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ABSTRACT
Polymer electrolyte research has the potential to revolutionize battery technology, similar
to what was seen during the emergence of Lithium Ion batteries. Polymers have the advantage
over volatile organic liquid electrolytes with respect to their superior mechanical properties and
electrochemical stability. Before polymer electrolytes can take the place of their liquid
counterparts, limitations involving ion transport must be addressed. The room temperature ionic
conductivity of solid polymer electrolytes, 10-5 S/cm or lower, is below the industry set goal of
10-3 S/cm, despite decades of research. This dissertation provides new insights into the underlying
mechanisms of ion transport in polymer electrolytes and their relations to the polymer host
matrix. By taking advantage of these transport mechanisms, new polymer electrolytes can be
designed to meet the growing demand for safe portable energy.
Ionomers are a particular class of polymer electrolytes, where one of the ionic species is
bound to the polymer backbone. Binding the anion to the polymer backbone reduces the
formation of anionic concentration gradients and increases the cationic transference number, both
desired properties for electrolytes used in batteries. The ionomer in this work was selected
because of the availability of experimental and simulation data, as well as previous research
indicating its potential to decouple the mechanical properties of the polymer from ion transport.
The decoupling of these properties enables the development of a dendrite suppressing electrolyte.
By suppressing dendrites, alkali metal can be used as an anode, resulting in increased volumetric
and gravimetric energy density. The underlying mechanism which enables this decoupling is not
well understood in literature, but is postulated to involve ion aggregates.
This dissertation explores the relationships between ion aggregation, ion transport, and
mechanical properties in ionomers. Ion aggregation is controlled by varying the concentration of
ions using two approaches. The low ion content systems are studied by increasing the fraction of
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functionalized isophthalate groups along the ionomer chain. The high ion content systems are
studied by reducing the number of poly(ethylene oxide) monomers between isophthalate groups.
Temperature was varied as a third parameter to construct a more complete description of ion
aggregation and transport.
This work shows that ion transport is accurately described by jump diffusion, which
involves discreet jumps between coordination sites of oxygen atoms. This model is then further
decomposed into three main categories; ion transport through poly(ethylene oxide), ion
aggregates, or the interface between poly(ethylene oxide) and ion aggregates. At low ion content,
the majority of ion transport is through the poly(ethylene oxide) backbone. As ion content is
increased, the formation of ion aggregates provides channels through which ions jump without
directly interacting with poly(ethylene oxide). The transition from a poly(ethylene oxide)
dominate transport to ion aggregate dominate transport explains the observed experimental
relationship of conductivity and ion content.
Percolation theory is used as a foundation to describe ion aggregation below the
aggregate percolation threshold. A model is developed which reproduces the distribution of ion
aggregate sizes and is shown to be applicable across a wide range of ion content and temperature.
This new framework for describing ion aggregation has the potential to be expanded to cover a
larger range of electrolytes.
Finally, a series of uniaxial stress-strain simulations demonstrate the impact of ion
aggregation on mechanical properties. These results are then used to construct a timetemperature-ion content master curve which provides an estimate of the ion content necessary for
dendrite suppression.
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Chapter 1
Polymers in Energy Storage
The growing demand for cheap, safe, portable, and high energy density storage
continues to drive research in novel battery technology. With Lithium based battery
production increasing as a result of the growing adoption of electric vehicles, portable
electronics, and energy grid storage, the availability of Lithium will need to be addressed.
The possibility of limited Lithium sources has led to an interest in the development of
Sodium based batteries, which are more abundant and local availability.1 There are
technical limitations that will need to be overcome before Sodium batteries can enter the
market, mainly dealing with energy density and safety. Modern secondary batteries rely
on volatile organic electrolytes, which cause numerous safety issues in the public and
private sector2. Solid polymer electrolytes (SPEs) are a safe alternative to organic
electrolytes because of their electrochemical stability and mechanical properties. SPEs
with a high modulus may also reduce dendrite formation and thus allow for the use of
high capacity alkali metal as an anode, thus increasing energy density.3,4

Polymer/salt electrolytes
Ever since Peter Wright and Michel Armand discovered poly(ethylene oxide) could
disassociate salt and exhibit ionic conduction, researchers from around the world have
investigated the conductive properties of polymer/salt complexes. While the benefits of
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incorporating polymer electrolytes into batteries include safety and mechanical support, the
conductivity of polymer electrolytes is below the industry minimum room temperature
conduction of 10-3S/cm.5 Figure 1 provides a bird’s eye view of the conductivity of polymer/salt
complexes studied in literature.

Figure 1. Conductivity of a wide variety of polymer/salt electrolytes, normalized by the reported
transference number or a system average when unavailable.6–31 The doted vertical line is 12ºC.

The approaches researchers have used to improve conductivity include variation in salt
complexes and concentration, polymer identity, incorporation of nanoparticles, the addition of
plasticizers, and controlling crystallization, just to name a few. Each approach typically involves
a trade off in one property in favor of increasing conductivity. For instance, plasticizing with
20wt% polyethylene glycol resulted in more than a x10 increase in conductivity but reduced the
electrochemical stability of the electrolyte from 3.7V to 2.5V.12
In order to develop new approaches for improving conductivity, it would be beneficial to
discuss what is currently understood about the ionic conduction mechanism in polymer
electrolytes. Poly(ethylene-oxide) is a great example because of the extent at which it has been
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studied. When salt is dissolved in poly(ethylene-oxide), the valence electrons on the ether oxygen
atoms coordinate with the cation and create a solvation shell of 5-7 oxygen atoms. Depending on
the phase of the polymer host matrix, amorphous or crystalline, ion transport occurs in one of two
mechanisms.
In the amorphous phase, the segmental dynamics of the polymer causes fluctuations in
the local environment of the cation. These fluctuations cause the cation to move to new
coordination sites, resulting in the cation hopping along a polymer chain or to another chain.32
This mechanism is therefore highly correlated to the segmental dynamics of the polymer host
matrix, resulting in Vogel-Tammann-Fulcher temperature dependence33. As the temperature
approaches the glass transition temperature of the polymer, the segmental dynamics of the
polymer rapidly drop and significantly reduce conductivity. Any approach which reduces the
glass transition temperature would result in increased ion transport. The downside to this
mechanism is that significantly increasing ionic conductivity requires a trade off in the
mechanical properties of the polymer matrix, to the point where it is no longer considered a solid.
The other mechanism involves the crystalline region, and is similar to ion conduction
through ceramic materials.34–36 At particular salt concentrations, a crystalline phase called
PEO6+Li involves a double helix structure incorporating two polymer chains which wrap around
the lithium ions and is shown in figure 2. Gadjourova et al. presented conductivity measurements
of three crystalline structures, PEO6:LiPF6, PEO6:LiSbF6, and PEO6:LiAsF6, showing an order of
magnitude increase in conductivity over the amorphous phase37. The helical structure provides a
pathway for ion transport to occur, oriented along the two polymer chains. The difference
between the amorphous and crystalline conduction mechanism is significant. The crystalline
structure is relatively immobile compared to its amorphous counterpart, resulting in a conduction
mechanism decoupled from the polymer segmental dynamics.
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Figure 2. PEO6+LiClO4 crystal structure. PEO coordinates around the lithium while the anions sit
between the channels.

The crystalline conduction mechanism is unfortunately limited in applicability. The
orientation of the crystal phase can cause alignment issues in the direction necessary for ion
transport. The crystalline phase can also have poor interfacial contact with the electrodes,
increasing the internal resistance of the battery. When high molecular weight poly(ethyleneoxide) is used, the crystal growth is slow and requires annealing at slightly elevated
temperatures38. The crystal growth rate is an issue because a battery heats up during the charge
and discharge cycle and could melt the crystal phase which provides conduction.
These two conduction mechanisms can be thought of as two ends of a spectrum of
transport. On one side you have a conduction mechanism driven by the dynamics of the host
matrix, while the other side is driven by structure. In order to overcome the limitations of the
crystalline conduction mechanism, a semblance of structure that provides similar properties
would need to be induced into the amorphous phase.
One method of inducing structure in the amorphous phase is through the use of phase
separation. It could be achieved through block copolymers or blends of two or more polymers.39
Structure provided by the phase separation of block copolymers can be used to increase the
mechanical properties, but ultimately retains the underlying transport mechanism of the
conducting phase. The length scale of the phase separation is larger than the components involved
in the conduction mechanism for this approach to have the desired effect.
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The challenges in controlling the transport mechanism are compounded by two additional
problems not yet discussed. The first is the cationic transference number, and the second involves
salt concentration effects.
For battery applications, the cation is typically the reactive species of interest, leaving the
anion to migrate and build up on the opposite electrode. This build-up results in an anionic
concentration gradient reducing the performance of the electrolyte. If the mobility of the cation is
lower than the mobility of the anion, then the anionic concentration gradient may form before any
appreciable cation conduction occurs. The metric used to describe the relative mobility of the
cation and anion is the transference number. The cationic transference number is the fraction of
the total ionic conduction resulting from cation mobility,
𝜏+ =

𝜎+
𝜎

(𝐸𝑞 1.1)

Where σ+ is the conductivity from cation mobility and σ is the overall conductivity of the
system. In a typical polymer electrolyte, the transference number can be between 0.16 and 0.6,
meaning that the anion could be up to x6 more mobile that the cation. Low cationic transference
is due to the difference in ion-polymer interactions. In polyelectrolytes such as poly(ethyleneoxide), the polymer disassociates the salt by solvating the cation, leaving the anion to freely move
through the polymer.
The role of salt concentration in polymer/salt electrolytes is inherently non-linear and is
due to the various correlations between properties. This results in three distinct regions, shown in
figure 3.
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Figure 3. The three regions of behavior in a typical polymer/salt electrolyte.

The first region is for dilute ionic concentrations. When ion concentration is dilute, small
increase in ion concentration will result in a directly proportional increase in conductivity. The
polymer is not hindered by the addition of ions, therefore the increase in ion content is just an
increase in the density of charge carriers. The second region is when ion concentration is semidilute. The polymer slows down with the addition of more ions, and some ions form contact pairs.
This results in a reduction in the mobility of ions through the host matrix. Ionic conductivity can
still increase by increasing ion concentration, but results in diminishing returns and eventually
levels out. The last region occurs at high salt concentrations, where further addition of salt is
detrimental to conduction. The increase in charge carriers is completely outweighed by the
reduction of charge carrier mobility.
The above three topics, controlling the conduction mechanism in the amorphous region
through structure, low transference numbers due to high anionic mobility, and salt concentration
effects, leads to a possible solution. By binding the anion to the polymer backbone, the anion is
rendered relatively immobile, solving the transference number problem. Then by taking
advantage of the salt concentration effects, the formation of ion aggregates creates a change in the
local structure influencing the cation conduction mechanism.
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Single ion conductors
An ionomer is a single ion conducting polymer where one of the ionic species is
chemically bound to the polymer while the counter ionic species is mobile and able to conduct.
This work focuses on studying the conduction mechanism of a specific ionomer, shown in figure
4. The ionomer consists of alternating isophthalate groups and poly(ethylene-oxide) spacers. Ion
content can be controlled by varying the backbone spacer length or the fraction of sulfonated
isophthalate groups. The previous experimental and computational work done on this and similar
ionomers provides a strong foundation to build from. A short review of the key studies is
provided below.

Figure 4. Single ion conductor monomer unit.

Motivation for investigating ion content and temperature
Changing the ion content in ionomers has varying effects on the system that results in a
non-linear association with conductivity. For low concentrations, as ion concentration increases
so does conductivity. At low concentration, the polymer matrix can effectively solvate the cation
which allows it to move as a charge carrier. As ion content increases, the available coordination
sites in the polymer decreases, prompting the cations to coordinate with anions. These ion
coordination states can be neutral, which means they do not contribute to conductivity. Therefore,
there is an optimal concentration, where adding more charge carriers to increase conductivity is
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negated by the effects that come with higher ionic concentration such as: a larger extent of
aggregation, higher polymer relaxation times, polymer ionic cross-linking, and higher glass
transition temperature40,41
The limitations that reduce conductivity at high ion content are not as clear if the ion
aggregates can form conduction pathways. Work done by Dr. Lin indicates aggregate length may
play a role in controlling the conduction mechanism42. At low ion aggregation, the length of an
aggregate is small and thus does not provide a long enough channel to benefit charge motion. At
higher ion association, the number of free ions that can take advantage of the long conduction
pathways is reduced, due to a higher percentage of the ions forming the channels. These results
indicate that an average aggregate length of ~9.5 Å, corresponding to between 5 and 9 ions,
provides an optimal conduction pathway.
To better control aggregate size, it is proposed that both ion content and temperature
should be varied. It has already been discussed that as ion content increases so does ion
aggregation. Modifying the temperature also allows for the additional control of ion aggregation.
A paper by Wang et al43. uses X-ray scattering to show a positive correlation between ion
aggregation and temperature, indicated by an increased ionomer peak at a Q of 3 nm-1.Though
these results give a qualitative discussion on ion aggregation as a function of temperature,
additional experiments are needs to quantify the temperature effect on ion aggregation.

Motivation for investigating high ion content ionomers
Previously published experimental data shows a positive correlation between PEO spacer
length on conductivity for PEO-based ionomers44. The increase in conductivity is mainly
attributed the longer spacers having faster segmental dynamics, indicated by the reduced glass
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transition temperature. Plotting conductivity by (T-Tg) for PEOX-100%Na and Cs collapses most
of the data onto a single line, shown in figure 5.

Figure 5. Conductivity vs. (T-Tg) for PEO-based ionomer with different spacer lengths44.

The interesting part of this data is that for the 400MW spacer length, the conductivity is
higher than the longer spacer lengths. In the paper, the explanation for this was higher ion
concentration. As discussed earlier though, higher ion concentrations should result in higher ion
aggregation and reduce conductivity further than what segmental dynamics would indicate. For
higher ion concentration to increase conductivity, it would imply that ion aggregation is
facilitating conductivity at high Tg. A more recent study by Iacob and Runt, involving ion
transport in confined nano-pores, also breaches the topic of ‘free’ ion conduction and the current
understanding of the role ion aggregation serves45. This prompts the question on what causes the

10
transition between ion aggregation promoting conductivity vs. hindering conductivity. The
answer to this can be explored through systematically changing the PEO spacer length and
quantifying changes in ion aggregation and conduction.

Outline of investigation
This work uses molecular dynamics simulations to model the poly(ethylene-oxide) based
ionomer mentioned above, with the goal of elucidating the role of ion aggregation in the
conduction mechanism. It is our hope to provide additional insight to the already large body of
work previously performed on this ionomer, covering both experimental and computational
studies spanning over a decade.
The questions we seek to answer in this work are as follows: 1) What are the underlying
mechanisms for ion transport in ionomers, and 2) Can the transport mechanisms be controlled to
decouple or partially decouple them from the segmental dynamics of the polymer host matrix.
Answering these questions provides the information needed to design new polymer electrolytes
which take advantage of the formation of ion aggregates in single ion conductors.
In order to answer these questions, two primary groups of systems are studied. The first
group of systems is covered in Chapter 3, where ion content is controlled through the fraction of
sulfonated isophthalates. By systematically investigating the semi-dilute region, a framework is
developed to categorize the ion transport mechanisms. Results from the semi-dilute region lead to
simulations of higher ion content, with the goal of further tuning the conduction mechanism.
Chapter 4 covers the second group of systems which increases ion concentration further by
incrementally reducing the poly(ethylene-oxide) spacer molecular weight. The percolation of ion
aggregation is observed and the framework developed in Chapter 3 is used to show the partial
decoupling of segmental dynamics from ion transport. Chapter 5 is used to perform an initial
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investigation into the mechanical properties of the high ion content ionomers by performing
stress-strain experiments to determine the Young’s Modulus. Finally, Chapter 6 proposes
additional studies based on the findings in this dissertation.
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Chapter 2
Modeling Polymer Electrolytes
The emergence of cheap computing resources has impacted all facets of society. Some
changes were anticipated, such as faster calculations to allow real-time process control
optimization or modeling of more complex systems. What might not have been fully appreciated
at the time was the feedback loop involving the rapid communication provided by the internet and
the development of open source projects in conjunction with cheap computing resources. Because
of this, now anyone with a $100 desktop can run simulations which 20 years ago would have
required the most powerful super computer in the world. Even during the course of this thesis
there have been significant improvements. The introduction of graphic processing units to
simulations has resulted in at least a twofold increase in resources. What this means for this thesis
is attempting to harness the vast computational resources available and direct it towards scientific
investigation. This chapter describes the basic ideas behind Molecular Dynamics simulations, and
lays out the algorithms used in analyzing the results from the simulations.

Molecular dynamics simulations
Molecular dynamics is an incredibly powerful tool in understanding complex systems at
the atomistic level. It is a computational technique that numerically solves Newton’s equations of
motion for each atom in the system in order to observe how the atoms move over time. The
positions, velocities, and other quantifiable properties at the atomic scale give rise to calculations
which predict macroscale properties. Molecular dynamics simulations provide the platform to
investigate the underlying mechanisms in macroscale properties. Studying the mechanism then
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provides insight into proposing changes to the system in order to get a desired result. In order to
accurately do all this however, the equations describing the atomic interactions must be properly
represented. The set of equations describing the atomic interactions is called a force field.
Force fields have many forms. They can be developed to reproduce macroscale
properties, such as density or heat of vaporization, and depend on the level of detail required.
Atomistic force fields typically include potentials describing a wide range of interactions. The
non-bonded interactions are the easiest to start with as they represent van der Waals and
electrostatic potentials. For illustration purposes, take two atoms that are a distance of r apart. The
potential between atoms i and j can be described by a 12-6 Lennard Jones and Coulomb’s Law.
𝜎𝑖𝑗 12
𝜎𝑖𝑗 6
𝐶𝑞𝑖 𝑞𝑗
𝑈𝑖𝑗 (𝑟) = 4𝜀𝑖𝑗 [( ) − ( ) ] +
𝑟
𝑟
𝜖𝑜 𝑟

(𝐸𝑞 2.1)

The first term on the right contains both repulsive and attractive forces and is illustrated
in figure 6. 𝜀𝑖𝑗 sets the strength of the attractive force and controls the depth of the potential well.
The size of the atoms are represented by 𝜎𝑖𝑗 which sets a hard limit on how close two atoms can
approach each other.
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Figure 6. An example the Lennard Jones 12-6 potential and the effect of changing parameters.

For atoms of different elements, mixing rules for the potentials are typically used.
𝜎𝑖𝑗 =

𝜎𝑖 + 𝜎𝑖
2

𝜀𝑖𝑗 = √𝜀𝑖 𝜀𝑗

(𝐸𝑞 2.2)
(𝐸𝑞 2.3)

The second term for the non-bonded interaction between atom i and j describes
electrostatics. The constant 𝐶 is a conversion prefactor. The charge on atom i is 𝑞𝑖 , and 𝜖𝑜 is the
dielectric constant in a vacuum. The electrostatic strength is typically significantly stronger than
the van der Waals interaction at distances larger than 𝜎, shown in figure 7. The relative sign of
two charges plays a significant role in non-bonded interactions. As the atoms move closer, the
repulsive component of the van der Walls interaction takes precedent and is the force which
prevents two atoms from occupying the same location. Non-bonded interactions are calculated
out to a cut-off distance, beyond which a technique called particle-particle-particle-mesh is used
to approximate long range interactions.
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Figure 7. A comparison between repulsive (Top) and attractive (Bottom) Coulombic interactions plus
Lennard Jones 12-6 potential.

