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ABSTRACT
In this thesis, a 3-D molecular dynamics (MD) simulation of an electrospray
thruster was developed.

This electrostatic thruster is operated by an electric field

generated by an extraction ring at a negative potential and uses liquid gallium as the
propellant and platinum as the tube wall.

The aim of this project is to make a simulation

of an electrostatic thruster operating in a cone-jet mode over a short operating time and to
characterize the performance of the electrostatic thruster in a number of variations in
operation conditions.
320K as the propellant.

We have first approached this project to model liquid gallium at
To this end, we used a molecular dynamics simulation in small

scale which has 40,896 gallium atoms, integrating via the Lennard-Jones 12-6 potential.
The platinum capillary tube was modeled by platinum atoms located at fixed metal lattice
sites. The potential between gallium atoms and platinum atoms was approximately
modeled based on the Lennard-Jones 12-6 as well.

We solved Poisson’s equation for

electric potential and electric field between the capillary and the downstream extraction
ring with and without the presence of space charge and the equation of motion for a set of
gallium ions. In our simulations we made the assumption that since liquid gallium and
platinum are perfect conduction materials, there is no the electric field in the platinum
capillary and that the space between the two electrodes is a vacuum where the relative
dielectric constant is zero. MD simulation allowed us to show the formation of the
liquid gallium Taylor cone around the tip of the platinum capillary and the motion of
gallium ions and ion clusters. The results of molecular dynamics simulations present the
total current and the average velocity of gallium ions passing through the extraction ring
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versus variations of operation conditions such as the separation between the two
electrodes, the operation voltage and the inner radius of the extraction ring.
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Chapter 1
Introduction
The first electrospray using liquid metal droplets as a propellant was developed by
Korhn for application in space propulsion in the 1960s [1].

In the last few years

electrospray propulsion systems have been of increasing interest because of satellite
missions requiring micro- and nano-satellites to operate in the form of constellation.
For these missions it is necessary to operate with high precision a propulsion system
capable of maneuvering a satellite’s position to within a few nanometers.

Aims of these

missions are the detection of low frequency gravity waves (LISA mission), the test of
Einstein’s equivalence principle (MICROSCOPE mission), verification of various aspects
in general relativity (HYPER mission), or the assembly of spacecraft for ultraprecise
astrometry (GAIA mission) and the detection of earth-like planets (DARWIN mission).
Electrosprays have thrust capability ranging from the μN to the mN.

Accordingly, this

device is not qualified for the main engine of a spacecraft but for high precision attitude
control in micro-satellite.
Aside from electric propulsion, the phenomenon of electrospray is used for many
kinds of applications, especially mass spectrometry of large macromolecules.

The

reason is its ability to offer a logical coupling of solution introduction of compounds for
analysis and the facility to ionize highly polar molecules [2] [3].
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1.1 principle of electrospray
Before a high negative voltage is imposed between two electrodes, capillary and
extraction ring, a liquid has the same amount of its positive and negative charges.

There

are no external forces acting on the liquid, herein an electrical force is induced by electric
field.

Therefore the surface tension works in such a way to minimize the surface of the

liquid.

When a high negative voltage is applied on the extraction ring and the capillary

which plays a role as the positive electrode, some positive ions in the liquid move toward
the surface of liquid and some negative ions move backward until the imposed field
inside the liquid is eliminated by the redistribution of charges.

Positive ions near the

liquid surface give rise to a destabilized liquid surface, because they are drawn by the
shear stress that is generated by the electric force on the liquid surface but cannot come
out of it. This shear stress elongates the liquid meniscus to form a cone called the
Taylor cone Fig. 1-1.

We shall address this cone in the next chapter.

The electric

field beyond a certain critical value causes the loss of stability, and then makes a liquid
issue from a capillary in the form of a jet.

The jet emits along the capillary axis or

deflects from it only on an angle less than 10°. At some distance downstream this liquid
jet becomes unstable and breaks up into small charged droplets via a “budding” process
when the surface tension is exceeded by the electric force as shown Fig. 1-2 [4].

The

diameter of the droplets is affected by the various parameters such as the applied voltage,
liquid properties, and so on [5]. Charged droplets produced from the Taylor cone tip
shrink by ion evaporation until they reach the Rayleigh limit [6].

At the Raleigh limit

the magnitude of droplet charge is sufficient to overcome the surface tension, leading to
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the disintegration of the droplet.

The droplets are not split evenly into two smaller

droplets having approximately equal mass and charge.
leads to very small, highly charged droplets.

This repeated process ultimately

In general the charged droplets undergo

the vibration to cause disruptions in which the parent droplets emit a tail of much smaller
sibling droplets [7]. The emitted sibling droplets have around 2% of the mass of the
parent droplets, while their charge is about 15% of the parent droplets [8].

Fig. 1-1: Structure of the Taylor cone jet for Ethylene-Gylcol [26]
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Fig. 1-2: Schematic representation of droplets production in electrospray

Chapter 2
Theory background

2.1 Taylor cone
When a high electric potential is applied to a surface of liquid, its surface suffers an
electric stress, giving rise to the deformation of a liquid surface into a conical shape from
which charged particles emit.

