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Abstract
This dissertation examines the problem of integrating lithium-ion (Li-ion) batteries and photovoltaic (PV) cells in modern solar farms. Rapid growth in the global
solar power generation has made battery energy storage integration increasingly
important for PV farms in order to accommodate generation intermittency. One
critical challenge is that extensive power electronics are needed in these integrated
power systems to achieve functionalities such as battery pack balancing and PV
maximum power point tracking (MPPT). This dissertation examines the degree to
which such functionalities in integrated PV-battery systems can be achieved automatically through novel system designs. In particular, the dissertation develops
integration topologies that allow solar farm battery packs to achieve cell-to-cell
charge equalization purely by design, eliminating the need for active balancing via
power electronics. This synergistic behavior is termed self-balancing. Moreover,
one can adjust the relative sizing of the battery cells and photovoltaics in this
integration topology in order to achieve rapid MPPT by design, again without
requiring active power electronics.
Specifically, this dissertation proposes two “hybrid” topologies for integrating
PV and battery cells, both of which connect PV generation to each battery cell
directly, with or without intermediate power conversion. Furthermore, using Lyapunov stability methods, this dissertation proves that both topologies are globally,
asymptotically self-balancing. This means that initial differences among battery
cells in either state of charge (SOC) or other internal state variables are guaranteed to diminish asymptotically with time. This reduces the amount and hence the
cost of power electronics, otherwise needed for cell balancing in solar farm battery
packs. The Lyapunov candidate function used for the stability analysis represents
a measure of the “rise in energy” when the system becomes imbalanced compared
to a balanced state. Linearization of the system dynamics around an equilibrium
value furnishes an analytic expression for self-balancing time constant. Using this
time constant and equilibrium conditions for the system dynamics, this dissertation
identifies two sets of system properties, one set that only affects the self-balancing
iii

speed and the other that can affect both the speed and the equilibrium location.
Such analysis further elucidates the impact of various system heterogeneities on
the self-balancing behavior.
Additionally, through a small-signal analysis, this dissertation shows that the
self-balancing topology without power conversion can also achieve rapid MPPT
passively under varying solar irradiation levels, that is, without using active MPPT
control. Model-based analysis of the passive MPPT behavior leads to the derivation of analytic design rules for passive MPPT-capable systems, development of
dynamic models for possible departure of the system from MPP over time, and
identification of system parameters influencing the passive MPPT behavior. This
dissertation further identifies a fundamental tradeoff between passive MPPT and
self-balancing in these hybrid systems. While rapid MPPT can be achieved purely
by design, at slower time scales active control is still needed for MPPT in the proposed topology. To that end, this dissertation develops a novel method to achieve
such active MPPT inexpensively. The method involves using disturbance estimation methods, together with extremum-seeking (ES), in order to achieve MPPT
with minimal current sensing requirements. This estimation-based ES method becomes necessary because sensing requirement for most MPPT control algorithms
is quite intensive and for the hybrid topologies in this dissertation, distributed
sensing at the hybrid unit sites can render the system cost prohibitive and offset
the benefits of self-balancing. Therefore, through a cost analysis, whose details
are provided in the Appendix, this dissertation estimates that the cost of the selfbalancing topology exhibiting passive MPPT behavior can be 15% less than that
of a traditional integration topology of commensurate power and capacity. On the
other hand, for the self-balancing topology employing the estimation-based active
MPPT controller, a 12% cost reduction is achieved.
The overall outcome of this work is a cohesive set of integration topologies and
methods that allows solar farms to integrate battery systems and PV modules with
minimal cost, without compromising the ability to perform MPPT. From a higherlevel, fundamental perspective, the dissertation shows how classical tools from
estimation and control theory such as Lyapunov stability analysis, disturbance
estimation, and extremum-seeking, can together create a new design concept for
energy systems, namely: self-balancing systems.
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Chapter 1 |
Introduction
1.1 Motivation
This dissertation examines the problem of integrating lithium-ion (Li-ion) batteries
and photovoltaic (PV) cells in modern solar farms. Such integration is becoming
increasingly necessary as the global investment in solar power grows [5], thereby
creating an urgent need for storing solar energy when available and releasing it
when needed by the electric power grid. One critical challenge is that extensive
power electronics are needed in order to integrate batteries and PV systems today [6, 7]. Functions performed by these power electronics include battery pack
balancing and PV maximum power point tracking (MPPT), which are separately
handled in current solar farms. Such extensive use of power electronics is illustrated
in Figure 1.1, which shows a traditional topology of integrating battery energy storage with PV arrays. This is an example of a direct current (DC)-coupled system,
which is suitable for applications where PV energy is stored for later use [1]. This
DC-coupled topology uses power electronics to [1, 8, 9]: (i) convert the generated
DC power to AC through the inverter, (ii) control the voltage across the PV arrays
to achieve PV MPPT as well as to step down to the common DC bus voltage, (iii)
control battery pack charging/discharging through bi-directional DC-DC converters (the battery usually operates at a different voltage than the DC bus), and (iv)
enable the battery management system (BMS) to perform actions such as cell balancing, communication, and sensing of voltage, current, and temperature [10–12].
The need for power electronics results in further challenges and disadvantages in
traditional integration topologies such as:

1

Battery-based
Inverter

Power Grid/
Customer Load

DC/DC converter
and MPPT system

Bi-directional
DC/DC converter

Common direct current bus

Battery Pack
& Management
System

PV Module

Figure 1.1: A traditional DC-coupled storage integrated PV farm
1. Heavy reliance on power electronics increases the number of components and hence the cost of system integration [1, 10]. For example, Figure
1.2 shows the cost break-up of a DC-coupled benchmark residential PV/energy storage system analyzed in a National Renewable Energy Laboratory
(NREL) report [1]. It shows that almost 15% of the total cost of the system
comes from power electronics needed for controlling the PV arrays and battery pack. Moreover, almost two-thirds of the total cost of energy storage
hardware can be balance of system (BoS) cost that includes important items
such as power electronics [13]. The reason such high BoS cost is still borne
by conventional battery packs is because there is an inherent assumption
throughout the battery cell balancing literature [11, 12, 14–16] that power
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Figure 1.2: Cost breakup of a benchmark DC-coupled residential PV system with
integrated Li-ion battery pack [1]
electronics are imperative for balancing.
2. Separate control actions, needed for achieving PV MPPT and battery
safety actions such as cell balancing, can also result in higher overall losses
[17].
3. Extensive sensing requirement in traditional solar farms can also increase the cost and complexity. For example, a number of different sensor
measurements, such as voltage, current, and temperature, are used for effective PV MPPT [18] and BMS operation [19]. Such sensing needs increase as
PV farms become more and more distributed.
The key idea behind this dissertation is that certain integration topologies
can be designed that allow solar farm battery packs to achieve cell-to-cell charge
equalization automatically, by design. This eliminates the need for active balancing via power electronics. This dissertation exploits the opposing monotonicities
of the current-voltage characteristics of PV arrays and the open circuit voltage
(OCV) versus state of charge (SOC) curves of Li-ion batteries to develop these
“self-balancing” topologies. Moreover, one can adjust the relative sizing of the
3

battery cells and photovoltaics in this integration topology in order to achieve
rapid MPPT by design, again without requiring active power electronics. Maximum power point tracking at slower time scales still requires active control in
the proposed topology, but the dissertation develops a novel method for achieving
such power point tracking inexpensively. The method involves using disturbance
estimation methods, together with extremum-seeking, in order to achieve MPPT
with minimal current sensing requirements. The overall outcome of this work is a
cohesive set of integration topologies and methods that allows solar farms to integrate battery systems and PV modules with minimal cost, without compromising
the ability to perform MPPT, thereby addressing the challenges delineated earlier.
The proposed integration topologies in this dissertation can potentially reduce the
cost of traditional PV farms by 12-15% (see Appendix A.2 for details). From a
higher-level, fundamental perspective, the dissertation shows how classical tools
from estimation and control theory such as Lyapunov stability analysis, linearization, disturbance estimation, and extremum-seeking, can together create a new
design concept for energy systems, namely: self-balancing systems.
The remainder of this chapter is organized as follows. Section 1.2 presents a
critical review of the literature related to energy storage integration and identifies
important gaps in this literature. Next, Section 1.3 presents the key contributions
of this dissertation, aimed at eliminating these identified gaps.

1.2 Literature Review and Current State-Of-The-Art
of Energy Storage Integration in Solar Farms
This dissertation is motivated by (i) the rapid growth of variable renewable energy
(VRE) sources, particularly solar PV arrays [20] and (ii) the intermittencies associated with VRE sources that necessitates cost-effective mitigation techniques [21].
The need for energy sustainability and environmental concerns arising from fossilfuel based energy generation have played major roles in the global increase of
VRE sources for stationary power applications [22]. Among such VRE sources,
solar energy is becoming quite attractive owing to factors such as innovations in
PV technology (e.g. all weather PV cells [23], novel materials [24]), rapidly diminishing PV installation cost (see Figure 1.3 [2]), and scalability. Such factors
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have resulted in the global PV installation capacity to scale almost 300 Gigawatt
(GW) currently and are expediting even higher penetration of PV energy into the
grid [5, 25]. However, at higher penetration, the intermittent behavior of renewable generation can induce difficulty in balancing the grid’s energy supply and
demand [26, 27] and the lack of intertial elements in VRE generation can result in
grid instability [28]. Mitigation techniques such as integration of energy storage to
store and release excess renewable energy [29–31] and demand response to shift the
electricity demand based on energy supply [32,33] will become a necessity in the future power grid [34]. While both these techniques have their pros and cons [35], the
scalability of battery systems for stationary power applications makes the energy
storage based mitigation technique suitable for both grid-tied and off-grid applications [36]. Although a number of battery technologies have been used for energy
storage applications [37–39], this dissertation focuses on Li-ion battery integration
due to two reasons:
(i) Heavy investment from the automotive sector has resulted in Li-ion battery
production cost to decrease to $227/kWh in 2016 from $1000/kWh in 2010,
making it economically attractive for stationary power applications [40].
(ii) High energy and power densities of Li-ion batteries complement their use in
stationary applications [41].
However, other battery technologies exhibiting similar monotonicity in their OCVSOC behavior as Li-ion batteries can also be integrated in the self-balancing topologies proposed in this dissertation.
While there is a growing interest in integrating different battery technologies to
increase the share of renewable energy in the grid electricity mix [42], the feasibility
of using Li-ion batteries for such applications is reinforced by recent news such as
AES Energy Storage installing a grid-scale 30 Megawatt (MW) and 120 MWh Liion battery installation in California [43] and Tesla building a massive 100 MW
Li-ion battery pack in Australia [44]. The literature has studied energy storage
integration from multiple perspectives. Hill et al. [42] provide an overview of
MW-level energy storage integration in the same configuration as shown in Figure
1.1, and discuss different modes in which the battery system can be controlled.
Stan et al. [45] review different Li-ion chemistries used for stationary and mobile
applications and analyze the suitability of commercially available Li-ion chemistries
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sectors [2]
for such applications. The overall literature related to energy storage integration
into PV farms can be categorized as: (a) literature related to system design and
optimization containing studies of different methods of optimizing the component
sizes and (b) literature related to energy management and control of these systems
or their components. A critical review of these two bodies of literature is presented
next.

1.2.1 System Design and Optimization
In the system design and optimization literature, Bajpai and Dash [46] bifurcate
the optimization methods into conventional techniques such as using an energy
balance and artificial intelligence (AI) based methods. The AI-based methods are
particularly suited for sites where weather data is insufficient for performing energy balance and include evolutionary algorithms such as genetic algorithm [47,48],
particle swarm optimization [49] etc., simulated annealing [50], artificial neural
network based methods [51, 52], and fuzzy logic based methods [53] to name a
few. Other studies have used formal optimization techniques such as Mixed Integer Linear Programming (MILP) [54] or commercially available softwares (such as
HOMER [55], HYBRID2 [56]) that optimize different economic indices such as Net
6

Present Cost or Levelized Cost of Energy [57]. The readers are referred to various review articles on microgrid and hybrid renewable energy system optimization
available in the literature [46, 58, 59] for further information. Another important
aspect of storage integration with VRE sources is the topological arrangement of
the various components. Traditionally, battery packs are integrated with VRE
sources, specifically PV systems, in a configuration such as the one shown in Figure 1.1. These systems can be either DC-coupled (Figure 1.1) or AC-coupled; in
the latter case, the PV arrays directly feed power to the load through a grid-tied
inverter [1]. These configurations can be called active systems because they use
power converters to integrate PV arrays and batteries with the load/grid. A relatively less explored integration topology is where the PV arrays and batteries
connect passively, thereby reducing some of the power conversion needed for integration. Some of the relevant bodies of work related to energy systems integration
without active power conversion are summarized here in particular:
• Joos et al. [60] and Gibson and Kelly [17] investigate the parallel connection of
Li-ion battery packs with PV arrays without any voltage conversion between
the two. Joos et al.’s work is a simulation-based investigation of the parallel
connection between a 5 kW-peak PV system and a 5 kWh Li-ion battery
pack for household power applications. On the other hand, Gibson and
Kelly develop an experimental setup to charge Li-ion battery modules for
electric vehicles by connecting them directly to PV systems. In both these
work, overcharging of the battery packs is avoided by matching the operating
voltage range of the PV arrays and the integrated Li-ion battery packs.
• Kim and Bae [61] investigate a passive architecture of PV/battery integration
and its decentralized control. The battery pack is connected directly to
the system voltage bus without any power converter. The lack of a central
supervisory controller allows the integration of the PV sources to be scalable.
The PV arrays are controlled using a power droop law based on the current
input to the battery pack. For a given PV source, the PV control module
uses an MPPT control method to generate maximum power if the battery
input current is less than a threshold value and uses a power regulation law
if the battery current is higher than the threshold.
• Ma et al. [62] and Zhao et al. [63], on the other hand, explore passive con7

nections of battery packs and supercapacitors for integration with renewable
energy systems (microgrids). The study by Ma et al. is aimed at examining the ability of passive integration of these two devices to meet long term
energy and short term power requirements of microgrids. Zhao et al. compare system efficiencies achieved by not just passive battery/supercapacitor
systems, but also by active variants of the same that add power converters
between the battery packs and supercapacitors.
• Kakimoto and Asano [64] investigate the problem of component sizing in a
PV system and energy storage integration. The power converters between
the PV arrays and batteries are removed with the rationale that the cost
of the converter is more than the monetary value of the energy lost due to
its absence. However, the authors have incorporated a major simplifying
assumption in their analysis that the voltage of the battery is constant.
• Passive hybridization has also been explored outside the context of renewable
energy systems. Bernard et al. [65] investigate the passive connection of a
fuel cell and battery pack for fuel cell-powered hybrid vehicle powertrain
applications.
While the above literature shows that passive integration of batteries and PV
arrays are possible, there is a lack of understanding the characteristics of such
integration using classical analytical tools from control theory. Such a gap in
the literature provides scope for analyzing novel integration topologies such as
the self-balancing integration proposed in this dissertation and understand their
dependence on system properties using tools such as linearization, stability and
small-signal analysis.

1.2.2 Energy Management and Control
The other major focus of the literature on energy storage integration is on the
operational side of it. This includes studies related to energy management in
microgrids, MPPT control of PV arrays, and the broader topic of cell-balancing
and battery management. Energy management, particularly in traditional microgrids, has been extensively investigated in the literature. Olatomiwa et al. [66]
present a detailed review of energy management strategies applied to stand-alone,
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grid-connected, and smart grid renewable energy systems. The article especially
explores the literature for studies that use linear programming [67], commercial
softwares [68], AI-based methods [69], and fuzzy logic [70] for energy management of the above variants of renewable energy systems. Chong et al. [71] review
design and control strategies of renewable energy systems that integrate hybrid
power (such as supercapacitor, flywheel etc.) and energy storage (such as battery,
hydrogen storage etc.) systems in various configurations.
For traditional solar farms such as the one in Figure 1.1, PV MPPT control is
one of the major requirements for efficient system operation. Due to this reason,
the field of MPPT control has proliferated rapidly and so has its underlying literature. The control methods investigated in the MPPT literature can be categorized
primarily into model-based [72, 73] and model-free [74–77] controllers. The former
category is suitable for operating under rapidly varying environmental conditions
but is sensitive to modeling inaccuracies. The simpler model-free controllers [18]
use sensor measurements to obtain PV power information and dictate the control
input based on a variety of control algorithms such as perturb and observe [78],
incremental conductance [79], extremum seeking (ES) [80] etc. However, the major disadvantages of model-free controllers are their heavy reliance on sensors and
occasional failure to distinguish between changes in power due to changes in the
control input or environmental conditions [4, 81]. It is evident that the above literature assumes that active control is necessary for achieving MPPT in PV farms,
despite the fact that high sensing and operational bandwidth demands can make
active control very challenging. In contrast, a relatively unexplored alternative
is the concept of passive MPPT or MPPT by design, which relies on designing
a PV system in such a way that it achieves MPPT without needing active control [60, 82, 83]. The key idea behind this concept is to connect an ideal voltage
source electrically parallel to a PV array in order to maintain a constant voltage
output across the PV array to achieve rapid MPPT by design. Studies have assumed batteries to act as a constant voltage source [64] for such passive MPPT
applications under different solar irradiation levels [82].
A critical examination of the above literature reveals two key gaps:
1. The extant literature presents the topological configuration that is capable
of achieving passive MPPT. However, it lacks theoretical analysis that can
furnish analytic design rules for such systems or quantify the impact of us9

ing non-ideal batteries, whose voltage can change dynamically, for enabling
passive MPPT behavior.
2. Active MPPT control for integrated PV/battery systems still suffer from
high sensing requirement and controller divergence, which require further
investigation.

1.3 Unique Contributions
The insights gained from the literature review of this dissertation reveal that there
is scope for improving the prospect of energy storage integration into PV farms.
Voids are identified in the energy storage integration and MPPT literature that
motivate exploration of fundamental questions such as:
1. Is it possible to design integration topologies that inherently require significantly less amount of power electronics to achieve the functionalities of traditional topologies?
2. Are there design- or control-based solutions to reduce the number of sites in
a PV farm where independent control actions are needed for efficient system
operation?
3. Are there design- or control-based techniques that can significantly reduce
sensing requirements for PV farm operations?
This dissertation answers the above motivating questions by proposing a unique
set of integration topologies and control methods to integrate battery systems into
PV arrays. The proposed topologies incur minimal cost and retain the ability to
perform MPPT. Furthermore, simplified system models and analytical tools from
estimation and control theory are used to gain valuable insights into the behavior
and performance of these topologies. These insights, in turn, are validated through
carefully designed simulation case studies and experiments. This leads to the
following set of unique contributions of this dissertation:
1. Self-Balancing PV/Battery Integration Topologies: Chapters 2 and
3 examine the problem of designing integrated systems of PV arrays and
battery cells in a manner that achieves self-balancing, i.e. cell-to-cell charge
10

