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Abstract

This work proposes and analyzes a Markov-switching autoregression model struc-
ture for joint probabilistic modeling of the beam and global components of solar
irradiance, which are important to simulate the performance of a variety of solar
energy conversion devices, including solar photovoltaics. The ability of this model
to assess the hourly solar resource is tested, using both a version of the model
that is calibrated using all-year data and a version of the model that combines
individual seasonally-calibrated models. While this simple model does not fully
capture the behavior of the solar resource, an analysis of the posterior predictive
distribution reveals strategies for improvement. A version of this model is also used
to forecast both irradiance components for a 15-minute lead time while assimilating
geostationary satellite data into an inhomogeneous transition probability specifica-
tion. The inhomogeneous specifications produce sharper predictive distributions
than an analogous homogeneous model, but all have similar skill relative to a smart
persistence forecast.
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Chapter 1
Introduction

The proportion of electricity generated in the United States from solar energy is
increasing rapidly. As of 2016, the United States had more than 56,000 GWh of net
electricity generation from solar energy (including both utility-scale and small-scale
generation), almost double the amount of solar energy generation in 2014 (EIA,
2017, Table 1.1A). This growth is not expected to slow down in the near future:
the state of California is aiming for 33% renewable generation by 2020, and 38
states have renewable standards or targets; Pennsylvania is targeting 0.5% solar
photovoltaic generation by 2020-21) (Durkay, 2017).

The increasing number of solar projects require methods to accurately quantify
solar resource uncertainty and variability. This need may be driven by financial
risk (McMahan et al., 2013) or power plant or system simulations for planning
or operations (Lave et al., 2013; Dall’Anese et al., 2015). Forecast uncertainty is
the result of intermittency in the solar resource, which is predominately driven
by cloud transients. Resource variability occurs on time scales ranging from inter-
annually (Miiller et al., 2014) to seasonally and monthly (Liu and Jordan, 1960;
Bendt et al., 1981) to hourly and sub-hourly (Curtright and Apt, 2008) to minutes
and seconds (Ela et al., 2013). Variability on longer scales (monthly through
inter-annually) is the result of climatological variability as well as variations in the
solar cycle, while variability on shorter scales is the result of the stochastic nature
of cloud field evolution and other sources of atmospheric losses (Calinoiu et al.,
2014).

Both solar resource variability and uncertainty present system planners with
challenges. Resource variability leads to fluctuations in generated power, increasing

financial risk (McMahan et al., 2013), as well as introducing constraints on power



Figure 1.1: The components of solar radiation incident on a PV panel, including
beam (direct) radiation and radiation diffused by multiple sources. Reproduced
from Brownson (2014).

dispatchability that are unique from those related to stock-type resources such as
coal (Von Meier, 2011). Forecast uncertainty increases power systems operating and
production costs due to the need to have a sufficient amount of backup generating
capacity available to compensate for shortfalls (Ela et al., 2013; Eber and Corbus,
2013).

The availability of the solar resource is important for disciplines other than
electric power generation, due to the fundamental energetic role of solar radiation
in the earth’s natural processes. Many traditional aspects of human societies were
shaped by a need to take advantage of solar energy for applications such as heating
and agriculture (Perlin, 2013), and buildings serve as large solar collectors, with solar
radiation serving as a primary driver for cooling and heating loads (Witmer, 2014).
Plant sciences rely upon solar resource modeling to understand photosynthesis
and optocalorics (e.g. Gates, 1968; Ashenfelter and Storchmann, 2006; Bois et al.,
2008). As a result, solar resource assessments and forecasts which capture the
variability and uncertainty of the resource across multiple time scales are essential
for simulations across many disciplines. Indeed, as will be seen in Chapter 2,
probabilistic solar resource models are becoming more common.

The available solar resource at the surface can be broadly divided into beam

(or direct) and diffuse radiation, though as shown in Figure 1.1 “diffuse” radiation



can come from many different sources. The total of the available beam and
diffuse radiation is referred to as global radiation. The fraction of global irradiance
attributable to diffuse sources is the diffuse fraction or diffuse ratio. The difference
between the beam and diffuse components of solar radiation incident upon a surface
is relevant for many applications. While solar photovoltaics (PV) can convert beam
(or direct) and diffuse radiation (the combination of the two incident upon a surface
is referred to as global irradiance), they are typically tilted at an angle, making
the relationship between the tilt angle and the solar zenith angle 6, relevant for
calculating the beam irradiance incident on the PV surface as well as the radiation
reflected by the PV’s glass coating.

For many applications, including solar concentrating technologies and plant
optocalorics, beam irradiance is the primary relevant component for their solar
resource conversion. However, as will be documented in Chapter 2, beam irradiance
is often modeled in a way which either collapses the joint probability distribution
of global and direct irradiance onto the marginal distribution of global irradiance
or models the availability of direct irradiance as a separate process. The separation
of global and direct irradiance modeling is largely motivated by differences in
application areas. For example, while solar PV convert global irradiance, concen-
trating solar technologies can only make use of the direct component. However,
this approach results in models which are less useful for application-agnostic solar
resource modeling.

While the limitations of separating direct and global irradiance modeling are
hopefully clear, modeling beam irradiance as largely deterministic conditional on
global irradiance is extremely limited. Gueymard (2010) plotted the relationship
between global irradiance and the diffuse fraction on hourly and one-minute time
scales (Figure 1.2). While the Erbs et al. (1982) diffuse-sky model (based on an
empirical correlation) captures the general trend on an hourly scale (though a
large amount of diffuse fraction variability is left unexplained), there is no visible
relationship between the two variables on a one-minute scale. Therefore, the joint
variability of the two components can not be properly incorporated into an analysis
depending on simulations of global and direct irradiance based on similar methods.

This dissertation uses bivariate probability models to jointly model global
and direct irradiance (or, more specifically, non-dimensional versions of these

variables). These models, and similar models, can facilitate the use of Monte



1 1
0.9 0.9
08F 0.8
0.7 i 0.7
x e L
o 06 o 08
& g
§ 0.5: § o5
% 0.4 -E- 0.4
0.3 0.3
0.2 ; : 0.2f°
0.1 Hou s 5008008 " ' : 0.1 5
ol e R O I 190 CA 2006 2000 by
0o 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Clearness ratio, K. Clearness ratio, K
(a) Diffuse fraction vs. clearness in- (b) Diffuse fraction vs. clearness
dex for hourly data. index for one-minute data.

Figure 1.2: Plots of the diffuse fraction vs. the clearness index (the ratio of surface-
level global irradiance to top-of-the-atmosphere global irradiance; see Section 2.1)
for hourly and one-minute averaged data, along with the empirical relationship
between the diffuse fraction and clearness index quantified by the Erbs et al. (1982)
diffuse-sky model. Reproduced from Gueymard (2010).

Carlo simulation methods for application-specific analyses that require global and
direct irradiance as resource inputs. As far as we know, this is the first work to
probabilistically model both global and direct irradiance as marginal components
of a higher-dimensional stochastic process. We do this using Markov-switching
models (defined in Chapter 3), which can probabilistically capture the uncertainty
associated with cloud-regime intermittency. Further, this dissertation uses Bayesian
methods to tune and calibrate these models, allowing us to quantify uncertainty on
the level of model parameters. The Bayesian framework also allows for the explicit
incorporation of meteorological knowledge via prior distributions into the model
selection and calibration processes. The remainder of this dissertation is structured

as follows.

o Chapter 2 — Statistical Modeling of Solar Irradiance:
Chapter 2 provides an overview of the state of statistical (as opposed to
physical) modeling of the solar resource available at the surface as well as
more formal definitions of solar irradiance components. The current state-
of-the-art methods, as well as their evolution, are described along with their

limitations.

o Chapter 3 — A Markov-Switching Vector Autoregression Model for

4



Solar Irradiance:
Chapter 3 defines the model used in this dissertation and provides background

on Markov chains and Markov-switching autoregression models.

Chapter 4 — Bayesian Inference for MSVAR Models:
Chapter 4 discusses Bayesian inference and provides algorithms for a Gibbs

sampler for Markov-switching vector autoregression models.

Chapter 5 — Hourly Solar Resource Assessment Modeling;:

Chapter 5 uses a Markov-switching autoregressive model to model the solar
resource at Rock Springs, PA on an hourly time scale. We compare the fit
of a single model fit to all-year data to that of a model which models each

season separately.

Chapter 6 — Forecasting Components of Solar Irradiance:

Chapter 6 uses the Markov-switching autoregressive model framework to
forecast 15-minute-ahead irradiance components. We compare a forecasting
model driven by a time-homogeneous Markov chain to one with an under-
lying time-inhomogeneous Markov chain, where the time-varying transition
probabilities are based on covariates derived from geostationary satellite im-
ages. We also compare the performance of these models against a persistence

benchmark.

Chapter 7 — Conclusions and Future Work:

Chapter 7 concludes this dissertation by discussing themes which unify the
problems of probabilistic solar resource assessment and forecasting, as well
as proposing future research directions which can capitalize on the methods

used in this work.



Chapter 2
Statistical Modeling of Solar Ir-
radiance

2.1 Solar Radiation Components

Solar radiation is either absorbed, reflected, or refracted /transmitted as it travels
through the atmosphere. This results in the radiation arriving at the surface
either through a direct beam or after being scattered by a number of sources (see
Figure 1.1). Decomposition of total irradiance into various components is critical
for anisotropic sky models as well as for solar energy conversion systems (SECS)
which involve only a single component (such as concentrating solar technologies
or plant optocalorics). In this section, we will discuss the components of the solar

resource in more detail.

2.1.1 Beam lrradiance

Beam irradiance is typically represented as direct normal irradiance (DNI). DNI
is the beam component of solar radiation incident on a surface facing the sun, or
the beam component normal to the earth’s surface. DNI is of particular interest
to concentrating solar technologies, but it is also of interest more generally. For
example, as solar PV devices typically have glass surfaces, it is necessary to
understand the angle of incidence of beam radiation relative to the PV surface to
compute the amount of radiation reflected by the PV surface.

Directly measuring DNI is relatively expensive, as only the radiation within a

small angle of the center of the solar disc must be measured, requiring pyrheliometers



to be mounted on sun-tracking devices (see Srikrishnan (2015, Section 1.1) for a
brief overview of solar irradiance measurement procedures and costs, and Sengupta
et al. (2015) for more details and best practices).

To remove the diurnal trend from measurements of DNI (often for the purposes
of time-series analysis), normalization with respect to top-of-atmosphere (TOA)
radiation results in the direct normal clearness index (or direct normal transmittance
index) k,. As the other solar components are often quantified with respect to a
horizontal surface, it can be useful to measure beam irradiance in terms of beam

horizontal irradiance (BHI), via the relationship
BHI = DNI x cos#f,, (2.1)

where 6, is the solar zenith angle, Normalizing BHI with respect to TOA radiation
results in the beam index ky,
ky = BHI/G,. (2.2)

Tovar-Pescador (2008) refers to k;, as the “direct index” (we use the terminology
“beam index” to avoid confusion with the DNI-based k,,, as used in Sengupta et al.

(2015)).

2.1.2 Diffuse Irradiance

The diffusion of radiation can be represented isotropically or anistropically (Brown-
son, 2014). The isotropic diffuse model combines an isotropic sky model with an
estimate for the radiation diffused by the ground (Liu and Jordan, 1960), while
anisotropic models account for the different contributions of various sky sources of
diffusion, such as circumsolar and horizon diffuse radiation (Perez et al., 1986).
Diffuse irradiance is typically represented as diffuse horizontal irradiance (DHI).
DHI is the total diffuse irradiation incident on a horizontal surface, regardless of
the mechanism of diffusion. While DHI doesn’t include ground-diffused radiation
(unless this radiation is further reflected back towards the horizontal collector) , it
integrates contributions from multiple diffusing mechanisms in the sky dome. DHI

normalized by TOA irradiance is the diffuse horizontal index kg,

kqs = DHI/G,, (2.3)



as compared to the diffuse fraction kp,
kp=DHI/GHI.

The amount of diffusion by the sky dome (the magnitude of k;) depends on a
number of factors, including atmospheric turbidity and the types and arrangement

of clouds.

2.1.3 Global Irradiance

Global irradiance is most often measured as global horizontal irradiance, or GHI,
which is the total irradiance incident on a horizontal surface, regardless of whether
the radiation is direct or diffuse. GHI is the sum of BHI and DHI, or as more

commonly represented,
GHI = DHI + DNI x cos¥.,. (2.4)

As solar PV devices can convert both direct and diffuse radiation, GHI is a
standard input for modeling PV performance. GHI is also relatively easy to
measure at low cost, and GHI measurements are more commonly available than
DNI or DHI measurements. As a result, when DNI and/or DHI measurements are
desired (such as for plane-of-array (POA) measurements of global irradiance on a
tilted collector), they are often derived from GHI measurements or forecasts using
empirical correlations (see Section 2.4).

The clearness index k; is GHI normalized by TOA radiation. Some authors use k;
to refer to the hourly-averaged clearness index and K to refer to the daily-averaged
clearness index, but in this dissertation we use k; to denote the clearness index
regardless of data-averaging period, largely for the sake of consistency. Another
common normalization is the clear-sky index k., where GHI is normalized by
the estimated clear-sky GHI (using a clear-sky model such as those surveyed
by Gueymard (2012a)). One advantage of using the clear-sky GHI as a normalizing
factor is that it eliminates non-stationarity due to variations in clear-sky optical

depth.



2.2 Dimensionless Quantification of the Solar Resource

Quantification of the available surface-level solar resource requires knowledge of
GHI, DNI, and DHI. Due to the relation expressed by Equation (2.4), values for
two of these three components are sufficient if combined with the solar zenith
angle #,. Ultimately, we are interested in expressing the amount of attenuation
and scattering that occurs as the TOA radiation travels through the atmosphere.
The instantaneous TOA irradiance Gy is known as a function of locale (Brownson,
2014). The standard set of state variables (following Liu and Jordan (1960)) is
{Go, 0., ki, kp}, where kp = DHI/GHI is the diffuse ratio.

However, when treating GHI, DNI, and DHI as random variables, the use of kp
is not ideal as both elements in the ratio are unknown quantities (in particular, there
is a dependence of kp on k;). kp can be written as the ratio k;/ky, or equivalently
ki/ (k¢ — ky). As k; and k, are independent quantities (we use kj, instead of k4 as we
are directly interested in DNI), the state variable set {Gl, 0., ki, ks } is preferable for
modeling. Moreover, k; and k;, are non-dimensional, with their dimensional variants
GHI and BHI depending only on the deterministic quantities Gy and 6,. This allows
us to model only the stochastic components of the downwelling radiative transfer
process (k; and k), rather than those emerging from sun-observer geometry (Gy
and 6,).

A more formal argument of the sufficiency of k; and k;, is possible using the
Buckingham 7 theorem (Buckingham, 1914). By the argument in the preceding
paragraph, the set of dimensional state variables {Gy, 0., GHI, DNI} characterizes
the overall downwelling radiative transfer process (from the top of the atmosphere to
surface-level). There are two dimensions, W and m (M and L in M LT units), and
so 4 — 2 = 2 non-dimensional variables are sufficient to describe the system. While
the Buckingham 7 theorem is not constructive, it is clear that k; and k; are two
non-dimensional quantities that characterize the overall downwelling attenuation

and scattering processes.

2.3 Distributions of Irradiance Components

As might be expected, the length of time over which irradiance values are averaged
will affect their distribution (Muneer et al., 2004). Figures 2.1 and 2.2 show several
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2006 through December 31, 2017.
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visualizations of the marginal and joint distributions for hourly- and 15-minute-
averaged k; and ky, respectively, from the SURFRAD site at Rock Springs, PA.
Both sets of marginal distributions are clearly multi-modal, with modes that could
roughly be described as “cloudy” and “clear.” It is important to note, however,
that distributions with two modes can be generated by mixtures with more than
two components, and so it might be a mistake to assume that these distributions
ought to be generated by two unimodal distributions.

The scatterplots in Figures 2.1g and 2.2g show that the 15-minute k; distri-
bution has a longer right tail than the hourly distribution. There is also more
k; variability associated with each k; slice over the shorter averaging period, and
shorter averages also result in a higher density for larger-valued combinations of k;
and ky, (roughly corresponding to k; = k, = 0.75; compare Figures 2.1h and 2.2h).
Thus, characterizations of the distribution of k; and k, values depend on the time
period over which the data is averaged.

The pioneering work of Liu and Jordan (1960) discovered that the distribution
of daily k; values over a month, conditioned on the monthly average, are effectively
similar across locations. A similar relationship between hourly k; values and the
daily average was also observed. Hollands and Huget (1983) developed unimodal
probability distributions for hourly k; conditioned on the daily average k;. Aguiar
and Collares-Pereira (1992a) clustered distributions for hourly k; into various
ranges of daily k; averages, and found that these distributions were non-stationary
throughout each day with respect to the solar zenith angle.

