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ABSTRACT
Flapping wing unmanned aerial vehicles, known as ornithopters, are of interest for both
civilian applications, such as search and rescue, and military applications, such as surveillance.
Their designs are inspired by nature: birds have evolved to fly and maneuver at varying speeds,
from hovering to high speed flight, while remaining agile, precise, and efficient. Part of their
abilities stem from asymmetric wing morphing throughout their flapping cycles. This asymmetry
can manifest as flexibility of the wing structure in one direction during part of the flapping cycle,
then inflexibility in the opposing direction during another part of the flapping cycle. In some avian
gaits, such as the steady level Continuous Vortex Gait, the nonlinear stiffness is primarily located
at discrete joints, similar to human elbows and wrists. It is hypothesized that the flight performance
of an avian scale ornithopter can be improved by introducing compliant joints with nonlinear
stiffness at specific spatial locations, emulating the wing gait found in nature. The overall goal of
this research is to develop optimization methodologies for modifying a stiff structure, specifically
a wing structure, by means of discrete compliant mechanisms to allow desired passive shape
change, i.e., without the assistance of active components, such as motors and actuators, or a
control system.
Contact-aided compliant mechanisms (CCMs) are mechanisms that allow large localized
deformations, typically in thin and/or flexible members, and are designed to come in contact with
themselves. Self-contact causes a strong nonlinearity in the stiffness of CCMs. Inserting CCMs
in the wing structure of an ornithopter passively introduces asymmetry throughout the flapping
cycle, therefore inducing passive shape change. In this work, a dual optimization approach is
developed to determine the optimal configuration of flexible compliant joints in a dynamic
ornithopter wing structure to increase free flight pitch agility, then to design and optimize a CCM
that realizes the optimal configuration. First, a three degree-of-freedom CCM called the BendTwist-and-Sweep Compliant Mechanism (BTSCM) is presented, and its design parameters are
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optimized to maximize flexibility while minimizing peak stress and mass. A large set of optimal
designs called the Aggregated Pareto-Optimal Front is solved for using an enhanced multiobjective genetic algorithm. This set of optimal designs can be used by a designer to select a
configuration which allows desirable flexibility within chosen constraints. However, several
assumptions are made about the boundary conditions in the finite element model, such as quasistatic loading to estimate resultant aerodynamic lift and drag loads. Furthermore, a designer may
not know the desired flexibility or spatial distribution of CCMs in a dynamic structure.
The Dynamic Spar Numerical Model (DSNM) is a computationally efficient numerical rigidbody dynamics model that models CCMs in the wing structure as compliant joints: spherical joints
with distributed mass and three-axis nonlinear torsional spring-dampers. First, the model is
developed, then the model is validated using a bench top experiment with high speed motion
tracking cameras. Model parameters are tuned using a genetic algorithm to minimize the error
between the model and the experiment. Finally, the DSNM is used as an optimization tool to
determine the optimal spatial location and stiffness to induce desirable wing morphing that
increases free flight pitch agility. The results of the optimization provide the desired stiffness and
coupling of the CCM, as well as the optimal spatial location.
A new CCM called the Forward-Swept Compliant Mechanism (FSCM) is optimized to
induce forward sweep at the wing tip during the ornithopter’s downstroke, thereby increasing its
pitch agility. An optimal design was chosen for fabrication and flown in free flight. Motion tracking
cameras tracked the wing kinematics of the ornithopter with the FSCM inserted in the spar
structure of the ornithopter with an equivalent mass inserted in the same location as the FSCM.
The experimental kinematic data shows that the FSCM induces the desired forward sweep and
therefore increases the pitch agility.
Finally, a finite element model of CCMs in the dynamic flapping wing structure is
developed and validated using the benchtop test data. The DSNM and dynamic finite element
model with the FSCM inserted are used to determine the sensitivity of the wing morphing to
iv

changes in the design parameters. Then, they are compared to the optimization results to show
which variables are the most important and which are the most sensitive to changes in the
variables. The numerical dynamics and finite element models can be extended in the future to
include aerodynamic loading and body motion incurred during free flight.
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Introduction
Compliant mechanisms (CMs) are structural elements which are able to passively achieve
desired motion through flexible members undergoing localized large elastic deformations. These
mechanisms are either fully compliant or consist of flexible members which connect relatively rigid
links, and gain some or all of their motion through the deflection of the flexible members [1,2].
They can broadly be divided in two categories: distributed compliance, where the mechanism
largely consists of flexible members, and lumped compliance, where the flexible members are
discrete and typically individual components of a larger structure. CMs are often monolithic and
therefore simpler to assemble, do not require lubrication, and have less relative moving parts,
require less maintenance, and are lighter and stronger than their rigid-link analog. Contact-aided
compliant mechanisms (CCMs) are a class of compliant mechanisms which allow self-contact.
They have traditionally been used in a variety of applications such as path generation and stress
relief. Section 1.1.1 presents a review of compliant mechanisms, and Section 1.1.2 presents a
review of common compliant mechanism modeling techniques. These mechanisms have also
been studied as a means of passively inducing shape change, otherwise known as morphing.
Morphing aircraft are defined by Ja and Kudva as aircrafts which “change configuration to
maximize performance at radically different flight conditions” [3]. Specifically, wing morphing is
the most important aspect of aircraft morphing, being a subject of interest since the beginning of
flight with increasing efforts on dramatic configuration changes. Examples of desirable
configuration changes include changing the wing aspect ratio and area, structural bending, wing
twist, and sweep. By including these changes into an aircraft, an improvement in the flight
performance and capabilities, such as agility, lift, thrust, and payload capacity, may be achieved.
Section 1.1.3 presents a review of wing morphing in unmanned aerial vehicles.
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CCMs have been shown to facilitate passive shape change in unmanned aerial vehicles
via insertion into the wing structure, in turn improving several flight performance characteristics:
increasing lift, decreasing power consumption, and minimal losses to thrust [4,5]. Three CCMs
were previously designed and optimized by our research group: two single degree-of-freedom
(DOF) CCMs and one two degree-of-freedom CCM. One of the single DOF CCMs was tested in
both benchtop and free flight conditions. A summary of prior work done by our research group is
presented in Appendix A.
The overall goal of this research is to design and optimize spatially distributed CCMs to
improve flight performance of flapping wing mechanical birds known as ornithopters. It can
broadly be divided into four objectives:
1. Develop an optimization method for a Bend-Twist-and-Sweep Compliant Mechanism
2. Develop a dynamic spar numerical model for calculating passive shape change in
reduced computation time compared to FEA
3. Develop an optimization method for spatially distributed compliant joints using the
dynamic numerical model
4. Develop a finite element based model of CCMs in a wing structure
This chapter is organized into four sections. First, a review of the literature pertaining to
CCM design and modeling, as well as a summary of unmanned aerial vehicle (UAV) wing
morphing is presented. Then, the motivation and detailed research objectives and tasks are
presented, along with the contents and structure of this dissertation.

Literature Review
This section provides a review of the relevant state of the art from the literature. First, the
broad concept of contact-aided compliant mechanisms is presented, followed by the several
applications in path generation and stress relief. Then, CCM modeling techniques are discussed,
such as topology and shape optimization, the Pseudo-Rigid-Body Model, and a general
optimization technique. A description of avian scale wing morphing and a comparison of a
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commercially available ornithopter and a hawk are presented. A review of wing morphing of
flapping wing mechanical birds is presented, considering both active and passive approaches.
Finally, a summary of the previous research performed by our research group, as background for
this dissertation, is presented.
Contact-Aided Compliant Mechanisms
Several reviews of compliant mechanisms in general are available in the literature [6–10].
Some common examples of CMs are shown in Figure 1.1: compliant pliers and a binder clip.
Gripping the compliant pliers closes the nose, allowing the user to grip a small object, whereas
gripping the binder clip opens the lip allowing paper to be inserted. The pliers are monolithic and
therefore easy to manufacture, and are able to float which makes them very useful for fishing.
The binder clip is able to attach and release paper repeatedly, unlike a single use staple. Contactaided compliant mechanisms are a class of compliant mechanisms where the compliant members
are designed to come in contact with one another to perform a specific task or to improve the
performance of the mechanism itself. CCMs were first introduced to the literature in the form of a
displacement delimited contact-aided compliant gripper, shown in Figure 1.2 [11]. This
mechanism allows a two-step motion: first, the mechanism acts like a conventional gripper, then
it comes in contact with the ground at the curved portion, causing any further loading to result in
the tip opening.

Figure 1.1: Left - Compliant pliers [9]. Right - binder clip.
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Figure 1.2: Displacement delimited CCM gripper [11]
Path Generation
Several examples exist in the literature showing CMs used for path generation. Rai et al.
developed CMs with initially curved beams to produce curved paths as a result of a linear input
[12]. An example of one of their compliant mechanisms is shown in Figure 1.3. The linear input
from the hand in the left image (denoted as a horizontal arrow in the right image) produces a
curved path at the bottom right of the mechanism, traced on both the left and right images.

Figure 1.3: Left - CM frame using curved elements. Right - Curved path generation from a linear
input [12]
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CCMs can be used for complex kinematics such as tracing non-smooth curves, replacing
more complicated components such as cams and rigid-body linkages with a large number of links.
Mankame et al. developed and tested a CCM which converts a single linear translation into two
output curves [13]. Figure 1.4 shows the design of the device and path output. Reddy et al.
presented several ideas for designing and optimizing CCMs for passive path generation [14].
They also present methods of large deformation and contact analysis, with several example
optimization routine results for path generation. A path of piecewise-linear closed planar curves
was prescribed, then an optimization routine was employed to find the optimal topology.
Rai et al. developed path generating CCMs which include both curved flexible members
and rigid linear members, comparing the hybrid mechanisms with purely curved flexible member
mechanism and rigid-link mechanism counterparts [15]. Figure 1.5 shows an example of a general
domain and boundary conditions, followed by a desired path, then three solutions: a mix of
compliant curved members (red) and rigid linear members (black), purely rigid members, and
purely curved compliant members.

Stress Relief
In addition to path-generation, adding contact to CMs have been noted to reduce stress
and redistribute loading as if an additional boundary condition were present, thereby improving
the load bearing capacity [16,17]. Mehta et al. developed methodologies for designing compliant
cellular structures with internal contact [18,19]. The structures developed were able to allow
overall deformation an order of magnitude above an equivalent filled solid structure. An example
of the structure is shown in Figure 1.6. Pulling on the right end while clamping the left end shows
the mechanism allows large global strain without permanent deformation. This design can be
placed in an array of mechanisms with or without contact using topology optimization. Cirone et
al. expanded on this concept, improving performance by including curved walls [20]. Saxena
developed a contact-aided displacement-delimited gripper, which allows a translation in one
5

direction to cause the mechanism to grip an object. A self-contact feature allowed only a limited
grip displacement to prevent damaging the object [21].

Figure 1.4: Left - CCM design for a single linear input and two outputs. Right - Nonlinear path
outputs [13]

Figure 1.5: (a) General domain and boundary conditions. (d) Desired output path. (g) A solution
of compliant curved members (red) and rigid linear members (black). (j) A solution with only rigid
members. (m) A solution with only curved compliant members. [15]
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Figure 1.6: CCM which redistributes stress, allowing it to stretch well beyond a continuum
counterpart [18]

CCMs are also of interest in the medical field. Aguirre et al. designed, optimized, and
fabricated minimally invasive surgery compliant forceps which use a combination of internal
contact and mechanical advantage to improve gripping force over traditional methods [22,23].
Gao et al. developed a steerable catheter for atrial fibrillation ablation which uses a CCM to cause
asymmetric bending [24]. This mechanism was able to navigate through the heart to reach the
target zone due to the added flexibility of the CCM.

Shape Change
A relatively new field of interest is using CCMs for shape change. Saggere and Kota
introduced the concept of using compliant mechanisms for shape control in adaptive structures
[25]. They considered using compliant mechanisms to allow the leading edge of an airfoil to
deform under a torque input (Figure 1.7). Lu and Kota formulated methods for synthesizing
compliant mechanisms to deform from an initial curve to a target shape with a smooth boundary
[26,27]. Delimont et al. present several origami-inspired compliant hinge geometries, several of
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which employ self-contact to allow deflections in specific directions [28]. Zhao and Schmiedeler
used rigid-body mechanism topologies to synthesize distributed compliant mechanisms to follow
a set of morphing curves [29]. Kumar et al. developed a method for synthesizing CCMs that
produce a desired shape profile [30]. Their methodology includes a hexagonal cell
parameterization of the design space, and uses a finite element formulation to solve for the energy
and contact mechanics associated with the shape change.

Figure 1.7: Concept of using a compliant mechanism for shape change in the leading edge of
an airfoil [31]

Modeling of Compliant Mechanisms
Compliant mechanisms can be relatively difficult to model, especially when subjected to
large deformations. Howell and Midha presented several methods for the analysis of compliant
mechanisms, including elliptic integrals of second-order, nonlinear differential equations based
on large deflection theory, and chain algorithms [1,9,32]. Howell and Midha are well-known for
the Pseudo-Rigid-Body Model, which will be discussed in more detail later in this section. Wang
surveyed several methods for modeling CMs [33]. Analytical solutions are extraordinarily difficult
to derive for complex geometries. Chain algorithms are similar to the finite element method,
however, is based on the assumption of static equilibrium, and therefore is insufficient for dynamic
applications. Conventionally, finite element software can be used to solve large strain and large
displacement elasticity for both quasi-static and dynamic conditions. However, nonlinear analysis
coupled with the need for a high number of degrees of freedom (DOF) in flexible members is
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computationally expensive. CM optimization algorithms can require several thousand function
evaluations, therefore considering computational efficiency is a necessity.

Topology and Shape Optimization
Topology optimization is a common method used when designing CMs and CCMs. Wang
presents an overview of common CM topology formulations [33]. The problems are posed as a
general domain with various boundary conditions, and material is distributed throughout the
domain to create a structure which achieves some desired output. For example, this output can
be the stiffness at a part of the boundary, overall domain stiffness, or displacement. In general,
topology optimization for solid structures involves the size, shape, and number of holes in the
domain and how the remaining solid parts are connected. Naturally, this implies a major purpose
is minimizing mass and maximizing stiffness [34]. Mankame and Ananthasuresh developed a
topology optimization technique for CCM design [35]. They model the surface contact as a very
stiff spring, efficiently simplifying the model. Kumar et al. developed a continuum discretization for
CCM topology modeling with large deformations and self-contact mechanics [36].
After determining an appropriate topology, shape and size optimization can be used to
optimize the individual segment shapes and sizes. This can be approached from two directions:
optimize the shapes of the holes, or optimize the shapes of the segments between the holes [37].
This is illustrated in Figure 1.8. Reviews of shape optimization techniques are shown in [38,39].

Figure 1.8: Shape optimization techniques. (a): Optimizing the hole shapes. (b): Optimizing the
segment shapes [37]
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Psuedo-Rigid-Body Model
Finite element models of highly flexible CCMs are computationally expensive.
Furthermore, modeling the entire dynamic structure in which CCMs are inserted can be
prohibitively computationally expensive. Other methods have been developed to analyze the
motion of CMs. Lan and Lee used Timoshenko beam theory to developed a forward and inverse
analysis tool for flexible curved beams [40]. Khalil et al developed a general dynamic algorithm
for tree structure robots with rigid and flexible links and active and passive joints [41]. However,
this model assumes the stiffness of the flexible joints are known. Designing robotics which interact
with humans is an up and coming application of compliant mechanisms. Zobova et al. developed
a multibody simulator which includes compliant actuators and compliant contact [42]. Flexibility
allows the robot to physically interact with humans and the environment by distributing the
incurred stress of the interaction over a larger area, thereby not harming the human by pushing
or gripping too hard.
The pseudo-rigid-body model (PRBM) is a simple method of efficiently modeling flexible
solid continua which undergo large, nonlinear deflections [9,10]. The concept is to model flexible
members of a system using rigid-body mechanism components, such as revolute joints, and to
use force-deflection equivalent components, such as springs. Figure 1.9 demonstrates an
example of a cantilever beam and its PRBM model approximation.
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Figure 1.9: (a) A deformed cantilever beam due to moment M. (b) A PRBM representing the
catilever beam. Adapted from [1]
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Howell and Midha presented a flow chart for CM design using the PRBM, shown in Figure
1.10. In summary, a design is specified, a rigid-body mechanism model is created, and then
springs are added to joints in areas which flexibility is desired. The mechanism is analyzed, and
the results are sent into a feedback loop analyzing if the design satisfies the design criteria. If it
does, a compliant mechanism is designed, then an additional feedback loop is used to determine
if the CM satisfies the specifications, or if it is possible to modify the CM to satisfy the
specifications. The effects of PRBM extension and Poisson’s effect were studied by
Venkiteswaran and Su; it was found that accounting for the effects can decrease the kinematic
deformation error for short, thick beams [43].

Figure 1.10: Compliant mechanism design process [1]
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Pseudo-Rigid-Body Model Applications
Several examples exist in the literature for modeling compliant mechanisms as rigid links
with spherical joints and torsional springs to represent compliance [9,10,44–46]. Vogtmann et al.
modeled miniature elastomeric hinges using a planar pseudo rigid body analytical model, where
two torsional springs are connected by an axial spring [47]. Park et al. developed a bio-inspired
variable-stiffness mechanism based on endoskeletons, especially the vertebral column [48].
Shown in Figure 1.11, the combination of rigid (vertebra) and compliant (invertebral disc)
segments improves thrust performance of underwater robots. A PRBM was developed to analyze
the stiffness variation from the most flexible to the stiffest case. The schematic for the model is
shown in Figure 1.12.
The pseudo-rigid-body model is also being used to model origami mechanisms. Bowen et
al. developed self-folding origami structures, modeling the flexibility of the creases using the
PRBM (Figure 1.13) [49]. This concept was expanded by Bowen et al. to model the Starshade
deployment, a space structure designed by NASA to block light of a star of interest [50]. Rommers
et al. also used the PRBM to incorporate spring behavior of origami joints (Figure 1.14) [51].
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Figure 1.11: A bio-inspired robotic dolphin tail bone structure, where vertibra are rigid segments
and invertebral discs are compliant segments [48]

Figure 1.12: PRBM of a bio-inspired robotic dolphin tail bone structure subject to force F.
Adapted from [48]
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Figure 1.13: PRBM of origami fold [49]

Figure 1.14: PRBM model of folding sheet [51]
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Dynamic Considerations
Several reviews and examples of the complicated nature of structural optimization
considering dynamic effects are available in the literature [52–54]. Several examples of modeling
dynamic compliant mechanisms can be found in the literature [55–58]. Yu et al. extended the
Pseudo-Rigid-Body Model to include dynamic effects [59]. They solved for the kinetic and strain
energy, then used Lagrange’s equation to obtain the equations of motion, as well as the general
dynamic equation of motion. However, the effects of structural damping were not considered due
to the complexity. Several examples of dynamic analysis either neglect damping in the interest of
natural frequencies, or do not consider structural damping of the mechanism [46,60,61]. Midha et
al. present several methods for modeling structural damping in mechanisms [62], and Li and Kota
applied two techniques to compliant mechanisms [55]. The two techniques will be presented in
Chapter 3. Due to the complex nonlinear behavior of CCMs, the dynamic analysis of CCMs has
not yet been considered in the literature.

Avian Wing Morphing and the Ornithopter Platform
Natural avian fliers such as hawks and falcons are of interest to researchers because they
are agile and able to carry small payloads over long distances via gliding. This is advantageous
for reconnaissance or transporting vital supplies. Large wings are able to morph via discrete avian
elbow and wrist joints, whereas insect wing structures are able to change shape via distributed
compliance. In this section, first several examples from the literature of avian scale wing morphing
are summarized, then a commercially available ornithopter is compared to a similar sized
Northern Goshawk.

16

Brown performed the first photographic analysis of avian flight in 1948 and 1953 [63,64].
A figure detailing several critical points in the gait is shown in Figure 1.15. It can be observed that
during downstroke, the wing is relatively flat, i.e., there is little to no deformation in the wing. In
contrast, during upstroke, the wing exhibits bending (deformation in the vertical direction), twist
(deformation about the span wise direction), and sweep (deformation in the chord wise direction).
In comparison, the upstroke exhibits large downward bending and backward sweep relative to
the downstroke.

Figure 1.15: Wing kinematics during the CVG at: (7) beginning of downstroke, (8) mid
downstroke, (9) end of downstroke, (10) beginning of upstroke, (11) mid upstroke, and (12) end
of upstroke [64]
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In 1988, Videler et al. performed indoor flight experiments with trained kestrel falcons
(Falco tinnunculus) [65–67]. Table 1.1 shows the dimensions and flight information of the female
(Kes) and male (Jowie) kestrels. The kestrels had wingspans of around 0.7 m (2.3 ft), flew at
around 8 m/s (26 ft/s), and flapped their wings between 5.5 and 6.2 Hz. The downstroke
represented 42% of the wing beat period, meaning the downstroke was more rapid than the
upstroke. The maximum wingspan during flight was 92%, meaning the wings were morphed
toward the body. Three flights were performed for each kestrel, where one flight was the kestrel
with no payload, and the other two had payloads attached with increasing mass. Increasing the
mass caused the pitch angle and flapping frequency to increase, where more lift was produced
at the expense of larger drag, and the average wing area increased.

Table 1.1: Dimensions and flight information for female (Kes) and male (Jowie) kestrels [67]
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Figure 1.17 shows a lateral and ventral view of the Jowie for a flapping cycle beginning at
the downstroke to upstroke transition. We see that during upstroke, the wings are morphed toward
the body and swept backward. In contrast, during downstroke, the wings are extended, and the
wing tips are at their maximal forward-swept position. Figure 1.18 shows the relative wing tip
motion of the Kes and Jowie. Here, the period begins at the upstroke to downstroke transition
based on the vertical location of the tip in z. The sweep observations are shown in the top subplots
in Figure 1.18, where a positive displacement in x represents forward sweep, with a maximum
forward sweep occurring at mid-downstroke (Period = 0.2). The forward sweep during downstroke
and backward sweep during upstroke represent around 30% and 25% of the half wingspan,
respectively. Additionally, it can be seen in the z plot that the downstroke (Period = 0 to 0.42) is
shorter than the upstroke (Period = 0.42 to 1). Videler et al. noted that the wing tip velocity in the
direction of flight from the time just before the upstroke to downstroke transition and the first half
of downstroke was greater than the average speed of the kestrels, meaning that the wings sweep
forward during the first half of downstroke relative to the rest of the flapping cycle. Additionally,
the wing tips are pulled toward the body at the downstroke to upstroke transition, meaning the
wings bend downward before the beginning of upstroke. Figure 1.18 shows the beak, tail, and
right wing tip kinematics for one cycle. The downstroke sweep velocity in x and the downstroke
to upstroke bending displacement in y can be seen. Additionally, the vertical velocity of the beak
in z shows that the kestrel increases its upward velocity more as the downstroke progresses, then
has a small negative velocity during upstroke.
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Figure 1.16: Male kestrel lateral (top) and ventral view (bottom) at cruising speed [66]

Figure 1.17: Wing tip motion of 189 g female kestrel (Kes, left) and 162 g male kestrel (Jowie,
right) [66]
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Figure 1.18: Kinematics of 162 g kestrel beak (solid), tip of tail (dashed), and right wing tip
(broken) while carrying 31 g, flapping at 6.2 Hz, with an average forward velocity of 8.1 m/s [66]
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The wing geometry and kinematics of several birds were studied by Liu et al. [68]. The
wing geometry of a seagull, merganser, teal, and owl were extracted using a three-dimensional
laser scanner. The wing kinematics of a seagull, crane, and goose were found by using a twojointed arm model to match video kinematics, where the joint is located at a quarter wingspan.
Three angles were fit to Fourier series: the flapping angle, flapping angle of the wing tip link, and
sweep angle of the wing tip link. In other words, they developed functions for the wing flapping
angle, and the bending and sweep angles of the outboard section of the wing relative to the
inboard section. The Fourier coefficients and equations were provided in [68]; for each
configuration, the flapping angle, and outboard segment bending and sweep angles were
reproduced (Figure 1.19). The flapping angles for all three birds were similar, however the seagull
had a smaller overall stroke angle. The tip bending was small for all three birds during downstroke,
with peak bending occurring around the mid upstroke. All three wing tips were swept backward
for the entire flapping cycle; this makes sense, as none of them are very agile fliers. The seagull’s
backward sweep was small during downstroke; in other words, while the wing is still swept
backward, it is the least swept backward during downstroke. The crane’s large backward sweep
oscillates throughout the flapping cycle. The goose has small backward sweep relative to the
seagull and crane, and the oscillations throughout the flapping cycle are much smaller in
comparison. In summary, the seagull, crane, and goose wings bend during upstroke, and the wing
tips are swept backward for the entire flapping cycle.
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Upward

Upward

Forward

Figure 1.19: Wing flapping angle and outboard segment bending and sweep angles for a
seagull, crane, and goose at steady level flight, using the Fourier series and coefficients from
[68]

Wolf and Konrath studied the free flight of a barn owl [69]. Figure 1.20 shows the wing
kinematics of a barn owl in steady level flight at three locations along the wing. The wing bends
during both strokes by around 50% of the half wingspan. The wing sweeps in both directions by
15% of the half wingspan backward briefly during upstroke, then remains swept forward during
the entire downstroke.
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Figure 1.20: Wing kinematics of barn owl at three span locations relative to the body: vertical
(top), angle of attack (second from top), sweep (second from bottom), and horizontal distance of
wing tip from body (bottom), where s* is the half wingspan [69]
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Tobalske et al. found that hummingbirds and magpies sweep their wings forward during
forward flight [70,71]. In addition to sweeping their wings forward during downstroke,
hummingbirds pitched downward as they increased their forward velocity [71]. Figure 1.21 shows
aerial and lateral views of a humming bird flying at speeds varying between hover and 12 m/s (39
ft/s). Similarly, pigeons pitch upward as their forward velocity decreases [70].
Taylor et al. state that bird wings have around 45 muscles with complex arrangements of
multiple connections and subdivisions [72]. While the muscular structure is not well understood,
it is clear that there may be active components of the wing morphing. However, Taylor et al. note
it has been postulated that some wing morphing may be a result of passive deflection. Similarly,
Videler concluded that while some muscle function is understood in wings, not enough is known
about the force generation to draw strong conclusions about the muscles and energy storage in
bird wings [67].
Bats are extremely agile fliers due to their ability to morph their wings. The flight
mechanism of bats is different from birds, however some similarities can be found. Tian et al.
studied the kinematics of a bat in a wind tunnel using a computer motion tracking system [73].
They found that the bat sweeps its wings forward during downstroke, then sweeps backward
during upstroke. The muscles in a bat shoulder and wing are much more complicated than that
of a bird, allowing for more complex wing morphing [72]. Fei and Yang studied butterfly flight, and
concluded that butterflies use body motion to change their orientation with respect to the flow of
air around them, allowing them to change their projected area on the flow and thereby change
their pressure drag [74].
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Figure 1.21: Hummingbird flight and wing motion from above (A) and the side (B), where the
numbers represent the velocity of the hummingbird during the snapshot [71]
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Figure 1.22: Bat wing kinematics during forward flight [73]

In summary, birds morph their wings forward during downstroke, where more agile birds
achieve larger forward sweep than less agile birds. Kestrels and bats are agile fliers who sweep
their wings forward during downstroke, while less agile fliers such as the seagull, crane, and
goose have wings that are always swept backward. Sweeping forward allows the fliers to redirect
the aerodynamic forces experienced by their wings, allowing them to change pitch. While the flight
of butterflies and bats are different from that of birds, their wings also sweep forward during
downstroke. Therefore, based on observations in nature, a robotic flier can influence its ability to
change pitch angle by morphing its wings in sweep.
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Our research group has been working on introducing passive wing morphing on the
commercially available Park Hawk ornithopter (Figure 1.23). A summary of the prior work is
provided in Appendix A. The ornithopter consists of a leading edge spar, diagonal spar, and finger
spars, all made of carbon fiber composite. The leading edge spar root and diagonal spar root are
attached to the ornithopter body, where the leading edge spar is inserted in an aluminum shoulder
joint and the diagonal spar is attached via a spherical joint. The spars are inserted in a membrane
made of rip-stop nylon. The wing structure of the ornithopter is similar to Archaeopteryx, the first
flying dinosaur, in that the leading edge spar spans the entire wing unlike modern birds, however
the ornithopter structure is straight span-wise whereas bird bone structures are zigzag
[75,76].The diagonal spar is not present in natural birds, rather the wing skin is attached along
the body. The ornithopter’s wingspan, length, aspect ratio, and weight are similar to the Northern
Goshawk (Accipiter gentillis), a hawk with short, broad wings and a long tail which allows it to be
very agile. A comparison of the ornithopter and Northern Goshawk is provided in Table 1.2. The
ornithopter is around 30% lighter with a similar wingspan, wing aspect ratio, body length, and tail
length. However, the goshawk is able to fly at twice the speed as the ornithopter. The Northern
Goshawk typically glides through the air after several powerful strokes [77]. However, its extreme
agility is due to substantial wing morphing at the shoulder, elbow, and wrist joints.
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Figure 1.23: Variant of Park Hawk ornithopter

Table 1.2: Comparison of Park Hawk ornithopter [78] and Northern Goshawks [79–81]
Attribute

Ornithopter

Northern Goshawk

Mass [g] (lb)

425 (0.94)

630 - 1360 (1.4 - 3.0)

Wingspan [m] (in)

1.07 (42.1)

1.03 - 1.17 (40.6 - 46.0)

Wing Aspect Ratio

1.85

1.38 - 1.82

Total Length [m] (in)

0.64 (25.2)

0.53 - 0.64 (20.9 - 25.2)

Tail Length [m] (in)

0.232 (9.1)

0.24 - 0.28 (9.3 - 11.0)

Flapping Frequency
[Hz]

4-6

Unknown

Maximum Forward Velocity
[km/h] (mph)

30 (19)

61 (38)

Roll

1.45 (34.4)

Unknown

Pitch

2.32 (55.0)

Unknown

Yaw

2.48 (58.9)

Unknown

Body Mass
Moment of
Inertia
[kg m2] (lb ft2)
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Wing Morphing for Unmanned Aerial Vehicles
Unmanned aerial vehicles (UAVs), are of interest for both civilian military applications
where tight maneuverability at low speeds is necessary. Wong presented a survey of UAVs and
peaceful applications for UAVs [82]. Aircraft flight, particularly UAVs, can achieve aerodynamic
benefits via morphing their wings during flight. While aircraft morphing can be defined broadly as
a change in configuration in the wing, tail, fuselage, or engine, wing morphing is of particular
interest because their size and shape most effect the aircraft’s mission capabilities [3]. This
includes wing span, chord length, camber, dihedral, and sweep. There are two methods for wing
morphing: active and passive. Active wing morphing uses powered motors, actuators, and/or
active materials with a controller to induce shape change in the wing. For example, Raither et al.
used a smart material where the shear stiffness was controllable to create a coupling between
bending and twist [83]. In contrast to active wing morphing, passive wing morphing achieves
shape change as a consequence of aerodynamic loading due to flexibility in the wing structure.
Several reviews of aircraft morphing in general have been performed as well as discussion on the
idea of morphing [3,84–86]. There are also many examples of fixed wing morphing in the
literature. Friswell et al. present an overview of the methods used to achieve desired structural
compliance [87]. Topics of interest for both manned aerial vehicles and UAVs include leading and
trailing edge morphing [88,89], incorporating structural compliance [83,90–93], and compliant
wing skins [94–97]. Smith et al. considered actively morphing wing outboard partitions which allow
variable dihedral and twist angles [98]. Joo and Smyers investigated thermally-activated
compliant mechanisms for wing shape change [99]. Manzo and Garcia used smart materials to
produce a bio-inspired actuated wing structural member [100]. Zhao et al. extended rigid-body
mechanism design to design morphing aircraft wings [101]. By discretizing an airfoil into rigid
segments, they developed a single DOF airfoil with rigid links and planar revolute joints (Figure
1.24). Molinari et al. developed then optimized a compliant wing which combines a compliant
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structure, integrated actuators, piezoelectric bi-morphing, and rigid, flexible, and corrugated skins
[102–105]. Their concept is shown in Figure 1.25. Runkel et al. developed a chiral structure which
allows the highly nonlinear mechanical response to be tailored.

Figure 1.24: (a): Airfoil shapes in different positions. (b): Segmented morphing chain to
approximate airfoil positions. (c): Single DOF mechanism synthesized from chain [101]
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Figure 1.25: Wing morphing concept, based on distributed compliance ribs and integrated
actuators [105]
Wing morphing has also been considered in flapping wing aircrafts. Flapping wing UAVs
typically draw inspiration from biological fliers such as birds and insects. In the late 1940s and
early 1950s, R. H. J. Brown pioneered and implemented a high speed cinematographic technique
to record birds in flight [63,64]. The results are detailed in Appendix A. UAVs can span from insectsize (micro air vehicles, wing span of less than 15 cm) to avian-size (mini air vehicles). A review
of micro air vehicles can be found in [106]. The research described in this dissertation proposal
is focused on avian scale UAVs. A review of avian-inspired flapping wing miniature UAVs can be
found in [107]. The first known ornithopter was created in 1870 in France, which used a bourdon
tube filled with gunpowder, and was able to fly 70 m [108]. Typical ornithopters produce large
flapping forces from the wings and use the tail for stabilization and maneuvers. The majority of
wing designs from [107] were not designed to have flexible wing structures to allow wing
morphing. The following subsection will review avian-scale flapping UAV passive wing morphing.
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Flapping Wing Passive Morphing
There is very little in the literature regarding active wing morphing in flapping wing
ornithopters. For example, Hall and Riddick developed a bend-twist PZT actuator for flapping wing
micro-air vehicles, using a bi-morph beam with angled PZT segments [109]. Passive wing
morphing, as compared to active morphing, reduces complexity, the number of moving parts, and
power consumption due to actuation and control. Demetgul et al. found that designing a simple
passive morphing wing design was feasible and were able to extract experimental results [110].
They found reasonable lift forces; however, they did not comment on drag penalties. Mueller et
al. designed and tested concepts including carbon fiber spars and Delrin compliant components,
concluding that passive structures can manipulate flight dynamics (Figure 1.26) [111]. They also
found that their compliant flapping mechanism was able to withstand impacts without any major
damage which is a critical design consideration for landing. Billingsley et al. developed a concept
with a torsional spring and a stopping mechanism inserted into the leading edge spar of an
ornithopter (Figure 1.27) [112]. This allowed the leading edge spar to be very flexible during
upstroke, while remaining stiff during downstroke. Although both of these designs have produced
large lift gains, they both suffered drag penalties. Other groups have not considered simultaneous
bending, twist, and sweep of the wing because the coupling among these deformations is very
complicated. Considerable effort is being directed at modeling flapping wing morphing and
flapping wing aerodynamics [113–117].

Figure 1.26: Concept (left) and realization (right) of a Delrin stopper to cause stiffness in one
direction and flexibility in the other [111]
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Figure 1.27: Leading edge spar of an ornithopter with a torsional spring and aluminum stopper
inserted [112]

Wing Flapping Mechanisms
Novel flapping mechanisms are also being considered. Gerdes et al. developed an
independent flapping mechanism which allows aerobatic maneuvers such as dives, flips, and
buttonhook turns, and is considering how wing size and flapping frequency affect wing
performance metrics such as thrust and payload capacity (Figure 1.28) [118,119]. The ornithopter
was fitted with instrumentation to measure roll, pitch, and yaw, as well as airspeed, altitude, and
wing angle [120]. Furthermore, they considered adding propellers to the ornithopter to create a
bird-plane hybrid, doubling the payload capacity with only a 20% mass penalty (Figure 1.29).
Robo Raven’s wings have also been modified to include solar panels and batteries (Figure 1.30)
[121]. The flight time was increased by 50% at the cost of a 10% reduction in lift. Additionally, onboard data collection of the ornithopter state and power consumption have been added to Robo
Raven [122].
Stowers et al. provided a review of bio-inspired morphing, and developed a passive
morphing wrist joint which folds and unfolds as a result of inertial forces, developed an analytical
model, and successfully tested their design at different flapping frequencies [123]. Bronson et al.
developed a PZT MEMS actuator for insect-inspired flying robots, allowing smaller features with
similar performance at lower voltages as compared to large bulk-PZT actuation [124].
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Figure 1.28: Robo Raven, an ornithopter with independently controlled wing flapping [118]

Figure 1.29: Robo Raven with propellers [125]

Figure 1.30: Robo Raven with solar panels and batteries [121]
35

Motivation, Research Objectives, and Content
Unmanned aerial vehicles (UAVs) are of interest in both civil and military applications,
from hobbyists to search and rescue. UAV platforms may be broadly divided into three categories:
fixed, rotary, and flapping wings. Fixed wing UAVs can achieve high speeds and long distances,
however are typically unable to perch or hover. Rotary UAVs, typically referred to as quadcopters,
are highly agile and able to hover and perch; however, they can be difficult to control and are
subject to losing their flight ability due to an impact to their propellers. Flapping wing UAVs, or
ornithopters, attempt to emulate bio-inspired motion, allowing them to lift off, cruise, and perch,
as well as be agile at lower Reynolds number flight regimes. Additionally, they give the
appearance of a biological bird, blending in with their surroundings.
Ornithopters use a combination of flapping wings and wing morphing to maximize their
efficiency and agility throughout the flapping cycle. The goal of this research is achieve bioinspired wing morphing passively by means of compliant mechanisms in the wing structure. An
example of the conceptual ornithopter superimposed on a Northern Goshawk is shown in Figure
1.31. At the top of Figure 1.31, the Northern Goshawk and base ornithopter are shown. In the
middle, the bone and spar structures are shown, with green circles highlighting the joint locations
of the Northern Goshawk and their equivalent locations on the ornithopter. The bottom image
shows the ornithopter undergoing wing morphing passively as a result of flexible joints inserted in
the wing structure at locations similar to the Goshawk. This bio-inspired morphing from the
Northern Goshawk is hypothesized to increase the ornithopter’s agility during free flight.
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Figure 1.31: Concept drawing of ornithopter inspired by the Northern Goshawk. Goshawk
picture from Alvan Buckley, 2016

The wing morphing is often complex and nonlinear; contact-aided compliant mechanisms
can introduce passive nonlinearity in the shape change by, for example, allowing large
deformation in one direction through a compliant member while remaining stiff in the opposing
direction due to self-contact. From Appendix A, it has been shown that a single DOF CCM at one
location in the leading edge spar can improve lift with minimal penalties to thrust. These
improvements were achieved by optimizing the CCM for maximal deflections and minimal stress
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and mass; they were not optimized directly for free flight performance. Furthermore, only a single
spatial location along the leading edge spar was considered based on natural avian bone
structure. The goal of this research is to design three coupled DOF CCMs, and optimize their
design and spatial locations for free flight agility. That is to say, CCMs which are flexible in all
three spatial directions, where deflections in one direction can induce deflections in another
direction as a natural consequence of the design, and to consider their spatial location in the wing
structure as a design parameter.
The research can be divided into four objectives, summarized in the list below. For
Objective 1, a coupled three degree of freedom is developed and optimized to allow simultaneous
bending, twist, and sweep. A single CCM is designed and optimized to allow nonlinear coupled
deflections using FEA. This single Bend-Twist-and-Sweep Compliant Mechanism (BTSCM) can
accomplish the same deflections as the Bend-and-Sweep Compliant Mechanism with a separate
Twist Compliant Mechanism in series, reducing weight and complexity. This objective is
addressed in Chapter 2. This produced a range of capabilities for the BTSCM, however did not
explain the effect of the BTSCM’s design and spatial distribution on the ornithopter’s flight
performance. Objective 2 is to develop and validate a dynamic spar numerical model (DSNM) to
simulate CCMs spatially distributed in a wing structure in a computationally efficient manner. This
model considers the entire wing structure, rather than only the CCM, and is developed and
validated using a benchtop experiment in Chapter 3. Objective 3 is to optimize the parameter and
spatial distribution of CCMs in the wing structure for pitch agility. The DSNM is used as an
optimization tool in Chapter 4 to find the optimal parameters and spatial locations to induce shape
change in the wing that maximizes pitch agility. Objective 4 is to develop a new CCM which
increases the free flight pitch agility and develop a finite element model of the wing structure to
understand how geometric design parameters affect wing morphing. A new CCM called the
Forward-Swept Compliant Mechanism (FSCM) is designed and optimized in Chapter 5 to induce
forward sweep as a result of a natural coupling from bending loads to sweep deformation. An
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optimal instance of the FSCM is fabricated and free flight tested to show the FSCM can induce
the desired wing morphing. A finite element model of the wing structure with a CCM inserted is
developed and verified in Chapter 6. The model is compared to the free flight experiment, then a
sensitivity analysis is performed to understand how sensitive the shape change is to changes in
the design variables and spatial location. Finally, Chapter 7 presents the conclusions and
recommended future work.

1. Develop a method for optimizing CCMs with multiple degrees of freedom and
coupled non-linear deflections
1.1.

Model the BTSCM using finite element analysis (FEA)

1.2.

Develop a method to extract the tip rotation angles from the FEA solution

Optimize the mechanism for maximal deflections with minimal stress and
mass
2. Develop a dynamic spar numerical model for calculating passive shape
change in reduced computation time compared to FEA
2.1.
Develop a dynamic rigid-link numerical model of the wing structure and
solution algorithm
1.3.

2.2.

Model CCMs as nonlinear, coupled CJs

2.3.

Verify model using experimental data

3. Develop a method for parameter and spatial optimization using the dynamic
model
3.1.

Optimize for one CCM in the LES

3.2.

Optimize for multiple CCMs distributed in the wing structure

4. Develop a finite element based method of modeling CCMs in a wing structure
4.1.

Design a new CCM which satisfies the desired stiffness coupling

4.2.

Perform free flight tests to show increase in agility

4.3.

Create a finite element model of the wing structure

4.4.

Verify the finite element model using experimental results

4.5.

Design sensitivity analysis
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Optimization of a Bend-Twist-and-Sweep Compliant
Mechanism
2.1 Introduction and Motivation
The design and optimization of the Bend-Twist-and-Sweep Compliant Mechanism
(BTSCM) is described in this chapter. While studying the Bend-and-Sweep Compliant Mechanism
(BSCM) presented in the Appendix A.3, we observed that the BSCM also twists as a result of
applied lateral tip loads. This lead us to hypothesize that twist can be achieved as a natural
consequence of bending and sweep. Furthermore, we hypothesized that we could tailor the twist
angle achieved passively by changing the geometric design of the BTSCM. Combining all three
degrees of freedom into a single compliant mechanism rather than two independent mechanisms,
the BSCM and the Twist Compliant Mechanism (TCM) (Appendix A.3) would reduce the weight
of the structure, the manufacturing complexity, and the number of moving parts, all of which have
a direct impact on the kinematics and capabilities of shape changing structures such as flapping
wings.
The following research tasks will be addressed in this chapter:
Task 1.1 - Model the BTSCM in a commercial finite element program
Task 1.2 - Develop a method to extract the tip angles from the FEA solution
Task 1.4 - Optimize the mechanism for maximal deflections with minimal stress and mass
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2.2 BTSCM Geometry
A Bend-Twist-and-Sweep Compliant Mechanism (BTSCM) is a contact-aided compliant
mechanism (CCM) with tailorable stiffness in all three directions. The fundamental features of this
CCM are the angled compliant joint (ACJ) and the angled contact gap (ACG). An example of a
BTSCM with two ACJs is shown in Figure 2.1. The coordinate system convention is based on
standard aerospace conventions, where the 𝑥𝐼 − 𝑦𝐼 − 𝑧𝐼 axes represent Nose-Right WingUnderside, respectively. The inboard root of the BTSCM is on the right end, as noted in Figure
2.1. A body-fixed coordinate system is attached to the center of the root aligned with the inertial
coordinate system, where material coordinates in the reference configuration are referred to as
𝑋 − 𝑌 − 𝑍, and the spatial coordinates are referred to as 𝑥 − 𝑦 − 𝑧. The outboard tip of the BTSCM
is on the left end, as noted in Figure 2.1, where the surface of the tip in the reference configuration
is normal to the +𝑌 axis. Rotation about the 𝑋 − 𝑌 − 𝑍 axes are referred to as bending, 𝜙, twist,
𝜃, and sweep, 𝜓, respectively. The BTSCM was designed to fit in a 0.5 x 0.5 inch (12.7 x 12.7
mm) cross section sleeve in the 𝑋𝑍 plane, and the length in the 𝑌 direction is allowed to vary up
to the length of the leading edge spar, around 18 inches (430 mm). Figure 2.2 shows a concept
for how a single set of BTSCMs could be placed in the leading edge spars.
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Figure 2.1: Example BTSCM, where the inboard root is on the right end and the outboard tip is
on the left, and the coordinate system used is the standard aircraft Nose-Right Wing-Underside

Figure 2.2: Conceptual placement of BTSCMs in the leading edge spars
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There are four defining characteristics of a BTSCM: contact angle (𝜑𝑐 ), joint angle (𝜑𝑗 ),
centerline radius (𝑅𝑐 ) of the ACJ, and the radial thickness of the ACJ (𝑅𝑡 ) (Figure 2.3). The width
(𝑙𝑤 ) was fixed based on the sleeve. The height of the rectangular part of the BTSCM (𝑙ℎ ) was
fixed at 0.24 in (6 mm), a thickness which resulted in local stresses being concentrated in the
ACJ. The length (𝑙𝑐𝑐𝑚 ) was a function of the other parameters, shown in Equation 2.1. There are
four terms in Equation 2.1 to account for the joint angle, contact angle, ACJ thickness, and a
constant to keep the root and tip sufficiently far from the ACJ. The BTSCM can have multiple
ACJs and ACGs to increase the flexibility of the mechanism. The example images and designs in
this chapter have one ACJ and ACG for visualization purposes. The effect of adding a second
ACJ is discussed in Section 2.4. The ACG width was determined to be optimal as small as
possible [4]. This is limited only by the manufacturing process, and is assumed to be fixed at 0.75
mm.