If the applied electric potential is higher than a certain

level the cone apex of the liquid surface turns into a point i.e. a singularity point.
axial liquid jet is projected from this pointed apex.

An

This electric phenomenon was

observed and explained by G. I. Taylor, who in 1994 developed an analytical model of
this structure through experiment with a perfectly conducting liquid [9]. Taylor thought
this conical shape resulted from the equilibrium between two forces: the liquid’s surface
tension and the electric stress on the surface of liquid. See Fig. 2-1.

The surface tension

is given by Eq. 2.1
1 
1
Fst = γ  + 
 R1 R 2 

2.1

where r is the surface tension coefficient of a liquid and R1 is the curvature of the normal
section, R2 is the second curvature. For a cone R1=cosθ/r and R2→∞, which leads to
Eq. 2.3
 cos θ 
Fst = γ 

 r 

2.2
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Fig. 2-1: Forces in the Taylor cone
For a perfectly conducting liquid without the effect of space charge the field
solution is given by the Laplace equation

. In spherical coordinates (Fig. 2-2 )

Laplace’s equation is
∇ 2φ =

1 ∂ 2 ∂φ
1
1
∂
∂φ
∂2
(
)
(sin
)
+
+
=0
θ
r
∂r
∂θ
r 2 ∂r
r 2 sin θ ∂θ
r 2 sin 2 θ ∂φ 2

2.3

The electric potential which satisfied the above equation is given in terms of
Legendre polynomials. See Eq. 2.34.
1
2

φ = φ + Ar P (cos θ )φ
0

1

2

2.4
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where the line θ=0 or θ=π is the axis of the cone and
function. If

is the Legendre

is the conical equipotential surface, the second term in Eq. 2.4

should be
P 12 (cos θ ) = 0

2.5

This condition is met for θ = 130.7099 o in the range 0 < θ < π , therefore the
semi-vertical angle, α = π − θ = 49.3o .

However, the description of the Taylor cone

does not represent exactly the physics of electrosprays in cone-jet mode, since Taylor
took into account the effect of charged particles inside a jet in his model. The charged
particles in a jet modify the distribution of an electric potential around them, which leads
to the deformation of Taylor cone.

Fig. 2-2: Conical coordinate system
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2.2 Starting potential
In order to emit the charged particle from an electrospray a certain electric field
must be induced on the surface of the liquid at the Taylor cone’s apex.

This starting

potential is calculated based on an estimate of the electric field normal to the
equipotential surface at a round tip [25].
Etip = 2

γ
ε Rc

2.6

0

where ε0 is the permittivity in a vacuum, Etip is the electric field at the tip, γ is the surface
tension in the unit [N/m] and Rc is principal radius of curvature of the surface of liquid at
the tip.

This equation indicates that when

, that is, the electric field on the

surface of liquid is larger than a threshold value, the meniscus will become unstable and
lead to a jet or a droplet. E = 2 σ / ε 0 r , is called the critical electric field. Assuming the
Rc is much smaller than the distance between the tip of a liquid and the collector plate the
electric field at the tip is
Etip = −

2V / Rc
ln (4 L Rc )

2.7

where L is the distance between the tip of the liquid and the plate. Substituting Eq. 2.7
into Eq. 2.6 , the starting potential is

V=

γRc  4 L 
ln 
ε
 Rc 
0

2.8
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For a liquid meniscus formed at the exit of a capillary with inner radius ri we can
assume that the radius of curvature

will be of the same order as ri. Eq. 2.8 can be

written as

V=

γr  4 L 
ln 
ε  r 
i

0

2.9

i

This approximation ignores the effect of space charge in the space between the tip
and the extractor, which leads to reduce the electric field at the surface of liquid.

Fig. 2-3: Electrospray arrangement. L is distance between capillary and extracting ring,
r i is the inner radius of capillary

Chapter 3
Molecular dynamics simulation

3.1 Non-bonded interaction energy and force
Consider first a simple system having N molecules without bonding interactions.
The potential energy is split into 1-body, 2-body, 3-body ⋯ ⋯ and n-body terms:
U = ∑ U1 (ri ) + ∑∑ U 2 (ri ⋅ rj ) + ∑∑
i

i

j >i

i

∑U

j >i k > j >i

3

(ri , rj , rk ) + ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

3.1

The U1(ri) term represents the effect of an externally applied potential field or the
effect of container walls to constrain the molecules.
periodic simulations of bulk systems.
potential between each molecule.

It is usually canceled out for fully

The remaining terms represent the effect of a

The second term, U2(ri, r2), is the pair potential,

which is the most critical term in the calculation of the potential.

Fig. 3-1 shows the

pair potential between two argon atoms as a function of separation.

The U3 term is the

triplets of molecules, which is significant at liquid densities. However this term is rarely
included in MD simulations since it is very time consuming in the course of the potential
calculations [19][20].

