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ABSTRACT

Multi-scale problems in numerical electromagnetics are becoming increasingly common with
the advent and widespread usage of compact mobile phones, body area networks, small and nano
antennas, sensors, high-speed interconnects, integrated circuits and complex electronic packaging
structures, to name just a few commercial applications. Numerical electromagnetic modeling and
simulation of structures with multi-scale features is highly challenging due to the fact that electrically
small as well as large features are simultaneously present in the model which demands for
discretization of the computational domain such that the number of degrees of freedom is very large,
thus, levying a heavy burden on computational resources. The multi-scale nature of a given problem
also exacerbates the challenge of generating very fine meshes which do not introduce instabilities or
ill-conditioned behaviors.
In this work we introduce a hybrid technique, which combines frequency domain and time
domain techniques in a manner such that the fine features (electrically small) of the object being
modeled are handled by the Method of Moments (MoM) technique while the electrically large parts
of the structure are dealt with by using the Finite-Difference Time-Domain (FDTD) technique in order
to reduce the computational burden. Recently, structures with multi-scale features have been simulated
by using the dipole moment (DM) approach combined with the FDTD technique to handle fine
features in a multi-scale geometry. However, when the size of the scatterer becomes larger in terms
of the wavelength and the quasi-static assumption becomes invalid, extensive modifications of the
DM/FDTD hybrid approach are needed resulting in a high computational cost.
The research proposes a novel hybrid FDTD technique, which combines the Method of
Moments and the Finite-Difference Time-Domain techniques directly in the time domain
iii

circumventing the need to carry out frequency transform calculations as required in the DM approach
when the object size is not small (size>λ/20). The proposed technique utilizes piecewise sinusoidal
basis functions to represent the currents on arbitrarily shaped wires with fine features, and modified
RWG basis function for surfaces. The fields scattered by the object with fine features in MoM region
are computed in the time domain on a planar interface. The time domain fields obtained at the planar
interface are then combined with the FDTD update equations. In contrast to the existing techniques
used to handle this type of problems, the proposed technique is both efficient as well as stable.
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1. Introduction
1.1 Research Motivation
Multi-scale problems in numerical electromagnetics are becoming increasingly common
with the advent and widespread usage of compact mobile phones, body area networks, small and
nano-antennas, sensors, high-speed interconnects, integrated circuits and complex electronic
packaging structures, to name just a few commercial applications. Numerical electromagnetic
modeling and simulation of structures with multi-scale features is highly challenging due to the
fact that electrically small as well as large features are simultaneously present in the model which
demands for discretization of the computational domain such that the number of degrees of
freedom is very large, thus, levying a heavy burden on computational resources. The multi-scale
nature of a given problem also exacerbates the challenge of generating very fine meshes which do
not introduce instabilities or ill-conditioned behaviors.
In this work we introduce a hybrid technique, which combines frequency domain and time
domain techniques in a manner such that the fine features (electrically small) of the object being
modeled are handled by a frequency domain technique e.g., the Method of Moments (MoM) while
the electrically large parts of the structure are dealt with by using a time domain technique such as
the Finite Difference Time Domain (FDTD) technique in order to reduce the computational
burden. Recently, structures with multi-scale features have been simulated by using the dipole
moment (DM) approach combined with the FDTD technique to handle fine features in a multiscale geometry. However, when the size of the scatterer becomes larger in terms of the wavelength
and the quasi-static assumption becomes invalid, extensive modifications of the DM/FDTD hybrid
approach are needed.
1

The research proposes a novel hybrid FDTD technique, which combines the Method of
Moments and the Finite Difference Time Domain techniques directly in the time domain
circumventing the need to carry out frequency transform calculations as required in the DM
approach when the object size is not small (>λ/20). The proposed technique utilizes piecewise
sinusoidal basis functions to represent the currents on wire-like geometries with fine features and
modified rooftop, modified RWG basis functions for surfaces. The fields scattered by the object
with fine features are computed in the time domain on a planar interface. The time domain fields
obtained at the planar interface are then combined with the FDTD update equations. In contrast to
the existing techniques used to handle this type of problems, the proposed technique is both
efficient as well as stable.

1.2 Numerical Electromagnetics
Numerical electromagnetics is the science of modeling the interaction of electromagnetic
waves with different media and physical objects such as dielectrics, perfect electric conductors,
lossy media, reflectors, antennas, and other such objects. Maxwell’s equations and boundary
conditions are the building blocks of all numerical electromagnetic techniques. Design of antennas,
antenna arrays and waveguides, radiation pattern synthesis and analysis, radar scattering are some
common applications of numerical electromagnetics. A majority of the commonly used techniques
are computationally intensive; they utilize a large amount of memory space and consume
considerable simulation time before reaching convergence, where the number of degrees of
freedom (DoFs) needed to accurately resemble the object is large.

2

1.3 Commonly used CEM techniques
Several computational electromagnetic (CEM) techniques are utilized for modeling
electromagnetic devices and a number of computer codes are based on these techniques are
available commercially. Some of these techniques are tailored to solve specific type of problems,
as for instance GO, PO, UTD, GTD and PTD methods that are designed to solve only diffraction
or scattering problems. In contrast to these, computer codes based on the FDTD, FIT, TLM, FEM
and MoM techniques are general-purpose solvers that are utilized to solve a wide variety of EM
modeling problems.
The CEM techniques can be classified as either time domain techniques (FDTD, FIT) or
frequency domain methods (MoM, FEM, TLM, GO, PO, UTD, GTD, PTD), and they solve
Maxwell’s equations in differential or integral form [1-6]. Hybrid methods which combine the
time and frequency domain techniques have also been investigated to take advantage of the
desirable features of both time as well as frequency domain algorithms. Commonly used
techniques such as the FDTD, MoM and FEM exact a heavy burden on computational resources
when the computational domain size of the problem to be simulated is large or when the problem
to be simulated has multi-scale features while accurate results are still required. The following
sections will introduce the conventional FDTD technique; multi-scale problems in numerical
electromagnetics; hybrid techniques utilized in the past to handle multi-scale problems; and the
novel hybrid technique proposed.

1.4 Conventional FDTD technique
The conventional FDTD algorithm solves Maxwell’s equations by using finite difference
approximations of the differential operators both in time and spatial domains. This concept was
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originally proposed by K.S. Yee in a seminal paper published in 1966 [7] which demonstrated that
with appropriate discretization introduced in both time and space, Maxwell’s equations can be
approximated as finite difference equations that lend themselves to convenient numerical
processing.
Maxwell’s equations are given by:

𝝏𝑩

𝛁 𝑿 𝑬 = − 𝝏𝒕

𝛁𝑿𝑯=

𝝏𝑫
𝝏𝒕

(1.1)

+ 𝑱𝒄

(1.2)

𝛁. 𝑫 = 𝒒𝒆

(1.3)

𝛁. 𝑩 = 𝒒𝒎

(1.4)

In the above equations (1.1) through (1.4), E represents the electric field; H represents the
magnetic field; D represents the electric flux or displacement; B represents the magnetic flux; 𝑱𝒄
represents the conduction current density; 𝒒𝒆 represents the electric charge; and, 𝒒𝒎 represents
the magnetic charge.
For linear, isotropic, and non-dispersive media, constitutive parameters are given as:
𝑫 = 𝜺𝑬

(1.5)

𝑩 = 𝝁𝑯

(1.6)

𝑱𝒄 = 𝝈𝑬

(1.7)
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1.4.1 FDTD algorithm
The finite difference equations, given in (1.1) through (1.4), can be rewritten as the
following equations:
−

−

𝝏𝑩𝒙
𝝏𝒕

𝝏𝑩𝒚
𝝏𝒕

𝝏𝑩𝒛
𝝏𝒕

𝝏𝑫𝒙
𝝏𝒕

𝝏𝑫𝒚
𝝏𝒕

𝝏𝑫𝒛
𝝏𝒕

=

𝝏𝑬𝒛

=

𝝏𝑬𝒙

=

𝝏𝑬𝒙

=

𝝏𝑯𝒛

=

𝝏𝑯𝒙

=

𝝏𝒚

𝝏𝒛

𝝏𝒚

𝝏𝒚

𝝏𝒛

𝝏𝑯𝒚
𝝏𝒙

−

−

−

−

𝝏𝑬𝒚

(1.8)

𝝏𝒛

𝝏𝑬𝒛

(1.9)

𝝏𝒙

𝝏𝑬𝒚

(1.10)

𝝏𝒙

𝝏𝑯𝒚
𝝏𝒛

−

𝝏𝑯𝒛

−

𝝏𝑯𝒙

𝝏𝒙

𝝏𝒚

− 𝑱𝒙

(1.11)

− 𝑱𝒚

(1.12)

− 𝑱𝒛

(1.13)

The Yee cell [7] is a cuboid whose edges and surfaces are assigned electric and magnetic field
components as shown below in Fig 1.1.

Figure 1.1. Yee Cell representation with corresponding field components.
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In the above figure, each of the spatial coordinates is represented as:
(i,j,k) = (iΔx, jΔy, kΔz)
The above scalar form of Maxwell’s equations, namely (1.8) through (1.13), can be
approximated in a finite difference form as follows:

𝟏

𝟏

𝒏+
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑩𝒙 𝟐 (𝒊,𝒋+ ,𝒌+ )−𝑩𝒙 𝟐 (𝒊,𝒋+ ,𝒌+ )
𝟐

𝟐

𝟐

𝟐

∆𝒕

𝟏

𝟏

𝒏+
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑩𝒚 𝟐 (𝒊+ ,𝒋,𝒌+ )−𝑩𝒚 𝟐 (𝒊+ ,𝒋,𝒌+ )
𝟐

𝟐

𝟐

𝟐

∆𝒕

𝟏

𝟐

𝟐

𝟐

𝟐

∆𝒕

𝟏
𝟐

𝟏
𝟐

𝒏−𝟏
𝑫𝒏
𝒙 (𝒊+ ,𝒋,𝒌)−𝑫𝒙 (𝒊+ ,𝒋,𝒌)

∆𝒕
𝟏

𝟏
𝟐

𝟏
𝟐

𝒏
𝑬𝒏
𝒚 (𝒊,𝒋+ ,𝒌+𝟏)−𝑬𝒚 (𝒊,𝒋+ ,𝒌)

∆𝒛

𝟏

=

𝟏

𝒏+
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑩𝒛 𝟐 (𝒊+ ,𝒋+ ,𝒌)−𝑩𝒛 𝟐 (𝒊+ ,𝒋+ ,𝒌)

𝒏−

=

=

=

𝟏

𝒏
𝑬𝒏
𝒛 (𝒊+𝟏,𝒋,𝒌+𝟐)−𝑬𝒛 (𝒊,𝒋,𝒌+𝟐)

∆𝒙

𝟏
𝟐

𝟏
𝟐

𝒏
𝑬𝒏
𝒙 (𝒊+ ,𝒋+𝟏,𝒌)−𝑬𝒙 (𝒊+ ,𝒋,𝒌)

∆𝒚

𝟏

−

𝟐

𝟐

𝟐

∆𝒚

𝟏

𝑱𝒙 𝟐 (𝒊 + 𝟐 , 𝒋, 𝒌)

𝟐

𝟏
𝟐

−

𝟏

𝒏
𝑬𝒏
𝒙 (𝒊+𝟐,𝒋,𝒌+𝟏)−𝑬𝒙 (𝒊+𝟐,𝒋,𝒌)

(1.15)

∆𝒛

𝟏
𝟐

𝟏
𝟐

𝒏
𝑬𝒏
𝒚 (𝒊+𝟏,𝒋+ ,𝒌)−𝑬𝒚 (𝒊,𝒋+ ,𝒌)

(1.16)

∆𝒙

𝟏

−

(1.14)

∆𝒚

𝟏

−

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒛 𝟐 (𝒊+ ,𝒋+ ,𝒌)−𝑯𝒛 𝟐 (𝒊+ ,𝒋− ,𝒌)

𝟏
𝟐

𝒏
𝑬𝒏
𝒛 (𝒊,𝒋+𝟏,𝒌+ )−𝑬𝒛 (𝒊,𝒋,𝒌+ )

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒚 𝟐 (𝒊+ ,𝒋,𝒌+ )−𝑯𝒚 𝟐 (𝒊+ ,𝒋,𝒌− )
𝟐

𝟐

𝟐

∆𝒛

𝟐

−

(1.17)
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𝟏
𝟐

𝟏
𝟐

𝒏−𝟏
𝑫𝒏
𝒚 (𝒊,𝒋+ ,𝒌)−𝑫𝒚 (𝒊,𝒋+ ,𝒌)

∆𝒕
𝒏−

𝟏

𝟏

=

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒙 𝟐 (𝒊,𝒋+ ,𝒌+ )−𝑯𝒙 𝟐 (𝒊,𝒋+ ,𝒌− )
𝟐

𝟐

𝟐

𝟐

∆𝒛

𝟏

−

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒛 𝟐 (𝒊+ ,𝒋+ ,𝒌)−𝑯𝒛 𝟐 (𝒊− ,𝒋+ ,𝒌)
𝟐

𝟐

𝟐

𝟐

∆𝒙

−

𝟏
𝟐

𝑱𝒚 𝟐 (𝒊, 𝒋 + , 𝒌)

𝟏
𝟐

(1.18)

𝟏
𝟐

𝒏−𝟏 (𝒊,𝒋,𝒌+ )
𝑫𝒏
𝒛 (𝒊,𝒋,𝒌+ )−𝑫𝒛

∆𝒕
𝒏−

𝑱𝒛

𝟏
𝟐

𝟏

=

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒚 𝟐 (𝒊+ ,𝒋,𝒌+ )−𝑯𝒚 𝟐 (𝒊− ,𝒋,𝒌+ )
𝟐

𝟐

𝟐

∆𝒙

𝟐

𝟏

−

𝟏

𝒏−
𝒏−
𝟏
𝟏
𝟏
𝟏
𝑯𝒙 𝟐 (𝒊,𝒋+ ,𝒌+ )−𝑯𝒙 𝟐 (𝒊,𝒋− ,𝒌+ )
𝟐

𝟐

𝟐

∆𝒚

𝟏

(𝒊, 𝒋, 𝒌 + 𝟐)

𝟐

−

(1.19)

Using the above given equations, the E-field and H-field components are updated in a leap
frog manner, with the E-field components calculated at time steps 0, Δt, 2Δt, … while the H-field
components are calculated at the time steps 0.5Δt, 1.5Δt, etc.
The E-field and H-field components are separated in space by half the spatial step in the
corresponding direction. The stability criterion for the FDTD simulation has been derived in a
classical paper by Courant, Friedrich, and Levy, and is given as:
∆𝒕 ≤

𝟏

(1.20)

𝟏
𝟏
𝟏
𝒄√ 𝟐 + 𝟐 + 𝟐
∆𝒙
∆𝒚
∆𝒛

If the geometry is modeled in free space, the simulation domain is truncated by using either
absorbing boundary conditions (ABCs) or by the perfectly matched layer (PML) [8].

