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ABSTRACT

This dissertation develops the multi-objective particle swarm optimization of a
modified Bernstein polynomial for curved phased array synthesis. Chapter 1 states the
goals of the dissertation, discusses the background and current state of the art, and
outlines the original contributions. Chapter 2 defines the far field patterns and the
aperture efficiency of a curved array, and develops performance criteria for sidelobe level
and main beam quality. Chapter 2 also introduces the novel modified Bernstein
polynomial, which provides a new way to specify a variety of smooth, realizable, and
unimodal array amplitude distributions using just five parameters. On curved arrays, the
modified Bernstein polynomial outperforms Taylor weights. Chapter 3 introduces particle
swarm optimization, a relatively new method of evolutionary optimization only recently
applied to electromagnetics. A method is shown where the particle swarm optimizer
constrains the aperture efficiency to a specified value while finding the array distribution
providing the best sidelobe and main beam performance. This optimization is extremely
efficient because the optimizer need only determine five parameters. Chapter 4 combines
the independent sidelobe optimization outcomes for various aperture efficiencies to
implement ε-constraint multi-objective optimization, providing the modified Bernstein
polynomial parameters for the best sidelobe performance as a function of aperture
efficiency. Either the optimized parameters or the resulting weights can be interpolated to
provide smooth transitions between optimized distributions and generate intermediate
solutions. A convenient way to represent the array weights as a function of aperture
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efficiency is with a Bézier surface. This is a new approach, both for phased array
synthesis and multi-objective optimization in general. Chapter 5 extends this approach to
two independent variables, optimizing the best sidelobe performance for a given aperture
efficiency and scan angle. In this case the optimized array weights as a function of
aperture efficiency and scan angle can be represented with a Bézier volume. Chapter 6
adds the dimension of array curvature and Chapter 7 adds the variable of element
spacing. Chapter 7 also illustrates the various trends and interactions among these four
independent parameters. Finally, Chapter 8 gives some conclusions and ideas for future
work.
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Following a Eulerian trail, this frontispiece plots the far field patterns along the
thirty-two edges of the four-dimensional hypercube optimized in this dissertation. It starts
and ends with a uniformly illuminated flat array, and explores various combinations of
aperture efficiency, scan angle, array curvature, and element spacing along the way.
xv

1. INTRODUCTION

This chapter introduces the topic of this dissertation, which is the challenge of
optimizing, representing, and interpolating low sidelobe distributions for curved phased
arrays as a function of aperture efficiency, scan angle, array curvature, and element
spacing. The background and current state of the art is discussed, and the original
contributions of the present work are briefly outlined.

1.1.

Statement of the problem
The goal of this dissertation is to develop a methodology for optimizing low

sidelobe distributions on curved phased arrays as a function of several variables. Since
this problem does not have an analytical solution, numerical optimization approaches are
appropriate. The proposed technique provides a new example of ε-constraint multiobjective optimization enabling the trade of aperture efficiency for better sidelobes,
analogous to the capabilities of existing methods such as Taylor weights for linear phased
arrays. The new method is demonstrated for multiple scan angles, which for curved
arrays require adjustment of the element amplitude distributions as well as the phase. The
new method handles various array curvatures, reducing to the linear case when the array
is flat, and it also handles various values of element spacing, until limited by the
inevitable onset of grating lobes. The results can be interpolated to provide smooth
transitions between optimized points and generate intermediate solutions not specifically
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optimized. The resulting interactions and performance tradeoffs between sidelobe level,
aperture efficiency, scan angle, array curvature, and element spacing are explored.

1.2.

Background
Linear phased arrays have been studied thoroughly for many years1. Traditional

linear phased array analysis usually assumes that the array elements are collinear, equally
spaced, and identical, which provide many simplifications that facilitate analytical
solutions to synthesis problems. When an array is curved, some of these simplifications
no longer apply, and the linear array results do not always extrapolate to the curved array
case. In particular, since the patterns of individual elements point in different directions
and not all elements contribute equally in the beam pointing direction2, the total far field
cannot be written as the product of an array factor with an element pattern. This also
prompts the attenuation of obscured elements as a function of scan angle, which is not
motivated in the linear case. The non-collinear element arrangement also obstructs many
common mathematical and computational simplifications. For example, the far field of an
equally spaced linear array of isotropic elements can be found conveniently by just taking
the Fast Fourier Transform of the complex array element excitations, but if the array is
curved or has unequally spaced elements, then the aperture weights no longer map
directly to the Fast Fourier Transform inputs.
Various numerical methods have been applied to the synthesis of far field patterns
for curved arrays. Probably the simplest intuitive approach is to orient a low sidelobe
amplitude distribution along a plane perpendicular to the desired scan direction and
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sample it at the projected element locations3, 4, 5, 6, possibly while accounting for mutual
coupling or element pattern effects. While this can provide low sidelobes, there is no
expectation that the resulting distribution has the best aperture efficiency for the obtained
sidelobe level.
If the exact desired far field pattern of the curved array is known, least squares
methods can provide the closest corresponding weights7, 8, 9. Unfortunately, the most
appropriate far field pattern is not usually known ahead of time nor is it desirable to try to
guess it. Typically one does not care exactly how the sidelobes are arranged, only that
they are below some level, and to impose an arbitrary pattern is unlikely to give a result
that is optimal in other respects such as aperture efficiency.
Since a 'do not exceed' sidelobe threshold is a difficult requirement not generally
handled by any analytical method, several numerical techniques have been applied to the
synthesis problem for curved phased arrays. Simulated annealing has been applied to the
synthesis of csc2 patterns10, and pencil beam patterns have been synthesized using
nonlinear programming11, alternating projections12, and a generalized projection
algorithm13. In each case, however, the optimized patterns are obtained without regard for
aperture efficiency or investigation into the performance trends associated with the
various curved array parameters. A common shortcoming of many numerical methods is
that the weights resulting from optimization may oscillate in amplitude. This may
theoretically give good sidelobes if mutual coupling is neglected, but might not be
realizable in practice because of mutual coupling effects that tend to smooth out the
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effective amplitude distribution. A much better approach is to constrain the amplitude
distribution to be smooth and unimodal.
In addition to efficiency and sidelobe performance as a function of scan angle, it
is also desirable to explore interactions between these performance measures and the
array geometry parameters such as curvature and element spacing. While many of the
papers cited in this section describe the point optimization of a particular scenario, little
has been published on the trends observed when several curved array geometry
parameters are varied.

1.3.

Original contributions of this work
In several new ways, this dissertation builds upon the existing work described

above. A novel modified Bernstein polynomial is developed to describe the amplitude
weights of a curved array. Completely specified by just five parameters for fast
optimization, this modified Bernstein polynomial provides smooth unimodal functions,
which are robust to mutual coupling distortion and outperform Taylor weights for curved
arrays. In addition to sidelobe level, a main beam shoulder level criterion is developed to
ensure main beam quality during optimization. The newly invented particle swarm
optimizer is applied to the multi-objective optimization of phased array characteristics for
the first time. During independent optimizations, the modified Bernstein polynomial is
constrained to provide weights for specified efficiencies, resulting in the effective εconstraint multi-objective optimization of sidelobe performance versus aperture
efficiency. The optimized array weights as a function of both aperture efficiency and scan
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angle can be conveniently described using Bézier curves, surfaces, and volumes. This is a
new approach to the representation and interpolation of multiple related aperture
distributions, with each distribution gradually morphing into the next to produce
continuous performance trades between competing objectives. Finally, the optimized
results of achievable sidelobe levels as a function of aperture efficiency, scan angle, array
curvature, and element spacing are studied to provide insight into the interactions and
performance tradeoffs between these various parameters. The various contributions of
this dissertation are outlined in Table 1.
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Amplitude weights specified by an original modified Bernstein polynomial
Provide smooth unimodal functions which are robust to mutual coupling
distortion
Outperform Taylor weights for curved arrays
Facilitate fast and efficient optimization because only five parameters are
required
Main beam shoulder level criterion
Promotes main beam quality during sidelobe optimization
Efficiency-constrained adjustment of modified Bernstein polynomial
Allows ε-constraint multi-objective optimization as a function of aperture
efficiency
Particle swarm optimizer
Has many potential applications for electromagnetics
Multi-objective particle swarm optimization
Has many potential applications
Representation of array weights versus efficiency and scan using Bézier structures
Allows smooth interpolation of intermediate solutions
Sidelobe optimization versus aperture efficiency, scan angle, array curvature, and
element spacing
Provides insights into curved array operation and phenomenology
Table 1. Important and original contributions of this work.
1.4.

Overview
Chapter 2 introduces the modified Bernstein polynomial and shows how it

provides a new way to specify a variety of smooth, realizable, and unimodal array
amplitude distributions using just five parameters. The equations for curved array far
field patterns and aperture efficiency are developed, and performance criteria are
introduced for sidelobe level and main beam quality. The modified Bernstein polynomial
is shown to give the same performance as Taylor weights for a flat array and to
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outperform Taylor weights for a curved array, especially when the curved array is
scanned.
Chapter 3 introduces particle swarm optimization, a relatively new optimization
method only recently applied to electromagnetics, and demonstrates its application to the
synthesis of low sidelobe amplitude weights for curved arrays using the modified
Bernstein polynomial. A method is shown where the particle swarm optimizer finds the
array distribution providing the best sidelobe performance while constraining the aperture
efficiency to a specified value. This optimization is extremely efficient because the
optimizer need only determine five parameters.
Chapter 4 aggregates the independent sidelobe optimization outcomes for a series
of aperture efficiency values to implement ε-constraint multi-objective optimization,
providing the modified Bernstein polynomial parameters that give the best sidelobe
performance as a function of aperture efficiency. Either the parameters or the resulting
weights can be interpolated to provide smooth transitions between optimized points and
generate intermediate solutions. A convenient way to represent the array weights as a
function of aperture efficiency is with a Bézier surface, which can be sampled or sliced to
provide the aperture weights for interpolated aperture efficiency values. This Bézier
surface represents multiple related aperture distributions simultaneously, each one
transitioning smoothly into the next to produce performance trades between the
competing objectives of sidelobe level and aperture efficiency.
Chapter 5 extends this approach to two independent variables, optimizing the
sidelobe performance as a function of both aperture efficiency and scan angle. For two
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independent variables the optimized array weights can be represented and interpolated
with a three-dimensional Bézier volume, where one dimension of the Bézier volume
corresponds to aperture efficiency, another to scan angle, and the third dimension to the
array weights.
Chapter 6 extends the investigation of the two variables of aperture efficiency and
scan angle to include the third independent variable of curvature and Chapter 7 adds the
fourth independent variable of element spacing. Samples of the optimized distributions
and corresponding far field patterns are presented, and the various performance trends
and interactions between the array parameters are explored.
Finally, Chapter 8 gives some conclusions and ideas for future work.
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2. A MODIFIED BERNSTEIN POLYNOMIAL FOR ARRAY
SYNTHESIS

This chapter defines a modified Bernstein polynomial for linear and curved array
aperture excitation synthesis. After introducing conventional Bernstein polynomials and
Bézier curves, the modified Bernstein polynomial is developed and shown to provide a
flexible method for specifying smooth unimodal functions, which are typically expected
and desired for phased array amplitude weights. Then the equations for curved array far
field patterns and aperture efficiency are developed, and criteria are introduced for
sidelobe level and main beam quality. The applications of the modified
Bernstein polynomial to phased arrays is explored first using a flat array, where the
modified Bernstein polynomial is shown to provide the same sidelobe performance
versus aperture efficiency as Taylor weighting, generally accepted as the best for a planar
phased array. Then the modified Bernstein polynomial is shown to outperform Taylor
weights for a curved array, especially when the curved array is scanned.

2.1.

Conventional Bernstein polynomials and Bézier curves
Bézier curves are smoothly varying trajectories specified by control points.

Pioneered by Paul de Casteljau14 at Citroën and Pierre Bézier15, 16 at Renault, Bézier
curves were developed for the design and manufacture of automobile bodies using
numerically controlled machine tools. Some examples are shown in Figure 1, where the
Bézier curves are smoothed renditions of the straight-line segments joining the specified
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control points. Such curves are reminiscent of mechanical draftsman’s splines17, which
are thin flexible strips made of materials such as steel or bamboo and can be bent to pass
smoothly near or through a given set of coordinates18, 19.

Figure 1. Bézier curves smoothly follow their control points.

The mathematical formulation of Bézier curves uses Bernstein polynomials20, 21.
The conventional ith order Bernstein polynomial of order n is defined22 on the interval
0≤u≤1 as
Bi ,n (u ) =

n!
n −i
u i (1 − u ) .
i!(n − i )!
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(1)

For example, the five polynomials for n = 4 are shown in Figure 2. Bernstein
polynomials are found in approximation theory, where they are demonstrated to converge
uniformly to a continuous function and its derivatives as the polynomial order goes to
infinity23. Such approximations are smooth and do not oscillate about any straight line
more than the function being approximated24, which is called the variation diminishing
property. The principal drawback preventing widespread use of Bernstein expansions for
practical approximations is that they converge very slowly, generally requiring an infinite
series to converge even to a finite polynomial. However, the Bernstein expansion mimics
the principal features of the underlying function quite well without the extraneous
undulations25 characteristic of many polynomial expansions of high degree.

Figure 2. The five conventional Bernstein polynomials of order n = 4.
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Given n+1 geometrical coordinates pi called control points, the Bézier curve is
defined in terms of the nth order Bernstein polynomials Bi,n(u) by
n

p(u ) = ∑ Bi ,n (u )p i .