equalization automatically, by design. These chapters propose two topologies
for integrating PV and battery cells, both of which connect PV generation
to each battery cell directly, either with or without intermediate power conversion. Specifically through these chapters, this dissertation:
• Proves self-balancing using Lyapunov stability analysis and equivalentcircuit battery models of an arbitrary order.
• Provides the self-balancing proof for multiple integration topologies, i.e.
systems with or without power conversion.
• Derives analytic expression for self-balancing time constant using a
small-signal analysis.
• Gains insights into the self-balancing behavior through analysis of the
equilibrium conditions and the self-balancing time constant.
• Identifies the system properties that affect either the self-balancing
speed and/or the equilibrium location of the system.
• Demonstrates this self-balancing behavior experimentally, using a hardware-in-the-loop setup and physical Li-ion batteries.
2. MPPT By Design: Chapter 4, examines the problem of designing a hybrid
photovoltaic (PV)/battery system to achieve MPPT “by design”, or, passively, without requiring active control. The contributions from this chapter
are the following:
• The self-balancing topology introduced in Chapter 2 is used to derive
analytic design rules for achieving passive MPPT.
• In this process, this dissertation also derives dynamic models for the
potential departure of the system from MPP over time. This is a result
of using non-ideal batteries to enable passive MPPT.
• A small signal analysis is performed on the system to understand the
effects of changing solar irradiation on the state of the system and its
self-balancing behavior. This shows a fundamental tradeoff in these
systems between achieving passive MPPT and self-balancing.
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• Using the impedance matching principle, internal resistance of the battery is identified as a design parameter of the system that enables passive
MPPT.
• Simulation-based validation case studies are performed to demonstrate
the passive MPPT behavior.
3. Li-ion Battery Input Current Estimation: Chapter 5 develops a modelbased algorithm for combined state and disturbance estimation in a Li-ion
battery cell. The “disturbance”, in this context, is the external current applied to the cell. The algorithm estimates this current based solely on terminal voltage measurement. This algorithm is used in conjunction with an
MPPT algorithm in Chapter 6 to reduce the sensing requirement of active
MPPT methods. Specifically, this chapter:
• Presents a theoretical analysis of the disturbance estimation covariance
achievable by this algorithm.
• Applies the algorithm to the self-balancing hybrid PV/battery system
to estimate the PV generated current and hence power.
• Applies the proposed algorithm, in simulation, to the above hybrid system, and uses a moving average filter to attenuate the noise in its disturbance current estimates.
• Presents simulation-based insights into the effect of model-mismatch
between the plant and estimator on the estimation results.
4. Estimation-based MPPT Control: Chapter 6 examines the problem of
controlling the exchange of current in the self-balancing systems to achieve
PV MPPT. In contrast to the passive technique investigated in Chapter 4,
this chapter studies the online, optimal control of the self-balancing PV/Liion battery integration topology with intermediate power conversion. The
DC-DC converters used for power conversion in this system are controlled to
achieve PV MPPT that maximizes energy generation and storage. However,
sensing needs for traditional MPPT controllers can render the hybrid system
unnecessarily complex and costly. Therefore, this chapter:
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• Develops a model-based PV power estimation algorithm that only requires voltage measurement (based on the disturbance estimator in
Chapter 5).
• Uses this algorithm together with a novel extremum-seeking control
algorithm to achieve closed-loop, estimation-based PV MPPT.
• Analyzes if the joint dynamics of the MPPT controller and the hybrid
topology are still self-balancing, i.e. whether the self-balancing behavior
is sustained under closed-loop control.
• Quantifies that the controller is able to harness more than 99% of the
maximum available solar energy while operating in conjunction with the
disturbance estimation, which has its own inherent dynamics.
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Chapter 2 |
Achieving Self-Balancing In
Photovoltaic-Battery Energy
Storage Systems
2.1 Introduction
This chapter examines the problem of designing integrated systems of electrochemical energy storage (EES) and PV cells in a manner that achieves self-balancing. As
discussed in the previous chapter, EES integration is one major enabling technology that is allowing higher penetration of renewable energy into the grid’s energy
mix. However, traditional integration topologies such as the one in Figure 1.1
still suffer from the complexity and cost associated with all the power electronics and sensing needed for integration and operation [7]. Furthermore, a critical
analysis of the literature reveals that for the most part the operational and design
requirements for integrating storage into renewable energy systems are considered
as separate problems. For example, PV MPPT, hybrid energy storage system design, battery pack design, and cell-balancing are all necessary in PV farms but
investigated in separate bodies of literature. This dissertation poses the following
fundamental question in this chapter: Is there a way to circumvent this high dependence on power electronics, and hence the high cost of integrating battery energy
storage into PV arrays? To the best of the author’s knowledge, this work is the
first to examine the degree to which the integration of batteries with PV cells can
eliminate the need for balancing power electronics, which is one way to address the
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question posed earlier. This dissertation builds integrated systems of PV arrays
and Li-ion cells where initial differences in internal battery states, no matter how
large, converge asymptotically to zero. This goal is achieved “by design” without
requiring expensive active balancing circuits.
Figure 2.1 shows the high-level schematic of the self-balancing integration topology presented in this dissertation. A small string of PV cells that forms a PV array
connects to a battery cell to replenish its charge through an optional “connecting
device” (CD). This combination furnishes a hybrid PV/battery unit. This dissertation specifically focuses on using Li-ion batteries in the hybrid units due to their
increased usage in stationary power applications. When included, this CD, which
can be a low-power DC-DC converter, can perform photovoltaic MPPT directly
on the PV array, and decouple the operating voltages of the PV array and Li-ion
cell as well. A much simpler and less expensive alternative is obtained by omitting
the CD altogether [8]. A hybrid string, constructed by connecting hybrid units
in series, can then supply electric power into the grid through a inverter or to an
external DC load. These hybrid topologies lower the amount and hence the cost
of power electronics compared to competing current integration topologies. Two
salient advantages of the hybrid system achieve this reduction in power electronics. First, this proposed topology is globally, asymptotically stable. This stability
forces SOC as well as all other internal states of the Li-ion cells in a hybrid string
to converge to a global equilibrium, thereby balancing each cell (or equivalently
diminishing charge discrepancies between cells) without any balancing power electronics. This characteristic is referred to as the “self-balancing” behavior of this
topology. Self-balancing occurs because the connection of the PV array to the Liion cell creates a stabilizing negative feedback loop. Secondly, the time needed for
this self-balancing action is independent of the hybrid string length. This allows
assembly of high voltage hybrid PV/Li-ion strings, which is otherwise a constraint
in typical battery packs. These advantages are achieved through the system-level
integration of elementary devices with complementary properties. In pursuing this
self-balancing behavior, this dissertation makes the following contributions:
1. Use an N th order Li-ion battery equivalent circuit model (ECM) in a Lyapunov stability framework to prove that the hybrid system is globally, asymptotically stable.
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2. Investigate self-balancing in a hybrid topology that integrates a CD as well.
3. Perform a small-signal analysis to derive an analytical expression for the SOC
decay time constant, which uncovers the dependencies of self-balancing on
system parameters.
4. Demonstrate the self-balancing characteristics of the PV/Li-ion integration
topology through simulation case studies and experiments.
5. Quantify the reduction in cost of the proposed hybrid topologies by conducting a component-wise price comparison with a benchmark residential
PV/storage system available in the literature [1].
The first three points in the above list constitute the contents of this chapter, while
the final two are described in Chapter 3. The remainder of this chapter is organized as follows. Section 2.2 presents a framework to prove the global, asymptotic
stability of the hybrid systems using an N th order ECM. This framework is first
applied to the simpler hybrid topology, and then extended to the hybrid topology
with a CD in Section 2.3. Finally, Section 2.4 derives the analytical time constant
and draw some important conclusions.

2.2 Framework for Proof of the Self-Balancing Behavior of the Hybrid Topology
This section shows that the simplest rendition of the hybrid topology, constructed
by directly connecting a PV array to a Li-ion cell without a CD, is self-balancing.
To do so, first, the mathematical model of the hybrid topology is introduced and is
used to show that connecting PV arrays to Li-ion cells creates a negative feedback
loop that stabilizes the topology. Next, the equilibrium point to which the system
self-balances is determined. Finally, using a suitable Lyapunov candidate function,
this chapter shows that the hybrid topology is indeed globally, asymptotically
stable. Physically, the Lyapunov function represents the amount of energy gained
by the system by moving away from the equilibrium, and this chapter shows that
this energy diminishes with time, causing this topology to return back to the
equilibrium. These three main steps of the framework are discussed here:
16
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Figure 2.1: Schematic of a self-balancing PV/battery integration topology
Step 1 - Mathematical model of the hybrid topology and an intuitive
introduction to self-balancing:
Figure 2.2 shows the schematic of the k th (k is arbitrary) hybrid unit in a string
of M hybrid units, where the zoomed out PV array shows its current-voltage (IV ) characteristics and the zoomed out Li-ion cell shows an N th order ECM which
is used to model the Li-ion battery dynamics. Defining Iext as the external load
current applied to the hybrid string, IP V,L as the PV-generated current, ICD as
the current output from the CD and Ibatt as the Li-ion cell’s input current, the
following relation is obtained:
ICD + Ibatt = Iext =⇒ −Ibatt = ICD − Iext
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(2.1)

Assuming absence of the CD yields the relation:
ICD = IP V,L =⇒ −Ibatt = IP V,L − Iext

(2.2)

The state-space model of the N th order nonlinear Li-ion ECM is given by:
IP V,L − Iext
Ibatt
=
Q
Q
xi
ẋi = − − Ibatt
τi
xi
= − + (IP V,L − Iext ), i = 2, 3, . . . , N
τi
N
X
xi
VECM = y = OCV (x1 ) +
+ (IP V,L − Iext )Ro
i=2 Ci
ẋ1 = −

= VP V

(2.3a)

(2.3b)

(2.3c)

PV I-V Characteristics
Nth Order ECM

Figure 2.2: Schematic of a hybrid unit containing an N th order ECM for the Li-ion
cell and the I-V characteristic curve describing the PV array
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where,
1. The state variable x1 is the SOC of the battery, and is marginally stable due
to the pole at the origin. This further implies that Li-ion cells are inputoutput unstable.
2. The charge capacity of the cell is Q.
3. The state variables xi , i = 2, 3, . . . , N represent electrolytic diffusion dynamics within the Li-ion cell. These state variables also represent the amount of
charge across the capacitors (Ci ’s) in the RC pairs of the ECM in Figure 2.2.
4. The time constant of the dynamics of xi is τi = Ri Ci > 0.
5. The cell’s internal resistance is Ro .
6. The terminal voltage is VECM , and OCV is the SOC-dependent, monotonically increasing nonlinear open circuit voltage of the Li-ion cell.
7. The terminal voltage across the PV array is VP V , which equals VECM .
Equation (2.2) also implies that the maximum battery current can equal the PV
short-circuit current if there is no external load and the battery has been depleted
to 0 V. A Li-ion chemistry that can handle input current as high as the short-circuit
current should be used in practice. Additionally, there is a monotonically decreasing one-to-one relationship between VP V and IP V,L of the PV array as shown by
the I-V curve in Figure 2.2 [84–86]. The connection of a PV array that has an
innate monotonically decreasing I-V behavior to an electrochemical cell that has
a monotonically increasing OCV-SOC behavior results in the creation of a stabilizing negative feedback loop. This is illustrated intuitively in Figure 2.3. Owing
to the construction of the hybrid unit, IP V,L is an input to the Li-ion battery and
the voltages across the battery and the PV array are equal. Referring to Figure
2.3, consider three units of a hybrid string, where Unit #1 (green triangle) is in
equilibrium at a certain voltage and current (equals Iext ). Unit #2 (blue circle),
whose SOC is lower than that of Unit #1, will have a lower voltage. Correspondingly the PV array of Unit #2 will generate more current compared to Unit #1.
The surplus current charges the Li-ion cell and drives its SOC towards equilibrium.
Similarly, a unit with higher SOC than the equilibrium value (for example, Unit
19

Unit #1 (Eqm)

Unit #2
Unit #3

Figure 2.3: Intuitive illustration of the negative feedback loop created by the
interconnection of the PV array and the Li-ion cell in the hybrid topology
#3, red square) will have a higher voltage and a lower PV generated current than
Iext . The deficit energy is supplied by the battery, thereby discharging to reach
equilibrium. This analysis shows that the connection of these two different systems
in the hybrid topology results in a stabilizing effect in a synergistic manner.
Step 2 - Determine the unique global equilibrium point:
This step finds the unique equilibrium point of the system. The hybrid topology self-balances to this point whenever it is perturbed from the equilibrium. At
equilibrium, the states of the system in Equation (2.3) do not change with respect
to time, yielding the relations:
ẋ1 = 0 =⇒ Ibatt = 0 ⇔ I¯P V,L = Iext

(2.4a)

ẋi = 0 =⇒ x̄i = 0, i = 2, 3, . . . , N
V̄ECM = VP V (I¯P V,L ) = OCV (x̄1 )

(2.4b)
(2.4c)

where quantities with the accented bar (¯) represent values at equilibrium. Equation (2.4) reveals that the equilibrium point is dictated by the:
(i) applied external load current, Iext ,
(ii) functional relationship between VP V and IP V,L , i.e. the I-V characteristics
curve of the PV array,
(iii) OCV-SOC curve of the Li-ion cell.
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Therefore, existence of a unique, global equilibrium for the entire hybrid string
requires that there is homogeneity among the Li-ion cells in a hybrid string in
terms of their OCV-SOC curve and among the PV arrays in terms of their I-V
characteristics (which implies homogeneity in array construction and operation).
The homogeneity assumptions can be relaxed and its implications are discussed
later in this chapter.
Step 3: Choose and use appropriate Lyapunov candidate function:
The global, asymptotic stability of the hybrid topology is proved by finding an
appropriate Lyapunov function that satisfies the Lyapunov stability conditions in
Theorem 1 [87–89]. The theorem is stated as follows:
Theorem 1 Consider a dynamical system of the form ẋ = f (x), where x ∈ Rn
and x = x̄ be its unique equilibrium point. If there exists a continuously differentiable function V : Rn → R such that
V (x̄) = 0

(2.5a)
x 6= x̄

V (x) > 0,

(2.5b)

kxk → ∞ =⇒ V (x) → ∞
V̇ (x) ≤ 0,

(2.5c)

∀ x 6= x̄

V̇ (x) = 0 only when

(2.5d)
x = x̄

(2.5e)

then x = x̄ is globally, asymptotically stable.
One physically meaningful and popular choice of the Lyapunov function, V (x),
for a dynamical system is the amount of “stored energy” of the system. With this
choice of Lyapunov function, the conditions in Equations (2.5d) and (2.5e), that
is the rate of change of the “stored energy” with time being negative (unless the
system is already at the equilibrium), imply that the “stored energy” diminishes
with time, thereby allowing the system to return to its equilibrium position or the
minimum energy state. With this intuition, this dissertation chooses the following
Lyapunov candidate function for the proposed hybrid topology:
V (x) = Q

Z x1 h
x̄1

i

OCV (z) − OCV (x̄1 ) dz +

N
X

x2i
i=2 2Ci

(2.6)

where, x = [x1 , x2 , . . . , xN ]T is the vector of state variables of the state-space model
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in Equation (2.3), and z is the SOC in Equation (2.6). Referring to Figure 2.2, the
capacitors C2 , . . . , CN along with the ideal voltage source representing the OCV
of the Li-ion cell constitute N energy storing elements. The Lyapunov function
in Equation (2.6) represents the increase in “stored energy” of the hybrid system
from a non-zero energy datum due to the traversal of its states away from the
equilibrium point.
To prove the self-balancing behavior of the hybrid topology, the following steps
establish that V (x) satisfies the conditions in Equation (2.5):
1. By definition, at the equilibrium x̄ = [x̄1 , 0, . . . , 0]T , V (x̄) = Q
i

−OCV (x̄1 ) dz +

PN

02

i=2 2Ci

R x̄1 h
x̄1

OCV (z)

= 0, and therefore satisfies Equation (2.5a).

2. Since OCV is a monotonically increasing one-to-one function of SOC in Liion cells, this results in x1 ≥ x̄1 ⇔ OCV (x1 ) ≥ OCV (x̄1 ) and x1 ≤ x̄1 ⇔
i
R h
OCV (x1 ) ≤ OCV (x̄1 ). Therefore, Q x̄x11 OCV (z) − OCV (x̄1 ) dz > 0 when
x1 6= x̄1 . Combined with the sum of quadratic terms, this causes V (x) to
satisfy Equations (2.5b) and (2.5c).
To satisfy the fourth condition of Theorem 1, this chapter first finds the temporal
derivative of V (x) (using Leibniz rule for differentiation under the integral term):
V̇ (x) = Q[OCV (x1 ) − OCV (x̄1 )]ẋ1 +

N
X

1
xi ẋi
i=2 Ci

=⇒ V̇ (x) = [OCV (x1 ) − OCV (x̄1 )](IP V,L − Iext )
+

N 
X
i=2

1 2 xi
−
x + (IP V,L − Iext )
Ci τ i i Ci



N
X

xi
=⇒ V̇ (x) ≤ [OCV (x1 ) − OCV (x̄1 )] +
i=2 Ci


× (IP V,L − Iext ),



N
X

(2.7a)


x2
∵
− i ≤0
Ci τi
i=2



(2.7b)

Subtracting Equation (2.4c) from Equation (2.3c), and re-arranging the terms
yield:
VP V (IP V,L ) − VP V (Iext )−(IP V,L − Iext )Ro = OCV (x1 )
− OCV (x̄1 ) +
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N
X

xi
i=2 Ci

(2.8)

Furthermore, the use of the Mean Value Theorem yields the relation:
−η ≡

dVP V
dIP V,L

I˜P V,L

=

VP V (IP V,L ) − VP V (Iext )
IP V,L − Iext

(2.9)

where I˜P V,L ∈ (IP V,L , Iext ). In Equation (2.9), VP V is a monotonically decreasing
function of IP V,L , thereby rendering η > 0. Therefore, using Equation (2.9) in
Equation (2.8) results in:
IP V,L − Iext

N
X
1
xi
=−
OCV (x1 ) − OCV (x̄1 ) +
η + Ro
i=2 Ci





(2.10)

Substituting Equation (2.10) into Equation (2.7b), the final condition is obtained
as:
2


1
OCV (x1 ) − OCV (x̄1 ) +
3. V̇ (x) ≤ − (η+R
o)

PN

xi 
i=2 Ci

≤ 0,

∀ x 6= x̄.

Thus, V̇ is negative semi-definite at any point other than the equilibrium. This
means that the equilibrium point, x̄ is stable in the sense of Lyapunov. To prove
asymptotic stability, it remains to show that V̇ (x) = 0 only when x = x̄. Combining Equations 2.7a, 2.8, and 2.9, it can be shown that:
V̇ (x) = −(η + Ro )(IP V,L − Iext )2 +

N 
X
i=2

−

1 2
x
Ci τi i



(2.11)

Since η, Ro , Ci , τi > 0, setting V̇ (x) = 0 in Equation 2.11 yields:
2

−(η + Ro )(IP V,L − Iext ) +

N 
X
i=2

=⇒ IP V,L = Iext ,

1 2
−
x =0
Ci τi i


xi = 0, i = 2, 3, . . . , N

(2.12)

Furthermore, using the conditions from Equation 2.12 in Equation 2.8 and recognizing that the OCV is an invertible function, it can be concluded that x1 = x̄1 .
4. Together, this shows that V̇ (x) = 0 only when x = x̄ as obtained in Equation
2.4.
This means that if the system is perturbed from the equilibrium, the increase in
“stored energy” of the hybrid system will decay with time. The numbered list 1-4
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establishes that the equilibrium point x = x̄ is globally, asymptotically stable. This
analysis proves that any deviation of the states of the Li-ion cell in any arbitrary
unit of a hybrid string will always converge to the equilibrium values without any
balancing power electronics in the integration topology. In other words, the hybrid
topology is self-balancing [8, 9] and this is achieved purely by design. Section 2.3
shows that the system can exhibit self-balancing even with the introduction of the
CD.

2.2.1 Note on Operational Safety
The analysis so far also elicits certain operational safety related questions, such
as (a) how does the hybrid system behave in a no load condition? or (b) is there
any risk of current surge in the hybrid system? Answers to such questions can
be readily derived from the equilibrium conditions of Equation 2.4. For example,
in the case of no external load, the equilibrium PV generated current becomes
I¯P V,L = 0, and the corresponding voltage becomes the open-circuit voltage in
the I-V characteristic curve. If a hybrid unit is constructed using a PV array
and a Li-ion cell whose characteristic curves are shown in Figure 2.3, the Li-ion
cell will definitely overcharge under no load condition (since VP V (IP V,L = 0) >
OCV (SOC = 100%)). This relationship between PV and Li-ion cell voltages
provides a safety guideline that in order to avoid overcharging during no load
condition, the voltage of the PV array at no load condition should not exceed
OCV of the Li-ion cell at 100% SOC. Although detailed simulation results are
provided in Chapter 3, Figure 2.4 (left) shows the OCV-SOC curve of a Li-ion
cell which is integrated with a PV array such that the OCV at 100% SOC is
greater that the maximum PV voltage, thereby avoiding overcharging situation
as can be seen from the SOC curve under no load condition on the right. The
integrated Li-ion cell has a Lithium Cobalt Oxide (LCO) cathode chemistry with
a capacity of 3.31 A-hr (12.17 W-hr at 50% SOC). The maximum power rating
of the corresponding PV array at standard test conditions (STC), which means
an environmental temperature of 25 ℃ and irradiance of 1000 Wm−2 , is 22.24 W.
Similarly, current surge in the hybrid systems can occur when the Li-ion cells are
at a low voltage initially and there is no external load connected to the system.
However, it is important to understand that the current surge is upper bounded by
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Figure 2.4: System behavior under no load condition when the operating voltage
range of the integrated PV array lies within the OCV range of the Li-ion cell
the short-circuit current of the PV array. Therefore, such a safety problem can be
contained by using Li-ion cell chemistries in the hybrid systems which can handle
high amounts of current.

