formula

dn = −∇f (yn ) + βn dn−1

(6.2.19)

where dn is the direction that is to be searched in the nth step, yn is the point evaluated in
the nth step, and βn is defined (after Fletcher and Reeves [141])

βn :=

∇f (yn )T ∇f (yn )
∇f (yn−1 )T ∇f (yn−1 )

(6.2.20)

In this particular case, f (yn ) = kfNET k2 .
Line Search
For each step, the conjugate gradient method provides a direction in which the function
is decreasing. However, to find the next point at which the algorithm is to be applied, a line
search must be conducted in the direction specified to determine the location of a point that
decreases the objective function. Ideally, this search would find the point that minimizes
the objective function in the given direction. However, such a search would be extremely
time consuming and is not necessary for the conjugate gradient method. [140] An alternative
approach is the employ the Armijo rule to specify the maximum acceptable value of the
objective function in the given direction. If f (y) is the objective function, d is the direction
which is being searched, and α is the distance from the current point to the proposed next
point in the direction d, the Armijo rule can be written [142]

f (y + αd) ≤ f (y) + cαdT ∇f (y)

(6.2.21)

where c is a parameter chosen by the user to control how much weight is given to the
derivative of the objective function at a proposed point. For the simulation described here,
a value c = 10−4 is chosen. Stricter criteria exist for assessing the validity of a proposed
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point in a line search, including the curvature rule and the Wolfe search condition [143,144],
however in this case these proved to be superfluous.
To determine the values of α that are to be tested using the above condition, a simple
algorithm is employed. Let m be the maximum step distance (the distance used in this
simulation is 0.01Å — it was determined that excessively large steps ultimately hindered the
convergence of the algorithm). Then, a trial step distance αi can be found
αi = a−(b+i) i = 0, 1, ...
1
b = − loga
2



m2
|d|2

(6.2.22a)


(6.2.22b)

For this simulation, a is chosen to be 10. i is increased until eq. 6.2.21 is satisfied. The
resulting point is used for the next step of the conjugate gradient solver.

Improving Solver Efficiency
The conjugate gradient method requires that the Jacobian of the objective function be
evaluated at every step. In the simulation of a CNT embedded in a metallic matrix, the
objective function, |fNET |2 can be broken down as follows (noting that the external force on
the system is constant with respect to displacement)

∂
∂
∂
T
T
kfNET k2 =
fNET
fNET = 2fNET
fNET
∂yi
∂yi
∂yi

(6.2.23a)

∂
∂x
fNET = ∇x fNET
= ∇x fNET Ti
∂yi
∂yi

(6.2.23b)

where Ti indicates the ith column of T
∂
T
kfNET k2 = 2fNET
∇x fNET Ti
∂yi
∂
kfNET k2 = 2 (fE + fLJ + fext )T TTT (∇x fE + ∇x fLJ ) Ti
∂yi
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(6.2.23c)

(6.2.23d)

The gradient of the elastic force (∇x fE ) is simply the stiffness matrix, and so poses
no difficulties. Evaluating the gradient of the Lennard-Jones force, on the other hand,
requires significant computational time. In an effort to increase the speed at which the solver
converges to a solution, the gradient of the Lennard-Jones force is only evaluated every 20
steps. For the steps between evaluations of ∇x fLJ , the Jacobian of the objective function is
approximated as constant. In doing this, the Lennard-Jones interactions are briefly treated as
being linearly elastic. This approximation is only valid for small displacements, a stipulation
that further motivates the maximum step size included in the line search algorithm.

