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ABSTRACT
The sequence of mineral phases that appear during the crystallization of titanium
oxides from aqueous solutions was examined using a variety of experimental and
theoretical techniques. Time-resolved X-ray diffraction experiments showed that the
traditionally metastable phase anatase was the first TiO2 polymorph to crystallize for all
conditions, and anatase converted to rutile over many hours. Thus, the reversal of
thermodynamic phase stability for particles with large surface area to volume ratios can
be attributed to increased surface energies at the nanoscale. Quantum energy calculations
on model anatase and rutile nanoparticles and surfaces revealed that the energy of underbonded atoms on various crystallographic surfaces, and especially defects at the edges
and corners of nanocrystals, were responsible for the stability reversal rather than
surface-induced perturbations to the crystal structure.
Kinetic modeling of mineral abundance data from the XRD experiments, using a
self-authored kinetic fitting program, demonstrated that minerals precipitate from and redissolve into solution without undergoing solid state phase transitions. Time-resolved
small-angle X-ray scattering (TR-SAXS) revealed that nanoparticles nucleate and grow
rapidly into broad, Gaussian-type particle size distributions, and also showed evidence of
oriented aggregation. An analysis of the in situ pH data and XRD data for the co-existing
particles revealed the counterintuitive conclusion that precipitation is slower at high Ti4+
concentrations. A crystallization model is proposed based on classical nucleation theory,
in which different interfacial energies between the mineral surface and the fluid cause
each polymorph to have different activation energies of precipitation. These activation
energies scale positively with the saturation state of the fluid.
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Chapter 1: Background and Motivation
Importance of TiO2
The titanium oxide (TiO2) phases have become environmentally, geologically,
and technologically important materials for a host of reasons over the past several
decades. As a mineral group, the titanium oxides are important accessory minerals in all
three major rock types, and yield information about the temperature, pressure, and
geochemical environment during a rock’s formation.1-3 They are also found as
nanocrystalline aggregates in soils, often adsorbing to the surface of clay particles and
altering the overall geochemical properties of the soil.4-7 Thus, understanding the
crystallization process and the resulting physical and chemical properties of titanium
oxide particles has a number of important advantages and implications in the geological
sciences.
In many nanotechnologies, controlling the incipient stages of crystal growth is of
vital importance since nanoscale materials can possess novel properties that are not
shared by macroscale materials with ostensibly the same structures. In particular, nanosized titanium oxides exhibit enhanced electrical and optical behaviors relative to bulk
titania. For these reasons, nano-titania is applied widely in pigments, sunscreens, and
food additives.8,9 In addition, TiO2 nanomaterials are critical to alternative energy
approaches. They are being developed as catalysts for cost-efficient hydrogen fuel10 and
as dielectric materials in dye-sensitized solar cells.11-13 Recently the electrical properties
of doped, nanoparticulate TiO2 were found to provide a fourth fundamental circuit
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element known as the memristor,14 whose existence previously had been theoretically
postulated.15
These approaches all rely on particular combinations of phase, particle size,
morphology, surface chemistry, and bulk composition. The list of applications for nanosized titania particles continues to grow, and with it so does our need to develop a
thorough theoretical understanding of their properties and synthesis routes. In particular,
engineering titania nanoparticles for such applications necessitates a deep understanding
of their crystallization mechanisms and thermodynamic behavior at small particle sizes.
Nevertheless, the factors that control phase stability and crystal shape for this intensively
studied system are still not completely understood at the nanoscale.

Crystallization and the TiO2 system
Rutile (α-TiO2), a tetragonal polymorph with highly regular, corner and edgesharing coordination octahedra, is predicted to be thermodynamically stable at all
temperatures and pressures.16 Despite this, the anatase phase (also tetragonal, with
somewhat distorted and more predominantly edge-sharing coordination octahedra) is
observed to dominate nano-sized samples in both natural4,5 and laboratory17 settings, even
though its bulk crystal structure is known to be between 1 to 10 kJ/mol greater in free
energy than that of rutile18-22 (with the value recommended in the JANAF
thermochemical tables being -6.025 kJ/mol).23 An additional phase, brookite
(orthorhombic with irregular corner and edge sharing octahedra), is also observed to

2

A

B

C

Figure 1-1: Polyhedral models of the structures of the three most common naturally occurring
TiO2 polymorphs. A) Rutile (tetragonal, P42/mnm, a = 4.5905 Å, c = 2.9565 Å) [001] projection,
showing edge sharing TiO6 octahedra along [001] and corner sharing along [110]. B) Anatase
(tetragonal, I41/amd, a = 3.7833 Å, c = 9.5090 Å) [100] projection, showing distorted octahedra
primarily sharing along edges. C) Brookite (orthorhombic, Pbca, a = 9.166 Å, b = 5.436 Å, c =
5.135 Å) [001] projection, showing distorted octahedra with a combination of edge and corner
sharing.
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occur both naturally24,25 and in synthesis experiments.26,27 Figure 1-1 illustrates the
structures of rutile, anatase, and brookite.
The observation that mineral systems often initially crystallize an ostensibly
metastable phase (which then transitions through other phases on its way to the stable
phase) is known empirically as the Ostwald step rule,28-30 and occurs in other oxide
systems such as silica,31 zirconia,32 and alumina.33 To explain this, many scientists18,34-38
have suggested that the high surface-to-volume ratios of nanoparticles give rise to a
significant surface contribution to free energy. If a traditionally metastable phase, such
as anatase, happens to have lower surface energy than that of the stable phase (rutile), it is
possible for the total free energy of an anatase nanoparticle to fall below that of a rutile
nanoparticle of similar size. This implies a crossover in thermodynamic stability between
polymorphs as a function of particle size, due to the relative dominance of either the
surface (at extremely small sizes) or bulk (at larger sizes) free energy term (Figure 1-2).
Several studies have offered calorimetric evidence to support the inference that
the energies of anatase surface structures are lower than those for rutile, thereby
stabilizing anatase nanoparticles.18,35-38 In addition, ab initio modeling techniques suggest
that anatase surfaces may indeed be stable relative to those of rutile.39,40 It has therefore
been hypothesized that as an initially precipitated anatase particle grows in size, it will
reach a critical radius above which rutile becomes the stable phase due to the diminishing
surface energy term giving way to the bulk energy term.36 It is thought that such a
particle will then change to the rutile structure (illustrated in Figure 1-3), but it is thus far
unknown exactly how this process takes place. It is also unknown exactly what

4

Figure 1-2: Diagram of the enthalpies of TiO2 phases as a function of surface area taken from
calorimetric measurements, illustrating the hypothesized thermodynamic stability reversals
between nanoparticles and bulk phases. (Taken from Ranade et al.18)

5

Figure 1-3: The hypothesized effect of surface energy on phase stability in the TiO2 system. At
very small particle sizes (left), the particle is almost entirely surface, causing the phase with the
most stable surface structure (anatase) to have the lowest overall free energy. As particles grow
(right), the volumetric crystal structure becomes dominant, causing the phase with the lowest bulk
free energy (rutile) to become stable.
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thermodynamic, and possibly kinetic, factors contribute to the observed phase sequence
during the crystallization of TiO2 and other oxide mineral systems.

Goals
In this study, the crystallization mechanisms during the aqueous precipitation of
titanium oxide nanocrystals, and specifically the factors that govern the observed phase
sequence under a given set of conditions, are investigated using a combination of
experimental and theoretical approaches. The goal is to answer the following questions
regarding the crystallization of TiO2 mineral phases from an aqueous fluid:

1) Do time-resolved experimental techniques show that anatase is always the
first phase to crystallize from aqueous solutions?
2) What factors govern the identity of the initially crystallizing phase?
3) Does phase stability reversal actually occur at small particle sizes? If so, what
specific energetic contributions cause the reversal to occur?
4) By what reaction mechanisms does the initial product of precipitation
eventually become particles of rutile?

In Chapter 2, the structural evolution of TiO2 phases precipitating from aqueous
solutions under a range of initial conditions is captured using time-resolved synchrotron
7

X-ray diffraction (TR-XRD). The Gibbs free energies of anatase relative to rutile
nanocrystals as a function of particle size are also theoretically investigated using
quantum mechanical calculations on model particles. In Chapters 3 and 4, the phase
abundance data collected during the TR-XRD experiments are explained in terms of a
standard chemical kinetic model that was fit to the data using a self-authored
optimization code, which provides insight into the operating reactions and mechanisms.
In Chapter 5, TiO2 nanoparticles precipitating from aqueous solutions are
observed using time-resolved synchrotron small angle X-ray scattering (TR-SAXS) in
order to better constrain the distribution of particle sizes as a function of time. In Chapter
6, the influence of solution chemistry on the stability and growth of titania nanoparticles
is investigated using in-situ pH measurements, which are then correlated to X-ray
diffraction (XRD) data of the co-existing particles. The combined evidence from these
approaches will help provide answers to the above research questions, and yield valuable
insights as to how aqueous crystallization occurs in polymorphic mineral systems.
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Chapter 2: Time-resolved X-ray Diffraction of Aqueous
Titanium Oxide Crystallization and Quantum Mechanical
Modeling of Nanocrystals
Abstract
We have monitored the hydrothermal crystallization of titania nanoparticles by in
situ X-ray diffraction (XRD). Anatase is the initially crystallized phase in aqueous
settings, followed shortly thereafter by rutile. After rapid growth of both phases, anatase
content slowly decreased and was replaced by rutile. Scherrer analysis of diffraction
peaks revealed that anatase particles remained static in size after nucleating from
solution, while rutile particles continued growing. Using the refined average structures
from the XRD measurements, we calculated potential energy variations with particle size
on periodic bulk structures using density functional theory (DFT). These variations
cannot account for the enthalpy required to stabilize anatase relative to rutile. Thus, the
hypothesis that the structural strain of nanoparticle surfaces accounts for the stabilization
of anatase is not applicable to the growth of titania in water.
DFT calculations on model nanoparticles do generate lower surface energies for
anatase than for rutile that are large enough to explain the stability reversal in
nanoparticles relative to the bulk phase. Rather than arising from 2-dimensional surface
structure alone, as previously thought, the total surface energies are critically dependent
upon defects associated with edges and corners of nanocrystals at particle sizes < 3 nm
(i.e., during the nucleation process). As the particles grow, the bulk free energy becomes
relatively more important, causing rutile to become stable at larger particle sizes. This
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study quantifies for the first time the critical role of edge and vertex energies in
determining the relative phase stabilities of TiO2 nanoparticles.

Introduction
Controlling the incipient stages of crystal growth is of vital importance in many
nanotechnologies since nanoscale materials can possess novel properties that are not
shared by macroscale materials with ostensibly the same structures. In particular, nanosized titanium oxides exhibit enhanced electrical and optical behaviors relative to bulk
titania, and nano-titania is applied widely in pigments, sunscreens, and food additives.1,2
In addition, TiO2 nanomaterials are critical to alternative energy approaches and are
being developed as catalysts for cost-efficient hydrogen fuel3 and as dielectric materials
in dye-sensitized solar cells.4-6 Recently the electrical properties of doped,
nanoparticulate TiO2 were found to provide a fourth fundamental circuit element known
as the memristor,7 whose existence previously had been theoretically postulated.8
Engineering titania nanoparticles for such applications necessitates a deep
understanding of their crystallization mechanisms and thermodynamic behavior at small
particle sizes. Nevertheless, the factors that control stability of nano-phases and crystal
shape for this intensively studied system are still not completely understood. Although αTiO2 (rutile) is predicted to be thermodynamically stable at all temperatures and
pressures, anatase dominates nano-sized samples in both natural9,10 and laboratory11
settings. To explain this observation, many scientists12 have suggested that the high
surface-to-volume ratios of nanoparticles give rise to a significant surface contribution to
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free energy. Subsequently, several studies have offered calorimetric evidence to support
the inference that the energies of anatase surface structures are lower than those for rutile,
thereby stabilizing anatase nanoparticles.13-18
Here, we report the results of time-resolved X-ray diffraction (TR-XRD)
measurements, and quantum mechanical calculations which reveal that the summation of
surface energies for the major crystal faces of anatase and rutile nanoparticles cannot
account for all of the energy that reverses phase stability with particle size. Instead,
critical energetic contributions arise from the structural defects associated with the
junctions of different crystal faces. We propose that the structural features that stabilize
bulk rutile with respect to bulk anatase reduce the capacity of nano-rutile to
accommodate the energetic costs associated with those surface, edge, and corner defects
that are so significant at the nanoscale.

Experimental Methods
Time-resolved diffraction experiments were carried out at beamline X7B of the
National Synchrotron Light Source, Brookhaven National Labs. Solutions of 0.10, 0.50,
and 1.00 M TiCl4 were prepared by dissolving reagent grade TiCl4 drop-wise into chilled
de-ionized water and diluting to volume. The solutions were loaded into glass, 1 mm
outer diameter capillaries, sealed with heat resistant epoxy, and placed in the beam path.
A forced air heater below the sample controlled with an Omega 3200 controller was used
to heat the solution to experimental temperatures of 100, 150, and 200 oC, and
temperature was monitored with a chromel-alumel thermocouple adjacent to the sample.
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Powder diffraction patterns were collected with a MAR345 image plate at a time interval
of four minutes during a total of 8-12 hours of crystallization per experiment. Figure 2-1
illustrates the setup of time-resolved diffraction experiments at beamline X7B.
Images were integrated into intensity versus 2-theta plots using the program
Fit2D19 using a polarization factor of 0.93. Structural refinements were carried out using
the General Structure Analysis System (GSAS) developed by Larson and Von Dreele.20
Backgrounds were fitted graphically using a Chebychev polynomial of 15-18 terms, and
peak profiles were modeled using a pseudo-Voigt function described by Van Laar and
Yelon,21 adjusted for asymmetry attributable to axial divergence by Finger et al,22 and
including terms for anisotropic microstrain broadening by Stephens.23 After convergence
of peak and background parameters, unit-cell dimensions were refined. All initial values
of unit-cell parameters were taken from Cromer and Herrington.24 This was followed by
refinement of atomic positions, isotropic temperature factors, and in some cases,
additional background terms.

Computational Methods
The anatase and rutile lattice parameter data derived from our Rietveld analyses
as a function of particle size were used in density functional theory (DFT) calculations to
assess whether the transition from a nanoparticle strained structure, to the normal bulk
structure was sufficient to account for stability reversal between rutile and anatase (i.e.,
strain energy > 6 kJ/mol). All calculations were performed using the Vienna Ab-initio
Simulation Package (VASP)25 using an energy cutoff of 400 eV. Soft pseudopotentials
18

A

B
Figure 2-1: Setup of TR-XRD experiments at beamline X7B of the National Synchrotron
Lightsource (NSLS), Brookhaven National Laboratory (BNL). A) Schematic diagram of the
experimental setup. An aqueous solution of TiCl4 is sealed in a ~1 mm diameter glass or sapphire
capillary. A forced air heater below the capillary heats the fluid to temperature, inducing the
crystallization of TiO2 nanoparticles while an area detector automatically records images of
diffracted X-rays on the other side of the X-ray beam at a time interval of ~4 minutes. B) Up
close photo of the experimental apparatus; Green overprint highlights the locations of scattered
X-rays, which form rings on the image plate.
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utilizing the Perdew-Burke-Ernzerhof (PBE) exchange and correlation functionals26 and
the projector-augmented wave (PAW) method27 were used in all energy calculations.
Periodic boundary conditions were employed to calculate, with full structural relaxation,
the energies of the bulk crystal structures and of planar surfaces (rutile {110} and {101}
and anatase {001}, {101} and {100}) with at least 4 atomic layers and a vacuum gap of
15 Å above each surface.
Anatase structures were modeled with a super-cell containing 3x3x1 unit cells and
108 atoms; rutile was modeled with super-cells having 2x2x3 unit cells and 72 atoms.
Reciprocal space was sampled with a Monkhorst-Pack 2x2x1 grid28 for all super-cells.
Lattice parameters for these bulk structure calculations were fixed at the experimental
values obtained from our Rietveld analysis of the diffraction data. Although lattice
parameter relaxations were not performed in this study, similar calculations result in
excellent agreement with observed crystal structures and surface energies.29
Models of anatase and rutile nanoparticles (average diameters 1, 2 and 3 nm) were
constructed using the Cerius2 software package (Accelrys Software Inc.) by faceting an
anatase super-cell containing 5x5x5 unit cells (1.9x1.9x4.8 nm) with the {001} and
{101} faces, and a rutile super-cell containing 6x6x6 unit cells (2.8x2.8x1.8 nm) with the
{110} and {101} faces, consistent with the minimum energy morphologies predicted by
Barnard et al.30-32 Excess surface atoms were removed until the models were
stoichiometric and electrically neutral. The 1 nm particles contain 120 and 105 atoms, the
2 nm particles 441 and 483 atoms, and the 3 nm particles 627 and 816 atoms for rutile
and anatase structures respectively. The anatase 1 and 2 nm particles were placed in a
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30x30x43 Å3 supercell, the rutile 1 and 2 nm in a 43x43x30 Å3 supercell, and the anatase
and rutile 3 nm in a 40x40x55 Å3 supercell.
The structures were first optimized using the General Utility Lattice Program
(GULP)33 with a force field appropriate for the Ti-O-H system,34 and then all ions in the
nanoparticle were relaxed to a potential energy minimum with VASP using periodic
boundary conditions and the same methodology employed for the bulk and planar surface
calculations. The total surface free energy of a particle or surface slab was calculated by
subtracting the energy of an equal number of atoms of fully relaxed, 3D-periodic bulk
structure from the total energy of a nanoparticle or surface of the same phase.

