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Abstract

In order to initiate streamers and leaders under thunderstorm conditions, the electric field should reach values higher than the critical breakdown field Ek (i.e., ∼30
kV cm−1 atm−1 ). However, the maximum electric field in thunderstorms measured
by balloons is ∼3−6 kV cm−1 atm−1 [Marshall et al., 1995, 2005; Stolzenburg et al.,
2007]. In order to investigate the electric field amplification required for streamer
initiation in thunderclouds, in this dissertation work, we introduce two numerical
models of two hydrometeors in uniform electric fields.
The first model is two separated spherical hydrometeors. Recently, Babich et al.
[2016] have reported quantitative results indicating that an electron avalanche to
streamer transition is possible around relatively small particles (with diameters
∼0.5−1.5 mm) when they carry a net charge on the order of 100 to 400 pC,
with specific minimum values depending on geometrical properties of particles and
their overall size (see Table 1 in [Babich et al., 2016]). The existence of significant
charges on precipitation particles, up to 400 pC, is supported by measurements
from balloons [e.g., Marshall and Winn, 1982]. We note that electric field magnitudes formed on the surface of the particles discussed in [Babich et al., 2016]
are predominantly controlled by their net charge and exceed those required for
initiation of ion corona that would tend to reduce the field by spreading the charge
to a larger volume around the particle. In this dissertation work, we initially consider streamer initiation from a single electron avalanche in the gap between two
particles with the same radii and report quantitative results on scenarios when
avalanche to streamer transition is possible in this system. We have found the
relationship between minimum electric field required for streamer initiation and
the particle radius. The larger the radius, the lower electric field required. We also
note that two particles with the same radius ∼2.5 mm can initiate a streamer in
the minimum field required for propagation of positive streamers in air (i.e., ∼4.4
kV/cm at ground level). Furthermore, we consider the model of two particles
iii

with different radii for streamer initiation including the process of photoionization feedback, which could initially produce photons and then trigger a secondary
electron avalanche to reduce the threshold electric field required for streamer initiation. The relationship between radii of particles for successful streamer initiation
in the gap is investigated. We also demonstrate that for realistic particle dimensions, the avalanche to streamer transition is possible in a local electric field just
slightly above the minimum field required for propagation of positive streamers in
air (i.e., ∼4.4 kV/cm at ground level or ∼1.76 kV/cm at 0.4 atm pressure considered in [Babich et al., 2016]). The considered scenario resembles conditions of
well-conducting particles discussed in [Nguyen and Michnowski , 1996] and more
recently in [Mazur et al., 2015].
Cooray et al. [1998] indicated that the connection of two spheres would lead to
increase of the electric field at the outer periphery, and outside space represents
a larger volume available for the photoionization feedback in comparison with the
relatively small gap between two spheres. Thus, the second model of two spherical
particles connected with a discharge channel is considered. We also investigate
the relationship of the radii of these two particles for streamer initiation on the
outside periphery. Furthermore, we estimated the frequency of streamer initiation
using three realistic hydrometeor size model distributions available in the literature
and found that the scenario of streamer initiation on the outside periphery is only
possible for relatively high electric fields ≥0.5Ek at typical thundercloud altitudes
of 3 and 6 km.
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Chapter

1

Introduction
The work presented in this dissertation is dedicated to the study of the formation
of filamentary gas discharges, commonly referred to as streamers. The formation of
streamers under thunderstorm conditions requires application of sufficiently strong
electric fields. Marshall et al. [1995, 2005] reported the maximum electric field in
thunderstorms measured by balloon as ∼3−4 kV cm−1 atm−1 , which is significantly
smaller than the breakdown electric field Ek that is ∼28.7 kV cm−1 atm−1 [Morrow
and Lowke, 1997] and at which the Townsend ionization coefficient is equal to
the attachment coefficient αion =αatt in air. Thus, the mechanism of electric field
magnification is an important question for investigation.
In this dissertation we use numerical modeling of two approaching particles
under a uniform electric field to investigate the mechanism of electric field amplification. The goal of this chapter is to introduce the pertinent concepts applied in
this dissertation. In Section 1.1 we formulate the problem of lightning initiation,
discuss the measured electric field in thunderstorms, and review the research development for studies of electric field amplification based on a single hydrometeor and
particle pair, respectively. In Section 1.2 we introduce the equations for calculating
the collision frequency and particle size distribution. In Section 1.3, we introduce
concepts related to electron avalanches, particularly concerning the criterion for
determining when streamers could be initiated from electron avalanches. In Section
1.4, we introduce important properties and parameters of streamers. The concept
of corona discharge is illustrated in Section 1.5. In Section 1.6, the similarity laws
are presented since parameters and results in this dissertation should be scaled
1

for different air pressures. In Section 1.7, we introduce the concept of Paschen’s
law to illustrate the general form of our results shown in Figure 3.4. In Section
1.8, in order to illustrate our strategies for calculating the electric field for the
model of two conducting spheres in a uniform electric field, the image method for
a conducting sphere is presented. Finally, the research problems are formulated in
Section 1.9, the organization of the dissertation is presented in Section 1.10, and
the scientific contributions are summarized in Section 1.11.

1.1

Lightning Initiation

The initiation of lightning leaders in low thundercloud fields remains one of the
unsolved problems in lightning discharge physics [Dwyer and Uman, 2014, Section
3, and references therein]. One of the initial conditions required for the formation of
a hot leader channel is the initiation of non-thermal streamer discharges. Streamers
can be initiated from electron avalanches; however, the problem of the existence
of an electric field strong enough for streamer initiation in thunderclouds remains,
mainly because these fields are not observed on large scales in thunderstorms.

1.1.1

Electric Field Measurements in Thunderstorms

The electric field in thunderclouds is important to investigate for understanding
the lightning initiation. However, measuring the electric field is difficult for the
following reasons [Dwyer and Uman, 2014, Section 3.3]: (1) The environment of
thunderstorms is large and violent such that flying aircraft or launching balloons
into thunderstorms to make situ measurement is dangerous and challenging. (2)
The electric field inside thunderstorms changes fast, on the time scale of seconds,
such that only a small volume of thundercloud could be sampled, even by jet
aircrafts. (3) Placing a large and sometimes wet object, like a balloon, rocket, or
aircraft, is likely to discharge the thundercloud artificially before the electric field
in the thundercloud initiates lightning naturally.
For reference, a review of electric field measurements in thunderstorms will now
be provided. Marshall et al. [1995, 2005] reported the maximum electric field in
thunderstorms measured by a balloon at ∼3−4 kV cm−1 atm−1 , which is signifi-
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cantly smaller than the breakdown electric field Ek , which is ∼28.7 kV cm−1 atm−1
[Morrow and Lowke, 1997]. Additionally, according to maximum electric field
measurements summarized in [Dwyer and Uman, 2014, Table 3.1, and references
therein], we know that Gunn [1948] found the maximum electric field of 3.4
kV cm−1 at an altitude of 3.9 km by aircraft, which corresponds to 5.4 kV cm−1 atm−1
when scaled to ground atmosphere pressure. Winn and Moore [1971] used instrumented rockets to make measurements in thunderclouds, and reported that
the maximum electric field could reach 0.6 kV cm−1 at an altitude of 5.5 km,
which is 1.1 kV cm−1 atm−1 . Winn et al. [1974] reported the maximum electric
field of 4 kV cm−1 at an altitude of 6 km, as measured by a rocket, which is 8.1
kV cm−1 atm−1 . By using a balloon carrying an electric field meter and a standard
meteorological radiosonde, Winn et al. [1981] measured the maximum field of 1.4
kV cm−1 at an altitude of 5.7 km, which is 2.7 kV cm−1 atm−1 . Weber et al. [1982]
also used a balloon to make the measurement and found the maximum electric
field of 1 kV cm−1 at an altitude of 8 km, which is 2.6 kV cm−1 atm−1 . Stolzenburg
et al. [2007] reported later nine balloon soundings, which were adversely affected
by lightning and therefore interpreted to be near lightning flash initiation. The
largest observed field was 6.26 kV cm−1 atm−1 and the largest estimated field was
9.29 kV cm−1 atm−1 (altitudes in this sounding were estimated above 5.2 km, where
the radiosonde data ended). In Figure 1.1, RBth indicates the electric field required
for the development of an avalanche of runaway electrons since runaway electrons
are likely to play a significant role in lightning initiation, and Ebe indicates the
electric field, which must be exceeded for runaway to occur [Rakov , 2006]. Additionally, it was found that the field increases to a very large value quickly before
the lightning flash, and [Stolzenburg et al., 2007] indicated that the rapid increase
can develop on time scales of 2−5 s.

1.1.2

Single Hydrometeor Models

One of the possible explanations for the lightning initiation is that hydrometeors, a precipitation product, such as raindrops, hail and graupel, form from the
condensation of water vapor in the atmosphere, greatly intensify the local electric
field by at least an order of magnitude to initiate an electron avalanche. Accord-

3

Figure 1.1. Four balloon soundings with rapid increase of electric field, beginning
a few seconds before a lightning flash indicated by arrows. The curve indicating the
runaway electron avalanche threshold labeled as RBth and the curve indicating the socalled breakeven threshold labeled as Ebe are also shown. In each sounding the electric
field measurement ends at the time of the flash. Panel (a) is sounding; (b) is sounding;
(c) is sounding; (d) is sounding, but the electric field meter was recovered with burn
marks and charred components [Stolzenburg et al., 2007, Figure 2].

4

ing to the Meek breakdown condition [Loeb and Meek , 1941], if the total number
of electrons inside the avalanche reaches ∼108 , a streamer would form. Dawson
[1969] and Loeb [1970] suggested that breakdown in air induced by lower field in
thunderclouds is possible since the high surface fields are induced around neutral
and charged raindrops. Griffiths and Phelps [1976] used a numerical model closely
related to the one suggested by Loeb [1966] to investigate positive corona streamer
propagation and suggested that multiple passages of streamer systems could increase the electric field locally by an order of magnitude. Nguyen and Michnowski
[1996] calculated the electric field distribution for a single spherical particle in a
uniform ambient electric field. The model and the related electric field distribution are illustrated in Figure 1.2, from which we can find that at points M and
N on the surface of the single sphere, the electric field is three times larger than
the ambient field. Nguyen and Michnowski [1996] also discussed corona discharge
and the streamer breakdown formation based on this model of a single spherical
particle. Liu et al. [2012a] and Shi et al. [2016] showed that a positive streamer
can be initiated from a hydrometeor modeled as an ionization column in a uniform applied field 0.5 Ek . Sadighi et al. [2015] indicated that initiation of stable
streamers from thundercloud hydrometeors in a 0.3 Ek electric field is possible and
that the dimension of the model hydrometeor plays an important role in streamer
initiation. Dubinova et al. [2015] indicated that, at an altitude of 5.5 km, if elongated ice particles have lengths of 6 cm and there is an available electron density of
100 cm−3 , lightning can be initiated in low ambient electric fields, which is 15% of
the breakdown field Ek . Babich et al. [2016] demonstrated that the electric field can
be increased in the vicinity of hydrometeor seeds such that an electron avalanche
to streamer transition is possible. The quantitative results indicate the relatively
small particles (∼0.5−1.5 mm) with a net charge on the order of 100 to 400 pC are
able to initiate a streamer. We note that in [Babich et al., 2016], the electric field
magnitudes formed on the surface of the particles are mainly controlled by their
net charge and exceed those required for initiation of ion corona that would tend
to reduce the field by spreading the charge to a larger volume around the particle.
Additionally, Babich et al. [2017] studied the positive streamer formation around
charged, needle-shaped ice hydrometeors, and found that the external field value
required for streamer initiation was higher than 8 kV cm−1 atm−1 .
5

Figure 1.2.
(a) The scheme of a neutral spherical particle polarized by the field
E with points M and N indicated, and (b) the axial field E in units of kV m−1 as a
function of the distance in units of mm from the single particle with radius a=1 mm
under two different applied electric field E0 : E0 =1100 kV m−1 corresponds to curve 1,
and E0 =2200 kV m−1 corresponds to curve 2 [Nguyen and Michnowski , 1996, Figure 1].

1.1.3

Particle Pair Models

For the problem of the electrostatics of two conducting spheres, Davis [1964] first
presented the complete solution and provided expressions for calculating the maximum electric field between these two spheres using the bispherical coordinates.
Based on the work from [Davis, 1964], Lekner [2010] presented the analytical equations for calculating the amplification factor, which is the ratio between the average
electric field in the gap Eave and the applied electric field E0 , for two conducting
spheres with equal size. The analytical equations of the enhancement factor for
two conducting spheres with different radii are further provided by Lekner [2011].
Particle pairs or chains have a higher possibility of initiation of lightning discharge than a single precipitation particle in low electric fields [Nguyen and Michnowski , 1996]. Nguyen and Michnowski [1996] modeled the breakdown discharge
6

Figure 1.3. Comparison of breakdown condition for a single conducting ball and a
chain of three-aligned conducting balls. The top part of each panel indicates voltage,
V (t) in units of kV , and the bottom part indicates current, I(t) in units of kA. The two
vertical dashed lines indicate the time variation between occurrence of the first streamers
and the beginning of the flashover [Mazur et al., 2015, Figure 6].
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in a chain of particles assumed to be similar to each other, and the rough calculation of the field at the outer surface of particles in the chain is provided. Blyth
et al. [1998] indicated that a significant probability of corona initiation in a low
local electric field exists by measuring the fraction of collisions resulting in the
emission of detectable corona for three types of hydrometeor interaction (such as
(1) warm drop pairs, (2) supercooled drop pairs, and (3) a supercooled drop and
a graupel pellet). Mazur et al. [2015] employed an array of conducting spherical
particles to experimentally test its effect on the processes in the streamer-leader
formation in lightning. The time variation between the occurrence of the first
streamers and the beginning of the flashover is presented in Figure 1.3 for a single
conducting ball and a chain of three-aligned conducting balls. Figure 1.3 indicates
that the duration of discharge is larger for the single ball (1.8 µs) than for the
chain of three-aligned balls (1.36 µs). Additionally, Mazur et al. [2015] indicated
that for the case of two balls, the duration of discharge is 1.64 µs. The consistent
difference in durations of discharge indicates that more aligned particles lead to
faster development of the leader phase.
Cai et al. [2017a] studied streamer initiation between two spherical particles
with the same radii. It was shown that particles with radii of ∼2.5 mm can initiate
streamers in the minimum field required for propagation of positive streamers in
air (i.e., ∼4.4 kV/cm at ground level). The electric field created between two
colliding particles is significantly enhanced, leading to formation of streamers. In
order to participate in formation of leaders in large volumes around particles the
streamers should find a pathway to escape from interparticle space. The authors
suggested several scenarios of the streamer escape. One such scenario when the
streamer is ignited on the outside of one of the spheres following the discharge
bridging the gap between the spheres was studied by Cooray et al. [1998]. Cooray
et al. [1998] studied particles with the same radii and found that the minimum
field for streamer initiation should be high, on the order of ∼2/3 Ek .