1.4.2 Numerical convergence, accuracy and computational resources utilized
Numerical convergence in the time-domain has been used as the termination criterion for
the conventional FDTD algorithm [9,10], which can be checked by using the criterion that the
amplitude of the field falls and stays below a certain threshold, which is set on the basis of accuracy
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desired. When the field amplitude is consistently below the set threshold, which is typically 30 to
40 dB below the incident field amplitude, it is assumed that the system has reached the steady state
and therefore, numerical convergence has been achieved.
Alternatively, a specified number of time steps have also been used for terminating the
FDTD simulation, wherein a conservative estimate of the number of time steps is specified for
truncating the simulation. The conventional FDTD algorithm requires a large number of steps
before satisfying the convergence criterion when it is used to solve problems in the low frequency
regime, those involving dispersive media or those dealing with structures exhibiting high-Q
resonances.

1.5 Multi-scale problems in computational electromagnetics
Multi-scale problems in numerical electromagnetics are characterized by electrically small
as well as electrically large geometrical features that are simultaneously present at a given
frequency in a given model to be simulated.

1.5.1 Multi-scale problem and conventional FDTD algorithm
Simulation of multi-scale models using conventional FDTD is extremely challenging due
to the fact that a very fine discretization of computational domain is required, as shown in Figure
1.2, in order to capture the details of the fine features in the simulation, leading to a discretized
model with a large number of degrees of freedom. The fine discretization of the computational
domain exacts a heavy burden on computational resources utilized, and in some cases it becomes
totally impractical to simulate a given problem. In addition, the fine discretization of the
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computational domain requires a correspondingly small time step, which satisfies the Courant
condition to avoid instability problems.

Figure 1.2. A multi-scale problem meshed with a size of λ/50 in the conventional FDTD algorithm.

Some examples of multi-scale problems shown in Figure 1.3 below, may be found in
electronic packaging, small antennas, body area networks, sensors, mobile phones, high-speed
interconnects and integrated circuits. Simulation of multi-scale models using conventional FDTD
technique is expensive computationally, if not impractical in some cases, owing to the fact that
they require a fine discretization of the computational domain.

Figure 1.3. Some practical applications of multi-scale problems in numerical electromagnetics.
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1.5.2 Numerical convergence, accuracy and computational resources utilized
As mentioned earlier, numerical convergence for multi-scale problems using conventional
FDTD algorithm often requires a very large number of time steps because they require a fine
discretization of the computational domain. Occasionally, it might even become impractical to
obtain a solution due to exorbitant amount of computational resources that are needed, especially
when solving low frequency problems. Additionally, even if the numerical convergence criterion
is satisfied, the results may not be accurate because the nuances of the field behaviors, introduced
by the fine features may not have been captured by the conventional FDTD algorithm with
sufficient accuracy.
Solutions of multi-scale problems become inaccurate at low frequencies [11], even when
an integral equation method is utilized to solve them.

1.6 Organization of the Thesis
The thesis is organized as follows: In Chapter 2, we discuss how to handle multi-scale
problems involving straight wires with fine features by utilizing piecewise sine basis function. In
Chapter 3, we introduce an approach to handle multi-scale problems involving arbitrary shaped
wires, and show a comparison of results obtained using the hybrid method to that from commercial
Method of Moments (MoM) solver. In Chapter 4, we introduce a modified RWG basis function
which provides scattered field expressions in closed form for arbitrary shaped surfaces.
Comparison of matrices and scattered fields obtained using conventional RWG and modified
RWG basis functions is discussed. Results for multi-scale problems involving wire and surface
combination are discussed, and compared with commercial MoM solver. In Chapter 5, we
10

introduce a novel finite-difference algorithm to compute capacitance matrices for multi-conductor
problems involving arbitrary shaped conductors with thin dielectric coating. The capacitance
matrices obtained using the algorithm are compared to the matrices obtained using commercial
FEM solver. Chapter 6 provides a summary of the contributions, and provides a direction towards
future research work.
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2. Hybrid FDTD technique to handle multi-scale problems with
straight wires
2.1 Challenging nature of multi-scale problems
Numerical simulation of electromagnetic models with multi-scale features is highly
challenging due to the fact that electrically large as well as small features are simultaneously
present in the model, which in turn requires that the computational domain be discretized such that
the number of degrees of freedom (DoF) is very large and hence, levies a heavy burden on
computational resources. An example of a multi-scale problem is shown below in Figure 2.1.

Figure 2.1. Example of a multi-scale problem in numerical electromagnetics.
The figure above shows a multi-scale problem where a thin wire and a cubical conducting
box in free space are excited by an incident pulse. The conducting box has an edge length of λ
while the wire has a radius of λ/50 which is small compared to its length. A very fine mesh with a
cell size < λ/50 is required to capture nuances of the thin wire, which in turn exacts a heavy burden
on computational resources required to solve the problem.
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2.2 Past research work to handle multi-scale problems
Recently [12], geometries with multi-scale features have been simulated by using the
dipole moment (DM) approach as shown below in Figure 2.2 wherein the solution of dipole
moment method has been combined with the FDTD algorithm in the frequency domain. However,
when the size of the scatterer becomes larger in terms of the wavelength so that the quasi-static
assumption becomes invalid, repeated Fourier transformations on separation domains are usually
required to achieve convergent results, increasing the computational burden.

Figure 2.2. A multi-scale problem with a helical scatterer in FDTD cell and its DM representation.

2.3 Hybrid FDTD algorithm to handle straight wires
In this section, a novel hybrid FDTD technique is introduced which combines the MoM
and FDTD techniques directly in the time domain circumventing the frequency transform
calculations. The proposed technique utilizes piecewise sinusoidal basis functions to represent
currents on straight wires [13] with fine features. The wire is excited by an external plane wave
source when the wire is an antenna in the receive mode or by a delta gap source when the wire is
an antenna in the transmit mode. As a first step, the weight coefficients of piecewise sine basis
13

functions on the straight wire are computed using MoM solution over a desired frequency range.
In the next step, the weight coefficient distribution over the frequency range is used to obtain
weight coefficient distribution in the time-domain. In the next step, fields scattered by the straight
wire are computed in the time domain on a planar interface as shown in Figure 2.3. The time
domain fields obtained at the planar interface are then combined with the FDTD update equations.
In contrast to the existing techniques for handling this type of problems, the proposed technique is
both efficient as well as stable. The flow chart of the proposed hybrid technique, and numerical
results obtained by using the technique, both in terms of solution time and accuracy, are discussed
in the following section.

Figure 2.3. Problem definition for the proposed novel hybrid FDTD technique.

The flow chart for the novel hybrid technique is shown below:
Fine features are handled by the timedomain compatible MoM code.
Time-domain compatible basis functions are
used to represent current on geometry with
fine features. These basis functions are used
to obtain scattered field at an observation
point directly in the time-domain without
using Fourier Transform.

Time-domain scattered fields are sampled
at a planar interface.

Sampled time-domain scattered fields are then
used as source for the FDTD domain.

ddomain
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A straight wire with piecewise sine current distribution is shown below in Figure 2.4.

Figure 2.4. Straight wire scatterer with piecewise sine current distribution and distance parameters
associated with an observation point P.

The current distribution along the wire is given as:
𝐼 = 𝐼𝑚 𝑠𝑖𝑛𝛽(𝐻 − ℎ), ℎ > 0

(2.1)

The distance parameters associated with an observation point P as shown in Figure 2.4 are given
below:
𝑅 = √(𝑧 − ℎ)2 + 𝑦 2

(2.2)

𝑅1 = √(𝑧 − 𝐻)2 + 𝑦 2

(2.3)

𝑅2 = √(𝑧 + 𝐻)2 + 𝑦 2

(2.4)

𝑟 = √𝑧 2 + 𝑦 2

(2.5)

The scattered field expressions from a straight wire with piecewise sine current distribution in
frequency domain [15] are given below:
 e  j  R1 e  j  R2
e j r 
Ez   j 30 I m 

 2 cos  H

R2
r 
 R1

(2.6)

 z  H e  j  R1 z  H e  j  R2 2 z cos  H e  j  r 
E y  j 30 I m 
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y
R2
y
r 
 y
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(2.7)

H 

j 30 I m  j  R1
e
 e  j  R2  2 cos  H e  j  r 

y

(2.8)

The scattered field expressions in the time domain are shown below:

𝐸𝑧 = −30𝐼𝑚 (

𝑅
𝛿(𝑡− 1 )
𝑐

𝑅1

+

𝑅
𝛿(𝑡− 2 )
𝑐

𝑅2

− 2 cos(𝛽0 𝐻)

𝑅

𝐸𝑦 =
𝐻∅ =

𝑅

1
2
𝑧−𝐻 𝛿(𝑡− )
𝑧+𝐻 𝛿(𝑡− )
30𝐼𝑚 (( 𝑦 ) 𝑅 𝑐 + ( 𝑦 ) 𝑅 𝑐 −
1
2

30𝐼𝑚
𝜂𝑦

(𝛿 (𝑡 −

𝑅1
𝑐

) + 𝛿 (𝑡 −

𝑅2
𝑐

𝑟
𝑐

𝛿(𝑡− )
𝑟

)

(2.9)

𝑧

2(𝑦) cos(𝛽0 𝐻)
𝑟

𝑟
𝑐

𝛿(𝑡− )

) − 2 cos(𝛽0 𝐻) 𝛿 (𝑡 − 𝑐 ))

𝑟

)

(2.10)
(2.11)

As observed in (2.9) – (2.11), scattered field expressions are available directly in the time-domain
using piecewise sine basis functions for straight wires, and the basis function enables us to obtain
scattered fields directly in the time-domain without using the Inverse Fourier Transform, which is
different than the TDIE formulation [14].
The cos(β0H) approximation in (2.9) – (2.11) is used to avoid causality violation in the timedomain scattered field expressions.

2.4 Validation of the MoM code
The MoM code utilized for obtaining scattered field from wire structure in the MoM
domain is validated against commercial MoM solver (FEKO solver). The wire is excited by a delta
gap source at a frequency of 2 GHz. Scattered field results are measured along an observation line
as shown in Figure 2.5.
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Figure 2.5. Problem definition for validation of MoM code.

The comparison of scattered field results along observation line obtained using MoM code and
FEKO solver is shown below in Figure 2.6.

Figure 2.6. Scattered field results comparison for MoM code and FEKO along observation line.

Scattered field results obtained from the MoM code agree well with results obtained using FEKO
solver as observed from Figure 2.6. Results for multi-scale problems involving straight wire
scatterers obtained using hybrid technique are discussed in the following section.
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2.5 Hybrid technique results and comparison with commercial MoM code
The following examples are used to validate the proposed hybrid technique for multi-scale
problems involving straight wire scatterers.
2.5.1 Hybrid FDTD Technique: Straight wire antenna in transmit mode
A straight wire antenna of length 0.1875 cm, and oriented along +x direction is excited by a delta
gap source as shown below in Figure 2.7. The excitation spectrum is that of a cosine modulated
Gaussian pulse with a frequency range of 0-8 GHz. The pec plate is oriented in a plane parallel to
xy plane, and is 26.25 cm x 26.25 cm in size. The pec plate touches FDTD domain boundaries
along x and y directions, and therefore, it is rendered as an infinite pec plate. The scattered field
solution for the MoM domain is coupled to the FDTD domain at the interface.

Figure 2.7. Straight wire antenna of length 0.1875 cm in transmit mode.

Since the pec plate in FDTD domain is equivalent to an infinite pec plate, image theory [16] is
used for comparison with hybrid technique results. The comparison of hybrid FDTD results with
image theory results are shown in Figure 2.8.
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Figure 2.8. Comparison of scattered field result for straight wire of length 0.1875 cm in transmit mode.

Results obtained using hybrid FDTD technique for straight wire antenna in transmit mode

a

compare well with image theory results upto z = -0.1λ, very close to the wire.
The length of the straight wire oriented along +x direction is now increased to 0.75 cm as shown
in Figure 2.9. The new length of wire antenna is 4 times as compared to the value used in Figure
2.7.

Figure 2.9. Straight wire antenna of length 0.75 cm in transmit mode.
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A comparison of hybrid technique results with image theory is provided in Figure 2.10.

Figure 2.10. Comparison of scattered field result for straight wire of length 0.75 cm in transmit mode.

Results obtained using hybrid FDTD technique for straight wire antenna in transmit mode with a
length of 0.75 cm compare well with image theory results upto z = -0.1λ, very close to the wire.
2.5.2 Hybrid FDTD Technique: Straight wire Antenna in receive mode
A straight wire antenna of length 0.1875 cm, and oriented along +x direction is excited by a plane
wave (θ=0o, Φ=0o) with cosine modulated Gaussian pulse spectrum for a frequency range of 0-8
GHz as shown below in Figure 2.11. The pec plate is oriented in a plane parallel to xy plane, is
26.25 cm x 26.25 cm in size, and touches FDTD domain boundaries. The scattered field solution
for the MoM domain is coupled to the FDTD domain at the interface.
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Figure 2.11. Straight wire antenna of length 0.1875 cm in receive mode.

The comparison of hybrid FDTD results with image theory results are shown below in Figure 2.12.

Figure 2.12. Comparison of scattered field result for straight wire of length 0.1875 cm in receive mode.

Results obtained using hybrid FDTD technique for straight wire antenna in receive mode
compare well with image theory results upto z = -0.05λ, very close to the wire.
The length of the straight wire oriented along +x direction is now increased to 0.75 cm as shown
in Figure 2.13. The new length of wire antenna is 4 times the length as compared to the value
used in Figure 2.11.
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Figure 2.13. Straight wire antenna of length 0.75 cm in receive mode.

A comparison of hybrid technique results with image theory is provided in Figure 2.14.

Figure 2.14. Comparison of scattered field result for straight wire of length 0.75 cm in receive mode.

It is observed that accurate results are obtained for both transmit as well as receive mode operation
when the length of the wire antenna is increased 4 times. Therefore, good accuracy is achieved for
transmit as well as receive cases when the wire antenna length is increased from 0.1875 cm to 0.75
cm such that it occupies multiple FDTD cells.
The following section presents examples for multi-scale problems involving tilted
straight wire scatterers solved using the proposed hybrid technique.
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2.5.3 Hybrid FDTD Technique: Tilted wire Antenna in transmit mode
A tilted straight wire antenna of length 0.1875 cm is excited by a delta gap source as shown below
in Figure 2.15. The excitation spectrum is that of a cosine modulated Gaussian pulse with a
frequency range of 0-8 GHz. The pec plate is oriented in a plane parallel to xy plane, is 26.25 cm
x 26.25 cm in size, and touches FDTD domain boundaries. The scattered field solution for the
MoM domain is coupled to the FDTD domain at the interface.

Figure 2.15. A tilted straight wire antenna in transmit mode.
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The comparison of hybrid FDTD results with image theory results is shown below in Figure 2.16.

Figure 2.16. Comparison of scattered field results for tilted straight wire in transmit mode.

Results obtained using hybrid FDTD technique for tilted wire antenna in transmit mode compare
well with image theory results.
2.5.4 Hybrid FDTD Technique: Tilted wire Antenna in receive mode
A tilted straight wire antenna of length 0.1875 cm is excited by a plane wave (θ=0 o, Φ=0o) with
cosine modulated Gaussian pulse spectrum for a frequency range of 0-8 GHz as shown in Figure
2.17. The pec plate is oriented in a plane parallel to xy plane, is 26.25 cm x 26.25 cm in size, and
touches FDTD domain boundaries. The scattered field solution for the MoM domain is coupled to
the FDTD domain at the interface.
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Figure 2.17. A tilted straight wire antenna in receive mode.