Figure 2.3: BTSCM design parameters used to describe the configuration, where Rc and Rt
represent the radial centerline and radial thickness of the ACJ’s perpendicular cross section
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𝑙𝑐𝑐𝑚 = 2 (𝑅𝑐 +

𝑅𝑡
) sin(𝜑𝑗 ) + 𝑙ℎ cos(𝜑𝑐 ) + 𝑙𝑤 cos(𝜑𝑗 ) + 0.03175 𝑚
2

(2.1)

2.3 Finite Element Analysis Model
This section presents the development of the finite element model. First, the boundary
conditions are presented. Then, the methods used to calculate the output variables are detailed.
The material properties, model parameters and solution method are described. Finally, a mesh
convergence study is shown.
2.3.1

Loading response and boundary conditions
The BTSCM was modeled using COMSOL Multiphysics® software. This BTSCM is

designed to be flexible in positive bending, twist, and sweep (about +𝑋, +𝑌, and +𝑍, respectively),
due to the thin ACJ (Figure 2.4). This BTSCM is also designed to be stiff in negative bending,
twist, and sweep (about −𝑋, −𝑌, and −𝑍, respectively), due to self-contact across the ACG (Figure
2.5). This model was developed to consider only the BTSCM with simplified boundary under
quasi-static loading conditions to determine its performance capabilities. The loads acting on the
BTSCM during free flight are very complicated and not known, therefore the following
assumptions were made to simplify the model. The root and tip surfaces were assumed to be
rigid, where the root was prescribed zero displacement. The contact across the ACG was
modeled using a penalty method in COMSOL, where the contact pressure is modeled as a stiff
spring that is active in only compression. Primarily, the self-contact is induced as a result of a
negative bending angle, i.e., tip rotation about the −𝑋 direction. The change in stiffness is referred
to as asymmetric stiffness. This deformation may be caused due to a number of boundary
conditions, specifically by prescribing zero displacement to the root and applying tip loads (Figure
2.6) and/or tip moments (Figure 2.7). Tip loads and moments approximately represent the
aerodynamic lift and drag loads encountered during upstroke and downstroke, where upstroke
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would have a resultant lift load in the +𝑍 direction, downstroke would have a resultant lift load in
the −𝑍 direction, and both strokes would have a drag load in the −𝑋 direction. These loads would
be applied in the inertial frame, as they represent the resultant loads acting in the vertical and
horizontal directions. Tip loads are defined as a point load applied to the center of the tip surface.
Similarly, tip moments would represent the internal moments created as a result of the
aerodynamic loads. In the FEA model, tip moments are applied by modeling the tip as a rigid
boundary condition, then applying the moment. The results of both loading conditions are shown
and compared in Section 2.4.
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Figure 2.4: Example stress and deflection in the flexible directions

Figure 2.5: Example stress and deflection in the stiff directions
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Figure 2.6: Tip load boundary conditions, where the arrows are all oriented in the positive
orientations

Figure 2.7: Applied moment boundary conditions, where the arrows are all oriented in positive
orientations
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2.3.2

Output variables
There are five primary output variables of interest: tip deformation angles in bending, 𝜙𝑡𝑖𝑝 ,

twist, 𝜃𝑡𝑖𝑝 , and sweep, 𝜓𝑡𝑖𝑝 , mechanism peak stress, 𝜎𝑣𝑀 , and mechanism mass, 𝑚𝑐𝑐𝑚 . The three
tip angles were assumed to be the rigid-body rotation of the tip surface. If the tip surface were not
rigid, the average curl of the tip displacement field in the material reference frame could be used
to calculate the tip angles [126]. The mechanism peak stress and mass are defined in Equations
2.2 and 2.3.

𝜎𝑣𝑀 = max|𝝈𝒗𝑴 |

(2.2)

𝑚𝑐𝑐𝑚 = ∫ 𝜌𝐷𝑒𝑙𝑟𝑖𝑛 𝑑𝑉

(2.3)

𝑉𝑐𝑐𝑚

Where, σ is the von Mises stress field in the BTSCM, 𝜌𝐷𝑒𝑙𝑟𝑖𝑛 is the density of the material of the
CCM, in this case Delrin, and 𝑉𝑐𝑐𝑚 is the volume of the BTSCM. The von Mises stress field in
Equation 2.2 is calculated by COMSOL using the principle invariants of the displacement gradient
and therefore is accounting for large strains as opposed to a small strain assumption [127].
Equation 2.3 integrates the density over the volume to calculate the mass.
2.3.3

Material properties, model parameters, and solution method
A multi-linear elastic material function was used to model DelrinTM (Dupont acetal resin),

a nonlinear elastic material [128]. Delrin was chosen as the material due to its good fatigue
strength, withstanding more than 10,000 cycles to near yield stress at room temperature
according to the manufacturer. An experimental uniaxial loading stress verses strain curve [129]
is shown in Appendix C, as well as the numerical values used in this model. It was assumed that
the stress verses strain response in tension is mirrored for compression. Geometric nonlinearity
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was enabled in the FEA model, allowing large strains and deformations. All finite element
simulations in this chapter were completed using the COMSOL Structural Mechanics physics and
a stationary solver, i.e., assuming quasi-static simulations. The loads were applied in steps
because incremental deformations facilitate convergence for the nonlinear solver. The solver uses
a damped Newton method with a constant damping coefficient to approximate the numerical
solution. The error is required to be three orders of magnitude below the dependent variable
solution for each dependent variable. For example, if the displacements are on the order of 0.1
mm, the tolerance is 0.1 m.
2.3.3.1 Model Assumptions
The following is a list of assumptions made when generating the FEA model.


Quasi-static loading conditions



Rigid root and tip surfaces



Clamped root



Applied tip moments in bending and sweep to represent resultant lift and drag loads



ACG gap width of 0.25 mm

2.3.4

Mesh convergence study
A typical mesh is shown in Figure 2.8. Quadratic tetrahedral elements were used, where

a higher mesh density was created in the ACJ and at the outboard top part of the ACG for contact
accuracy. A mesh convergence was performed to determine the appropriate mesh distribution.
The results of tip bending angle and peak stress verses degrees of freedom is shown in Figure
2.9. Above 20,000 degrees of freedom, the changes in rotation and stress were relatively small
and the increase in computational time was substantial, thus this meshing scheme was used. The
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deformation in the ACJ was large, especially in the center, thus an extra fine mesh was used; in
contrast, the rest of the BTSCM had relatively little deformation, therefore a coarser mesh was
used everywhere else. A finer mesh was used on the outboard gap surface, as it is more flexible
than the inboard surface and therefore deforms.

Figure 2.8: Example mesh used for the BTSCM

Figure 2.9: Mesh convergence study
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2.4 Mechanism Performance
The asymmetric stiffness of the BTSCM is strongly affected by the loading conditions.
Figure 2.10 and Figure 2.11 show the bending, twist, and sweep stiffness caused by three
independently applied moments. In Figure 2.10, red, green, and blue lines represent tip moments
in the bending, twist, and sweep directions, respectively. The orientation of all arrows correspond
to a positive loading condition. In these simulations, each loading condition was applied
independently; the resulting independent deflections can be seen in Figure 2.11. For example,
when a bending moment was applied, only the bending deflection was extracted. This shows the
independent stiffnesses in all three directions. Furthermore, this shows that the only direction
which causes self-contact and thereby asymmetric stiffness is bending, whereas rotations in twist
and sweep are linear because they do not cause self-contact.

Figure 2.10: Independent loading conditions, where the arrows show positive orientations

Figure 2.11: BTSCM tip rotation when a single moment is applied independently in each
respective direction
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The results shown in Figure 2.12 and Figure 2.13 are similar to Figure 2.10 and Figure
2.11, however with different boundary conditions. Rather than independent moments, moments
in bending and sweep were applied simultaneously, where the bending moment varied and the
sweep moment remained constant about +𝑍. This approximately represents lift and drag loading
conditions, respectively, during flapping. Thus the twist angle and sweep angle asymmetry in
Figure 2.13 are achieved as a result of the natural coupling due to the ACJ and ACG. In other
words, a positive (about +𝑋) bending angle induces large twist and sweep angles. In contrast,
self-contact from a negative (about −𝑍) bending angle does not induce large deformations in any
of the three directions.

Figure 2.12: Coupled loading condition, where the blue arrow represents a constant moment
about +Z, and the red arrow represents a varying moment about +X

Figure 2.13: BTSCM tip rotation when varying bending and constant sweep moments are
applied simultaneously
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In addition to a coupling between rotations, the response is also dependent on the loading
method, i.e., tip loads or tip moments. Figure 2.14 shows a comparison of BTSCM response to
tip loads and applied moments. For each loading condition, a constant drag is applied while the
lift varies. In other words, for the tip loads, a constant load in – 𝑋 is applied to the tip surface while
a varying load in 𝑍 is applied, and for the applied moments, a constant moment about +𝑍 is
applied to the tip surface while varying a moment about 𝑋. From the plots, it is clear that applying
a tip load produces a smaller response than applying a tip moment, particularly in bending. If the
stiffness of the BTSCM were to be calculated based on the two boundary conditions, the applied
moment stiffness would be much lower than the tip load stiffness. For the remainder of this
chapter, applied tip moments will be considered. Applied moments closer represent the tip and
root reactions of the BTSCM in a structure.

Figure 2.14: Comparison of BTSCM response to tip loads (left) and applied moments (right) for
constant drag and varying lift
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Two loading conditions in particular are of interest for the ornithopter application: upstroke
and downstroke. These conditions represent the loads the BTSCM would experience if inserted
into the leading edge spar of an ornithopter as the wing is flapped upward and downward. For
upstroke, a tip moment about the +𝑋 axis is applied to represent the resultant lift load, and a tip
moment about +𝑍 is applied to represent the drag load (Figure 2.15). For downstroke, a tip
moment about the −𝑋 axis is applied to represent the resultant lift load, and a tip moment about
+𝑍 is applied to represent the drag load (Figure 2.16). A discussion of the magnitude of these
loads is in Appendix A.

Figure 2.15: Upstroke loading condition

Figure 2.16: Downstroke loading condition
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The figures in this section consist of one ACJ and ACG, referred to here as one ACJ. Four
configurations were considered to investigate the effect of adding a second ACJ: one ACJ (A),
two repeated ACJs (B), two ACJs with mirrored compliant joint angles, 𝜑𝑗 , (C), and two ACJs with
a smaller radial thickness, 𝑅𝑡 , on the outboard ACJ (D) (Table 2.1). Each configuration was
simulated under upstroke and downstroke loading conditions and compared to one another
(Figure 2.17). We see that adding the second ACJ allows much larger angles during upstroke and
downstroke at the expense of a higher mass and longer geometry. Configuration B has repeated
joints, and allows tip rotations of around double that of A. Configuration C achieves similar bending
and sweep as B, however has minimal twist angles due to the mirrored joint angles counteracting
one another. Configuration D allows much larger angles than the others at the expense of a higher
peak stress during upstroke. Thus, increasing the number of ACJs would increase the tip rotation
at the expense of higher mass. It was found that one was sufficient to achieve the angles desired
for this research, therefore the additional mass of a second ACJ would not be beneficial.
Furthermore, adding a second ACJ would double the number of design parameters.
Table 2.1: Multiple ACJ design parameters
Configuration

A

B

C

D

45

45

45

135

45

135

3.5

3.5

3.5

3

3

2.5

Geometry
φc1 [deg]

45

φj1 [deg]

135

Rc1 [mm]

3.5

Rt1 [mm]

3

φc2 [deg]
φj [deg]
2

2

Rc [mm]

N/A

Rt2 [mm]
Length [mm]

59

73

55

Figure 2.17: Comparison of BTSCM angles (top) and stresses and mass (bottom) with one and
two ACJs

2.5 Design Optimization
A multi-objective optimization problem was formulated to find a set of design parameters
which maximize the performance of the BTSCM. An overview of the multi-objective optimization
problem statement and solution methodology is presented in Appendix B. Equations 2.4-9
describe the objective problem for upstroke boundary conditions. This problem can easily be
modified to consider downstroke loading conditions as well, however only upstroke is considered
because the relative difference in downstroke performance between designs was found to be
much smaller than in upstroke. There were four design variables, with bounds based on geometric
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limitations (Equations 2.7-8). Equation 2.9 shows the general form of the objective functions, 𝐹𝑛 ,
stated as a sum of two terms: a model term, and a penalty term. The model term consists of a
model score term, 𝑓𝑛 , multiplied by a magnitude, 𝜅𝑛 , and a duality term, 𝛬𝑛 . Equation 2.10 shows
the model scores, where f1 through f5 are functions of tip bending angle, 𝜙𝑡𝑖𝑝 , tip twist angle, 𝜃𝑡𝑖𝑝 ,
tip sweep angle, 𝜓𝑡𝑖𝑝 , peak von Mises stress in the BTSCM, 𝜎𝑣𝑀 , and mass of the BTSCM, 𝑚𝐶𝐶𝑀 ,
calculated via the volumetric integral of the density, 𝜌𝐷𝑒𝑙𝑟𝑖𝑛 , over the domain, respectively. These
terms are solved for using the FEA model.
Table 2.2 shows the scaling, duality, cutoff, and weight values used in the optimization. In
Equation 2.6, the peak stress is normalized proportionally to the yield stress, σyield, by α via κ4.
Similarly, the mass is normalized by the mass of a block occupying the maximum volume allowed
in the sleeve given a 2.5 inch (63.5 mm) length. Typically, optimization problems are written to
minimize all objective functions. For the BTSCM during upstroke, we chose to maximize
downward bending, +𝜙𝑡𝑖𝑝 , twisting downward, −𝜃𝑡𝑖𝑝 , and sweeping back, +𝜓𝑡𝑖𝑝 , in an effort to
reduce drag during upstroke, and minimize peak stress, 𝜎𝑣𝑀 , and mass, 𝑚𝐶𝐶𝑀 . Thus, we look to
mathematically minimize twist rotation, stress, and mass, and maximize bending and sweep
rotation. To simplify a problem which contains both minimizations and maximizations, we find it
convenient to apply the duality principle to the objective function: by multiplying the rotation angles
by -1, we turn the mixed optimization problem into a minimization for all objectives [130]. Thus,
the desired rotation direction can be changed simply by changing the sign of the duality term. A
weighted penalty function was used to penalize designs where the peak stress exceeded a value
proportional to the yield stress in an effort to prevent designs which would undergo material failure
[130]. The uniaxial stress-strain curve used for this mechanism reaches a nearly horizontal
asymptote at the yield stress [131], which is undesirable as the material would fail under higher
strains. A maximum allowable stress, 𝜎𝑐𝑢𝑡𝑜𝑓𝑓 , was chosen as a proportion of the yield stress,
𝜎𝑦𝑖𝑒𝑙𝑑 , by a scaling factor, 𝛼, less than 1 (Equations 2.11-12). If a design exceeds the cutoff stress,
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for each objective, the percent cutoff is multiplied by a weight term, w, then added to the
normalized model score.

Minimize (F1, F2, F3, F4, F5)
Subject To
𝑙𝑏𝜑𝑐
𝑢𝑏𝜑𝑐
𝜑𝑐
𝑙𝑏𝜑𝑗
𝑢𝑏𝜑𝑗
𝜑
≤ { 𝑗} ≤
𝑟𝑐
𝑙𝑏𝑟𝑐
𝑢𝑏𝑟𝑐
𝑟
𝑡
{ 𝑙𝑏𝑟𝑡 }
{ 𝑢𝑏𝑟𝑡 }
𝜑𝑐
−1 𝑚𝑚
0 0 −1 0.5 𝜑𝑗
{
}{ } ≤ {
}
6 𝑚𝑚
0 0 1 0.5 𝑟𝑐
𝑟𝑡

(2.4)

(2.5)

Where,
(2.6)

𝐹𝑛 = 𝑓𝑛 𝜅𝑛 Λ𝑛 + 𝑤𝑛 Ω
𝜙𝑡𝑖𝑝
𝜃𝑡𝑖𝑝
𝜓𝑡𝑖𝑝
max|𝝈𝒗𝑴 |

𝑓1
𝑓2
𝑓3 =
𝑓4
{𝑓5 }

(2.7)

∫ 𝜌𝐷𝑒𝑙𝑟𝑖𝑛 𝑑𝑉
{𝑉𝑐𝑐𝑚

}

𝑛𝑜𝑏𝑗

𝜎
𝑓𝜅
Ω = ∑ 𝜆𝑛 ( 𝑛 𝑛⁄𝑔𝑛 − 1) = 𝜆𝑛 ( 𝑝𝑒𝑎𝑘⁄𝛼𝜎𝑦𝑖𝑒𝑙𝑑 − 1)

(2.8)

𝑛=1

𝜆𝑛 = {0
1

𝑖𝑓

𝑓𝑛 𝜅𝑛⁄
𝑔𝑛 − 1 ≤ 0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.9)
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Table 2.2: Parameters used in MOGA
Objective #

Scaling, κn

Duality, Λn

Cutoff, gn

Weight, wn

F1

1

-1

∞

10 [deg]

F2

1

1

∞

5 [deg]

F3

1

-1

∞

10 [deg]

F4

1 / 45*10 [Pa]
1 / 0.0145 [kg]

1

1

0

1

∞

1

F5

6

An overview of the overall algorithm used to solve the optimization problem is shown in
Figure 2.18. First, the BTSCM was modeled using COMSOL Multiphysics® FEA. Then, a multiobjective genetic algorithm (MOGA) was initialized in MATLAB®. The lower and upper bounds of
the parameters were set. Designs were generated by the MOGA, sent to COMSOL, simulated
under the simplified boundary conditions, and then exported back to the optimizer in MATLAB.
Then, a penalty function was applied to the output. This penalty function is meant to penalize
designs where the peak stress exceed a stress limit by adding a weighted penalty term to each
of the objectives, proportional to the stress violation. The population is then checked for
convergence. The optimization is said to have converged when for a specified number of
generations, the average relative change in the spread has not changed by more than 0.1% and
the spread of the most recent generation is less than the average. If the population has not
converged, a new population is created based on the performance of each member of the
previous population. A percentage of the optimal designs from the previous population are carried
over, as well as a percentage of the dominated designs to maintain diversity. When the algorithm
is complete, the optimal designs are output.
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Figure 2.18: Optimization algorithm used to running a multi-objective genetic algorithm on
MATLAB® using COMSOL® to evaluate designs

2.6 BTSCM Optimization Results and Discussion
This optimization problem has five objectives. The multi-objective optimization results in a
Pareto front, a set of optimal solutions which are not dominated by any other designs of the design
space. In other words, no single design is better than any other design in all objectives. A designer
can select a design from the Pareto front which achieves the desired deflections, then weigh the
consequences. For example, to achieve slightly more bending deflection, the designer can
choose a design with a thinner hinge at the cost of higher stresses.
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The following optimization study had a population of 100 and was terminated after 30
generations with a relative average change in spread over 5 generations of 0.09%, with current
generation spread less than the mean spread. This section is organized as follows. First, the
results of the optimization are discussed. The optimal designs are visualized to understand the
relationship between design variables and scores. Random forests were implemented to
understand the importance of design variables. The optimal population is then methodically
reduced to a smaller set of designs. Two designs are chosen to show the tradeoff between larger
flexibility and higher peak stress.
2.6.1

Aggregated Pareto-optimal front

The optimization generated 3,000 designs in total over 30 generations. Rather than only
considering the final generation, all populations were aggregated into a single set. Within this set,
2,171 were unique and feasible, i.e., did not exceed the cutoff stress. The non-unique designs
represent members of a population which were propagated to the next generation via mutation,
however, due to the low mutation rate of 1%, did not have any design variables changed. The
entire population was then subject to MATLAB’s ranking process, segregating designs into nondominated fronts. The rank one Pareto front designs of the aggregated, unique, non-penalized
population, referred to as the Aggregated Pareto-optimal front (APOF), consisted of 468 designs.
Figure 2.19 shows the APOF with two optimal designs highlighted in thumbnails. These two
designs are discussed in Section 2.6.3. Each marker represents a solution to the optimization
problem, i.e. a non-dominated optimal design. The left two plots show the optimized design space,
where the top plot shows the contact angle and joint angle, and the bottom plot shows the radial
centerline and thickness. The right two plots show the optimized objective space, where the top
plot shows the twist angle and bending deflection, and the bottom plot shows the sweep deflection
and bending deflection. The objective space plots have the same x axis, which is useful in
matching designs and comparing the three deflection objectives. The size of the markers show
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the relative mass, and the color indicates the peak von Mises stress for the design as a
percentage of the cutoff stress. Downstroke results from the final generation are shown in the
next section. Several key features are seen in the results. Designs with larger angles in all
directions result in higher peak stresses. Large bending angles, 𝜙𝑡𝑖𝑝 , can be achieved with small
twist, 𝜃𝑡𝑖𝑝 , and sweep, 𝜓𝑡𝑖𝑝 , angles. However, increasing twist and sweep angles requires a larger
bending angle. Many of the designs had a contact angle, 𝜑𝑐 , of around 40°, and a radial thickness,
𝑅𝑡 , less than 3 mm.

Figure 2.19: BTSCM APOF, where the left two plots represent the design space, the right two
plots represent the objective space, and the bottom plot is the convergence metric history
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While Figure 2.19 was a simple way to visualize all the design variables and objectives
together, few conclusions of the relationships between them can be drawn. Figure 2.20 is a matrix
plot of the objectives verses the design variables. Here, each subplot represents the relationship
between a single objective and a single design variable. We see that there is a strong correlation
of small radial thickness, 𝑅𝑡 , to all angles and peak stress. This makes sense, as a smaller ACJ
would be more compliant, and larger deformations result in higher stresses. Designs with joint
angles, 𝜑𝑗 , near 90°, have nearly zero twist, 𝜃𝑡𝑖𝑝 . This makes sense, as a BTSCM with a 90° joint
angle is equivalent to a compliant spine, which is primarily a single degree of freedom CCM in the
bending direction. Designs with larger joint angles have negative twist angles, and designs with
smaller joint angle have positive twist. This means the direction of the coupling from bending to
twist is primarily dependent on the joint angle. Small contact angles, 𝜑𝑐 , large joint angles and
radial centerline, 𝑅𝑐 , correlate to larger sweep angles, 𝜓𝑡𝑖𝑝 .
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Figure 2.20: Matrix plot of objectives verses design variables

2.6.2

Relative importance of design variables
Machine learning techniques can be used to interpret the data from the optimization. A

regression tree is a statistical model which uses existing data to predict an output. A random
forest of regression trees is a set of regression trees that were generated using partial data sets.
For example, the data from a percentage of the designs simulated with only three of the four
design variables were used to train each tree. This process may reduce bias in the data and show
64

trends that aren’t otherwise noticed. The out-of-bag error represents the resubstitution error of
the forest caused by error in the decision split criteria. A random forest of 100 trees was generated
for each objective independently using the 2,171 unique designs simulated during the
optimization. Figure 2.21 shows the decision split error converge for each objective as the forest
grows to around 40 trees. Thus, with 40 trees, the forest can be used to predict each objective
given a set of design variables with an error of less than 0.75%.

Figure 2.21: Random forest decision split error, or out-of-bag error, percentage as a function of
trees in the forest

The relative importance of each design variable to each objective can be measured by the
number of times the variable is chosen as a branch split criteria (Figure 2.22). For example, the
joint angle, 𝜑𝑗 , is by far the best predictor of the twist angle, 𝜃𝑡𝑖𝑝 . This means the twist angle of a
design can be predicted fairly well knowing only the joint angle. Similarly, the radial thickness, 𝑅𝑡 ,
can be used to predict the peak stress, σ, and the joint angle can be used to predict mass, m.
While the radial thickness can also predict the bending angle, 𝜙𝑡𝑖𝑝 , the contact angle, 𝜑𝑐 , and
joint angle are also necessary. The contact angle and joint angle are similarly important for
predicting sweep, 𝜓𝑡𝑖𝑝 . The radial centerline, 𝑅𝑐 , has the lowest importance for all the objectives.
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This means that for the allowable geometric range, the radial centerline is less important to the
objectives relative to the other design variables.

Figure 2.22: Relative importance of design variables to each objective
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2.6.3

Design selection

Choosing specific designs from the aggregated population requires a methodical approach
which narrows the number of designs into manageable sets. Table 2.3 shows the steps used to
narrow the design space. The optimization algorithm generated 3,000 designs; of those, 2,171
had unique design parameters and did not exceed the peak stress cutoff. The population was reranked using MATLAB’s nonDominatedRank function, the same function used to rank each
generation. The aggregated population was then reduced to 468 rank 1 Pareto-optimal designs.
From Appendix B, it was determined that a bending deflection of 8.4 mm during mid upstroke and
0.8 mm during mid downstroke was desirable for wing morphing if the BTSCM is inserted at 37%
of the half wingspan. This corresponds to tip bending angles, 𝜙𝑡𝑖𝑝 , of 7.5 degrees and 0.7 degrees
at mid upstroke and mid downstroke, respectively. Thus, designs which allowed less than 7.5
degrees of bending were eliminated. Additionally, designs which exceeded double the desirable
amount, 15 degrees, were eliminated to prevent designs which were too flexible. The BTSCM
was designed to couple bending to twist, therefore designs with less than 1 degree of downward
twist were eliminated, leaving 84 designs. The peak stress is a critical component to fatigue,
where a BTSCM with lower peak stress would undergo more cycles before failure compared to a
BTSCM with a higher peak stress. Two sets were chosen: Set A with peak stress between 50%
and 60%, and Set B with peak stress between 70% and 75%. The sets had 4 and 16 members,
respectively.
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Table 2.3: Approach used to narrow the aggregated population to desirable designs
Step

Criteria

Remaining Designs

1

All designs generated by the optimization algorithm

3000

2

Unique, non-penalized designs

2171

3

Aggregated Pareto-optimal front

468

4

7.5° ≤ 𝜙𝑡𝑖𝑝 ≤ 15°

133

5

𝜃𝑡𝑖𝑝 ≤ -1°

84

6

Set A: 50% ≤ 𝜎𝑣𝑀 ≤ 60%

4

7

Set B: 70% ≤ 𝜎𝑣𝑀 ≤ 75%

16

Each design was then simulated under downstroke conditions. The sets were sorted by the
ratio of their bending angle during upstroke to downstroke, 𝜁𝑈𝐷 . The designs with the largest 𝜁𝑈𝐷
in each set were chosen: BTSCM456A (Figure 2.23) and BTSCM354B (Figure 2.24). The
parameters which define the designs can be seen in Table 2.4. The scores for the two designs
during upstroke and downstroke loading conditions can be seen in Figure 2.25. The most obvious
difference in design parameters is that BTSCM354B has a twenty percent smaller radial thickness
than BTSCM456A. BTSCM354B allowed larger angles in all three directions at the expense of a
higher peak stress. These two results are consistent with the observations made in Section 2.6.1.
The scores in downstroke are very similar for both designs; this can be attributed to the ACG
being a non-trivial width, allowing deflection before coming in self-contact. A smaller ACG would
greatly reduce the downstroke deflection. A larger 𝜁𝑈𝐷 is found for BTSCM354B (1.86) because
it is more flexible during upstroke than BTSCM456A (1.24) while maintaining similar downstroke
angles.
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Figure 2.23: BTSCM456A geometry (left), downstroke stress (top), and upstroke stress
(bottom), with an upstroke peak stress 60% of the cutoff stress.

Figure 2.24: BTSCM354B geometry (left), downstroke stress (top), and upstroke stress
(bottom), with an upstroke peak stress 74% of the cutoff stress.
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Table 2.4: Example optimal design configurations
Design

φc [deg]

φj [deg]

Rc [mm]

Rt [mm]

456A

84.3

121.2

3.4

4.0

354B

74.2

116.6

3.5

3.2

Figure 2.25: Example optimal design angle (top) and stress and mass (bottom) objective
functions. This figure would be used by a designer to weigh deflection gains verses stress
penalties.
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2.7 Comparison to Previous Compliant Mechanisms
A purpose of this optimization is to determine if a single BTSCM can eliminate the need for
two separate CCMs, namely the BSCM and Twist Compliant Mechanism (TCM), to achieve
simultaneous bending, twist, and sweep passively. The BTSCM has the same geometry and
assumed loading conditions as the BSCM; the primary difference between the two is the BTSCM
has an additional objective function, namely twist angle. To evaluate how the additional objective
function affects the optimization, the optimization procedure detailed in Section 2.5 was repeated
without the twist objective function. Table 2.5 shows a comparison of the BTSCM and BSCM
optimization convergence and size. Both optimizations had populations of 100 members, used
the same random initial population algorithm, and COMSOL model. The BSCM converged in
fewer generations compared to the BTSCM, requiring only 77% of the number of simulations.
This is because eliminating one of the objectives reduces the complexity of the ranking process,
allowing the Pareto front to converge quicker.
Table 2.5: Comparison of BTSCM and BSCM optimizations
Optimization Value

BTSCM

Population

BSCM
100

Generations to
Convergence

30

22

Unique, non-penalized
designs

2171

1764

APOF

468

366

60% < 𝜎𝑣𝑀 < 80%

43

61

To compare the two optimal populations, a small set was chosen from each APOF with peak
stresses, 𝜎𝑣𝑀 , between 60% and 80%. The BSCM designs were re-simulated during upstroke to
extract the twist angles. The design parameters for the sets are shown in Figure 2.26. Both sets
had similar radial thicknesses, 𝑅𝑡 , and centerlines, 𝑅𝑐 . However for joint angles, 𝜑𝑗 , and contact
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angles, 𝜑𝑐 , the BTSCM optimal population was spread over a larger area, whereas the BSCM’s
set primarily had contact angles between 80 and 100 degrees with joint angles greater than 60
degrees, and some designs with lower joint angles and higher contact angles. The tip bending,
𝜙𝑡𝑖𝑝 , and sweep, 𝜓𝑡𝑖𝑝 , angles were considered to compare the BTSCM designs bending and
sweep angles to the BSCM (Figure 2.27). Similar ranges of bending and sweep were seen in both
upstroke and downstroke. Several BTSCM designs had negative sweep angles during upstroke;
these designs were performed worse than other designs in sweep but not all objectives. These
results show that the BTSCM can perform as well as the BSCM in both bending and sweep.
The optimal TCM population from the final generation of a previous optimization was
resimulated using COMSOL for upstroke and downstroke loading conditions [132]. The model
was developed using a similar mesh and solution methodology to the BTSCM in Section 2.3.
Using only the final population gives an approximation of the performance, which is sufficient for
the purposes of this comparison. A comparison of the BTSCM, BSCM, and TCM twist angles,
𝜃𝑡𝑖𝑝 , verses their peak stress, 𝜎𝑣𝑀 , for upstroke and downstroke loading conditions is shown in
Figure 2.28. We see that the BTSCM set mostly achieves negative twist angles with only a few
positive twist angles. The BSCM was able to achieve negative twist angles similar to the BTSCM,
however the proportion of BSCM designs with negative twist designs was much lower than the
BTSCM. The TCM allowed around three times as much negative twist during upstroke, and
around three times as much positive twist during downstroke. Therefore, much larger twist can
be achieved during upstroke at the expense of larger twist during downstroke, as well as added
mass and complexity. Additionally, the chosen TCM designs during upstroke were very close to
the peak stress, and therefore would likely undergo material failure sooner.

72

Figure 2.26: Comparison of BTSCM and BSCM APOF design parameters with peak stress
between 60% and 80%

Figure 2.27: Comparison of BTSCM and BSCM APOF bending and sweep angles for designs
with peak stress between 60% and 80% during upstroke (left) and downstroke (right)

Figure 2.28: BTSCM, BSCM, and TCM twist angles for upstroke (left) and downstroke (right)
loading conditions
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2.8 Conclusions
A new objective function was developed for a CCM to simultaneously achieve bending,
twist, and sweep in a single, passive BTSCM. A finite element model of the BTSCM was
developed and used to understand the reaction of the mechanism simplified aerodynamic loading.
A coupling from bending to twist during upstroke was discovered. A design optimization problem
was formulated and solved to maximize tip rotation while minimizing peak stress and mass. The
optimization showed the BTSCM was capable of allowing tip angles of up to 40 degrees in
downward bending, 10 degrees in downward twist, and 4 degrees in forward sweep. The
aggregated set of unique designs simulated throughout the optimization was re-ranked, producing
an aggregated Pareto optimal front of non-dominated designs. This technique allows a designer
to choose a design from a far larger set of designs compared to only using the Pareto front of the
final generation. A matrix plot of the APOF was used to understand the relationship between
design variables and objectives. Random forests of regression trees using all the unique designs
simulated were used to discover which design variables were the most important to predict the
objectives. Radial thickness of the ACJ was determined to be the best predictor of tip angles and
peak stress, where lower radial thickness correlates to larger rotations and higher peak stress.
Joint angle is the most important variable to predicting the coupling from bending to twist, where
a joint angle larger than 90 degrees causes negative twist during upstroke.
A designer can select a design from the APOF which achieves desired deflections within
acceptable stress and mass limits. They may do this by weighing additional deflection gains with
additional stress penalties. This process was used to narrow the APOF to two designs which
satisfied the design requirements. The two designs showed that larger tip rotation can be
achieved at the expense of a larger peak stress.
The BTSCM passively achieved desirable twist angle orientation consistently, whereas
the BSCM’s twist angles are achieved by chance for the same loading conditions. In other words,
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nearly all BTSCM designs twist in the desired direction, but the BSCM twists in either direction.
The BTSCM achieves this twist while maintaining similar bending and sweep angles as the
BSCM. The TCM was able to achieve much larger twist angles compared to the BTSCM in
upstroke, however also achieved larger angles during downstroke. Although the TCM would not
add much weight in comparison to the BTSCM, requiring two CCMs in a structure increases the
building complexity. Therefore, for twist angles under 5 degrees, a single BTSCM can replace the
need for a separate BSCM and TCM to allow 3 degree of freedom shape change.
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Chapter 3
A Dynamic Spar Numerical Model for Passive Shape Change
3.1 Introduction and Motivation
In this chapter, a three dimensional dynamic numerical model of a flapping wing structure
called the Dynamic Spar Numerical Model (DSNM) is introduced, formulated, and validated. This
model uses kinematic constraints to formulate the equations of motion for the wing structure of
an ornithopter. This formulation accounts for the body, leading edge spar, and diagonal spar. This
model includes a leading edge spar and a diagonal spar, attached to a body by revolute and
spherical joints, respectively (Figure 3.1). The spars include a user-controlled number of
compliant joints: spherical joints with distributed masses and three axis nonlinear torsional springdampers. This model was created as a computationally efficient optimization tool for modeling
compliant mechanisms in a dynamic structure.

Figure 3.1: The DSNM geometry is based on an ornithopter flying in the xIzI plane, where the
center of mass of the body is located at the inertial origin at the beginning of the simulation. The
wing markers shown on the membrane are used by a VICON camera array to record the wing
kinematics.
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Finite element modeling such as in the previous chapter is useful for design optimization for
CCMs, providing a detailed account of the CCM deformation. However, many assumptions were
necessary to reduce the computational cost of each BTSCM simulation. The model only
considered the BTSCM, not the wing spars. The simulations were quasi-static, neglecting any
dynamic effects. The root was simulated as clamped, whereas the wings are actually flapping.
The applied loads were estimates for the ornithopter aerodynamic loading, assuming the BTSCM
was inserted at 45% of the half-wingspan.
This research focuses not only on the CCM design and performance, but also on how the
CCM spatial distribution in the structure effects the overall performance of the ornithopter. A
complete finite element model of the ornithopter wing structure under dynamic conditions would
be very computationally expensive; a finite element model of the wing including the membrane
and aerodynamic effects encountered during flapping would be relatively infeasible. Furthermore,
using the model within an optimization tool would require many function calls; therefore reducing
computational cost is essential. By using a numerical dynamics model, the wing structure can be
simulated in a dynamic environment with any number of compliant joints in the leading edge and
diagonal spars. Modeling the entire wing structure geometry accounts for interactions between
structural members, e.g., the diagonal spar influencing the kinematics of the leading edge spar.
This model also serves as a framework for a tool which can be used to understand flapping wing
flight.
The following research tasks will be addressed in this chapter:
Task 2.1 - Develop a dynamic rigid-link numerical model of the wing structure and solution
algorithm
Task 2.2 - Model CCMs as nonlinear, coupled CJs
Task 2.3 - Tune model parameters using experimental data
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3.2 Model Assumptions and Setup
The following two sections present the formulation of the DSNM, based on Haug’s method
[133]. In summary, a rigid-link model is created using numerical constraints, such as enforcing
body kinematics, wing flapping angle, and joint compatibility between links. The state variables of
the links, spatial and time derivatives of the constraints, and loads due to spring-dampers and
external forces are used to solve differential algebraic equations of motion, which find the time
derivatives of the state variables. This process loops through a forward time integrator for a
prescribed number of cycles, then outputs the state variables of the links through the cycles. The
numerical error and steady state errors are calculated to ensure the constraints were not largely
violated, and the wing structure is flapping at steady state.
3.2.1

Modeling Assumptions
The DSNM formulation and implementation is focused on the ornithopter application, but

is generalizable to any geometry, kinematics, and kinetics. Several assumptions are made to
simplify the calculations. Each CCM is represented by a spherical joint with distributed mass and
three orthogonal torsional spring-dampers. The CCM mass is split in half, and distributed to
adjacent links. This assumes the CCM deforms only in the geometric center, which is a
reasonable assumption for most discrete compliant mechanisms [9]. The deformation in the
BTSCM is primarily in the hinge at the bottom; this offset is relatively small, therefore the spherical
joint is assumed to be offset from the geometric center to beneath the mass, approximately where
the hinge would be located. The spherical joint, mass, springs, and dampers together form a
Compliant Joint (CJ) (Figure 3.2). The assumptions made about the CJ allow the model to
simulate the CCM independent of the specific geometric parameters; i.e., only the stiffness, mass,
and moments of inertia of the CCM are considered, not the geometry. This model can be used by
a designer to tailor desirable stiffness properties and coupling of a compliant joint, then develop
a detailed CCM geometry which produces the desired stiffness properties and coupling. We
78

assume all other components and links in the model are rigid, and the only relative motion is in
joints and CJs. We also assume all connections between spars and CJs are ideal with no
flexibility, and the flapping mechanism prescribes an angle. The diagonal spar root is assumed to
attach directly to the ornithopter via a spherical joint, whereas in the ornithopter there is a small,
light plastic connector. Finally, we assume the tip link of the diagonal spar is prescribed in a plane
with the link on the leading edge spar where the two would intersect. This is explained in further
detail in Section 3.3.1.

Figure 3.2: Example of a compliant joint, where yellow is a spherical joint, purple represents 3D
distributed mass in a rectangular prism, and the spring represents the 3 axis torsional springdampers

3.2.2

Geometry
The DSNM’s geometry is based on an avian scale ornithopter with a one meter wingspan

used by our research group (Figure 3.1). This chapter’s formulation of the DSNM focuses on the
leading edge spar and the diagonal spar, and is capable of handling any number of CJs in both
spars. As an example, Figure 3.3 and Figure 3.4, and all equations in this chapter are for two CJs
in the leading edge spar, both inboard from the leading edge spar to diagonal spar interface, and
one compliant joint in the diagonal spar. A schematic of the geometry is shown in Figure 3.3. The
inertial frame origin is located at the center of mass of the body link, with inertial axes xI, yI, zI
representing Nose, Right Wing, and Underside, respectively. Subscript I denotes coordinates in
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the inertial frame. Angles about the inertial axes are 𝜙 (roll), 𝜃(pitch), and 𝜓 (yaw), respectively.
The coordinate axes and angles about the axes are consistently shown as red (𝑥), green (𝑦), and
blue (𝑧). The body is modeled with revolute joint at the center of mass about 𝑦𝐼 ; its purpose is
explained in Section 3.3.1. The wing root is modeled as a revolute joint about 𝑥1 . Black lines along
the leading edge and diagonal links represent the rigid spars. Grey arrows represent force vectors
applied to the center of mass of each link. Two compliant joints and one compliant joint are shown
along the leading edge and diagonal spars, respectively. The links and joints are numbered
starting at the body, then outboard towards the wing tip, then inboard towards the diagonal spar
root. A close up of an example link m is shown in Figure 3.4. The local coordinate system,
𝑥𝑚 𝑦𝑚 𝑧𝑚 , is situated at the center of mass of the link, with 𝑦𝑚 along the spar towards the tip of
the joint. 𝜙 𝑗 , 𝜃 𝑗 , and 𝜓 𝑗 represent local joint angles of joint j. In a flexible wing model, these angles
would correspond to bending, twist, and sweep, respectively. The local joint angles will be further
explained in Section 3.3.2.