1.2

Collision Frequency of Particles

In this dissertation work, it is emphasized that the collision of two approaching
particles would increase the background electric field, which is likely to lead to
8

Figure 1.4. A flux of incident particles collides with a population of target particles
[Lieberman and Lichtenberg, 2005, p. 44, Figure 3.1].

streamer initiation. In order to consider the possibility of particle collision for
streamer initiation with specific sizes, it is necessary to calculate the corresponding
collision frequency ν. To illustrate the calculation of the collision frequency ν, we
initially use Figure 1.4 [Lieberman and Lichtenberg, 2005, p. 44, Figure 3.1] to
introduce the general definition of collision frequency ν. In Figure 1.4, a flux
of particles is incident upon a slab of area A and thickness dx containing target
particles with density ng . Assume the target particles are opaque spheres with
cross section σ, which means that every time an incident particle comes within
the area it would be blocked by the target particle and loses all of its momentum.
The number of target particles in the slab is ng Adx. Thus, the fraction of the slab
blocked by the target particle is
ng Aσdx
= ng σdx.
A

(1.1)

If a flux Γ of incident particles collides with the slab, the flux emerging on the
other side is
0

Γ = Γ(1 − ng σdx).
Thus, the change of Γ with distance is
9

(1.2)

dΓ
= −ng σΓ.
dx

(1.3)

In other words,
x

Γ = Γ0 e−ng σx ≡ Γ0 e− λ .
In a distance λ, the flux would be reduced to

1
e

(1.4)

of its initial value Γ0 . The quantity

λ is the mean free path for collisions:
λ=

1
.
ng σ

(1.5)

An incident particle will have a good probability of colliding with a target particle
after travelling a distance λ. The mean time between collisions, for particles of
velocity v, is given by
λ
.
v

(1.6)

v
= ng σv.
λ

(1.7)

τ=
The mean frequency of collision is
ν = τ −1 =

In order to further consider the collision frequency between two particles, we
use a particle collision model based on [Lieberman and Lichtenberg, 2005, p. 45].
Assuming the incident and target particles are hard elastic spheres of radii R1
and R2 , if the centers of the incident and target particles fall within the radius of
R1 +R2 , a collision would occur. Thus, for a collision between spheres with given
R1 and R2 the cross section is σ=π(R1 + R2 )2 [Lieberman and Lichtenberg, 2005,
p. 45, equation (3.1.4)]. Note that the units of σ are m2 . Additionally, the rate
constant is defined as K=σvr [Lieberman and Lichtenberg, 2005, p. 45, equation
(3.1.9)], where vr is relative velocity of particles with units of m/s. Then, based
on [equation (2), Dye et al., 1986], the collision rate CR between particles of radii
R1 and R2 is
CR = n1 n2 K,
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(1.8)

where n1 and n2 are densities of particles with radii R1 and R2 in units of m−3 ,
respectively.
Therefore, the collision frequency νp for two particles with radii of R1 and R2
can be obtained as
νp = CR V,

(1.9)

where V is the volume of a region of interest with units of m3 .

1.3
1.3.1

Electron Avalanche
Electron Drift Velocity and Mobility

According to [Célestin, 2008, p. 2], we assume a free electron in a gas is placed in
a homogeneous field initially. The electron is under acceleration along the line of
the electric force in the interval between two collisions with neutral molecules of
the gas. A collision between an electron and a molecule changes the direction of
electron motion, while molecules are assumed to be static due to their much larger
mass than electrons. When the direction of velocity changes sharply in a random
way, the electron is accelerated again, and so on. Célestin [2008] also indicated
in the analysis of general motion of electrons, the electron-electron collisions and
electron-ion collisions would not be considered since in weakly ionized plasmas
collisions of charged particles are very rare compared to their collisions with neutral
atoms or molecules. Additionally, the inelastic collisions would be neglected since
they are much less frequent than the elastic ones. Based on [Raizer , 1991, p. 8,
equation (2.1)], we have the equation for the true velocity ve
mv̇e = −qE +

X

m∆vi δ(t − ti ), ∆vi = ve0 − ve ,

(1.10)

i

where q is the elemental charge, E is the applied electric field, m is the mass of
electron, ∆vi is the change of velocity vector in the ith collision at a moment ti ,
δ is the Dirac delta function and ve0 is the velocity after collision. Note that we
consider the true velocity ve as the average velocity v since it is impossible to
monitor the trajectory of an individual particle. Then, we average the sum over
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collision moments ti and scattering angles θ between the vectors ve0 and ve . This
sum represents the resistive force applied to the electron by the medium.
Furthermore, ∆v could be decomposed into components that are perpendicular
and parallel to the average velocity v before the collision. Considering the collision
0
symmetry, we have < ∆v⊥ >=< v⊥
>=0. Since the electron average velocity v

almost never varies in elastic collisions due to the large mass difference between
electrons and molecules, we have
< ∆vk >=< ∆vk0 > −v = v < cosθ > −v ≡ −v(1 − cosθ),

(1.11)

where cosθ represents the mean cosine of the scattering angle.
Thus, equation (1.10) could be transformed as the following equation for the
average velocity of electron v
mv̇ = −qE − mvνm , νm = νc (1 − cosθ),

(1.12)

where νc =ng σc v is the collision frequency of electrons, ng is the density of molecules,
and σc is the cross section between electron and molecule for elastic collisions. The
frequency νm is named the effective collision frequency for momentum transfer.
By integrating equation (1.12), we obtain
v(t) = −

qE
(1 − e−νm t ) + v(0)e−νm t .
mνm

(1.13)

Based on the general form of equation (1.13), Raizer [1991, p. 9] indicates
that the initial velocity v(0) of the electron vanishes after several collisions. The
electric force compensates for the resistive force. Therefore, the average velocity
of electrons, which is also named drift velocity, is written as:
vd = −µe E = −qE/mνm , µe =

q
,
mνm

(1.14)

where µe represents the mobility of electrons, which is defined as the proportionality coefficient between the drift velocity of a charged particle and the field [Raizer ,
1991, p. 11].
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1.3.2

Electron Diffusion

Electron diffusion, which characterizes the speed of the spreading of the electron
cloud due to collision with neutral molecules, is another important physical quantity for describing the motion of a group of electrons [Célestin, 2008, p. 3]. According to [Raizer , 1991, p. 20], the ratio

De
µe

characterizes the mean electron

energy corresponding to the electron temperature. The link between the diffusion
coefficient De and mobility µe is called the Einstein relation [Raizer , 1991, p. 20,
equation (2.24)]
De
kTe
=
,
µe
q

(1.15)

where k is the Boltzmann constant, and Te is the electron temperature. Additionally, assuming that electrons propagate from the origin for time t, the distance
x can be represented as x=vd t,qat which
q the spreading beam has a radius in the
√
De x
e
)( Ex ) [Raizer , 1991, p. 21].
transverse direction r∼ De t= vd ≈ ( D
µe

1.3.3

Electron Impact Ionization

We focus on electron impact ionization since in the bulk of gas discharge the ionization of atoms and molecules by electron impact is the most significant mechanism
for generation of charge. According to [Raizer , 1991, p. 52], the rate of this process
can be represented as
dNe
= νi Ne = ki NV Ne ,
dt

(1.16)

where Ne represents the number of electrons, νi is the ionization frequency, which is
the number of ionization events performed by a single free electron per second, NV
is the number density in units of m−3 and ki represents the reaction rate constant
in units of m3 s−1 . Collision frequency νi could be defined by considering the
probability that the electron hits a neutral molecule. If we have n(ε), the densitynormalized electron energy distribution function, electron velocity v, and σi (ε),
the ionization cross section of molecules, the collision frequency of an electron is
νi =

NV

R

n(ε)σi (ε)vdε
R
.
n(ε)dε

(1.17)

If Ne at t=0 is known, νi is constant and removal of electrons is neglected,
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according to equation (1.16) we have
Ne = Ne,0 eνi t ,

(1.18)

where Ne,0 =Ne (t=0). Equation (1.18) indicates the exponential growth for the
number of electrons over time, which is called an electron avalanche.
In order to define a similar concept with the ionization frequency νi in space, the
Townsend’s ionization coefficient αion , the number of ionization events performed
by an electron in unit length of travel, could be represented as [Raizer , 1991, p.
53, equation (4.3)]
αion =

νi
.
vd

(1.19)

Note that αion is more appropriate to use for DC discharges than AC discharges.
The most common empirical formula for αion proposed by Townsend [Raizer , 1991,
p. 56, equation (4.5)] is
αion = Ape

−Bp
E

,

(1.20)

where p is the atmospheric pressure, and A and B are constants determined by
the gas composition.

1.3.4

Electron Attachment

Attachment is a significant mechanism of electron removal in weakly ionized plasma.
Cooray [2003, p. 58] indicated that the process of electron attachment could be
divided into different types based on the way in which the extra energy is released:

e + XY = XY − + hν
e + XY = X + Y −
(1.21)
where XY is a molecular species, h is Plank’s constant and hν is the energy
released as radiation. The first equation refers to radiative attachment, in which
after the electron combines with the molecular species XY the extra energy of the
electron is released as a quantum of radiation. The second equation indicates the
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dissociative attachment. In this attachment, the combination of the electron and
XY would form an unstable molecular species initially. Then, the relaxation of
the vibrational energy leads to dissociation of the molecule [Cooray, 2003, p. 57].
The attachment frequency νa is a measure of how fast free electrons are removed
due to attachment [Cooray, 2003, p. 58]. The decrease of electron density can be
represented as
dNe
= −νa Ne .
dt

(1.22)

Thus, the number of electrons Ne can also be represented in exponential form
similar to equation (1.18) only with a negative sign in the exponent:
Ne = Ne,0 e−νa t ,

(1.23)

where Ne,0 =Ne (t=0). The attachment frequency νa could be '108 s−1 in dry air
at air pressure p=1 atm, which means the lifetime of an free electron with respect
to attachment in the air is τa =νa−1 '10−8 s.
Similar to the Townsend’s ionization coefficient αion , the Townsend’s attachment coefficient αatt , the number of attachment events per unit length of travel for
an electron, is
αatt =

1.3.5

νa
.
vd

(1.24)

Electron Multiplication

Célestin [2008] indicated that the strong electric field enables a seed electron to
ionize molecules in gas by collisions. Then, secondary electrons will be produced
and repeat the same life cycle as the seed electron: acceleration, collision (maybe
ionization), then acceleration again, and so on. This process results in an exponential increase of number of electrons in an electron cloud when it propagates in
the opposite direction of the applied electric field. Note that an effective ionization
coefficient α could be written as α=αion −αatt . Assuming an electron group propagates along the positive x direction with the applied electric field in the opposite
direction, the number of electrons Ne can be represented as
dNe
= αdx,
Ne
15

(1.25)

Figure 1.5. Shape and charge distribution of an electron avalanche at two consecutive
moments of time. E0 represents the applied electric field, and vd represents the velocity
of motion of the avalanche head [Raizer , 1991, p. 330, Figure 12.1].

which corresponds to equation (1.16). Thus, if this avalanche initiates from one
single electron, Ne =eαx of electrons would be produced after it propagates across a
distance of x. Additionally, if the applied electric field is larger than Ek , αion would
be larger than αatt , which would lead to an electron avalanche. The schematical
representation of an avalanche is shown in Figure 1.5 [Raizer , 1991, p. 330, Figure
12.1]. Electrons are at the head of the avalanche while positive ions remain behind.
Ions have much higher mass than electrons such that the former move slower
than the latter. Moreover, the avalanche expands and propagates in the opposite
~ 0.
direction of the applied electric field E

1.3.6

Avalanche to Streamer Transition

When an avalanche grows sufficiently such that the electric field of an avalanche
becomes comparable with the applied electric field, the avalanche-to-streamer transition is likely to occur. The electric field of an avalanche is schematically shown in
the Figure 1.6 [Raizer , 1991, p. 332, Figure 12.3]. Space charges in an avalanche
can be represented as a dipole. In the Figure 1.6 (a), in front of the avalanche,
~ 0 and the applied electric field E
~ 0 add up to give a
the space charge electric field E
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Figure 1.6. An electron avalanche in the gap between two planar electrodes where A
indicates the anode and C indicates the cathode. (a) Lines of force of the applied electric
~ 0 and of the field of space charge of the avalanche, E
~ 0 , are illustrated, respectively.
field E
~ E
~ 0 +E
~ 0 [Raizer , 1991, p. 332, Figure 12.3].
(b) lines of force of the total electric field E=

~ 0 while in the zone between the centers of the space charges
field stronger than E
~ 0 and E
~ 0 are in opposite directions such that the resulting total
of opposite signs, E
~ 0 . Figure 1.6 (b) indicates that the electric field proelectric field is weaker than E
~ 0,
duced by space charges would adds up vectorially with the applied electric field E
leading to distortion of electric field in the vicinity of an avalanche. This distortion
is an essential characteristic of a streamer, as will be described in the next Section
1.4, and leads to streamer inception.
The classic Meek breakdown condition indicates that the product of electric
field dependent Townsend ionization coefficient α(E) [m−1 ] and discharge gap
length d [m], α(E)d'18-20 [Meek , 1940] can be used as a simple quantitative criterion for determining when streamers can be initiated from electron avalanches.
Raizer [1991, p. 336] indicates that this condition corresponds to a situation when
the electric field created by the space charge of the avalanche reaches a value of the
order of the externally applied field. The importance of inclusion of electron diffusion for a quantitative description of the avalanche-to-streamer transition was emphasized by Montijn and Ebert [2006]. In order to monitor the inception of streamers, it is important to precisely quantify the avalanche-to-streamer transition. In
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particular, the accurate quantification of the growth of the avalanches initiated
by pre-existing plasma inhomogeneities at lower ionospheric altitudes is important
in studies of lightning induced transient luminous events at high altitudes in the
Earth’s atmosphere [Qin et al., 2011]. Thus, Qin et al. [2011] introduced a simple
numerical procedure based on the solutions of two ordinary differential equations
(see further illustration in Section 2.3) allowing effective monitoring of streamer
initiation for arbitrary either time or spatial variation of the applied electric field,
and space charge repulsion and diffusion of the avalanche were considered.