The comparison of hybrid FDTD results with image theory results are shown below in Figure 2.18.

Figure 2.18. Comparison of scattered field result for tilted straight wire in receive mode.

Results obtained using hybrid FDTD technique for tilted wire antenna in receive mode compare
well with image theory results.
Accurate results for multi-scale problems involving straight wire scatterers are obtained
using the hybrid technique for transmit as well as receive mode, and for different lengths as well
as orientations of the wire antenna. The proposed hybrid method is much more efficient
(factor>103) compared to the approach used in the past where inverse Fourier transform of
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scattered fields at interface nodes was used to obtain scattered fields in the time-domain. The
following chapter discusses hybrid technique for multi-scale problems involving arbitrary shaped
wires.
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3. Hybrid FDTD technique to handle multi-scale problems
involving arbitrary shaped wires
3.1 Arbitrary shaped wire problem
Scattered field expressions for a wire with bends or junctions such as an L shaped wire,
helical coil, and loop become time-incompatible even if piecewise sine basis function is utilized.
The derivation of scattered field expressions for a bent wire is discussed below:
A bent wire is shown in Figure 3.1 below:

Figure 3.1. Bent wire with piecewise sinusoidal current distribution.

The current distribution on the bent wire is given as:
𝐼 = 𝐼𝑚 𝑠𝑖𝑛𝛽(𝐻 − ℎ), ℎ > 0

(3.1)

Consider the top part of the bent wire, it is assumed that the bend is located at the origin of the
global coordinate system. The unit vector along the direction of current is u1, and v1 is the unit
vector normal to u1 and lying on the plane containing u1 and R. The observation point P has
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coordinates (v1, Φ, u1) in cylindrical coordinate system. The distance parameters r, R, and R1 are
defined as:
r = √𝑢12 + 𝑣12

(3.2)

𝑅 = √(𝑢1 − ℎ)2 + 𝑣12

(3.3)

𝑅1 = √(𝑢1 − 𝐻)2 + 𝑣12

(3.4)

The vector potential at the observation point is given as:
𝐻 𝑠𝑖𝑛𝛽(𝐻−ℎ)𝑒 −𝑗𝛽𝑅

𝐴𝑢1 =

𝜇𝐼𝑚
4𝜋

∫0

𝐴𝑢1 =

𝜇𝐼𝑚
8𝜋𝑗

{𝑒 𝑗𝛽𝐻 ∫0

𝑅

𝐻 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑅

𝑑ℎ

(3.5)
𝐻 𝑒 −𝑗𝛽(𝑅−ℎ)

𝑑ℎ − 𝑒 −𝑗𝛽𝐻 ∫0

𝑅

𝑑ℎ}

(3.6)

The magnetic field strength at point P is given as:
̅ × 𝐴⃐)∅ = − 𝜕𝐴𝑢1
𝜇𝐻∅ = (∇
𝜕𝑣

(3.7)

1

𝐼

𝐻 𝜕 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
𝜕𝑣1
𝑅

𝑚
𝐻∅ = − 8𝜋𝑗
[𝑒 𝑗𝛽𝐻 ∫0

𝐻 𝜕 𝑒 −𝑗𝛽(𝑅−ℎ)
𝜕𝑣1
𝑅

− 𝑒 −𝑗𝛽𝐻 ∫0

𝑑ℎ]

(3.8)

Consider the first term:
𝐻 𝜕 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
𝜕𝑣1
𝑅

∫0

𝐻 −𝑗𝛽𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)

= ∫0

1

= 𝑣 [(1 −
1

𝑅2

−

𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
𝑅3

𝐻−𝑢1
) 𝑒 −𝑗𝛽(𝑅1 +𝐻)
𝑅1

=

− (1 +
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𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)
]
𝑅(𝑅+ℎ−𝑢1 )

𝑢1
) 𝑒 −𝑗𝛽𝑟 ]
𝑟

ℎ=𝐻
ℎ=0

(3.9)

(3.10)

Similarly, the second term is:
𝐻 𝜕 −𝑒 −𝑗𝛽(𝑅−ℎ)
𝑑ℎ
𝜕𝑣1
𝑅

∫0

1
[(1
𝑣1

=

+

𝐻−𝑢1
) 𝑒 −𝑗𝛽(𝑅1 −𝐻)
𝑅1

− (1 −

𝑢1
) 𝑒 −𝑗𝛽𝑟 ]
𝑟

(3.11)

Adding the two terms from (3.10) and (3.11), we get:
𝐻∅ = −

𝐼𝑚 𝑒 −𝑗𝛽𝑅1
[ 𝑣
4𝜋𝑗
1

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻) −
𝑣1

𝑒 −𝑗𝛽𝑟
]
𝑣1 𝑟

𝑗𝑢1 sin(𝛽𝐻)

(3.12)

The electric field is obtained from the magnetic field using the relation:
𝐸̅ =

1
𝑗𝜔𝜀

̅ × 𝐻
̅)
(∇
1

(3.13)

𝜕
(𝑣1 𝐻∅ )
𝜕𝑣
1
1

𝐸𝑢1 = 𝑗𝜔𝜀𝑣
1

(3.14)

𝜕

𝐸𝑣1 = − 𝑗𝜔𝜀 𝜕𝑢 (𝐻∅ )

(3.15)

1

Using (3.14) and (3.15), we get scattered electric field from the top part:
𝐸𝑢1 = −𝑗30𝐼𝑚 [

𝐸𝑣1 =

𝑒 −𝑗𝛽𝑅1
𝑅1

𝑗30𝐼𝑚
[(𝑢1
𝑣1

− 𝐻)

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻) −
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1

1

1

𝑗𝑢1 sin(𝛽𝐻)𝑒 −𝑗𝛽𝑟 (𝑟2 + 𝑗𝛽𝑟3 )]

− 𝑢1 cos(𝛽𝐻)

𝑒 −𝑗𝛽𝑟
𝑟

−

𝑗𝑠𝑖𝑛(𝛽𝐻) −𝑗𝛽𝑟
𝑒
(𝑟𝛽𝑢12
𝛽𝑟 3

(3.16)

+ 𝑗𝑣12 )]

(3.17)

Similarly, using the same procedure for the bottom part of the bent wire, the scattered electric
fields from the bottom part are given as:
𝐸𝑢2 = −𝑗30𝐼𝑚 [

𝐸𝑣2 =

𝑒 −𝑗𝛽𝑅2
𝑅2

𝑗30𝐼𝑚
[(𝑢2
𝑣2

+ 𝐻)

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻) +
𝑟

𝑒 −𝑗𝛽𝑅2
𝑅2

1

1

𝑗𝑢2 sin(𝛽𝐻)𝑒 −𝑗𝛽𝑟 (𝑟2 + 𝑗𝛽𝑟3 )]

− 𝑢2 cos(𝛽𝐻)

𝑒 −𝑗𝛽𝑟
𝑟

+

𝑗𝑠𝑖𝑛(𝛽𝐻) −𝑗𝛽𝑟
𝑒
(𝑟𝛽𝑢22
𝛽𝑟 3
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+ 𝑗𝑣22 )]

(3.18)

(3.19)

3.2 Bent wire and time incompatibility
The scattered field expressions obtained for top and bottom parts of a bent wire as given
above in (3.16) – (3.19) have a j term inside the parenthesis for Eu1 and Ev1 as well as Eu2 and
Ev2. The j term inside the parenthesis makes the scattered field expressions time-incompatible, i.e.,
time-domain scattered field expressions are not derived, and inverse Fourier transform is required
to obtain scattered fields in the time-domain. Additionally, cos(𝛽𝐻) and sin(𝛽𝐻) terms result in
causality violation in the time-domain. These aforementioned reasons make the scattered field
expressions from bent wire time-incompatible. An approach to handle arbitrary shaped wires for
obtaining time-compatible scattered fields is discussed in the following section.

3.3 Arbitrary shaped wires and novel dipole moment approach

Figure 3.2. Approach to handle arbitrary shaped wires.

Arbitrary shaped wires with bends or junctions are handled by a novel dipole moment
approach as shown in Figure 3.2. As a first step, the MoM problem for arbitrary shaped wire is
solved by utilizing piecewise sine basis functions to obtain weight coefficients. In the next step,
the current distribution on the wire is obtained using the basis function definition, and computed
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weight coefficients. In the next step, the current distribution on the wire scatterer is discretized into
small sections or segments (dimension < λ/20). The current distribution in each section is used to
compute the far field radiation pattern for the corresponding section by obtaining the vector
potential and scattered field expressions. In the next step, each section is represented by x, y, and
z directed dipole moments with piecewise sine current distribution, centered at the center of the
section, and with a base length typically different compared to the length of the section. Weight
coefficients of x, y, and z directed dipoles for each section are computed by matching the far field
produced by the section current to that produced by the dipole moments in the corresponding
section.
𝑤1 𝑃̅1 + 𝑤2 ̅̅̅
𝑃2 + 𝑤3 ̅̅̅
𝑃3 = 𝑃̅

(3.20)

where 𝑤1, 𝑤2 , and 𝑤3 are the weight coefficients of x, y, and z directed dipole moments with far
field patterns 𝑃̅1 , ̅̅̅
𝑃2 , and ̅̅̅
𝑃3 respectively. Scattered far fields from a 𝑢̅ oriented dipole moment are
obtained using 𝑅1 ≈ 𝑟, and 𝑅2 ≈ 𝑟 :
𝐸𝑢 = −𝑗30𝐼𝑚 (

𝐸𝑣 = 𝑗30𝐼𝑚 ((
𝐻∅ =

𝑗30𝐼𝑚
𝜂𝑣

𝑒 −𝑗𝛽𝑟
𝑟

+

𝑒 −𝑗𝛽𝑟
𝑟

𝑢−𝐻 𝑒 −𝑗𝛽𝑟
𝑣

)

𝑟

+(

− 2 cos(𝛽0 𝐻)
𝑢+𝐻 𝑒 −𝑗𝛽𝑟
𝑣

)

𝑟

𝑒 −𝑗𝛽𝑟
𝑟

)

𝑢

− 2(𝑣 ) cos(𝛽0 𝐻)

(3.21)
𝑒 −𝑗𝛽𝑟
𝑟

)

(𝑒 −𝑗𝛽𝑟 + 𝑒 −𝑗𝛽𝑟 − 2 cos(𝛽0 𝐻) 𝑒 −𝑗𝛽𝑟 )

(3.22)

(3.23)

𝑃̅ is the pattern produced by the section of the current, and patterns 𝑃̅1 , ̅̅̅
𝑃2 , and ̅̅̅
𝑃3 are orthogonal
to each other [17], and this property is used to find dipole moment weight coefficients.
𝑤1 =

̅̅̅∗̅,𝑃̅ >
<𝑃
1
, 𝑤2
̅
̅̅̅
<𝑃̅̅∗̅,𝑃
1>
1

=

̅̅̅∗̅,𝑃̅>
<𝑃
2
, 𝑤3
̅
̅̅̅
<𝑃̅̅∗̅,𝑃
2>
2

=

̅̅̅∗̅,𝑃̅>
<𝑃
3
̅
̅̅̅
<𝑃̅̅∗̅,𝑃
3>

(3.24)

3
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where the inner product of patterns ̅̅̅
𝑃𝛼 and ̅̅̅
𝑃𝛾∗ is given as:
2𝜋 𝜋
< ̅̅̅
𝑃𝛼 , ̅̅̅
𝑃𝛾∗ >= ∫0 ∫0 ̅̅̅
𝑃𝛼 ∗ ̅̅̅
𝑃𝛾∗ 𝑟 2 𝑠𝑖𝑛𝜃𝑑𝜃𝑑∅

(3.25)

Weight coefficients of dipole moments for each section on wire are computed over the
desired frequency range. In the next step, weight coefficient distribution for each dipole moment
for a section is obtained in the time-domain using inverse transform of the frequency domain
weights. In the next step, scattered fields from dipole moments corresponding to a section are
obtained in the time domain. Scattered field expressions for a dipole moment oriented along 𝑢̅ in
the time-domain are given below:

𝐸𝑢 = −30𝑤(𝑡) ∗ (

𝑅
𝛿(𝑡− 1 )
𝑐

𝑅1

+

𝑅
𝛿(𝑡− 2 )
𝑐

𝑅2

− 2 cos(𝛽0 𝐻)

𝑅

𝐸𝑣 = 30𝑤(𝑡) ∗

𝑅

1
2
𝑢−𝐻 𝛿(𝑡− 𝑐 )
𝑢+𝐻 𝛿(𝑡− 𝑐 )
(( 𝑣 ) 𝑅
+( 𝑣 ) 𝑅
−
1
2
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𝐻∅ = 𝜂𝑣 𝑤(𝑡) ∗ (𝛿 (𝑡 −

𝑅1
𝑐

) + 𝛿 (𝑡 −

𝑅2
𝑐

𝑟
𝑐

𝛿(𝑡− )
𝑟

)

(3.26)

𝑢

2(𝑣 ) cos(𝛽0 𝐻)

𝑟
𝑐

𝛿(𝑡− )

𝑟

) − 2 cos(𝛽0 𝐻) 𝛿 (𝑡 − 𝑐 ))

𝑟

)

(3.27)

(3.28)

In above equations, 𝑤(𝑡) is the time-domain weight coefficient of dipole moment, and *
denotes the convolution operation. Using the convolution property of the delta function, we obtain
the following scattered field expressions:

𝐸𝑢 = −30(

𝑅
𝑤(𝑡− 1 )
𝑐

𝑅1

+

𝑅
𝑤(𝑡− 2 )
𝑐

𝑅2

− 2 cos(𝛽0 𝐻)

𝑅

𝐸𝑣 =

𝑅

1
2
𝑢−𝐻 𝑤(𝑡− )
𝑢+𝐻 𝑤(𝑡− )
30(( 𝑣 ) 𝑅 𝑐 + ( 𝑣 ) 𝑅 𝑐 −
1
2
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𝐻∅ = 𝜂𝑣 (𝑤 (𝑡 −

𝑅1
𝑐

) + 𝑤 (𝑡 −

𝑅2
𝑐

𝑟
𝑐

𝑤(𝑡− )
𝑟

𝑢

)

(3.29)

2(𝑣 ) cos(𝛽0 𝐻)

𝑟
𝑐

𝑤(𝑡− )

𝑟

𝑟

) − 2 cos(𝛽0 𝐻) 𝑤 (𝑡 − 𝑐 ))
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)

(3.30)

(3.31)

The corner region is handled by using virtual current approach as shown below in Figure
3.3.