2.3 Proof of Self-Balancing in Hybrid Topology with
CD
While the hybrid topology without the CD offers excellent design simplicity, omitting the CD does result in some loss of control authority. For example, the use of
the integrated system’s batteries for demand response becomes somewhat coupled
with the adjustment of the system voltage for MPPT purposes. This issue can
be remediated by introducing a CD between the PV array and the Li-ion cell as
shown in Figure 2.2, which offers two primary advantages:
• The operating voltage of the battery can be decoupled from the PV array’s
operating point.
• A DC-DC converter as a CD can also be used to achieve PV MPPT.
This chapter assumes that a perfect, loss-less DC-DC converter, working in a
constant power mode, is used as a CD in the hybrid unit. With this assumption,
the proof of self-balancing in presence of a CD is discussed here.
Step 1: Mathematical model of the hybrid topology with CD:
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The addition of the CD does not change the system model drastically. Equation 2.1 still holds but the relationship between ICD and IP V,L comes from the
power relation of the loss-less DC-DC converter. This proof further assumes that
the DC-DC converter together with the MPPT algorithm behaves as a constant
power source for the battery (in other words, the controller dynamics is neglected).
Later in this dissertation, Chapter 6 analyzes self-balancing in the presence of controller dynamics. The loss-less and constant power operation assumption yields
the following relationship between the voltages and currents on the output and
input side of the DC-DC converter:
VCD ICD = constant = PC = VP V IP V,L ,

(2.13)

where VCD is the terminal voltage across the CD on the Li-ion battery side and
PC is the constant power output or input. VECM now equals VCD .
Step 2: Determine the unique global equilibrium point:
Assuming homogeneity in construction and operation of the components in the
hybrid system, Equation 2.4 can be re-written for the hybrid system with CD as:

ẋ1 = 0 =⇒ Ibatt = 0 ⇔ I¯CD = Iext

(2.14a)

ẋi = 0 =⇒ x̄i = 0,

(2.14b)

V̄ECM

(2.14c)

i = 2, 3, . . . , N
PC
= OCV (x̄1 )
= VCD (I¯CD ) =
Iext

Thus, the equilibrium SOC depends on the external load current applied to the
system and the power generated by the combination of the PV array and the
DC-DC converter performing MPPT control.
Step 3: Choose and use appropriate Lyapunov candidate function:
The same Lyapunov function (Equation 2.6) is used in this case as well for
proof of global asymptotic stability since the controller dynamics are neglected
and hence the addition of the CD does not add more energy storage elements to
the system model. However, due to the presence of the CD, Equations (2.7-2.9)
are respectively modified as:
N
X

xi
V̇ (x) ≤ [OCV (x1 ) − OCV (x̄1 )] +
i=2 Ci
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× (ICD − Iext )

(2.15a)

VCD (ICD ) − VCD (Iext ) − (ICD − Iext )Ro =
xi
i=2 Ci
VCD (ICD ) − VCD (Iext )
=
ICD − Iext

OCV (x1 )−OCV (x̄1 ) +
−η ≡

dVCD
dICD

I˜CD

PC
= − ˜2
ICD

N
X

(2.15b)
(2.15c)

where I˜CD ∈ (ICD , Iext ). Clearly, η > 0 for power generation, and Equation (2.15)
yields:


N
X
1
xi
ICD − Iext = −
OCV (x1 ) − OCV (x̄1 ) +
(2.16)
η + Ro
i=2 Ci
Using Equation (2.16) in Equation (2.15a), it can be shown that:
2



N
X
1
xi 
OCV (x1 ) − OCV (x̄1 )+
V̇ (x) ≤ −
≤ 0,
(η + Ro )
i=2 Ci

∀ x 6= x̄

(2.17)

Finally, solving V̇ (x) = 0, it can be shown that this condition is satisfied only when
ICD = Iext and xi = 0 and hence, x1 = x̄1 . Thus, x̄ is a globally, asymptotically
stable equilibrium, which results in the self-balancing behavior of the hybrid unit
even in the presence of a CD in the topology and without using active balancing
circuitry.

2.4 Analytical Expression for the Decay Time Constant
This section derives an analytical expression for the decay time constant using firstorder Taylor series expansions of the OCV-SOC function and the PV array’s I-V
characteristics curve or the DC-DC converter’s output characteristics around equilibrium. This analysis neglects the diffusion dynamics of the Li-ion cell since these
dynamics are inherently stable and specifically focuses on the temporal evolution
of SOC. Allowing small perturbations in the state and input from the equilibrium,
given by ICD = I¯CD + δICD and x1 = x̄1 + δx1 causes the output voltage to perturb
to VECM = V̄ECM + δVECM = V̄CD + δVCD . Substituting these relations in Equa27

tion 2.3a and using Equation 2.3c (neglecting contributions of xi ’s to the output
voltage), the following relation is obtained:
δ ẋ1 =

(I¯CD + δICD − Iext )
Q

(2.18a)

V̄ECM + δVECM = V̄CD + δVCD = OCV (x̄1 + δx1 ) + (I¯CD + δICD − Iext )Ro
(2.18b)
A first-order Taylor series expansion of OCV with respect to SOC around equilibrium and use of the equilibrium relations of Equations. 2.4 and 2.14 yields:

δICD
Q
dOCV
=
dx1

(2.19a)

δ ẋ1 =
δVECM = δVCD
where

dOCV
dx1

=
x̄1

dOCV
dSOC

δx1 + δICD Ro

(2.19b)

x̄1

≡ γ is the slope of the OCV-SOC curve evaluated at
SOC

equilibrium SOC, and is a positive quantity owing to the monotonically increasing
nature of the curve. Similarly, a Taylor series expansion of the I-V characteristics
curve of the PV array or the DC-DC converter output characteristics yields:
δVP V = −ηδIP V,L ,
δVCD = −ηδICD ,

dVP V
dIP V,L Iext
dVCD
PC
−η ≡
=− 2
dICD Iext
Iext
−η ≡

(2.20a)
(2.20b)

Using Equation 2.20 in Equation 2.19b, δICD is solved as:
δICD

(or δIP V,L ) = −

γ
δx1
(η + Ro )

(2.21)

Using Equation 2.21 in Equation 2.19a, the dynamical equation for SOC perturbation from equilibrium is expressed as:
δ ẋ1 = −

γ
δx1
Q(η + Ro )
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(2.22)

Solution to (2.22) yields:
γ
t δxinit
Q(η + Ro )
Q(η + Ro )
τ=
γ




δx1 (t) = exp −

(2.23a)
(2.23b)

where τ is the decay time constant of SOC perturbation or the self-balancing
time constant, and δxinit is the initial SOC perturbation from equilibrium. The
discussion so far infers a number of valuable insights into the behavior of the hybrid
system:
1. The stability analysis in Section 2.2, complemented by (2.3b) and (2.22),
shows that integration of Li-ion cells in this hybrid topology has rendered
the joint dynamics of the system to be strictly Hurwitz. This induces stability
(or self-balancing) in the dynamics of all the state variables, including the
SOC state (x1 ) whose eigenvalue originally was on the imaginary axis of the
complex plane.
2. Self-balancing time is independent of hybrid string length, since τ is not
dependent on the string length. This enables the assembly of high-voltage
hybrid strings, which is a constraint faced by traditional battery packs due
to the excessive amount of time required for balancing longer series strings.
3. If the hybrid string is homogeneous, then the equilibrium, x̄ is unique for
the entire string, meaning that the charge imbalances among different units
will decay perfectly to zero. On the other hand, in a heterogeneous hybrid
string, x̄ may not be unique, which can result in the charge imbalances to
decay to a non-zero but finite value. Uniqueness of x̄ is determined by the
type of heterogeneities in the hybrid string.
4. Perfect self-balancing of Li-ion cells in a hybrid string, albeit with a different convergence speed, also occurs in the presence of heterogeneities in cell
parameters, Q and Ro . This means that heterogeneities in charge capacity
and internal resistance do not affect the uniqueness of the equilibrium point.
Specifically, higher values of Q and Ro increases τ , thereby slowing down the
self-balancing action.
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5. SOC convergence speed is affected by the location of the equilibrium operating point. Equations (2.4c) and (2.23b) elucidate the dependence of τ on γ
and η, which are evaluated at equilibrium. Particularly, a Li-ion chemistry
with steeper OCV-SOC curve and a lower value of η will result in faster selfbalancing when operating under similar conditions. Conversely, operating at
a flatter region of the OCV-SOC curve (i.e. smaller γ value) and at a region
with higher η value will result in taking much longer time to self-balance.
In essence, these heterogeneities still result in convergence but to different
equilibrium points for different hybrid units in the string.
The stability analysis in this work considers that the temperatures of the PV arrays
and Li-ion cells are homogeneous. This dissertation neglects temperature heterogeneities within the hybrid system and temperature dynamics that can feedback
into the self-balancing behavior. One way to verify the self-balancing behavior
despite the temperature-related simplifying assumptions in the current analysis is
to demonstrate it experimentally. Such experimental demonstration is presented
in Chapter 3.

2.5 Summary
This chapter investigates novel topologies of integrating Li-ion batteries and PV
arrays that can significantly reduce the cost and complexity of energy storage
integration to PV sources. This is possible through the exploitation of some intrinsic properties of Li-ion batteries and PV arrays to achieve Li-ion battery selfbalancing - a synergistic behavior that eliminates the need for much of the power
electronics, otherwise required for battery pack balancing in a conventional PV
farm setup. The stability analysis and the dependencies of the hybrid system’s
equilibrium point provide important insights into the dynamics of the system.
Specifically, the findings of this chapter can be summarized as follows:
• The system properties are separated into a set that affects the speed of
balancing (such as Q and Ro ) and another that also affects the equilibrium
value (such as OCV-SOC curve, I-V characteristics).
• Understanding the dependencies of system properties on self-balancing, most
importantly, provides design rules for these systems. For example, given a
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PV array and its characteristics, the design rules can help decide the Li-ion
chemistry and charge capacity to choose in order to elicit a desired selfbalancing speed.
The next chapter verifies these insights in simulation and experiments.

2.5.1 Unique Contribution to the Literature
The work, presented in this chapter has resulted in the following peer-reviewed
publication:
Partha P. Mishra and Hosam K. Fathy, “Can Photovoltaic Battery Energy
Storage Systems Be Self-Balancing?”, in Dynamic Systems and Control Conference, Minneapolis, MN, Vol. 1, 2016, pp. V001T15A002.
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Chapter 3 |
Validation Of Self-Balancing
Behavior Through Simulations
And Experiments
3.1 Introduction
This chapter presents results from simulation case studies and experiments to validate the self-balancing behavior investigated in this dissertation. The results in
this chapter complement the theoretical analysis presented in Chapter 2. Specifically, this chapter (i) develops suitable software models for the components of
the hybrid system, (ii) develops a hardware-in-the-loop (HIL) setup to emulate
the hybrid system integrated with physical Li-ion batteries, and (iii) validates the
self-balancing behavior both in simulations and HIL-based experiments.

3.2 Software Models and Simulation Setup
Software models of the hybrid units are developed by combining an 8th -order statespace model of the Li-ion battery as described in Equation 2.3, and a single-diode
model of the PV array [84, 90, 91]. This dissertation examines two different Liion chemistries, namely lithium iron phosphate (LFP) and LCO, with average
capacities of 2.62 A-hr and 3.32 A-hr, respectively. The experimentally identified
parameters of these Li-ion cells are provided in Appendix A.1. For the hybrid
unit with a CD, it is assumed that the PV array and the DC-DC converter (as
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the CD) together act as a constant power source (i.e. the controller dynamics
are neglected). Figure 3.1 shows an equivalent circuit of the single-diode model
of an ideal PV cell on the top and a PV array at the bottom. The ideal PV cell
consists of a current source that generates current based on the amount of incident
solar irradiation and a diode which is connected in parallel. However, practical
PV arrays have many individual PV cells connected in series to form high voltage
strings, and these strings are connected in parallel to each other to increase the
current. These connections result in additional losses in the circuit, which can
be represented by an equivalent series resistance Rs and a parallel resistance Rp ,
as shown at the bottom of Figure 3.1. These two resistances effectively describe
the losses in the PV array depending on whether the PV array is operating as a
voltage source or current source. The mathematical relation that describes the I-V
characteristics of an ideal PV cell (as shown in Figure 3.1 (A)) is given by:


IP V,ideal = IP V,cell − I0,cell exp



qVP V,ideal
−1
akB T

|



{z



(3.1)
}

Id

where,
1. IP V,ideal and VP V,ideal are current and terminal voltage of an ideal PV cell.
2. IP V,cell is the current generated by incident light.
3. I0,cell is the reverse saturation current of the diode.
4. q is the electron charge (1.60217646 × 10−19 C).
5. kB is the Boltzmann constant (1.3806503 × 10−23 J/K).
6. T is the temperature of the junction in Kelvin.
7. a is the diode ideality constant (usually between 1 − 2).
8. Id represents the Shockley diode equation.
However, behavior of practical PV arrays are captured by adding additional terms
to the I-V characteristics in Equation. (3.1) to obtain [84]:
VP V + Rs IP V,L
VP V + Rs IP V,L
− I0 exp
−1 −
aVt
Rp


IP V,L = IP V
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(3.2)

Figure 3.1: Equivalent circuits of (A) an ideal PV cell and (B) a PV array
where the additional terms are:
1. Rs IP V,L : Added to VP V to represent voltage drop due to the series resistance.
2. (VP V + Rs IP V,L )/Rp : Subtracted from the rest of the expression for IP V,L
that represents the current lost through the parallel resistance path. Thus
when the PV array works as a current source, the current generated by an
ideal array diminishes by this term to provide the actual load current.
The PV array model is further scaled down in order to make the array voltage and the integrated battery voltage compatible. Specifically, the PV array is
scaled such that its voltage at the MPP falls within the OCV range of the Li-ion
cell. A detailed description of the model scaling process is provided in Appendix
A.1. For simulations, this model is parameterized based on information from PV
manufacturers’ datasheets for a commercially available PV array, namely Kyocera
KC200GT [92], and is summarized in Table 3.1. The mathematical models of the
components are simulated using MATLAB. This chapter assumes constant tem34

Table 3.1: Parameter Values From PV Array Manufacturers’ Datasheets
Parameters
MPP current,Imp
MPP voltage,Vmp
Experimental maximum power
Short circuit current,ISC
Open circuit voltage,Voc
Temperature coefficient of Voc , Kv
Temperature coefficient of Isc , KI
Nos. of series PV cells, Ns,P V
Nos. of parallel PV strings, Np,P V

KC200GT
7.61 A
26.3 V
200.143 W
8.21 A
32.9 V
−0.1230 V/K
0.0032 A/K
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perature and irradiation conditions for the simulations and experiments in order
for the equilibrium conditions to not vary with changing environmental conditions.

3.3 Hybrid Topology Without Connecting Device
The voltage at the MPP for a scaled-down KC200GT PV array containing a single
PV cell is ∼ 0.49 V at STC. On the other hand, the OCVs of the LFP and LCO
cells range from 2.04 V and 2.52 V at 0% SOC to 3.6 V and 4.2 V at 100%
SOC respectively. System construction ensures that at equilibrium, the PV array
operates at MPP and the Li-ion cells are relatively at a higher SOC since they are
intended to support an external load when the PV arrays are not operating. This
is possible by choosing a load current, Iext , such that VP V (Iext ) = VM P P . This
results in construction of PV arrays consisting of seven and eight PV cells in series
for integration with the LFP and LCO cells respectively. With this configuration,
the LFP and the LCO cells operate around 96.5% and 71.1% SOCs respectively
at equilibrium.
The hybrid unit is simulated with an initial SOC perturbation from equilibrium
of 5% and zero initial conditions for all the other state variables. Figure 3.2 shows
the temporal trajectories of different signals of interest in the hybrid unit. The
bottom left and right subplots, respectively, show the OCV-SOC curves and the
corresponding PV array’s I-V characteristics for the LFP and LCO cells. From
this figure, the following observations can be made:
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Figure 3.2: Convergence of different signals of the hybrid unit to their respective
equilibrium values for two separate Li-ion chemistries
• SOC and other states of the Li-ion batteries converge to the respective equilibrium values. Correspondingly VECM and IP V,L also converge to VP V (Iext )
and Iext respectively, as postulated in Equation (2.4c).
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• Convergence is faster for the LFP cell compared to the LCO cell under the
operating conditions shown in the figure.
The reason for the first observation is the self-balancing nature of the hybrid topology resulting from the integration of the PV array to a Li-ion cell. The dominating
factors for the second observation are (a) smaller charge capacity of the LFP cell
and (b) steeper slope (higher γ) of the LFP’s OCV-SOC curve at the location of
the equilibrium SOC (96.5%). The value of the self-balancing time constant, τ for
the LFP and LCO cells, along with the constituent parameter values, are given in
Table 3.2. Clearly a smaller Q and higher γ results in a smaller τ value for the LFP
cell compared to the LCO cell, and hence faster convergence to the equilibrium
value.
Additionally, the convergence time of the cells are also dictated by how far the
initial conditions lie from the equilibrium values. For example, starting from an
initial SOC of 0%, the LFP cell takes ∼30 hours to converge to equilibrium voltage
compared to ∼23 hours taken by the LCO cell. This is because the LFP cell has
(a) to traverse a larger difference in SOC to reach the equilibrium and, (b) a much
flatter OCV-SOC curve in the mid-SOC range compared to the LCO cell. In fact,
the effect of slopes of the OCV-SOC and PV I-V curves on balancing time is
depicted throughout the SOC range in Figure 3.3. This figure plots the time taken
for a hybrid unit’s initial SOC imbalance (5% away from equilibrium) to decay by
50% around different equilibrium SOCs, which spans from 6% to 99%. For the
LFP cell, it is clear that mid range SOCs result in high SOC imbalance decay time
with occasional dips due to local increase in the OCV-SOC curve’s slope. In case
of the LCO cell, higher slopes below 10% SOC result in faster imbalance decay, but
the slope becomes smaller beyond 10% SOC leading to increase in the decay time.
However, at higher than 60% SOC, the decay time decreases because η decreases
with an increase in the equilibrium voltage.
Table 3.2: Values of self-balancing time constant parameters
Cell
LFP
LCO

Q, A-hr
2.6258
3.3126

η, Ω
0.4459
0.5096

Ro , Ω
0.0168
0.0632
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γ, V
1.9871
0.798

τ , hr
0.6114
2.3778

Time for 50% decay in SOC imbalance, hr

60

LFP
LCO

50
40
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20
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0
0

20

40
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80
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SOC, %
Figure 3.3: Time taken for initial SOC imbalance to decay by half at different
equilibrium SOCs

3.3.1 String Level Self-balancing With Heterogeneous Li-ion
Cells
This section shows that the types of heterogeneities in the Li-ion cells of a hybrid
string affect its self-balancing behavior. To understand this better, a hybrid string
consisting of three units in series (Unit#1, Unit#2, Unit#3) with LFP cells integrated into them is simulated. Each time different heterogeneities are injected
into the simulation, assuming the PV arrays to be identical and operating at STC.
It is to be noted that the self-balancing behavior is independent of the PV array temperature - meaning that SOC imbalances between Li-ion cells in a hybrid
string will diminish with time for different array temperatures. However, under
such situation, equilibrium SOC will vary as well. For the current simulation, the
resultant variations of SOCs of each Li-ion cell with time are shown in Figure 3.4
(a-e). In subplot (a) all the hybrid units are homogeneous and initialized from
the same initial condition. Therefore all the units follow the same trajectory as
the single hybrid unit case (see Figure 3.2) and converge to the equilibrium value
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Figure 3.4: Effect of various heterogeneities on the self-balancing behavior of a
hybrid string
at the same time. This establishes the independence of self-balancing time from
hybrid string length. Subplots (b)-(d) show that the hybrid units converge to the
same equilibrium despite having different initial SOCs, charge capacities and internal resistances respectively. These system parameters instead affect the time
taken to converge - the longest time being taken by the unit initially farthest away
from equilibrium or with the highest Q, Ro . For example, Q of the Li-ion cells in
Unit#2 and #3 are decreased by 15% and 30% compared to Unit#1, indicative
of Li-ion cells at different stages of their usable life span [93]. Similarly Ro of the
Li-ion cells in Unit#2 and #3 are increased by factors of two and three respectively compared to Unit#1, a hypothetical situation that encompasses impedance
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increase due to aging [93]. This indicates that the self-balancing characteristics
of this hybrid topology are sustained even at different stages of system aging. Finally, subplot (e) considers the hybrid units to contain three different LFP cells,
whose parameters and OCV-SOC curves are experimentally obtained (parameters
are given in Tables A.1, A.2), thus incorporating some level of heterogeneity in
every parameter and particularly in their OCV-SOC curves. This results in the
non-unique convergence of SOCs as seen in subplot (e). The black solid line in
that figure is the mean of the individual equilibrium SOCs of each hybrid unit.
This is a direct consequence of the relation in Equation (2.4c). The equilibrium
SOC is dependent on the PV array’s I-V characteristics and the OCV-SOC curve.
Therefore, cells with heterogeneous OCV-SOC curve converge to different final
SOCs (as seen in Figure 3.4 (e)), but to the same voltage since the PV arrays are
kept homogeneous.
3.3.1.1

Balancing comparison with extant methods

Although the balancing time for an SOC imbalance of 5% in LFP cells in Figure
3.4 is close to five hours, the considerable benefit of the self-balancing topology
compared to extant power electronics based balancing methods is its independence
from string length. For example, in a non-dissipative balancing method where
charge from a single cell can be globally redistributed to the entire battery pack
or the vice versa, the average time needed for balancing the pack can be expressed
as [94]:
tbal =

Nstr ∆SOC Qmax
2Ibal

(3.3)

where, tbal is the average balancing time, Nstr is the number of cells in the string to
balance, ∆SOC is the maximum SOC imbalance, Qmax is maximum charge capacity
of any cell in the string, and Ibal is the balancing current that can be exchanged
between cells. Assuming LFP cells of capacity 2.63 A-hr, an SOC imbalance of
5%, and a balancing current of same magnitude as the initial battery current of the
self-balancing units (i.e. 0.0592 A), a Li-ion string of 5 cells will take an average
of 5.55 hours for balancing using a non-dissipative balancing method. Typical Liion battery pack modules usually have 10 or more cells in series [94]. Despite this
constraint, balancing time can be reduced to some extent in power electronics based
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balancing methods by increasing Ibal , taking into account the cooling capability of
the thermal management system.