Fortunately, the approximate potential dropping out the third

term in Eq. 3.1 remarkably describes the liquid properties because the three body effect
can be considered in part by defining an effective pair potential. Using the definition of
an effective pair potential, Eq. 3.1 can become
U ≅ ∑ U1 (ri ) + ∑∑ U 2eff (rij )
i

i

j >i

3.2
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Fig. 3-1: Argon pair potentials. Solid line represents the BBMS pair
potential for argon [18]. Dashed line represents Lennard-Jones 12-6
effective pair potential used in computer simulation of liquid argon
The pair potential used in MD simulations is in general an effective pair potential
of this kind which includes all many body effects.

The best known form of this

potential is the Lennard-Jones (LJ) 12-6 potential.
U

LJ

 σ 12  σ  6 
= 4εij   +   
 rij   rij  

3.3

where σ is the distance to the zero in ULJ(rij) and ε is the energy at the minimum in ULJ(rij).
This potential form has two terms, one of which is the contribution of an attractive force
in the long-range in the form of -1/r6 and the other is the contribution of a repulsive
force which increases steeply at distance less than r~σ.

To model the potential between

two different kinds of molecules, for instance, a molecule of the wall and a molecule of
the liquid, we adopted the Lorentz-Berthelot mixing rule shown in Eq. 3.4

12
σgp =

1
[σgg + σpp ]
2

εgp = [σggσpp ]

3.4

We can obtain the forces acting on a molecule by other molecules with the pair
potential mentioned above.

Provided a pair of molecules i and j can be identified the

squared intermolecular distance can be easily known by the minimum image separation.
The force on molecule i by j is Eq. 3.5
f = −∇U (r )

3.5

Taking the Lennard-Jones potential, Eq. 3.3, for example, we can have the force
acting on the i molecule by the j molecule in the Eq. 3.6

24ε
f ij = 2
r

  σ 12  σ  6 
2  −    r ij
 rij  
  rij 

3.6

The force on molecule j by molecular i is obtained by employing Newton’s third
law. See Fig. 3-2

Fig. 3-2: The seperation vector and force between two molecules[12]
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3.2 Periodic boundary conditions
Computer simulations are usually performed with a small number of particles
ranging from 100 to 10,000. The number of particles in simulations is restricted by the
storage of the calculation computer and the execution time of the program.
taken to run the program is proportional to N2.
for large system.

The time

Special techniques can reduce this time

If we are interested in a very small system such as a small liquid drop

or microcrystal, the cohesive forces between molecules can put themselves together in a
certain potential range without a container surface to confine them.

In the case that the

size of system is larger than the potential range in which they confine themselves the
system needs a boundary condition which plays a role as a container surface.
Considering 1000 molecules making up a 10×10×10 cube, nearly half the molecules are
on the outer surface. Since these particles are out of the potential range they need a
boundary condition to put them in the simulation cube.

This problem of surface effects

can be overcome by adopting periodic boundary conditions [21]
During the course of the simulation when a molecule which we are interested in
leaves the basic simulation box, one of its images will enter the basic simulation cube
through the opposite face. There is no container surface at the boundary and no surface
molecules.
[12].

A two-dimensional picture of such a periodic system is shown in Fig. 3-3

In a three-dimensional system, molecules would be free to cross any of the six

cube faces. The number density in simulation cube is conserved by a periodic boundary
condition in the course of simulation. It is important to make sure whether the potential is
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short range or not.

If the potential range is not short, for example charged ions and

dipolar molecules, special attention must be paid to deal with the long-range force.

Fig. 3-3: A two-dimensional periodic system. Molecules can enter and
leave each box across each of the four edges.

3.3 Potential truncation
Computing the non-bonded potential energy and the forces acting on all molecules
in an MD simulation involves a large number of pair-wise calculations.

Considering the

potential energy and the force between a certain molecule and every other molecule in the
n-body system, we need N-1 terms in the summation of potential energy and force.

In

the case that we take account of the short-range potential energy or force, however, we
can reduce the N-1 terms in the summation of potential energy and force by making an
arbitrary truncation area.

When calculating the potential energy and forces on a

molecule of interest we assume that the molecule is located at the center of the box whose
size and shape are the same as the original simulation box (dashed box in Fig. 3-4). Then
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the molecule interacts with all the particles in this box and the closest image molecules in
the periodic boundary condition.

This is called the ‘minimum image convention’.

This technique, which is a natural consequence of the periodic boundary condition, was
first applied in simulations by Metropolis et al (1953) [22].

Taking advantage of the

minimum image convention the calculation of the potential energy reduces to
1) N ( N − 1) / 2 terms due to pairwise-additive interactions.

1
2

N(N −

However this may still be a

substantial calculation for a large system (≥ 1,000 particles).

So we need to make a

further approximation in order to cut the execution time significantly.

The expensive

calculations can be avoided by setting the pair potential v(r) to zero for r≥rc, where rc is
the cutoff distance, because the largest contribution in the calculation of the potential
energy and of the forces results from neighboring molecules close to molecules of
interest.

The cutoff is represented by the dashed circle in Fig. 3-4 .