(2)

i =0

The construction of a one-dimensional Bézier curve as a weighted combination of
Bernstein polynomials is shown in Figure 3. The weighting factors in the Bernstein
polynomial expansion are just the control point y-coordinates, so the Bézier curve is
constructed as a weighted average of the control points where the relative weighting
varies with the parameter u. Note that a Bézier curve does not intersect any straight line
more than the line segments joining the control points, which is a consequence of the
variation diminishing property.

Figure 3. A one-dimensional Bézier curve and its parametric equations.
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By considering the geometric view and the mathematical view simultaneously
some interesting properties begin to emerge. The Bézier representation of a curve is a
linear combination of Bernstein polynomials, but the weights now have a geometrical
interpretation, as they tug on the resulting Bézier curves. Note how in Figure 1 and
Figure 3 the Bézier curves lie entirely within the convex hull defined by the control
points, and how in Figure 4 the Bézier curve follows the motion of a control point. The
shape of the entire Bézier curve varies as the point is moved, but the curve always
remains smooth and remains inside the convex hull formed by the control point
coordinates. The coefficients of other polynomial formulations such as a Taylor series
generally do not have any such geometric interpretations or relationships to the resulting
curve.
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Figure 4. Control points tug on Bézier curves.
The Bézier formulation can be generalized to rational Bézier curves26 and
surfaces27, 28, B-splines, and NonUniform Rational B-Splines or NURBS22, all of which
reduce to Bézier curves as a special case. Several books29, 30, 31 and websites32 describe
these other various formulations, and NURBS are fast becoming a standard formulation33
for solid modeling and design34, 35. These advanced formulations permit more accurate
renditions of special curves such as conics, provide smooth ways to join independent
curve segments together, and have other interesting properties, but for the purposes of
this chapter ordinary Bézier curves will suffice. In particular, Bézier curves will be used
in this dissertation for two purposes: To govern the shape of curved arrays and to
represent array amplitude weights after optimization.
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Polynomial curves such as B-splines and NURBS have found many applications
in computer graphics from feather depiction36 to three-dimensional morphing37, and
special purpose very large scale integration (VLSI) graphics hardware has been designed
to calculate Bézier surfaces for ray tracing38. Visualization and imaging applications of
spline and Bézier curves include bridge vibration and flutter analysis39, time-of-flight
optical imaging40, three-dimensional imaging of coronary artery disease41, thermograph
histogram smoothing for cancer detection42, seismic movement estimation43, and artifact
reduction in compressed images44. Bézier curves are used in control theory for articulated
joint trajectory synthesis45 and robot vehicle routing46, 47, and in signal processing for
audio coding48, image coding49, and neural networks50, 51. Bézier curves can form the
basis for numerical integration of transients in circuit simulators52.
One application of Bernstein polynomials to phased array synthesis found in the
literature is the reverse of the application to be proposed here: the desired far field pattern
is expanded in Bernstein polynomials, which is then transformed back to the array to
obtain the array weights53, 54. This is similar to the classic Dolph-Chebyshev synthesis,
where the far field pattern is represented in terms of Chebyshev polynomials55. Yet
another such formulation has been advanced using Gegenbauer polynomials, which
reduces to the Dolph-Chebyshev result as a special case56. Analogous use has been made
in the digital signal-processing world, where a desired frequency response is expressed in
terms of Bernstein polynomials for the design of finite impulse response filters57, 58.
Multiplierless architectures to implement these filters have been proposed59, and the
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technique has been extended to multirate filters60, two-dimensional filters61, 62,
multiplierless Hilbert transformers63, and three-dimensional multirate filters64.

2.2.

The modified Bernstein polynomial
In this dissertation a modified Bernstein polynomial is introduced for the purpose

of specifying linear and curved array aperture amplitude weights, defined with five
parameters A, C0, C1, N0, and N1, on the interval 0≤u≤1 as
1 − C0

N0 A
N 0 1 − A  , 0 ≤ u ≤ A
(
)
1
C
u
u
+
⋅
−
0



N A

A 0 (1 − A) N 0 1 − A 
f (u ) = 


1 − C1
N A
 C1 +
⋅ u 1 (1 − u ) N 1 1 − A , A ≤ u ≤ 1


N A

A 1 (1 − A) N 1 1 − A


(3)

for 0≤A≤1, 0≤C0≤1, 0≤C1≤1, N0≥0, and N1≥0. An earlier version of this modified
Bernstein polynomial developed by the author used four parameters65.
The complicated-looking ratio at the front of this expression is merely a
normalization factor providing a maximum value of unity at the single peak which occurs
at u=A as shown in Figure 5. As illustrated in Figure 6, C0 and C1 specify the left and
right endpoints f(0) and f(1), respectively. Figure 7 shows that increasing N0 sharpens the
left side of the peak of f(u), while increasing N1 sharpens the right side. The modified
Bernstein polynomial reduces to the conventional Bernstein polynomial Bi,n(u) as

 n!

Bi, n (u ) = 
i i n − n (n − i )n − i  f (u )
 i!(n − i )!


(4)

where A=i/n, C0=C1=0, and N0=N1=n, and the leading factor in the large parentheses is
merely a constant that properly scales the peak value66.
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Figure 5. The parameter A controls the unimodal peak location.

Figure 6. The parameters C0 and C1 set the height of the left and right endpoints.
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Figure 7. N0 and N1 control the sharpness of the two sides of the unimodal peak.
The resulting function provides a very flexible way to specify a variety of smooth
unimodal functions, and for discrete distributions such as phased array weights it can be
sampled as illustrated in Figure 8. Figure 9 shows that the parameters of this modified
Bernstein polynomial can be chosen to fit such useful distributions as Taylor weights,
Hamming weights, and a Gaussian distribution. By its definition the modified Bernstein
polynomial cannot have any oscillations, which is a common problem for the output of
many optimization and curve fitting routines. If an oscillatory distribution were to be
implemented in a phased array, mutual coupling between elements would tend to average
out the weights, usually changing the effective aperture distribution and distorting the
resulting far field pattern. The inherently smooth modified Bernstein polynomial avoids
this problem completely.
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Figure 8. A modified Bernstein polynomial sampled at 30 locations.

Figure 9. Fits of Taylor weights, Hamming weights, and a Gaussian distribution.
The 30 dB Taylor weighting is fit using A=0.5, N0=N1 =4.119, and C0=C1=0.2414 with
7.2×10-7 mean squared error; Hamming weights are fit using A=0.5, N0=N1=5.187, and
C0=C1=0.0805 with 2.0×10-6 mean squared error; and a Gaussian distribution (µ=0.5,
σ=0.1) is fit using A=0.5, N0=N1=23.757, and C0=C1=0 with 3.7×10-5 mean squared error.
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2.3.

Far field antenna patterns and aperture efficiency for a curved array
Consider K elements distributed on a plane curve, with locations (xk, yk) and

oriented normal to the curve with direction cosines (αk, βk). Assuming that the radiating
elements are perfectly matched and radiate only in front of the curve, the element gain
pattern EPk(θ) of the kth element can be written as
EPk (θ ) =

4πAe
λ2

max(α k sin (θ) + β k cos(θ),0 )

(5)

where θ is the far field angle measured from the y-axis, Ae is the effective area of the
radiating element, and λ is the wavelength of array operation. The geometry and
associated parameters for the curved array are shown in Figure 10. For a linear array
along the x-axis, αk=0 and βk=1, and this reduces to the familiar cos(θ) characteristic
which is proportional to the element’s projected area with the far field angle θ and is
often cited as a theoretical bound on the pattern of an array aperture element67, 68. The
more general expression above for EPk(θ) merely reorients this cos(θ) characteristic to
point in the direction that the element is aimed.
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Figure 10. The geometry and parameters of elements in a curved array.
The far field pattern FF(θ) of an array of K of these elements can be written69, 70
as

FF (θ) =

∑ (ak e
K

k =1

jφ k

)⋅EP (θ) ⋅ e
k

j

2π
( x k sin (θ)+ y k cos(θ ))
λ

(6)

where ak and φk are the amplitude and phase weights of the kth element. In general for a
curved antenna, the element pattern cannot be factored outside the summation because
the element orientation varies from element to element. This expression reduces to the
familiar result for the linear phased array along the x-axis when yk=0 and all the EPk(θ)
are the same71. In this dissertation the phase weights φk will always be chosen to make a
linear phase front in the direction of the chosen scan angle θscan, as
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φk = −

2π
(x k sin (θ scan ) + y k cos(θ scan )) .
λ

(7)

This dissertation will deal with the selection of the amplitude weights ak to obtain
low sidelobes while maintaining good aperture efficiency. Aperture efficiency is
important to maximize because it improves the directivity of the phased array. Generally
the only way to recover lost directivity is to make the antenna larger, which can be
expensive if possible at all.
The generalized aperture efficiency for a curved antenna presented here follows
the treatment of Hessel and Sureau72. For perfectly matched elements, the array power
can be taken as73
K

Array Power =

∑ ak2

(8)

k =1

and so the realized gain function G(θ) for the curved array can be written as
Far Field Power FF (θ)
G (θ) =
= K
Array Power
∑ ak2

2

.

(9)

k =1

For φk phased in the direction of θscan, the maximum gain as a function of far field angle
occurs at θscan and is
K

G (θ scan ) =

∑a
k =1

k

EPk (θ scan )
K

∑a
k =1
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2

.
2
k

(10)

For a fixed input power, the weights corresponding to the maximum realized gain is
found by applying Schwartz’s inequality to the numerator:
K

∑ ak EPk (θ scan )

2

K

K

k =1

k =1

∑ ak2 ⋅ ∑ EPk2 (θ scan ) .

≤

k =1

(11)

The gain is maximum when this achieves equality, which occurs when the amplitude
weights satisfy
a kmax = c ⋅ EPk (θ scan )

(12)

where c is a normalization constant independent of k. Normalizing the array power for
this case to unity so that

∑ (akmax )
K

2

=

k =1

∑ (c ⋅ EPk (θ scan ))
K

2

= 1,

(13)

k =1

then
1

c=

(14)

K

∑ EPk2 (θ scan )

k =1

where
akmax =

EPk (θ scan )
K

.

(15)

∑ EPk2 (θscan )

k =1

Under these conditions, the maximum possible gain Gmax(θscan) can be written as
K

Gmax (θ scan ) =

∑a
k =1

max
k

EPk (θ scan )

∑ (a )
K

k =1

max 2
k
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2

=

K

∑a
k =1

max
k

EPk (θ scan )

2

.

(16)

For a planar array with identical elements, EPk(θscan) is the same for each element, and so
the maximum gain array weights correspond to uniform illumination, as expected for a
planar array. For a curved array, the maximum gain array weights put the most power
into elements that point more toward the desired scan angle θscan. Taken to the extreme,
elements on a general curved array that happen not to point at all in the desired scan
direction have EPk(θscan)=0 which implies that the associated element weights akmax=0; in
other words, elements that don’t look in the desired scan direction are turned off.
Now the generalized aperture efficiency η for a set of amplitude weights ak can be
defined relative to the maximum realized gain condition as
K

G (θ scan )
η=
=
Gmax (θ scan )

∑ a EP (θ )
k

k =1

K

∑a
k =1

max
k

k

2

scan

EPk (θ scan )

2

(17)

where
K

∑

a k2
k =1

=

∑ (akmax )
K

2

= 1.

(18)

k =1

For a planar array,
a kmax =

1
K

,

and so this expression for the aperture efficiency simplifies to the conventional
expression of aperture efficiency for a linear array as
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(19)

2

2

2

 K

 K

 K

 ∑ ak 
 ∑ ak 
 ∑ ak 
2
1 K

k =1
k =1
k =1






=  ∑ ak  .
=
=
η=
2
2
2
K  k =1 
 K 
 K 1 
 K max 


∑

 ∑ ak 
 K
 k =1 K 
 k =1


(20)

If the amplitude weights ak are not normalized, then this expression for planar array
aperture efficiency can be modified to a perhaps more familiar form74
2

 K

 ∑a 
k

k =1 

.
η=
K

(21)

K ∑ a k2
k =1

To introduce the array synthesis problem used throughout this dissertation,
consider the linear phased array of Figure 11. For this flat array of 30 elements spaced 0.5
wavelengths apart, uniform illumination (ak=akmax=1) provides the familiar far field
pattern with -13 dB sidelobes. The application of Taylor amplitude weights75 provides
better sidelobes on this linear array as shown in Figure 12, but this comes at the expense
of decreased aperture efficiency. When all ak=1 (uniform illumination) for a flat array,
η=1, and η<1 when tapering such as Taylor weights are applied. For the nominal 30 dB
Taylor weighting of Figure 12, η=0.853. Taylor weights are commonly used for flat
phased arrays because they generally provide the best aperture efficiency for a given
sidelobe level76, 77. This performance characteristic is shown in Figure 13, where lower
sidelobe levels come at the cost of reduced aperture efficiency.
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Figure 11. A uniformly illuminated linear phased array has -13 dB sidelobes.
(a) 30 element linear phased array scanned to 0°. (b) Uniform amplitude illumination. (c)
Resulting far field pattern with -13 dB peak sidelobes.
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Figure 12. Taylor weights reduce far field sidelobes for a linear phased array.
(a) 30 element linear phased array scanned to 0°. (b) Nominal 30 dB Taylor weighting.
(c) Resulting far field pattern with -30 dB peak sidelobes.
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Figure 13. Efficiency decreases as the peak sidelobes improve for a linear array.
For Taylor weights.

2.4.