6.3

Results

The results presented here have two purposes: firstly, they are shown to illustrate the
validity of the novel computational method of simulating the dynamics of atomic systems
described in the preceding section; secondly, as this technique allows the impact of atomicscale defects on the damping of nanocomposite materials to be predicted numerically, these
results help elucidate the significance of defects on interfacial slip. A model, such as the one
presented here, is only meaningful if it is able to match experimentally observed results. To
that end, it is crucial that the numerical results are validated with respect to experimental
results. The model used here, while incorporating certain aspects of the atomic-scale complexity of nanocomposites, relies on two assumptions concerning the geometry of the system
and the manner in which forces are applied to it which must be addressed before the results
themselves can be understood in the proper context.
The first assumption that must be considered is that the simulation assumes that each
nanotube is aligned with the direction of loading. As the bending stiffness of a CNT is small
compared to its tensile stiffness [2], this alignment maximizes the impact of the nanotubes on
the response of the system. The model used here contains 1800 carbon atoms (vacancy defects notwithstanding) and 15936 aluminum atoms. Based on molar masses of 12.0107 g/mol
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and 26.9815 g/mol respectively [111], this suggests that the simulated composite comprises
4.78% carbon (and so CNTs) by weight. However, the alignment of these nanotubes suggests that it will exhibit properties more closely resembling those of actual composites with
a higher weight percentage of CNTs.
The next assumption that must be addressed is the periodic nature of the loading on
the system. Because of the periodic boundary conditions, the results presented here are for
an infinitely long composite block, to which a force is applied every 204Å along the length
of the CNT. In contrast, most experimental studies apply a force to a macroscale block
of composite. Subsequently, a small strain on the block of composite can result in a large
displacement along the length of a nanotube. For example, the composite used by Zhou
et al. [54] contained CNTs with lengths approaching 1µm. Over that distance, a strain of
0.001 produces a displacement of 10Å. By contrast, the same displacement in the simulated
composite used here would require a strain of 0.206. If, as is hypothesized, damping in CNT
composites is driven by interfacial slip, it is the displacement of the composite matrix relative
to a CNT, not the strain, that dictates the magnitude of the damping. For that reason,
conversions will be required when directly comparing computational results for damping as
a function of strain to equivalent experiments.

6.3.1

Stiffness

Before damping is considered, it is instructive to examine the impact of defects on the
stiffness of an Al/CNT composite both to aid in understanding the relevance of these defects,
and to provide a benchmark with which to compare these simulations to experimental results.
As the composite models may have a non-linear response, it is more accurate to say that their
effective stiffness will be considered, at a given amplitude. However, experimental studies on
CNT composites, such as [128], suggest that the response of CNT composite is weakly nonlinear in the elastic region of the matrix’s stress-strain curve, making the effective stiffness
at one point within that region a good estimate of the stiffness of the composite throughout
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the range of typical operating strains. Composite models containing a pristine CNT, a CNT
with a single Stone-Wales defect, and a CNT with a single two-atom multi-vacancy defect
are compared to a sample of aluminum with no CNT reinforcement. Each model is subjected
to a loading force of 0.2 eV/Å on the loaded atoms (as described in the previous section).
The displacements of the loaded atoms are found using the previously described conjugate
gradient method, and the average displacement of these atoms in the direction of loading is
used as the maximum displacement of the model. The stiffness is then found by dividing the
applied load (0.2 ev/Å) by the maximum displacement. The resulting stiffnesses are shown
in Table 6.1.

Table 6.1: Relative stiffnesses of Al/CNT composites with various defects
Test Case:
No CNT
Pristine
Stone-Wales
Multi-Vacancy

6.3.2

Stiffness (eV/Å2 ) Stiffness Increase
0.12713
0.13055
2.693%
0.12898
1.401%
0.12893
1.443%

Damping as a Function of Vibration Amplitude

As before, three cases of CNT reinforcement of the aluminum matrix are considered:
reinforcement with a pristine CNT, with a CNT containing a single Stone-Wales defect,
and with a CNT containing a single two-atom multi-vacancy defect. To ensure that the
solution procedure does not incur any spurious damping, a control case is also considered,
which consists simply of the aluminum matrix without a CNT embedded in it. Each model
undergoes the following loading conditions: the model is equilibrated with the boundary
conditions applied but no external force on the loaded atoms; then, the force on the loaded
atoms is increased in steps of 0.001 eV/Å and the average displacement of the loaded atoms is
found for each step; when the maximum force is reached, the applied force is then decreased
by steps of 0.001 eV/Å, until the negative maximum force is reached; this precess is repeated
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Figure 6.4: Representative hysteresis curves
for Al/CNT composites with various defects
undergoing a cyclic load with amplitude 0.21
eV/Å

Figure 6.5: Representative hysteresis
curves for Al/CNT composites with the
distance between loading and unloading
curves exaggerated by a factor of six

for four full cycles to ensure that the system is stable and the results are representative of
the steady-state behavior of the system. For each case, the maximum loading was varied
from 0.08 eV/Å to 0.2 eV/Å in increments of 0.01 eV/Å.
Representative hysteresis loops for a maximum load of 0.2 eV/Å are displayed in Fig. 6.4.
The separation between loading and unloading curves is too small to be clearly distinguished,
so in Fig. 6.5 the same data is shown, but the displacement of each point has been adjusted
so that the distance between loading and unloading curves is six times greater. This is purely
to better illustrate the nature of the interaction between the CNT and the aluminum matrix,
and for that reason the scale on the x-axis of this plot has been omitted.
To ensure that the results presented here represent the impact of a specific type of defect,
rather than an anomaly due to the placement of the defect in a particular case, five distinct
systems are tested for each type of defect, each with its defect in a randomly chosen different
location. Consequently, the raw data is too extensive to reproduce here. Instead, calculated
quantities that have been averaged over the five systems for each defect are presented to
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illustrate the impact of these defects.
A measure of damping that is equally valid for both linear and non-linear systems is the
energy dissipation per cycle. Energy dissipation can be measured by finding the area enclosed
by the force-displacement hysteresis curve for a complete loading cycle of the system. This
value is calculated for each of the previously mentioned systems and is displayed in Fig. 6.6
(note that the energy loss for the control system is omitted, as it uniformly several orders
of magnitude lower than that of the composite systems, and fluctuates in sign — indicating
that it is simply an expression of numerical error). In this figure, error bars indicate standard
error based on five repletions with randomly placed defects. There is exactly one pristine
system, therefore replication was not possible for those results.