Fig. 3-4: The minimum image convention in a two-dimensional system. The
dashed circle represents a potential cutoff
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In this case molecule 2 and 4E affect molecule 1, whereas molecule 3E and 5c
5c don’t.

In a cubic box of side L the number of neighboring molecules is

approximately reduced by a factor of 4πrc3/3L3.

The cutoff distance should be large

enough for a spherical cutoff to be a small perturbation. For Lennard-Jones potential
model the typical radius of cutoff is rc=2.5σ.

And the cutoff radius must be no longer

than L/2 for consistency with the minimum image convention [12].

3.4 Cell index method
As the size of the system increases, the Verlet neighbor list method requires a
larger array to store the data of neighbors and testing of every pair in the system is
inefficient.

Details on the Verlet neighbor list method are presented in Appendix A.

An alternative method of keeping the track of neighbors for large system is the cell index
method [24].

First the cubic simulation box is divided into M×M×M cells which have

the same side length.

Their sides ℓ=L/M should be greater than the cutoff radius for the

potential truncation, rc.

The neighbors of any molecules in a central cell may lie in

surrounding cells, including a central cell.
If there is a list array of molecules for each of those cells, then tracking the
neighbors is processed rapidly.

Each cell has approximately Nc=N/M3 molecules.

Using the cell structure in three dimensions we need to compute 27MNc interactions.
The first step of the method is sorting all molecules into cells.

This procedure is

required every time step according to the particles’ new position. During the sorting
process each cell is assigned to two arrays. One of them is the ‘head-of-chain’ array
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which has one element. This element has the highest identification number of the
molecules sorted into the cell. The number indicates the address of the other array, the
liked-list array.

The element in the address of the linked-list array in turn indicates the

second highest identification number in the cell, which at the same time represents the
address of element having the third highest identification number.

Through this process,

we can track all molecules in the cell until an element of the list-linked array is zero,
which represents that there is no more molecules in that cell, and we move on to the
head-on-chain array for the next cell. See Fig. 3-5 .

Fig. 3-5: An algorithm of the Verlet neighbor list method
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3.5 Time marching scheme
There are a couple of numerical schemes to integrate the equation of motion for
molecules over time such as the Verlet scheme, or leap-frog scheme and so on.

We

employed the velocity Verlet scheme which stores positions, velocities, and accelerations
at the same time, and which minimizes round-off error [23]

∆t 2 ⋅ a (t )
r (t + ∆t ) = r (t ) + ∆t ⋅ r (t ) +
2
∆t
∆t ⋅ a (t )
v(t + ) = v(t ) +
2
2
∆t ∆t ⋅ a (t + ∆t )
v(t + ∆t ) = v(t + ) +
2
2

3.7

The velocity-Verlet algorithm has a three-value predictor-corrector procedure
which is illustrated in Fig. 3-6. First the new position and intermediate velocities are
calculated from the first and second equations in Eq. 3.7.
created by the new position are calculated in part 4.

The forces and accelerations

In contrast to either the Verlet or

the leap-frog algorithm, the velocity-Verlet algorithm obtains the force in the middle of
the calculation, not at the beginning of calculation.

The new velocity is the calculated

by the new acceleration and the intermediate velocity from the third equation in Eq. 3.7.
The velocity-Verlet algorithm has the advantage over other numerical schemes because
the calculation of velocity is synchronized with the update of position since the force
calculation is executed midway through the procedure.
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Fig. 3-6: The velocity Verlet algorithm. It shows successive step in the
implementation.

Chapter 4
Modeling of liquid gallium

4.1 Potential function for gallium
We performed MD simulations with constant density and constant volume in a
cubic box.

We applied periodic boundary conditions in the x, y, and z directions and

employed the velocity Verlet algorithm to integrate the motion of atom with respect to
time.

Unlike a general cut-off distance which is 2.5 times the sigma value in Eq. 3.3 ,

the force cut-off distance was fixed at 10.5A. The number of gallium atoms was 87,808
(28×28×28×4) and the sides of the box were 1.1984×10-8 (28×4.28×10-10).

A large

cubic box in which all of gallium atoms are included is the configuration of many tiny
cells. A tiny cell has four atoms of gallium. The Fig 4-1 shows a cubic box and a cell.
The length of a tiny cell (lattice spacing) was estimated so that the density of gallium in a
cubic box was equal to the mass density (ρ=5.904 g/cm3) above the melting temperature.
We calculated the length of the cell with the value of the parameters in Table 4-1. N is
the total number of gallium atoms, which is four times the total number of cells, V is the
volume of the cubic box, NA is Avogadro’s number, and
gallium.

is the atomic weight for

All the atoms have initial velocities which are determined by the Maxwell-

Boltzmann distribution at a given temperature.
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Fig. 4-1: A large cubic box made up with a lot of tiny cells

Table 4-1:

parameters of liquid gallium and length of a cell

Atomic weight (ma)

Volume (V)
(28×ℓ)3

69.72
3

[kg/kmole]
Avogadro constant (NA)

[m ]
Total number
6.0221×1026

[1/kmole]

28×28×28×4
of cell (N)
Length of cell ( ℓ)

Density (ρ)
5905
3

[ kg/m ]

4.28×10-10

[m]

ma ×

N
=V ×ρ
NA

=3

ma × N 1
×
N a × ρ 28

4.1

22
In Eq. 4.2, ρ(vix) is the probability density for velocity component (vix), kb is the
Boltzmann number, mi is the mass of a gallium atom and T is a given temperature.