What exactly is a sidelobe, anyway?
In this dissertation one goal will be the optimization of sidelobe level as a

function of aperture efficiency. Optimizers are well known for giving ‘what was asked
for instead of what was really wanted,’ so it is important to define exactly what is meant
by sidelobes and sidelobe level. The artificial family of far field antenna patterns in
Figure 14 illustrates the potential problem in optimizing far field antenna sidelobes. If a
peak sidelobe is simply identified as the maximum far field level outside the nulls or dips
surrounding the main beam, then many of the patterns shown in Figure 14 technically
have good sidelobes, although they are clearly of poor quality because of the main beam
undulations or shoulders. If the simple traditional definition of sidelobe level is used as
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an optimizer cost function then the optimizer could well return results with these
undesirable shoulders.

Figure 14. Far field pattern family illustrates sidelobe level definition difficulties.
(a) An artificial family of possible far field antenna patterns. (b) Subset of the antenna
patterns with sidelobes technically below -30 dB.
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To address this problem an additional measure will be placed on the main beam
quality. The second derivative of the main beam becomes positive at the onset of any
main beam undulation or shoulders, i.e.,

(

)

∂2
20 log10 FFmain beam (θ) > 0 .
∂θ 2

(22)

The sidelobe level at which this occurs will be called the main beam shoulder level, and
the optimizer will treat this as a sidelobe. In this dissertation, the second derivatives for
this main beam criterion are found numerically from the calculated pattern points. The
cost function will be the worst (highest) of the traditional peak sidelobe level or this main
beam shoulder level. Linear array patterns resulting from classical weights like uniform
illumination or Taylor weights have no main beam shoulders, in which case this cost
function reduces to the traditional peak sidelobe criterion. Figure 15 illustrates these two
potential criteria for the antenna patterns of Figure 14. The combined peak sidelobe level
and main beam shoulder level criterion correctly penalizes the cases with undulating
main beam shoulders.
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Figure 15. Sidelobe and main beam shoulder levels for the patterns of Figure 14.
The largest of peak sidelobe level and mean beam shoulder level is an appropriate cost
function for far field pattern characterization.

2.5.

The modified Bernstein polynomial for a linear array at 0° scan
The modified Bernstein polynomial is now used to represent the amplitude

weights for a linear array. Although the modified Bernstein polynomial cannot be
expected to do better than Taylor weights for a linear array, it should at least do as well.
Because of symmetry, it is reasonable to take A=0.5, N1=N0, and C1=C0. To investigate
the performance of the modified Bernstein polynomial, a variety of symmetric
distributions are generated and sampled to provide weighting functions, and the resulting
efficiency versus sidelobe level for these various combinations are shown in Figure 16.
1 2

N1=N0 was varied in 31 equal steps from 0 to 10: {0, 3 , 3 , 1,…, 10}, and C1=C0 was
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10 0 − 1 10.05 − 1 10.10 − 1
101 − 1
varied in 21 logarithmic steps from 0 to 1: 
,
,
,L,
=
10 − 1
10 − 1 
 10 − 1 10 − 1
{0, 0.0136, 0.0288,…, 1}. These logarithmic steps give finer gradations at smaller
endpoint values, which is appropriate for most low-sidelobe weighting distributions. The
total number of parameter combinations tested is 21×31=651. As shown in Figure 16, the
results for most parameter combinations lie below the Taylor weighting curve, but the
frontier of the best performing cases lie on or near the Taylor weighting curve.

Figure 16. The modified Bernstein polynomial works as well as Taylor weights.
For a linear phased array.
Figure 17 shows the points in the modified Bernstein polynomial trade space that
lie on the frontier of best performance. A small zigzag is present in this plot due to the
particular sampling of the sidelobe level versus aperture efficiency trade space topology,
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which is shown in Figure 18 and Figure 19. Figure 18 shows the best performance
frontier projected onto a plot of aperture efficiency versus the two-dimensional parameter
space. The edges where either C1=C0=1 or N1=N0=0 provide uniform illumination with
η=1. The aperture efficiency decreases as C1=C0 becomes less than one and N1=N0
become greater than zero. Figure 19 shows the best performance frontier projected onto a
plot of peak sidelobe level versus the two-dimensional parameter space. The peak
sidelobes gradually decrease as C1=C0 becomes less than one and N1=N0 become greater
than zero, although this performance surface has more texture than the aperture efficiency
plot.

Figure 17. Symmetric modified Bernstein polynomial parameter space.
For the broadside linear array. Thick line: frontier of best performance.
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Figure 18. Modified Bernstein polynomial parameters govern aperture efficiency.
For the broadside linear array. Thick line: frontier of best performance.

Figure 19. Modified Bernstein polynomial parameters controls peak sidelobes.
For the broadside linear array. Thick line: frontier of best performance.
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2.6.

The modified Bernstein polynomial for a curved array at 0° scan
Next, the performance of the modified Bernstein polynomial for a curved array is

evaluated and compared to Taylor weights, in the same manner as done in the previous
section. Figure 20 shows a symmetric curved array defined by five Bézier control points.
Using a Bézier curve to describe the array curvature provides a more general case than
the usual assumption of circular geometry. The parametric equation of the array curvature
is given by a one-dimensional Bézier curve with

1

x(u ) = 15 u − 
2


(23)

y (u ) = 15(− .5B0, 4 (u ) − .2 B1, 4 (u ) − .2 B3, 4 (u ) − .5 B4, 4 (u ))

(24)

and

where x(u) and y(u) are in wavelengths and 0≤u≤1. Like the linear array analyzed above,
the array contains 30 elements spaced 0.5 wavelengths apart along this curve.

Figure 20. Uniformly spaced array on curved surface is defined by a Bézier curve.
(a) Construction of array shape from one dimensional Bézier curve. (b) Uniformly spaced
elements with corresponding normal vectors.
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The far field pattern of this array scanned to 0° for uniform illumination is shown
in Figure 21, where the peak sidelobe level is -12 dB. Recall that by the generalized
aperture efficiency described above, uniform illumination is not the maximum gain
condition for a curved antenna, and so the aperture efficiency is η=0.996<1. The
maximum gain condition is shown in Figure 22, where the resulting sidelobes are -13 dB.
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Figure 21. Uniformly illuminated curved phased array has -12 dB sidelobes.
(a) 30 element curved phased array scanned to 0°. (b) Uniform amplitude illumination.
(c) Resulting far field pattern with -12 dB peak sidelobes.
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Figure 22. Maximum gain condition for curved array yields -13 dB sidelobes.
(a) 30 element curved phased array scanned to 0°. (b) Maximum gain array weights. (c)
Resulting far field pattern with -13 dB peak sidelobes.
For this curved array, Figure 23 shows that 30 dB Taylor weights only give -21.9
dB sidelobes, at an efficiency η=0.895. Heavier Taylor weighting can suppress the
sidelobes further but at the cost of more aperture efficiency. Figure 24 shows that 65 dB
Taylor weights get the sidelobes down near -30 dB, although the efficiency of this
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distribution is further reduced to η=0.688. A comparison of the performance of Taylor
weights for the flat array case and the curved array case can be found in Figure 25. Note
that the peak of the curved array characteristic occurs at a slight amplitude taper rather
than at uniform illumination, since the maximum gain weights have a slight taper for this
curved array.
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Figure 23. 30 dB Taylor weights give higher sidelobes on a curved phased array.
(a) 30 element curved phased array scanned to 0°. (b) 30 dB Taylor weighting. (c)
Resulting far field pattern with -22 dB peak sidelobes.
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Figure 24. 65 dB Taylor weights give higher sidelobes on a curved phased array.
(a) 30 element curved phased array scanned to 0°. (b) 65 dB Taylor weighting. (c)
Resulting far field pattern with nearly -30 dB peak sidelobes.
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Figure 25. Taylor weights are less effective on curved arrays than on flat arrays.

Now the modified Bernstein polynomial is applied to synthesize the amplitude
weights for this curved array. Because of symmetry for 0° scan, again it is reasonable to
take A=0.5, N1=N0, and C1=C0. The same 21×31=651 parameter combinations used in the
previous section are generated and the resulting modified Bernstein polynomials are
sampled to provide weighting functions. The efficiency versus sidelobe level for these
various combinations is shown in Figure 26. For the curved array, many of the
performance points for the modified Bernstein polynomial lie above the Taylor weight
performance curve. The frontier of best performance is clearly better then the Taylor
weight characteristic for this curved array.
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Figure 26. Modified Bernstein polynomial weights outperform Taylor weights.

For these results, Figure 27 shows the points in the modified Bernstein
polynomial trade space that lie on the frontier of best performance. Similar to the
previous plots for the flat array, some zigzags are present in this plot due to the particular
sampling of the sidelobe level versus aperture efficiency trade space. Figure 28 shows the
frontier projected onto a plot of aperture efficiency versus the two-dimensional parameter
space. Figure 29 shows the frontier projected onto a plot of peak sidelobe level versus the
two-dimensional parameter space.
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Figure 27. Symmetric modified Bernstein polynomial parameter space.
For the broadside curved array. Thick line: Path of best performance frontier.

Figure 28. Modified Bernstein polynomial parameters govern aperture efficiency.
For the broadside curved array. Thick line: best frontier.
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Figure 29. Modified Bernstein polynomial parameters controls peak sidelobes.
For the broadside curved array. Thick line: best frontier.
Consider two examples from the best performance frontier of the sampling of the
modified Bernstein polynomial. Figure 30 shows a modified Bernstein polynomial that
obtains better sidelobes for the same efficiency as 30 dB Taylor weights for this curved
array. Figure 31 shows a modified Bernstein polynomial that obtains better efficiency for
the same sidelobes as 65 dB Taylor weights for this curved array.
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Figure 30. Modified Bernstein polynomial outperforms 30 dB Taylor weights.
(a) 30 element curved phased array scanned to 0°. (b) Modified Bernstein polynomial
weights. (c) Resulting far field pattern with -26.5 dB peak sidelobes. This has nearly the
same aperture efficiency as the 30 dB Taylor weights shown in Figure 23 but better
sidelobes (-26.5 dB instead of -21.9 dB).
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Figure 31. Modified Bernstein polynomial outperforms 65 dB Taylor weights.
(a) 30 element curved phased array scanned to 0°. (b) Modified Bernstein polynomial
weights. (c) Resulting far field pattern with -31 dB peak sidelobes. This has nearly the
same sidelobe level as the 65 dB Taylor weights shown in Figure 24 but better aperture
efficiency (0.841 instead of 0.688).
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2.7.

The modified Bernstein polynomial for a curved array scanned 30°

The synthesis problem becomes more interesting when the curved array is
scanned, because now the symmetry is broken. Figure 32 shows the far field pattern when
the curved array is scanned 30° with uniform amplitude illumination. The sidelobes rise
to -10.7 dB, and the efficiency is η=0.954. Figure 33 shows the maximum gain amplitude
weights for 30° scan and the corresponding far field pattern. Note that the elements on the
left part of the array are dramatically attenuated, which is appropriate since they
contribute little in the scan direction. The sidelobes are -13 dB. Applying Taylor weights
helps only a little. Figure 34 shows that applying 30 dB Taylor weights does not change
the sidelobes appreciably and introduces a main beam shoulder. Figure 35 shows that
increasing the Taylor weighting does not improve matters. The lowest sidelobe level
achieved is only about -24 dB, with no better than -15 dB main beam shoulders.
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Figure 32. Scanning a uniformly illuminated curved array raises the sidelobes.
(a) 30 element curved phased array scanned 30°. (b) Uniform illumination. (c) Resulting
far field pattern with -10.7 dB peak sidelobes.
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Figure 33. The maximum gain weights attenuate the far side of the curved array.
(a) 30 element curved phased array scanned 30°. (b) Maximum gain illumination. (c)
Resulting far field pattern with -13 dB peak sidelobes.
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Figure 34. Taylor weights don’t lower the peak sidelobes on a curved array.
(a) 30 element curved phased array scanned 30°. (b) 30 dB Taylor weights. (c) Resulting
far field pattern with -16 dB peak sidelobes and a -13.2 dB peak main beam shoulder.
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Figure 35. Increased Taylor weighting does not improve sidelobes during scan.
For a curved array scanned 30°, even increasing the Taylor weighting to 65 dB produces
little performance improvement, especially when main beam shoulders are considered.
Next, the modified Bernstein polynomial is applied to synthesize the amplitude
weights for 30° scan. Because of the asymmetry for this scanned case, A, C1, C0, N1, and
N0 must all be considered independently. The 21 values assigned previously for C1=C0
are used independently for C1 and C0, and the 31 values assigned for N1=N0 are used
independently for N1 and N0. In addition, 21 values equally spaced from 0 to 1
{0, .05, .1, …, 1} are used for A. This gives a total of 21×31×21×31×21=8,899,821
combinations to test! These parameter combinations are generated and sampled to
provide weighting functions, and the efficiency versus sidelobe performance for these
various combinations are tabulated. Figure 36 shows the performance versus peak
sidelobe level, and Figure 37 shows the performance versus the more stringent peak
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sidelobe and main beam shoulder criteria. In both cases many of the performance points
for the modified Bernstein polynomial lie well above and beyond the Taylor weight
performance curve.