Figure 6.6: Energy dissipation per cycle for Al/CNT composites as a function of maximum
strain
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6.4

Discussion

Before a detailed analysis of the data gathered from these simulations can be performed,
it is first necessary to check the validity of the data through comparison to experimental
results available in the literature. Relatively little data has been gathered on the dynamics
of Al/CNT composites, and that which is available comes in such a condensed and processed
form that it is of little use for this type of comparison4 . Instead, a static property of the
composite, namely its stiffness, is used to validate these models. George et al. [48] provide
detailed experimental and theoretical results for the stiffness of a Al/CNT composite containing only SWCNTs. They find that SWCNT that had not been subjected to treatments
to functionalize their surface produce a minimal change in the stiffness of the composite.
Similarly, Stein et al. found that the inclusion of CNT in an aluminum composite (1.5% by
weight) increased its stiffness by only a maximum of 3% [145]. Not only do the numerical
results here bear that out, but illustrate that the presence of Stone-Wales or multi-vacancy
defects are potentially responsible for the observed variation in strengthening, as the models
which contained these defects saw increases in stiffness that were roughly half the increase
experienced by the pristine system.
The hysteresis curves provided by these simulations provide insight both into the mechanisms that control the interfacial interaction between CNTs and aluminum, and also into the
role of defects in these interactions. Fig. 6.5 illustrates that the loading/unloading curves of
these models do not follow the typical pattern of macroslip dampers (see chapter 3). Rather
than experiencing a high initial stiffness which then decreases as the loading increases, these
composites appear to experience sinusoidal variations in stiffness. This matches the theoretical results for interactions between nano-scale surfaces proposed by Cahangirov et al. [146],
as well as the work on CNT/CNT interaction by Buldum and Lu [59]. Both these studies are
4

An example of this is found in [49], where a sample of an Al/CNT composite is dynamically tested and
the tan δ curve — a measure of energy dissipation — is provided, but the amplitude of the vibration of the
sample is not specified, preventing any meaningful comparison from being drawn.
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concerned with the interaction of groups of bonded atoms that interact weakly with neighboring groups. They show that, when two groups move relative to each other, the net force
between them as a function of displacement forms a series of peaks and troughs. The troughs
correspond to those displacements that allow the atoms in the two groups to be staggered,
while the peaks occur when atoms from different groups are forced together [59, 146]. In
these studies, as in the results presented here, these weak interaction provide a source of
energy dissipation.
An alternative way to understand the hysteresis curves of this composite is to note that
atomic interactions can be both attractive and repulsive. When the system is perturbed
a small amount from equilibrium, the interatomic forces will have a net repulsive effect
— pushing the system back to equilibrium. If these forces are combined with a system
that has a linear stiffness, the observed effect is an increase in stiffness. If, however, the
system is displaced far enough from equilibrium, it is possible that it will approach a new
equilibrium position5 . As it approaches the new equilibrium, the net interatomic force will
push the system towards the new equilibrium, and will so be an attractive force. The
observed effect of this, when coupled with a linear stiffness, is a decrease in stiffness once
a certain displacement is reached. Multiple fluctuations in stiffness, as observed in fig 6.5,
indicate that multiple equilibria are reached over the course of one cycle.
Both the pristine and and the multi-vacancy hysteresis curves follow roughly the same
path, which accounts for the similarities in their energy dissipation (see Fig. 6.6), the systems
with Stone-Wales defects follow a markedly different trajectory. The regions in the hysteresis
curves where the loading and unloading trajectories become closer are indicative of regions
where the stiffness of the interface between the CNT and the aluminum matrix reached a
local minimum, and so are analogous to the troughs in interaction force shown in [59, 146].
The decrease in stiffness, followed by an increase in stiffness shows that the points where the
distance between loading and unloading curves is locally minimized are the points where the
5