Results/Discussion
A sequence of time-resolved XRD patterns for a representative experiment (0.5 M
TiCl4 at 100 oC) is reproduced in Figure 2-2. Patterns from these experiments, with a time
resolution of ~4 minutes, reveal that anatase was always the first phase to nucleate,
appearing within 20-30 minutes of the start of the experiments. Diffraction peaks
corresponding to rutile typically appeared shortly – within 10 minutes – after the
appearance of the first anatase peaks. In many experiments, both anatase and rutile
initially increased in mass abundance until reaching a threshold, beyond which anatase
content decreased as rutile continued to form (Figure 2-3). In some experiments,
however, mass abundance of both minerals was still increasing after several hours of
crystallization. Small quantities of brookite were observed in three of our experiments.
Refined mineral abundances for all experiments are shown in Figures 2-4, 2-5, and 2-6.
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Figure 2-2: Stacked diffraction patterns of the first 4 hours of TiO2 crystallization from a 0.5 M
TiCl4 solution at 100 oC. Pink peaks (labeled “A”) represent anatase, blue peaks (labeled “R”)
represent rutile. In this experiment, anatase peaks appear ~15 minutes after heating begins, and
rutile peaks appear ~10 minutes after the first appearance of anatase.
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0.5 M TiCl4
100 oC

Figure 2-3: Phase abundance vs. time during TiO2 crystallization from a 0.5 M TiCl4 solution at
100 oC (corresponding to diffraction patterns shown in Figure 2-2). Phase abundances are refined
using Rietveld analysis with the General Structure Analysis System (GSAS), and are normalized
to the final total amount of precipitate. Pink = anatase, Blue = rutile, Brown = total.
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0.1 M TiCl4
100 oC

0.1 M TiCl4
150 oC

0.1 M TiCl4
200 oC

Figure 2-4: Rietveld refined
abundances of TiO2 minerals
during in situ, TR-XRD crystallization experiments using
0.1 M TiCl4. Mineral abundances are expressed in scaling
units used by the General
Structure Analysis System
(GSAS)20 which have been
normalized to the total X-ray
intensity. A) 100 oC, B) 150
o
C, C) 200 oC. Red = anatase,
green = brookite, blue = rutile.
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0.5 M TiCl4
100 oC

0.5 M TiCl4
150 oC

0.5 M TiCl4
200 oC

Figure 2-5: Rietveld refined
abundances of TiO2 minerals
during in situ, TR-XRD crystallization experiments using
0.5 M TiCl4. Mineral abundances are expressed in scaling
units used by the General
Structure Analysis System
(GSAS)20 which have been
normalized to the total X-ray
intensity. A) 100 oC, B) 150
o
C, C) 200 oC. Red = anatase,
green = brookite, blue = rutile.
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1.0 M TiCl4
100 oC

1.0 M TiCl4
150 oC

Figure 2-6: Rietveld refined
abundances of TiO2 minerals
during in situ, TR-XRD crystallization experiments using
1.0 M TiCl4. Mineral abundances are expressed in scaling
units used by the General
Structure Analysis System
(GSAS)20 which have been
normalized to the total X-ray
intensity. A) 100 oC, B) 150
o
C, C) 200 oC. Red = anatase,
blue = rutile.

1.0 M TiCl4
200 oC
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Trends in these data, as well as an analysis of the reaction pathways that produce these
trends, are more fully discussed in Chapter 4.
An analysis of diffraction peak widths through time was performed, and
converted to average crystallite sizes using the Scherrer equation:

(Eq. 2-1)

where d is the average diameter of a primary crystallite, λ is the X-ray wavelength, β is
the full width at half maximum of the diffraction peak, θ is half the scattering angle (2θ),
and K is a constant shape factor of 0.9.
This analysis yielded nearly identical trends in crystal growth at different
experimental conditions (Figure 2-7). Both anatase and rutile particles grew rapidly from
a very small size to several nanometers during the first ~30 minutes of crystallization. In
particular, the observation of initial rutile crystallites with average diameters of 3 nm
(Figure 2-7A) strongly suggests that rutile co-precipitates with anatase in aqueous
environments, rather than arising purely through the structural rearrangement of
aggregated, post-critical anatase crystallites.35
After the initial period of rapid growth, anatase particles remained static in size
for the duration of the experiment, while rutile particles continued slowly growing at a
steady rate. Comparison of the anatase crystallite sizes obtained from Scherrer analysis of
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A

B

Figure 2-7: Average particle sizes of hydrothermally crystallized anatase and rutile from A) 0.5
M TiCl4 at 100 oC and B) 1.0 M TiCl4 at 200 oC, obtained from Scherrer analysis of time-resolved
diffraction data. Pink = anatase, blue = rutile; Circles = peaks with components only along the a1
and a2 axes, Triangles = peaks with components in along the c-axis.
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the (101) and (200) diffraction peaks, which sample the mean diameter in different
crystallographic directions, indicated that anatase crystallites were roughly equant in
shape with an average diameter of 6-8 nm. These data were in good agreement with TEM
observations of the resulting particles (Figure 2-8). In contrast, rutile crystallites were
longer in the (111) direction than in the (110) direction. This indicates elongation along
the c-axis, consistent with the commonly observed36 and theoretically predicted30 rod-like
morphology of rutile nanocrystals.
The collection of time-resolved diffraction data allowed for measurements of
anatase and rutile structures as they evolved from surface-dominated nanoparticles to
volume-dominated microcrystals. Rietveld analysis revealed systematic variations in
unit-cell parameters as a function of particle size, but the effects were extremely subtle.
Both anatase and rutile experienced an expansion in all lattice parameters as particles
coarsened, and the increase was most pronounced along the c-axis for both phases
(Figure 2-9). Nevertheless, the volumetric expansion coefficients were on the order of
0.8% or less, suggesting that the degree of surface relaxation for these closest-packed
oxides is not dramatic.
At 100 oC, unit-cell parameters of both phases were initially smaller than the
corresponding value for the bulk phase (as measured by synchrotron XRD data – see
Appendix A). As particles coarsened, the structures expanded to that of the bulk phase.
Interestingly, particles grown at 200 oC started with unit-cell parameters that already
matched those of the bulk phases at this temperature, which then expanded to larger
values with further crystallization. Although several studies have measured the in-situ
coarsening of titania nanoparticles in air37-41 and in supercritical fluids,42 to the authors’
29

A

B

Figure 2-8: High-resolution TEM micrographs of titania nanoparticles crystallized from 0.5 M
TiCl4 at 100 oC for ~10 hours. A) An aggregate of primary particles, 5-10 nm in diameter. B) At
higher magnification, an individual crystallite is highlighted in yellow. (Image taken at Pacific
Northwest National Laboratory with the help of Alice Donahlkova.)
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Anatase

Rutile

Figure 2-9: Rietveld refined lattice parameters from time-resolved diffraction data of TiO2
precipitation from aqueous TiCl4 solutions. A) Anatase c axis length vs. crystallization time,
Orange diamonds = 0.5 M TiCl4 at 100 oC, Red circles = 1.00 M TiCl4 200 oC. B) Rutile c axis
length vs. crystallization time, Blue diamonds = 0.5 M TiCl4 at 100 oC, Purple circles = 1.00 M
TiCl4 200 oC. Dashed lines represent the lattice parameters of the bulk phase at each temperature
as measured by Rietveld refinement of synchrotron diffraction data (see Appendix A).

31

knowledge, this study represents the first time-resolved measurements of TiO2 structures
during homogenous, in-situ precipitation from an aqueous medium.
Previous studies of nanocrystalline TiO2 lattice constants as a function of particle
size have utilized XRD measurements of dried powders. The unit-cell volume of anatase
in these studies was found to expand with increasing particle size,43 while that of rutile
contracts.44 Our data, which show an expansion in the unit-cell volumes of both phases as
the particles coarsen, is therefore consistent with the reported behavior of anatase but
conflicts with that of rutile. The apparent contradiction with previous results for rutile can
be attributed to the much higher degree of surface solvation in our in-situ experiments.
Many researchers have measured the enthalpy for the transition from anatase to
rutile (ΔHanatase

→rutile)

15,45-48

as ranging from -1 to -10 kJ/mol, with the value

recommended in the JANAF thermochemical tables being -6.025 kJ/mol.49 Because the
measured molar entropies of anatase and rutile (49.9 + 0.3 and 50.6 + 0.6 J/mol K,
respectively) are identical within experimental error,50 the enthalpy difference of ~ 6
kJ/mol is equivalent to the Gibbs free energy difference at low and moderate
temperatures. Thus, for a surface-related energy term to reverse the relative stabilities of
the bulk structures, its value must exceed ΔHanatase →rutile ≈ 6 kJ/mol.
DFT potential energy calculations based on the bulk anatase and rutile structures
refined from our XRD data (i.e., DFT energies with the lattice parameters constrained to
the observed values at various times during the experiment) showed that rutile and
anatase experienced respectively a 0.6 and 0.4 kJ/mol decrease in energy during the
transition from a strained nanoparticle structure towards the bulk crystal structure as the
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particles coarsened and lattice constants expanded to their bulk values. This negligible
decrease in energy (compared to ΔHanatase →rutile ≈ 6 kJ/mol) indicates that the deviation
from the bulk structure observed in the early-formed, anatase and rutile nanoparticles
cannot account for the observed reversal in stability.
The DFT calculations on model nanoparticles (Figure 2-10) did exhibit marked
differences in surface energies. The calculated surface energies for 1 nm particles of
anatase and rutile were 1.29 and 1.69 J/m2, respectively. Calculations of surface energies
for 2 nm particles yielded 0.84 and 1.39 J/m2 for anatase and rutile, respectively, whereas
the 3 nm anatase and rutile particles yielded 0.77 and 0.88 J/m2, respectively (Figure 211). Thus, the surface energies diminished with larger particle size, but the surface energy
for anatase fell below that of rutile for each model nanoparticle (by 9.5 kJ/mol for 1 nm
particles, by 12.8 kJ/mol for 2 nm particles, and by 8.5 kJ/mol for 3 nm particles, where
J/m2 was converted to kJ/mol using the known surface area and number of TiO2 units for
each particle). These values indicate that differences in nanoparticle surface energy are
large enough in magnitude (i.e., > 6 kJ/mol for the bulk transition) to account for the
stability reversal between the anatase and rutile polymorphs for sufficiently small
particles, consistent with previous modeling32 and calorimetric15,17 results.
To assess the contributions to the total surface energy from the component
surfaces, we compared the surface energies of the whole nanoparticles to those calculated
using our surface slab models (calculated by subtracting the energy of the relaxed, 3-Dperiodic bulk structure from that of the 2-D surface slab). The DFT-calculated surface
energies for each surface are shown in Table 2-1. The results for anatase surfaces agree
well with those of Lazzeri et al51,52 and reasonably well with those of Barnard and
33

Figure 2-10: Energy minimized model TiO2 nanoparticles. A) 1 nm anatase, B) 2 nm anatase, C)
3 nm anatase, D) 1 nm rutile, E) 2 nm rutile, F) 3 nm rutile. Blue = Titanium; Red = Oxygen.
Retention of the apical, 3-coordinated Ti atoms on the 1 nm anatase particle was necessary to
preserve electrical neutrality.
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Figure 2-11: Total calculated surface energies of model 1, 2 and 3 nm anatase and rutile particles.
Orange represents the contribution from the sum of the particle’s constituent crystallographic
surfaces. Yellow represents the remainder, which is attributed to edges and defects.
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Table 2-1: Density functional theory (DFT) calculated energies of anatase and rutile
surfaces.
Surface

Anatase
{001}
{100}
{101}
Rutile
{110}
{101}

Energy (J/m2)
(This work)

Energy (J/m2)
Energy (J/m2)
a
49,50
Lazerri et al
Barnard and Zapol30
b
Ramamoorthy et al 51

0.96
0.51
0.41

0.90a
0.53a
0.44a

0.51
0.39
0.35

0.69
1.12

0.89b
1.40b

0.47
0.95
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Zapol,31 with the exception of anatase {001}. We attribute the discrepancy to the higher
energy cutoff (400 eV) used in our calculations. (Note that if this previously reported
lower energy for the anatase {001} surface were used in the following analysis, it would
only serve to decrease the energetic contribution of this face to the total surface energy
and strengthen our main conclusion.)
The results for rutile lie between those of Barnard and Zapol31 and those of
Ramamoorthy et al.53 Table 2-2 shows bond distances in the energy minimized surface
structures, as well as the analogous bond distances in the energy minimized bulk
structure. Overall, bonds between surface Ti and overlying bridging O (as well as O
atoms in the underlying layer) contracted significantly relative to the bulk structure, while
bonds to 3-coordinated surface O (parallel to the surface) expanded slightly. These trends
are in good agreement with previous DFT calculations of these surfaces.31
Interestingly, these calculations revealed a significant discrepancy between the
total calculated particle surface energies and the summed energies of the constituent faces
(i.e., the predicted surface energies of the nanoparticles based on the 2-D periodic surface
energies in Table 2-1). For example, 1 nm rutile particles were calculated to have a
surface energy of 1.69 J/m2. However, a summation of the energies of its constituent
{101} and {110} surfaces yielded a value of 1.06 J/m2, 63% of the total surface energy.
Similar inconsistencies were observed for each of the other five particles (Figure 2-11).
The large discrepancies can be attributed to the contributions of the nanoparticle
edges and corners, which exist only on the nanocrystals and not within idealized 2-D
periodic surfaces. Due to their under-coordinated nature, these edge and corner energies
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Table 2-2: DFT calculated bond distances in the top trilayer of atoms on anatase and
rutile surfaces and the corresponding bond distances in the DFT calculated bulk structure.
Bond*

Anatase {001}

Anatase {100}

Anatase {101}

Rutile {101}

Rutile {110}

TiV-Obr

Surface
1.960

Bulk
1.941

Surface
1.842

Bulk
1.992

Surface
1.853

Bulk
1.992

Bulk
NA

1.934

1.941
1.992
NA

1.975
2.027
1.813
1.850

1.941
1.992
1.941
1.941

1.956

1.962
NA

1.941
1.992
1.941
1.941

1.949

TiV-Osub
TiVI-Obr

1.962
2.060
1.831
1.863

Bulk
1.955
1.980
1.956
1.982
1.956
NA

Surface
NA

TiV-Osurf

Surface
1.830
1.915
2.009
2.103
1.874
NA

TiVI-Osurf

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

1.992
1.941
1.992

1.982
1.955
1.955
1.980

TiVI-Osub

2.003
1.929
2.053

1.870
1.844
1.865
2.067

NA

NA

2.110
2.061

1.956
1.956

An entry of “NA” indicates that no bond matching the description is present in the surface’s top
trilayer of atoms. Two entries indicate that two symmetry distinct bonds matching the description
are present in the surface’s top trilayer.
* TiV = 5-coordinated surface titanium; TiVI = 6-coordinated surface titanium; Obr = 2-coordinated
(bridging) surface oxygen; Osurf = 3-coordinated surface oxygen; Osub = 3-coordinated underlying
oxygen.
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contribute substantially to the surface energy that inverts the relative stabilities of anatase
and rutile when the surface contributions dominate, as is the case with nanoparticles. A
comparison of this excess surface energy (i.e., the surface energy unaccounted for by 2-D
periodic surfaces) to the total length of edges on each particle is shown in Figure 2-12.
The amount of excess energy scales proportionally to the edge length for all anatase
particles and for the 1- and 2-nm rutile particles, strongly supporting the inference that
this energy arises from particle edges. The unusually low edge energy of the 3 nm rutile
particle can be explained by the presence of stable, 90o edges between the prismatic (110)
faces of this particle, which were absent on both the 1 and 2 nm rutile particles.
Including both surface and bulk terms, the transition enthalpy (ΔHtrans) for the
nano-anatase to nano-rutile transition is 3.5 kJ/mol, 6.8 kJ/mol, and 2.5 kJ/mol for 1, 2,
and 3 nm particles, respectively. Thus, the overall trend is for nano-anatase and nanorutile to reach a state of phase equilibrium (ΔHtrans = 0) at a particle size not greatly larger
than 3 nm. However, the contribution of edges and vertices to the total surface energy
decreases with particle size, while the change in the contribution from 2-D surface
structure is more modest. As a consequence, if edge and corner energies were removed
from consideration, the total transition enthalpy for nano-anatase to nano-rutile would
become 25.3, 11.9, and 13.2 kJ/mol for 1, 2, and 3 nm particles, respectively, resulting in
a much slower convergence to phase equilibrium. Thus, although edge and corner energy
constitutes a sizeable fraction of the surface energy that reverses phase stability, it also
has the effect of limiting the stability field of anatase as a function of particle size from
what it would otherwise be (including only 2-D surface structure).
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Å
Figure 2-12: Excess surface energy as a function of total edge length for model anatase and rutile
nanoparticles. The excess surface energy is defined as the total DFT calculated surface energy of
the particle, minus the summed energies of its constituent crystallographic surfaces. The strong
correlation for all but one particle strongly suggests that the excess energy arises from the defects
along the particle’s edges. Pink = anatase, blue = rutile.
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Conclusions
Time-resolved diffraction data collected during in situ crystallization experiments
confirms that anatase is the first phase to crystallize from aqueous Ti4+ solutions. Rutile
crystallizes shortly after anatase, and thereafter increases in mass abundance while
anatase is lost. The initial precipitation of anatase rather than rutile can be explained by a
reversal of thermodynamic stability between these two polymorphs caused by the
predominance of a surface free energy term, which our calculations show to be
substantially lower for anatase than for rutile. Scherrer analysis of crystallite sizes shows
that anatase and rutile nanocrystals rapidly grow to several nanometers in diameter,
beyond which anatase crystals remain at ~7 nm while rutile crystals continue growing.
Rietveld refinements of the time-resolved diffraction data also reveal small but consistent
structural expansion of anatase and rutile particles during crystallization, previously
unobserved in oxide mineral systems.
Our DFT calculations point to a large, previously unreported discrepancy between
the total particle surface energy and the sum of the energies of their constituent surfaces.
This excess energy, which can comprise up to 68% of the particle’s total surface energy,
arises from the under-coordinated Ti and O atoms on the edges and corners of
nanoparticles and appears to be a significant factor governing the thermodynamics of
nanoparticles. The structural features that stabilize rutile in its bulk form (e.g., highly
regular, corner-sharing TiO6 coordination polyhedra) are less accommodating of the
defects than are those in anatase, which has a lower density (ρan = 3.89 g/cm3 vs. ρrut =
4.25 g/cm3) and more highly distorted, edge-sharing TiO6 octahedra. Consequently,
surfaces, edges, and vertices induce a much higher energetic penalty in rutile than in
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anatase, and since these defects are relatively more abundant when particle sizes are
small, they stabilize anatase at the nanoscale. It seems likely that suites of surface
defects, including edges and vertices, play a critical role in polymorphic stability
reversals observed in other systems, such as zirconia and alumina.
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Chapter 3: MinKin: A kinetic modeling program for the
dissolution, precipitation, and phase transformation of
polymorphic minerals in aqueous solution
Abstract
The development of time-resolved, synchrotron scattering techniques has recently
enabled the collection of in situ mineral abundance data during mineral-fluid reactions.
However, few computational algorithms exist to analyze the kinetics of such reactions.
Here we present MinKin (for “Mineral Kinetics”), a global optimization code for
MATLAB capable of fitting a standard chemical kinetic model to experimental mineral
abundance data. MinKin allows users to specify the species and reactions of a
geochemical system consisting of a fluid and up to three mineral phases, and then uses
the global optimization algorithm of Differential Evolution (DE) to calculate the rate
constants that minimize the error between the model and the data. Trial calculations
reveal that MinKin is able to simultaneously calculate up to six rate constants within
1.5% accuracy on a time scale of minutes.