Figure 3.3: DSNM geometry, where the coordinates are Nose-Right Wing-Underside with
respect to the ornithopter body

80

Figure 3.4: Example of a single rigid link m with preceding joint j and next joint j+1, where the
coordinate system is body-fixed at the center of mass with local y axis along the link, and the
applied loads acting at the center of mass

3.2.3

Inertia, State variables, and Coordinate transforms
A sub-routine was developed to increment through the links to calculate the inertial

properties, geometric constraints, and initial conditions. First, the length of the spar links are
calculated based on the location of the adjoining compliant joints, then the mass and center of
mass of the spar and CJ masses are calculated. The masses of each link are calculated and
assembled in a diagonal system mass matrix, [𝑀]. The masses and centers of mass are used to
calculate the local mass moments of inertia of each link, which are then input into a diagonal
system local inertia matrix, [𝐼] ’, where the prime indicates body-fixed local quantities. The position
of connected joints with respect to the center of mass of each link in local coordinates is stored in
{𝑠} ’. Each joint attached to each link is denoted by a letter: for links on the leading edge, A is for
the inboard joint and B for the outboard joint, and similarly on the diagonal spar, C for outboard
and D for inboard. Finally, initial conditions are input into a state variable, {𝑦} (Equation 3.1). The
initial inertial positions, {𝑟}, and Euler parameters, {𝑝} (Equation 3.2), are calculated geometrically
using the center of mass data and the local joint position data. The initial inertial linear velocity,
{𝑟̇ }, and initial local angular velocity, {𝑤}’, are found using the constraint Jacobians, further
explained in Section 3.3.1.
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{𝑟1 }
⋮
{𝑟6 }
{𝑝1 }
⋮
{𝑝6 }
{𝑦} =
{𝑟̇1 }
⋮
{𝑟̇6 }
{𝜔1 }′
⋮
{{𝜔6 }′}

𝜒
𝑐𝑜𝑠 ( )
2
𝑒0
𝜒
𝑒̂𝑥 𝑠𝑖𝑛 ( )
𝑒1
2
{𝑝} = {𝑒 } =
𝜒
2
𝑒̂𝑦 𝑠𝑖𝑛 ( )
𝑒3
2
𝜒
{ 𝑒̂𝑧 𝑠𝑖𝑛 (2 ) }

(3.1)

(3.2)

Here, e is an Euler parameter, 𝑒̂ is the unit vector normal to the rotation, and  is Chasles’
Angle, the angle of rotation of a link about a unit normal. The Euler parameters can be used to
find the orthonormal rotation matrix, [𝐴]. This transformation matrix can convert local to inertial
coordinates by pre-multiplying the local coordinates, and convert inertial to local by pre-multiplying
the inertial coordinates by the transpose, [𝐴]𝑇 . The columns of [𝐴𝑚 ] are the local coordinate unit
vectors of link 𝑚 in inertial coordinates, denoted {𝑓𝑚 } {𝑔𝑚 } {ℎ𝑚 }, respectively, (Equation 3.3). A
transformation matrix, [𝐺], is defined by an array of Euler parameters (Equation 3.4), then used
to find the derivatives of the Euler parameters (Equation 3.5).
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[𝐴𝑚 ] = [{𝑓𝑚 } {𝑔𝑚 } {ℎ𝑚 }]𝑚 = [{𝑒̂𝑥 }𝑚 {𝑒̂𝑦 }𝑚 {𝑒̂𝑧 }𝑚 ]

𝐼

−𝑒1
[𝐺𝑚 ] = [−𝑒2
−𝑒3

𝑒0
−𝑒3
𝑒2

𝑒3
𝑒0
−𝑒1

1
{𝑝̇𝑚 } = [𝐺𝑚 ]𝑇 {𝜔𝑚 }′
2

−𝑒2
𝑒1 ]
𝑒0

(3.3)

(3.4)

(3.5)

3.3 Model Formulation
3.3.1

Constraints
The DSNM is based on kinematic constraints, {𝛷}, shown in Equation 3.6. The constraints

are split into five sets called: driver, symmetric flight, clamped body, spherical joints, and collar
joint. The driver constraint set creates a fixed revolute rotation driver, {𝛷𝐹𝑅𝑅𝐷 }, causing the rootmost link on the leading edge spar to rotate with a prescribed rotation angle as a function of time,
𝜙𝐷𝑟 (𝑡), about the wing root in the 𝑦1 𝑧1 plane. This is accomplished by first creating a spherical
joint constraint, {𝛷 𝑠 }, between the body, link 1, and the first link on the leading edge spar, link 2.
Note that the spherical joint appears in the fourth set of constraints. Then, a parallel-1 constraint,
{𝛷 𝑝1 }, prescribes that the 𝑥2 axis is parallel to the 𝑥1 axis. This is accomplished by creating two
dot-1 constraints, where each of the dot products of the 𝑦2 and 𝑧2 axes with the 𝑥1 axis equal zero.
The symmetric flight constraint set prescribes the body in the inertial 𝑥𝐼 𝑧𝐼 plane via a revolute joint
to simulate symmetric flight. This is accomplished by first setting 𝑦1 equal to 𝑦𝐼 using the 𝑦
component of a spherical constraint, then creating a parallel-1 constraint between the inertial yI
axis and 𝑦1 , using dot-1 constraints with 𝑥1 and 𝑧1 . The fixed body constraint set prevents body
translation in the 𝑥𝐼 𝑧𝐼 plane and body pitch, mimicking the setup for benchtop testing. First the 𝑥
and 𝑧 components of a spherical constraint are used to constrain translation, then a dot-1
constraint is used to constrain body pitch by forcing 𝑧2 perpendicular to 𝑥𝐼 . The spherical joint
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constraints, {𝛷 𝑆 }, are spherical joint compatibility equations, requiring the position of a joint be
equal from both adjoining links. Note that the spring-dampers of compliant joints are applied later
in the formulation.
The connection between the leading edge and diagonal spar has a more complex
interaction than the previously discussed joints: the spars are not attached, however, due to the
membrane construction, the spars remain relatively close and are able to influence one another
when the wing changes shape during flapping. Specifically, we are considering the tip link of the
diagonal spar, and the link on the leading edge spar where, if the diagonal spar was extended,
would intersect with the diagonal spar. The wing membrane’s stiffness is primarily orthogonal to
the plane which the spars are in. Therefore, we assume the diagonal spar tip link’s 𝑧 axis is
perpendicular to the leading edge spar’s intersection link’s 𝑥 and 𝑦 links via two dot-1 constraints.
This prevents relative rotation in the spanwise and chordwise directions. Then, we assume the z
axis of the diagonal spar link is perpendicular to the line between the diagonal spar’s center of
mass and where the spars would intersect, 𝑑𝑖𝑗 (Equation 3.7) via a dot-1 constraint. This causes
the intersection point on the leading edge spar to remain in the diagonal link’s 𝑥𝑦 plane. Equation
3.6 shows the equation for the kinematic constraints, followed by a description of each constraint.
Note that for dot-2 constraints, the center of mass of the diagonal spar link was used for the
definition of dij, simplifying the partial and time derivatives of the constraint.
The Jacobian matrices of the constraint vector with respect to position, [Φ𝑟 ], and
orientation, [Φ𝜋′ ], are shown in Equations 3.8-3.10 and Equations 3.11-3.13, respectively. Zeros
are not shown, [𝐼𝐼3 ] represents a 3x3 identity matrix, and tildes represent skew symmetric
matrices. The rows of each Jacobian represent a constraint, and the columns represent links,
where each link column is a set of three direction columns. For example, in the position Jacobian,
rows 10 to 13, columns 4 to 6 represents the partial derivative of the spherical constraint of joint
2 (the driver) with respect to link 2 in the 𝑥2 𝑦2 𝑧2 directions.

84

𝐷𝑟𝑖𝑣𝑒𝑟 𝑝𝑟𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑎𝑛𝑔𝑙𝑒
𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑙𝑖𝑔ℎ𝑡
{Φ} =
𝐵𝑜𝑑𝑦 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑝𝑖𝑡𝑐ℎ 𝑓𝑖𝑥𝑒𝑑
𝐽𝑜𝑖𝑛𝑡 𝑐𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦
{𝐿𝑒𝑎𝑑𝑖𝑛𝑔 𝐸𝑑𝑔𝑒 𝑡𝑜 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑆𝑝𝑎𝑟 𝐽𝑜𝑖𝑛𝑡
{ΦFFRD }
}
{Φp1 }
{Φs }𝑦
{ p1 }
{Φ }
{Φs }𝑥,𝑧
=
{ d1 }
{Φ }
{Φs }
{Φd1 }
{ d2 }
{ {Φ } }
{

𝜙2 − 𝜙𝐷𝑟 (𝑡)
{ {𝑓1 }𝑇 {𝑔2 } }
{𝑓1 }𝑇 {ℎ2 }
{𝑟1 }𝑦 − {𝑟I }𝑦
{ {𝑔𝐼 }𝑇 {𝑓1 } }
{𝑔𝐼 }𝑇 {ℎ1 }
{𝑟1 }𝑥 − {𝑟I }𝑥
{{𝑟1 }𝑧 − {𝑟𝐼 }𝑧 }
=
{𝑓𝐼 }𝑇 {ℎ1 }
{𝑟2 } + [𝐴2 ]{𝑠2 }′𝐴 − ({𝑟1 } + [𝐴1 ]{𝑠1 }′𝐵 )
{𝑟3 } + [𝐴3 ]{𝑠3 }′𝐴 − ({𝑟2 } + [𝐴2 ]{𝑠2 }′𝐵 )
{𝑟4 } + [𝐴4 ]{𝑠4 }′𝐴 − ({𝑟3 } + [𝐴3 ]{𝑠𝟑 }′𝐵 )
{𝑟6 } + [𝐴6 ]{𝑠6 }′C − ({𝑟5 } + [𝐴5 ]{𝑠5 }′𝐷 )
{{𝑟1 } + [𝐴1 ]{𝑠1 }′𝐶 − ({𝑟6 } + [𝐴6 ]{𝑠6 }′𝐷 )}
{ℎ4 }𝑇 {𝑔5 }
{
}
{ℎ4 }𝑇 {𝑑𝑖𝑗 }
{
}

𝑑𝑖𝑗 = {𝑟5 } − ({𝑟4 } + [𝐴4 ]{𝑠4 }′𝐷 )

(3.6)

(3.7)
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1
[Φ𝑟 ]4:8𝑥1:3 =

(3.8)
[

−[𝐼𝐼3 ]
[Φ𝑟 ]10:24𝑥1:18 =

[𝐼𝐼3 ]
−[𝐼𝐼3 ]

1

1]

[𝐼𝐼3 ]
−[𝐼𝐼3 ] [𝐼𝐼3 ]

(3.9)
−[𝐼𝐼3 ]

[𝐼𝐼3 ]
−[𝐼𝐼3 ]]

[ [𝐼𝐼3 ]

[Φ𝑟 ]27𝑥7:12 = [−{ℎ4 } {ℎ4 }]

[−1 0 0]
−{𝑔2 }𝑇 [𝐴1 ][𝑓̃1 ]′
−{ℎ2 }𝑇 [𝐴1 ][𝑓̃1 ]′

(3.10)

[1 0 0]
−{𝑓1 }𝑇 [𝐴2 ][𝑔̃2 ]′
−{𝑓1 }𝑇 [𝐴2 ][ℎ̃2 ]′

[Φ𝜋′ ]1:9𝑥1:6 = −{𝑔𝐼 }𝑇 [𝐴1 ][𝑓̃1 ]′
−{𝑔𝐼 }𝑇 [𝐴1 ][ℎ̃1 ]′
[ −{𝑓𝐼 }𝑇 [𝐴1 ][𝑔̃1 ]′

(3.11)

]

[𝐴1 ][𝑠̃1 ]′𝐵 −[𝐴2 ][𝑠̃2 ]′𝐴
[𝐴2 ][𝑠̃2 ]′𝐵 −[𝐴3 ][𝑠̃3 ]′𝐴
[Φ𝜋′ ]10:24𝑥1:18 =
[𝐴3 ][𝑠̃3 ]′𝐵 −[𝐴4 ][𝑠̃4 ]′𝐴
[−[𝐴1 ][𝑠̃1 ]′𝐶

(3.12)
[𝐴5 ][𝑠̃5 ]′𝐷 −[𝐴6 ][𝑠̃6 ]′𝐶
[𝐴6 ][𝑠̃6 ]′𝐷 ]

−{𝑔5 }𝑇 [𝐴4 ][ℎ̃4 ]′
−{ℎ4 }𝑇 [𝐴5 ][𝑔̃5 ]′
[Φ𝜋′ ]25:27𝑥7:12 = [
]
𝑇
{ℎ4 }′𝑇 {𝑠̃4 }′𝐷 − {𝑑𝑖𝑗 } [𝐴4 ][ℎ̃4 ]′
0

(3.13)
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The first and second time derivatives of the constraint vector, {Φ𝑡 } and {Φ𝑡𝑡 }, are shown
in Equations 3.14 and 3.15, respectively. Equations 3.16-18 are shown separately from 3.15 for
ease of reading, where 𝛾 𝐷1 and 𝛾 𝐷2 represent the first and second forms of the dot product
constraint, and 𝛾 𝑆 represents a spherical joint constraint. Constraint stabilization is a technique
used to prevent instabilities in the Jacobians which can cause constraints to fail, resulting in large
position and velocity errors, 𝜀𝑟 (Equation 3.19) and 𝜀𝑣 (Equation 3.20), respectively. These errors
are the difference between the state and the constraints, and tend to grow for simulations or where
relatively strong forces are present due to numerical integration error [134]. If the error is large, it
can be used to stabilize the acceleration equation during the simulation. Baumgarte’s constraint
stabilization method can be used to reduce the error [134]. Two constants, 𝛼 and 𝛽, are used as
tuning parameters in Equation 3.21. These parameters are manually varied until a value is found
where the constraints are stabilized. There are no analytical techniques for determining the
values, so a parameter sweep on different orders of magnitude was used, then the results visually
inspected to determine appropriate values. Section 3.4.1 shows an example of the constraint error
growing over time without constraint stabilization. The stabilized acceleration equation, {𝛷𝑡𝑡 }, is
then used in place of {𝛷𝑡𝑡 } for the remainder of the formulation.
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̇ (𝜙𝑑𝑟 , 𝑡)
{Φ𝑡 }1 = −𝜙𝐷𝑟

(3.14)

̈

−𝜙𝐷 (𝜙𝑑 , 𝑡)
𝐷1
{{𝛾 }(1, {𝑓},

{Φ𝑡𝑡 } =

2, {𝑔})}
{𝛾 𝐷1 }(1, {𝑓}, 2, {𝑔})
{𝛾 𝑠 }𝑦 (𝐼, 𝐵, 1, 𝐴)
{ {𝛾 𝐷1 }(𝐼, 𝑔, 1, 𝑓) }
{𝛾 𝐷1 }(𝐼, 𝑔, 1, ℎ)
{𝛾 𝑠 }𝑥 (𝐼, 𝐵, 1, 𝐴)
{{𝛾 𝑠 }𝑧 (𝐼, 𝐵, 1, 𝐴) }
{𝛾 𝐷1 }(𝐼, 𝑓, 1, 𝑔)
{𝛾 𝑠 }(1, 𝐵, 2, 𝐴)
{𝛾 𝑠 }(2, 𝐵, 3, 𝐴)
{𝛾 𝑠 }(3, 𝐵, 4, 𝐴)
{𝛾 𝑠 }(5, 𝐷, 6, 𝐶)
{{𝛾 𝑠 }(6, 𝐷, 1, 𝐶)}

(
(3.15)

{𝛾 𝐷1 }(4, ℎ, 5, 𝑔)
}
{ {𝛾 𝐷2 }(4, ℎ, 𝐷, 5, 𝐶) }
{

{𝛾 𝐷1 }(𝑚, 𝑎𝑚 , 𝑛, 𝑎𝑛 ) = −{𝑎𝑛 }′𝑇 ([𝐴𝑛 ]𝑇 [𝐴𝑚 ][𝜔
̃𝑚 ]′ [𝜔
̃𝑚 ]′ + [𝜔
̃𝑛 ]′ [𝜔
̃𝑛 ]′ [𝐴𝑛 ]𝑇 [𝐴𝑚 ]){𝑎𝑚 }′ ⋯
𝑇
+2[𝜔𝑛 ]′ [𝑎̃𝑛 ]′ [𝐴𝑛 ]𝑇 [𝐴𝑚 ][𝑎̃𝑚 ]′ [𝜔𝑚 ]′

𝑃
′ 𝑞
′ ]′𝑇 [𝑎 ]′[𝐴 ]𝑇 (𝑟
{𝛾 𝐷2 }(𝑚, 𝑎𝑚 , 𝑠𝑚
, 𝑛, 𝑠𝑛′ ) = 2[𝜔𝑚
̃𝑚
𝑚
𝑚̇ − 𝑟𝑛̇ ) ⋯

−{𝑠𝑚 }′𝑃𝑇 [𝜔
̃𝑚 ]′ [𝜔
̃𝑚 ]′ {𝑎𝑚 }′ − {𝑑𝑖𝑗 }[𝐴𝑚 ][𝜔
̃𝑚 ]′[𝜔
̃𝑚 ]{𝑎𝑚 }′

(3.16)

(3.17)

{𝛾 𝑆 }(𝑚, 𝑞, 𝑛, 𝑝) = [𝐴𝑚 ][𝜔
̃𝑚 ]′ [𝜔
̃𝑚 ]′{𝑠𝑚 }′𝑞 − [𝐴𝑛 ][𝜔
̃𝑛 ]′ [𝜔
̃𝑛 ]′{𝑠𝑛 }′𝑝

(3.18)

{𝜀𝑟 } = {Φ}

(3.19)

{𝜀𝑣 } = [Φ𝑟 ]{𝑟̇ } + [Φ𝜋′ ]{𝜔}′ + {Φ𝑡 }

(3.20)

{Φ𝑡𝑡 } ≡ {Φ𝑡𝑡 } − 2𝛼{𝜖𝑣 } − 𝛽 2 {𝜖𝑟 }

(3.21)
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3.3.2

Compliant Joint Formulation
The inertial applied force vector, {𝐹}, is shown in Equation 3.22. Each link can have

independent applied loading in all three inertial directions and all three local directions. Recalling
the orthonormal rotation matrix from Equation 3.3, pre-multiplying the local applied forces by the
rotation matrix transforms the local applied forces into inertial applied forces. This force vector
always consists of gravity, 𝐹𝑔 , in the – 𝑧𝐼 direction, and can consist of inertial thrust, drag, and lift
forces, 𝐹𝑇 , 𝐹𝐷 , and 𝐹𝐿 , respectively, and local loads denoted by subscript 𝐿 (Equation 3.22). Local
applied loads can be converted to inertial loading via the transpose of the coordinate
transformation matrix, [𝐴𝑛 ]𝑇 . This formulation assumes that the external applied forces are acting
at the center of mass of each link to simplify calculations, however this can be extended to apply
forces at any point in the link by also applying a torque to the body. The local applied torque
vector, {𝑇}′, is shown in Equation 3.23. This torque is the sum of reactions of the adjoining
compliant joints on each link. A general equation for the torque induced by a compliant joint is
shown in Equation 3.24, where [𝑇𝐾 ] and [𝑇𝐶 ] represent stiffness and damping joint torque
matrices, respectively. The joint torque matrices are functions of the stiffness and damping
matrices, [𝐾] and [𝐶], respectively, angles 𝜙 𝑗 , 𝜃 𝑗 , and 𝜓 𝑗 ,which represent local joint angles about
𝑥, 𝑦, and 𝑧, respectively, and angular velocities, 𝜙̇, 𝜃̇, and 𝜓̇. Angle subscripts represent link
numbers, and superscripts indicating joint numbers. The local joint angles are the angles of the
link after a joint with respect to the preceding link in the preceding link’s local coordinate system,
and are calculated using the relative coordinate system components (Equation 3.25). The local
joint spring forces are then transformed into inertial forces, which allows us to more simply apply
the reaction forces of the spring on both attached links. A similar but simpler mapping method is
used to calculate joint angular velocities. For these equations, inner subscripts represent link
numbers and outer subscripts represent vector components, outer superscripts represent
reference frames. For example, the first term of Equation 3.25 states that the inertial  of joint j
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equals the inverse tangent of the 𝑧 component of the local 𝑦𝑚 axis divided by the 𝑦 component of
the local 𝑦𝑚 axis in link n’s coordinate system.

{𝐹1 }
{𝐹} = { ⋮ },
{𝐹6 }

𝐹𝑋𝐼
𝐹𝑋𝐿
𝐹
{𝐹𝑚 } = { 𝑌𝐼 } + [𝐴𝑛 ] {𝐹𝑌𝐿 }
𝐹𝑍𝐼
𝐹𝑍𝐿
𝑚

𝑚

𝐹𝑋𝐿
𝐹𝑇 − 𝐹𝐷
0
={
} + [𝐴𝑚 ] {𝐹𝑌𝐿 }
𝐹𝐿 + 𝐹𝑔
𝐹𝑍
𝑚

{0}3𝑥1
{𝑇1 }′
′
[𝐴2 ]𝑇 {𝑇 3 }
{𝑇2 }
[𝐴3 ]𝑇 ({𝑇 4 } − {𝑇 3 })
{𝑇3 }′
{𝑇}′ =
=
{𝑇4 }′
[𝐴4 ]𝑇 (−{𝑇 4 })
{𝑇5 }′
[𝐴5 ]𝑇 {𝑇 5 }
{{𝑇6 }′} { [𝐴6 ]𝑇 (−{𝑇 5 }) }

{𝑇 } =

[𝐴𝑚 ] ([𝑇𝐾𝑗 ] ([𝐾𝑗 ], { 𝜃 𝑗 })
𝑗
𝜓

𝑚

(3.23)

𝜙̇ 𝑗

𝜙𝑗
𝑗

𝐿

(3.22)

+

𝑗
[𝑇𝐶 ] ([𝐶𝑗 ], { 𝜃̇ 𝑗 }))
̇𝑗

{𝑔𝑛 }𝑚
3⁄
{𝑔𝑛 }𝑚
2
𝑗
𝜙
𝑚
}
−{𝑓
−1
𝑛
3
tan
{ 𝜃𝑗 } =
⁄{𝑓 }𝑚
𝑛 1
𝑗
𝜓
𝑚
}
−{𝑔
𝑛 1⁄
tan−1
{𝑔𝑛 }𝑚
{
2 }

(3.24)

𝜓

tan−1

(3.25)

Bi-Linear Asymmetric Stiffness
Self-contact in CCMs cause a strong nonlinearity in the deflection. The relationship between
applied moment and rotational deformation can be used to calculate the stiffness of the
mechanism as a whole. Finite element models of the BTSCM have shown the stiffness to be
asymmetric, with an symmetric stiffness matrix, [𝑘𝑠 ], and a relative asymmetric stiffness matrix,
[𝑘𝑎 ], where the transition due to self-contact is typically offset from the reference configuration by
several degrees in bending due to the contact gap, referred to as the self-contact angle, 𝜙𝑠𝑐 . In
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other words, the symmetric stiffness is defined as the stiffness of the BTSCM when it is not in
contact. The asymmetric stiffness is defined as how much stiffer the BTSCM is during self-contact
relative to the symmetric stiffness. An example of this curve from one of the Pareto front of the
BTSCM is shown in Figure 3.5. This design is very flexible, and has approximately a -13 degree
self-contact angle offset. The stiffness is approximately bi-linear, where before self-contact the
stiffness is one value, 1.7 Nm/rad, and after self-contact the stiffness is a larger value, 8.4 Nm/rad,
or 393% stiffer than before self-contact.
Furthermore, the contact is largely achieved by the bending angle, analogous to angle ϕ,
whereas independently applied twist and sweep, analogous to angles 𝜃 and 𝜓, respectively, do
not cause self-contact in general. An example of applied moment verses angle for bi-linear
stiffness compared to a linear stiffness is shown in Figure 3.5. For angles higher than -13 degrees,
the linear and bi-linear stiffnesses are equal. We see very good agreement between the FEA
bending angle and the bi-linear approximation. The remainder of this chapter will use stiffnesses
based on the bilinear design.

Figure 3.5: Example of applied moment verses angle for an optimal design using FEA compared
to linear and bi-linear springs, where the discontinuity for the bi-linear spring is a result of the
contact taking place. The linear and bi-linear springs are equal for angles greater than -13
degrees.
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To model this asymmetric stiffness, the torque produced by the spring is modeled as the
symmetric stiffness times the joint angles for all angles, plus a relative asymmetric stiffness term
switched on by a Heaviside step function, 𝑢, times the joint angles minus the self-contact angle
(Equation 3.26). The step function is activated when the local joint angle  is less than the selfcontact angle. Note that a very small self-contact angle is added to the prescribed self-contact
angles to avoid division by zero. The relative asymmetric term accounts for the additional stiffness
due to contact, and allows us to consider the ratio of asymmetric stiffness to symmetric stiffness
rather than two separate quantities.

Stiffness Coupling
Multi-degree of freedom CCMs such as the BTSCM experience coupling between the
degrees of freedom [135]. An example of this coupling is shown in Figure 3.6. When only a
positive bending load is applied at the tip, the tip passively experiences a large twist angle, while
only experiencing a small sweep angle. When a negative bending load is applied, twist occurs
passively, however the twist angle increases very little after contact. To couple the rotation angles,
we must include terms in the stiffness matrix which couple all three angles to the torque applied
in all three directions. Equation 3.27 shows the expanded spring symmetric stiffness matrix [𝑘𝑠 ]
from Equation 3.26. The negative signs on the off diagonal are because the spring-damper
applied torque is formulated for springs and dampers and therefore resistive torques, thus to have
a stiffness coefficient induce a rotation, the term must be negative. If the springs are not coupled,
the off diagonal terms would be all zeros. The matrix is not necessarily symmetric; for example,
𝜙 may cause a large 𝜃, but a large 𝜃 may not cause any 𝜙.
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Figure 3.6: Coupling from bending angle to twist and sweep angles when a bending load is
applied for an example BTSCM from FEA results

𝜙𝑗
𝑗
[𝑇𝐾 ]

=

𝑗
[𝑘𝑠 ] { 𝜃 𝑗 }
𝑗

𝜓

𝜙𝑗
𝜙𝑗
𝜙j
𝑗
𝑗
+ 𝑢 ( ⁄ 𝑗 − 1) [[𝑘𝑎 ] ∗ [𝑘𝑠 ]] { 𝜃 𝑗 } − { 𝜃 𝑗 }
𝜙𝑠𝑐
𝜓𝑗
𝜓 𝑗 𝑠𝑐
{
}

𝑘𝜙𝜙
𝑗
−𝑘
[𝑘𝑠 ] = [ 𝜃𝜙
−𝑘𝜓𝜙

−𝑘𝜙𝜃
𝑘𝜃𝜃
−𝑘𝜓𝜃

−𝑘𝜙𝜓 𝑗
−𝑘𝜃𝜓 ]
𝑘𝜓𝜓

(3.26)

(3.27)

This model assumes the only relative motion in the structure is at the CJs. However, in reality
the spars connecting the CCMs are somewhat flexible. To account for flexibility in the spar,
additional joints called equivalent structural joints may be added with stiffness based on the
Pseudo-Rigid Body model. Howell et al. summarizes two methods for combined force-moment
loading equivalent structural joints: a simple method with a single joint near the root, and a more
complex method with three nearly evenly distributed joints [10]. The more complex method,
known as the 3R Model, is more accurate, however adding stiff joints increases computation time.
The 3R model uses 3 equivalent structural joints distributed along the spar, and each joint’s
stiffnesses are uniquely proportional to the continua’s modulus of elasticity, area moment of
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inertia, and length. The stiffness is defined in Equation 3.28, where 𝐾𝑠𝑖 is the stiffness of the ith
joint, 𝐸𝐽 is the spar modulus of elasticity multiplied by the area moment of inertia, and 𝐿𝑠 is the
length of the spar segment. The Pseudo-Rigid-Body Model has generally not been considered in
a three dimensional case, so the rotational stiffness has not been considered. Although very little
torsion is expected in the spar, the torsional stiffness is modeled as the shear modulus, G,
multiplied by the area moment of inertia about the twisting axis divided by the spar length. The
distance of each joint from the spar root and their respective stiffnesses are shown in Table 3.1.
For the remainder of this chapter, when equivalent stiffness joints are included, the 3R method
will be used.
𝐸𝐽
{𝐾𝑖 } = {𝐾𝑠1 𝑥
𝐿𝑠

𝐺𝐽𝑦
𝐾𝑠2
𝐿𝑠

𝐸𝐽𝑧 𝑇
𝐾𝑠3
}
𝐿𝑠

(3.28)

Table 3.1: 3R Pseudo-Rigid-Body Model equivalent stiffness joint information [10]
Joint Number

Distance from Spar Root [%]

Stiffness Coefficient Ksi

1

12.5

3.25

2

47.1

2.84

3

86.4

2.95

Damping
The structural damping of the materials that are typically used for compliant mechanisms is
not well understood, but it is relevant to the dynamic compliant joint response. To model the
structural damping of the BTSCM we assume that the damping can be modeled as shown in
Equation 3.29, where the torque due to damping, [𝑇𝑐 ], is a function of a constant, 𝛽𝑗 ,
instantaneous joint stiffness, [𝐾], and the joint angular velocity. This damping model represents
the stiffness term from Rayleigh damping, where the damping coefficient is linearly proportional
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to the stiffness [136]. Each term in the torque matrix is calculated independently at each time step,
thus the damping coefficients also change after self-contact. To account for the change in stiffness
that occurs due to contact, a similar stiffness function as in Equation 3.26 is used. Note that there
is assumed to be no viscous damping due to aerodynamic effects for in this model. The absolute
value of the terms in Equation 3.29 are used because damping is always counteracting motion,
thus the stiffness coupling terms must always be positive.

𝜙̇ 𝑗
j
𝜙
𝑗
𝑗
𝑗
𝑗
[𝑇𝐶 ] = 𝛽𝑗 |[𝑘𝑠 ] + 𝑢 ( ⁄ 𝑗 − 1) [[𝑘𝑎 ] ∗ [𝑘𝑢 ]]| { 𝜃̇ 𝑗 }
𝜙𝑠𝑐
𝜓̇ 𝑗

3.3.3

(3.29)

Equations of Motion
All of the terms are then compiled into a mixed system of differential-algebraic equations

of motion (Equation 3.30). Zero terms are not shown.
[Φ𝑟 ]𝑇
{𝐹}
{𝑟̈ }
[Φ𝜋′ ]𝑇 ] {{𝜔̇ }′} = {{𝑇}′ − [𝜔
̃]′ [𝐼]′ {𝜔}′}
[
{𝜆}
{Φtt }
[Φ𝑟 ] [Φ𝜋′ ]
[𝑀]

[𝐼]′

(3.30)

The first row of Equation 3.30 represents the translational component of the constrained
Newton-Euler equations of motion, where the first term is the system mass matrix multiplied by
the translational acceleration, the second term is the position Jacobian multiplied by Lagrange
multipliers, {𝜆}, and the third term is the inertial applied forces applied to the center of mass of
each link. The Lagrange multipliers are the reaction forces of the constraints. The second row
represents the rotational component of the constrained Newton-Euler equations of motion, where
the first term is the system mass moment of inertia matrix multiplied by the angular accelerations,
the second term is the orientation Jacobian multiplied by the Lagrange multipliers, and the third
term is the applied torques minus the body-fixed component of the definition of the moment of a
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body with respect to a body-fixed coordinate system. The final row represents the acceleration
equations associated with the kinematic constraints.
3.3.4

Assumptions
The following assumptions were made in the formulation of this model.



CCMs are CJs: spherical joints with distributed mass and three orthogonal torsional
spring-dampers, where the mass and geometry are split in half and distributed to adjacent
links



CJs are rigid, therefore assuming the CCM they represent only deforms at the spherical
joint location



For the BTSCM CJs, the spherical joint is at the center length and width-wise, at the
bottom of the BTSCM near where the hinge would be



All links are rigid, and the only relative motion is in joints and CJs



All connections are ideal with no flexibility



The flapping mechanism prescribes a perfect angle



The diagonal spar root is assumed to attach directly to the ornithopter via a spherical joint,
whereas in the ornithopter there is a small, light plastic connector



The tip link of the diagonal spar is prescribed in a plane with the link on the leading edge
spar where the two would intersect

3.4 Solution Methodology and Error Analysis
Previously, two analytical models were developed for single degree of freedom planar
compliant mechanisms with nonlinear stiffness [44,137,138]. These models were developed for
shape tailoring and analyzing the structural stability of the leading edge spar when a single degree
of freedom CCM is inserted, as described in Appendix A. In contrast to the single degree of
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freedom model, the current model is fully three dimensional to account for the fact that loads may
be applied in any direction, members can rotate about their central axis, and members are not
restricted to be located and deforming in-plane. The DSNM is a very detailed model, however the
algorithm is relatively straightforward (Figure 3.7). Compliant mechanism information is input,
such as stiffness and mass, then geometric and inertial properties are calculated, the initial
conditions are calculated using geometry and the constraint Jacobians, then a forward time
integrator is used to solve a constraint-driven system of first order differential-algebraic equations
with user input boundary conditions to solve for the state of the system and reaction forces through
time. MATLAB’s ODE15s, a variable order solver based on the numerical differentiation formulas,
is used to solve the differential algebraic equations [139]. It is run for a free time step, allowing
the algorithm to reduce the time step if required. After a set number of cycles, the solver
interpolates the free time step state vectors to a fixed time step and outputs the fixed time step
array for error analysis and plotting.

Figure 3.7: DSNM algorithm, where the time loop runs for a specified amount of time
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3.4.1

Constraint Error
The position and constraint errors from Equations 3.19 and 3.20 indicate if the constraints

or the constraint Jacobians are being violated. For example, if the compatibility constraint of a
joint in the 𝑦𝑖 direction between two links is violated, then the 𝑦𝑖 position of the joint with respect
to one link will not equal the 𝑦𝑖 position of the joint with respect to the other joint. Small error is
expected because a numerical integration solver is used, however if the error is growing
exponentially, the results of the simulation after several cycles will no longer be usable. At each
time step, both constraint errors are calculated, then the maximum absolute value of each error
is saved. This process does not save the index of the constraint violated, therefore the associated
units are lost. Choosing a sufficiently small acceptable error such as 10-4 would, for example,
keep the error on the order of 0.1 millimeters or 10-4 radians. For example, Figure 3.8 shows a
comparison of the constraint errors with and without constraint stabilization for 100 cycles for a
simple one degree of freedom CJ in the LES with no DS configuration. We see that without
constraint stabilization, the constraint error exceeds 10-4 within 2 cycles, and the constraint
velocity error exceeds 10-4 within 25 cycles, whereas with constraint stabilization it remains below
10-4 for all 100 cycles.

98

Figure 3.8: Constraint error (top) and constraint velocity error (bottom) without constraint
stabilization (red) and with constraint stabilization (blue) for 100 cycles

3.4.2

Steady State Error
Given the number of links, nonlinearities, and small structural damping, the initial

conditions may introduce large transients into the model. It is necessary to know if the model is
at steady state, and how many cycles are required before steady state is reached. This is
important when considering steady-level flight; we are not currently interested in the transient
effects during take-off. The model can predict transient effects with no modification, seamlessly
allowing future work on maneuvers. The percent root mean square error was used to determine
if the model has reached steady state (Equation 3.31). The distance between the link centers of
mass for each time step in cycle m and cycle m-1 is calculated, represented by the function d() in
Equation 3.31. Then, the distance is squared, then integrated over the flapping cycle from the
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initial time step, t0, to the final time step, tf, using a trapezoidal numerical integrator. Then it is
divided by the total time of the flapping cycle, and the square root is taken. This yields a vector
containing an error term for each link for the cycle. Then the error for the cycle, 𝜖𝑠𝑠 , is defined as
the maximum error for that cycle. If the steady state error is below a preset threshold, it is said to
have converged. For the geometry and settings used in this research, a maximum error of 0.5
mm was chosen. It was found that the model converged to a steady state threshold within around
5 cycles. Thus, the model is simulated for 5 cycles, then checks for convergence. If it does not
converge, the simulation continues for 2 cycles at a time until convergence is reached.
𝑡𝑓
2
1
(𝑚)
𝜖𝑠𝑠
= max (√
∫ (𝑑({𝑟}𝑚 (𝑡), {𝑟}𝑚−1 (𝑡))) )
𝑡𝑓 − 𝑡0 𝑡0

(3.31)

3.5 Asymmetric Stiffness, Coupled Stiffness, and Spatial Modeling
The following subsections show example results of the DSNM with increasing complexity
to illustrate its capabilities. All of the following examples assume the ornithopter is operating in a
vacuum with gravity acting in the +𝑧𝐼 direction, and a prescribed sinusoidal driver angle flapping
at 4.3 Hz. All runs assume the CJ geometry and mass represents a typical BTSCM, i.e., a
rectangular prism split in half by a spherical joint with evenly distributed mass on either side. All
CJs have a self-contact angle of -5 degrees and a CJ damping coefficient of 0.0014. The
numerical values chosen for the self-contact angle and the damping coefficient’s value are
discussed in Section 3.8. The cases are summarized in Table 3.2.
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Table 3.2: Summary of cases presented, where p represents a percentage that is varied to
demonstrate coupling
Config.

Schematic

[Ks] [Nm/rad]

ka,ϕϕ

Links

State
Vars.

Constraints

DOF

9

117

33

21

13

169

50

28

18

234

65

43

2.3

A

[

7

]

0%

]

322%

]

322%

11.2

2.3

B

[

7
11.2

2.3
[𝑝 · 7 7

C

11.2
2.3
D

7

[
−𝑝 · 11.2

]

322%

11.2

E

2.3
0.6
[ 𝑝·7
] 322%
−𝑝 · 11.2
11.2

F

2.3
0.6
[ 𝑝·7
] 322%
−𝑝 · 11.2
11.2
7.8
[−1.04 0.6

G

2.3
[−1.04 0.6
7.8
[−1.04 1.8

]

322%

]

322%

]

322%

13
13
39
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3.5.1

Compliant Joint Stiffness and Damping
To illustrate the effect of the bi-linear asymmetric stiffness, we consider the simple planar

example of one degree of freedom CJ in the leading edge spar at 40% from the body center of
mass to the leading edge spar tip and no diagonal spar, with flapping angle of the inboard link
prescribed as a sinusoid with a negative center amplitude. The center of the ornithopter’s stroke
is not in the 𝑥𝑂 𝑦𝑂 plane, i.e., the upstroke to downstroke transition is at a larger angle with respect
to the 𝑥𝑂 𝑦𝑂 plane than the downstroke to upstroke transition. Thus, the negative center amplitude
offsets the driver angle to account for this asymmetry. We consider two cases with the same
spatial configuration, gravitational external loading, and no diagonal spar. In Case A, the spring
has a linear stiffness; in Case B, the spring has a bi-linear stiffness defined in Equation 3.26,
where the downstroke stiffness is 322% stiffer than upstroke (Figure 3.9). Both cases allow similar
𝜙 at the downstroke to upstroke transition (Number of Cycles ≈ 0.75), as well as from mid
downstroke (Number of Cycles ≈ 0.5) to mid upstroke (Number of Cycles ≈ 1). In contrast, only
Case A allows a large 𝜙 at the upstroke to downstroke transition (Number of Cycles ≈ 0.25). Case
B does not allow a large rotation in  because it comes in self-contact after -1 degrees of rotation.
Thus, Case B with an asymmetric stiffness performs similar to Case A when the rotation in 𝜙 is
mathematically greater than -1 degrees, but is able to model the instantaneous increase in
stiffness due to self-contact.
The natural frequencies of CJs with stiffnesses and masses based on the BTSCM are at
least five times larger than the driving frequency due to the very small mass moments of inertia
about all three axes. This was calculated using the definition of natural frequency for torsional
springs, using the linear stiffness and mass moment of inertia of the two split CJ masses
distributed about the center spherical joint.
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Figure 3.9: Schematic of cases A and B (left). response for a linear (Case A) and bi-linear
(Case B) spring in the leading edge spar, 40% from the wing root to the wing tip (right).

3.5.2

Stiffness Coupling
Finite element analysis of the BTSCM from Chapter 2 showed strong unidirectional coupling

from 𝜙 to 𝜃 during upstroke loading conditions. The wing root is flapping about , and lift loads
act in the Z direction. Therefore, the largest loads acting on the wing on the leading edge spar,
and consequently the largest structural deformations, would occur in 𝜙. To achieve motion in 𝜃
or 𝜓, a coupling must exist from 𝜙. This is represented in the DSNM by coupling terms 𝑘𝜃𝜙 and
𝑘𝜓𝜙 , respectively. For the remainder of this dissertation, we assume the off-diagonal upstroke
stiffness matrix, [𝐾𝑠 ], terms other than 𝑘𝜃𝜙 and 𝑘𝜓𝜙 to be zero. During downstroke loading
conditions, little coupling occurs post-contact, i.e., negatively increasing  beyond the contact
angle offset only increases 𝜃 by a small amount. Therefore, for the downstroke stiffness matrix,
[𝐾𝑎 ], off diagonal terms are present to negate the coupling after contact. This causes 𝜃 and 𝜓 to
remain approximately constant post contact. Additionally, because rotations in 𝜃 and 𝜓 would be
small in the ornithopter structure, they would not cause self-contact. Thus, we assume that the
only non-zero asymmetric stiffness term is 𝑘𝜙𝜙 . For Cases C, D, and E, we consider the same
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configuration as Case B. In Case B, we assumed there were no coupling terms. In Case C, we
consider coupling from 𝜙 to 𝜃. In Case D, we consider a negative coupling from 𝜙 to 𝜓. In other
words, a positive rotation in 𝜙 results in a positive rotation in ψ. In Case E, we consider a coupling
from 𝜙 to positive 𝜃 and negative 𝜓. The percentage of coupling was varied in each case from
0% to 25% to 50% of the independent stiffness in 𝜃 and 𝜓 both independently and together (Figure
3.10). For both independent cases, increasing the coupling coefficient causes an increased in 𝜃
(Figure 3.10 left) and 𝜓 (Figure 3.10 middle) response from 𝜙. The coupling is unidirectional, and
as expected 𝜙 does not change when the coupling coefficient changes. The direction of the
coupling is positive for 𝜃, therefore a positive 𝜙 induces a positive 𝜃. In contrast, the coupling was
negative for ψ, so the response in 𝜓 is opposite the sign of 𝜙. Larger coupling coefficients increase
the coupled responses. We notice the response is nearly identical for simultaneous coupling
(Figure 3.10, right). This is because 𝜙, 𝜃, and 𝜓 rotations in the inertial reference system are
independent degrees of freedom. Therefore, the only coupling between rotational directions is
due to the stiffness coefficient. We also see that when the CJ exceeds the contact angle offset (1 degree), that the increase in 𝜃 and 𝜓 are very small, in agreement with the FEA prediction
shown in Figure 3.6.
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Figure 3.10: Effects of coupling  to  (Case C, left), ψ (Case D, middle), and θ and ψ (Case E,
right)

3.5.3

Spatial Wing Model

A key aspect of this model is the ability to model geometry and displacements in three
dimensions. We reconsider Case D, where there is a single CJ in the leading edge spar at 40%
of the distance from the wing root to the leading edge spar tip, and Case D with a diagonal spar
(Case E) (Figure 3.11). Case E uses the 3R model for equivalent joints on the leading edge spar,
denoted by black dots. The black lines shown on the angles shows the state t/T displayed in the
isometric view. Immediately after mid upstroke was shown to emphasize the angles allowed by
the CJ during upstroke. Both cases have the strong coupling from Case D. We see relatively
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similar  angles for both cases, and both reach steady state in about 18 cycles. However, we see
much different 𝜃 angles. The only rotation in 𝜃for Case E is a result of the coupling from 𝜙 to 𝜃,
whereas small 𝜃 in Case F can be achieved as a result of the diagonal spar constraining the
outboard link on the leading edge spar. We also note that there is no  for either case, which is a
result of zero loading in 𝑥. We can conclude that the diagonal spar has a very strong impact on 
for CJs on the leading edge spar.

Figure 3.11: Planar model (Case E, left), spatial model (Case F, right). The black line indicates
the point in the flapping cycle illustrated in the isometric views above. For the angle plots with
multiple lines, the darkness of the lines increases with CJ number, e.g., the lightest line is the
inboard CJ on the leading edge spar, and the darkest line is the CJ on the diagonal spar.
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3.5.4

Spatial Distribution

In addition to CJ design parameters such as stiffness and damping, we also consider spatial
location and number of CJs to tailor the wing displacement profile and efficiency of the motion. A
schematic of the spatially distributed CJ locations is shown in Figure 3.12. The location of the CJs
on the leading edge spar, 𝑙𝐿 , is defined by a percentage of the distance from the wing root to the
leading edge spar tip; the location on the diagonal spar, 𝐿𝐷 , is defined by the distance from the
diagonal spar tip to the diagonal spar root. We consider two cases: Case E with the leading edge
CJ located 35% of the length of the wing half-span (Case F), and Case G with two shorter
connected CJs in the leading spar and one in the diagonal spar (Figure 3.13). In Case F, we see
that the response is sensitive to the position on the leading edge spar, where changing nothing
in the model except the position of the CJ to closer to the root produced larger magnitude  as
compared to case E. This shows the need to consider and furthermore optimize the location of
the CJs. Having multiple CJs in the wing allows flexibility at multiple locations, and thereby
allowing the design to more closely mimic biological flight. Case G shows the complexity of
modeling multiple CJs. The outboard CJ on the leading edge spar has the same stiffness as the
CJ from Case D, while the inboard CJ is 200% stiffer in 𝜙, and the diagonal spar CJ is 200%
stiffer in all directions. Manually tuning these parameters was necessary to achieve a
configuration which converged to a relatively smooth result within a reasonable number of cycles.
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Figure 3.12: Schematic of spatially distributed CJ locations

Figure 3.13: Comparison of wing model with 1 CJ in the LES at varying span locations (Case F,
left) and wing model with 2 CJs in the LES and 1 CJ in the DS (Case G, right)
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The angle lines plotted in Figure 3.13 are colored such that lower number joints are lighter,
e.g., the inboard CJ on the leading edge spar is the lightest red, green, and blue. We see similar
𝜙 for the inboard CJ on the leading edge spar compared to Case F despite being much stiffer.
The outboard CJ experiences a similar 𝜙, however with high frequency oscillations and smaller
magnitude for the latter half of the cycle. 𝜙 for the diagonal spar’s CJ is also oscillatory but
relatively small. The CJs on the leading edge spar have similar , as expected given their identical
stiffness in 𝜃, while the diagonal spar CJ has relatively no 𝜃. Again, we see little to no response
in 𝜓 in any CJ. In general, we see the CJ on the diagonal spar has a small response compared
to the CJs in the leading edge spar. Although difficult to choose the proper parameters, multiple
CJs can increase the range of motion of the wing tip, evident by summing the angles on the
leading edge spar. For example, just after mid downstroke (t/T ≈ 0.6), the total 𝜙of the two leading
edge spar CJs is greater than  of the same point in the cycle for Case H. This means by adding
more CJs, we change the range of motion achieved. Comparing multiple CJs to a single CJ in
spatial models, we see a larger tip response and many small high frequency oscillations in 𝜙 and

 throughout the flapping cycle. Thus, adding more CJs can increase the passive wing morphing
achieved. We also conclude that stiffer CJs are required near the wing root, and changing the
stiffness of any CJ can dramatically affect the total response. This means the wing morphing is
very sensitive to both CJ stiffness and spatial location.
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3.6 Experimental Methods
An experiment was performed with our collaborators at The University of Maryland to
assess the accuracy of assuming the spars are rigid, to determine an appropriate driver function
for the wing root, and to tune unknown model parameters. Previous experiments were able to
give insight into the wing kinematics with regard to the entire compliant mechanisms, but did not
consider details such as the small flexibility of the spars [4]. This experiment was performed to
test a CCM in the wing spar undergoing the kinematics experienced by the CCM during flapping.
While the CCM could be characterized using traditional experimental methods, flapping the CCM
in the spar on a benchtop is able to directly tune the model using the experimental kinematics.