1.4

Basic Properties of Streamers

Raizer [1991, p. 327] proposed the definition of streamers indicating that streamers are thin filamentary plasmas driven by highly nonlinear space charge waves.
The streamer has a radius of 10−1 –10−2 cm and propagates with a velocity of
105 –107 m/s at ground level. A highly enhanced field region, known as a streamer
head, mainly controls the dynamics of a streamer. The large amount of net space
charge in the streamer head increases greatly the electric field in the region just
ahead of the streamer and screens the ambient field out of the streamer channel. The peak space charge field can be multiple times the breakdown electric
field for gas discharge in air Ek . The large space charge field results in a very
strong electron impact ionization occurring in the streamer head. Electron density
is quickly increased by this ionization from an ambient value to the level in the
streamer channel, leading to the spatial extension of the streamer. The streamer
polarity is determined by a sign of the charge in its head. The positive streamer
propagates in the opposite direction of the electron drift and requires ambient seed
electrons avalanching toward the streamer head for the spatial advancement [Dhali
and Williams, 1987]. These electrons are likely to originate from the photonionization, in which an ion and an electron are produced from the interaction between
a photon and a molecule [Cooray, 2003, p. 52]. Célestin [2008, p. 7] showed
that the molecules excited by the electron impact ionization in the streamer head
would emit photon radiation while relaxing themselves to lower energy states.
Some of these photons can provide electrons ahead of the streamer by photonionization. Then, these electrons enter the streamer head and further contribute to
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the increase of electron density in the streamer head. Photonionization plays an
essential role for the propagation of positive streamers [Liu and Pasko, 2004b].
Additionally, it also contributes to the initiation of positive corona by generating secondary electrons, which are likely to lead to additional avalanches in the
surrounding volume [Naidis, 2005; Liu et al., 2012b]. The negative streamer is
generally capable of propagating without the seed electrons due to the same propagation direction of electron avalanches and streamer head [Vitello et al., 1994;
Rocco et al., 2002]. Allen and Ghaffar [1995] indicated that the minimum field
required for the propagation of positive streamers in air at ground pressure stays
+
+
close to the value Ecr
=4.4 kV/cm based on experimental data. This value Ecr
=4.4

kV/cm is consistent with the results of numerical simulations of positive streamers
proposed by Babaeva and Naidis [1997] and by Morrow and Lowke [1997]. The
−
absolute value of the similar field Ecr
for negative streamers is a factor of 2-3 higher

[Babaeva and Naidis, 1997; Raizer , 1991, p. 136]. One of estimates of this field is
−
Ecr
=12.5 kV/cm according to Figure 7 in [Babaeva and Naidis, 1997]. The value
−
Ecr
'12.5 kV/cm is not well established, and related estimated values vary from

7.5 kV/cm [Gallimberti et al., 2002] to 10 kV/cm [Bazelyan and Raizer , 2000, p.
+
−
198]. The fields Ecr
and Ecr
are the minimum fields required for the propagation of

individual positive and negative streamers, but not for their initiation [Petrov and
Petrova, 1999]. The launching of streamers can be initiated by individual electron
avalanches in intense electric fields exceeding the Ek threshold, or by initial sharp
points leading to localized field enhancements, which is a typical case for point-toplane discharge geometries [Raizer et al., 1998; Briels et al., 2006]. The possibility
of simultaneous launching (in opposite directions) of positive and negative streamers from a single midgap electron avalanche is documented experimentally [Loeb
and Meek , 1940; Raizer , 1991, p. 335] and reproduced in numerical experiments
[Vitello et al., 1993; Liu and Pasko, 2004a; Bourdon et al., 2007].

1.5

Corona Discharges

A corona discharge, or corona, is defined to be a localized discharge, including
electron avalanches and/or streamers, which do not lead to electrical breakdown
with other objects [Dwyer and Uman, 2014, Section 2.4]. Coronae play a significant
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role for discharges related to water and ice particles in thunderclouds.
The type of a corona discharge depends on the polarity of the discharge. For
positive discharge, the corona originates from short duration pulses, which are
called onset streamers, or burst pulses [Dwyer and Uman, 2014, Section 2.4]. The
positive streamers propagate by accumulating positive ions near their tip such that
the surrounding electric field would increase, making more electron avalanches possible. Electron avalanches would produce UV photons when they propagate towards the tip. These photons further lead to secondary electron avalanches propagating towards the tip as well such that the high field region would be extended
away from the anode by accumulated positive charge due to these avalanches.
Thus, the structure of streamer propagates in the opposite direction of the electron motion. The accumulation of positive space charge near the surface of anode,
which prevents the development of streamer until the positive ions drift away, explains the pulsed nature of the onset streamers [Dwyer and Uman, 2014, Section
2.4]. If the applied electric field is large, the space charge distribution would lead to
a steady state discharge, which exists without pulses and is often called a positive
glow inhibiting further streamer production.

1.6

Similarity Relations for Gas Discharges

−
+
mentioned in Section 1.4 are at ground level. It
and Ecr
The values of Ek , Ecr

is commonly assumed that these fields can be directly scaled proportionally to
atmospheric neutral density N to find corresponding values at higher altitudes.
The similarity laws [Pasko et al., 2013] generally justify this approach. It is noted,
+
−
however, that the actual scaling of Ecr
and Ecr
has not yet been verified experi-

mentally.
The similarity laws mentioned above [Roth, 1995; Liu and Pasko, 2006, and
references therein] represent a useful tool for analyzing gas discharges due to the
benefit of employing known properties of the discharge at one pressure to deduce
features of discharges at variety of other pressures of interest, at which experimental studies may not be feasible or even possible [Pasko et al., 2013]. Tardiveau
et al. [2001] and Achat et al. [1992] have studied similarity laws for streamers propagating in non-uniform gaps in air at several high pressures. Pasko et al. [1998]
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Figure 1.7. A cross-sectional view of the distribution of the electron number density
of the model streamers at altitudes (a) 0 km, (b) 30 km, and (c) 70 km [Liu and Pasko,
2004a].

and Liu and Pasko [2004a] also showed morphology of the distribution of the electron number density associated with the model streamers, which illustrates the
similarity properties of streamers at different air pressures.
Figure 1.7 shows similarity scaling of streamers using results of model calculations of electron densities corresponding to double-headed streamers developing
at altitudes 0, 30 and 70 km in Earth atmosphere in electric field E0 =1.5Ek . According to the similarity relations, the streamer time scales, the streamer spatial
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scales, and the streamer electron densities scale with the air density at an altitude of interest N as ∼1/N , ∼1/N , and ∼N 2 , respectively, the scaled streamer
characteristics remain otherwise the same for the similar values of the reduced
electric field E/N [Pasko et al., 1998]. In order to facilitate discussion of similarity
properties of streamers at different altitudes/air densities, the results illustrated
in Figures 1.7b and 1.7c are given at the moments of time, which are obtained by
scaling (∼1/N ) of the ground value, 2.7 ns, specified in Figure 1.7a. The horizontal and vertical dimensions of the simulation boxes in Figures 1.7b and 1.7c also
directly correspond to the scaled (∼1/N ) ground values shown in Figure 1.7a. The
electron density scale in Figures 1.7b and 1.7c corresponds to scaled (∼N 2 ) values
given in Figure 1.7a as well.

1.7

Paschen’s Law

Assuming a slowly increasing voltage is applied to two planar electrodes, the electrical breakdown in the gap would occur at a certain critical voltage. According
to [Cooray, 2003, p. 93, equation (3.90)], the breakdown voltage Vs is the only
function of the product of gas pressure p and gap length d:
Vs = f (pd).

(1.26)

This is known as Paschen’s law. The curve of Vs is also called the Paschen curve.
In this curve, the voltages of the electrical breakdown are relatively high both at
low and high values of pd, but there is a minimum voltage corresponding to certain
value of pd between them. Figure 1.8 illustrates the shape of the Paschen curves
for several commonly used gases, like helium, nitrogen, and argon.
Based on the Meek condition discussed in Section 1.3.6, the quantitative criterion for streamer initiation is represented as
αd = M,

(1.27)

where M is a constant, which is called the Meek number in this dissertation. In
addition, Cooray [2003, p. 95] indicates the equation (1.27) can represent both the
Townsend’s breakdown criterion and the streamer breakdown criterion depending
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Figure 1.8. Paschen curves for several commonly used gases [Burm, 2007, Figure 1]

on the value of M . Substituting the equation (1.20) into equation (1.27), we have
M = Apde−

Bpd
Vs

,

(1.28)

where Vs represents the voltage at which the electrical breakdown occurs. Note
that the equation of the electric field in the gap E = Vs /d is used for deriving the
equation (1.28). By rearranging equation (1.28), we can represent Vs as [Cooray,
2003, p. 95, equation (3.93)]:
Vs =

Bpd
.
ln(Apd/M )

(1.29)

This equation illustrates that Vs is a function of pd. Additionally, the general shape
of this equation is consistent with the Paschen curve.

1.8

Image Method for a Conducting Sphere

In order to investigate the electric field resulting from the model of two conducting
spheres in a uniform electric field, we initially consider the problem of a point
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Figure 1.9. A charge q and its image charge q 0 for a conducting sphere of radius a
[Jackson, 1999, p. 59, Figure 2.2]

charge in the presence of a grounded conducting sphere based on [Jackson, 1999,
p. 58, Figure 2.2]. In Figure 1.9, a charge q is placed at ~y relative to the origin,
which is the center of a grounded conducting sphere of radius a. Since the sphere
is grounded, the potential on its surface is zero such that Φ(|~x| = a)=0. If charge
q is placed outside the sphere, the image charge q 0 would lie inside the sphere and
be located at ~y 0 on the ray from the origin to the charge q. Initially, the potential
due to the charge q and its image charge q 0 is represented as [Jackson, 1999, p. 58,
equation (2.2)]:
Φ(~x) =

q/4πε0
q 0 /4πε0
+
,
|x~n − y~n0 | |x~n − y 0~n0 |

(1.30)

where ~n and ~n0 are unit vectors in the direction of ~x and ~y , respectively, and ε0 is
the permittivity for free space.
The potential at x=a is obtained by factoring out x of the first term and y 0 of
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Figure 1.10.
Conducting sphere in a uniform electric field using image method
[Jackson, 1999, p. 63, Figure 2.6]

the second one:
Φ(~x) =

q/4πε0
q 0 /4πε0
.
+
a ~n − ay ~n0
y 0 ~n − ya0 ~n0

(1.31)

Based on the form of equation (1.31), in order to keep Φ(x = a)=0, we obtain
q
q0
= − 0,
a
y

y
a
= 0.
a
y

(1.32)

Thus, the magnitude and position of the image charge is
a
q 0 = − q,
y

y0 =

a2
.
y

(1.33)

~0
Next, we consider a conducting sphere of radius a in a uniform electric field E
~ 0 is created by positioning
shown in Figure 1.10. The uniform applied electric field E
two source charges ±Q at remote locations z=∓R as shown in Figure 1.10a. In
the limit as R→∞, the charge magnitude Q = 2πε0 E0 R2 produces the uniform
electric field E0 parallel to the z axis. Figure 1.10b indicates that the charges ±Q
25

at ∓R have their images ∓Qa/R at z=∓a2 /R. Note that for the model of two
conducting spheres in a uniform electric field, the two remote charges ±Q initially
produce two image charges in sphere 1 and sphere 2, respectively. Each of these
initial image charges could be used in the framework of standard image theory for
a charge in the vicinity of insulated conducting sphere described in this section
to formulate an infinite sequence of images in both spheres. The electric field in
the gap is calculated from gradient of the potential that resulted from the image
charge series in these two spheres.

1.9

Problem Formulation

The primary goal of this dissertation work is to quantify conditions when two
colliding hydrometeors can initiate streamer discharges under typical thunderstorm
conditions. In this section, we list the principal research questions addressed in
this dissertation:
• Question 1: What are the conditions in terms of applied electric field and
particle dimensions that would lead to initiation of streamer discharges between two conducting uncharged particles experiencing a collision in a typical
thundercloud environment? Can these conditions be expressed in a scaled
form using similarity relations of gas discharges to be applicable at different
air pressures and altitudes in the Earth’s atmosphere?
• Question 2: Having assumed that the electrical gas discharge between two
colliding hydrometers establishes a conducting connection between these two
particles [Cooray et al., 1998], what are the conditions in terms of applied
electric field and particle dimensions for the initiation of streamer discharges
on the outside periphery of this two particle system?
• Question 3: Given realistic (directly measured or inferred) hydrometeor
size distributions in thunderclouds, what is the maximum possible frequency
of binary collisions between particles that would lead to streamer initiation
under typical thunderstorm conditions? How do the required applied electric
fields compare to those typically measured in thunderclouds?
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1.10

Organization of the Dissertation

In Chapter 1, we provide a review of the literature related to lightning initiation.
Since a particle pair has a higher possibility for streamer initiation than a single
particle [Nguyen and Michnowski , 1996], we consider the collision between two particles and introduce the method to calculate the corresponding collision frequency.
Then, in order to illustrate the process of streamer initiation, we introduce concepts related to electron multiplication, and particularly discuss the process of
avalanche-to-streamer transition and the quantitative criterion to determine when
the streamer is initiated. Furthermore, we introduce the properties of streamers
to have a better understanding of important parameters used in this dissertation.
Additionally, we introduce the concept of corona discharge concerning electron
avalanches and streamers. Additionally, in order to justify our quantitative results
for different altitudes, we introduce the similarity laws. We also formulate the
scientific questions addressed in this dissertation and briefly summarize the main
scientific contributions of the work presented in this dissertation.
In Chapter 2, we first describe a model of two uncharged conducting spheres
placed in uniform electric field and investigate the electric field between these two
spheres based on image method [Jackson, 1999, p. 63]. The Meek condition and an
improved avalanche-to-streamer transition criterion proposed by Qin et al. [2011]
are both used to numerically analyze the streamer initiation. In addition, we also
describe a model of a single particle in a uniform electric field in order to establish
a connection with [Babich et al., 2016, Table 1]. Since the connection of two drops
by a discharge channel would increase the electric field at the outer periphery of
these two drops [Cooray et al., 1998], we further describe a model of two uncharged
conducting spheres with a thin discharge channel under a uniform applied electric
field and investigate the avalanche-to-streamer transition at the outer periphery of
the two spheres.
In Chapter 3, we provide our quantitative results for a relatively simple model
of particles with the same radii in a uniform electric field. We investigate the electric field in the gap, find out the minimum thunderstorm electric field required for
streamer initiation and further establish the relationship between particle dimensions and the minimum thunderstorm electric field. Then, we discuss the collision
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frequency for particles with different dimensions. We also provide the results related to the model of a single particle to verify the accuracy of our solutions for
the electric field.
In Chapter 4, our quantitative results for a model of particles with different
radii in the gap and on the outside periphery are presented. The solution accuracy
of the electric field in the gap and outside of the spheres is verified. Furthermore,
the relationship between the radii of two spheres for streamer initiation in the gap
and on the outside periphery are provided. Finally, we use specific parameters to
calculate the streamer initiation frequency and discuss whether these scenarios for
streamer initiation are realistic.
In Chapter 5, we provide suggestions for future research directions for the
continuation of the work presented in this dissertation.