:
Figure 3.3. Handling corner region for arbitrary shaped wires.
The current distribution on DM branch 1 at corner directed along u1 is extended by a length equal
to the branch length, and in the same direction (u1) resulting in a virtual current distribution in the
extended virtual branch as shown in Figure 3.3. The scattered field from the half branch is then
computed by using the scattered field from the piecewise sine current distribution on the straight
current path formed by the half branch and its virtual extension, and ignoring the scattered field
term corresponding to the virtual apex, and by dividing the scattered field contribution from the
corner point on the current path by a factor of two.
Scattered electric field expressions for a piecewise sine current distribution along half
branch 1 and its virtual extension oriented along ̅̅̅
𝑢1
𝐸𝑢1 = − 𝑗30𝐼𝑚 [

𝐸𝑣1 =

𝑗30𝐼𝑚
[(𝑢1
𝑣1

𝑒 −𝑗𝛽𝑅1
𝑅1

−𝐻

−2

−) 𝑒

as shown in Figure 3.3 are given:

′
𝑒 −𝑗𝛽𝑟
𝑒 −𝑗𝛽𝑅1
−)
cos(𝛽𝐻
+
]
′
𝑟
𝑅1

−𝑗𝛽𝑅1

𝑅1

− 2𝑢1 cos(𝛽𝐻

−) 𝑒

−𝑗𝛽𝑟

𝑟
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(3.32)

′

+

𝑒 −𝑗𝛽𝑅1
(𝑢1 + 𝐻 − ) 𝑅′ ]
1

(3.33)

In the aforementioned equations, 𝑅1 , 𝑟, and 𝑅1′ are the distances of apex1, corner point, and the
virtual apex1 from the observation point P. The scattered field expressions from current
′

distribution on half branch 1 are obtained in time compatible manner by ignoring the
scattered field term corresponding to the virtual apex, and dividing the 2

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − )
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1′

scattered

field term (scattered field contribution from the corner point on the current path) by a factor of
two. The time compatible scattered field expressions for current distribution on half branch 1
obtained after implementing the above mentioned steps are given below:
𝐸𝑢1 = − 𝑗30𝐼𝑚 [

𝐸𝑣1 =

𝑗30𝐼𝑚
[(𝑢1
𝑣1

𝑒 −𝑗𝛽𝑅1
𝑅1

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − )]
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1

− 𝐻− )

− 𝑢1 cos(𝛽𝐻 − )

(3.34)

𝑒 −𝑗𝛽𝑟
]
𝑟

(3.35)

Scattered field expressions for branch 2 are obtained in time compatible manner using a similar
procedure mentioned above, and are given by:
𝐸𝑢2 = − 𝑗30𝐼𝑚 [

𝐸𝑣2 =

𝑗30𝐼𝑚
[(𝑢2
𝑣2

𝑒 −𝑗𝛽𝑅2
𝑅2

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 + )]
𝑟

𝑒 −𝑗𝛽𝑅2
𝑅2

+ 𝐻+ )

− 𝑢2 cos(𝛽𝐻 + )

(3.36)

𝑒 −𝑗𝛽𝑟
]
𝑟

(3.37)

Scattered field expressions for branch 1 in the time domain are:
𝑅
𝛿(𝑡− 1 )

𝐸𝑢1 (𝑡) = − 30𝐼𝑚 (𝑡) ∗ [

𝐸𝑣1 (𝑡) =

30𝐼𝑚 (𝑡)∗
[(𝑢1
𝑣1

𝑐

𝑅1

− 𝐻− )

−

𝑟
𝑐

𝛿(𝑡− )
𝑟

𝑅
𝛿(𝑡− 1 )
𝑐

𝑅1

cos(𝛽0 𝐻− )]

− 𝑢1 cos(𝛽0 𝐻− )
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(3.38)

𝑟
𝑐

𝛿(𝑡− )
𝑟

]

(3.39)

Similarly, scattered field expressions for branch 2 in the time domain are given as:
𝑅
𝛿(𝑡− 2 )

𝐸𝑢2 (𝑡) = − 30𝐼𝑚 (𝑡) ∗ [

𝐸𝑣2 (𝑡) =

30𝐼𝑚 (𝑡)∗
[(𝑢2
𝑣2

𝑐

𝑅2

+ 𝐻+ )

−

𝑟
𝑐

𝛿(𝑡− )
𝑟

𝑅
𝛿(𝑡− 2 )
𝑐

𝑅2

cos(𝛽0 𝐻+ )]

− 𝑢2 cos(𝛽0 𝐻 + )

(3.40)

𝑟
𝑐

𝛿(𝑡− )
𝑟

]

(3.41)

Scattered field expressions for a dipole moment with piecewise sine current distribution
as well as dipole moment half base at corner corresponding to a branch are time-compatible as
shown in (3.29)-(3.41), and scattered fields at a desired observation point from a section are
obtained in the time-domain by superposition of scattered fields from dipole moments
corresponding to the section. In the next step, scattered fields from arbitrary shaped wire are
obtained in the time-domain by superposition of scattered fields from all sections.
Near fields from the wire produced by the dipole moment method differ from the near
fields produced by the current distribution on the wire since the virtual current corresponding to
DM half base at the corner does not exist, resulting in different near field behavior. The near fields
are found to differ over a region ~ r<=λ/10 from the section center, and this difference limits the
use of the dipole moment approach to outside of the near field region.

Figure 3.4. Region where scattered fields using dipole moment approach match fields from arbitrary shaped
wire.
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The problem of obtaining scattered fields in the time-domain from arbitrarily shaped wires has
also been discussed in [18] where equivalent currents on a mathematical surface are used to
compute scattered fields. In the following section, numerical results obtained using the proposed
method are presented for a tilted circular loop problem.

3.4 Tilted circular loop
A circular loop with diameter = 5.625 mm (3 fdtd cells), and tilted by 45 degree about
x axis is shown below in Figure 3.5. The cross section radius is

1
100

of the loop circumference. The

loop is excited by plane wave (Ei = 1V/m, θ=45o, ϕ= 45o) at f = 4 GHz as shown below. The
problem geometry involves curved and fine features, and is solved using MoM since FDTD
algorithm is not the best choice for this problem due to extremely fine mesh requirement. The field
scattered by the tilted loop is computed on observation points at the interface. Scattered field results
computed using the proposed dipole moment approach are compared to those produced by FEKO
solver along different observation lines on the interface as shown in Figure 3.5.

Figure 3.5. Problem definition for tilted circular loop.
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Comparison of numerical results obtained using proposed dipole moment approach and FEKO
solver is shown below in Figure 3.6 to Figure 3.14.
Ex field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.6. Ex field comparison for tilted circular loop along observation line 1.

Ey field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.7. Ey field comparison for tilted circular loop along observation line 1.
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Ez field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.8. Ez field comparison for tilted circular loop along observation line 1.

Scattered field results along observation line 1 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.6 to Figure 3.8.
Ex field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.9. Ex field comparison for tilted circular loop along observation line 2.
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Ey field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.10. Ey field comparison for tilted circular loop along observation line 2.

Ez field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.11. Ez field comparison for tilted circular loop along observation line 2.

Scattered field results along observation line 2 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.9 to Figure 3.11.
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Ex field comparison along observation line 3 (z=7.5 cm, x=0.75 cm):

Figure 3.12. Ex field comparison for tilted circular loop along observation line 3.

Ey field comparison along observation line 3 (z=7.5 cm, x=0.75 cm):

Figure 3.13. Ey field comparison for tilted circular loop along observation line 3.
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Ez field comparison along observation line 3 (z=7.5 cm, x=0.75 cm):

Figure 3.14. Ez field comparison for tilted circular loop along observation line 3.

Scattered field results along observation line 3 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.12 to Figure 3.14.
The comparison for scattered field results along different observation lines shows that the proposed
method provides good accuracy in results. Scattered fields from the loop obtained using the dipole
moment method are time-compatible.

3.5 Helical coil
A helical coil with base diameter = 7.5 mm (4 fdtd cells) and height = 3.75 mm is excited
by a plane wave (Ei = 1V/m, θ=45o, ϕ=45o) at f = 4 GHz as shown in Figure 3.15. The cross section
1

radius is 75 of the helix height. The problem geometry involves curved as well as fine features, and
is solved using MoM, since FDTD algorithm is not the best choice for this problem due to
extremely fine mesh requirement. The field scattered by the helical coil is computed at the interface
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nodes. Scattered field results computed using the dipole moment approach are compared to those
produced by FEKO solver along different observation lines on the interface.

Figure 3.15. Problem definition for helix.

Comparison of scattered field results obtained using dipole moment approach and FEKO solver is
shown in Figure 3.16 to Figure 3.24.
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Ex field comparison along observation line 1(z=3.75 cm, x=0.75 cm):

Figure 3.16. Ex field comparison for helix along observation line 1.

Ey field comparison along observation line 1(z=3.75 cm, x=0.75 cm):

Figure 3.17. Ey field comparison for helix along observation line 1.
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Ez field comparison along observation line 1(z=3.75 cm, x=0.75 cm):

Figure 3.18. Ez field comparison for helix along observation line 1.

Scattered field results along observation line 1 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.16 to Figure 3.18.
Ex field comparison along observation line 2 (z =7.5 cm, x=0.75 cm):

Figure 3.19. Ex field comparison for helix along observation line 2.
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Ey field comparison along observation line 2 (z=7.5 cm, x=0.75 cm):

Figure 3.20. Ey field comparison for helix along observation line 2.

Ez field comparison along observation line 2 (z =7.5 cm, x=0.75 cm):

Figure 3.21. Ez field comparison for helix along observation line 2.

Scattered field results along observation line 2 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.19 to Figure 3.21.
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Ex field comparison along observation line 3 (z =0 cm, x=0.75 cm):

Figure 3.22. Ex field comparison for helix along observation line 3.

Ey field comparison along observation line 3 (z =0 cm, x=0.75 cm):

Figure 3.23. Ey field comparison for helix along observation line 3.
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Ez field comparison along observation line 3 (z =0 cm, x=0.75 cm):

Figure 3.24. Ez field comparison for helix along observation line 3.

Scattered field results along observation line 3 obtained using the dipole moment approach agree
well with the results obtained using FEKO solver as observed in Figure 3.22 to Figure 3.24.
The comparison for scattered field results along different observation lines shows that the
proposed method provides good accuracy in results. Scattered fields from the tilted loop obtained
using the dipole moment method are time-compatible.

3.6 L shaped wire
An L shaped wire with length of each branch = 7.5 mm (4 fdtd cells), and cross section
radius

1
50

of branch length is positioned as shown in Figure 3.25. The wire is excited by a plane

wave (θ = 45o, ϕ = 45o) at f = 4 GHz. The problem geometry involves slanted wire segments with
fine features, and is solved using MoM, since FDTD algorithm is not the best choice for this
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problem due to extremely fine mesh requirement. The field scattered by the L shaped wire is
computed on observation points at the interface. Scattered field results computed using the dipole
moment approach are compared to those produced by FEKO solver along different observation
lines on the interface.

Figure 3.25. Problem definition for L shaped wire.

Comparison of scattered field results obtained using dipole moment approach and FEKO solver is
shown in Figure 3.26 to Figure 3.34.

48

Ex field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.26. Ex field comparison for L shaped wire along observation line 1.

Ey field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.27. Ey field comparison for L shaped wire along observation line 1.
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Ez field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.28. Ez field comparison for L shaped wire along observation line 1.

Scattered field results along observation line 1 obtained using the dipole moment approach have
good agreement with the results obtained using FEKO solver as observed in Figure 3.26 to Figure
3.28.Ex field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.29. Ex field comparison for L shaped wire along observation line 2.
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Ey field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.30. Ey field comparison for L shaped wire along observation line 2.

Ez field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.31. Ez field comparison for L shaped wire along observation line 2.
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Scattered field results along observation line 2 obtained using the dipole moment approach have
good agreement with the results obtained using FEKO solver as observed in Figure 3.29 to Figure
3.31.

3.7 Meandered Cross Dipole
A meandered cross dipole as shown in Figure 3.32 is positioned in yz plane with dipoles
extending 10 mm along y and z directions, and having a cross section radius equal to

1
50

of dipole

length. The two dipoles are excited by delta gap sources positioned at the middle of the dipoles,
and in phase quadrature at f = 4 GHz. The problem geometry involves meandered wire segments
with fine features, and is solved using MoM, since FDTD algorithm is not the best choice for this
problem due to extremely fine mesh requirement. The field scattered by the meandered cross
dipole is computed on observation points at the interface. Scattered field results computed using
the virtual current approach are compared to those produced by FEKO solver along different
observation lines on the interface.

Dipole 2
10 mm

Dipole 1

10 mm

Figure 3.32. Problem definition for meander cross dipole.
52

Comparison of scattered field results obtained using virtual current approach and FEKO solver is
shown below in Figure 3.33 to Figure 3.38.
Ex field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.33. Ex field comparison for meandered cross dipole along observation line 1.

Ey field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.34. Ey field comparison for meandered cross dipole along observation line 1.
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Ez field comparison along observation line 1 (z=0, x=0.75 cm):

Figure 3.35. Ez field comparison for meandered cross dipole along observation line 1.

Scattered field results along observation line 1 obtained using the virtual current approach have
good agreement with the results obtained using FEKO solver as observed in Figure 3.33 to Figure
3.35.
Ex field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.36. Ex field comparison for meandered cross dipole along observation line 2.
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Ey field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.37. Ey field comparison for meandered cross dipole along observation line 2.

Ez field comparison along observation line 2 (z=3.75 cm, x=0.75 cm):

Figure 3.38. Ez field comparison for meandered cross dipole along observation line 2.
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Scattered field results along observation line 2 obtained using the virtual current approach have
good agreement with the results obtained using FEKO solver as observed in Figure 3.36 to Figure
3.38.
The results obtained using the proposed method are in good agreement with the results
obtained from FEKO solver for different problems demonstrated. The next step is to hybridize the
scattered field solution from the MoM region with the FDTD domain. The following section
presents results obtained by hybridizing the MoM solution with the FDTD domain. The hybrid
technique is a wideband technique, and results for a wide frequency band are obtained along an
observation line. Scattered field results along an observation line obtained using the hybrid method
are compared to results from FEKO solver at different frequencies in the band.

3.8 Hybridization of MoM solution with the FDTD region for L shaped wire
3.8.1 Scattering problem
1

A tilted L shaped wire with branch lengths of 7.5 mm, and a cross section radius of 50 of
branch length is excited by a cosine modulated Gaussian pulse (range: 0-8 GHz). The time-domain
scattered field solution obtained from the MoM region is combined with the FDTD domain at the
planar interface. The incident field is a plane wave directed along z, and travelling along negative
x direction (θ = 90o, ϕ = 0o). The details of the problem are provided in Fig 3.39:
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Figure 3.39. Hybrid method problem definition for L shaped wire in the presence of finite pec sheet
(scattering problem).

The observation line starts at x = -0.75 cm (y=0, z=0), and ends at x=-7.5 cm (y=0, z=0). The
electric field along the observation line obtained using the hybrid method is compared to that
obtained from FEKO solver at different frequencies as shown.

Ez magnitude comparison at 2 GHz:

Figure 3.40. Ez magnitude comparison for L shaped wire along observation line at 2 GHz.
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Ez phase comparison at 2 GHz:

Figure 3.41. Ez phase comparison for L shaped wire along observation line at 2 GHz.

The comparison of results at 4 GHz is shown below:
Ez magnitude comparison at 4 GHz:

Figure 3.42. Ez magnitude comparison for L shaped wire along observation line at 4 GHz.
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Ez phase comparison at 4 GHz:

Figure 3.43. Ez phase comparison for L shaped wire along observation line at 4 GHz.

The comparison of results at 6 GHz is shown below:
Ez magnitude comparison at 6 GHz:

Figure 3.44. Ez magnitude comparison for L shaped wire along observation line at 6 GHz.
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Ez phase comparison at 6 GHz:

Figure 3.45. Ez phase comparison for L shaped wire along observation line at 6 GHz.