A key difference between linear and non-linear systems is that a linear system has exactly one equilibrium
point, while a non-linear system may have many equilibrium points or even equilibrium regions [104]
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net interatomic force switches from being attractive to being repulsive. Put another way,
these minima are ‘sticking points’ between the CNT and the aluminum. The pristine and
multi-vacancy defect cases experience two such minima in the representative hysteresis curve
shown, while the Stone-Wales defect case experiences only one. This decrease in the number
of ‘sticking points’ between the CNT and the aluminum is minimized corresponds to the
experimental observations of Bylinskii et al., who examined the interaction between chains
of ytterbium ions confined by optical lattices [134]. They find that, as the interatomic
spacing in the chains is adjusted and the number of positions at which these chains can
minimize their interaction forces, they are able to slip more readily. At its limit (when no
force minima exist), this results in the so-called Aubry transition and the chains of atoms
become superlubricious relative to each other [134, 147].
The energy dissipation of the composite systems shown in fig 6.6 reveals several significant
finding concerning the behavior of CNT composites. Both the pristine and multi-vacancy
systems display energy dissipation that increases at a decreasing rate as a function of amplitude. In combination with its higher stiffness, this shows that the pristine CNT is more
strongly connected to matrix, and that after an initial slip, that connection does not significantly diminish. The similar damping behavior of the multi-vacancy systems, coupled
with their lower stiffness, demonstrates that their behavior is similar, but the strength of
the interaction between the CNTs with multi-vacancies and the aluminum matrix is weaker.
The CNTs with Stone-Wales defects behave significantly differently. An energy dissipation
curve that initially curves upwards, then becomes linear, is characteristic of a transition from
microslip to macroslip.
Fig. 6.6 clearly shows that the Stone-Wales defect cases do not begin to slip (and therefore
dissipate energy) until a strain of approximately 8×10−3 is reached6 . At the same strain, both
the pristine and multi-vacancy systems are already slipping. Typically this behavior would
6

As previously mentioned, it is not the strain but the displacement at the interface that is responsible for
slipping and energy loss. Provided that the aluminum atoms at the interface experience the average strain
of all the atoms in the matrix, a strain of 8 × 10−3 corresponds here to an interfacial displacement of 1.63Å
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suggest that a Stone-Wales defect should decrease the total amount of energy dissipated per
cycle for any amplitude. However, the slope of the energy dissipation curve shows that, once
slip has occurred, the increase in energy dissipation due to an increase in strain is significantly
greater for the systems containing Stone-Wales defects. This can be explained by observing
in Fig. 6.5 that, though the Stone-Wales defect decreases the number of ‘sticking points’
between the CNT and the matrix, the change in slope at these points is more pronounced
— indicating a stronger interaction.
An alternative method of examining the amount of damping provided by these systems,
and one that aligns with the way in which damping is reported by Zhou et al. [54], is in terms
of the loss factor. The loss factor for a system undergoing cyclic loading is simply the average
energy dissipation per radian divided by the maximum potential energy of the system during
one cycle. There are numerous methods of computing the maximum potential energy for
a non-linear system [148]. However, as the system is weakly nonlinear (as demonstrated
in Fig. 6.4), the maximum potential energy of the system can be approximated using the
equivalent stiffness of the system, thus
1
Tmax ≈ keq d2max
2

(6.4.1)

The loss factors of the composite systems as a function of strain are shown in Fig. 6.7. In
this figure, the variation in loss factor for low amplitude the multi-vacancy cases appears
very high. While there is noticeable variation in the energy dissipation of these systems (see
Fig. 6.6), the loss factor exaggerates this by dividing it by the amplitude squared.
As the behavior of the systems with Stone-Wales defects can be observed from the point
at which slipping starts, it is easy to compare their behavior to published result for other
CNT composites7 . Though Zhou et al. examine the impact of CNTs on polymer composites,
their is a distinct similarly in the response of loss factor to strain in the results found here [54].
7