1.11

Scientific Contributions

Cloud-to-ground lightning is a familiar disruption in the modern electronic world,
with effects often ranging from minor power disruptions to a significant property
damage. In spite of common occurrence of this fascinating natural phenomenon
the exact mechanism of initiation of lightning remains poorly understood. The
goal of investigation that is conducted in this dissertation work is to develop a
new knowledge about mechanism of lightning initiation. Specific novelty of this
work is related to investigation of an idea that colliding hydrometeors are responsible for localized enhancement of electric field inside thunderstorms. As quantitatively demonstrated in this dissertation work these collisions can initiate electron
avalanches and streamer discharges in the space between colliding particles as they
approach each other, as well as on outside periphery of the two particle system.
These streamers, once initiated, can evolve in more conducting discharge forms typically referred to as lightning leaders that can then advance significant distances
(kilometers) in relatively low fields observed in thunderstorms. The important
result of this dissertation work is that even for the largest particles with radial
dimensions on the order of millimeter, that are most favorable for initiation of
streamer discharges, the applied field required for streamer initiation still must be
a factor of 2-3 higher than observed in thunderstorms. The reported results there28

fore support a hypothesis discussed in recent publications [e.g., Babich et al., 2016]
that the lightning initiation is likely to include the electric field enhancements in
very localized regions of space (i.e., on the order of 10 m) that can be easily missed
by currently available measurement techniques.
The major advances related to the research questions formulated in Section 1.9
have been recently achieved and documented in [Cai et al., 2016, 2017a,b,c, 2018].
The specific scientific contributions of this dissertation work can be summarized
as follows:
• We have developed the model formulation of two uncharged spheres in a uniform electric field, obtained the electric field in the gap between the spheres
and at outside periphery using the image method, and discussed the similarity scaling of the two-sphere system, the scaling of the Meek condition and
Qin’s method [Qin et al., 2011] for quantitative evaluation of avalanche to
streamer transition.
• We have found the minimum electric field for avalanche-to-streamer transition as a function of normalized gap separation of spheres s/R and demonstrated that for realistic particle dimensions the avalanche to streamer transition is possible in a local electric field just slightly above the minimum field
required for propagation of positive streamers in air.
• We have found the relationship between particle radius and the minimum
electric field. The larger the radius, the lower the minimum thunderstorm
electric field is required for streamer initiation. Furthermore, the results
using Qin’s method require lower minimum electric field than the results
obtained using the Meek condition.
• Estimates of particle collision frequencies based on available data on particle
dimensions and concentrations in convective cloud systems indicate that the
scenario proposed in this dissertation work is realistic in both large (2 km ×
0.1 km × 0.8 km) and relatively small (10 m × 10 m × 10 m) volumes in
thunderclouds.
• We have reproduced results of [Babich et al., 2016, Table 1] and established
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quantitative consistency of our modeling approach with previously published
results.
• We have found the relationship between radii of particles R1 and R2 for
successful streamer initiation between two spherical particles with different
dimensions.
• If a streamer is initiated in the gap, the streamer would propagate from one
sphere towards the other sphere such that the electrical connection between
these two spheres would occur in the gap. We investigated the model of
two uncharged spheres with a discharge channel in a uniform electric field.
We have reproduced results of [Cooray et al., 1998] for streamer initiation
at the outer periphery of two spheres with the same radii and connected
with the discharge channel in a uniform electric field and therefore obtained
quantitative agreement of our modeling approach with previously published
results.
• We have found that for two colliding hydrometeors with radii R1 and R2
in the range of 0 N0 /N to 3 N0 /N mm, an applied electric field larger than
0.4Ek allows for streamer initiation outside of these two particles. The corresponding radii are R1 ∼3 N0 /N mm and R2 ∼0.5 N0 /N mm.
• We have estimated the frequency of streamer initiation based on particle dimensions for a two separated spheres system and a two connected spheres
system and concluded that for three considered hydrometeor model distributions the streamer initiation is only possible for a relatively high electric field
∼0.5Ek at altitudes 3 and 6 km. The most likely scenario is for two particles
with radii R1 ∼1.5 N0 /N mm and R2 ∼0.5 N0 /N mm.
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Chapter

2

Modeling of Avalanche-to-streamer
Transition for Single Conducting
Particles and Particle Pairs
In this chapter, we introduce two models to investigate streamer initiation: the
first model is two separated uncharged spheres in a uniform electric field, and the
second one is two uncharged spheres connected with a discharge channel in a uniform electric field. For the first model, we initially consider the scenario wherein
a streamer is initiated from a single electron avalanche in the gap between two
spheres with the same radii, and we obtain the electric field in the gap based
on the image method [Cloete and van der Merwe, 1998; Jackson, 1999, p. 63].
Then we use two different methods of analyzing the avalanche-to-streamer transition, one is Meek criterion [e.g., equation (11), Babich et al., 2016] and another
is an improved avalanche-to-streamer transition [Qin et al., 2011], to investigate
the relationship between particle radius and the minimum applied field required
for streamer initiation. Furthermore, we investigate the relationship between the
radii of two spheres under different applied electric field for streamer initiation in
the gap including the process of photoionization feedback, which contributes to
the generation of secondary electrons and leads to additional avalanches in the
surrounding volume. Thus, the Meek number, which corresponds to the number
of electrons required for the avalanche-to-streamer transition, would be decreased
by the photoionization feedback. If a streamer is ignited from one of these two
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spheres in the gap, it would propagate towards the other one, leading to the electrical connection between spheres. Since Cooray et al. [1998] indicated that the
connection of two spheres would increase the electric field at the outer periphery,
and outside space represents larger volume available for the photoionization feedback compared to a relatively small gap between two spheres, we introduce the
model of two conducting spheres connected with a discharge channel, calculate
the electric field outside using the image method, and investigate the relationship
between the radii of two spheres for streamer initiation outside. Additionally, we
discuss the thresholds for streamer ignition based on [Jánský and Pasko, 2017].
We also introduce a method to calculate the collision frequency for given particle
dimensions to determine whether the scenarios we are interested in are realistic.
Additionally, we calculate the electric field of one single particle to establish a connection with [Table 1, Babich et al., 2016] to verify the solution accuracy. Finally,
the streamer-to-leader transition is also discussed.

2.1

Electric Field of Two Separated Uncharged
Spheres in a Uniform Electric Field

We use the image method based on [Cloete and van der Merwe, 1998; Jackson,
1999, p. 63] to get the solution for the electric field in the gap between two
spheres placed in a uniform electric field. The schematics is shown in Figure 2.1.
The approach is described in detail in Appendix A1. The two conducting spheres
with radii R1 and R2 are separated with the gap of length s. The uniform applied
electric field E0 is created by positioning two source charges ±Q at remote locations
2
z=∓RQ . In the limit RQ →∞, the charge magnitude Q = 2πε0 E0 RQ
produces a

uniform thundercloud electric field E0 parallel to the z axis in the region of interest
pointing in the direction from Sphere 1 toward Sphere 2. The electric field in the
gap is calculated from the gradient of the potential obtained from the image charge
series in these two spheres. The resultant electric fields can be seen in Figure 3.1
for the model of two spheres with the same radii and Figure 4.1 for the model of
two spheres with different radii. If the electric field in the whole gap is larger than
the breakdown electric field Ek (i.e., ∼28.7 kV cm−1 atm−1 [Morrow and Lowke,
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1997]), the avalanche would originate from the seed electron on the surface of
Sphere 2 and propagate in the opposite direction of E0 as depicted in Figure 2.1.
In order to analyze avalanche-to-streamer transition, we use the Meek criterion
[e.g., equation (11), Babich et al., 2016]:
Z s


αion (E(z)) − αatt (E(z)) dz = M,

(2.1)

0

where M is the Meek number, αion and αatt are the ionization and the two-body
dissociative attachment coefficients in air, respectively, taken from [Morrow and
Lowke, 1997].
For the model of two spherical particles with the same radii where R1 =R2 =R,
the Meek number M is 20 in order to establish a connection with the results
recently published in [Babich et al., 2016]. We calculated the minimum electric field
for which streamer formation is possible for radii R from 10−1 N0 /N to 102 N0 /N
mm, where N0 is air density at ground level and N is air density at an altitude
of interest. We varied the ratio s/R, the ratio of separation s and radius R, from
10−3 to 10. The ratio of the applied thunderstorm electric field and the threshold
field for electric gas discharge in air E0 /Ek is assumed to have a range of variation
from 0 to 1.
Naidis [2005] and Liu et al. [2012b] studied conditions for positive corona initiation around spherical particles including the process of a photoionization feedback.
The essence of the photoionization feedback is that the initial avalanche produces
photons, which can generate secondary electrons in the surrounding volume and
cause additional avalanches. These avalanches allow for streamer initiation at a
lower applied field. Due to a large number of parameters involved the parametric studies of avalanche to streamer transition, using first principle plasma fluid
models with photoionization feedback [e.g., Jánský and Pasko, 2017] is not feasible. Therefore, for the model of two spherical particles with different radii R1
and R2 , the approximate threshold Meek number in the gap is Mi '12 and is estimated in present work from a limited set of streamer simulations [Jánský and
Pasko, 2017]. In our work, we focus on finding the relationship between R1 and
R2 for streamer initiation when the applied electric field is larger than the min+
+
imum field required for propagation of positive streamers in air Ecr
(i.e., Ecr
'4.4
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kV/cm'0.15Ek at ground level). We investigate a range of values between 0.2Ek
+
, the streamer-to-leader tranand 0.5Ek , since if the electric field is higher than Ecr

sition would be likely to occur [Cai et al., 2017a]. For example, we note that when
R1 =R2 =0.8 N0 /N mm, it is possible that avalanche to streamer transition occurs
under an applied field of 0.4Ek . In our simulations, R1 and R2 are sampled from
0.05 N0 /N mm to 3 N0 /N mm with steps of 0.05 N0 /N mm. s/R2 is varied from
10−3 to 100 where the exponent is sampled from −3 to 0 with a step of 0.1. We
then calculate the Meek number M as a function of R1 , R2 and s/R2 and the
results are effectively represented in the form of a lookup table. Since for colliding
particles we can assume that all possible values of separations s/R2 are realized,
our goal is to document all R1 and R2 combinations leading to streamer initiation
in accordance with a M ≥Mi =12 criterion.
For all cases, we assume the locations of two source charges for producing the
1 ,R2 )
uniform applied electric field RQ =1000 min(R1 , R2 ) and spatial resolution ∆z= min(R
,
10000

and we perform 30 iterations using image method. Additional tests demonstrated
that 30 iterations provide accurate solutions for electric fields for all considered
cases.

Figure 2.1. The schematics of two uncharged spheres in a uniform electric field.
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2.2

Electric Field of One Charged Sphere in Uniform Electric Field

In order to establish a connection with [Table 1, Babich et al., 2016], we consider
the electric field of one charged sphere with radius R in a uniform electric field E0
by using the model shown in Figure 2.1 and neglecting Sphere 2. The electric field
along the z axis is calculated using following equation:

E = E0


2R3
Qdr
1+
+
,
3
(R + z)
4πε0 R2

(2.2)

where Qdr is the charge carried by sphere 1 and ε0 is the permitivity of free space.
The equation (2.2) is obtained based on [Powell , 1990, p. 160] and the electric
field of Qdr is considered the electric field of point charge. The spatial resolution
is dz=R/10000.

2.3

Overview and Scaling of the Avalanche-tostreamer Transition Criterion

First, we use the Meek criterion [Raizer , 1991, p. 336] to analyze avalancheto-streamer transition. The formulation we use is based on equation (2.1) with
M =20. Note that the avalanche starts from zin , the coordinate at which αion =αatt
to obtain integral (2.1). For each grid point, we can find the electric field using this
equation (2.2), then obtain related coefficients αion and αatt based on [Morrow and
Lowke, 1997] and finally perform integration using equation (2.1) for grid points
at which αion ≥αatt . Therefore, for one charged sphere, we can find the minimum
charge Qdr for which the summation is 20 for different R and E0 . Note that the
resolution of Qdr is 1 pC in order to compare with the results of Table 1 in [Babich
et al., 2016]. For two uncharged spheres, if the field in the gap is higher than
Ek everywhere, we integrate the equation (2.1) over the whole gap, assuming the
avalanche originated by secondary electron emission at the second sphere.
Qin et al. [2011] introduced an improved avalanche-to-streamer transition criterion where the avalanche radius Ra is described by the following ordinary differ-
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Avalanche-to-streamer
transition ?

Eapplied (> Ek)

Ra
E’
A single seed electron
or many seed electrons
(inhomogeneity)

If E’~Ek

An avalanche
(E’ << Ek)

A streamer
(E’ = 3 - 5Ek)

Figure 2.2.
Schematic representation of parameters involved in formulation of a
revised Meek criterion [Qin et al., 2011].

ential equation:
dRa
De
0
= µe E + 2 ,
dt
Ra

(2.3)

where µe and De represent the mobility and the diffusion coefficient of electrons
0

qe Ne
respectively, and E = 4πε
2 is the avalanche space charge field, where Ne and qe
0R
a

are the total number of electrons inside the avalanche and the absolute value of
the charge of the electron, respectively. In equation (2.3), the first term on the
right-hand side represents the expansion rate of the avalanche due to the repulsion of electrons, and the second term considers the influence of diffusion on the
avalanche radius. In addition, the time dynamics of Ne is represented by the
following equation:
dNe
= (νi − νa )Ne ,
dt

(2.4)

where νi and νa are ionization and two-body dissociative attachment frequencies,
respectively. The three-body attachment processes are not considered in present
modeling. Note that in our simulation, µe , De , νi , νa and Ek are calculated based
on [Morrow and Lowke, 1997]. In order to simplify numerical calculation, we
consider timestep ∆t= µe∆z
, where z is the spatial coordinate of the avalanche,
E(z)
such that for every time step, the avalanche can move the distance of one cell
0

∆z. If E ≥Ek /3, the avalanche-to-streamer transiton would occur. Considering
the development of avalanches at different pressures, we scale Ra , dt, µe , De and
0

Ne as N0 /N and E , νi , νa as N/N0 based on similarity relations [Liu and Pasko,
2004a; Pasko et al., 2013]. Substituting these scaling factors into equations (2.3)
and (2.4), we find the solutions can be scaled based on similarity relations. Note
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that the electric field of the two spheres is related to E0 and R, which can be scaled
as N/N0 and N0 /N , respectively, such that the two sphere system can be scaled
as well. In our simulations, we set initial values Ra0 and Ne0 as 10−6 N0 /N and
100 N0 /N , respectively. This approach allows us to represent all figures in scalable
form. The initial values of Ra0 are chosen by observing the convergence of Ra in
numerical calculations. For Ne0 , 100 represents the single seed electron shown in
Figure 2.2, and N0 /N is added considering scaling. It is also noted that since the
results of Table 1 in [Babich et al., 2016] are obtained with Ne0 =1 and Pg =0.4
atm, we use the same Ne0 and Pg for calculations in Section 3.3.