Introduction
A common goal in chemical kinetics is to extract reaction rates from an
experimental time series of concentrations or abundances. Because the abundance of each
of the system’s phases is potentially affected by multiple reactions, however, direct
computation of rates is prohibitively complex for all but the simplest chemical systems.
For this reason, rate information is normally extracted via forward kinetic models that are
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fit to the experimental data. However, the variety of both chemical systems and kinetic
models that exist, as well as the mathematical difficulty in obtaining integrated rate laws
for all but the simplest systems, makes the development of generalized kinetic modeling
algorithms extremely difficult.
Systems in which natural mineral phases interact with aqueous fluids (and with
each other) are of particular interest to environmental geoscientists. However, very few
experimental techniques are capable of accurately resolving changes in the abundance of
multiple solid phases in a fluid, especially when the chemical compositions of the solids
are very similar. Recently, the development of high-flux synchrotron X-ray sources for
time-resolved scattering techniques has enabled the in situ analysis of reacting mineralfluid systems that were previously difficult or impossible to study in a time-resolved
fashion.1-8 These techniques have allowed experimenters to quantify the amounts of
multiple mineral phases during a single experiment with high time resolution, opening
the door for kinetic analyses of previously unexplored geochemical systems. However,
few tools exist to analyze the kinetics of such reactions. Here we present a versatile and
user-friendly MATLAB code, MinKin (for “Mineral Kinetics”), that can be used to fit a
standard chemical kinetic model to available mineral abundance data for any
geochemical system involving a fluid and up to three polymorphic mineral phases.

Description of MinKin
MinKin is a global optimization program that uses the differential evolution (DE)
algorithm of Price and Storn9,10 to minimize the sum of square errors between a kinetic
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model of a geochemical system and experimental mineral abundance data. MinKin was
written to allow users to define a geochemical system in which up to three mineral phases
can react with a co-existing fluid and with each other.
The user first identifies each mineral within the system, and then he or she either
allows or disallows the possible phase transitions that would convert one mineral into
another. The program uses this input to define a set of differential equations that
describes the system. Finally, the program uses an ordinary differential equation (ODE)
solver to produce model output, compare the output to the data, and optimize the model
parameters in order to fit the model to the data. As an example, we present the derivation
of a simple kinetic model for a generic system in which two mineral phases (both
containing iron) may precipitate and dissolve with an aqueous fluid, but do not undergo
phase transitions.

Construction of the kinetic model
The example system can be thought of as consisting of three iron reservoirs, each
containing bound Fe atoms in various forms: the aqueous phase (consisting of hydrated
Fe3+ species in solution), Mineral A, and Mineral B. These reservoirs will be designated
Maq, A, and B, respectively. As the system evolves, iron is shuttled among these
reservoirs via four different reactions:

1) Maq → A

(Mineral A precipitation)
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(Eqs 3-1)

2) A → Maq

(Mineral A dissolution)

3) Maq → B

(Mineral B precipitation)

4) B → Maq

(Mineral B dissolution)

For simplicity, we will assume that 1 mole of aqueous Fe always converts to 1 mole of
each mineral phase, and thus each reaction has a simple 1:1 stoichiometry. Figure 3-1
summarizes this model.
According to standard chemical kinetics, the rate of each reaction (as defined by
the rate of production of product, P) at any given time t is proportional to the product of
the activities of all j reactants Ri at time t, each raised to a power Ai:

=

(Eq. 3-2)

The constant of proportionality k is called the rate constant; each power Ai is called the
reaction order with respect to reactant Ri; and the sum of the individual reaction orders
ΣAi is called the overall reaction order. Although H2O may serve as a reactant, its activity
is so large compared to other species that it can be considered constant during the course
of a reaction and is therefore incorporated into k. MinKin therefore considers only the
three Fe reservoirs, Maq, A, and B, to be reactants in these reactions.
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Figure 3-1: A diagram of the kinetic model used to describe an example geochemical system in
which two polymorphic iron bearing minerals precipitate from an aqueous Fe3+ bearing fluid.
Arrows represent the four reactions of the model, which shuttle Fe between three different phases
(or reservoirs): Aqueous, Mineral A, and Mineral B. For simplicity, conversions between Mineral
A and Mineral B are not included in this model.
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In addition, MinKin makes the simplifying assumption that the activity of each
reactant is proportional to its molar concentration in the solution. This assumption is well
justified for the aqueous phase, since in sufficiently dilute solutions, all aqueous ionic
species are available to react with the surrounding water. However, because the reactive
surface area of a solid particle scales with the square of its radius (whereas the total
volume of material scales with the cube of the radius), the reactive activity of the mineral
phases will scale linearly with the concentration of material only when particle sizes do
not change greatly during the course of reaction. Thus, kinetic results obtained for
systems that are known to undergo substantial changes in grain size during a single
experiment must be interpreted with caution. In the present example, we assume that the
rate of particle growth is negligible compared to the change in overall abundance and we
therefore proceed by approximating reactive activity as overall concentration.
With these simplifications, we can write the rates of each reaction as:

1) Rate1 = k1 [Maq]A

(Eqs. 3-3)

2) Rate2 = k2 [A]B
3) Rate3 = k3 [Maq]C
4) Rate4 = k4 [B]D

where Ratei is the rate of reaction i, ki is the rate constant of reaction i, [X] is the molar
concentration of phase X, and A-D are the reaction orders of reactions 1-4, respectively
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(Eqs. 3-1).11 MinKin uses rate laws of the type described above in constructing models
for any geochemical system.
The rates of the individual reactions can now be used to express the rate of change
of each Fe reservoir, by summing the rates of each reaction that affects the reservoir:

Maq:

(Eqs. 3-4)

A:

B:

For example, in the case of the “Maq” reservoir, reactions 2 and 4 add Fe, while reactions
1 and 3 remove Fe. Mass balance in this model can be verified by noting that
.

The above three differential equations constitute a kinetic model that can be fit to
experimental data by finding optimal values of the model parameters. MinKin
automatically constructs these equations using the input species and allowed reactions,
and recognizes the model parameters as the rate constants of the four reactions (k1-k4). In
constructing the model, terms are added to the differential equations in pairs (one of
which subtracts material from the reactant reservoir and the other of which adds material
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to the product reservoir), such that mass balance is always maintained regardless of
which reactions are allowed. Because reaction orders are typically small whole numbers
(0, 1, or 2), the user is asked to input the order of each reaction and test one ‘reaction
order model’ at a time, rather than allowing reaction orders to be optimized from a
continuum of possible values.
The user is also asked to place an upper bound on the values that rate constants
may adopt. We recommend using an initial maximum of 10 hr-1 for first-order reactions,
but this will vary with the system and may require trial and error on the part of the user.
The goal should be to set a maximum value somewhat greater than the value of the
largest rate constant. A maximum that is set too large will cause slow convergence, since
the program will search a much larger parameter space than is necessary. A maximum
that is set too low will cause false convergence, since at least one of the true values is
outside the bounds of parameter space. Since MinKin lets users allow the reverse reaction
for any given reaction in the system, negative rate constants are not meaningful, and the
program uses a default minimum of zero for all parameter values.

Data input
The user is next allowed to input experimental data from a delimited text file that
contains the abundances of one or more of the system’s minerals as a function of time. It
is not necessary to input data for all of the system’s mineral phases, although the best
results are obtained when experimental data for as many minerals as possible are
included. The text file must have time data in the first column, and data for each available
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mineral in subsequent columns consistent with the previously entered order of minerals.
The file need not contain column headers, since the user can indicate whether data for
each mineral is included in the file. The program uses this information to unambiguously
interpret each data column. A sample input file is shown in Table 3-1. (Example: The
experimental system is defined to contain pyrite, marcasite, and greigite, in that order,
but time series data are available only for pyrite and greigite. Indicating that pyrite data
are present, marcasite data are absent, and greigite data are present causes the program
to interpret column 1 as time, column 2 as pyrite, and column 3 as greigite (rather than
marcasite)).
Finally, the user inputs various run parameters, including initial concentrations of
the dissolved metal cation and each mineral phase, maximum number of iterations to
perform, boundaries on parameter space, and a refresh interval that controls the frequency
of program output during optimization. The maximum number of iterations to perform is
of no consequence to the final results, since the program allows the user to perform
additional iterations in the event that optimization is not achieved within the previous
limit.

Optimization algorithm
MinKin feeds the user input into a code based on differential evolution (DE), an
evolutionary optimization algorithm9,10 that fits the constructed kinetic model to the
experimental data. Because a generalized kinetic model consists of ODEs rather than
direct equations for mineral/species abundance, many of the common steepest descent
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Table 3-1: Sample input file of mineral abundance data (for test #7 of Table 3-3).
Time
0.0000
0.5000
(hrs)*
1.0000
1.5000
2.0000
2.5000
3.0000
3.5000
4.0000
4.5000
5.0000
5.5000
6.0000
6.5000
7.0000
7.5000
8.0000
8.5000
9.0000
9.5000
10.0000

Mineral A
0.0000
0.1247
(mol/L)
0.1454
0.1440
0.1391
0.1347
0.1312
0.1287
0.1268
0.1254
0.1244
0.1236
0.1231
0.1226
0.1223
0.1221
0.1219
0.1218
0.1217
0.1216
0.1215

Mineral B
0.0000
0.0836
(mol/L)
0.1095
0.1205
0.1268
0.1311
0.1344
0.1369
0.1388
0.1402
0.1414
0.1423
0.1430
0.1435
0.1440
0.1443
0.1446
0.1448
0.1450
0.1451
0.1452

Mineral C
0.0000
0.0949
(mol/L)
0.1205
0.1289
0.1325
0.1343
0.1354
0.1360
0.1363
0.1365
0.1366
0.1366
0.1365
0.1365
0.1364
0.1364
0.1363
0.1363
0.1362
0.1362
0.1361

* In the actual text file column headers would not be used, but are provided in the table for
clarity.
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techniques for objective function optimization (such as the Levenberg-Marquadt
algorithm) cannot be directly applied to kinetic problems. MinKin circumvents this
difficulty by making use of a set of nested functions in which output from a numerical
ODE solver is passed into an error function, whose output is then passed into the DE
algorithm, which evolves populations of points in parameter space towards the minima of
the error function.
In DE, an initially random population of points within the defined bounds of
parameter space is generated. In our example kinetic model, each of these points would
consist of a vector of rate constants for each of the four reactions, < k1, k2, k3, k4, >. At
each iteration, the program uses these values to numerically solve the model’s differential
equations with MATLAB’s most versatile ODE solver for potentially stiff equations,
ode15s. The output from the ODE solver for each parameter vector is then passed to an
error function, which computes the sum of square errors between each model output and
the experimental data using the following equation:

(Eq. 3-5)

where the inner sum is over all minerals included in the data set, and the outer sum is
over all experimental observations. Oi,j is the ith observation of mineral j in the data set,
fj(t) is the concentration of mineral j predicted by the model at time t, and ti is the ith time
point in the data set. For the example Fe mineral system, the equation would become:
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(Eq. 3-6)

where Ai is the ith observation of Mineral A, Bi is the ith observation of Mineral B, fA(t) is
the model prediction for Mineral A at time t, fB(t) is the model prediction of Mineral B at
time t, and ti is the ith time point. The sum is taken over all observations in the data set.
The SSE function automatically weights each observation equally, and consequently each
mineral time series is assigned equal importance in optimizing the parameter values.
During each iteration, the SSE value corresponding to each of the population’s
parameter vectors is computed. The population member yielding the lowest SSE value is
stored, and is also output to the screen periodically at a regular iteration interval set by
the user (called the “refresh interval”). The DE algorithm then “evolves” the population
by taking the differences between random pairs of population vectors, and adding them to
a chosen base vector (for details of the DE algorithm, see Ref. 9). The net result is that a
new population of points is generated, and these points progressively cluster in regions of
parameter space that produce small SSE values. Once the new population has been
produced, the next iteration begins and the program again passes the population’s
parameter vectors to the ODE solver, the ODE output to the SSE function, and the SSE
values to the evolutionary algorithm. Figure 3-2 shows a flow chart of MinKin’s
operation. (The full MinKin code for MATLAB is provided in Appendix B.)
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Figure 3-2: A simplified schematic flow chart of MinKin. The program accepts as input a user
defined geochemical system and experimental mineral abundance data, defines a standard
chemical kinetic model for the system, and uses an iterative optimization algorithm to fit the
model parameters to the data. Red boxes show program input, green boxes show program output,
and yellow boxes show subroutines that are executed during operation. Blue arrows show data
that is passed from one subroutine to the next during each iteration. “DE” stands for the
differential evolution algorithm of Price and Storn.9,10
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MinKin has been designed to update the user on its progress during optimization, so that
convergence of parameter values can be viewed and potential problems can be identified
before the calculation is complete. MinKin produces four output graphs, two during
optimization and two after optimization. The graphs produced are:

1. Error minimization. After each refresh interval, the program updates a graph
that displays the sum of square errors value of the best population member on the y-axis
versus that population’s iteration number on the x-axis. This allows the user to track the
progress of the goodness of fit during optimization.
2. Parameter convergence. After each refresh interval, the program updates a
graph showing the parameter values of the best population member on the y-axis versus
that population’s iteration number on the x-axis. Each parameter is plotted with its own
color-coded curve, and a key within the graph indicates the name of the parameter
associated with each curve. This allows the user to graphically view the convergence of
parameter values during optimization.
3. Model fit. After optimal parameter values have been calculated, MinKin
evaluates the model’s differential equations at the best parameter values, numerically
solves them and plots the predicted mineral abundances of each mineral in the system on
the y-axis versus time on the x-axis. The model prediction for each mineral is plotted as a
smooth curve. In the same graph, the experimental abundance versus time data for each
mineral is plotted using “+” symbols. For ease of comparison, the color used to display
the data points for a given mineral is the same as that used to plot the model prediction
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curve for that mineral. A key within the graph labels the observations and model
predictions for each mineral. This allows users to qualitatively evaluate the goodness of
fit achieved at the end of optimization.
4. Parameter contours. After optimal parameter values have been calculated, the
program plots the sum of square error on the y-axis versus the value of each parameter on
the x-axis, holding all other parameters at their optimal values. A separate, color-coded
curve is used for each parameter, and a key within the graph labels the parameter
corresponding to each curve. For example, for the iron mineral system described above
there are four reactions and therefore four model parameters (equal to the rate constants
of each reaction). Suppose the optimal parameter vector calculated by MinKin is popt = <
k1opt k2opt k3opt k4opt >. The curve associated with the first parameter (k1 = the Mineral A
precipitation constant) in the parameter contours graph would plot the SSE associated
with model < k1 k2opt k3opt k4opt > as a function of k1. This curve should show a global
minimum value of the SSE at a value of x = k1opt. Similarly, the curve associated with
parameter k2 plots the SSE of model < k1opt k2 k3opt k4opt > as a function of k2, and so on.
This feature allows users to graphically examine the minimum they have reached, and
identify potential false minima. Examples of each type of graph are shown in Figure 3-3.