The other main type of interaction is bonded interactions. Bonded potentials model the
potential energy in bonds, angles, and dihedrals of a molecule. The function forms of these
potentials can take different representations, but a typical example is presented below.
𝑈𝑖𝑗 (𝑟) =

𝐾𝑖𝑗
(𝑟 − 𝑟0 )2
2

(𝐸𝑞 2.4)

𝑈𝑖𝑗 (𝜃) =

𝐵𝑖𝑗
(cos(𝜃) − cos(𝜃0 ))2
2

(𝐸𝑞 2.5)
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𝑁

𝑈𝑖𝑗 (𝜑) = ∑ 𝐴𝑛𝑖𝑗 cos𝑘−1 (𝜑)

(𝐸𝑞 2.6)

𝑘=1

Equation 2.4 is the potential for bonds. It is represented by a harmonic equation,
following Hooke’s Law, with a spring constant of 𝐾𝑖𝑗 and an equilibrium distance of 𝑟0 . Equation
2.5 is the angle potential. It uses a cosine harmonic with a spring constant of 𝐵𝑖𝑗 and a
equilibrium angle of 𝜃0 . Cosine harmonics are similar to a simple harmonic at small deviations
from the equilibrium angle but diverge at high deviations to be smaller in magnitude. This results
in a less strict angle constraint. Equation 2.6 is called a nharmonic potential and it describes the
dihedral angle potential. The sum of N coefficients An control the number of local minimums and
their well depth, allowing for a distribution of dihedral angles that the molecule transitions
between due to thermal fluctuations. The dihedral angle between atoms i and j is represented by
𝜑.
The force is calculated on each atom with each potential it is assigned. The force is
calculated from the potential by,
𝐹(𝑔) = −

𝑑𝑈(𝑔)
𝑑(𝑔)

(𝐸𝑞 2.7)

where g represents the variable which the potential correlates with, such as r for distance
or 𝜃 for angle. Once all forces are calculated on an atom, Newton’s equation is used to determine
the acceleration that should be applied to that atom.
𝑎𝑖 =

𝐹𝑖
𝑚𝑖

(𝐸𝑞 2.8)

The mass of atom i, mi, is assigned based on the element or mass sum of elements which
the point represents. From acceleration, the velocities and positions are all updated followed by
another round of force calculations. The frequencies at which forces, velocities, and positions are
updated depend on the level of detail in the simulation. A typical timestep for simulations with
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hydrogen bonds is 0.5 femtoseconds. This means that it would take 2x109 iterations to run a
trajectory for 1μm. This timestep does depend on the force field. Careful testing should be done if
a larger timestep is used compared to what is in the force field documentation.
Finally, the last topic to discuss before moving on is the size of the simulation. In a
perfect world with unlimited computing power, the size of the simulation would be as large as it
needed to be. Unfortunately unlimited computing power is currently out of reach. Available
resources limit atomistic simulations to the nano-scale, in both time and space. In order to mimic
much larger systems, and to reduce boundary effects, it is typical to use periodic boundary
conditions.
Periodic boundary conditions mimic a larger simulation space by mirroring an atom’s
position cross the boundary. Figure 8 is a 2D illustration of periodic boundary conditions. When
force calculations are performed for atoms near the boundary of the simulation, the nearest mirror
image is used to calculate distance. This results in the forces on the atom near the boundary to be
similar to the forces on atoms in the center of the simulation. In fact, from the perspective of the
atom, the two positions are indistinguishable! The box representing the boundary could be moved
in any directions and it wouldn’t change the result. Accurate force calculations are not the only
benefit to using periodic boundary conditions. The trajectory of the atom can also take advantage
of periodic space.
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Figure 8. Schematic describing the interactions of the black circle interacting with the periodic image
of another circle.

To understand periodic space, imagine what happens when an atom near the edge crosses
the boundary. From the perspective of the atom, nothing changes. It is still surrounded by
neighboring atoms. An outside perspective would see an atom leave one side of the box and enter
from the opposite side. These perspectives are two separate ways of storing and representing the
position of the atom. The outside perspective is called wrapped coordinates. The atom’s
perspective is called un-wrapped or real coordinates. Real coordinates are used in the vast
majority of dynamic calculations where an unbroken path tracing atom positions is required.
When visualizing the simulations, wrapped coordinates are used. For calculations involving
relative positions of atoms, real coordinates incorporating periodic images are used. It should be
noted that converting from real to wrapped coordinates is less computationally intensive than vis
versa. This means that it is usually beneficial to store trajectories in real coordinates and then
convert when necessary.
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Description of force fields and simulation parameters
The United Atom force field used for the set of ionomer simulations was initially
developed for the fully sulfonated ionomer46, shown in figure 9. The term United Atom
designates that the hydrogen atoms are not explicitly modeled as separate forces site in most
cases, and is typically grouped into the carbon atom it is bonded to. The grouping of force sites is
a minor form of course graining and results in increased computational efficiency. Modulating
ion concentration was performed using two methods. To investigate ion concentrations below
PEO600-100%Na, the fraction of isophthalate groups that contained sulfonates was varied. To
investigate ion concentrations above PEO600-100%Na, the number of monomers in the PEO
spacer was varied.

Figure 9. Chemical structure of the poly(ethylene-oxide) based ionomer. n denotes the number of PEO
repeat unites between isophthalate groups. y is the fraction of isophthalate groups that are functionalized by an
anionic sulfonate.

The partial charge distribution of the non-sulfonated isophthalate groups was calculated
from the B3LYP density functional method at the 6-31+G* level. CHelpG (Charges from
Electrostatic Potentials using a Grid based method) was then used to reproduce the charges in the
form of electrostatic potentials47,48. As in previous work on ionomers and other polymers, scaled
partial charges were used to match dynamic experimental observables where available46,49–52.
When constructing the initial configuration for particular ion concentrations below PEO600100%Na, sulfonation of isophthalate groups were chosen at random among the entire set until the
desired concentration was reached. For each isophthalate group sulfonated, a sodium cation was
placed adjacent to the sulfonate. Charge neutrality was maintained by distributing the remaining
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charge along the carbon atoms in PEO monomer backbone, resulting in a change in a monomer’s
partial charge of 0.001e0, where e0 is the elementary charge of an electron, for each isophthalate
group that was sulfonated in a particular polymer chain. Each polymer chain contained four
isophthalate groups, resulting in a maximum possible net change of 0.004e0 for a given PEO
monomer. This small change in partial charge is negligible and should not have a statistically
significant impact on non-bonded interactions.
The same method of distributing the partial charge along the PEO backbone was used for
the higher ion content. The original force field had a net positive charge of 0.008e0 for a single
PEO monomer. This meant that as the PEO backbone was shortened, thus increasing ion
concentration, the lost charge needed to be distributed over the remaining PEO backbone atoms.
At the highest ion concentration, PEO100-100%Na, 10 of the 13 initial PEO monomers were
removed and the remaining PEO carbon atoms had their partial charge increase by ~0.013e0. This
represents a small change of 7.5% to the partial charge of the carbon atoms and should not have a
significant impact on non-bonded interactions. The parameters for the force field, as well as other
settings, are listed in Appendix B.
All simulations were performed using Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS), an open source simulation package maintained by Sandia National
Laboratories. The Nose-hoover thermostat and barostat was used for the NVT and NPT
ensembles. The ionomer simulations use the rRESPA multi-timescale integrator, with an
outermost timestep of 4fs for long range non-bonded interactions, a 2fs timestep for short range
non-bonded interactions, and an inner most timestep of 0.5fs for bonded interactions. These
parameters were used based on the recommended settings for this force field for which it was
validated.
The hardware used in this work was distributed over a variety of Linux platforms. The
majority of the simulations were performed on computer clusters maintained by the Institute for
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Cyber Science Advanced Cyber Infrastructure at The Pennsylvania State University. Testing and
short turn around simulations were performed on a custom Ubuntu workstation optimized for
parallel computing tasks on Graphical Processing Units. The remaining simulations were
performed on a cluster built from 18 refurbished dell computers and a gigabit Ethernet switch
from Lion’s Surplus. The 6.2 version of the open source Rocks Cluster Distribution was used to
manage the refurbished cluster and is locally maintained within the Janna Maranas Research
Group. A discussion is provided in Appendix A providing more information on hardware
configurations and benchmark data.

Equilibration procedure and validation
Initial configuration files for all simulations were generated using a set of custom scripts.
The polymer chains were arranged in a low density linear configuration and stacked into rows,
columns, and layers for a total of 27 to 64 chains. The requisite number of ions are placed
adjacent to the sulfonate group. The number of polymer chains was chosen to ensure the
dimensions of the simulation are approximately two to four times the radius of gyration of the
polymer, thus reducing the interaction of a polymer chain with its periodic image. An additional
criterion of maintaining a box dimension of ~50Å meant that the simulations with shorter
polymer chains had a larger number of polymer chains. Density estimates based on the low ion
concentration simulations were used to predict the number of chains required for the high ion
concentration simulations.
To equilibrate the system to the appropriate density, a series of steps are performed. First,
energy minimization is use to reduce the configuration’s high potential energy due to small
imperfections in the initial atom placements. The system then undergoes a manual deformation of
the box dimensions in the NVT ensemble to approximately 50% of the expected density. The next

22
step uses the NPT ensemble, set to one atm, to allow the volume to equilibrate to a density
inherent to the force field. The NPT ensemble is run for at least 15ns and a plot of volume vs time
is produced to check for equilibration. Once the volume has equilibrated, the NVT ensemble is
used for further equilibration and the production run. The trajectories are stored in text files
outputted every 10ps in unwrapped coordinates, each file containing approximately 10ns.
Thermodynamic data was output every 10ps and stored in log files. The simulations were run in
batches of 80ns until a total of 1000ns were performed. Depending on available resources and
configurations, an 80ns batch had a run time of 4-5 days of CPU wall time.
Equilibration is determined by examining the time evolution of the radial distribution
functions, cation mean squared displacement, ion association distribution, ionic bond decay, and
PEO’s self-intermediate scattering function. The following two sets of figures, ion aggregation vs
time in figure 10 and ion diffusion vs time in figure 11 present the sample of the equilibration
analysis. Figure 10 shows that the percent of ions in various association states fluctuates around a
mean, indicating ion aggregation at both low and high temperatures are equilibrated. Figure 11
shows that the long time slope of cation mean squared displacement on log-log scale has a value
of 1, indicating that cation motion is in the diffusive regime.
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Figure 10. Percent of ions in coordination states for PEO600-100%Na. a)343K, b)373K, c)398K,
d)423K. Instantaneous data is plotted every 10ns.
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Figure 11. Log-Log plot of Sodium ion mean squared displacement vs time. Data from 373K. Solid
black line indicates a slope of 1, corresponding to the diffusive regime.

The ionomer force field was originally validated by comparisons with X-ray scattering
and quasi-elastic neutron scattering measurements46,53. X-ray scattering provided validation for
the structure and quasi-elastic neutron scattering validated polymer dynamics. Since then, longer
simulations have been run and comparisons to available conductivity data have further validated
the ionomer force field. Figure 12 shows good agreement on ion conduction for PEO600-50%Na
and PEO600-100%Na. Discussions on how these calculations where performed are in a following
section.
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Figure 12. Comparison of conductivity data from available experimental data to simulation data. a)
PEO600-50%Na. b) PEO600-100%Na54

Description of calculations and algorithms
The benefits of molecular dynamics simulations is the ability to record, analyze, and
visualize the position of atoms as the system evolves over time. An atom’s trajectory, and those
of nearby atoms, allows for a wide range of calculations that can elucidate the structural and
dynamic properties of the system. By storing the trajectory of every atom, a simulation only
needs to be performed once while new questions and calculations can be performed on the
trajectories. What follows is a description of the calculations performed.

Radial distribution function
The radial distribution function provides information on the packing of a grouping or
type of atom in relation to itself or another grouping of atoms. It is a useful tool which allows for
the determination of solvation shells, coordination numbers, structure factors, and other important
properties. More specifically, the radial distribution function is the probability of finding an atom
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of type ‘b’ some distance away from an atom of type ‘a,’ normalized to the bulk density of atom
type ‘b.’ The radial distribution function of atom type ‘a’ to ‘b’ is calculated by:
𝑁𝑎 𝑁𝑏

1
𝑔𝑎𝑏 [𝑟] =
∑ ∑〈𝛿[∆𝑟𝑖𝑗 − 𝑟]〉
𝑁𝑎 𝑁𝑏

(𝐸𝑞 2.9)

𝑖=1 𝑗=1

where r is the distance from atom type ‘a,’ Na is the number of atoms of type ‘a,’ the []
represents the delta function, Δrij is the distance between atom i and atom j, and < > denotes the
ensemble average. The practicality of performing the calculation requires a binning of discreet
values of r using a width of z and necessitates the normalization by the volume of the shell and
density of atom type ‘b.’
𝑟+

𝑔𝑎𝑏 [𝑟] =

𝑧
2 𝑁𝑎 𝑁𝑏

𝑉[𝑟, 𝑧]
∫ ∑ ∑〈𝛿[∆𝑟𝑖𝑗 − 𝑟]〉 𝑑𝑟
𝑁𝑎 𝜌𝑏

(𝐸𝑞 2.10)

𝑧
𝑟−2 𝑖=1 𝑗=1

4
𝑧 3
𝑧 3
𝑉[𝑟] = 𝜋 ((𝑟 + ) − (𝑟 − ) )
3
2
2

(𝐸𝑞 2.11)

V[r,z] is the volume of a spherical shell with an inner radius of r – z/2, and a thickness of
z. The bulk density of atom type ‘b’ is denoted by ρb. The bin width should be chosen in such a
way as to reduce statistical noise while retaining the resolution of the radial distribution function.
The coordination number can easily be determined by integrating the radial distribution
function and multiplying it by the bulk density of species ‘b.’
𝑟

𝑁𝑎𝑏 (𝑟) = 𝜌𝑏 ∫ 𝑔𝑎𝑏 [𝑟]𝑑𝑟

(𝐸𝑞 2.12)

0

An example plot of a radial distribution function and corresponding coordination number
is shown in figure 13. The height of the peaks in the radial distribution function indicates the
strength of the spatial correlation between atom type ‘a’ and ‘b’ relative to the bulk density. This
means that values above unity indicate a positive spatial correlation compared to what would be
expected of a completely random system, while values below unity indicate a negative spatial
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correlation. The width of a peak is the result of the variance in the distance between the two
atoms. A crystal would have narrower peaks compared to an amorphous solid.

Figure 13. The Sodium - Sulfur radial distribution function of PEO600-y%Na at 423K on the left axis
(solid lines). On the right axis is the coordination number (dotted lines). The inset is the coordination number at
5.4A for various ion content.

The minimum between the first and second peak in the radial distribution function can be
used as a cutoff distance for determining if atoms of type ‘a’ and ‘b’ are directly coordinated.
This coordination distance can then be used as a springboard for further characterization and
analysis of groups of coordinated atoms.

Extent of ion aggregation
The clustering of ions, and their impact on polymer and ion dynamics, is a key
component of understanding the conduction mechanism in polymer electrolytes. In order to
proceed further, we need to define what an ion aggregate is and how to search for their presence.
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An ion aggregate is defined as a group of ions which are directly or indirectly
coordinated through an interconnected network of coordinated ions. A pair of oppositely charged
ions is considered coordinated if the distance between them is smaller than the cutoff distance, as
determined by the radial distribution function. A simple N2 clustering algorithm can be used if the
number of ions is relatively small, somewhere below 1000 ions. A thorough discussion of
clustering algorithms is outside the scope of this work, but a short summary of an algorithm
initially used in this work is below.
The first step of the clustering algorithm is to start a new aggregate with an ion which has
not yet been assigned to an aggregate, figure 14. The next step is to loop through all other
oppositely charged ions that have not been assigned to an aggregate and calculate the distance to
the ion inside the aggregate. If the distance is smaller than the cutoff distance, then add that ion to
the aggregate. For each new ion added to the aggregate, search for neighboring ions of opposite
charge that are within the cutoff distance and add them to the aggregate. When all ions in the
aggregate have been iterated through, and no new ions are added, then that aggregate is complete
and a new one can be started.
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Figure 14. Schematic of the aggregate search algorithm with a cut off distance of r'.

Pervious methods of ion aggregate categorization would then group aggregates based on
the number of ions in the aggregate. This resulted in an overestimate for the number of free ions,
compared to experimental analysis55. The distinction between the free ions described above and
the free ions described in experimental analysis is that the method above does not distinguish
between free ions and solvent separated pairs. A solvent separated pair is a weak association state
between the cation and anion which are separated by a single layer of solvent. In the ionomer
simulations, the polyethylene backbone takes the role of the solvent.
To address this issue, any ion that is first classified as single ion has an additional criteria
check applied. A second search is performed at a further distance based on the radial distribution
function of single ions. If a counter ion is found at the further distance, it is classified as a solvent
separated pair. If a counter ion is not found during this section search, then the ion is designated
as a ‘free’ ion. This brings the definition and results of ‘free’ ions to be more in line with
experimental analysis.
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Ion aggregate length
There are numerous ways to characterize the size of an ion aggregate. One method is to
calculate the radius of gyration of the aggregate. Previous work by Dr. Lu56 showed that ion
aggregates can form into string-like shapes that behave like an ideal random walk at sufficient
sizes.
The length of an ion aggregate can also be determined by identifying the main backbone,
or core, of the aggregate. The contour length of the backbone can then be determined by tracing
the series of coordinated ions from one end to the other. In order to calculate the contour length of
the aggregate backbone, a method of determining the backbone must be defined.
The backbone of an ion aggregate is defined as the longest contour path between any two
sets of ions inside the aggregate. For an example, consider a polymer with short side chains
extending off the polymer backbone. If the chemical identities of the backbone and side chains
are indistinguishable, how is the polymer backbone separately identified from the side chains?
The simplest approach would be to find a pair of chain ends which results in the longest contour
length, such as in figure 15. By defining the backbone in this way, any path that leads off the
backbone can be considered a branch.

Figure 15. A schematic of the before and after of running the backbone algorithm.
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We developed a novel algorithm used to determine the polymer backbone, based on
graph theory and modifies Dijkstra's algorithm to solve what is essentially a slightly more
complicated version of the famous traveling salesman problem. An ion aggregate can essentially
be considered a graph, in the mathematical sense, with nodes corresponding to the ions and the
path between nodes as the distance vector between coordinated ions. Figure 15 shows a 2D
example of what an ion aggregate graph might look like for a sufficiently large ion aggregate.
The algorithm to determine the backbone of a graph involves two steps. The first step is to find
the shortest path between each set of nodes using Dijkstra's algorithm. The second step to go
through the list of shortest paths and find the longest path within that set. The two nodes which
result in the longest path are then considered the two ends of the backbone, and the nodes that are
involved in the shortest path between those end nodes are the core of the backbone.
With the backbone defined, it is now possible to define branches. A branch is a set of
nodes that share a path to the backbone. More specifically, nodes are grouped into a branch based
on the final node which connects to the backbone. In figure 16, this final node is designated with
an X in the middle of the node. Properties of a branch can be characterized, such as the number of
ions in the branch, length of the branch, composition, etc.
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Figure 16. Schematic distinguishing branches connected to the same backbone node.

Ion aggregate percolation
The distribution of ion aggregate sizes and their characterization naturally leads to
questions concerning the percolation of said aggregates. That is to say, can and under what
circumstances does an ion aggregate grow to permeate through the entire system of interest?
Percolation theory is a field of study that, ironically and somewhat autologically, percolates
through the scientific field. In the study of materials, the onset of percolation is followed by a
transition in a measurable property57–62. Take, for example, a nonconductive material which is
blended with conductive nano-rods. Below a certain concentration, the conductive nano-rods may
be completely dispersed and separated within the conductive host matrix. At this low
concentration the composite material would exhibit negligible electrical conductivity equivalent
to the bulk insulating material. When the concentration of nano-rods exceeds some threshold,
such that the nano-rods form a continuous percolating path between electrodes, then the
conductive properties of the material will transition from being similar to the bulk material to
being closer to the conductive nano-rods.
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In material systems, it can be difficult to accurately predict the percolation threshold
concentration. It depends on the geometry of the additive, the dispersity in the size of the
additives, the relative interactions between the additive and host matrix, etc. While the math
behind percolation has provided analytical solutions to simple systems with discretized space, the
same cannot be said for continuous space. For systems of complex interactions and in 3
dimensional continuous space, numerical methods are employed to statistically approximate
percolation.
The use of periodic space is an incredibly useful tool in molecular dynamics simulations.
By mirroring the contents of the simulation in all dimensions, boundary effects are reduced and
results in the approximation of an infinitely sized system. This approximation is not without its
drawbacks. In the context of percolation, one problem should be readily apparent. How does one
define percolation in a system of infinitely repeating mirrored periodic space? One simple
approach is to just define an aggregate as percolated if it spans the entire length of the simulated
box, such as in figure 17. Unfortunately this definition leaves open the possibility of false
positives, ion aggregates which are classified as percolated but upon examining periodic space or
simulating larger systems are shown to not percolate.