3.6.1

Model Parameters
Several assumptions were made during the development of the DSNM. Rigid-body

models do not account for deformation of the links that comprise the geometry, and therefore the
only relative motion occurs at joints such as revolute and spherical joints. To account for flexibility
of both the wing structure and the CCMs inserted in the structure, two joints are included in the
model: equivalent structural joints and compliant joints. Equivalent structural joints model the spar
flexibility using an extended version of the Pseudo-Rigid Body Model 3R method, described in
Section 3.3.2 [31]. The stiffnesses of the joints are defined in Equation 3.28. The stiffness is a
function of the modulus of elasticity, 𝐸𝑠 , and the structural damping is a function of the stiffness
component of Rayleigh Damping with coefficient 𝛽𝑠 . The nominal modulus of elasticity is based
on manufacturer data, and the damping coefficient is unknown.
The Pseudo-Rigid-Body Model is a common method used to model the flexible members
of compliant mechanisms using rigid-body kinematics. However, the model requires a well defined
area moment of inertia to calculate the stiffness of the joints. Furthermore, the stiffness is
assumed to be constant for all angles. Contact-aided compliant mechanisms such as the BTSCM
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from Chapter 2 have complex, three dimensional geometries and nonlinear stiffness due to selfcontact, where the CCM has a different stiffness before and after self-contact. The stiffness of
such CCMs is more appropriately calculated using finite element modeling or experimental data.
In the DSNM, CCMs are modeled as compliant joints: spherical joints with mass and three axis
nonlinear torsional spring-dampers. The damping of the CCMs is not known; the stiffness
component of Rayleigh damping is assumed to represent the damping. Thus, there are four
unknown parameters associated with compliant joints: their stiffness when not in self-contact and
when in self-contact, [𝑘𝑠 ] and [𝑘𝑎 ], respectively, the rotation required to cause self-contact, 𝜙𝑠𝑐 ,
and their damping coefficient, 𝛽𝑐 .

3.6.2

Configurations
A benchtop experiment was conducted to tune the unknown model parameters. There

were four ornithopter configurations tested: the solid spar with no CCMs inserted (Solid), a single
degree of freedom CCM called the compliant spine at two spatial locations along the leading edge
spar (Compliant Spine A, or CSA), and a modified version of the same compliant spine (CSB)
(Figure 3.14). A summary of the configurations and CCMs is shown in Table 3.3. The solid spar
configuration served as a baseline for the ornithopter structure, as well as to determine suitable
values for the spar properties such as modulus of elasticity and structural damping coefficient.
The CCM designs were based on a compliant spine featuring two compliant joints called
COMP04PM which has been tested previously by our team [4,5,140]. CSA has the same design
parameters and dimensions as COMP04PM, and CSB has the same design parameters but has
been shortened to reduce the mass, and thereby reducing the rotational inertia penalty. The single
degree of freedom compliant spine was chosen to consider only in-plane deflections, rather than
simultaneously considering out of plane and coupled deflections, which simplified the experiment
and parameter tuning in Section 3.7. Figure 3.15 shows CSA attached to spars via collars on
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either side, with seven reflective markers used in the experiment. They were manufactured from
a sheet of black Delrin using a waterjet cutter [128]. The minimum contact gap achievable by the
waterjet is approximately 0.5 - 1 mm (0.02 - 0.04 in); this gap is made smaller by attaching shim
stock to the CCM via double sided adhesive 3M™ VHB™ tape. A set of each configuration was
created for each wing for symmetric flapping in an effort to reduce body motion from asymmetry.
CSA was placed at two spatial locations: 40% of the distance from the wing root to wing tip,
denoted CSA-40, and 35% of the distance, denoted CSA-35. CSB was placed at 40% of the
distance. The 40% location is based on the insertion location during the previous benchtop and
free flight experiments using COMP04PM [4,5], and was chosen previously based on the location
of a typical bird elbow joint (40% of the half wingspan).

Figure 3.14: Configurations tested, where 35 and 40 represent the percentage of the distance
from the wing root to the wing tip which the CCM’s center is located
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Table 3.3: Summary of configurations tested
Name

Solid

CSA-40

CCM
CCM Length [mm (in)]

None

CCM Mass [g (oz)]

Total CCM Mass / Base
Ornithopter Mass
CCM Location along
Half Wingspan

CSA-35

CSB-40

CSA

CSB

114.3 (4.5)

76.2 (3)

14.2 (0.50)

9.5 (0.34)

11.5 %

8.0 %

40 %

35 %

40 %

Number of Markers

23

22

20

20

Flapping Frequency

5.3 Hz

4.2 Hz

4.1 Hz

4.5 Hz

Figure 3.15: Fabricated CSA CCMs tested

To determine their nonlinear stiffness, the CCMs were modeled using COMSOL®
Multiphysics, a commercial finite element analysis program [127]. The root of the CCM was
prescribed zero displacement, and a quasi-static moment was applied to the tip surface via a
rigid-connector boundary condition. The augmented Lagrangian method incorporates contact in
the model by segregating the model: first, the displacement field is solved for assuming no
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contact, then a contact pressure term is inserted in the virtual work equation and solved for using
the displacement field. The model then iteratively solves the segregated model until it fulfills the
error convergence tolerance. It was assumed that there was no friction acting at the contact
surfaces; the motion of the BTSCM across the angled contact gap causes perpendicular contact
and therefore little slip would occur. The simulations were completed with an increasing applied
moment from zero until the yield stress of the material was reached; this was performed for
positive moments and negative moments separately from zero initial conditions. The applied
moment verses deflection angles for CSA and CSB as predicted by the FEA are shown in Figure
3.16. We see that for moments greater than approximately -0.5 Nm, both CCMs are relatively
flexible, whereas for moments less than -0.5 Nm, the CCMs come in contact and are much stiffer.
We also see that while both CCMs are similarly flexible when not in contact, CSB comes into
contact at a smaller angle than CSA; this is due to the compliant hinges being closer together.
The finite element analysis results shown assume a contact-gap of 1 mm; modifying the contact
gap shifts the self-contact angle, but not the stiffnesses before or after contact. For example, CSA
with a 1 mm contact gap has a contact angle offset of -14 degrees; in contrast, CSA with a 0.5
mm gap has a contact angle offset of -6 degrees. The width of the gap with the shim stock added
proved difficult to measure accurately, so a conservative estimate of a 1 mm gap is assumed.
The response is approximately bi-linear, where it has one stiffness when it is not in self-contact,
and one relatively larger stiffness when it is in self-contact. These stiffnesses are referred to as
symmetric and asymmetric stiffnesses, respectively. The coefficients were calculated using a
forward difference method, then averaged on either side of self-contact. The symmetric stiffness
of both designs was approximately 1.7 Nm/rad, the asymmetric stiffness of CSA was 8.3 Nm/rad,
or 388% asymmetry, and the asymmetric stiffness of CSB was 11.7 Nm/rad, or 588% asymmetry,
because of the shorter body. Assuming contact angles of -14 and -12 degrees for CSA and CSB,
respectively, the coefficients of determination for a bi-linear approximation are 0.995 and 0.991,
respectively.
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Figure 3.16: Finite element tip angle data for quasi-static simulations of the CCMs with clamped
root and pure moment tip load boundary conditions

3.6.3

Test Platform and Camera Array
The computer motion tracking system at the Morpheus Lab at the University of Maryland

was used for the experiment (Figure 3.17). The system consisted of 8 Vicon® Vantage V5
cameras, with a resolution of 5 megapixels and recording speed of up to 420 frames per second
[141]. The cameras are connected and powered via Ethernet cables; a software called Nexus is
used to record the images for each camera, then calculate the 3D positions of each marker for
each frame. The positions are calibrated in the control volume using a T-shaped wand with
infrared LEDs spaced at known distances along the frame. The inertial coordinate system is set
using the wand, which can be translated to any point in the control volume. For this experiment,
we were interested in the marker displacements relative to one another during flapping with the
ornithopter body clamped to the ground. We set up the cameras in a circular array on tripods
(Figure 3.17). The cameras were calibrated to be accurate within 0.89 mm, with the coordinate
system origin approximately near the wing root. The cameras recorded at 400 Hz.
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Figure 3.17: Camera array setup used for experiment

The body of the ornithopter was clamped to a wooden platform using a combination of bar
clamps and straps. Figure 3.18 and Figure 3.19 show the setup with the body markers and solid
spar configuration. A level was used on the body near the wing roots to ensure the flapping motion
was perpendicular to the ground. Four markers were placed on the body, and one marker was
placed on each of the wing roots for every configuration. The markers on the body were placed
to determine the orientation of the body with respect to the inertial coordinate system, and to
record any body motion due to the flexibility of the body. For the solid spar case, 23 reflective tape
markers approximately 4 mm wide (0.16 in) were placed on the spar 20 mm (0.8 in) apart, starting
from the tip. For the other three cases, reflective markers were placed on the outboard spar 25
mm (1 in) apart from the tip to the CCM, then on the inboard spar 20 mm (0.8 in) apart from the
CCM root. The distance from the wing root to the spar tip was 0.5 m, and the spar had a 4 mm
diameter.
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Figure 3.18: Clamps and platform used in the experiment. The solid spar configuration with
reflective tape is shown.

Figure 3.19: Experimental setup for CSA at 40%. The grey cloth on the body and the black
coats on the test stand were placed to eliminate false marker detections due to the reflective
electronics and tile floor.
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3.6.4

Model Tuning Algorithm
The method used validate the rigid-body model of CCMs in a dynamic structure is

summarized in Figure 3.20. In this method, first, a rigid-body model of the vehicle is developed,
modeling the compliant mechanisms using traditional rigid-body spherical joints with torsional
spring-dampers. Note that this algorithm is not unique to this problem; this procedure can be used
to tune any rigid-body dynamics model with compliant joints using experimental kinematic data.
Finite element models of the compliant mechanism under simplified boundary conditions are used
to find the approximate nonlinear stiffness functions of the compliant joints, and the pseudo-rigid
body model is used to approximate structural flexibility. In the case of ornithopter free flight, the
aerodynamics and free flight motion are very complex, and therefore may be beyond the scope
of the rigid body model. Thus, an experiment was conducted which allows the leading edge spar
to flap freely without the wing membrane or diagonal spar, but constrains the body to the ground.
This allows the spar to change shape dynamically in a controlled setting with minimal
aerodynamic interactions. Genetic algorithms allow “black box” system identification, where the
correlation between the design variables and objective function is highly nonlinear, and therefore
the best way to find the correct design variables is via a heuristic search algorithm. This is
particularly useful for numerical models, where the relationship between the tuning parameters
input to the model and the kinematics output from the model is very complicated. The objective
function of the genetic algorithm is to minimize the error between the recorded experimental
marker kinematics and the rigid-body model kinematics.
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Figure 3.20: Experimental tuning procedure

The optimization problem is stated in Equations 3.32-34. The objective function is to
minimize the root mean square error (RMSE) between the model and experimental kinematics
(Equation 3.32). The five unknown model parameters from Sects. 2.1 and 2.2 are the spar
modulus of elasticity, 𝐸𝑠 , equivalent structural joint damping coefficient, 𝛽𝑠 , compliant joint
symmetric and asymmetric stiffnesses, 𝑘𝑠 and 𝑘𝑎 , respectively, and self-contact angle, 𝜙𝑠𝑐 . The
five parameters are subject to lower and upper bounds, 𝑙𝑏 and 𝑢𝑏, respectively (Equation 3.33).
The RMSE function is shown in Equation 3.34, where [𝑟𝑚 ] is the model kinematics, [𝑟𝑒 ] is the
experimental kinematics, 𝑡 is time, 𝑡𝑓 is the length of the cycle, 𝑌 is the distance along the spar
from the wing root in the reference configuration, and 𝑌𝑡𝑖𝑝 is the distance of the spar tip from the
wing root. The integrals were calculated using trapezoidal numerical integration in MATLAB.

Minimize (RMSE)

(3.32)

𝑙𝑏𝐸𝑠
𝑢𝑏𝐸𝑠
𝐸𝑠
𝑙𝑏𝛽𝑠
𝑢𝑏𝛽𝑠
𝛽𝑠
𝑙𝑏𝑘𝑠 ≤ 𝑘𝑠 ≤ 𝑢𝑏𝑘𝑠
𝑘𝑎
𝑙𝑏𝑘𝑎
𝑢𝑏𝑘𝑎
𝜙
{
}
𝑠𝑐
{𝑙𝑏𝜙𝑠𝑐 }
{𝑢𝑏𝜙𝑠𝑐 }

(3.33)

1 𝑡𝑓 1 𝑌𝑡𝑖𝑝
𝑅𝑀𝑆𝐸 = √ ∫
∫ ([𝑟𝑚 ] − [𝑟𝑒 ])2 𝑑𝑌 𝑑𝑡
𝑡𝑓 0 𝑌𝑡𝑖𝑝 0

(3.34)

Subject To

Where,
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3.7 Experimental Results and Tuning
In this section, the driver angle, pseudo-rigid body joint stiffness and damping, and CCM
stiffness and damping are assessed. An interpretation of the model tuning is also provided.
Finally, sources of experimental uncertainty are discussed. All experimental data presented in this
section is relative to the wing root marker. For visualization purposes, three markers are shown
for each configuration: the inboard and outboard markers of the CCM, Mi and Mo, and the tip
marker, Mt (Figure 3.21). For the solid configuration, the CCM markers are the ones at similar
spatial locations to those of CSA at 40%.

Figure 3.21: Schematic of solid spar configuration (left) and configurations with a compliant joint
inserted (right), where Mi represents the inboard marker, Mo represents the outboard marker,
and Mt represents the tip marker

3.7.1

Extraction of the Experimental Driver Angle
In the formulation of the DSNM, the driver angle constraint prescribes the rotation angle

as a function of time and angular acceleration of the driving (first) link along the leading edge
spar. Therefore, a twice differentiable driver angle function is necessary. A sinusoidal input to the
model was unable to replicate the rich response measured in the experiment. Thus, the
experimental driver angle was calculated and used for the model. This angle was calculated using
the position of the first marker on the spar with respect to the wing root marker, effectively
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measuring the angle of the wing root shoulder joint with respect to the ground. Mid upstroke is
denoted as the point in the flapping cycle where the shoulder joint is parallel to the ground with
upward velocity (i.e., velocity in – 𝑧). This instant in time is not likely to occur at a precise time step
recorded by the camera array. A simple option would be to prescribe the wing root angle as
interpolated values from the experimental data; however, this would not account for the camera
uncertainty. All the cycles recorded were overlaid on top of one another, then a moving average
function was used to determine an average flapping cycle. First, the mid-upstroke time was found
by interpolating the time when the driver angle crossed the horizontal plane in the upward direction
for each cycle. Subtracting each cycle’s beginning time from the following cycle’s beginning time
yielded the cycle’s period; this value was used to determine the spar’s average flapping
frequency. The time for each data point in the cycle was normalized by the cycle’s period; this
eliminated artificial harmonics in the moving average due to small changes in the flapping
frequency. A moving average was performed for each marker’s XYZ positions and the driver
angle, where the sliding window was equal to the number of cycles for the solid configuration
(107), and 40 for the CCM configurations because only 20, 10, and 25 cycles were recorded for
CSA-40, CSA-35, and CSB-40, respectively, and a larger window would reduce artificial
harmonics. The first and second time derivatives of the driver angle were calculated using Klein
et Morelli’s global Fourier smoothing technique [142]. The averaged position and driver data were
then resampled to 800 Hz, twice the camera sampling frequency, to improve the comparison
between the model and experiment. As an example, Figure 3.22 shows the comparison between
the resampled average driver angle and the overlaid cycles. Figure 3.22 also shows a 95%
confidence interval, as well as a 2.3º camera uncertainty. This uncertainty is discussed in Section
3.8.4.
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Figure 3.22: Comparison of moving average driver angle to experimental driver angles, where
each colored line on the left thumbnail represents a different flapping cycle

3.7.2

Solid Spar Configuration
The solid spar configuration test was performed primarily to assess the assumption that

the spar allows only allows small deformations during flapping. A schematic of the configuration
is shown in the left schematic in Figure 3.21. MATLAB’s genetic algorithm from the Global
Optimization Toolbox [32] was used to solve the optimization problem, where the design variables
were the elastic modulus, 𝐸𝑠 , and damping coefficient, 𝛽𝑠 , of the spar. Three configurations are
compared: assuming the spar is rigid, using the nominal modulus of elasticity for the spar and an
estimated damping coefficient, and the tuned modulus and damping coefficient. The
configurations, driver RMSE, and marker RMSE are shown in Table 3.4. The modulus of elasticity
was 20% lower than the manufacturer’s specification. All configurations had a driver RMSE of
0.67 degrees, or 1.2% of the wing stroke angle. A rigid spar assumption produced a marker RMSE
of 2.5% of the half wingspan. Including equivalent structural joints with nominal values decreased
the marker RMSE to 6.2 mm. The parameters found using the GA decreased the RMSE to 0.9%
of the half wingspan. Three markers were chosen to illustrate the comparison of the experiment
to the model: the markers at 25% and 58% of the half wingspan, and the spar tip. Figure 3.23
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shows the rigid spar results. Note that only 25% of the experimental data points are shown for
illustration purposes. The largest discrepancy between the model and experiment is at the stroke
transitions; this is because the spar flexes due to its inertia. Figure 3.24 shows the three markers
for the optimized configuration. We see good agreement at all times during the flapping cycle,
and the flexibility introduced by the equivalent structural joints allows the model spar tip to deflect
at

the

transitions

with

similar

magnitude

to

the

experiment.

Table 3.4: Results from solid spar configuration genetic algorithm compared to a rigid spar and
estimated nominal values
Configuration

Rigid

Nominal

GA

Population –
Generations

N/A

N/A

30 – 26

1.0E-3

6.8E-4

100

80

βs [Ns/rad]
Es [%]

(Rigid)

Driver RMSE [deg]

0.67

0.67

0.67

Marker RMSE [%]

2.5

1.2

0.9
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Figure 3.23: Comparison of the model with a rigid spar assumption to experimental marker
position data, where the markers are the experimental data points and the solid line is the
model. Each marker plot shows x, y, z data from the experiment and model. 25% of the data is
shown for visualization purposes.

Figure 3.24: Comparison of the model with equivalent structural joints to experimental marker
position data, where the markers are the experimental data points and the solid line is the
model. Each marker plot shows x, y, z data from the experiment and model. 25% of the data is
shown for visualization purposes.
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3.7.3

CCM Configurations
The goal of the CCM configurations study was to assess the CJs stiffness found via finite

element simulations, and to empirically develop an appropriate damping coefficient for the CJs.
A schematic of the CCM configuration is shown in the right schematic in Figure 3.21. For each
configuration, a simulation using the nominal finite element derived values was performed, then
the optimization problem described in Sect. 2.4 was solved using a genetic algorithm. The tuned
spar modulus damping parameter from the solid spar configuration were used for equivalent
structural spar joints inboard and outboard from the CCM for both the nominal and genetic
algorithm simulations. The optimization design parameters were the symmetric and asymmetric
stiffnesses, 𝑘𝑠 and 𝑘𝑎 , respectively, and the self-contact angle, 𝜙𝑠𝑐 . The results of the genetic
algorithms are shown in Table 3.5. The optimized configurations reduced the CCM RMSE by
between 61% and 75%, and marker RMSE by between 1.3% and 2.8% of the half wingspan. All
three configurations had CCM RMSEs less than 2 degrees and marker RMSEs less than 2% of
the half wingspan. The finite element model under predicted the symmetric stiffnesses, 𝑘𝑠 , and
over predicted the asymmetric stiffnesses, 𝑘𝑎 . The damping coefficient of CSA, 𝛽𝑐 , was found to
be double the damping coefficient of the spar equivalent structural joints, 𝛽𝑠 . The damping
coefficient of CSB was nearly four times that of CSA. In the formulation of CJ damping, only the
damping term from Rayleigh damping proportional to stiffness was considered, not the mass term.
The difference in coefficients can be attributed to the difference in mass between CSA and CSB.
The finite element model over predicted the self-contact angle, 𝜙𝑠𝑐 , by 3 to 5 degrees. Comparison
of the CCM models and experiments are shown in Figures 3.23-28. We see very close agreement
for the driver angle for each configuration with RMSEs between 0.15 and 0.22 degrees, and CCM
angle RMSEs between 1.4 and 2.0 degrees (Figures 3.24, 3.26, and 3.28). The magnitude and
phase of the CCM oscillations are very close, where each high frequency oscillation from the
experiment is present in the model, however slightly more damped. Figure 3.26 shows the CCM

125

root and tip and spar tip markers from the model compared to the experiment. We see a small lag
between the inboard markers and tip markers, specifically at the transitions where the tip
continues to flex after the shoulder joint has reached its maximum angle. This is due to the inertia
of the CCM resisting changing flapping direction; this lag was not present during the solid spar
configuration. The model was able to match the marker kinematics very well throughout the
flapping cycle with the exception of the upstroke to downstroke transition. This is likely due to the
complicated dynamic self-contact phenomena. Similar results were seen for CSA-35 and CSB40. All three CCM configurations achieved similar angle magnitudes throughout the flapping cycle,
with CSB having the smallest peak angle of the three configurations. Interpretation of these results
is discussed in the next section.
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Table 3.5: Results from CCM genetic algorithm and comparison to nominal configurations

Configuration

CSA-40

CSA-35

CSB-40

Population –
Generations

100 – 9

100 – 11

100 – 9

Ks [%]
Ka [%]
βc
[Ns/rad]
ϕsc [deg]
Driver
RMSE
[deg]
CCM
RMSE
[deg]
Marker
RMSE
[%]

100

Nominal
GA

135

116
100

Nominal
GA

82

61

1.4E-3

1.5E-3
-14

Nominal
GA

70

1.0E-3

Nominal
GA

153

5.9E-3
-12

-10.7

-8.1

-9.4

0.15

0.21

0.22

Nominal

5.7

3.5

5.1

GA

1.4

1.3

2.0

Nominal

4.3

2.9

3.8

GA

1.5

1.6

1.7

Nominal
GA
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Figure 3.25: CSA-40 comparison of experiment and model for the wing root driver function (top)
and CCM bending angle (bottom). 25% of the experimental data points are shown for
visualization purposes.

Figure 3.26: CSA-40 comparison of experiment and model for the wing root driver angle and
CCM angle (top) and marker position data of CCM root and tip, and wing tip locations (bottom).
For the experimental data, 25% of the recorded data are shown for visualization purposes.
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Figure 3.27: CSA-35 comparison of experiment and model for the wing root driver function (top)
and CCM bending angle (bottom). 25% of the experimental data points are shown for
visualization purposes.

Figure 3.28: CSA-35 comparison of experiment and model for the wing root driver angle and
CCM angle (top) and marker position data of CCM root and tip, and wing tip locations (bottom).
For the experimental data, 25% of the recorded data are shown for visualization purposes.
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Figure 3.29: CSB-40 comparison of experiment and model for the wing root driver function (top)
and CCM bending angle (bottom). 25% of the experimental data points are shown for
visualization purposes.

Figure 3.30: CSB-40 comparison of experiment and model for the wing root driver angle and
CCM angle (top) and marker position data of CCM root and tip, and wing tip locations (bottom).
For the experimental data, 25% of the recorded data are shown for visualization purposes.
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3.7.4

Interpretation of Results and Experimental Uncertainty
The VICON cameras were calibrated to record marker positions within 0.89 mm, or 0.2 %

of the half wingspan. The outboard marker on the CCM oscillates with a peak to peak amplitude
of 322 mm, or 64% of the half wingspan. The spar tip oscillates with a peak to peak amplitude of
611 mm, or 120% of the half wingspan. Thus, the marker uncertainty is very small relative to the
motion of the spar. The experimental kinematics used to tune the model are averaged over 107
cycles for the solid configuration, and at least 7 cycles for the three CCM configurations.
Additionally, the cameras recorded the kinematics two orders of magnitude faster than the
flapping frequency. When considering the uncertainty propagation associated with the marker
data used to calculate the wing root angle and CCM angles, the uncertainty of the two markers
was calculated to be approximately 2.3º. This number was found using the inverse tangent of
double the marker position accuracy divided by the measured distance between the markers.
There is also uncertainty associated with the marker size; the cameras denote the marker position
as being the center of the reflective surface, however due to the size and shape of the markers
and reflective tape used, the relative locations of the markers may not be exactly as measured.
Marker dropout occurred due to the small markers moving at high speeds, however this was
eliminated by resampling the data for multiple flapping cycles.
The optimized parameters relative to the nominal values, as well as a comparison of the
RMSEs, were shown in Tables 2 and 3. The driver angle RMSE was less than 1 degree for all
configurations, within the experimental uncertainty. The solid spar configuration isolated the
reaction of the spar, allowing us to tune the spar parameters independently from the CCM.
Equivalent structural joints reduced the solid configuration marker RMSE from 2.5% of the half
wingspan using a rigid spar assumption to 1.2%, and furthermore to 0.9% using the parameters
found using the GA. The rigid spar assumption case’s error was primarily due to the spar flexing
at the stroke transitions. Adding equivalent structural joints allowed the model to capture this
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flexibility, and tuning the model reduced the error further. The tuned parameters were then used
for the CCM configuration simulations. The nominal CJ stiffness parameters were found using a
finite element model, and the damping parameter was estimated. Tuning the stiffness and
damping parameters reduced the CCM angle RMSE by 60% to 75% to less than 2 degrees, and
the marker RMSE from a range of 3% to 4% down to around 1.6%. For all CCM configurations,
the nominal symmetric stiffnesses were higher than the nominal values, and asymmetric
stiffnesses were lower than the nominal values. The self-contact angle was found to be between
8 and 10 degrees, which is 3 to 5 degrees less than predicted. This was due to the shim stock in
the contact gap which was not accounted for in the model. All three configurations had similar
bending angle magnitudes. This means the change in CCM insertion location and reducing the
mass while maintaining the same design parameters had a relatively small effect on the CCM
response. While CSB-40 would be expected to have a smaller response due to the decreased
inertia, the driver was flapping 0.5 Hz faster than CSA-40. This increased the kinetic energy from
flapping, which was then converted into elastic potential energy at the transitions. The bending
angle for CSA-35 was similar to CSA-40, indicating that a 5% difference in insertion location has
a small effect on the CCM response under benchtop conditions. Overall, the equivalent structural
joints with optimized parameters were able to account for the flexibility of the spar, and the
optimized CJ models were able to match the experimental deformations, producing an error of
less than 2%.
Additional uncertainty can be attributed to the motor being modeled as a prescribed angle
as a function of time, the motor heating over time, and the motion of the body potentially inducing
inertia into the system. The clamps constraining the ornithopter were only able to constrain the
bottom of the body due to the onboard electronics, allowing the top of the body to undergo small
lateral oscillations of less than 2 mm during flapping. The body and wing root were leveled using
a liquid air bubble, therefore a small uncertainty exists in determining the inertial coordinate axis
directions, causing small roll and yaw in the kinematic data. The black Delrin used to fabricate the
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CCMs may have different mechanical properties than the published data for white Delrin [128].
The collar to CCM connection had a small clearance, and the CCM and collars were tapered due
to the waterjet manufacturing. Furthermore, all material properties used in the FEA assumed
quasi-static deformation, whereas the experiment is flapping rapidly with little aerodynamic
damping, only structural damping, to damp large deformations from inertia. While the
aerodynamic forces associated with flapping the spar would be small relative to the inertial effects,
the aerodynamics would cause the spar to flex more during flapping. In particular, the coefficient
of drag would be largest just after the stroke transitions [143]. Thus, the tuned stiffness may be
less stiff than if the model included aerodynamics. The experimental tip marker vertical position
for the CCM cases was larger in magnitude at the transitions compared to the model; this likely
indicates that the CCM’s stiffness decreased at larger angles, whereas in the model the stiffness
is bi-linear and does not change with larger angles. With the CCM installed, the outboard spar
moves much quicker than the solid spar configuration due to the CCM flexibility, making it much
more difficult for a camera to track closer markers near the tip.

3.8 Conclusions
The DSNM is a numerical dynamic model formulated to model compliant mechanisms
inserted in a flapping wing structure to predict the platform performance. It solves much more
quickly than a full finite element model, typically ten minutes compared to eighteen hours, allowing
large numbers of configurations to be examined in a short time. The model algorithm and
formulation were presented. The assumption of rigid spars was shown to be valid, and a driver
flapping angle function was calculated experimentally using a computer vision system. The
difference between linear and bi-linear springs was illustrated, where bi-linear springs prevent
large bending during downstroke but allow similar magnitude bending during upstroke as linear
springs. Increasing the damping ratio decreases the CJ response and time to steady state.
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Stiffness can be unidirectionally coupled and therefore coupling rotation angles of varying
magnitude between and . Spatial modeling allows us to consider the full three degrees of
rotational freedom of joints. It also shows that the diagonal spar has an effect on the kinematics
of the leading edge spar, therefore modeling only the leading edge spar would not produce
accurate results when compared to experimental data. We then showed that changing the spatial
distribution while maintaining the same CJ parameters greatly changes the performance. Moving
the CJ closer to the wing root caused much larger response angles, and required a much stiffer
CJ to maintain similar joint angles as compared to a CJ further outboard. Adding multiple spatially
distributed CJs allows for a larger range of responses, however may make the CJ response less
smooth, and choosing the proper locations and stiffnesses is challenging. CJs inserted on the
diagonal spar have a small response compared to CJs on the leading edge spar, however further
investigation is needed to determine if the added flexibility compared to a solid spar is worth the
increased complexity.
An experiment successfully validated and tuned the model. A flapping angle was
calculated using experimental marker kinematics averaged over many flapping cycles. A genetic
algorithm was used to minimize the root mean square error between the experimental marker
kinematics and their corresponding model marker kinematics. Equivalent structural joints
successfully accounted for the flexibility of the spar, and a damping coefficient and relative
modulus of elasticity of the spar were found. The tuned stiffness of the CCMs was found relative
to the FEA predicted stiffness for all three configurations. An approximate Rayleigh damping
coefficient and the CCM self-contact angle offset were also calculated. The genetic algorithm
successfully reduced the model marker RMSE to less than 2% of the half wingspan for all four
configurations.
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Chapter 4
Optimization of Spatially Distributed Compliant Joints in a
Dynamic Structure
4.1 Introduction and Motivation
The research leading to this point primarily focused on adding a single CCM to the leading
edge spar of the ornithopter at a specific span location. Assumptions on the location and loads
experienced based on experimental results were made for modeling and optimization purposes.
One of the major objectives of this research is to determine the optimal number and location of
CCMs spatially distributed in the wing structure, including both the leading edge and diagonal
spars. This chapter addresses this objective, using the model developed in Chapter 3 as an
optimization tool, and the BTSCM from Chapter 2 as a baseline for our current design capabilities.
The following research tasks will be addressed in this chapter:
Task 3.1 - Optimize for one CCM in the LES
Task 3.2 - Optimize for multiple CCMs distributed in the wing structure

4.2 Desired Performance for Free Flight Pitch Agility
A complete explanation and derivation of free flight pitch agility can be found in [144,145],
and a summary is provided in Appendix B. A brief overview is provided here. Avian scale
ornithopters are of interest because they are agile, and their flapping produces enough lift to carry
a small payload, which is advantageous for reconnaissance or transporting vital supplies. It is
hypothesized that integrating spatially distributed compliant mechanisms into the wing structure
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to allow passive wing morphing can increase the pitch agility. Figure 4.1 shows a concept of an
ornithopter with two compliant mechanisms inserted into each wing structure.

Figure 4.1: Concept of CCMs spatially distributed in a wing structure

The primary method to increase pitch agility is to introduce instability during one portion
of the flapping cycle such that the flapping dynamics cause divergent aerodynamic forces rather
than restorative. This is achieved by moving the aerodynamic center ahead of the center of gravity
during downstroke, i.e., to move the wing in the direction of forward flight such that the
aerodynamic center of the wing is leading the center of gravity. Kinematic data from free flight
experiments indicated that the required forward sweep displacement at the tip shortly after the
upstroke to downstroke transition was around 1cm, or 2% of the half wingspan [145]. However,
increasing the sweep angle of the leading edge spar near the tip decreases the aerodynamic
forces encountered by the outboard wing sections in proportion to the cosine of the tip sweep
angle. The effect of tip sweep well beyond the recommended amount is not yet understood.
Therefore, the tip must be swept forward by about 2% of the half wingspan to cause the wing to
become agile, however the wing should not sweep well beyond 2%. Compliant joints (CJs) that
naturally couple upward lift loads to forward sweep can be introduced into the wing structure to
136

move the aerodynamic center forward passively. However, introducing flexibility in bending and
twist reduces the area of the wing normal to the lift direction, reducing the aerodynamic lift loads.
Thus, the goal is to find compliant joint stiffness and spatial distribution that sweep the wings
forward during downstroke while maintaining stiffness in bending and twist, then maintain stiffness
in all directions during upstroke to allow the upstroke to remain active, i.e., produce propulsive
forces during upstroke.
Figure 4.2 shows a schematic of the DSNM from Chapter 3 for two CJs in the leading
edge spar, inboard from the leading edge spar to diagonal spar interface, and one CJ in the
diagonal spar. The inertial frame origin is located at the center of mass of the body link at the
beginning of the simulation, with inertial axes 𝑥𝐼 , 𝑦𝐼 , 𝑧𝐼 representing Nose, Right Wing, and
Underside, respectively. Using this coordinate system, the design requirements are the following:


Achieve around 2% forward sweep displacement at wing tip at the upstroke to downstroke
transition, 𝑥𝑡𝑖𝑝,𝐷𝑆



Minimize forward sweep displacement at all other times in the flapping cycle, 𝑥𝑡𝑖𝑝,𝑈𝑆



Minimize tip bending and twist, 𝜙𝑡𝑖𝑝 and 𝜓𝑡𝑖𝑝 , respectively, relative to the wing root at all times
in the flapping cycle

Figure 4.2: Schematic of spatially distributed CJs in the DSNM
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4.3 DSNM Optimization Problem Statement
An optimization problem was formulated to find the optimal CJ parameters to increase pitch
agility. This optimization is solved using the Dynamic Spar Numerical Model (DSNM), which is
summarized in the following section. The optimization statement is based on the formulation in
Appendix B, and is stated in Equations 4.1-6. There are four objective functions, 𝐹𝑛 : minimize the
magnitude of tip link bending, 𝜙, and twist, 𝜃, angles relative to the root link, minimize the
magnitude of tip link x displacement relative to the root link during upstroke, 𝑥𝑡𝑖𝑝,𝑈𝑆 , and maximize
forward tip link x displacement relative to the root link during downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 . Five types of
design variables were chosen: symmetric stiffnesses, 𝑘𝑠 , asymmetric stiffnesses, 𝑘𝑎 , self-contact
angle, 𝜙𝑠𝑐 , LES insertion location, 𝑙𝐿 , and DS insertion location, 𝑙𝐷 . These design variables are
subject to lower and upper bounds, 𝑙𝑏𝑥 and 𝑢𝑏𝑥 , respectively, due to geometric limitations
(Equation 4.1). Linear inequality constraints are imposed on the insertion locations, preventing
sequential CCMs on a spar from intersecting one another by forcing their center locations to be
apart by the full length of a compliant joint, 𝑙𝐶𝐽 , (Equation 4.2). Nonlinear constraints are imposed
such that the magnitude of the coupling stiffnesses from bending to twist and sweep must be less
than the stiffness of the coupled direction, preventing the model from diverging (Equation 4.3).
The form of the objective functions, 𝐹𝑛 , is shown in Equation 4.4, where the simulation term is 𝑓𝑛 ,
the duality principle term to convert a mixed optimization into a pure minimization problem is 𝛬𝑛 ,
the penalty function weight is 𝑤𝑛 , and the penalty cutoff is 𝛺𝑛 . The four simulation terms, 𝑓𝑛 ,
represent the simulation results of the design parameters using the DSNM, and are a part of the
objectives functions, 𝐹𝑛 . The simulation terms are shown in Equation 4.5. The first two simulation
terms, 𝑓1 and 𝑓2 represent the average magnitude of the tip angle relative to the root link over the
flapping cycle for bending, 𝜙𝑡𝑖𝑝 , and twist, 𝜃𝑡𝑖𝑝 , respectively. The third simulation term, 𝑓3,
represents the average forward displacement of the tip, 𝑥𝑡𝑖𝑝 , relative to the root, 𝑥𝑟𝑜𝑜𝑡 , from mid
downstroke (MDS) to the upstroke to downstroke transition (UDT). The fourth model term, 𝑓4 , is
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the negative of the maximum forward displacement of the tip relative to the root for the first quarter
of the downstroke. Note that maximizing negative forward 𝑥 displacement is equivalent to
minimizing it. For the remainder of this chapter, the first two objectives, 𝐹1 and 𝐹2 , will be referred
to as 𝜙𝑡𝑖𝑝 and 𝜓𝑡𝑖𝑝 , and the third and fourth objectives, 𝐹3 and 𝐹4 , will be referred to as 𝑥𝑡𝑖𝑝 during
upstroke and downstroke, respectively. Additionally, stiffness coefficients without subscript a,
e.g., 𝑘𝜙𝜙 , refer to symmetric stiffness coefficients. The duality and penalty terms are shown in
Table 4.1. Forward sweep is maximized, thus the model term is multiplied by -1 to convert the
maximization into minimization. The desired forward sweep chosen was 2% of the half wingspan.
Thus, designs with less than or greater than 2% forward sweep are undesirable. A penalty function
was implemented to penalize designs which achieved more than 3% forward sweep in an effort
to find a range of designs with between 2% and 3% forward sweep during downstroke. The multiobjective genetic algorithm described in Appendix B and Section 2.5 was used to solve the
optimization problem.
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Minimize (F1, F2, F3, F4, F5, F6)
Subject To
𝑙𝑏𝑘𝑠
𝑢𝑏𝑘𝑠
{[𝑘𝑠 ]}
𝑙𝑏𝑘𝑎
𝑢𝑏𝑘𝑎
{[𝑘𝑎 ]}
𝑙𝑏𝜙𝑠𝑐 ≤ {𝜙𝑠𝑐 } ≤ 𝑢𝑏𝜙𝑠𝑐
{𝑙𝐿 }
𝑙𝑏𝑙𝐿
𝑢𝑏𝑙𝐿
{𝑙
}
{
}
𝐷
{ 𝑙𝑏𝑙𝐷 }
{ 𝑢𝑏𝑙𝐷 }

(4.1)

{−𝑙𝐶𝐽 }
{−1 1} {0 0} {𝑙𝐿 }
{
}{
}≤{
}
{0 0} {−1 1} {𝑙𝐷 }
{−𝑙𝐶𝐽 }

(4.2)

|𝑘𝜃𝜙 |
𝑘𝜃𝜃
{
} ≤ {𝑘 }
𝜓𝜓
|𝑘𝜓𝜙 |

(4.3)

Where,
𝐹𝑛 = 𝑓𝑛 Λ 𝑛 + 𝑤𝑛 Ω

(4.4)

1 𝑇
∫ |𝜙 − 𝜙𝑟𝑜𝑜𝑡 | 𝑑𝑡
𝑇 0 𝑡𝑖𝑝
𝑓1
1 𝑇
|𝜃𝑡𝑖𝑝 − 𝜃𝑟𝑜𝑜𝑡 |
∫ |𝜃 − 𝜃𝑟𝑜𝑜𝑡 | 𝑑𝑡
𝑓
𝑇 0 𝑡𝑖𝑝
=
{ 2} =
𝑓3
𝑡𝑀𝐷𝑆
1
|𝑥𝑡𝑖𝑝 − 𝑥𝑟𝑜𝑜𝑡 |𝑀𝐷𝑆:𝑈𝐷𝑇
𝑓4
∫
|𝑥𝑡𝑖𝑝 − 𝑥𝑟𝑜𝑜𝑡 | 𝑑𝑡
3⁄ 𝑇 𝑡
𝑈𝐷𝑇
4
{max(𝑥𝑡𝑖𝑝 − 𝑥𝑟𝑜𝑜𝑡 )𝑈𝐷𝑇:𝑀𝐷𝑆 } { max(𝑥𝑡𝑖𝑝 − 𝑥𝑟𝑜𝑜𝑡 )𝑈𝐷𝑇:𝑀𝐷𝑆 }
|𝜙𝑡𝑖𝑝 − 𝜙𝑟𝑜𝑜𝑡 |

(4.5)

Table 4.1: Objective function duality and penalty function values
Objective

F1

F2

F3

F4

Duality, Λn

1

1

1

-1

Weight, wn

5

2.5

2

0

Cutoff, Ωn

∞

∞

∞

3
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4.3.1

Assumptions used for the Optimization
The following is a list of the assumptions made for the optimization.



The driver link prescribes a sinusoidal angle



Bending is the only rotation direction which causes self-contact.



Coupling is unidirectional from bending, ϕ, to twist, θ, and sweep, ψ.