Upon convergence, MinKin also explicitly prints the following to the MATLAB
control screen: 1) optimal values of all model parameters to 6 decimal places, 2) the final
sum of square errors to 6 decimal places, 3) the computational time, 4) the χ2 (chisquared) value of the fit, and 5) the left-tailed p-value associated with the χ2 value for
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Figure 3-3: MinKin output graphs for the kinetic analysis of a 3 mineral system with 6 model
parameters (data from Table 3-1). A) The sum of square errors of the best population member vs.
iteration number. B) The best parameter values vs. iteration number. Note that at some points
during optimization, parameter values remain static, indicating that the population of parameter
vectors is temporarily in a false minimum. C) Comparison of the actual mineral abundance data
with the mineral abundances predicted by the best fit model. D) The sum of square errors vs. each
parameter value, holding all other parameters at their optimal values. Note that the SSE surface
forms a roughly symmetric well about the global minimum with no signs of local minima. (In
each graph, mineral concentration is in units of mol/L, and parameter values are in units of hr-1).
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N-P degrees of freedom, where N = the total number of data points in the data set, and P
= the number of optimized parameters.
MinKin continues performing iterations until either 1) a convergence criterion is
reached in which all parameter values are within 0.5% of their mean values during the
last five refresh intervals AND those values have not remained perfectly static for the
most recent two refresh intervals, or 2) the maximum number of specified iterations has
been performed. The reason for requiring the parameter values to change by a nonzero
amount is that perfectly static parameter values are a symptom of entrapment in a false
minimum (since the program is continuing to evolve populations, but no members of
those populations have bested the previous best population member, as would be
expected if the population were actually converging on the global minimum). As
demonstrated by the example calculations, this feature provides powerful protection
against converging on a false minimum.
If the maximum number of iterations is performed without reaching convergence,
the user is given the option of continuing optimization starting with the most recent
population of parameter vectors. This allows the user to avoid wasting computation time
in the event that optimization is not achieved in the first run cycle. The user is then
prompted for the number of additional iterations to perform, and optimization continues
from where it left off. This process can be continued an arbitrary number of times until
convergence is achieved. The total number of iterations needed to reach convergence can
be anywhere from 100 to several thousand depending on the number of parameters and
complexity of the problem, and computation times range from seconds to hours.
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Example Calculations: Obtaining a time series of mineral abundances from X-ray
diffraction data
Before MinKin can be utilized to calculate rate constants, suitable data sets of
mineral abundance versus time must be obtained for as many minerals as possible in the
experimental system. Diffraction data may originate from a single, time-resolved
experiment (as in synchrotron TR-XRD), or from a series of batch experiments run under
identical conditions. Once a time series of powder diffraction patterns is obtained, a
variety of crystallographic software packages can be used to calculate integrated
intensities for critical peaks, or Rietveld refinement software can be used to refine
mineral abundance values from whole patterns. However it is achieved, the data set must
have values of mineral abundance that are comparable to each other, both for different
minerals in the same time step, and for the same mineral across different time steps. In
the following example calculation, values of mineral abundance for the TiO2 polymorphs
anatase and rutile are obtained by the Rietveld analysis of a time-resolved series of
synchrotron XRD patterns.8
Figure 3-4 shows stacked XRD patterns for an experiment in which anatase and
rutile are crystallized at 100 oC from an aqueous solution of 0.5 M TiCl4 at beamline X7B
of the National Synchrotron Light Source, Brookhaven National Labs. These patterns
show an initial increase in the abundance of both anatase and rutile during the first two
hours of the experiment, and a subsequent increase in rutile abundance with concurrent
loss of anatase. To obtain values of mineral abundance, the General Structure Analysis
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Figure 3-4: Stacked diffraction patterns of TiO2 crystallization from a 0.5 M TiCl4 solution at
100 oC. Pink peaks (labeled “A”) represent anatase, blue peaks (labeled “R”) represent rutile.
Rietveld refinements of selected diffraction patterns yield time-resolved mineral abundance data
for anatase and rutile.
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System (GSAS) of Larson and von Dreele12 was used to model selected diffraction
patterns and refine “scale factors” that scale linearly with the volume of mineral in
solution. These values are shown in columns 2 and 3 of Table 3-2. Because GSAS uses
identical equations to model the amounts of anatase versus rutile, the anatase and rutile
scale factors are comparable within a given pattern.
However, because the total X-ray intensity at beamline X7B degrades over time,
peak intensities (and hence refined scale factors) from different XRD patterns are not
comparable until they are normalized by the incoming beam flux. The variation in peak
intensity due to diminishing beam flux can be removed from the data by normalizing to a
background intensity point at 2θ = 20o, which contributes no Bragg scattering from either
of the two mineral phases (shown in column 4 of Table 3-2). The resulting normalized
scale factors (columns 5 and 6 of Table 3-2, graphed in Figure 3-5) are now uniform
across time as well as phase, and are therefore suitable for input into MinKin. Note that
for data sets in which beam intensity is constant throughout an experiment, such a
normalization would be unnecessary.
MinKin does not require that mineral abundances are expressed in any particular
units, as long as the units are consistent for all phases and time steps. Likewise, any unit
of time may be used as long as it is consistent throughout the data set. It is worth noting,
however, that because MinKin uses rate laws of the form d[R]/dt = k[R]A, the optimized
rate constant k for a given reaction will be in units of conc1-A · time -1, where R is any
mineral phase, conc is the unit of mineral abundance or concentration, time is the unit of
time, and A is the reaction order. Note that in the relatively common case of first-order
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Table 3-2: Rietveld refined scale factors representing the abundances of anatase and
rutile during a time-resolved synchrotron XRD experiment.
Time (hrs)
0.326
0.392
0.457
0.522
0.588
0.718
1.044
1.371
1.697
1.762
1.828
1.893
1.958
2.024
2.154
2.350
2.481
2.676
2.872
3.133
3.329
3.525
3.786
3.982
4.308
4.635
4.961
5.614
6.593
7.572
8.225
9.857
10.314

GSAS refined scale factors
Anatase Rutile
Intensity at 2θ = 20o
138.31
101.96
21234
137.36
105.21
21077
134.33
101.81
20876
134.46
111.44
20903
135.44
114.65
20632
135.18
120.60
20313
135.62
119.98
19962
134.74
116.80
19694
136.54
121.83
19658
119.51
129.94
19604
137.60
123.88
19536
136.35
123.12
19549
113.85
147.40
19462
128.58
128.12
19203
120.95
137.67
18968
128.34
131.14
18797
126.06
122.31
18577
120.51
133.54
18416
118.69
129.62
18030
111.24
136.35
17828
116.26
125.92
17521
113.77
123.07
17260
110.45
123.09
17172
104.40
125.37
16809
104.96
121.29
16356
107.65
119.63
15950
94.69
118.85
15177
86.47
116.97
14402
79.99
110.80
13434
135.78
187.08
23024
126.24
199.73
22541
130.18
189.31
22458
138.31
101.96
21234
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Normalized Scale factors
Anatase
Rutile
0.006514 0.004802
0.006517 0.004992
0.006435 0.004877
0.006433 0.005331
0.006565 0.005557
0.006655 0.005937
0.006794 0.006010
0.006842 0.005931
0.006946 0.006198
0.006096 0.006628
0.007043 0.006341
0.006975 0.006298
0.005850 0.007574
0.006696 0.006672
0.006377 0.007258
0.006828 0.006977
0.006786 0.006584
0.006544 0.007251
0.006583 0.007189
0.006240 0.007648
0.006635 0.007187
0.006592 0.007130
0.006432 0.007168
0.006211 0.007458
0.006417 0.007416
0.006749 0.007500
0.006239 0.007831
0.006004 0.008122
0.005954 0.008247
0.005897 0.008126
0.005600 0.008861
0.005796 0.008429
0.006514 0.004802

Figure 3-5: Mineral scale factors vs. time during TiO2 crystallization from a 0.5 M TiCl4 solution
at 100 oC (from columns 5 and 6 of Table 3-2). Scale factors are refined using Rietveld analysis
with the General Structure Analysis System (GSAS) (columns 2 and 3 of Table 3-2), and are then
normalized to the intensity at 2θ = 20 oC (column 4 of Table 3-2) in order to remove the signal
caused by drifting beam intensity. These are the data that would be input into MinKin for kinetic
analysis. Pink = anatase, Blue = rutile, Brown = total.
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reactions (A=1), calculated k values will be in units of reciprocal time, and completely
independent of the units used to express mineral abundance.

Example Calculations: Accuracy tests using synthesized data sets
To evaluate MinKin’s effectiveness with different types of systems, a variety of
test runs were performed in which the ODE solver subroutine of the program was used to
generate simulated mineral abundance data sets for predetermined parameter values.
(Since these simulated data sets have known analytical solutions, a comparison between
the MinKin output and the analytical solutions provides an independent test of MinKin’s
accuracy). The simulated mineral abundance data were then fed into MinKin to observe
its effectiveness in calculating accurate parameter values. In some tests, data sets for
every mineral in the system were included. In others, the program was placed at a
disadvantage by including time-series data for some, but not all, of the minerals present
in the system. Each simulated data set involved a system of 1, 2, or 3 mineral phases that
precipitate from an initially homogenous aqueous solution of 0.5 mol/L, so that [Maq]0
=0.5, and [A]0 = [B]0 = [C]0 = 0. Parameter values ranged from 0.1-1.0 hr-1, but
parameter space boundaries of 0 < k < 3 hr-1 were used for all k. The refresh interval for
each test was 10 iterations.
A summary of the test results is shown in Table 3-3. In all cases where MinKin
was given time-series data for each mineral present in the system (No. of data sets = No.
of minerals), the correct parameter values were efficiently calculated with excellent
accuracy. In most cases where the program was not given data sets for all minerals (No.
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Table 3-3: Summary of MinKin accuracy tests.
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of data sets < No. of minerals), MinKin was susceptible to converging on a false
minimum. For example, in test 2 (in which MinKin was given time series data for
Mineral A but not Mineral B), MinKin correctly calculated the value of k1, but was in
significant error with respect to the other three values. However, because this calculation
was constrained only by information from one mineral phase (plus mass balance),
whereas the system contained an aqueous phase plus two mineral phases, the problem can
be considered underdetermined. It is therefore expected that the SSE function in this test
will contain multiple minima that would be equally able to fit the data for Mineral A, but
would not necessarily fit the undisclosed data for Mineral B. However, we note that in
the case of test 6, MinKin was able to accurately calculate all rate constants in a three
mineral system to within 0.5% accuracy despite having data sets for only two mineral
phases.
Figure 3-3 shows typical graphical output for a kinetic analysis. Note that in
Figure 3-3B, parameter values occasionally remain perfectly static during optimization
for periods of up to 100 iterations. This is symptomatic that the population of parameter
vectors is temporarily occupying a false minimum, and is a normal feature in most
computations. However, because the convergence criteria require parameter values to
shift slightly before convergence is declared, MinKin prevents premature convergence
into such minima.
In contrast, note that after iteration 400, once parameter values are close to their
correct values, very minor (but nonzero) adjustments occur before convergence is
declared. In Figure 3-3D, note that the surface of the SSE function (as demonstrated by
its cross sections along each of the parameter axes) forms a roughly symmetric
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distribution about the global minimum, and no signs of local minima are observed. These
observations instill confidence that the correct minimum was reached. In contrast, the
observation of a local minimum in one of the parameter contours, or an asymmetric SSE
surface in which the SSE value is less sensitive to one parameter than to others, would
indicate that a false minimum may have accidentally been reached.

System Requirements
MinKin is very user friendly, but at present does not have a GUI and must be
operated on a platform of MATLAB R2007a or higher. Experimental data must be placed
in a space, comma or tab delimited text file containing no column headers, with time data
in the first column and species abundance data in subsequent columns. The data file must
be placed in the same MATLAB work folder that contains the program’s subroutines (see
Appendix B for subroutine codes).
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Chapter 4: Kinetic Analysis of Time-resolved XRD Data for
TiO2 Crystallization: An Application of MinKin

Abstract
Time-resolved X-ray diffraction (XRD) data were collected for the hydrothermal
crystallization of anatase and rutile from aqueous TiCl4 at temperatures of 100, 150 and
200 oC. A variety of kinetic models were applied to fit mineral abundance data refined
from the Rietveld analysis of nine separate crystallization experiments. The least squares
regressions of the models to the mineral abundance data were performed using the global
optimization code MinKin, which refines rate constants for the possible reactions
occurring in the system. Reactions investigated include the precipitation, dissolution, and
solid-state phase transformations of the three commonly occurring TiO2 phases: anatase,
brookite, and rutile.
Our results indicate that the data are best explained using a kinetic model in which
all mineral phases precipitate directly from, and re-dissolve into, the fluid. Refined rate
constants from the best fit models, as well as comparison of the fits between models
allowing and disallowing solid-state reactions, indicate that particles do not undergo
solid-state phase transformations upon reaching a critical particle size as previously
thought. Rate constants also were determined directly from the mineral abundances
refined from TR-XRD data. These yielded activation energies between 10 and 70 kJ/mol
for anatase and rutile precipitation, well below previously published activation energies
for these minerals. Activation energies increase with higher concentrations of dissolved
Ti4+, a result predicted by the TiO2 nucleation and growth model proposed in Chapter 6.
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Introduction
Fine-grained Ti oxide particles are important constituents of soils, affecting
numerous geochemical processes, such as the adsorption of contaminant metal ions.1-3
They are also crucial to an increasing number of technological applications, including
solar cell technology,4-6 catalysis,7,8 and dielectrics.9 The suitability of TiO2 nanoparticles
and thin films for these applications critically depends on phase composition, since the
three major crystalline modifications (anatase, brookite and rutile) differ in their surface,
optical and electronic properties. Tailoring the synthesis of these nanophases therefore
requires a clear understanding of the reactions that produce each phase and their relative
rates under varying conditions.
Kinetic analysis of the mineral abundance data presented in Chapter 2, collected
during time-resolved X-ray diffraction (TR-XRD) crystallization experiments, can be
used to identify the reactions operating in the experimental system and also to quantify
their rates. In the present study, three different kinetic models of TiO2 crystallization are
examined:
1) A particle growth model, in which particles of a metastable phase
precipitate and then sequentially transform to other minerals via solid-state
phase transformations;
2) A dissolution/re-precipitation model, in which each mineral phase
precipitates from and dissolves into the solution, but does not convert
directly to another mineral via solid-state reactions; and
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3) A comprehensive model, allowing precipitation, dissolution, and solid-state
reactions for all phases.
After vetting each kinetic model against empirical data, the most successful model was fit
to each of the nine experimental data sets, and refined values of the rate constants for
each reaction were obtained, and implications for the mechanisms of phase
transformation during TiO2 crystallization are discussed.

Mathematical development of kinetic models
Three crystalline phases of TiO2 are observed to precipitate from solutions of
aqueous TiCl4. Models of the experimental system must therefore include a total of four
Ti reservoirs:

1) The aqueous phase, consisting of hydrated Ti4+ species in solution (referred
to as “Ti4+(aq)”)
2) The anatase phase, consisting of anatase nanocrystals (referred to as
“TiO2(ana)”)
3) The brookite phase, consisting of brookite nanocrystals (referred to as
“TiO2(bro)”)
4) The rutile phase, consisting of rutile nanocrystals (referred to as “TiO2(rut)”)
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As the system evolves, titanium is shuttled between these reservoirs via nine possible
reactions, listed in Table 4-1. (It is not necessary for all nine reactions to occur in a given
experimental system – they merely form a set of possible reactions.)
Since the formula for anatase, brookite and rutile (TiO2) contains only one Ti
atom per formula unit, 1 mole of aqueous Ti4+ always converts to 1 mole of solid phase,
and thus each reaction has a simple 1:1 stoichiometry. Because the direct conversion of a
stable rutile particle to the anatase structure (TiO2 (rut) → TiO2 (ana)) involves a substantial
increase in free energy regardless of experimental conditions, there is no driving force for
this reaction to occur and it was therefore not included as a possible reaction. Likewise,
the transformations of rutile to brookite, and brookite to anatase, were excluded for the
same reason.
According to standard chemical kinetics, the rate of each reaction (as defined by
the rate of formation of product P) at any given time t is proportional to the product of the
activities of all j reactants Ri at time t, each raised to a power Ai:10

=

(Eqn 4-1)

The constant of proportionality k is called the rate constant; each power Ai is called the
reaction order with respect to reactant Ri; and the sum of the individual reaction orders
ΣAi is called the overall reaction order. Although H2O is technically a reactant in
reactions 1, 3 and 5, its activity is so large compared to other species that it can be
considered constant during the course of a reaction, and is therefore incorporated into k.
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Table 4-1: Possible chemical reactions used in modeling the kinetics of aqueous titania
crystallization.
Reaction

Transformation*

Rate Law

1) Anatase precipitation

Ti4+(aq) → TiO2 (ana)

Rate1 = k1 [Ti4+(aq)]A

2) Anatase dissolution

TiO2 (ana) → Ti4+(aq)

Rate2 = k2 [TiO2 (ana)]B

3) Brookite precipitation

Ti4+(aq) → TiO2 (bro)

Rate3 = k3 [Ti4+(aq)]C

4) Brookite dissolution

TiO2 (bro) → Ti4+(aq)

Rate4 = k4 [TiO2 (bro)]D

5) Rutile precipitation

Ti4+(aq) → TiO2 (rut)

Rate5 = k5 [Ti4+(aq)]E

6) Rutile dissolution

TiO2 (rut) → Ti4+(aq)

Rate6 = k6 [TiO2 (rut)]F

7) Anatase to rutile conversion

TiO2 (ana) → TiO2 (rut)

Rate7 = k7 [TiO2 (ana)]G

8) Anatase to brookite conversion

TiO2 (ana) → TiO2 (bro)

Rate8 = k8 [TiO2 (ana)]H

9) Brookite to rutile conversion

TiO2 (bro) → TiO2 (rut)

Rate9 = k9 [TiO2 (bro)]I

* These equations are not balanced for mass or charge and are intended as schematic
representations of changes in state for Ti.
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We thus considered only the four Ti reservoirs (Ti4+(aq), TiO2 (ana), TiO2 (bro), and TiO2 (rut))
as reactants.
In addition, we made the simplifying assumption that the activity of each reactant
is proportional to its molar concentration in the solution. This assumption is well justified
for ions in sufficiently dilute solutions, since all aqueous Ti4+ species would be available
to react with the surrounding water. However, because the reactive surface area of a solid
particle scales with the square of its radius (whereas the total volume of material scales
with the cube of the radius), the activity of the anatase, brookite, and rutile phases will
scale linearly with the concentration of material only when particle sizes do not change
significantly during the course of reaction. The particle size data presented in Chapter 2
show that anatase crystallite sizes remain highly static throughout an experiment, while
rutile particles show only very slow growth. The experimental data therefore render this
assumption reasonable, and we proceed with the analysis by approximating reactive
activity as overall concentration.
With these simplifications, the rate of each reaction can be expressed as in column
3 of Table 4-1, where Ratei is the rate of reaction i, ki is the rate constant of reaction i, [X]
is the molar concentration of phase X, and A-I are the reaction orders of reactions 1-9,
respectively. Rate constants may take on any positive value, and in practice, reactions are
very often found to adopt reaction orders of 0, 1, or 2.10 Consequently, we selected these
values as possible reaction orders when we fit our models to the experimental TR-XRD
data.
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The rates of the individual reactions can be used to express the rate of change of
each Ti reservoir by summing the rates of all reactions that affect the reservoir. As an
example, if we model a system in which only anatase and rutile are precipitated using all
possible reactions that can occur (reactions 1, 2, 5, 6, and 7), we arrive at the following
differential equations:

Aqueous:

Anatase:

Rutile:

(Eqns 4-2)

Each term in the above system of equations represents one of the five allowable
reactions in this system. For example, in the case of the rutile reservoir, Reactions 5 and 7
add rutile to the system, while Reaction 6 removes rutile from the system. There are
therefore three terms in rutile’s differential equation, representing the three reactions that
affect the system’s total mass of rutile. Similarly, the other two reservoirs have
differential equations describing the net effect of all reactions that impact the reservoir.
Mass balance in this model can be verified by noting that terms cancel, such that
.
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Such models can be fit to the experimental data by finding optimal values of the
model parameters. The parameters of the model are the rate constants of each possible
reaction (k1-k9), and their reaction orders (A-I). We employed the self-authored kinetic
modeling program MinKin, which uses a global optimization routine to fit a kinetic
model to experimental data (see Chapter 3 for details), to assess the utility of each model
in describing the data. Upon finding a suitable model, MinKin was then used to refine
rate constants for all relevant reactions in the nine TR-XRD experiments.