Stuart and Hollands (1988) examined the probability distribution of the hourly
beam index k,. This distribution was found to be a mixture of a point distribution
at ky, = 0 and another component for 0 < k, <= 0.8, with the shape of the latter
component depending on the daily mean. This combination of a spike at k, = 0
and another distribution with support on 0 < k;, <= 0.8 is also seen in the marginal
distribution of k;, in Figures 2.1 and 2.2. Skartveit and Olseth (1992) modeled

probability distributions for k, and k; for 5 minute-averaged data.
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2.4 Empirical Correlations Between Irradiance Com-

ponents

Due to the ease of measuring GHI and the relative expense of measuring DNI and
DHI, statistical models (commonly referred to as empirical correlations) are often
used to translate between GHI values (measured or modeled) and DNI and/or
DHI values. Liu and Jordan (1960) introduced correlations between k; and the
diffuse fraction DHI/GHI = ky/k; for clear and cloudy conditions. Over time, many
polynomial and logistic fits have been proposed between the diffuse fraction and
ki. The Erbs et al. (1982) fit is shown in Figure 1.2. Others (including Skartveit
et al. (1998), Boland et al. (2013), and Engerer (2015)) use additional variables
to capture some of the variability seen in Figure 1.2. Torres et al. (2010), in a
review of several models for the diffuse fraction, noted that models which include
an autoregressive component perform better than polynomial or logistic models.
Not surprisingly, models which incorporate more of the system dynamics (and
therefore capture more of the diffuse fraction variability) perform better than those
which deterministically map k; values to diffuse fraction values (Torres et al., 2010;
Engerer, 2015).

Several models also exist for estimating k; directly from k; (Skartveit and Olseth,
1987; Maxwell, 1987; Louche et al., 1991; Perez et al., 1992). Batlles et al. (2000)
found that the correlations tended to perform better under clear conditions with a
high solar elevation.

One problem with generalizing many empirical correlations is that they tend
to be developed for a relatively spatially limited set of data, when the prevailing
meteorological conditions (and therefore the radiative transfer patterns) in the
locations used to fit the model may differ from those in the location of interest.
Models which incorporate additional covariates may be able to cope with this
difficulty so long as the training data set is representative, but the operational use
of these models then requires additional streams of data, which may or may not be

available.
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2.5 Statistical Time Series Models for Solar Irradi-

ance Components

2.5.1 Time Series Modeling of the Solar Resource

Time series models of the solar resource are generally produced for one of two
purposes, which might be more broadly described as planning and operations. Plan-
ning (e.g. sizing, assessment of risk, and integrations planning) requires modeled
data which has the statistical features of the “true” solar resource. Operations (e.g.
maximum power-point tracking, economic dispatch, and unit commitment), on the
other hand, is based on forecasted values of anticipated solar irradiance.

A common class of modeled data sets is the Typical Meteorological Year
(TMY), which is intended to capture the “average” properties of the meteorological
conditions, including solar irradiance, at the location of interest based on several
years of data. TMY datasets were originally intended for use in building heating
and cooling load models (Sengupta et al., 2015). Klein et al. (1976) demonstrated
that the appropriateness of “typical” or “average” datasets as inputs depends on the
sensitivity of the SECS to variations in the available solar resource. Indeed, Sengupta
et al. (2015) state that TMY datasets are not appropriate for optimizing SECS
performance, and that while many computational models use TMY datasets to
predict the typical performance of a SECS, this was not the original purpose for
which TMY datasets were designed. Indeed, for many simulation objectives, such
as financial risk assessment or electric system planning, “typical” behavior may
be no more important than characterizing extremes in convertible solar irradiance
(particularly on the low end of the distribution), and it is critical to capture
variability on the time scales of interest (Vignola et al., 2012).

Knight et al. (1991) classifies synthetic weather generation schemes into two
classes. The generation of a TMY-type “representative” year is Type II in this
classification. The aim of this type of data set is to contain within one simulated
year sufficient variability to simulate SECS performance in realistic conditions with
relatively limited computational expense. Type I schemes involve the stochastic
generation of many data sets which, taken in aggregate, reproduce the long-run
statistics of the observed record. The latter approach is less problematic today

due to increases in computational power, as simulating and analyzing SECS perfor-
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mance over many years of observed or synthetic data is not generally prohibitively
expensive.

One possible objection to the goal of replicating the long-run statistics of the
observed record is that there may be many locations in which there is not a
sufficiently long observed record for the frequentist statistics to be known with
appropriate levels of confidence. Vignola et al. (2012) observe that for DNI, 30
years of high-quality measured data was required in the Pacific Northwest to gain
confidence in a statistically significant trend, though Liu and Jordan (1960) point
out that this length depends on location. In any case, it is difficult to know
a priori how much data will be required. It is important to consider that the
observed record consists of a series of realizations of what may be considered to be
a stochastic process, particularly when data is relatively limited. This dissertation
adopts the Bayesian perspective that the goal of synthetic generation ought to be
to quantify the uncertainty surrounding the observed record, rather than trying to
strictly replicate the statistics of the observed record (this point is discussed further
in Chapter 4). This approach allows SECS performance to be probabilistically
evaluated against an ensemble of replications, all of which are consistent with the
observed data.

Operations and management of SECS requires forecasts of the expected observed
future values of solar irradiance, rather than the synthetic (hypothetical) series
used by simulations intended for planning purposes. This is because while planning
requires an understanding of how the SECS can be expected to behave over longer
time scales, operations work is aimed at understanding how the SECS will behave
over shorter time scales, over which changing meteorological conditions can be
forecasted. In one sense, the distinction between the data sets required by planning
simulations and those required by operations simulations can be expressed as the
difference between climatology and meteorology; planning/climatology is concerned
with the longer-term variability and behavior of the system at a particular locale,
while operations/meteorology is focused with the current and upcoming system
state and behavior.

While the general structure of irradiance models may be similar regardless of
purpose, the selection of a particular model, calibration, and the metrics used for
verification may depend on the intended purpose; we will explicitly consider these

factors in Chapters 3, 5, and 6. In the following review of the solar modeling litera-
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ture, we will distinguish between those models which are aimed at the generation
of synthetic series and those which aimed at the generation of forecasted series
(with the recognition that some work has been useful for both purposes).

Starting from datasets of meteorological inputs, physical models using explicit
or emulated radiative transfer code will resolve beam attenuation and scattering
directly, but are often computationally expensive, and running them multiple
times may be computationally prohibitive. Statistical characterizations of the solar
resource are therefore often used to model solar resource availability or forecast
irradiance. Most of these models can be broadly divided into two classes: machine
learning models (a class which includes artificial neural networks (ANN) and support
vector machines) and parametric time-series models, though there are some methods
which cross over between the two methods, and some which include methods that
are not clearly classifiable in either category.

In this section, we review the literature as it pertains to solar irradiance modeling
and forecasting, with a view towards identifying the current state-of-the-art and
motivating the models that are used in this dissertation. While ANNs (see e.g.
Bishop (1995) for an overview) have been a popular tool due to their ability to
mine complex patterns from large datasets (e.g. Elizondo et al., 1994; Mellit et al.,
2006; Mellit and Pavan, 2010; Marquez and Coimbra, 2011; Wang et al., 2009;
Linares-Rodriguez et al., 2013; Marquez et al., 2013; Marquez and Coimbra, 2013;
McCandless et al., 2013; Yang et al., 2014; Chu et al., 2014; Pedro and Coimbra,
2015; McCandless et al., 2016b; Aguiar et al., 2016; Gutierrez-Corea et al., 2016;
Chu et al., 2016; Chen and Kartini, 2017; Monjoly et al., 2017), we focus our
attention on models involving parametric time series models, for the following

reasons:

1. Parametric models have been observed to outperform ANNs for GHI fore-
casts over time horizons up to one hour, though this likely depends on the
choice of parametrization and which effects are represented by the model
structure (Reikard, 2009; Reikard et al., 2017; David et al., 2016).

2. Parametric models allow for more direct assimilation of prior information
about the problem into the model. In general, this is through the specifica-
tion of the likelihood (through model selection), though Bayesian modeling

procedures allow for prior information to be included through the prior

16



distributions.

3. Ome reason to model irradiance (rather than modeling PV power, or any
other SECS output) is that irradiance may be of more scientific interest
and provides the inputs for a conversion simulation (such as the System
Advisor Model (SAM) (Blair et al., 2014)). Due to the complex structure
of ANN models and their black-box nature, it is also not necessarily clear
how to interpret the coefficients. Parametric models are more “transparent,”
in the sense that the parameters (and their uncertainties) are more readily
interpretable. It is also clearer how the decisions made in the modeling and
calibration process affect the fit of parametric models. ANNs, on the other
hand, may be sensitive to choices in the training procedure, and those choices

do not necessarily provide guidance in terms of how to improve the model.

4. Probabilistic forecasts quantify the uncertainty in a prediction, which is an
essential for “optimal” (up to the choice of loss function) decision-making
procedures (Robert, 2007). While not all stochastic decision methods utilize
uncertainties to the same level of detail (an overview of some methods is
provided in Zheng et al. (2015)), more informative quantifications can be
“downscaled” to the level appropriate for a particular decision algorithm (see
e.g. Mehrotra and Papp (2013)), while less informative quantifications cannot
have more information added to them. It is less clear how to approach
probabilistic modeling and forecasting with ANNs, as each ANN represents
a deterministic function. Marquez and Coimbra (2011) obtained prediction
intervals for their ANN forecasts under the assumption that the residuals were
Gaussian-distributed with mean zero; another ANN was trained to estimate
the standard deviation of the residuals. A unique approach is the model
tree estimation of GHI variability by McCandless et al. (2015). While both
of these uncertainty forecasting methods are an improvement over Quantile
regression neural networks (Cannon, 2011) have not been used in the solar

literature to date, but could be useful for producing probabilistic forecasts.

Regardless of whether they are intended as synthetic generation models or
forecasting models, solar irradiance models should account for the intended time
scale of their application. Figure 2.3 shows the relationship between aspects of

electric power systems operations and the spatiotemporal extent of meteorological
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Figure 2.3: Temporal and spatial scales of weather phenomena along with those of
electric power systems considerations and operations. Meteorological data based
on data from Fujita (1981) and power systems information based on Von Meier
(2011). Reproduced from Srikrishnan et al. (2017).

phenomena. Models which are intended for use on sub-hourly time scales must
contend with the highly stochastic nature of cumulus cloud fields, while models
for more aggregated data (such as daily averages) should reflect synoptic-scale
variability and persistence. Aerosol optical depth also varies differently on different
time scales, which will affect the variability of the associated time series (Gueymard,
2012b).
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2.5.2 Autoregressive Time Series Models

The most common types of parametric time series models used in the solar modeling
literature are autoregressive models (AR), autoregressive-moving average models
(ARMA), and autoregressive-integrated-moving average models (ARIMA). These
models explicitly take into account the autocorrelation of the observations. The
AR model of order p (AR(p)) is

p
Y=+ Y dith—i + e,
i=1

where p is a constant and e, ~ N(0,3) is a white noise process. The stochastic
disturbances introduced by ¢; are referred to either as errors or innovations. In
addition to lagged observations, exogenous variables may be used as additional
regressors (these models are sometimes denoted as ARX models, though we do not
distinguish between AR and ARX models in this dissertation).

ARMA models of orders p,q (ARMA(p, q)) combine an AR(p) process with a
moving average (MA) process of order g. MA models model the observation as the

sum of lagged innovations, with the MA(¢) model being

q
Yo = e+ D ige .
j=1
MA models describe stationary time series, while series described by AR models
need not be stationary. The ARMA(p, ¢) model is

p q
Yy = W+ €¢ + Z Oil—i + Z Y€y
i=1 j=1

In many papers discussed below, the more general ARMA(p, 0) notation is used to
describe AR(p) models. ARIMA(p,r, q¢) models are more general still, modeling
the data after r first-differences with an ARMA(p, ¢) model.

These autoregressive models assume independent and identically distributed
(i.i.d.) Gaussian innovations. Correlated innovations may be modeled by modifying

the model structure. For example, the autoregressive conditional heteroskedasticity
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(ARCH) model (Engle, 1982)

Yt = O1&¢

q
o =g+ i,
i=0
where g, ~ N(0, 1), captures volatility clusters in innovation variance.

Other time series models capture autocorrelation in other ways. For example,
hidden Markov models (HMM) model the data as being emitted from a mixture
of processes, where the component indicator of the mixture is generated by an
underlying Markov chain. A Markov chain is a set of states S;,i € Z, where 7
is some index set, equipped with a probabilistic structure governing transitions
between these states as time progresses. The case where Z is finite (and thus the
states are discrete and finite) and where time is also treated as discrete is of most
relevance to both this dissertation and the solar modeling literature at large. In
this setting, the probabilistic structure on {.S;} is specified by a matrix of transition
probabilities 7(t), where n; ;(¢) is the probability of transitioning from S; to S; at
time t. More details on Markov chains are provided in Chapter 4. Autocorrelation
can then be modeled through the persistence of the mixture component indicator

or through temporal dependence of future values on previous observations.

2.5.3 Synthetic Generation of Solar Irradiance Series

Autoregressive models have been used to model solar irradiance since the 1970s (Goh
and Tan, 1977; Brinkworth, 1977; Mustacchi et al., 1979; Biga and Rosa, 1981;
Bartoli et al., 1981; Boileau, 1983; Graham et al., 1988; Graham and Hollands,
1990; Knight et al., 1991; Aguiar and Collares-Pereira, 1992b). Mustacchi et al.
(1979) recognized the unsuitability of a direct application of autoregressive models
of order p (AR(p)) for clearness indices due to the Gaussian likelihood for each
innovation. While k; may exceed a value of 1 (that is, GHI > GO due to cloud
lensing, this effect is less likely the longer the period over which the data is averaged,
and so we can observe that the domain of k; is some bounded set [0, 1+ 7]. From a
purely statistical perspective, assuming that the expected value of ¢; is zero, its
distribution is dependent on the previous values of k; (in particular, the skewness

of the distribution must be related to the distance between the linear combination
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of k; values in the model equation and the boundary values). Mustacchi et al.
acknowledged that transforming the observations to be Gaussian-distributed using
the empirical CDF prior to using an AR(2) model produced satisfactory results.
This approach was adopted by Graham et al. (1988) to generate synthetic daily k;
series with an AR(1) model.

Graham and Hollands (1990), in a seminal paper, decomposed hourly k; series

into a deterministic trend component k;,, and a stochastic component «,
kt = ktm + .

ki, was modeled as an exponential with respect to air mass m, ki, = a9 +
aj exp(—km), based on a clear-sky analysis. To extend this analysis to all-sky
conditions, the linear and exponential coefficients ag, a;, and k were taken to be
functions of the daily average k;. The stochastic component « ~ Beta(a,b) was
simulated using an AR(1) process after mapping the beta distribution to the
standard Gaussian distribution via ®~! o I,.(a,b), where Phi is the CDF of the
standard normal distribution and I, (a,b) is the CDF of Beta(a,b).

An alternate approach to dealing with the non-normality of the marginal k;
distribution when using parametric autoregressive models is to model the z-scores
of the series, which are distributed according to the standard Gaussian distribution.
Aguiar and Collares-Pereira (1992b) used an AR(1) model on the z-scores of the k;
distribution for each hour, where the mean and standard deviation of each hourly
k; distribution are functions of daily average k; and the hour. This allows the daily
trend to be captured by the changing moments of the hourly distributions. One
advantage of the z-score approach versus that of Graham and Hollands (1990) is
that the former does not require an auxiliary air mass model to generate synthetic
sequences. While it does require a process to generate sequences of daily k; values,
models for daily k; were studied by Biga and Rosa (1981), Bartoli et al. (1981),
and Aguiar et al. (1988), among others. Vindel and Polo (2014) found that Markov
chains can be used to generate sequences of daily global and direct irradiation.

Hontoria et al. (2002) followed Graham and Hollands (1990) in modeling k,
series as a stationary stochastic series around a trend process, but used ANNs to
generate both the trend and the innovations. The recurrent ANN for the trend

acts as a hierarchical AR(3) model, using the previous three lagged k; values as
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inputs, along with the hour of the day, the daily average k;, and other inputs
intended to ensure a coherent monthly and daily trend. The stochastic component
« is simulated by combining ideas from Graham and Hollands (1990) and Aguiar
and Collares-Pereira (1992b). Rather than directly simulating « using the ANN|
its z-scores are modeled using an AR(1) model, with the ANN generating the
autoregressive coefficient and the variance of the innovations.