Figure 17. An example of a 2D aggregate which results in a false positive for identifying percolation.
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It turns out, as it so often does, that the definition problem that periodic space introduced
can likewise be solved with periodic space. A good general definition for percolation is an
unbroken path which connects opposite edges of a system. If the system is infinite in size, it
follows that the unbroken path which percolates must also then be infinite in size. Therefore an
ion aggregate can be classified as percolating if it is of infinite size. This might seem like a
useless definition to use within the confines of molecular dynamics, which are finite, but this
distinction is quite important when incorporating periodic space.
Before proceeding, a particular facet of the ion aggregation algorithm must be elaborated
on. In the previous discussions on ion aggregation, periodic space was not directly addressed.
When determining if an ion is coordinated with a counter ion, the distance between the ion and
nearest periodic image of the counter ion is used. Even though a single counter ion has an infinite
set of periodic images, all images are tied to the same atom ID. Once any of the periodic images
are designated as coordinated, then through the atom ID all images are coordinated. This
definition allows for an ion aggregate to start at one edge of the box, and continue on through to
the other side as shown in figure 18. The use of periodic images in this way reduces the effect of
the box size on calculating the distribution of aggregate sizes. Without it, any aggregate that
crossed the boundary would be counted as two or more distinct aggregates.
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Figure 18. An example of the aggregate search algorithm reaching through periodic space to correctly
identify coordination.

The classification of an aggregate as percolating if they are of infinite size is used in
conjunction with the concept of periodic images to establish a simple algorithm. Visually
represented in figure 19, the first step is to identify the number of ions and their atom IDs as
previously described. This ion aggregate is then replicated 28 times through periodic space along
all sides, forming a 3x3x3 cube with the original ion aggregate in the center. Each ion in the new
larger box is given a new unique ID and the ion aggregate clustering algorithm is performed
starting with one of the ions from the original center aggregate. If the number of ions in the new
aggregate is larger than the original aggregate, then the aggregate is classified as infinite in size
and percolating. To understand why, consider what happens to the ion aggregate if a second
iteration of image replication is performed. If a single iteration of the periodic image increased
the size of the aggregate, then performing the process again should also result in increasing the
size of the aggregate. As the number of iterations grows to infinity, to encompass an infinite
amount of space, so too does the size of the aggregate. In the opposite case, where the size of the
aggregate does not increase during the replication procedure, it is clear that the aggregate is not
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considered percolating.

Figure 19. An example of a truly percolated infinitely sized aggregate through periodic space.

It should be noted that the above description used a 3x3x3 replication scheme to check
for a change in aggregate size. Without going into the details, one could consider a 2x2x2
replication scheme in which the original box is placed at one of the corners. This would produce
an equivalent result in determining a change in size while reducing the computation time by a
factor of 1.5 to 2.25.

Ion diffusion
The molecular interpretation of diffusion in statistical mechanics is a result of the
observation of Brownian motion and the understanding of random walks. In a low density
environment, such as a gas, molecules move through space in a straight line till they collide with
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another molecule. The molecules then undergo a mostly elastic collision and bounce off each
other, changing their direction. The speed of the molecules and the frequency of collisions are
therefore dependent on the kinetic energy and density of molecules. In liquids and solids, the
kinetic energy is lower and the density is significantly higher. At these higher densities, a
molecule is surrounded by neighboring molecules forming an atomic cage which confines the
molecule in place. The mobility of the molecule is dependent on the mobility of the atomic cage
as well as the frequency of the molecule to escape the atomic cage. If the entire atomic cage is
moving in unison, and the molecule can’t leave the atomic cage, then the mobility of the molecule
is equal to the mobility of the atomic cage in which it is trapped. In the other extreme, where the
cage is relatively immobile, then the mobility of the molecule is related to the frequency at which
the molecule can escape from its current cage and subsequently enter a new cage.
In an isotropic amorphous solid, the direction in which a molecule is able leave its atomic
cage is random. The randomness of the escape vector is based on the thermal fluctuations of the
surrounding atoms which make up the cage as well as the repeated collisions of the molecule with
cage. It is therefore possible to take the trajectory of a molecule, which undergoes multiple cage
escape events, as a random walk in 3 dimensions and use the long time behavior of the molecules
movement to calculate mobility.
Ion mobility is described by the diffusivity, also known as the diffusion coefficient. The
diffusion coefficient is calculated from the mean squared displacement as a function of time.
𝑁

2〉

〈𝑥⃑(∆𝑡)

1
= ∑(𝑥
⃑⃑⃑⃑(𝑡)
− ⃑⃑⃑⃑(0))
𝑥𝑖
∙ (𝑥
⃑⃑⃑⃑(𝑡)
− ⃑⃑⃑⃑(0))
𝑥𝑖
𝑖
𝑖
𝑁

(𝐸𝑞 2.13)

𝑖

𝑥𝑖 is the position vector of atom i at time t. It thus follows that ⃑⃑⃑⃑(𝑡)
⃑⃑⃑⃑(t)
𝑥𝑖
− ⃑⃑⃑⃑(0)
𝑥𝑖
is the
distance vector that the atom traveled during time t. An average is taken over N atoms of a given
type, the cations for instance. Eq 2.13 can be further averaged over time using ergodic theory.
The main premise of ergodicity is that a system is considered ergodic if the time average of an
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observable property is equal to its space average. For example, let’s say the property of interest is
the distance a cation traveled during 1ns and the data set consists of the trajectories of 100 cations
over 100ns. Ergodic theory then states that the distance a single cation travels during 1ns,
averaged over every instance of 1ns in the 100ns trajectory, is equivalent to the average distance
all cations travel during the first 1ns of the trajectory. Therefore, Eq 2.13 can be rewritten to also
incorporate a time average.
𝑁𝑡𝑖𝑚𝑒 𝑁𝑖𝑜𝑛

2〉

〈𝑥⃑(∆𝑡)

1
=
∑ ∑ (𝑥
⃑⃑⃑⃑(𝑡
𝑥𝑖 𝑗 )) ∙ (𝑥
⃑⃑⃑⃑(𝑡
𝑥𝑖 𝑗 )) (𝐸𝑞 2.14)
𝑖 𝑗 + ∆𝑡) − ⃑⃑⃑⃑(𝑡
𝑖 𝑗 + ∆𝑡) − ⃑⃑⃑⃑(𝑡
𝑁𝑖𝑜𝑛 𝑁𝑡𝑖𝑚𝑒
𝑗

𝑖

By averaging over every instance of ∆𝑡 along the trajectory, represented by the sum over
Ntime, and by all the ions in the system, represented by Nion, one can obtain an average closer to
the true average. A log-log plot of mean squared displacement vs time, shown in figure 20,
provides information on the length and timescale of the species of interest.

Figure 20. Log-Log plot of the mean squared displacement of a diffusive particle in a liquid or solid
phase.

There are three main regions; the ballistic, sub diffusive, and diffusive regime. The
ballistic regime is the timescale between collisions of the atom with the surrounding cage. During
the ballistic regime the atom will travel in a straight line before colliding with the cage and
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therefore with have a slope of 2 on the log-log plot. The sub diffusive regime is characterized by
a slope less than unity, and is a result of the atom repeatedly colliding with different parts of the
surrounding cage. The sub diffusive regime can have a non-zero value for a number of reasons,
one being the presence of a distribution of residence times within atomic cages. The final regime
is a timescale large enough to encompass the vast majority of residence times and results in a
slope of unity.
The diffusion coefficient can then be determined by the long time behavior of the mean
squared displacement. More specifically, the diffusion coefficient is the slope of the mean
squared displacement as a function of time as time approaches infinity, divided by twice the
dimension of the system. For this work, the system is simulated in 3 dimensions and therefore d is
equal to 3.
𝐷𝑠𝑒𝑙𝑓 = log ∆𝑡→∞

〈𝑥⃑(∆𝑡)2 〉
2𝑑∆𝑡

(𝐸𝑞 2.15)

This diffusion coefficient is the self-diffusion coefficient, as it treats the trajectory of each
atom as independent random walks.

Jump diffusion
In the previous section, the diffusion coefficient was described as a random walk where
the mobile species of interest moves from one atomic cage to another. This description was then
used to calculate the diffusion coefficient from its long time behavior. The nature of taking the
ensemble average of the mean square displacement can result in the loss of information on the
components which make up the diffusion coefficient. Depending on the shape of the mean
squared displacement vs time curve, it can be difficult to determine cage sizes, residence times
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within those cages, and the distance an atom travels when moving between cages. These
properties are important to know if the goal is to improve ion mobility.
It is possible to calculate cage size, residence time, and jump distance from the trajectory
of an atom. There have been previous attempts at using similar methods as the one described
below63. The trajectory of a single atom can be thought of as a continuous path through space
which is able to overlap with itself. From this idea, one might consider calculating the radius of
gyration over some moving window of time. The set of positions within a window of time is
analogues to a polymer chain, and is dubbed a temporal-chain. Take figure 21 as an example,
showing the position of an atom at various points in time over the course of the entire trajectory.
While the atom is trapped within the cage, the atom bounces off the walls of the cage and
overlaps with itself through time. After some time, the atom escapes from the cage and travels to
a nearby cage. During cage escape, the radius of gyration would steadily increase and hit a
maximum when the window of time is centered on the jump event.
The peak in the radius of gyration can then be viewed as the indicator for a jump event. It
should be noted that the window of time over which the radius of gyration is calculated should be
between the ballistic and diffusive regimes. In this work, the time window was chosen to be
100ps. Smaller and larger time windows were tested. Because the trajectory of an atom was
stored every 10ps, time windows below 100ps resulted in noisy data. Time windows above 100ps
caused nearby peaks to combine, as the window would overlap multiple smaller jump events into
a single large jump.

41

Figure 21. A pictorial representation of an atom's trajectory being treated as a temporal chain. As the
time window proceeds, and the atom jumps from one cage to the next, the radius of gyration of that temporal
chain exhibits a maximum.

The peaks in the temporal radius of gyration are then used to mark cage escape while the
time between peaks indicates the residence time within a given cage. With residence time of a
given cage determined, the trajectory can be divided into distinct cages.

Figure 22. Correlating the radius of gyration of the temporal chain to the jump diffusion parameters.
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Where this analysis differs from previous attempts is how overlapping cages are resolved.
One method proposed is incorporating information about the end to end distance of the temporal
chain to the contour length63. When the chain is stretched out during a jump, the ratio of end to
end distance to contour length is near unity. When the chain is inside the cage, the ratio is below
unity. The signal to noise ratio of the jump events can then be increased by multiplying the radius
of gyration by this ratio. The problem with this method is then extracting the cage size and jump
length from the data, as well as determining an appropriate cutoff between peaks and baseline.
In this work, a simpler approach is used. The first is to use the radius of gyration vs. time
data and look for local maximums. Any local maximum can then be declared a possible jump
event. Initially, this would result in a significant number of false positive jumps due to noise in
the data. The false positives result in cages which overlap in space with their temporal neighbors,
while the true jumps result in non-overlapping cages. By grouping temporally adjacent cages
which overlap, the false positive jumps are removed. The criteria for overlapping cages is if the
center of mass distance between two temporally adjacent cages is below the sum of the two
cages’ radius of gyration. If the criterion is met, then the time points dividing the false positive
cages are combined into a single cage.
From a theoretical standpoint, a single pass through the cage timeline results in false
positives being reduced by approximately 50%. It is therefore necessary to continue to perform
this cage grouping algorithm until the number of cages between searches converges to a constant
number of cages. This algorithm is quite efficient in grouping and removing false positives.
Approximately 15-25 passes are required to converge. A system of 108 atoms, each with over 105
discreet temporal positions representing 1000ns, takes approximately 30 seconds to complete.
The cage size can be calculated from the radius of gyration during the window of time
for which the atom resides within the cage. The jump length can be determined from the distance
between the centers of mass of sequential cages. These parameters are then be used to calculate
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the diffusion coefficient and compare it to the diffusion coefficient obtained from the long time
behavior of the mean squared displacement.
𝐷𝑠𝑒𝑙𝑓 =

𝐿2
2𝑑𝜏

(𝐸𝑞 2.16)

The jump length is denoted by L, the number of dimensions of the system is denoted by
d, and the residence time is denoted by 𝜏.

Transport mechanism
In order to understand the mechanism(s) for ion transport, a means of quantifying the
various components is required. Ion motion can be separated into three main mechanisms. The
first mechanism involves the motion of cations coordinated only by the ether oxygens along the
poly(ethylene oxide) backbone. These ions are called free cations because they are not
coordinated with a counter anion. The second mechanism involves the motion of cations
coordinated by one or more counter ions. The last mechanism is the transition between the first
two mechanisms, either a free cation coordinating with one or more counter anions or a cation
becoming free.
With the above definitions, it is then possible to separate the contributions of each
mechanism to the overall trajectory of the cation. The trajectory in figure 23 shows a simplistic
version of cation motion. The arrows represent displacement vectors between timesteps. For each
vector, the start and end state of the cation coordination determines which mechanism the vector
is assigned. Therefore if the starting and ending coordination state of a vector is free, then it is
grouped into mechanism 1. If the start and end state involves the coordination with one or more
anions, then it is grouped into mechanism 2. Finally, if the coordination state changes from free to
coordinated with an anion or vis versa, then it is grouped into mechanism 3.
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Figure 23. The trajectory of the cation at the top is separated depending on the starting and ending
coordination state of the vector. The three mechanisms are ether oxygen to ether oxygen, anion to anion, or
transport between either oxygen and anion.

The sum of all the vectors for a given mechanism of a single cation trajectory then
represents the total contribution of a mechanism to that trajectory. It is then possible to calculate
the frequency and contribution of each mechanism to the overall diffusion of ions.

Conductivity and collective ion motion
Conductivity is a measure of charge transfer over or through a material. In the context of
electrolytes, conductivity measures the movement of ions in response to an electric field. This
means that the total flux of cations between electrodes in a battery is comprised of a diffusive
flux, resulting from a concentration gradient, and a conductive flux, resulting from the electric
field. It is therefore important to include conduction in the analysis of polymer electrolytes.
Conductivity is typically measured experimentally using Impedance Spectroscopy, with
either AC or DC current, or Dielectric Response Spectroscopy. These techniques can measure the
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response of an electrolyte to an electric field64. It is also possible to estimate conductivity using
simulations.
There are two methods to estimate conductivity in molecular dynamic simulations. The
easiest method to conceptualize can be limited by the computational resources available. By
applying an electric field through the simulation, a measurement of the ionic drift in the direction
of the electric field could be made. The strength of the electric field would need to be equivalent
to the battery operating conditions, which varies during charge and discharge. It would therefore
be prudent to test multiple electric field strengths and determine if migration is linearly dependent
on the field strength.
The crux of the issue then isn’t testing multiple electric fields on a given simulation. It is
the length of time a given simulation has to run in order to accurately measure migration. While
the ions undergo migration in response to the electric field, the ions are also diffusing due to
thermal fluctuations and local interactions in the surroundings. This means that the simulation
would have to be run for a significant amount of time to distinguish the contributions of the
electric field and normal diffusion to the trajectory of the ion. Other papers get around this by
applying electric fields orders of magnitudes larger than what would be seen during battery
operation. At such large electric fields, the behavior of the electrolyte is not guaranteed to be
equivalent to battery operations. One such example is in Brandel et al.65, where the applied
electric field was approximately 102 larger than a 3.9V lithium ion battery. The analysis indicated
a significant change in the crystal structure in which the ions conducted through, and resulted in a
transference number of near zero for the cation. This is in contrast to experimental results at a
more reasonable voltage, which measured the cation transference number to be close to unity.
The other method of measuring conductivity in molecular dynamics simulations is
conceptually more involved but results in no longer requiring the presence of an electric field.
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Rather than writing out a rigorous proof, a simple thought experiment can be used to discuss this
method.
Take an electrolyte, with a known concentration of ions evenly dispersed, and place it
between two electrodes. Without the presence of an electric field, the ions move randomly
through the electrolyte and no net flux is observed. Upon applying an electric field, anions and
cations will respond to the force from the electric field and migrate in opposite directions. Over a
sufficient length time, a steady-state concentration gradient develops between the electrodes. The
steady state concentration gradient is the result of two competing processes; migration and
diffusion. Let’s focus on the cationic species in this example.

Figure 24. An electric field is applied in an electrolyte. At steady state, the concentration gradient is
maintained by migration due to the electric field and diffusion due to the concentration gradient.