Results for lower strains are not reported, as the numerical method used to solve these systems requires
a certain magnitude of initial displacement to ensure accurate results. This limitation will be addressed in
future studies
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Figure 6.7: Loss factors for the Al/CNT composites as a function of maximum strain. Error
bars indicate standard error based on five trials.
In both cases, the loss factor is initially close to zero — when no slip is occurring — rises
sharply, dips, and rises more gradually. The initial rise and then dip correspond to the loss
factor for a macroslip damper in parallel with a spring (see Appendix E), while the gradual
rise that follows is a result of the system’s geometry (as the strain increase, the Poisson
effect causes the inclusion in which the CNT is embedded to decrease in radius, increasing
the magnitude of the Al/CNT interaction — this is derived in [54]). This same behavior
was found by [128, 135] (note that these two papers do not report loss factor directly, but it
can be calculated by dividing the loss modulus by the storage modulus [148]). The systems
with a pristine CNT and with CNTs containing multi-vacancy defects, due to their lower
rate of energy dissipation, have loss factors that decrease with increasing stain in the range
of strains under consideration. However, this is not an indication that a different type of
damping is occurring. Numerical results by Latibari et al. and theoretical work by Zhou
et al. both show that this behavior indicates macroslip damping between to materials that
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are very weakly bonded [54, 57]. Given a sufficient range of strains, the loss factor curve for
weak macroslip interactions is visually similar to that for strong interactions, but instead of
a short dip then a rise after the initial peak, the loss factor decreases and asymptotically
approaches a minimum value.
The relative insignificance of a multi-vacancy defect on damping when compared to the
impact of a Stone-Wales defect requires some explanation. While the multi-vacancy defect
is a major structural perturbation of a CNT, it is observed that the presence of a stable
multi-vacancy causes the radius of the CNT to decrease in the vicinity of the defect [120].
This decrease in radius not only causes a weakened overall interaction between the CNT
and the matrix, as witnessed by the decreased stiffness of the systems with multi-vacancy
defects, but limits the extent to which the defect itself interacts with the matrix, preventing
the disorder surrounding the defect from reducing the number of stable configurations of
the composite. It is important to note, however, that the multi-vacancy bearing CNTs
used here were allowed to reach an equilibrium state in vacuum — that is to say that the
multi-vacancies were not introduced into the system while the CNTs were in contact with
the aluminum. It is possible that the processes involved in fabricating Al/CNT composites
could produce multi-vacancy defects while the CNTs are in contact with the matrix, which
could result in a different reconfiguration of the CNTs.

6.5

Conclusion

Models are constructed of CNTs embedded in aluminum matrices. Pristine CNTs, and
CNTs with single Stone-Wales or multi-vacancy defects are considered. The order of these
models is reduced using Guyan reduction to eliminate unnecessary degrees of freedom from
the aluminum matrix and MDA, MMDA, and MDR for the pristine CNT, the CNTs with
Stone-Wales defects, and the CNTs with multi-vacancy defects, respectively. Using these
models the quasi-static response of these composites under cyclic loading is calculated using
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the conjugate gradient method to solve the resulting systems of nonlinear equations. These
results reveal that both Stone-Wales and multi-vacancy defects reduce the ability of a CNT
to increase the stiffness of an aluminum composite. The presence of a Stone-Wales defect
permits the system to dissipate more energy per cycle (at a sufficiently high strain) than
either a pristine CNT or a CNT with a multi-vacancy defect. A multi-vacancy defect did
not have a significant impact on the damping of the composite.
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Chapter 7
Conclusion and Future Work
Inevitable defects in carbon nanotubes (CNTs) are shown here to result in significant
changes both in the free vibration of CNTs and in the dynamics of CNT composites. Not only
do these results demonstrate the importance of considering defects when simulating CNTs
and their composites, they also provide evidence that the properties of CNT composites can
be tuned by intentionally inducing certain defects in the embedded CNTs.
To facilitate the study of damping in CNT composites, microslip and macroslip damping
models are examined in detail. Using the method of harmonic balance, it is determined that
a microslip damper is capable of stabilizing a system subjected to negative damping. Subsequently, a material that acts as a microslip damper can be used to stabilize structures such
as turbine rotors that experience self-exciting aeroelastic oscillations (flutter). In addition,
it is shown that a macroslip damper is capable of dissipating more energy per cycle than an
equivalent microslip damper.
Three defects are considered in this dissertation: isotope defects, Stone-Wales defects,
and multi-vacancy defects. Isotope defects, the presence of multiple carbon isotopes within a
single CNT, are shown to have little impact on the natural frequencies of the CNT, but nevertheless cause significant changes in the corresponding normal modes. Using modal domain
analysis (MDA), it is shown that a reduced-order system that preserves the natural frequencies and normal modes of the defect-bearing carbon nanotube (over a a chosen range of
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frequencies) can be produced. The process of reducing the order of the system and evaluating
its vibrational properties is significantly more efficient than solving the same eigenproblem on
the full-order system. Additionally, an alternative order reduction method, modified modal
domain analysis (MMDA), is applied to CNTs with isotope defects. It is shown that MMDA
can produce a reduced order model that accurately predicts the vibrational properties of
these systems.
MMDA is also adapted for use with CNTs containing Stone-Wales defects. A structural
defect caused by the rotation of a pair of carbon atom in the plane tangent to the surface
of the CNT, a Stone-Wales defect is shown to produce large changes in both the normal
modes and natural frequencies of a CNT. These modes and frequencies (once again, within
a given range) are retained in the reduced-order model, greatly reducing the computational
cost of these calculations. In contrast, it is shown that MDA could not produce an accurate
reduced-order model for this type of defect.
To more efficiently analyze CNTs containing multi-vacancy defects, a novel order reduction method called modal domain reduction (MDR) is developed. Like MDA and MMDA,
MDR uses information from the easily calculated vibrational properties of a pristine CNT
(one without defects) to reduce the order of the defect-bearing CNT. However, MDR is
possibly unique among modal order reduction methods as it does not require the pristine
and perturbed system to contain the same number of degrees of freedom. Using MDR, the
order of CTNs containing a variety of multi-vacancy defects is reduced without significantly
altering the natural frequencies and normal modes over a specified frequency range.
The order reduction methods that are developed here are used to construct a model of a
CNT composite, in which a defect-bearing CNT is embedded in an aluminum matrix. The
order of the aluminum matrix is reduced using Guyan reduction. Five cases are considered:
a control in which no CNT is embedded in the matrix1 , a pristine case with no defect in the
1