Figure 36. Modified Bernstein polynomial obtains good sidelobe performance.
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Figure 37. Modified Bernstein polynomial obtains good main beam performance.
Finally, consider three examples from this exhaustive sampling of modified
Bernstein polynomials. Figure 38 shows a modified Bernstein polynomial that obtains
better sidelobes for the same efficiency as uniform illumination for this curved array.
Figure 39 shows a modified Bernstein polynomial that obtains better sidelobes for the
same efficiency as the 30 dB Taylor weighting for this curved array. Figure 40 shows a
modified Bernstein polynomial that obtains exactly -30 dB peak sidelobes, which is not
achieved for any Taylor weighting. In each case the peak of the distribution is shifted
toward the direction of scan.
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Figure 38. Modified Bernstein polynomial outperforms uniform illumination.
(a) 30 element curved phased array scanned 30°. (b) Modified Bernstein polynomial
weighting. (c) Resulting far field pattern with -20.6 dB peak sidelobes. This has the same
aperture efficiency as the uniform illumination shown in Figure 32, but lower sidelobes
(-20.5 dB instead of -10.7 dB).
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Figure 39. Modified Bernstein polynomial outperforms 30 dB Taylor weights.
(a) 30 element curved phased array scanned 30°. (b) Modified Bernstein polynomial
weighting. (c) Resulting far field pattern with -27.8 dB peak sidelobes. This has nearly
the same aperture efficiency as the 30 dB Taylor weighting shown in Figure 34, but lower
sidelobes (-27.8 dB instead of -16 dB).
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Figure 40. Modified Bernstein polynomial provides -30 dB peak sidelobes.
(a) 30 element curved phased array scanned 30°. (b) Modified Bernstein polynomial
weighting. (c) Resulting far field pattern with -30 dB peak sidelobes.
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3. PARTICLE SWARM OPTIMIZATION

This chapter introduces the particle swarm optimizer, and demonstrates its application to
the optimization of array amplitude weights for curved antenna pattern synthesis using
the modified Bernstein polynomial. A method is given to constrain the parameters of the
modified Bernstein polynomial for constant aperture efficiency while optimizing the
sidelobes, which in future chapters will facilitate multi-objective optimization. The
resulting weights can be represented with a one-dimensional Bézier curve, which in later
chapters will be extended to Bézier surfaces and volumes.

3.1.

Particle swarm optimization overview

Particle swarm optimization is a recently invented high-performance optimizer
that possesses several highly desirable attributes, including the fact that the basic
algorithm is very easy to understand and implement. It is similar in some ways to genetic
algorithms and evolutionary algorithms, but requires less computational bookkeeping and
generally fewer lines of code. Particle swarm optimization originated in studies of
synchronous bird flocking and fish schooling, when the investigators realized that their
simulation algorithms possessed an optimizing characteristic78, 79, 80. Consider an
optimization problem that requires the simultaneous optimization of N variables. A
collection or swarm of particles is defined, where each particle is assigned a random
position in the N-dimensional problem space so that each particle’s position corresponds
to a candidate solution to the optimization problem. Each of these particle positions is
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scored to obtain a scalar cost based on how well it solves the problem. As described
below, these particles then fly through the N-dimensional problem space subject to both
deterministic and stochastic update rules to new positions, which are subsequently
scored. As the particles traverse the problem hyperspace, each particle remembers its own
personal best position that it has ever found, called its local best. Each particle also
knows the best position found by any particle in the swarm, called the global best. On
successive iterations, particles are ‘tugged’ toward these prior best solutions with linear
spring-like attraction forces. Overshoot and undershoot combined with stochastic
adjustment explore regions throughout the problem hyperspace, eventually settling down
near a good solution. This process can be visualized as a dynamical system, although the
behavior is extraordinarily complex even when only a single particle is considered with
extremely simplified update rules81, 82, 83. This new optimization technique has much
promise, and researchers are just beginning to explore its capabilities for solving
electromagnetic problems84, 85, 86, 87.
As a new method of evolutionary optimization, particle swarm optimization is
often compared to older methods such as genetic algorithms. Good performance can
generally be obtained by both methods. Since the evaluation of the cost function tends to
dominate the overall computation budget for electromagnetic optimization, the
computational overhead requirements of both optimization algorithms are usually
negligible. The two methods traverse the problem hyperspace differently, which suggests
that there may be optimization scenarios better suited to one method versus the other.
There could well be some electromagnetic optimization problems that have a
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multidimensional cost function topography for which the dynamics of the particle swarm
method is quite well suited. A few comparison studies have been performed comparing
particle swarm optimization to genetic algorithms88, 89 90, 91, evolutionary
optimization92, 93, and ant colony optimization94. Some research groups are interested in
combining particle swarm techniques with the breeding and selection concepts of genetic
algorithms95, 96, 97. Many variants of the original particle swarm optimizer have been
proposed, such as optimizing multiple subswarms simultaneously98, 99, 100, adding
negative entropy to stir up the particles101, sharing discoveries among a local
neighborhood of particles102, 103, 104, 105, time-varying search goals106, using particle
swarms to direct the mutations in evolutionary programming107, dispersing clustered
particles to increase diversity108, and using fuzzy logic rules to adaptively update
algorithm parameters109. Such variants may also find productive applications in
electromagnetics. Many researchers have had success in hybridizing various algorithms
to obtain better performance than any single algorithm alone; the particle swarm
optimizer provides a new ingredient for the mix. Particle swarm optimizers have also
been proposed for integer programming110 and binary optimization111, 112. A key
characteristic of the particle swarm optimizer is that the basic algorithm itself is highly
robust yet remarkably simple to implement. While possessing similar capabilities as the
genetic algorithm, the much simpler implementation and reduced bookkeeping of the
particle swarm is appealing. The simpler the algorithm, the more people can take
advantage of it! Although relatively new to the antennas and propagation community,
particle swarm optimization appears to have good possibilities for electromagnetic
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optimization, and there are many exciting potential applications that have yet to be
explored.

3.2.

Particle swarm optimization for curved array synthesis

Classical analytical and numerical methods of linear phased array synthesis are
well developed and explored in many textbooks54, 76, 113, 114, 115, 116, 117, 118. In a succinct
review of existing synthesis methods119, fifty seminal papers are divided into the
categories of pencil beam synthesis, performance indices, shaped and contoured beams,
and phase-only synthesis. Various numerical methods have also been applied to array
thinning120, 121, 122, 123. The application of particle swarm optimization to phased array
synthesis is very recent88, 124, but other evolutionary optimization methods such as genetic
algorithms have been applied to such problems, including complex weight nulling125,
synthesis of multiple beams126, phase shifter fault diagnosis127, phase-only nulling128,
phase-only beamshape toggling129, array failure correction130, 131, and phase-only low
sidelobe tapering using quantized coefficients132. Genetic algorithms can operate directly
on the amplitude and phase settings133 or on the complex plane root locations134, 135.
Genetic algorithms have also been combined with the classic methods of OrchardElliott136 and Woodward137. Recently, genetic algorithms have been used to synthesize
low sidelobe weighting distributions while minimizing the taper loss138, 139. Another
application of genetic algorithms to phased array design is to optimize the array layout
and associated networks, such as thinned arrays140, 141, 142, variably spaced rings of
elements in a planer array143, reconfigurable fragmented arrays144, and linear aperiodic
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arrays designed to cast nulls in prescribed directions145, 146. Genetic algorithms taking
account of mutual coupling and parasitic effects have been used to synthesize patch
arrays147, parasitic arrays148, aperiodic monopole arrays149, 150, 151 and multiband stacked
vertical antennas152. An interesting methodology based on language theory has been
proposed where a general language and grammar is developed and then the genetic
algorithm optimizes a syntax describing the antenna under design153.
Consider the particle swarm optimization of the modified Bernstein polynomial
parameters to obtain good sidelobe performance. The algorithm starts by initializing a
group of particles (always 50 in this dissertation), with random positions in a fivedimensional hyperspace, constrained between zero and one in each dimension. The five
dimensions of the particle correspond to the five parameters of the modified Bernstein
polynomial. For each particle a random velocity is also initialized, with values in each of
the five dimensions between -1 and 1. As described in the next section, each particle’s
five position numbers are mapped to A, C0, C1, N0 and N1, and the corresponding far field
pattern sidelobes are scored for each particle. After all these particles are scored, the best
performer is identified as the initial global best.
Now the particles are flown through the problem hyperspace for a specified
number of iterations, using the following stochastic velocity and position update rules.
For each particle pk in turn, the first step is to update the velocity vk separately along each
dimension j according to the velocity update rule

(

)

(

best
best
v k , j = ωv k , j + φ1rand ⋅ p klocal
− p k , j + φ 2 rand ⋅ p kglobal
− pk , j
,j
,j

)

(25)

where the various quantities are discussed in detail below and are summarized in Table 2.
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pk is the position of the kth particle
pklocal best is the best position ever found by particle pk
pglobal best is the best position ever found by any particle
pk,j is the position of the kth particle along dimension j
vk is the velocity of the kth particle
vk,j is the velocity of the kth particle along dimension j
ω is the inertia multiplier or weight
φ1 is the self knowledge multiplier or weight
φ2 is the group knowledge multiplier or weight
rand is a random number between 0 and 1
vRMSmax is the maximum allowed particle root mean square velocity
Table 2. Variables used in particle swarm optimization update equations.

Three components typically contribute to this new velocity. The first term is
sometimes referred to as ‘inertia,’ ‘momentum,’ or ‘habit,’ which is just proportional to
the old velocity and is the tendency of the particle to continue in the same direction it has
been traveling. This component is scaled by the constant ω154, which keeps the particles
in motion and discourages premature convergence. Some researchers find advantage in
allowing this multiplier to take random values155, decrease during the optimization to
encourage local searching at the end of the optimization process156, 157, 158, 159, 160,
randomly vary during the optimization161, or be set to zero altogether162. For this study ω
is taken to be a constant 0.4 throughout the optimization process, which is found to give
good results on various problems studied by the author.
The second term of the velocity update equation is a linear attraction toward the
best position ever found by the given particle (often called local best), scaled by the
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product of a fixed constant φ1 and a random number rand between zero and one. A
different random number is used for each dimension of each particle on each iteration.
This component is variously referred to as ‘memory,’ ‘self-knowledge,’ ‘nostalgia,’ or
‘remembrance.’ The third term of the velocity update equation is a linear attraction
toward the best position found by any particle (often called global best), scaled by the
product of a fixed constant φ2 and another random number rand between zero and one,
again chosen anew for each dimension of each particle on each iteration. This component
is variously referred to as ‘cooperation,’ ‘social knowledge,’ ‘group knowledge,’ or
‘shared information.’ Following common practice in the literature163, φ1=φ2=2 in this
dissertation. These paradigms allow particles to profit both from their own discoveries as
well as the discoveries of the swarm as a whole, mixing local and global information
uniquely for each particle on each iteration. The further a particle is from one of these
previously found best locations, the more strongly the particle is pulled in that direction.
The algorithm limits the resulting velocity vk to a maximum root mean square
value vRMS max164, 165 by the rule
v
if ( v k > v RMS max ) then v k = RMS max v k
vk

(26)

where vRMSmax held constant at 0.3 throughout the optimization is found to give good
results on various problems studied by the author. Although many researchers apply a
clipping velocity limit VMAX along each dimension separately, the root mean square limit
used here seems to work quite well, perhaps because it preserves the direction of the
updated velocity. Like the inertia weight ω, large values of VMAX or vRMSmax encourage
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global searching while small values encourage local searching166. Some researchers find
an advantage in decreasing the velocity limit during the optimization process, to localize
the search at the end of the optimization.
Next, the new position of the particle is calculated by adding the new velocity
vector to the old particle position vector as
pk , j = pk , j + vk , j

(27)

where a unit time step is assumed. If any dimension of the new position vector is less
than zero or more than one, it is clipped to stay within this range. This new position is
then mapped to the modified Bernstein polynomials parameters and the new resulting far
field pattern is scored for peak sidelobe and main beam shoulder level. If this position has
the best score (lowest sidelobes and shoulders) that this particle has found so far, then it
is retained as the local best memory for this particle. If in addition, this position has the
best score of any particle so far, then it is further retained as the global best for the entire
swarm. The final array distribution is taken as that generated by the global best scoring
particle after a specified number of iterations is reached. For this example and throughout
this dissertation 30 iterations (30 iterations × 50 particles = 1500 cost function
evaluations) are used.
The current implementation of the particle swarm optimizer uses asynchronous
updates167, where the global best is updated after each particle, rather than waiting until
all the particles have been scored on a given iteration. This makes the most current global
best information known to all particles as soon as it becomes available. This seems to
enhance performance over synchronous updates, although asynchronous updating is not
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as conducive to parallel processing as synchronous updates. The operation of the particle
swarm optimizer is summarized with the psuedocode of Figure 41.

Set up problem & define constraints
For k = 1 to 50 (for each particle)
For j = 1 to 5 (for each dimension)
Initialize swarm
Set random positions pk,j∈(0,1)
Set random velocities vk,j∈(-1,1)
Next j
Score the particle pk and set pklocal best= pk
If this score is the best ever for any particle, set pglobal best= pk
Next k
For i = 1 to 30 (for each iteration)
For k = 1 to 50 (for each particle)
For j = 1 to 5 (for each dimension)
Update velocity (adjust in direction of local and global best)
vk,j = ωvk,j +φ1 rand·(pk,jlocal best - pk,j) + φ2 rand·(pjglobal best - pk,j)
Next j
Limit velocity if required, while preserving direction
If |vk|>vRMSmax then vk = vRMSmax (vk/|vk|)
Update position (new position = old position + velocity)
pk = pk + vk
Clip position to (0,1) if required
Score the particle pk
If this score is the best ever for this particle, set pklocal best= pk
If this score is the best ever for any particle, set pglobal best= pk
Next k
Next i
Figure 41. Implementation of update equations for particle swarm optimization.
3.3.