The CJ asymmetric stiffness only occurs in bending, ϕ



If there are two CJs on a spar, the length of spar between them is small, and therefore the
spar between them is assumed to be rigid

4.4 DSNM Optimization Results and Comparison
Three configurations were considered, summarized in Table 4.2. The solid configuration
is the ornithopter with no CJs inserted in the spar structure. Configuration 1 has one CJ in the
leading edge spar (LES), and no CJs in the diagonal spar (DS). Configuration 2 has two CJs in
the LES and none in the DS; Configuration 3 has two CJs in the LES and one in the DS. The
degrees of freedom (DOF) increased for each configuration, leading to increasing the computation
time. The primary objective of the optimization is to find configurations that induce forward sweep
as a result of flapping. Additionally, twist may be desired along the spar to negate the interaction
between the leading edge and diagonal spar. Thus, the optimal joint designs will require a
coupling from 𝜙 to 𝜓 and 𝜃. Additionally, the largest rotation will occur in 𝜙 due to the link inertia
from flapping in 𝜙, therefore we assume self-contact will occur as a result of a rotation in 𝜙. Post
self-contact, the rotation of the CJ is assumed to be small in all directions, therefore the only
asymmetric stiffness term is assumed to be in 𝜙. Using these three assumptions, the nonzero
terms of [𝑘𝑠 ] are reduced to 𝑘𝜙𝜙 , 𝑘𝜃𝜃 , 𝑘𝜓𝜓 , 𝑘𝜃𝜙 , and 𝑘𝜓𝜙 , and [𝑘𝑎 ] is reduced to 𝑘𝑎,𝜙𝜙 . Therefore,
each compliant joint is defined by 8 design variables. The numerical bounds used for the design
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variables are shown in Table 4.3. The bounds and CJ geometry and mass for Configuration 1
were chosen based on the prior experiments described in Appendix A. The changes between the
bounds and values for Configuration 1 and Configurations 2 and 3 are explained in Section 4.4.2.
Each configuration was run for several generations to explore the design space, where the
first two configurations converged within 20 cycles, and the third configuration was terminated
after 11 generations. Table 4.4 shows the criteria used to reduce the number of optimal designs
to a much smaller set. Several thousand unique configurations were simulated for each
configuration. The Aggregated Pareto Optimal Fronts (APOFs), the set of unique designs from
the entire optimization which are nondominated by any other design, all had less than a thousand
members. Then, the APOF was reduced using the design requirements. First, the minimum
recommended forward tip sweep during downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 , was chosen as the lower limit. Then,
upper limits were then chosen for all four objectives based on the optimal population. Finally, an
upper limit on the asymmetric stiffness, 𝑘𝑎𝜙𝜙 , based on prior Compliant Spine design and testing
was chosen to select designs which were feasible to manufacture [146]. The following sections
discuss each configuration in further detail, then compare the three configurations with the base
solid spar configuration.
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Table 4.2: Summary of optimization configurations
Configuration
Name /
Number

CJs in LES
– DS

Total Added
Mass [% of
Ornithopter]

Links –
DOF

Solid

0–0

0%

5–9

1

1–0

5.3 %

9 – 21

2

2-0

5.8 %

14 – 31

3

2-1

8.8 %

18 – 43

Schematic
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Table 4.3: Numerical bounds and values used for the optimization case study, where the CJ
length is normalized as a percentage of the distance from the body to the leading edge spar tip,
and the mass of the CJ is the percent mass of two CJs compared to the base ornithopter mass.
(*) indicates term is only valid for Configuration 3.
Configuration 1

Configurations 2 & 3

Design
Variable

Lower Bound

Upper Bound

Lower Bound

Upper Bound

𝑙𝐿1

37.5%

60%

37.5%

50%

40%

60%

37.5%

65%

𝑙𝐿2

N/A

1 *
𝑙𝐷

𝜙𝑠𝑐

-15 deg

15 deg

[𝑘𝑠 ]𝐿1

1.5
[−4 1.5
]
−4
1.5
Nm/rad

7
[4 7
]
4
7
Nm/rad

[𝑘𝑠 ]𝐿2
N/A
[𝑘𝑠 ]𝐷1 *
𝑘𝑎,𝜙𝜙

0%

1000 %

2.4 deg
3
[−4 3
]
−4
3
Nm/rad
2
[−4 2
]
0
2
Nm/rad
2
[−4 2
]
−4
2
Nm/rad

7
[4 7
]
4
7
Nm/rad
7
[4 7
]
4
7
Nm/rad
7
[4 7
]
4
7
Nm/rad

400 %

𝑙𝐶𝐽

114 mm (22 %)

50.8 mm (10 %)

𝑚𝐶𝐽

12.8 g (6 %)

7 g (3 %)
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Table 4.4: Summary of criteria used to reduce design spaces for each optimization, where *
represents that the criteria was bypassed
Number of Designs Remaining

4.4.1

Step

Criteria for Elimination

Config. 1
20 Gens

Config. 2
20 Gens

Config. 3
11 Gens

1

Full unique population

3892

5858

3161

2

APOF

656

162

92

3

𝑥𝑡𝑖𝑝,𝐷𝑆 > 2%

335

15

42

4

𝑥𝑡𝑖𝑝,𝐷𝑆 < 4%

121

14

35

5

|𝑥𝑡𝑖𝑝,𝑈𝑆 | < 2%

117

11

17

6

|𝜙𝑡𝑖𝑝 | < 2.5 𝑑𝑒𝑔

12

0*

0*

7

|𝜃𝑡𝑖𝑝 | < 1.5 𝑑𝑒𝑔

12

9

10

8

𝑘𝑎,𝜙𝜙 < 400%

5

N/A

N/A

Configuration 1: One CJ in the LES and 0 CJs in the DS
The first configuration included one CJ in the leading edge spar and no CJs in the diagonal

spar. Previous experiments summarized in Appendix A were performed using this configuration
[5,147]. This configuration was chosen because it is similar to an avian wing structure, where
joints in the leading edge spar allow wing morphing. Each simulation of this configuration had 13
rigid links, 169 state variables, and 50 constraints.
The optimization converged after 20 generations with a population of 200 members. Of
the 4000 designs generated by the optimization algorithm, 3892 were unique. All unique designs
were aggregated into a single population, then re-ranked using MATLAB’s built in ranking
function. The aggregated Pareto-optimal front (APOF) consisted of 656 designs which were nondominated by any other design. In other words, no design performed better in all objectives than
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any other design. Figure 4.3 shows the APOF design parameters and model scores, with one
optimal design highlighted. These plots give an indication of how much each variable influences
each objective function. A large range of values for the objective at a given value resulting in a
peak, or an upward trend with a small range, both indicate that the variable has a strong influence
on the objective. Tip sweep, 𝑥𝑡𝑖𝑝 , has very strong peaks for all design variables, where many
designs are well above the desired 2% of forward sweep during downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 . All four
objectives have a large range when the CJ is inserted closer to the root, i.e., an insertion
percentage, 𝑙𝐿 , around 40% of the distance from the body to the leading edge spar tip. This is
expected, as the reaction moment in the leading edge spar is larger nearer to the root. The selfcontact angles are primarily greater than zero, denoting that self-contact is desirable during
upstroke. Locking during upstroke causes the CJ to become very stiff, preventing large rotations
in the positive ϕ direction. Rotation in 𝜙 is expected for all configurations due to the inertia of the
wing structure flapping about ϕ. When the model is simulated without CJs inserted, and therefore
the only flexibility in the spar is from spar equivalent structural joints, 𝜙𝑡𝑖𝑝 is 2.1 degrees. This is
the reason there are no designs with 𝜙𝑡𝑖𝑝 less than 2.1 degrees. Low symmetric stiffness in 𝜙
allows the CJ to be very flexible and, due to the coupling from 𝜙 to 𝜃 and 𝜓, cause larger tip
rotations and displacements. The strong correlations from 𝑘𝜃𝜙 to 𝜃𝑡𝑖𝑝 and 𝑘𝜓𝜙 to 𝜓𝑡𝑖𝑝 are
expected, as they couple the inertial 𝜙𝑡𝑖𝑝 rotations to 𝜃 and 𝜓. Designs with negative 𝑘𝜃𝜙 produce
smaller 𝜃𝑡𝑖𝑝 , and designs with positive 𝑘𝜓𝜙 produce larger 𝑥𝑡𝑖𝑝 in both upstroke and downstroke.
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Figure 4.3: Aggregated Pareto-optimal design parameters and objectives for Configuration 1,
with design GA10-41 highlighted in blue

147

Random forests of regression trees were generated using MATLAB to understand the
importance of the design variables with respect to each objective (Figure 4.4). The relative
importance represents the average change in split criteria for each design variable for the forest
associated with each objective. In other words, a higher importance indicates that the design
variable is a better predictor of the objective compared to another design variable with a lower
importance. The plots in Figure 4.4 are pie charts showing the relative importance, where
variables with a relative importance greater than ten percent of the sum of all relative importance
are shown, and the rest are shown as black. In other words, the variables which are shown are
important predictors of their respective output, and the rest of the variables are shown as black.
For 𝜙𝑡𝑖𝑝 , the symmetric stiffness in 𝜙, 𝑘𝜙𝜙 , was the strongest predictor variable. This was seen
in Figure 4.3, where the range of 𝜙𝑡𝑖𝑝 changed as a function of 𝑘𝜙𝜙 . Similarly, the coupling from
𝜙 to 𝜃, 𝑘𝜃𝜙 , was the strongest predictor of 𝜃𝑡𝑖𝑝 . Thus, for a given configuration, a reasonable
estimation of 𝜙𝑡𝑖𝑝 and 𝜃𝑡𝑖𝑝 can be made using only 𝑘𝜙𝜙 and 𝑘𝜃𝜙 . The forward tip displacement,
𝑥𝑡𝑖𝑝 , during both upstroke and downstroke can largely be predicted using primarily the coupling
from 𝜙 to 𝜓, 𝑘𝜓𝜙 , and the symmetric stiffness in 𝜙, 𝑘𝜙𝜙 . For all objectives, the asymmetric stiffness
in 𝜙, 𝑘𝑎,𝜙𝜙 , was not a strong predictor. This means that there is not a strong correlation between
the asymmetric stiffness and the tip motion.

Figure 4.4: Average relative importance of design variables for Configuration 1, where the black
region on each chart represents the sum of the other design variables
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The analysis of Figure 4.3 and Figure 4.4 leads to several remarks about optimal design
parameters. The strongest tip response in all objectives is a result of the CJ being placed (𝑙𝐿 ) near
40% of the distance from the body to the leading edge spar tip. Self-contact, 𝜙𝑠𝑐 , should occur
during upstroke with a small offset angle, however the exact magnitude of the self-contact angle
is not important. Lower symmetric stiffnesses in 𝜙 and 𝜓, 𝑘𝜙𝜙 and 𝑘𝜓𝜓 , respectively, amplify tip
sweep. However, stiffness in 𝜃, 𝑘𝜃𝜃 , is desirable to be between 4 and 6 Nm/rad based on the
APOF. Designs with smaller 𝑘𝜃𝜃 allowed larger tip twist, 𝜃𝑡𝑖𝑝 . The CJ should have a negative 𝑘𝜃𝜙
and positive 𝑘𝜓𝜙 . The signs of these variables represent a CJ which couples negative bending
positive twist and negative sweep. In other words, the CJ should twist in the pitch-up direction
and sweep forward during downstroke. There were no distinct trends in asymmetric stiffness,
𝑘𝑎,𝜙𝜙 , other than most values in Figure 4.4 being between 300% and 600%. In other words, selfcontact should cause increase in stiffness, 𝑘𝜙𝜙 , by a factor of between 4 and 7, however the exact
value is not an important design variable.
The elimination process described in Table 4.4 was used to reduce the number of
desirable solutions from 3892 to 5. Of the five designs, the design with the smallest forward sweep
during downstroke was chosen. This design will be referred to as GA10-41, where GA10 stands
for the GA APOF solution with 1 CJ in the leading edge spar and 0 in the diagonal spar, and 41
is the design number when the APOF was ranked by ascending downstroke forward tip
displacement. This design was highlighted in Figure 4.3. Table 2 shows the design parameters of
GA10-41. The location along the leading edge spar, lL, of 42% of the distance from the body to
leading edge spar tip is close to the 45% location chosen for previous free flight experiments
described in Appendix A. The self-contact angle, 𝜙𝑠𝑐 , is positive and nearly zero; this means the
CJ comes in contact when it undergoes any rotation during upstroke. The asymmetric stiffness,
𝑘𝑎,𝜙𝜙 , was chosen as it is similar to previous designs tested experimentally [146]. The remainder
of the stiffness coefficients are of similar magnitude to the previous designs, and are in line with
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the remarks of the APOF data set with the exception of the sign of 𝑘𝜃𝜓 . However, based on Figure
4.3, the sign is not important for small 𝑘𝜃𝜓 .
Figure 4.5 shows the resulting joint angles and tip kinematics of the wing structure with
GA10-41 over two steady state cycles. We see that the CJ results in 2 degrees in 𝜙 at the upstroke
to downstroke transitions, with very little 𝜙 at any other time. This asymmetry can be seen for
𝜙𝑡𝑖𝑝 , where larger angles are observed at the upstroke to downstroke transition than the
downstroke to upstroke transition. Very small rotations in θ are seen for both the CJ and tip at all
times in the flapping cycle. Tip sweep, 𝑥𝑡𝑖𝑝 , is directly correlated to CJ sweep, 𝜓, and primarily
occurs at the upstroke to downstroke transition. This is seen in the side view at the time step
shown in Figure 4.5.
Table 4.5: Design parameters of GA10-41
Parameter
Value

lL
[%]
42

ϕsc
[deg]
0.05

kϕϕ
kθθ
kθϕ
kψψ
kψϕ
[Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad]
4.3
5.4
1.2
2.7
2.5

ka,ϕϕ
[%]
393

Figure 4.5: GA10-41 CJ and tip kinematics through two steady state cycles, where the black line
represents the time step, and the shaded regions represent downstroke
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4.4.2

Configuration 2: 2 CJs in the LES and 0 CJs in the DS
Increasing the number of CJs in the structure results in a large number of design

parameters. If no assumptions are made on any CJ design parameters, each CJ would require
20 design variables: location, self-contact angle, nine symmetric stiffness terms, and nine
asymmetric stiffness terms. For Configuration 1, the design variables were reduced to nine: the
location, self-contact angle, five symmetric stiffnesses, and one asymmetric stiffness. The results
of the optimization showed that the self-contact angle, 𝜙𝑠𝑐 , was not important in influence any
objective, and the only strong trend was that it was desirable if the self-contact angle was positive,
i.e., self-contact occurs primarily during upstroke. Thus, the self-contact angle was eliminated as
a design parameter, and was replaced with the mean value of the APOF, 𝜙𝑠𝑐 = +2.4°. The
asymmetric stiffnesses was also not important in influencing the objectives. Most values on the
APOF were around 400% to 700%. In Chapter 3, the asymmetric stiffness of the tested CCM was
found to be near 400%, therefore 400% is a reasonable value for fabrication. Therefore,
asymmetric stiffness was eliminated as a design variable, and was replaced in the model by the
APOF’s mean value of 𝑘𝑎,𝜙𝜙 = 400%. This reduced the number of design variables for each CJ
from eight to six. Increasing the number of CJs, however, increases the total number of design
variables from eight to twelve. This increases the complexity of the MOGA, the population size,
and the solution time. In addition, it is assumed that the spar between the two CJs on the leading
edge spar is short and therefore modeled as rigid. This eliminates three links, reduces the degrees
of freedom of the wing by nine, and prevents extremely stiff equivalent structural joints from being
formed. The CJ length and mass were reduced to that of the new CCM developed in Chapter 5,
the Forward-Swept Compliant Mechanism (FSCM). The FSCM is much shorter and lighter,
allowing more variability in the location of the CJs in the leading edge spar without interference.
The MOGA for Case 2 converged with a population of 300 at 18 generations, then was
terminated at 20 generations. The 5858 unique designs were ranked using MATLAB’s ranking
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function, resulting in an APOF with 162 members. Figure.4.6 shows the relationship between the
design variables and the model scores for the APOF. We see that most of the APOF with larger
forward tip sweep during downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 , have very similar design parameters for the first
1
1
1
CJ’s location, 𝑙𝐿1 , twist stiffness, 𝑘𝜃𝜃
, bend to twist coupling, 𝑘𝜃𝜙
, and sweep stiffness, 𝑘𝜓𝜓
.
2
2
Additionally, the second CJ’s location, 𝑙𝐿2 , bending stiffness, 𝑘𝜙𝜙
, sweep stiffness, 𝑘𝜓𝜓
, and
2
bending to sweep coupling, 𝑘𝜓𝜙
, are similar for large downstroke forward sweep. The range of
1
downstroke forward sweep increases with decreased bending stiffness, 𝑘𝜙𝜙
, and increased
1
bending to sweep coupling, 𝑘𝜓𝜙
, of the first CJ. However, decreasing the bending stiffness

increases the tip bending angle, 𝜙𝑡𝑖𝑝 . This makes sense intuitively because if the CJ is less stiff
in bending, the CJ will allow more bending rotation, and the larger bending to sweep coupling will
then induce a larger forward sweep angle.
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Figure.4.6: Aggregated Pareto Optimal Front designs simulated for Configuration 2, with design
GA20-15 highlighted in blue
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Random forests of regression trees were generated for each objective. The forests
converged within 40 trees, and at 100 trees had a maximum decision split error of 0.16%. The
average relative importance of the design variables is shown in Figure 4.7. Similar to
Configuration 1, the first (inboard) CJ’s bending stiffness, k1s,ϕϕ, and the second (outboard) CJ’s
bending stiffness, k2s,ϕϕ, are the most important predictors of the tip bending deflection relative to
the root, ϕtip, where the inboard joint is more important than the outboard joint. This makes sense
because the reaction moment increases in the wing structure closer to the wing root. Similarly,
the tip twist, θtip, is largely dependent on the coupling from bending to twist of the inboard CJ,
k1s,θϕ, and the outboard CJ, k2s,ϕθ. However, the magnitude of the importance is similar because
the wing is flapping in the bending direction, ϕ, not the twist direction, θ, thus the span location is
not as important. The sweep during upstroke, xtip,us, is dependent on the same design variables
as Configuration 1, however the order of the importance is changed. The largest importance
changed from the bending to sweep sweep coupling, ks,ψϕ, in Configuration 1 to the bending
stiffness, k1s,ϕϕ, in Configuration 2. Additionally, all four important design variables are for the
inboard CJ. Similarly, the forward sweep during downstroke is dependent on the bending stiffness
of the inboard CJ, k1s,ϕϕ, then the coupling from bending to sweep of the inboard CJ, k1s,ψϕ.

Figure 4.7: Average relative importance of design variables for Configuration 2, where the black
region on each chart represents the sum of the other design variables
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The 5858 unique designs were narrowed using the criteria from Table 4.4. After using the
tip sweep, xtip to reduce the design space, 11 designs remained. None of the remaining designs
met the maximum bending angle, ϕtip, requirement, however 9 met the twist angle requirement,
θ. Design GA20-15 was chosen from the set of 9 because it was the closest to the 2% forward
sweep design requirement. Table 4.6 shows the design parameters of GA20-15, and the
simulation results for two steady state cycles are shown in Figure 4.8. We see that both CJs have
similar bending, ϕ, twist, θ, and sweep, ψ, angles. The tip experiences large bending angles at
the transitions, and a large peak forward sweep at the upstroke to downstroke transition.
Table 4.6: Design parameters of GA20-15
Parameter

lL
[%]

kϕϕ
kθθ
kθϕ
kψψ
kψϕ
[Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad]

CJ1 Value

40

4.7

5.3

-1.7

6.1

2.6

CJ2 Value

53

3.7

6.1

-1.5

4.1

0.76

Figure 4.8: GA20-15 CJ and tip kinematics through two steady state cycles, where shaded
regions represent downstroke
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4.4.3

Configuration 3: 2 CJs in the LES and 1 CJ in the DS
The MOGA was setup for two CJs in the leading edge spar and one CJ in the diagonal

spar. This resulted in 18 total design variables for the three CJs. The addition of a CJ on the
diagonal spar greatly increased the computational complexity. The MOGA was executed for 11
generations, producing 3161 unique designs. While the algorithm did not converge, it is assumed
that a sufficient number of designs were simulated to search the design space. A random forest
of regression trees was generated to determine the relative importance of the design variables
(Figure 4.9). For tip bending, 𝜙𝑡𝑖𝑝 , the most important variable was the location of the CJ on the
diagonal spar, 𝑙𝐷3 . This means that adding a CJ on the diagonal spar has a strong impact on the
wing tip bending angle. The next two important variables for tip bending are the same as
1
Configuration 2: the first and second CJs on the leading edge spar’s bending stiffness, 𝑘𝑠,𝜙𝜙
and
2
1
𝑘𝑠,𝜙𝜙
, respectively. For tip twist, 𝜃𝑡𝑖𝑝 , the coupling from bending to twist of the inboard CJ, 𝑘𝑠,𝜃𝜙
,
2
and the outboard CJ, 𝑘𝑠,𝜃𝜙
are the most important, nearly identical to Configuration 2. The bending

to sweep coupling for the first CJ on the leading edge spar, k1s,ψϕ, is most important for predicting
tip sweep during upstroke, 𝑥𝑡𝑖𝑝,𝑈𝑆 , and downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 . In contrast, for Configuration 2, the
first CJ bending stiffness is the most important predictor of tip sweep. After the bending to sweep
1
coupling, the independent sweep stiffness of the first CJ, 𝑘𝑠,𝜓𝜓
, and the location of the CJ on the

diagonal spar, 𝑙𝑆3 , are the most important for upstroke sweep, and the bending stiffness of the first
1
CJ, 𝑘𝑠,𝜙𝜙
, is the most important for downstroke tip sweep.
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Figure 4.9: Average relative importance of design variables for Configuration 3

The 3161 unique designs were narrowed using the criteria from Table 4.4. After using the
tip sweep, 𝑥𝑡𝑖𝑝 to reduce the design space, 17 designs remained. None of the remaining designs
met the maximum bending angle, 𝜙𝑡𝑖𝑝 , requirement, however 10 met the twist angle requirement,
θ. Design GA20-42 was chosen from the set of 9 because it had the largest ratio of downstroke
forward tip sweep to upstroke forward tip sweep, ζxDSUS.
Table 4.7shows the design parameters of GA20-42, and the simulation results for two
steady state cycles are shown in Figure 4.10. We see that the CJs on the leading edge spar have
similar bending, 𝜙, twist, 𝜃, and sweep, 𝜓, angles to one another. The diagonal spar CJ underwent
smaller angles than the CJs on the leading edge spar, with bending and sweep angles 180° out
of phase. The tip experiences large bending angles at the transitions, and a large peak forward
sweep at the upstroke to downstroke transition. The maximum forward tip sweep occurred just
after the upstroke to downstroke transition, followed by a maximum backward tip sweep after mid
downstroke.
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Table 4.7: Design parameters of GA21-42
Parameter

l
[%]

kϕϕ
kθθ
kθϕ
kψψ
kψϕ
[Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad]

CJL1 Value

49

4.6

5.3

-3.1

4.2

1.5

CJL2 Value

60

3.4

5.9

0.5

4.3

1.9

CJD1 Value

55

6.3

4.1

-3.8

4.0

1.3

Figure 4.10: GA21-42 CJ and tip kinematics through two steady state cycles, where shaded
regions represent downstroke
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4.4.4

Comparison of the Three Cases

The goal of spatially distributing multiple CCMs in the wing structure was to provide greater
opportunity to tailor the wing morphing. Table 4.8 shows a comparison of the ideal results based
on the design requirements, model results with no CJs in the spars, and the chosen
configurations. The configuration without CJs performs better in the first three objectives.
However, the desired forward sweep during downstroke, 𝑥𝑡𝑖𝑝,𝐷𝑆 , is only achieved with at least one
CJ. Thus, there is a tradeoff, where the desired forward sweep is achieved at the expense of
bending, 𝜓𝑡𝑖𝑝 , twist, 𝜃𝑡𝑖𝑝 , and sweep during upstroke, 𝑥𝑡𝑖𝑝,𝑈𝑆 . Adding a second CJ in the leading
edge spar, GA20-15, decreases the tip twist relative to a single CJ, GA10-41, however increases
both the tip bending and upstroke sweep angles. This is true for both the chosen configuration in
Table 4.8, and the designs with the maximum forward downstroke sweep in Table 4.9. The
increase in bending is due to the additional inertia in the wing due to the mass of the second CJ.
The upstroke sweep angle increasing means that the asymmetry is reduced by adding a second
CJ. Furthermore, the maximum forward sweep for Configurations 1 and 2 are nearly identical.
Thus, unless minimizing tip twist is prioritized over minimizing tip bending and sweep during
upstroke, one CJ in the leading edge spar is preferable to two CJs in the leading edge spar.
Adding a CJ in the diagonal spar increased the tip response in bending, twist, and sweep.
Therefore, adding the diagonal spar CJ enabled the wing to achieve larger forward tip sweep at
the expense of additional bending and twist. For all three configurations, the most important
1
1
variables are the bending to sweep coupling, 𝑘𝜓𝜙
, and the symmetric bending stiffness, 𝑘𝜙𝜙
, of

the first CJ on the leading edge spar. This means the inboard CJ on the leading edge spar has
the largest influence on the tip sweep regardless of how many CJs are in the spar structure. For
increasing pitch agility, all three configurations can induce the desired 2% forward sweep.
Configuration 1 produces the smallest tip bending and upstroke sweep as a consequence of the
forward sweep, and therefore increases the pitch agility the most of the three designs.
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Configuration 1 is able to achieve 4% forward sweep, and therefore can further increase the pitch
agility while maintaining smaller tip bending and upstroke forward sweep compared to
Configuration 2. To achieve maximum pitch agility, Configuration 3 produces the largest forward
sweep at the expense of even larger tip bending and upstroke sweep.

Table 4.8: Comparison of ideal results, base configuration simulation results, and the chosen
configurations from each GA
Most
Important
Vars. to
xtip,DS

Configuration

Design
Name

Number
of CJs

|ϕtip|
[deg]

|θtip|
[deg]

|xtip,US|
[%]

xtip,DS
[%]

N/A

Ideal

N/A

0

0

0

2

Base

Solid

0

2.1

0.40

0.26

0.14

1

GA10-41

1

2.2

0.79

0.77

2.38

1
𝑘𝜓𝜙
, 𝑙𝐿1

2

GA20-15

2

4.3

0.29

1.22

2.07

1
1
𝑘𝜙𝜙
, 𝑘𝜓𝜙

3

GA21-42

3

5.4

0.85

1.46

2.09

1
1
𝑘𝜓𝜙
, 𝑘𝜙𝜙

N/A

Table 4.9: Comparison of base configuration simulation results, and the design from each
configuration’s APOF with the maximum forward sweep during downstroke
Configuration

Design

Number
of CJs

|ϕtip|
[deg]

|θtip|
[deg]

|xtip,US|
[%]

xtip,DS
[%]

Base

Solid

0

2.1

0.40

0.26

0.14

1

GA10-1

1

3.9

2.3

1.8

3.98

2

GA20-1

2

4.7

0.24

2.0

3.97

3

GA21-1

3

5.4

0.38

2.9

5.21
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4.5 Conclusions
An optimization problem was formulated and solved to determine the optimal spatial location
and stiffness properties of compliant joints in an ornithopter spar structure. Specifically, the goal
was to increase pitch agility via sweeping the wing tip forward while maintaining stiffness
throughout the wing structure in bending and twist. Using a multi-objective genetic algorithm and
the DSNM developed in Chapter 3, three configurations were searched for optimal design
parameters. Machine learning visualization and regression methods were used to better
understand the data. The aggregated Pareto-optimal front of designs was reduced using higher
level decision making. A single design was chosen from each configuration which satisfied the
design requirements, and compared to the ideal results and the solid spar base ornithopter
configuration.
The results of the optimization provide insight into the CCM design requirements. The CJ
should be placed near 40% of the distance from the body to the leading edge spar tip, or 38% of
the half-wingspan, to cause the strongest response. Self-contact should occur during upstroke
with the smallest angle offset possible. The self-contact should cause an increase in stiffness to
between 4 and 7 times the stiffness of the CJ without self-contact, however the exact value within
this range is not important. The CJ should be relatively flexible in sweep, and around twice as stiff
in bending and twist. There should be a large coupling from bending to forward sweep, and a
small coupling from bending to twist. The CJ should not allow more than 3 degrees of upward
bending and forward sweep at the upstroke to downstroke transition to achieve the desired 2%
forward sweep at the wing tip.
The desired forward tip sweep during downstroke can be achieved with a single CJ in the
leading edge spar. Adding a second CJ in the leading edge spar achieves similar forward sweep
during downstroke, and can reduce the tip twist angle at the expense of larger tip bending and
upstroke tip sweep. Thus, a second CJ in the leading edge spar with no CJs in the diagonal spar
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is not recommended unless tip twist angle is determined to be very important. Adding a CJ to the
diagonal spar can increase the forward tip sweep by 25% compared to the other configurations
at the expense of increased tip bending, twist, and upstroke sweep. Thus, spatially distributing
CJs can increase the wing morphing compared to the base ornithopter and inserting only one CJ
in the leading edge spar. However, the increased mass and flexibility create a more complex
relationship between the design parameters of the CJs and wing morphing, and increase the
trade-off between desired and undesired kinematics.
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Chapter 5
Optimization and Free Flight Testing of a Forward-Swept
Compliant Mechanism
5.1 Introduction and Motivation
The design and optimization of the Forward-Swept Compliant Mechanism (FSCM) is
described in this chapter. The free flight pitch agility metric is summarized in Appendix D and
analysis of free flight data determined that sweeping the wing tip forward during downstroke
would increase pitch agility [145]. To achieve the desired wing tip motion passively, a coupling
is necessary which converts bending deflection due to resultant upward lift loads experienced
by the wing during downstroke to forward sweep rotation. We hypothesized that the bend-totwist coupling observed by the BTSCM from Chapter 2 could be modified to achieve a bendto-forward sweep coupling by adding a new geometric parameter. In this chapter, the FSCM
is optimized for forward sweep during downstroke. A design is selected which achieves the
desired forward sweep, is fabricated, and a free flight test is performed to prove the design is
able to sweep the wing forward and increase the pitch agility of the ornithopter.
The following research tasks will be addressed in this chapter:
Task 4.1 - Design a new CCM which satisfies the desired stiffness coupling
Task 4.2 - Perform free flight tests to show increase in agility

5.2 FSCM Geometry
A Forward-Swept Compliant Mechanism (FSCM) was designed to couple vertical
deflection to forward deflection. An example of the FSCM is shown in Figure 5.1, and a
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concept image of the FSCM inserted in the leading edge spar of the ornithopter is shown in
Figure 5.2. The primary features of the FSCM are the Angled Compliant Joint (ACJ) and
Angled Contact Gap (ACG). The ACJ allows large deformations about its central axis due to
its thin, curved design. The ACG causes an instantaneous change in stiffness via self-contact.
This geometry is based on the BTSCM, described in Section 2.2. The BTSCM’s primary
design purpose was to couple bending moments about its x direction to twist rotations about
its central y axis. For agility we would like to have sweep rotation, i.e., about the z axis; rotating
the BTSCM about its central axis allow us to couple bending to sweep.

Figure 5.1: Example Sweep Forward Compliant Mechanism

Figure 5.2: Concept of CCMs inserted into the leading edge spars of an ornithopter wing
structure
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The FSCM is defined by five parameters: contact angle, 𝜑𝑐 , joint angle, 𝜑𝑗 , axial
rotation angle, 𝜗𝑎 , ACJ radial centerline, 𝑅𝑐 , and ACJ radial thickness, 𝑅𝑡 (Figure 5.3). The
geometric limits are shown in Table 5.1. The limits of 𝜗𝑎 were chosen such that downstroke
loading conditions result in the ACJ inducing forward sweep. The width and height are fixed
at 12.7 mm (1/2 in) based on the test ornithopter sleeve cross section. The length is a function
of the parameters (Equation 5.1). This function increases the length of the FSCM to ensure
the ACJ and ACG do not intersect the root or tip surfaces when they are rotated by the contact
angle and axial rotation angle, and adds a constant to ensure a hole can be drilled into both
the root and tip to insert a spar without interfering with the ACG.

Figure 5.3: FSCM design parameters

Table 5.1: FSCM geometric bounds
Bound

𝜑𝑐 [deg]

𝜑𝑗 [deg]

𝜗𝑎 [deg]

𝑅𝑐 [mm]

𝑅𝑡 [mm]

Lower

35

35

90

2.5

2.5

Upper

145

145

180

4

4
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𝑙𝑐𝑐𝑚 = 2 (𝑅𝑐 +

𝑅𝑡
) sin(𝜑𝑗 ) + 𝑙ℎ cos(𝜑𝑐 ) + 𝑙𝑤 cos(𝜑𝑗 ) + 0.03175 𝑚
2

(5.1)

5.3 Finite Element Analysis Model and Coupling
This section presents the development of the finite element model. The model is based
on the BTSCM finite element model from Chapter 2. First, the boundary conditions are
presented. Then, the FSCM response is compared to the BTSCM response under the same
loading conditions.
5.3.1

Loading Response and Boundary Conditions
The FSCM was modeled using COMSOL Multiphysics [127]. The material properties,

model parameters, solution method, and mesh used were the same as the BTSCM from
Section 2.3. Additionally, the output variables were calculated using the same method from
Equations 2.2-6. Two boundary conditions were estimated in Appendix A.2 to model the
aerodynamic loads encountered by a CCM inserted in the leading edge spar of an ornithopter
at 40% of the half wingspan during downstroke and upstroke, where the maximum bending
and sweep moments experienced were approximately 0.635 Nm/rad and 0.1 Nm/rad,
respectively. Figures 5.4 and 5.5 show the boundary conditions applied to simulate
downstroke and upstroke, respectively, where the root is clamped, and the tip has a constant
sweep moment about z. For downstroke, there is a negative moment about x, and for
upstroke, there is a positive moment about x. Figures 5.4 and 5.5 also show the finite element
model results of the FSCM undergoing downstroke and upstroke, respectively. We see small
forward sweep in the x direction, and that the stresses are primarily located within the ACJ.
There is very little stress outside of the ACJ, therefore it is assumed that the connection
between the FSCM and the inboard and outboard spars is a rigid connection at the root and
tip surfaces, respectively. Figure 5.6 shows the applied bending moment verses tip angles for
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downstroke and upstroke loading conditions. We see asymmetric tip angles, where the FSCM
is more flexible in bending and sweep during downstroke than upstroke. However, we see
very little twist for both boundary conditions. Thus, we see a strong coupling from bending to
sweep, and very little coupling between bending and twist. We also see a small offset in selfcontact during upstroke, where around 3 degrees of bending and sweep occur before selfcontact. Note that non-zero tip rotations occur at zero applied tip bending moment due to the
constant sweep moment.
4.5.1.1 Summary of Model Assumptions


Quasi-static loading conditions



Rigid root and tip



Clamped root, applied tip moment



ACG gap width of 0.75 mm

5.3.2

Comparison of the FSCM to the BTSCM
The example design from Chapter 2 was compared to the example design from the

previous section to highlight the change in coupling. Figure 5.7 shows a comparison of the
bending, twist, and sweep response of the two CCMs during upstroke and downstroke
conditions. We see that both CCMs have similar bending angles during downstroke, and
similar sweep angles during upstroke. However, the BTSCM allows much larger bending
angles during upstroke, and much larger twist angles for both strokes, while the FSCM allows
much larger sweep angles during downstroke, and larger sweep angles during upstroke.
Thus, the FSCM successfully changes the coupling direction compared to the BTSCM.

167

Figure 5.4: Example FSCM downstroke loading assumptions (top) and response (bottom)
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Figure 5.5: Example FSCM upstroke loading assumptions (top) and response (bottom)
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Figure 5.6: Example FSCM response as a result of a varying bending moment with a
constant sweep moment
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Figure 5.7: Comparison of BTSCM (left) and FSCM (right) response to upstroke and
downstroke loading conditions
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5.4 Design Optimization
The recommended wing kinematics to increase free flight pitch agility are described in
Appendix D and Section 5.7.1. In summary, introducing forward sweep at the wing tips during
downstroke introduces unstable aerodynamic loading on the wings by moving the
aerodynamic center ahead of the center of gravity. Free flight data showed that if the wing tips
swept forward during the first half of the downstroke by 1 cm (0.4 in), or 2% of the half
wingspan, the range of possible locations of the aerodynamic center would be ahead of the
ornithopter’s center of gravity. Minimal bending and twist are desired to maximize the wing
normal area. For the FSCM to induce 2% forward tip sweep when inserted in the leading
edge spar at 40% of the half wingspan, the FSCM would have to induce 2° of forward sweep.
A multi-objective design optimization problem was formulated to maximize the performance
of the FSCM to increase pitch agility (Equations 5.2-7). The five design variables introduced
in Section 5.3 are subject to geometric bounds (Equation 5.2). Two linear constraints cause
the inner radius of the ACJ to be greater than 𝑅𝑖,𝑚𝑖𝑛 to prevent stress concentrations, and the
outer radius of the ACJ to be less than 𝑅𝑜,𝑚𝑎𝑥 to fit in the ornithopter sleeve (Equation 5.3). A
general form of the objective form is shown in Equation 5.4. There are two terms: the model
term and penalty term, where an output of a model simulation is 𝑓, a duality term is 𝛬, a
penalty weight is 𝑤, and a violation term is 𝛺. The model simulation terms in Equation 5.5 are
the magnitude of the tip bending angle, 𝜙𝑡𝑖𝑝 , magnitude of the tip twist angle, 𝜃𝑡𝑖𝑝 , the tip
sweep angle, 𝜓𝑡𝑖𝑝 , the peak von Mises stress normalized by a cutoff stress, 𝜎𝑣𝑀 , and the mass
normalized by the mass of a block of Delrin, 𝑚. The cutoff stress was chosen to be the yield
stress, and the volume of the block of Delrin was chosen to be 63.5 mm (2.5 in) long with a
cross section equal to that of the ornithopter sleeve. The duality term is used to turn mixed
optimization problems, i.e., problems where some objectives are maximized rather than
minimized, into pure minimization problems by multiplying the term by -1 (Equation 5.6). For
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this problem, all objectives are minimized, therefore all 𝛬𝑛 terms are 1. The penalty function
was implemented to proportionally penalize designs which exceed the cutoff stress (Equation
5.7). The penalty function is activated by 𝜆𝑛 if the peak stress is greater than the cutoff stress
(Equation 5.8). For each objective, the constraint violation is multiplied by a weight term, wn.
The weights were chosen such that if the stress is double the cutoff stress, the other objectives
increase by proportional to their magnitudes. Preliminary simulations showed around 10
degrees of bending, 5 degrees of twist, and 10 degrees of sweep at the cutoff stress, thus
those values were chosen for the weights. Table 5.2 shows the numerical values used for 𝛬𝑛 ,
𝑤𝑛 , and 𝑔𝑛 . This problem was solved with the use of the multi-objective genetic algorithm
described in Appendix B.
Minimize (F1, F2, F3, F4, F5)
Subject To

{

𝑙𝑏𝜑𝑐
𝑢𝑏𝜑𝑐
𝜑𝑐
𝑙𝑏𝜑𝑗
𝑢𝑏𝜑𝑗
𝜑𝑗
𝑙𝑏𝜗𝑎 ≤ 𝜗𝑎 ≤ 𝑢𝑏𝜗𝑎
𝑅𝑐
𝑙𝑏𝑅𝑐
𝑢𝑏𝑅𝑐
𝑅
{
}
𝑡
{ 𝑙𝑏𝑅𝑡 }
{ 𝑢𝑏𝑅𝑡 }

(5.2)

−𝑅𝑖,𝑚𝑖𝑛
−1 1/2 𝑅𝑐
}{ } ≤ {
} [𝑚𝑚]
𝑅𝑜,𝑚𝑎𝑥
1 1/2 𝑅𝑡

(5.3)

𝐹𝑛 = 𝑓𝑛 Λ𝑛 + 𝑤𝑛 Ω

(5.4)

|𝜙𝑡𝑖𝑝 |
𝑓1
𝑓2
|𝜃𝑡𝑖𝑝 |
𝑓3 =
𝜓𝑡𝑖𝑝
𝑓4
𝜎𝑝𝑒𝑎𝑘 /𝜎𝑐𝑢𝑡𝑜𝑓𝑓
{𝑓5 } { 𝑚 /𝑚
}

(5.5)

−1 𝑖𝑓 𝐹𝑛 𝑖𝑠 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑑
Λ𝑛 = {
1 𝑖𝑓 𝐹𝑛 𝑖𝑠 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑑

(5.6)

Where,

𝑐𝑐𝑚

𝑏𝑙𝑜𝑐𝑘
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𝑓
Ω = ∑ 𝜆𝑛 ( 𝑛⁄𝑔𝑛 − 1)

(5.7)

𝑛

𝜆𝑛 = {0
1

𝑖𝑓

𝑓𝑛⁄
𝑔𝑛 − 1 ≤ 0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(5.8)

Table 5.2: Numerical values used for optimization
Objective

F1

F2

F3

F4

F5

Duality, Λn

1

1

1

1

1

Weight, wn

10

5

10

0

1

Cutoff, Ωn

∞

∞

∞

1

∞

5.5 FSCM Optimization Results and Discussion
This section is organized as follows. First, the Pareto front is visualized to see the
Aggregated Pareto-Optimal Front (APOF). Then, two designs are chosen to show the tradeoff
between larger flexibility and higher peak stress. Then, each design variable is plotted against
each objective, followed by the discussion of several trends in the data. Finally, the average
relative importance of each design variable to each objective is presented.
This optimization problem has five objectives. The multi-objective optimization results
in a Pareto front, a set of optimal solutions which are not dominated by any other designs of
the design space. In other words, no single design is better than any other design in all
objectives. A designer can select a design from the Pareto front which achieves the desired
deflections, then weigh the consequences. For example, to achieve slightly more forward
sweep deflection, the designer can choose a design with a thinner hinge at the cost of higher
stresses. The following optimization study had a population of 125 and was terminated after
37 generations.
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5.5.1

Select Designs from Pareto Optimal Front
Of the 4625 designs simulated, 3084 were unique within a small tolerance, and of the

unique designs, 2504 were below the cutoff stress. The remaining population members were
propagated between at least two generations with identical genes to their parent design. The
algorithm solution time was reduced substantially by checking all previous generations for
repeated design parameters within a geometric tolerance, then reusing the previous
simulation results for the score in the current generation for repeated designs. After the
algorithm concluded, all of the unique designs were aggregated into one large population.
Designs which exceeded the cutoff peak stress were eliminated. Matlab’s non-dominated
ranking function was used to find the Pareto optimal front of the aggregated population,
yielding a set of 632 non-dominated designs, referred to as the Aggregated Pareto-Optimal
Front (APOF). Figure 5.8 shows the APOF’s model scores with two example configuration
thumbnails. This plot is a simple way of visualizing the APOF’s range, and understanding the
tradeoff between scores. The FSCM can achieve forward sweep, or rotations in -𝜓𝑡𝑖𝑝 , up to 8
degrees, with bending angles (𝜙𝑡𝑖𝑝 ) ranging from -2 to -27 degrees, and twist angles (𝜃𝑡𝑖𝑝 )
ranging from -6 to 2 degrees. There is an expected tradeoff between angles and stress (𝜎𝑣𝑀 ),
where larger angles can be achieved at the expense of a higher peak stress. There is also a
distinct distribution of bending and sweep angles in an ellipsoid-like quadrant along the zero
sweep axis. Thus, to achieve large forward sweep, larger bending angles are required.
Furthermore, there are diminishing returns, where at larger bending angles, the rate of
increasing forward sweep is lower. Twist angles peak at around 4 degrees near -10 degrees
in bending.
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Figure 5.8: Simulation scores for aggregated Pareto front for twist verses bending (top) and
sweep verses bending (bottom). The color represents the peak stress, the size is the relative
mass, and the red squares represent the target points.

All of the 632 designs on the APOF are non-dominated in all other objectives by any
other design, and are thereby optimal designs. A designer would then choose a design which
satisfies their design requirements, such as kinematics, stress or weight limits, or a predetermined tradeoff. For example, a designer could choose to disregard designs with peak
stress above some percentage to reduce potential failure due to fatigue, or a designer could
determine that based on the results, the material chosen is inadequate to perform as required
and re-execute the algorithm with new material properties.
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Two designs from the APOF which satisfy the design requirements were chosen using
higher level decisions. The design requirements described in Appendix D focus on maximizing
forward sweep, achieving at least 2 degrees. First, the designs were sorted by sweep angle.
Designs with less than 2 or more than 6 degrees of forward sweep were disregarded, reducing
the set to 377 designs. Two sets of designs which satisfied the minimum forward sweep
requirement were chosen: Set A with 28 designs between 2 and 2.5 degrees of forward
sweep, and Set B with 42 designs between 5 and 5.5 degrees of forward sweep. Then, the
size of the sets was reduced by higher level decisions based on stress and upstroke
performance. Members of Set A with a peak stress above 60% and members of Set B with a
peak stress above 75% were removed, leaving 14 and 8 members, respectively. The
remaining designs were simulated under upstroke loading conditions, and the angles
achieved during downstroke were compared to that of upstroke. One design was chosen from
each set based on the ratio of downstroke forward sweep, 𝜓𝑡𝑖𝑝 , to upstroke sweep, 𝜓𝑡𝑖𝑝,𝑈𝑆 :
FSCM474A from Set A and FSCM145B from Set B. These designs were highlighted in Figure
5.8. The designs’ geometries are shown in Figure 5.9; their design parameters are shown in
Table 5.3. The designs are very similar, however FSCM145B has a smaller radial thickness
and larger axial rotation; these parameters were the most important in predicting forward
sweep, bending, and stress. Their simulation scores during upstroke and downstroke are
shown in Figure 5.10. FSCM145B has over twice the bending, twist, and sweep angles during
downstroke relative to FSCM474A, with very similar angles during upstroke and similar
masses. The similar angles during upstroke are due to the angled contact gap, where a few
degrees of deformation occur before self-contact; upstroke angles can be reduced by
reducing the gap distance. The lower stress during downstroke for FSCM474A is a result of a
larger radial thickness and smaller deformations. Thus, a higher forward sweep can be
achieved by FSCM145B at the expense of a higher peak stress. The masses are within 0.5
grams of each other, a difference of 0.2% of the base ornithopter mass.
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Figure 5.9: Designs chosen from optimal population which satisfy the design requirements:
FSCM474A (left) and FSCM145B (right)

Table 5.3: Chosen design parameters
Number Set

ϕc
[deg]

ϕj
[deg]

ϑa
Rc
Rt
[deg] [mm] [mm]

474

A

66

105

120

3.6

3.6

145

B

98

99

132

3.8

2.9

Figure 5.10: Simulation scores of selected designs from optimization for angles (top) and
stress and mass (bottom)

178

5.5.2

Aggregation of Simulated Designs and Random Forest of Regression Trees
Figure 5.11 shows a matrix plot of the APOF, where the vertical axes are the model

scores and the horizontal axes are the design variables. The range of bending angles (𝜙𝑡𝑖𝑝 )
increases with axial rotation (𝜗𝑎 ) and decreases with radial thickness (𝑅𝑡 ), and peaks around
joint angles (𝜑𝑗 ) of 90 degrees. This makes sense because rotating the FSCM about its central
axis causes the resultant lift load to couple more strongly to sweep, and decreasing the radial
thickness increases the compliance of the ACJ hinge. The same trends were identified for
peak stress (𝜎𝑣𝑀 ); these make sense because decreasing the radial thickness increases the
stress concentration, and the coupling causes the stress to concentrate along the edge of the
ACJ, as seen in Figure 5.4. The range of sweep angles increases with lower radial thickness.
Nearly all designs had a peak stress above 50%. However, there are no other obvious visual
trends between any design variables and mass (𝑚𝑐𝑐𝑚 ).
In addition to using the MOGA results to find an optimal design, we can use the total
aggregated population to understand the relationship between the input variables and the
objectives. A random forest was created for each objective using all unique non-penalized
designs simulated during the MOGA. Each forest consisted of 100 regression trees, with
decision split error, the resubstitution error associated with the random forest, converging
around 20 trees (Figure 5.12). The relative importance of each design variable to each
objective can be calculated using the average number of changes in branch split criterion
throughout the forest (Figure 5.13). Larger changes in split criterion for one design variable
relative to the other design variables for an objective indicates that the particular design
variable is more important in determining the objective value. The axial rotation angle (𝜗𝑎 ) is
the most important variable for predicting bending (𝜙𝑡𝑖𝑝 ) and sweep (𝜓𝑡𝑖𝑝 ) angles, followed by
radial thickness (𝑅𝑡 ). Both axial rotation and radial thickness are important for predicting peak
stress (𝜎𝑣𝑀 ). This relationship explains the observations made in Figure 5.8, where the
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bending and sweep angles increase simultaneously with higher bending angles having higher
peak stresses. This was also seen in Figure 5.11, where larger axial rotation angles and
smaller radial thicknesses correlated to larger bending angles and higher peak stress. The
joint angle is the most important for predicting twist (𝜃𝑡𝑖𝑝 ) and mass (𝑚𝑐𝑐𝑚 ), followed by the
contact angle (𝜑𝑐 ). The joint angle (𝜑𝑗 ) was also strongly correlated with twist angle for the
BTSCM in Chapter 2. All other relationships between the design variables and objectives were
less important. For example, in Figure 5.13, there is no clear relationship between bending
angle (𝜙𝑡𝑖𝑝 ) and radial centerline (𝑅𝑐 ).