3.4 Hybrid Topology With Connecting Device
This section presents simulation case studies showing the pros and cons of introducing a CD into the hybrid topology of Figure 2.2. This work assumes that the
CD is an ideal DC-DC converter, being controlled by an MPPT control algorithm
such that the PV array together with the DC-DC converter operate as a constant
power source, Pc . In practice, an imperfect MPPT controller can still enable selfbalancing, as shown in Chapter 6. Analysis in this chapter neglects controller
dynamics.
The integration of the DC-DC converter specifically benefits the hybrid topology in two ways:
1. The decoupling of the operating ranges of the PV array and Li-ion cell enables
integration of high power PV arrays into the system. This can result in faster
SOC convergence and the ability to supply more power to the load.
2. Using an appropriately controlled external load current and a relatively high
power PV array, the Li-ion cells can be operated at different equilibrium SOC
without compromising the speed of convergence.
These benefits can be better illustrated by taking the example of SOC convergence of LFP cell, when operated at a flatter region of its OCV-SOC curve. For
example, simulation shows that the self-balancing time is almost 22 hours when
the equilibrium SOC is at 70% and initial SOC is at 65% for the LFP cell in a
hybrid unit without a CD. This is because at 70% SOC, the corresponding PV array does not operate at its MPP, and the LFP cell operates at a flatter OCV-SOC
region. Hence, it takes longer to converge to equilibrium. Figure 3.5 shows the
variation of SOC with time for a hybrid unit with a DC-DC converter operating
at constant power output. It clearly shows that the Li-ion cells converge faster as
more powerful PV arrays are integrated through the CD. For a fair comparison,
the hybrid unit is simulated between the same initial and final SOCs for each incremental power output. This requires Iext to be commensurately increased when PC
C
constant. For example, in Figure 3.5, the increase
increases to keep V̄ECM = IPext
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Figure 3.5: Decrease in self-balancing time with the integration of more powerful
PV arrays through the connecting device
of the constant power, Pc from 25.9 W to 200 W also requires increasing Iext from
7.74 A to 59.68 A respectively in order to achieve an equilibrium SOC of 70%.

3.5 Experimental HIL Setup, Results and Discussion
The use of a Li-ion battery ECM to prove the self-balancing behavior of the hybrid
integration topology provides important insights into the system behavior, despite
the simplicity of the underlying model. However, real batteries are not adequately
described by ECMs in all operating regimes. Therefore, this dissertation complements the theoretical and simulation-based results through experimental validation
of the self-balancing behavior. For this experimental validation, a HIL test bench
is developed as shown in Figure 3.6, where physical Li-ion cells are connected to
simulate the hybrid topology. HIL is a standard real-time prototyping technique
that allows software-based routines/algorithms to be integrated and tested in realtime with actual hardware. HIL methods have been employed to Li-ion cells for
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control and estimation algorithm testing [95, 96].
As shown in Figure 3.6, a dSPACE microcontroller, equipped with an input/output (I/O) board, is programmed to control a programmable power supply
(PPS). The PPS, which acts as a current source, can be controlled using an analog
voltage signal to generate a specific amount of current. Together, they simulate
the behavior of a PV array working under known operating conditions in real-time.
The current generated by this real-time “simulated” PV array (IP V,L ) is applied
to a Li-ion cell connected in this test bench. Additionally, the dSPACE machine
also controls a programmable load (PL) to emulate the external load current, Iext ,
applied to the hybrid system. The PL can be controlled using an analog voltage
signal as well to sink a dictated amount of current. These different current signals
and the resultant battery voltage is measured by the I/O board and the data is
recorded using the user interface, designed using ControlDesk.

Measured or actuated signals

User Interface

Signals between microcontroller
and user interface
Physical current signals

Send
Receive
Send

Ibatt

Receive

Programmable
Power Supply

+

GND

+

IPV,L

-

Iext

+

-

Simulates a PV array
in real-time

Programmable
Load simulating
external current
load to hybrid
system
GND

Figure 3.6: Laboratory developed HIL test bench to validate the self-balancing
behavior of the hybrid topology
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3.5.1 Experimental Method and Data Post-processing
This section presents results for six different experiments, three of them use LFP
cells and the remaining three use LCO cells. The following steps are followed to
perform these experiments and post-process the recorded data for further analysis:
1. The Li-ion cells are preconditioned to various initial voltages in a laboratorygrade battery cycler using a constant current, constant voltage (CC-CV)
cycling protocol. This is done in order for the initial SOCs of these cells to
span the entire range of 0-100%.
2. The signals of interest (VECM , IP V and, Iext ) are recorded at a frequency of
10 Hz.
3. The initial SOC and the current bias that exist in the programmable load
are identified by solving a voltage error (difference between measured and
predicted voltages) least squares minimization problem with respect to the
above parameters. The existence of the bias is confirmed by the fact that
the battery voltage reaches equilibrium but the battery current (IP V,L −
Iext ) balances to a negative steady state value, which results in theoretically
an ever decreasing SOC. The identified initial SOCs and current biases are
provided in Table 3.3.
4. As a post-processing step to attenuate the high frequency noise associated
with the voltage and current signals, each of these signals is filtered through
a low-pass filter in MATLAB.
Table 3.3: Identified initial SOCs and current biases for the HIL experiments
Cell
LFP #1
LFP #2
LFP #3
LCO #1
LCO #2
LCO #3

Initial SOC, %
0.018
79.71
98.16
14.81
98.56
4.0
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Current Bias, mA
56.7
57.6
59.3
53.5
57.7
55.6

Figure 3.7: Experimental results based on the data recorded from the HIL test
bench

3.5.2 Results and Analysis
This section presents experimental results from HIL simulation of multiple hybrid
units, each operated individually with separate Li-ion cells, three each of LFP and
LCO chemistries, but the same real-time “simulated” PV array. This emulates the
behavior of a hybrid string that contains heterogeneous Li-ion cells in its individual
units connected to homogeneous PV arrays and operating under the same environmental conditions. Figure 3.7 shows the experimental results obtained from
the HIL simulations. Subplots (a), (b) and (c) present the temporal variations of
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voltage, SOC and battery input current for the LFP chemistry, while subplots (d),
(e) and (f) present corresponding results for the LCO chemistry, validating prior
theoretical and simulation-based results. Specifically, it is seen from Figure 3.7
that:
• The voltages and SOCs of the Li-ion cells in different hybrid units converge,
thereby experimentally validating the self-balancing behavior of the proposed
hybrid topology.
• The voltages of all hybrid units in a string converge to practically the same
equilibrium voltage owing to the homogeneity assumption of the integrated
PV arrays in terms of their construction and operation.
• However, the SOCs of different Li-ion cells in a hybrid string converge to
non-unique equilibriums (more pronounced for the LCO cells) owing to the
heterogeneities in their OCV-SOC curves.
• Battery input current decays to zero with time as the Li-ion cells move towards equilibrium.
• The LFP cell starting from a very low SOC takes longer to converge to
equilibrium than the LCO cell starting from lower SOC. This is because the
LFP cell has to traverse through the flatter region of its OCV-SOC curve
where locally τ increases, thereby slowing down the self-balancing process.
This again is in concordance with the simulation results obtained in Section
3.3, where the time taken by the LFP cell to converge to equilibrium from
0% SOC is higher compared to the LCO cell.
It is to be noted that the SOC trajectories in Figure 3.7 are obtained through
the Coulomb counting method of the unfiltered current signals after identifying
and taking into account the constant current bias that exists in the programmable
load.

3.6 Summary
This chapter validates the theoretical insights gained into the self-balancing behavior in Chapter 2 through carefully designed simulation case studies and experiments. The results thus obtained can assist in designing and controlling hybrid
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units deployed under real-world operating conditions. Specifically, the following
lessons are learned from the results of this chapter:
• The fact that self-balancing works in experiments on physical Li-ion batteries validates the theory developed using simple, reduced-order circuit-based
models. Thus the theory can be used as guidelines for designing hybrid
systems for different applications.
• Self-balancing is more consistent and predictable for chemistries such as LCO,
whose OCV-SOC curve (see Figure 3.2) does not go through the extreme
flatness or steepness of LFP cells. Such observation can be helpful is selecting
Li-ion chemistries for a given application.
The rest of this dissertation focuses on analyzing the hybrid topologies with the
objective of using them under real-world operating conditions.

3.6.1 Unique Contribution to the Literature
The detailed Lyapunov-based stability analysis, simulation-based validation, and
experimental validation of the self-balancing behavior of multiple hybrid units have
resulted in the publication of the following archival article:
Partha P. Mishra and Hosam K. Fathy, “Achieving Self-Balancing by Design in
Photovoltaic Energy Storage Systems”, in IEEE Transactions on Control Systems
Technology, Vol. PP, Issue 99, pp. 1-14, 2018 (Early Access)
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Chapter 4 |
Maximum Power Point Tracking By Design In Hybrid PVBattery Systems
4.1 Introduction
The previous two chapters in this dissertation establish the concept of self- balancing and validate this behavior theoretically, through simulations as well as
experimentally. However, one assumption which has been retained in all this analysis is that the environmental conditions, such as irradiation and temperature, are
constant, which allows clear demonstration of SOC convergence in the Li-ion cells.
In the real world, these self-balancing systems will be subjected to changing environmental conditions, which will affect not only their self-balancing characteristic
but also their energy generation efficiency. Therefore, in practice, systems comprised of PV arrays always employ some form of active control method to maximize
their power generation capability. This chapter examines the degree to which a
hybrid PV/EES system can be designed to achieve MPPT without requiring active
control. The motivation for this work is twofold: (i) assessing the practicality of
employing the self-balancing PV/battery system under real-world operating conditions, (ii) achieving MPPT in this hybrid topology, which is desirable but remains a
challenge. This is because the power electronics and operational bandwidth needed
to achieve MPPT through active control can be very demanding. Furthermore, as
mentioned in Chapter 1, there is a gap in the extant literature [60, 82] in terms of
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a mathematical analysis needed to obtain analytic design rules for passive MPPT
systems, which further motivates the work in this chapter.
Generation of PV-based solar energy suffers from two major disadvantages:
(i) intermittencies associated with solar energy generation [27, 97] that result in
difficulty in managing supply and demand [26] and (ii) low energy conversion
efficiency of PV cells [98]. While the first disadvantage can be mitigated through
technologies such as demand response [33] and energy storage [30], the second
disadvantage can be tackled either through the development of new materials that
can achieve high conversion efficiencies [99], or by deploying control techniques
such as MPPT to achieve the best performance out of extant PV devices [74].
The focus of this chapter is on this latter method of dealing with the issue of low
conversion efficiency. The field of PV MPPT has been widely studied over the
years [18, 73]. However, one major limitation of the underlying body of literature
for MPPT is its reliance of active control for achieving MPPT [18]. While this is
widely practiced, the power electronics for actuation and sensing needed for active
MPPT control can be quite costly [1]. In contrast, researchers have proposed the
concept of passive MPPT, or “MPPT by design”, that relies on designing a
PV system in such a way that it achieves MPPT without needing active control
[60, 82, 83]. The current literature is clear about the fact that passive MPPT is
possible through the integration of battery energy storage electrically parallel with
PV arrays. What the literature lacks is a theoretical, model-based analysis into
passive MPPT that yields design rules for integration topologies exhibiting MPPT
passively. This is the prime motivation for the work in this chapter. Design criteria
are derived using the self-balancing PV/Li-ion battery hybrid topology without the
connecting device that can automatically move from one maximum power point
(MPP) at a given solar irradiation to a new MPP when the irradiation changes.
This “MPPT by design” occurs instantaneously and can also be applied to hybrid
systems where self-balancing is not the objective, i.e. where battery packs connect
directly to PV arrays similar to the systems in Refs. [60,82]. Furthermore, “MPPT
by design” does not last forever and the hybrid system departs from the MPP
as time progresses. The dynamics of departure from MPP are analyzed in this
chapter, and this provides further design guidelines. Although the hybrid topology
that achieves “MPPT by design” drifts away from the MPP with time, a significant
portion of the total power is extracted without any active control. This lessens the
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control actions needed to achieve MPPT at all times, which is a significant benefit.
In practice, these self-balancing and passive MPPT capable hybrid units will be
integrated into strings, which can then provide power to the electric grid through
a solar DC to AC (alternating current) inverter. The inverter can be used to
control the voltage on the DC side to implement string-level MPPT control. This
will result in the development of hybrid strings where power fluctuations due to
rapid environmental changes are captured by the passive MPPT behavior, while
the string-level, inverter-based control can adjust the overall DC voltage or AC
current to capture power fluctuations at slower time scales or to reduce energy
losses due to departure of the hybrid system from MPP.
The rest of this chapter is organized as follows. Section 4.2 briefly revisits
the model of the hybrid topology and derives design rules dictating the passive
MPPT behavior using a small-signal analysis. This is followed by simulation results
in Section 4.3 to verify the insights gained in Section 4.2. Finally, Section 4.4
summarizes the work of this chapter.

4.2 Small Signal Analysis for MPPT by Design
This section uses the model of a self-balancing hybrid unit to derive design criteria
for passive MPPT systems. The theoretical analysis is presented using a secondorder Li-ion battery ECM, but it can be easily generalized for an N th order model.
A schematic of a hybrid string, along with the second-order ECM used to model the
behavior of the integrated Li-ion cell is shown in Figure 4.1. From the schematic,
it is clear that the input current to the battery (Ibatt ), the PV generated current
(IP V,L ), and the external load current (Iext ) are related as:
IP V,L + Ibatt = Iext =⇒ −Ibatt = IP V,L − Iext ,

(4.1)

The state-space model of the Li-ion battery ECM and the current-voltage (I-V )
characteristics of the PV array [9, 84] are given by:
IP V,L − Iext
Ibatt
=
,
Q
Q
x2 IP V,L − Iext
ẋ2 = − +
,
τ2
C2
ẋ1 = −
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(4.2a)
(4.2b)

Hybrid Unit

Hybrid Unit

Hybrid Unit

𝑉𝐸𝐶𝑀 = 𝑉𝑏𝑎𝑡𝑡 = 𝑉𝑃𝑉

Li-ion Battery

Hybrid String

Li-ion Battery ECM

Figure 4.1: Schematic of the hybrid topology with the Li-ion cell modeled as a
second-order ECM
y = VECM = OCV (x1 ) + x2 + Ro (IP V,L − Iext ) = VP V ,
IP V,L = f (VP V , G, T ) ⇐⇒ VP V = f ∗ (IP V,L , G, T ),

(4.2c)
(4.2d)

where,
• x1 is the SOC of the Li-ion cell and the first state variable.
• x2 is the voltage across the parallel resistance-capacitance (RC) pair as shown
in Figure 4.1 and the second state variable.
• τ2 is the time constant of the dynamics of x2 .
• C2 is the capacitance value of the capacitor in the RC pair.
• OCV is the open circuit voltage of the cell, which is a monotonically increasing function of SOC.
• VECM is the terminal output voltage of the Li-ion cell. This is also equal to
the voltage across the PV array (VP V ) since they are connected in parallel.
• Q is the capacity of the Li-ion cell.
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• Ro is the internal resistance of the Li-ion cell.
• G is the solar irradiation intensity.
• T is the surface temperature of the PV array.
• f (or f ∗ ) is a monotonically decreasing function that represents the I-V
characteristics curve.
• IP V,L , the PV-generated current is assumed to the dependent on VP V , G, and
T . Since the relationship between IP V,L and VP V is acausal, conversely, VP V
can be assumed to be dependent on IP V,L , G, and T .
Equation (4.2) forms a set of differential algebraic equations (DAEs) owing to the
dependence of VECM on IP V,L and vice versa. It is important to note that in the
proceeding analysis, the system temperature is assumed to be constant owing to
the slower dynamics of temperature compared to solar irradiation changes, which
can change instantaneously due to factors such as cloud cover.
To analyze what happens to the hybrid system under varying solar irradiation,
this dissertation first considers the situation when the system is in equilibrium at
a constant solar irradiation (G1 ) and external load current. At equilibrium:

ẋ1 = 0 =⇒ I¯P V,L,1 (V̄P V,1 , G1 ) = Iext ,

(4.3a)

ẋ2 = 0 =⇒ x̄2,1 = 0,

(4.3b)

V̄ECM,1 = OCV (x̄1,1 ) = V̄P V,1 ,

(4.3c)

where,
• the accented bar (¯) over a variable indicates its value at equilibrium.
• x̄1,1 is the equilibrium SOC at irradiation G1 .
• x̄2,1 is the equilibrium x2 at irradiation G1 .
From Equation (4.3), it is clear that Iext can be adjusted to ensure that the equilibrium point of the hybrid system at G1 coincides with the MPP of the PV array at
G1 (assuming it is known), i.e., V̄P V,1 = VM P P,1 and I¯P V,L,1 = IM P P,1 . Graphically,
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PV Current, IPV,L, A

Final
equilibrium
at 𝐺2

tan 𝜃 = 𝑅𝑜
𝜃

PV Voltage, VPV, V

Figure 4.2: Graphical representation of how the hybrid topology operates as solar
irradiation changes
the MPP of a PV array at a given solar irradiation and temperature is the point
where a constant power line (equal to the maximum power) is tangent to its I-V
characteristics curve. This is shown in Figure 4.2 for different solar irradiations.
As seen in the figure, solar irradiation mostly affects the short circuit and hence
the MPP current of the PV array. Operating temperature, on the other hand,
affects the open circuit voltage and accordingly the MPP voltage. The changes in
the I-V characteristics due to change in temperature are shown in Figure 4.3.