Results obtained using the hybrid method along the observation line are in good agreement with
FEKO results. The following section presents results for the transmit case.

3.8.2 Transmit case
An L shaped wire tilted by 45o with respect to x axis has branch lengths of 7.5 mm, and
a cross section radius of

1
50

of branch length. The tilted L shaped wire is excited by a delta gap

source, and the time-domain scattered field solution obtained from MoM region is combined with
FDTD region at the planar interface. The source spectrum is that of cosine modulated Gaussian
pulse (range: 0-8 GHz). The length of each branch of the wire is 7.5 mm. The details of the problem
are provided in Fig 3.46:
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Figure 3.46. Hybrid method problem definition for L shaped wire in the presence of finite pec sheet
(transmit case).

The observation line starts at x = -0.75 cm (y=0, z=0), and ends at x=-7.5 cm (y=0, z=0). The
electric field along the observation line obtained using hybrid method is compared to that obtained
from FEKO solver at different frequencies.
Ez magnitude comparison at 1 GHz:

Figure 3.47. Ez magnitude comparison for L shaped wire along observation line at 1 GHz.
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Ez phase comparison at 1 GHz:

Figure 3.48. Ez phase comparison along for L shaped wire observation line at 1 GHz.

The comparison results at 4 GHz are shown below:
Ez magnitude comparison at 4 GHz:

Figure 3.49. Ez magnitude comparison for L shaped wire along observation line at 4 GHz.
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Ez phase comparison at 4 GHz:

Figure 3.50. Ez phase comparison for L shaped wire along observation line at 4 GHz.

The comparison results at 8 GHz are shown below:
Ez magnitude comparison at 8 GHz:

Figure 3.51. Ez magnitude comparison for L shaped wire along observation line at 8 GHz.
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Ez phase comparison at 8 GHz:

Figure 3.52. Ez phase comparison for L shaped wire along observation line at 8 GHz.

Scattered field results along the observation line obtained using the hybrid method have
a good comparison with the scattered field results obtained from FEKO solver for transmit as well
as receive case (scattering problem). The maximum phase variation between hybrid method results
and FEKO solver results is 15o. The following section presents hybrid method results for a tilted
circular loop compared with FEKO solver results.

3.9 Hybridization of MoM solution with the FDTD region for tilted circular loop
3.9.1 Scattering problem
A circular loop with a diameter of 5.625 mm (3 fdtd cells), tilted by 45o with respect to y
axis, and with cross section radius of

1
100

of the loop circumference is excited by a cosine modulated

Gaussian pulse (range: 0-8 GHz), and the time-domain scattered field solution obtained from the
MoM region is combined with the FDTD domain at the planar interface. The incident field is a
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plane wave directed along z, and travelling along negative x direction (θ=90o, ϕ=0o). The interface
is located at x = -0.75 cm. The details of the problem are provided below in Fig 3.53:

Figure 3.53. Hybrid method problem definition for tilted circular loop in the presence of finite pec sheet
(scattering problem).

The observation line starts at x=-0.75 cm (y=0, z=0), and ends at x=-7.5 cm (y=0, z=0). The electric
field along the observation line obtained using the hybrid method is compared to that obtained
from FEKO solver at different frequencies as shown below:
Ez magnitude comparison at 1 GHz:

Figure 3.54. Ez magnitude comparison for tilted circular loop along observation line at 1 GHz.
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Ez phase comparison at 1 GHz:

Figure 3.55. Ez phase comparison for tilted circular loop along observation line at 1 GHz.

The comparison results at 4 GHz are shown below:
Ez magnitude comparison at 4 GHz:

Figure 3.56. Ez magnitude comparison for tilted circular loop along observation line at 4 GHz.
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Ez phase comparison at 4 GHz:

Figure 3.57. Ez phase comparison for tilted circular loop along observation line at 4 GHz.

The comparison results at 8 GHz are shown below:
Ez magnitude comparison at 8 GHz:

Figure 3.58. Ez magnitude comparison for tilted circular loop along observation line at 8 GHz.
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Ez phase comparison at 8 GHz:

Figure 3.59. Ez phase comparison for tilted circular loop along observation line at 8 GHz.

Results obtained using the hybrid method have good comparison with FEKO solver results. The
following section presents results for the transmit case.

3.9.2 Transmit case
A circular loop with a diameter of 5.625 mm (3 fdtd cells), tilted by 45o with respect to
y axis, and with cross section radius of

1
100

of the loop circumference is excited by a delta gap

source, and the time-domain scattered field solution obtained from MoM region is combined with
FDTD region at the planar interface. The interface is located at x = -0.75 cm. The source spectrum
is that of cosine modulated Gaussian pulse (range: 0-8 GHz). The details of the problem are
provided in Fig 3.60.
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Figure 3.60. Hybrid method problem definition for tilted circular loop in the presence of finite pec sheet
(transmit case).

The observation line starts at x = -0.75 cm (y=0, z=0), and ends at x=-7.5 cm (y=0, z=0). The
electric field along the observation line obtained using hybrid method is compared to that obtained
from FEKO solver at different frequencies.
Ez magnitude comparison at 1 GHz:

Figure 3.61. Ez magnitude comparison for tilted circular loop along observation line at 1 GHz.
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Ez phase comparison at 1 GHz:

Figure 3.62. Ez phase comparison for tilted circular loop along observation line at 1 GHz.

The comparison results at 4 GHz are shown below:
Ez magnitude comparison at 4 GHz:

Figure 3.63. Ez magnitude comparison for tilted circular loop along observation line at 4 GHz.
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Ez phase comparison at 4 GHz:

Figure 3.64. Ez phase comparison for tilted circular loop along observation line at 4 GHz.

The comparison results at 6 GHz are shown below:
Ez magnitude comparison at 6 GHz:

Figure 3.65. Ez magnitude comparison for tilted circular loop along observation line at 6 GHz.

71

Ez phase comparison at 6 GHz:

Figure 3.66. Ez phase comparison for tilted circular loop along observation line at 6 GHz.

Scattered field results along the observation line obtained using the hybrid method for
tilted circular loop have a good comparison with the scattered field results obtained from FEKO
solver for transmit as well as receive case (scattering problem). The maximum phase variation
between hybrid method results and FEKO solver results is 12o.
The hybrid technique utilized for multi-scale problems involving arbitrary shaped wires
provides good accuracy for both transmit as well as receive mode of operation, and at different
frequencies as demonstrated for different problems. The method used is efficient (factor>102) as
compared to the approach where inverse Fourier transform is used at the interface nodes to
compute scattered fields in the time-domain. The following chapter discusses hybrid technique for
multi-scale problems involving arbitrary shaped surfaces.
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4. Hybrid FDTD technique to handle multi-scale problems involving
arbitrary shaped surfaces
4.1 Conventional numerical techniques and limitations
Conventional numerical techniques utilized for arbitrary shaped surface problems use
Electric Field Integral Equation (EFIE) formulation [19], or Magnetic Field Integral Equation
(MFIE) formulation [20], or a combination of the EFIE and MFIE formulations viz. Combined
Field Integral Equation (CFIE) formulation [21]. All of these formulations require numerical
integration and differentiation of current on scatterer to compute scattered fields at desired
observation point(s). These formulations do not provide scattered field in closed form, and also
suffer from singularity problem when the source and observation points overlap, resulting in illconditioned matrices. Additionally, these formulations suffer from low frequency breakdown [22]
resulting in ill-conditioned matrices, and inaccurate results at low frequencies.

4.2 Novel formulation utilizing modified RWG basis function
A novel formulation is introduced to overcome the above mentioned limitations of
conventional numerical techniques. The formulation utilizes modified RWG basis functions which
provide scattered fields in the closed form, and totally avoids Green’s function singularity problem,
and therefore, does not suffer from ill-conditioning or low frequency breakdown problems. The
formulation utilizes triangular patches as mesh elements for arbitrary shaped surfaces. Each
triangle pair forms a basis function as shown in Figure 4.1 below:

Figure 4.1. Modified RWG basis function, and current distribution on a basis function current path.
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The modified RWG basis function is derived by modifying the current definition along any current
path on the basis function domain from piecewise linear for conventional RWG [19] to piecewise
sinusoidal. The piecewise sinusoidal current distribution along a current path on modified RWG
basis function domain is shown above in Figure 4.1. The basis function current is defined as:
𝐼=

𝑙𝑛

2𝐴±
𝑛

𝑠𝑖𝑛𝛽𝜌±

(4.1)

In the above equation, 𝜌+ is the distance of a point in triangle 𝑇𝑛+ from Apex 1, and 𝜌− is the
distance of a point in triangle 𝑇𝑛− from Apex 2. The positive reference for the direction of the basis
function current along a current path is assumed to be from triangle 𝑇𝑛+ to triangle 𝑇𝑛− .
The modified RWG basis function preserves the advantages of the RWG basis function,
since there is no line charge along the boundary edges, and the normal component of the current
is continuous at the common edge (non-boundary edge). The modified RWG basis function
provides scattered fields in closed-form, thus eliminating the need to integrate the Green’s function
altogether, and therefore, eliminates the singularity problem associated with the Green’s function
which is handled using a special treatment [23] when conventional RWG basis function is utilized.
Additionally, no approximation is made for the footprint of the modified RWG basis function in
contrast to when we have modified rooftop basis function [24], where the trapezoidal footprint is
approximated by a rectangular footprint. The current distribution on a current path and distance
parameters associated with an observation point P are shown in Figure 4.2.
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Figure 4.2. Current path on modified RWG basis function with piecewise sinusoidal current distribution (a)
top part, (b) bottom part, and distance parameters associated with an observation point.

The scattered field expressions from a current path on the basis function are derived below:
The basis function current on the current path is given as:
𝐼=

𝑙𝑛

2𝐴±
𝑛

𝑠𝑖𝑛𝛽𝜌± , ℎ > 0

(4.2)

ρ+ = 𝐻 + − h

(4.3)

ρ− = 𝐻 − − h

(4.4)

Consider the top part of the current path, it is assumed that the common edge point is located at
the origin of the coordinate system. The unit vector along the direction of current is u1, and v1 is
the unit vector normal to u1 and lying on the plane containing u1 and R. The observation point P
has coordinates (v1, Φ, u1) in cylindrical coordinate system. The distance parameters r, R, R1, and
R2 are defined as:
r = √𝑢12 + 𝑣12

(4.5)

𝑅 = √(𝑢1 − ℎ)2 + 𝑣12

(4.6)
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𝑅1 = √(𝑢1 − 𝐻 − )2 + 𝑣12

(4.7)

𝑅2 = √(𝑢2 − 𝐻 + )2 + 𝑣22

(4.8)

The vector potential at the observation point is given as:
𝐻 − 𝑠𝑖𝑛𝛽(𝐻 − −ℎ)𝑒 −𝑗𝛽𝑅

𝐴𝑢1 =

−
𝜇𝐼𝑚
4𝜋

∫0

𝐴𝑢1 =

−
𝜇𝐼𝑚
8𝜋𝑗

{𝑒 𝑗𝛽𝐻 ∫0

𝑅

𝐻 − 𝑒 −𝑗𝛽(𝑅+ℎ)

−

𝑅

𝑑ℎ

(4.9)

−

𝐻 − 𝑒 −𝑗𝛽(𝑅−ℎ)

𝑑ℎ − 𝑒 −𝑗𝛽𝐻 ∫0

𝑑ℎ}

𝑅

(4.10)

The magnetic field strength at point P is given as:
̅ × 𝐴⃐)∅ = − 𝜕𝐴𝑢1
𝜇𝐻∅ = (∇

(4.11)

𝜕𝑣1

𝐻∅ = −

−
𝐼𝑚
8𝜋𝑗

𝐻 − 𝜕 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
𝜕𝑣1
𝑅

−

[𝑒 𝑗𝛽𝐻 ∫0

−

𝐻 − 𝜕 𝑒 −𝑗𝛽(𝑅−ℎ)
𝜕𝑣1
𝑅

− 𝑒 −𝑗𝛽𝐻 ∫0

𝑑ℎ]

(4.12)

Consider the first term:
𝐻 − 𝜕 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
∫0 𝜕𝑣
𝑅
1

=

𝐻 − −𝑗𝛽𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)
∫0
𝑅2

1

= 𝑣 [(1 −
1

−

𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)
𝑑ℎ
𝑅3

−
𝐻 − −𝑢1
) 𝑒 −𝑗𝛽(𝑅1 +𝐻 )
𝑅1

=

− (1 +

𝑣1 𝑒 −𝑗𝛽(𝑅+ℎ)
]
𝑅(𝑅+ℎ−𝑢1 )

ℎ=𝐻 −
ℎ=0

𝑢1
) 𝑒 −𝑗𝛽𝑟 ]
𝑟

(4.13)

(4.14)

Similarly, the second term is:
𝐻 − 𝜕 −𝑒 −𝑗𝛽(𝑅−ℎ)
𝑑ℎ
𝜕𝑣1
𝑅

∫0

=

−
1
𝐻 − −𝑢1
+
) 𝑒 −𝑗𝛽(𝑅1 −𝐻 )
[(1
𝑣1
𝑅1

− (1 −

𝑢1
) 𝑒 −𝑗𝛽𝑟 ]
𝑟

(4.15)

Adding the two terms from (4.14) and (4.15), we get:
𝐼−

𝑚
𝐻∅ = − 4𝜋𝑗
[

𝑒 −𝑗𝛽𝑅1
𝑣1

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − ) −
𝑣1

𝑗𝑢1 sin(𝛽𝐻 − )
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𝑒 −𝑗𝛽𝑟
]
𝑣1 𝑟

(4.16)

The electric field is obtained from the magnetic field using the relation:
𝐸̅ =

1
𝑗𝜔𝜀

̅ × 𝐻
̅)
(∇
1

(4.17)

𝜕
(𝑣1 𝐻∅ )
𝜕𝑣
1
1

𝐸𝑢1 = 𝑗𝜔𝜀𝑣
1

(4.18)

𝜕

𝐸𝑣1 = − 𝑗𝜔𝜀 𝜕𝑢 (𝐻∅ )

(4.19)

1

Using (4.18) and (4.19), we get scattered electric field from the top part:
−
𝐸𝑢1 = −𝑗30𝐼𝑚
[

𝐸𝑣1 =

𝑒 −𝑗𝛽𝑅1
𝑅1

−
𝑗30𝐼𝑚
[(𝑢1
𝑣1

−

− 𝐻− )

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − ) −
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1

1

1

𝑗𝑢1 sin(𝛽𝐻 − )𝑒 −𝑗𝛽𝑟 (𝑟2 + 𝑗𝛽𝑟3 )]

− 𝑢1 cos(𝛽𝐻 − )

𝑒 −𝑗𝛽𝑟
𝑟

−

𝑗𝑠𝑖𝑛(𝛽𝐻 − ) −𝑗𝛽𝑟
𝑒
(𝑟𝛽𝑢12
𝛽𝑟 3

(4.20)

+ 𝑗𝑣12 )]

(4.21)

Similarly, using the same procedure for the bottom part of the current path, the scattered electric
fields from the bottom part are given as:
+
𝐸𝑢2 = −𝑗30𝐼𝑚
[

𝐸𝑣2 =

𝑒 −𝑗𝛽𝑅2
𝑅2

+
𝑗30𝐼𝑚
[(𝑢2
𝑣2

−

+ 𝐻+ )

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 + ) +
𝑟

𝑒 −𝑗𝛽𝑅2
𝑅2

1

1

𝑗𝑢2 sin(𝛽𝐻 + )𝑒 −𝑗𝛽𝑟 (𝑟2 + 𝑗𝛽𝑟3 )]

− 𝑢2 cos(𝛽𝐻 + )

𝑒 −𝑗𝛽𝑟
𝑟

+

𝑗𝑠𝑖𝑛(𝛽𝐻 + ) −𝑗𝛽𝑟
𝑒
(𝑟𝛽𝑢22
𝛽𝑟 3

(4.22)

+ 𝑗𝑣22 )]

(4.23)

The scattered fields from a current path on modified RWG basis are singular only when the
observation point coincides with one of the apex points or the common edge point, i.e. when r, or
R1, or R2 becomes zero, and fields are not singular at any other point on the current path. The
following section discusses matrix, and RHS evaluation using modified RWG basis function, and
comparison with commercial MoM solver (FEKO).
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4.3 Matrix evaluation and comparison with commercial MoM solver
The modified RWG source basis current paths and test points are shown in Figure 4.3:

Figure 4.3. Source basis function showing current paths, and test triangles with test points for modified
RWG.