2.4

Electric Field of Two Connected Uncharged
Spheres in a Uniform Electric Field

The physical setup considered in this section represents a situation when two
spheres are connected using a streamer channel. We use the image method to
get the solution for the electric field at the outer periphery of Sphere 2 along z
axis. The details of the image method are provided in Appendix A2. Note that
even though the connection of two hydrometeors increases the field at the outer periphery, the field is still much smaller than the field we considered in the gap when
spheres were not connected. Besides, since streamer initiation in the gap must
occur before the one at the outer periphery, we use the look-up table previously
mentioned in Section 2.1 with a Meek number of 12 to find the largest separation
smax for streamer initiation between the spheres, using the same parametric space
for R1 , R2 and s/R2 as defined in Section 2.1. Then, based on these results, we
calculate the electric field at the outer periphery of Sphere 2 that corresponds
to a Meek number M ≥8 for given R1 , R2 and smax . The condition for streamer
initiation outside Sphere 2 M ≥8 is supported by separate numerical simulations
[Jánský and Pasko, 2017]. The numerical outside threshold value Mo =8 is significantly lower than Mi =12 obtained for the streamer initiation between spheres and
is a representation of a larger volume available for the photoionization feedback
outside of sphere 2 in comparison with the relatively small gap between spheres.
For all cases, RQ , spatial resolution ∆z, and the iteration number for the image
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method are the same as in Section 2.1.

2.5

Thresholds for Streamer Ignition

This section describes how the thresholds for streamer ignition between and outside
of hydrometeors were obtained based on recent studies reported in [Jánský and
Pasko, 2017].
In the existing literature, the criterion for positive corona inception from thundercloud hydrometeor was recently improved by [Liu et al., 2012b]. Liu et al.
[2012b] followed methodology developed in [Naidis, 2005] for positive corona inception in air around one spherical electrode. Naidis [2005] evaluated the parameter
K (ionization integral characterizing to the electron avalanche growth), which is
equivalent to M in this dissertation, for the discharge inception criterion. For a
parameter of K higher than the threshold for the corona onset stage, the corona
discharge transitions into the streamer stage.
14
Photoionization
feedback
threshold K=12

13
Ignited

K

12
11
Not ignited

10
9
0.45

0.5

0.55

0.6
0.65
s [mm]

0.7

0.75

Figure 2.3.
Figure shows Meek number (K) (crosses) as a function of separation s of two particles with radii R1 =3 mm and R2 =1 mm in background field
E=7.2 kV/cm=Ek /2 at atmospheric density N/N0 =0.5. A streamer model is used to
identify whether the streamer is ignited, and the corresponding ignition threshold K=12
is shown as a dashed line [Jánský and Pasko, 2017].
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Jánský and Pasko [2017] used a streamer model to provide an accurate solution
of the ignition criterion for two hydrometeor scenarios. Their streamer model is
more accurate than the above mentioned method [Liu et al., 2012b], but it is also
much more time consuming. Therefore, the criterion is determined only for specific
hydrometeor geometry. The advantage of a streamer model is also that it shows
streamer ignition and not just positive corona threshold.
Jánský and Pasko [2017] focused on the geometry for streamer ignition, which
is at an air neutral density of 0.5 N0 and an ambient electric field of 0.5 Ek with
R1 =3 mm and R2 =1 mm. Figure 2.3 from [Jánský and Pasko, 2017] shows the
Meek number as a function of separation. At separation s=0.7 mm, the simulation
result, shown as a red cross, corresponds to the Meek number K=10.1. It is labeled
as “not ignited” as the streamer discharge did not ignite. Then, the separation
is decreased to s=0.6 mm. The Meek number increases to K=11.4, but still, the
streamer is not yet ignited. Finally, the separation is decreased to s=0.5 mm such
that the Meek number increases to K=12.7 and the streamer is ignited. Therefore,
the threshold is estimated to be 12 for this particular geometry. We note that,
as expected, it is much smaller than the classical Meek criterion of 18–20, but
higher than the Meek number of K=8 for photoionization feedback with a single
hydrometeor of R=3 mm at air neutral density 0.5 N0 [Naidis, 2005, Figure 1].
As for the study of the ignition of the streamer discharge outside of the right
hydrometeor with radius R2 , in order to compare it with the threshold for a single
hydrometeor 7–9 [Liu et al., 2012b, Figure 4], Jánský and Pasko [2017] varied the
radius of the left hydrometeor R1 while keeping a constant radius of R2 =1 mm,
a separation of s=0.4 mm at air neutral density 0.5 N0 , and an ambient electric
field of 0.5 Ek . It is noted that separation 0.4 mm is used instead of 0.5 mm from a
previous case, as the discharge between hydrometeors is not ignited for all R1 values
[Jánský and Pasko, 2017]. Figure 2.4 shows that for bigger radii, R1 ≥2.8 mm, the
discharge is ignited and for smaller radii, R1 ≤2.7 mm, the discharge is not ignited.
The corresponding threshold for the Meek number lies in between these values and
is approximated to be 8 for given hydrometeor geometry.
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Figure 2.4.
Meek number (K) outside of sphere with radius R2 =1 mm
(crosses) as a function of radius R1 for separation s=0.4 mm and in background field
E=Ek /2'7.2 kV/cm at atmospheric density N/N0 =0.5. A streamer model is used to
identify whether the streamer is ignited, and the corresponding ignition threshold K=8
is shown as a dashed line [Jánský and Pasko, 2017].

2.6

Frequency of Streamer Initiation

In order to estimate the possibility of the scenarios when avalanche-to-streamer
transition occurs, we use a hard-sphere collision model [Lieberman and Lichtenberg,
2005, p. 45] as discussed in Section 1.2. Thus, based on equation (1.8), the
collision rate ∆CR , which is consistent with [equation (2), Dye et al., 1986], between
particles of radius R1 and R2 in size intervals, ∆R1 and ∆R2 , is
∆CR = N (R1 )N (R2 )K∆R1 ∆R2 ,

(2.5)

where N (R1 ) and N (R2 ) are concentrations of particles with radius R1 and R2 ,
respectively. Note that the quantity N (R) is the concentration of particles with
a radius between R and R+∆R, where the units of N (R) are m−3 mm−1 and
the units of R are mm. Thus, the density n for radius R can be represented by
R R+∆R
N (R)dR. In the limit as ∆R → 0, the density n is n=N (R)∆R.
R
Furthermore, the total collision rate CT for all particle combinations for streamer
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initiation can be written as (in units m−3 /s):
CT =

x

N (R1 )N (R2 )KdR1 dR2 ,

(2.6)

S(R1 ,R2 )

where S represents the area on (R1 ,R2 ) plane where the combinations of R1 and
R2 satisfy streamer initiation, as discussed in further sections of this dissertation.
Since we are interested in the number of collisions corresponding to avalancheto-streamer transition for a given region, we need to consider its volume V . Therefore, the total collision frequency νt can be obtained as (in units 1/s):
νt = CT V,
where the unit of volume V is m3 .

(2.7)

For numerical estimates, we adopt rela-

tive velocity of particles vr =20 m/s based on the measurements of mean horizontal velocity of precipitation particles [Fukao et al., 1985]. Additionally, we
choose a volume V =103 m3 that represents a very localized region with dimension
10 m×10 m×10 m adequate for leader formation as determined by Cooray [2015].
We use three representative particle distributions. First, the N (R) can be represented as N (R)=N0 e−Λ2R , where Λ=4.1r−0.21 and r is the rate of rainfall with the
unit, of mm hr−1 [Marshall and Palmer , 1948]. We consider raindrop distribution
in a strong thunderstorm with r=25 mm−1 hr−1 , which gives N0 =8000 m−3 mm−1
and Λ=2.09 mm−1 [Marshall and Palmer , 1948]. We also use two measured distributions for thunderstorms from [Waldvogel , 1974] with N0 =35000 m−3 mm−1
and Λ=3.7 mm−1 , and 4000 m−3 mm−1 and Λ=2.5 mm−1 , respectively. Figure 4.8
illustrates particle concentrations as a function of diameter D.

2.7

Streamer-to-Leader Transition

Once the positive streamer is initiated between the spheres, it propagates along
the direction of the field until it reaches one of the spheres. If the sphere behaves
as dielectric, the streamer continues to propagate along the sphere surface to the
opposite hemisphere, where it can leave into the open space [Babaeva and Kushner ,
2009]. It is also possible that the streamers will be filling volume between spheres
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where the field is higher than the breakdown field in air. Larger streamer structures
lead to branching and to streamer propagation in multiple directions, thus also
contributing to the escape of streamers from the immediate midelectrode space.
+
∼4.4 kV cm−1 atm−1 [Babich
In regions where the field will remain higher than Ecr

et al., 2016], the streamers will continue their growth and eventually branch. A
large concentration of streamers in the streamer corona will cause air heating and
streamer-to-leader transition. Experiments at ground pressure have shown that
leaders form when the length of the streamer corona is ∼1 m [Raizer , 1991, p.
366]. This can also be characterized as a ∼400 kV voltage drop along the length
of a 1-m long streamer corona [e.g., Aleksandrov et al., 2002, 2005].
+
in the domain
Therefore, for leader initiation, an electric field higher than Ecr
+
of several meters is required. It is important to note that Ecr
is at least a factor of

two higher than the measured ambient thundercloud field [Marshall et al., 1995,
2005]. The theory of Babich et al. [2016] suggests that streamers in thunderstorms
originate near hydrometeors in local electric field regions where the ambient electric
thundercloud field is amplified either by the relativistic runaway electron avalanche
(RREA) mechanism seeded by the background cosmic rays flux [Dwyer et al.,
2005; Babich et al., 2011, 2012] or by cloud charge fluctuations arising from a local
assemblage of charged hydrometeors [Trahtenhertz and Iudin, 2005]. We note that
these enhancements may occur in relatively localized (several meters) regions not
easily captured by measurements [Marshall et al., 1995, 2005] (see also discussion
in [Babich et al., 2016]).
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Chapter

3

Streamer Initiation in the Gap
Between Two Hydrometeors with
the Same Radii and for a Single
Hydrometeor
In this chapter, we present the electric field in the gap between two spherical
particles with the same radii, and then use the classic Meek criterion and an
improved avalanche-to-streamer transition model proposed by Qin et al. [2011],
referred to as Qin’s method in this dissertation, to analyze the streamer initiation.
Additionally, the important parameters of the avalanche, including the electron
number inside the avalanche, the avalanche radius, the space charge electric field,
and the propagation distance before streamer initiation, are tracked and presented
using Qin’s method. Then, we present the relationship between the electric field
for avalanche-to-streamer transition and separation. The relationship between the
minimum electric field as a function of radius R is illustrated as well. Furthermore,
we discuss the collision frequency between hydrometeors to verify that the proposed
scenario is realistic. Additionally, we show the electric field of one single particle
in a uniform electric field to establish a connection with results recently published
in [Babich et al., 2016, Table 1].
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Figure 3.1. Electric field between two spheres for R=8 N0 /N mm, s=0.05 R, E0 =
4 N/N0 kV/cm.

3.1

Two Uncharged Spheres with the Same Radii
in a Uniform Field

The electric field in the gap on the axis of symmetry between two spheres is illustrated in Figure 3.1, assuming R=8 N0 /N mm, s=0.05 R and E0 =4 N/N0 kV/cm.
Since the radii of these two spheres are both R=8 N0 /N mm, the electric field is
symmetrical with respect to the middle of the gap point. The electric field decreases with increasing z approaching its minimum value in the center of the gap
and then increases. The electric field between these two spheres is substantially
higher than the breakdown electric field Ek (=28.7 N/N0 kV/cm for our set of
ionization and attachment coefficients [Morrow and Lowke, 1997]). Davis [1964]
first provided the complete solution of the electric field for the problem under consideration at the surfaces of the conductors. Lekner [2010] developed an analytical
formulation allowing fast estimates of the average field in the gap between the
spheres for a given ratio of the sphere separation s to radius R for spheres of equal
radius and an applied electric field E0 . The comparison is shown in Figure 3.1 as
well. In our work, the average electric field is enhanced by a factor of ∼23.77 from
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E0 , a thunderstorm electric field, and this number is close to the field enhancement factor from [Lekner , 2010], which is 23.88. We also note that the electric
field agrees well at Point A with the one calculated based on [Davis, 1964].
In order to numerically track important parameters of the avalanche mentioned
in Section 2.3, we use the improved avalanche-to-streamer transition criterion,
called Qin’s method in this dissertation, to investigate the streamer initiation for
the scenario illustrated in Figure 3.1. The related results are shown in Figure
3.2. The recording of data ends at the time when a streamer is initiated, which
0

indicates when the space charge electric field of avalanche is E =Ek /3 based on
Qin’s method [Qin et al., 2011]. From Figure 3.2, we find that the duration for
avalanche-to-streamer transition is ∼0.6 ns. In Figure 3.2, the number of electrons
inside the avalanche increase exponentially, and when it reaches the value on the
order of ∼3×105 , the streamer is ignited. Figure 3.2b illustrates the radius of
avalanche Ra as a function of time. The radius Ra increases with the increase of
time, but the speed of increase is increasingly slow due to the diffusion effect on the
avalanche radius, as described in equation (2.3). Figure 3.2c shows that the space
0

charge electric field E increases exponentially, which is mainly corresponding to
the number of electrons Ne , reaching Ek /3, which indicates streamer initiation.
Figure 3.2d illustrates that the avalanche starts from the surface of Sphere 2 and
propagates with almost uniform velocity in the opposite direction of the applied
electric field E0 over a distance of ∼0.48 of the length of the gap between two
spheres s until the initiation of a streamer.
To illustrate the application of the Meek condition for a two-sphere system, we
plot the electron multiplication calculated based on equation (2.1) in Section 2.1 as
a function of separation with R=8 N0 /N mm and a different thunderstorm electric
field, E0 =2 N/N0 kV/cm and 4 N/N0 kV/cm, in Figure 3.3. The plotted values
are obtained after proper scaling of the original simulation results, i.e., separation
is multiplied by N/N0 and the thunderstorm electric field E0 is scaled as N/N0 .
This figure clearly shows that for a given radius R, with the increase of separation, the electron multiplication increases and then decreases. For long separation,
the electric field is low to cause ionization. With decreasing separation, the field
increases, as well as the multiplication factor. Once we reach a certain distance,
the multiplication decreases and reaches zero for zero separation. Furthermore,
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Figure 3.2. Parameters of avalanche for the model of two spheres with R=8 N0 /N mm,
s=0.05 R under the applied electric field E0 = 4 N/N0 kV/cm.