In figure 24, the electric field causes the cations to migrate left and build up a
concentration gradient. The direction of the concentration gradient results in diffusion to the right
side. When the steady state concentration gradient develops, no net flux is observed and ion
migration is countered by ion diffusion. The flux in this system can be described with a
conservation of mass equation:
𝑁𝑖 = −𝐷𝑖 ∇𝑐𝑖 + 𝜇𝑖 𝑐𝑖 ⃑⃑⃑
𝐹𝑖

(𝐸𝑞 2.17)
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𝑁𝑖 is the flux of species i, 𝐷𝑖 is the diffusion coefficient, ∇𝑐𝑖 is the concentration gradient,
⃑⃑⃑𝑖 . In the second term, 𝑐𝑖 stands for the
𝜇𝑖 is the mobility of species i in response to a force 𝐹
concentration at a given location and can be expressed using a Boltzmann Distribution:
𝑐𝑖 = 𝑐𝑜𝑖 𝑒

−

𝑈
𝑘𝐵 𝑇

(𝐸𝑞 2.18)

𝑐𝑜𝑖 is a constant, 𝑈 is the potential energy of the species, 𝑘𝐵 is the Boltzmann constant,
and 𝑇 is the temperature. Taking the derivative of concentration with respect to potential gives:
∇𝑐𝑖 = −𝑐𝑜𝑖 𝑒

−

𝑈
𝑘𝐵 𝑇

1
∇U
𝑘𝐵 𝑇

(𝐸𝑞 2.19)

Now that we have expressions for concentration in terms of the potential energy, we can
use them in Eq 2.17 and set the flux to zero.
0 = 𝐷𝑖 𝑐𝑜𝑖 𝑒

−

𝑈
𝑘𝐵 𝑇

𝑈
1
−
∇U + 𝜇𝑖 𝑐𝑜𝑖 𝑒 𝑘𝐵 𝑇 ⃑⃑⃑
𝐹𝑖
𝑘𝐵 𝑇

(𝐸𝑞 2.20)

Reorganizing to solve for 𝜇𝑖 and using −∇U = 𝐹⃑ , we arrive at the Einstein relation for
mobility. It should be noted that using −∇U = 𝐹⃑ assumes that the force from the chemical
potential is equivalent to the force of the applied electric field.
𝜇𝑖 =

𝐷𝑖
𝑘𝐵 𝑇

(𝐸𝑞 2.21)

Now that a relation for ion mobility is available, the mass flux is then written as follows:
𝑁𝑖 = −𝐷𝑖 ∇𝑐𝑖 +

𝐷𝑖
𝑐 ⃑⃑⃑
𝐹
𝑘𝐵 𝑇 𝑖 𝑖

(𝐸𝑞 2.22)

In order to get to conductivity, the mass flux equation can be converted into charge flux
by multiplying both sides by the charge of species i and using the following equation to describe
the force on a particle from an electric field:
⃑⃑⃑
𝐹𝑖 = 𝑧𝑖 𝑒𝑜 ∇ϕ
𝐽𝑖 = 𝑧𝑖 𝑒𝑜 𝑁𝑖 = −𝐷𝑖 ∇𝑐𝑖 +

(𝐸𝑞 2.23)
𝐷𝑖 𝑧𝑖2 𝑒𝑜2
𝑐 ∇ϕ
𝑘𝐵 𝑇 𝑖

(𝐸𝑞 2.24)
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With 𝑧𝑖 being the unit charge of ion i given in the force field, 𝑒𝑜 is the elementary charge,
Voltage

and ∇ϕ is the charge gradient. In a battery, ∇ϕ is 𝐿𝑒𝑛𝑔𝑡ℎ , where length is the separation distance
between electrodes. Conductivity comes from the terms in the second part of Eq 2.24 and is used
to describe charge flux in response to an electric field.
𝜎𝑖𝑠𝑒𝑙𝑓 =

𝑐𝑖 𝑧𝑖2 𝑒𝑜2
𝐷
𝑘𝐵 𝑇 𝑖

(𝐸𝑞 2.25)

The conductivity derived above uses the self-diffusion coefficient of the species and
therefore does not take into account collective ion motion. In dilute ion concentrations, this
approximation is usually sufficient. At non-dilute ion concentrations, charged species cluster
together and some of these clusters are electrically neutral. A neutral cluster can still undergo
mutual diffusion but its neutral charge means that it does not contribute to conduction. In
literature, this is typically corrected by incorporating collective motion using the Green-Kubo
relation of charge density fluctuations and the Nernst-Einstein relation,
𝜎𝑐𝑜𝑙𝑙 =

𝑁𝑒0 2
𝐷
𝑉𝑘𝐵 𝑇 𝑐ℎ𝑎𝑟𝑔𝑒

𝐷𝑐ℎ𝑎𝑟𝑔𝑒 = 𝑙𝑜𝑔∆𝑡→∞

〈𝑥⃑(∆𝑡)2 〉
2𝑑∆𝑡

(𝐸𝑞 2.26)

(𝐸𝑞 2.27)

𝑁𝑡𝑖𝑚𝑒 𝑁𝑖𝑜𝑛 𝑁𝑖𝑜𝑛
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𝑥𝑘 𝑗 )) (𝐸𝑞 2.27)
𝑖 𝑗 + ∆𝑡) − ⃑⃑⃑⃑(𝑡
𝑘 𝑗 + ∆𝑡) − ⃑⃑⃑⃑⃑(𝑡
𝑁𝑖𝑜𝑛 𝑁𝑡𝑖𝑚𝑒
𝑗

𝑘

𝑖

This time, 〈𝑥⃑(∆𝑡)2 〉 represents charge mean squared displacement. When conductivity is
calculated from Eq 2.26, the contribution of collective motion can be determined by calculating
the relative ratio of the two, called the f-value.
𝑓=

𝜎𝑐𝑜𝑙𝑙
𝜎𝑠𝑒𝑙𝑓

(𝐸𝑞 2.28)
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The f-factor indicates how correlated charge motion is to ion motion and is the inverse of
the Haven ratio66. In the case where the ions are dilute, and therefore have no correlated motion,
charge diffusion equals ion diffusion and thus results in a unity f-factor.
When the system is not dilute, and the ions have correlated motion, two main scenarios
can unfold. In the typical case when ion concentration is not dilute, a varying percentage of ions
form contact pairs or other ionic states and travel as neutral species. Because the ions are
traveling together, their motion doesn’t contribute to charge diffusion and thus their correlated
motion reduces the f-factor to below unity. This kind of behavior is seen in PEO salt systems,
where the f-factor is on the order of 0.1 or smaller32.
The other non-dilute case is when the ions’ correlated motion improves charge diffusion,
resulting in an f-factor above unity. When the f-factor is above unity, the system is considered to
be superionicly conductive. There are many examples of amorphous vitreous electrolytes that
exhibit superionic conductivity with f-factors ranging from 1.3 to 3.967. It was only recently
indicated that elastomeric electrolytes could also display superionically conductive behavior
through the use of ion aggregates.42

Polymer relaxation
The nature of ion conduction in amorphous polymer electrolytes, where ions conduct
through a polymer host matrix, leads to a coupling between ion conduction and polymer
dynamics. This was inferred back in the section discussion ion diffusion, which stated that ion
motion is dependent on the rate at which the ion escapes its atomic cage. What wasn’t previously
discussed is that the atomic cage is composed of nearby polymer chains coordinating with the
cation.
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In order to quantify the relation between ion conduction and polymer dynamics, a metric
for polymer dynamics must be specified. An initial approach might be the use of polymer
diffusion to describe dynamics. Polymer chain diffusion incorporates a wide range of dynamic
modes of motion, such as bond fluctuations and chain rotation, but not all of these modes may be
directly relevant to the atomic cage. In other words, the entire polymer chain does not need to
diffuse in order for the cation to escape from its atomic cage. Only a subsection of the polymer,
which makes up the atomic cage, needs to move some short distance to provide an opening for
the cation. With this in mind, it is possible to narrow down the lengths and time scales which are
relevant to ion dynamics by calculating the polymer’s self-motion intermediate scattering
function. This calculation has the added benefit of being experimentally measured with neutron
scattering experiments.
The self-motion intermediate scattering function is a spatial correlation function which
relates an atom’s position with itself over a change in time. It is derived from the space-Fourier
transform of the van Hove Function 𝐺(𝑟, 𝑡) for an isotropic system.
𝑁

𝑁

1
𝐺(𝑟, 𝑡) = 〈∑ ∑ 𝛿[𝑟 + 𝑟𝑗 (0) − 𝑟𝑘 (𝑡)] 〉
𝑁

(𝐸𝑞 2.29)

𝑘=1 𝑗=1

𝐼(𝑄, 𝑡) = ∫ 𝐺(𝑟, 𝑡)𝑒 (𝑖𝑄𝑟⃗) 𝑑𝑉

(𝐸𝑞 2.30)

Here Q represents the momentum transfer and is related to a spatial distance 𝑟′:
𝑄=

2𝜋
𝑟′

(𝐸𝑞 2.31)

It was shown by van Hove that the intermediate scattering function can be written as:
𝑁

𝑁

𝑘

𝑗

1
𝐼(𝑄, 𝑡) = ∑ ∑〈𝑒 𝑖𝑄(𝑟𝑗(𝑡)−𝑟𝑘 (0) 〉
𝑁

(𝐸𝑞 2.32)
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To get the self-motion intermediate, the double sum is reduced down to the terms when
k=j. In order to simplify the calculation, Euler’s formula is used along with a few trigonometric
identities to arrive at:
𝑁

1
sin(𝑄∆𝑟(𝑡))
〉
𝐼𝑠𝑒𝑙𝑓 (𝑄, 𝑡) = 〈 ∑
𝑁
𝑄∆𝑟(𝑡)

(𝐸𝑞 2.33)

𝑘

To understand Eq 2.33, consider an atom which undergoes some random motion
positioned in the center of a sphere of radius 𝑟′ at t=0. As time increases and the atom moves
further away from the center, the probability of finding the atom within the sphere decreases. This
causes 𝐼𝑠𝑒𝑙𝑓 (𝑄, 𝑡) to decay from unity towards zero. The rate of decay is therefore related to the
length scale of interest and the dynamics of the observed species.
By setting the atom of interest to be an atom on the polymer backbone and the length
scale to be close to the length scale of the atomic cage around the cation, the rate of decay is then
associated with the time it takes for the atomic cage to undergo a change in its configuration. This
is important, as the rate of a cation to leave its atomic cage is dependent on the rate at which the
cage changes configurations. In other words, a cation can’t leave the atomic cage unless the
atomic cage changes configurations to allow for the cation to leave.
By fitting the decay curve to a Kohlrausch-Williams-Watts function, a relaxation time for
the polymer can be determined.
𝐾(𝑄, 𝑡) = 𝑒𝑥𝑝 [− (

𝑡 𝛽(𝑄)
)
]
𝜏(𝑄)

(𝐸𝑞 2.34)

The Kohlrausch-Williams-Watts function can interpreted as a single process which
causes a decay in 𝐼𝑠𝑒𝑙𝑓 (𝑄, 𝑡). This process has a distribution of relaxation times reflected in the 𝛽
term. A 𝛽 of unity indicates no distribution while values approaching zero indicates a wider
distribution of relaxation times. The relaxation time 𝜏 and the stretching exponent 𝛽 are Q
dependent. This is evident when considering Q controls the length scale of the process under
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investigation. This means Q must be chosen to investigate the appropriate length scale. In this
work, Q=0.75Å-1 which corresponds to a length scale of 8.4Å. This length scale corresponds to
approximately the diameter of the atomic cage, as well as a Q that experimental data is
available for comparison.
Often times, there are multiple processes occurring within a given length scale. Vibration
and segmental motion is an example of overlapping processes. If the two processes within a given
length scale occur at separate time scales, then a single Kohlrausch-Williams-Watts function will
not fit the decay curve. In the case of overlapping processes, the product of two functions can be
used to fit the decay curve.
𝐼𝑠𝑒𝑙𝑓 (𝑄, 𝑡) = 𝐾𝑣𝑖𝑏 𝐾𝑠𝑒𝑔
Data Q=0.75
Fit Q=0.75

1
0.8
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(𝐸𝑞 2.35)
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Figure 25. The self intermediate scattering function of hydrogen along the poly(ethylene-oxide) spacer,
exhibiting two separate decay processes. One attributed to vibration, the other attributed to segmental motion.
Data from simulation of PEO600-100%Na.

In the case of the United Atom model, hydrogen was reinserted using a previously
published method68. Specifically, hydrogens were reinserted on the carbon atoms along the
polyethylene backbone at fixed distances and angles. This reinsertion means that the vibration of
hydrogen are not accurately captured in the decay of 𝐼𝑠𝑒𝑙𝑓 (𝑄, 𝑡). The vibration component that is
captured is the vibration of the carbon atom attached to the hydrogen and would be outside the
range of most experimental techniques, except for neutron scattering. The second component is
the segmental motion time of the polymer and the 𝜏 from this process represents the polymer
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relaxation time. This is analogous to the α process seen in dielectric relaxation spectroscopy
experiments.69 The main difference is the length scale of interest explored is directly controlled
by Q, with dielectric relaxation spectroscopy does not directly control the length scale.

Ion aggregate relaxation
The presents of ion aggregation at non dilute ion concentrations leads to questions
concerning the dynamics of ion aggregates and its relation to ion conduction. One metric that can
be used is the persistence, also called lifetime, of an ion aggregate. To understand this metric,
consider an arbitrary ion aggregate like the one depicted in figure 26. As mentioned in Chapter 2,
an ion aggregate is composed of an interconnected network of coordinated oppositely charged
ions. The coordination of these ions is represented as a pseudo-ionic bond which acts as a path
between interconnected ions within an aggregate. As time evolves and thermal fluctuations cause
the ions to undergo Brownian motion, the distance between previously coordinate cations may
increase beyond the coordination distance. When the distance between previously coordinated
ions exceeds the coordination distance, the pseudo-ionic bond is no longer present and the ions
are no longer considered coordinated.

Figure 26. An aggregate undergoing a change in conformation, resulting in the decay of the original
number of ionic bonds. The two right side cations each shift one position to the right.
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The breaking of the pseudo-ionic bonds of an ion aggregate can be used to quantify ion
aggregate relaxation. To do this, first determine the number of pseudo-ionic bonds present at time
zero. Each of these bonds is given a unique id and contains the information of the cation and
anion the bond is between. For each subsequent snapshot of the trajectory, determine the number
of bonds still present from time zero. A plot of the fraction of remaining bonds vs time represents
a decay curve similar to polymer relaxation and can be fit with a Kohlrausch-Williams-Watts
function, as shown in figure 27.

Data

1
Ionic bond decay

Fit

0.8
0.6
0.4
0.2
0
1.E-03

1.E-01

1.E+01

1.E+03

time (ns)
Figure 27. Ionic bond decay vs time, fit to a Kohlrausch-Williams-Watts function to extract relaxation
time.

A limitation of this kind of analysis should be addressed, namely box size effects. If the
trajectory is in periodic space, then the decay of the aggregate relaxation can level off to a nonzero value at infinite time. This was mentioned in previous work by Dr. Liu70, and is caused by
the limited space that a cation-anion pair can explore in periodic space. What this means is that
periodic space imposes a max distance that a cation and anion can be from each other based on
the box size. Over time, the cation-anion pair designated at time zero has a higher than normal
chance of coordinating again. As the box size goes to infinity, the probability of the bond
reforming goes to zero.
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The box size effect, and therefore the non-zero leveling off of the decay curve, can be
completely removed through a clever trick. The trick involves taking advantage of the difference
between wrapped and unwrapped trajectories in periodic space and using both in parallel. When
constructing the aggregate at time zero, wrapped periodic space is used to determine which mirror
of the atom in periodic space is assigned to the aggregate. Then, the ions assigned to the
aggregate are incremented through time tracing the unwrapped trajectory of the ion. This allows
the ion aggregate diffuse apart from itself while not being contained to the dimensions of the
simulation, thus emulating an infinite volume.

Method for stress-strain measurements
A set of elongation simulations were performed to investigate the impact of ion
concentration on the mechanical properties of ionomers. To do this, a restart file from an already
equilibrated simulation in the NVT ensemble was used as a starting point. The configuration was
then replicated to double the box dimensions, from 50Å to 100Å, and a 120ps simulation in the
NPT ensemble was performed to relax the internal stresses from the replication process. The
simulation was then deformed in the x-axis direction at a constant strain rate while the NPT
ensemble was used to maintain atmospheric pressure in the y and z direction. The pressure in
each direction was calculated every timestep. The average over 1000 timesteps (4ps) was output
for strain rates of 108 and 109, and over 100 timesteps (0.4ps) for strain rates of 1010. This process
was done in order to smooth the data while retaining resolution, as the pressure which is output
from the default thermodynamic function is the instantaneous pressure and has large fluctuations.
Each ionomer was elongated at strain rates of 108, 109, and 1010 sec-1 at temperatures of 343K,
373K, 398K, and 423K. The Young’s modulus for each simulation was calculated from the initial
slope of the stress-strain curve.
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Chapter 3
Impact of Sulfonation on Dynamics and Structure
This chapter investigates the impact of ion content on single ion conductors by
modulating the degree of sulfonation. The goal is to provide insight into the role ion aggregates
play in ion conduction by comparing systems which have various extents of ion aggregation.
Simulations were performed at four temperatures allowing for a wider investigation into the
mechanisms involved. Varying degrees of sulfonation from 25% to 100% causes a large change
in ion aggregation, significantly reducing the fraction of mobile free ions. The reduction in
mobile free ions has little impact to the overall ionic conduction in the system, indicating ions
that participate in ion aggregation contribute to conductivity. Further analysis reveals that ion
aggregates provide a mechanism for ion transport which is partially decoupled from polymer
dynamics. A novel approach to categorize the transport mechanisms is used to quantify the
contribution of ion aggregation.

System details
The ionomer studied in this chapter was shown previously in figure 9. Each polymer
chain is composed of 4 isophthalate groups and 4 poly(ethylene-oxide) spacers in alternating
order. The poly(ethylene-oxide) spacers have 13 repeat units and chain ends are methyl
terminated. Ion concentration was controlled by varying the fraction of isophthalate sulfonation,
chosen randomly between all isophthalate groups along all chains. The sulfonate groups are
neutralized by a sodium cation. Each simulation contains 27 polymer chains and are contained in
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an approximately 49Å cubic box. The exact dimensions are determined through a volume
equilibration routine discussed in Chapter 2. Table 1 provides a list of all systems model in this
chapter.

Table 1. List of ionomers studied in chapter 3.

Name
PEO600-25%Na
PEO600-31%Na
PEO600-38%Na
PEO600-44%Na
PEO600-50%Na
PEO600-56%Na
PEO600-63%Na
PEO600-69%Na
PEO600-75%Na
PEO600-83%Na
PEO600-92%Na
PEO600-100%Na

PEO Spacer (n)
13
13
13
13
13
13
13
13
13
13
13
13

%Na (y)
25
31.25
37.5
43.75
50
56.25
62.5
68.75
75
83
92
100

# cations
27
34
41
47
54
61
68
74
81
90
99
108

ion content (Na:EO)
0.019
0.024
0.029
0.033
0.038
0.043
0.048
0.053
0.058
0.064
0.071
0.077

Dynamics
The relations between various properties and their impacts on ion conduction are
unfortunately difficult to untangle. In polymer/salt electrolytes, the balance between increasing
charge carriers and increased ion association results in an optimal salt concentration for
conduction71. Ion association isn’t the only limiting factor, as increasing salt concentration slows
down polymer dynamics and therefore any conduction mechanism that relies on polymer motion.
These qualitative interpretations leave room for a more quantitative study on the dynamics of
single ion conductors and the underlying mechanisms involved. More specifically, it is not fully
understood what role ion aggregation plays when one of the ionic species is immobile.
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Ion conduction
Ion conduction is calculated with two approaches. The first uses the Nernst Einstein
equation and the ion self-diffusion coefficients. A loose derivation is presented in Chapter 2.
𝜎𝑠𝑒𝑙𝑓

𝑐𝑖 𝑧𝑖2 𝑒𝑜2
=
𝐷
𝑘𝐵 𝑇 𝑠𝑒𝑙𝑓

(𝐸𝑞 3.1)

The self-motion conduction term uses the average of the cation and anion diffusion
coefficient, 𝐷𝑠𝑒𝑙𝑓 , and assumes their motion is uncorrelated. The total concentration of ions is 𝑐𝑖 ,
with 𝑧𝑖 representing the unit charge of the ions and is multiplied by 𝑒𝑜 , the elementary charge of
an electron. Finally 𝑘𝐵 is the Boltzmann constant and T is the temperature. The second method of
calculating ion conduction uses the Green-Kubo relation of charge density fluctuations.
𝜎𝑐𝑜𝑙𝑙 =

𝑁𝑒0 2
𝐷
𝑉𝑘𝐵 𝑇 𝑐ℎ𝑎𝑟𝑔𝑒

𝐷𝑐ℎ𝑎𝑟𝑔𝑒 = 𝑙𝑜𝑔∆𝑡→∞

〈𝑥⃑(∆𝑡)2 〉
2𝑑∆𝑡

(𝐸𝑞 3.2)

(𝐸𝑞 3.3)

𝑁𝑖𝑜𝑛 𝑁𝑖𝑜𝑛

2〉

〈𝑥⃑(∆𝑡)

1
=
∑ ∑ 𝑧𝑖 𝑧𝑘 (𝑥
⃑⃑⃑⃑(∆𝑡)
∙ ⃑⃑⃑⃑⃑(∆𝑡))
𝑥𝑘
𝑖
𝑁𝑖𝑜𝑛
𝑘

(𝐸𝑞 3.4)

𝑖

The main difference between the two methods is that the second method incorporates
collective motion of charged species, shown in the 〈𝑥⃑(∆𝑡)2 〉 term. Of the available experimental
data, figure 28 shows the two methods are able to reproduce temperature and ion content
dependence.
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Figure 28. Comparison of the conductivity from available experimental data to the two methods used
to calculate conductivity from molecular dynamic simulations. a) PEO600-50%Na b) PEO600-100%Na69

On closer inspection of the conductivity data at 423K, presented in figure 29, a number of
features warrant further discussion. First, the two methods do not result in statistically significant
differences in the measured conductivity. Second, the error bars on the conductivity calculation
from the collective motion equation are significantly larger than the self-motion calculation.
Finally, the trend of conductivity vs ion content is either slightly positive, or flat, depending on
the temperature.
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Figure 29. A Linear-Linear plot of conductivity measured from simulations. The error bars are for the
collective data set. The error bars of the self-conductivity calculation are similar to the size of the data points.