For the control case, the inclusion that is filled by a CNT in the other cases is left empty. This choice is
motivated by the results of [145], which demonstrate that the addition of 1.5% CNTs does not impact the
density of the composite when compared to similarly prepared and sintered aluminum powder. Furthermore,
micrography of the structure of the composite reveals significant porosity even in the absence of CNT, making
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CNT, a model in which the CNT contains a Stone-Wales defect, and a model in which the
CNT contains a multi-vacancy defect. There is only one possible control case and pristine
case, so only one trial of each was necessary. Five trials of each defect-bearing case are
used to ensure that the results are consistent. These simulations demonstrate that, while a
pristine CNT produces only a slight increase in the stiffness of the composite, that increase
in stiffness due to a defect-bearing CNT is even less. The presence of a multi-vacancy defect
is found to have little impact on the damping of the composite, but a single Stone-Wales
defect increases the strain on the composite required to cause the CNT to slip. Furthermore,
beyond a certain strain the energy dissipation per cycle of the Stone-Wales cases are greater
than the that of either the pristine or multi-vacancy cases. The energy dissipation and loss
factor of these composites point to CNT composites acting as macroslip dampers.
Order reduction for atomic systems is a very new area of investigation, therefore there is
significant room to expand on the work that is presented here. Other defects in CNTs and
similar periodic structures could be analyzed using the same or related methods. Additionally, the results of the simulations of CNT composites highlight additional avenues that can
be explored that might lead to a better understanding of the behavior of these materials.
Variability was observed in the energy dissipation of the multi-vacancy cases at low strains,
suggesting that attributes of the CNT other that the type of defect might be influencing
its behavior. An investigation of the impact of the local strain in the neighborhood of the
defect on the damping of the system might shed light on the overall response of the system.

a comparison of an Al/CNT composite to an uninterrupted sample of single-crystal aluminum less meaningful
than a comparison to a porous sample of aluminum.
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Appendix A
Derivation of the Nondimensionalized Single
Degree of Freedom Equations of Motion
Using equations 3.3.2a - 3.3.2h, eq. ?? reduces to

ẍ (t) − 2ζ+ ẋ (t) + (1 − ) x (t) + p (x) = 0

(A.1)

p (x) := p∗ (x (t) x0 ) / [x0 (k + kd )]

(A.2)

where:

Note that non-dimensional damper force p remains dependent on the dimensional parameters p∗f s , kd , ∆s , and ∆f s . To fully nondimensionalize the system, the parameters on which
p depends must also be nondimensionalized. This will be done separately for the no slip,
partial slip, and full slip cases.

No slip
p∗ (x∗ ) = kd x∗

(A.3)

p (x) = x

(A.4)

From eq. A.2 and eq. 3.3.2,
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Partial slip
x∗ (a) =

τm 
1 + λ2 a [(a/2) + tanh λ (1 − a)/λ]
ks

(A.5)

p∗ (a) = (τm L) [a + tanh λ (1 − a)/λ]

(A.6)


x (a) = xs 1 + λ2 a [(a/2) + tanh λ (1 − a)/λ]

(A.7)

xs := ∆s /x0 and xf s := ∆/x0

(A.8)

p (a) =  [a + tanh λ (1 − a)/λ]

(A.9)

p∗f s = τm L

(A.10)

pf s = 

(A.11)

From eq. 3.3.2,

where

From eq. A.2 and eq. 3.2.8,

Full slip:

From eq. A.2 and eq. 3.2.8,

Furthermore, from equations 3.3.2 and A.8

xs =

xf s

tanh λ
λ

tanh λ
=
λ



λ2
1+
2

(A.12)

(A.13)

Equations A.12 and A.13 demonstrate that xs and xf s are only functions of nondimensional
parameter λ, and therefore xf s depends only on xs . Hence, the only parameters needed to
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uniquely define the nondimensionalized microslip damper are  and xs .
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Appendix B
Energy Dissipation by Macroslip and
Microslip Dampers in Full Slip Conditions
Comparison between macroslip and microslip dampers
It will be shown here that when both dampers are slipping fully, the macroslip damper
provides greater amount of damping. The energy dissipated by a damper is equal to the area
inside its hysteresis curve, so to prove that the macroslip damper provides more damping
(dissipates more energy), it is sufficient to prove that the microslip hysteresis curve lies inside
the macroslip hysteresis curve in full slip conditions, Fig. 3.
Let A be greater than xf s i.e., both dampers are slipping fully. The microslip hysteresis
curve lies inside the macroslip hysteresis curve if, for all times, t, the microslip damper force,
pm , is less than or equal to the macroslip damper force, pM , and if there is a range of t
for which pm is strictly less than pM . Clearly, for fully stuck (A ≤ xs ) and for fully slipping
(A ≥ xf s), pm = pM . It only remains to show that during partial slip, pm < pM .
The condition pm < pM will be satisfied if, at the transition between the fully stuck and
the partial slip regions, the slopes of pm and pM are the same, and the slope of pm decreases
throughout the region while still remaining positive. In other words:
dpM
dpm
|x=xs =
|x=xs = 
dx
dx
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(B.1a)

dpm
>0
dx

(B.1b)

d2 pm
<0
dx2

(B.1c)

The first condition eq. B.1a is easily checked by evaluating the derivative of eq. A.9 at
a = 0. Using equations A.7 and A.9,

d2 pm
dx2



dpm
dx
 coth (λ − aλ) [1 + aλ coth (λ − aλ)]
dpm
=
1/
=
dx
da
da
xs λ2 [aλ + coth (λ − aλ)]
 −2
 −3
dpm d2 x dx
 coth (λ − aλ)4
d2 pm dx
−
=
−
=
da2 da
da da2 da
x2s λ [aλ + coth (λ − aλ)]3

(B.2a)

(B.2b)

The right hand side of eq. B.2a is positive for 0 < a < 1, proving that the slope of the
microslip hysteresis curve is strictly positive in the partial slip region. The right hand side
of eq. B.2b is negative for 0 < a < 1, proving that the slope of the microslip hysteresis curve
decreases in the partial slip region. Therefore, pm < pM and it can be concluded that, when
the A > xf s , the macroslip damper provides more damping than the microslip damper.
Comparison between microslip dampers with different slip distances
Now energy dissipation by two microslip dampers with different values of x s will be
compared in full slip conditions. Substituting eq. A.12 into eq. B.2a,
dpm
λ coth (λ − aλ) [1 + aλ coth (λ − aλ)]
=
dx
λ2 tanh (λ) [aλ + coth (λ − aλ)]

(B.3)

The right hand side of eq. B.3 is strictly decreasing with respect to λ (for 0 < a < 1) and λ
decreases as xs increases, from eq. A.12. Hence, as xs increases, the slope of pm must increase
to reach the constant damper force at full slip for a smaller value of xf s − xs . Therefore the
hysteresis curve for the damper with a lower value of xs , which will have a lower value of
damper force at which partial slip starts, will be inside the hysteresis curve of the damper
with a higher value of xs (provided the displacement is large enough that both dampers are
slipping fully). This shows that when two microslip dampers with different values of xs are
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slipping fully, the damper with a larger value of xs will provide more damping.
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Appendix C
Proof That the Sum of MAC Values of a
Vector and Its Basis is 1
Mathematically, the MAC value of vectors α and β can be written [113]
2

αT β
MAC (αβ) = T
|α α| |β T β|

(C.1)

Let a set of vectors b1 , ..., bn be defined such that they from an orthogonal basis for vector
a and
a=

n
X

γi bi

(C.2)

i=1

where γi is the coefficient of basis vector bi . The MAC value of a and bj is
2
P
T
( ni=1 γi bi ) bj
γj2 bT
j bj
P
MAC (a, bj ) = P
=
n
P
T
| i=1 γi2 bT
i bi |
( ni=1 γi bi ) ( ni=1 γi bi ) bT
j bj

(C.3)