Possible kinetic models
The most comprehensive kinetic model (Figure 4-1A) allows all possible
reactions involving the minerals that are observed in that system (Reactions 1-9 in Table
4-1). Subsets of reactions in this comprehensive model can adequately describe systems
that do not involve all 3 phases of TiO2, or all reaction pathways.
The particle growth model, for example, is based on the hypothesized sizedependence of phase stability in titania nanoparticles.11-14 This model (Figure 4-1B)
allows the direct precipitation of only anatase and not brookite or rutile, since anatase has
the lower surface free energy12 (which dominates the thermodynamics of extremely small
particles). As primary anatase particles grow, they convert to rutile particles via solidstate reaction13 due to the diminishing contribution of surface energy to the total free
energy of the particle.14 Applying the particle growth model to anatase/rutile systems
would therefore involve only Reactions 1 and 7 (as in Figure 4-1B), whereas applying it
to anatase/ brookite/rutile systems would entail Reactions 1, 8, and 9.
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A

B

Figure 4-1: Schematic
diagrams of three kinetic
models used to describe
mineral abundance data.
A)
A
comprehensive
model in which all possible reactions from Table
4-1 are allowed (given the
minerals observed in the
system). B) A particle
growth model applied to
systems in which only
anatase and rutile are observed. C) A dissolution/
re-precipitation model applied to systems in which
only anatase and rutile are
observed.

C
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A third possibility is that solid state reactions do not occur at all, and the initially
precipitated mineral dissolves back into the aqueous phase and then re-precipitates as a
different phase, as suggested by Shin et al.15 Thus, in the dissolution/re-precipitation
model (Figure 4-1C), all observed mineral phases are allowed to both precipitate directly
from the solution, and dissolve back into solution. Solid-state reactions from one mineral
to another, however, are not allowed. Applying the dissolution/re-precipitation model to
anatase/rutile systems would involve Reactions 1, 2, 5, and 6 (as in Figure 4-1C), while
applying it to anatase/brookite/rutile systems would involve Reactions 1, 2, 3, 4, 5, and 6.
Each of these models will be considered in describing the phase abundances observed
during the TR-XRD experiments.

Determination of reaction orders
Kinetic models were tested on mineral abundance data from Experiment #4 in
which only anatase and rutile were observed (0.50 M TiCl4 heated to 100 oC, see Table 44). Variations of the comprehensive model and the particle growth model were applied
that use different combinations of reaction orders for each possible reaction. Values of 0,
1, or 2 were substituted for A-I in the rate laws of Table 4-1, and the resulting differential
equations were fit to the experimental data set using MinKin. We judged the quality of fit
of each model by comparing the sum of square errors between the observed and
calculated results.
Of the 9 possible versions of the particle growth model, only those involving
zeroeth and first-order reactions yielded viable solutions. Models using second-order
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reactions gave errors indicating that integration of the model’s differential equations was
computationally unstable. This analysis (Table 4-2) produced a best fit when both anatase
precipitation and anatase-to-rutile conversion followed first-order kinetics.
Of the 35 possible variants of the comprehensive model, only 22 yielded viable
solutions using MinKin; others were again computationally unstable. None of the 22
viable models contained second-order reactions, a strong indication that none of the
operable reactions in the experimental system obeyed second-order kinetics. The model
yielding the lowest sum of square errors was again the model in which all reactions were
first-order (Table 4-3), and a strong negative correlation was observed between the error
of a model’s best fit to the data, and the number of first-order reactions contained in the
model (Figure 4-2).
These results unambiguously indicate that each reaction operating during the
aqueous precipitation of TiO2 is well-described using first-order kinetics. This conclusion
appears reasonable given that many similar reactions are known to follow a first-order or
pseudo-first-order rate law, including the dissolution and precipitation of aluminum oxide
minerals,16 the precipitation of silver nanoparticles,17 the dissolution of silicate minerals
and glasses,18,19 the crystallization of goethite and hematite from alkaline solutions,20 the
precipitation of struvite,21 and the precipitation of acrylonitrile polymers from a monomer
solution.22
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Table 4-2: Best fits of the particle growth model (using different combinations of
reaction orders) to mineral abundance data taken from TR-XRD Experiment #4 (0.5 M
TiCl4 at 100 oC).
Anatase
precipitation
reaction order

Anatase to rutile
conversion
reaction order

Anatase
precipitation rate
constant (hr-1)

Anatase to rutile
conversion rate
constant (hr-1)

Sum of
square
errors

0

0

0.002549

0.001397

0.04328

0

1

0.002488

0.291111

0.04446

1

0

0.558582

0.001217

0.03135

1

1

0.856114

0.265461

0.02956
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Table 4-3: Fits of the comprehensive kinetic model using different reaction orders to
mineral abundance data taken from precipitation Experiment #4 (0.5 M TiCl4 at 100 oC).
Reaction order
Anatase
Anatase
Rutile
Rutile
precipitation dissolution precipitation dissolution

Anatase
to rutile

Sum of
squares error

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1

0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
0
1
0
1
1

0.0455
0.0436
0.0271
0.0064
0.0323
0.0061
0.0271
0.0064
0.0219
0.0222
0.0057
0.0057
0.0054
0.0054
0.0054
0.0054
0.0316
0.0280
0.00752
0.00398
0.00394
0.00394

0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
0
0
1
1
1
1

0
0
0
0
1
1
1
1
0
0
0
0
1
1
1
1
0
1
0
1
1
1

0
0
1
1
0
0
1
1
0
0
1
1
0
0
1
1
0
0
1
0
0
1
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Figure 4-2: Sum of square errors between mineral abundance data from TR-XRD Experiment #4
(0.5 M TiCl4 at 100 oC) and the predictions of 22 versions of the comprehensive kinetic model
using different combinations of reaction orders. The error is plotted as a function of the number
of reactions in the model having a first-order rate law.
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Evaluation of models and refinement of kinetic rate constants
We next compared our three models for titania precipitation – the comprehensive
model, particle growth model, and dissolution/precipitation model – to determine which
most accurately captures the behavior of polymorphs observed in a typical TR-XRD
experiment (Figure 4-3). The fit obtained for the particle growth model with first-order
reactions clearly revealed that this model was inadequate to describe the experimental
data (Figure 4-3B). Thus, when the appropriate first-order reactions were constrained so
as to forbid the direct precipitation of rutile, no amount of parameter manipulation was
able to match the experimental results. We therefore conclude that rutile must coprecipitate with anatase directly from solution rather than from the transformation of
post-critical anatase particles. In addition, the observed decrease in anatase concentration
could only be modeled by allowing some anatase to re-dissolve into solution.
The comprehensive model, which includes the direct precipitation and redissolution of both minerals (as well as solid-state conversion), provided a much better fit
to the data (Figure 4-3A). In fact, the refined values of rate constants in this calculation
(2.03, 0.26, 1.58, 0.12, and 0.0003 hr-1 for anatase precipitation, anatase dissolution,
rutile precipitation, and anatase to rutile conversion, respectively), indicate that the solidstate conversion of anatase particles into rutile is a non-reaction within the error of this
analysis. Since the dissolution/re-precipitation model is simply a subset of the
comprehensive model in which this particular reaction is disallowed, we expect that the
dissolution/re-precipitation will be similarly able to explain the data.
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A

Comprehensive
model

B

Particle
growth model

C

Figure 4-3: Best fits of A) the
comprehensive model, B) the
particle growth model, and C) the
dissolution/re-precipitation model
to experimental time-resolved diffraction data from Experiment #4
(0.5 M TiCl4 at 100 oC) using firstorder rate laws for all reactions.
Red represents anatase and blue
represents rutile; dots represent
experimental observations and
lines represent predictions of the
kinetic model.

Dissolution/
re-precipitation
model
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As expected, Figure 4-3C demonstrates that a high quality fit also could be
obtained using the dissolution/re-precipitation model. To better evaluate and compare the
effectiveness of the comprehensive and dissolution/re-precipitation kinetic models, both
models were fit (again using first-order rate laws) to the mineral abundance data from all
nine TR-XRD experiments.
Figures 4-4, 4-5, and 4-6 show that despite significantly different crystallization
behaviors at different experimental conditions, the comprehensive model provides a very
good fit to every data set. Table 4-4 provides the details of each fit. Since the nine
experiments represent a factorial experimental design of three temperatures (100, 150,
and 200 oC) and three initial Ti4+ concentrations (0.10, 0.50, and 1.00 mol/L), the results
can be used to gauge the effects of both variables on the kinetics of each reaction. Some
of the more significant results from this analysis follow.
Brookite appeared when concentrations of Ti4+ were 0.1 M and 0.5 M, but not
when concentrations were as high as 1.0 M. Thus, lower Ti concentrations favored the
formation of brookite. In addition, rutile formed more abundantly at earlier times with
increasing Ti4+ concentration. This result reflects the first-order kinetic behavior of both
anatase and rutile precipitation. When [Ti4+] was large, the rates of both anatase and rutile
precipitation were high, and consequently the ratio of the weight percent of anatase to the
weight percent of rutile was closer to unity near the outset of the experiment. Under these
conditions, rutile nucleation was better able to compete with anatase nucleation, when
there was still abundant Ti4+ available to react.
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0.1 M TiCl4
100 oC

0.1 M TiCl4
150 oC

0.1 M TiCl4
200 oC
Figure 4-4: Mineral abundance
data from TR-XRD precipitation
experiments using aqueous 0.10 M
TiCl4, and the best fit mineral
abundances predicted by the
comprehensive kinetic model using
first order rate laws for all
reactions. Red = anatase, Green =
brookite, Blue = rutile; Dots are
experimental observations and
lines are model predictions.
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0.5 M TiCl4
100 oC

0.5 M TiCl4
150 oC

0.5 M TiCl4
200 oC
Figure 4-5: Mineral abundance
data from TR-XRD precipitation
experiments using aqueous 0.50 M
TiCl4, and the best fit mineral
abundances predicted by the
comprehensive kinetic model using
first order rate laws for all
reactions. Red = anatase, Green =
brookite, Blue = rutile; Dots are
experimental observations and
lines are model predictions.
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1.0 M TiCl4
100 oC

1.0 M TiCl4
150 oC

Figure 4-6: Mineral abundance
data from TR-XRD precipitation
experiments using aqueous 1.00 M
TiCl4, and the best fit mineral
abundances predicted by the
comprehensive kinetic model using
first order rate laws for all
reactions. Red = anatase, Blue =
rutile; Dots are experimental
observations and lines are model
predictions.

1.0 M TiCl4
200 oC
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Table 4-4: Fits of the comprehensive kinetic model using first order rate laws to nine
TR-XRD mineral abundance data sets.
Experiment

#1

#2

#3

#4

#5

#6

#7

#8

#9

[Ti4+] (mol/L)

0.10

0.10

0.10

0.50

0.50

0.50

1.00

1.00

1.00

Temperature (oC)

100

150

200

100

150

200

100

150

200

Parameter range (hr-1) 0-10

0-10

0-20

0-10

0-20

0-20

0-20

0-20

0-20

No. reactions

2

9

5

9

5

5

5

5

Experimental
conditions

Computational
conditions

5

Results
SSE

0.0010 0.0010

0.0021 0.0039

0.0063 0.0045

0.0067 0.0133

0.0295

χ2

0.0014 0.0007

0.0054 0.0012

0.0076 0.0042

0.0048 0.0151

0.0257

Anatase precipitation

2.130

1.181

17.397 2.073

0.669

0.0962 3.286

2.541

Anatase dissolution

0.647

0.197

2.928

0.0523 0.410

0.427

0.0000

0.0000

NA*

0.0000 NA

0.0000 NA

NA

NA

NA

0.0000 NA

NA

NA

NA

Rate constants (hr-1)

Brookite precipitation 0.108

0.227

Brookite dissolution

0.0873 NA

1.191

Rutile precipitation

NA

NA

0.0000 1.614

0.0926 0.892

0.649

8.638

2.615

Rutile dissolution

NA

NA

2.615

0.873

0.419

0.323

0.0131

0.167

Anatase to Rutile
transformation

NA

NA

0.0000 0.0146

0.161

0.203

0.0000 1.646

0.0665

Anatase to Brookite
transformation

0.0000 NA

0.409

NA

0.0545 NA

NA

NA

NA

Brookite to Rutile
transformation

NA

1.875

NA

0.726

NA

NA

NA

NA

NA

6.400

0.113

NA

* An entry of “NA” indicates that the reaction was not included in the analysis.
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Of the seven experiments in which both anatase and rutile crystallized, four
yielded negligible (near-zero) values of the rate constant for anatase to rutile
transformation using the comprehensive model, while the other three yielded values
comparable to other rate constants. The anatase-to-brookite, and brookite-to-rutile
transformations showed a similar mixture of zero and nonzero values. It is therefore
natural to ask whether solid-state transformations are needed in order to explain phase
abundances under certain conditions, or whether fits of equal quality for each data set can
be obtained without including solid-state reactions.
The fits obtained using the dissolution/re-precipitation model (Table 4-5)
confirmed that this model was equally able to explain the abundances of TiO2 phases
observed during all nine experiments. (The fits using the dissolution/re-precipitation
model are not illustrated, as these fits were visually indistinguishable from those of the
comprehensive model already presented in Figures 4-4, 4-5, and 4-6). In order to better
compare the fits obtained using the comprehensive and dissolution/re-precipitation
models, the sum of square errors of the two fits are plotted for each individual data set in
Figure 4-7. The quality of the fits without solid-state reactions (dissolution/reprecipitation model) were nearly identical to those including solid-state reactions
(comprehensive model) for every data set, including those for which the comprehensive
model yielded nonzero rate constants for the solid-state reactions.
To statistically quantify whether the fits obtained using each model actually were
of identical quality, a series of F-tests were performed in which right-tailed P-values were
computed for the F-statistic between each pair of fits. P-values below the commonly used
cutoff of α = 0.05 were deemed to indicate a statistically significant difference between
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Table 4-5: Least squares fits of the dissolution/re-precipitation kinetic model using firstorder rate laws to TR-XRD mineral abundance data.
Experiment

#1

#2

#3

#4

#5

#6

#7

#8

#9

[Ti4+] (mol/L)

0.10

0.10

0.10

0.50

0.50

0.50

1.00

1.00

1.00

Temperature (oC)

100

150

200

100

150

200

100

150

200

Parameter range (hr1
)

0-10

0-10

0-20

0-10

0-20

0-20

0-20

0-20

0-20

No. reactions

4

2

6

4

6

4

4

4

4

Experimental
conditions

Computational
conditions

Results
SSE

0.0010 0.0010

0.0021 0.0039

0.0065 0.0047

0.0067 0.0141

0.0296

χ2

0.0014 0.0007

0.0069 0.0012

0.0079 0.0046

0.0048 0.0145

0.0259

Anatase precipitation

2.130

1.181

58.727 2.073

0.681

6.913

0.0964 3.260

2.526

Anatase dissolution

0.647

0.197

11.574 0.243

0.281

0.892

0.429

1.837

0.0566

NA*

1.562

NA

0.0204 NA

NA

NA

NA

Rate constants (hr-1)