The first two points can be addressed simultaneously by investigating the root cause of
the large fluctuations in the collective conductivity measurement. From Eq. 2.27, the double sum
of the i and j dot product can be separated into five different categories, depending on the exact
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identity of atom i and atom j. When atom i=j and is a cation, this term represents cation selfdiffusion, likewise for anion self-diffusion. When i≠j, then the term involves the correlated
motion of three different pairs of cross interactions, cation-cation, anion-anion, and cation-anion
collective motion. Figure 30 shows the contribution of each category, for a single sample, though

Charge MSD (Å2)

other samples show similar behavior.
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Figure 30. A breakdown of the contributions to charge motion. a) The collective is the sum of Na self, S
self, and Cross. b) The cross term is composed of Na-Na, S-S, and Na-S terms. Data from PEO600-69%Na at
398K.

The contribution from interactions involving anions, either anion self-motion, anionanion collective motion, or anion-cation collective motion, are minor compared to the cation selfmotion and cation-cation collective motion. This kind of behavior is reasonable, when
considering the anion is chemically bound to the polymer and is significantly restricted in its
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mobility. The minor contribution of cation-anion collective motion is of note, indicating that
conduction isn’t significantly impacted by the collective diffusion of neutrally charged
aggregates. In Figure 30b, the Cross term is decomposed into Na-Na, S-S, and Na-S components.
The total of the cross term closely follows the Na-Na component. The fluctuations of Na-Na,
varying from slightly positive before 75ns, to negative from 75ns to 375ns, and back to positive
after 375ns means that the large error bars shown in Figure 29 are a result of the Na-Na term.
The large fluctuations between constructive and destructive collective cation motion
could be a result of two factors. The first is the limited size of the system and the duration of the
simulation does not afford sufficient statistics to accurately capture cation-cation collective
motion. It is possible that if similar analysis were done on a larger simulation, the fluctuations
would average out and trend toward zero. This would cause Eq 3.2 to reproduce Eq 3.1, as the
collective contribution goes to zero. The second possibility is that an isotropic simulation in finite
periodic space is unable to accurately capture the collective motion of atoms of identical species.
This presents a difficult but possibly interesting set of future investigations and is discussed in
Chapter 6.
For now, the similarity between the results of the two methods of calculating conductivity
means that our investigation should focus on the self-diffusive method which has the better signal
to noise ratio. Focusing on the results from the self-diffusion method brings us back to a flat or
slightly positive trend in conductivity vs ion content. The typical behavior in polymer/salt
systems was discussed in Chapter 2, and indicates that the range of ion content in this study is in
the semi-dilute region and presents an opportunity to investigate the changes which occur as ion
content increases and the role of aggregation on the ion transport mechanism.
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Ion diffusion
The self-diffusion coefficients for the sodium cation and the sulfonate group were
calculated from the long time behavior of their mean-squared displacement. Ion self-diffusion
coefficients describe the rate of mass transport through a medium and are responsible for charge
transport in electrolytes. Figure 31 shows the self-diffusion coefficient of the ionic species as a

Ion Diffusion (cm2 s-1)

function of ion content.
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Figure 31. Linear plot of ion diffusion vs ion content for PEO600-Y%Na at 423K.
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Figure 32. Log plot of ion diffusion vs ion content of PEO600-Y%Na at 423K.

The anionic diffusion coefficient is over an order of magnitude slower than the mobile
cation, indicating the effectiveness of binding the anion to the polymer backbone to reduce
anionic mobility. The large difference in ionic mobility means the electrolyte exhibits a cationic
transference number near unity, given by Eq 1.1. A unity transference number is a desired
property for battery operation which reduces anionic concentration gradients in the electrolyte.
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Both cation and anion diffusion is reduced when ion content is increased, but only by a
factor of 2. This is somewhat expected for concentrations within the semi-dilute region for
reasons elaborated on in the following sections.

Polymer relaxation
Polymer dynamics plays an important role in ion conduction, as well as mechanical
properties. The segmental motion of the polymer is described by the hydrogen self-intermediate
scattering function, discussed in Chapter 2. A two component fit, composed of separate
Kohlrausch-Williams-Watts functions, was used to model the vibration and segmental relaxation
data. An example fit, using PEO600-50%Na at 423K is shown in figure 33. The two separate
decays show that a two component fit is necessary to capture hydrogen self-intermediate
scattering function. The segmental dynamics measured from this data would be comparable to the
α process seen in dielectric relaxation spectroscopy if an appropriate Q value is chosen. The
relaxation times measured are approximately a factor of 10 lower than the reported α process72.
The Q value chosen in this work was selected in order to compare to available Quasi-elastic
Neutron Scatting data.
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Figure 33. Plot of the self-intermediate scattering function of PEO600-100%Na at 423K, fit to the
product of two KWW functions.
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Figure 34. Polymer relaxation rate vs ion content of PEO600-Y%Na at 423K.

Figure 34 shows that the segmental relaxation rate, 1/τseg, has a negative correlation to the
Na:EO ratio. This relationship is a result of two factors and is discussed in work done by Dr.
Sinha73 and Dr. Chen72. As ion content is increased, the fraction of ether oxygen atoms which are
coordinated to sodium ions increases. By coordinating with sodium, the polymer chain forms
weak ionic crosslinks with other polymer chains that coordinates with that cation. The second
factor is the formation of ion aggregates, which limit polymer motion due to the anion bonded
directly to the polymer backbone. When anions from multiple chains participate in an ion
aggregate, these act like stronger ionic crosslinks which correlate the relaxation time of multiple
chains and further reduces relaxation rate.
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Figure 35. Log-Log plot of cation diffusion vs. polymer relaxation rate for PEO600-Y%Na at 423K,
398K, 373K, and 343K.

The correlation between ion diffusion and polymer relaxation rate is directly proportional
for typical polymer salt electrolytes74. The single ion conductors studied in this work follow a
different relation. Figure 35 shows that when temperature is held constant, cation diffusion is
1

1 2

approximately proportional to (𝜏 ) . A partial decoupling of cation diffusion to polymer relaxation
is indicative of a diffusion mechanism separate from polymer motion. The question is then, what
is that mechanism? The remaining component that has yet to be discussed is ion diffusion through
the ion aggregates and is investigated in a following section, but first the environment around the
cation should be investigated.

Structure
The local environment around the sodium ion is described by the radial distribution
function of sodium with respect to other atomic species, shown in figure 36. In the polymer
matrix, sodium is solvated by the valence electrons of the ether oxygens (EO) on the polymer
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backbone and the oxygens on the sulfonated isophthalate (Os). Sodium’s first solvation shell is
clearly seen in the first set of peaks of the Na-EO and Na-O g(r) at 2.7Å. The strong presence of
sulfur at 3.5Å, as well as Na-Os’s second peak at 4.8Å, is due to the geometry of the sulfonate
group and was previously elaborated on by Dr. Lin46.

Figure 36. Radial distribution function of sodium ions to every element in the simulation, for PEO600100%Na at 343K.

The location of the first peak in the Na-C and the Na-Na g(r) indicate a second, loosely
packed solvation shell. The presence of carbon in the second solvation shell comes from the
covalent bonds on the PEO monomer, causing the peak at ~3.7Å. The first peak in the Na-Na
g(r), located at 4.7Å, is 1.5 times above bulk density at for PEO600-100%Na. The Na-Na peak is
represents the equilibrium distance between cations within the chain-like structure of an ion
aggregate.

Ion-polymer coordination
Sodium cations coordinate with ether oxygen atoms on the backbone, solvated by the
partial negative charge. The extent of cation ether oxygen coordination varies with ion content.
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There are fewer ether oxygen atoms freely available to coordinate with the sodium ions as the
Na:EO ratio increases. This change is a monotonically decreasing function, as seen in the inset of
figure 37. The gradual change in the coordination number and the lack of change in the peak
positions indicates that the way sodium ions coordinate with the polymer backbone does not
change as ion content is increased. Though not shown here, the peak positions do not change over
the range of temperatures studied. The coordination number also signifies that ether oxygens are
unable to completely solvate all cations, as previous simulations and powder diffraction results
indicate a solvation shell of approximately six oxygen atoms around sodium75. The reduction of
sodium coordination with ether oxygen means that other oxygen atoms are present in the first
solvation shell. The source of the other oxygen atoms is from the anion, discussed in the next
section.

Figure 37. Na-EO radial distribution function, left axis solid lines. Right axis is the coordination
number, dashed lines. Inset is the coordination number at 3.6Å vs ion content.

Ion-ion coordination
The limited availability of ether oxygens at the higher ion concentrations means that
sodium coordinates with other oxygen atoms in order to maintain an energetically favorable
solvation shell. The remaining oxygens which make up the solvation shell come from the anionic
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sulfonate group. Figure 38 shows that the types of coordinations between the sodium ion and the
sulfonate oxygens do not vary with ion content, only the extent at which coordination occurs
relative to the bulk density.

Figure 38. Sodium - Sulfonate oxygen radial distribution function of PEO600-y%Na at 423K.

Figure 39. Sodium - Oxygen coordination number vs ion content for PEO600-y%Na at 423K.
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Comparing the sources of oxygen in which sodium coordinates with highlights the
consistency of the first solvation shell to maintain approximately 6 oxygens, regardless of ion
concentration. Figure 39 shows that there is an equal tradeoff between ether oxygens and
sulfonate oxygens as ion content increases. As temperature is lowered, the total number of
oxygen atoms in the first solvation shell increases from 6 to 7.
The analysis for oxygens on the sulfonate group presents a challenge for classifying ion
aggregation. The proximity of the two peaks in figure 38 makes it challenging for designating a
cutoff distance for determining if two ions are coordinated. This challenge can be overcome by
selecting the sulfur atom as the center of the anionic group. This choice was made because of the
shape of the Na-S radial distribution function, shown in figure 40. The local minimum at 5.4Å in
the radial distribution function, as well as the long plateau in the coordination number provides a
clean cutoff distance for determining cation anion association. This cutoff has the added benefit
of being independent of ion concentration and temperature. The inset in figure 40 presents some
initial insight on ion aggregation before starting the next section. Specifically that the Na-S
coordination number monotonically increases with ion content and crosses above unity near an
Na:EO of 0.04. A coordination number above unity indicates the presence of ion aggregates
involving three or more ions.
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Figure 40. Sodium Sulfur radial distribution function, solid lines left axis. Coordination number
dashed lines right axis. Inset is the Na-S coordination number at 5.4Å. All data from PEO600-y%Na at 423K

Ion aggregation
Ion aggregation was assessed by grouping ions together based on shared coordinations.
The method is discussed in Chapter 2. Compared to previous work by Dr. Lin55 and Dr. Lu56,
solvent-separated pairs have been added to the classification of coordination states. Ion
association is classified into six different categories based on the number of ions involved, shown
in figure 41.
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Figure 41. Schematic of the various coordination categories.

The percent of ions in various ion aggregate states as a function of ion content is
presented in figure 42. At the lowest ion content studied, 80% of the ions are either single, in a
solvent-separated pair, or contact pair. The percent of ions in these smaller associated states
steadily decreases as ion content increases. By ~0.04 Na:EO, single ions represent only 2% of all
ions. The lack of single ions at higher ion content is significant because single ions have been
assumed to be the major contributors of ionic conductivity40,76.

Figure 42. Percent of ions in the smaller association states vs ion content for PEO600-y%Na at 423K.
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Figure 43. Percent of ions in the larger association states vs ion content for PEO600-y%Na at 423K.

Over the range of ion content studied, triple and quadruple association states remain
relatively constant. The percent of ions associated with 5+ sized aggregates linearly increases as a
function of ion content and account for the majority of ions at a Na:EO of 0.05. The steady
increase in 5+ aggregates is the result of a decrease in available ether oxygen coordination sites
and an increase in local charge density. As ion content increases, the Gibbs free energy is
minimized by balancing the energy gained from ion coordination and the entropic cost of the
more ordered ion aggregate.

Ion transport mechanism
The transport mechanism for ions in polymer/salt electrolytes involves cations hopping
between available ether oxygen coordination sites either along a polymer backbone or between
polymer chains32. When ion aggregation occurs, groups of ions can undergo mutual diffusion,
resulting in lower conductivity. Ionomers, on the other hand, bind the anion to the polymer
backbone and prevents the mutual diffusion of ionic aggregates. In order to add further
understanding to ionomer systems, three sets of analyses are presented which look at the
applicability of the jump diffusion model, the relation between cation diffusion and aggregate
bond decay rate, and the contribution of ion aggregation to overall ion transport.
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Jump diffusion
Diffusion in dense fluids is described by three regions. The ballistic region is at short
timescales, where a tracer particle moves in a straight line before colliding with its neighbors. The
dense nature of the fluid means that the time between collisions is short, as the neighbors pack
around the tracer particle to form a cage. While the tracer particle is trapped within the cage, the
tracer particle is in the cage region. The transitions from cage confinement to the diffusive region
can occur by two mechanisms. First, the entire atomic cage surrounding the tracer can undergo
mutual translational diffusion. With the tracer atom stuck inside the cage, the tracer atom would
undergo diffusion by proxy. The second mechanism is that thermal fluctuations distort the cage
and eventually provide an escape route that the tracer atom uses to enter an adjacent cage. This
second mechanism, involving cage escape, is called jump diffusion.
It is possible to distinguish between the two mechanisms by calculating the radius of
gyration of the trajectory over a moving window of time longer than a jump event but shorter
than the residence time within a cage. This is explained in more detail in Chapter 2 and was based
on a previously published method on quantifying jump diffusion63. This new method was
developed to be simpler in conceptual design than the previous method and turns out to be more
accurate. As an example, figure 44 shows a sample of the raw data from a single cation. The
peaks in the radius of gyration indicate jump events while the minimums between peaks represent
the cation exploring space inside the atomic cage. The presence of these peaks is the hallmark
sign of jump diffusion, because they would not be present if the atomic cage underwent
translational motion.
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Figure 44. The radius of gyration of the temporal chain of a cation's trajectory.

From the peaks and troughs, distinct cages are identified and the jump length is defined
as the distance between cages. Figure 45 shows the distributions for the highest and lowest ion
content at 343K and 423K. The distributions do not differ significantly as a result of ion content,
indicating the cations are mostly screened from each other. The widening of the distributions at
elevated temperatures is also unsurprising, considering thermal expansion. Figure 46 shows the
distribution of residence times inside cages follows an exponential distribution. This is expected
for random independent events which occur with some fixed probability.
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Figure 45. Distributions of the cage size and jump lengths measured from a) PEO600-25%Na at 343K
b) PEO600-25%Na at 423K c) PEO600-100%Na at 343K and d) PEO600-100%Na at 423K.

Distribution

1.E+00
PEO600-100%Na at 423K

1.E-01
1.E-02
1.E-03
1.E-04
1.E-05
0

5

10

15

20

25

30

35

Residence time (ns)

Figure 46. Distribution of cation residence times for PEO600-100%Na at 423K.

If the jump length is relatively unaffected by ion content, then the only way cation
diffusion to decrease is a reduction in the jump rate. Figure 47 shows that the jump rate does
indeed decrease as a function of ion content.
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Figure 47. Jump rate vs ion content measured for PEO600-y%Na at 343K.

The parameters from the jump diffusion model can be used to calculate the diffusion
coefficient as follows,
𝐷𝑠𝑒𝑙𝑓 =

𝐿2
2𝑑𝜏

(𝐸𝑞 3.5)

d is the dimension, in this case 3, L is the average jump length, and 𝜏 is the average
residence time in the cage which is equivalent to the average time between jump events. Using
the values in table 6 of Appendix B, the diffusion coefficients are plotted in figure 48.
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Figure 48. Comparison between diffusion coefficients from the long time behavior of the mean squared
displacement, to the diffusion coefficiences from the jump diffusion model.
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The diffusion coefficients from the jump diffusion model are in good agreement with the
diffusion coefficients from the long time behavior of the mean squared displacement vs time
analysis, supporting the hypothesis that jump diffusion is a key component in the transport
mechanism. The only outlier seems to be 343K, but even then the jump diffusion model is
consistently overestimating the diffusion coefficient. This deviation could be an issue of poor
statistics at low temperature, or indicating that jump diffusion is only applicable at high
temperatures.
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Figure 49. Log of Jump Rate vs 1000/T for PEO600-25%Na (Top), and PEO600-100%Na (Bottom).

With the data available, activation energies can be estimated. Figure 49 shows two
example fits for extracting activation energy. Figure 50 shows activation energies as a function of
ion content. There is negligible change, outside the noise of the measurements to ascertain a trend
in activation energy.
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Figure 50. Jump Rate Activation Energy as a function of ion content for the PEO600-y%Na
simulations.

Ion aggregate relaxation
The dynamics of ion aggregates are described by the ion aggregate disassociation time.
The ions which comprise the aggregate undergo Brownian motion due to thermal fluctuations and
deviations in the local charge density. The differences between cation and anion diffusion
coefficients results in a characteristic lifetime for the pseudo-ionic bonds between counter ions.
Fitting the decay of the pseudo-ionic bonds to a Kohlrausch-Williams-Watts function,
shown in figure 51, provides a characteristic time for ion aggregate relaxation. The relaxation rate
of these pseudo-ionic bonds decreases with increasing ion content, figure 52.
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Figure 51. Ionic bond decay vs time for PEO600-100%Na at 423K, fit to a KWW equation.
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Figure 52. Ionic bond decay rate vs ion content at 423K.The solid line indicates a trend.

The importance of ionic bond relaxation rate is evident when related to cation diffusion.
Figure 53 shows that the relaxation rate of ion aggregates is directly proportional to cation
diffusion, across all temperatures and ion concentrations. This correlation indicates the main
component of the jump diffusion mechanism involves the breaking and reforming of pseudo-ionic
bonds. Such a mechanism explains the partial decoupling between ion diffusion and polymer
dynamics and can be investigated further by directly examining the cation coordination state over
the course of the trajectory and is discussed in the next section.
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Figure 53. Log-Log plot of the cation diffusion coefficient vs aggregate relaxation time, using data fro
423K, 398K, 373K, and 343K of PEO600-y%Na.
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Free ions vs coordinated
The combined effects of increased ion aggregation and slower polymer dynamics present
a question concerning the relationship between cation diffusion and polymer relaxation. More
1 0.5
𝜏

specifically, is transport involving ion aggregates responsible for Dcation ∝ ( )

discussed

previously. In this section, we use a technique discussed in Chapter 2 to separate out three
different modes of transport, presented in figure 54.

Figure 54. An enlarged view of the three ion transport mechanisms proposed.

The first mode of transport is the typically described ‘free’ ion motion, involving a cation
moving through poly(ethylene oxide) without coordination with an anion. Therefore this
mechanism would be directly coupled to the relaxation of the polymer chain. The second
mechanism involves ion motion where cations move from one anion association directly to
another without becoming a ‘free’ ion. This mechanism can be thought of as moving through or
along the outside of an aggregate and would not have the same dependence on polymer relaxation
as the ‘free’ mechanism. The third mechanism is the transition between the first and second
mechanism, where a ‘free’ cation coordinates with an anion or vis versa where a cation that is
coordinated with an anion breaks its coordination and becomes a ‘free’ cation. It is expected that
the dependence on polymer relaxation for this mechanism would be similar to the ‘free’ cation
mechanism.
By breaking the mechanisms into these three parts, the contribution from each
mechanism to overall ion transport can be quantified. This is shown in figure 55. At low ion
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content, ‘free’ cations contributes 40% of the overall transport. As ion content increases, resulting
in increased ion aggregation and slower polymer dynamics, there is a crossover where transport
involving ion aggregation becomes the major contributor. At the highest ion content, ion
aggregation involves 80% of the overall ion transport. The gradual change in the contribution of
each mechanism explains the overall partial decoupling of polymer and cation motion described
1 0.5

Faction of Ion Transport

by the Dcation ∝ (𝜏 )
1.00

dependence.
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Figure 55. Fraction of total ion transport vs ion content from the three mechanisms at 423K for
PEO600-y%Na.