Optimization with constant aperture efficiency

In order for the optimizer to find the best sidelobe level for a given aperture
efficiency, it is desirable that the optimizer only search candidate solutions with that
aperture efficiency. Fortunately, a simple adjustment of the modified Bernstein
polynomial facilitates this. The five-dimensional candidate particle positions are always
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clipped between zero and one, i.e., for the kth particle, 0≤pk,j≤1. These position
coordinates are first mapped into initial values for the modified Bernstein polynomial as
A = 0.45 p k ,1 + 0.5
C 0initial = 0.9 p k ,2 + 0.005
C1initial = 0.9 p k ,3 + 0.005 .

(28)

N 0initial = 7 p k ,4 + 3
N1initial = 7 p k ,5 + 3
Since the peak of the distribution shifts in the direction of scan, A is constrained here to
be greater than or equal to 0.5, while C0 and C1 can initially cover nearly the entire valid
range 0 to 1. Observation of the parameter values assumed along best frontier path during
the exhaustive search of the previous chapter suggests the initial range of 3-10 for N0 and
N1.
Next, to obtain the desired aperture efficiency, a single value x≥0 is found to
modify these initial values as

(
= (C

C 0 = C 0initial
C1

)
)

x

initial x
1

N 0 = xN

initial
0

(29)

N 1 = xN1initial

where x is chosen to provide the specified aperture efficiency η. The parameter A remains
unchanged. Decreasing x increases the aperture efficiency, by broadening the peaks and
raising the endpoints; in particular, x=0 forces the distribution to be uniform with η=1.
Conversely, increasing x lowers the aperture efficiency. At every cost function
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evaluation, a golden section search168 is used to find the value of x that provides the
desired aperture efficiency.
Thus the optimizer only searches parameter values in a finite range while
constraining the efficiency at each step in a very simple manner, making the optimization
focused and efficient. Other possible polynomial expansions such as a Taylor series do
not generally have inherently limited coefficients, which slows convergence since the
range over which an optimizer must search is then unlimited.
This algorithm is now implemented for the curved array of the previous chapter,
to optimize the modified Bernstein polynomial parameters to obtain the best sidelobe and
shoulder level given a desired efficiency η=0.822 and scan direction of 30°, for
comparison with the results of Figure 40. The performance of the particle swarm during
the optimization process as measured by the peak sidelobe or main beam shoulder level
cost function is illustrated in Figure 42. The best particle’s position and mapping to the
modified Bernstein polynomial parameters with adjustment for η=0.822 is given in Table
3. The resulting optimized amplitude distribution and corresponding antenna pattern is
shown in Figure 43. This result has slightly better sidelobes than the exhaustive search
results of Figure 40.
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Figure 42. Particle swarm performance improves as the solution evolves.
The dots above each iteration denote the sidelobe levels corresponding to each of the 50
particles’ positions. The line marks the global best performance.

p1global best=0.3306

A=0.45p1global best+0.5=0.6488

A=0.6488

p2global best=0.2014

C0initial=0.9p2global best+0.005=0.1862

C0=(C0initial)x=0.1071

p3global best=0.3663

C1initial=0.9p3global best+0.005=0.3346

C1=(C1initial)x=0.2333

p4global best=0.4098

N0initial=7p4global best+3=5.8689

N0=xN0initial=7.8020

p5global best=0.4021

N1initial=7p5global best+3=5.8150

N1=xN1initial=7.7304

Table 3. Global best particle maps to the modified Bernstein polynomial.
To make the aperture efficiency η=0.822, x=1.3294.

69

Figure 43. Optimized amplitude distribution and corresponding antenna pattern.
(a) 30 element curved phased array scanned 30°. (b) Modified Bernstein polynomial
weights. (c) Resulting far field pattern with -30.5 dB peak sidelobes.
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3.4.

Bézier curve representation of the amplitude weights

The optimized weights can be represented with a one dimensional Bézier curve.
For the 30 element curved array, let the values of u taken at 30 equally spaced locations
between 0 and 1 map to the element locations. Then
0.1071B0,14 (u ) + 0.0999 B1,14 (u ) + 0.1658 B2,14 (u ) +

- 0.1064 B3,14 (u ) + 0.9553B4,14 (u ) - 1.7176 B5,14 (u ) +

y (u ) = 3.6708B6,14 (u ) - 3.4714 B7,14 (u ) + 5.1411B8,14 (u ) +

- 1.3140 B9,14 (u ) + 2.4245 B10,14 (u ) + 0.5208B11,14 (u ) +
0.4817 B
12,14 (u ) + 0.2414 B13,14 (u ) + 0.2349 B14,14 (u )


(30)

is the 14th order Bernstein polynomial expansion found using least squares, which fits
closely to the optimized amplitude weights as shown in Figure 44. The Bézier
representation allows the amplitude weights to be evaluated with a single matrix
multiplication, rather than the exponentials required for the modified Bernstein
polynomial. Although this Bézier representation is of limited utility for a single
optimized distribution, this concept will be useful when extended for interpolation
between the optimized weights as a function of one or two variables.
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Figure 44. One-dimensional Bézier curve fits the optimized amplitude weights.

This is an example of a Bézier curve optimized using the particle swarm
optimizer. Optimization of curves for various applications has been previously
accomplished using other evolutionary methods. For example, genetic algorithms have
been used to find the best smooth curves and surfaces to describe objects such as turbine
blades169, font outlines170, Chinese calligraphy171, and human bodies172. Genetic
algorithms have also been used to optimize the aerodynamic properties of airfoils173. For
electromagnetic applications, genetic algorithms have been used to optimize a NURBS
description of a magnetizer pole face to achieve a desired magnetic flux density174, 175.
These same authors also used a two-stage optimization process where the genetic
algorithm was used to narrow down the search and then a gradient technique refined the
final answer176. Evolutionary algorithms have also been used to optimize shaped
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transmission lines described by B-splines177. A different approach to microstrip shape
optimization is to use a genetic algorithm to fill in pixels; interestingly, these authors
report that the resulting ragged edges provide increased bandwidth178. Some fascinating
variations of curve fitting with genetic algorithms include the use of a genetic algorithm
to represent a data set with ordinary differential equations179 or arbitrary nonlinear
polynomials180.
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4. UNIVARIATE OPTIMIZATION: APERTURE EFFICIENCY

Using particle swarm optimization, the sidelobe and main beam shoulder levels
are now independently optimized for a selection of efficiency values. The aggregation of
these independently optimized solutions is an example of ε-constraint multi-objective
optimization. Two methods of obtaining intermediate results are possible: either the
optimized parameters or the optimized amplitude weights can be interpolated. One way
to interpolate the optimized amplitude weights is with a Bézier surface representation. A
Bézier surface can describe multiple related aperture distributions simultaneously, each
one morphing smoothly into the next to produce performance trades between the
competing objectives of sidelobe level and aperture efficiency. This Bézier approach is
robust and encourages smooth transitions between solutions, providing intermediate
solutions not specifically optimized.

4.1.

Independent efficiency-constrained optimization of sidelobe performance

The particle swarm optimization methods of the previous chapter are now applied
to the curved array for multiple aperture efficiency goals at 30° scan. Using the
optimization parameters in the previous chapter, the modified Bernstein polynomial
parameters are independently optimized to obtain the best sidelobe level for 13 equally
spaced values of aperture efficiency 0.76≤η≤1.0, requiring 13×1,500=19,500 pattern
evaluations for the cost function. As previously discussed, in each case the optimization
cost function is worst (largest) of the sidelobe level and main beam shoulder level.
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Figure 45 shows the results compared to the exhaustive search method previously
employed. For the optimized points, the main beam shoulder level is generally never
above the peak sidelobe level. When compared to the peak sidelobe and shoulder level
results of Figure 37, the individual optimized values are generally better than the values
found by the exhaustive search methods used to illustrate the modified Bernstein
polynomial, even though the exhaustive search used 8,899,821 pattern evaluations (> two
orders of magnitude more calculations). Since the optimized points do not allow for
higher sidelobe shoulders, there are a few points at lower efficiencies that technically
have worse sidelobes (but better main beams) than those found by the exhaustive search
in Figure 36. In these cases the main beam shoulders were the limiting factor in the
optimization. The optimized parameters of the modified Bernstein polynomial as a
function of aperture efficiency are shown in Figure 46 and Figure 47, and the resulting
amplitude distributions and corresponding far field antenna patterns are qualitatively
illustrated in Figure 48. Note how both the amplitude distributions and the antenna
patterns transition smoothly from one to the next as the efficiency varies. Because this
array is curved, the illumination function for η=1 is not uniform as previously discussed.
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Figure 45. Independent optimization of curved array sidelobes for 30° scan.
The optimized points slightly outperform the best values (solid line) found by the
previous exhaustive search results of Figure 37. For comparison, the previously obtained
frontier for peak sidelobe level only from Figure 36 is also shown (dashed line).

Figure 46. Optimized A, C0, and C1 vary with efficiency and optimized sidelobes.
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Figure 47. Optimized N0 and N1 vary with efficiency and optimized sidelobes.

Figure 48. Optimized amplitude distributions and corresponding antenna patterns.
(a) Amplitude distributions transitioning smoothly from η=0.76 in front to η=1.0 in back.
(b) Corresponding antenna patterns also transition smoothly.
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4.2.

Parameter interpolation

One way to arrive at intermediate amplitude distributions that are not specifically
optimized is to interpolate between the optimized values of the modified Bernstein
polynomial parameters. Since the optimized parameters values are a function of aperture
efficiency, then given a desired aperture efficiency ηdesired, the corresponding five
parameters of the modified Bernstein polynomial for the best sidelobe performance can
be interpolated from the optimized values of Figure 46 and Figure 47.
Some examples of the peak sidelobe performance for linear parameter
interpolation are shown in Figure 49 and the peaks sidelobe and main beam shoulder
performance is shown in Figure 50. The peak sidelobes characteristic interpolates almost
perfectly, while some main beam distortion is apparent at a few efficiency values in
Figure 50. Although the test for main beam distortion indicates a possible main beam
problem, Figure 51 showing one of the suspicious cases suggests that the actual distortion
is negligible. It is likely that the adjacent optimized points are close to displaying some
main beam distortion, which then manifests itself in the interpolation process. If desired,
even this slight distortion can be removed by optimizing this specific case as shown in
Figure 52, so the best distribution in this case is close to (but not exactly) the interpolated
result. The optimized result also has peak sidelobes reduced by 0.1 dB below the
interpolated result.
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Figure 49. Interpolated parameters provide cases between optimized points.

Figure 50. Interpolated parameters can raise main beam shoulders slightly.
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Figure 51. Interpolated results with negligible main beam shoulder distortion.
(a) 30 element curved phased array scanned 30°. (b) Interpolated weights. (c) Resulting
far field pattern with -31.2 dB peak sidelobes. A negligible main beam distortion is
detected at -29.2 dB.
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Figure 52. Optimization removes the main beam shoulder distortion of Figure 51.
(a) 30 element curved phased array scanned 30°. (b) Interpolated weights. (c) Resulting
far field pattern with -31.3 dB peak sidelobes.

4.3.

Introduction to Bézier surfaces

The concepts of Bézier curves described in the previous chapters can be readily
extended to Bézier surfaces. The application of Bézier surfaces and the more general B-
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splines and nonuniform rational B-splines (NURBS) in electromagnetics often deals with
object descriptions for scattering181 and radar cross-section (RCS) analysis182, 183. A
surface description of a complicated object like antennas on an aircraft can be provided
using Bézier patches184 or NURBS185. B-splines have also been proposed to serve as basis
functions for the synthesis of shaped reflector antennas186, 187, for the Method of Moments
as a generalization of rectangular and triangle basis functions188, and as a way to
represent space-time varying Fourier coefficients of nonstationary data collected from a
linear array189. One convenient feature of using Bézier surfaces to describe geometry for
electromagnetic calculations is the continuity of the first derivatives190 and the ability to
model complex geometries accurately using a relatively low amount of information191.
Bézier surfaces have been used to interpolate the calculated potential and field values
from finite element methods192 and to model coronal magnetic fields193.
While a list of control points defines a Bézier curve, a grid or net of control points
defines a Bézier surface as illustrated in Figure 53. The basis functions for this case are
formed by multiplying ordinary independent Bernstein polynomials in two dimensions
resulting in the localized basis functions shown in Figure 54 and Figure 55. This is called
a tensor product surface or bivariate surface. In this case22
m

p(u , v ) = ∑

n

∑ Bi,m (u )B j,n (v )pij

(31)

i =0 j =0

where pij are a set of (m+1)×(n+1) three-dimensional control points. Like the constituent
Bernstein polynomial basis functions, these two dimensional basis functions exert most
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of their influence in localized regions but are nonzero everywhere throughout the (u, v)
space.

Figure 53. Simple Bézier surface is defined by a net or grid of control points.
The Bézier surface lies within the convex hull of the control points.
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Figure 54. Two-dimensional Bézier basis functions for surface expansions.
Compare these basis functions to the one-dimensional Bernstein polynomials of Figure 2.
There is a one-to-one correspondence between these 24 basis functions and the 24 control
points of Figure 53.

Figure 55. A superimposed representation of the basis functions in Figure 54.
Compare this plot to the one-dimensional Bernstein polynomials of Figure 2.
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4.4.