Glasbey (2001) modeled 30-second k; values more directly using non-linear
time series models, including Markov-switching state-space models (Kim, 1994;
West and Harrison, 1997) and Markov-switching autoregressive models. The use of
Markov-switching methods produces marginal distributions which are mixtures of
more basic distributions (depending on how the model in each state is defined).

More recent synthetic generation models have gone beyond only simulating the
clearness index to also generate beam and/or diffuse irradiance, both to enable
computation of POA irradiance without reliance on empirical correlations and to
facilitate planning for concentrating SECS. Polo et al. (2011) models 10-minute
beam and global irradiance averages from hourly mean averages by assuming the
10-minute averages are perturbations of the hourly value. The variance of the
perturbations are sampled from a beta distribution.

Other models intended to model multiple irradiance components more explicitly
model the cloud cover fraction. Laslett et al. (2014) uses an AR(1) model for the
average hourly cloudiness z-score, where the average cloudiness distribution for
each hour is conditioned on the average daily cloudiness and the solar altitude
angle.

Morf (1998) uses a two-state Markov chain to drive the model, with the states
indicating whether or not the sun is behind a cloud. These sequences of cloudy
and sunny periods assume no particular temporal duration for these events. Global
irradiance is then divided into the sum of beam and diffuse irradiance. It is assumed
that when the sun is obscured, there is no beam component. Morf (2013) expands
on this model by stochastically generating the cloud cover fraction (using the model
described in Morf (2011)) in addition to the sun-obscured indicator, allowing for

smoother transitions between clear-sky and overcast conditions.
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2.5.4 Forecasting of Solar Irradiance Series

A number of parametric time series methods have been used to forecast solar
irradiance over multiple time scales. Initially, AR models were used across multiple
time scales: Goh and Tan (1977) forecast hour-ahead GHI with an AR(1) model,
Boileau (1983) forecast daily-averaged GHI with an AR(1) model, and Moreno-
Munoz et al. (2008) used an AR(4) model to forecast 5-minute average GHI). ARIMA
models have also been used by Yang et al. (2012). Sun et al. (2015) found that
an ARMA model equipped with a GARCH (generalized ARCH) residual structure
outperformed ARMA models with identically and independently distributed (i.i.d.)
residuals and ANN models for forecasting monthly mean GHI. Other parametric
statistical forecasting methods have included linear regression on exogenous variables
derived from satellite images (Fu and Cheng, 2013), exoponentially smoothed time
series models (Dong et al., 2013; Yang et al., 2015; Prema and Rao, 2015), Kalman
filtering (Soubdhan et al., 2014), and Markov-switching regression (Shakya et al.,
2017).

Simultaneous forecasts of multiple irradiance components that do not require
the use of empirical correlations such as those described in Section 2.4 are rare
in the literature despite the joint uncertainties illustrated in Figure 1.2. Marquez
and Coimbra (2011) trained separate ANNs to forecast same-day and day-ahead
hourly GHI and DNI from numerical weather prediction forecasts, using different
meteorological covariates for each model. Yang et al. (2012) found slightly improved
performance when forecasting DNI and DHI separately than directly forecasting
GHI from a forecasted cloud cover index (the separate DNI and DHI components
were combined into a GHI forecast). Alonso-Montesinos et al. (2015) forecasted all
three irradiance components (GHI, DNI, and DHI) for forecast horizons up to 180
minutes-ahead using data from a total sky imager.

The number of methods for the probabilistic forecasting of irradiance components
have increased in recent years (several papers have directly forecasted PV power
production in a probabilistic manner). Marquez and Coimbra (2011) used ANNs to
forecast the standard deviation of GHI and DNI, which were then used to produce
prediction intervals under the assumption of normally-distributed residuals. Iverson
et al. (2014) used stochastic differential equations to produce a probabilistic model
for GHI. Silva et al. (2015) issued probabilistic forecasts for next-day hourly GHI by
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clustering daily profiles using k-means clustering, then computing the probability
that the next day would have a particular profile based on the sequence of cluster
memberships for the previous days. This model performed more poorly than a
naive Bayes classifier (using the naive Bayes assumption that the previous values
were conditionally independent) when data was relatively limited (2 years), but
performed equally well with 10 years of data. Torregrossa et al. (2016) computed
GHI prediction intervals for sub-second forecast horizons using GARCH time-series
innovations. McCandless et al. (2015) used a model tree approach to forecast GHI
spatial and temporal variability. The Markov-switching method used by Shakya et
al. (2017) is naturally probabilistic due to the Markov chain transition probabilities.
Chu and Coimbra (2017) used k-nearest neighbor clustering to generate an ensemble
GHI forecast.

2.5.5 Contribution of This Dissertation

The purpose of the work in this dissertation is to begin to fill in some gaps in the
existing literature. Almost all of the existing models for synthetic generation and
forecasting use frequentist methods such as maximum-likelihood estimation and
expectation-maximization for calibration. It is not standard practice in the solar
literature to provide confidence intervals for parameter values, making quantification
of parametric uncertainty difficult. Even when provided, these intervals are generally
produced under assumptions of asymptotic normality, which may not be warranted,
as it is difficult to know how much data is required for the asymptotic approximation
to hold. Indeed, the use of several decades of ground-measured or satellite-derived
data may be required for appropriate levels of confidence, the former of which
may not be available (Gueymard and Wilcox, 2011; Vignola et al., 2012). The
methods that are not frequentist in nature often rely on clustering and explicitly
searching the available data for similarities, which may not perform well when
data is relatively scarce (for example, the clustering method of Silva et al. (2015)
performs relatively poorly when only 2 years of data are available, and performs as
well as a naive Bayes classifier when 10 years of data is available).

Further, joint forecasting and variability /uncertainty quantification of multiple
irradiance components, which is important for multiple applications, is atypical, with

Marquez and Coimbra (2011) standing out as the major attempt to simultaneously
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forecast GHI and DNI from a common set of covariates while also forecasting
prediction intervals. The use of these methods for POA power forecasting, to name
one application, then requires the use of empirical correlations, which may not fully
capture joint uncertainty.

We address both of these concerns using Bayesian methods to model GHI and
DNI simultaneously, through the use of Markov-switching vector autoregressions
(see Chapter 4 for more details). Bayesian methods allow for the representation
of parametric uncertainty through the joint posterior distribution of the model
parameters. The specification of prior distributions allow for parametric regular-
ization, the introduction of external information about parameter values, or both.
In the context of solar radiation, prior information about local radiative transfer
patterns may be useful in complementing a somewhat scarce data set. Moreover, in
addition to producing probabilistic models, the examination of posterior predictive
distributions may provide further insights into how to improve the model if the

data does not appear to be well-represented by the posterior predictive distribution.
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Chapter 3

A Markov-Switching Vector Au-
toregressive Model for Solar Ir-
radiance

3.1 Modeled Variables

Rather than work directly with the raw irradiance components GHI and DNI, we will
instead model the normalized (by TOA irradiance Gy) component indices k; and k.
These two variables are sufficient for a complete dimensionless characterization of
the relevant properties of the atmospheric state for surface-level SECS, as described
in Section 2.2.

This normalization mostly removes the diurnal trend (an air mass effect, related
to the path length of incoming radiation, still remains). We can then directly
model the attenuation of incoming radiation through the atmosphere, rather than
including the deterministic and exogenous diurnal trend stemming from first-order

sun-earth geometry.

3.2 Regime-Switching in Solar Irradiance Series

Different cloud fields have different levels of stochasticity (and therefore different
levels of intermittency) and transmit and scatter downwelling solar radiation
differently. Regime-switching is therefore a natural property of solar irradiance

time series. Examples of the resulting non-stationarity across different time scales
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Figure 3.1: Selected daily time series for k; and k;, demonstrating regime switching.
For each date, plot i) is a series of 15-minute averaged data, while plot ii) is a series
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can be seen in Figure 3.1. Dealing with this regime-switching behavior is the
core difficulty of solar irradiance forecast and resource modeling, particularly for
statistical methods; ideally, forecast models would be able to anticipate changes
of regime, while resource assessment models capture the typical duration of each
regime and accurately capture the transition probabilities between regimes.

The statistically relevant regimes for the purpose of this modeling work feature
varying levels of volatility, covariance, and mean level for both series. For example,
while a two-state model might feature states which broadly correspond to “clear”
and “cloudy” regimes, the states in a three-state model might be interpreted as

bR

“clear,” “cloudy,” and “partially cloudy.” These states may or may not correspond

precisely to intuitive meteorological categories, however.

3.3 Markov Chains

Regime-switching behavior in time series is typically modeled through the use of
a latent Markov chain structure (Frithwirth-Schnatter, 2006). A Markov chain is
a sequence of random variables Yi,...,Y,, ... for which the probability of future

values is conditionally dependent only on the previous value, so that

p (Yn — yn|Y1 =Y, aYn—l = yn—l) =p (Yn = yn|Yn—1 - yn—l) . (3].)

The conditional dependence only on the previous value (or state) defined by
Equation (3.1) is known as the first-order Markovian property (generalizations exist
to higher-order dependence). The transition probabilities P(Y,, = yn|Yn-1 = ¥n_1)
are defined by a sequence of probability structures (§,). While Markov chains
can be defined on continuous or discrete time index sets, the latter is of primary
relevance to this work. We will write &, = &; to reflect that the transitions between
states occur between discrete time intervals. We further restrict our attention to
Markov chains with a finite state space S; € {1,..., K}, though Markov chains can
be defined on countable state index sets. Then the transition probability structures
(&) can be represented as K x K-dimensional matrices, where ;¢ is the probability
of transition from state j to state k at time t; therefore each row of & satisfies
Zszl §ike = 1 and all ., > 0.

Markov chains are time-homogeneous if the transition probabilities are inde-
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Figure 3.2: Graphical representation of a time-homogeneous Markov chain. The
numbers are the probabilities of the associated state transitions.

pendent of time, 7.e. & = & for all £. Figure 3.2 is a graphical representation of
a time-homogeneous Markov chain. In this case, if the Markov chain is ergodic
(every state has a positive expected return time and is aperiodic), there exists a
probability distribution 7r over the states that is invariant under the action of the

transition matrix, so that
Em = (3.2)

Any such distribution 7 is known as the stationary, or invariant, distribution of
the Markov chain. Stationary distributions are of interest because if the state S;_;

is drawn according to an invariant distribution 7, from Equation (3.2) it follows

29



that the state S; is also drawn according to :

K K
p(S; =k) = p(S: = k|Si1 = 5,€)p(Se—1 = jl€) = > &y = 7.
Jj=1 j=1
Equation (3.2) also shows that 7 is the eigenvector of £ associated with eigen-

value 1, normalized so that ||7||; = 1.

3.4 Markov-Switching Models

Due to their ability to probabilistically capture structural changes in system
dynamics, Markov-switching models (sometimes referred to as hidden Markov
models), have found wide application in areas such as speech recognition (Juang
and Rabiner, 1991), evolutionary biology (Mitchison and Durbin, 1995), weather
modeling (Dorrestijn et al., 2013; Yang et al., 2014; Salvucci et al., 2002), sensor
networks (Liu et al., 2009), electricity price forecasting (Janczura and Weron,
2012), and pattern recognition (Yang et al., 1995). Models with Markov-switching
dynamics have been used in solar irradiance modeling (Mustacchi et al., 1979;
Aguiar et al., 1988; Morf, 1998; Muselli et al., 2001; Hocaoglu, 2011; Bhardwaj
et al., 2013; Morf, 2014; Ngoko et al., 2014; Vindel and Polo, 2014; Shakya et al.,
2017).

3.4.1 MSAR Models

Markov-switching autoregressive models are mixtures of autoregressive models,
where the latent mixture indicator is driven by a Markov chain, rather than being
sampled i.i.d. from the distribution of mixture components. Consider the following

Markov-switching autoregressive structure of order p (MSAR(p)):

Yr = Bs,X; + &, (3.3)

where x is a matrix of covariates, including p autoregressive terms and possibly
including an intercept term, Bg, are the regression coefficients associated with the
Markov state Sy, and &, ~ N (0, 0%,) is the white noise process for the innovations.
Equation (3.3) is the most general form for an MSAR(k) model, as all of the
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Figure 3.3: Digraph representation of a realization of a Markov-switching autore-

gressive model with p = 1. The states S; follow a first-order Markov process. Model
parameters 8; = Og, are associated with each state.

o Yt

model parameters are allowed to switch, and more constrained models, in which
only certain parameters (the innovation variance o?) switch, also fit into the same
framework. Figure 3.3 is a graphical representation of an MSAR(1).

For the remainder of this dissertation, we adopt the following notational con-
vention: subscript time indices, e.g. y;, refer to parameter values at time ¢, while
superscript indices, e.g. 3¢, refer to the history of the parameter through time ¢, so
that ¥ = (Y1, Y1)

If the Markov chain {S;} satisfies the first-order Markovian property, the MSAR
model in Equation (3.3) satisfies the following conditional independence property:
the conditional density of 3, given the history y' and the model parameters 6 only

depends on the current state S; and the observation history 3~

p(yt‘yt717st70> :p<yt’yt717st70>‘ (34>

One consequence of the conditional independence on the state history S'~! in
Equation (3.4) is simplified statistical inference, as compared to models with longer
state memories. (Frihwirth-Schnatter, 2006).

Markov-switching autoregressive models were first introduced in econometrics by
Hamilton (1989) and have also been used in wind forecasting (Pinson and Madsen,
2012; Trombe et al., 2012; Ailliot and Monbet, 2012) and ecology (Pinto and Spezia,
2016), among other fields.
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3.4.2 MSVAR Models

The multivariate extension of the MSAR model (3.3) is the Markov-Switching
Vector Autoregressive Model (MSVAR):

vy = XiBs, + &

(3.5)
&~ N(Oa ESt) )

where N (-, -) is the multivariate normal distribution. This totally-switching spec-
ification allows a common set of covariates X (including the intercept terms) to
influence multiple observations y, with the possibility of a non-zero covariance
between the terms of the multivariate white-noise process €. As with the MSAR
model, the MSVAR model can be interpreted as a mixture of multivariate normal
autoregressions, with the mixture indicator determined by a Markov chain instead

of an i.i.d process.

3.5 Model Definition

3.5.1 Variable Transformation

To facilitate re-dimensionalization, rather than computing the average Go and 6,
for each average block, we used the GGy and 6, corresponding to the beginning of
the averaging period when producing k; and k,. This can lead to marked visual
differences in the 15-minute and hourly series during periods of rapid increase or
decrease in GHI or DNI. We also limit our series to exclude observations (prior to
averaging) corresponding to low-sun conditions, so that 6, < 85°.

One complication is that while the resulting k; and k;, values are bounded on
an interval [0,1 + 7], the MSVAR specification (3.5) has a multivariate normal
likelihood,

yi ~ N (XiBs,, Es,) -

While beta regression (Ferrari and Cribari-Neto, 2004; Rocha and Cribari-Neto,
2009; Billio and Casarin, 2011; Figueroa-Zuniga et al., 2013; Souza and Moura,
2016) could be used to directly model k; and k;, we will instead map these variables

onto the real line and use a generalized linear model. This can be done using a
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number of transformations, including the logit map

x
:1:!—>log<1 )
—x

One drawback of using the logit as a link function is its highly nonlinear behavior

near the boundaries z = 0 and x = 1. While the observed values of k; and k; rarely
get close to the maximum value x = 1 (after normalization to the unit interval), k,
in particular has a large density of points at or near 0 (Figures 2.2h and 2.1h). This
nonlinearity may cause problems when the states are not a priori well-constrained.

Instead, we first transform each variable z; using the probability integral transform
zj > Fj(x;),

where F} is the empirical CDF of variable x;. This maps the empirical domain of
each irradiance component onto the unit interval, with each value x mapped to its

quantile. We then obtain the transformed variables

o (R g (Bt}
Ky, Fy, (ko
where @ is the standard multivariate normal CDF.

3.5.2 Model Specification

A key modeling choice involves the form of the autoregression terms. Consider the

two AR(p) models

p
i = Bo+ Y Biyei + o (3.6)
=1
and ,
yo— 1= Bi (ye—i — p) + oy, (3.7)
=1

and the associated MSAR(p) forms

P
Ys, = BSt,O + Z Bstviyt_i + oy (3.8)

=1
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and

P
Yt — s, = ZﬁSt,i (ytfi - /,Lst) + 0. (39)
=1

For non-switching AR(p) models, parameterizations (3.6) and (3.7) are equivalent,
as By = u(1 =37, 5;). However, the Markov-switching parameterizations (3.8)
and (3.9) are not equivalent. When a state transition from S; ; to S; occurs,
model (3.9) immediately shifts mean level from pug, | to us,, while model (3.8) more
smoothly changes mean level over several time periods. While model (3.9) more
accurately reflects the sudden regime changes observed in Figure 3.1 (particularly
over shorter time scales, such as 15 minutes), inference (see Chapter 4) is more
complicated due to the dependence on p previous latent states S;_1, ..., Si—, (which
makes inference easier when recasting the model in switching state-space form (Kim,
1994), while inference for (3.8) depends only on the current state S; (as in (3.4)). In
the spirit of developing a benchmark probabilistic model, we opt for the intercept
form (3.9) as the basic model structure. Additionally, this form is consistent with
the work of Knight et al. (1991) and Aguiar and Collares-Pereira (1992b).