the maximum electron multiplication is determined by an applied thunderstorm
electric field E0 . That is, in Figure 3.3, the maximum electron multiplication is
∼15 and ∼34 for E0 = 2 N/N0 kV/cm, E0 = 4 N/N0 kV/cm, respectively, which
means that with the increase of the thunderstorm electric field E0 , the maximum
electron multiplication increases. Note that our purpose is to demonstrate that
an avalanche to streamer transition is possible in the local electric field; thus, it
is necessary to find the minimum thunderstorm electric field E0 under which the
maximum electron multiplication is 20.
For different R and s/R, we can find the relative minimum thunderstorm electric field required for avalanche to streamer transition. Figure 3.4 shows the minimum thunderstorm electric field for the transition as a function of s/R using the
Meek condition, in which the electron multiplication is 20, and Qin’s method,
where the thunderstorm electric field E0 and separation s are multiplied by 1/Ek
and 1/R, respectively, in order to get better representation of comparison for different radii. Generally, the shape of the minimum thunderstorm electric field curve is
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Figure 3.3. Electron multiplication comparison for varying separation between two
spheres, with R=8 N0 /N mm for two different thunderstorm electric fields E0 = 2 N/N0
kV/cm and 4 N/N0 kV/cm.

similar to the Paschen curve [e.g., Burm, 2007], although we emphasize that these
represent very different electron multiplication regimes.
For relatively small separation, the distance for electron multiplication is short,
such that a large thunderstorm electric field is required to allow the electron multiplication to achieve 20. An increase in distance decreases the required thunderstorm electric field. Once we reach a certain distance, the required thunderstorm
electric field reaches its minimum. If we increase separation further, the electric
field in the gap would decrease, which means a larger thunderstorm electric field
should be applied for the transition. Thus, the minimum thunderstorm electric
field increases. We can conclude that the Paschen curve like shape exists for different R. It is also noted that the minimum electric field from Qin’s method is
consistently smaller than the one from the Meek condition. For relatively long separation, the Sphere 2 is so far away that it does not influence the electric field of
Sphere 1. Therefore, the required minimum thunderstorm electric field would remain constant. This explains the existence of flat parts for large separation values
appearing in Figure 3.4 for R=5 N0 /N and 50 N0 /N mm.
Figure 3.4 also indicates that the minimum value of the minimum electric field
curve is determined by radius. For a given radius, we can find a specific s/R
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Figure 3.5. Minimum electric field as a function of radius R.
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where the minimum electric field required for avalanche-to-streamer transition is
minimized. In order to illustrate the relationship between the radius and the
minimum electric field, we plot the minimum thunderstorm electric field E0 for
radius values R=0.5 N0 /N , 1 N0 /N , 2 N0 /N , 5 N0 /N , 10 N0 /N , 50 N0 /N mm in
Figure 3.5 with relative s/R noted. This figure shows that with the increase
of the radius, the required minimum thunderstorm electric field decreases. It is
noted that Qin’s method requires a lower minimum electric field than the Meek
condition. Moreover, the relative s/R for the Meek condition is larger than Qin’s
method. From Figure 3.4 and Figure 3.5, we find the particle radius allowing for
the avalanche to streamer transition in the local electric field to be just slightly
above the minimum field required for the propagation of positive streamers in air
(i.e., ∼4.4 kV/cm at ground level).

3.2

Collision Frequency of Hydrometeors

We now investigate the number of collisions for a particle pair with radius R
in a given thundercloud volume V . Note that for any applied electric field, by
vector decomposition, we can find one of its components whose direction is the
same as the line between the centers of these two spheres, but the magnitude
of this component would be smaller than the applied electric field, which means
the probability of streamer initiation is decreased. For simplicity, we assume any
two spheres in the volume are aligned in the direction of the electric field. Given
that the s/R values shown in Figure 3.5 are relatively small, we assume that
such small separations would always be achieved if two particles collide. Having
adopted a hard-sphere collision model [e.g., Lieberman and Lichtenberg, 2005, p.
45] the collision frequency ν as equations (1.8) and (1.9) can be estimated as
ν=πn2 (2R)2 vr V , where n is the number density of particles and vr is their relative
speed. The cloud to ground (CG) lightning flashes in a thundercloud mainly
initiate at 3.5 km [Proctor , 1991, Figure 1b], and Proctor [1991] also indicated
that the volume of the active region in a thundercloud could be as small as 2
km × 0.1 km × 0.8 km. The number density n is approximated by the formula
n=561.3 D−3.4 [m−3 ], where D is the diameter with units of mm, deduced by Auer
[1972] for graupel and hail fallen from convective cloud systems over the High
49

Plains measured at ∼2.1 km altitude. Note that Auer [1972] provided sufficient
measurements for particles with diameters within 10 mm and indicated that the
hail size reduction is small when it falls to the surface even considering the effects
of melting. Thus, we assume that the formula from [Auer , 1972] is applicable for a
thundercloud active region at 3.5 km. We perform estimates for two representative
thundercloud active regions. One is 2 km × 0.1 km × 0.8 km from [Proctor , 1991],
and the other is 10 m × 10 m × 10 m. The 10 m is chosen to illustrate a situation
when an electric field is enhanced only in a very localized region. According to
[Babich et al., 2016], streamers in thunderstorms originate near hydrometeors in
local electric field regions with very small spatial extent where the ambient electric
thundercloud field is amplified either by the RREA mechanism seeded by the
background cosmic rays flux [Dwyer et al., 2005; Babich et al., 2011, 2012] or by
cloud charge fluctuations arising from a local assemblage of charged hydrometeors
[Trahtenhertz and Iudin, 2005]. We use R=2 N0 /N mm as the particle dimension
at 3.5 km, leading to an actual particle radius R'3 mm to calculate the collision
frequency since for this case the minimum thunderstorm electric field shown in
+
based on Qin’s method. For our
Figures 3.4 and 3.5 is just slightly above Ecr

estimates we assume vr '20 m/s based on the measurements of mean horizontal
velocity of precipitation particles [Fukao et al., 1985]. We estimate that per cubic
meter at 3.5 km altitude every ∼274.1 s, two particles with radii of 3 mm would
collide. Thus, we find that for the region with dimensions of 2 km × 0.1 km × 0.8
km, the collision frequency is ∼5.8×105 1/s. For the region with dimension of 10
m, the related collision frequency is ∼3.6 1/s. Therefore, the scenario proposed in
this section is realistic in large and relatively small volumes in thunderclouds.
It is important to note that the alignment of the electric field with two spheres
is assumed for our calculation of field enhancement in the previous Section 3.1.
Assuming arbitrary orientation of spheres during collisions, the electric field can be
always split into parallel Ek =E0 cos θ and perpendicular E⊥ =E0 sin θ components,
where θ is the angle between the applied electric field and the line connecting
the two spheres. Only Ek contributes to the enhancement of the electric field
between spheres. For an angle θ=30◦ (or π/6), for example, the applied electric
field magnitude should be a factor of 1/cos θ or ≈15% stronger to lead to the
same results presented in Figures 3.4 and 3.5. All possible collision angles can be
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Figure 3.6. Electric field along the z axis for one sphere with radius R=0.25 mm,
charge Qdr =80 pC and applied electric field E0 =2 kV/cm at pressure Pg =0.4 atm.

represented in 3-D space by solid angle of half sphere 2 π. Collisions within the
R 2π R π/6
interval (0, π/6) represent the solid angle: 0 0 sin θ dθ dϕ=0.27π and would
therefore be reflected by a factor of 10 reduction in collision frequency. Given the
high collision frequencies estimated above the factor of ten reduction in collisions
due to the orientation of colliding particles does not alter the principal conclusion
that the proposed scenario is realistic.

3.3

One Charged Sphere in a Uniform Field

In order to reproduce the published results of [Babich et al., 2016, Table 1], we
use equation (2.2) to get the electric field of one charged sphere with radius R
in a uniform electric field E0 along the axis z. Figure 3.6 shows the electric field
distribution for R=0.25 mm, Qdr =80 pC and E0 =2 kV/cm at pressure Pg =0.4 atm.
Note that Ek is ∼11.5 kV/cm at Pg =0.4 atm, which is ∼6 times E0 . If we neglect
the second term on the right-hand side of equation (2.2), the electric field at z=0
mm is just 3E0 , which is still lower than Ek . If the electric field of Qdr is considered,
the amplification factor E/E0 could be 60. This indicates that the net charge is
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the main factor determining an electric field. According to [Bazelyan et al., 2007,
equation (1)], the electric field for the ion corona initiation can be represented as
Eign =27.8δ(1 + √0.54
), where Eign is in kV/cm, R, in this equation, is in cm and δ is
Rδ
the relative air density represented as N/N0 . For R=0.25 mm, Eign =17.1 kV/cm,
which is much smaller than the electric field at z=0 mm. Thus, an ion corona
would occur and decrease the electric field of the particle by spreading the charge
to a larger volume around the particle. Additionally, electron avalanches caused by
the ion corona would neutralize the positive charge on the surface of the particle.
Therefore, the net charge of this particle would decrease due to the ion corona.
We note that the electric field magnitudes formed on the surface of the particle are
predominantly controlled by its net charge, but the formulation recently advanced
by [Babich et al., 2016] is limited in this respect as it does not include the space
charge effects of the ion corona.
Nevertheless, to connect our work with [Babich et al., 2016, Table 1] and also to
check for consistency, we use equation (2.1) and Qin’s method to find the minimum
charge required for avalanche-to-streamer transition based on the raindrop model
[Babich et al., 2016, Figure 1] at air pressure Pg =0.4 atm. The results are shown
in Figure 3.7. We find that our results for the drop charge, using a Meek value of
20, are slightly higher than Babich et al. [2016]. This is because of the difference
of models for the Townsend coefficients αion and αatt (we use [Morrow and Lowke,
1997]). We also find that the results of Qin’s method are lower than both sets
of results using the Meek condition. This behavior is consistent with our results
presented in Section 3.1.

3.4

Conclusions

The main contributions of this chapter can be summarized as follows:
1. We have obtained the electric field in the gap for two uncharged spheres
with the same radii using the image method. The scaling of a two-sphere system,
the Meek condition and Qin’s method based on similarity law, are discussed.
2. We have found the minimum electric field required for streamer initiation
as a function of normalized gap separation of spheres s/R and demonstrated that
it is possible for an avalanche-to-streamer transition to occur in the local electric
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Figure 3.7. Comparison of drop charge Qdr necessary for avalanche to streamer transition for given thunderstorm electric field using two different methods with results presented in [Babich et al., 2016] at pressure Pg =0.4 atm.

field slightly above the minimum electric field required for the propagation of a
positive streamer.
3. We have found the relationship between minimum electric field and the
particle radius. The larger the radius, the lower the minimum thunderstorm electric
field required for streamer initiation. Additionally, the results using Qin’s method
required a lower applied electric field than the ones using the Meek condition.
4. We have estimated particle collision frequencies based on available data
on particle dimensions and concentrations in convective cloud systems and found
that the scenario proposed in this dissertation is realistic in both large (2 km × 0.1
km × 0.8 km) and relatively small (10 m × 10 m × 10 m) volumes in thunderclouds.
5. We have reproduced results of [Babich et al., 2016, Table 1] using the
model of a single particle and therefore established quantitative consistency of
our modeling approach with previously published results.
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Chapter

4

Streamer Initiation in the Gap and
on the Periphery of Two Colliding
Hydrometeors for Realistic
Hydrometeor Size Distributions
In this chapter, we investigate the model of two uncharged spherical particles
with different radii. Initially, we estimate the electric field in the gap between
two separated spheres and illustrate the relationship between radii of particles for
successful streamer initiation in the gap. If a streamer is initiated from one of
these two hydrometeors in the gap, it would propagate towards the other one,
and then an electrical connection between these two particles would occur, which
leads to an increase of the field outside of these two particles. Thus, the model of
two uncharged spherical particles connected with a discharge channel in a uniform
electric field is investigated. The relationship of radii of these two particles for
streamer initiation on the outside periphery is also documented. Furthermore,
the frequency of streamer initiation using three realistic hydrometeor size model
distributions available in existing literature is estimated.
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4.1

Two Separated Uncharged Spheres in a Uniform Field

The electric field in the gap on the axis of symmetry between two spheres is
illustrated in Figure 4.1 assuming R2 =0.8 N0 /N mm, R1 =2R2 , s=0.079 R2 and
E0 =0.4Ek . Compared with a field for two spheres with the same radii [Cai et al.,
2017a, Figure 2a], the field is asymmetric with respect to the middle of the gap. The
maximum electric field is at the surface of the smaller sphere (i.e., R2 in Figure 2.1)
and exhibits a minimum value on the left side of the center of the gap. The field
in the gap is substantially higher than the breakdown field Ek . Davis [1964] and
Lekner [2011] provided the maximum electric field Emax and average electric field
Eave in the gap by solving the Laplace’s equation in bispherical coordinates. The
formulae are summarized in Appendix B, and the comparison with our results
is shown in Figure 4.1. In our work, the average electric field is enhanced by
a factor of ∼20.8 with respect to E0 and this number agrees well with the field
enhancement factor [Lekner , 2011, Equation (B.10)], which is ∼20.7. We also note
that the maximum electric field at Point A is enhanced by a factor of ∼21.7 with
respect to E0 , which is approximately the same as the one calculated based on
[Davis, 1964] (∼21.6).
In order to illustrate the influence of variation of the radius on the electric field
in the gap, we look at the relationship between the radii of these two spheres and
amplification factors Eave /E0 . We make a comparison between our results and the
analytical solutions from [Lekner , 2011] by keeping R2 constant as 0.8 N0 /N mm,
varying R1 from 0.05R2 to 10R2 and assuming that the s=0.079R2 . As shown in
Figure 4.2, our results based on the image method agree very well with the results
from [Lekner , 2011]. When R1 =R2 , the electric field amplification factor Eave /E0
(indicated by circle) is ∼16.4, which is close to ∼16.3 (indicated by cross) based on
[Lekner , 2011]. When R1 =10R2 , our result (∼26.8) is also close to the result from
[Lekner , 2011] (∼26.4). We find that with the increase of R1 , the amplification
factor increases. Considering the symmetry of the two sphere system, if we keep R1
and the length of the gap the same and increase R2 , the electric field amplification
factor would similarly increase. In other words, increasing the radius of either one
of these two spheres would increase the amplification factor.
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Figure 4.2. The ratio of average field to applied field Eave /E0 as a function of R1 for
R2 =0.8 N0 /N mm and s=0.079 R2 .