The source basis function comprises of five current paths obtained by equiangular division of the
interior angle between boundary edges. The test triangle pair comprises of five test points per test
triangle corresponding to the mid points of current sub paths in triangles Tm+ and Tm-. The number
of current paths and test points for source and test triangle pairs are chosen such that the computed
matrix is converged.
The matrix elements are given by:
𝑍𝑚𝑛 = < 𝐸𝑛𝑠 , 𝑓𝑚 >

(4.24)

The RHS vector elements are given as:
𝑖
𝑉𝑚 = < 𝐸𝑚
, 𝑓𝑚 >

(4.25)

In the above equations, the inner product integral over source basis is defined as:
< 𝐸𝑛𝑠 , 𝑓𝑚 >= ∫ 𝐸𝑛𝑠 . 𝑓𝑚 𝑑𝑠

(4.26)

The matrix for a perfect electric conductor (pec) sphere problem obtained using the modified RWG
basis function is compared to the matrix obtained using FEKO solver which utilizes RWG basis
function. The problem definition is shown below:
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Figure 4.4. A

𝜆
2

diameter pec sphere at 1 GHz.

𝜆

A 2 diameter pec sphere is discretized into triangular mesh elements with an edge length
𝜆

of 10. The sphere is discretized into 214 triangles, and matrix size is 321 x 321. The matrix obtained
using modified RWG basis function is compared to the matrix obtained using FEKO solver. A
comparison of elements along different rows is shown.
Matrix comparison along row 1:

Figure 4.5. Matrix elements comparison for pec sphere along row 1.
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Matrix comparison along row 32:

Figure 4.6. Matrix elements comparison for pec sphere along row 32.

Matrix elements comparison along row 64:

Figure 4.7. Matrix elements comparison for pec sphere along row 64.
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Matrix elements comparison along row 100:

Figure 4.8. Matrix elements comparison for pec sphere along row 100.

Matrix elements comparison along row 250:

Figure 4.9. Matrix elements comparison for pec sphere along row 250.
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Matrix elements comparison along row 321:

Figure 4.10. Matrix elements comparison for pec sphere along row 321.

The matrix comparison along different rows shows that modifying the conventional RWG
basis function to modified RWG basis by perturbing the current distribution along a current path
from piecewise linear to piecewise sinusoidal results in perturbation of the RWG matrix, and we
obtain modified RWG matrix. The two matrices are different, and the degree of difference is
determined by comparing the Frobenius norm of the two matrices. The Frobenius norm of an 𝑁 ×
𝑁 square matrix A is defined as the square root of the sum of the absolute squares of its elements,
and is given as:
𝑁
2
||𝐴||𝐹 = √∑𝑁
𝑖=1 ∑𝑗=1 |𝑎𝑖,𝑗 |

(4.27)

The Frobenius norm of the modified RWG matrix is 5.82 while the value for the FEKO matrix is
4.93. The condition number of the modified RWG matrix is of the order of 102 – 103 for the
frequency range of 100 MHz – 8 GHz. The comparison of RHS vectors obtained using RWG and
modified RWG basis function at 1 GHz is shown in Figure 4.11.
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Figure 4.11. RHS vector comparison for pec sphere at 1 GHz.

The comparison of RHS vectors for pec sphere obtained using modified RWG, and RWG test
functions show that the difference between the vectors is not significant.

4.4 Modified RWG and time compatibility
The scattered field expressions provided by (4.20) – (4.23) from a current path are not
time compatible due to the presence of j term in scattered field expressions, and also sin(βH) and
cos(βH) terms which result in causality violation. Scattered fields from a current path are obtained
in time-compatible manner by using a novel approach. As a first step, the MoM problem is solved
by utilizing modified RWG basis function to obtain weight coefficients. In the next step, the
current distribution on a basis function current path is obtained using the basis function definition,
and computed weight coefficient 𝐼𝑚 .
𝐼 = 𝐼𝑚 𝑠𝑖𝑛𝛽𝜌±

(4.28)

In the next step, the current distribution on a current sub path directed along u1 is extended by a
length equal to the sub path length, and in the same direction (u1) resulting in a virtual current
distribution in the extended virtual sub path as shown in Figure 4.12. The scattered field from the
current sub path is then computed by using the scattered field from the piecewise sine current
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distribution on the straight current path formed by the current sub path and its virtual extension,
and ignoring the scattered field term corresponding to the virtual apex, and by dividing the
scattered field contribution from the common edge point on the current path by a factor of two. A
similar procedure is followed for the second sub path of the current path on modified RWG basis.

Figure 4.12. (a) Current distribution on modified RWG current path (b) Handling current sub path 1 on
modified RWG basis function using virtual current approach to obtain time compatible scattered fields.

Scattered electric field expressions for a piecewise sine current distribution along current sub path
1 and its virtual extension oriented along ̅̅̅
𝑢1 as shown in Figure 4.12 are given below:

𝐸𝑣1 =

𝑗30𝐼𝑚
[(𝑢1
𝑣1

′
𝑒 −𝑗𝛽𝑟
𝑒 −𝑗𝛽𝑅1
−)
cos(𝛽𝐻
+
]
𝑟
𝑅1′

𝑒 −𝑗𝛽𝑅1
𝑅1

−2

− 𝐻−)

𝑒 −𝑗𝛽𝑅1
𝑅1

𝐸𝑢1 = − 𝑗30𝐼𝑚 [

− 2𝑢1 cos(𝛽𝐻 − )

𝑒 −𝑗𝛽𝑟
𝑟

(4.29)

+ (𝑢1 + 𝐻 − )

′

𝑒 −𝑗𝛽𝑅1
]
𝑅1′

(4.30)

In the above equations, 𝑅1 , 𝑟, and 𝑅1′ are the distances of apex1, common edge point, and the virtual
apex1 from the observation point P. The scattered field expressions from current distribution on
′

sub path 1 are obtained in time compatible manner by ignoring the
corresponding to the virtual apex, and dividing the 2
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𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − )
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1′

scattered field term

scattered field term (scattered

field contribution from the common edge point on the current path) by a factor of two. The time
compatible scattered field expressions for current distribution on sub path 1 obtained after
implementing the above mentioned steps are given below:
𝐸𝑢1 = − 𝑗30𝐼𝑚 [

𝐸𝑣1 =

𝑗30𝐼𝑚
[(𝑢1
𝑣1

𝑒 −𝑗𝛽𝑅1
𝑅1

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 − )]
𝑟

𝑒 −𝑗𝛽𝑅1
𝑅1

− 𝐻− )

− 𝑢1 cos(𝛽𝐻 − )

(4.31)

𝑒 −𝑗𝛽𝑟
]
𝑟

(4.32)

Scattered field expressions for sub path 2 are obtained in time compatible manner using a similar
procedure mentioned above, and are given by:
𝐸𝑢2 = − 𝑗30𝐼𝑚 [

𝐸𝑣2 =

𝑗30𝐼𝑚
[(𝑢2
𝑣2

𝑒 −𝑗𝛽𝑅2
𝑅2

−

𝑒 −𝑗𝛽𝑟
cos(𝛽𝐻 + )]
𝑟

𝑒 −𝑗𝛽𝑅2
𝑅2

+ 𝐻+ )

− 𝑢2 cos(𝛽𝐻 + )

(4.33)

𝑒 −𝑗𝛽𝑟
]
𝑟

(4.34)

Scattered field expressions for sub path 1 in the time domain are given as:
𝑅
𝛿(𝑡− 1 )

𝐸𝑢1 (𝑡) = − 30𝐼𝑚 (𝑡) ∗ [

𝐸𝑣1 (𝑡) =

30𝐼𝑚 (𝑡)∗
[(𝑢1
𝑣1

𝑐

𝑅1

− 𝐻− )

−

𝑟
𝑐

𝛿(𝑡− )
𝑟

𝑅
𝛿(𝑡− 1 )
𝑐

𝑅1

cos(𝛽0 𝐻− )]

− 𝑢1 cos(𝛽0 𝐻− )

(4.35)

𝑟
𝑐

𝛿(𝑡− )
𝑟

]

(4.36)

Scattered field expressions for sub path 2 in the time domain are given as:
𝑅
𝛿(𝑡− 2 )

𝐸𝑢2 (𝑡) = − 30𝐼𝑚 (𝑡) ∗ [

𝑐

𝑅2

−

𝑟
𝑐

𝛿(𝑡− )
𝑟

cos(𝛽0 𝐻+ )]
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(4.37)

𝐸𝑣2 (𝑡) =

30𝐼𝑚 (𝑡)∗
[(𝑢2
𝑣2

+ 𝐻+ )

𝑅
𝛿(𝑡− 2 )
𝑐

𝑅2

− 𝑢2 cos(𝛽0 𝐻 + )

𝑟
𝑐

𝛿(𝑡− )
𝑟

]

(4.38)

Scattered fields from current sub paths on modified RWG basis obtained using (4.31) –
(4.34) corresponding to the virtual current approach differ from the near fields given by (4.20) –
(4.23) since the scattered field expressions are different. The scattered field expressions (4.20) –
1

1

(4.23) include 𝑟 2 and 𝑟 3 terms which are not present in (4.31) – (4.34). The fields scattered by the
RWG basis function current on a current path exhibit a fictitious singularity type of behavior in
the near region which results in inaccuracies in the near fields. The fields obtained using RWG
basis function are used as a reference outside the near field region to compare with the fields
obtained using modified RWG basis function and the virtual current approach.

Figure 4.13. Region where scattered fields obtained using the virtual current approach match RWG fields.

In the following section, the accuracy of the proposed formulation is demonstrated by comparing
scattered field results for different problems obtained using the formulation with results obtained
using commercial MoM code (FEKO solver).

4.5 Scattering from a trapezoid shaped pec plate
A pec trapezoid shaped plate in xy plane, and centered at origin is excited by a plane wave
(Ei = 1 V/m, θ= 45o, ϕ= 45o) at f = 4 GHz, and the scattered fields are computed along observation
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lines as shown below in Figure 4.14. All observation lines lie on the planar interface where
scattered field solution from the MoM region is combined with the FDTD region.

Figure 4.14. Problem definition for scattering from trapezoidal shaped pec plate.

Scattered fields obtained using the proposed formulation are compared to the corresponding values
obtained using commercial MoM solver (FEKO). The comparison of different field components
along observation lines is shown.
Interface Ex field comparison along observation line 1 (x=0, z=0.9375 cm):

Figure 4.15. Scattered Ex field comparison for trapezoid plate problem along observation line 1.
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Interface Ey field comparison along observation line 1(x=0, z=0.9375 cm):

Figure 4.16. Scattered Ey field comparison for trapezoid plate problem along observation line 1.

Interface Ez field comparison along observation line 1(x=0, z=0.9375 cm):

Figure 4.17. Scattered Ez field comparison for trapezoid plate problem along observation line 1.
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Interface Ex field comparison along observation line 2 (x=3.75 cm, z=0.9375 cm):

Figure 4.18. Scattered Ex field comparison for trapezoid plate problem along observation line 2.

Interface Ey field comparison along observation line 2 (x=3.75 cm, z=0.9375 cm):

Figure 4.19. Scattered Ey field comparison for trapezoid plate problem along observation line 2.

Interface Ez field comparison along observation line 2 (x=3.75 cm, z=0.9375 cm):

Figure 4.20. Scattered Ez field comparison for trapezoid plate problem along observation line 2.
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Scattered field components along observation lines on the interface obtained using the
proposed formulation provide good comparison with the corresponding values obtained using the
commercial MoM code. The accuracy of scattered Ey and Ez components along observation line 1
is different compared to FEKO results in the region corresponding to nodes 55-70 (y=-1.125 cm
to 1.6875 cm; x=0, z=0.9375 cm), this region corresponds to the region where near fields from the
two approaches don’t match. Results for the scattering problem from a pec sphere are discussed in
the following section.

4.6 Scattering from a pec sphere
𝜆

A pec sphere of diameter 2 is excited by a plane wave (Ei = 1 V/m, θ= 45o, ϕ= 45o) at f =
4 GHz and the scattered fields are computed along observation lines as shown below in Figure
4.21. The observation lines lie on the interface where scattered field solution from the MoM region
is combined with the FDTD region.

Figure 4.21. Problem definition for scattering from pec sphere.
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Scattered fields obtained using the proposed formulation are compared to the corresponding values
obtained using commercial MoM solver (FEKO). The comparison of different field components
along observation lines is shown.
Interface Ex field comparison along observation line 1 (x=0, z=2.625 cm):

Figure 4.22. Scattered Ex field comparison for sphere problem along observation line 1.

Interface Ey field comparison along observation line 1(x=0, z=2.625 cm):

Figure 4.23. Scattered Ey field comparison for sphere problem along observation line 1.
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Interface Ez field comparison along observation line 1(x=0, z=2.625 cm):

Figure 4.24. Scattered Ez field comparison for sphere problem along observation line 1.

Interface Ex field comparison along observation line 2 (x=3.75 cm, z=2.625 cm):

Figure 4.25. Scattered Ex field comparison for sphere problem along observation line 2.

Interface Ey field comparison along observation line 2 (x=3.75 cm, z=2.625 cm):

Figure 4.26. Scattered Ey field comparison for sphere problem along observation line 2.
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Interface Ez field comparison along observation line 2 (x=3.75 cm, z=2.625 cm):

Figure 4.27. Scattered Ez field comparison for sphere problem along observation line 2.

The scattered field components computed along observation lines on the interface using
the proposed formulation have good comparison with the corresponding values obtained using the
commercial MoM code. The accuracy of scattered Ez component along observation line 1 is
different compared to FEKO results in the region corresponding to nodes 55-73 (y=-1.125 cm to
2.25 cm; x=0, z=0.9375 cm), this region corresponds to the region where near fields from the two
approaches don’t match. Results for observation line 2 differ in this region. Results for a wire and
pec plate problem in transmit mode are discussed in the following section.