Bézier surface representation of optimized results

A Bézier surface representation provides another way to combine the
independently optimized values of sidelobe levels for selected aperture efficiencies to
interpolate smoothly between the optimized distributions. Figure 56 shows the twodimensional Bernstein polynomial expansion found using least squares which fits closely
to the optimized amplitude weights as a function of aperture efficiency. A 14th order
Bernstein polynomial expansion is used along the weight axis like in the previous
chapter, and a 9th order Bernstein polynomial expansion is used along the efficiency axis.
This surface is governed by a total of (14+1)×(9+1)=150 control points, less than half the
30×13=390 amplitude values that are required for linear interpolation of these optimized
weights. This surface interpolates the desired weights for a particular desired aperture
efficiency.
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Figure 56. Bézier surface fitted to the optimized weights as a function of η.
Like the parameter interpolation method discussed earlier, this Bézier surface can
be used to generate intermediate results not specifically optimized, by sampling or slicing
the surface at intermediate aperture efficiency values. The peak sidelobe performance of
this Bézier interpolation is shown in Figure 57 and the peaks sidelobe plus main beam
shoulder performance is shown in Figure 58. The peak sidelobes characteristic
interpolates almost perfectly, while some main beam distortion is apparent in Figure 58.
Like the results for parameter interpolation, although the test for main beam distortion
indicates a possible main beam problem, Figure 59 showing one of the suspicious cases
suggests that the actual distortion is negligible. Once again, it is likely that the adjacent
optimized points are close to also displaying this distortion, which then manifests itself in
the Bézier interpolation process. If desired, even this slight distortion can be removed by
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optimizing this specific case as shown in Figure 60, which also reduces the sidelobes by
0.2 dB.

Figure 57. Interpolated weights provide cases between optimized points.

Figure 58. Interpolated weights can impact the main beam shoulders.
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Figure 59. Interpolated weights causing slight main beam shoulder distortion.
(a) 30 element curved phased array scanned 30°. (b) Interpolated weights. (c) Resulting
far field pattern with -34.1 dB peak sidelobes. A negligible main beam distortion is
detected at -23 dB.
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Figure 60. Optimization removes the main beam shoulder distortion of Figure 59.
(a) 30 element curved phased array scanned 30°. (b) Interpolated weights. (c) Resulting
far field pattern with -34.3 dB peak sidelobes.
4.5.

Introduction to multi-objective optimization

Another way to view the present results is as an example of multi-objective
optimization. Rather than a single point solution, multi-objective optimization is intended
to provide a trade space boundary such as the efficiency versus sidelobe level
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performance developed in this chapter. When several contradictory cost functions are
both important, then one performance measure can be traded against another to gain
insight into the most appropriate design choices. A Pareto-optimal194 point in the trade
space is defined as one for which any perturbation causes at least one of the cost
functions to degrade. A Pareto-optimal solution is also called non-dominated195 by other
solutions, in that no other solution can be said to be strictly better. The optimal trade
space boundary is then the set of all Pareto-optimal points, also called the Pareto front.
Thus the final result of optimization is not a single solution, but rather a set of solutions
with varying levels of performance for different contradictory goals.
Genetic algorithms and evolutionary algorithms have been applied to the multiobjective problem, and several review papers196, 197 enumerate common generalizations
from ordinary single objective genetic algorithms to multi-objective genetic algorithms.
A common intermediate step is to aggregate several cost functions into a single weighted
sum to seek reasonable performance on all objectives. Prior work by the author used a
cost function defined as a weighted combination of taper loss and excess energy above a
specified sidelobe envelope, in order to encourage low sidelobe distributions with low
taper loss138. This weighted sum approach effectively converts a multi-objective problem
into a more conventional single objective problem, but it is generally not apparent how
best to choose the relative weightings, and the single solution returned may not convey
much insight into the behavior of the overall trade space. To trace out the optimum trade
space boundaries, a single point optimizer is generally run multiple times with different
relative weights.
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Genetic algorithms have previously been extended to optimize a collection of
solutions simultaneously, which define a trade space. In population-based approaches
each objective is treated separately and the population is encouraged to maintain
sufficient diversity to cover the trade space. For example, the vector-evaluated genetic
algorithm198 divides each generation in turn into groups, one for each objective, which
are then bred together to evolve the Pareto-optimal trade space. Generalizations of this
approach include assigning genders to individuals, where there is one gender for each
objective199. Another approach is to encode variable weights into the individuals,
allowing different weighted combinations to evolve simultaneously200. Pareto-based
approaches such as non-dominated sorting201 evaluate each cost function separately for
each individual, with higher mating and survival probabilities being assigned to those
individuals that are not dominated by other individuals. Another approach is to rank
individuals based on how many other individuals dominate them202. Other multiobjective research topics being investigated for genetic and evolutionary algorithms
include the incorporation of multiple constraints195, dynamic population size
adjustments203, and local searches around each individual204. Since the goal of these
techniques is a group of individuals delineating the trade space, these approaches
generally require some enforcement of population diversity. One approach is fitness
sharing, where an individual’s cost is increased if there are other individuals nearby201.
This encourages niches or distinct species to develop, where each niche optimizes a
particular Pareto-optimal point.
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Genetic algorithms have been used to study several multi-objective problems in
electromagnetics. Table 4 provides some examples and the competing cost functions
studied. There are presently only a few applications of the particle swarm optimizer to
multi-objective optimization205, 206, 207. In this chapter, the two competing objectives are
sidelobe level and aperture efficiency. One desirable way to convert a multi-objective
problem into a collection of simpler single-objective problems is to optimize a single
objective while all others are reformulated as constraints208, 209, 210. This is known as the
ε-constraint method of multi-objective optimization. Although not every problem can be

formulated in this convenient manner, the constant-efficiency formulation of the
modified Bernstein polynomial in the previous chapter enables it in this dissertation.

Design topic

Competing performance measures

Broadband microwave absorber211, 212

Dielectric thickness, reflection coefficient

Thinned phased array213

Sidelobe level, beamwidth

Permanent magnet motor214

Loss, weight

Induction motor215

Power density, efficiency

Permanent magnet motor216

Volume, internal power

Circularly polarized spiral antenna217, 218

Boresight directivity, axial ratio

Circularly polarized patch antenna219

Return loss, axial ratio

Table 4. Some applications of multi-objective optimization in electromagnetics.
In this chapter a particle swarm optimizer has been used to optimize a modified
Bernstein polynomial, specifying low-sidelobe amplitude weights of a curved array as a
function of aperture efficiency. Cases not specifically optimized can be found from the
optimized data in two ways: either the optimized parameter values or the resulting
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amplitude weights can be interpolated. Both approaches demonstrate a new example of εconstraint multi-objective optimization, providing the best sidelobe level as a function of
aperture efficiency for a curved array. These techniques will be extended to include
additional design variables in the following chapters. Rather than just represent a single
distribution, the Bézier surface describes multiple related aperture distributions
simultaneously, each one morphing smoothly into the next to produce performance trades
between the competing objectives of sidelobe level and aperture efficiency. The Bézier
approach is robust and amenable to the smooth transitions expected between optimized
solutions while interpolating for intermediate distributions.
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5. BIVARIATE OPTIMIZATION : APERTURE EFFICIENCY &
SCAN ANGLE

The results of the previous chapter are now extended to include two independent
objective constraints: aperture efficiency and scan angle. After obtaining a grid of
optimized points, one way to obtain intermediate results is to interpolate the optimized
parameter values. Another way is to represent the optimized array weights with a Bézier
volume. The Bézier surface description of array weights as a function of one variable is
extended to a Bézier volume description to represent array weights as a function of two
variables, where one dimension of the Bézier volume corresponds to aperture efficiency,
another to scan angle, and the third dimension to the array weights. Both interpolation
methods give good performance.
5.1.

Optimization of sidelobe performance versus efficiency and scan

For the curved array, the optimization of sidelobe levels for fixed aperture
efficiencies at 30° scan as given in the previous chapter is now performed for additional
scan angles as well. Figure 61 shows the sidelobe performance results for 0°, 5°, 10°, 15°,
20°, 25°, and 30° scan angles. A nearly identical characteristic is obtain when the main
beam shoulders are included, as shown in Figure 62. For 13 efficiency values at 7 scan
angles, this data required 13×7×1,500=136,500 pattern evaluations for the cost function,
an order of magnitude less than the 8,899,821 evaluations required for only the 30° scan
angle using exhaustive search methods of the second chapter.
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Figure 61. Optimized sidelobe levels for given aperture efficiency and scan angle.
The dotted constant-scan lines correspond to the qualitative plots of Figure 64. The solid
constant-η lines correspond to the qualitative plots of Figure 65 and the detailed patterns
of Figure 66, Figure 67, and Figure 68.
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Figure 62. Optimized sidelobe and shoulder levels versus efficiency and scan.
The dotted constant-scan lines correspond to the qualitative plots of Figure 64. The solid
constant-η lines correspond to the qualitative plots of Figure 65 and the detailed patterns
of Figure 66, Figure 67, and Figure 68.
This optimization data now provides optimized sidelobe levels as a function of
two independent variables: scan angle and aperture efficiency. The optimized parameter
values corresponding to the performance of Figure 61 and Figure 62 are shown in Figure
63. These parameter surfaces are somewhat rippled, since each case is optimized
independently for relatively few iterations and the underlying cost function dependence
on sidelobe structure is so complicated. Note how A shifts in the direction of scan, C0
decreases with scan, and C1 increases with scan. This keeps the greatest illumination on
the portion of the array that is most in view. For η=1 the weights are governed solely by
the maximum gain condition as discussed in the second chapter.
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Figure 63. Optimized parameter values yielding the performance of Figure 61.
(a) A. (b) C0. (c) C1. (d) N0. (e) N1. The dashed constant-scan lines correspond to the
qualitative plots of Figure 64. The solid constant-η lines correspond to the qualitative
plots of Figure 65 and the detailed patterns of Figure 66, Figure 67, and Figure 68.
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Since the distributions are optimized as a function of two variables (aperture
efficiency and scan), there are two convenient ways to view the trends of the optimized
amplitude weights. Figure 64 qualitatively illustrates the optimized distributions and
corresponding far field patterns as a function of aperture efficiency for three discrete scan
angles. Figure 65 illustrates the optimized distributions and far field patterns as a function
of scan angle for three discrete aperture efficiencies. Note how the amplitude
distributions shift as the scan angle increases and fill as the efficiency increases, as
previously observed. The results of Figure 65 are shown in more detail in Figure 66,
Figure 67, and Figure 68. Also clearly visible in these plots is the increase in sidelobe
level as the aperture efficiency increases.
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Figure 64. Optimized results as a function of efficiency for three scan angles.
Aperture efficiencies vary from 0.76 in front to 1.0 in back. (a) Optimized distributions
for 0° scan and (b) corresponding far field patterns. (c) Optimized distributions for 15°
scan and (d) corresponding far field patterns. (e) Optimized distributions for 30° scan and
(f) corresponding far field patterns.
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Figure 65. Optimized results as a function of scan angle for three efficiencies.
Scan angles vary from θscan = 0° in front to θscan = 30° in back. (a) Optimized distributions
for η=0.8 and (b) corresponding far field patterns. (c) Optimized distributions for η=0.9
and (d) corresponding far field patterns. (e) Distributions for η=1.0 and (f) corresponding
far field patterns.
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Figure 66. Constant-η weights and antenna patterns from Figure 65 (a) and (b).
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns. Note how the peaks of the amplitude distributions shift as the beam scans
for this curved array.
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Figure 67. Constant-η weights and antenna patterns from Figure 65 (c) and (d).
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns. Note how the peaks of the amplitude distributions shift as the beam scans
for this curved array.
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Figure 68. Constant-η weights and antenna patterns from Figure 65 (e) and (f).
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns.
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5.2.

Parameter interpolation

The linear interpolation of the parameters used in the previous chapter for one
variable can be extended for the two variables of aperture efficiency and scan angle. To
evaluate the linear interpolation performance, the new values are interpolated at 11 scan
angles equally spaced between 0° and 30° and 16 efficiency values equally spaced
between 0.76 and 1.0. These values are chosen so as to not coincide with the optimized
points. The corresponding sidelobe performance is shown in Figure 69 and the sidelobe
and main beam performance is shown in Figure 70. As observed in the last chapter, the
interpolated values sometimes demonstrate the beginnings of sidelobe shoulders,
particularly at lower efficiencies. Some detailed results for interpolated weights where the
most potential main beam distortion occurs are shown in Figure 71 for η=0.776, Figure
72 for η=0.796, and Figure 73 for η=0.808. In each case the far field patterns from the
interpolated weights still turn out to be good quality patterns.
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Figure 69. Interpolated parameters provide cases between optimized points.
The solid constant-η lines correspond to the detailed patterns shown in Figure 71, Figure
72, and Figure 73.

Figure 70. Interpolated parameters can technically raise the main beam shoulders.
The solid constant-η lines correspond to the detailed patterns shown in Figure 71, Figure
72, and Figure 73.
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Figure 71. Weights and patterns with η=0.776 from Figure 69 and Figure 70.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns with good quality main beams.
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Figure 72. Weights and patterns with η=0.792 from Figure 69 and Figure 70.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns with good quality main beams.

107

Figure 73. Weights and patterns with η=0.808 from Figure 69 and Figure 70.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns with good quality main beams.
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5.3.