We

considered only the attribution of short-range forces to the motion of molecule and used
the link-list method to be more effective in calculation time.
over 15000 time steps of size 2.5 fs.

We ran this MD simulation

We used the rescaled velocity (=constant

temperature) technique for 75000 time steps in order to reduce the fluctuation of energy
in the initial stage of the potential calculation [27].

1
mi vix2
mi 1/ 2
2
ρ (vix ) = (
)
) exp(−
K BT
2πK BT
Vxre, y , z =
Tk = m ×

4.2

Ti
×V x , y , z
Tk
Vx2 + V y2 + Vz2

4.3

3× KB × n

4.2 Equilibrium for the initial condition
The gallium atoms are then placed into a platinum capillary in order to obtain the
distribution and velocities of gallium atoms in equilibrium before imposing electric field.
Prior to putting the gallium atoms into a platinum capillary, it is necessary to calculate the
adequate number of gallium atoms corresponding to the desired density and the lattice
spacing based on it. Fig. 4-2 shows the configuration of a capillary and its length and
size we used in MD simulation.
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Fig. 4-2: The shape of a capillary and its length, inner radius and outer
radius.
The length of a capillary (L) was10 nm, the inner radius of capillary was 3 nm, and
the outer radius was 4 nm. The lattice spacing for gallium was 4.23×10-10 by the similar
calculation to the Eq. 4.1 and that for platinum was given 2.77× 10-10m [15]. Atoms of
gallium have two kinds of potential energy.

One is the potential energy interacting with

each atoms of gallium. The other is the potential energy interacting between atoms of
gallium and atoms of a platinum capillary.

There is no potential energy between atoms

of platinum because they are fixed. The potential function obtained in Eq. 3.3 is used
to calculate the potential between atoms of gallium. However the potential function
between gallium and platinum has not found either experimentally or numerically.

The

potential function for interaction between gallium and platinum was approximated based
on the Lennard-Jones potential 12-6 model.
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Like the previous case, we ran a MD simulation over 15000 time steps with 2.5 fs
interval in time and applied the rescaled velocity until the 7500th time steps.

The

numerical scheme used to integrate the motion of gallium atoms was the Verlet velocity
algorithm and the linked-list method was used to avoid expensive calculations.
periodic boundary condition was applied only in the longitudinal direction.

The

The motion

in the radial direction was restricted by the potential between the gallium and the
platinum.

Fig. 4-3: The distribution of gallium atoms in platinum capillary on the xy
plane and the yz plane after 15000 time step

Chapter 5
Electrospray simulation

5.1 Electric potential
Poisson’s equation is solved to obtain the electric force acting on the gallium atoms
in an electric field. To this end it is needed to specify an initial condition as well as a
boundary condition. The configuration of the electrospray created for simulation is
shown in Fig. 5-1.

The length and size of a capillary and an extraction ring used in the

electrospray and the boundary condition applied to this simulation are represented in
Table 5-2 and Table 5-2, respectively.

Fig. 5-1: The domain for the calculation of

electric potential
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Table 5-1:

The length and size of a capillary and extraction ring

length of
capillary

inner radius of
capillary[m]

outer radius of
capillary

inner radius of
extraction ring

outer radius of
extraction ring

10×10-9 [m]

3×10-9 [m]

4×10-9 [m]

6×10-9 [m]

80×10-9 [m]

Table 5-2:
area
1234
0

Boundary condition for solving a Poisson’s or a Laplace’s equation
area
5678
0

area
1256
0

area
3478
0

area
2375
0

area
1486
0

capillary
V0

extraction
ring
Vf

Before solving Poisson’s equation, we should first solve the Laplace equation in
which the effect of space charge is not taken into account.

There are two numerical

schemes for solving a field problem such as Laplace’s or Poisson’s equation.

One is a

finite difference method (FDM) and the other is a finite element method (FEM).
Because the finite element formulation has an advantage over the finite difference
formulation in representing properties of field and Neumann boundaries, we shall focus
on FEM in solving the field problem.

And rather than using an irregular mesh, we made

the use of FEM on a regular mesh since in three dimensions an irregular mesh has to
store much information on the position of the mesh.

In addition it is not easy to

generate an irregular mesh in three dimensions. Fig. 5-2 shows the mesh parameters
near a point of interest in the calculation of Poisson’s equation.

Each point has six

neighboring vertices and these six vertices have their own potentials, Øxu, Øxd, Øyu, Øyd,
Øzu and Øzd.