4.7 Wire and pec plate problem
A wire and pec plate structure is excited by a voltage gap source located at the wire – plate
junction. The wire is oriented along z, has a length of 3.75 mm, and a cross section radius equal to
1
50

of the wire length. The pec square plate is centered at origin, and has a side length of

𝜆
2

at 4

GHz (3.75 cm). Scattered fields are computed along observation lines as shown in Figure 4.28.
The observation lines lie on the interface where scattered field solution from the MoM region is
combined with the FDTD region.
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Figure 4.28. Problem definition for scattering from wire and pec plate.

Scattered fields obtained using the proposed formulation are compared to the corresponding values
obtained using commercial MoM solver (FEKO). The comparison of different field components
along the observation lines is shown.
Interface Ex field comparison along observation line 1(x=0, z=0.75 cm):

Figure 4.29. Scattered Ex field comparison for wire and pec plate problem along observation line 1.

94

Interface Ez field comparison along observation line 1(x=0, z=0.75 cm):

Figure 4.30. Scattered Ez field comparison for wire and pec plate problem along observation line 1.

Interface Ex field comparison along observation line 2 (x=3.75 cm, z=0.75 cm):

Figure 4.31. Scattered Ex field comparison for wire and pec plate problem along observation line 2.
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Interface Ez field comparison along observation line 2 (x=3.75 cm, z=0.75 cm):

Figure 4.32. Scattered Ez field comparison for wire and pec plate problem along observation line 2.

Interface Ex field comparison along observation line 3 (x=7.5 cm, z=0.75 cm):

Figure 4.33. Scattered Ex field comparison for wire and pec plate problem along observation line 3.
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Interface Ez field comparison along observation line 3 (x=7.5 cm, z=0.75 cm):

Figure 4.34. Scattered Ez field comparison for wire and pec plate problem along observation line 3.

The scattered field components along observation lines on the interface obtained using the
proposed formulation have good comparison with the corresponding values obtained using the
commercial MoM code. Results for a wire and pec sphere problem in transmit mode are discussed
in the following section.

4.8 Wire and pec sphere problem
A wire and pec sphere structure is excited by a voltage gap source positioned at the
middle of wire. The wire is oriented along z, has a length of 3.75 mm, and a cross section radius
1

equal to 50 of the wire length. The pec sphere is centered at origin, and has a diameter of

𝜆
2

at 4

GHz (3.75 cm). Scattered fields are computed along observation lines as shown in Figure 4.35.
These observation lines lie on the interface where scattered field solution from the MoM region is
combined with the FDTD region.
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Figure 4.35. Problem definition for scattering from wire and pec sphere.

Scattered fields obtained using the proposed formulation are compared to the corresponding values
obtained using commercial MoM solver (FEKO). The comparison of different field components
along the observation lines is shown.
Interface Ex field comparison along observation line 1(x=0, z=3 cm):

Figure 4.36. Scattered Ex field comparison for wire and pec sphere problem along observation line 1.
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Interface Ez field comparison along observation line 1(x=0, z=3 cm):

Figure 4.37. Scattered Ez field comparison for wire and pec sphere problem along observation line 1.

Interface Ex field comparison along observation line 2 (x=3.75 cm, z=3 cm):

Figure 4.38. Scattered Ex field comparison for wire and pec sphere problem along observation line 2.
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Interface Ez field comparison along observation line 2 (x=3.75 cm, z=3 cm):

Figure 4.39. Scattered Ez field comparison for wire and pec sphere problem along observation line 2.

The scattered field components along observation lines on the interface obtained using the
proposed formulation have good comparison with the corresponding values obtained using the
commercial MoM code. Results along observation line 1 differ, since line 1 has observation points
in the region where near fields from the two approaches differ. The next step is to hybridize the
solution from the MoM region with the FDTD domain for a multi-scale problem. The following
section discusses results obtained using the hybrid method for a helical antenna with ground plate.

4.9 Hybridization of MoM solution with the FDTD region for helical antenna with
ground plate
A helical antenna with circular ground plate is excited by a delta gap source with cosine
modulated Gaussian pulse spectrum (0 – 8 GHz) as shown below in Figure 4.40. The helix has 4
turns, a base diameter of 3.62 cm, and a height of 1.2 cm. The cross section radius of helical wire
is

1
100

of the helix height. The ground plate diameter is 10.2 cm. A pec plate is positioned at a

distance of 7.5 cm along z from the interface located in xy plane. The time-domain scattered field
solution obtained from the MoM region is combined with the FDTD region at the planar interface.
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Figure 4.40. Hybrid problem for helical antenna with ground plate.

The observation line starts at (x=0, y=0, z=0), and ends at (x=0, y=0, z=7.5 cm). The steps to
obtain hybrid FDTD method results are listed:
1. The pec ground plate utilizes modified RWG basis function, and helical wire utilizes
piecewise sine basis function to solve for the MoM problem with a delta gap excitation.
2. Weight coefficients are computed for piecewise sine basis functions corresponding to the
wire and for modified RWG basis functions corresponding to the ground plate over the
desired frequency range of 0-8 GHz with 201 frequency samples.
3. The current distribution on the wire and ground plate is obtained using the basis function
definition and computed weight coefficients over the desired frequency range.
4. The current distribution on the sub path corresponding to a current path is extended in the
same direction (u1) by considering a virtual current distribution in the virtual half sub path
as shown in Figure 4.12. The scattered field from the current sub path is then computed
using the scattered field from the piecewise sine current distribution on the straight current
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path formed by the current sub path and its virtual extension by ignoring the scattered field
term corresponding to the virtual apex, and dividing the scattered field term from the
common edge point on the current path by a factor of two. This procedure is repeated for
the other sub path of a current path on the basis function.
5. The procedure mentioned above in step 4 is repeated for all five current paths on the basis
function to obtain time compatible scattered fields at desired observation points from
current paths on the basis function.
6. Scattered field components from the wire at observation points on the interface are
computed using a procedure similar to the procedure described in steps 4 and 5 to handle
bent current path. The wire is handled using one half basis current path starting at wire end
point, and ending at the junction of wire and plate, and using its virtual extension. The
weight coefficient of the half basis current is found by matching the far fields produced by
the current distribution on the wire, and that produced by the half basis current. The timedomain scattered field expressions provided by (4.34) – (4.37) are used to compute
scattered fields from the half basis current corresponding to the wire at observation points
in the time domain.
7. Scattered field components from the pec ground at observation points on the interface are
computed using the time-domain scattered field expressions corresponding to a current
path on modified RWG basis function obtained using steps 4 and 5, and by using
superposition of scattered fields from all current paths corresponding to a basis function,
and then using this procedure to superimpose scattered fields from all basis functions.
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8. Scattered field components at interface nodes from the helical wire and ground plate are
then computed by superposition of scattered fields from the wire and the ground plate in
the time-domain.
The scattered field results obtained using hybrid FDTD method are compared to FEKO solver
results along the observation line at different frequencies as shown below:
Ex magnitude along observation line at 1 GHz:

Figure 4.41. Ex magnitude comparison for helix with ground along observation line at 1 GHz.

Ex phase along observation line at 1 GHz:

Figure 4.42. Ex phase comparison for helix with ground along observation line at 1 GHz.
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Ey magnitude along observation line at 1 GHz:

Figure 4.43. Ey magnitude comparison for helix with ground along observation line at 1 GHz.

Ey phase along observation line at 1 GHz:

Figure 4.44. Ey phase comparison for helix with ground along observation line at 1 GHz.
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Ez magnitude along observation line at 1 GHz:

Figure 4.45. Ez magnitude comparison for helix with ground along observation line at 1 GHz.

Ez phase along observation line at 1 GHz:

Figure 4.46. Ez phase comparison for helix with ground along observation line at 1 GHz.
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Ex magnitude along observation line at 4 GHz:

Figure 4.47. Ex magnitude comparison for helix with ground along observation line at 4 GHz.

Ex phase along observation line at 4 GHz:

Figure 4.48. Ex phase comparison for helix with ground along observation line at 4 GHz.
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Ey magnitude along observation line at 4 GHz:

Figure 4.49. Ey magnitude comparison for helix with ground along observation line at 4 GHz.

Ey phase along observation line at 4 GHz:

Figure 4.50. Ey phase comparison for helix with ground along observation line at 4 GHz.
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Ez magnitude along observation line at 4 GHz:

Figure 4.51. Ez magnitude comparison for helix with ground along observation line at 4 GHz.

Ez phase along observation line at 4 GHz:

Figure 4.52. Ez phase comparison for helix with ground along observation line at 4 GHz.
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Ex magnitude along observation line at 8 GHz:

Figure 4.53. Ex magnitude comparison for helix with ground along observation line at 8 GHz.

Ex phase along observation line at 8 GHz:

Figure 4.54. Ex phase comparison for helix with ground along observation line at 8 GHz.

109

Ey magnitude along observation line at 8 GHz:

Figure 4.55. Ey magnitude comparison for helix with ground along observation line at 8 GHz.

Ey phase along observation line at 8 GHz:

Figure 4.56. Ey phase comparison for helix with ground along observation line at 8 GHz.
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Ez magnitude along observation line at 8 GHz:

Figure 4.57. Ez magnitude comparison for helix with ground along observation line at 8 GHz.

Ez phase along observation line at 8 GHz:

Figure 4.58. Ez phase comparison for helix with ground along observation line at 8 GHz.

The scattered field results obtained using the hybrid method at different frequencies are in
good agreement with the corresponding results obtained using FEKO solver. The accuracy of the
hybrid method is best at the center frequency (4 GHz) of the frequency band since the phase
constant 𝛽 is equal to 𝛽0 at the center frequency, and has a maximum deviation of less than 10%
at lower frequency of 1 GHz and at high frequency of 8 GHz when compared to the accuracy at
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center frequency of 4 GHz. Results are shown for a frequency range for which the maximum
deviation in accuracy is less than 10% from the accuracy at the center frequency of the band. The
method used is efficient (factor>102) as compared to the approach where inverse Fourier transform
is used at the interface nodes to compute scattered fields in the time-domain. The following chapter
discusses novel finite difference method to obtain capacitance matrices for multi-conductor
problems involving arbitrary shaped conductors and conductors coated with thin dielectric
layer(s).
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5. Novel Finite-Difference method to compute capacitance matrices for
arbitrary shaped and coated multi-conductor problems
The chapter discusses computation of capacitance matrices for multi-conductor problems,
both - without and with dielectric coating. Finite difference algorithm is used to solve Laplace’s
equation [25] for potential distribution in the computational domain. Quadratic interpolation of
potential has been used in conjunction with finite-difference (FD) algorithm to handle problems
where conductor boundaries do not align with the grid lines. The use of quadratic interpolation
provides the advantage of using a coarse or regular mesh for arbitrary shaped conductors, thus
avoiding the need to use a fine mesh. The following sections detail the solution process using FD
algorithm for a given problem.

5.1 Conventional FD code and limitations
The computational domain for the problem is defined. The domain is meshed with desired
level of discretization depending upon the accuracy desired. The finite-difference algorithm is
utilized to solve the Laplace’s equation for potential distribution in 2-dimensions.
The Laplace’s equation is given as:
∇2 ∅ = 0

(5.1)

The two dimensional stencil used to solve Laplace’s equation using finite-difference algorithm is
shown below in Figure 5.1. A uniform discretization is used in two dimensions.

Figure 5.1. Two dimensional stencil for finite-difference algorithm.
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The Laplace’s equation using finite difference method for node 1 is:
(∅(3)−∅(1))−(∅(1)−∅(2))
2

+

(∅(5)−∅(1))−(∅(1)−∅(4))
2

=0

(5.2)

The equation (5.2) above is simplified as:
∅(1) =

∅(2) + ∅(3) + ∅(4) + ∅(5)

(5.3)

4

Potential values at nodes in the computational domain are obtained by using (5.3), and boundary
conditions. The conventional FD algorithm uses a staircase approximation for curved geometries
where conductor boundaries do not align with the mesh grid lines. A fine mesh must be used to
obtain good accuracy when handling curved geometries. This, in turn, typically increases the
computational cost by a large factor.

5.2 Boundary conditions for FD algorithm
𝑑𝑣

Typical boundary conditions utilized by the FD algorithm are 𝑣 = 0, 𝑑𝑛 = 0, and the
absorbing boundary condition. The 𝑣 = 0 boundary condition is used for PEC mesh truncation,
while

𝑑𝑣
𝑑𝑛

= 0 condition is used for PMC-type mesh truncation. A new absorbing boundary

condition has been proposed to mimic the free- space region outside the computational domain. It
is based on a quadratic extrapolation algorithm as described below:

Figure 5.2. Proposed absorbing boundary condition for the FD algorithm.
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5.3 Handling Non-Cartesian Geometries
Handling curved geometries or geometries for which the grid lines do not coincide with
the geometrical boundaries of the conductors is discussed below.
For the scenario where the geometrical boundary nodes do not coincide with the FD grid nodes,
the FD grid nodes adjacent to the geometrical boundary nodes are handled separately by using a
quadratic interpolation. The potentials at these special nodes (node 2 in Figure 5.3) is expressed in
terms of the potentials at nodes 1, 3, and 4 by using the Lagrange’s quadratic interpolation formula,
as shown in Figure 5.3.

(5.

Figure 5.3. Handling non-cartesian geometries using Lagrange quadratic interpolation.

In (5.4), Δp is the distance between the special node (node 2) and the node on conductor surface
(node 1), Δx is the distance between regular FD grid nodes.

5.4 Handling Dielectric coated structures
Dielectric coated conductors for which analytical solution does not exist are handled by
using “interface” condition applied to the dielectric interfaces combined with quadratic
interpolation in the free- space region.
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Note: Interpolation is not used in the dielectric region because certain electric field components
are discontinuous at the interfaces.

Figure 5.4. Handling generic one layer dielectric coated structures.

Step 1: We express the potential at node 1 in terms of the potential at nodes 1*, and the known
potential ‘V’. Boundary condition at node 1* is used.
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Step 2: We express the potential at node 1* in terms of potential at nodes 1, 2, and 3 using quadratic
interpolation.

Interpolation is used only for the special nodes in the air region, and not inside the dielectric
regions.