Knowing that increasing the size of the particles increases the electric field,
it will also increase electron multiplication, represented in the present work by a
Meek number (see equation (2.1)). Increased electron multiplication eventually
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leads to streamer initiation. In order to further explore the influence of variation
of radius on the avalanche-to-streamer transition, Figure 4.3 shows the applied
electric field necessary for streamer initiation as a function of s/R2 for different
radii of hydrometeors using Mi =12 as a threshold. From Figure 4.3, we find that
when R1 =R2 =0.8 N0 /N mm, the minimum applied electric field for avalanche-tostreamer transition is equal to 0.4Ek . If we increase R1 by a factor of 2, based
on the results shown in Figure 4.2, we know that the amplification factor would
increase such that the applied electric field required for streamer initiation would
decrease, which shifts the curve downward. Then, if we keep R1 =1.6 N0 /N mm
(i.e., twice of previous R2 value), we need to decrease R2 from 0.8 N0 /N mm to
0.5 N0 /N mm so that the minimum electric field is increased and again close to
0.4Ek .
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Figure 4.3. The electric field for avalanche-to-streamer transition between two spheres
as a function of s/R2 for different radius combinations.

Thus, in order to investigate the influence of the magnitude of the applied
electric field on the variance of R1 and R2 , we consider using a different applied
electric field (i.e., 0.2Ek , 0.3Ek , 0.4Ek and 0.5Ek ) to find the relationship between
R1 and R2 for streamer initiation. From Figure 4.4, we find that these four curves
are symmetric with respect to R1 =R2 due to the symmetry of our model. We also
find that for the higher electric field applied, the lower radii allowed for streamer
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initiation. If the radii of hydrometeors are the same, the lower the radii, the lower
electric field amplification factor in the gap such that a higher applied electric
field is required. Note that P1 , P2 and P3 indicate the three combinations of two
different radii of hydrometeors shown in Figure 4.3. From Figure 4.2, we know
that increasing the radius of either one of these two spheres would increase the
amplification factor. Therefore, all R1 and R2 combinations in regions above the
curves in Figure 4.4 indicate that avalanche-to-streamer transition would occur
under the applied electric field corresponding to each of the curves.
3
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Figure 4.4. R1 as a function of R2 for avalanche-to-streamer transition under applied
electric fields 0.2Ek , 0.3Ek , 0.4Ek and 0.5Ek .

4.2

Two Connected Uncharged Spheres in a Uniform Field

The streamer propagating between spheres impacts the Sphere 2 and causes an
electrical connection of two particles. Cooray et al. [1998] indicates that the connection of two particles by a discharge channel would increase the electric field at
the outer periphery of the two particles above the field caused by a single particle
or two particles without the connecting discharge. Therefore, in this section we
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Figure 4.5. Electric field as a function of distance from the outer end of the water drop
for a system of two drops. Background field 200 kV/m, drop radius 2 mm, gap 0.39 mm.
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Figure 4.6. R1 as a function of R2 for streamer initiation outside of sphere 2 under
applied electric field E0 =0.4Ek and 0.5Ek .

analyze the scenario when the two particles are connected by a discharge channel,
and study when the streamer can ignite on the outer periphery. Such a streamer
+
may have enough space to propagate under the applied electric field above Ecr
,
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Figure 4.7. Electric field as a function of distance for constants R1 =1.5 N0 /N mm and
s=0.0474 N0 /N mm and different R2 =0.1, 0.6 and 1.1 N0 /N mm.
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Figure 4.8. Rain spectra as a function of diameter D of raindrop.

which allows for growth of streamer and formation of streamer corona. Experiments at ground pressure have shown that leaders are initiated when the length
of streamer corona is ∼1 m [Raizer , 1991, p. 366]. In order to verify our results
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based on the image method described in Section 2.4 and Appendix A2, we compare our results with [Cooray et al., 1998, Figure 4] indicated by circles as shown
in Figure 4.5. We find that our results agree well with the ones from [Cooray et al.,
1998] for two particles with and without a discharge channel.
In order to investigate streamer initiation outside of these two spheres, we
search for the relationship between R1 and R2 under applied electric fields of 0.2Ek ,
0.3Ek , 0.4Ek and 0.5Ek . We calculate the electric field at the outer periphery of
Sphere 2 and obtain the relationship between R1 and R2 following the methods
described in Section 2.2. In particular, to characterize streamer initiation, we use
a threshold value for a Meek number Mo =8. The results are shown in Figure 4.6,
and indicate that R1 as a function of R2 initially decreases, and then increases after
achieving a minimum value. Furthermore, we emphasize that for R1 and R2 in the
range of 0 N0 /N to 3 N0 /N mm, only 0.4Ek and 0.5Ek allow for streamer initiation.
All R1 and R2 combinations in regions above these two curves satisfy the streamer
initiation criterion. We note that these regions represent only a small fraction of
R1 and R2 parametric space corresponding to streamer initiation between spheres
as shown in Figure 4.4.
In order to further understand the minimum value of R1 as a function of R2 ,
in Figure 4.7, we keep constant R1 =1.5 N0 /N mm and separation s=0.0474 N0 /N
mm, and then modify R2 . Note that p1 , p2 and p3 correspond to those points
indicated in Figure 4.6. When R2 =0.6 N0 /N mm, the Meek number is M =8, and
the discharge ignites. When we decrease R2 to 0.1 N0 /N mm, the discharge is
not ignited. M =6.8 since even though the electric field at the surface of Sphere
2 increases, the electric field decreases sharply with distance from Sphere 2 such
that the length of the avalanche propagation is short, leading to a decrease of M .
Also, if we increase R2 to 1.1 N0 /N mm, the discharge is not ignited. The length
of avalanche propagation increases while the surface electric field decreases, which
results in M =5.5.

4.3

Streamer Initiation Frequency

Previous Sections 4.1 and 4.2 provide us with solutions when streamer ignition
is possible for two particles with given radii R1 and R2 . To evaluate whether
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this scenario can be responsible for lightning initiation, the measured particle size
distributions inside thunderstorms are combined with our simulated particle radii.
In order to investigate the possibility of scenarios shown in Figures 4.4 and 4.6,
we calculate the frequency for streamer initiation using equations (2.6), (2.7), and
three particle size distributions shown in Figure 4.8. Note that if we calculate the
collision frequency using the distribution based on [Auer , 1972] for the same radius
R1 =R2 =3 mm, we would get collision frequencies ∼5.8×105 1/s for the region
dimension of 2 km × 0.1 km × 0.8 km, and ∼3.6 1/s for the region with dimension
of 10 m, respectively, which are the same as the results mentioned in Section 3.2.
According to [Stolzenburg et al., 2007], the duration of electric field increase in
lightning flashes is 1−5 s. Therefore, we use the minimum frequency 1 Hz (i.e.,
requiring one or more collision events per second) as the threshold to determine
whether these scenarios are realistic. Results presented in Table 1 indicate that a
streamer can be initiated in the gap between two colliding hydrometeors at 0 km
altitude when the applied electric field E0 is larger than 0.3Ek for the rain spectra
of [Waldvogel , 1974] and when the applied electric field E0 is larger than 0.2Ek
for the rain spectra of [Marshall and Palmer , 1948] (i.e., for these parameters
the frequency is larger than 1 Hz). Table 2 shows that for the streamer initiation
outside of Sphere 2, when the applied electric field is 0.4Ek at 0 km and the rain
spectra is based on [Marshall and Palmer , 1948], the frequency can achieve 4.6 Hz.
The other models do not lead to streamer initiation. Table 2 indicates that for
applied electric fields 0.5 Ek at 0 km altitude all three models lead to streamer
initiation. In order to investigate streamer initiation outside of Sphere 2 at real
thundercloud altitudes, we consider representative altitudes of 3 km and 6 km since
according to [Rakov and Uman, 2003, p. 79, Table 3.9], the lightning discharge
initiated from the lower positive charge center and the main negative charge center
mainly occurs at these altitudes in thunderclouds. Results presented in Table 2
indicate that at an applied electric field 0.4 Ek none of the three models can lead
to streamer initiation at altitudes of 3 km and 6 km. For an applied field 0.5 Ek
Table 2 indicates that at 3 km, two out of three distributions give a value higher
than 1 Hz, and at 6 km, only distribution based on [Marshall and Palmer , 1948]
gives a value higher than 1 Hz. Based on the results shown in Table 2, we conclude
that the scenarios for lightning initiation are realistic only at a high field ∼0.5Ek ,
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Table 4.1. Frequency of streamer initiation (in Hz) under different applied fields 0.2Ek ,
0.3Ek , 0.4Ek and 0.5Ek calculated using different rain spectra models at 0 km. Note that
Λ=4.1r−0.21 and r is the rate of rainfall with the units of mm hr−1 , which are the values
in brackets in Table 1. Additionally, the units of N0 are m−3 mm−1 .

Source
N0 e−ΛD
0.2Ek
0.3Ek
0.4Ek
0.5Ek

[Waldvogel, 1974](10.2) [Waldvogel, 1974] (5.8)
35000e−3.7D
4000e−2.5D
1.3 × 10−4
2.3 × 10−2
1.9
11
2
1.4 × 10
1.6 × 102
3
1.4 × 10
6.7 × 102

[Marshall, 1948](25)
8000e−2.09D
2.6
4.1 × 102
3.4 × 103
1.0 × 104

Table 4.2. Frequency of streamer initiation (in Hz) outside of sphere 2 after spheres
connected with discharge channel under different applied field 0.4Ek and 0.5Ek calculated
using rain spectra models at 0, 3 and 6 km.

0.4Ek
1.2 × 10−3 (1)
0 km 6.1 × 10−2 (2)
4.6 (3)
2.6 × 10−7 (1)
3 km 2.4 × 10−4 (2)
5.0 × 10−2 (3)
1.2 × 10−12 (1)
6 km 7.1 × 10−8 (2)
6.4 × 10−5 (3)
(1) [Waldvogel, 1974] (10.2) (2) [Waldvogel,

0.5Ek
12 (1)
24 (2)
602 (3)
1.4 × 10−1 (1)
1.3 (2)
59 (3)
1.8 × 10−4 (1)
1.9 × 10−2 (2)
1.8 (3)
1974] (5.8) (3) [Marshall, 1948] (25)

which is higher than measured fields in thunderclouds.
As shown in Figure 4.8, particle distributions decrease exponentially with increasing radii. Considering this dependence within equation (2.1) for the frequency
of streamer initiation, it is observed that particles with radii (around minimum of
curve R1 =f (R2 )), R1 ∼1.5 N0 /N mm, and R2 ∼0.5 N0 /N mm will contribute most
to the streamer initiation. Since Liu et al. [2012a] used 0.5Ek for streamer initiation from an isolated ionization column, Sadighi et al. [2015] indicated that it is
possible that a stable streamer is initiated from thundercloud hydrometeors in a
0.3 Ek electric field, and 0.5Ek is also considered by Shi et al. [2016] for study on
the dynamics of relatively long streamers initiated from an isolated hydrometeor.
Therefore, the applied electric field 0.5Ek obtained from our results is similar to
fields used in previous studies. Note that we calculate the results in Tables 1 and 2
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using a very localized volume. The streamer initiation frequency is proportional to
volume. If we estimate the frequencies using 2 km×0.1 km×0.8 km based on [Proctor , 1991], the results would be multiplied by a factor of 160,000 such that when
the applied field is 0.4Ek , an avalanche-to-streamer transition is possible (e.g., at
6 km, the frequency could be 10.2 Hz for the rain spectra based on [Marshall and
Palmer , 1948]).

4.4

Conclusions

Principal contributions of this chapter can be summarized as follows:
1. We have formulated the model of two separate uncharged spheres with
different radii in a uniform electric field, and obtained the electric field in the gap
between two spheres using the image method.
2. We have found the relationship between the radii of two spheres for successful
streamer initiation in the gap between them.
3. The streamer would propagate from one sphere to another one if the streamer
is initiated in the gap, which leads to the electrical connection between these two
spheres and further increases the electric field on the outside periphery. We have
reproduced results of [Cooray et al., 1998] for streamer initiation on the outside
periphery of two spheres with the same radii, and connected with a discharge
channel in a uniform electric field, and obtained quantitative agreement with the
results presented in [Cooray et al., 1998].
4. We have estimated the frequency of streamer initiation based on particle
dimensions for a separated two-sphere system and a connected two-sphere system
and concluded that for the three considered hydrometeor model distributions the
streamer initiation is only possible for a relatively high electric field ∼0.5Ek at
altitudes 3 and 6 km. The most likely scenario is for two particles with radii
R1 ∼1.5 N0 /N mm and R2 ∼0.5 N0 /N mm.
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Chapter

5

Suggestions for Future Research
In this chapter, we suggest possible research topics related to lightning initiation
for the continuation of the work presented in this dissertation.

5.1

Analytical Solution for the Relationship Between the Hydrometeor Radius and the Minimum Thunderstorm Electric Field

We have the analytical equations for the Townsend coefficients [Morrow and Lowke,
1997], and the equation for the average electric field for the gap in a uniform electric
field [Lekner , 2010]. Additionally, the Meek condition [Raizer , 1991, p. 336] is also
known. It may be possible to formulate a closed form analytical representation of
results obtained numerically in this dissertation. This requires further investigation
and may be very useful for the atmospheric electricity community.

5.2

Electric Field on the Outside Periphery of a
Chain of Particles

Nguyen and Michnowski [1996] proposed a mechanism of calculating the electric
field at the outer periphery of a drop chain. However, the radius of particles in
a chain is required to be the same, and an important parameter k, the coefficient
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of charge transferred in the breakdown channel, is assumed to be as large as 0.5.
Cooray et al. [1998] also used this mechanism to investigate the number of drops
and the total length of the drop chain required for streamer initiation for a given
drop radius and applied electric field. Additionally, Cooray et al. [1998] indicated
that an electric field on the outside periphery of a chain can be approximately
estimated by using a conductor with hemispherical ends with a radius identical to
the ones of the drops in the chain. Thus, two additional aspects of this problem
could be investigated. For accurate electric field estimation, it would be of interest
to estimate the charge transfer coefficient for two drops with different sizes and
different separations between them. For fast calculation of the electric field, it is
expected to be possible to obtain the electric field by solving electrostatic problems
of a long column with two hemispheres at its ends.