Figure 5.11: Outputs verses inputs for aggregated Pareto front
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Figure 5.12: Random forest out-of-bag error percentage as a function of trees in the forest

Figure 5.13: Relative importance of design variables to each objective
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5.6 Experimental Methods
A free flight test was performed to measure the forward sweep of the wing tip produced
by the design chosen in Section 5.5.1, FSCM474A. This section describes the configurations
considered for free flight, the experimental setup and free flight facility, and the numerical
methods used to interpret the kinematic data of the ornithopter.
5.6.1

Experimental Configurations Fabricated
The free flight analysis referenced in Appendix D and Section 5.4 determined that 2%

forward sweep of the wing tip would improve pitch agility. A configuration was chosen for
fabrication and free flight testing based on the DSNM optimization from Chapter 4 and the
FSCM optimization from this chapter. The DSNM design GA10-41 is a configuration with one
CJ in the leading edge spar and no CJs in the diagonal spar that achieved 2% forward sweep
at the leading edge spar tip. The CJ is located at 42% of the distance from the body to the
leading edge spar tip, which is 40% of the half wingspan. Design FSCM474A from the
previous section was chosen because it couples the bending deformation from the estimated
lift loads to 2° of forward sweep during downstroke. Combining the two optimization results,
FSCM474A was chosen to be fabricated and inserted in the leading edge spar at 40% of the
half wingspan. A comparison of GA10-41 and FSCM474A is shown in Table 5.4. The finite
element model results are for independent loading conditions, i.e., bending stiffness, 𝑘𝜙𝜙 , is
the stiffness when a moment is applied in bending with no moments in twist or sweep. The
FSCM was inserted at the location on the leading edge spar from the GA10-41. Note that in
Table 5.4, the percent insertion, 𝑙𝐿 , is shown in terms of the half wingspan measured from
body to wing tip, whereas in Chapter 4 the percent insertion was measured from body to
leading edge spar tip. The compliant spine insertion for the free flight experiments described
in Appendix A was 45% of the half wingspan; the FSCM was inserted at 40% of the half
wingspan, or 2.7 cm (1.0 in) closer to the wing root. The self-contact angle of the FSCM, 1.9°,
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was larger than GA10-41; manufacturing the optimal contact gap to only allow 0.05 degrees
of rotation before contact would be very difficult as it would require a nearly zero thickness
angled contact gap. The FSCM bending stiffness, 𝑘𝜙𝜙 , is nearly double GA10-41; this is
because the DSNM did not have aerodynamic loads and therefore underestimated the
stiffness required by the FSCM to maintain small bending angles. The FSCM twist and sweep
stiffnesses, 𝑘𝜃𝜃 and 𝑘𝜓𝜓 , respectively, are similar but larger than GA10-41. The coupled
stiffnesses were calculated from the finite element model using static equilibrium (Equation
5.9). First, the independent stiffnesses were calculated for all three directions. For the stiffness
coupling from bending to twist, 𝑘𝜃𝜙 , for the compliant joint to be in equilibrium, the moment
resisting the rotation is equal to the independent twist stiffness, 𝑘𝜃𝜃 , multiplied by the twist
angle, 𝜃, is equal to the moment causing the rotation: the bending to twist coupling stiffness,
kθϕ, multiplied by the bending angle, 𝜙. Rearranging the equation yields the expression in
Equation 5.9. The process for calculating the bending to sweep coupled stiffness, 𝑘𝜓𝜙 , is the
same but replacing twist terms with sweep terms. The bending to twist and sweep coupling
stiffnesses are very close to the GA10-41 values, meaning a similar coupling is expected. The
asymmetric bending stiffness, 𝑘𝑎,𝜙𝜙 , of the FSCM is much smaller than GA10-41; this is
because the FSCM is axially rotated toward sweep, reducing the asymmetry in bending
compared to typical BTSCM designs and causing an asymmetry in sweep of 115%.

Table 5.4: Comparison of DSNM optimization chosen configuration (GA10-41) and FSCM
optimization chosen configuration (FSCM474A)
Parameter

lL
[%]

GA10-41

ϕsc
[deg]

kϕϕ
kθθ
kθϕ
kψψ
kψϕ
[Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad] [Nm/rad]

ka,ϕϕ
[%]

0.05

4.3

5.4

1.2

2.7

2.5

393

1.9

7.4

5.9

1.1

3.8

2.9

133

40
FSCM474A
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𝑀𝜃 = 𝑘𝜃𝜃 𝜃 = 𝑘𝜃𝜙 𝜙 → 𝑘𝜃𝜙 = 𝑘𝜃𝜃

𝜃
𝜙

(5.9)

To prove the FSCM induces forward sweep, a baseline flight was necessary. The pitch
agility metric in Appendix D and Section 4.2 states that the pitch stiffness, and furthermore
the pitch agility, of the ornithopter is dependent on the location of the aerodynamic center with
respect to the center of gravity. The additional mass of the FSCM changes the center of gravity
and the moment of inertia of the wing. Thus, directly comparing the solid spar configuration to
the FSCM would not necessarily prove that the forward sweeping alone changed the pitch
stiffness.
Three configurations were flown: the solid spar base configuration, the ornithopter with
FSCM474A inserted in each leading edge spar, and the solid spar with an added mass
inserted at the same span location as the FSCM, with mass equal to the FSCM (Figure 5.14).
These cases are denoted as solid, FSCM, and AM, respectively. Close up images of the
fabricated FSCM474A are shown in Figure 5.15. The mass of each FSCM474A was 7.4 g
(0.26 oz). This was a reduction of 66% and 53% of the mass of CSA and CSB, respectively,
from Chapter 3. This reduction was largely due to eliminating the collars used to attach the
root and tip to the inboard and outboard spars, respectively. Eliminating the collars, only
having one angled compliant joint, and reducing the inboard and outboard space near the joint
reduced the length from CSA’s 16.5 cm (6.5 in) and CSB’s 11.4 cm (4.5 in) to 5.1 cm (2 in).
Additionally, a small taper was added to the root and tip to reduce the mass. While this
eliminates the ability to change the CCM while using the same spars, different spars would
be needed for a different spatial configuration.
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Figure 5.14: Three configurations fabricated and tested

Figure 5.15: Fabricated FSCM474A top and side view (top) and isometric view (bottom),
viewed from the perspective of the nose of the ornithopter
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The ornithopter is shown in Figure 5.16. The total body and tail length is 0.64 m (16.1
in), and the wingspan is 1.07 m (42.1 in). Table 1.1 from Chapter 1 provides more ornithopter
specifications. There were 4 markers associated with the body, with the head marker above
the centerline of the wing roots highlighted in red and the nose marker highlighted in orange.
The head and nose markers had a marker of 9.6 mm (0.38 in), while all other markers on the
ornithopter had a diameter of 6.7 mm (0.26 in). There were 3 markers on the tail. Each wing
had 25 markers, placed symmetrically about the body. The most inboard marker on the right
wing leading edge spar is highlighted in purple, and the second marker along the leading edge
spar is highlighted in yellow. The three tip markers are highlighted in green. The configuration
details and mass of each configuration are shown in Table 5.5. Adding the FSCM or added
mass increased the ornithopter mass by about 3% compared to the base solid spar
configuration, and the ornithopter center of mass was calculated to move forward by 0.2 cm
and upward by 0.1 cm.

Figure 5.16: Test ornithopter Lilly with reflective markers attached to the body, tail, and wing
membranes, with FSCM474A near the location it would be inserted in the leading edge spar
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Table 5.5: Mass and lengths of configurations
Configuration

Base / Solid

FSCM474A

Added Mass

Abbreviation

Solid

FSCM

AM

Center Span
Location as a
Percent of Half
Wingspan

N/A

40%

40%

Added Mass Per
Wing

0 g (0 oz)

7.3 g (0.26 oz)

7.5 g (0.26 oz)

Total Mass of
Ornithopter

479.3 g (16.9
oz)

493.8 g (17.4 oz)

494.3 g (17.4 oz)

Mass Increase
Relative to Base

0%

3.0%

3.1%

Approximate
Increase in Wing
Flapping Inertia

0%

2.69*10-4 kg m2 (0.92 lb
in2)

2.76*10-4 kg m2 (0.94 lb
in2)

Change in CG
Location in <x,z>
Direction

<0,0> cm (0
in)

<0.2,0.1> cm
(<0.08,0.04> in)

<0.2,0.1> cm
(<0.08,0.04> in)

5.6.2

Experimental Setup and Camera Array
The experiment was performed at the University of Maryland’s Starlab. This new

facility is a VICON motion capture facility for ground and aerial vehicles. An overhead truss
system of adjustable height holds 44 VICON Vantage cameras capable of motion capture at
420 Hz, with a maximum tracking volume of 12.8 by 12.8 by 4.9 m (42 by 42 by 16 feet).
Figure 5.17 shows a panoramic view of Starlab. A tether was run across the test volume near
the center to guide the ornithopter through free flight. A shorter tether was then attached to
the main tether and ornithopter using fishing hooks. A view of the facility from above with two
coordinate systems is shown in Figure 5.18. The inertial coordinate system is situated such
that the 𝑥𝐼 axis is parallel to tether, the 𝑥𝐼 𝑦𝐼 plane is parallel to the ground, and the zI axis
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points downward from the tether. The height of the origin is discussed in the next section. A
body fixed coordinate system is attached to the ornithopter’s reference configuration center of
mass, where the 𝑥𝑂 𝑦𝑂 𝑧𝑂 axes follow the nose-right wing-underside aerospace convention,
respectively. The camera precision is discussed in the following section.

Figure 5.17: Panoramic view of Starlab free flight facility

Figure 5.18: Above view of adjustable camera truss with inertial and ornithopter body fixed
coordinate systems
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To achieve the desired axial rotation angle of the FSCM on the leading edge spar in
the membrane, a stand was designed and created using additive manufacturing (Figure 5.19).
The stand had a rectangular crevasse at the top with a 30° rotation from horizontal, and had
a wide base for stability. To insert the FSCM at the proper angle in the ornithopter, first the
ornithopter was clamped and leveled on a table with the leading edge spar shoulder joints
parallel to the table. Then, the spar with the FSCM was inserted in the wing membrane leading
edge spar sleeve. The root of the spar was inserted in the shoulder joint with the hinge facing
forward. The stand was placed on a stack of books such that the bottom of the crevasse was
near the bottom of the FSCM. The FSCM was rotated to fit in the crevasse, then the shoulder
joint screw was tightened to secure the spar in the shoulder joint.

Figure 5.19: Stand used to angle FSCM in the wing (top) and demonstration of the FSCM
sitting in the crevasse
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5.6.3

Numerical Analysis of Kinematics and Uncertainty
For the remainder of this chapter, the notation from [148] is used for consistency with

𝐼
aerospace convention. Position vectors are represented by 𝑟𝑂,𝐼
, where vector r represents the

𝑥, 𝑦, 𝑧 position of O with respect to I in the I frame. Velocity vectors are represented by v,
rotation matrices 𝑅 𝑂,𝐼 represent a rotation from the I frame to the O frame. The attitude of the
ornithopter is represented by the three-element attitude vector shown in Equation 5.10, where
𝜂 is the attitude vector, 𝜙𝑂 is the body roll angle, 𝜃𝑂 is the body pitch angle, and 𝜓𝑂 is the
body yaw angle. The rotation matrix from the inertial coordinate system to the ornithopter
body-fixed coordinate system located at the reference configuration center of mass is shown
in Equation 5.11. The inertial coordinate system origin from Figure 5.18 was set under the
tether at the height where, if the ornithopter is directly under the tether, no tension would be
exerted on the tether, and therefore the ornithopter would be in free flight. Equation 5.12 was
used to determine if the ornithopter was in free flight, i.e., not exerting tension on the tether or
overhead tether. This is denoted as the binary variable 𝜆𝐹𝐹 equaling one. If the radial distance
from the overhead tether was less than the length of the tether, 𝑙𝑡𝑒𝑡ℎ𝑒𝑟 , the ornithopter was
considered to be in free flight.

𝜙𝑂
𝐼
𝜂𝑂,𝐼
= { 𝜃𝑂 }
𝜓𝑂
𝑅 𝑂,𝐼 = [𝑅𝜙𝑂 ][𝑅𝜃𝑂 ][𝑅𝜓𝑂 ]
1
0
0
cos 𝜃𝑂
sin 𝜙𝑂 ] [ 0
= [0 cos 𝜙𝑂
0 − sin 𝜙𝑂 cos 𝜙𝑂 sin 𝜃𝑂

𝜆𝐹𝐹

= {1
0

(5.10)

0 − sin 𝜃𝑂 cos 𝜓𝑂
1
0 ] [− sin 𝜓𝑂
0 cos 𝜃𝑂
0

2

sin 𝜓𝑂
cos 𝜓𝑂
0

0
0]
1

(5.11)

2

𝐼
𝐼
𝑖𝑓 √({𝑟𝐻,𝐼
} ) + (𝑙𝑡𝑒𝑡ℎ𝑒𝑟 − {𝑟𝐻,𝐼
} ) < 𝑙𝑡𝑒𝑡ℎ𝑒𝑟 }
𝑦

𝑧

(5.12)

𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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The following list describes the procedure used to calculate the ornithopter’s reference
configuration center of mass and attitude using Equations 5.13-19.
𝐼
1. Use inertial position unit vector from head to nose, 𝑒̂𝑁,𝐻
, to determine body yaw angle,

𝜓𝑂 . (Equation 5.13)
𝜓

𝐼
𝑂
2. Rotate 𝑒̂𝑁,𝐻
in yaw by 𝜓𝑂 to find the yawed unit vector from the head to nose, 𝑒̂𝑁,𝐻
.

(Equation 5.14)
𝜓

𝑂
3. Use the Law of Cosines to find the angle between 𝑒̂𝑁,𝐻
and the body-fixed unit vector,

𝑂
𝑒̂𝑁,𝐻
. This is the magnitude of the body pitch angle, 𝜃𝑂 . (Equation 5.15)

4. Compare the two unit vectors to determine if the body is pitching upward or downward.
(Equation 5.16)
5. Transform the vector between the shoulder marker positions into body-fixed yawedpitched coordinates. (Equation 5.17)
6. Use the transformed shoulder marker vector to determine the body roll angle, 𝜙𝑂 .
(Equation 5.18)
7. Use the head position in inertial coordinates with yaw and pitch angles to calculate the
position of the center of mass. (Equation 5.19)

𝐼
{𝑒̂𝑁,𝐻
}𝑦
⁄ 𝐼
𝜓𝑂 = atan (
)
{𝑒̂𝑁,𝐻 }𝑥

(5.13)

𝜓

𝐼
𝑂
𝑒̂𝑁,𝐻
= 𝑅𝜓𝑂 𝑒̂𝑁,𝐻

(5.14)

𝜓𝑂
𝑂
|𝜃𝑂 | = acos 𝑒̂𝑁,𝐻
∙ 𝑒̂𝑁,𝐻

(5.15)

𝜃𝑂 = {

𝜓

−𝜃𝑂

𝑂
𝑂
{𝑒̂𝑁,𝐻
} > {𝑒̂𝑁,𝐻
}𝑧

𝜃𝑂

𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑧

}

𝜃 𝜓

𝐼
𝑂 𝑂
𝑒̂𝑅𝑆,𝐿𝑆
= (𝑅𝜃𝑂 𝑅𝜓𝑂 )𝑒̂𝑅𝑆,𝐿𝑆

(5.16)
(5.17)

𝜃 𝜓

𝜙𝑂 = atan

𝑂 𝑂
{𝑒̂𝑅𝑆,𝐿𝑆
}

𝑧

⁄ 𝜃𝑂 𝜓𝑂
{𝑒̂𝑅𝑆,𝐿𝑆 }

(5.18)

𝑦

𝑂
𝐼
𝐼
𝑟𝑂,𝐼
= 𝑟𝐻,𝐼
− [𝑅 𝑂,𝐼 ]𝑇 𝑟𝐻,𝑂

(5.19)
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Several free flight tests were performed and recorded for each configuration. The
configuration which flew the most straight and steady level was chosen to be digitized. The
data was trimmed to only include time steps where the ornithopter was fully in view of the
cameras and in free flight based on Equation 5.12, then trimmed to start and end at mid
upstrokes. The reference configuration center of mass and rotation matrix in Equation 5.11
were used to find the marker kinematics in a body-fixed reference frame. The wing shoulder
markers and second markers along the leading edge spars from Figure 5.16 were used to
calculate the driver angle in the rotated frame. The right and left driver angles were averaged
to estimate the driver angle for determining flapping frequency and each time step’s point in
the flapping cycle. The inertial and body-fixed kinematics data were discretized into cycles.
For each cycle, the state at mid upstroke was linearly interpolated using the time steps before
and after the driver angle passed through the body-fixed horizontal plane.
The advance ratio is a non-dimensional quantity used to describe flight velocity
independent of the flapping frequency [148,149]. A forward advance ratio of zero represents
hover, while advance ratios near or above one represent high speed flight. The forward and
vertical advance ratios, 𝐽𝑥 and 𝐽𝑧 , respectively, are shown in Equations 5.20 and 5.21,
respectively, where velocity quantities are relative to the inertial origin in body-fixed
orientation, the numerators are the velocity components of the ornithopter’s body-fixed center
of mass in the inertial coordinate system, R is the half wingspan, and 𝛺𝑑𝑟 is the average
flapping frequency. Note that forward and vertical are defined in body-fixed directions.

𝑂 (𝑡)
𝑥̇ 𝑂,𝐼
𝑅 Ω𝑑𝑟
𝑂 (𝑡)
𝑧̇𝑂,𝐼
𝐽𝑧 (𝑡) =
𝑅 Ω𝑑𝑟

𝐽𝑥 (𝑡) =

(5.20)
(5.21)
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The VICON system is stated to have a marker accuracy, 𝜖𝑚 , of 1 mm [141]. We
assume that the camera system is able to capture kinematics at perfectly uniform time steps
to simplify the calculations. The uncertainty of the marker kinematics is presented here as the
worst case scenario for all markers in motion. For example, to calculate an angle 𝜗 in the 𝑥𝑦
plane, the position of two markers were used (Equation 5.22). The worst case scenario is the
recorded marker location of each marker is displaced in a way such that the change in angle
is maximized. In Equation 5.22, this scenario is represented by two markers which are
physically along the 𝑥 axis at a distance 𝑙12 that were recorded as 2𝜖𝑚 closer to one another
in x and deviating in opposing directions in 𝑦. This angle is considered the uncertainty of the
angle calculation, and was used to determine the ornithopter yaw and driver angles in Table
5.6. The calculations for body roll and pitch are mathematical expressions with many terms
calculated using the data, therefore the uncertainty propagation is a very involved process.
Estimates on the roll and pitch angles were made by finding the change from a baseline
configuration when the marker uncertainty is added to the original marker locations. In other
words, the orientation at a time step was calculated, then the orientation of the same time step
with the marker uncertainty added to the marker locations was calculated, and the difference
was considered to be the uncertainty values in Table 5.6. Derivatives such as linear velocity
were calculated using a polynomial function from [142] (Equation 5.23). The uncertainty
associated with the time derivative of the driver angle, 𝜙̇𝐷𝑟 , using Equation 5.21 was 25% of
the estimated angular velocity, therefore a different method was used to calculate the average
flapping frequency. The cycle flapping frequency was calculated using the period of the zeros
of the driver angle. To find the period, first, the time steps were found where the driver angle
sign changes. The driver angle time as a function of angle was then linearly interpolated for a
driver angle of zero degrees. The driver angle frequency was then calculated using the time
between the zeros for each cycle, then averaged for all cycles to determine an overall flapping
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frequency. Thus, the uncertainty associated with the driver angle frequency is inversely
proportional to the period uncertainty, 𝜖 𝑇 (Equation 5.24). The driver angle uncertainty, 𝜖𝜙𝐷𝑟 ,
was calculated using Equation 5.22. The potential shift in the time step where the driver angle
crosses the neutral plane can be calculated using the instantaneous time derivative of the
driver angle. Due to the large uncertainty associated with the instantaneous driver velocity,
the average velocity was used. Preliminary data analysis showed flapping frequencies
between 5.5 and 6 Hz. If a flapping frequency of 6 Hz is assumed, this represents a period of
0.17 seconds. The driver stroke angle was averaged over the cycles resulting in a stroke angle
of 67.6°. This produced an average angular velocity of the driver over one half stroke of 14
rad/s. Then, Equation 5.24 was used to estimate the driver angular velocity uncertainty shown
in Table 5.6. The advance ratio uncertainty was calculated for each time step, where the
maximum value was found by adding the velocity uncertainty and subtracting the flapping
angular velocity uncertainty, and the minimum value was found by subtracting the velocity
uncertainty and adding the flapping angular velocity uncertainty. An estimate of the advance
ratio uncertainty was found by estimating average forward velocity for the three configurations
was estimated as 6 m/s (19.7 ft/s) and average driver angle flapping frequency of 5.8 Hz,
yielding an advance ratio of 0.324. Then, the maximum advance ratio was calculated to be
0.339. Thus, 0.015 is an estimate of the advance ratio uncertainty.

𝜗 = atan

𝜖Ω𝐷𝑟

𝑦2 − 𝑦1
2𝜖𝑚
→ 𝜖𝜗 = atan
𝑥2 − 𝑥1
𝑙12 − 2𝜖𝑚

𝑑
−2𝑦(1) − 𝑦(2) + 𝑦(4) + 2𝑦(5)
𝑦(3) =
𝑑𝑡
10 𝑑𝑡
1
1
1
= 2𝜋 = 2𝜋
≈ 2𝜋
𝜙𝑑𝑟
𝜖𝑇
2 (𝜖𝜙𝐷𝑟 𝜙̇𝐷𝑟 ⌋𝜙 =0 )
2 (𝜖𝜙𝐷𝑟
)
𝐷𝑟
𝑇𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 /2

(5.22)
(5.23)
(5.24)
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Table 5.6: Uncertainty associated with experimental quantities
Quantity

Uncertainty (±)

𝐼
𝑟𝑂,𝐼

1 mm (0.04 in)

𝐼
𝑟̇𝑂,𝐼

0.24 m/s (0.79 ft/s)

(𝜙𝑂 , 𝜃𝑂 , 𝜓𝑂 )

(1.4°, 2.1°, 1.1°)

𝜙𝐷𝑟

2.2°

Ω𝑑𝑟

0.10 rad/s

𝐽𝑡

0.015

4.5.1.2 Summary of Experimental Assumptions


The camera recorded each frame at a uniformly spaced time interval



The neutral chord of the blade elements is assumed to be the angle between the leading
edge spar marker and the trailing marker



The uncertainty analysis assumes that the uncertainty associated with the calculated
values are worst case scenario, and were calculated by comparing a baseline
calculation to the same calculation but with the marker uncertainty added to the marker
kinematics.

5.7 Experimental Results
Two types of metrics were chosen to characterize and compare the flight: pitch
stiffness, specifically the sum of two morphing terms, and body motion, specifically advance
ratio and body pitch rotation. The metrics from the three configurations are shown and
compared in this section, followed by a discussion of the overall results. A comparison of the
DSNM optimal objectives and the experimental objectives is shown in Section 6.3.

195

5.7.1

Pitch Agility Metric
A full description of the pitch agility metric is provided in Appendix D, with a summary

provided here. The pitch stiffness relates the pitch angle of the ornithopter to the pitch moment
acting on the ornithopter, similar to Hooke’s law. A negative pitch stiffness means the moment
acting on the ornithopter is a restorative force returning the ornithopter to trim flight conditions.
In contrast, a positive pitch stiffness causes a divergent force on the ornithopter, causing
unstable, i.e. agile, flight conditions. Thus, to increase the agility of the ornithopter, the pitch
stiffness should be increased until it is positive. However, the desirable magnitude is currently
unknown, and increasing the pitch stiffness to a large positive number may reduce the
ornithopter’s ability to fly. There are three components multiplied by one another in the
mathematical expression in Equation D.3 defining pitch agility for flapping wings with
morphing in the bending and sweep directions. The first two components are positive for all
forward flight. The third component is a sum of three terms. The first two terms are called wing
morphing terms, i.e., terms which can be influenced by changing the shape of the wings, and
the third term is an aerodynamic term that is positive for all flapping flight conditions. Thus,
the first two terms of the third component, C3 and C4, are the only terms which can change the
sign of the pitch stiffness. These terms are shown in Equations 5.25 and 5.26, where 𝑥 and 𝑧
represent the location of a blade element aerodynamic center with respect to the ornithopter’s
center of gravity in a body-fixed coordinate system, 𝛾 is the forward inclination angle, 𝑟 is the
span location of the blade element, 𝐽𝑡 is the ornithopter’s advance ratio, 𝛼 is the angle of attack
of the blade element, and 𝜑 is the included angle. These terms are described in more detail
in Appendix D. Thus, if the sum of 𝐶3 and 𝐶4 can be increased, or furthermore made positive,
the ornithopter will be more agile. Analysis of previous free flight experiments described in
Appendix D showed that the pitch stiffness of a blade element at the wing tip was positive for
a large portion of the flapping cycle with the exception of the time steps following the upstroke
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to downstroke transition and during downstroke. Further analysis showed that sweeping the
wing tip forward by 2% of the half wingspan would cause the terms to become positive. The
FSCM was designed to increase the pitch stiffness during downstroke by sweeping the wings
forward during downstroke. FSCM474A was chosen for fabrication and testing because under
the assumed loading conditions, the design induced 2° of forward sweep that, when inserted
in the leading edge spar at 40% of the half wingspan, would induce 2% forward sweep at the
wing tip.
𝑟
𝑂
𝑂
𝐶3 = (𝑥𝑤(𝑟,𝑡),𝑂
cos(𝛾(𝑟,𝑡) ) + 𝑧𝑤(𝑟,𝑡),𝑂
sin(𝛾(𝑟,𝑡) )) [ (2𝛼𝑤(𝑟,𝑡) 𝑠𝑖𝑛(𝜑𝑤(𝑟,𝑡) ) + 1)]
𝐽𝑡

𝑂
𝑂
𝐶4 = (−𝑧𝑤(𝑟,𝑡),𝑂
cos(𝛾𝑟,𝑡 ) + 𝑥𝑤(𝑟,𝑡),𝑂
sin(𝛾𝑟,𝑡 )) [𝛼𝑤(𝑟,𝑡) (1 −

𝑟
cos(𝜑𝑤(𝑟,𝑡) ))]
𝐽𝑡

(5.25)

(5.26)

For each configuration, the instantaneous sum of 𝐶3 and 𝐶4 was calculated for every
marker at every time step over each cycle. Then, the minimum and maximum values were
chosen for each blade, yielding a range of possible values for the sum. Noting that 𝐶3 and 𝐶4
are functions of the span location, the tip blade is the most important blade of the wing. Three
cycles of the range of possible values for the sum of 𝐶3 and 𝐶4 for the tip blade of each
configuration are shown in Figure 5.20. In Figure 5.20¸ the shaded background represents the
downstroke, and time steps A through D represent the mid upstroke, upstroke to downstroke
transition, mid downstroke, and downstroke to upstroke transition, respectively. We see that
between the upstroke to downstroke transition (B) and mid downstroke (C), the FSCM
configuration is less negative than the other two configurations, with similar values for all other
time steps. Thus, the ornithopter is less stable and more agile during downstroke (B to D) with
the FSCM inserted in the leading edge spar. Figure 5.21 shows the range of tip marker
locations for the FSCM configuration relative to the tip marker locations of the solid and AM
configurations. In other words, Figure 5.21 shows that the FSCM caused the wing tip to sweep
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forward compared to the solid and AM configurations. We see that relative to the solid
configuration, the wing tip swept forward by up to 8% of the half wingspan during downstroke
(B to D), swept the wing forward by more than 2% for most of the flapping cycle, and only
swept backward for a small amount of time before the downstroke to upstroke condition (D).
Similarly, relative to the AM configuration, the FSCM induced up to 5% forward sweep during
downstroke (B to D), and positive forward sweep for all time steps in the flapping cycle with
the exception of the downstroke to upstroke transition (D). The FSCM allowed up to 10%
bending relative to the other configurations.
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Figure 5.20: Pitch agility terms for solid (top), FSCM (middle), and AM (bottom). Shaded
background represents downstroke, and time steps A through D represent the mid upstroke,
upstroke to downstroke transition, mid downstroke, and downstroke to upstroke transition,
respectively.
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Figure 5.21: Tip marker location range for FSCM configuration relative to solid (left) and AM
(right) configurations, with uncertainty shown in magenta. Shaded background represents
downstroke, and time steps A through D represent the mid upstroke, upstroke to downstroke
transition, mid downstroke, and downstroke to upstroke transition, respectively.
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5.7.2

Advance Ratio and Body Pitch Rotation
In addition to pitch agility, the flight kinematics are of interest. Quantifying flight metrics

could be used to understand the aerodynamics associated with flapping flight. Fei and Yang
studied the flight of butterflies and found large changes in the advance ratio and pitch angle
throughout the flapping cycle, and that increases in the body pitch angle correlate to low
advance ratios [149,74]. Figure 5.22 shows a comparison of the forward and vertical advance
ratios, driver angles, and pitch angles for all three configurations. Recall that the advance
ratios are defined in body-fixed coordinate systems relative to inertia, i.e., the orientation of
forward and upward change in time but the velocities with respect to the inertial ground are
used. The forward and vertical advance ratios peak at mid upstroke (A), indicating the
upstroke is active and causes forward propulsion. The pitch angles reach maximums just
before the downstroke to upstroke transition (D), and reach minimums just before the upstroke
to downstroke transition (B). Combining these observations, for the time between the
downstroke to upstroke transition (D) and just after mid upstroke (A), the advance ratios
increase to their maximums as the pitch angle decreases. This means that the ornithopter
starts the upstroke pitched upward, then as it flaps the wings push the air backward and
downward, causing the body to simultaneously thrust forward and upward while pitching
downward. After mid upstroke (A), the body begins to pitch upward again, decreasing the
vertical advance ratio by a large amount and decreasing the forward advance ratio by a small
amount. The solid configuration’s forward advance ratio increases and pitch angle decreases
with every cycle, meaning that the flight was not steady level. When comparing the FSCM and
AM configurations, three trends are noticed: the FSCM has a lower forward advance ratio on
average, however the vertical advance ratio and pitch angles are both larger. This means that
there are greater lift forces and pitching moments causing the ornithopter to displace vertically
and maintain a larger pitch angle at the loss of forward propulsion.
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Figure 5.22: Instantaneous and average advance ratios (top) and pitch angles (bottom) of
solid (left), FSCM (right), and AM (left), and comparison of three configuration. Dotted lines
represent the average values for the three cycles, and purple background represents
uncertainty. Shaded background represents downstroke, and time steps A through D
represent the mid upstroke, upstroke to downstroke transition, mid downstroke, and
downstroke to upstroke transition, respectively.

5.7.3

Discussion
The FSCM was designed and optimized to destabilize the downstroke by sweeping

the wing tip forward by 2%. The destabilization was shown in Figure 5.20, where the FSCM
configuration had a larger C3+C4 value, referred to in this section as the pitch stiffness, during
downstroke relative to the other configurations. The FSCM induced greater than the minimum
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desired 2% forward sweep during the first half of the downstroke and positive forward sweep
at all times throughout the flapping cycle with the exception of a short period of time around
the downstroke to upstroke transition. Thus, the FSCM configuration chosen achieved the
forward sweep it was designed to achieve during downstroke. However, bending angles of up
to 10% were also allowed. Bending acts as a stabilizing effect, which reduced the
destabilization induced by the forward sweep. The FSCM configuration had a lower forward
advance ratio but higher vertical advance ratio and average pitch angle relative to the AM
configuration. This means that the motion was transferred from forward to vertical motion and
pitch rotation. The kestrels presented in Sect. 1.1.3 had a forward advance ratio of around
0.6, which is much larger than the ornithopter’s advance ratios near 0.35. Thus, the ornithopter
was flying in low speed flight. Overall, the forward sweep induced by the FSCM was sufficient
to increase the pitch stiffness and therefore increase the pitch agility. While the change was
small, a dramatic change in the agility was not desirable. Destabilizing the flight at all time
steps would reduce if not eliminate the ability for the ornithopter to be flown without assistance
from an automatic feedback controller.
Several notable trends can be seen when comparing the pitch agility metric, advance
ratios, and body pitch angle. The trends were analyzed for the FSCM configuration and are
summarized in Table 5.7. The body pitch angle is positive for all time during flight, with
average pitch angles for the FSCM and AM configurations near 18°. Combined with the
forward advance ratios between 3 and 3.5, the ornithopter is in low speed cruise as opposed
to high speed cruise and gliding. The following is a list describing each part of the cycle.
1. Upstroke to downstroke transition (B). The pitch stiffness is near zero, the wings are
relatively flat, the forward advance ratio is moderate while the vertical advance ratio is
high, and the pitch angle is at a minimum. This means that the ornithopter is primarily
translating upward relative to both the ground and the body-fixed system, while the
wings lay nearly flat.
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2. First half of downstroke (B to C). The pitch stiffness decreases as the wing sweeps
forward and bends upward, the advance ratios decrease, and the pitch angle increases.
The wing morphs upward and forward as it flaps downward, inducing a restorative
pitching moment causing the ornithopter to pitch in the direction of its velocity. In other
words, the ornithopter is moving forward and upward, and the pitching moment causes
the body to more closely align with the upward component of the motion.
3. Second half of downstroke (C to D). The pitch stiffness increases as the wing morphing
decreases and the ornithopter pitches upward, indicating that the ornithopter is
becoming more agile. The forward advance ratio is low, and the vertical advance ratio is
at its minimum. This agrees with Fei and Yang’s findings, where a high pitch angle
correlates to a low advance ratio [74].
4. Downstroke to upstroke transition (D). The pitch stiffness and pitch angle are at their
maximum values with small backward sweep and large downward bending. The
advance ratios are near their mean values.
5. First half of upstroke (D to A). The pitch stiffness and pitch angle decrease rapidly until
mid upstroke. Concurrently, both advance ratios reach their maximum values around mid
upstroke. Small sweep and moderate upward bending occur as a result of the lift and
drag loads. When the ornithopter is pitched upward during upstroke, the upward motion
of the wing luff region pushes air backward, thrusting the bird forward while pitching
downward. The pitch stiffness is greater than zero, allowing the pitching moment to
cause the pitch angle to decrease from its maximal value at the transition to its minimal
value at mid upstroke, or around one quarter of the flapping cycle. In contrast, the
increase from the minimal value around mid upstroke to the maximal value at the
downstroke to upstroke transition, or around three quarters of the flapping cycle. The
thrust and lift produced during this part of the cycle cause both advance ratios to
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increase to their maximal values. Thus, the upstroke of the ornithopter is active. This
agrees with Fei and Yang’s findings, where the low pitch angle correlates to the largest
advance ratios [74].
6. Second half of upstroke (A to B). The pitch stiffness remains close to zero as the wing
sweeps forward and bends downward. The advance ratios slowly decrease, and the
pitch angle remains near its minimum. The lift and thrust have peaked, and are slowly
decreasing as the wings approach the transition. The elastic energy of the wing
morphing in bending increases then releases as the wings whip at the transition.

Table 5.7: Summary of flight cycle analysis for FSCM configuration, where tip sweep and
bending are for the FSCM configuration relative to AM
Part of Cycle

Up-Down
Transition

Mid Downstroke

Down-Up
Transition

Mid Upstroke

Pitch Stiffness

~0

Large -

Moderate +

~0

Tip Sweep

Small forward

Large forward

Small backward

Tip Bending

~0

Large upward

Small upward

Forward
Advance Ratio

Medium

Low

Low

High

Vertical
Advance Ratio

High

Low

Medium

High

Body Pitch

Low

Medium

High

Low

Moderate
forward
Large
downward
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5.8 Conclusions
The Forward-Swept Compliant Mechanism design and optimization produced a set of
designs which exhibit an optimal tradeoff of forward sweep at the expense of bending, twist,
peak stress, and mass. A design was chosen from the Aggregated Pareto-Optimal Front
which satisfied the desired forward tip sweep requirement. This design was fabricated,
inserted in the leading edge spar of the ornithopter, and flown free flight. A computer motion
tracking camera system was used to record the marker kinematics. The free flight pitch
stiffness, wing tip sweep and bending, advance ratios, and pitch angle were compared to the
base ornithopter with a solid leading edge spar, and the base ornithopter with a solid leading
edge spar with mass added to the span location of the FSCM. The FSCM was able to increase
the pitch stiffness of the wing tip during downstroke by inducing forward sweep of around 2%
of the half wingspan. The vertical advance ratio and average pitch angle of the ornithopter
were increased at the expense of a decreased forward advance ratio. This means that the
ornithopter was destabilized in forward flight, transferring the forward motion to vertical and
pitching motion. The six parts of the flapping cycle were analyzed to better understand the
interaction between pitch stiffness, wing morphing, and body motion. Large pitch angles
correlated to low advance ratios. A positive pitch stiffness occurred during the first half of the
active upstroke where the pitch angle decreased as much in one quarter of the flapping cycle
as it increases in the other three quarters of the flapping cycle. Thus, a positive pitch stiffness
allows the ornithopter is able to change pitch angle more rapidly than a negative pitch
stiffness, and the pitch stiffness can be increased by morphing the wing forward.
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Chapter 6
Wing Structure Modeling and Design Sensitivities
6.1 Introduction and Motivation
The development of a finite element model of the wing structure is described in this
chapter. The Dynamic Spar Numerical Model (DSNM) presented in Chapter 3 was a
computationally efficient method of modeling contact-aided compliant mechanisms (CCMs)
spatially distributed in the wing spar structure. The most important assumption made in the
development of this model was modeling CCMs as compliant joints (CJs): a spherical joint
with added mass and 3-axis spring-dampers. The nominal stiffness for the CJs was based on
the finite element model presented in Chapter 2. The model was then tuned via a benchtop
experiment in Chapter 2, and optimized in Chapter 4. While this method is a computationally
efficient method to determine optimal stiffness and spatial location, the detailed geometry and
design parameters of the CCMs are not considered in the DSNM. A separate optimization
was performed in Chapter 5 to find a Forward-Swept Compliant Mechanism (FSCM) design
which satisfied the optimal configuration guidelines from Chapter 4. However, similar
boundary condition and loading assumptions to the Bend-Twist-and-Sweep Compliant
Mechanism (BTSCM) finite element model were required to complete the FSCM optimization.
While modeling the entire wing structure using FEA is too computationally expensive for use
with an optimization algorithm, the wing structure finite element model is used here to see
how small changes in design parameters affect the wing morphing, specifically the motion of
the tip of the leading edge spar which influences pitch agility.
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The following research tasks will be addressed in this chapter:
Task 4.3 - Create a finite element model of the wing structure
Task 4.4 - Verify the finite element model using experimental results
Task 4.5 - Design sensitivity analysis

6.2 Wing Geometry
The wing geometry for this model is based on the Park Hawk ornithopter described in
Section 1.1.4 and summarized here. The geometry is shown in Figure 6.1, with numerical
values shown in Table 6.1. The coordinate system convention used is described in Section
3.2. The location of the body center of mass refers to the ornithopter body with electronics
attached and no wings or tail, and was measured experimentally.

Figure 6.1: Ornithopter geometry

Table 6.1: Ornithopter geometric parameters
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Parameter

Variable

Value

Length of Body

𝑙𝑏𝑜𝑑𝑦

500 [mm] (19.7 [in])

𝒓𝑊𝑅𝑂

(102, 9.4, -30) [mm]
((4, 0.4, 1.2) [in])

𝑙𝐿𝑇𝑊𝑅

512 [mm] (20.2 [in])

𝑙𝐿𝑇𝐶𝑂

518 [mm] (20.4 [in])

Length of Leading Edge Spar

𝑙𝐿𝐸𝑆

503 [mm] (19.8 [in])

Distance from wing root to LES-DS
interface

𝑙𝑐𝑊𝑅

433 [mm] (17.0 [in])

Length of Diagonal Spar

𝑙𝐷𝑆

510 [mm] (20.1 [in])

Vector from Wing Root to Diagonal
Spar Root

𝒓𝐷𝑅𝑊𝑅

(-168, -4, -30) [mm]
((-6.6, -0.2, -1.2) [in])

Vector from Body Center of Mass to
Wing Root
Length from Wing Root to Leading
Edge Spar Tip
Length from Body Center of Mass to
Leading Edge Spar Tip (Half
Wingspan)

6.3 Finite Element Analysis Model
This section presents the development of the finite element model. First, the element
types, boundary conditions, and material properties are presented. Then, the methods used
to calculate the output variables are detailed. Finally, the solution method is described.
6.3.1

Elements, boundary conditions, and material properties
The wing structure was modeled using COMSOL Multiphysics® software. Figure 6.2

shows the mesh and several key boundary conditions. The right half of the body and tail and
the right wing were modeled, then the data was mirrored across the body for visual purposes.
The body, tail, and wing root shoulder joints are modeled as rigid bodies. The body and tail
are prescribed zero displacement and rotation. The shoulder joint is prescribed zero
displacement at the wing root, and prescribed rotation about the wing root. The spars are
modeled using Euler-Bernoulli cubic beam elements. Each spar has three elements with
nodes at the locations of the pseudo-rigid body model used Section 3.3.2. The modulus of
elasticity and Rayleigh damping stiffness coefficient found in Section 3.8 were used as the
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beam modulus and damping model. The inboard spar is modeled as a rigid connection to the
shoulder joint via a multibody dynamics fixed joint in COMSOL. Therefore, the spar is
assumed to be rigidly attached to the shoulder joint. The inboard and outboard brick parts of
the CCMs are modeled as rigid. This is necessary to connect the beam to the CCM via the
same technique used at the shoulder joint. The deformation of the CCM is primarily near the
compliant hinges, therefore it is assumed that no deformation occurs near the root and tip.
The rigid root and tip of the CCM are connected to the flexible CCM segment via a similar
attachment and fixed joint boundary condition. Self-contact is modeled using a penalty
method, as it is more stable than the augmented Langrangian method [127]. This penalty
method simulates contact as a spring with high stiffness in compression and no compression
in tension to model the surface contact. The structural damping of the CCM is discussed in
Section 6.4.2. Quadratic tetrahedrals were used for all solid elements. The interface between
the leading edge and diagonal spars is discussed in Section 6.4.2. The DS root is prescribed
zero displacement with free rotation. Gravity is applied to all bodies in the +Z direction. The
material properties are summarized in Table 6.2. The modulus of the spar is based on the
model tuning from Section 3.8. The multi-linear elastic material function and meshing scheme
from Section 2.3.3 was used to model the CCM.
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Figure 6.2: Wing model mesh (top) and close up image of FSCM mesh (bottom)
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Table 6.2: Material properties and geometric properties used in FEA model
Component

Body

Property

Value

Mass

385.2 [g]
(13.6 [oz])
Roll

Mass
Moment
of Inertia

Pitch
Yaw

Tail

Mass

10.8 [g]
(0.38 [oz])

Shoulder

Mass

4.3 [g]
(0.15 [oz])

Modulus

1.34 [GPa]
(194.4 [ksi])

Density

1600 [kg/m3]
(99.9 [lb/ft3])

Diameter (LES)

3.96 [mm]
(0.16 [in])

Diameter (DS)

1.80 [mm]
(0.07 [in])

Linear Modulus

14 [MPa]
(2.0 [ksi])

Density

1420 [kg/m3]
(88.6 [lb/ft3])

Spar

CCM

6.3.2

1.45 [kg m2]
(34.4 [lb ft2])
2.32 [kg m2]
(55.0 [lb ft2])
2.48 [kg m2]
(58.9 [lb ft2])

Output variables
Probes are the method used by COMSOL to automatically extract information from a

finite element model simulation. For example, a probe can record the average displacement
of a surface in y as a function of time. Domain point probes may record the spatial location of
a specific point within a domain, and surface probes may record the average spatial location
of a surface. However, there are no equivalent probes for edges, i.e., beams. To record the
kinematics of a point along a beam as a function of time, first, a small, massless, rigid domain
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must be rigidly attached to the beam at that point. Then, three surface probes are created to
calculate the average spatial location of the attachment surface on the rigid body. This process
must be repeated for each marker, with a separate beam between each small, massless
domain. This results in introducing more elements by increasing the number of beams, and
more dependent variables into the model by adding rigid bodies, increasing complexity and
solution time. While considering each marker would more closely replicate the method used
in Section 3.7, there is a considerable cost for model setup and simulation, and the information
gained would be very small, e.g., a change in agreement between the two models of a very
small percentage.
6.3.3

Solution methodology
The model is a time dependent multi-physics model with three physics interfaces: solid

mechanics for the deformable component of the CCM, beam mechanics for the spars, and
rigid body mechanics for the body, tail, shoulder joint, and interface between the beams and
the CCM. The driver angle is a function of time, and other than gravity, is the only input to the
system. Geometric nonlinearity, i.e., large strains and deformations, is enabled. The
Backward Differentiation Formula, BDF, is an implicit time-stepping method of variable order
and time step [127,150,151]. The multi-physics interfaces with large accelerations, nonlinear
material properties, and self-contact were difficult for the solver to reach convergence. The
BDF solver was limited to first and second order to increase stability for convergence. The
cycle was discretized into 100 time steps, and the solver was forced to take at least one step
between each of the evenly distributed time steps. A Newton nonlinear solver with constant
damping was used to find the solution for each time step. The damping and maximum number
of iterations were increased to improve convergence rates. The error is required to be three
orders of magnitude below the dependent variable solution for each dependent variable. For
example, if the displacements are on the order of 0.1 mm, the tolerance is 0.1 m.
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4.5.1.3 Finite Element Model Assumptions
The following is a summary of assumptions made when generating the FEA model.