Handling two-layer dielectric coated structures
Consider the case of the two-layer dielectric coating on a metal surface, as shown below
in Figure 5.5:

Figure 5.5. Handling two-layer dielectric coated structures.
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Boundary condition at interface-1 (between dielectric layer-1 and -2) is given as:

εr1

∅(𝑃)−∅(𝑄)
𝑡1

= εr2

∅(𝑄)−∅(𝑅)

(5.12)

𝑡2

The above equation (5.12) is used to express ∅(𝑄) in terms of ∅(𝑃) (known potential) and ∅(𝑅).
Boundary condition at interface-2 (between dielectric layer-2 and free space) is given as:

εr2

∅(𝑄)−∅(𝑅)
𝑡2

=

∅(𝑅)−∅(1)

(5.13)

∆𝑝

The above equation (5.13) is used to express ∅(𝑅) in terms of ∅(𝑄) and ∅(1):
In the next step, we express ∅(𝑅) in terms of ∅(1) as:
∅(𝑅) = 𝑎∅(1) + 𝑏

(5.14)

In the above equation, 𝑎 and 𝑏 are constants that are determined by using (5.12) and (5.13).
The “special node-1” outside the dielectric region is handled by using the quadratic interpolation:
(𝛥𝑥)(2𝛥𝑥)

(𝛥𝑝)(2𝛥𝑥)

(𝛥𝑝)(𝛥𝑥)

ɸ(1) = ((𝛥𝑥+𝛥𝑝)(2𝛥𝑥+𝛥𝑝)) ɸ(𝑅) + ((𝛥𝑥+𝛥𝑝)(𝛥𝑥)) ɸ(2) − ((2𝛥𝑥)(𝛥𝑥)) ɸ(3)

(5.15)

Substituting (5.14) in (5.15) gives:
(𝛥𝑥)(2𝛥𝑥)

(𝛥𝑝)(2𝛥𝑥)

(𝛥𝑝)(𝛥𝑥)

ɸ(1) = ((𝛥𝑥+𝛥𝑝)(2𝛥𝑥+𝛥𝑝)) (𝑎∅(1) + 𝑏) + ((𝛥𝑥+𝛥𝑝)(𝛥𝑥)) ɸ(2) − ((2𝛥𝑥)(𝛥𝑥)) ɸ(3)

(5.16)

5.5 Capacitance Calculation
Numerical computation of enclosed charge on conductors is used to find the capacitance
matrix. Rectangular or square contours are used to find the normal component of the displacement
vector at each grid point on the contour. Summation of these dot products of D and the normal to
the contour yields the enclosed charge. The enclosed charge is used to find the capacitance by
solving a system of linear equations:
𝑄𝑖 = 𝐶𝑖1 ∅1 + 𝐶𝑖2 ∅2 + ⋯ + 𝐶𝑖𝑛 ∅𝑛

(5.17)
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In the above equation, 𝑄𝑖 is the charge on the ith conductor for an n-conductor problem, and ∅1 , ∅2
, … ∅𝑛 are the potentials of conductors.

5.6 Handling narrow channel region between coated trapezoid traces
A narrow channel region between coated trapezoid traces is shown in Figure 5.6 below.
The narrow channel is handled using a special treatment.

Figure 5.6. Narrow channel region between coated traces.

The narrow channel region between coated traces is handled by representing it as a stair cased
coated parallel plate region as shown below in Figure 5.7, and by solving for potential distribution
in each coated parallel plate. Therefore, the potential values at nodes in the channel region are
obtained using solution of coated parallel plate (for each staircase) and quadratic interpolation is
not used.

Figure 5.7. Handling narrow channel as stair cased coated parallel plate region.
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This special treatment allows for accurate solution for potential distribution in narrow channel
regions between slanted sides of coated traces where sufficient nodes to implement quadratic
interpolation are not available.

5.7 Numerical results and accuracy test
The accuracy of the proposed approach is demonstrated for different problems. A coated
parallel plate with two dielectric layers is shown below.

5.7.1 Parallel plate capacitor with 2 layer dielectric coating on one conductor
Two parallel conductors are placed a distance of 6 units, and one conductor is coated with
2 different dielectric layers as shown below. Conductor 1 is assigned a potential of 1 V, and
conductor 2 is assigned a potential of 0 V.

Figure 5.8. Coated parallel plate with two dielectric layer coating.

The potential distribution obtained using the proposed method is shown in Figure 5.9.
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Figure 5.9. Potential distribution for 2 dielectric layer coated parallel plate.

The comparison of potential distribution obtained using the FD method, and analytical solution is
shown along an observation line in Figure 5.10.

Figure 5.10. Potential variation comparison along an observation line for 2 layer coated parallel plate.
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The electric field distribution obtained using the proposed method is shown below in Figure 5.11.

Figure 5.11. Electric field distribution for 2 dielectric layer coated parallel plate.

The electric field vector plot is shown below in Figure 5.12.

Figure 5.12. Electric field vector plot for 2 dielectric layer coated infinite parallel plate.

The charge density at the middle of the 0-Volt plate obtained from the FD solution of a
finite plate problem provides an accurate estimate of the charge density on an infinitely long
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parallel plate system, provided the center of the plate where the charge is computed is sufficiently
far from the edges, so that the fringing effects can be neglected. The analytical solution is compared
to the result obtained using FD method as shown below in Table I.
Table I. FD method results comparison with analytical result for 2 layer coated parallel plate.

The electric field distribution used to compute result for finite plate problem is shown below in
Figure 5.13.

Figure 5.13. Electric field distribution for 2 dielectric layer coated finite plate problem.
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The capacitance result for the finite plate problem obtained using the FD method is compared to
the result obtained using Ansys 2D extractor. The problem definition in Ansys 2D Extractor is
shown below in Figure 5.14, and comparison of results is shown in Table II.

Figure 5.14. Coated parallel plate capacitor problem defined in Ansys 2D Extractor.
Table II. Capacitance result comparison for 2 dielectric layer coated finite plate problem.

The comparison of results obtained using FD method and analytical solution for the infinite
2 layer coated parallel plate problem shows that results obtained using the FD method have very
good accuracy.
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5.7.2 Three-conductor trapezoidal trace problem with two-layer dielectric coating
Three trapezoid shaped traces are coated with 2 different dielectric layers, and positioned
as shown below in Figure 5.15. The computational domain size is 60 x 60 cells, and dimensions
of the coated conductors are shown. Conductors are assigned a potential sequence of (1 V, 0 V, 0
V), (0 V, 1 V, 0 V), and (0 V, 0 V, 1 V) to compute capacitance matrix elements.

Figure 5.15. Two dielectric layer coated, 3 trapezoid shaped conductor problem.

The potential distribution in computational domain for the (1 V, 0 V, 0 V) excitation sequence is
shown below in Figure 5.16.

Figure 5.16. Potential distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (1 V, 0 V, 0 V) excitation sequence.
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The potential distribution is used to compute the electric field distribution in the computational
domain as shown below in Figure 5.17. Summation of normal component of displacement vector
along contour nodes provides charge on enclosed conductor(s).

Figure 5.17. Electric field distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (1 V, 0 V, 0 V) excitation sequence.

Self-capacitance C11 is found using the computed enclosed charge from the contour enclosing only
conductor 1. The potential distribution in the computational domain for the (0 V, 1 V, 0 V)
excitation sequence is shown below in Figure 5.18.

Figure 5.18. Potential distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (0 V, 1 V, 0 V) excitation sequence.
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The potential distribution for the excitation sequence is used to compute the electric field
distribution in the computational domain as shown below in Figure 5.19.

Figure 5.19. Electric field distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (0 V, 1 V, 0 V) excitation sequence.

Self-capacitance C22 is found by using the computed enclosed charge from the contour enclosing
only conductor 2. The potential distribution in the computational domain for the (0 V, 0 V, 1 V)
excitation sequence is shown below in Figure 5.20.

Figure 5.20. Potential distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (0 V, 0 V, 1 V) excitation sequence.
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The potential distribution for the excitation sequence is used to compute the electric field
distribution in the computational domain as shown below in Figure 5.21.

Figure 5.21. Electric field distribution in the computational domain for the 3 conductor, 2 dielectric layer
coating problem with (0 V, 0 V, 1 V) excitation sequence.

Self-capacitance C33 is found using the computed enclosed charge from the contour enclosing only
conductor 3.
The problem is solved using Ansys 2D Extractor, and Ansys Q3D solver to compare results
obtained using the FD algorithm. The problem definition for the Ansys 2D Extractor, and Ansys
Q3D solver is shown in Figure 5.22 and Figure 5.23 respectively.
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Figure 5.22. Ansys 2D problem definition for the 2 dielectric layer coated, 3 trapezoid shaped conductors.

Figure 5.23. Ansys 3D problem definition for the 2 dielectric layer coated, 3 trapezoid shaped conductors.

The comparison of results obtained using the FD method with Ansys 2D, and Ansys 3D values is
shown in Table III.
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Table III. Results comparison for the 2 dielectric layer coated, 3 trapezoid shaped conductors problem.

The values obtained using the FD method are close to the corresponding values obtained using
Ansys 2D Extractor, and Ansys Q3D solver, and the maximum percentage difference is 2.34%. A
comparison of the time resources utilized for coarse mesh, and 2x fine mesh discretization used
for FD method is shown below in Table IV.
Table IV. Time resource comparison for coarse and 2x fine mesh discretization in FD method.

The time resource comparison shows that the computational cost for 2x fine mesh in terms
of time is > 4 times the computational cost for the coarse mesh, while there is negligible difference
in results obtained for the two cases as shown in Table III. This comparison provides an important
observation that accurate results are obtained with coarse mesh setting using the FD algorithm in
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conjunction with quadratic interpolation for problems where conductor boundaries don’t align with
grid nodes, and fine mesh is not required.
5.7.3 Three trapezoid traces between top and bottom ground with two layer

dielectric coating, and narrow channel between coated slanted sides
Three trapezoid shaped traces are coated with 2 different dielectric layers, and positioned
between top and bottom ground conductors as shown below in Figure 5.24. A narrow channel
exists in between the trapezoid conductors, and a special treatment is used to handle the narrow
channel as discussed in 5.8. The computational domain size is 60 x 42 cells, and dimensions of the
coated conductors are shown. Conductors are assigned a potential sequence of (1 V, 0 V, 0 V), (0
V, 1 V, 0 V), and (0 V, 0 V, 1 V) to compute capacitance matrix elements.

Figure 5.24. Problem definition for 2 dielectric layer coated, 3 trapezoid shaped conductors between top
and bottom ground, with narrow channel between trapezoid conductors.

The potential distribution in computational domain for the (0 V, 1 V, 0 V) excitation sequence for
trapezoid conductors is shown in Figure 5.25.
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Figure 5.25. Potential distribution in the computational domain for the 2 dielectric layer coating, 3
trapezoid conductors between top and bottom ground problem with (0 V, 1 V, 0 V) excitation sequence.

The potential distribution for the excitation sequence is used to compute the electric field
distribution in the computational domain as shown in Figure 5.26.

Figure 5.26. Electric field distribution in the computational domain for the 2 dielectric layer coating, 3
trapezoid conductors between top and bottom ground problem with (0 V, 1 V, 0 V) excitation sequence.
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Self-capacitance C22 is found by using the computed enclosed charge from the contour enclosing
only conductor 2. The potential distribution in the computational domain for the (1 V, 0 V, 0 V)
excitation sequence for trapezoid conductors is shown below in Figure 5.27.

Figure 5.27. Potential distribution in the computational domain for the 2 dielectric layer coating, 3
trapezoid conductors between top and bottom ground problem with (1 V, 0 V, 0 V) excitation sequence.

The potential distribution for the excitation sequence is used to compute the electric field
distribution in the computational domain as shown in Figure 5.28.

Figure 5.28. Electric field distribution in the computational domain for the 2 dielectric layer coating, 3
trapezoid conductors between top and bottom ground problem with (1 V, 0 V, 0 V) excitation sequence.
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Self-capacitance C11 is found by using the computed enclosed charge from the contour enclosing
only conductor 1.
The problem is solved using Ansys 2D Extractor, and Ansys Q3D solver to compare with results
obtained using the FD algorithm. The problem definition, and results obtained for the Ansys 2D
Extractor, and Ansys Q3D solver are shown in Figure 5.29 and Figure 5.30 respectively.

Figure 5.29. Ansys 2D problem definition for the 2 dielectric layer coated, 3 trapezoid shaped conductors
with narrow channel between trapezoid conductors.

Figure 5.30. Ansys 3D problem definition for the 2 dielectric layer coated, 3 trapezoid shaped conductors
with narrow channel between trapezoid conductors.
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The comparison of results obtained using the FD method with Ansys 2D, and Ansys 3D values is
shown in Table V.
Table V. Results comparison for the 2 dielectric layer coated, 3 trapezoid shaped conductors with narrow
channel between trapezoid conductors problem.

Comparison of results in Table V shows that results obtained using FD algorithm with
coarse mesh and quadratic interpolation have good accuracy. Utilization of 2x fine mesh with
quadratic interpolation in FD algorithm provides very small improvement in results at a cost of
more than 4 times the computational time required for the coarse mesh case. Fine mesh results
help to provide numerical convergence check for FD method results obtained using coarse mesh
along with quadratic interpolation. It is found that the Ansys 2D and 3D results aren’t always
consistent—they give different results for the same problem even when the transverse dimensions
are chosen to be very large and numerical convergence is achieved for the 3D case.
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The finite-difference algorithm in conjunction with quadratic interpolation provides good
accuracy for capacitance matrices solved for multi-conductor problems with thin dielectric coating
when conductor boundaries do not coincide with grid nodes. The dielectric coating is thin
compared to conductor dimensions, and therefore, the multi-conductor problems with thin coating
are also multi-scale in nature. Therefore, the proposed finite-difference algorithm solves multiscale problems involving multiple conductors efficiently and accurately. The following chapter
lists contributions from the dissertation research, and concludes with a direction towards future
research work.
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6. Conclusions and Future Work

The main objective of the research has been to handle different types of multi-scale
problems in numerical electromagnetics accurately, and efficiently using a novel hybrid FDTD
algorithm. Additionally, the objective has been to use a novel finite-difference algorithm to solve
for capacitance matrices for different types of multi-conductor problems with thin dielectric
coating.
In Chapter 2, we have presented a hybrid technique to handle multi-scale problems
involving straight wires. The method provides time-compatible scattered fields in closed form, and
good accuracy has been achieved for different problems demonstrated. The hybrid method uses 𝛽0
approximation for 𝛽 in scattered field expressions in order to avoid causality violation, and the
approximation results in a frequency range over which results obtained using hybrid method have
good accuracy.
In Chapter 3, a novel approach has been presented to handle arbitrary shaped wires for
obtaining time compatible solution maintaining good accuracy. The approach is used in a region
where fields from an arbitrary shaped wire match fields obtained from the proposed approach. The
problem of differing fields obtained from the arbitrary wire current distribution, and the proposed
approach in the near region needs investigation in future research work.
In Chapter 4, we have introduced a modified RWG basis function which provides scattered
fields in closed form, and therefore, totally avoids Green’s function singularity problem associated
with the conventional RWG basis function. Matrices obtained using conventional RWG basis
function, and modified RWG basis function have been compared, and the effect of changing
current distribution along a current path on the basis function from piecewise linear for
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conventional RWG basis to piecewise sinusoidal for modified RWG basis has been discussed.
Scattered fields have been obtained in time compatible manner using the virtual current approach
for a current path on the modified RWG basis, and results are found to have good accuracy as
shown by the comparison to commercial MoM solver (FEKO) results for different problems. The
problem of obtaining accurate and time compatible scattered fields in near region needs
investigation in future research work.
In Chapter 5, we presented a novel finite-difference algorithm to compute capacitance
matrices for problems involving arbitrary shaped conductors with thin dielectric coating. The
finite-difference algorithm utilized Lagrange quadratic interpolation for potentials at nodes
contiguous to conductor boundary when conductor boundary did not align with grid nodes, and
accurate results were obtained using a coarse or regular mesh, thus, totally avoiding the need to
use fine mesh. Future research will utilize the proposed finite-difference code for three
dimensional problems.
The approach used to handle arbitrary shaped wires, and surfaces is used in a region where
fields from current on an arbitrary shaped scatterer match the fields obtained by utilizing the virtual
current approach for a problem. The future work will be directed to extend the method so as to
handle the near region as well for arbitrary shaped scatterers. Arbitrary shaped wire and surface
problems involving dielectrics will also be investigated in the future work.
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