Introduction to Bézier volumes

A Bézier volume describes a three dimensional object not only on its boundary,
but also in its interior220. Applications of Bézier volumes are more rare than Bézier
surfaces, but have been used for facial motion tracking221 and proposed for modeling
curvilinear tetrahedral elements for finite element analysis222. B-spline volumes have
been used to represent volumetric ocean data such as temperature or salinity223. Medical
applications include the extraction of heart motion224 from volumetric Magnetic
Resonance Imaging data, the delineation of bone contours225 from Computed
Tomography, and the mapping of blood vessels from volumetric medical imagery in a
three-dimensional analogy of road extraction from an aerial photograph226. A fascinating
application of trivariate B-splines is for haptic sculpting227, in which a computer provides
tactile feedback as a user manipulates a virtual object. A volumetric spline has been used
to optimize three geometry variables for a magnet228; in this case, a bounded data volume
is thoroughly sampled and then the optimum is estimated analytically from a trivariate
spline used to fit the data. In this chapter, Bézier volumes will be used to represent array
weights as a function of efficiency and scan.
Extending the tensor product definition for a bivariate Bézier surface, a trivariate
Bézier volume can be expressed221, 229 in terms of conventional Bernstein polynomials as
m

p(u , v, w) = ∑
i =0

n

o

j =0

k =0

∑ ∑ B (u )B (v )B (w)p
i ,m

j ,n

k ,o

ijk

(32)

where pijk are a set of (m+1)×(n+1)×(o+1) three-dimensional control points and (u,v,w)
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are coordinates inside the Bézier volume with 0≤u≤1, 0≤v≤1, and 0≤w≤1. This describes
a three dimensional object not only on its boundary, but also in its interior.
Like the control points of Bézier curves and surfaces, each control point of a
Bézier volume is associated with a basis function that exerts its greatest influence in the
immediate vicinity of that associated control point. For example, a control point in the
corner of the Bézier volume will primarily influence the region around the corner, as
shown in the volume and mesh plots of Figure 74. In this plot, constant value contours
are drawn on the exterior of the Bézier volume. From left to right, the upper sections of
the volume are removed to expose the interior. The mesh plot above each sectioned
volume depicts the behavior indicated by the contours on the exposed top surface.
Similarly, a control point along the edge will primarily influence the region about that
edge as shown in Figure 75, and a control point along a face will primarily influence the
region near that face as shown in Figure 76. The areas of influence for some internal
control points are illustrated in Figure 77, and Figure 78, and Figure 79. An example
Bézier volume defined by random control points is depicted in Figure 80.

Figure 74. Influence of a corner volumetric basis function on the Bézier volume.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.
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Figure 75. Influence of an edge volumetric basis function on the Bézier volume.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.

Figure 76. Influence of a face volumetric basis function on the Bézier volume.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.

Figure 77. Effect of an internal volumetric basis function on the Bézier volume.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.
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Figure 78. Influence of an off-center internal volumetric basis function.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.

Figure 79. Influence of an internal volumetric basis function near the top face.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.

Figure 80. An arbitrary Bézier volume defined by random control points.
Mesh plots above sectioned Bézier volumes depict behavior of top exposed surface.
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5.4.

Bézier volume representation of optimized results

The Bézier volume representation provides a new way to combine the
independently optimized results as a function of aperture efficiency and scan angle to
interpolate smoothly between the optimized distributions. Figure 81 and Figure 82 show
two views of the three-dimensional Bernstein polynomial expansion or Bézier volume
found using least squares, which fits closely to the optimized amplitude weights as a
function of aperture efficiency and scan angle. Like the previous chapter, a 14th order
Bernstein polynomial expansion is used along the weight axis, a 9th order Bernstein
polynomial expansion is used along the efficiency axis, and now a 2nd order Bernstein
polynomial expansion is added for the scan angle axis. This volume is governed by a total
of (14+1)×(9+1)×(2+1)=450 control points, and it interpolates the optimized weights as a
function of two variables. Ordinary linear interpolation of these optimized distributions
uses 30×13×7=2730 amplitude values, more than five times the number of values
required for the Bézier volume interpolation. Figure 81 shows the interpolated aperture
weights as a function of efficiency for six discrete scan angles, and Figure 82 shows the
interpolated aperture weights as a function of scan angle for six discrete efficiency
values. Again the tendencies of the distribution to shift with scan and broaden with
efficiency are very clear.

113

Figure 81. Bézier volume representation of array weights for several scan angles.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide the weights as a function of efficiency.
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Figure 82. Bézier volume representation of array weights for several efficiencies.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide the weights as a function of scan angle.
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To evaluate the performance of the Bézier volume interpolation, this volume is
now evaluated at 11 scan angles equally spaced between 0° and 30° and 16 efficiency
values equally spaced between 0.76 and 1.0, the same points used for the linear
interpolation. The corresponding sidelobe performance is shown in Figure 83 and the
sidelobe and main beam performance is shown in Figure 84. As observed in the last
chapter, the interpolated values sometimes demonstrate the beginnings of sidelobe
shoulders, particularly at lower efficiencies. Some detailed results for interpolated
weights at efficiencies and scan angles not specifically optimized are shown in Figure 85
for η=0.776, in Figure 86 for η=0.872, and in Figure 87 for η=0.968. In particular the
results with potential main beam shoulders at lower efficiency values suggested by Figure
84 still turn out to be good quality patterns. Analogous to the Bézier surfaces of the
previous chapter, the Bézier volumes described in this chapter provide a method to
generate a particular case with a desired efficiency and scan angle that is not specifically
optimized. Again, this is an example of the ε-constraint method of multi-objective
optimization, where now the two independent variables of efficiency and scan angle are
formulated as constraints.
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Figure 83. Interpolated weights provide cases between optimized points.
The dark bands correspond to the constant-η detailed patterns in Figure 85, Figure 86,
and Figure 87.

Figure 84. Interpolated weights can technically raise main beam shoulders.
The dark bands correspond to the constant-η detailed patterns in Figure 85, Figure 86,
and Figure 87.
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Figure 85. Weights and far field patterns from Bézier volume with η=0.776.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns. Note how the peaks of the amplitude distributions shift as the beam scans
for this curved array.
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Figure 86. Weights and far field patterns from Bézier volume with η=0.872.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns. Note how the peaks of the amplitude distributions shift as the beam scans
for this curved array.
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Figure 87. Weights and far field patterns from Bézier volume with η=0.968.
(a) 30 element curved phased array. (b) Interpolated amplitude weights. (c) Resulting far
field patterns.
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6. TRIVARIATE OPTIMIZATION : APERTURE EFFICIENCY,
SCAN ANGLE, AND CURVATURE

The results of the previous chapter for the two variables of aperture efficiency and scan
angle are now extended to include the third independent constraint of curvature. To
facilitate this, a single scalar variable is introduced to adjust the curvature from flat to the
fully curved case already discussed. At low efficiency values, increasing the curvature
tends to raise the sidelobes. Samples of the optimized distributions and corresponding far
field patterns are presented.

6.1.

Optimization of sidelobe performance versus efficiency, scan, and curvature

The previous chapter illustrated multi-objective optimization for a curved array
based on two independent variables, aperture efficiency and scan angle. In this chapter a
third dimension, corresponding to curvature, will be added to the design trade space,
where the modified Bernstein polynomial is optimized for various specified curvatures in
addition to the other variables. For example, Figure 88 shown the optimization results for
the flat array considered in the second chapter, as a function of the 7 scan angles and the
13 aperture efficiency values previously considered. The characteristics all follow the
curves for Taylor weighting, as expected.
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Figure 88. Independently optimized sidelobes follow Taylor weight performance.
For a flat array.
To fill out the trade space, the characteristics as a function of aperture efficiency
and scan angle are calculated for the eleven curvatures shown in Figure 89. To control the
curvature, a scaling variable Λ is introduced. The Bézier control points of the original
curvature of Figure 20 are multiplied by Λ, so Λ=1 corresponds to the fully curved case
studied previously, Λ=0 is a flat array, and 0<Λ<1 is an intermediate curvature as shown
in Figure 89. For 13 efficiency values, 7 scan angles, and 11 curvatures, this data cube
required 13×7×11×1,500=1,501,500 pattern evaluations for the cost function, about onesixth of the 8,899,821 evaluations taken for the single scan angle and single curvature
using the exhaustive search method in the second chapter.
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Figure 89. Eleven curvatures for the modified Bernstein polynomial optimization.
To scale. The dots indicate the element locations and 0≤Λ≤1 is a scale factor governing
the amount of curvature.

The optimized parameter values for the modified Bernstein polynomial, now as a
function of three variables (efficiency, scan, and curvature), are illustrated using the
volume plot format previously developed. Figure 90 shows the optimized volume results
for A. For curved arrays A tends to increase above 0.5 as the scan angle increases,
corresponding to the asymmetric shift of the unimodal peak in the direction of scan.
Figure 91 shows C0 and Figure 92 shows C1. The primary trend here is that C0 and C1 rise
sharply to fill in the amplitude weights as the efficiency increases. The tendency of C0 to
decrease with scan and C1 to increase with scan also manifests itself as the curvature
increases. Figure 93 shows N0 and Figure 94 shows N1. For η=1 the array weights are
governed entirely by the maximum gain condition given in the second chapter. Figure 95
shows the resulting sidelobe level performance. At low efficiency values, increasing the
curvature tends to increase the sidelobe level.
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Figure 90. Optimized A as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide A as a function of efficiency and scan angle for constant curvature.
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Figure 91. Optimized C0 as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C0 as a function of efficiency and scan angle for constant curvature.
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Figure 92. Optimized C1 as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C1 as a function of efficiency and scan angle for constant curvature.
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Figure 93. Optimized N0 as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N0 as a function of efficiency and scan angle for constant curvature.
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Figure 94. Optimized N1 as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N1 as a function of efficiency and scan angle for constant curvature.
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Figure 95. Optimized sidelobes as a function of scan, efficiency, and curvature.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide the sidelobe level as a function of η and θscan for constant Λ.
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These optimized parameter volumes can now be sampled to obtain a wealth of
design characteristics and array behaviors as a function of the different variables.
Previously, Figure 48 and Figure 64 illustrated the optimized antenna pattern
performance as a function of efficiency for a fixed scan angle and curvature, and Figure
65 illustrated the optimized antenna pattern performance as a function of scan angle for
fixed efficiency and curvature. The optimized parameter volumes include all this
information for any curvature within 0≤Λ≤1 and also allow the third variable to be
studied, namely the optimized antenna pattern performance as a function of curvature for
fixed efficiency and scan angle. Figure 96 qualitatively illustrates some amplitude
distributions and the corresponding far field antenna patterns as Λ varies from 0 to 1, for
several constant scan angles and η=0.9. Although the efficiency of these distributions is
the same, the modified Bernstein polynomial coefficients gradually change as the
curvature increases and the optimized aperture distribution squints in the direction of
scan. As the array curves, the array field of view increases and so the angular extent of
the antenna pattern increases.
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Figure 96. Optimized results as a function of curvature for three scan angles.
η=0.9 and Λ varies from 0 in front to 1 in back. (a) Distributions for θscan=0° and (b)
corresponding far field patterns. (c) Distributions for θscan=15° and (d) corresponding far
field patterns. (e) Distributions for θscan=30° and (f) corresponding far field patterns.
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Finally, more detailed antenna patterns are shown for various curvatures and scan
angles for constant aperture efficiency. Figure 97 shows some results for the flat array,
where the amplitude distributions lie mostly atop each other as expected. Figure 98 shows
the results for an interpolated value of curvature, where the tendency of the amplitude
distribution to squint as the beam scans becomes visible as the curvature increases.
Finally, Figure 99 shows the results for Λ=1, the maximum curvature considered.
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Figure 97. Optimized weights and patterns for a flat array with Λ=0.
(a) 30 element flat phased array. (b) Optimized amplitude weights with η=0.9. (c)
Resulting far field patterns.

133

1

Figure 98. Optimized weights and patterns for a curved array with Λ=2 .
(a) 30 element slightly curved phased array. (b) Optimized amplitude weights with
η=0.9. (c) Resulting far field patterns.
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Figure 99. Optimized weights and patterns for a curved array with Λ=1.
(a) 30 element curved phased array. (b) Optimized amplitude weights with η=0.9. (c)
Resulting far field patterns.
6.2.

Interpolation approaches

These results indicate that if the curvature, scan angle, and aperture efficiency are all
specified, the optimized parameters specify the modified Bernstein polynomial which in
turn provides the appropriate low-sidelobe amplitude weighting for the curved array.
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Given a desired aperture efficiency ηdesired, scan angle θscan, and curvature Λdesired, the five
parameters of the modified Bernstein polynomial for the best sidelobe performance can
be found by linear interpolation between the optimized points. Alternately, the Bézier
volume approach of the previous chapter could be extended to higher orders as desired,
although these higher orders require many more calculations and are much more difficult
to visualize.
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7. QUADRIVARIATE OPTIMIZATION : EFFICIENCY, SCAN,
CURVATURE, & ELEMENT SPACING

Finally, the results of the previous chapter for the three variables of aperture
efficiency, scan angle, and curvature are further extended to include a fourth independent
variable of element spacing. For each value of element spacing, the number of elements
is adjusted to keep the array length approximately constant. At wide element spacing,
grating lobes dominate the far field pattern and prevent effective optimization. Samples
of the optimized distributions and corresponding far field patterns are presented.

7.1.

Optimized parameters and sidelobe performance versus element spacing

To complete the four-variable trade space, the characteristics as a function of
aperture efficiency, scan angle, and curvature are calculated for the nine values of
element spacing 0.3λ≤ d≤0.7λ shown in Figure 100. In each case, the number of array
elements is adjusted to keep the array length approximately constant. For 13 efficiency
values, 7 scan angles, 11 curvatures, and 9 element spacing values, this optimized fourdimensional hypercube required 13×7×11×9×1,500=13,513,500 pattern evaluations for
the cost function, less than twice the 8,899,821 evaluations taken for the single scan
angle, single curvature, and single element spacing value using the exhaustive search
method of the second chapter.
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Figure 100. Nine sets of arrays geometries with different element spacings.
To scale with Λ=1. The dots indicate the element locations. d is the element spacing in
wavelengths and K is the number of elements chosen to create the same approximate
array length for each case.