Given our choice of working with k; and k;, rather than their clear-sky equivalents,
we have to account for the path-length effect observed in the clear-sky series shown
in Figure 3.4. With respect to the transmissivity indices k; and kj, this effect is
additive. Thus, we include cos(6,) as a covariate, which also normalizes 0,. We
also want to let all of the model parameters switch, as different cloud regimes have
different mean levels of transmissivity and scattering as well as different levels of
volatility (ranging from the relatively constant totally-clear and totally-overcast
cloud fields to highly stochastic scattered cumulus fields). This yields the following

multivariate model specification:

p
y: = Bo,s, + Bi,s, cos(h.) - 15 + Z Bit1,5.Yi—i + €t (3.10)
i=1

where &, ~ N'(0,%g,), 1, = (1,1)7, and y = (ky, k)7
Another assumption that we make is that each daily series is an independent
replicate of the stochastic process (3.10). This somewhat contradicts the solar
resource assessment literature on the correlation between consecutive mean daily
values (Biga and Rosa, 1981; Bartoli et al., 1981; Aguiar et al., 1988), but removes

a hierarchical level from the model. For the purpose of validation, initial values
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Figure 3.4: Selected daily time series for k; and k;, demonstrating the trend under
clear sky conditions for an entire day. Plot i) is a 15-minute averaged series, while
plot ii) is an hourly-averaged series

Yi,---,Y, will be drawn from the validation data set, but an easy extension of the
model would involve fitting a mixture model to these values from which samples
can be generated.

Finally, we will be flexible with regard to the homogeneity of the latent Markov
chain (S;). In the spirit of simplicity, for the benchmark resource assessment model
in Chapter 5, we assume homogeneity, though this neglects diurnal meteorological
trends. For the forecast model in Chapter 6, the Markov process will be inhomo-
geneous, so that the transition probabilities depend on some external covariates,

with the aim of using these variables to improve the implicit cloud regime forecast.
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Chapter 4
Bayesian Inference for MSVAR
Models

4.1 Bayesian Inference

In this dissertation, we adopt a Bayesian (rather than a frequentist) approach to
statistical inference and model calibration. While frequentist inference attempts to
identify the most probable value(s) of the data-generating model parameters (by
maximizing the likelihood function, or data distribution, p (y|@)), Bayesian inference
produces a probability distribution (the posterior distribution, p (6|y)) over the
model parameter space by using the likelihood to update a prior distribution, p(8).
This updating (also known as Bayesian inversion) is done using Bayes’ rule (Bayes,
1763):
r(yl6)p(9)

p(y) (4.1)
xp(yl@)p(6),

p(Bly) =

where p(y) = [p(y|0)dO is a normalizing constant. Construction of a Bayesian
model therefore requires specifying both the prior distribution for the model pa-
rameters and the sampling distribution for the data-generating process conditioned
on the parameter values. Specific choices of prior distributions can be made for
several reasons, including ease of computation, parameter regularization, and prior
knowledge about reasonable or likely parameter values (Gelman et al., 2013).

As Bayesian inference is based on the posterior distribution, Bayesian modeling is

inherently probabilistic, though point estimates can be obtained by using particular
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parameter values, such as the posterior mean or MAP (maximum a posteriori)
estimate. Bayesian predictive distributions (the posterior predictive distribution)

for unknown data ¢ are generated by integrating over the posterior distribution:

p(ly) = [ p(310)p(6ly)de.

As a result, Bayesian methods lend themselves naturally to uncertainty quantifica-
tion (viewing probability as the measure of uncertainty), including probabilistic
forecasting.

Complex statistical models are likely to have dependencies between the param-
eters. Hierarchical models can describe certain types of dependencies, where the
data is modeled conditionally on some parameters, which in turn have a proba-
bilistic specification in terms of other parameters. For example, Figure 3.3 can be
interpreted as a hierarchical model, where the likelihood defined by parameters
0, depends on the state indicator S;. Another common reason to use hierarchical

models is the probabilistic specification of hyperparameters.

4.2 Sampling from the Posterior Distribution

In general, the posterior distribution p (@]y) will not be available in closed form, and
therefore cannot be sampled from directly. One class of computational methods are
Markov chain simulation methods, commonly referred to as Markov Chain Monte
Carlo (MCMC) methods. These iterative methods rely on the property that ergodic
Markov chains converge to their stationary distributions (see Robert and Casella
(2004, Chapter 6) for a detailed mathematical treatment). Upon convergence, a
sequence from this chain is then distributed according to the stationary distribution.

In this case, the goal is to construct a Markov chain with a suitable transition
kernel such that the stationary distribution equivalent to the posterior distribution.
A sampled sequence is then representative of the posterior distribution (requiring
that the chain is run sufficiently long after convergence to fully explore the stationary
distribution). The so-called “burn-in” portion of the chain, corresponding to the
pre-convergence portion, can be discarded if desired (or the chain can be run for a
longer period of time). The length of the burn-in portion will depend on the choice

of initial value 6°. The chain can also be thinned by keeping every kth element,
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which reduces the dependency between the retained samples resulting from the
Markov chain transition kernel at the expense of reducing computational efficiency.

The main MCMC algorithm is the Metropolis-Hastings algorithm (Metropolis et
al., 1953; Hastings, 1970; Robert, 2014). A special case of the Metropolis-Hastings
algorithm (albeit with a different historical motivation) is the Gibbs sampler (Geman
and Geman, 1984; Gelfand and Smith, 1990). Divide the parameter set 6 into
subsets, @ = (01,...,60;). A Gibbs sampling step (at iteration t) for 6, involves
sampling directly from the conditional posterior distribution, 6} ~ p(Oilé,i,y),

where 0_; is the currently sampled vector of the components other than 6;,
0_i=(0,,...00,,0l1,....6/7").

Gibbs sampling therefore requires that the prior distribution p(8;) is selected so

that the conditional posterior

p(6;10_;,y) o p(y|6;,0_:)p(6;)

is the closed-form density of a “standard” probability distribution. Such pairings

of likelihood densities and prior densities are called conjugate distributions.

4.3 Identifiability

A family of parametric distributions (indexed by @ € ©) is identifiable if two densities
p(y|61) and p(y|02) are almost everywhere identical only if the parameters €; and
0, are identical (Rothenberg, 1971). Frithwirth-Schnatter (2006) distinguishes two
main types of non-identifiability for mixture densities (including those resulting
from MSAR models).

1. Component Relabeling Invariance: Permutations of component labels pro-
duce the same mixture density, though the resulting parameter vectors are
permuted, rather than being identical. This type of non-identifiability com-
plicates parameter estimation due to label-switching, and will bias function

estimates.

2. Owverfitting: Non-identifiability results from the potential embedding of the

space of mixtures with K components into the space of mixtures with K + 1
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components. This non-identifiability class results from the potential addition
of empty components or the splitting of one component into two identical

components.

Both of these classes of non-identifiability can be resolved by imposing positive
constraints on the mixture weights (or a positive transition probability into each
state for a Markov-switching model) and inequality constraints on the parameter
space, so that a unique labeling is enforced and components cannot be identical.
These constraints should reflect the structure of the unidentified posterior to ensure
that label-switching does not occur, as this results in biasing state-dependent

posterior estimates towards the global estimate (Frithwirth-Schnatter, 2001).

4.4 Likelihood and Prior Specification

The parameters in the regression model (3.5) are collected as 6 = (3,3, £), where
we abuse notation to allow ambiguity in the definition of 8 depending on whether
the latent Markov chain is homogeneous (in which case & are the homogeneous
transition probability vectors) or inhomogeneous (we restrict our attention to cases
in which the transition probabilities are independent of prior values of the data
and depend only on exogenous variables, in which case & denotes the regression
parameters k). The extended parameter vector 9» = (8, S7) includes the model
parameters and the latent state vector.

The complete-data likelihood function for a Markov-switching model is

p(y,S[0) =p(y[S,0)p(S]0). (4.2)

Markov-switching models can be viewed as having a hierarchical structure, as
seen in Figure 3.3. The conditional mixture likelihood, which we use for parameter

estimation, is specified in a hierarchical fashion:
1. The conditional (on the realization ST of the state process and the model

parameters 0) likelihood is:

(5757 x70) -

t

[ (ye|Se, X4, 0) , (4.3)

T
=1
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with
/ <Yt|Xta Si, @) ~ N(Xéﬁst, ZSt)‘

. Conditional on the Markov transition probabilities &, the prior density for

the state vector factorizes (via a repeated application of Bayes’ rule (4.1)) as

p(S"]¢) o [Lp (SHS1.€) p(50),

where the prior distribution of Sy can be treated as an exogenously known

distribution or can be inferred from the data.

The structure of the state-transition likelihood p(S;|S;—1,n) (and the prior
selection) depends on whether the Markov chain is time-homogeneous or

-inhomogeneous (see Section 4.6).

. An independence prior is used for the model parameters 6:

Conditioned on the state S, (3.5) is a multiple linear regression model, and
so conjugate priors for the state-dependent regression parameters B, can
be used (assuming independence between states): B;x ~ N (b;, B;) (for
i = 1,2 corresponding to the observation components) and ¥;, ~ W1 (I, 3).
While uniform priors could be placed on the 8 (corresponding to a lack of
prior information about the regression coefficients), these would result in an

improper posterior (Gelman et al., 2013).

4.5 MCMC Sampler for Markov-Switching Models

Bayesian inference for Markov-switching models involves data augmentation to

sample the extended parameter vector ¥ = (S, ) from the posterior distribution:

p(S,0]y) ocp(y]S,0)p(S|0)p(0).

Sampling from the posterior involves three steps (this procedure is not specific to
MSAR models).
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Algorithm 4.5.1 (Unconstrained Data-Augmentation MCMC Sampler for Markov-Switch-
ing Models (Frihwirth-Schnatter, 2006)). Start from some initial state process

realization S and iterate over the following steps form =1,..., M:

a) Sample the transition probabilities €™ from the conditional posterior p(£]S(™V).

b) Sample the model parameters (possibly blocked as 0§m), . ,O(Lm) from the
conditional posterior p(61,...,01)|y, S(m—l)),

¢) Sample the latent state indicator chain S from the conditional posterior
p(Sly, p™).

d) Permute all state-dependent quantities, elements of the transition matriz €™,
and the state sequence SU) according to some permutation of the state labels
{1,...,K}.

Discard the first My iterations corresponding to the burn-in period.

The procedure for sampling the transition probabilities £ in step a) varies
significantly depending on if the underlying Markov chain is time-homogeneous
or -inhomogeneous; our approach to both of these cases is discussed further in
Section 4.6. Step b), sampling the model parameters, is discussed further for
the MSVAR models used in this dissertation in Section 4.7. While we use Gibbs
sampling, Metropolis-Hastings methods could also be used for other choices of
priors.

Sampling the state indicators S in step c) is discussed in Section 4.8 for models
such as (3.3) which only depend on the current value of S; this is more complex
for models with longer dependencies, for which inference is easier when they are
expressed as switching state space models (Frithwirth-Schnatter, 2006)).

The permutation step d) increases mixing of the MCMC chain by jumping
between labeling subspaces (Frithwirth-Schnatter, 2001). This allows for an ap-
propriate identifiability constraint to be found which respects the geometry of the
posterior distribution. While a priori constraints can be used, these may result
in label switching or for the MCMC chain to be trapped in a particular posterior
mode. Once an appropriate set of constraints is identified, the MCMC output
can be postprocessed so that the constraints are satisfied at each iteration. It is
also important to note that if any priors are state dependent, they must also be

permuted at this step.
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4.6 Sampling State Transition Probabilities

Step a) in Algorithm 4.5.1 involves sampling the transition probabilities €. This
procedure is different depending on if the Markov chain is time-homogeneous or
-inhomogeneous due to the differences in the transition probability structure and
likelihood. In the former case, the transition probabilities can be directly sampled,
as described in Section 4.6.1, while in the latter case, the sampling scheme depends

on the specification of the transition probability model (see Section 4.6.2).

4.6.1 Time-Homogeneous Transition Probabilities

For each pair of states (I, m), let n,, denote the number of one-step transitions
in the sampled state vector ST, ny, = S 4 (S14Sms11). Conditional on the
transition probabilities & = (&1, ..., & k), the vector n, is distributed according to
a multinomial distribution with parameters >°,, n;,, and & (Wasserman, 2004). As

a result, the likelihood for n conditional on £ is a product of multinomial likelihoods

K n "
p<n|s>:H( Xom M ) i m

=1 Ny, ..., K

A conjugate prior for the transition matrix £ is a product of K independent
Dirichlet distributions,

p(§) f[ (ﬁ 574“) : (4.5)

Assuming that the rows &; are independent a priori, if the prior on row &
is Dir(K;+;), Equations (4.4) and (4.5) show that the posterior distribution of
&, is the Dirichlet distribution D(K;~v; + n;). Prior knowledge about transition

probabilities can be incorporated through the selection of the Dirichlet parameters

Yim-

4.6.2 Time-Inhomogeneous Transition Probabilities

We use a logistic regression model (binomial if the number of states K = 2,

multinomial if K > 2) to specify time-varying transition probabilities in terms of
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some external covariates z:

p(Si=m|Sio1 =121,K) = {my = logit ™" (ffzm,o + Z Zt—l,i/ilm,¢>

(2

(4.6)
exp (Kim,o + 2 Z1—1,iKim,i)

pr— K .
D1 XD (Ko + X2; 2e-1,ikik i)

To allow the model to be identifiable, the regression parameters associated with
transition to a reference state kg, ko € K = {1,..., K} are fixed at 0, so that

1

p (S = kolSi1 =121, k) = ,
(51 = hol i1 -1, ) k- ko) XD (Kiko + 25 Zt—1,iik,i)

(4.7)

where IC — {ko} is set-theoretic subtraction. The covariates z; can have a strongly
nonlinear effect on the transition probabilities (Kaufmann, 2015).

Following the ideas in Frithwirth-Schnatter and Frithwirth (2010), this section
contains the derivations of the data augmentation steps for the dRUM (difference
random utility model) expression of the multinomial logit model (4.6) as well as
the sub-steps required to sample the transition parameters using Gibbs sampling.
Frithwirth-Schnatter and Frithwirth (2010) found that dRUM-based samplers (either
using a Metropolis-Hastings algorithm or Gibbs sampling) are more efficient than

various other Metropolis-Hastings-based sampling methods.

4.6.2.1 Data augmentation for the RUM expression

Writing Equation (4.6) as a random utility model (RUM) requires augmentation
by a latent utility for each state:

Syt =2k + vk Yk €K vy % Gumbel

" . (4.8)
St = k: = Sk?,t == r;:]é},é{ Sj,t’

so that the observed state is the state with the maximum utility. This data
augmentation scheme is useful, as the latent utilities can be sampled simulta-
neously, but the resulting sampler is less efficient than those using the dRUM
expression (Frithwirth-Schnatter and Frithwirth, 2010; Kaufmann, 2015).
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4.6.2.2 Data augmentation for the dRUM expression

The dRUM representation involves expressing the utilities for each non-reference
state as the difference between the state utility and the reference state utility. This

model becomes

Skt = ZyRk + Tk, Tre ~ Logistic, Vk € K_g,,

5 ko if maxjex_,, sj0 <0 (4.9)
t pr—
k#ky if spe= maxjex , Sjt > 0.

where sy = Si; — Sp,  and Ty = Vi — Vg, However, unlike the errors v, in
the RUM representation (4.8), the errors 75, in the dRUM representation (4.9) are
not independent across states, and so Frithwirth-Schnatter and Frithwirth (2010)
use a different representation. Rather than expressing the difference from the
reference state utility Sy ;, the latent utilities are expressed as the difference from
the maximum utility attained across the other states. Following the notation
from Kaufmann (2015),

Sl:,t - Sg,t - Sgk,t

Dy = I{S; = k},

where S, , = maxXjex_, S5
To obtain a closed form expression for Sy, first denote A\y; = exp (z:ky).
Observe that

exp (—Szkﬂ ~ BExp (A_x;),

where A_i; = > ek, Aji, which follows from exp (—S}ét) ~ Exp (Ag¢) (asis implied
by the Gumbel-distributed errors in Equation (4.8)). Therefore we obtain the partial
representation (partial because rather than using the actual class membership, the

only information that is used is whether or not y; is in class k):

Skt =Skt =S4 = ZyKy 108 (A_pt) + Vit — Vig
= zykp —log (A_py) + Thye,  Tho S Logistic, (4.10)
Dk,t - I{St = k}

As the constant term log (A_x ) depends only on k_j, (and is therefore independent

of ki, Equation (4.10) is a linear regression (with respect to k) with logistic errors.
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4.6.2.3 Sampling scheme for the dRUM

Here we describe the sub-steps involved in sampling the transition probability

coeflicients k.