The distances to these neighboring vertices are hxu, hxd, hyu, hyd, hzu and hzd.
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There are eight elements surrounding a test point and they have their own relative
dielectric constant and space charge density denoted by the symbol εudu and ρuuu
respectively. Under the condition that a relative dielectric constant is one in a vacuum,
we will not represent the notation for relative dielectric constant from now.

Here, the

index order, i, j, and k refer to the x, y, and z directions, respectively.

Taking a

Gaussian surface integral over a box extending parallel to the axes halfway to each
neighbor, the space charge at a test point is given by Eq. 5.2 .

Fig. 5-2: Mesh conventions and Gaussian volume near a test point for a
three-dimensional finite-element electrostatic solution[17]
As mentioned above, the effect of space charge, the term Q, is not taken an account
before reaching the initial condition. We shall address the effect of space charge in the
next section.

In our simulation hxu, hxd, hyu, and hyd, have the same value, 1.0×10-9m, in

all regions A, B and C, whereas hzu, and hzd have different lengths in regions A and B, C.
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The values of hzu and hzd in region A are 1.0×10-9 and those in regions B and C are
5.0×10-9.

φi , j , k =

Wxuφxu + Wxdφxd + Wyuφyu + Wydφyd + Wzuφzu + Wzdφzd + Qi , j , k
Wxu + Wxd + Wdu + Wyd + Wzu + Wzd

5.1

1 hxuhyuhzuρuuu + hxdhyuhzuρduu + hxuhydhzuρudu + hxdhydhzuρddu 
8ε 0 + hxuhyuhzdρuud + hxdhyuhzdρdud + hxuhydhzdρudd + hxdhydhzdρddd 

5.2

Qi , j , kz =

1
[hyuhzu + hydhzu + hyuhzd + hydhzd ]
4hxu
1
[hyuhzu + hydhzu + hyuhzd + hydhzd ]
Wxd =
4hxd
1
[hxuhzu + hxdhzu + hxuhzd + hxdhzd ]
Wyu =
4hyu
1
[hxuhzu + hxdhzu + hxuhzd + hxdhzd ]
Wyd =
4hyd
1
[hxuhyu + hxdhyu + hxuhyd + hxdhzd ]
Wzu =
4hzu
1
[hxuhyu + hxdhyu + hxuhyd + hxdhzd ]
Wzd =
4hzd

Wxu =

5.3

5.2 Space charge
In addition to the estimated value of potential at all vertices in the preceding
section, we need to know that how many atoms of gallium each cell has to solve Poisson’
s equation completely.

Cells created to calculate the potential in the previous section

are used once again in the calculation of the space charge. In order to know which cell
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Fig. 5-3: The assignment of particle into each cell. Region A is within the length
of capillary. Therefore region A has no particle.
has how many atoms of gallium, we assigned the index number in sequence to each cell
as Fig. 5-3 shows.

The index number of the cell in which each ion is located can be

given by Eq. 5.4.

Under the assumption that most of the atoms emitting from a

capillary would move in the region from the capillary tip to an extraction ring we took
account of the atoms in the region. The index number of the cell for the ith atom has is
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Lx 
Ly 
1 
1 
index = 1 + int  rx (i ) +  × Nx  ×
 × Nx
 + int  ry (i ) +  × Ny  ×
2
2
 N y × hy 
 Nx × hx 


1


+ int [(rz (i ) − Lcapillary ) × Nz 2]×
 × Nx × Ny + Nz1 × Nx × Ny
Nz 2 × hz 2 


where

5.4

are the lengths of the domain in the x and y directions and the

length of the capillary, and Nx, Ny and Nz are the number of cells in the x, y, and z
directions, respectively.
real number A.

The symbol int{A} denotes the closest integer number to the

After sorting all particles into each cell, we can easily calculate the

space charge in Poisson’s equation using Eq. 5.5.
ρ i =q×number of gallium ions in i th cell

5.5

where q is the electron charge (q=1.6022×10-19).

5.3 Electric field
An electric field at each vertex is given by the relationship (Eq. 5.6 ) between an
electric field and electric potential.
E = −∇φ

5.6

This above equation can be represented in the numerical form with second order
accuracy using a finite difference method. See Fig. 5-4 and Eq. 5.7
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 φi + 1, j , k − φi − 1, j , k 
Ex = − 

hxu − hxd


 φi , j + 1, k − φi , j − 1, k 
Ey = − 

hyu − hyd



5.7

 φi , j , k + 1 − φi , j , k − 1 
Ez = − 

hzu − hzd



Fig. 5-4: The 3-D retangular mesh for the calculation of electric field
. The value of the electric force acting on an atom of gallium in a cell can be found
by interpolation.

Fig. 5-5 shows a cell in which we take a particle of gallium into

account. The gallium ion is at the position of rx, ry and rz in the rectangular coordinates,
respectively. There is no electric field on a capillary and atoms of gallium in a capillary
since both the platinum capillary and liquid gallium are conducting materials.
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A simulation of electrospray can be created by the numerical procedures explained
above. The flow chart in Fig 5-6 shows the order of numerical calculation used in our
simulation.