Brookite precipitation 0.108
Brookite dissolution

0.0873 NA

2.345

NA

0.0000 NA

NA

NA

NA

Rutile precipitation

NA

NA

0.209

1.626

0.118

1.333

0.649

9.896

2.573

Rutile dissolution

NA

NA

0.343

0.102

0.110

0.195

0.323

0.0000

0.0821

* An entry of “NA” indicates that the reaction was not included in the analysis.
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Figure 4-7: Comparison of the residual errors between fits to nine TR-XRD data sets using the
comprehensive kinetic model (blue), and the dissolution/re-precipitation kinetic model (purple).
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the two fits (rejection of the null hypothesis), while values greater than 0.05 were taken to
be statistically identical (acceptance of the null hypothesis).
The results of the F-tests (Table 4-6) clearly demonstrate that kinetic fits using the
comprehensive and dissolution/re-precipitation models yielded statistically identical
results for every experiment. In fact, the lowest P value was 0.33 (well within the range
of acceptance of the null hypothesis), and only two of the nine P values fell below 0.80.
In other words, the statistical ability of the model to explain the experimental data was
unaffected by removing the parameters associated with direct mineral-to-mineral
conversions. By Occam’s razor, a model with fewer parameters that is capable of
achieving the same fit to the data is favored over a more complex model with additional
parameters. We interpret our kinetic analysis as revealing that phase transformations
during the aqueous crystallization of TiO2 minerals occur through dissolution of the
parent phase followed by precipitation of the daughter phase, rather than through the
solid-state transformation of particles.
If removal of the solid-state transformation reactions still allowed for excellent
fits between the comprehensive model and the TR-XRD data, we next needed to ascertain
whether other subsets of the comprehensive model would offer equivalently good fits.
To confirm the uniqueness of our solution, we fit three of the TR-XRD data sets
involving both anatase and rutile (from Experiments #4, #6, and #7 in Table 4-4) using
three alternative kinetic models, designated A-C (Table 4-7). These three models
involved other possible subsets of the comprehensive model. For example, in Model B
we disallowed direct aqueous precipitation of rutile and allowed only solid-state
transformation of anatase to rutile.
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Table 4-6: F-tests comparing the fits of the comprehensive and dissolution/reprecipitation kinetic models to nine TR-XRD data sets.
Experiment SSE(comp)

SSE(dis/prec)

SSE(comp)/
No. data
SSE(dis/prec) points

F

P

#1

0.001005

0.001005

1.0000

11

0.00000 1.000

#2

0.001009

0.001009

1.0000

20

NA*

#3

0.002075

0.002096

1.0101

16

0.02361 0.995

#4

0.003935

0.003936

1.0003

33

0.00712 0.933

#5

0.006294

0.006507

1.0338

13

0.04512 0.986

#6

0.004451

0.004658

1.0465

18

0.60458 0.451

#7

0.006676

0.006676

1.0000

15

0.00000 1.000

#8

0.013262

0.014099

1.0631

21

1.00980 0.330

#9

0.029508

0.029562

1.0018

28

0.04209 0.839

NA*

* Experiment #2 crystallized only anatase and involved no phase transformations; therefore the
kinetic fits of the comprehensive and dissolution/re-precipitation models were identical.
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Table 4-7: Reactions included in three alternative kinetic models (A-C), each one a
subset of reactions present in the comprehensive model.
Model Anatase
Anatase
precipitation dissolution

Rutile
Rutile
precipitation dissolution

Anatase to rutile
conversion

A

Yes

No

Yes

Yes

Yes

B

Yes

Yes

No

Yes

Yes

C

Yes

Yes

Yes

No

Yes
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The results of fitting each of these three models (using first-order reactions) to the
three data sets are shown in Figures 4-8, 4-9, and 4-10. Model B, in which direct
precipitation of rutile was disallowed but solid-state conversion of anatase to rutile was
allowed, gave low quality fits (especially for Experiment #4, Figure 4-8B). This result
further supports our conclusion that rutile co-precipitated from solution with anatase,
since no amount of parameter manipulation amongst the other four available reactions
was adequate to explain the appearance of rutile.
Although model C (which excludes rutile dissolution) was able to provide a good
fit to Experiment #4, the fit to Experiment #6 was sub-optimal (Figure 4-9C) and the fit
to Experiment #7 was poor (Figure 4-10C). Thus, as for anatase precipitation and rutile
precipitation, rutile dissolution is a necessary reaction in describing crystallization of
TiO2 from aqueous Ti4+ systems.
Interestingly, model A (in which anatase dissolution was disallowed but solidstate conversion of anatase to rutile was allowed) did succeed in fitting each data set.
Examination of the anatase dissolution constants refined using the comprehensive model
(Table 4-4) reveals that the other two anatase/rutile systems also did not require anatase
dissolution, as these constants freely refined to zero. Thus, kinetic model A was equally
able to fit the data as the dissolution/re-precipitation model.
The collective results of our kinetic modeling suggest the following conclusions
regarding crystallization of TiO2 minerals from an aqueous solution:
1) The particle growth model, in which primary anatase particles undergo
successive solid-state reactions to more stable phases (outlined by Zhang and
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A

No Anatase
Dissolution

B

No Rutile
Precipitation

C

No Rutile
Dissolution

Figure 4-8: The best fits of three alternative kinetic models to TR-XRD data from crystallization
Experiment #4 (0.5 M TiCl4 at 100 oC). A) The comprehensive model minus anatase dissolution,
B) the comprehensive model minus rutile precipitation, C) the comprehensive model minus rutile
dissolution.
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A

No Anatase
Dissolution

B

No Rutile
Precipitation

C

No Rutile
Dissolution

Figure 4-9: The best fits of three alternative kinetic models to TR-XRD data from crystallization
Experiment #6 (0.5 M TiCl4 at 200 oC). A) The comprehensive model minus anatase dissolution,
B) the comprehensive model minus rutile precipitation, C) the comprehensive model minus rutile
dissolution.
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A
No Anatase
Dissolution

B

No Rutile
Precipitation

C

No Rutile
Dissolution

Figure 4-10: The best fits of three alternative kinetic models to TR-XRD data from
crystallization Experiment #7 (1.0 M TiCl4 at 100 oC). A) The comprehensive model minus
anatase dissolution, B) the comprehensive model minus rutile precipitation, C) the comprehensive
model minus rutile dissolution.
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Banfield13), is inadequate to explain the growth of TiO2 phases from
hydrothermal solutions.
2) Anatase precipitation, rutile precipitation, and rutile dissolution are necessary
(but not sufficient) reactions to describe the phase abundance data.
3) In addition to the above three reactions, either anatase dissolution or anataseto-rutile conversion is necessary to account for the decreases in anatase
concentration observed in nearly every experiment.
With respect to this last point, we argue that anatase dissolution is the more
chemically reasonable pathway. Since anatase is more soluble than rutile,23 it makes
little sense to accept a model that simultaneously allows dissolution of rutile but not of
anatase, and instead depletes anatase through a solid-state reaction with a much greater
energetic cost than dissolution. We therefore argue that the dissolution/re-precipitation
model, in which both anatase and rutile can precipitate from and dissolve into the fluid
until reaching phase equilibrium, provides the best description of aqueous Ti4+ systems.

Arrhenius analysis
Since rate data have been obtained at three different temperatures, it is possible to
use the Arrhenius equation to extract activation energies for mineral precipitation:

(Eqn. 4-3)

107

Rearranging, we have:

(Eqn. 4-4)

Using the Rietveld analyses of our TR-XRD data, we determined initial rates of
precipitation for anatase, brookite, and rutile based on the first mineral abundance data
points in each experiment. The appearances of these minerals are plotted as a function of
time for anatase, brookite, and rutile in Figures 4-11, 4-12, and 4-13, respectively.
Precipitation rates were then calculated from the slopes of the best fit lines to these data.
Using first-order rate laws, and assuming that the total concentration of Ti4+ in the
aqueous phase is equal to that present at the start of the experiment, first-order rate
constants k were calculated for each mineral under each set of experimental conditions
(Table 4-8).
Figure 4-11 shows that the data for anatase appearance followed a clear linear
trend, allowing the calculation of reliable initial precipitation rates. However, since the
rapid crystallization of anatase always preceded that of brookite and rutile, and depleted
the original pool of aqueous Ti, the approximation that [Ti4+] = [Ti4+]0 is unreliable
during the appearance of these two minerals. In addition, a large degree of scatter in the
brookite data (Figure 4-12) and the availability of only three data sets made it impossible
to do a reliable Arrhenius analysis for this mineral. Despite these issues, rutile
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Figure 4-11: Refined concentrations of anatase at the beginning of nine TR-XRD experiments.
Orange = reactions at 0.1 M TiCl4; red = reactions at 0.5 M TiCl4; purple = reactions at 1.0 M
TiCl4. Circles = reactions at 100 oC; triangles = reactions at 150 oC; squares = reactions at 200 oC.

109

Figure 4-12: Refined concentrations of brookite at the beginning of three TR-XRD experiments
(brookite was not observed in the additional six experiments). Orange = reactions at 0.1 M TiCl4;
red = reactions at 0.5 M TiCl4. Circles = reactions at 100 oC; triangles = reactions at 150 oC;
squares = reactions at 200 oC.

110

Figure 4-13: Refined concentrations of rutile at the beginning of seven TR-XRD experiments
(rutile was not observed in the remaining two experiments). Orange = reactions at 0.1 M TiCl4;
red = reactions at 0.5 M TiCl4; purple = reactions at 1.0 M TiCl4. Circles = reactions at 100 oC;
triangles = reactions at 150 oC; squares = reactions at 200 oC.
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Table 4-8: Rate constants for precipitation of TiO2 minerals calculated from initial rates
as measured by TR-XRD.
Experiment

#1

#2

#3

#4

#5

#6

#7

#8

#9

Experimental
conditions
[Ti4+] (mol/L)

0.10

0.10

0.10

0.50

0.50

0.50

1.00

1.00

1.00

Temperature (oC)

100

150

200

100

150

200

100

150

200

0.518

1.254

2.461

1.171

1.079

3.754

0.0666

1.185

5.539

Brookite precipitation 0.0146

N/A*

0.0848

N/A

0.0339

N/A

N/A

N/A

N/A

Rutile precipitation

N/A

0.120

0.167

0.101

0.683

0.591

2.972

3.881

Rate constants (hr-1)
Anatase precipitation

N/A

* An entry of “N/A” indicates that the phase was not observed.
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crystallization occurred rapidly enough in experiments at [Ti4+]0 = 1.0 M that an
Arrhenius analysis using initial rates could be performed.
Arrhenius plots (ln k versus T-1) for the precipitation of anatase (and rutile at
[Ti4+] = 1.0 M) are shown in Figure 4-14. The slope of each plot was converted to an
activation energy via Eqn. 4-4. Since anatase precipitation rates were available at three
temperatures for all three starting concentrations, separate activation energies were
calculated at each concentration. The resulting values are tabulated in Table 4-9, and
compared graphically in Figure 4-15.
In general, the Arrhenius plots show linear behavior, some having very high R2
values for the regression. This behavior further validates the first-order rate laws used to
describe these precipitation reactions. Activation energies of anatase precipitation are
near 20 kJ/mol at initial Ti concentrations of 0.1 and 0.5 M, and are identical within the
error of the analysis. When [Ti4+] is increased to 1.0 mol/L, the activation energy of
anatase precipitation increases substantially to 65.4 kJ/mol. This counterintuitive result
quantitatively corroborates the main prediction of the crystallization model presented in
Chapter 6. In this model, the activation energies of nucleation for all mineral phases were
hypothesized to increase, causing the delayed appearance of each phase during
crystallization from highly saturated solutions. The unexpected difficulty of precipitation
at high saturation state is also in agreement with recent rutile crystallization experiments
in this concentration range.24
The activation energies calculated in this study (in the 20-70 kJ/mol range) are
significantly smaller than previously calculated values such as 170.8 kJ/mol for the
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A

B

Figure 4-14: Arrhenius plots of precipitation rate data for A) anatase from 0.1, 0.5, and 1.0 M
TiCl4 solutions, and B) rutile from 1.0 M TiCl4 solutions. Orange = reactions at 0.1 M TiCl4; red
= reactions at 0.5 M TiCl4; purple = reactions at 1.0 M TiCl4. Error bars are taken from the
standard errors of slopes calculated from linear regressions of initial rates.

114

Table 4-9: Activation energies of precipitation for TiO2 minerals calculated from
Arrhenius plots of TR-XRD rate data. Errors are based on the standard error of the slope
of the Arrhenius plots.
[Ti4+] (mol/L)

Anatase
precipitation

Rutile
precipitation

Ea (kJ/mol)

22.9

N/A*

Error (kJ/mol)

0.2

R2

0.9999

0.10

0.50
Ea (kJ/mol)

16.3

Error (kJ/mol)

12.4

R2

0.6335

N/A

1.00
Ea (kJ/mol)

65.4

28.3

Error (kJ/mol)

6.9

9.5

R2

0.9891

0.8986

* TR-XRD data for the appearance of rutile from solutions of 0.1 and 0.5 M TiCl4 were not
reliable enough to perform an Arrhenius analysis.
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Figure 4-15: Activation energies of precipitation for TiO2 polymorphs at different initial
concentrations of Ti4+, calculated from Arrhenius plots of initial rate data. Error bars are taken
from the standard error of the linear regression using Eqn 4-4.
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growth of rutile particles,25 and 181 kJ/mol for the precipitation of anatase.26 This
indicates that precipitation of TiO2 from aqueous solutions may be easier to accomplish
at lower temperatures than originally thought, and suggests possible synthesis routes at
lower temperatures than previously explored.
Both the present and previously reported Ea values for precipitation are far
smaller, however, than the 260-370 kJ/mol estimated for the solid state phase transition
from anatase to rutile.27 It is therefore understandable that TiO2 crystallization takes a
dissolution/re-precipitation pathway in an aqueous setting, where strong hydration effects
are able to stabilize the transition states between initially formed polymer species. This is
in agreement with recent results by Shin et al,15 who concluded that anatase transforms to
rutile through a dissolution/re-precipitation pathway in acidic solutions near room
temperature (although Penn and Banfield28 have demonstrated that it is possible for rutile
to nucleate at the interface of two adjoining anatase particles at temperatures of at least
250 oC, a higher temperature than explored in the present study). We therefore argue that
the dissolution/re-precipitation pathway is dominant in aqueous Ti(IV) systems at
temperatures up to at least 200 oC.

Conclusions
Extensive kinetic modeling of mineral abundance data collected during the
aqueous precipitation of titanium oxide nanoparticles indicates that growth and
subsequent size-induced phase transformation of primary anatase nanoparticles is
insufficient to explain the appearance of additional phases. Instead, the data are best
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described using a dissolution/re-precipitation kinetic model in which anatase, brookite,
and rutile precipitate directly from solution and re-dissolve into the fluid via reactions
that obey first-order kinetics. We thoroughly document through the testing of numerous
kinetic models that the co-precipitation of anatase and rutile, as well as re-dissolution of
rutile, are necessary reactions in order to describe the observed abundances of TiO2
phases. We also argue, based on the solubilities of anatase and rutile and our low
activation energies of precipitation compared to solid-state transformation, that the
remaining reaction needed is almost certainly the re-dissolution of anatase.
Activation energies of precipitation calculated from the TR-XRD data are
considerably smaller than literature values, suggesting that precipitation of crystalline
TiO2 may be less difficult than previously thought and supporting the relative ease of a
dissolution/re-precipitation mechanism of crystallization. The observation of a dramatic
increase in activation energies of precipitation in highly supersaturated solutions suggests
that there is an increased energetic barrier to the formation of nanoparticles at these
conditions. This counterintuitive result provides strong quantitative evidence for a
crystallization model based on classical nucleation theory (see Chapter 6), in which the
surface energy of a critical nucleus displays a strong, positive correlation with the
saturation state of the fluid.
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Chapter 5: In situ, Time-Resolved Synchrotron Small Angle XRay Scattering of Aqueous Titanium Oxide Precipitation

Abstract
The hydrothermal crystallization of titanium oxide nanoparticles at 100 oC has
been monitored using synchrotron, time-resolved small angle X-ray scattering (TRSAXS) in a novel sample cell design capable of holding fluid under significant pressure.
Bayesian inverse Fourier transforms (BIFT) of the scattering data reveal Gaussian-type
particle size distributions that developed within minutes after the start of heating.
Distributions are typically right-skewed, with diameters ranging from 1-20 nm and a
mean of ~7 nm. The right tails of the distributions become more pronounced over time,
consistent with the continued growth of rutile particles while anatase particles maintain a
static size distribution. Some experiments developed a multimodal distribution after
several hours of crystallization, interpreted as the oriented attachment of primary anatase
nanocrystals.

Introduction
Titanium oxides have become extremely important materials on several research
fronts in the past two decades. Nano-sized titanium oxide particles in particular are used
in pigments, as catalysts, as dielectrics in dye-sensitized solar cells,1-3 and are now
showing promise as a potential catalyst for producing cost-effective hydrogen fuel.4 In
addition, fine-grained titanium oxides are found in soils and can impact a number of
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geochemical processes. As largely immobile materials, these minerals persist in soils
where nano-sized particles catalyze reactions, affect the pH of fluids, and adsorb
contaminant ions and molecules onto their surfaces.5-7
The TiO2 system also lends itself well to basic research in nucleation and
crystallization processes, having three different naturally occurring polymorphs (rutile,
anatase, and brookite) that are within ~10 kJ/mol of each other in free energy. As bulk
phases, anatase and brookite are metastable with respect to rutile at all P-T conditions.8
However, a growing amount of evidence supports the idea that surface energies for nanoscale particles can control phase stabilities in the TiO2 system.9-15 This discovery has vast
implications for the nucleation and growth of titanium oxide particles both in nature and
in laboratory syntheses. It also adds to the industrial, economic, and environmental
importance of achieving a thorough understanding of crystallization processes, since the
mechanism of crystallization and relative phase stability in aqueous settings will
influence the size, morphology, phase composition, and materials properties of the
resulting particles.
Particle size is a crucial variable in interpreting the kinetics of particle growth, but
these data are difficult to obtain with high precision using conventional measurement
techniques. Dynamic light scattering, a tool commonly employed to obtain particle size
distributions, is impractical for studies using hydrothermal fluids. Although average
crystallite sizes for both anatase and rutile have been calculated from a Scherrer analysis
of TR-XRD data, there are difficulties with interpreting these sizes. First, a Scherrer
analysis yields only average dimensions for a population of crystals, and is not capable of
determining the dispersion of the size distribution, the skewness of the distribution, or
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indeed whether the distribution is even unimodal. Second, because a Scherrer analysis is
based on coherent scattering between individual crystallographic domains, the analysis
measures only the sizes of these domains and cannot detect the agglomeration of primary
crystallites into larger particles.
Small angle X-ray scattering (SAXS) measurements have already been
successfully employed to study the size and morphology of titanium oxide nanoparticle
fractions prepared by a variety of methods, using both synchrotron16,17 and laboratory18,19
radiation sources. Jensen et al.20 have recently reported a time-resolved SAXS (TRSAXS) study of titanium oxide crystallization in supercritical carbon dioxide. However,
very few studies21-23 have attempted to track crystallization processes in situ in an
aqueous setting (the most important medium in natural systems), and none have observed
TiO2 in an aqueous environment. Here, the first TR-SAXS study of the aqueous
nucleation and growth of TiO2 is reported. The measured SAXS patterns are used to
construct time-series of particle size distributions which reveal greater detail about the
crystal growth mechanisms in the titanium oxide system.