1. Sample the differenced utilities S*:

In light of Equations (4.9) and (4.10), Sy |k, Sy is distributed according to
a logistic distribution truncated to [0,00) if S; = k and (—o0,0] if S; # k.
Therefore, to sample Sj,, independently draw 7" uniformly distributed values
Wi+ ~U(]0,1]) and set

S;:,t = zyKky, — log (A_y) + F! (Dit + Wit (1 — Dy — prt)) s

where pry = p(Dgy = 1|k) = 1 — F (—2zikg +1og (A_x,)) and F(-) is the
cumulative distribution function of the logistic distribution, with F~!(q) =

log(q) —log(1 —q).
2. Sample the mixture components R from p(R|S* k):

Conditioned on S*, the logistic distribution of the errors 73, is approximated
by a mixture of M = 6 normal distributions. The components Ry, k € K_,

are drawn from the multinomial distribution with probabilities

S Wr 1 ( Sk, +log(=A_ky) — ziki 2
p(R,m - Z‘Sk,tvh"k) X Sexp{—z ( kit ( t) =% |

T ST‘

where 1 = 1,...,6 and the standard deviations s; and weights w; are given
in (Frithwirth-Schnatter and Frithwirth, 2010, Table 1), with the relevant
table elements reproduced here for convenience as Table 4.1.

3. Sample & from p(k|S*, R).

With the auxiliary mixture approximation to the logistic errors, conditioned

on Sj; and Ry, the linear regression (4.10) is normal in Ky:

gl:t = SZ,t + log (A—k,t) = Z;"'Jk: + Tk,
Tet|Rie ~ N (0, S%ht) , ke K .
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s2 100w,
0.68159  1.8446
1.2419  17.268
2.2388  37.393
4.0724  31.697
7.4371 10.89

13.772  0.90745

SO W N 3

Table 4.1: Variances s? and weights w, (multiplied by 100 for expositional conve-
nience) for an approximation of the logistic density by a 6-component mixture of
normal densities with mean 0. Reproduced from Frithwirth-Schnatter and Frithwirth
(2010, Table 1).

Given a normal prior p(k;) = N(g, Go), the posterior is therefore also
normal, p(K’k’SZ? Rk) = N(@k; 22)7 with

(4.11)

4.7 Sampling the Model Parameters

For each state, the remaining parameters are sampled in two blocks: the regression
coefficients 8 = {8} and the state-specific error variances ¥ = Y, k=1,..., K.

It is convenient to rewrite Equation (3.5) as

K
Yi =D s XiBi + ey, (4.12)
k=1
where
1 S, =k
Epr =
0 S;#k

is the indicator variable corresponding to the state,

By, = (ﬂk;,l Bk,Q)
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and
. X1,€,1
o (2)
t,2
Equation (4.12) can be rewritten by pooling across all ¢:
K A
y=vec(y')=> (Ir®E) Xvec(By) + &, (4.13)

k=1

where = = diag (&), X is the block-diagonal matrix
. X
x= (0,
0 X

Xi1

Xi: )

where each X,

Xi,T

is the covariate matrix for component y;, and € ~ N (0, ), where

K
=) 5 Qs
k=1

The conditional distribution of ¥, is given by
_ 1 e
p (S]S ¥, B) oc 127 exp (— St (A7) ). (4.14)

where N, = Zthl D,gk) is the total number of observations in state S;, and A, =

(ULU:) ™", in which U is a T x 2 matrix collecting the state-conditional errors

€, = Y: — B1.X{, so that
1 ) @
(R e
ke (W), (2 |€(2)‘ :
k k

(4.14) is the kernel of an inverse-Wishart distribution, so with a conjugate inverse-
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Wishart prior W™ (v, 3), the posterior distribution for X is
Zk‘STu Y, Br ~ w! (Vv Zi) )

where

Ni
V:u0—|—7

% = %o + ULEUh.

With a conjugate normal prior N (pg, ) on By, the conditional posterior
p(Bgly, ST, 3%) is also normal. At each iteration, the Gibbs sampler draws regression
coefficients By, ~ N (Bk, f]g) and error covariance matrices X ~ ZW (ak, f]k> In
the pooled form (4.13), the moments of the posterior for By, as

5= (X (Een) X +9)
Br=3 (X (Zr @) 7+ 0 ) -

4.8 Sampling the State Indicators

Viewing the MSVAR model (3.5) as a hierarchical model, the first step in the hierar-
chy is the latent state Markov process. In Algorithm 4.5.1, sampling realizations of
the state indicators is step c), and the other two steps are performed conditionally
on those realizations.

Broadly speaking, sampling algorithms for the hidden Markov chain can be
considered single-move or multi-move. Single-move samplers sample the state S;
from the conditional posterior p(S¢|S_¢,y,0). Multi-move samplers sample the
entire sequence S from the joint posterior p(S|y, @), which requires knowledge of
the filtered probabilities p(S;|y, @). Single-move samplers avoid the need to run a
filtering algorithm, but mix more slowly. Many more details on single-move and
multi-move samplers can be found in Frithwirth-Schnatter (2006). In this section,
we reproduce the multi-move sampling algorithm from Frithwirth-Schnatter (2006,
Algorithm 11.5).

Algorithm 4.8.1 (Multi-Move Sampler for State Posterior Chains).
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1. Given some initial state distribution p (Sy = k|&), the filter is initialized at

t =0 with
K

p (51 = l‘yo, ¢) =Y &u(0)p (So = k€), (4.15)

k=1
where §u(0) = p (51 =[Sy = k, @).
Conditional on the model parameters ¢, recursively follow the steps below for
t=1,...,T.

2. Predict S; conditional on y'*:
K
p (S =1y ) =3 &ult = Dp (Sia =kly' ™, ¢),
k=1

forl=1,...,K, and where &u(t — 1) =p(Sy = 1S = k,y'™ 1, ¢).

3. Filter for S;:

p (yt|St = lvyt717 ¢)p (St - l|yt71a ¢)
p(yely'™, @) ’

p (St = l‘yta ¢) =

where

p(wly' ™" ) = ip (]S = kv ) p(Si = Ky, 8)

k=1

is the “total likelihood” of the data y; given the model parameters and the data
history.

4. Sample Sém) from the filtered probability distribution p (ST = j’yT, (/5)

5 Fort=T—1,...,0, sample S’t(m) from the conditional distribution

S, = 5 vt ) = &t (WP (St = Jly", @) '
P( t j’ wy d)) ZkK:1 & ()P (St = kly', &)

The initial distribution can be determined a priori (e.g., a uniform distribution
over the states), or might be estimated from the data. The use of the stationary
distribution for the Markov chain complicates the analysis due to the loss of inde-
pendence between the initial parameter distribution and the transition probabilities

in Equation (4.15).
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4.9 Model Selection

The flexibility of mixture and Markov-switching models complicates model selection
due to the number of possible models with similar structures. Various models
specified by (3.3) have differing numbers of latent states and different autoregres-
sive orders. These uncertain features of model specification should be selected
simultaneously to reduce the possibility of overfitting (Frithwirth-Schnatter, 2006).

In general, the number of states K and the autoregressive order p are not a priori
known, though there may be domain-specific information about the former. In the
context of solar irradiance, the states may be interpreted as different classes of cloud
regimes, each of which attenuate and scatter incoming radiation in a statistically
similar fashion. For example, if K = 2, the states could be (coarsely) classified as
“mostly-to-all clear” and “mostly cloudy-to-overcast,” reflecting relatively higher or
lower values of k; and k,,, respectively. If K = 3, the states might be interpreted as

bR

“clear,” “partially cloudy,” and “cloudy,” with the middle state exhibiting moderate
values of k; and k, and higher levels of volatility (lower correlations between k; and
k, and higher variances) than the other two. However, it is not clear which of these
classifications better fits the data, or to decide if even more states are required to
properly capture the intertemporal dynamics.

A common method for model comparison involves the use of various “infor-
mation criteria,” such as the Akaike information criterion (AIC) (Akaike, 1974),
Bayesian information criterion (BIC) (Schwarz, 1978), deviance information crite-
rion (DIC) (Spiegelhalter et al., 2002), or Watanabe-Akaike information criterion
(WAIC) (Watanabe, 2010). Each of these criteria have a particular niche, based on
their derivation and the parameters used to estimate the model score. All penalize
models that are overly complex, and therefore possibly overfit the data.

However, while AIC, DIC, and WAIC are intended to score models based on
an estimate of their out-of-sample predictive accuracy, BIC is aimed at identifying
the most probable data-generating model among the candidates by approximating
the marginal likelihood p(y) of the model (Gelman et al., 2014). DIC and WAIC
are Bayesian methods, while AIC and BIC use maximum-likelihood estimates of
the model parameters. Gelman et al. (2014) prefers WAIC to DIC as WAIC uses
simulations from the joint posterior distribution, while DIC uses a point estimate

of the model parameters (the posterior means).
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As a result of this dichotomy, we should consider separately the classes of metrics
that are intended for predictive models and those that are intended to distinguish

the most “true” data-generating model out of the set of models under consideration.

4.9.1 Predictive Information Criteria

Predictive criteria are designed to estimate the quality of predictive fit of the
model to an out-of-sample data point §j. The most commonly used predictive
criteria, such as AIC, DIC, and WAIC, are built off of the log predictive density
p(y]0). Model selection using these criteria is based on the observation that, in
the large-sample limit, the model with the highest log predictive density will have
the highest posterior probability (based on Kullback-Leibler information) (Gelman
et al., 2014). The log predictive density of the model is then estimated by computing
log pointwise predictive density across the dataset (this may not literally be for
each data point, but may involve a coarser partitioning of the data, depending on
considerations such as computational time or spatial or temporal dependence) and
adding a bias-correcting factor which is intended to penalize overfit resulting from
the use of the same dataset for inference and validation.

One important point (mentioned in the review by Gelman et al. (2014)) is that
these criteria use the predictive density of the model, rather than the posterior
density. This avoids the prior density from biasing the fit of the model output to
data.

AIC is the most commonly used predictive information criterion. However,
AIC uses the maximum likelihood parameter estimate, and therefore may be
difficult to employ in the context in Bayesian inference. The asymptotic properties
underlying AIC’s convergence to the Kullback-Leibler information also may fail
to hold for singular models, a class which includes most hierarchical and mixture
models (Watanabe, 2010). DIC is a Bayesian information criterion that uses the
posterior means for its calculation; however, following Gelman et al. (2014), we use
WAIC, which estimates the log predictive density over the entire posterior, rather
than collapsing the posterior onto a point estimate.

The formula for WAIC that we use is

n

n S
WAIC = -2 (Z log (; Zp (yi|95)> =2V (logp (u

i=1

92))) : (4.16)
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where 6 are an ensemble of draws from the posterior distribution, and V° denotes
the sample variance. The first term is the expected log pointwise predictive density,
and the second corrects for overfitting. Gelman et al. (2014) interprets the correction
term as approximately penalizing the number of “unconstrained” parameters in the
model, so that parameters that are fully penalized are those which are estimated
entirely from the data. The factor —2 puts the value of WAIC on the deviance
scale, so that its value is comparable to AIC or DIC, and as a result, the model
with the lowest WAIC value has the best predictive fit.

4.9.2 “True” Data Generation Criteria

4.9.2.1 Loss Functions and Marginal Likelihoods

Let Ml,...,ML

trying to identify the “true” data-generating model, decision-theoretic criterion for

. e the set of models under consideration. In the setting of
selecting a particular model M is that the loss associated with selecting an incorrect
model should be minimized. Denote by R(M;, M) the loss corresponding to
model M; if My, is “true” The loss associated with model M, is a random
quantity, and its expectation may be estimated in terms of the posterior evidence

for each alternative model p(M_|y) (called the posterior probability of model My):

Lmax

EMjgy = > R(Mz Mp)p(Mcly).
L=1
The expected loss is of course sensitive to the selection of the loss function
R(-,-), and different models with similar marginal likelihoods may be selected under
different imposed loss functions. A standard choice in the absence of additional
information is the 0/1 loss function (Frihwirth-Schnatter, 2006),

0 L=1L
R(MD ML) = N
1 L#L,
for which the expected loss simplifies to
Lmax
EM;)= 3 pMuily)=1-p(M;ly),
L=1,L#L
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so that the model with the highest posterior probability minimizes the risk of

selecting an incorrect model. By Bayes’ rule (4.1), this probability factorizes

pMgly) = p(y|Mz)p(My), (4.17)

so that if all models have the same prior probability p(M; ), choosing the model
with the highest marginal likelihood p(y|M;) will minimize the expected loss.
However, computing the marginal likelihood for a Markov switching model is a

non-trivial integration problem in general:

PYIML) = [ p(IS. $Ip(SIEP(@x)d(S, B,

KXPK

Another approach is to use variable-dimension methods, such as reversible
jump MCMC (Richardson and Green, 1997). These methods jointly estimate the
posterior probabilities of the model structure and the model parameters. We do not
explore these methods due to their increased computational cost, though reversible
jump MCMC is relatively tractable when comparing nested models such as we do
here (Robert and Casella, 2004).

Finally, one could use Bayesian model averaging methods, in which model
output is weighted based some probability distribution. For example, when the loss
function is quadratic (rather than the 0-1 loss above), the models are weighted by
their posterior probabilities (Robert and Casella, 2004). Reversible jump MCMC
also produces the posterior probability of each model structure along with the

parameter posterior distributions.

4.9.2.2 Approximations to the Marginal Likelihood

BIC is a commonly used (asymptotic) approximation to the marginal likelihood,
but is known to perform poorly for complex (and singular) models such as Markov-
Switching GARCH models (Chuffart, 2015). Instead, to select K and p for a given
model, we will directly estimate the marginal likelihoods p(y) (Fruhwirth-Schnatter,
2004)). Denoting the set of candidate models by My,..., My _ . consider the
posterior probability of a model p(M; |y). The factorized posterior (4.17) shows
that, under a uniform prior distribution, the model with the greatest marginal

likelihood minimizes the 0-1 loss. Of course, other prior distributions could be
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used other than the uniform distribution, for example, to help select for more
parsimonious models (in accordance with Occam’s razor). Another possibility is to
use the estimated model posterior probabilities as model averaging weights (Wong
et al., 2017), though we do not do so here.

Computing p(y) is in general a difficult problem. Following Frithwirth-Schnatter
(2001) and Fruhwirth-Schnatter (2004), we estimate the marginal likelihood using
the method of bridge sampling (Meng and Wing, 1996), described in more detail
in Appendix A. The bridge sampling method requires computation of the mixture

likelihood, which can be expressed as a mixture of complete-data likelihoods (4.2),

p(y|0) = > p(y[S,01,...,0x) p(S[E), (4.18)

ses
where & = {1,..., K}T! is the space of all realizations of S. As a result, the
expression (4.18) for the mixture likelihood becomes intractable quickly as the
number of states and length of the data series grows. Instead, by considering the

product of one-step ahead predictive densities, we obtain

K
p(510) = =iy (3 sl = K 00l = iy, 6))
=1
where the terms in the left-hand side product are the normalizing constants
p(y]y'™!, 8) from running the filtering steps of Algorithm 4.8.1.

Marginal likelihoods, just like any other model comparison method, should not
be treated as a black box. Indeed, the marginal likelihood is highly sensitive to
the choice of prior (Gelman et al., 2013). Further, when comparing the posterior
model probability given by 4.17, there is no necessary reason to insist on the use of
a uniform distribution over all models, in which case the model with the lowest
marginal likelihood would not necessarily be the one with the lowest posterior
probability. Rather, we use marginal likelihood estimates to narrow the range of
potentially suitable models, and then examine their point process representations
(viewing model parameter simulated values as if they were points in Euclidean space)
visually and using k-means clustering to look for signs of overfitting (Frithwirth-
Schnatter, 2006). Those models with evidentiary support which are identifiable are
then calibrated, and the statistical properties of an ensemble of simulated irradiance

series are then compared to the validation data set.
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Chapter 5
Hourly Solar Resource Assess-
ment Modeling

As discussed in Section 2.5.1, characterization of the solar resource at a site is
important for the design and simulation of a SECS. Many SECS (for example,
plants or buildings) are less influenced by sub-hourly variations in incident solar
irradiation than by longer-scale trends. In their seminal work, Liu and Jordan
(1960) observed that much of the variability in the daily average clearness index k;
between months can be explained by the variations in the monthly average k;, so
that months with similar monthly averages have similarly distributed daily averages.
Hollands and Huget (1983) drew the same conclusion about the relationship between
the distribution of hourly average k; within a day and the daily average.