Fig. 5-5: The 3-D rectangular mesh for the interpolation of electric field

E51 = ( E5 − E1 ) ×

[rz − (k − 1) × hz ] + E

E62 = ( E6 − E2 ) ×

[rz − (k − 1) × hz ] + E

E73 = ( E7 − E3 ) ×

[rz − (k − 1) × hz ] + E

E94 = ( E9 − E4 ) ×

[rz − (k − 1) × hz ] + E

1

hz

hz

2

hz

3

hz

4

5.8

E9451 = ( E94 − E51 ) ×

[r − ( j − 1) × h ] + E

E7362 = ( E73 − E62 ) ×

[r − ( j − 1) × h ] + E

y

y

51

hy

y

E x , y , z = ( E7362 − E9451 ) ×

y

62

hy

[rx − (i − 1) × hx ] + E
hx

9451
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Fig. 5-6: Flowchart of calculation in electrospray simulation

Chapter 6
Numerical results
To characterize the effect of several variables of the electrospray, we varied the
distance between a capillary and an extraction ring (L), the operating voltage (Vf), and
the inner radius of extraction ring (ri).

All of three cases used the same capillary whose

inner and outer radii were 3×10-9m and 4×10-9m, respectively.

The outer radius of the

extraction ring remained as 80×10-9m.

Fig. 6-1: The configuration of electrospray and Taylor cone in simulation
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6.1 Electrode distance effect
The simulation was conducted over 15000 time steps with 2.5 fs interval in time
with conditions that the constant operating voltage was -700V, and the inner radius of the
extraction ring was 3×10-9m. We increased the distance between the two electrodes, the
extraction ring and the tip of the capillary, by 0.1×10-7m from 0.7×10-7m to1.2×10-7m.
The plot of the total current versus the distance is presented in Fig. 6-2.
figure the total current dropped sharply at a distance of 2.2×10-7m.

As seen in this

This is because at

this distance a current beam losses stability, and decreases the total number of gallium
ions passing through the extraction ring.

That leads to the decrease in total current.

As

the extraction ring is positioned further away the instability becomes stronger and the
total current increasingly goes down. The plot of the average velocity versus the distance
is shown in Fig. 6-3.

The average velocity in the z direction decreased as the separation

between the two electrodes got farther. In contrast to that the total current dropped
steeply at the distance of 2.2×10-7m and the average velocity went down gradually. This
is because the extraction force on gallium ions was not affected by instability of current
beam but by the electric field, that is, the separation between two electrodes.

6.2 operating voltage
We carried out the simulation over 15000 time steps with 2.5 fs interval in time
with both the capillary tube and the extraction ring at a fixed separation of 1×10-7m,
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Fig. 6-2: The total current vs. the distance for a liquid gallium at V=-700

Fig. 6-3: The average velocity vs. the distance for a liquid gallium at V=700
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varying the operating voltage by -25V from -325V to -900V.

The inner and outer radii

of the extraction ring were 3×10-9m and 80×10-9m, respectively.
be seen in Fig. 6-4.

The total current can

This plot shows that the total current of the electrospray has an

approximately linear dependence on the operating voltage.

Since the electric force

induced by an electric field is Fe=q×E the higher voltage, that is, the higher intensity of
electric field generates the stronger attractive force on ions of gallium toward the
extraction ring.

Fig. 6-5 shows the dependence of the average velocity on the operating

voltage. The average velocity in z direction rose gradually as the operating voltage
became higher because the higher voltage generated the stronger force on gallium ions
toward the extraction ring.

6.3 Inner radius of extraction ring effect
The simulation was conducted over 15000 time steps with 2.5 fs interval in time
with the same capillary tube as before.

The reference operating voltage was -700V, the

separation was 1.0×10-7m, and the outer radius of the extraction ring was 80×10-9m.
The inner radius was increased by 1.0×10-9m from 6×10-7m to 11×10-7m.

The inner and

outer radii of extraction ring have an influence on the divergence angle of emitted
gallium ions.

In particular, the stability as well as the divergence of the jet has a

considerable dependence on the inner radius rather than the outer radius.

Because the

ions of gallium passing through the extraction ring make a contribution to the variation of
the electric potential and electric field around the inner radius. The result of the total

38

Fig. 6-4: Total current vs. operating voltage for a liquid gallium at the distance,
1.0×10-7m.

Fig. 6-5: The average velocity vs. the operating voltage for a liquid gallium at the
distance, 1.0×10-7m.
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Fig. 6-6: Total current vs. inner radius of extraction ring for a liquid gallium at the
distance, 1.0×10-7m, and the operating voltage, -700V

Fig. 6-7: Average velocity vs. inner radius of extraction ring for a liquid gallium at the
distance, 1.0×10-7m, and the operating voltage, -700V

current versus the inner radius of extraction ring is shown in Fig. 6-6.

The result shows

the total current has a linear dependence on the inner radius of the extraction ring. This is
because the extraction ring with the smaller inner radius made a more convergent current
beam, which generated the higher total current.