The sum of the MAC values of a and each bi is then
n
X
j=1

MAC (a, bj ) =

n
X
j=1
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γj2 bT
bj
Pn j2 T
| i=1 γi bi bi |

!
≡1

(C.4)

Appendix D
Supplemental Numerical Analyses of Carbon
Nanotubes with Multi-Vacancy Defects
The analyses of CNTs containing multi-vacancy defects presented in Chapter 5 are representative of the results of MDR and MDA under the worst-case scenarios (when the combination of parameters causes the natural frequencies of the perturbed systems to deviate
by the greatest amount from those of the pristine system). Included here are the results
for the full range of parameters tested. These results were omitted from the body of this
dissertation for the sake of brevity.
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(a)

(b)

Figure D.1: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (6,6) CNT with a single 2-atom MVD.

(a)

(b)

Figure D.2: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (6,6) CNT with a single 4-atom MVD.
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(a)

(b)

Figure D.3: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (10,0) CNT with a single 2-atom MVD.

(a)

(b)

Figure D.4: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (10,10) CNT with a single 4-atom MVD.
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(a)

(b)

Figure D.5: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (17,0) CNT with a single 2-atom MVD.

(a)

(b)

Figure D.6: Frequency (a) and frequency error (b) for MDR (ω = 0) and MDA approximations of a (17,0) CNT with a single 4-atom MVD.
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Appendix E
Loss Factor of a Macroslip Damper in
Parallel with a Spring
A macroslip damper is characterized by two quantities: the displacement at which slipping occurs (xs ) and the force at which slipping occurs (fs ). In virtually all cases, the damper
is modeled as a stick-slip interface in series with a linear spring to simulate the compliance
of a physical damper. Given a spring with stiffness k1 , the parameter fs is clearly equal
to k1 xs . The energy dissipated by a damper is equal to the area enclosed by its hysteresis
curve — in the case of a macroslip damper, this curve forms a parallelogram with height
2fs = 2kxs and with a base of length 2(a − xs ), where a is the amplitude of excitation. If
a is less than xs , no slipping and therefore no energy dissipation occurs. For a > xs , the
energy dissipated per cycle is equal to 4kxs (a − xs ).
Before a spring is added in parallel with the damper, the only device in the system that
is capable of storing energy is the linear spring. Therefore, the maximum kinetic energy per
cycle is 1/2k1 x2s , provided that a > xs . The loss factor of a system is simply the average
energy dissipation per radian (the energy dissipation per cycle divided by 2π) divided by the
maximum potential energy in a cycle [148]. Therefore, the loss factor of the damper alone
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(Ld ) can be calculated as follows

Ld =

4k1 xs (a − xs )
4(a − xs )
=
2π (1/2k1 x2s )
πxs

(E.1)

When a spring with stiffness k2 is added in parallel with the damper, it does not alter the
energy dissipation for a given cycle amplitude. However, this additional spring continues to
store energy after the damper begins slipping, radically altering its loss factor. Once again,
the loss factor is exactly zero until x = xs , as no energy loss is incurred until the damper
begins to slip. When x > xs , the potential energy stored by the spring within the damper
remains constant at 1/2k1 x2s , and the energy stored by the parallel spring increases with
displacement, as 1/2k2 x2 . Therefore, the maximum potential energy stored by the system
during one cycle is 1/2 (k1 x2s + k2 a2 ). The loss factor for the damper in parallel with a spring
is
L=

4k1 xs (a − xs )
π (k1 x2s + k2 a2 )

(E.2)

For k2 >> k1 or a >> xs , this reduces to
4k1 xs 
xs 
L≈
1−
πk2 a
a
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(E.3)

Bibliography
[1] E. T. Thostenson, Z. Ren, and T.-W. Chou, “Advances in the science and technology of
carbon nanotubes and their composites: a review,” Composites science and technology,
vol. 61, no. 13, pp. 1899–1912, 2001.
[2] D. Qian, G. J. Wagner, W. K. Liu, M.-F. Yu, and R. S. Ruoff, “Mechanics of carbon
nanotubes,” Applied mechanics reviews, vol. 55, no. 6, pp. 495–533, 2002.
[3] P. Harris, “Carbon nanotube composites,” International Materials Reviews, vol. 49,
no. 1, pp. 31–43, 2004.
[4] A. N. Cleland, Foundations of nanomechanics: from solid-state theory to device applications. Springer Science & Business Media, 2013.
[5] A. Jorio, M. S. Dresselhaus, R. Saito, and G. Dresselhaus, Raman spectroscopy in
graphene related systems. John Wiley & Sons, 2011.
[6] J. Maultzsch, S. Reich, C. Thomsen, E. Dobardžić, I. Milošević, and M. Damnjanović,
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