In this chapter, we investigate the differences between a benchmark model
trained on an all-year dataset versus a collection of models trained on individual
local seasons (in this case, winter, spring, fall, and summer). The choice to use
seasons, rather than downscale further to months, is based on the identification of
seasons with dominant climatological regimes. Figures 5.1 and 5.2 show generally
consistent distributions of k; and k;, across months within the same season (with a
large outlier in December), while Figure 5.3 indicates that the seasons correspond
to distinct k, and k; distributions.

5.1 Data

Solar irradiance data for this study was obtained from the NOAA SURFRAD
site at Rock Springs, PA (Augustine et al., 2000) from January 1, 2007 through
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Figure 5.1: Distributions of hourly k; values by month. Data was collected at the
Rock Springs, PA SURFRAD site, from January 1, 2007 through December 31,
2016.

December 31, 2016. The site is located at 40.72° N and 77.93° W. DNI is measured
using an Eppley Normal Incidence Pyrheliometer (NIP). While GHI is directly
measured, due to issues relating to thermal calibration it is advised to compute
GHI using DNI (after conversion to BHI) and DHI (which is measured using an
Eppley 8-48 pyranometer). All measured values are averaged over 1 minute before
reporting. Quality control for the data was handled using the flags included with
the data.

The resulting data set was randomly divided into three sets by calendar year,
in accordance with the “tune/train/test” separation paradigm (Haupt et al., 2009).
The tuning/model selection dataset consisted of data from 2007, 2010, and 2015,
the model calibration dataset consisted of data from 2009, 2011, 2013, and 2016,
and the validation dataset consisted of data from 2008, 2012, and 2014.
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Figure 5.2: Distributions of hourly k; values by month. Data was collected at the
Rock Springs, PA SURFRAD site, from January 1, 2007 through December 31,
2016.
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Figure 5.3: Distributions of hourly k; and k;, values by season. Data was collected
at the Rock Springs, PA SURFRAD site, from January 1, 2007 through December
31, 2016.
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Table 5.1: Prior distributions for the resource model parameters. By denotes the
vectorized regression parameters By, as described in Section 4.7,

Parameter | Prior Distribution | Comments
3 k=K
D(K;er,...,e ek =
&k ( k1 kK ) kk 2 kAN
By N (i, 1) e = (=24 {01, —24 1671, 051
Sk W(3,1)

5.2 Model Specification

For the reasons discussed in Section 3.5.2, our model is specified as follows:

p
vt = Bo,s, + Bu,s, c0s(6.) - 1o+ > Bis1,5,Yi—i + &t
i=1
where €, ~ N(0,35g,), 1o = (1,1)7, and y = (k;, k)T. Further, we assume that the
latent Markov chain generating the state sequence S; is homogeneous, so that the
transition probabilities &£ are constant.

Our selection of prior distributions, summarized in Table 5.1, is largely deter-
mined by our desire to use Gibbs sampling in the sampling steps of Algorithm 4.5.1,
which requires conjugate distributions. The choice between Gibbs sampling and
the use of Metropolis-Hastings steps with other, perhaps more informative priors,
represents a tradeoff between computational effort and the strength of the prior
information. In general, relatively little prior meteorological information is included
in the prior distributions, both to help this model serve as a benchmark and to avoid
giving the states an a priori physical interpretation. This latter consideration is not
crucial except that this work is conducted with a view towards model structural
uncertainty (in the autoregressive order p and number of states K), and so it is not
necessarily clear how the states ought to correspond to particular meteorological
regimes as the number of states varies. Stronger priors could be used if such an «a
priori correspondence was established.

The Dirichlet prior for & is defined to bound the Markov-switching process away
from an i.i.d state process (by setting egr > exx), in which case path-dependency
would be eliminated. The non-zero prior means for the intercepts By are intended

to separate the states, though experimentation suggests that the prior mean has
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relatively little influence on the posterior distribution. The 0 mean value for the
other regression coefficients are intended primarily to regularize the sampled values.
Finally, the number of degrees of freedom for the inverse-Wishart prior for > is
selected to leave the prior only weakly informative, though inverse-Wishart priors

are known to be relatively restrictive (Gelman et al., 2013).

5.3 Results

5.3.1 Model Selection

Models with AR coefficients p = 1,2 and number of states K = 2,...,5 were
compared using the bridge-sampling estimate of their marginal likelihoods (Ap-
pendix A). The MCMC run for the model selection step used the tuning dataset,
and was run for 75,000 iterations. The first 25,000 were discarded as burn-in
(convergence of the sampler was tested using the Gelman-Rubin diagnostic (Gelman
and Rubin, 1992)). An ensemble of 10,000 posterior samples were then used to
compute the marginal likelihood estimate. The resulting log-likelihood estimates

and relative standard errors are displayed in Tables 5.2 and 5.3.

Table 5.2: Bridge-sampling estimates of the marginal log-likelihoods log p(y) for
models with number of states K = 2,...,5 and autoregressive order p = 1,2. The
bolded values correspond to the maximum marginal likelihood for each dataset.

K
Season p‘ 2 3 4 5
winter | [ 20216 -1969.9 -1904.0  -1880.5
9 1-2067.0 -19955 -1999.3 -1879.6
Corin 1]-2336.6 -2373.7 -2251.9 -2221.9
PIINE 95| 90299 -1885.9 -2055.3 -1987.3
cummer || 16427 -1691.3 16585 -1575.5
9 -14515 -1299.6 -1553.8 -1419.8
eall 1]-1582.3 -1547.3 -1577.7 -1372.7
9 1-1384.2  -1419.0 -1393.8 -1349.0
- 1|-6804.3 -6965.9 -5903.3 -6380.9
9 1-5926.7 -5814.9 -6066.0 -5622.2
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Table 5.3: Estimates of the expected relative mean-squared error for the log-marginal
likelihood estimates log p(y) in Table 5.2.

K
Season P 2 3 4 5
winter | 00024 0.0033 0.0054 0.0089
2 0.0024 0.0030 0.0066 0.0067
corin 1 0.0020 0.0024 0.0038 0.0041
PHINE 95 0.0019 0.0028 0.0032 0.0041
cummer | 00019 00024 0.0037 0.0041
2 0.0019 0.0029 0.0035 0.0045
eall 1 0.0017 0.0019 0.0032 0.0037
2 0.0021 0.0027 0.0035 0.0042
- 1 0.0020 0.0024 0.0030 0.0061
2 0.0020 0.0023 0.0036 0.0193

Based on Table 5.2 and a visual inspection of the point process representation
of the posterior draws (to rule out overfitting), MSAR(2) models with K = 3 were
selected for the spring and summer seasons, and MSAR(2) models with K =5

were selected for the other models.

5.3.2 Identifiability Constraints

To calibrate the models, the MCMC sampler was run on the training dataset for
100,000 iterations, with a burn-in period of 30,000 iterations (convergence was
again diagnosed with the Gelman-Rubin diagnostic). The resulting point process
representations are shown in Figure 5.4. While most of the states are clearly
separated, the winter model requires a separate set of constraints than the others.
Figure 5.4 suggests that for the non-winter models, the states can be ordered by
the first-component (corresponding to k) intercept Sy ;. The winter model can be
identified by a constraint combining the lag-2 first-component AR coefficient (i, 2,

with the first-component variance ¥ ;.
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Figure 5.4: Point process representation of the posterior samples for the selected
models.

5.3.3 Posterior Predictive Checks

To test how well the seasonal and all-year models perform as stochastic solar
resource generators, we rely on graphical representations of simulated datasets from
the posterior. While the use of the Kolmogorov-Smirnov integral is recommended
for resource assessment model validation (Sengupta et al., 2015), our goal is not to
reproduce the validation dataset (which may be, and in this case is, significantly
shorter than the data lengths required for appropriate levels of confidence in a
frequentist sense (Vignola et al., 2012)), but rather to examine the uncertainty
of simulations from the posterior. The validation dataset serves as a benchmark
(under the assumption that it does not consist of outlying data); with a sufficient
number of realizations, the validation data (and any test statistics of interest) ought
to be enveloped by the posterior predictive distribution. We focus in this section

on the dimensional GHI and DNI values, as those are the quantities of interest for
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Figure 5.5: Densities of hourly &, and k;, for the validation dataset (y, the black
line) and the simulated datasets (yyep, the blue lines).

SECS modeling.
We generated 1,000 simulated datasets (each dataset corresponding to three

years). The initial k; and k, values for each day in the simulated datasets were
the same as those for the corresponding days in the validation dataset, though
the initial state Sy was sampled from a uniform distribution over the states. The
empirical CDF used to transform k; and k;, values to quantiles, and vice versa, was
the empirical CDF from the training dataset, to avoid overfitting the simulations
to the validation distribution.

Figure 5.5 compares the marginal distributions of k; and k; values from the
validation dataset to those from the simulated datasets. In general, the all-year

model does a better job fitting the validation data, which is not surprising given it
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Figure 5.6: Densities of hourly-averaged GHI and DNI for the validation dataset
(y, the black line) and the simulated datasets (yyep, the blue lines).

was fit on four times the data of any of the individual seasonal models. However,
when examining the hourly GHI and DNI marginal distributions in Figure 5.6,
there does not appear to be a strong difference between the two models, suggesting
that the effect of the solar diurnal cycle is more important than the differences
between the dimensionless output of the two models. Both models produce extreme
GHI values too infrequently, shifting the probability mass towards the center of the
distribution. Both models also fail to capture the upper DNI mode and have right
tails that are too long, though they do capture the point mass at 0 W/m?.

We are also interested in testing the model’s time-series properties. The daily
GHI and DNI sums demonstrate whether the intradaily dynamics of each series

are reasonable approximation of those found in the validation data. Figure 5.7
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Figure 5.7: Densities of daily GHI and DNI for the validation dataset (y, the black
line) and the simulated datasets (yyep, the blue lines).

shows that there is considerably more uncertainty than for the hourly series. The
all-year model produces completely overcast days with a lower frequency than the
seasonal model, and neither produce them often enough to match the validation
data, with more mass on days with 2-3 kWh/m?. The seasonal model does capture
the bimodality (and the upper mode) of the daily GHI distribution, but the right
tail is thinner than the validation data. The all-year model, on the other hand,
produces a unimodal GHI distribution.

Neither model appropriately captures the frequency of high-beam (DNI) days,
and as with the GHI results, neither captures days with effectively no beam
irradiance. The seasonal model does a better job of placing the appropriate mass
on lower DNI days (likely due to the presence of states corresponding to highly
overcast conditions in the winter and fall models, which are absent in the all-year

model), but both models overpredict days with moderate DNI.
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Figure 5.8: k; and k;, auto- and cross-correlations for the validation data and the
simulated datasets. The ribbons correspond to the 95% credible interval across the
simulations.

Both models also feature too little autocorrelation within their dimensional and
non-dimensional replicates, as seen in Figures 5.8 and 5.9. This under-correlation
is much more pronounced in the DNT series than the GHI series (which may help
to explain the failure of both models to properly capture daily DNI extremes),
even though the seasonal model’s k; autocorrelation deviates significantly from
the observed data beginning at a lag of 3 hours, suggesting that closeness of the
autocorrelations in the dimensional series is the result of the diurnal cycle. On
the other hand, the effect of dimensionalization is to increase the distance between
the observed DNI autocorrelation and the modeled DNI autocorrelation relative to
that of the dimensionless k; series. The joint distribution of GHI and DNI is also
off, as the lag-0 cross-correlation between the two series is much lower than in the

validation data.
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Figure 5.9: GHI and DNI auto- and cross-correlations for the validation data and
the simulated datasets. The ribbons correspond to the 95% credible interval across
the simulations.

5.4 Discussion

The goal of this chapter was to provide a benchmark, through the use of a relatively
simple model, for a probabilistic Markov-switching approach to solar resource
assessment modeling, to allow for the assessment of the marginal contributions of
more complex models. The results from Section 5.3.3 demonstrate that the model
used here, with homogeneous transition probabilities and little prior meteorological
information, does not properly capture the probability of extreme GHI or DNI
hours or days and fails to properly reproduce the temporal properties of real GHI

and DNI series. There are a number of possible ways that these shortcomings can
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be addressed by the next round of modeling.

First, the use of the empirical CDF of the training data likely resulted in some
degree of overfit of the simulated data to the distributions found in the training
dataset. This is more likely to be a problem when the training data is relatively
limited. While the generalized linear modeling approach (using the logit as a link
function) was observed to not work well in this, relatively unconstrained, study, a
more constrained model (requiring stationary dynamics around a switching mean,
for example, as in Equation (3.9) with constrained autoregression coefficients) might
work well, particularly if the prior distributions are more informative. Inference for
models requiring this type of dependence on previous states is easier if they are
cast in the form of a switching state-space model (Kim, 1994; Frithwirth-Schnatter,
2006). This framework also facilitates the incorporation of random walk processes
for the mean or correlated innovations within the continuous state process, which
is typically estimated using the Kalman filter (Kalman, 1960; Kalman and Bucy,
1961).

Second, homogeneous transition probabilities result in daily series that cannot
properly capture diurnal trends, which further affects the ability of the model to
represent realistic daily series. A new version of this model should incorporate
the fractional time of day into the Markov-switching transition process, and the
transition probabilities could also depend on the duration of the current regime.
An additional consideration is that the hourly clearness indices are known to be
dependent on the daily-average clearness index (Liu and Jordan, 1960; Hollands
and Huget, 1983), which can be modeled by an AR(1) process (Bartoli et al., 1981;
Graham et al., 1988). An AR(1) process for the daily-average k; and k&, could be
used as an additional hierarchical level upon which the transition probabilities are
further conditioned.

Finally, it will be important to find the initial distribution of the latent states,
p(So). In this work, we have assumed that this distribution was uniform, which
is obviously unrealistic. This inference could be done endogenously, using the
smoothed state probabilities for each day (and possibly conditioned on the daily
average k; and k), or could be done exogenously, e.g. using an analysis of satellite
images. While the latter approach requires an a priori identification of the states
with particular sets of meteorological conditions, we feel that this is necessary in

any case, as it allows for more informative prior distributions to be incorporated

67



into the model. This also allows for the latent state sequences to be identified

exogeneously during the training-data period.
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Chapter 6
Forecasting Components of So-
lar Irradiance

As the penetration of renewable sources of energy increases, the uncertainty of their
flows result in a need for more frequent power systems dispatching (Ela et al., 2013).
One consequence has been an increase in interest in solar irradiance forecasting
for sub-hourly forecast horizons. The uncertainty associated with solar irradiance
forecasts makes probabilistic forecasting attractive, as probabilistic information can
be collapsed to point estimates if the decision-making procedure requires these. In
this chapter, we use the MSVAR model from Chapter 3 to probabilistically forecast
GHI and DNI for a 15-minute ahead time horizon.

One difference between the model used for forecasting in this chapter and that
used for resource assessment in Chapter 5 is that here we allow covariates derived
from geostationary satellites to drive the transition probabilities for the latent state
process. Our motivation in using satellite imagery in this fashion (rather than
deriving irradiance estimates directly from the image values, as in Perez et al. (1992)
and Perez et al. (2002)), is to incorporate uncertainty about future transitions.
These transitions between cloud regimes can be the result of a combination of
advection (transport) and evolution (cloud building/dying). The temporal and
spatial scales over which these two drivers dominate vary depending on the cloud
regime, as quantified by data collected by Fujita (1981) and visualized in Figure 2.3.

For the most stochastic cloud fields, deterministic frozen-field forecasts from
geostationary satellite images have a reasonable cloud-forecasting skill through no
more than a 30-minute lead time, which is consistent with Figure 2.3 (Srikrishnan

et al., 2017). Rather than taking this approach, by assimilating satellite data into
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the transition process, we are able to account for uncertainties related to both

advection and evolution.

6.1 Data

6.1.1 Satellite Data

The satellite data used for this study is obtained from the NOAA GOES-13
geosynchronous satellite (GOES-EAST); specifically, images from the visible channel
of the GOES imager, with a spatial resolution of 1 km per pixel. Both CONUS
(Continental United States) and Extended Northern Hemisphere scans are used
to allow images to be available every 15 minutes. This data is formatted as 10-bit
GVAR (GOES Variable Format) counts, which are linearly related to the visible
radiance of the area represented by a pixel.