4.2.1 Change in Solar Irradiation
Assume that the solar irradiation changes from G1 to G2 such that G2 = G1 + δG
and accordingly, the equilibrium described in Equation (4.3) is perturbed. This
dissertation assumes that the external load current is kept the same as in Equation
(4.3a). Changes in the solar irradiation result in perturbations in other signals of
the hybrid system as:
a. SOC, x1,2 = x̄1,1 + δx1 .
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Figure 4.3: Change in I-V characteristics of a PV array with change in temperature
b. Voltage across RC pair, x2,2 = x̄2,1 + δx2 .
b. PV generated current, IP V,L,2 = I¯P V,L,1 + δIP V,L .
c. Terminal voltage, VECM,2 = VP V,2 = V̄ECM,1 + δVECM = V̄P V,1 + δVP V .
The subscript “2” on a variable represents its value at a solar irradiation of G2 .
Using these new variables and a first-order Taylor series expansion around the
equilibrium at G1 , the following perturbed state-space model of the system is
obtained:
δIP V,L
,
Q
δx2 δIP V,L
δ ẋ2 = −
+
τ2
C2
δ ẋ1 =

δVECM = δVP V =

dOCV
dx1

(4.4a)
(4.4b)


δx1 + δx2 + Ro 
x̄1,1

∂IP V,L
+
∂G

∂IP V,L
∂VP V

δVP V
V̄P V,1 ,G1



δG,
V̄P V,1 ,G1
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(4.4c)

Defining

dOCV
dx1

≡ γ,
x̄1,1

a negative slope), and

∂IP V,L
∂VP V
∂IP V,L
∂G

V̄P V,1 ,G1

≡ − η1 , where η > 0 (since the I-V curve has
≡ φ, Equation (4.4c) is solved for δVP V to

V̄P V,1 ,G1

obtain:
δVP V =

γδx1 + δx2 + Ro φδG
,
1 + Ro /η

(4.5)

Moreover use of a Taylor series expansion of Equation (4.2d) around the equilibrium (I¯P V,L,1 , G1 ) yields:

IP V,L,2 = IP V,L (V̄P V,1 + δVP V , G1 + δG),
δVP V
+ φδG = I¯P V,L,1 + δIP V,L ,
= I¯P V,L,1 −
η
δVP V
+ φδG,
=⇒ δIP V,L = −
η

(4.6)

Equations (4.5) and (4.6) are used to express the state perturbation dynamics as:
1
−1
ηφδG
−γ
,
δx1 +
δx2 +
Q η + Ro
η + Ro
η + Ro


γ
ηφδG
1
1
δ ẋ2 = −
δx1 −
δx2 +
+
C2 (η + Ro )
τ2 C2 (η + Ro )
C2 (η + Ro )




δ ẋ1 =

(4.7a)
(4.7b)

It can be readily shown from Equation (4.7) using the Routh-Hurwitz stability
criteria that the eigenvalues associated with the dynamics of δx1 and δx2 are
stable. Invoking equilibrium conditions, the steady-state values of the perturbed
state variables from their respective equilibrium, x̄1,1 and x̄2,1 are found to be:
δx1 =

ηφδG
,
γ

δx2 = 0

(4.8a)
(4.8b)

This also results in δIP V,L = 0 and δVP V = ηφδG at the equilibrium. This shows
that a non-zero fluctuation of solar irradiation will result in the hybrid system
to move to a different equilibrium point. Furthermore, the initial SOC and x2
perturbations (δx1,init , δx2,init ) are zero since the system is assumed to be in equi-
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librium until a step change in the solar irradiation occurs. Using this information,
Equations (4.5) and (4.6) yield the relationship:
δVP V,init
= Ro ,
δIP V,L,init

(4.9)

Equation (4.9) is consistent with the impedance matching principle and dictates
the path along which the instantaneous operation of the PV array changes when
there is a change in the solar irradiation. This is graphically shown in Figure 4.2,
where the solid arrow shows the instantaneous path and tangent of the angle that
this line makes with the current axis equals Ro . This means that now there is a
design variable, namely the internal resistance of the Li-ion cell, which can be used
to dictate how the PV array changes operating points. For example, knowing the
slope of the PV array’s MPP line for different solar irradiations, one can design
a Li-ion cell or module such that the line of instantaneous PV operation change
coincides with the MPP line in Figure 4.2. By doing so, instantaneous MPPT
with changing solar irradiation can be achieved passively. The same results can
theoretically be obtained for the case of changing temperature as well. However,
as seen in Figure 4.3, the impedance of the MPP line for varying temperature is
very high. Thus, achieving passive MPPT for changing temperature will need the
integration of a Li-ion cell with very high internal resistance and hence, will incur
very high losses. For any time after this step change in the solar irradiation, SOC
will change (i.e. δx 6= 0, ∀ t > tinitial ), and therefore, according to Equation (4.5)
the system will depart from MPP. The dynamics of this departure is dictated by
Equation (4.7) and specifically the SOC departure time constant (while neglecting
higher order effects) is given by:
τ=

Q(η + Ro )
,
γ

(4.10)

The time constant in Equation (4.10) is the same as the self-balancing time constant derived in Chapter 2. This shows the interconnected relationship between
these two synergistic behaviors - namely passive MPPT and self-balancing.
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4.2.2 Insights into Passive MPPT
The analysis so far elucidates the following insights into the passive MPPT behavior of the hybrid topology:
1. It is possible to achieve instantaneous MPPT by design by using the internal
resistance, Ro , as a design variable in manufacturing Li-ion cells and modules. If Ro can be matched to the impedance of the MPP line with respect
to variable irradiation as shown in Equation (4.9), instantaneous passive
MPPT can be achieved. The MPP line shown in Figure 4.2 corresponds
to a small change in voltage over the range of PV generated current. This
means that the impedance of this line is small, which is desirable since a
higher impedance will result in higher losses as per the impedance matching
principle for maximizing power.
2. Mathematically, it is possible to achieve MPPT perpetually by design if (a)
Ro can be tuned for every change in solar irradiation or (b) the slope of the
OCV-SOC curve is zero (γ = 0). If γ = 0, using Equations (4.4a), (4.5),
δV V,init
and (4.7a), it can be shown that δIPPV,L,init
= Ro for all time. However, in
practice, Ro cannot be tuned online and Li-ion cells always have a non-zero
slope even if it is very small.
3. The system departs from MPP with time, even if Ro is initially tuned to
achieve instantaneous MPPT but γ 6= 0. This can be inferred from Equation
(4.5) for a non-zero slope of the OCV-SOC curve.
4. The rate of departure from MPP is tunable through the values of Q and γ
since τ in Equation (4.10) is dependent on these two parameters. Specifically,
a larger τ (i.e. larger Q and/or smaller γ) results in a slower evolution of δx1
and thus makes the departure from MPP slower (per Equation (4.6)) and
vice versa. However, a larger τ also makes the self-balancing of the hybrid
unit slower. Thus, self-balancing and staying near the MPP are conflicting
characteristics of this hybrid unit.
5. If the change in solar irradiation is of low frequency, the hybrid system tracks
the external load current, Iext and not MPP. That means if the solar irradiation varies with a time constant much bigger than that of the SOC pertur57

bation in Equation (4.10), then the PV generated current will converge to
Iext and SOC will converge according to Equation (4.8), before solar irradiation changes. Conversely if the solar irradiation changes at high frequency,
the system will try to track the MPPs since it will not have enough time to
converge to a new equilibrium before irradiation changes again. Thus, the
battery in a hybrid PV/Li-ion unit behaves as a low-pass filter for rapidly
varying solar irradiation.
These observations specifically show that two favorable conditions for increasing
the power generation from a passive MPPT system are higher capacity and lower
internal resistance. Such conditions are possible to achieve by connecting battery
cells or modules in parallel to increase the capacity and to decrease the internal resistance. However, circulating currents may flow among different parallel branches
in such topologies due to heterogeneities in charge capacities and impedances,
which can result in additional losses until steady state is attained. Furthermore,
the passive MPPT performance is affected by the values of Q, Ro , and γ as they
change due to battery aging, which is discussed in Section 4.3. The next section
validates these insights through simulation case studies. These studies assume that
the temperature stays constant since the change in temperature is not as sudden
as solar irradiation.

4.3 Simulation Results
This section presents simulation results intended to verify the insights of Section
4.2. Data from Ref. [84] is extracted to obtain PV I-V characteristics for different
irradiation levels and temperatures as shown in Figures 4.2 and 4.3. However, the
PV array model is scaled down following [8] in order to match the voltage range
of the PV array to that of a single Li-ion cell. Although the analysis in Section
4.2 is carried out by linearizing the battery model, this chapter uses a nonlinear
second-order ECM of a 3.3125 A-hr LCO cell for simulation. The battery model is
experimentally parameterized using data from a laboratory grade battery cycler.
The hybrid system equations are solved using MATLAB’s ode15s solver with the
assumption that the system is at equilibrium initially, at a given irradiation level
and temperature.
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4.3.1 Equilibrium at Different Irradiation Levels and Internal
Resistances
This case study runs six simulations assuming that the hybrid system is initially at
equilibrium at a solar irradiation of G1 = 700 W/m2 and temperature of T1 = 25
℃. At this equilibrium, an external load current of 5.34 A is applied to the hybrid
system and the Li-ion cell is at a SOC of 16.42%. In each simulation, after 30
seconds from initial time, a step change in the solar irradiation is introduced such
that the irradiation changes to G2 ={800, 900, 1000, 1100, 1200, 1300} W/m2
while assuming the temperature to not change. The total simulation time window
is 12 hours. The range of G2 considered in this simulation study includes but is
broader than the typical solar irradiation level on earth’s surface [100]. For the
first five simulations, the internal resistance of the Li-ion cell is made equal to the
inverse of the slope of the MPP line (i.e. internal resistance equals the impedance
of the MPP line). This results in a corresponding internal resistance of range of
0.003 - 0.01 ohms, which is of the same order as Ro for LFP cells but smaller
in comparison to LCO cells. For the sixth simulation, the internal resistance is
increased (by a factor of 50) to a much higher value to analyze its effects. The
trajectories of battery terminal voltage (VECM ) and the PV generated current are
shown in the I-V plane in Figure 4.4.
Two observations are noted from this plot:
• For the first five simulations where the internal resistance of the Li-ion cell
is adjusted to coincide with the MPP line, the current-voltage trajectories
instantly jump from one MPP to a different MPP at a higher solar irradiation.
The MPPs at each solar irradiation level are shown by the circles in the inset.
The trajectory from the last simulation (red solid line) however does not jump
to the MPP at 1300 W/m2 since the internal resistance is different from that
required to achieve instantaneous MPPT.
• After the initial jump, all the trajectories decay back to the same external load current that was applied to the hybrid unit (≈ 5.34 A), rendering
δIP V,L = 0. The equilibrium voltage and SOC increase as predicted in Equation (4.8).
These observations validate the first three insights listed in Section 4.2.2. The
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Figure 4.4: Battery voltage and PV generated current trajectories for different step
changes in solar irradiation shown in the I-V plane
simulations in this section use Ro as a tuning parameter to achieve instantaneous
MPPT and show that, theoretically, if Ro can be tuned for every irradiation change,
MPPT can be always achieved. It can also be seen that the system departs from
MPP with time since γ 6= 0.

4.3.2 Tradeoff Between Achieving MPPT and Self-Balancing
This case study analyzes the tradeoff between passive MPPT and self-balancing
through their dependence on the Li-ion cell’s charge capacity and OCV-SOC curve
(through γ). To that end, first four hybrid units are simulated with incremental
charge capacities (ranging from 1 to 10 times the original charge capacity of 3.3125
A-hr) from the same initial equilibrium, namely the MPP at 700 W/m2 . After an
hour, a step change in the solar irradiation is injected to 900 W/m2 . The resultant
voltage and SOC trajectories are shown in Figure 4.5. This figure shows that the
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Figure 4.5: Slower departure of battery terminal voltage and SOC from their
respective MPP values with increase in the battery charge capacity
voltages of all the units also experience a step change to reach the MPP voltage at
900 W/m2 , and then drift away from the MPP at different rates. The unit with the
smallest charge capacity drifts away the fastest, but balances the earliest and vice
versa (as seen in the SOC plot of Figure 4.5). Figure 4.6 plots the power ratio with
respect to time for each of these units. The “power ratio” is defined as the ratio of
the actual power produced by the hybrid unit to the maximum power that can be
produced by always operating at the MPP at a given irradiation. Clearly, the unit
with the largest Li-ion cell capacity stays the longest near to the new MPP after
a given irradiation change, since its power ratio is closest to the ideal power ratio
of one. In fact, the total energy generated by the PV arrays for different values
of the integrated Li-ion cells is listed in Table 4.1, which again elucidates that the
unit with the smallest capacity cell generates the least amount of energy. This
analysis also clarifies how Li-ion battery aging affects the passive MPPT behavior.
Capacity fade in Li-ion batteries, due to the loss of cycleable Li-ions to unwanted
side reactions, results in the decrease of usable energy storing capacity of the cells.
Typically a decrease of 20% of the nominal capacity of the cell is considered its
end of life condition [101]. Thus, the amount of energy generated by a passive
MPPT system will also decrease with decreasing capacity of the integrated Li-ion
cell. For example, under the same simulation conditions as those for Figure 4.5, a
20% reduction in the nominal capacity of 3.3125 A-hr results in a 0.33% decrease
in the PV generated energy compared to the PV energy generated in a hybrid unit
with a “healthy” Li-ion cell. This shows that self-balancing and staying near the
61

1.02
1
0.98
Power Ratio

10Q
0.96
0.94

5Q

0.92
0.9

2Q
1Q

0.88
0.86
0.84

0

2

4

6
Time, hr

8

10

12

Figure 4.6: Fraction of the maximum power produced by the hybrid unit with
varying capacity
MPP are opposing design objectives for this hybrid topology.
Another method to slow down the drift from the MPP is to ensure that the
slope of the OCV-SOC curve is flatter in the operating SOC range. Two simulations
are run to verify this observation. In the first simulation, the hybrid unit has an
LCO cell integrated to it and in the second simulation, the OCV-SOC curve of
the LCO cell is swapped with that of an LFP cell which has a much flatter curve
in the mid-SOC range, while keeping all other parameters the same. The PV
array is scaled such that the operating voltage ranges of the two Li-ion chemistries
Table 4.1: Total PV energy generated with integrated Li-ion cells of different
capacities
Cell Capacity
1Q = 3.3125 A-hr
2Q
5Q
10Q
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Total Energy, kJ
884.44
899.17
940.09
975.57
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Figure 4.7: Effect of a flatter OCV-SOC curve on MPPT drift
are conforming and the SOC of the LFP cell as the irradiation changes traverses
through the flatter region. Accordingly, the unit with the LFP OCV-SOC curve
traverses from a SOC range of 27.55% to 97.87%. As it travels through the flatter
region of the OCV-SOC curve, the drift of the voltage away from the MPP slows
down for this cell, in comparison to the LCO cell. Thus, the hybrid unit with the
LFP chemistry generates 807.66 kJ of energy in contrast to the 798.61 kJ generated
by the unit with the LCO cell. The results in this simulation case study verify the
fourth insight in Section 4.2.2.

4.3.3 Hybrid Unit Behavior under Variable Irradiation
This section investigates how a hybrid unit, designed to achieve instantaneous
MPPT, performs under fluctuating solar irradiation condition. A solar irradiation
profile is designed based on five hours worth of real data for March 10, 2017 from
NREL’s National Wind Technology Center [102]. Seven hours of constant irradiation, which equals the initial irradiation of the NREL solar profile, are appended to
the NREL profile in order to show the SOC convergence. The resultant irradiation
63

P at 1Q

20

System Voltage, V

P at 5Q

Power, W

Vbatt at 1Q

4

PMPP

15

10

VMPP
Vbatt at 5Q

3.8
3.6
3.4

5
0

2

4

6
Time, hr

8

10

12

3.2

0

2

(a) Generated power

4

6
Time, hr

8

10

12

10

12

(b) System voltage
900
SOC at 1Q
SOC at 5Q

800
Irradiation, W/m2

80

SOC, %

60
40

700
600
500
400

20
300
0

0

2

4

6
Time, hr

8

10

200

12

(c) SOC

0

2

4

6
Time, hr

8

(d) Irradiation profile

Figure 4.8: Hybrid unit behavior under rapidly fluctuating solar irradiation
profile is shown in Figure 4.8d. Two simulation studies are performed, one with
a Li-ion cell charge capacity of Q = 3.3125 A-hr and the other with a cell with
five times the charge capacity. Since the overall change in irradiation (δG) is zero,
the SOC in both these simulations tries to return to its initial equilibrium state
as per Equation (4.8) and as seen in Figure 4.8c. However, within the amount of
simulation time, the SOC does not reach its initial equilibrium value, the highest
residual imbalance being in the hybrid unit with a Li-ion cell of higher charge
capacity (i.e. 5Q). Accordingly, the battery voltage tries to return to its initial
equilibrium value as well (see Figure 4.8b). Furthermore, when the irradiation is
changing (0-5 hours), the generated power and voltage of the system fluctuate in
an attempt to achieve instantaneous MPPT. This can be seen from the similarity
in the generated power and the maximum power profiles as shown in Figure 4.8a.
In fact, the generated power is very close to the maximum power for almost an
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hour for the unit with the lower capacity cell and two hours for the unit with the
higher capacity cell in both the simulations. Eventually, the generated power profile departs from the maximum power profile in concordance with the departure
dynamics given in Equation (4.7). This validates the fifth insight in Section 4.2.2.

4.3.4 Effects of Increase in Internal Resistance
Internal resistance of a Li-ion cell can increase with aging due to the growth of the
solid-electrolyte interphase layer over the anodic particles. Therefore, a Li-ion cell
initially designed to enable passive MPPT (i.e. Ro designed to match the MPP
line for changing solar irradiation) in a hybrid system will not be able to achieve
instantaneous MPPT due to increase in internal impedance. In most practical
situations, such mistuning of internal resistance will result in decreased PV energy
generation. This is shown in Figure 4.9. Here, a hybrid unit is simulated with
three different irradiation profiles while increasing the internal resistance of the Liion cell from 1×Ro (where Ro is tuned for instantaneous MPPT) to 50×Ro . The
irradiation profiles show very slow (step change) to moderate (sinusoidal profile)
to very rapid (variable profile [102]) fluctuations in available solar energy.
Figure 4.9b reveals the following observations:
1. The PV generated energy decreases with increase in Ro for the case with
variable solar irradiation.
2. For the step and sinusoidal irradiation profiles, the PV generated energy
slightly increases upto 5 × Ro increase in internal resistance, and then decreases as Ro increases further.
The reason for the first observation is that as Ro increases, the hybrid unit becomes
more mistuned towards achieving instantaneous MPPT with rapid changes in solar
irradiation. With every change in irradiation, the system moves away from the
new MPP as it traverses along a mistuned Ro according to Equation (4.9), thereby
losing available energy. On the other hand, for slowly varying solar irradiation, Ro
increase can increase the energy generation of the PV arrays since it slows down
o)
↑ as Ro ↑). This is
the departure dynamics of the hybrid system (since τ = Q(η+R
γ
the reason behind the second observation. However, with a much larger Ro , the
system instantaneously lands so far away from the MPP that it offsets the gain in
65

1000
/Maximum Energy, %

900

700
600

Generated Energy

Irradiation, W/m2

800

500
Step
Sinusoid
Variable

400
300
200

90
85
80

70
65

0

2

4

6
Time, hr

8

10

Step
Sinusoid
Variable

75

12

1

5

(a) Different Irradiation Profiles

10

15 20 25 30 35
× Internal Resistance R o, Ω

40

45

50

(b) PV Generated Energy

24
23

Power, W

22
21
20

MPP
P PV @ 1Ro
P PV @ 5Ro
P PV @ 50Ro

19
18

0

2

4

6
Time, hr

8

10

12

(c) PV Power for Three Internal Resistances

Figure 4.9: Hybrid unit behavior under rapidly fluctuating solar irradiation
energy due to slowing down of the departure dynamics. This is illustrated in Figure
4.9c where the PV generated power profiles are shown for internal resistances of
1×Ro , 5×Ro , and 50×Ro for a step change in irradiation. Comparing the area
under each of these curves (which equals the PV generated energy), it is clear
that: (Area under PP V @5Ro )>(Area under PP V @1Ro )>(Area under PP V @50Ro ).
However, for the variable irradiation profile, even with a 10 times increase in Ro ,
the decrease in PV generated energy is only 2.18% compared to a “newly” designed
hybrid unit.
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4.4 Summary
This chapter builds on the idea that PV MPPT can be achieved not only by active
control but also by design through integration of battery energy storage with PV
arrays in a specific topological manner. The following lessons are learnt from this
chapter’s investigation into passive MPPT:
• The internal resistance of a Li-ion cell is identified as a design variable that
enables the system to achieve instantaneous MPPT for changes in solar irradiation, which can change very rapidly.
• Other variables are identified, such as Q and γ that affect the speed at which
the system drifts away from the MPP.
• Decrease in capacity and rise in internal resistance due to aging affect the
performance of the hybrid unit in terms of PV power generation.
• Simulation results verify that the internal resistance indeed dictates the
current-voltage trajectory of the system, thereby enabling instantaneous MPPT. This chapter also shows through simulation that there is a trade-off between how long the system stays near the MPP and how fast the system
self-balances after being perturbed from an equilibrium. This is shown to be
dictated by the charge capacity and the slope of the OCV-SOC curve of the
Li-ion cell.
• Finally, it is demonstrated that although fluctuations in the solar irradiation
temporarily perturbs the equilibrium, the system again moves back to the
equilibrium when the irradiation fluctuations decay.
The design rules derived for passive MPPT systems are envisioned to act as guidelines for renewable energy system developers to achieve better energy storage integration with PV sources.