A discussion on the relatively constant contribution of mechanism 3, the transition
between ‘free’ and coordinated states, is discussed in Chapter 4. The higher ion content
simulations provide the necessary information for proper analysis.

Conclusions
We have shown in this chapter that ion content has a significant impact on the structure
and underlying dynamics in single ion conducting polymer electrolytes. When ion content is
increased, the solvation shell around sodium is supplemented by oxygens from the anionic
sulfonate in order to compensate for the lack of available ether oxygens. This behavior results in
the formation of ion aggregates composed of mobile cations and relatively immobile anions.
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Because the anions are immobile, collective diffusion of the entire aggregate does not occur. This
is divergent from polymer/salt systems, where both ions are mobile and collective diffusion of
aggregates hinders conduction. In ionomers, the anions act as jump sites for cation diffusion and
at high enough ion content the formation of aggregates provides an alternative transport
mechanism. The transition from the ‘free’ ion transport mechanism to the anionic jump site
mechanism results in an overall transport mechanism which is proportional to (𝜏

1
𝑝𝑜𝑙𝑦

0.5

)

, the

polymer relaxation time. The next step is to investigate even higher ion content to increase the
use of ion aggregates in the transport mechanism.
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Chapter 4
Percolation in High Ion Content Systems
This chapter investigates percolation of ion aggregates in high ion content ionomers. Ion
concentration was increased by reducing the poly(ethylene-oxide) spacers between isophthalate
groups. The goal is to identify the ion concentration threshold necessary for percolation to occur,
called the percolation threshold, and to analyze the effect percolation has on ion dynamics.
Simulations were performed at three different temperatures, 373K, 398K, and 423K in order to
provide information on the effect of temperature on the percolation threshold. Using percolation
theory, a description for the ion aggregation distribution is developed and discussed. Analysis on
the ion transport mechanism shows that diffusion through ion aggregates accounts for 78% of ion
motion above the percolation threshold, and is partially decoupled from polymer dynamics.

System details
The ionomer studied in this chapter was previously shown in figure 9. Each polymer
chain is composed of 4 isophthalate groups and 4 poly(ethylene-oxide) spacers in alternating
order. Sulfonate groups, with corresponding counter sodium cations, are placed on all
isophthalate groups. Ion concentration was controlled by varying the number of monomers units
in poly(ethylene-oxide) spacers, ranging from 13 to 3 repeat unites. The chain ends are methyl
terminated. Each simulation contains 27 to 64 polymer chains, chosen based on an approximation
of polymer density in order to set the dimensions of the simulation to a 49Å cubic box. The exact
dimensions are determined through a volume equilibration routine discussed in chapter 2. Table 2
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provides a list of all systems model in this chapter. Where appropriate, data from the previous
chapter is also incorporated.

Table 2. List of ion polymer systems studied in Chapter 4.

Name
PEO600-100%Na
PEO500-100%Na
PEO400-100%Na
PEO300-100%Na
PEO200-100%Na
PEO150-100%Na
PEO100-100%Na

PEO Spacer (n)
13
11
9
7
5
4
3

%Na (y)
100
100
100
100
100
100
100

# cations
108
128
144
176
216
256

288

ion content (Na:EO)
0.077
0.091
0.111
0.143
0.200
0.250
0.333

Characterization of ion aggregation
Before discussing percolation theory and its relation to ion aggregation, a discussion on
the structure and configuration of aggregates would be beneficial. The previous work done by Dr.
Lin42 and Dr. Lu56 describes ion aggregates as linear chain-like structures of alternating positive
and negative charges. This size distribution is characteristic of worm-like micelles at those
concentrations, which an occasional branching structure described as ‘dust.’ This description can
be elaborated on and quantified by treating the aggregates as graph structures. A more detailed
description of what this entails is given in chapter 2.
To briefly summarize, a graph is a type of structure composed of nodes and path vectors.
The path vectors connect the nodes to each other, forming a network. In the case of ion
aggregates, the ions are represented by the nodes while the distance vectors between coordinated
counter ions are the paths. This allows for the definition of a backbone, with any path deviating
off the backbone defined as a branch.
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Figure 56. Left side, a backbone aggregate structure with all the branches hidden. Right side, the same
backbone aggregate structure but with the branches displayed. Snapshot from PEO150-100%Na at 423K.

An example of an aggregate backbone with branching structures is shown in figure 56.
The structure of this aggregate displays self-similar behavior, akin to fractal L-systems. That is to
say, a branch coming off the main backbone could be long enough to result in further branching.
As ion content increases, so does the probability of larger aggregates and therefore the occurrence
of branches.
The overall probability of a branch at a given ion content can be calculated with the
following,
𝑁

1
𝑛𝑏
𝑃𝑏𝑟𝑎𝑛𝑐ℎ (𝜙) = ∑
𝑁
𝑠𝑖

(𝐸𝑞 4.1)

𝑖=1

For a given ion content 𝜙, the branch probability is the total number of branches 𝑛𝑏 per
total number of backbone ions s, in aggregates of size i. The branch probability as a function of
ion content is plotted in figure 57. As ion content increases, the branch probability linearly
increases before leveling off at approximately 0.8, indicating a saturation of branches and the
possibility of the formation of percolated aggregates.

Branch Probability
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Figure 57. Branch probability vs ion content of PEOn-y%Na at 423K.

Eq 4.1 describes the overall probability of branching in a system, but what was glossed
over is that the branch probability is size dependent. Figure 58 shows the branch probability as a
function of aggregate size. The key point here, is that the branch probability of aggregates below
some characteristic size Sξ show the same logarithmic growth regardless of ion concentration.
This indicates that the kinds of configurations the aggregates below Sξ are concentration
independent.

Figure 58. Branch probability vs aggregate size for PEOn-y%Na at 423K.
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The percolation threshold
Percolation is defined by the presence of an interconnected network that provides an
unbroken path between opposite edges of space. The network that provides the path can be empty
space, such as when water percolates through a filter, or an interconnected network of objects,
like carbon nano-tubes providing a path for electric conduction. There are analytical models
which accurately describe percolation for simple discreet lattices, but the complexity of
continuum systems means that computer simulations are generally required.
In the context of this work, ion aggregation has been described as an avenue for ion
transport which is partially decoupled from polymer dynamics. It is therefore beneficial to study
the percolation of these ion aggregate networks and analyze their effect on ion transport.
As discussed in Chapter 2 an ion aggregate is classified as percolating if its size is
infinite. That is to say that the aggregate recursively connects onto itself through periodic space,
figure 59. With this as a definition, the dynamics and size of the system should be discussed
before covering the results.

Figure 59. A percolated ion aggregate structure found in PEO200-100%Na at 423K.
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In infinite space, the onset of percolation at the critical concentration is a step function.
Meaning that the system is either below the percolation threshold and therefore not percolating
with a percolation probability of zero, or the system is above the percolation threshold and has a
percolation probability of 1. The step function becomes a sigmoid function at finite size, with the
sigmoid function stretching as the size of the system is reduced. Qualitatively this is
understandable by considering very small systems. Configurations which produce percolation
have a higher probability of occurring in small systems because the total number of
configurations is smaller when compared to larger systems. This means that for finite systems just
below the percolation threshold, there is a nonzero but below unity chance of percolation to be
observed.
Therefore it is possible to calculate the probability of percolation to occur by calculating
the fraction of frames in the trajectory which display percolation. The binary nature of the
measurement means that a plot of percolation over time would be uninformative, as the data
would either have a value of 1 indicating percolation or 0 indicating lack of percolation.
Taking the overall average as the percolation probability, figure 60 shows that a sigmoid
does indeed reproduce the shape of the data centered at an Na:EO ratio of 0.24 for 423K. This
corresponds to an ion volume fraction of 0.084 and a PEO space length of ~180g/mol.
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Figure 60. Percolation probability vs ion content for PEOn-100%Na at 373K, 398K, and 423K.
Sigmoid function are fit to the data.

Performing the same analysis on 398K and 373K systems shows that the percolation
threshold shifts to high ion content. This is reasonable and is due to the static dielectric constant
increasing as temperature is reduced. In other words, the ability for poly(ethylene-oxide) to
solvate ions decreases at higher temperatures due to increased entropy. By reducing ion solvation
of the polymer host matrix, ion aggregation is increased and a lower ion concentration is required
in order to induce percolation.

Ion aggregation using percolation theory
A benefit of using percolation theory is that it provides a framework for describing
clustering, even away from the percolation threshold. This has allowed for the development of a
single equation which reasonably describes the ion aggregate distribution across a range of ion
content below the percolation threshold and at the three temperatures studied in this work. It
should be said that this approach is general and relies on relatively accurate set of distributions for
ion aggregate sizes. It was mentioned in previous work that the atomics stimulations are lacking
in statistical accuracy when compared to coarse grain simulations56. This is a valid concern, as the
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individual plots of ion aggregate size distributions are comparatively noisy. This is made up for
the fact that the noise of a single simulation is random and should therefore be effectively
averaged out when performing the compound analysis across a wide range of ion content. The
second concern is box size effects, which also indicates the current atomistic simulations are
slightly smaller than required for describing the tail end of the ion aggregate size distribution.
With that being said, the following analysis should be taken as a qualitative assessment of
applying percolation theory to describe the ion aggregate size distribution. For a more
quantitative analysis, it is suggested to increase the volume of the simulation by a factor of eight.
To start off, percolation theory uses a term called the cluster number distribution, 𝑛𝑠 (𝑝),
which describes the number of clusters of size s per some unit of volume. Here p represents the
volume fraction of the clustering monomers, which can also be thought of as the probability of an
arbitrary unit of volume containing a monomer. For this analysis, the unit of volume is selected to
be the volume of a single ion with radius of 1.75Å, half the average distance between coordinated
ions. The cluster number then is related to the aggregate size distribution, 𝑤𝑠 (𝑝), as follows,

𝑤𝑠 (𝑝) =

𝑠𝑛𝑠 (𝑝)
𝑝

(𝐸𝑞 4.2)

Following this description, the cluster number distribution 𝑛𝑠 (𝑝) for an arbitrary system
follows a universal scaling form.
𝑛𝑠 (𝑝) = 𝑞0 𝑠 −𝜏 𝑓[𝑞1 (𝑝 − 𝑝𝑐 )𝑠 𝜎 ]

𝑓𝑜𝑟 𝑝 < 𝑝𝑐

(𝐸𝑞 4.3)

The important of this form is that 𝜏 and 𝜎 are universal constants that only depend on the
dimension of the system. For 3D systems, 𝜏 is 2.2 and 𝜎 is 0.42 and are provided in literature
from simulations77,78. The variables 𝑞0 and 𝑞1 are proportionality constants that depend on the
system, while 𝑝𝑐 is the critical concentration for percolation. Finally, the function f is the scaling
function that is independent of 𝑝 and 𝑝𝑐 . The functional form of f is system and dimension
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dependent and therefore must be determined. The functional form can be determined by plotting
𝑠𝜏 𝑛𝑠 (𝑝)
𝑞0

vs 𝑞1 (𝑝 − 𝑝𝑐 )𝑠 𝜎 , shown in figure 61. Here we see that the data for each temperature

collapses onto a single function with the shape of a compressed exponential 𝑒 −𝑥

𝛽[𝑇]

.

Figure 61. Data collapse of aggregate structures using percolation theory. From top to bottom,
temperatures are 423K, 398K, and 373K.
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Now that the functional form of the cluster number distribution, Eq. 4.2 and Eq 4.3 can
be combined to give an equation for the distribution of aggregate sizes.
𝑤𝑠 (𝑝) = 𝑞0 𝑝−1 𝑠1−𝜏 𝑒 −(𝑞1 (𝑝−𝑝𝑐 )𝑠

𝜎 )𝛽[𝑇]

(𝐸𝑞 4.4)

For completion and book keeping purposes, it should be noted that 𝑤𝑠 (𝑝) needs to be
normalized to ensure,
∞

∑ 𝑤𝑠 (𝑝) = 1

(𝐸𝑞 4.5)

𝑠=1

𝑞0 𝑝−1 𝑠1−𝜏 𝑒 −(𝑞1 (𝑝−𝑝𝑐 )𝑠
𝑤𝑠 (𝑝) =
′
∑∞
𝑠=1 𝑤𝑠 (𝑝)

𝜎 )𝛽(𝑇)

(𝐸𝑞 4.6)

With 𝑤𝑠 (𝑝) determined, figure 62 shows that Eq 4.6 does a reasonable job matching
individual systems across a range of concentrations and temperatures below the percolation
threshold. We hypothesized that this approach could be refined to give a more accurate
description of ion clustering if box size effects and statistics could be addressed through further
scaling arguments or larger simulations.
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Figure 62. Plots of aggregate size probability vs aggregate size. Points are simulated data, lines are the
models from percolation theory. Blue is 373K, Black is 398K, and Red is 423K. a) PEO600-50%Na, b) PEO60075%Na, c) PEO600-100%Na, d) PEO500-100%Na, e) PEO400-100%Na, and f) PEO300-100%Na.

If we take a closer look at the functional form of 𝑤𝑠 (𝑝), there are two important
components that warrant further discussion. The first is that the upturn, going from high to low s
was mentioned in Lu et. al56. as a deviation from worm-like micelle behavior. From 𝑤𝑠 (𝑝) we see
that percolation theory states that this behavior is a direct result of how objects pack in 3D and is
described by the 𝑠1−𝜏 term. To elaborate further, 𝜏 is called the Fisher exponent and describes
cluster size distributions. It depends solely on the dimensionality of the system, and therefore all
3D continuum systems have a Fisher exponent of ~2.2. The second is the extent of compression,
𝛽, which describes the rate of the distribution’s decay past some critical cluster size 𝑠𝜉 . For
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systems of randomly distributed non-interacting spheres, it is expected that a simple exponential
would reproduce the scaling function f indicating a unity value for 𝛽. The complex interactions in
our system therefore deviate from this behavior resulting in a non-unity 𝛽 term. The exact value
of 𝛽 would be effected by the box size, but the qualitative trend of decreased 𝛽 shown in table 3
with increased temperature makes sense. As the temperature increases, entropy reduces the
electrostatic screening of the host matrix and therefore ion aggregation is increased. It is therefore
expected that the term describing the presence of large aggregates to shift in order to reflect this
behavior.
Table 3. List of parameters for the percolation model.

Temperature(K)
373
398
423

(T)
3.9
3.5
2.9

q0
0.02
0.016
0.018

q1
-8.1
-8.33
-8.8

Dynamics near and above percolation threshold

Conduction and diffusion
The conductivity for all simulations at 423K is displayed in figure 63, with corresponding
ion diffusion coefficients in figure 64. Increasing ion content past the semi-dilute region results in
a slight drop in conductivity, but less than would be expected based on the segmental dynamics of
the polymer. We also see that ion diffusion of the cation and anion fall by approximately an order
of magnitude.
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Figure 63. Self-conductivity vs ion content at 423K for PEOn-y%Na.
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Figure 64 Ion diffusion coefficients vs ion content at 423K for PEOn-y%Na.

Polymer relaxation
Similar to Chapter 3, the polymer relaxation time is calculated from the poly(ethyleneoxide) hydrogen self-intermediate scattering function. By fitting a composite KohlrauschWilliams-Watts function, the segmental relaxation time is extracted. The relaxation rate, τ-1, is
plotted in figure 65. The significant decrease in polymer relaxation is surprising. While ion
diffusion only slowed down by an order of magnitude, polymer relaxation fell by five orders of
magnitude. This shows a clear decoupling of the ion conduction mechanism from the polymer
relaxation.
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Figure 65. Polymer relaxation vs ion content for PEOn-y%Na at 423K.

The extent of decoupling between conductivity and polymer relaxation is best presented
in a plot of molar conductivity multiplied by polymer relaxation time. For electrolytes with a
molar conductivity proportional to the relaxation time, figure 66 would be a flat line. The
ionomers studied in this work are semi-flat at low ion content, but deviate considerably with
increased salt content.
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Figure 66. Molar conductivity multiplied by polymer relaxation time vs ion content, for PEOn-y%Na
at 423K.

Ion transport mechanism
From Chapter 3, the conductivity results indicated that the previous set of simulations,
which varied ion content through sulfonation fraction, was in the semi-dilute region. It was also
determined that there was a shift in the dominant conduction mechanism, transitioning from ‘free’
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ion transport to aggregate hopping based transport. Continuing that analysis, figure 67 shows that
the fraction of transport involving aggregate hopping continues to increase. At 423K, ion

Faction of Ion Transport

transport involving aggregates accounts for 78% at the highest ion content studied.
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Figure 67. Fraction of ion transport from the three mechanisms vs ion content for PEOn-y%Na at
423K.

Past the percolation threshold, marked by a vertical dotted line, ‘free’ ion transport
accounts for 5%, while transport between states accounts for 17%. It is understandable that the
‘free’ ion contribution continues to decline as a result of the diminishing volume fraction of

Ion Transport Fraction

poly(ethylene-oxide), what hasn’t been discussed in more detail is the transport between states.
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Figure 68. Ion transport fraction of the intermediary 3rd mechanism vs ion content for PEOn-y%Na at
423K. The dotted line is to guide the eye.

The simulations from Chapter 3, ion content of 0.8 Na:EO and below presented in figure
68, show transitions between ‘free’ and coordinated ion states accounts for 23-27% of ion motion
and is relatively constant. The reason for the relatively constant fraction could be explained by
considering the exposed surface area of the aggregate to the surrounding poly(ethylene oxide). At

98
low ion content, the smaller aggregate would have a high exposed surface to volume ratio,
favoring ion motion which separates the coordinated state. This is balanced by the lower
aggregate density at lower ion content and therefore limits this mechanism’s contribution. An
increase in ion content increases the density and size of ion aggregates. As the length of these
chain-like aggregates increase, the exposed surface to volume ratio is constant and results in a
larger percentage of ions which can undergo this mechanism. The larger fraction of ions which
can leave or join an aggregate is countered by the reduction in segmental dynamics at higher
concentrations. These two competing factors cancel each other out until percolation causes the
exposed surface to volume ratio to fall and upsets the balance. It is expected that if ion content
were to increase further, the drop in the percolating aggregate’s exposed surface to volume ratio
would result in a further reduction.
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Figure 69. Conductivity vs ion content for PEOn-y%Na at 423K, with the breakdown from
contributions of each mechanism.

Combining the conductivity data with the mechanism data, plotted in figure 69, reveals
the reason behind the decrease in the conductivity at high ion content is due to a transition from a
‘free’ ion conduction mechanism to an aggregate based conduction mechanism. This provides an
important piece of information for the design of future ionomers. If the mechanism involving ion
hopping within an aggregate is the dominate mechanism, increases in hopping rate could be
achieved by reducing the electrostatic strength of the anion. This would reduce the energy barrier
for cation hopping, but also reduce aggregation and the use of the aggregate mechanism.
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Therefore any decrease in ion interaction strength would have to be compensated by increased ion
content.

Conclusions
In this chapter, we show that the formation of ion aggregates at high ion content provides
a decoupled mechanism for ion conduction. Additionally, ion aggregates form percolated ion
aggregate structures that are fractal in nature. Near the percolation threshold, the overall
probability of aggregate branching was found to be 80%. Individual aggregates smaller than the
characteristic size exhibit a reduced branching probability, most likely due to electrostatic
interactions at small sizes.
A description of aggregate size distributions was developed based on percolation theory.
Even with the statistical limits of molecular dynamics, the model provides an accurate description
of ionic clustering. The model uses only two independent variables, pc and 𝛽. The percolation
threshold was determined independently from the model fit, leaving only 𝛽 to vary with
temperature.
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Chapter 5
Impact of Ion Content on Mechanical Behavior
This chapter investigates the mechanical behavior of ionomers over a range of ion
content. A series of uniaxial elongation simulations allow for the measurement of the Young’s
Modulus. Time-Temperature superposition is used to investigate strain rates spanning 105 to 1010
sec-1. A master curve is presented, relating the modulus to ion content. This master curve allows
for a rough estimate of the ion content required to achieve a modulus of 6GPa, a value which has
been proposed in literature to suppress the formation of metal dendrites4.