Methods
In order to perform in situ SAXS experiments at elevated temperature, I designed,
built, and tested a novel sample cell capable of sealing hydrothermal fluids at pressure.
Experiments were performed at beamline 1-4 of the Stanford Synchrotron Radiation
Lightsource (SSRL), Stanford Linear Accelerator (SLAC), Stanford University. Solutions
of 0.1, 0.5, and 1.0 M TiCl4 were prepared by dissolving reagent grade TiCl4 (Alfa Aesar,
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99.9%) drop-wise into chilled de-ionized water and diluting to volume. To prevent
premature precipitation of oxide particles, solutions were stored near 0 oC until the start
of an experiment.
Experimental solutions were loaded into a SAXS sample cell composed of an
inner, 5x5 cm2 non-reactive Teflon plate and two aluminum outer plates of the same size.
Use of a Teflon inner plate, rather than an aluminum or steel plate more typical of SAXS
sample cells, was necessary to prevent reaction between the plate and the highly acidic
TiCl4 solutions. The solutions were held within a 1 cm diameter disc-shaped cavity in the
center of the Teflon plate by X-ray transparent Kapton windows sealed with Kalrez Orings on each side of the plate. Kalrez (DuPont Co.) is a compressible elastomer with a
high degree of resistance to heat and pressure, and was necessary to use in place of
conventional rubber O-rings because of the significant vapor pressures produced by
aqueous fluids > 100 oC.
This assembly was sealed by fastening the aluminum plates onto each side of the
Teflon plate using three screws per side in an alternating arrangement. Figure 5-1 shows
a diagram of the modified hydrothermal SAXS sample cell used in this study. Heating
tests revealed that this cell design was able to hold fluid, without leaking, up to
temperatures near 150 oC. Failure of the cell was found to occur between 157 and 166 oC.
The cell was loaded into a ceramic furnace controlled by a custom-built electronic
heating unit, which heats the sample to the experimental temperature. Three experiments
were performed in which 0.1, 0.5, and 1.0 M TiCl4 were heated to 100 oC for 10, 10, and
17 hours, respectively. To ascertain how long a solution can be left at room temperature
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A

B

Figure 5-1: The sample cell used to contain aqueous TiCl4 solutions during a TR-SAXS
experiment. A) A scale diagram of the SAXS sample cell. A disc-shaped, 0.5 mm thick and 1 cm
diameter layer of fluid sits within a hole in the center of the Teflon plate. It is sandwiched on each
side by KaptonTM windows and sealed by KalrezTM O-rings. The assembly is held in place by two
aluminum outer plates fastened by three steel screws on each side. A longer screw protruding
from the top of the Teflon plate enables easier placement and removal of the cell in the furnace.
B) A photograph of the assembled sample cell, whose name is Mortimer.
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before the formation of particles, a control was also performed in which 0.1 M TiCl4 (the
solution most prone to precipitation because of its lower acidity) was left at ~ 30 oC for
17 hours. Temperature was calibrated using two K-type thermocouples, one attached to
the furnace and one adjacent to the sample solution, embedded within the inner Teflon
plate. A temperature calibration carried out from 24 to 120 oC revealed that the furnace
temperature and sample temperature were equal to within 1 oC across the entire
calibration range.
The fluid was exposed to an incident X-ray beam of 8333 eV/photon for exposure
times of 5-15 minutes, and the resulting pattern of scattered X-rays was recorded by a
Roper Scientific PI-LCX CCD camera positioned to achieve a q range of 0.18-2.3 nm-1
(corresponding to distances in real space of 34.9 and 2.7 nm, respectively). The q range
was calibrated using crystalline silver behenate, a NIST standard having d001=5.838 nm.
Ion chambers upstream and downstream of the furnace were used to measure the presample and post-sample X-ray intensities, respectively. Figure 5-2 shows the
experimental setup for TR-SAXS at beamline 1-4.
Experimental SAXS images were integrated into I vs. q curves with the open
source software package Area Diffraction Machine using the calibrated q range, each
curve containing exactly 500 (q, I(q)) data pairs. Once 1-dimensional intensity data are
obtained, a number of software packages and analytical techniques are available for
modeling data and extracting particle size information. Inverse Fourier transforms (IFT)
are a commonly applied algorithm to determine a size distribution of scatterers from the
scattering data. However, because IFTs for small angle scattering patterns are often nonunique (i.e., multiple particle size distributions are capable of producing identical
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Figure 5-2: A simplified diagram of the experimental TR-SAXS configuration at Beamline 1-4,
Stanford Synchrotron Radiation Laboratory. The sample cell is housed in a ceramic furnace that
heats the cell to temperature. The incident X-ray beam enters through the central hole in the
sample cell, and X-rays scatter off of TiO2 particles within the sample solution at very small
angles. Scattered photons pass through a steel vacuum tube, after which an area detector on the
opposite end of the vacuum tube records the pattern of scattered X-rays. Two ion chambers
positioned on either side of the furnace read the pre-sample and post-sample X-ray intensity.
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scattering data), we employed Bayesian methods (as developed by Hansen24) to identify
the most probable size distribution for a particular data set.
Thus, once a data set was background corrected and normalized to the total
scattered X-ray intensity, we modeled selected SAXS patterns (with data limits of 0.040
and 0.300 Å-1) using SAXSGui, a MATLAB code that uses a Bayesian Inverse Fourier
Transform (BIFT) algorithm to compute particle size distributions. The code utilizes a
spherical approximation for all particles, and computes a series of best fit particle size
distributions across a parameter space consisting of Dmax (the largest particle diameter
present in the distribution) and α (a parameter describing the smoothness of the scattering
data). An average size distribution was then computed from the distributions associated
with each Dmax/α pair yielding a viable solution, with each distribution weighted by its
associated probability.
This procedure results in a final, average particle size distribution having a
maximum conditional probability given the experimental data, and also produces error
estimates on each computed point in the distribution (Figure 5-3). Because the BIFT
modeling algorithm computes each of the ~50 points in the size distribution
independently, it is not subject to artificial constraints imposed by modeling techniques
that assume a predefined functional form for the distribution. This allows the observation
of features in the particle size distributions that may be overlooked by other methods.
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Figure 5-3: Results from a typical Bayesian inverse Fourier transform (SAXS data taken from
0.5 M TiCl4 heated to 100 oC for 5.0 hours). A) The original SAXS pattern with error bars,
plotted as X-ray intensity vs. scattering vector (q). B) Comparison between the experimental
intensity data (blue line) and the model fit obtained from the Fourier transform of the most
probable size distribution (green line). C) Plot of the most probable particle size distribution
function p(r) in Angstroms, showing error bars calculated from the Bayesian analysis. D) Plot of
the relative probabilities of each individual size distribution vs. the parameters of the distribution,
Dmax (the maximum particle size) and α (the smoothness of the SAXS data). The distribution
plotted in (C) is a weighted average of the distributions represented by each vertex of the peak
shown in (D).
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Results
The typically excellent fits to the scattering data (Figure 5-3B) and the narrow,
Gaussian-shaped probability distributions of the BIFTs across parameter space (Figure 53D) indicate that unique and accurate particle size distributions were obtained. Plots of
time-resolved size distributions for the three crystallization experiments are shown in
Figures 5-4, 5-5, and 5-6.
For the 0.10 M and 0.50 M TiCl4 at 100 oC experiments, the earliest SAXS
pattern with measurable scattered intensity yielded a distribution of particles ranging
from ~ 1-20 nm in diameter with an initial mean near 7 nm, indicating that the nucleation
of nanoparticles from these highly saturated solutions was instantaneous within the timeresolution of the method. According to classical nucleation and growth theory, formation
of critical nuclei is followed by particle growth via the addition of aqueous monomers to
stable nuclei. Since it is unlikely that critical nuclei are as large as 10 nm or greater in the
TiO2 system, and particles of this size were observed at the beginning of the experiments,
the initial nucleation must be followed by very rapid growth of particles. Because the
time resolution in this study is 5-15 minutes, the rapid growth phase must occur within 15
minutes and produce the steady state distribution of particles observed in the initial
observed time steps.
In addition, the results for 0.10 M TiCl4 show a population of larger particles
splitting off from the previous distribution at about 4 hours of crystallization, with the
distribution becoming increasingly multimodal as larger particles develop at specific
sizes. These small peaks in the distribution occur at sizes of 1.7, 3.0, 5.5, 8.1, 11.1, 14.0,
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0.1 M TiCl4
100 oC

A

B

Figure 5-4: Particle size distributions of TiO2 nanoparticles calculated from in situ TR-SAXS
data (0.1 M TiCl4 heated to 100 oC). A) Smoothed plot of normalized, stacked particle size
distributions through time. B) Representative particle size distributions at select times. Blue
arrows denote the hypothesized growth of rutile into the distribution early in the experiment, and
its emergence at larger sizes later in the experiment.
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0.5 M TiCl4
100 oC

A

B

Figure 5-5: Particle size distributions of TiO2 nanoparticles calculated from in situ TR-SAXS
data (0.5 M TiCl4 heated to 100 oC). A) Smoothed plot of normalized, stacked particle size
distributions through time. B) Representative particle size distributions at select times. Blue
arrows denote the hypothesized growth of rutile into the distribution early in the experiment, and
its emergence at larger sizes later in the experiment.
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Figure 5-6: Smoothed plot of normalized, stacked particle size distributions through time of TiO2
nanoparticles. Distributions were calculated from in situ TR-SAXS data (1.0 M TiCl4 heated to
100 oC).
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and 16.9 nm. The regular spacing of ~3 nm across most of this series is strongly
indicative of the oriented attachment mechanism of crystal growth, observed by Chun et
al.25 in barium titanate particles, Banfield et al.26 in iron oxyhydroxide nanoparticles, and
demonstrated to occur during the hydrothermal coarsening of anatase nanoparticles by
Penn and Banfield.27 The consistent 3 nm spacing of peaks in the distribution suggests
that primary crystallites of 3 nm average diameter are sequentially attached to each other,
resulting in a linear chain of length 3n, where n is the number of primary crystallites in
the aggregate (Figure 5-7).
Results from the 0.50 M TiCl4 solution heated at 100 oC (Figure 5-5) show that
particles of several nanometers in size rapidly nucleated at the very beginning of the
reaction, after which size distributions remained relatively consistent in both mean and
variance during the 10 hours of crystallization. Again, the distributions show nearly
Gaussian behavior, with a small degree of right-skewness. These results are strikingly
similar to those recently obtained for the homogeneous crystallization of silica
nanoparticles at room temperature,21 indicating that similar mechanisms are at work in
these two systems. However, detailed examination reveals an apparent interaction
between two separate populations of particles.
Figures 5-8A and 5-8B depict particle size distributions from 0.4 and 9.1 hours of
crystallization, respectively. The distribution at 0.4 hours reveals a marked shoulder at
low particle sizes, indicating the presence of a separate population of small particles
overlapping that of the population centered on 7 nm. This is in excellent agreement with
the mean crystallite sizes measured for the anatase and rutile phases during the TR-XRD
experiment run under identical conditions (Chapter 2); Scherrer analysis of these XRD
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Figure 5-7: TEM micrograph of hydrothermally coarsened anatase, showing a chain-like
aggregate of primary crystallites. (Figure taken from Penn and Banfield27)
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A

B

Figure 5-8: Representative normalized particle size distributions from the crystallization of TiO2
nanoparticles from an aqueous solution of 0.50 M TiCl4 at 100 oC. A) t = 0.4 hours, B) t = 9.1
hours. Error bars are calculated from the Bayesian analysis of the most probable size
distributions. Red arrows emphasize the noteworthy shoulders in the distributions, which likely
represent a population of rutile particles whose mean grows from ~ 3 nm (A) to ~ 10 nm (B)
during the course of the experiment.
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data revealed that anatase crystallites had a mean diameter of 6-8 nm and rutile
crystallites a mean diameter of 3-4 nm after 0.4 hours of crystallization. In contrast, for
the size distribution at 9.1 hours (Figure 5-8B), the low-size shoulder disappeared and
was replaced by a shoulder at high particle sizes. This again corresponds well with the
TR-XRD data at 9.1 hours at these experimental conditions, which showed anatase
diameters that remain at ~7 nm but average rutile diameters of 10 nm that continued to
increase through time.
The data for 1.0 M TiCl4 solutions are more difficult to interpret due to excursions
into negative number densities at particle sizes < 5 nm during much of the experiment.
These negative valued minima in the distributions (and their associated maxima at ~ 2
nm) may be the product of artifacts in the background of the original SAXS data, which
renders this data set unreliable in providing a complete view of particle growth.
However, it is worth noting that at ~ 5.5 hours, a series of regularly spaced
maxima develops, centered on sizes of 5.1, 7.1, 9.0, and 10.8 nm, similar to the 0.10 M
TiCl4 experiment. The regular spacing of ~ 2 nm again suggests that oriented attachment
of 2 nm diameter crystallites onto a base population of particles is likely a significant
mechanism of crystal growth at these conditions. The condensation of 2-3 nm crystallites
onto other particles is likely driven by the particularly high surface to volume ratio of
these crystallites, which produces a stronger driving force to reduce their interfacial
surface energy than particles that have already grown to larger sizes via classical growth
mechanisms. The significant population of particles in the 15-25 nm size range, not
observed in the 0.10 M or 0.50 M TiCl4 experiments, may represent the formation of
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larger aggregates resulting from the higher number density of initial crystallites formed in
the 1.0 M TiCl4 solution.

Conclusions
Particle size distributions calculated from TR-SAXS data are highly consistent
with the average crystallite sizes provided by TR-XRD (Chapter 2), serving as
independent corroboration of both methods. In addition to average sizes, the TR-SAXS
data also reveal relatively wide distributions, with particles as small as 1 nm and as large
as 20 nm developing nearly instantaneously at the beginning of the experiments and
persisting for many hours. After several hours, shoulders, as well as additional maxima,
develop at the large end of the distributions and appear to be due to a combination of
classical growth via addition of monomers to pre-existing nuclei, and the oriented
aggregation of primary crystals to form clusters of specific sizes. The spacing of
multimodal peaks in the particle size distributions indicates the attachment of primary 2-3
nm crystallites onto other particles to form small chain-like aggregates, as documented in
previous studies.27 We can therefore summarize the crystallization process in TiO2, as
observed using TR-SAXS in conjunction with TR-XRD, with three steps:

1) Rapid, nearly instantaneous polymerization of aqueous Ti ions to form critical
nuclei from the initial solution. This step likely occurs as soon as the
temperature is high enough to make the solution supersaturated.
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2) Rapid growth of nuclei via addition of monomers into a roughly Gaussian
distribution of particles up to ~20 nm in diameter. This step occurs within the
first few minutes of the experiment, and likely involves the growth of both
primary anatase, and primary rutile crystallites (whose somewhat longer
nucleation period results in smaller average particle sizes during the beginning
of the experiment).
3) Gradual loss of anatase crystals (whose size distribution remains static after
step #2) and simultaneous growth of rutile crystals (whose size distribution
overlaps that of anatase, but shifts to larger sizes over time). This process is
entirely consistent with the dissolution/re-precipitation crystallization
mechanism identified in Chapter 4 from the kinetic modeling of phase
abundance data. Concurrently, oriented attachment of small crystallites forms
aggregated chains of characteristic lengths.
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Chapter 6: In situ pH Monitoring of Aqueous Titanium Oxide
Precipitation

Abstract
The pH of hydrothermal TiCl4 solutions crystallizing Ti oxide nanoparticles has
been monitored in situ under different initial pH (0, 1, 2) and [Ti4+] (0.008-0.10 mol/L)
conditions, and the solution chemistries have been correlated with the phase compositions
of the precipitate through time. Rapid decreases in pH within the first 30 minutes of
reaction indicate that most Ti hydrolysis occurs during this time. Overall reaction rates
were observed to increase both with decreasing pH0, and decreasing [Ti(IV)]0. A phase
sequence of anatase-brookite-rutile was observed via X-ray diffraction of precipitates
from all experiments, and each phase appeared at an earlier time with decreasing pH. The
experimental results are compared with both a solution-controlled and particle-controlled
model of crystallization, based on changes in phase stability with the saturation state of
the solution, and differences in activation energy of nucleation among polymorphs,
respectively. We conclude that a modified particle-controlled model based on classical
nucleation theory (CNT), incorporating changes in interfacial surface energy as a
function of solution chemistry, provides the best explanation for both the experimental
data and reported trends in the TiO2 literature.
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Introduction
Fine-grained Ti oxides are a common constituent in soils, where they adhere to
clay particles and alter geochemical properties.1-3 In addition, synthetic nano-sized TiO2
particles are integral to a diverse array of technological applications, including pigments,
food additives, catalysis, and dieletrics.4-7 The functionality of titania nanoparticles
depends strongly on the size and phase composition of the particles.3,7
Three common, naturally occurring TiO2 phases appear frequently as laboratory
synthesis products: anatase, brookite, and rutile. Syntheses performed over sufficiently
long time scales typically produce pure rutile, the thermodynamically stable phase at all
P-T conditions.8 However, rutile is very often preceded by the appearance of anatase
and/or brookite, the metastable polymorphs of bulk titania.9,10 The frequent observation
of anatase as the initial precipitation product, despite the thermodynamic stability of the
rutile structure, has been explained by differences in the surface free energies,11-16 which
are thought to dominate the thermodynamics of particles at very small sizes.17
Although many researchers have explored the thermodynamic properties of
crystalline TiO2 as a function of particle size, few have analyzed the role that the solvent
must play during precipitation. It is known, for example, that in non-aqueous solvents,
the sequence and rate at which titania phases form during crystallization can be markedly
different from transformation reactions in H2O-rich solutions.18,19 In order to quantify the
interaction between growing titania particles and the molecules and ions that surround
them in aqueous solutions, we performed hydrothermal precipitation experiments in
which the hydrogen ion concentration of the solution was monitored with unprecedented
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precision. By combining a time-resolved record of the pH during crystallization with
charge- and mass-balance relationships, we could reconstruct the aqueous chemistry
throughout a precipitation reaction. Particle samples were extracted during the course of
an experiment and analyzed with X-ray diffraction in order to correlate the aqueous
chemistry with the appearance of different phases.
Two end-member models for TiO2 precipitation - a solution-controlled model and
a particle size-controlled model - can be invoked to explain the crystallization sequence
observed in aqueous solutions. In the following section, I will present descriptions and
predictions for each model. I then will provide a detailed appraisal of the hydrothermal
crystallization data that I obtained from my potentiometric analysis. Finally, these
experimental results will be compared with the predictions of the two precipitation
models, and implications for the crystallization process in TiO2 minerals will be
discussed.