4.4.1 Unique Contribution to the Literature
An analysis of passive MPPT in a hybrid topology using a simple first-order Li-ion
battery ECM has been presented in the Conference for Decision and Control, 2017
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in Melbourne, Australia and published as the following conference proceeding paper:
Partha P. Mishra and Hosam. K. Fathy, “Maximum power point tracking by
design in self-balancing photovoltaic energy storage systems,” 2017 IEEE 56th
Annual Conference on Decision and Control (CDC), Melbourne, VIC, 2017, pp.
3877-3883.
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Chapter 5 |
Lithium-Ion Battery Input Current Estimation with Application to Self-Balancing Topologies
5.1 Introduction
This dissertation so far has presented synergistic behaviors such as self-balancing
and passive MPPT exhibited by certain integration topologies of PV arrays and
batteries. The presented analysis has considered simple operating scenarios such as
constant environmental conditions or perfect MPPT control neglecting controller
dynamics. This chapter and the next develop enabling technologies that will allow the use of the hybrid topologies under real-world operating conditions. This
chapter develops a model-based algorithm for estimating both the internal state
and input current of a Li-ion battery. In Chapter 6, this input estimator is integrated with an extremum-seeking based MPPT algorithm to control the hybrid
topology. This chapter also presents a theoretical analysis of the covariance of the
estimation algorithm’s current estimates. This algorithm is applied specifically to
the self-balancing PV/Li-ion battery integration topology to estimate the current
and subsequently the power generated by the PV subsystem [3].
The ability to estimate input current in a Li-ion battery can be beneficial for
various applications. Eliminating the need for a current sensor for estimating SOC
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can be particularly helpful for portable devices such as cellphones or cameras where
size and cost are critical design factors [103]. Alternatively, this can also facilitate
the use of a Li-ion battery as a current sensor, since the current input can now
be estimated based on the voltage measurement. However, the literature is not
particularly abundant in this regard, which is the prime motivation behind the
present work. Chun et al. [103] use a simple first-order ECM of a Li-ion battery
along with estimated OCV and current from the filtered terminal battery voltage to
calculate SOC. An extension of this method to estimate SOC of a series string and
accommodate cell-to-cell variability is also presented [104,105]. However, this body
of work uses low and high pass filters to create dynamical models of input current
and uses those for SOC estimation. Cambron and Cramer [106] use an unknown
input observer (UIO), a type of disturbance estimation algorithm [107–109], to
estimate input current to a linear Li-ion battery model [110]. Their battery model
includes a very slowly varying self-discharge term within the SOC dynamics to
render it Hurwitz. The use of the linear battery model guarantees state estimation
convergence but predicts the input implicitly. Finally, the work presented in this
chapter performs simultaneous state and input estimation of a nonlinear Li-ion
battery model using a model-based filter algorithm. The algorithm does not require
any prior knowledge of the temporal evolution of the input current.
Another important motivation for this work is the need for low-cost power
estimation for integrated PV array and energy storage systems such as the hybrid
topologies developed in this dissertation. While using these systems to supply
power to the grid or to an external load, knowledge of how much current is drawn
individually from the PV array and the Li-ion cell will help manage the system
better. Knowledge of the current drawn from the PV array is also required for
implementing PV MPPT [111]. One option is to use current sensors in each PV
array of all the units of a hybrid string, but this is undesirable due to high cost of
such a setup. Reliable current sensing is more expensive and complex compared
to voltage sensing. This motivates the use of a Li-ion battery model along with
voltage measurements (unit or string level) to estimate the current input to the
battery, and with the knowledge of the string level external load current (Iext in
Figure 4.1), the PV generated current (IP V,L ) can thus be estimated.
The filtering algorithm used in this dissertation treats the current generated by
the PV array as an unknown input or disturbance to the Li-ion cell’s state-space
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model, and then estimates this unknown input and the state of the battery using
just voltage measurements. Although the disturbance-observer literature is fairly
rich [107], most of these techniques deal with disturbances that affect only the
states of the system. In contrast, the system in this paper, on which the input estimation algorithm is applied, has the unknown disturbance signal (IP V,L ) appear
not just in the state equations but also in the output equation as a feedthrough
term [8,112]. This is evident from the state-space model of the Li-ion cell in Equation (2.3). Much theoretical work exists in the field of unknown input and/or state
estimation in systems with the unknown input as a direct feedthrough term. A
state estimator in an unbiased minimum variance sense for linear systems with
unknown inputs is proposed by Kitanidis in 1987 [113]. This method is further
extended by Gillijns and Moor for joint state and input estimation for linear systems with and without direct feedthrough, where the input is obtained by a leastsquares estimation technique [114, 115]. Another variant of this optimal filter is
proposed for linear stochastic systems for state and unknown input estimation and
results are compared with other filters in the literature [116]. Other researchers
have used an “information filtering algorithm” for distributed input and state estimation of a non-linear system of sensor networks that are systems with direct
feedthrough [117]. This dissertation adopts the filtering algorithm of Gillijns and
Moor [114], originally proposed for a linear system, and applies a local linearization
process to implement this filter to a non-linear system. The result is a filtering
algorithm that has a similar structure to that of an Extended Kalman filter (EKF)
with an additional input estimation step. The PV generated current (IP V,L ) in the
hybrid PV/Li-ion battery system is estimated using this modified algorithm and
additionally a moving average filtering procedure is applied to further improve the
current estimation. Finally, this algorithm is applied to a hybrid string to show
that the state and input estimates converge to values that represent true average
state and input, averaged over the number of units in the hybrid string. That is,
estimated state equals sum of state of individual units divided by the total number
of units in a hybrid string, and similarly, estimated input equals sum of inputs to
individual units divided by the total number of units in a hybrid string.
The remainder of this chapter is organized as follows. In Section 5.2, the
estimation algorithm with local linearization is discussed; presenting a discretetime version of the non-linear battery model in the process. This is followed by a
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Figure 5.1: Schematic of the N th order ECM
discussion in Section 5.3, where the filtering algorithm is demonstrated in standalone batteries and simulation case studies are presented on the application of the
estimation algorithm on the hybrid topology. Finally, Section 5.4 summarizes this
work.

5.2 Filter Algorithm and Battery Model
This section presents the filter algorithm for an arbitrary N th order ECM of the
Li-ion cell. The schematic of the ECM is shown again for clarity in Figure 5.1.
This chapter applies the estimation algorithm to the hybrid topology without the
DC-DC converter, and accordingly, the following relationship holds true:
IP V,L + Ibatt = Iext =⇒ −Ibatt = IP V,L − Iext

(5.1)

A measurement model of the battery is obtained by adding a computer-generated
random noise to the continuous-time state-space equations of the Li-ion battery
ECM from Equation (2.3):
IP V,L − Iext
+ w1
Q
xi
ẋi = − + (IP V,L − Iext ) + wi ,
τi

(5.2a)

ẋ1 =
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i = 2, ..., N

(5.2b)

y = OCV (x1 ) +

N
X

xi
+ Ro (IP V,L − Iext ) + v
i=2 Ci

(5.2c)

where the model parameters and the state variables are already defined in Chapter 2. The quantities wi and v are uncorrelated, zero-mean, Gaussian process and
measurement noise signals with covariance matrices Σw ≥ 0 and Σv > 0, respectively. Equation (5.2) is converted to discrete time assuming a zero-order hold
(ZOH) on the input signal, Iext and disturbance, IP V,L , and written in a compact
form as [118]:
xk+1 = Axk − Buk + Bdk + W = f (xk , uk , dk ) + W
yk = g(xk , uk , dk ) + vk

(5.3a)
(5.3b)

where x = [x1 , x2 , . . . , xN ]T ∈ RN is the state vector, u = Iext ∈ R is the known
input, d = IP V,L ∈ R is the unknown disturbance, W ∼ N (0, Σw ) is the matrix
containing the random process noise signals wi ’s, f : RN → RN and g : RN → R
are functions representing state evolution and output, k is the time step with the
initial value of 1, and the discrete time matrices are given by,
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The algorithm, originally proposed for linear systems, is adopted from Gillijns and
Moor [114] and modified by adding a local linearization process to apply it to nonlinear systems. Specifically, the algorithm is applied to a nonlinear Li-ion battery
model and the resultant method resembles an Extended Kalman Filter with an
additional input estimation step. With the knowledge of the discrete time battery
model in Equation (5.3), the steps of the modified filtering algorithm to estimate
the states and d = IP V,L are presented as follows:
Step 0: Initialization
This step initializes the states and disturbance of the estimator with the assumption that an unbiased estimate of the state is known initially, i.e., x̂1|1 = E[x1 ](=
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x̂1|0 ). The posterior and a priori state error covariance matrices are also assumed
x
x
to be known, i.e. P1|1
= E[(x1 − x̂1 )(x1 − x̂1 )T ](= P1|0
).
Step 1: Unknown disturbance estimation
This step of the algorithm uses available voltage measurement and a-priori state
estimates to estimate the disturbance. To achieve that, compute the following
covariance and gain matrices:
∂g
Ck =
∂xk

dOCV
=
dx1


x̂k|k−1 ,dˆk−1

1
1
, ,...,
CN
x̂1,k|k−1 C2



(5.4a)

x
R̃k = Ck Pk|k−1
CkT + Σv
∂g
= Ro
H=
∂dk x̂k|k−1 ,dˆk−1

(5.4b)

Mk = (H T R̃k−1 H)−1 H T R̃k−1

(5.4d)

Pkd = (H T R̃k−1 H)−1

(5.4e)

(5.4c)

where Σv = E(vv T ) > 0 again is the measurement noise covariance matrix. Using
the gain matrix Mk , a new estimate of the disturbance is computed following the
relation:
dˆk = Mk (yk − g(x̂k|k−1 , dˆk−1 , uk ) + H dˆk−1 )
(5.5)
Step 2: Measurement update
This step then uses the available voltage measurement to find the unbiased minimum variance estimate of the state. The gain matrix for the state estimation and
the posterior state estimate are given by:
x
Kk = Pk|k−1
CkT R̃k−1

(5.6a)

x̂k|k = x̂k|k−1 + Kk (yk − g(x̂k|k−1 , dˆk−1 , uk ))

(5.6b)

The corresponding posterior error covariance and cross-covariance matrices are
obtained as:
x
x
Pk|k
= Pk|k−1
− Kk (R̃k − HPkd H T )KkT

(5.7a)

Pkxd = (Pkdx )T = −Kk HPkd

(5.7b)

Step 3: Time update
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In this step, the calculated posterior state estimate and disturbance estimate from
the k th time step are propagated using the battery model given by Equation (5.3a)
without the process noise to obtain the a priori state estimate for the (k + 1)th
time step. Mathematically,
x̂k+1|k = Ax̂k|k − Buk + B dˆk

(5.8)

Next, this step calculates the a priori state error covariance matrix using error
covariance matrices from previous time step, following the relations:
G=

∂f
∂dk

x̂k−1|k−1 ,dˆk−1

(5.9a)





x
Pk+1|k

=B

P x Pkxd 
[A G]T + Σw
= [A G]  k|k
d
dx
Pk
Pk

(5.9b)

where Σw = E(W W T ) ≥ 0 is the process noise covariance.

5.2.1 Quality of Disturbance Estimate
The above filtering algorithm recovers the states and the unknown disturbance
of the Li-ion cell. Equation (5.4e) provides important insight into the variance
of the disturbance estimation. Recognizing the fact that for a battery model, H
represents the Ohmic resistance and therefore is a scalar and substituting R̃k from
Equation (5.4b) into Equation (5.4e) yields the relation:
x
Ck Pk|k−1
CkT + Σv
Ro2
Σv
x
≥ 2 [∵ Pk|k−1
 0]
Ro

Pkd =

(5.10)

Equation (5.10) provides the following important insights into quality of the disturbance estimate:
1. Even with perfect state estimate, the variance of the disturbance estimate
(IˆP V,L ) is affected by the voltage measurement noise covariance Σv . Therefore, better estimates of IP V,L can be obtained if less noisy voltage sensors
are used for the Li-ion cell’s voltage measurement.
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2. Pkd is inversely proportional to the square of the Ohmic resistance of the
Li-ion cell, Ro . A larger internal resistance will therefore result in a better
estimate and vice versa. It is important to note that Ro increases as the
battery ages, thereby resulting in an incorrect prediction of input current
and an artificially higher value of Pkd if the parametric changes in Ro are
not taken into account. In practice, parametric changes can be estimated
by either augmenting the state variables of the system with the parameter
set (which is called joint estimation) or use separate filters at different time
scales to estimate the state and unknown parameters (which is called dual
estimation) [119].
It is important to note that the structure of the estimation algorithm is very similar
to an EKF, which can be recovered from this algorithm in the case that H = 0
and G = 0. Additionally, akin to an EKF, this algorithm can suffer from bias in
estimation as well.

5.3 Simulation Results and Discussion
This section implements the above filtering algorithm in simulation and also verifies
the insights gained through the analysis in Section 5.2.1. The first simulation case
study in Section 5.3.1 uses the filtering algorithm on a stand-alone Li-ion battery
(the plant) to estimate its states and input current trajectories. Furthermore, this
study also demonstrates how modeling inadequacies in the estimator can result in
biased estimates of the signals of interest. The later case studies from Sections
5.3.2 to 5.3.2.3 use the filtering algorithm to estimate the PV generated current in
the hybrid topology (the plant) to lay the ground work for using the estimator in
conjunction with an MPPT control algorithm in Chapter 6.

5.3.1 State and Input Estimation in Li-ion Batteries
The objective of this case study is to demonstrate the effect of using reduced-order
models on the estimation accuracy. Specifically, model-order mismatch between
the “true” plant and estimator results in an estimation bias, which is dependent on
the degree of mismatch. The “true” plant in this case study is an 8th order Li-ion
cell ECM of a stand-alone LFP cell. Voltage measurements are generated from this
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Figure 5.2: Input and state estimation on a stand-alone Li-ion battery
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4

plant model by adding a computer-generated, zero-mean, pseudo-random number
signal with a standard deviation of ±1 mV, which is typical of a much accurate
voltage sensor. This case study applies the estimation algorithm in Section 5.2
to a stand-alone battery model, which translates to uk = 0 and dk = −Ibatt in
Equation (5.3). Two situations are explored: first, when the estimation model is
the same as the “true” plant model and secondly, when the estimation model (a
2nd order ECM) is obtained by truncating the states of the “true” plant whose
dynamics are faster (here, x3 to x8 ). Figures 5.2a and 5.2c show the resultant
estimates of battery input current and SOC of the cell for this first situation when
the estimation and “true” models of the battery are the same. On the other hand,
results in Figure 5.2b, 5.2d, and 5.2f are for the second situation, where there is
a mismatch between the estimation and “true” plant models. For the first case,
Figures 5.2a and 5.2c show that the estimated signals converge to their respective
true signals. Figure 5.2e plots the L2 norm of the state estimation errors of the
state variables x2 to x8 and this error norm can be seen to be decaying to zero as
time progresses, thereby depicting unbiased estimator convergence. In the second
situation, a Monte Carlo simulation of 100 iterations is run that uses the reducedorder model to estimate the input current and states. The resultant signals in
Figure 5.2 are the ensemble average over all the Monte Carlo iterations in order to
obtain an expected value at each time step. The difference in the order between the
“true” plant and estimator model results in some amount of bias in the estimation
results, seen specifically in the Figures 5.2b and 5.2f. This bias is a fundamental
limitation of any model-based estimation algorithm since it is almost impossible
to capture the behavior of a plant through a finite-dimensional simulation model.
However, the author’s previous work shows that such estimation biases can be
minimized through the proper selection of reduced-order models, thereby allowing
the current estimation algorithm to be used in practice [120]. Furthermore, the
ratio of computation-time to real-time while using an 8th order ECM for estimation
is found to be 0.0291 (i.e. almost 34 times faster than real-time) using a laptop
computer with a dual core, 2.40 GHz processor and 8 gigabytes of memory. While
this ratio is dependent on the underlying battery model, a value of 0.0291 is a
promising result towards showing the suitability of this estimation algorithm for
real-time applications.

78

5.3.2 State and Input Estimation in the Hybrid Topology
This section implements the filtering algorithm to the self-balancing hybrid topology without the CD. The “true” hybrid model consists of a scaled single-diode
model of a PV array along with a second-order (N = 2) ECM of an LFP cell. The
estimation model in this case is the same as the “true” plant model and hence,
there is no mismatch between the estimator and plant model. The PV array is
assumed to operate under constant environmental conditions at STC. Each PV
array after scaling is assumed to consist of seven PV cells in series, resulting in
a maximum power point voltage of ∼3.39 V. The parameters for the ECM are
obtained from experimental data and are provided in Appendix A.3.
Starting with an initial SOC and charge across the capacitor of 91.85% and
0.3 Coulomb respectively, the system is simulated for a duration of 30,000 seconds
(8.33 hours).
The

 filter is initialized with an initial state covariance matrix of
0.05 0
x
. The true output voltage of the Li-ion model, described in
P1|1
= 
0 1
Equations (5.2c) and (5.3b), is corrupted with an additive, computer-generated
random signal with mean 0 V and standard deviation of 5 mV in this case. This
chapter assumes that the process noise affecting the system is negligible. Figure 5.3
shows the estimation results. The estimated disturbance as well as the two states
of the Li-ion ECM converge to their respective true values. The true signals of the
PV/EES hybrid unit are shown in Figure 5.4. The self-balancing action of this
novel PV/EES hybrid unit can be seen in these graphs as all the signals gradually
move towards their respective equilibrium values, shown by the black solid lines.
The high chatter on the estimate of IP V,L can be attributed to its fundamental
limitation owing to Equation (5.10).
Additionally to demonstrate the effect of voltage sensor noise and internal resistance of the cell, this dissertation carries out more simulations where voltage
sensor noise is varied from 0.2 mV to 20 mV representing a range of a highly accurate to quite noisy sensors. Similarly the internal resistance is varied from 0.862
to 43.1 mΩ, a range that encompasses but is much broader than typical variations
in cell resistance. Figure 5.5 shows the quality of IP V,L estimation as a function of
sensor noise and internal resistance. The average standard deviation of disturbance


estimation (P̄ d )0.5 is normalized with the equilibrium current, Iext and expressed
the resultant quantity in percentage. As seen in the graph and as hypothesized
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Figure 5.3: Fitered states and PV generated current
earlier, a higher internal resistance and and lower sensor noise results in a lower
error in the estimation of the PV generated current, and vice versa.
5.3.2.1

Effect of Magnitude of PV-generated Current

It is clear from Equation (5.10) that the error covariance of IˆP V,L is not dependent
on the magnitude of the unknown PV generated current. This allows for a better
estimation of PV generated current of higher magnitude. The normalized, average
standard deviation of IP V,L estimation over time expressed as a percentage of
applied external load current is listed in Table 5.1. Such higher current can be
obtained by adding multiple parallel strings of PV cells in the PV array of the
hybrid units [8].
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Table 5.1: Effect of current magnitude on disturbance estimation
Iext , A
7.64
15.29
22.93
30.57

5.3.2.2

(P̄d )0.5 /Iext , %
16.64
8.18
5.62
4.02

Moving Average Estimation

Owing to the minimum disturbance estimation accuracy of this filtering algorithm
posed by Equation (5.10), this section applies a moving average estimation technique to attenuate the noise in the estimates of IP V,L . Two possible options are
explored:
• Estimate Averaging: In this method, the estimator operates at the same
sampling rate as the sensor(s). However, the estimated disturbance (IˆP V,L )
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Figure 5.5: Quality of disturbance estimation with sensor noise and internal resistance
is averaged within a moving time window of length tavg seconds and this
average is considered as the estimated disturbance for that time window.
• Measurement Averaging: In this method, the estimator operates at a
different (slower) rate than the sensor(s). A number of samples of the voltage
measurement is kept in a buffer memory for a duration of tavg seconds and
the average voltage measurement over this time interval is then used in the
filtering algorithm for Steps 1 and 2.
The results of the estimate averaging method with different averaging window
(tavg ) is shown in Figure 5.6. The y-axes represent the error in IP V,L estimation
and the two solid lines in all the subplots denote the theoretical minimum ±1σ
limits according to Equation (5.10). The voltage sensor noise and Iext in these cases
are ± 5mV and 7.64 A respectively and actual voltage measurements are available
after every ∆t = 0.5 seconds. While subplot (a) (without averaging) shows that
the error lies outside the ±1σ limits, subplots (b)-(d) show that estimate averaging
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Figure 5.6: Disturbance estimation using estimate averaging method
(with tavg of 5, 7 and 10 seconds respectively) can bring down the estimation error
well within this limit. Further decrease in estimation error can be obtained by
increasing this averaging window. Similarly, Figure 5.7 shows the estimation error,
when an average voltage measurement over a time window is used to estimate IP V,L .
Although increasing the averaging time window decreases the noise of estimation,
it also has an adverse affect in the convergence speed. For example, it can be
seen in subplot (d) that the estimation error initially diverges before converging
towards 0 close to 6 hours. In essence, increasing the voltage averaging window
beyond a certain duration results in estimation convergence only after the system
has reached equilibrium, as can be seen by comparing Figures 5.4 and 5.7.
5.3.2.3

String-level Estimation

So far this chapter implements the filtering algorithm for IP V,L estimation on a
single hybrid unit. What happens if this algorithm is applied on a hybrid string
containing multiple units in series where the measurements available are the string
voltage and external load current? To investigate this, this algorithm is applied
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Figure 5.7: Disturbance estimation using voltage averaging method
to a hybrid string containing three units in series. All the units are assumed to
be homogeneous with different initial states. Figure 5.8 shows the results of this
string level implementation. The subplots on the left show the true and estimated
values of IP V,L , SOC, and x2 respectively. On the other hand, the subplots on
the right show the error of the estimated signals from the corresponding average
signals of the three units, i.e. the y-axes from top to bottom of the subplots on the
right hand side respectively represent {(IP V,L,#1 + IP V,L,#2 + IP V,L,#3 )/3 − IˆP V,L },
[ and {(x2,#1 + x2,#2 + x2,#3 )/3 − x̂2 }.
{(SOC#1 + SOC#2 + SOC#3 )/3 − SOC},
These plots show that implementing this filtering algorithm at the string level of a
hybrid string results in the estimation of the average values of the state variables
and the PV-generated currents, averaged over the number of units in the hybrid
string.
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5.4 Summary
This chapter implements a model-based filtering algorithm to estimate the input
current of a Li-ion battery from its voltage measurements. Besides a stand-alone
Li-ion battery, this chapter also uses the self-balancing PV/Li-ion battery topology
as an application case study for this algorithm. The current generated by the PV
array in this integrated system is estimated using this filtering algorithm, using
which the PV generated power can be estimated. The lessons learned from using
this filtering algorithm can be summarized as follows:
• The accuracy of estimating the input current is constrained by the accuracy
of the voltage sensor and independent of the magnitude of the estimated
current. This means that the PV generated power can be estimated with
higher accuracy for more powerful PV arrays.
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• Unmodeled dynamics of the plant can result in biased estimates using the
estimator, but this can be managed through careful selection of underlying
models.
• Signal averaging can be used to attenuate the noise in the estimated current.
• Finally, by implementing this filter at a hybrid string level, it is possible to
estimate the average state of the battery and PV-generated current (averaged
over all the units in a string) with only the string-level voltage measurements
and knowledge of the external load current.
The final chapter of this dissertation uses this input estimation algorithm in conjunction with an MPPT controller to achieve PV MPPT in the hybrid topology.