Also the smaller inner radius of the

extraction ring focused a stronger component of the electric potential into the acceleration
force in the z direction on the gallium ions. That allowed the gallium ions to have a faster
average velocity as shown in Fig. 6-7.

Chapter 7
Conclusion and further work

7.1 Conclusion
This work was carried out to analyze the characteristics of electrosprays
numerically on the microscopic scale using molecular dynamics simulations rather than
using fluid equations such as the Navier-Stoke equations used on the macroscopic scale.
Of the many variables that affect the features of electrosprays, we varied the separation
between extraction ring and a capillary, the applied voltage on the two electrodes,
extraction ring and capillary, and the inner radius of the extraction ring.

First, a greater

distance between the two electrodes caused the total current as well as the number of
particles passing through the extraction ring to decrease since the increase in the distance
between the two electrodes with constant voltage caused a decrease in the electric field.
Beyond a certain distance the emitted jet came to be unstable, which led to the sharp drop
in both the total current and the number of particles.

Secondly, the higher operating

voltage, that is, the higher electric field at fixed separation means that there is a stronger
attractive force on ions of gallium between the two electrodes.

Therefore the higher

voltage allowed more ions of gallium to pass the extraction ring, which created the higher
total current.

Finally, since the extraction ring serves to attract the charged particles of

gallium liquid, the size of the extraction ring, especially the inner radius, had an influence
on the stability and the shape of the jet. The smaller radius made a more convergent jet
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and allowed ions of gallium to have a higher velocity in the z direction. That served to
make a jet with a higher current with the extraction ring with smaller inner radius.

7.2 Further work
Since we carried out a numerical analysis with a simulation that was created by
molecular dynamics under some approximations, we need to make additional refinements
to make the simulation more accurate in understanding the phenomena of electrosprays.
We made the use of an approximate model for the potential between liquid gallium and a
platinum capillary.

The attractive and repulsive forces generated by the potential energy

between them are important in forming the Taylor cone, which affects the stability of the
jet.

Therefore it is necessary to find out the exact potential model capable of describing

the interaction between gallium and platinum as well as more exact values of the
parameters in the potential model for gallium.

The second approximation in the

simulation was the limited quantity of liquid gallium atoms in the capillary, which was a
barrier in the analysis of the electrospray over a longer time. To take a look at longer time
operation, it is necessary to keep offering atoms of liquid gallium through a fixed flow
rate without the violation of physical principles. Indeed, the flow rate makes a
contribution to the jet stability.
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Appendix
Verlet neighbor list method
In the original Verlet method of a molecular dynamics simulation, the most timeconsuming part is calculation of the potentials and the forces.

The potentials and forces

are computed by the double loop for rij>rc (where rij is the distance between i atom and j
atom and rc is the cutoff radius) at each time of simulation.

Consequently, the

evaluation of distances rij that are larger than cutoff radius spends most of computation
time. This part can be saved by the Verlet neighbor list method which was devised by
Verlet [28]. The potential cutoff sphere, rc, around a particular atom is surrounded by a
‘skin sphere’, rs, which is larger than rc as shown in Fig. 1-1. The first step in a simulation
is to construct the array, LIST, in which neighboring atoms that lie within a skin sphere
of atom i are stored.

LIST is large array with dimension 4πrs3ρN/6. The LIST identifies

those atoms that make the contribution to the potential and force on atom i.
second indexing array, POINT, of size N is constructed.

And the

POINT (i) indicates the

address in the LIST array in which the first neighbor of atom I can be found. Since
POINT(i+1) represents the first neighbor of atom i+1 and POINT(i+1)-1 represents the
last neighbor of atom I, we can readily identify the part of the large LIST which has
neighbors of atom i by running over LIST array from POINT(i) to POINT(i+1)-1. It is
necessary to check whether POINT (i+1) is higher than POIN (i+1)-1 or not. If this is not
the case, since the atom i does not have neighbor any more, it can be skipped.

Fig. 1-2

shows the scheme of LIST and POINT array. The reason to use two one-dimensional
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arrays rather than one two-dimensional array is that two one-dimensional arrays can
avoid the computational overhead which is involved in dealing with double subscripted
variables.

The neighbor list is updated periodically. The fist update of neighbor list is

fulfilled at the beginning of the program, and repeat at every 10-20 time step. The radius
of skin sphere, rs, chosen to be slightly larger than the cutoff radius rc so that an atom such
as atom 7 Fig. 1-1, which is not in the neighbor list of atom 1, move into the cutoff
sphere via the skin sphere. Atoms such as 3 and 4 can cross this sphere, but since they are
in the neighbor list of atom 1, they are always considered in evaluating the potential and
force on atom 1, until the list is updated next.

Fig. 7-1: The cutoff sphere and skin sphere around atom 1. Atoms 2, 3, 4,
5, and 6 are on the list of molecular, and atom 7 is not. Only molecules 2,
3, and 4 are within the range of the potential at the time the list of
constructed.[12]
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Fig. 7-2: Use of two one-dimensional arrays to store a neighbor list for
each atom during a simulation of a system containing N atoms [29].