5.3

Collision Frequency for a Chain of Particles

Since the model of a drop chain is considered, in order to investigate the possibility
of the occurrence of this scenario, it is necessary to evaluate the collision frequency.
Larionov et al. [2007] used the Boltzmann-Uehling-Uhlenbeck (BUU) transport
theory, which is concerned with binary collisions and the propagation of particles
in a self-consistent mean field, to estimate three-body collision frequencies. It
would be of interest to investigate the three-body collision frequency for streamer
initiation as the first step for this problem.

5.4

The Relationship Between the Meek Number and the Streamer Initiation Frequency

Gallimberti [1981] proposed an equation to calculate the Meek number for the
Meek breakdown condition
M = loge (NC ),

(5.1)

NC = 0.558 × 108 − 2.31Eg ,

(5.2)

with
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where Eg is the background electric field in units of V m−1 and Eg ≤2 × 107 V m−1 .
Cooray et al. [1998] also used the equations (5.1) and (5.2) to investigate the
streamer initation for a single water drop and a chain of drops. In our work, we
have used the Meek number Mo =8 to investigate the streamer initiation on the
outside periphery of two spheres based on [Jánský and Pasko, 2017], and found
that a relatively high applied electric field ∼0.5Ek is required for the ignition. The
substitution of 0.5Ek , where Ek =28.7 × 105 V m−1 atm−1 , into equation (5.2) leads
to Mo =20.1. Thus, it should be possible to find the radius combinations required
for the streamer initiation under the applied electric field 0.5Ek and further obtain
the corresponding streamer initiation frequency. It is expected that this approach
would allow us to evaluate the influence of an increase of the Meek number on the
streamer initiation frequency.

5.5

The Lightning Leader Process Due to a System of Positive Corona Streamers

The lightning leader process is a large-scale event including streamers as its elements [Raizer , 1991, p. 327]. Griffiths and Phelps [1976] used a numerical model
to calculate the electric field enhancement due to the propagation of a growing system of positive corona streamers and indicated that this model can produce fields
of breakdown strength for streamer initiation by multiple passages of a streamer
system. It is of interest to investigate the contribution of a streamer system to the
electric field amplification. Additionally, the related electric field relationships can
be further studied by using the streamer model proposed by Celestin and Pasko
[2010] by solving the drift-diffusion equations coupled with Poisson’s equation.

5.6

Conditions for Streamer to Leader Transition

Investigating conditions required for the streamer to leader transition that follows
after the avalanche to streamer transition is also of special interest. Experiments
at ground pressure have shown that leaders form when the length of the streamer
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corona is ∼1 m [Raizer , 1991, p. 366]. This can also be characterized as a 400
kV voltage drop along the length of a 1-m long streamer corona [e.g., Aleksandrov
et al., 2002, 2005]. Babich et al. [2016] indicated that a streamer will grow in
size and continue forming a streamer zone if it propagates in a field higher than
+
Ecr
∼4.4 kV cm−1 atm−1 , the minimum field required for the propagation of positive

streamers in air [Bazelyan and Raizer , 2000, pp. 48–50]. Since the satisfaction
of these conditions is likely to result in leader initiation, quantitative results are
needed to describe specific scenarios when leaders can be initiated in systems when
the initial streamer corona is produced due to collisions of conducting particles.
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Appendix

A

Electric Field Calculation Based on
the Image Method
A.1

Electric Field for Two Particles without a
Discharge Channel

The schematics for two separated particles is shown in Figure A.1. Note that we use
the terms Qm (i, j) and zm (i, j) to represent charges and relative locations in Sphere
1 or 2, where m (e.g., 1 or 2) represents whether the charge belongs to Sphere 1
or 2. The index j represents the iteration number, and i represents the index of
charge in each sphere in the jth iteration. To better illustrate the procedures of
the image method, we discuss an image charge of Q at z=−RQ in Sphere 1 as an
example. In the first iteration, we have an image charge of Q1 (1, 1)=− RR1QQ with
R2

location z1 (1, 1)=−R1 − RQ1 in Sphere 1 to keep it equipotential under the influence
of charge Q. In order to keep the neutrality of Sphere 1, we place neutralization
charge Q1 (2, 1)=−Q1 (1, 1) at the center of Sphere 1 where z1 (2, 1)=−R1 . Thus,
in the second iteration, in order to keep Sphere 2 equipotential, we place two
R2

R2 Q1 (i,1)
image charges Q2 (i, 2)=− s+R
with locations z2 (i, 2)=s + R2 − s+R2 −z2 1 (i,1)
2 −z1 (i,1)
P
(i=1, 2). To preserve its neutrality, we place Q2 (3, 2)=− 2i=1 Q2 (i, 2) in the center

of Sphere 2 where z2 (3, 2)=s+R2 . It is easy to find that in the (2k−1)-th iteration,
2k charges would be introduced to Sphere 1, and in the (2k)-th iteration, 2k+1
charges would be introduced to Sphere 2, where k=1, 2, 3, 4, .... For (2k−1)-th
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Figure A.1. The schematics for evaluating the electric field in the gap of two particles
without a discharge channel using the image method.

(k=2, 3, 4, ...) iteration, the image charges in Sphere 1 can be represented as
R1 Q2 (i1 , 2k − 2)
, i1 = 1, 2, ..., 2k − 1
z2 (i1 , 2k − 2) + R1
R12
z1 (i1 , 2k − 1) = −R1 +
, i1 = 1, 2, ..., 2k − 1
z2 (i1 , 2k − 2) + R1

Q1 (i1 , 2k − 1) = −

(A.1)

and the relative neutralization charges in Sphere 1 can be represented as
Q1 (i1 , 2k − 1) = −

2k−1
X

Q1 (i, 2k − 1), i1 = 2k

i=1

z1 (i1 , 2k − 1) = −R1 , i1 = 2k

(A.2)

Similarly, for (2k)-th (k=2, 3, 4, ...) iteration, the image charges in Sphere 2 can be
represented as
Q2 (i2 , 2k) =

−R2 Q1 (i2 , 2k − 1)
, i2 = 1, 2, ..., 2k
−z1 (i2 , 2k − 1) + s + R2
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z2 (i2 , 2k) = s + R2 −

R22
, i2 = 1, 2, ..., 2k
−z1 (i2 , j) + s + R2

(A.3)

and the relative neutralization charges in Sphere 2 can be represented as
Q2 (i2 , 2k) = −

2k
X

Q2 (i, 2k), i2 = 2k + 1

i=1

z2 (i2 , 2k) = s + R2 , i2 = 2k + 1

(A.4)

Using the equations mentioned above, we can also find the charge series for
Sphere 1 and Sphere 2 that resulted from images of −Q at z=RQ in Sphere 1 and
Sphere 2, and images of Q at z=−RQ in Sphere 2. We can find the potential of
the gap between the two spheres by summing up the potential produced by all
the image and neutralization charges in every iteration, and then find the electric
field in the gap by calculating the negative gradient of the potential. Note that
the iteration number should be large enough to guarantee the convergence of the
solution.

A.2

Electric Field for Two Particles with a Discharge Channel

The schematics for two particles with a discharge channel in a uniform electric
field is shown in Figure A.2. We use the terms Qm (i, j) and zm (i, j) to represent
charges and relative locations in Sphere 1 or 2 with the same notation as in Section
A1. Note that the precision of defining the location of the initial charges would
influence the accuracy of the electric field at the outer periphery of these two particles significantly. We introduce d to represent the distance between the remote
charge Q and the outer surface of Sphere 1 or 2 such that the charge magnitude
Q = 2πε0 E0 (d + R1 + R2 + 2s )2 . In order to illustrate this method, we take image
charges resulting from the left side charge Q as an example. In the first iteration,
R1 Q
we have an image charge of Q1 (1, 1)=− d+R
with location z1 (1, 1)=−R1 −
1
−R2 Q
in Sphere 1 and Q2 (1, 1)= d+2R
with location z2 (1, 1)=s + R2 −
1 +s+R2

R12
d+R1

R22
d+2R1 +s+R2

to keep each particle equipotential under the influence of charge Q. Now both
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Figure A.2. The schematics for evaluating outside electric field of two particles with a
discharge channel using the image method.

spheres are at a potential of U =0, but the total charge of the system is generally not zero. We introduce Q1 (2, 1) and Q2 (2, 1) in the center of each particle
to satisfy the relationship

Q1 (2,1) Q2 (2,1)
= R2
R1

guaranteeing the same potential of both

spheres. Combined with the condition that the total charge is zero, we can find that
1
2
Q1 (2, 1)=− R1R+R
(Q1 (1, 1) + Q2 (1, 1)) and Q2 (2, 1)=− R1R+R
(Q1 (1, 1) + Q2 (1, 1)).
2
2

In the second iteration, these two charges in Spheres 1 and 2 produce another
two image charges in Sphere 2 and 1, respectively. We introduce the third charge
Q1 (3, 2) and Q2 (3, 2) to keep the two particle system equipotential and the total
charge zero. We can find that in the j-th iteration, j+1 charges would be introduced to Sphere 1 and Sphere 2, respectively. For the jth (j=2, 3, 4, ...) iteration,
the image charges in Sphere 1 can be represented as
R1 Q2 (i1 , j − 1)
, i1 = 1, 2, ..., j
z2 (i1 , j − 1) + R1
R12
z1 (i1 , j) = −R1 +
, i1 = 1, 2, ..., j
z2 (i1 , j − 1) + R1

Q1 (i1 , j) = −
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(A.5)

and the image charges in Sphere 2 can be represented as
−R2 Q1 (i2 , j − 1)
, i2 = 1, 2, ..., j
−z1 (i2 , j − 1) + s + R2
R22
z2 (i2 , j) = s + R2 −
, i2 = 1, 2, ..., j
−z1 (i2 , j − 1) + s + R2

Q2 (i2 , j) =

Using the conditions

Q1 (j+1,j) Q2 (j+1,j)
= R2
R1

and

Pj+1
i=1

(A.6)

P
Q1 (i, j)+ j+1
i=1 Q2 (i, j)=0, we

find that
j
j
X
X

R1
Q1 (i1 , j) = −
Q1 (i, j) +
Q2 (i, j) , i1 = j + 1
R1 + R2 i=1
i=1

z1 (i1 , j) = −R1 , i1 = j + 1

(A.7)

and
j
j
X
X

R2
Q1 (i, j) +
Q2 (i, j) , i2 = j + 1
Q2 (i1 , j) = −
R1 + R2 i=1
i=1

z2 (i1 , j) = s + R2 , i2 = j + 1

(A.8)

Having applied the equations mentioned above, an image charge series for
Sphere 1 and Sphere 2 that resulted from charge −Q at z=RQ can be found.
The potential at the outer periphery of the two spheres can be calculated by summing up the potential produced by all image and neutralization charges in every
iteration, and the electric field can be obtained by calculating the negative gradient
of the potential.
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Appendix

B

Electric Field Calculation Based on
an Infinte Series Solution of
Laplace’s Equation
In this appendix, we summarize the results of [Lekner , 2011; Davis, 1964] to calculate the average electric field Eave and the maximum electric field Emax in the
gap between two spherical conductors in an external field E0 aligned with the line
connecting centers of the spheres. The model is shown as Figure 2.1. Davis [1964]
and Lekner [2011] used bispherical coordinates (µ,η) [Morse and Feshbach, 1953,
p. 1283]. Based on relations given by Morse and Feshbach [1953, p. 1298] and
Davis [1964], the two conducting spheres of radius R1 and R2 separated with the
gap of length s illustrated in Figure 1 are characterized by µ=−µ1 and µ=µ2 , with


d1 + a
,
µ1 = ln
R1


d2 + a
µ2 = ln
,
R2


(B.1)
(B.2)

where the bispherical scale factor is:

1

1

a = (d21 − R12 ) 2 = (d22 − R22 ) 2 ,
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(B.3)

where d1 and d2 represent the distances of the centres of these two spheres from the
origin of the bispherical coordinates, and can be given by the following equations:

1 2
(h + R12 − R22 ),
2h
1 2
d2 =
(h + R22 − R12 ),
2h

d1 =

(B.4)
(B.5)

where h=R1 +R2 +s.
Accoring to [Davis, 1964; Lekner , 2011], we obtain the potential of Sphere 1
and Sphere 2:

R2 S1 − R1 S0
,
S1 S2 − S02
R1 S2 − R2 S0
,
V2 = −aE0
S1 S2 − S02
V1 = aE0

(B.6)
(B.7)

where U =µ1 +µ2 , R1 =R(U, µ1 ), S1 =S(U, µ1 ), S0 =S(U, 0) (and likewise for R2 =R(U, µ2 ),
S2 =S(U, µ2 )) and R(U, µ) and S(U, µ) are defined as:

R(U, µ) =
S(U, µ) =

∞
X
(2n + 1)[e(2n+1)µ + 1]
n=0
∞
X
n=0

e(2n+1)U − 1

,

e(2n+1)µ
.
e(2n+1)U − 1

(B.8)
(B.9)

The ratio of Eave , the average electric field in the gap between the two spheres,
to the applied electric field E0 [Lekner , 2011, equation (32)] is
Eave
V1 − V2
a R1 S2 + R2 S1 − (R1 + R2 )S0
=
=
.
E0
E0 s
s
S1 S2 − S02

(B.10)

The electric field at point A [Davis, 1964] of Figure 1 is computed from the normal
derivative


EA = −

∂V
∂n
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.
µ=−µ1 ,η=π

(B.11)

Based on [Lekner , 2011, equation (13)], the potential function V (µ, η) can be
written as

∞ 

X
√
1
1
1
V (µ, η) = 2(coshµ − cosη) 2
An e(n+ 2 )µ + Bn e−(n+ 2 )µ Pn (cosη) − E0 z,
n=0

(B.12)
where Pn represent Legendre polynomials and the coefficients are represented
as

−aE0 (2n + 1)[e(2n+1)µ2 + 1] + V1 e(2n+1)µ2 − V2
,
e(2n+1)U − 1
aE0 (2n + 1)[e(2n+1)µ1 + 1] + V2 e(2n+1)µ1 − V1
Bn =
,
e(2n+1)U − 1
An =

(B.13)

and the normal derivative at the surface of Sphere 1 [Jeffery, 1912] is
1
∂
∂
= − (coshµ1 − cosη) .
∂n
a
∂µ

(B.14)

Thus, (B.11) can be deduced into

EA = −

∂V
∂n


µ=−µ1 ,η=π
∞
X

3
1
= (coshµ1 + 1) 2
a

1

(2n + 1)e(n+ 2 )µ1 An Pn (−1).

n=0
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