The body and tail are rigid bodies and are prescribed zero rotation, thus the wings flap
symmetrically about the body



The wing root shoulder joint is a rigid body, and prescribed an angle about the 𝑦𝑧 plane.



The wing root angle as a function of time is interpolated from a table: for the validation,
this angle was the experimentally derived angle, and for the sensitivity study, this angle
was a sinusoid of the same amplitude and frequency of the experimentally derived CSA40 angle.



The inboard and outboard sections of CSA are rigid.



The leading edge spar is rigidly attached to the diagonal spar.



No membrane, aerodynamic loads, or body motion were included.

6.4 Experimental Verification
In this section, the finite element model is verified using the benchtop experiment from
Section 3.7 for a solid spar and Configuration CSA-40. Then, FSCM474A is modeled in the
dynamic finite element model and compared to the DSNM optimal configuration and free flight
experimental results from Section 5.6.
6.4.1

Benchtop Verification
The model was verified using the data from the experiment presented in Chapter 3. In

this section, the wing model is first compared to the experiment for the solid spar and CSA40 configurations, then compared to the tuned DSNM model. The experimental driver angles
are prescribed to the shoulder joint. For the solid spar configuration, four beam elements were
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used to model the leading edge spar, with nodes at the span location where the Pseudo-Rigid
Body Model equivalent structural joints are placed. Rayleigh damping is added to the spars,
with damping proportional to the stiffness by the coefficient found during the experimental
tuning in Section 3.6 and no proportionality to mass. The model was simulated for 6 cycles,
and achieved a steady state driver RMSE of 0.02°, and tip marker RMSE of less than 10 mm,
or less than 2% of the half wingspan, after 5 cycles. The model tip marker RMSE compared
to the experimental tip marker was 2.4% of the half wingspan (Figure 6.3). The compliant
spine configuration CSA-40 was then modeled and simulated for six cycles (Figure 2.15). Both
the inboard and outboard spars are modeled using the same distribution of element lengths
and damping model as the solid configuration. The damping coefficient found in the
experimental tuning from Section 3.7 was used as the Rayleigh damping coefficient
proportional to stiffness, with zero proportionality to the mass. Figure 6.5 shows a comparison
of the steady state finite element model results with the experiment. The model achieved a
driver RMSE of 0.02°, CCM RMSE of 1.7°, and tip marker RMSE of 3.6%. The model was
able to capture the majority of the CCM oscillations from the experiment, as well as closely
match the magnitude. Disagreement between the model primarily comes from the material
and damping model of the CCM. The model assumes the CCM has a multi-linear modulus of
elasticity, described in Appendix C. This modulus was determined using experimental data
from an axial load test, and therefore the material model does not account for shearing or
viscoelastic behavior. The damping model is based on the tuned damping parameter from
Section 3.8. This is discussed in the following paragraph.

215

Figure 6.3: Solid spar finite element model at the upstroke to downstroke transition (top) and
comparison to benchtop experimental data of tip marker (bottom)
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Figure 6.4: CSA-40 finite element model at the upstroke to downstroke transition
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Figure 6.5: Comparison of FEA model to benchtop experimental data driver and CCM
angles (top) and tip marker (bottom)
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A comparison of the tuned DSNM results and the finite element results is shown in
Table 6.3. The solid spar DSNM optimized tip RMSE was 1.7% compared to the finite element
model’s 2.4%. The larger RMSE from the FEA model can be attributed to the elastic modulus
and damping model: the DSNM stiffness and damping coefficients were found using a genetic
algorithm to minimize the error between the model and the experiment. The FEA nonlinear
elastic modulus was not tuned using the experimental data. This damping coefficient was
specific to the equivalent structural joints. The finite element model uses the same concept of
Rayleigh damping, however the damping is proportional to the stiffness of the elements, not
the discrete joints. Furthermore, only a Rayleigh damping stiffness coefficient was found, not
a mass coefficient. The genetic algorithm could be used to minimize the error between the
finite element model and the experiment, however the computational time for the finite element
model was 12.8 minutes compared to the DSNM’s 1 minute, therefore a genetic algorithm
using the finite element model would be very computationally expensive in comparison.
Similarly, the CSA DSNM results had a bending angle RMSE of 1.4° and tip marker RMSE of
2.8% compared to the finite element model’s 1.7° and 3.6%, respectively. The RMSE could
similarly be decreased by using the genetic algorithm to tune the damping coefficient and
nonlinear modulus of elasticity, however the computation time increased from 1.5 minutes for
the DSNM to 314 minutes. The difference is small compared to the complexity of the model,
especially when considering the full wing structure, therefore the agreement between the
models and experiment can be considered sufficient for this study.
Table 6.3: Comparison of DSNM and FEA model verifications
Model

Solid Tip
Position
RMSE

Solid
Solution
Time [min]

CSA Bending
Angle RMSE

CSA Tip
Position
RMSE

CSA Solution
Time [min]

DSNM

1.7%

1.0

1.4°

2.8%

1.5

FEA

2.4%

12.8

1.7°

3.6%

314
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6.4.2

Free Flight Experiment Objective Comparison
Modeling the ornithopter during free flight with an accurate aerodynamics model would

is very complex. Section 7.3 provides preliminary recommendations for incorporating
aerodynamics into the DSNM and finite element model. In this section, we consider how the
objective functions evaluated using the finite element model and DSNM objectives compare
to one another and to the experimental results for the FSCM and Added Mass (AM).
The optimal configuration chosen for fabrication and free flight testing, FSCM474A,
was modeled in the dynamic finite element model, shown in Figure 6.2. The diagonal spar
was not included in this finite element model to reduce the complexity. In the ornithopter, the
leading edge spar is in a sleeve in the membrane, and is connected to the diagonal spar via
several layers of tape with different thicknesses. As a result, the interface is most similar to a
double spherical joint with nonlinear springs, where the spherical joint on the leading edge
spar is a cylindrical joint. However, the spring stiffnesses are unknown, and there would be
flexibility associated with both the cylindrical and spherical joint. Furthermore, incorporating
the cylindrical joint in the finite element model would require the assumption that a large
portion of the outboard spar is rigid. The model was unable to converge with these joint
assumptions, and it is possible that, even if the model was able to converge, the results would
be inaccurate due to the joint assumption. Thus, only the leading edge spar was considered.
The wing root was prescribed the sinusoidal rotation used for the DSNM optimization in
Section 4.3. For each model and the two experimental configurations, the objective functions
used in Section 4.3 were calculated. In Table 6.4, the objective functions of the DSNM optimal
configuration GA10-41 from Section 4.4.1, dynamic FEA model of FSCM474A, and the
experimental configurations FSCM and AM from Section 5.6 are shown. The purpose of this
comparison is to gain a sense of how the free flight tip motion compares to the model results.
The two models have similar bending and upstroke sweep angles, however the DSNM
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predicts larger twist and downstroke sweep. For the experimental results, the bending angles
are within 1° of each other, and five times larger than the models. Thus, the aerodynamic
loads cause much larger bending angles than the inertial effects in the models. Furthermore,
the FSCM did not increase the bending angle of the tip by a large amount compared to the
AM. The twist angles were not able to be properly calculated from the data, as the spar is able
to twist in the membrane and the markers can only measure the motion of the membrane.
The models predict much smaller upstroke sweep, however predict similar downstroke
forward sweep to the FSCM. The upstroke sweep of the AM configuration was larger than the
FSCM, meaning it allowed more sweep during upstroke and the second half of downstroke.
The AM configuration tip was swept backward for the entire first half of the downstroke, as
expected from the analysis in Appendix D. The FSCM caused a peak forward sweep during
downstroke of 1.6 % of the half wingspan, an increase of 2.3 % compared to the AM
configuration. Thus, the FSCM successfully induced the desired forward sweep during
downstroke. The measured forward sweep of the FSCM is greater than the dynamic FEA
model and less than the DSNM model.

Table 6.4: Comparison of objective functions of optimal configuration and calculated
objectives from the experiment
Term

Bending,
𝜙𝑡𝑖𝑝

Twist, 𝜃𝑡𝑖𝑝

Upstroke
Sweep, 𝑥𝑡𝑖𝑝,𝑈𝑆

Downstroke
Sweep, 𝑥𝑡𝑖𝑝,𝐷𝑆

FEA FSCM474A

1.96°

0.12°

0.52 [%]

1.1 [%]

DSNM GA10-41

2.2°

0.79°

0.77 [%]

2.4 [%]

Experimental
FSCM474A

11°

N/A

3.5 [%]

1.6 [%]

Experimental AM

10°

N/A

4.2 [%]

-0.7 [%]
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6.5 Design Sensitivity Analysis
Understanding how sensitive the wing morphing is to changes in design parameters
is important for design and manufacturing. For example, if the forward sweep is highly
sensitive to the thickness of a component, the design and manufacturing approach must be
modified to make it more robust to changes in thickness. In this section, we consider the
importance of the design variables for the DSNM and FSCM, and the sensitivity of the wing
morphing objectives with respect to the design variables. First, the sensitivities calculated
using the DSNM and dynamic FEA model are presented, then the sensitivities and importance
of all variables are compared and discussed.
A backward difference sensitivity analysis was performed using the DSNM and
dynamic finite element models, where the optimal values, 𝑥𝑜𝑝𝑡 , were perturbed by 𝛿, then the
perturbed outputs were calculated, 𝑦, and finally rate of change of the outputs, 𝜕𝑦/𝜕𝑥, were
calculated (Equation 6.1). The backward direction of the difference was chosen as the
direction which would intuitively increase the response. For example, decreasing the bending
stiffness or the thickness of the compliant joint should increase the tip response. The
magnitude of the perturbations was chosen to be small, either as a percentage of the optimal
value or a small change in the geometric parameter.

𝑦(𝑥𝑜𝑝𝑡 ) − 𝑦 ((1 − 𝛿) 𝑥𝑜𝑝𝑡 )
𝜕𝑦
Δ𝑦
≈ |
=
|
𝜕𝑥 𝑥𝑜𝑝𝑡 Δ𝑥 𝑥𝑜𝑝𝑡
𝛿 𝑥𝑜𝑝𝑡

(6.1)
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6.5.1

DSNM Sensitivity
The chosen optimal configuration from Chapter 4, GA10-41, is shown in Figure 6.1.

Eight parameters define the DSNM with one CJ in the leading edge spar and none in the
diagonal spar: location of the CJ, ll, self-contact angle, ϕsc, bending stiffness, kϕϕ, twist
stiffness, kθθ, bending to twist coupling, kθϕ, sweep stiffness, kψψ, bending to sweep coupling,
kψϕ, and asymmetric bending stiffness, ka,ϕϕ. The location and self-contact angle were
perturbed by small values, and all symmetric stiffnesses and coupling terms were perturbed
by 10% in the direction which intuitively increases the tip response. The asymmetric bending
stiffness was increased from 393 % to 443 %; this corresponds to an increase of the upstroke
bending stiffness by 10 % from 21.2 Nm/rad to 23.3 Nm/rad. Table 6.6 shows the results of
the sensitivity study. The tip bending angle was most strongly affected by the self-contact
angle and bending stiffness. This makes sense, as the bending angle increases with less
bending stiffness, and the self-contact angle dictates the change in bending stiffness. The
location and all twist and sweep terms cause very little change in the bending angle. Thus,
the bending angle is primarily independent of the twist and sweep angles, and is not very
sensitive to the location. The twist angle is most sensitive to the twist stiffness, bending
stiffness, bending to twist coupling. The twist induced at the tip is largely a result of the bending
to twist coupling of the CJ, thus a larger bending angle, lower twist stiffness, and larger
bending to twist coupling would increase the tip twist. The tip twist is not very sensitive to the
location and sweep terms, showing that the tip twist is primarily independent of sweep, and
the location does not have a strong influence on the tip twist. The tip sweep is most sensitive
to the bending stiffness and sweep terms, and is mildly sensitive to the location and selfcontact angle. This is similar to tip twist, where a large bending angle, low sweep stiffness,
and large bending to sweep coupling cause the tip to sweep more. Additionally, the tip sweep
is insensitive to the twist terms, meaning that the tip twist and sweep are primarily independent
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of one another. All objectives were sensitive to a change in self-contact angle; this means the
asymmetry strongly affects the tip motion. However, the tip motion is relatively insensitive to
the asymmetric bending stiffness, thus the amount of asymmetry beyond a certain amount is
not important. Increasing the driver frequency by 0.5 Hz increased all objectives, indicating
that an increase of 1 Hz would nearly double all objectives.

Figure 6.6: DSNM optimal configuration GA10-41
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Table 6.5: Variables and perturbations used for DSNM sensitivity
Parameter #

Parameter varied

Optimal Value

Perturbed Value

Deviation

1

Location, ll

42%

40%

1.04 cm (0.41
in)

2

Self-Contact Angle,
ϕsc

2.4°

4.4°

2°

3

Bending Stiffness,
kϕϕ

4.3 Nm/rad

3.87 Nm/rad

-0.43 Nm/rad
(-10%)

4

Twist Stiffness, kθθ

5.4 Nm/rad

4.86 Nm/rad

-0.54 Nm/rad
(-10%)

5

Bending to Twist
Coupling, kθϕ

1.2 Nm/rad

1.32 Nm/rad

0.12 Nm/rad
(+10%)

6

Sweep Stiffness, kψψ

2.7 Nm/rad

2.43 Nm/rad

-0.27 Nm/rad
(-10%)

7

Bending to Sweep
Coupling, kψϕ

2.5 Nm/rad

2.75 Nm/rad

0.25 Nm/rad
(+10%)

8

Asymmetric Bending
Stiffness, ka,ϕϕ

393 %

443 %

+10%

9

Driver Frequency, fdr

4.3 Hz

4.8 Hz

0.5 Hz
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Table 6.6: DSNM sensitivity values around GA10-41
Twist
𝜃𝑡𝑖𝑝

Upstroke
Sweep
𝑥𝑡𝑖𝑝,𝑈𝑆

Downstroke
Sweep
𝑥𝑡𝑖𝑝,𝐷𝑆

Parameter #

Parameter varied

Bending
𝜙𝑡𝑖𝑝

1

Location, ll

0.02 °/cm

0.01 °/cm

0.16 %/cm

0.53 %/cm

2

Self-Contact
Angle, ϕsc

0.40 °/°

0.10 °/°

0.38 %/°

0.67 %/°

3

Bending Stiffness,
kϕϕ

0.79
°/Nm/rad

0.18
°/Nm/rad

0.80
%/Nm/rad

2.35
%/Nm/rad

4

Twist Stiffness,
kθθ

0.00
°/Nm/rad

0.19
°/Nm/rad

0.02
%/Nm/rad

0.02
%/Nm/rad

5

Bending to Twist
Coupling, kθϕ

0.00
°/Nm/rad

0.17
°/Nm/rad

0.03
%/Nm/rad

0.00
%/Nm/rad

6

Sweep Stiffness,
kψψ

0.02
°/Nm/rad

0.01
°/Nm/rad

0.42
%/Nm/rad

1.87
%/Nm/rad

7

Bending to Sweep
Coupling, kψϕ

0.01
°/Nm/rad

0.01
°/Nm/rad

0.18
%/Nm/rad

1.13
%/Nm/rad

8

Asymmetric
Bending Stiffness,
ka,ϕϕ

0.00 °/%

0.00 °/%

-0.02 %/%

-0.06 %/%

9

Driver Frequency,
fdr

1.51 °/Hz

0.52 °/Hz

1.18 %/Hz

3.83 %/Hz

6.5.2

FSCM Dynamic Sensitivity
Six parameters define the FSCM inserted in the leading edge spar in Figure 6.7:

contact angle, φc, joint angle, φj, axial rotation angle, ϑa, radial centerline, Rc, radial thickness,
Rt, and location along the leading edge spar between the body center and leading edge spar
tip, ll. The optimization results in Section 5.5 showed that the most important variables to
predicting tip motion were the joint angle, axial rotation angle, radial thickness, and location
along the leading edge spar. These variables were chosen for the sensitivity analysis. The
optimal and perturbed values are shown in Table 6.7, and the results are shown in Table 6.8.
The tip bending angle was most sensitive to a change in the joint radial thickness. This is
expected, as a thinner joint makes the FSCM much more compliant. The twist angle is not
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very sensitive to changes in parameters; this is ideal because the FSCM was not designed to
allow twist. The upstroke and downstroke sweep were also most sensitive to the radial
thickness.

Figure 6.7: Dynamic finite element model of FSCM474A

227

Table 6.7: Variables and perturbations used for FEA model sensitivity
Parameter #

Parameter varied

Optimal Value

Perturbed Value

Deviation

1

Joint Angle, φj

105°

115°

10°

2

Joint Radial
Thickness, Rt

3.6 mm

3.1 mm

0.5 mm

3

Location on Leading
Edge Spar, ll

42%

40%

1.04 cm (0.41
in)

Table 6.8: FEA model sensitivity values around FSCM474A
Parameter #

Parameter varied

Bending

Twist

Upstroke
Sweep

Downstroke
Sweep

1

Joint Angle, φj

0.19 °/°

0.01 °/°

0.05 %/°

0.10 %/°

2

Joint Radial
Thickness, Rt

4.3 °/mm

0.3 °/mm

1.4 %/mm

3.0 %/mm

3

Location on
Leading Edge
Spar, ll

1.8 °/cm

0.1 °/cm

0.5 %/cm

0.7 %/cm
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6.5.3

Comparison of Predictor Importance and Design Parameter Sensitivity
A qualitative comparison of the variable importance found in Sections 2.6, 4.4, and 5.5

the sensitivity analyses is shown in Table 6.9. The variable predictor importance is a machine
learning quantity that represents the ability for a variable to be used to predict an outcome. In
design optimization, this represents how influential a design variable is on an objective. Thus,
a very important variable has a large influence on an objective. First, the DSNM predictor
importance and sensitivity are discussed. Then, the FE model predictor importance and
sensitivity are discussed. Finally, the two model types are compared, producing a relationship
between the two models and the wing morphing objectives. Note that the driver frequency is
not included in Table 6.9. While the DSNM and FE models were very sensitive to changes in
the driver frequency, this represents a flight parameter which is independent of the design
configuration and CCM manufacturing.
The DSNM’s most important predictor variables mostly coincided with the most
sensitive variables. Based on the DSNM analyses, small changes can be made to four design
parameters to alter the forward tip sweep during downstroke: decreasing the bending and
sweep stiffnesses, increasing the bending to sweep coupling, and moving the CJ closer to the
root increase. However, additional tip bending occurs as a result of the decreased bending
stiffness, and all four changes increase the tip sweep during upstroke. The CJ location can
be tuned to increase tip sweep with little change to tip bending and twist. The self-contact
angle can be used to increase tip sweep, however it will simultaneously increase the bending
angle. Thus, the symmetric independent stiffnesses and bending to twist and sweep coupling
are critical design parameters, the location and self-contact angles should remain around
nominal values near 42% and 2.4°, respectively, and the asymmetric stiffness should be
around 400%, however is not as important as the symmetric stiffnesses.
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Table 6.9: Comparison of most sensitive / important design variables for each objective for
each model, where SCA represents the self-contact angle

Quantity

Most
Important
Predictor

Model

Bend
𝜙𝑡𝑖𝑝

Twist
𝜃𝑡𝑖𝑝

Upstroke
Sweep
𝑥𝑡𝑖𝑝,𝐷𝑆

Downstroke
Sweep
𝑥𝑡𝑖𝑝,𝐷𝑆

BTSCM (FEA)
(Ch. 2)

Radial
Thickness

Joint Angle

Contact
Angle

N/A

DSNM (RBM)
(Ch. 4)

Bending
Stiffness

Bending →
Twist Coupling

Bending → Sweep
Coupling

FSCM (FEA)
(Ch. 5)

Axial
Rotation
Angle,
Radial
Thickness

Joint Angle,
Contact Angle

N/A

GA10-41
(DSNM)

Bending
Stiffness,
SCA

Twist, Bending
Bending,
Stiffnesses,
Sweep
Bending →
Stiffnesses,
Twist Coupling,
SCA
SCA

FSCM474A
(FEA)

Radial
Thickness,
Location

Most
Sensitive

Axial
Rotation
Angle
Bending,
Sweep
Stiffness,
Bending →
Sweep
Coupling,
SCA

Radial Thickness

The BTSCM and FSCM optimizations in Chapters 2 and 5, respectively, assumed the
CCMs were undergoing quasi-static loading. Thus, the values in Table 6.9 represent only
upstroke predictor importance for the BTSCM and downstroke predictor importance for the
FSCM. For both CCMs, the radial thickness was important to the bending angle, and the joint
angle was important to the twist angle. As intuitively expected, a thinner radial thickness
causes the angled compliant joint to be more flexible, and rotating the compliant joint about
the spar induces coupling from bending to sweep. For the FSCM, the axial rotation angle had
the strongest influence on the bending and sweep angles. The axial rotation increases the
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bending stiffness and the bending to sweep coupling, thereby decreasing the bending angle
and increasing the sweep angle. The contact angle influences the BTSCM sweep and the
FSCM twist. This is because the contact angle alters the geometry near the angled compliant
joint on the inboard section. Decreasing the thickness of this region allows the material to
shear, causing sweep for the BTSCM and twist for the FSCM. The sensitivity analysis of the
FSCM showed that the tip motion is most sensitive overall to the radial thickness. This is
important, because the current manufacturing technique for the FSCM is using a water jet,
which introduces a slight taper through the thickness of the angled compliant joint. Thus, one
side of the joint has a larger radial thickness than the other side.

6.6 Conclusions
The previous chapters focused on separate models of contact-aided compliant
mechanism design parameters under static loading conditions or the dynamic shape change
of the wing structure with rigid body assumptions. The finite element model developed in this
chapter shows how changes in CCM design parameters affects the shape change of the wing
as it flaps in a dynamic simulation. The model was compared to the experimental data and
validation from Section 3.8, and was shown to have similar accuracy to the tuned DSNM
model with a bending angle RMSE of 1.7° and tip marker RMSE of 3.7%. However, the finite
element model is very computationally expensive in comparison, making the model more
suited for fine tuning rather than optimization. The finite element model and DSNM were
compared to the free flight experiment from Chapter 5. The aerodynamics associated with
free flight showed that the wing morphs much more in bending and upstroke sweep in vacuum
conditions, however the models were able to roughly predict the peak forward tip sweep during
downstroke. Relative to the added mass configuration, the FSCM increased the forward tip
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sweep during downstroke by the desired amount, decreased the tip sweep during upstroke,
and minimally increased tip bending.
The sensitivity of the wing tip kinematics to changes in the design parameters was studied
using the DSNM and dynamic FE model. The sensitivities were compared to the relative
importance of the design variables from Chapters 2, 4, and 5. Based on the DSNM results,
the symmetric stiffness of the CJ, specifically the bending stiffness, was the most important
design variable, as well as the variable that all objectives were sensitive to changes in. The
coupling from bending to twist and sweep were important to twist and sweep, respectively,
and twist and sweep were sensitive to changes in the coupling. While there were desirable
locations of the CJs, self-contact angles, and amount of asymmetry, none of these three
variables were particularly important to predicting the tip kinematics, nor were the tip
kinematics sensitive to small changes in the variables. The BTSCM and FSCM showed that
the radial thickness of the ACJ, axial rotation angle, and joint angle were important to
predicting the tip deflections.
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Chapter 7
Conclusions and Future Work
7.1 Summary and Conclusions
The field of contact-aided compliant mechanisms (CCMs) was introduced in Chapter 1
with an emphasis on discrete CCMs that allow passive shape change. Prior art of CCMs, modeling
CCMs using the Pseudo-Rigid Body Model, and passive shape change in avian scale wing
structures was reviewed. The motivation for using CCMs as means of passive shape change in
a wing structure and the need for parameter and spatial distribution optimization was presented.
In Chapter 2, the Bend-Twist-and-Sweep Compliant Mechanism (BTSCM) was developed
and optimized. The BTSCM had tailorable rotations in all three spatial directions, with a bendingto-twist coupling. This CCM eliminates the need for two independent CCMs to achieve
simultaneous bending, twist, and sweep. The BTSCM was optimized for maximal tip rotation and
minimal stress and mass. A set of optimal designs was generated where no design performed
better in all objectives than any other design. Machine learning techniques were applied to the
designs simulated using the multi-objective genetic algorithm. This helps to better understand the
relationship between the geometric design variables and objectives, helping to determine what
variables are important for manufacturing. The BTSCM shows that a CCM can be designed to
achieve simultaneous, asymmetric motion in three directions with a tailorable coupling from the
direction of most loading to the desired direction of motion.
A numerical dynamics rigid-body model of the wing structure was developed and
experimentally validated in Chapter 3. The Dynamic Spar Numerical Model (DSNM) is a
computationally efficient numerical dynamics model of the ornithopter wing structure with
equivalent structural joints to model the flexibility of the spars, and uses rigid-body dynamics to
model CCMs as compliant joints (CJs). The model can account for spatially distributed CCMs. An
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experiment was performed to validate the model, where the leading edge spar was flapped while
a computer motion tracking system recorded the kinematics of markers along the spars and on
the single degree of freedom CCM. The model was tuned using a genetic algorithm, where the
error between the model and experimental kinematics was minimized by changing the equivalent
structural joint and CJ stiffness and damping parameters. This novel technique allows the model
to be validated while flapping, comparing the model to real world dynamics. Overall, this model
allows us to study the dynamic wing structure morphing quickly with flexible joints.
The DSNM was used as an optimization tool for wing shape change which would increase
pitch agility in Chapter 4. The desired tip motion, forward tip sweep during downstroke with
minimal bending and twist, was summarized, then used to formulate objective functions for the
optimization. The CJ stiffness matrix terms, self-contact angle, asymmetric stiffness, and spatial
distribution were optimized, then their aggregated population was analyzed to determine any
trends between the design variables and objectives. Optimal configurations were chosen for each
of three configurations: one CJ in the leading edge spar, two CJs in the leading edge spar, and
two CJs in the leading edge spar with one CJ in the diagonal spar. This shows the approximate
configurations desired to improve free flight pitch agility, and furthermore that the model can be
used to determine the optimal configuration for a desired dynamic shape change.
The Forward-Swept Compliant Mechanism (FSCM) was developed, optimized, and
fabricated for a free flight experiment in Chapter 5. The FSCM was designed to couple bending
rotation to forward sweep by axially rotating the BTSCM geometry. A set of optimal designs was
found using a multi-objective genetic algorithm. The relationship between the design parameters
and objectives was found using machine learning techniques. A design was chosen which
achieves the desired forward tip sweep when inserted at the optimal location found in Chapter 4.
This design was fabricated and flown in free flight. Compared to a wing configuration with mass
added to the leading edge spar equal to the FSCM at the same location, the FSCM induced the
recommended forward sweep, and successfully increased the pitch agility. Thus, the bend to
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sweep coupling was successfully implemented in the wing structure via the FSCM to achieve the
desired shape change.
A finite element model of the wing structure was developed in Chapter 6. The leading edge
spar model was developed then verified using the benchtop experimental results. The FSCM
tested in Chapter 5 was modeled, and the optimization objectives used in Chapter 4 were used
to compare the DSNM optimization results, the finite element model results, and the experimental
results. The sensitivity of the DSNM and FEA optimal configurations to perturbations in the design
parameters were analyzed and compared to the relative importance of design variables from
Chapters 2, 4, and 5. The tip motion was determined to be sensitive to changes in the bending
stiffness and coupling from bending to twist, which is determined primarily by the radial thickness
and axial rotation angle of the FSCM.

7.2 Research Contributions
Research contributions to the field of contact-aided compliant mechanisms include:


A dual optimization modeling approach for CCMs
o

Optimizing CCMs in a dynamic structure using a single finite element model is a
computationally prohibitive task. The dual optimization approach uses two separate
models, where one focuses on maximizing the CCM performance, e.g., rotational
stiffness and coupling, while the other model focuses on determining optimal
performance and spatial location specifications. Separating the CCM design
parameters from the dynamic model of the structure allows both models to be
computationally efficient while finding the optimal configuration simultaneously, and
produces a starting point for a more complex model of the CCM in the dynamic flexible
structure.
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Development of a dynamic numerical model of CCMs
o

Prior rigid-body models with CCMs in the structure required relatively simple
geometries and compliant joint stiffness and damping models due to their analytical
solution method. Finite element models of dynamic flexible structures are
computationally prohibitive for optimization. Using numerical dynamics allows for a
much more complex geometry with nonlinear inputs and nonlinear compliant joint
properties while remaining computationally efficient. This computationally efficient
model focuses on what the desired performance and spatial location of the CCMs in
the dynamic structure is, creating a target set of performance characteristics for a
designer to use in choosing an optimal CCM design.



A method for experimentally validating dynamic rigid-link models with damped flexible
joints
o

While there are examples of using and experimentally validating the Pseudo-Rigid
Body Model to model flexible beams and compliant mechanisms, few have considered
dynamic applications and complex geometries. The numerical model was validated
using a genetic algorithm to minimize the error between the model and marker
kinematics along the flapping spar. This method allows the model to be tuned without
the need of any advanced system identification techniques. Furthermore, this model
tuning is capable of tuning several parameters simultaneously, including the unknown
damping model parameters.



Use of machine learning techniques to better understand optimization results
o

Multi-objective genetic algorithms are commonly used as an optimization tool when
there is no clear link between input parameters and output variables. By treating every
design simulated throughout the algorithm as a single population, machine learning
techniques such as random forests can be used to better understand the relationship
between design variables and objectives. Furthermore, an aggregated optimal
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population much larger than the Pareto front of any generation can be used to choose
an optimal design, giving a designer more freedom to choose a design that satisfies
their performance requirements.


Finite element model of the flexible wing structure with a CCM inserted
o

The finite element model uses the optimal configuration as a starting point to
quantitatively find the sensitivity of the shape change to changes in the CCM design
parameters, location, and structure input. Combined with the machine learning
techniques used to interpret the results of the two optimization results, this model
confirms the importance of each design parameter and gives insight into what design
parameters are critical to shape change when designing and manufacturing.

7.3 Recommendations for Future Work
The research presented in this dissertation forms a methodology for modeling and
optimizing CCMs in dynamic structures, and furthermore a method for inducing passive wing
morphing in an avian scale ornithopter. Several improvements and extensions can be made to
the models and CCM design. A few recommendations for future work are discussed in this
section.
The aerodynamics associated with the ornithopter during free flight have been of interest
from the beginning of the project. Specifically, the aerodynamic load magnitude and distribution
on the wing membrane throughout the flapping cycle are not well known for flapping wing flight.
Estimates of the resultant load experienced by the wing were made previously as described in
Appendix A using strain gauges on the leading edge spar. However, this estimation was consisted
of resultant sinusoidal lift and constant drag point load acting at the estimated aerodynamic
center. A pressure distribution over the wing as it flaps and morphs would allow the DSNM to be
extended to include free flight, providing better insight into how the CCMs spatially distributed in
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the wing structure affect the pitch agility. An attempt was made previously by this research group
to model the aerodynamics associated with free flight using blade element theory, and is
described in Appendix A. However, the methodology was very complex, involving multiple models
across several software packages. Implementing the blade element theory portion of the model
was considered for this dissertation, where the membrane would be discretized into span-wise
sections, and using the blade’s aerodynamic center’s speed, angle of attack, and sideslip angle
to calculate an aerodynamic load acting on the blade. However, such a method would require
either nonlinear coefficients of lift and drag, or a nonlinear coefficient relating the aerodynamic
loads to the normal force acting on the membrane. While the lift and drag coefficients are typically
modeled as functions of the instantaneous angle of attack for fixed wing aircraft and turbine
blades, the flapping wing’s rapid acceleration at the stroke transitions causes strong transient
nonlinearities in the coefficients, requiring a coefficient expression as a function of acceleration
and the time history of the acceleration [143]. It would be very difficult computationally or
experimentally to determine the coefficient functions. Furthermore, implementing them into the
dynamic model is not currently feasible, as the model is unable to access previous states and
previous state derivatives, i.e., the model cannot access the time history of the wing, which would
be required to calculate the coefficients. If the coefficient functions were somehow calculated, it
is also likely that the assumptions made in the process would degrade the accuracy of the model
so much that the comparison of two configurations would not be adequate to make any
conclusions about the change in agility. An unsteady time dependent computational fluid
dynamics model coupled to the finite element wing structure model with a membrane would be
required to properly model the effect of the aerodynamic loading on the wing. This model would
be extremely complicated to both setup and properly interpret and understand the results. A
middle ground would be to experimentally or computationally determine the lift and drag
coefficients of the wing at different speeds and shapes, then interpolate the coefficients within the
DSNM. When the load distribution is known, implementing the loads in the DSNM would be
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relatively straight-forward. First, the benchtop constraints would be removed, allowing the
ornithopter to translate and rotate in the forward-vertical plane. The finger spars would be
modeled using the same methodology as the spars. Then, the loads distribution would be
calculated based on the state of the ornithopter. The loads would then be discretized into sections
of the wing structure. The reaction forces on the links surrounding each section would be
calculated, then converted into inertial loads and local torques acting on the links. While this would
certainly increase computation time, it would still be less computationally expensive than the full
wing finite element model. An experiment was previously performed which characterized the lift
and drag coefficients of the tail as a function of angle of attack and sideslip angle [148]. The
coefficients would be a good starting point, however they were steady flow coefficients, i.e., the
flow was constant as the tail was slowly pitched and rolled. Thus, the tail would have to be more
carefully analyzed to determine if the coefficients are valid, or if the coefficients must vary as a
function of the tail acceleration. Overall, adding aerodynamics would be very challenging;
however if a robust aerodynamic model were implemented, it would certainly improve the
accuracy of the modeling greatly.
Several improvements could be made to the ornithopter model and the physical
ornithopter. The boundary condition between the leading edge and diagonal spars is not well
defined. The membrane between the leading edge spar and diagonal spar tip is a stiff membrane,
and is not similar to any conventional joints. Several attempts were made to model the interface
using a fixed joint, a revolute joint, nonlinear spring-dampers, and a cylindrical prismatic joint,
however none truly captured the kinematics of the interface. Additionally, the dynamic finite
element model was very complex and unable to converge for many configurations. The time step
would shrink to the order of microseconds because the solver was unable to resolve the rapid
acceleration and contact mechanics. Thus, a more robust solution method would be necessary.
The ornithopter itself was difficult to fly and unreliable. The controller used was a standard handheld controller commonly used for hobby airplanes. The only input to the ornithopter was an
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analog throttle, and tail pitch and roll. The ability to sweep the wing root would potentially increase
the agility of the ornithopter. To fly the tethered ornithopter in the free flight facility, the body was
held by hand by one person at around the tether height. The pilot increased the throttle until it
reached a tic mark around half throttle. The pilot started the camera recording, then the person
holding the ornithopter accelerated the ornithopter forward and released. Small motion of the tail
was used to correct the flight path, however the pilot often was not successful. The input flapping
frequency was calculated via the data, and therefore was not a truly controllable input. A computer
controller and automated release system would greatly improve the speed and quality of free flight
tests. The flapping input to the ornithopter was often unreliable due to plastic gears and
attachments, causing large delays in testing. Future free flight tests should be conducted with
lightweight metal drivetrain components and a repeatable release system. Furthermore, a
computer controller would allow the pilot to better control the flapping motor’s angle and angular
velocity, allowing position-derivative control.
Two components of the fabrication process lead to an undesirable final geometry for the
BTSCM and FSCM: using a water jet to cut the geometry, and creating the contact gap. Cutting
the angled contact gap using a vertical mill would be very time intensive. A water jet is able to cut
the geometry, specifically the angled compliant joint and angled contact gap, relatively quickly
and inexpensively. However, the waterjet causes the geometry to be tapered, where, for example,
the leading edge surface of the CCM is thinner than the trailing edge. This can lead to
unaccounted for and potentially undesirable changes in the CCM stiffness. Furthermore, the
sensitivity analysis in Chapter 6 showed that the tip motion is very sensitive to the thickness of
the angled compliant joint. Additionally, the optimal self-contact angle was determined in Chapter
4 to be close to zero. The minimum contact gap is governed by the manufacturing process. The
minimal gap width of the designs fabricated in this dissertation was approximately 1 mm (0.04 in).
A sheet of shim stock was inserted in the angled contact gap to reduce the self-contact angle.
This lead to a self-contact angle of around 8 degrees. Thus, a very small angled contact gap is
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required to have a self-contact angle which approaches zero degrees. Additive manufacturing
has the potential to solve both of these undesirable consequences via uniform cross sections and
reducing the contact gap.
An exploration of the material used to fabricate the CCMs could improve their compliance
and lifespan. DelrinTM was chosen for the CCMs for its elastic behavior and fatigue properties. A
material with a lower elastic modulus and higher yield stress would allow thinner compliant hinges
and thereby reduce the mass penalty in the wing. The effects of more complex material models
that account for effects such as viscoelasticity and hysteresis, and response to light and humidity,
are currently unknown. Better experimental characterization of the material would potentially yield
a better material model than the assumed bi-linear stiffness. Incorporating a more complex
material model in the dynamic model would be straight forward using the process described in
Sect. 3.3.2. Functionally grading the CCM could serve to increase the flexibility or further control
the coupling from bending to twist and sweep. Additionally, the compliant hinge could be made of
a flexible material while the angled contact gap could be made of a stiff material, allowing the
CCM to be more flexible in one direction while maintaining stiffness in the opposing direction.
These improvements would be possible using additive manufacturing. Furthermore, the time,
complexity, and cost to manufacture the CCM would be greatly reduced, allowing multiple
iterations of CCM designs and multiple sets of design parameters to be manufactured and tested
in-house. This would lead the way to considering different design geometries to further tailor the
stiffness and multi-axial coupling. The ability to more rapidly produce prototypes would also help
understand the relationship between design variables and mechanism performance, where
multiple experiments could better characterize the performance and determine what variables
should be modified to make it more robust to changes.
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Summary of Prior Work by Our Research Group
The work in this dissertation builds on the research completed by Yashwanth Tummala
and Aimy Wissa [44,152], which is summarized here. The objective of their research was to
develop methodologies for designing and optimizing CCMs for passive shape change. The group
chose to study how CCMs can induce biologically inspired passive wing morphing in ornithopters.
Desirable wing morphing varies depending on the flight regime. The group chose the CVG, with
the goal of emulating the simultaneous bending, twist, and sweep via spatially distributing CCMs
into the wing structure. The following sections provide a summary of the work completed prior to
the work in this dissertation. Figure A.1 shows an overview of the evolution of the project. First, a
single DOF CCM called the Compliant Spine was developed and underwent design optimization.
Then the Compliant Spine underwent benchtop and free flight testing. Then, new CCMs with two
DOF, the Bend and Sweep Compliant Mechanism, and rotational DOF, the Twist Compliant
Mechanism, respectively, were designed and optimized.
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Figure A.1: Evolution of project [5,44,153]

A.1 Compliant Spine Optimization
A bio-inspired gait known as the Continuous Vortex Gait (CVG), shown in Figure A.2, is
an example of an avian wing gait. Detailed descriptions of the CVG can be found in [64,154]. This
gait was of interest because it can be achieved passively, requiring only one major joint in the
wing structure to allow simultaneous bending, twist, and sweep.
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Figure A.2: Continuous Vortex Gait wake (top) and cross section of wing profile (bottom) [155]

The goal of the work was to introduce wing morphing that emulates the wing shape change
seen while producing the CVG. First, they considered a single DOF CCM: the Compliant Spine
(CS) (Figure A.3) [4,153,156–158]. This mechanism has two major features: a compliant hinge
and a contact gap. When a load is applied at the tip of the CS in the downward direction while
clamping the root, the CS allows large bending deformations in the compliant hinge, which thereby
allows the tip to deflect downward. Overall, this allows the CS to be flexible in bending about its
lateral axis. In contrast, when a tip load is applied in the upward direction, the CS comes in selfcontact at the contact gap, allowing only small deflections at the tip. In other words, the CS is
much less stiff about its normal axis in one direction than the other, yielding a nonlinear stiffness.
The relationship between tip load applied and tip deflection for an example CS is shown in Figure
A.4.
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Figure A.3: Compliant spine primary features, where the left end is the tip, and the right end is
the root [153]

Figure A.4: Nonlinear deflection of an example CS, where the root is clamped and a tip load is
applied [153]
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This CS design was then optimized using MATLAB®’s MOGA [153,156,158]. The design
parameters used were the compliant hinge inner and outer radii, the eccentricity of the hinge, and
the contact angle, each subject to lower and upper geometric bounds. The aerodynamic loads
encountered by the CS during flight were not well understood, therefore three loading
assumptions were considered: distributed loading on the top surface, tip loads, and a pure
moment at the tip. The method used to calculate the magnitude of the load from experimental
data is summarized later in this section.
The root was assumed to be clamped for all cases. The objective functions were
minimizing mass and peak stress while maximizing positive tip bending displacement. A video of
a cockatiel in flight was digitized to estimate the desired bending deflection of the CS when
inserted at 37% of the half wingspan: 8.4 mm and 0.8 mm during mid upstroke and mid
downstroke, respectively. A penalty function was implemented where designs with peak stress
exceeding a stress limit were penalized, setting the mass and stress to be several orders of
magnitude larger and the deflection to be several orders of magnitude more negative and thus
very desirable in the deflection objectives and very undesirable in the stress and mass objectives.
To evaluate the designs, a finite element model was created in ANSYS, a commercial finite
element solver [159]. An example of the Pareto optimal front is shown in Figure A.5. This run
compared the performance of designs with different numbers of compliant hinges. There is
generally an approximately linear relationship between deflection and stress, which makes sense
intuitively. It was noted that the masses are relatively similar among designs with the same
number of compliant hinges, which implies that the major contribution to mass is the block region
of the CS, as opposed to the compliant hinges.
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Figure A.5: Deflection verses peak stress Pareto optimal plot for CS [153]

A.2 Compliant Spine Experiments
To test this concept, two benchtop tests were performed [4,140,157]. The compliant
spines were fabricated out of Delrin, a Dupont® polymer [128]. An example is shown in Figure
A.6. The compliant spine is attached to the leading edge carbon fiber spars using collars. In the
first experiment, an ornithopter was clamped to a 6-channel load cell with two configurations: the
base ornithopter with a solid leading edge spar, and the base ornithopter with a compliant spine
inserted in the leading edge spar with the compliant root spine at 37% of the wing half span and
compliant spine center at 43% of the wing half span (Figure A.7) [4]. Both ornithopters had the
wing membrane attached, and three markers on the leading edge spar: one at the wing root, one
at the wing tip, and one at the location of the compliant spine’s outboard tip. Figure A.8 and Figure
A.9 show the numerical results from these experiments. Using the load cell and marker data, they
found that for the same throttle percentage, the ornithopter with the CS inserted achieved a higher
flapping frequency than the solid case. Furthermore, at similar flapping frequencies, the
ornithopter with the CS consumed less electric power compared to the solid spar case, with the
difference increasing with flapping frequency. The compliant case experienced a much larger lift
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per weight compared to the solid case, while producing approximately equal thrust. In the second
experiment, a similar setup was considered, however the difference between ambient and
vacuum conditions was considered, along with 3 CS designs with two, three, and four hinges
(Figure A.10) [140]. They concluded that the lift (Figure A.11) and thrust (Figure A.12) gains of
the CS compared to the solid case are attributed to aerodynamic effects, not inertial effects.

Figure A.6: Compliant spine assembly, where the dimensions given were constant for all
designs [140]
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Figure A.7: Test ornithopter used for the first benchtop experiment on top of a 6-channel load
cell (left), calling out the location of the compliant spine insertion (right) [4]

Figure A.8: Comparison of power consumption and flapping frequencies achieved for the
ornithopter with a solid spar verses the ornithopter with a CS inserted [4]

Figure A.9: Comparison of normalized lift and thrust produced for the ornithopter with a solid
spar verses the ornithopter with a CS inserted [4]
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Figure A.10: Vacuum testing chamber with ornithopter mounted (left) and 6-axis load cell (right)
[140]

Figure A.11: Comparison of lift for solid and CS benchtop tests for ambient and vacuum
conditions [140]

Figure A.12: Comparison of thrust for solid and CS benchtop tests for ambient and vacuum
conditions [140]
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To estimate the loads encountered during flight, strain gauges were placed on the
underside of a spar of the solid spar configuration at the location where the CS would be inserted
(Figure A.13). The spar was flapped, and the strain was recorded throughout a flapping cycle. An
FEA model of the spar was created using ANSYS (Figure A.14). The root node (left end) was
prescribed zero displacement, then a uniformly distributed dynamic load was applied to each
node. The magnitude of the load was increased until the strain experienced at the location where
the strain gauges would be was achieved. A load of 0.174 N on each load was required for the
strain. The sum of the loads of all nodes outboard from the inboard strain gauge was
approximately 10 N; this load was assumed to be acting on the CS tip. This load can then be
transformed into an applied tip moment by multiplying the tip load by the length of the CS,
producing a 0.635 Nm tip moment.