5.4.1 Unique Contribution to the Literature
The work in this chapter has been presented in the 2017 American Control Conference in Seattle, WA and published as the following conference proceeding paper:
Partha P. Mishra and Hosam K. Fathy, “Lithium-Ion Battery Disturbance Current Estimation, with Application to a Self-Balancing Photovoltaic Battery Storage
System”, in 2017 American Control Conference (ACC), Seattle, WA, May 2017,
pp. 4048-4054.
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Chapter 6 |
Estimation-Based Extremum
Seeking for Maximum Power
Point Tracking Control
6.1 Introduction
This chapter examines the problem of controlling the exchange of current in PVplus-storage systems to achieve photovoltaic MPPT. An estimation-based ES controller is developed to achieve MPPT in PV energy systems with integrated battery
storage capabilities. The control and operation of these systems can be costly and
complex to realize due to the associated need for extensive sensing and power electronics [1, 18]. This work introduces the idea that model-based estimation for battery applications and model-free control for PV applications can be amalgamated
to enable simpler MPPT with reduced cost and complexity. Furthermore, the selfbalancing, hybrid PV/battery system of Chapter 2 is used to show that substantial
reduction in integration power electronics and sensors can be achieved through the
closed-loop control of the hybrid plant with an estimation-based MPPT controller.
Another motivation of this work stems from the need to understand if the selfbalancing behavior is still exhibited under closed-loop control.
The issues with traditional PV/energy storage integration topologies such as
heavy reliance on power electronics, extensive sensing requirement, and separate
control requirement for achieving PV MPPT and battery cell balancing, have motivated the development of self-balancing PV/battery integration topologies, which
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are investigated in Chapters 2 and 3. The exploitation of this self-balancing behavior can result in overall system cost reduction by approximately 15% compared
to traditional integration topologies [9]. This author further hypothesizes that
the connecting device can be used to unite the otherwise separate control actions
needed for achieving PV MPPT and Li-ion cell balancing by decoupling the operating voltages of the PV array and Li-ion cell, thereby increasing the control
authority over the hybrid system. In addition, an input estimation algorithm in
Chapter 5 is presented which can reduce the sensing requirement in these hybrid
units. The investigations in the previous chapters in this dissertation build up to
the development of a closed-loop MPPT control algorithm for the hybrid topology
studied throughout this dissertation.
The MPPT literature has become sizable over the years, categorizing MPPT
control algorithms into model-based and model-free methods. The robustness exhibited by model-free MPPT controllers [74, 75, 121] motivates the use of such a
control method with the hybrid topology in this dissertation. However, model-free
controllers are known to: (a) rely heavily on sensors for power measurements [18]
and (b) sometimes fail to distinguish between changes in output due to changes in
the control input or external disturbances (here, environmental conditions) [81].
Due to these limitations, this dissertation implements a novel ES based PV MPPT
controller in this work, that can explicitly differentiate between power changes due
to the control input and environmental conditions [4]. Coupled with the input
estimator from Chapter 5, this estimation-based MPPT controller use a maximum
of half the number of sensors used by traditional controllers. In addition, the research in this chapter is also motivated by the following previously unanswered
questions:
1. Will the hybrid system exhibit self-balancing even during closedloop MPPT control?
The author’s previous work on self-balancing [8, 9] explicitly assumes that
such an MPPT controller exists that can instantaneously steer the system
to the MPP and produce a constant power output, which renders the system self-balancing. This means that the controller dynamics are neglected.
Self-balancing has also been verified on physical Li-ion batteries using a HIL
experimental study. However, there remains a need to understand whether
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the combined closed-loop dynamics of the hybrid unit and an MPPT controller are self-balancing or not.

2. Will the controller achieve efficient MPPT even when all the
required measurements are not available?
To this end, this chapter proposes an MPPT controller that employs a power
estimator (from Chapter 5) to account for the battery power and uses this
information in a least-squares (LS) estimation- and gradient ascent-based ES
control strategy [4]. The power estimator uses a Li-ion battery model and
only voltage measurements to estimate its input current and correspondingly the PV generated power (P̂P V ) from knowledge of the external load
current [3]. Use of this power estimator eliminates current sensors at the PV
sites for MPPT purposes, thereby halving the total number of sensors traditionally required for MPPT. However, it is not known how well the controller
can perform given that it is obtaining its feedback signal (i.e. PV generated
power) from an estimator with its own inherent convergence dynamics.

3. Will the closed-loop performance of the system fare well under
real-world operation?
Previous investigations have considered the self-balancing behavior under
fixed environmental conditions. In this work, the effect of time-varying environmental conditions, specifically solar irradiation, on self-balancing and
performance of the estimation-based MPPT controller are analyzed simultaneously.
The work in this chapter answers the above motivating questions and develops an
estimation-based MPPT algorithm and use it for the online, optimal control and
operation of the self-balancing hybrid system.
The remainder of this chapter is organized as follows. Section 6.2 briefly describes the mathematical model of the hybrid system, adding a model of the connecting device to the already defined PV array and Li-ion battery models. Implementation of the estimation-based MPPT controller is elaborated in Section
6.3. Section 6.4 presents results from simulation case studies that are designed
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Figure 6.1: Equivalent circuit representation of a hybrid unit model
to analyze system behavior, such as self-balancing, under constant and varying
irradiation conditions. Finally, Section 6.5 summarizes this chapter.

6.2 Hybrid System Model
This section presents the mathematical model describing the hybrid topology,
which includes an N th order ECM of the Li-ion battery, a single-diode model of the
PV array, and an averaged static model of the connecting device. The schematic of
an arbitrary hybrid unit is presented in Figure 6.1. The PV array side is assumed
as the input side of the connecting device and the battery side is the output side.
The external load to this system is connected to the output side. Therefore, the
relationship between the output current of the connecting device (ICD ), battery
input current (Ibatt ), and external load current (Iext ) is the same as Equation (2.1):
ICD + Ibatt = Iext
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(6.1)

6.2.1 Li-ion Battery
This chapter uses the N th order ECM of Chapter 2 to model the Li-ion battery
and further to use for simulation. Li-ion battery modeling is a matured field with
a prolific literature supporting it. Accurate battery models are needed by BMSs
to ensure safe and efficient operation in both stationary and mobile applications.
Electrochemistry-based models, such as the Doyle-Fuller-Newman model [122] and
the Single Particle model [120,123], usually provide higher fidelity in predicting the
temporal and spatial charge, discharge, and thermal behavior of Li-ion batteries.
However, the computational complexity of these models limits their applicability,
particularly in resource-constrained online control and estimation applications. In
contrast, empirical models such as ECMs are popular for model-based controller
and estimator design owing to their simplicity and computational tractability [124–
126]. Despite its lesser accuracy, the ECM used in this dissertation has been
experimentally validated for ranges of SOCs and currents that encompass but are
broader than the ones in this dissertation [120,124]. The state-space model of this
ECM is given by:
ICD − Iext
Ibatt
=
Q
Q
xi
xi
ẋi = − − Ibatt = − + (ICD − Iext ), i = 2, 3, . . . , N
τi
τi
N
X
xi
+ (ICD − Iext )Ro
Vbatt = y = OCV (x1 ) +
i=2 Ci
ẋ1 = −

(6.2a)
(6.2b)
(6.2c)

where Vbatt is the terminal voltage of the battery. The other parameters in the
model are already defined in Chapter 2 and omitted here for brevity. Equation
(6.2) is used to simulate the behavior of the Li-ion cells of the hybrid system as
well as to generate battery voltage signals used by the input estimator.

6.2.2 Connecting Device
Commercial PV arrays have a higher voltage range compared to that of a Li-ion
cell [8, 84]. Accordingly, the connecting device in Figure 6.1 (b) needs to step
down the voltage from VP V,G to Vbatt . Hence, this dissertation assumes that the
connecting device is a buck DC-DC converter. For modeling simplicity, the energy
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losses incurred by this buck converter are neglected. However, it is important to
note that the current analysis framework can be extended to incorporate non-ideal
converter efficiencies, and that the proposed MPPT controller creates a feedback
loop that is inherently robust to modeling uncertainties. The DC-DC converter:
(i) decouples the operating voltages of the PV array and the Li-ion cell and (ii)
performs PV MPPT, simultaneously. Since the dynamics of the DC-DC converters are much faster [127] compared to that of Li-ion batteries, this section uses a
simplifying assumption that the converter can be modeled as a static map between
its input and output voltages. Performing energy balance with the loss-less operation assumption and based on the voltages and currents shown in Figure 6.1, the
following relation holds:
Pin = Pout

(6.3)

VP V,G IP V,G = Vbatt ICD
Additionally, the two voltages are related statically through the conversion ratio, k,
which is the control input of the hybrid system generated by the estimation-based
MPPT controller, and therefore, is time-dependent:
Vbatt = kVP V,G ,

0<k≤1

(6.4)

Using Equations (6.3) and (6.4), the input and output currents are related as:
ICD =

IP V,G
k

(6.5)

6.2.3 PV Array
The PV array of the hybrid model is represented using its transcendental, static
I-V relationship since it does not have any inertial element. This work uses the
single-diode model of the PV array (Section 3.3 [8, 84]) and therefore, uses the
following I-V curve:


IP V,G = IP V − I0 exp



VP V,G + Rs IP V,G
VP V,G + Rs IP V,G
−1 −
aVt
Rp
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(6.6)

In Equation (6.6), VP V,G and IP V,G are the terminal PV array voltage and PV generated current, respectively, and the rest of the parameters are defined in Chapter
3. The I-V characteristics of a PV array vary with fluctuating environmental conditions such as irradiation and temperature. The MPP can vary significantly with
irradiation. Moreover changes in the solar irradiation can occur more rapidly due
to cloud cover than changes in the temperature. Therefore, this work assumes
a time-varying irradiation profile but constant temperature for simulation case
studies.

6.3 Estimation-Based MPPT Controller Design
This section describes the estimation-based MPPT controller. A schematic of
the algorithmic steps carried out by the controller to achieve PV MPPT in the
hybrid system is shown in Figure 6.2. The combined estimator and controller
determines the DC-DC conversion ratio that maximizes power even when all the
necessary measurements for MPPT are not available. This controller merges the
two paradigms of model-based estimation [3] and model-free MPPT control together [4]. It uses ES control to find the system’s optimum by perturbing the system’s operating point and using generated power information to determine which
perturbation direction improves power generation [4]. In reality, power measurements require both current and voltage sensing, which, depending on the architecture of the PV farm, can be complex and costly to implement and manage. The
power estimator from Chapter 5 [3] eliminates the need for half of these sensors
by approximating power using only voltage measurements.

6.3.1 The Power Estimator
The power estimator, introduced in Chapter 5, is used for the hybrid unit with the
DC-DC converter in this chapter. The Li-ion battery model from Section 6.2.1 is
used to predict the states of the battery (Step [E]), and the measured voltage is
then used to estimate the input current (Step [C]) and correct the predicted states
(Step [D]) in a recursive manner. Once the input current is estimated, knowledge of
the external load allows the estimation of the corresponding PV generated power.
Since the details of the algorithm has already been provided in Chapter 5, its steps
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MPPT Controller

Power Estimator

Figure 6.2: Schematic of an estimation-based MPPT controller
and equations are concisely presented in Table 6.1.
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Table 6.1: Summary of the Li-ion battery input current estimation algorithm taken
from [3]
[A] Discrete time state-space model
xj+1 = Axj + Bdj + wj = f (xj , uj , dj ) + wj
yj = g(xj , uj , dj ) + vj
where j in this algorithm is the discrete time index with initial value
of 1, x ∈ RN is the state vector containing the state variables defined
in Equation (6.2), the matrices A and B are obtained using matrix
exponentials and a zero-order hold on the input [118], uj = 0 (here) is
a known input signal, dj = Ibatt is the unknown input to estimate, and
wj and vj are zero-mean, Gaussian random process with covariance
Σw  0 and Σv  0 respectively.
[B] Filter initialization
x
x
x̂1|1 (= x̂1|0 ) = E[x1 ], P1|1
(= P1|0
) = E[(x1 − x̂1|1 )(x1 − x̂1|1 )T ], dˆ1 =
E[d1 ]
[C] Unknown input estimation 

Cj =

∂g
∂x

x̂j|j−1 ,dˆj−1

=

dOCV
dx1

x̂1,j|j−1

, C12 , . . . , C1N , is the locally lin-

earized output matrix.
x
R̃j = Cj Pj|j−1
CjT + Σv ,

Hj =

∂g
∂d

= Ro
x̂j|j−1 ,dˆj−1
Pjd = (HjT R̃j−1 Hj )−1

Mj = (HjT R̃j−1 Hj )−1 HjT R̃j−1 ,
dˆj = Mj (yj − g(x̂j|j−1 , dˆj−1 , uj ) + Hj dˆj−1 )
[D] Measurement update
x
x̂j|j = x̂j|j−1 + Kj (yj − g(x̂j|j−1 , dˆj−1 , uj ))
Kj = Pj|j−1
CjT R̃j−1 ,
x
x
Pj|j
= Pj|j−1
− Kj (R̃j − Hj Pjd HjT )KjT , Pjxd = (Pjdx )T = −Kj Hj Pjd
[E] Time update
x̂j+1|j = Ax̂j|j + B dˆj ,
Gj = ∂f
=B
∂d

"
x
Pj+1|j
= [A G]

x
Pj|j
dx
Pj

Pjxd
Pjd

x̂j|j ,dˆj

#

[A G]T + Σw

In a hybrid string, voltage measurements (Vbatt,m ) across the Li-ion cells allow
estimation of the corresponding input currents (Iˆbatt,j = dˆj ). Assuming that the
load current is known, this enables the estimation of ICD for each unit and from
there the PV generated power using P̂P V = P̂out = IˆCD Vbatt,m . Therefore, this
model-based power estimator provides generated PV power information to the
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MPPT controller even after halving the required number of sensors. Section 6.3.2
shows how the ES-based controller uses P̂P V to achieve PV MPPT in the hybrid
topology.

6.3.2 The MPPT Controller
The ES-based MPPT controller combines gradient ascent with an LS estimate
of the cost function’s gradient [4]. This makes the controller specifically suited
for plants where the cost function can be an unknown, time-varying map such
as PV systems, whose power changes with environmental conditions. Traditional
“perturb and observe”-based MPPT controllers may fail to distinguish the perturbations in the PV generated power caused by perturbations in the control input
(conversion ratio k of the DC-DC converter here) or by changes in the time-varying
environmental conditions, thus leading to divergence from MPP. The MPPT controller in this thesis overcomes this problem by explicitly estimating the gradients
of the cost function with respect to the control input and time separately, by solving
an LS estimation problem. For the hybrid units in this work, the cost function ideally should be the PV generated power (PP V ), which requires current and voltage
sensing at each PV site. However, the sensing requirement is reduced in the hybrid
topology by using the power estimator of Section 6.3.1 to estimate PV generated
power (P̂P V ), which is used as the cost function here. Thus, the MPPT controller
essentially estimates the gradient of the estimated PV generated power with rec
spect to the conversion ratio of the DC-DC converter, i.e. ∂∂kf = ∂ P̂∂kP V , through the
LS estimation method. The steps and equations of the ES-based MPPT algorithm,
whose details can be found in [4], are summarized in Table 6.2. The control input,
k, is perturbed in Step [A], followed by filtering of the input and output (which is
P̂P V ) through high pass filters in Step [B]. The LS estimation problem is solved in
Step [C] to obtain ∂ P̂∂kP V . Finally, the conversion ratio is updated using a gradient
ascent law in Step [D]. The equations in Table 6.2 are implemented in discrete
time in conjunction with the power estimator for the simulation studies.
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Table 6.2: Summary of the extremum seeking algorithm taken from [4]
[A] Control input perturbation
k = kbulk + ad sin ωd t
where ad and ωd are dither amplitude and frequency respectively, and
k is the DC-DC conversion ratio.
[B] Filtered input and output
d
(k − kfilt ) = ωkfilt
dt 
d
P̂P V − Pfilt = ωPfilt
dt
where kfilt and Pfilt are high-pass filtered k and P̂P V , respectively,
with a filter frequency of ω, and P̂P V (= f (k, t)) is obtained from the
power estimation algorithm.
[C] Least-squares (LS) estimation of objective function gradient with exponential forgetting
2
v̇1 = −2λv1 + kfilt
v̇2 = −2λv2 + ω1 kfilt
ẇ1 = −2λw1 + Pfilt kfilt
ẇ2 = −2λw2 + ω1 Pfilt
2

v2 w2
= wv11−2λω
,
−2λω 2 v22
where λ dictates the rate of exponential forgetting, v1 , v2 , w1 , and
w2 are used to define the LS estimation problem in a continuous-time
c
state-space form, and ∂∂kf is the solution to the LS estimation problem
based on the following regression equation and the corresponding
optimization
h i problem
h respectively:
i
∂f
1 ∂f
Pfilt = ∂k kfilt + ω ∂t ,

c
∂f
∂k



min c
∂f c
∂f

1R t

2 −∞
,
∂k ∂t



∂f
Pfilt (τ ) − c



∂k

kfilt (τ ) −

1
ω







2

c
∂ f  −λ(t−τ ) 
e
∂t

dτ .

[D] Gradient ascent update
k̇bulk = kES ∂∂kf ,
where kES dictates the rate of gradient ascent.
c

6.4 Simulation Results and Discussions
This section uses results from simulation case studies to investigate whether selfbalancing is exhibited by the hybrid system even during closed-loop control and
under real-world operating conditions and MPPT is achievable even in the absence

97

of some of the traditionally needed measurement signals. A second-order, nonlinear
Li-ion cell ECM and a scaled-down, single-diode model of the PV array are used
in MATLAB to simulate the hybrid unit. The relevant parameters are provided
in Appendix A.4. From Section 6.2, it is clear that the model of the hybrid unit
forms a set of DAEs due to the feedback effect resulting from system integration.
So this work uses MATLAB’s DAE solver, ode15s, to simulate the estimation-based
MPPT algorithm controlling the hybrid string. Although isothermal and constant
load current (constant Iext ) operation conditions are assumed for simplicity, these
assumptions can be relaxed. The simulation case studies analyzed in this chapter
consider a hybrid string consisting of three hybrid units connected in series.
The initial conditions of each hybrid unit is considered to be the same for each
simulation case study for comparison of results.