System details
The two set of ionomer chains studied in the previous two chapters are combined into a
single set for Chapter 5. That is to say, ion content is controlled by varying both sulfonation
fraction and poly(ethylene-oxide) backbone length. Each polymer chain still contains 4 repeat
units of alternating isophthalate and poly(ethylene-oxide) spaces, shown in figure 9. Restart files
from the previously equilibrated systems were used as a starting point. The 50Å box size
simulations where then replicated to produce 100Å box size configurations. These larger systems
underwent a 120ps run using the NPT ensemble in order to relax any internal stresses formed
during the replication process. This was followed by uniaxial deformation in the x-axis at a
constant engineering strain rate. The deformation was done under NPT conditions, setting the
off axis, y and z, pressure to 1atm while allowing the x-axis to freely fluctuate. The
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instantaneous pressures were calculated every timestep and the average pressure in each axis
was stored every 4ps for strain rates of 108 and 109 sec-1, while the strain rate of 1010 sec-1 was
stored every 0.4 seconds. The difference in data output rates was chosen in order to retain
resolution of the measured pressure while also smoothing the data to perform analysis. Each
ionomer was elongated at strain rates of 108, 109, and 1010 sec-1 at temperatures of 343K, 373K,
398K, and 423K. These strain rates were selected for computational considerations, as the data
set explored in this chapter is composed of 9 separate ion contents, 4 temperatures, and 3 strain
rates, resulting in a set of 108 individual simulations.

The impact of ion content on the stress-strain profile
The change in the stress-strain profiles, shown in figure 70, demonstrates the effect of ion
content on the mechanical properties. At 423K and a strain rate of 109 sec-1, the base line sample
with an ion content of 0 behaves like an elastomer. At such high temperature, it is unsurprising
that the non-ionic polymer exhibits a viscous flow profile. What is interesting is the onset of an
elastic response as ion content is increased. The elastic behavior, indicated by the initial linear
increase in stress starting at a zero strain rate, indicates a transition in the mechanical behavior at
high ion content. Most notably, the peak develops right below the percolation threshold the
percolation threshold discussed in [chapter4]. The peak, and subsequent drop, in the stress-strain
profile is called the yield strength, and describes the point of non-reversible deformation. After
the peak, the stress is constant or slightly upturned. At this stage, the polymer undergoes either
strain hardening or wicking and is typical for flexible plastic deformation seen in poly(carbonate)
and poly(methyl methacrylate)79.
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Figure 70. Stress-engineering strain of PEOn-y%Na at 423K and a strain rate of 109 sec-1

The thermodynamic data in figure 71 for PEO200-100%Na, at a strain rate of 1010, shows
that the majority of the energy change is a result of non-bonded interactions. More specifically,
the van Der Waals and coulombic interactions show a change in their slope which correlates to
before and after the yield stress. While van Der Waals dominates before the yield stress, it levels
off past it. On the other hand, the electrostatic interactions continue to rise after the yield stress,
though at a reduced rate. Visualizing the simulation provides information that the polymer
undergoes alignment at engineering strains past the yield stress.
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Figure 71. Stress-strain curve of PEO200-100%Na at 423K and a strain rate of 1010

Figure 72. Energy change vs time of each potential interaction of PEO200-100%Na undergoing strain
at a rate of 1010 sec-1 at 423K.

The slope of the initial elastic regime gives the Young’s Modulus of the polymer for a
given temperature and strain rate. Figure 73 presents a complete temperature and strain rate data
set for PEO200-100%Na. The moduli from this sample will be used in the next section for time
temperature superposition.
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Figure 73. Stress vs strain curves of PEO200-100%Na at various temperatures. a) 108 sec-1, b) 109 sec-1,
c) 1010 sec-1
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Time-temperature superposition
Time temperature superposition relates the rate of mechanical deformation to a
temperature difference. This is done by multiplying the timescale by some constant relative to a
reference temperature. The modulus from PEO200-100%Na is used as a proof of concept. Figure
74 shows the raw data before time temperature superposition and figure 75 shows the final shifted
moduli and corresponding shift factors. The reference temperature was chosen to be 343K, as that
was the lowest temperature simulated.

Figure 74. Measured Modulus vs Strain rate for PEO200-100%Na.
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Figure 75. Resulting Modulus vs strain rate after time-temperature superposition for PEO200100%Na. Inset is the log of the shift factor vs temperature.

The trend of the shift values, presented in the inset of figure 75 look reasonable based on
what would be expected from a Williams-Landel-Ferry model. There is limited resolution in the
data, as each temperature was only run at three different rates. Additional simulations could be
done to fill in the gap, especially at the medium to high strain rates.
Time temperature superposition was performed on the remaining samples and their final
master curves are presented semi-log in figure 76 and log-log in figure 77.
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Figure 76. Modulus vs. Strain rate of PEOn-y%Na after time temperature superposition.

Figure 77. Log-Log plot of modulus vs. strain rate of PEOn-y%Na after time temperature
superposition.

Ion content master curve
The overlapping trends in the modulus lead us to considering relating ion content to
polymer relaxation and implement a pseudo time-ion superposition. The previous two chapters
showed a strong relation between ion content and polymer relaxation, and the self-similar fractal
nature of ion aggregation can be thought of as a steadily increasing density of crosslinks. The
results of this are presented below in figure 78, figure 79, and figure 80, using PEO100-100%Na
as the reference ion content.
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Figure 78. Linear-Log plot of the ion master curve from time-ion content superposition for PEOny%Na.

Figure 79. Log-Log plot of the ion master curve from time-ion content superposition for PEOn-y%Na.

Figure 80. This ion shift factors from time-ion content superposition of PEOn-y%Na.
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In a somewhat surprising result, time-ion superposition results in a master curve which
spans 10 orders of magnitude and results in what would be described as time-temperature-ion
superposition. Before proceeding, it is worth taking a moment to consider a few points. The first
point for why this process could be correct is due to the very high strain rates applied. At such
high strain rates, we are essentially probing elastic behavior in an extreme environment.
Additionally, changes in ion aggregation could be responsible for the overlap ability of the data.
One clue as to why ion association could be responsible is based on the thermodynamic data
presented in figure 72. It is also unclear if this is solely a property of ionomers, or could
polymer/salt electrolytes also exhibit this behavior.
The next step is to use this new master curve to provide a rough estimate for the ion
content required to result in a 6GPa modulus. The approach is as follows, fit a line to the high
strain rate trend, extrapolate out to 6GPa, in figure 81. By relating the strain rate required for
6GPa, to the trend in the ion content shift factor in figure 80, we arrive at an ion content of 0.52.
This ion content is close to a poly(ethylene-oxide) spacer of 2 repeat units or 88 g/mol.

Figure 81. A fit to the high rate modulus behavior of the ion master curve of PEOn-y%Na.
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Conclusions
This chapter covered a series of stress-strain simulations on the ionomer electrolytes. A
range of mechanical behaviors were observed, from viscous flow at high temperature and low ion
content, to flexible plastic at ion content near and above the percolation threshold. TimeTemperature super position was applied to systems of equal ion content, and WLF behavior was
retained. The applicability of this technique in simulations could prove beneficial to similar
investigations. The resulting shapes of the modulus vs strain rate curves lead to an attempt at
time-ion content superposition. The applicability of such a technique may be limited to high
strain rates or ionomers. Regardless, the resulting master curve allowed for a rough estimate on
the ion content necessary to increase the modulus to 6GPa. This technique suggests that an
ionomer containing just two poly(ethylene-oxide) monomers between isophthalate groups could
be sufficient to suppress dendrite growth.
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Chapter 6
Ideas for Future Work

Measuring the collective motion of ions with an electric field
The difficulty in measuring the collective motion of ions in an ionomer simulation could
be due to two factors. The first factor is an issue of box size and statistics, which could be
addressed though coarse graining. Lu et. al. performed a much larger coarse grained simulation of
the ionomer system and was able to accurately capture short time behavior, but the statistic of the
long time collective diffusive behavior was limited70. This leads to considering the possibility of a
second factor which could result in the inability of previous simulations to accurately capture
collective diffusion, the isotropic nature of periodic space and the use of the thermostat in the
NVT ensemble.
The argument is presented by looking at the three extremes of the collective diffusion
calculation. The first extreme is the easiest to understand and provides a good place to start. In the
case where there is no correlation between diffusing cations, then all directions of diffusion are
equally probable and system isotropy is maintained. This results in the normal diffusive behavior
of a random walk and causes the collective diffusion calculation to be equal to the cation selfdiffusion calculation.
When there is perfectly correlated diffusion of cations, every cation in the system would
move in the same direction at the same time. This behavior bares remarkable similarities to the
famous flying ice cube problem, where issues in the thermostat settings cause the kinetic energy
of the various vibrational modes to accumulate into translational kinetic energy. When all the
kinetic energy has been accumulated in the translational component, the relative position of atoms
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seem frozen in place and an outside observer would see all the atoms flying in the same direction.
Therefore, a perfectly correlated set of cation trajectories would look like an artifact of the
simulation settings.
The last extreme is for perfectly anti-correlated diffusion. For this example, let’s consider
two cations in a very large simulation of periodic space which start relatively close to each other
in the center. If the two cations are diffusing in an anti-correlated fashion, then the two diffusive
trajectories are effectively mirrors of each other. As the two ions continue to diffuse, they
approach the periodic boundary from opposite sides. Right before they cross the periodic
boundary, we are presented with a problem. In order for the two cations to continue their
perfectly anti-correlated diffusion, they will have to pass through each other. This is caused by an
artifact of using periodic space, which is supposed to reproduce an infinite volume. If there really
was an infinite volume, then the two ions would be able to continue diffusing anti-correlated from
each and it wouldn’t be an issue.
This means that periodic space induces a significant box size effect on the measure of
collective diffusion and should be avoided or limited in its use to measure collective diffusion.
How then, should collective diffusion be measured? The answer comes back to the thought
experiment presented back in Chapter 2. By creating a simulation where one set of opposite
facing walls contain an electrostatically insulating impenetrable boundary; one could apply
electric fields of various strengths. After some time, a steady state concentration profile would
develop. You could then turn off the electric field and measure the time to return to equilibrium.
Such a set of simulations could be quite computationally demanding, as the box size
would have to be sufficiently large enough for a concentration gradient to form. This is
compounded by the possibly longer time the simulation would need to run to first reach a steady
state concentration gradient, and then the time required to return to equilibrium. Though such
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simulations may be out of reach of current computational resources, the continued demand for
better computers could make such resources available in a decade or two.

Impact of electric fields on ion percolation
In Chapter 4, the percolation of ion aggregates at high ion content was shown to be
temperature dependent. These percolated aggregates provided a pathway for an ion transport
mechanism partially decoupled from polymer dynamics. What wasn’t addressed is how an
electric field would impact the formation and conduction of the percolated structure. Work done
by Ting et al80 indicates that a very high electric field can induce alignment of ion aggregates in a
low dielectric medium. It is the author’s opinion that a weaker electric field, more typical of
battery operation, may have a small but noticeable effect near the percolation threshold. This
would be due to the fractal nature of the ion aggregates, causing any slight alteration in the
structure to propagate into a more measurable effect. The percolation threshold could shift to
lower ion content due to the small changes in orientation. The correlated motion of the cations
inside the percolated aggregate may also see a significant change with a weak electric field.
Before perusing this line of research, a set of larger simulations should be employed to
determine the effect of box size on the percolation threshold. After doing so, the larger
simulations could be used for the electric field study. A single temperature should be chosen, in
order to minimize the variable phase space, preferably a high temperature to compensate for
slower ion dynamics. For each of the concentrations of study, simultaneously independent
simulations can be run at varying electric field strengths. This would provide optimal
computational efficiency and throughput with minimal overhead.
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Electrostatics in percolation
The use of percolation theory to describe ion aggregation introduced a proportionality
constant, q1, in the scaling function of the cluster number distribution. This was left undiscussed
as it was a constant across a given temperature and only varied slightly across temperature. This
constant should be related to the electrostatic interaction strength between ions. One way of
testing this would be to systematically vary the electrostatic interaction strength between ions,
leaving all other interactions constant. If one were inclined to just study the structural
relationship, Monti Carlo simulations would allow for efficient and timely qualitative
information. On the other hand, if dynamics are also of interest, molecular dynamics or coarse
grained simulations could be used. Great care should be taken when estimating the computational
time for such an endeavor but could be implemented with distributed computational techniques
spread over many cheap computers. Such a study would provide novel insight into the percolation
theory of correlated systems, a topic which has yet to be fully fleshed out in literature. A general
form relating percolation in the 3d continuum to the attraction and repulsion of cluster monomers
would have wide reaching applications in not only polymer electrolytes, but also colloidal
systems and particle dispersion in solution, just to name a few.

A more in depth mechanical analysis of percolated systems
Chapter 5 showed that uniaxial simulations of the ionomer system can be used to study
the stress-strain profile and investigate the Young’s modulus. It would be informative to perform
a complete set of mechanical deformation experiments on a sub group of samples to investigate
the other mechanical property changes. The bulk modulus could be analyzed by varying pressure
and measuring changes in volume. Sheering could be applied, in a similar fashion to the uniaxial
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simulations, to measure the sheer modulus. Uniaxial compression could be used to compare and
contrast the elongation experiments. Finally the Poisson ratio could be extracted from the current
set of uniaxial elongation simulations. The reason it would be interesting to perform a complete
set of mechanical experiments above and below the percolation threshold is because the typical
relations between these mechanical properties do not hold for viscoelastic systems. On the other
hand, the stress-strain curves of the percolated PEO100-100%Na system indicate a more ridged
polymer system. It is therefore possible that the onset of percolation results in the agreement of
the studied relations between mechanical properties and further demonstrates a phase change has
taken place.

Mixed anionic polymer electrolytes
As mentioned several times in this thesis, ion aggregation has a complicated set of
coupled interactions with various properties of polymer electrolytes. One method of further
controlling ion aggregation is anionic identity. Though similar to the idea of modifying ionic
electrostatic interactions, anionic identify samples a much larger variable space. Modifying anion
species does change electrostatic interaction strength, based on the particular partial charge
distribution of the anionic molecules, but it also induces changes in the conformational
arrangement of aggregates due to steric differences. This can be further explored by mixing
anionic species, providing another knob to turn to control ion aggregation.
To explore this idea further, a set of poly(ethylene-oxide)/salt simulations have been
initiated. A set of parameters from the OPLS All Atom force field has been chosen to simulate
mixtures of Sodium Perchlorate and Sodium Acetate. This experiment consists of three sets of
overall salt concentrations, 6:1, 8:1, and 10:1 EO:Na, with six salt percent at 0%, 20%, 40%,
60%, 80%, and 100% of the anions as acetate while the remainder as perchlorate. It is
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hypothesized that acetate’s more localized negative charge will result in a higher degree of
aggregation, while its methyl group will induce steric effects resulting in a more anisotropic
aggregate geometry. Therefore, varying the two anionic species should allow for a more finetuned control over ion aggregation. The simplicity of the system means that it can be easily
prepared in the lab and compared to experimental results.
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Appendix A
Hardware and benchmark data for simulations
When running molecular dynamics simulations, it is important to effectively utilize the
computer resources available. It can be challenging to develop a sense of scale and time to
estimate what is feasible. For instance, without this knowledge one could propose an experiment
and spend considerable effort only to discover that the simulations will take 100 years to run!
This section provides information on benchmark data and the overall approach taken when
designing the experiments in this thesis.
When working with computer clusters, or large scale data analytics, there are a few core
pieces of information one should know about hardware. The first is the physical description and
layout of the systems. The second is a discussion on computational efficiency and how to make
use of available resources.
To start off, a computer cluster is a collection of computers connected together and
managed by a central system. Each computer within the cluster which performs the calculations is
called a node. When a user wants to perform a calculation, they log into the central system and
submit a request for computational resources. The request will contain information on hardware
specifics and the calculation to be performed. This request is called a job, and is put into a queue
with other jobs. When resources are available, that job will load onto a subsection of the cluster
and perform the calculations requested. A job could request multiple nodes, an entire single node,
or a small fraction of a single node. The more resources requested, the longer it will take for the
job to start.
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The description of a node in the context of clusters contains a few key pieces of
information. A node is typically a single motherboard connected to the larger system through an
Ethernet cable. The motherboard has sockets for various components; the important parts are the
memory and processor(s). A calculation can’t be performed if the node doesn’t have enough
memory to load the necessary data, while the duration of the calculation is usually dictated by the
processor(s). In atomistic simulations, the size of memory is not an issue. This leaves the
processor(s) as the key components for atomistic simulations.
Take careful note here, as ‘processor’ describes the entire physical chip on the
motherboard. It is common to see on the software side, especially when submitting batch jobs to
clusters, for a processor to mean an independent thread. That would mean a single physical
processor from the hardware perspective could have more than 1 ‘processor’ from the software
perspective. This is further complicated by the fact that multiple physical processors could be
mounted onto a single motherboard. There are motherboards out there that support six physical
processors. If each of those six processors had ten independent threads, then a single motherboard
would provide 60 threads.
With the description above in mind, the rest of this section will discuss the applicability
of atomistic simulations in various configurations. Table 4 provides information on individual
processors used or tested in this work. One way of condensing the processor specifications into a
single metric is theoretical Floating Point Operations Per Second (FLOPS). FLOPS isn’t a perfect
metric, but provides information at a glance in order to get a sense of scale. It is then possible to
take this metric and perform benchmarks on these systems to see how they compare with various
configurations.
Table 4. Processor information used in benchmarking data.

Cluster
LionXH
LionXF

Processor
Xeon X5560
Xeon X5675

Clock (GHz)
2.8
3.06

Threads
8
12

GFLOPS
90
147
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LionXG
Desktop
Optiplex 790

Xeon E5-2665
Core i7-3960X
Core i7-2600

2.4
3.9
3.4

16
12
8

154
187
109

Table 5 provides benchmark data using the ionomer system in two configurations. The
small configuration has 5994 atoms in a 50Å box, while the large system has 47952 atoms in a
100Å box. The different sized systems give information on how well the system scales with larger
simulations, while the different computer configurations show how efficient the distributed
workload is. By comparing the first two lines of the LionXH platform, we see that the node
interconnects are fast enough to manage simulations across 2 nodes with minimal communication
penalty. On the other hand, when comparing the LionXF data for the two sets that have a total of
16 threads, we see that the communication overhead can be quite large. The first lionXF set is
distributed over 8 nodes and the other distributed over 2 nodes. We see there is a 40% penalty for
distributing over a large number of nodes. This communication penalty is a result of the system
size compared to the resources used. With only 5994 atoms, each of the 8 nodes finished the
assigned calculations quickly but then has to spend the rest of the time communicating the results
and syncing the atom data.
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Table 5. Benchmark data for ionomer simulations for various configurations.