Figure A.13: Experimental setup of strain gauges on spar [44]

Figure A.14: ANSYS FEA model created to approximate the loads on the spar [44]

266

Free flight testing was also conducted [5]. The same four configurations from the vacuum
test were considered: base ornithopter with solid spars, and three CS configurations with two,
three, and four hinges. A VICON computer vision system was used in a large indoor testing facility
(Figure A.15) to track markers placed on the wing membrane (Figure A.16). The specific power,
i.e., power consumption per mass, was compared for the four configurations, and the additional
mass did not substantially change it (Figure A.17). The horizontal load coefficient is a way of
describing the vehicle’s horizontal propulsive power for a given unit of time (Figure A.18). The
cases with CSs inserted have much higher coefficients by a factor of two to four. Figure A.19
shows a comparison of the vertical accelerations of the center of the ornithopter body. There are
much larger accelerations experienced by the CS cases than the solid cases [5].

Figure A.15: Free flight test facility with VICON cameras [5]
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Figure A.16: Wing reflective marker placement [5]

Figure A.17: Comparison of specific power for configurations [5]

Figure A.18: Comparison of horizontal load coefficients for configurations [5]
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Figure A.19: Comparison of vertical center of the body accelerations for configurations [5]

A.3 Other Compliant Mechanisms
In addition to the single DOF compliant spine, two more compliant mechanisms were
designed and optimized: the Bend-and-Sweep Compliant Mechanism and the Twist Compliant
Mechanism. The Bend-and-Sweep Compliant Mechanism was designed to allow simultaneous
bending and sweep [160,161]. This mechanism is based on the Compliant Spine, however
features an angled compliant joint and angled contact gap, allowing both bending and sweep
(Figure A.20). The Twist Compliant Mechanism was designed to allow nonlinear twist about its
central axis [132,162]. Similar to the CS and Bend-and-Sweep Compliant Mechanism, it is flexible
in one direction, and very stiff in the other due to self-contact (Figure A.21). These mechanisms
were both optimized using a similar approach to the CS. The concept was to spatially distribute
these mechanisms in the leading edge and diagonal spars to passively emulate the CVG.
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Figure A.20: A Bend-and-Sweep Compliant Mechanism with 3 angled compliant joints [160]

Figure A.21: A Twist Compliant Mechanism with 4 sectors (left) and assumed loading conditions
during the optimization [162]

A.4 Rigid Body Models of the Leading Edge Spar
While the CCMs were optimized to maximize deflection while minimizing stress and mass,
this does not give strong insight into the performance of the mechanism in the ornithopter wing
structure. Furthermore, this considers only two points in the flapping cycle: mid upstroke and mid
downstroke. To further their understanding of the effect of the mechanism on the flapping cycle
as a whole, two analytical planar models were created [44,137,138]. The first focused on shape
tailoring the leading edge spar: matching a bio-inspired target shape at multiple discrete points
by spatially distributing compliant mechanisms with varying stiffnesses [44]. The compliant
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mechanisms were modeled as point masses with torsional spring-dampers connected by rigid
links (Figure A.22). The mass was based on the fabricated models, the stiffnesses were based
on finite element results, and the damping coefficients were varied in an effort to match the
experimental results. The model was developed using Mathematica® based on Euler’s laws of
motion. An example of the model results with a single compliant mechanism is shown in Figure
A.23. The angle of the inboard spar and the angle of the outboard spar with respect to the inboard
spar is shown, as well as the four critical time steps: mid upstroke, upstroke-downstroke transition,
mid downstroke, and the downstroke-upstroke transition. The mid upstroke and mid downstroke
clearly demonstrate the nonlinearity of the springs, where during mid upstroke the CCM would
allow large bending angles, and during mid downstroke the CCM would come into self-contact,
preventing large bending angles. This example has relatively small damping, allowing the second
rod to oscillate with respect to the first rod, denoted by the red circles.
The second model focused on the stability of the mechanism [137]. This model made a
similar approximation, where the leading edge spar was modeled as two rigid rods with a torsional
spring-damper (Figure A.24). The purpose of this model was to confirm the structural stability of
the leading edge spar with the compliant mechanism inserted. Using Mathieu’s equation, the
stability of the model as a function of upstroke and downstroke stiffnesses was found (Figure
A.25). In general, larger upstroke stiffnesses led to smaller instability regions. A marker is shown
to indicate an example CS configuration. This plot shows results which did not consider damping.
Figure A.26 shows the results of the model when damping is considered. Increasing damping
leads to shrinking the instability regions, where eventually the instability can occur only when the
upstroke stiffness is negative.
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Figure A.22: Analytical planar model of the leading edge spar, modeling the three CSs as point
masses with torsional spring-dampers [44]

Figure A.23: Shape tailoring analytical planar model example solution for a single compliant
mechanism. (a): Inboard spar angle. (b): Outboard spar angle with respect to the inboard spar.
(c-f) mid upstroke, upstroke-downstroke transition, mid downstroke, downstroke-upstroke
transition, respectively [44]
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Figure A.24: Stability model geometry superimposed over an image of the ornithopter on a test
stand [137]
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Figure A.25: Stability model results, denoting instabilities as a function of upstroke and
downstroke stiffnesses with no damping. The triangle marker indicates a compliant mechanism
design. [137]

Figure A.26: Stability model results showing that including and increasing damping decreases
unstable regions [137]
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Genetic Algorithm Interfacing Tool
This section presents the Genetic Algorithm Interface Tool (GAIT). This algorithm was
developed during this dissertation to simplify the interface between design optimization problem
statements and MATLAB’s genetic algorithm and multi-objective genetic algorithm. First, a
general statement for multi-objective optimization problems is provided. Then, a description of
MATLAB’s multi-objective genetic algorithm, gamultiobj, is detailed. Finally, the motivation for
GAIT and a description of its capabilities and algorithm is presented.

B.1 Multi-Objective Optimization Problem Statements
Some CM design variables are discrete values, such as the number of joints. In contrast,
variables such as shape and size are continuous. Furthermore, there are often multiple criteria
which CMs are optimized for, such as flexibility for motion and stiffness to resist loading [163].
Traditional gradient-based methods cannot be used with discrete variables, and may have
difficulty converging due to the complexity of the CMs; mutation-based stochastic search
algorithms such as genetic algorithms are often used to find global minima [12,14,15,29,164,165].
For multi-objective optimization problems with a relatively few number of variables, a heuristic
optimization algorithm which considers the entire solution space is an effective method.
An example problem statement for a multi-objective design optimization using a modelingbased approach is shown in Equations B.1-7. The goal of this optimization is to find the set of
design variables which optimize the output of a mathematical model, such as a finite element
analysis model. The optimization must be formulated to minimize all objectives, Fn. The design
variables, x, are defined between lower bounds, lbx, and upper bounds, ubx (Equation B.1). The
bounds could a geometric constraint, such as an angle or thickness. The design variables may
also be subject to linear equality and equality constraints (Equations B.2-3). The constraints
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represent the interactions between design variables. For example, two lengths may vary
independently between 1 mm and 6 mm, however their sum must be less than 8 mm. Each
objective is defined by the sum of two terms: a model-based term and a penalty term (Equation
B.4). The model based term equals a model score, 𝑓𝑛 , multiplied by a scaling term, 𝜅𝑛 , and a
binary duality variable, 𝛬𝑛 . The scaling term allows the model output to be normalized by a
constant value. The binary variable represents the duality principle, a method used to turn a mixed
optimization problem consisting of maximizations and minimizations into a mathematical
minimization problem (Equation B.5). If an objective is to be maximized rather than minimized,
the model output can be multiplied by -1. Otherwise, the binary variable is simply 1. The model
output is a function of a quantity derived from the mathematical model, such as a displacement
or stress. The penalty term in Equation B.4 represents a constraint on the model outputs. If one
or more of the objectives exceed some cutoff value, all objectives are penalized proportionally to
the sum of the constraint violations, 𝛺, by an objective-specific weight, 𝑤𝑛 . The constraint
violations are a binary constraint variable, 𝜆𝑛 , multiplied the difference between the ratio of the
normalized model output to the output cutoff, 𝑔𝑛 , minus one (Equation B.6). The binary constraint
variable is one if the normalized model output is greater in magnitude and of the same sign as
the cutoff, and zero otherwise. Every objective does not need to have a cutoff value: for objectives
without constraints, the cutoff may simply be set to infinity, thus never activating the binary
constraint variable. The constraint violations are summed, then multiplied by the weight term for
each objective. The weights are chosen based on the magnitude of the model output. For
example, if 𝑓1 and 𝑓2 are rotation angles, and their estimated magnitudes are 40 degrees and 10
degrees, the weight for 𝑓1 would be chosen to be larger than 𝑓2. This causes the two objectives
to be penalized similarly despite having different magnitudes.

276

Subject To

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝐹1 , 𝐹2 , … , 𝐹𝑛 )
{𝑙𝑏𝑥 } ≤ {𝑥} ≤ {𝑢𝑏𝑥 }

(B.1)

[𝐴]{𝑥} ≤ {𝑏}

(B.2)

[𝐶]{𝑥} = {𝑑}

(B.3)

𝐹𝑛 = 𝑓𝑛 𝜅𝑛 Λ 𝑛 + 𝑤𝑛 Ω

(B.4)

Where,

Λ𝑛 = {

−1 𝑖𝑓 𝐹𝑛 𝑖𝑠 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑑
1 𝑖𝑓 𝐹𝑛 𝑖𝑠 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑑

𝑓𝜅
Ω = ∑ 𝜆𝑛 ( 𝑛 𝑛⁄𝑔𝑛 − 1)

(B.5)

(B.6)

𝑛

𝜆𝑛 = {0 𝑖𝑓
1

𝑓𝑛 𝜅𝑛⁄
𝑔𝑛 − 1 ≤ 0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(B.7)

B.2 Multi-Objective Genetic Algorithm: NSGA-II
Genetic algorithms are search algorithms inspired by natural selection, where a population
undergoes fitness testing, then better designs are selected to join or reproduce in the subsequent
generation, until the population is no longer improving as compared to previous generations. The
overall goal is to minimize the objective values obtained via fitness function evaluations and
selectively choosing better designs to propagate throughout the generations. The size of the
population in a genetic algorithm allows the algorithm to search a large span of the design space,
making convergence on local minima much less likely as compared to a gradient based method.
Furthermore, the objective function may be very complex, as no analytical function is necessary
to relate the design space to the objective space. This is especially useful in optimization using
finite element models, where the relationship between the design parameters and the model
output can be very complicated. In the case of multiple objective functions, a method such as a
Multi-Objective Genetic Algorithm (MOGA) is a viable option. MOGAs have the benefits of genetic
algorithms, however are able to handle multiple objectives without requiring the objective
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functions to be normalized or weighted. Sharma et al. present an optimization method employing
MOGAs to solve user-defined path generation optimization [166]. MOGAs are scalable, allowing
a large number of design variables and objective functions, a critical feature when considering
complex CCMs with multiple DOF [167]. MOGAs were designed to find a Pareto optimal front: a
set of designs which are non-dominated by any other design, i.e., do not perform worse in all
objectives than any other design [130]. For example, if Design A performs worse in all objectives
than Design B, then Design B is said to dominate Design A, and Design A is said to be dominated
by Design B. However, if Design C performs better than Design A in all but one objective, then
Design A is non-dominated by Design C, and Design C is non-dominated by Design A.
A controlled elitist genetic algorithm, a variant of Deb’s Elitist Non-Dominated Sorting
Genetic Algorithm, or NSGA-II, is part of the global optimization toolbox provided in MATLAB®
[130,168]. The concept for NSGA-II originated from NSGA [169,170], however NSGA-II
implements an explicit diversity-preserving mechanism. The following is an explanation of how
the algorithm is implemented [171]. A flow chart illustrating MATLAB’s algorithm is shown in
Figure B.1. A summary of the default parameters used in MATLAB is shown following the
algorithm explanation in Table B.1.
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Figure B.1: MATLAB’s multi-objective genetic algorithm implementation

First, a random initial population is generated within the parameter bounds and constraints
set by the user. Then, the fitness function is used to evaluate each design. The population is then
sorted into ranks, where each rank represents a front designs which are dominated by the same
number of designs. Rank 1 is populated by designs that are not dominated by any other design.
Rank 2 is populated by designs which are dominated by at least one design of rank one, rank 3
are dominated by at least one design of rank 2, etc. The algorithm favors designs which are
diverse by preferring designs which are further away from other designs on their front. This metric
is called crowding distance, and is a measurement of the distance between the two nearest points
relative to the overall range for the front. The distance can be calculated in the design space,
referred to as genotype, or the objective space, referred to as phenotype. MATLAB by default
uses the phenotype, therefore for each design, the distance is a linear combination of its distance
for each objective function within its rank. The distance of any design at the bound of the rank,
i.e., best or worst objective value for the rank, is defined as infinity (Equation B.8). Equation B.9
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shows the equation used to calculate the distance for all remaining designs between the bounds
on each rank. If a design is between the bounds for one objective, but at the bound on another
objective, its distance is infinity.

𝑑1𝑟 = 𝑑𝑙𝑟 ≔ ∞
𝑛𝑜𝑏𝑗

𝑑𝑖𝑟 = ∑
𝑛=1

𝑓𝑛𝑖−1 − 𝑓𝑛𝑖+1
|1 + 𝑓𝑛𝑟,𝑚𝑎𝑥 |

(B.8)

(B.9)

Where di is the distance of design i, l is the number of designs in rank r, nobj is the number of
objective functions, f is the fitness value, and max represents the maximum fitness value for the
objective in the rank. Note that the algorithm’s goal is to minimize the objectives, thus the
maximum value represents the worst design’s performance for that objective. This process is
repeated for each design, until all designs have a rank and distance. For the generations after the
first, both the current and former generations, referred to as new and old, respectively, are used
for rank and distance. This double population is then reduced to the size of a single population by
reducing the number of designs chosen in each rank. The user inputs a Pareto fraction, the
fraction of designs to be selected for the following generation. If the fraction of the total population
is greater than the total number of rank one designs, then all rank one designs are chosen.
Otherwise, the designs in rank one are subjected to a tournament. The designs in the rank are
sorted by descending distances, then the largest distance designs are kept, while the remaining
are discarded. The same tournament occurs for each of the lower ranks, where the number of
designs retained is equal to a geometric progression function.
The next generation’s population is then created via crossover and mutation. Crossover
can be described as the mixing of genes between two parent designs to create a single child
design. There are several crossover methods, for example: one-point, two-point, scattered, and
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intermediate. Scattered, one-point, and two-point crossover combine the parent genes directly to
make a child, choosing some genes from one parent and the rest from the other parent.
Intermediate crossover creates children with genes which are between their parents’ genes using
a weighted average. The ratio of the children to the two parents is a user-input probability
multiplied by a random probability. Intermediate crossover is useful for design optimization, as
design parameters are continuous variables, so making a child have parameters between the
parents’ forces the population to explore more points in the design space. MATLAB’s intermediate
crossover by default uses a random ratio of the two parents. A mutated child is created by a
parent subject to a random mutation of its parameters. Uniform mutation selects a random set of
the parent’s parameters for possible mutation, then those parameters have a user input probability
to be mutated within their bounds. The default mutation rate in MATLAB is 1%, so the probability
is very small.
To create the new generation, specific designs from the current generation are selected.
Each crossover child design requires two parents, and each mutated child requires a single
parent. The parents are chosen using the same tournament method as combining populations,
however instead of sorting the entire rank, a tournament is held for each parent position. A userinput number of random designs, by default 2, are compared first by lower rank, then by higher
distance. The champion of the tournament is chosen as a parent. The random design decision
allows a single design to enter the tournament multiple times, thus favoring lower ranked designs.
However, a higher distance wins for two designs of the same rank, thus diversity is preserved.
There are three primary methods used to determine if the algorithm has stalled: maximum
number of generations, time limit, and average change in the spread of the Pareto front.
Completing the algorithm due to generation or time constraints does not provide insight into the
convergence, and therefore are not considered. The spread of the Pareto front is a measure of
the change of the non-dominated front. The algorithm is said to have converged if the weighted
average relative change in the spread of rank 1 designs is less than a user-input tolerance. The
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spread is calculated using Equations B.10-12, the average spread is defined in Equation B.13
and B.14, the average relative change in the spread is defined in Equation 1.15, and the
convergence criteria is shown in Equation 1.16. First, in Equation B.10, the average of the
distances of designs of rank 1, 𝑑𝑎𝑣𝑔 , with finite distance metrics from Equation B.9 is calculated,
𝑚𝑒𝑎𝑛
where di is the distance of a member of the rank, 𝑑𝑓𝑖𝑛𝑖𝑡𝑒
is the mean distance of the 𝑛𝑓𝑖𝑛𝑖𝑡𝑒

members with finite distances. Then, in Equation B.11, the change in extreme distance values
relative to the previous generation, 𝑑𝑒𝑥𝑡𝑟𝑒𝑚𝑒 , are calculated, i.e., all objectives are compared for
each set of designs with the lowest objective values for each of the 𝑛𝑜𝑏𝑗 objective functions, where
𝑚𝑖𝑛,𝑛
𝑚𝑖𝑛,𝑛
𝑓𝑖,𝑜𝑙𝑑
and 𝑓𝑖,𝑛𝑒𝑤
represent the minimum objective function values with respect to each objective

function for the previous and current generation, respectively. Then, the spread for the generation,
𝑠𝑔𝑒𝑛 , is calculated in Equation B.12. The average spread, 𝑠𝑚𝑒𝑎𝑛 , over a user-input number of stall
generations, 𝑛𝑠𝑡𝑎𝑙𝑙 , is then calculated using Equations B.13 and B.14, where η is an index variable
for the generation number. A weighted average function is used in Equation B.15 to calculate the
average relative change in the spread over the previous 𝑛𝑠𝑡𝑎𝑙𝑙 generations, 𝛥𝑠. Finally, the binary
variable 𝛬 in Equation B.16 defines if the algorithm is converged, where a value of 1 corresponds
to an average relative change in the spread less than the user-input tolerance 𝜖𝑠𝑝𝑟𝑒𝑎𝑑 , and the
new generation’s spread being less than the average relative change.
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2

𝑑𝑎𝑣𝑔 =

𝑚𝑒𝑎𝑛
√∑𝑓𝑖𝑛𝑖𝑡𝑒(𝑑𝑖 − 𝑑𝑓𝑖𝑛𝑖𝑡𝑒
)

(B.10)

𝑛𝑓𝑖𝑛𝑖𝑡𝑒
𝑛𝑜𝑏𝑗

𝑛𝑜𝑏𝑗
2

(B.11)

𝑚𝑖𝑛,𝑛
𝑚𝑖𝑛,𝑛
𝑑𝑒𝑥𝑡𝑟𝑒𝑚𝑒 = ∑ √ ∑(𝑓𝑖,𝑜𝑙𝑑
− 𝑓𝑖,𝑛𝑒𝑤
)
𝑛=1

𝑠𝑔𝑒𝑛 =

𝑖=1

𝑑𝑒𝑥𝑡𝑟𝑒𝑚𝑒 + 𝑑𝑎𝑣𝑔
𝑑𝑒𝑥𝑡𝑟𝑒𝑚𝑒 + 𝑛𝑜𝑏𝑗 𝑑𝑎𝑣𝑔

𝑠𝑚𝑒𝑎𝑛 =

1
𝑛𝑠𝑡𝑎𝑙𝑙

(B.12)

𝑛𝑠𝑡𝑎𝑙𝑙

(B.13)

∑ 𝑠η(i)
𝑖=1

(B.14)

𝜂(𝑖) = 𝑛𝑔𝑒𝑛,𝑛𝑒𝑤 − 𝑛𝑠𝑡𝑎𝑙𝑙 + 𝑖

Δ𝑠 =

Λ={

1
𝑛𝑠𝑡𝑎𝑙𝑙

1 𝑖𝑓
0

𝑛𝑠𝑡𝑎𝑙𝑙 −1

𝑠𝜂(𝑖)+1 − 𝑠𝜂(𝑖)
∑ 0.5𝑛𝑠𝑡𝑎𝑙𝑙 −𝑖 |
|
1 + 𝑠𝜂(𝑖)

(B.15)

𝑖=1

Δ𝑠 ≤ 𝜖𝑠𝑝𝑟𝑒𝑎𝑑 & 𝑠𝑛𝑒𝑤 ≤ 𝑠𝑚𝑒𝑎𝑛
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(B.16)

Table B.1: Default MOGA parameters in MATLAB
Parameter

Default Value

Pareto Fraction

35%

Crossover Fraction

80%

Crossover Ratio

100%

Mutation Rate

1%

Spread Tolerance

0.01%
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B.3 Genetic Algorithm Interfacing Tool
The algorithm presented in the previous section is available through MATLAB’s Global
Optimization ToolboxTM. While this algorithm is a proper implementation of NSGA-II, there are
several features that would be very beneficial to design optimization. The Genetic Algorithm
Interface Tool (GAIT) was developed during this research to address the following needs:


A readable template file for initiating the algorithm



Create an initial population which surveys the entire design space



Saving and reloading intermediate generation results



Saving complete generation results and convergence metrics



Check previous generations for repeated designs



Machine learning techniques

A summary of the ways GAIT modifies MATLAB’s algorithm is shown in Figure B.2, where
the setup, initial population, uniqueness of designs, population aggregation, and machine learning
additions are highlighted in blue. The following sections detail how GAIT addressed the needs.
First, the template, GA initialization, and initial population are discussed. Then, the saving and
loading algorithms are presented. Finally, the machine learning techniques are introduced.
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Figure B.2: MATLAB’s MOGA algorithm with GAIT enhancements in blue

Initialization
A template file was written in MATLAB to allow a new user to use GAIT without an in depth
knowledge of MATLAB’s requirements for interfacing with the MOGA algorithm. In this file, a user
can declare the information for each design variable and objective, referred to as inputs and
outputs. Each input has a name, unit, color, lower and upper geometric bounds, and tolerance.
Each output has a name, unit, color, lower and upper bounds, and objective function modifiers:
normalize the objective, use the magnitude, minimization or maximization, and penalty cutoff and
weight terms. This allows for the user to modify the model output terms to calculate the objective
scores without needing to code the objective functions. Linear constraints can also be input on
the design variables. The simulation options are then chosen, where the user can currently
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choose whether the model is in COMSOL or MATLAB. This functionality can be extended to other
software packages using a similar technique. COMSOL models can be executed in series using
a batch script by passing the design variables as model parameters and reading probe files which
contain specific data about the simulation results. MATLAB files are stored as anonymous
functions, and can be executed in series or parallel.
The template file then sends the problem setup to the main optimization setup file. If the
current execution of the optimization is the first time, then the initial state and settings are
declared. This file sets up MATLAB’s options with default values unless changed in the template
file. A custom initial population function was written which creates a population that more
completely searches the design space compared to the built in function. For each design variable,
a set of evenly distributed numbers between the geometric bounds is generated. Each set is
randomly permuted, then combined to create the initial population. Then, if any linear inequality
constraints were specified, each design in the initial population is tested against the constraints.
Any designs which do not satisfy the constraints are eliminated, and are left to MATLAB to
generate. This custom population more fully explores the design space compared to a purely
random population. This increases the likelihood of finding the global optimal region in the first
population, reducing the length of the optimization overall. If the optimization is continuing from a
previous run, then the results are reloaded and the final generation’s population is chosen as the
initial population.
Intermediate and final result extraction and expedition
When a MOGA is executed, several thousand designs are generated and simulated. The
selection of designs chosen as parents is a random process, therefore it is possible that optimal
designs are lost while creating the new generation. Thus, it is imperative to save each design
simulated. All designs generated and simulated throughout the optimization can be aggregated
into a single set of designs and re-ranked using the nondominated ranking criteria from the
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previous section. This produces a Pareto optimal front much larger than that of a single
generation, providing a designer with many more options for designs with optimal parameters.
Additionally, saving each generation while the algorithm is running allows the user to restart the
optimization without losing any previous generations. This is particularly useful if a bug exists in
the model and the optimization is unable to iterate to completion.
In addition to saving the results, the previous generations may be used to reduce
simulation time. A percentage of the population is chosen to be subject to mutation. With small
mutation rates, many of those chosen designs are unaltered between generations. If the model
is computationally expensive, simulating the same designs again can be very time consuming.
Thus, a feature was added to check for uniqueness of the current population against each prior
generation. If any designs have the same parameters within some tolerance for each design
variable, then the objectives from the previous instance of the design are reloaded for the current
population member. This feature eliminates the redundant design simulations throughout the
entire optimization, reducing the total computation time by around 30%.
Machine learning
Throughout the optimization, several thousand designs are likely to be simulated. Machine
learning techniques can be applied to the aggregated set of designs to understand the interaction
between the inputs and outputs. Matrix plots are an array of subplots where each plot shows the
interaction between two quantities. The most useful quantities to compare for design optimization
are between each input and each output. Visually obvious trends can be found, such as a strong
linear correlation between an input and an output, no strong correlation between an input and any
outputs, or a particular value of a design variable where most of the designs were drawn to. Plots
of the outputs vs the other outputs can show if any objectives are correlated, possibly reducing
the number of objectives necessary for subsequent optimizations. In addition to changing the
axes, the data itself can be limited to only the aggregated Pareto optimal front (APOF), the rank
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one designs from the aggregated population. This shows if there are any obvious trends for
optimal designs, such as all designs with parameters near one value, or no designs near another
value.
Linear regression trees are a statistical model which produces a decision tree to predict a
continuous output variable. Each branch of the tree is generated via a decision, such as one
design variable being less than or equal to some value. Based on the decisions in the tree, the
value of the output variable can be estimated. The decisions used to split the tree are based on
what splits in the data set are able to cut the data set into the most even pieces. Note that
regression trees in this sense have only one output variable, thus a different tree is required for
each objective. A random forest of regression trees is a large set of regression trees which have
been produced using partial data sets and only some of the predictor variables. Producing many
trees with partial information reduces any bias in the data, and may show trends that a single
regression tree would not. The most valuable information from a random forest for a designer is
the relative importance of each design variable to each objective. This value shows how important
a single design variable is by comparing how many times the regression trees are split by each
design variable. If one or two variables are much more important than the other variables, then
those variables are the most important for the objective, and can be used to predict the objective.
Alternatively, if a variable is not important to any objective, the variable may not be worth keeping,
and can be set to its mean value.
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DelrinTM Material Properties
The material properties for Delrin 100ST were used during finite element analysis [128].
Table C.1 shows the isotropic material properties. Figure C.1 shows the nonlinear stress-strain
curve found experimentally by Olympio [129]. Table C.2 shows the multi-linear elastic material
properties used in COMSOL. The material was assumed to behave mirrored in compression, e.g.,
-1% strain induces -14 MPa of stress.

Table C.1: Material properties used for modeling Delrin in FEA [128]
Property

Quantity

Initial Young’s Modulus

1.4 [GPa] (203 [ksi])

Poisson’s Ratio

0.3

Density

1420 [kg/m3] (0.0513 lb/in3)

Yield Stress

45 [MPa] (6.53 [ksi])

Figure C.1: Experimental stress verses strain curve for Delrin [129]
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Table C.1: Multi-linear stress-strain values used in COMSOL
Strain [%]

Stress [MPa]

Stress [psi]

0

0

0

1

14

2030

2

22

3190

4

31

4495

6

36

5220

8

39

5655

10

41

5945

14

43

6235

20

44.5

6452.5

30

45

6525

40

45

6525
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Pitch Agility for Flapping Wing Avian Scale Ornithopters
The following is a summary of the work done by Dr. Zohaib Hasnain toward developing a
metric to describe the pitch agility of an ornithopter during free flight [144,145]. Agility has been
defined and quantified by various institutions using the most suitable method for their needs [172].
Bitten defined aircraft agility using the second order time rate of change of specific quantities in
the aircraft state vector [173]. Using this definition, an agile ornithopter possesses the ability to
rapidly change its attitude. The ornithopter used in this work was designed with three inputs:
flapping speed, tail pitch, and tail yaw. Of those, tail pitch and yaw are control surfaces used for
maneuvers. Body roll can only achieved due to an imbalance of the wing masses or an exogenous
input such as a gust or impact. Preliminary analysis showed that substantial changes in the pitch
rate were possible without large modifications to the surface area of the control surface. Thus,
the focus of this work was to quantify pitch agility, and determine how wing shape change, or wing
morphing, can influence pitch agility.
For a vehicle undergoing steady level flight, the aerodynamic pitching moment about the
center of mass can be described using Euler’s rotation equation (Equation D.1). The net
aerodynamic moment acting on the ornithopter, 𝑀𝑏 , is proportional to the rotational acceleration
in pitch, 𝜙̈𝑏 , by the moment of inertia in pitch, 𝐼𝑏_𝑌𝑌 . Taylor and Thomas developed mathematical
expressions to describe the stability of flapping wing flight [174]. Equation D.2 states that the net
aerodynamic moment can also be related to the body’s angle of attack, 𝛼𝑏 , by the pitch stiffness,
𝐾𝑝𝑖𝑡𝑐ℎ . This equation is analogous to Hooke’s law for a torsional spring. If 𝐾𝑝𝑖𝑡𝑐ℎ is less than zero,
then a positive change in 𝛼𝑏 results in a negative, or restorative moment. This represents static
stability, where the response to an initial perturbation is to return to trim condition, and is
necessary for dynamic stability. Inversely, a positive 𝐾𝑝𝑖𝑡𝑐ℎ and 𝛼𝑏 results in a positive, or
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divergent moment, where a small perturbation in pitch would result in a divergent response. This
is shown in Figure D.1. In other words, a negative pitch stiffness results in a stabilizing response
from a pitch perturbation which returns the ornithopter to straight, steady level flight. In contrast,
a positive pitch stiffness results in an unstable response, where a small perturbation in the
ornithopter’s angle of attack results in divergent flight behavior. Pitch agility refers to this
divergent, rapid change in pitch angle. Therefore, an agile ornithopter has a pitch stiffness greater
than zero represents an agile ornithopter.

𝑀𝑏 = 𝐼𝑏,𝑌𝑌 𝜙̈𝑏

(D.1)

𝜕𝑀𝑏
= 𝐾𝑝𝑖𝑡𝑐ℎ
𝜕𝛼𝑏

(D.2)

Figure D.1: Ornithopter pitch response based on pitch stiffness [144]

Taylor and Thomas developed a method for calculating pitch stiffness for quasi-static
conditions using blade element theory [174]. This method was limited to flapping wings which
were rigid in bending, and was modified to include the effect of bending. The aerodynamic forces
acting on a blade element are shown in Figure D.2. In Figure D.2, the 𝑥𝑂 and 𝑧𝑂 axes represent
ornithopter body-fixed forward and vertical coordinates located at the reference configuration
center of mass, 𝐹𝑤 represents the instantaneous aerodynamic force operating at the aerodynamic
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center normal to the zero lift chord, 𝛾 is the forward inclination of the instantaneous aerodynamic
force with respect to the blade’s local 𝑧 axis, 𝑉𝑤 is the instantaneous flow vector, 𝛼𝑤 is the local
𝑂
𝑂
section angle of attack, 𝑀𝑎𝑐 is the applied pitching moment, and 𝑥𝑤(𝑟,𝑡),𝑂
and 𝑧𝑤(𝑟,𝑡),𝑂
are the

distances from the blade element’s aerodynamic center to the ornithopter’s center of gravity.
Superscript O represents ornithopter body-fixed coordinate frame, and subscript O represents with
respect to the ornithopter’s center of mass. The spanwise station from the wing root to the blade
element is 𝑟, which is represented as a proportion of the distance from the body to the wing tip,
𝑅, and time is 𝑡. Equation D.2 shows the pitch moment contributed by each blade element, where
𝜙(𝑟,𝑡) and 𝜓(𝑟,𝑡) represent the bending and sweep angles, respectively. Each term from Equation
D.2 was differentiated with respect to the body’s angle of attack using blade element momentum
theory, resulting in five terms, 𝐶1 to 𝐶5 (Equation D.3-12). Following the equations is a list
explaining each term and how they may influence pitch stiffness, followed by a summary in Table
D.1.
The ornithopter advance ratio, 𝐽𝑡 , is defined in Equation D.9 using the vector sum in
Equation D.10, where 𝛺𝑑𝑟 represents the average flapping frequency. Superscript

O

represents

the quantity is in the ornithopter body-fixed coordinate frame, subscript R,O represents the wing tip
with respect to the ornithopter center of mass, and subscript O,I represents the ornithopter’s center
of mass with respect to the inertial coordinate system. Three flight metrics for wing sections are
shown in Equations D.11-13: wind speed, 𝑉𝑤 , angle of attack of a section, 𝛼𝑤 , and sideslip angle,
𝛽𝑤 [148]. The forward inclination angle, 𝛾𝑤 , shown in Figure D.1, is defined in Equation D.14. This
equation assumes the zero lift chord is the along to the line between the leading edge and trailing
markers, and the aerodynamic force 𝐹𝑤 in Figure D.2 acts normal to this surface in the forward
direction. This angle is likely to be greater than zero but small for all forward flight. Equation D.15
shows Taylor and Thomas’s definition of the included angle, φ using the law of cosines (Figure
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D.3) [174]. This angle is defined to be positive for both upstroke and downstroke, where it was
assumed acute values during upstroke and obtuse values during downstroke.

Figure D.2: Adapted from Taylor and Thomas’s blade element force diagram [174]

Figure D.3: Definition of the included angle, φ, where the left is downstroke and the right is
upstroke [174]

𝑂
𝑀𝑤 (𝑟,𝑡) = cos(𝜙(𝑟,𝑡) ) ∗ cos(𝜓(𝑟,𝑡) ) ∗ [𝑥𝑤
∗ 𝐹𝑤 (𝑟,𝑡) ∗ cos(𝛾(𝑟,𝑡) )
(𝑟,𝑡)
𝑂
− 𝑧𝑤
∗ 𝐹𝑤 (𝑟,𝑡) ∗ sin(𝛾(𝑟,𝑡) ) + 𝑀𝐴𝐶 ]
(𝑟,𝑡)

𝜕𝑀𝑤 (𝑟,𝑡)
𝜕𝛼𝑏

= 𝐶1 𝐶2 ∗ (𝐶3 + 𝐶4 + 𝐶5 )

1
2
𝑂
𝐶1 = 𝜌(𝑥̇ (𝑟,𝑡),𝐼
) 𝑎(𝑟,𝑡) 𝑐𝑟 𝑅𝑑𝑟
2

(D.2)

(D.3)

(D.4)
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(D.5)

𝐶2 = cos 𝜙(𝑟,𝑡) ∗ cos 𝜓(𝑟,𝑡)

𝑟
𝑂
𝑂
𝐶3 = (𝑥𝑤(𝑟,𝑡),𝑂
cos(𝛾(𝑟,𝑡) ) − 𝑧𝑤(𝑟,𝑡),𝑂
sin(𝛾(𝑟,𝑡) )) [ (2𝛼𝑤(𝑟,𝑡) sin(𝜑𝑤(𝑟,𝑡) )) + 1)]
𝐽𝑡
𝑟
cos(𝜑𝑤(𝑟,𝑡) ))]
𝐽𝑡

𝑂
𝑂
𝐶4 = (−𝑧𝑤(𝑟,𝑡),𝑂
cos(𝛾𝑟,𝑡 ) − 𝑥𝑤(𝑟,𝑡),𝑂
sin(𝛾𝑟,𝑡 )) [𝛼𝑤(𝑟,𝑡) (1 −

𝐶5 = 𝐶𝑀𝑎𝑐 (𝑟,𝑡) [2𝑐(𝑟)

𝐽𝑡 =

𝑟 𝑠𝑖𝑛(𝜑𝑤(𝑟,𝑡) )
]
𝐽𝑡
𝑎(𝑟,𝑡)

(D.7)

(D.8)

𝑂
𝑂
𝑥̇ 𝑂,𝐼
𝑥̇ 𝑂,𝐼
=
𝑅Ω𝑑𝑟 𝑅 (2𝜋)
𝑇

2

(D.6)

(D.9)

2

2

(D.10)

𝑂
𝑂
𝑂
𝑉𝑤,𝐼 = √(𝑥̇ 𝑤,𝐼
) + (𝑦̇ 𝑤,𝐼
) + (𝑧̇𝑤,𝐼
)

𝑂
𝐼
𝐼
𝑟𝑤,𝑂
= 𝑅 𝑂,𝐼 (𝑟𝑤,𝐼
− 𝑟𝑂,𝐼
)

(D.11)

𝑂
𝑂
𝑂
𝐼
𝐼
𝑣𝑤,𝐼
= 𝑅 𝑂,𝐼 (𝑣𝑤,𝐼
− 𝑣𝑂,𝐼
× 𝑟𝑤,𝑂
) + 𝜔𝑂,𝐼

(D.12)

𝑂
𝑧̇𝑤,𝐼
𝛼𝑤 = atan 𝑂
𝑥̇ 𝑤,𝐼

(D.13)

𝑂
𝑦̇ 𝑤,𝐼
𝑉𝑤,𝐼

(D.14)

𝛽𝑤 = atan

𝛾𝑤(𝑟,𝑡) = |atan

𝑂
𝑂
𝑧𝑙𝑒𝑎𝑑,𝑂
− 𝑧𝑡𝑟𝑎𝑖𝑙,𝑂
𝑂
𝑂
𝑥𝑙𝑒𝑎𝑑,𝑂
− 𝑥𝑡𝑟𝑎𝑖𝑙,𝑂
2

𝜑𝑤(𝑟,𝑡)

(D.15)

|
2

𝑂
(𝑥̇ 𝑂,𝐼
) + (𝑟𝑅𝜔𝑑𝑟 )2 − (𝑉𝑤,𝐼 )
= acos (
)
𝑂
2𝑥̇ 𝑂,𝐼
𝑟𝑅𝜔𝑑𝑟

(D.16)
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𝑂
1. The forward flight term, where ρ is the density of air, 𝑥̇ (𝑟,𝑡),𝐼
is the forward component of the

flight velocity of the blade element, 𝑎𝑟,𝑡 is the blade element section’s lift curve slope, 𝑐𝑟 is the
chord length normalized with respect to the wing length, 𝑅, and 𝑑𝑟 is the width of the blade
element. This term draws two conclusions for small unmanned aerial vehicles (SUAVs): for
small forward velocities, the pitch stiffness is small, and changing flight speed cannot influence
the sign of the pitch stiffness, only the magnitude.
2. The bending and sweep term, containing the cosines of the blade element’s bending and
sweep angles. These two angles are with respect to the wing neutral axis, i.e., the axis of the
wing if it were rigid. Therefore, unless the wing structure were modified substantially allowing
more than 90° of bending or sweep, the second term would also act as a scaling term, and
could not influence the sign of the pitch stiffness.
3. The first shape change term, where the included angle, 𝜑, was defined assuming obtuse
values during downstroke and acute values during upstroke [174]. Thus, the sine terms of 𝜑¸
are always positive, the cosine terms of φ during upstroke are positive, and the cosine terms
during downstroke are negative. For the second quantity in term 3, the radial distance of the
wing element, 𝑟𝑤 , and advance ratio, 𝐽𝑡 , are always positive, therefore the inner quantity must
be positive for the entire quantity to be positive. Therefore, twice the angle of attack multiplied
by the sine of the included angle must be greater than -1 to be positive. The sine term is
bounded between 0 and 1. Thus, the angle of attack must be greater than -0.5 radians, or 28.6°, for the term to be guaranteed to be greater than zero. In the first quantity, the sine of
the forward inclination angle, 𝛾𝑤(𝑟,𝑡) , is likely to be small, therefore the primary influence of the
sign would be the forward location of the aerodynamic center with respect to the center of
𝑂
gravity, 𝑥𝑤(𝑟,𝑡),𝑂
.

4. The second shape change term. Similar to the first shape change term, the sign of the second
quantity can be estimated using the angle of attack. The cosine term in the inner quantity is
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negative during downstroke, and therefore the inner quantity is negative during downstroke.
If the ratio of the radius, 𝑟𝑤 , to the advance ratio, 𝐽𝑡 , is less than 1 during upstroke, the inner
quantity will be greater than zero. Therefore, for positive angles of attack at low speed cruise,
the second quantity will be greater than zero. The first quantity is similar to the first shape
change term, where the forward inclination angle causes the vertical location of the
𝑂
aerodynamic center with respect to the center of gravity, 𝑧𝑤(𝑟,𝑡),𝑂
, to be the primary influence.

5. The pitching aerodynamic term, where the nondimensional coefficient, 𝐶𝑀𝑎𝑐 (𝑟,𝑡), represents
the moment coefficient based on the applied pitching aerodynamic moment. The included
angle was determined to be between 0° and 180°, therefore the sine of the included angle is
always positive. Thus, similar to the first and second terms, the fifth term can only influence
the magnitude of the pitch stiffness, not the sign.

Table D.1: Summary of influence on pitch stiffness by components from each term in Equation
D.3 which can be achieved by changing wing morphing or flight input
Term #
1
2
3
4
5
Summary

Terms which increase magnitude
of Kpitch
Large forward velocity, large
wingspan

Terms which influence sign of Kpitch
Always positive

Small bending and sweep

Always positive

Large wingspan, small advance
ratio, large angle of attack
Small wingspan, large advance
ratio, large angle of attack
Small advance ratio, large chord
and wingspan

+ x location of AC WRT CG, angle
of attack greater than -28.6°
- z location of AC WRT CG, angle
of attack greater than 0°

Small bending and sweep, large
angle of attack

Always positive
+ x and -z location of AC WRT CG,
angle of attack greater than 0°. Only
C3 and C4 can change the sign.
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Taylor and Thomas’s observed that terms 𝐶1 and 𝐶2 , and the terms in square brackets in
Equations D.6-8 are unable to influence the sign of the pitch stiffness. Thus, the location of the
aerodynamic center with respect to the center of gravity, the forward inclination angle, the angle
of attack, and the pitching moment coefficient are the only terms that can influence the sign of the
pitch stiffness. Taylor and Thomas note that the magnitude of terms 𝐶1 and 𝐶2 will be larger during
downstroke than upstroke, and upstroke can induce a destabilizing effect. Therefore, modifying
the downstroke is more advantageous to introducing instability and thereby agility. The angle of
attack, 𝛼𝑤(𝑟,𝑡), is positive during downstroke. The pitching moment coefficient is not known,
however altering the coefficient would require a change in the wing airfoil. The forward inclination
𝑂
𝑂
angle, 𝛾𝑟,𝑡 , is assumed to be small, thus the −𝑧𝑤(𝑟,𝑡),𝑂
and −𝑥𝑤(𝑟,𝑡),𝑂
terms in Equations D.6 and

D.7 are primarily responsible for changing the sign of the pitch stiffness. They also note that when
the aerodynamic center is behind and above the center of gravity, the pitch stiffness will be
negative and therefore be statically stable. Thus, in contrast, moving the aerodynamic center
ahead and below the center of gravity has the potential to make the pitch stiffness positive.
Combining this observation with digitized biological flier data from Section 1.1.3, a potential
method to make the ornithopter more agile is to sweep the wings forward during downstroke.
However, introducing bending would change the surface area of the wing normal to the flapping,
simultaneously reducing the lift, thrust, and pitch stiffness. Thus, the desirable kinematics are to
introduce forward sweep of the wing tip during downstroke while maintaining stiffness in bending
and twist, i.e., rotations about the forward and lateral directions, to maintain a large projected
surface area for lift and thrust generation.
A free flight experiment was performed using the equipment from University of Maryland’s
Starlab. The lab features a VICON computer motion tracking system with cameras that can record
up to 415 Hz with a precision of 1 mm (0.4 in). The test volume included two 4.5 m (15 ft) long
rows of ten cameras, with five cameras near 1.5 meters (5 ft) from the ground, and five cameras
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around 2.3 meters (7.5 ft) from the ground. The base ornithopter was flown in free flight through
the test volume. The analysis of 𝐶3 and 𝐶4 from Equations D.6 and D.7 was performed on the free
flight data. The angles used in the calculation were the average values from the flapping cycle,
then weighted based on the time in the flapping cycle. Thus, the major contributor to the pitch
stiffness was the wing morphing, i.e., bending and sweep. In summary, the majority of the flapping
cycle has a positive pitch stiffness (Figure D.4). This makes sense, as a human needs to act as
a feedback controller for the ornithopter to fly steady level. The upstroke to downstroke transition
has a small negative pitch stiffness. Sweeping the wing tip forward by 10 cm (4 in), or 20% of the
half wingspan during the first half of downstroke can cause the pitch stiffness to transition from
negative to positive, and therefore make the ornithopter more agile. However, it is not yet
understood how a large positive pitch stiffness affects the flight dynamics, or how twist affects the
pitch stiffness. Thus, a conservative 2% forward sweep at the tip during the first half of downstroke
while minimizing bending and sweep were chosen as the objectives.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure D.4: Sign of the pitch stiffness and relative ranges of potential locations of the
aerodynamic center (AC) with respect to the center of gravity (CG) for the outboard element.
Each plot represents a different part of the cycle: (a) T/10 s into the down-stroke (b) Mid downstroke (c) T/10 s before the upstroke begins (d) T/10 s into the upstroke (e) Mid upstroke and (f)
T/10 s before the down-stroke is about to begin. From [145]
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