The area covered by the images used in this work covers latitudes 34°747° N
and longitudes 74°792° W. This area is large enough to account for wind vectors
coming from the west, southwest, and northwest corresponding to a maximum wind
speed of 133.33 m/s (120 km per 15 min), which is greater than the maximum
winter jet speed in the region (Imhoff, 2015). Images were obtained corresponding
to the daytime hours of 11:00-24:00 UTC. While it might be desirable for forecasts
to be generated at nighttime for use in the time period shortly after sunrise, this
would require the use of the infrared imager channels.

These raw images are corrected to adjust for the first-order projection effects
due a varying solar zenith angle (Perez et al., 2002), which removes the diurnal
trend resulting from solar geometry from the mean image intensity. The images are
then subjected to a cloud-masking procedure to increase the contrast between cloud
and clear-sky pixels. Under the assumption that the distribution of pixel values is
generated by a “clear” process and a “cloudy” process, a two-component Gaussian
mixture model (McLachlan and Peel, 2000) is fit to the GVAR distribution. Pixels
are flagged as clear if their value is no greater than the value at which the tails of
the two Gaussians cross. Any pixels flagged as clear then had their value set to 0.
An example of this cloud masking procedure can be seen in Figure 6.1.

The assumption that the GVAR distribution is generated by two Gaussians

is plausible so long as there are no snow-covered areas in the image domain. We
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Figure 6.1: Results of the cloud masking procedure for a sample GOES image.
Shown are the pre-cloud masking GVAR histogram, the fit Gaussian mixture
components, and the pre- and post-cloud masking images. The dashed line in the
histogram and the mixture fit images is the value separating “cloudy” from “clear”
pixels. Reproduced from Srikrishnan et al. (2017).

avoid the issue of identifying snow-covered pixels due to the difficulty of separating
snow cover from clouds using a single satellite image channel (Miller et al., 2005).
Images are treated as missing if the MODIS MOD10_ L2 snow cover product Hall
and Riggs, 2016 flags pixels within certain areas as having snow (more details in
Section 6.2.2. Operationally, this is far from ideal, but solutions to cope with snow
cover (for example, using infrared channel images following Perez et al. (2010)) can
be added into the method with no other changes to the routine.

While it is common in frozen-cloud field solar forecasting to derive a “cloud
index” from these counts to capture the degree of cloud cover (see e.g. Cano et al.,
1986; Hammer et al., 1999; Perez et al., 2002), we will use the GVAR counts
directly as external covariates for the regime transition probabilities, as outlined in
Section 6.2.1.

6.1.2 Irradiance Data

As in Chapter 5, irradiance data was collected at the Rock Springs, PA SURFRAD
site (Augustine et al., 2000), in this case from April 1-October 31 during calendar
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year 2012 (for a total of 190 days). The site is located at 40.72° N and 77.93° W.
DNT is measured using an Eppley Normal Incidence Pyrheliometer (NIP). While
GHI is directly measured, due to issues relating to thermal calibration it is advised
to compute GHI using DNI (after conversion to BHI) and DHI (which is measured
using an Eppley 8-48 pyranometer). All measured values are averaged over 1 minute
before reporting. Quality control for the data was handled using the flags included
with the data. The 190 days in the dataset was randomly divided into three groups,
in accordance with the tuning/training/testing paradigm (Haupt et al., 2009).

6.2 Statistical Model

6.2.1 Model Specification

As in Chapter 5, our model is specified as follows:

P
yi = Bos, + Brs, cos(0:) - 1o+ Y Biyrs,yioi + &,
-1

where &, ~ N(0,%g,), 1, = (1,1)7, and y = (ky, k,)7. Unlike the resource
assessment model, however, here we provide a time-varying specification for the

transition probabilities:

p (St = m|St—1 = 1,21, R) =& = logitfl (Hlm,o + Z Zt—1,i/€lm,z'>

_ exp (Kim,0 + 22 Z—1,iKim,i)
= =K
ket €xXp (Kiko + X Zt—1,iKik)

(6.1)

where z are exogenous satellite-derived covariates (see Section 6.2.2). As the
transition probabilities are only specified up to differences between coefficients,
identifiability requires the regression parameters associated with transition to a
reference state kg, ko € L = {1, ..., K} to be fixed at 0, so that

1
Yk tkoy €XP (Kiko + X4 Zt— 1K)

p (St = kolSi—1 =1,2-1, k) , (6.2)

where IC — {ko} is set-theoretic subtraction. An example of the nonlinear effect of

the covariates z; on state persistence is provided by Kaufmann (2015).
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Figure 6.2: Flowchart of the Taylor/frozen-field forecasting procedure. After
estimation of the advection vector, the forecast is issued by assuming that the cloud
field will remain frozen for the next 15 minutes, so that the forecasted cloud field is
the result solely of advective transport. Adapted from Srikrishnan et al. (2017).

6.2.2 Transition Probability Covariates

Two sets of transition covariates are considered. The first set consists of an intercept
term along with the mean and standard deviation of the 50 km x 50 km block
centered on the Rock Springs site (referred to as the “current” covariates). 50 km
is used as the block size to allow for a sufficient sampling of the cloud field.

The second set adds to the current covariates a set of “Taylor” covariates,
generated using a frozen-field forecast (or “Taylor” forecast, due to the assumption
of the Taylor hypothesis, that changes to the cloud field resulting from advection
dominate changes resulting from local evolution (Taylor, 1938)). A flowchart
summarizing the forecasting procedure is provided by Figure 6.2.

To issue a forecast at time ¢ for block b, the image corresponding to time ¢ — 15
is first divided into non-overlapping blocks of size 50kmx50km. The estimated
advection vector is the displacement vector between the block at time ¢ — 15 that
has the highest correlation with b (this process is visualized in Figure 6.3). After
advection vectors are estimated within the 2-block neighborhood of b, spurious
vectors are identified using a local median test (Westerweel and Scarano, 2005).
If the vector corresponding to b is flagged as spurious, blocks within the 1-block
neighborhood of b are also examined. Any spurious vectors are replaced using
bilinear interpolation.

Due to the cloud masking procedure, any completely clear blocks will have only
0-valued pixels within them. Since the maximum-correlation procedure will fail for
these blocks, any block that is sufficiently clear is assigned an advection vector of O
(as if the procedure were tracking the terrain features of the unmasked block), so

that the forecast is also for a clear sky. The setting of this threshold is important:
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Figure 6.3: Example of advection vector estimation. The left panel is a portion of
the forecast-issuance time GOES image. To obtain an estimate of the advection
vector used in forecasting, pixel offsets within a search radius are used to maximize
the correlation between the GVAR counts in the forecast-issuance time cell (the
light gray box in both panels) and the offset cell. The search radius is represented
by the dark gray box in the right panel, which is the image 15 minutes prior to the
forecast-issuance time. The correlation-maximizing offset cell is bounded in the
right panel by the off-white box, with the advection vector shown by the arrow.
Reproduced from Srikrishnan et al. (2017).

if it is too high, random correlation peaks are likely to be generated for blocks
with sparse cloud features, while if it is too low, too many cells will be assigned
an advection vector of 0. We follow Srikrishnan et al. (2017) in using a threshold
value of 96%.

The Taylor covariates are then the mean and standard deviation of the block at
time ¢ + 15 with the appropriate displacement (the estimated advection vector or its
quality control replacement). The satellite-derived covariates are then normalized
by dividing by 1024, the maximum possible GVAR count value.

The transition covariates are matched to the 15-minute irradiance averages by
using the most recent satellite image available during the averaging period. If no

such image is available, the image is treated as missing.

6.2.3 Missing Data

For a variety of reasons (including missing satellite images and the presence of
snow), a large amount (~25%) of the satellite data are missing or treated as missing
(including some portion of the data from every day in the data set). These missing

data are spread throughout the data set with respect to hour of the day, as seen
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Figure 6.4: Number and percentage of missing satellite images by hour of the day
(UTC).

in Figure 6.4a. The proportion of the missing satellite data by hour is shown in
Figure 6.4b. We cannot treat this missing data as ignorable as there are no complete
cases, and even if there were, restricting statistical analyses to complete-case analysis
can result in biased estimates when the data are not missing completely at random
(in other words, if the probability of missingness is independent of the missing or
observed data) (Little and Rubin, 2002).

Missing data imputation can be easily incorporated into the Bayesian framework
via data augmentation (Tanner and Wong, 1987). Missing covariate values can be
sampled at each iteration of the MCMC procedure. The remainder of the sampling
steps are then conditioned on those imputed values. One approach is to place a
prior distribution over the missing data. However, the spatiotemporal dynamics of
the cloud field induce a time series structure on the derived covariates, suggesting
that model-based imputation may be more appropriate.

When the satellite image cell is sufficiently clear, so that there are not enough
cloud features for a maximum-correlation method to be effective, the covariates
are set to zero. Otherwise, there is a strong correlation between the moments
of the relevant time-t satellite image cells (the “current” cell, overhead of the
measurement site, and the “forecast” cell obtained by the maximum-correlation

advection method) and the moments of the lagged (time-t — 1) forecast cell, as seen
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Figure 6.5: Pairs plots relating the time-t covariate values with the lagged (time-
(t—1)) covariates derived from the advection-only satellite forecasting method. Only
time-t values corresponding to images that were not too clear for the cloud-filtering
procedure are included.



in Figure 6.5. Thus, we can think of the imputation model as a two-stage process
z = I}z, (6.3)

where I7 = 1if z; # 0 and 0 otherwise, and z{” = z;, = (zgur, zfor) if z; # 0.

The model (6.3) generates z; as a mixture of two components: a point distribu-
tion at 0 and a truncated multivariate normal whose mean depends on the lagged
values z*,. The probability of the indicator variable I? is the mixture weight
associated with non-zero component. The first stage of the model is a logistic
regression for I,

Pr (17 =1) =logit™" (™) ') (6.4)

based on the covariates corresponding to “current” conditions.
The second stage involves calibrating the non-zero process for z/*, with each
cur for

vector z{"" and z;*" given by a constrained vector AR(1) process. After normalizing

z onto the unit interval (which we denote by ),
Zt = it_laz + Ez. (65)

Note that, as written, the model (6.5) would allow for values of z, that are outside
the unit interval (so that z, can be less than zero or greater than 1024), but this is
not problematic given that Z, are used as logistic covariates for the state transition
probabilities: values close to, but less than, 0 will result in similar probabilities to
zero values, and similarly near 1. Therefore, we censor the AR(1) output to keep

all values on the unit interval.

6.2.4 Missing Data Sampling Scheme

The missing-data imputation process adds extra steps to the MCMC sampler
described in Algorithm 4.5.1.

1. Sample the missing-covariate parameters o, a?, ¥

The first stage of the missing-data imputation process described in Sec-
tion 6.2.3 is the binomial logistic regression model (6.4) for the process
component [*. The Gibbs sampling method used to sample the logistic regres-

sion coefficients for the inhomogeneous transition probabilities (Section 4.6.2)
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Table 6.1: Prior distributions for the forecast model parameters. Bj denotes the
vectorized regression parameters By, as described in Section 4.7,

Parameter | Prior Distribution | Comments
a! N (0,1)
o’ N(0,1)
3z wW-t(3,1)
K N (0, ])
By N (px, T) e = (=24 150, 0501, —2 4 TE1,0,41)
Yk W=t (3,1)

is also used for the missing-data process mixture coefficients o’.

Then the AR coefficients a* and innovation variance %* are sampled (con-
ditioned on the previously imputed values) as a standard linear regression

model.

2. Impute missing transition covariates z;.

Once the missing-data process indicator I7 is determined by sampling ¢,
missing covariates z; are imputed as z; = 0 if [7 = 0 and according to

Equation (6.5) otherwise.

6.2.5 Prior Distributions

The priors for this forecasting model are listed in Table 6.1. As in Section 5.2,
our selection of priors is based on our desire to use Gibbs sampling steps. For the
shared parameters between the two models (B and ), the justifications for the
priors are identical. For the regression (logistic or linear) parameters unique to
this model, the primary reason for the specification of these particular priors is for
coefficient regularization. The imputation innovation variance >* prior was chosen

to keep it only weakly informative.

6.3 Forecast Validation Metrics

Validating a probabilistic forecast is more complex than validating a point forecast,
for which the only concern is the distance between the forecast and the realization.

For a probabilistic forecast, the validation question can be thought of as asking two

78



questions of the predictive distribution. First, is the observation consistent with
the predictive distribution? Does the observation seem like a random draw from
the forecast? If so, the forecast is calibrated. Second, how uncertain is the forecast?
The question of how widely the probability mass is distributed within the forecast
density refers to the sharpness of the forecast.

While sharpness is a property of the predictive distribution only, calibration is
a joint property of the distribution and the realized observation. Calibration has a
direct analogue in the validation of a point forecast, while sharpness is a property
unique to density forecasting (including prediction intervals surrounding point
forecasts, which can be thought of as uniform predictive distributions centered on
the point forecast). Gneiting et al. (2007) posits that an ideal probabilistic forecast
is maximally sharp subject to calibration. In other words, the ideal predictive
density assigns the correct level of uncertainty to the observation, and is as sharp
as can be given the “true” uncertainty about the outcome.

The marginal calibration (Gneiting et al., 2007) of a predictive distribution refers
to the compatibility of the empirical distributions of the forecasts and observations.
The marginal calibration of a forecast density can be assessed visually by, for
example, plotting the realizations alongside the forecast means. This allows for a
quick identification of forecast biases or over- or under-dispersion.

One metric for the sharpness of a multivariate predictive distribution is the
determinant sharpness (DS) Gneiting et al. (2008):

DS = (detx)"/ @ (6.6)

where ¥ € R%* is the covariance matrix of the forecast density or ensemble. The
DS (6.6) generalizes the standard deviation of a univariate forecast.

In the univariate setting, an omnibus metric (or scoring rule) for assessing both
the calibration and sharpness of a predictive distribution is the Continuous Ranked
Probability Score (CRPS) (Gneiting and Raftery, 2007). If the forecast density is
denoted by p and the realized observation by x, the CRPS is defined as

CRPS(p,2) = [ (Ply) ~ Hy > 2})*dy
oo . (6.7)
= E|X —a| - 3B, IX - X/,
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where X and X’ are independent random variables distributed according to p.
When the forecast is a point forecast at xg, the CRPS reduces to the mean absolute
error (MAE) |zg — z|.

While (6.7) is in general difficult to compute when the predictive density p is
not a “nice” density (such as a Gaussian density), when the density is represented
by a size-k ensemble of forecast elements x;, the integral has the Monte Carlo

approximation

R 1 k 1 k k
CRPS(p,z) = %Z|xz—x\ — @szi—xﬂ, (6.8)
i=1

=1 j=1
which is derived using the empirical CDF of {x;} (Kriiger et al., 2016). Lower
values of the CRPS (when expressed using (6.7)) are better.

As a multivariate analogue of the CRPS, Gneiting et al. (2008) proposed the
so-called Energy Score (ES):

1
ES(p.x) = Ep|X —x|| = 5 B[ X — X, (6.9)

where || - || is the Euclidean (Ls) norm. For a point forecast xg, the ES is equivalent
to the Euclidean error (EE) ||xo — x]|.
As with the CRPS, the ES (6.9) admits a Monte Carlo approximation

. 1 k 1 k k
ES(p,x) = z > lIx — x| — o5z D> lIxi — x4 (6.10)
=1

i=1j=1
Given a set of observations, the score (CRPS or ES) for a given model is the mean
score over the observations.

Both of the multivariate metrics DS and ES are best used when there is a common
scale for all of the elements of the forecasted vector, so that each dimension is
weighted equally. The units of the CRPS are the same as those of the forecasted
quantity x. For the ES, this may be the case if the vector components have the
same units; otherwise, the ES ought to be dimensionless after component-wise
normalization.

Advantages of the CRPS and the ES are that they are proper scoring rules (Gneit-
ing and Raftery, 2007), which means that when scoring predictive distributions

p using these metrics, in expectation a forecaster has no incentive to issue any
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other forecast if p represents the forecaster’s best (in the sense of calibration and
sharpness) forecast. Moreover, they facilitate the comparison of probabilistic and
deterministic forecasts due to their equivalence to the MAE in the point-forecast
setting.

The last forecast measure that we will consider is the skill score, which measures
the forecast’s improvement relative to some reference forecast (typically persistence
or climatological, depending on the application). In this case, we compute the skill
with respect to the CRPS (in the univariate setting) and the ES (in the multivariate
setting), so that the skill score is

Skill = 1 — Ot orecast
Erroryeference
The reference forecast for the skill score is smart persistence as the reference forecast
in this study. Smart persistence assumes that the non-dimensional index values k;
and k;, persist from forecast-issuance time t to ¢ + 1, but allow Gy and theta, to
progress according to their diurnal cycles, unlike regular persistence forecasts. As
this is a point forecast, we use the MAE instead of the CRPS and the EE instead
of the ES in the skill computations.