The optimized parameter values for the modified Bernstein polynomial as a
function of three variables (efficiency, scan, and curvature) are illustrated for several
choices of element spacing using the volume plots previously developed. The previous
chapter shows the results for d=0.5λ and K=30. For d=0.3λ and K=50, Figure 101 shows
the optimized volume results for A, Figure 102 shows C0, Figure 103 shows C1, Figure
104 shows N0, and Figure 105 shows N1. Figure 106 shows the resulting sidelobe level
performance. As expected, there is little difference between these results for d=0.3λ and
the previous results for d=0.5λ.
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Figure 101. Optimized A as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide A as a function of efficiency and scan angle for constant curvature.
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Figure 102. Optimized C0 as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C0 as a function of efficiency and scan angle for constant curvature.
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Figure 103. Optimized C1 as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C1 as a function of efficiency and scan angle for constant curvature.
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Figure 104. Optimized N0 as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N0 as a function of efficiency and scan angle for constant curvature.
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Figure 105. Optimized N1 as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N1 as a function of efficiency and scan angle for constant curvature.
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Figure 106. Sidelobe level as a function of θscan, η, and Λ for d=0.3λ and K=50.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide the sidelobe level as a function of η and θscan for constant Λ.

144

For d=0.7λ and K=21, Figure 107 shows the optimized volume results for A,
Figure 108 shows C0, Figure 109 shows C1, Figure 110 shows N0, and Figure 111 shows
1

N1. For this element spacing greater than 2 λ, the optimized parameters and resulting

performance is much less coherent than the results for tighter element spacing. This is
due to the intrusion of grating lobes that obstructs the optimization, since the grating lobe
causes a high sidelobe cost regardless of the rest of the pattern. Because the parameter
choices made by the optimizer have little effect on the sidelobe level cost function,
similar independent optimization scenarios can converge to unrelated values, leading to
the choppy characteristics exhibited by the optimized parameters. Figure 112 shows the
resulting sidelobe level performance. The sidelobes are especially high when the array is
scanned. Only at small curvatures, low scan angles, and low efficiencies is the optimizer
able to attenuate the edges of the array to achieve good sidelobe performance.
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Figure 107. Optimized A as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide A as a function of efficiency and scan angle for constant curvature.
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Figure 108. Optimized C0 as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C0 as a function of efficiency and scan angle for constant curvature.
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Figure 109. Optimized C1 as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide C1 as a function of efficiency and scan angle for constant curvature.
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Figure 110. Optimized N0 as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N0 as a function of efficiency and scan angle for constant curvature.
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Figure 111. Optimized N1 as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide N1 as a function of efficiency and scan angle for constant curvature.
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Figure 112. Sidelobe level as a function of θscan, η, and Λ for d=0.7λ and K=21.
Mesh plots above sectioned Bézier volumes depict the behavior of the top exposed
surface and provide the sidelobe level as a function of η and θscan for constant Λ.
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7.2.

Four-dimensional trends of the optimized distributions and patterns

The trends of the optimized trade space can now be explored by plotting the
optimized distributions and corresponding far field patterns as a function of one variable
while holding all others constant. Figure 113 shows the optimized results as a function of
efficiency for three scan angles. As previously observed, the distribution shifts with scan
and fills out as the sidelobe level increases. Also visible here is an increase in the
beginnings of a grating lobe as the array scans and the efficiency increases, coming from
the array elements on the far side of the array. Figure 114 shows the optimized results as
a function of efficiency for three curvatures. As the curvature increases the far field
angular extent of the sidelobes increases as expected. Also the beginnings of a grating
lobe come more into view as the curvature increases, since the elements on the far side of
the array must effectively scan further to see in the scan direction. Figure 115 shows the
optimized results as a function of efficiency for three spacing values. Here the grating
lobe completely disappears for the tightest element spacing of 0.3λ, while it dominates
for the largest element spacing of d=0.7λ. In particular, the optimized distributions for
d=0.7λ become very one-sided as the optimizer attempts to pull down the grating lobe by

attenuating the far side of the array.
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Figure 113. Optimized results as a function of efficiency for three scan angles.
For Λ=1, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and corresponding
far field patterns ((b), (d), and (e)) as η varies from 0.76 in front to 1.0 in back. (a) and
(b): θscan=0°. (c) and (d): θscan=15°. (e) and (f): θscan=30°.
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Figure 114. Optimized results as a function of efficiency for three curvatures.
For θscan=30°, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and
corresponding far field patterns ((b), (d), and (e)) as η varies from 0.76 in front to 1.0 in
back. (a) and (b): Λ=0. (c) and (d): Λ=0.5. (e) and (f): Λ=1.
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Figure 115. Optimized results as a function of efficiency for three spacing values.
For θscan=30° and Λ=1, the optimized weights ((a), (c), and (e)) and corresponding far
field patterns ((b), (d), and (e)) as η varies from 0.76 in front to 1.0 in back. (a) and (b):
d=0.3λ and K=50. (c) and (d): d=0.5λ and K=30. (e) and (f): d=0.7λ and K=21.
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Figure 116 shows the optimized results as a function of scan angle for three
efficiencies. Here the tendency of the optimized distribution to shift with scan is very
evident. Figure 117 shows the optimized results as a function of scan angle for three
curvatures, where the increase in field of view of the array is evident. Figure 118 shows
the optimized results as a function of scan angle for three spacing values. Here the grating
lobes associated with higher element spacing are very apparent, and again influence the
optimization outcome by encouraging the attenuation of the far side of the array.

156

Figure 116. Optimized results as a function of scan angle for three efficiencies.
For Λ=1, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and corresponding
far field patterns ((b), (d), and (e)) as θscan varies from 0° in front to 30° in back. (a) and
(b): η=0.76. (c) and (d): η=0.88. (e) and (f): η=1.0.
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Figure 117. Optimized results as a function of scan angle for three curvatures.
For η=0.88, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and
corresponding far field patterns ((b), (d), and (e)) as θscan varies from 0° in front to 30° in
back. (a) and (b): Λ=0. (c) and (d): Λ=0.5. (e) and (f): Λ=1.
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Figure 118. Optimized results as a function of scan angle for three spacing values.
For η=0.88 and Λ=1, the optimized weights ((a), (c), and (e)) and corresponding far field
patterns ((b), (d), and (e)) as θscan varies from 0° in front to 30° in back. (a) and (b):
d=0.3λ and K=50. (c) and (d): d=0.5λ and K=30. (e) and (f): d=0.7λ and K=21.
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Figure 119 shows the optimized results as a function of curvature for three
efficiencies. An increase in curvature causes a shift in the distribution and elevated
grating lobes with scan. Figure 120 shows the optimized results as a function of curvature
for three scan angles, and Figure 121 shows the optimized results as a function of
curvature for three spacing values. Again the field of view and grating lobe increases
with curvature. When the grating lobe becomes too large it dominates the cost function
and prevents the optimizer from making progress in reducing the sidelobes. This leads to
the discontinuities in the optimized patterns in Figure 121 (e). Adjustments by the
optimizer to the parameters do little to reduce the sidelobes, so the independent
optimization of the individual cases leads to incoherent solutions that are not very
necessarily closely related.
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Figure 119. Optimized results as a function of curvature for three efficiencies.
For θscan=30°, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and
corresponding far field patterns ((b), (d), and (e)) as Λ varies from 0 in front to 1 in back.
(a) and (b): η=0.76. (c) and (d): η=0.88. (e) and (f): η=1.0.
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Figure 120. Optimized results as a function of curvature for three scan angles.
For η=0.88, d=0.5λ, and K=30, the optimized weights ((a), (c), and (e)) and
corresponding far field patterns ((b), (d), and (e)) as Λ varies from 0 in front to 1 in back.
(a) and (b): θscan=0°. (c) and (d): θscan=15°. (e) and (f): θscan=30°.
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Figure 121. Optimized results as a function of curvature for three spacing values.
For η=0.88 and θscan=30°, the optimized weights ((a), (c), and (e)) and corresponding far
field patterns ((b), (d), and (e)) as Λ varies from 0 in front to 1 in back. (a) and (b):
d=0.3λ and K=50. (c) and (d): d=0.5λ and K=30. (e) and (f): d=0.7λ and K=21.
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Figure 122 shows the optimized results as a function of element spacing for three
efficiencies. At wider element spacing the optimizer works to reduce the grating lobe by
attenuating the far side of the array. Figure 123 shows the optimized results as a function
of spacing for three scan angles, and Figure 124 shows the optimized results as a function
of spacing for three curvatures. Again for wider element spacing the grating lobe prevents
the optimizer from independently converging to related distributions. These figures most
clearly show the evolution of the grating lobe with element spacing.
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Figure 122. Optimized results as a function of spacing for three efficiencies.
For θscan=30° and Λ=1, the optimized weights ((a), (c), and (e)) and corresponding far
field patterns ((b), (d), and (e)) as d varies from 0.3λ in front to 0.7λ in back. (a) and (b):
η=0.76. (c) and (d): η=0.88. (e) and (f): η=1.0.
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Figure 123. Optimized results as a function of spacing for three scan angles.
For Λ=1 and η=0.88, the optimized weights ((a), (c), and (e)) and corresponding far field
patterns ((b), (d), and (e)) as d varies from 0.3λ in front to 0.7λ in back. (a) and (b):
θscan=0°. (c) and (d): θscan=15°. (e) and (f): θscan=30°.
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Figure 124. Optimized results as a function of spacing for three curvatures.
For η=0.88 and θscan=30°, the optimized weights ((a), (c), and (e)) and corresponding far
field patterns ((b), (d), and (e)) as d varies from 0.3λ in front to 0.7λ in back. (a) and (b):
Λ=0. (c) and (d): Λ=0.5. (e) and (f): Λ=1.
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8. CONCLUSIONS AND IDEAS FOR FUTURE WORK

This dissertation combines two tools to create a new approach to curved phased
array synthesis. The first tool is the modified Bernstein polynomial, introduced by the
author here for the first time. The modified Bernstein polynomial is defined by just five
parameters for fast optimization and provides smooth unimodal amplitude distributions
that are demonstrated to give good performance even on curved phased arrays for scan
conditions where conventional Taylor weights fail. The second tool is the relatively new
particle swarm optimizer, which when used to optimize the modified Bernstein
polynomial with a constrained aperture efficiency provides ε-constraint multi-objective
optimization. This enables a detailed study of the trade-offs between such variables of
interest as sidelobe level, aperture efficiency, scan angle, curvature, and element spacing.
A third tool is the Bézier formulation of curves, surfaces, and volumes, which can
approximate the optimized amplitude distributions with fewer numbers than ordinary
linear interpolation. These Bézier representations of array weights provide multiple
related aperture distributions simultaneously, each one morphing into the next to produce
continuous performance trades between competing objectives, including intermediate
cases which may not have been specifically optimized. This is a new approach, both for
phased array synthesis and multi-objective optimization in general.
There are many additional exciting avenues to explore for future work. Mining
the optimized data can provide insights into curved array phenomenology that can guide
design decisions. The Bézier approach could be extended to higher order Bézier
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hypercubes to handle additional variables, with one new axis for each parameter of
interest. Additional parameters could include different element patterns, new curvatures,
nonuniform element spacing, etc. Although the computational burden of these higher
order optimizations is likely to overwhelm today’s computer technology, this dissertation
effectively demonstrates the concept, which could have far reaching applications as
computer capabilities advance.
A useful variation of the multi-objective methods developed in this dissertation
would be to optimize phase-only or complex weights for particular beam shapes, rather
than just amplitude weights. Another line of investigation for future work would be a
multimodal formulation of the modified Bernstein polynomial, which could
accommodate undulating array curvatures with more than one hump or extrema. The
optimizer could adjust element locations to provide nonuniform element spacing along
the curve, in an effort to reduce the grating lobes that degrade the results at wide element
spacing. Matching of the element impedance could also be included in the optimization.
The novel contributions of this dissertation are summarized in Table 5. This
dissertation contains the first use of a novel modified Bernstein polynomial for curved
phased array synthesis, the first application of particle swarm optimization to the multiobjective optimization of phased array characteristics, and the first use of Bézier curves,
surfaces, and volumes to represent the optimized array weights as a function of several
parameters.
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Chapter Topic

Novelty

Relevance

2

Modified Bernstein
polynomial

Original contribution
by the author

Provides smooth
unimodal functions

2

Modified Bernstein
polynomial

First application to
curved phased arrays

Outperforms Taylor
weights

2

Modified Bernstein
polynomial

First application to
phased arrays

Robust to mutual
coupling distortion

2

Modified Bernstein
polynomial

Governed by just five
parameters

Fast and efficient
optimization

2

Main beam shoulder
level criterion

Developed by the
author

Promotes main beam
quality during sidelobe
optimization

3

Efficiency-constrained
adjustment of modified
Bernstein polynomial

Original contribution
by the author

Allows ε-constraint
multi-objective
optimization as a
function of efficiency

3

Particle swarm
optimizer

Relatively new in the
literature

Potential applications
for electromagnetics

4-7

Multi-objective particle Rare in the literature
swarm optimization

Many potential
applications

3-5

Representation of array
weights versus
efficiency and scan
using Bézier structures

First use of Bézier
curves, surfaces, and
volumes to represent
array weights

Optimized Bézier
structure allows
smooth interpolation of
intermediate solutions

7

Sidelobe optimization
versus efficiency, scan,
curvature, and element
spacing

Original contribution
by the author

Provides insights into
curved array operation
and phenomenology

Table 5. Novel dissertation concepts and their relevance.
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