Percent of time spent

System
lion-xh
lion-xh
lion-xh
lion-xh
lion-xg
lion-xg
lion-xg
lion-xg
lion-xg
lion-xf
lion-xf
lion-xf
lion-xf
lion-xf
lion-xf
lion-xf
Desktop
Desktop
GPU
Dell Cluster

Nodes
2
1
2
8
8
1
8
1
8
8
1
1
8
2
8
8
1

Threads
per
Node
4
8
8
8
1
8
2
16
4
1
8
12
2
8
4
4
12

Total
Threads
8
8
16
64
8
8
16
16
32
8
8
12
16
16
32
32
12

Atoms
5994
5994
5994
47952
5994
5994
5994
5994
5994
5994
5994
5994
5994
5994
5994
47952
5994

ns per
day
24.1
24.3
39.5
17.0
25.5
29.1
45.7
51.2
68.5
21.7
27.0
36.9
27.8
46.5
65.5
12.8
39.5

1
1

12
8

12
8

5994
5994

47.2
19.2

Timesteps
per day
6.0E+06
6.1E+06
9.9E+06
4.2E+06
6.4E+06
7.3E+06
1.1E+07
1.3E+07
1.7E+07
5.4E+06
6.7E+06
9.2E+06
7.0E+06
1.2E+07
1.6E+07
3.2E+06
9.9E+06

atom
timesteps
per second
4.2E+05
4.2E+05
6.9E+05
2.4E+06
4.4E+05
5.1E+05
7.9E+05
8.9E+05
1.2E+06
3.8E+05
4.7E+05
6.4E+05
4.8E+05
8.1E+05
1.1E+06
1.8E+06
6.9E+05

Pair
47.2
47.4
38.6
33.4
45.3
49.7
39.2
43.5
29.2
37.9
45.4
40.8
24.7
38.4
27.1
43.1
56.5

Bond
19.4
19.4
15.8
13.5
16.8
18.8
14.9
16.5
11.1
15.1
18.5
17.0
10.0
15.6
11.1
17.5
15.6

Kspace
9.7
9.7
11.2
17.7
9.0
9.3
10.6
9.5
14.3
9.4
9.6
10.7
10.4
10.7
13.2
11.4
5.8

Neighor
2.8
2.8
2.3
2.3
2.6
2.8
2.2
2.5
1.7
2.2
2.7
2.5
1.4
2.3
1.6
3.0
2.9

Comms
17.7
17.4
28.5
28.3
22.8
15.9
29.4
24.1
38.9
31.7
20.0
24.3
49.0
29.2
42.9
21.6
16.3

Other
3.1
3.2
3.5
4.7
3.5
3.4
3.8
3.9
4.8
3.5
3.7
4.8
4.6
3.9
3.9
3.5
2.9

1.2E+07
4.8E+06

8.2E+05
3.3E+05

45.3
56.3

16.7
19.0

25.7
7.4

0.2
3.3

8.4
10.6

3.7
3.4
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Going back to the LionXH data, we see that increasing from 8 threads to 16 threads
doesn’t result in a simulation that is twice as fast. This is because parts of the simulation pipeline
are serial in nature and do not benefit from parallel resources. The balance between serial and
parallel calculations means that a processor with a high clock rate and a ‘medium’ number of
threads usually outperforms a processor with a low clock rate and a large number of threads, if
the two processors have the same theoretical FLOPS.
The balance between serial and parallel calculations can be shifted by changing the
workload. This is done by increasing the number of atoms in the simulation, shown in the last two
LionXF simulations using 32 threads. Time to run 10ns significantly increases with more atoms,
but the percent of time spent communicating decreases from 43% to 22%. A good metric to use to
describe the efficiency of these two simulations is called atom timesteps per second (ATPS). This
metric encapsulates statistical efficiency by multiplying the number of atoms in the simulation by
the number of timesteps per second the simulation performs at a particular configuration. One
way of interpreting ATPS is that a simulation configuration which maximizes ATPS is a
simulation which leverages the ergodic hypothesis to maximize data generation per second.
The information contained within ATPS can be further refined depending on the needs of
the person performing the analysis. If a user has a fixed number of computer resources available,
for example 10 nodes with 8 threads each, then the optimal configuration and job strategy is the
one that maximizes ATPS per thread. If someone is looking at building a new system, the optimal
hardware that should be purchased should be one which maximizes ATPS per dollar spent.
From the above discussion, there are a few simple qualitative rules of thumb that are
developed. For small simulations, in this case below 10,000 force sites, it is more efficient to
centralize the simulation to a single powerful node. Large simulations, above 10,000 force sites,

122
can make efficient use of multiple nodes because of a shift in balance between parallel and serial
tasks as well as a decrease in relative communication overhead.
A very important topic that hasn’t been addressed yet is the emergence of General
Purpose Graphical Processing Units (GPGPU). GPGPUs are processors that specialize in parallel
tasks. They connect to the motherboard through a Peripheral Component Interconnect Express
(PCI-e) slot on the motherboard. Depending on the exact configurations of the system, a single
node could contain five or more GPGPUs. The importance of GPGPUs in simulations and
analytics is evident when comparing their computational power to typical processors. Intel’s top
of the line Xeon E7-8890v4 has a theoretical double precision GFLOPS of 1700 and an MSRP of
$7174. This is in contrast to Nvidia’s Tesla P100 GPGPU, which has a double precision GFLOPS
of 4700 and an MSRP of $5899.
Comparing the raw computational power of GPGPUs and CPUs put the GPGPUs as the
clear winner. The catch is the use case for GPGPUs. Only highly parallel tasks, such as atomistic
simulations or certain analytics, can make effective use of such hardware. Because this
technology is still new, many simulation packages haven’t developed proper GPGPU integration.
For example, the LAMMPS simulation package only uses the GPGPU for non-bonded pair
interactions. The CPU then handles all other calculations, such as the bonded interactions and
thermodynamic controls. The GPGPU is therefore underutilized by only performing a subset of
parallel tasks on the GPGPU. Even with this inefficiency, Figure 82 shows that the addition of
GPGPUs on a single node can significantly increase the ATPS a single node can perform.
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Figure 82. Atom timesteps per second vs. Number of Atoms in the simulation. The CPU is an intel Core
i7 3960X. The GPU data set uses the same CPU but includes 2 GTX 580 cards. The results for Nvidia’s Tesla
K40 card is equivalent to two GTX 580s.

The hardware for GPGPUs clearly demonstrates their potential, but simulation packages
need to be developed further in order to take full advantage of the available hardware. One
simulation package that shows promise for GPGPU computing is the Highly Optimized Objectoriented Many-particle Dynamics Blue Edition (HOOMD-blue). HOOMD-blue offloads as much
of the simulation to one or more GPGPUs as possible. Further development of HOOMD-blue is
needed in order to provide the features of more established simulation packages.
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Appendix B
Additional Tables and LAMMPS input scripts
Table 6. Jump diffusion parameters from PEOX-y%Na

Temp
(K)
343
343
343
343
343
343
343
343
343
343
343
343
343
343
343
343
343
343
373
373
373
373
373
373
373
373
373
373
373
373
373
373

PEO
MW
600
600
600
600
600
600
600
600
600
600
600
600
500
400
300
200
150
100
600
600
600
600
600
600
600
600
600
600
600
600
500
400

%Na
25
31
38
44
50
56
63
69
75
83
92
100
100
100
100
100
100
100
25
31
38
44
50
56
63
69
75
83
92
100
100
100

Ion
Content
(Na:EO)
0.019
0.024
0.029
0.033
0.038
0.043
0.048
0.053
0.058
0.064
0.071
0.077
0.091
0.111
0.143
0.200
0.250
0.333
0.019
0.024
0.029
0.033
0.038
0.043
0.048
0.053
0.058
0.064
0.071
0.077
0.091
0.111

Jump
Rate
(Å-1)
0.09
0.085
0.076
0.074
0.071
0.071
0.079
0.075
0.065
0.059
0.06
0.047
0.054
0.049
0.048
0.043
0.058
0.047
0.242
0.241
0.237
0.211
0.235
0.203
0.217
0.204
0.199
0.153
0.168
0.169
0.139
0.128

Jump
Length
(Å)
5.066
5.034
4.8
4.559
4.615
4.64
4.57
4.41
4.336
4.214
4.171
4.052
4.113
3.933
3.802
3.794
3.731
3.72
6.077
5.982
5.944
5.687
5.785
5.494
5.553
5.354
5.331
4.964
5.01
4.936
4.644
4.449

Jump
Length
stdev
1.921
1.789
1.75
1.65
1.675
1.696
1.656
1.564
1.608
1.453
1.445
1.403
1.424
1.358
1.24
1.209
1.14
1.183
2.368
2.312
2.311
2.205
2.223
2.071
2.129
2.056
2.047
1.885
1.892
1.845
1.719
1.606

Cage
Size
(Å)
1.714
1.733
1.595
1.52
1.511
1.505
1.478
1.427
1.352
1.327
1.299
1.238
1.243
1.161
1.078
1.048
1.009
0.969
2.137
2.096
2.061
1.951
1.994
1.863
1.893
1.81
1.796
1.63
1.646
1.615
1.48
1.369

Cage
Size
stdev
0.644
0.639
0.575
0.537
0.537
0.524
0.499
0.474
0.448
0.441
0.428
0.402
0.401
0.393
0.366
0.367
0.383
0.37
0.836
0.801
0.793
0.735
0.752
0.672
0.693
0.645
0.64
0.561
0.565
0.553
0.49
0.447
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373
373
373
373
398
398
398
398
398
398
398
398
398
398
398
398
398
398
398
398
398
398
423
423
423
423
423
423
423
423
423
423
423
423
423
423
423
423
423
423

300
200
150
100
600
600
600
600
600
600
600
600
600
600
600
600
500
400
300
200
150
100
600
600
600
600
600
600
600
600
600
600
600
600
500
400
300
200
150
100

100
100
100
100
25
31
38
44
50
56
63
69
75
83
92
100
100
100
100
100
100
100
25
31
38
44
50
56
63
69
75
83
92
100
100
100
100
100
100
100

0.143
0.200
0.250
0.333
0.019
0.024
0.029
0.033
0.038
0.043
0.048
0.053
0.058
0.064
0.071
0.077
0.091
0.111
0.143
0.200
0.250
0.333
0.019
0.024
0.029
0.033
0.038
0.043
0.048
0.053
0.058
0.064
0.071
0.077
0.091
0.111
0.143
0.200
0.250
0.333

0.08
0.084
0.068
0.055
0.51
0.454
0.507
0.464
0.494
0.411
0.392
0.439
0.407
0.388
0.394
0.308
0.322
0.265
0.188
0.151
0.112
0.088
0.901
0.829
0.823
0.881
0.847
0.802
0.819
0.692
0.743
0.755
0.751
0.7
0.546
0.564
0.453
0.257
0.191
0.139

4.16
4.079
3.982
3.89
6.972
6.562
6.74
6.562
6.651
6.273
6.082
6.296
6.068
5.959
5.866
5.512
5.411
5.054
4.618
4.39
4.235
4.153
7.708
7.508
7.364
7.496
7.297
7.104
7.144
6.789
6.866
6.825
6.766
6.556
6.021
5.873
5.34
4.704
4.517
4.406

1.444
1.374
1.286
1.242
2.71
2.545
2.616
2.567
2.604
2.466
2.388
2.469
2.376
2.333
2.322
2.148
2.132
1.933
1.712
1.564
1.447
1.373
3.079
2.982
2.891
2.988
2.901
2.846
2.871
2.724
2.756
2.744
2.729
2.789
2.432
2.366
2.383
1.777
1.627
1.535

1.201
1.168
1.081
1.038
2.462
2.318
2.386
2.31
2.337
2.174
2.1
2.182
2.079
2.03
1.99
1.824
1.788
1.629
1.409
1.288
1.192
1.169
2.776
2.68
2.631
2.662
2.583
2.5
2.517
2.355
2.391
2.365
2.338
2.239
2.019
1.95
1.706
1.43
1.338
1.265

0.399
0.408
0.391
0.408
0.942
0.881
0.904
0.871
0.884
0.807
0.775
0.808
0.763
0.738
0.717
0.641
0.627
0.557
0.474
0.452
0.434
0.462
1.058
1.024
0.993
1.005
0.974
0.942
0.949
0.876
0.894
0.876
0.867
0.822
0.731
0.701
0.61
0.512
0.487
0.477
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Figure 83. Name designation for ionomer force sites corresponding to force field parameter tables.

Table 7. Non-bonded parameters for the PEOX-Y%Na ionomer.

Atom
type
O
CH2
CH3
CD
OD
CAC
CAT
CAA
CAS
OC
S
OS
Na

Mass
g/mol
16
14
15
12
16
12
13
13
12
16
32
16
23

ε
Kcal/mol
0.095
0.159
0.23
0.1149
0.2423
0.1552
0.1552
0.1552
0.1552
0.095
0.3801
0.1057
0.5524

σ
Å
3.1
3.84
3.9
3.4486
2.9437
3.7687
3.7687
3.7687
3.7687
3.1
3.3793
2.8549
2.6363

Charge
PEO600-0%Na
-0.348
0.176
0
0.374
-0.265
-0.06
-0.005
0.006
0.035
-0.27
N/A
N/A
N/A

Charge
PEO600-100%Na
-0.348
0.178
0
0.436
-0.32
-0.07
0.025
0.02
0.088
-0.3
0.502
-0.366
0.499

Table 8. Bond parameters for the PEOX-Y%Na ionomer.

Bond
Type
CH3-CH2
CH2-CH2
CH2-O

ε
Kcal/mol
309.202
309.202
369.742

r0
Å
1.54
1.54
1.43

Charge
PEO100-100%Na
-0.348
0.191
0
0.436
-0.32
-0.07
0.025
0.02
0.088
-0.3
0.502
-0.366
0.499
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Oc-CD
CD-OD
CD-CAC
CAC-CAT
CAC-CAA
CAA-CAS
CAS-S
S-OS
Oc-CH3
Oc-CH2

374.297
684.456
316.382
540.864
540.864
540.864
223.366
360.576
369.742
369.742

1.33
1.22
1.49
1.39
1.39
1.39
1.85
1.48
1.43
1.43

Table 9. Angle parameters for the PEOX-Y%Na ionomer.

Angle Type
CH3-CH2-CH2
CH2-CH2-O
CH2-CH2-Oc
CH2-O-CH2
CH2-Oc-CD
OC-CD-OD
OC-CD-CAC
CD-CAC-CAT
CD-CAC-CAA
OD-CD-CAC
CAC-CAT-CAC
CAC-CAA-CAS
CAT-CAC-CAA
CAA-CAS-CAA
CAA-CAS-S
CAS-S-OS
OS-S-OS
CD-Oc-CM

K
Kcal/mol
73.99
76.45
76.45
109.85
64.78
92.42
64.78
64.78
64.78
52.66
92.42
92.42
92.42
92.42
165.09
116.4
208.53
64.78

𝜃0
Degrees
114
110
110
112
109.47
120
114
120
120
124
120
120
120
120
120
103.8
115.5
109.47
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Table 10. Dihedral parameters for the PEOX-Y%Na ionomer.

Dihedral Type
CH3-CH2-CH2-O
CH2-CH2-O-CH2
O-CH2-CH2-O
O-CH2-CH2-Oc
CH2-CH2-Oc-CD
CH2-Oc-CD-OD
CH2-Oc-CD-CAC
Oc-CD-CAC-CAT
Oc-CD-CAC-CAA
OD-CD-CAC-CAT
OD-CD-CAC-CAA
CD-CAC-CAT-CAC
CD-CAC-CAA-CAS
CAC-CAT-CAC-CD
CAC-CAT-CAC-CAA
CAC-CAA-CAS-CAA
CAC-CAA-CAS-S
CAT-CAC-CAA-CAS
CAA-CAS-S-OS
CAC-CD-Oc-CH3
OD-CD-Oc-CH3

A1

A2

A3

A4

A5

A6

A7

Kcal/mol

Kcal/mol

Kcal/mol

Kcal/mol

Kcal/mol

Kcal/mol

Kcal/mol

0.5284
1.2388
0.5284
0.5284
0.4254
16.001
16.001
2.51
2.51
2.51
2.51
13.002
13.002
13.002
26.004
26.004
13.002
26.004
2
16.001
16.001

-3.6315
-1.3408
-3.6315
-3.6315
0.325
1.996
1.996
0
0
0
0
0
0
0
0
0
0
0
0
1.996
1.996

4.2648
1.499
4.2648
4.2648
0
-14.006
-14.006
-2.51
-2.51
-2.51
-2.51
-13.002
-13.002
-13.002
-26.004
-26.004
-13.002
-26.004
-2
-14.006
-14.006

7.7581
3.6874
7.7581
7.7581
0.1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

-3.3152
-0.162
-3.3152
-3.3152
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0.2842
1.0918
0.2842
0.2842
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

2.945
0.8525
2.945
2.945
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
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LAMMPS input script for the NVT deformation step.
variable file index 343K
variable num index 1 2
variable runsteps index 2500000
variable dumpdat index 2500
variable boxF index 100 60
units real
neigh_modify delay 0 every 1
atom_style full
bond_style harmonic
angle_style cosine/squared
dihedral_style nharmonic
pair_style lj/cut/coul/long 10.0
pair_modify mix arithmetic
kspace_style pppm 1e-4
read_data PEO600_100Na.dat
reset_timestep 0

timestep 4
run_style respa 3 4 2 bond 1 pair 2 kspace 3
special_bonds lj/coul 0.0 0.0 0.0
thermo 2500
thermo_style multi xlo xhi ylo yhi zlo zhi
fix 1 all nvt temp 343.0 343.0 100.0
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fix 2 all deform 10 x final 0.0 ${boxF} y final 0.0 ${boxF} z final 0.0 ${boxF} units box
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
restart ${runsteps} restart.${file}
minimize 0.0

1.0e-8 100 1000

run ${runsteps}
next boxF
next num
undump 1
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
fix 2 all deform 10 x final 0.0 ${boxF} y final 0.0 ${boxF} z final 0.0 ${boxF} units box
run ${runsteps}
write_restart restart.${file}

LAMMPS input script for the NPT equilibration step.
variable file index 343K
variable num index 3 4
variable runsteps index 2500000
variable dumpdat index 2500
variable boxF index 60

units real
neigh_modify delay 5 every 1
atom_style full
bond_style harmonic
angle_style cosine/squared
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dihedral_style nharmonic
pair_style lj/cut/coul/long 10.0
pair_modify mix arithmetic
kspace_style pppm 1e-4
read_restart restart.${file}
reset_timestep 0
timestep 4
run_style respa 3 4 2 bond 1 pair 2 kspace 3
special_bonds lj/coul 0.0 0.0 0.0
thermo 2500
thermo_style multi xlo xhi ylo yhi zlo zhi
fix 1 all npt temp 343.0 343.0 100.0 iso 1.0 1.0 100000
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
restart ${runsteps} restart.${file}
run ${runsteps}
next num
undump 1
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
run ${runsteps}

write_restart restart.${file}

LAMMPS input script for the NVT production runs.
variable file index 423K
variable num index 1 2
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variable runsteps index 2500000
variable dumpdat index 2500
units real
neigh_modify delay 0 every 1
atom_style full
bond_style harmonic
angle_style cosine/squared
dihedral_style nharmonic
pair_style lj/cut/coul/long 10.0
pair_modify mix arithmetic
kspace_style pppm 1e-4
read_restart restart.423K
timestep 4
run_style respa 3 4 2 bond 1 pair 2 kspace 3
special_bonds lj/coul 0.0 0.0 0.0
thermo 2500
thermo_style multi
fix 1 all nvt temp 423.0 423.0 100.0

dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
restart ${runsteps} restart.${file}
run ${runsteps}
next num
undump 1
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
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run ${runsteps}
write_restart restart.${file}

LAMMPS input script for the NVT production runs using 2 Nvidia GTX cards.
newton off
package gpu 2 gpuID 1 2 neigh yes split 1
variable file index 423K
variable num index 1 2
variable runsteps index 2500000
variable dumpdat index 2500
units real
neigh_modify delay 0 every 1
atom_style full
bond_style harmonic
angle_style cosine/squared
dihedral_style nharmonic
pair_style lj/cut/coul/long/gpu 10.0
pair_modify mix arithmetic
kspace_style pppm 1e-4
read_restart restart.423K
timestep 4
run_style respa 3 4 2 bond 1 pair 2 kspace 3
special_bonds lj/coul 0.0 0.0 0.0
thermo 2500
thermo_style multi
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fix 1 all nvt temp 423.0 423.0 100.0
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
restart ${runsteps} restart.${file}
run ${runsteps}
next num
undump 1
dump 1 all custom ${dumpdat} ${file}_${num}.dat id mol type q xu yu zu
run ${runsteps}
write_restart restart.${file}
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