Forecast performance will be evaluated with respect to the re-dimensionalized
GHI and DNI values, rather than the modeled k; and k, indices. This is both
to facilitate comparisons with other papers in the solar forecasting literature and

because these are more directly the quantities of interest.

6.4 Results

6.4.1 Model Selection

In addition to the inhomogeneous models using the “current” and “Taylor” transition
covariates, for the purposes of comparison we also fit a homogeneous model with
constant transition probabilities. For each model under consideration, the number
of states K" and the autoregressive order p are selected using WAIC (Section 4.9.1).
Using the tuning dataset, the MCMC sampler was run for 100,000 iterations, with
the first 45,000 iterations discarded as burn-in (convergence was diagnosed using the
Gelman-Rubin diagnostic (Gelman and Rubin, 1992)). The WAIC was computed
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Table 6.2: Watanabe-Akaike information criterion (WAIC) values for the 15-minute
ahead forecast models, as in Equation (4.16). Lower values correspond to a better

estimated predictive fit. The WAIC values for the models which are selected are in
bold.

K
|2 3 4 5 6

1964 1433 544  -303 -283
1394 864 410 =77 -385

2231 1325 989 6576 9539
1664 871 4082 10678 8791

2270 158 1039 6126 9270
1662 167 2566 9767 7325

Model

Homogeneous

Inhomogeneous: Current

N N N =D

Inhomogeneous: Taylor

using an ensemble of 10,000 posterior samples. The resulting values are shown in
Table 6.2.

6.4.2 Identifiability Constraints

Using the training dataset, the MCMC sampler was run for 150,000 iterations,
with the first 50,000 discarded as burn-in, using the Gelman-Rubin diagnostic to
diagnose convergence. Each of the three models had very different constraints
imposed on the MCMC output for identifiability.

The homogeneous model was identified using a combination of constraints on
the k; covariance ¥, and the &, intercept (s, as can be seen in the posterior
distributions in Appendix C. The inhomogeneous model using the current covariates
was identified using a combination of constraints on the joint covariance ¥, and
the ky AR(1) coefficient (3, while the inhomogeneous model using the Taylor

covariates was identified by ordering the k; intercept /3 .

6.4.3 Forecast Performance

Forecast ensembles were then generated for each point in the validation dataset,
with each ensemble containing 10,000 forecast elements. Figure 6.6 shows the
marginal calibration plots for all three models. Visually, there appear to be no

serious issues with bias or over- or under-dispersion for any of the three models.
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Figure 6.6: Marginal calibration plots for the three probabilistic models. The red
crosses are observations, and the black dots are forecast ensemble means.

The forecast validation metrics shown in Tables 6.3 and 6.4 include both
univariate and multivariate measures. The univariate measures are the CRPS and
the univariate skill score for each component (GHI and DNI). The multivariate
measures are the ES, the DS, and the multivariate skill score. Both inhomogeneous
models perform similarly to the homogeneous model, with skill of approximately
25% in both univariate component forecasts and the multivariate forecast (for

comparison, the 15-minute ahead time-varying ARIMA GHI forecast in Reikard
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Table 6.3: Univariate validation metrics for the homogeneous and inhomogeneous
Markov-switching forecast models.

Univariate Metrics
Model CRPS (GHI) CRPS (DNI) Skill (GHI) Skill (DNI)
Homogeneous 43.5 54.0 0.26 0.27
Inhomogeneous (Current) 44.1 93.5 0.25 0.27
Inhomogeneous (Taylor) 44.5 54.2 0.25 0.26

Table 6.4: Multivariate validation metrics for the homogeneous and inhomogeneous
Markov-switching forecast models.

Multivariate Metrics
Model ES DS Skill
Homogeneous 74.0 739 0.26
Inhomogeneous (Current) | 74.2 59.6 0.26
Inhomogeneous (Taylor) | 74.9 58.2 0.25

et al. (2017) has a skill of approximately 49%). However, the inhomogeneous models
are significantly sharper than the homogeneous model, likely due to the increased
number of states used for the homogeneous model and the limited ability of that
model to shift the probability weight associated with each mode.

All of the models have a slight negative correlation between the solar zenith angle
and the ES (=0.23), suggesting increased difficulty in forecasting near solar noon
(this is primarily the result of the distribution of outliers with ES values greater
than 400 W/m?, and is therefore likely due to the increased uncertainty in the state
transition probabilities due to variability in how the cloud field evolves around
mid-day). The inhomogeneous models also have a similar negative correlation
(=0.26) between the solar zenith angle and the DS, while the homogeneous model’s
DS has a correlation of -0.49 between the solar zenith angle and the DS. Perhaps
surprisingly, neither of the inhomogeneous models have a significant increase in ES
or DS related to the missingness of satellite images.

While the median residual values of all of the models are located near 0 W/m?
the homogeneous model has a wider distribution of marginal DNI residuals than
either of the inhomogeneous models, as seen in Figure 6.7. Figure 6.8 suggests
that there is no particular relationship between the observed irradiance values and
the component-wise CRPS, though extremely low GHI values (< 100 W/m?) are

forecasted more accurately than higher values. The models appear to have similar
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trends with respect to the relationship between the marginal CRPS values and the
observations, suggesting that there is no bias or decrease in uncertainty that is
unique to any particular specification other than the increased sharpness for the

homogeneous model.

6.5 Discussion

In this chapter, we have compared the forecasting performance of inhomogeneous
Markov-switching models which use satellite-derived transition covariates with
that of a homogeneous Markov-switching model. No model stood out in terms of
skill relative to a smart persistence forecast, and all three had only half the GHI-
forecasting skill of an ARIMA model with time-varying coefficients (Reikard et al.,
2017). However, the homogeneous model forecasts were significantly less sharp
than those of the inhomogeneous models. As there was relatively little difference
between the two inhomogeneous models, in the future, we are likely to use the
“current” covariates, as these require smaller satellite images, less computational
time for image processing, and a smaller parameter set, as well as not having an
additional source of error from the Taylor cloud field forecasting method.

Many of the model structural changes discussed in Section 5.4 are likely to
also be valuable in this forecast setting. In particular, modeling the dynamics as
being stationary around a switching mean is likely to have a greater impact over
shorter temporal horizons, as seen in Figure 3.1. Future versions of this method
may want to include forecasts of the average daily clearness index in the transition
probabilities, whether these are obtained from WRF models or included in the

hierarchical model as an autoregressive process from the previous day.
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Chapter 7
Conclusions and Future Work

In this dissertation, we have begun to develop probabilistic models for jointly
forecasting the direct and global components of solar irradiance. We have opted to
use time-series models, rather than artificial intelligence methods such as ANNs.
Part of the reason for this choice is that time-series models allow us to quantify
the uncertainty associated with a forecast, and the Bayesian methods that we have
used facilitate working with missing data. Once we have a model that performs
satisfactorily, we can also quantify how SECS will respond to particular deviations
from climatology. We also believe there is a critical advantage to being able to
assimilate meteorological prior information into solar resource models, though we
have done relatively little of that in this work.

However, machine-learning techniques remain a valuable modeling tool. One
possibility for reconciling the two approaches is to do initial data exploration using
ANNSs, allowing for patterns and initial parameter estimates to be mined from the
exploratory data set, and then fit a time series model using those insights. For
example, the work of McCandless et al. (2016a) can provide us with certain insights
into the number of statistically important meteorological states, as well as how
they might be characterized.

Probabilistic forecasting will only increase in value and importance as computa-
tional power and the ability of stochastic optimization methods to cope with large
ensembles of samples increases. Nevertheless, more sophisticated point forecasting
methods will and should continue to be developed. To facilitate comparisons
between probabilistic and deterministic techniques, we hope that point forecasters
will use validation metrics that generalize to the probabilistic setting, such as the

MAE. We also hope that more emphasis is placed on modeling both the direct and

87



global components of irradiance, rather than just the global component, so that
solar resource assessments and forecasts are ready to be used for a variety of SECS
models.

While the model parameterizations used in this dissertation were selected
primarily for simplicity, it is clear that more sophisticated models are necessary to
achieve adequate levels of performance. Some of the changes that we have proposed
draw on some of the original insights in the solar literature, such as the dependence
of hourly k; series on the daily average index value, and we plan to pursue these
modeling directions in the near future. An advantage of the Bayesian framework
is that it is relatively straightforward to add hierarchical layers and to quantify
uncertainty as it propagates “downstream,” so to speak.

Once switching models perform satisfactorily at a single site, we also hope to
extend these models to a spatial setting, allowing for the simulation of a portfolio
of SECS. This could be achieved, for example, by generating the latent states as
the output of a Gaussian process, where the covariance matrix might reflect the

typical spatial scales associated with local meteorology.
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Appendix A
Bridge Sampling

Fruhwirth-Schnatter (2004) investigated the use of bridge sampling to estimate
the marginal likelihood, and this appendix replicates that analysis for convenience.
Bridge sampling is a generalization of importance sampling which combines i.i.d.
draws from an importance density with draws from the posterior density (Meng and
Wing, 1996). One advantage of bridge sampling compared to importance sampling
is that the variance of the estimator depends on a ratio which is bounded regardless
of the choice of importance density (in particular, regardless of the tail behavior
of the importance density). Denoting by p(t]y) the normalized posterior density,
p*(¢]y) the non-normalized posterior density, and ¢(1) an importance density, let
a(1) be an arbitrary function such that

= [a(@p(ly)abmib)v(dy) > 0. (A1)
Bridge sampling is based on the identity

E,(a($)p(¥ly)) (A2)

' B @)

which follows trivially from Equation (A.1) by switching the order of p(-) and ¢(+)
in the integrand. In general, the normalized constant for the density p(-) is not
known, but substituting the equation linking the normalized and non-normalized

posterior densities,

p*(yl)
p(y) ’

p(ylv) =
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into Equation (A.2) yields

E,(a($)p (ply))
Ey(a($)a@)) (4-3)

p(y) =

Both of the expectations on the right-hand side of Equation (A.3) can be estimated
using sample averages, either using i.i.d draws ¥, m = 1,..., M, from the
importance density ¢(-) or MCMC draws 9™, n = 1,..., N, from p*(-), resulting

in the estimator

By (ply) MM a($0)
PO =" F @) NS a () (A4)

The estimator p(y) is the general form of the bridge sampling estimator, though

more specific samplers result from specific choices of a(-) (Meng and Wing, 1996).

For example, choosing a(v) = 1/q(1) yields an importance sampling estima-
tor (Fruhwirth-Schnatter, 1995)
A 1 p*(¢IY)>

or choosing (¥ = 1/p * (1]y) yields the reciprocal importance estimator (Gelfand

and Dey, 1994)
pri(y) = {}VE,, @ﬂ&?)} . (A.6)

In particular, Meng and Wing (1996) discuss an asymptotically optimal choice

of a(+), which is optimal is the sense of minimizing the expected relative error of
p(y) for i.i.d. draws from both p(v|y) and ¢(v)):

1

) < A Ta) T Npwly)

The resulting estimator is denoted by pps(y). This a(-) is based on the normalized
posterior p(:]y), so Meng and Wing (1996) used an iterative procedure to obtain

pes. An estimate of the normalized posterior is obtained based on a previous
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estimate of the normalizing constant pps;—1(y),

3 _ P(@ly)
pt_l('l,[)ly) ﬁBS7t_1(y) °
The recursion is then given by
_ pt— ~(m)\}’>
M 1 ZM_l _ p 1(1/’ 8
R R m=L pq(p(m) )4 Npy_1 (p(m)|
R (A7)
N-1%

=1 Mq(9) )+ Npe—1 ($]y)

Other estimators, such as that from Equation (A.5) or (A.6), may be used as the
starting value pgso(y). As the densities in Equation (A.7) may be computed ahead

of time, this iteration converges relatively quickly.

A.1 Unsupervised Construction of an Importance Den-
sity

As it is impractical to manually tune importance densities for each model under
consideration, Fruhwirth-Schnatter (2004) recommends the following importance
density, which is constructed in an unsupervised fashion from the MCMC output
of an unconstrained sampler. With respect to some measure v on the parameter
space A,

ply) = [ K@l )p(w/[y)v(d),

where K (%|¢') is the MCMC transition kernel. Splitting ¥ = (¢, &), where ¢
are the model parameters and & are the transition parameters, when the kernel
K (¢|y’) factorizes as

K(ply') = Ko(@|S",y, ¢ )p(Ely)p(S"](¢. €)', y)

and the densities K4(¢|ST,y, ¢’) can be sampled directly from densities

D
K¢(¢|ST7Y’ d)/) = Hp(¢d|¢j<da¢;>dasT7Y)7 (Ag)

d=1
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the importance density ¢(¢ can be constructed from MCMC draws as a mixture
density by Rao-Blackwellization (Gelfand and Smith, 1990; Robert and Casella,
2004). Specifically, take MCMC samples ¥, ... 4. Then

- 0]
sl (sT) ). ()

9(0.€) = ;IXL;Z? (6’(5@)(”) f[lp (dm

A.2 Relative Standard Errors

As the bridge sampling estimate pps(y) is a random quantity, quantifying its
variability for different posterior and importance samples and starting values is of
interest to help characterize the degree to which one model has a lower expected loss
than another. Fruhwirth-Schnatter (2004) approximates the estimator’s relative

expected mean-squared error

E (p(y) — p(y))?
RE2 ((y)) = , (A.10)
p(y)?
which is approximation to the expected absolute mean-squared error of the log-
marginal likelihood estimate log p(y). Using the simulated importance and posterior
draws @™ and ¢, respectively, the approximation of Equation (A.10) for the
bridge-sampling estimate ppg(y) is given by

p(oly) a(0)
1 Var (wqq(¢)+wpp<¢|y>) ps(0) Var (wqq<¢)+wpp<¢\y))

RE? (pgs(y)) = +
o e N 2 @) )
E; (v ) E; (v e

(A.11)

where w, = M /(M + N), w, = N/(M + N), and ps(0) is the normalized spectral

density at frequency 0 of the process f(¢™) = q(@™)/(w,q(p™) + w,p(p™|y)),
which accounts for the possible autocorrelation of the posterior draws ¢ (the

importance draws @™ are independent).
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Appendix B
Resource Assessment Posterior
Distribution Plots

B.1 All-Year Model
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Figure B.1: Posterior distributions of the innovation covariance Y components for
the all-year resource assessment model.
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Figure B.2: Posterior distributions of the regression coefficients 8 for the all-year
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resource assessment model.
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B.2 Winter Model
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B.3 Spring Model
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Figure B.7: Posterior distributions of the innovation covariance > components for
the spring component of the seasonal resource assessment model.
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B.4 Summer Model
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B.5 Fall Model
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Appendix C

Forecast Posterior Distribution

Plots

C.1 Homogeneous Model
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Figure C.1: Posterior distributions of the innovation covariance > components for
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neous forecast model.
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C.2 Inhomogeneous (Current) Model
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Figure C.4: Posterior distributions of the innovation covariance > components for
the inhomogeneous forecast model using current transition covariates.
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Figure C.5: Posterior distributions of the regression coefficients 8 for the inhomo-
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=
o

05

112



Ki2 Ki3

Intercept | | Current: Mean | | Current: StDev Intercept | | Current: Mean | I Current: StDev

[}

!

[}

]

[}

)

" . .

i i (State) i (State)

I

1l
z || [ =z | :
2 " e 2 [ .
53 "o o2 @ ! P2
° (L Looat ° I Looat

l: " |"']3 |: |"']3

(L

T Lod i Lod

"o i

noi i

:l i .'}.I P s

Ve Ny . \ .

lI \ .1' . ." I“e . 1"' N "

-5 0 5 10 -5 0 5 10 -5 0 5 10 -5 0 5 -5 0 5 -5 0 5
value value
(a) K2 (b) K3

Figure C.6: Posterior distributions of the transition probability covariates k for
the inhomogeneous forecast model using current transition covariates.

(1-1) ueapy

density
[

(T-) neqis

value

Figure C.7: Posterior distribution of the mixture covariates a! for the inhomoge-
neous forecast model using current transition covariates.

113



Current Mean (t) I I Current StDev (t)

| .

density
(1-) seais waund | [ (1) veap wauns |

l

000 025 050 075 1.00000 025 050 075 1.00
value

Figure C.8: Posterior distribution of the missing-data imputation coefficients o
for the inhomogeneous forecast model using current transition covariates.

density

0.001  0.002 0.003 0.004 0.001  0.002 0.003 0.004
value

Figure C.9: Posterior distribution of the missing-data imputation innovation covari-
ance »? for the inhomogeneous forecast model using current transition covariates.

114



C.3 Inhomogeneous (Taylor) Model
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Figure C.10: Posterior distributions of the innovation covariance > components for
the inhomogeneous forecast model using Taylor transition covariates.
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Figure C.11: Posterior distributions of the regression coefficients B for the inhomo-
geneous forecast model using Taylor transition covariates.
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