6.4.1 Hybrid Unit Level Control In A String
This case study simulates a hybrid string consisting of three units with the assumption that each unit is equipped with a voltage sensor and controlled with an
estimation-based MPPT algorithm as described in Section 6.3. For all the simulation case studies in this work, the measurement model is obtained by simulating the
voltages of the system according to Section 6.2 and adding a computer-generated,
zero-mean, random number with a standard deviation of ±5 mV. This dissertation
analyzes the behavior of the system under three different irradiation situations,
namely constant, step, and real-world irradiation conditions. In each case, the
system supports an external load such that the maximum PV generated power
can be consumed by the load even after the Li-ion cells balance.
6.4.1.1

Constant irradiation

The PV arrays of each hybrid unit is subjected to a solar irradiation of 1000 Wm−2
at 25 ℃. Under these conditions, the maximum power generated by an individual
PV array is 48.86 W. Supporting an external load of 13.1 A, this should result
in the equilibrium voltage to reach around 3.73 V, which corresponds to an SOC
of ∼ 55 %. Initially, the charge imbalances between the Li-ion cells result in a
maximum SOC difference of almost 15%. Figure 6.3 shows these expected results
in simulation. The following observations can be readily made from this figure:
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Figure 6.3: Behavior of a hybrid string subjected to a constant irradiation
• The two states of the Li-ion cells, SOC and x2 , gradually converge to their
equilibrium values.
• The SOCs of each Li-ion cell converge very close to the predicted value of
55%.
• The estimation-based MPPT controller is able to track the MPP with maximum difference between MPP and power generated by individual unit being
less than 2 W.
• Estimated power is noisy but converges to its respective true values.
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The self-balancing behavior of the hybrid topology can be seen from the top two
and middle left subplots as SOCs of all the cells converge to around 55% and
x2 ’s converge toward zero. This confirms that self-balancing is possible even
during closed-loop control. The convergence is not perfect due to the noisy
estimate of the power generated by the PV arrays. The noisy estimates force the
MPPT controller to track the MPP in a fluctuating manner (bottom and middle
right subplots) and this results in imperfect convergence of the states, since at
equilibrium, the following equation is satisfied by the battery: V̄batt = PP V /Iext .
However, the fact that MPPT is achieved, demonstrates the effectiveness of
an estimation-based MPPT controller that can reduce the sensing needs for
PV MPPT. The estimates and hence the tracking performance can be improved
using a much more accurate voltage sensor in contrast to the rather noisy sensor
assumed in this simulation [3]. This has been shown in simulation in Section 5.3.2.
For the current case study, the total energy generated by the estimation-based
controller is only 0.29% less than the optimum value.
6.4.1.2

Step change in irradiation

This second case study considers the simulation of a hybrid string where the PV
arrays are subjected to a step change in irradiation. The initial irradiation is
considered to be 800 Wm−2 and it changes to 1000 Wm−2 at 1800 seconds and
stays at that until the end of the case study. Temperature is held constant at
25 ℃ throughout. Figure 6.4 shows the resultant behavior of the system. The
following observations are made for the case of a step change in irradiation:
• The SOCs show changes during the step increase in irradiation and finally
traverse toward equilibrium values at the final irradiation.
• The estimation-based MPPT controller is able to track a step change in
irradiation, despite the noisy power estimates.
Initially, at 800 Wm−2 , the maximum power generated by the PV array is around
39 W, while a load current of 13.1 A resulted in an average initial power demand
of 48.7 W from each unit. This causes the batteries to discharge initially. When
the irradiation increases to 1000 Wm−2 , the PV arrays start generating almost
49 W each - enough to meet the load demand and charge the batteries to their
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Figure 6.4: Behavior of a hybrid string subjected to a step change in irradiation
equilibrium value (top subplots). The self-balancing action can be seen in the
middle left subplot from the gradual decrease in SOC imbalance between any
two cells in the string. Even with a noisy estimate of PV generated power, the
controller is able to generate an amount of energy which is only 0.297% less than
the maximum value.
6.4.1.3

Variable irradiation

This simulation study uses real solar irradiation data from NREL’s National Wind
Technology Center [102]. The specific data used is for March 10, 2017 beginning at
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Figure 6.5: Behavior of a hybrid string subjected to a real-world irradiation profile
7:30 AM. The load current is changed to 4.58 A in this simulation so that the hybrid
string can support the load for eight hours of operation during the day without
completely charging or discharging the Li-ion cells. For the variable irradiation
scenario, Figure 6.5 shows the following features of the closed-loop system:
• The SOCs fluctuate with changing irradiation. However, the SOC imbalances
between any two cells in the string can be seen to be decreasing, indicating
self-balancing action.
• The controller is able to track the MPP despite rapid variations in the irradiation profile.
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• The estimator is able to converge to the true values despite high sensor noise.
The subplot of SOC shows the phases of charging and discharging that the
battery cells undergo as the irradiation changes. As per the relation V̄batt =
OCV (x̄1 ) = PP V /Iext , the equilibrium SOC changes with PP V and the system
tries to track the changing equilibrium SOCs due to variable irradiation. In this
case study, irradiation changes before the Li-ion cells can reach an equilibrium SOC
and therefore the temporal variation of SOC (top left subplot) shows charging and
discharging behavior. Nevertheless, the self-balancing behavior is still evident from
the decreasing trend of SOC imbalance between different Li-ion cells as shown in
the top right subplot. The middle subplots show that the controller is able to
track the MPP even under rapidly varying disturbances such as changing irradiation. Finally, the bottom subplots show how well the estimator and controller fared
in estimating the true power and obtaining the maximum power. Quantitatively,
the generated energy by the ES controller is 0.85% less than the optimum value.

6.4.2 Hybrid String Level Control
In contrast to Section 6.4.1, this section explores the performance of the hybrid
string in terms of power generation when string level estimation and control are
implemented. In other words, it is assumed that (i) only one voltage sensor is
used, which measures the total string voltage, (ii) the total power generated by all
the PV arrays is estimated, and (iii) a single conversion ratio is calculated by the
MPPT controller for all the DC-DC converters. The hybrid string is subjected to
the same real world irradiation as described in Section 6.4.1.3. The corresponding
results are shown in Figure 6.6, which reveal the following important features:
• SOC imbalance reduction, estimator convergence, and efficient MPPT are
achieved with string level measurement and control as well.
• MPPT performances in terms of power generation through string-level or
unit-level control are comparable.
Self-balancing and achieving MPPT with reduced sensing can be readily verified
from the figure. In addition, this string-level measurement and control is compared to unit-level control as discussed in Section 6.4.1. In Figure 6.6 (middle
P
left subplot), ∆Ptotal is defined as ∆Ptotal = Pstring − 3i=1 Punit#i ; and represents
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Figure 6.6: Behavior of a hybrid string when a single string level voltage measurement is used for total PV power estimation and a common conversion ratio is
calculated by the MPPT controller
the difference in acquired power between string-level and unit-level control. The
colored area under the curve is indicative of the difference in total energy generated by these two methods of measurement and control. The gray bordered area
indicates the excess amount of energy generated by string level control compared
to unit level control, whereas the red area indicates a deficit. In this simulation
case study, string level measurement and control is able to generate more energy
compared to the more modular unit level control. In fact, this string level control method generates 0.45% less energy than the optimum compared to 0.85% for
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the unit level control case. The error in estimating the total power based on one
voltage measurement is less compared to estimating power at three sources. For
example, while the latter accrues an RMS error in power estimation of 2.42 W, the
former results in only 1.35 W of RMS error. Therefore, this case study shows that
the overall cost of the system can be further reduced by replacing unit level voltage
sensing with only one string level sensor with comparable performance. However,
it should be noted that energy generation performance shown here is based on the
assumption of uniform operational condition. Results will vary if hybrid strings
are distributed enough to experience different levels of irradiation exposure.

6.5 Summary
Widespread integration of Li-ion batteries with PV energy generation is still constrained by the heavy dependence on and the cost and complexity of power electronics for integration. This chapter explores the problem of controlling the selfbalancing PV/Li-ion battery integration topology that can significantly reduce the
cost of integration by exploiting its self-balancing characteristic. An estimationbased MPPT algorithm is introduced and uses to control the hybrid system in
order to validate two key hypotheses: (a) MPPT with efficient performance under
varying operational condition is achievable even when all required measurements
are not available and (b) self-balancing is possible even during closed-loop control of the hybrid system. The simulation results of this chapter under different
irradiation scenarios demonstrate the ability of the MPPT controller to generate
more than 99% of the maximum available solar energy, as well as the reduction
in SOC imbalance among the Li-ion cells in a hybrid string. It is also observed
that string level measurement and control can achieve comparable (in the current
case, even better) energy generation performance to that from unit level control.
Overall, this chapter unites model-free control with model-based estimation in order to facilitate more economical Li-ion battery integration with PV solar energy
sources.
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6.5.1 Unique Contribution to the Literature
This work, completed in close collaboration with Michelle Denlinger, has been submitted for archival and is currently under review as the following article:
Partha P. Mishra, Michelle Denlinger, and Hosam K. Fathy, “Estimation-based
Maximum Power Point Tracking in a Self-Balancing Photovoltaic Battery Energy
Storage System,” under review in the Journal of the Dynamic Systems, Measurement and Control.
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Chapter 7 |
Conclusion
This dissertation develops novel integration topologies of PV arrays and electrochemical batteries that exploit inherent properties of constituent components to
reduce the operational complexity and cost of such integrated systems. The dissertation primarily focuses on two synergistic properties of the hybrid PV/battery
systems, namely self-balancing and passive MPPT. These two behaviors are particularly investigated since the same integration topology of PV arrays and Li-ion
batteries exhibits these behaviors. This gives rise to a trade-off in the design
of these topologies since the faster a hybrid topology self-balances, the faster it
departs from MPP as well. With this knowledge and the requirements of a certain application, it is possible to design hybrid systems that can strike a healthy
balance between balancing passively and harvesting solar energy without active
MPPT control.
This dissertation provides design solutions to achieving PV MPPT and Li-ion
cell balancing in storage integrated PV farms, which are predicated on the notions
that active control algorithms and power electronics-based actuation are needed
to achieve these functions. The proposed integration topologies inherently create
a negative feedback loop within each hybrid unit that renders the joint dynamics
of the battery and PV array strictly Hurwitz. This results in the state-variable
representing battery SOC to converge to an equilibrium value, thus achieving
self-balancing. Furthermore, this dissertation establishes that while characteristic curves of the system, such as OCV-SOC curve and PV I-V curve, affect the
equilibrium state, other system parameters such as the charge capacities and internal resistances of the Li-ion cells affect only the self-balancing time and not the
location of the equilibrium state. One interesting outcome of these analyses is that
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Li-ion cells of varying levels of aging can be integrated in a hybrid string and still
achieve a self-balancing action. Experimental HIL simulations with physical Li-ion
batteries validate these observations. Additionally, all these synergies come with
a cost reduction of 12-15% when compared with traditional storage integrated PV
topologies of commensurate power and energy capacities.
The integration of Li-ion cells electrically parallel with a PV array also results in
a topology that can exhibit MPPT passively besides self-balancing. The integrated
battery acts as a low-pass filter for rapidly varying solar irradiations and thereby
stabilizes the output voltage in order to stay close to the MPP. Such filtering
action can potentially reduce the bandwidth of controllers, otherwise needed in
active MPPT control applications. A small-signal analysis is performed to identify
design “knobs” such as charge capacity of the Li-ion cell and slope of the OCVSOC curve (or cell chemistry) that can be used to defer the departure of the system
from MPP passively. This departure from MPP is fundamental to passive MPPT
systems and is the reason why the hybrid topology under scrutiny exhibits selfbalancing. Effects of battery aging on passive MPPT performance are also analyzed
through simulations. Furthermore, this dissertation establishes the antagonistic
nature of the self-balancing and passive MPPT behaviors and recommends that a
trade-off between the two has to be made based on the application requirements
while designing these hybrid topologies.
The coupling of the operating voltages and constraint on the integrated PV
array power in the hybrid topology without the CD motivates the introduction
of a DC-DC converter into the hybrid topology. Now, active MPPT control becomes a necessity in order to maximize the energy generated by the hybrid system.
However, active MPPT algorithms are sensing intensive. Voltage and current data
acquisition at each PV site in a hybrid system can offset the cost and design
simplifications obtained by exploiting self-balancing. Therefore, in order to enable real-world energy generation through these hybrid systems, a combination of
model-based input estimation algorithm that estimates PV generated power and
a model-free ES-based MPPT controller to maximize solar power generation and
storage, is used. The result is an optimal, estimation-based MPPT controller that
requires at a maximum half the number of sensors otherwise needed for traditional
MPPT control methods. Simulations in this dissertation show that this controller
is able to generate more than 99% of the available solar energy under real-world
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irradiation conditions. Finally, this study also verifies that the self-balancing behavior of the hybrid topology is retained even during closed-loop MPPT control
where the combined dynamics of the controller and plant are in effect.
The integration topologies and related control and estimation methods developed in this dissertation form the basis for a novel and different method of integrating energy storage with PV systems. This dissertation lays the foundation for
further research into the self-balancing systems in order to develop these topologies
as functionally and economically viable alternatives to traditional PV farms. A few
of the potential future research and development (R&D) directions are highlighted
here:
• A life-cycle analysis of the hybrid system will be very useful in quantifying
their long-term viability compared to traditional PV farms.
• The accuracy of the estimation algorithm in Chapters 5 and 6 is contingent on
the ability of the underlying battery model to minimize estimation bias and
also on the parametric changes to the model due to system aging. Model
selection for practical applications should take into account these factors,
specifically model adaptation due to aging.
• Mechanical design of the hybrid units will be another interesting R&D objective. The design of the hybrid units can potentially expose the integrated
Li-ion batteries to the elements, thereby necessitating innovative and cost
effective packaging solutions.
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Appendix |
Supplemental Data
This appendix provides supplemental data related to model parameterization and
financial assessment of the hybrid topologies, which are used in presenting the
various results of this dissertation. The section headings of this appendix include
the chapter numbers in which the corresponding supplemental data are provided.

A.1 Model Parameterization for Chapter 3
An eighth order nonlinear ECM, adopted from Ref. [124], is used for simulation
in Chapter 3. The resistance and capacitance values of the RC pairs of the ECM
can be expressed in terms of three unknown parameters [Ro , Rw , Cw ]T . Using
these, the other quantities can be expressed as C2 = C3 = · · · = C8 = Cw ,
8
Ri = ωi Rw , ωi =
. These three unknown parameters are obtained
(2i − 1)2 π 2
from experimental data using standard system identification techniques. This dissertation runs experiments on three cells, each of two Li-ion chemistries, one with
an LFP cathode and the other with an LCO cathode. The capacities (Q) of the
cells (Table A.1) are obtained by preconditioning them to 0% SOC, followed by
slow constant current-constant voltage (CC-CV) charging upto 100% SOC and
discharging down to 0% SOC in a laboratory grade battery cycler.
Table A.1: Experimentally obtained Li-ion cell capacities in A-hr
Cell #
1
2
3

LFP
2.6258
2.6038
2.6293
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LCO
3.3125
3.3170
3.3187

Table A.2: Experimentally identified Li-ion cell parameters
Cell
#
1
2
3

Ro ,
LFP
0.0168
0.0131
0.0171

Ω
LCO
0.0632
0.1208
0.1802

Rw , Ω
LFP
LCO
0.0701 0.0254
0.0764 0.0259
0.0744 0.0272

Cw , F
LFP
LCO
6072.5 14388.4
6195.3 15172.5
6079.8 12506.2

Charge sustaining pulse current inputs are applied to the LFP (upto ± 3C)
and LCO (upto ± 0.5C) cells to identify the three parameters of the model. Due
to the fairly linear nature of the OCV-SOC curve of the LCO cells, the current
pulses are applied around 50% SOC for system identification. For the LFP cells,
the pulse current input is applied around 67% SOC such that the voltage response
traverses the non-linear part of the OCV-SOC curve at higher SOC. A multi-start
unconstrained optimization problem that minimizes the sum square of the voltage
prediction error (i.e. the difference between measured and predicted voltages) is
solved to identify these parameters for both type of cells. The identified parameters
are given in Table A.2.
This dissertation uses data from cell#1 for both the chemistries for simulation,
unless otherwise specified. It is important to note that the objective of experimental validation presented in this chapter is to show that the hybrid unit is indeed
self-balancing. Experimental validation of convergence speed predicted through
simulations or analytical expressions is not the objective. Therefore, the validity
of the fitted model throughout the entire SOC range is not taken into consideration
in this dissertation.
Furthermore, the PV array’s I-V characteristic curve model can be scaled down
to a single PV cell using the total of PV cells in series in a string and the total
number of parallel strings in the array. The relation between cell and array level
voltage and current is given by:
VP V = Ns,P V VP V,cell ,

IP V,L = Np,P V IP V,L,cell

(A.1)

where VP V,cell and IP V,L,cell are the voltage and load current of the array if it had
only one cell in it. Substituting these relations from Equation (A.1) into Equation
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(3.2) yields:
Np,P V IP V,L,cell = Np,P V IP V,cell − Np,P V I0,cell ×




Ns,P V VP V,cell + Rs Np,P V IP V,L,cell
exp
−1
aNs,P V kT /q
Ns,P V VP V,cell + Rs Np,P V IP V,L,cell
−
Rp
⇒ IP V,L,cell = IP V,cell − I0,cell ×
VP V,cell + (Rs Np,P V /Ns,P V )IP V,L,cell
exp
−1
akT /q
VP V,cell + (Rs Np,P V /Ns,P V )IP V,L,cell
−
(Rp Np,P V /Ns,P V )









(A.2)

Equation (A.2) thus shows that if the I-V relation for a PV array is available, it
can be scaled down to a single cell array by dividing all the variables representing
current by Np,P V , all the variables representing voltage by Ns,P V , and multiplying
the series and parallel resistances of the array by (Np,P V /Ns,P V ). Knowing this,
a scaled model containing any number of series cells and parallel strings can be
obtained.

A.2 Financial Cost Analysis of the Hybrid Topologies
in Chapters 2 and 3
Better economic viability of the proposed topologies (with or without CD) compared to traditional PV farms stems from the fact that the self-balancing behavior
is exploited to reduce the amount of power electronics needed for integration, and
hence, reduce the system cost. This section translates this cost reduction into
USD ($) - savings by comparing the total cost of the hybrid topology to that of
a benchmark system available in the literature. A residential PV/energy storage
system analyzed in a NREL report is considered as the benchmark system [1]. This
system consists of a 5.6 kW PV array connected to a 6 kWh DC-coupled Li-ion
battery pack of power rating 3 kW. In a DC-coupled system, a charge controller
directs the PV-generated power either to the battery pack or to the grid through
a bi-directional battery-based inverter [1]. This financial analysis assumes that
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Table A.3: Comparison of component-wise cost of benchmark topology with the
proposed hybrid topologies
Components
PV modules
Bi-directional
battery
based inverter
PV charge controller
Li-ion cells
BMS + PCS + Misc.
BOS
Enclosure + Interconnect
Structural BOS
Electrical BOS
Total hardware cost
Percentage of benchmark
cost
*Cost of connecting device

Benchmark
System, USD
3584

Hybrid Topology, USD
Without CD
With CD
3584
3584

3596

3596

3596

318
1090

0
1090

413*
1090

1680

0

0

230

230

230

651
2395
13,544

651
2395
11,546

651
2395
11,959

100 %

85.25 %

88.30 %

a hybrid system of commensurate generation and storage capacity to that of the
benchmark system can be constructed. For simplicity, only the total hardware
cost is compared, assuming that soft costs such as installation labor, supply chain
costs, general overhead etc. remain the same for either topologies. Table A.3 compares the component-wise costs for the benchmark and hybrid configurations. It
is estimated that $ - savings of roughly 15% and 12% can be achieved using the
proposed hybrid topology without and with the CD respectively, compared to the
benchmark system.
Certain assumptions are made in this financial analysis:
• The cost of PV modules is assumed to be linear with power and PV arrays of
any power rating can be constructed. This results in the cost of PV modules
to be the same for both the hybrid and benchmark systems.
• Ardani et al. [1] reports the cost of the 6 kWh Li-ion battery pack in the
benchmark system to be $3,000. This dissertation breaks this cost into costs
of Li-ion cells, battery management system (BMS) + power conditioning
system (PCS) + miscellaneous balance of system (BOS) (needed for cell bal113

ancing and safe battery pack operation), and enclosure + interconnect based
on a cost break-up in [13].
• Assuming that the hybrid system of this section can be constructed with LCO
cells, approximately 467 cells of capacity 3.31 A-hr operating at around 3.88
V will result in a storage capacity of ∼6 kWh. The corresponding cost of
connecting devices is obtained from an online retailer [128].
• Although the electrical BOS of $2,395 is assumed to be the same for all three
topologies, this cost is only $1,072 for a PV-only system [1]. Therefore, the
additional $1,323 in electrical BOS incurred by the benchmark system is due
to the integration of the battery pack.
This comparative analysis elucidates the economic advantage of the proposed hybrid topologies over the benchmark system and delineates scope for further cost
reduction.

A.3 Model Parameterization for Chapter 5
Table A.4 provides information regarding the parameters used for the Li-ion ECM
in Chapter 5.
Table A.4: Li-ion ECM Parameter Values
Parameters
Capacity, Q
Time constant, τ1
Capacitance, C1
Ohmic Resistance, Ro

Values
4.4739 A-hr
38.512 s
9848.8 F
4.31 mΩ

A.4 Simulation Parameters for Chapter 6
A second order, nonlinear ECM of the Li-ion cell is used in this work for simulation
and its parameters are given in Table A.5. The model reflects the behavior of a
Li-ion chemistry having an LCO cathode. Additionally, a scaled down single-diode
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Table A.5: Li-ion cell model parameters used in Equation 6.2
Parameters
Q
τ1
C1
Ro

Values
6.62 A-hr
296.36 s
14388 F
0.0632 Ω

model of a Kyocera KC200GT PV array adopted from Ref. [84] is used to simulate
the PV arrays in the hybrid units. The PV array is sized in order to allow the hybrid
unit to provide power to a constant external load current under variable irradiation
condition for atleast eight hours without overcharging/over-discharging the Li-ion
cell. The original parameters can be found in [84] and the scaled parameters are
provided in Table A.6. The hybrid model described by the simulation parameters
Table A.6: Scaled PV array model parameters used in Equation 6.6
Parameters
Rs
Rp
VOC
Ns

Values
0.0532 Ω
100.0049 Ω
7.92 V
13

provided in Tables A.5 and A.6 is controlled using an ES-based MPPT controller,
whose parameters are given in Table A.7.
Table A.7: MPPT controller parameters used in Section 6.3.2
Parameters
ad
ωd
ω
λ
k

Values
0.001
2π
rad s−1
20
2π
rad s−1
20
2π
rad s−1
10
2 × 10−6
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