Solution-controlled model
Since nanoparticles have extremely high surface area to volume ratios, they
interact strongly with the solvent in which they are immersed. It is therefore possible that
the saturation state of the solution determines the relative stabilities of nano-phases
through the interfacial free energy between a particle’s surface and the surrounding fluid.
The most commonly reported phase sequences during aqueous synthesis of titania are
anatase → rutile, and anatase → brookite → rutile. Since dissolved Ti decreases over the
course of these reactions, it is reasonable to conclude that if this model is correct, anatase
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nanoparticles are stable at high saturation states, rutile nanoparticles are stable at low
saturation states, and brookite nanoparticles are stable at intermediate saturation states.
Consequently, a solution at high saturation state falls within the anatase stability
field and has a large driving force to precipitate; thus, anatase nanoparticles would
rapidly nucleate and grow. Once enough dissolved Ti is removed from the aqueous phase
to bring its saturation state into the brookite stability field, crystallization of brookite
would begin. Similarly, rutile crystallization would initiate once the solution drops to a
saturation state within rutile’s stability field. The fast precipitation kinetics in this
scenario would cause a rapid appearance of phases in the order anatase-brookite-rutile.
As the solution continues to drop in saturation state, rutile particles would mature and the
anatase and brookite particles, now metastable, would re-dissolve into the fluid.
A solution starting at a slightly lower saturation index might also crystallize the
phase sequence anatase → brookite → rutile. However, because the removal of Ti from
the fluid would be slower (due to the decreased driving force for precipitation), it would
take a longer time for each phase to begin crystallizing. If the solution starts at a low
enough saturation state to be in the brookite stability field, it will bypass anatase entirely
and simply crystallize the sequence brookite → rutile. Finally, at very low saturation
state, the fluid will precipitate only rutile. Figure 6-1 illustrates the important features of
this solution-controlled crystallization model.
The model outlined above offers a number of predictions:
1) Since oversaturated solutions always react so as to reduce their saturation
state, only phase sequences of anatase-brookite-rutile, brookite-rutile, and
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Figure 6-1: Diagram depicting a solution-controlled model of titanium oxide crystallization, in
which the stability of nano-TiO2 phases is governed by the saturation state of the solution. Each
polymorph has a stability field in which its crystallization is thermodynamically preferred. The
curves depict paths of an experiment through “saturation state - time” space, and each point
denotes the time and saturation state at which a new phase appears (Red = anatase; Green =
brookite; Blue = rutile). Solutions starting at high saturation state would be expected to exhibit
faster precipitation kinetics and would therefore drop rapidly in saturation state, inducing a
crystallization sequence in which anatase, then brookite, then rutile crystallize shortly after one
another. A solution starting at lower saturation state would exhibit a more gradual drop in
saturation state, causing later appearance times for each phase.
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rutile are possible (and perhaps also anatase-rutile, if the brookite stability
field is narrow and precipitation kinetics are fast). The appearance of rutile
followed by the appearance of brookite, for example, would falsify a
purely solution-controlled model based on saturation state or related
variables.
2)

The identity of the initially precipitating phase should change as a function
of initial saturation state.

3)

A phase diagram for titania crystallization (as in Figure 6-1) should reveal
a stratification of the appearance of phases according to the degree of
saturation.

4)

Due to the overall precipitation kinetics, experiments starting at higher
saturation state should exhibit earlier appearance times for all phases,
whereas experiments with lower initial saturation state should exhibit later
appearance times.

Particle-controlled model
The particle-controlled model can be viewed as an application of Classical
Nucleation Theory (CNT) to the titania polymorphs, in which each phase is assumed to
have a characteristic surface energy that is independent of the saturation state of the
surrounding fluid. The different surface energies of each polymorph give rise to different
activation energies of nucleation, causing the crystallization of some phases to be
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inherently faster than others. In CNT, the free energy (ΔGA) of a spherical nucleus of
phase A with a radius of r can be expressed as the sum of the free energy of its bulk
crystal structure, and that of the interfacial surface between the nucleus and the fluid:20

(Eq. 6-1)

where MA is the molar mass of phase A, ρΑ is the density of phase A, ΔGA,m is the molar
(bulk) free energy of phase A, and σA is the interfacial surface energy of phase A. Figure
6-2 illustrates the change in total free energy, ΔGA, with particle size. The radius that
corresponds to the free energy maximum can be obtained by differentiating Eq. 6-1 with
respect to r, and setting

. From this relation, the radius of a critical nucleus,

rcrit, is found to be20

(Eq. 6-2)

and the activation energy, ΔG‡, of forming a critical nucleus is:20
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Figure 6-2: The free energy of a particle nucleating from an aqueous solution (ΔG) as a function
of particle radius (r) according to Classical Nucleation Theory (Eq. 6-1). ΔGbulk is the free energy
contribution from the volumetric crystal structure, ΔGsurf is the contribution of interfacial surface
energy between the particle and the fluid, and ΔGtotal is the total free energy. ΔG‡ and rcrit label the
activation energy and critical nucleus radius, respectively.

ΔG‡

(Eq. 6-3)
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Since anatase, brookite, and rutile share the formula TiO2, exhibit similar
densities, and are within 10 kJ/mol in bulk free energy,21 the activation energies of the
polymorphs will differ primarily in the surface free energy (σA) term, especially since the
activation energy scales as the cube of the surface energy but only as the square of the
other terms. Figure 6-3 illustrates the dependence of the activation energy, as well as the
critical radius, on the surface free energy of the nucleating phase.
As previously noted, the commonly observed phase sequence in synthesis
experiments is anatase → brookite → rutile.9-12 It is therefore reasonable to conclude that
if the particle-controlled model is correct, the surface energies increase in the order
anatase < brookite < rutile, an idea that is supported by calorimetric14,16,17 and ab initio
modeling22-24 studies. This sequence, in turn, would yield the same trend in activation
energy of precipitation (through Eq. 6-3). Figure 6-4 illustrates the expected results of a
particle-controlled crystallization model.
Specific predictions of the particle-controlled model include the following:
1) Since activation energies of each polymorph are theoretically preserved
regardless of solution conditions, only a phase sequence of anatase-brookiterutile should be observed. As with the solution-controlled model, the
appearance of rutile before brookite (or other out-of-order sequences) would
falsify the model.
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Figure 6-3: A plot of total free energy as a function of particle radius according to Classical
Nucleation Theory, for nucleating phases with surface free energies of σ (purple line), 2σ (blue
line), 3σ (teal line), and 4σ (red line). Note that the critical radius increases linearly with surface
energy (Eq. 6-2), while the activation energy increases as the cube of the surface energy
(Eq. 6-3).
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Figure 6-4: Diagram depicting a particle-controlled model of titanium oxide crystallization, in
which the appearance of phases is due only to differences in activation energies for each
polymorph, anatase having the lowest activation energy and rutile having the highest. Each curve
depicts the path of an experiment through “saturation state - time” space, and each point denotes
the time and saturation state at which a new phase appears (Red = anatase; Green = brookite;
Blue = rutile). Each phase would appear in the solution during a specific window of time, the
exact time depending on the initial concentration of aqueous titanium and the resulting
precipitation kinetics. A higher initial saturation state, in general, would produce earlier
appearance times.
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2) Anatase will always be the initial precipitation product regardless of solution
conditions (in contrast to the solution-controlled model, in which initial
brookite and initial rutile are allowed depending on the starting saturation
state).
3) A graph in which the appearance of each phase is plotted in saturation state time space (such as in Figure 6-4) should reveal a stratification of the phases
according to time. In other words, regardless of the initial saturation state,
each phase should appear as prescribed by the overall precipitation kinetics.
4) Due to the overall precipitation kinetics, experiments starting at higher
saturation state should exhibit earlier appearance times for all phases, whereas
experiments with lower initial saturation state should exhibit later appearance
times (this prediction coincides with that of the solution-controlled model).

Experimental Methods
In order to correlate the appearance of TiO2 phases with solution chemistry, in
situ hydrothermal crystallization experiments were performed at Oak Ridge National
Laboratory using a hydrogen electrode concentration cell (HECC) designed for real-time
potential measurements, originally described by Mesmer et al.25 and modified by Palmer
et al.26 The cell consists of inner and outer Teflon cups which contain test and reference
solutions, respectively. Gas inlets allow the solutions to equilibrate with H2 gas, and
Teflon-sheathed Pt electrodes record the electric potential difference of the H2/H+ redox
couple between the test and reference solutions. Magnetic, Teflon-coated stir bars
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continuously stirred each solution, and a Pt sample line allowed the collection of test
solution at any point during an experiment. Figure 6-5 shows a diagram of the HECC
used for these experiments.
At the outset of an experiment, the test and reference solutions were identical and
consisted of aqueous HCl/NaCl solutions prepared from 18 MΩ-cm Millipore water and
standardized, reagent grade stock solutions. Prior to the start of each experiment, the
solutions were allowed to equilibrate with H2 gas for a minimum of 3 hours, and attain a
stable temperature of 100 oC within a cylindrical steel furnace. Experiments were
initiated by injecting the test solution with a titrant consisting of aqueous HCl/TiCl4
(prepared by adding liquid TiCl4 drop-wise to chilled HCl stock solution and diluting to
volume with de-ionized water). As Ti4+ hydrolyzed to form aqueous Ti(OH)x4-x species
and titania (TiO2) nanoparticles, additional H+ ions were released into the test solution
and produced a nonzero potential difference between the test and reference solutions.
Automated software recorded the overall cell EMF with a time resolution of ~ 1 minute.
In order to sample a range of initial saturation states, a total of 12 experiments
were conducted with TiCl4 concentrations ranging from 0.008 – 0.10 mol/L, and initial
pHs of ~ 0, 1, and 2 (adjusted by buffering the starting test/reference solutions with
varying amounts of HCl). Since dramatic differences in the concentration of mobile ions
between the test and reference cups can cause inaccuracies in the potential measurement
(discussed in the following section), NaCl was added to the reference solutions as a
“background electrolyte”, especially for solutions with lower acidity. Table 6-1 provides
the compositions of the starting solutions for each experiment.
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Figure 6-5: Diagram of the hydrothermal cell used to carry out in situ pH measurements of
aqueous TiO2 precipitation. The inner Teflon cup contains a HCl/NaCl reference solution whose
composition (and electric potential) remains constant throughout the experiment. The outer
Teflon cup contains the experimental HCl/NaCl/TiCl4 test solution from which TiO2 particles
precipitate. Gas inlet lines keep both solutions equilibrated with H2 gas during the experiment,
and Teflon-sheathed Pt electrodes record the electric potential difference of the H2/H+ couple
between the test and reference solutions. The pH can then be calculated from the measured
potential difference via the Nernst equation. A Pt sampling line immersed in the test solution
allows colloidal particle/fluid samples to be extracted at any time during the experiment. (Figure
taken from Palmer et al.26).
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Table 6-1: Initial solution chemistries for hydrothermal TiO2 crystallization experiments
Experiment TiCl4
(mol/L)
DH002
0.04850
DH003
0.04854
DH004
0.04842
DH005
0.04841
DH006
0.01825
DH007
0.04249
DH008
0.01597
DH009
0.00804
DH010
0.01609
DH011
0.103
DH012
0.04258
DH013
0.02912

HCl
(mol/L)
0.008158
0.008157
0.008161
0.09245
0.1091
0.9137
1.0817
1.1320
1.0810
0.0000
0.09237
0.9984

NaCl
(mol/L)
0.09850
0.09850
0.09851
0.02181
0.008221
0.0191
0.07195
0.003623
0.007251
0.0000
0.01919
0.01312

Initial pH of
test/ref. soln.*
1.9993
1.9993
1.9993
0.922
0.922
-0.092
-0.092
-0.092
-0.092
0.922
0.922
-0.092

* The initial pH describes the pH of the test/reference solution before the addition of titrant
(containing the TiCl4). Other columns refer to the test solution after titrant addition.
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At specific times during an experiment, aliquots of test solution were sampled via
the platinum sampling line in order to analyze the phase composition of the precipitating
particles. Immediately after collection, each sample was weighed, centrifuged for 10
minutes at 5 oC and 10,000 rpm, decanted, washed with de-ionized water, centrifuged and
decanted a second time, and then oven-dried at 50 oC for 40-60 minutes. The resulting
powders were scanned at room temperature with a PANalytical X’pert Pro MPD
diffractometer (vertical θ/θ goniometer) using Ni-filtered Cu-Kα radiation. Scans were
performed for 5-12 hours per sample at an operating voltage of 45 kV and over a range of
20-90o 2-theta. In order to better quantify the phase composition of each sample, Rietveld
refinements were performed using the High Score Plus software package (PANalytical),
including parameters for phase composition, unit cells, peak profile functions, preferred
orientation, and polynomial backgrounds of up to 8 terms. Figure 6-6 shows the fit for a
typical Rietveld refinement. Most values of χ2 were between 1.0 and 2.0.

Theory of potentiometric measurements
Since both solutions were in equilibrium with H2 gas throughout an experiment,
the electric potential of each can be described by applying the Nernst equation to the
H2/H+ redox couple:

(Eq. 6-4)
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DH003-6
0.05 M TiCl4, pH = 2
100 oC, 17.6 hours
χ2 = 1.43

Figure 6-6: Results of a typical Rietveld refinement for hydrothermally crystallized TiO2
nanoparticles (above), and difference pattern (below). (Sample DH003-6: 0.05 M TiCl4, pH=2 at
100 oC for 17.6 hrs). Red curve indicates the raw data, blue curve indicates model fit, green curve
indicates background; vertical lines indicate positions of reflections (red = anatase; green =
brookite; blue = rutile).

162

where E is the potential of the half cell, E0H /H is the standard potential, R is the gas
2

+

constant, T is the absolute temperature, n is the number of electrons transferred, F is
Faraday’s constant, and Q is the reaction quotient. The standard potential of the hydrogen
electrode is defined to be 0.000 V; the reaction has a quotient of [H2]/[H+]2; and it
involves the transfer of 2 electrons (n=2). Making these substitutions, the expression
simplifies to:

(Eq. 6-5)

where e is the natural log base. Taking the difference between these values for the test
and reference solutions, we find that the measured potential difference can be expressed
as:

+ Elj

(Eq. 6-6)
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where Elj is the potential drop across the liquid junction between the test and reference
compartments (a porous Teflon plug in the bottom of the inner, reference cup (Figure 65)). Because the test and reference solutions are equilibrated with the same hydrogen
source, [H2]test = [H2]ref, and the expression simplifies to:

+ Elj

(Eq. 6-7)

Since the pH of the reference solution stays constant throughout the experiment, the cell
EMF is a function only of temperature and the pH of the test solution. Rearranging, pHtest
is given by:

(Eq. 6-8)

The liquid junction potential can be estimated using the Henderson equation27
from the concentrations of individual species in the test and reference solutions at each
point in the reaction. The liquid junction term can often be ignored in circumneutral
solutions, and particularly in the presence of a “swamping” background electrolyte (e.g.
NaCl) that is at approximately the same concentration in both the test and reference
solutions. However, in cases where there is a significant concentration difference of
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highly mobile and/or highly-charged ions in the test versus the reference solutions, this
term can become quite large and cannot be ignored.
Unfortunately, this is the case in most of the experiments reported in this study
due to the substantial change in acidity associated with hydrolysis, and the presence in
the test solution of multivalent species such as Ti4+, Ti(OH)3+, etc. The Henderson
equation employs limiting equivalent conductivities of ions, which are not known at
100°C for the highly-charged Ti(IV) aqueous species. Therefore, values of the liquid
junction term were approximated by manually adjusting them such that the resulting
pHtest (calculated from Eq. 6-8) would be consistent with the expected amount of excess
acid produced at a given time during an experiment. The expected amount of excess acid,
in turn, was calculated stoichiometrically using the measured mass of TiO2 precipitate at
the corresponding sample collection time.
In order to correlate the appearance of TiO2 phases with solution conditions,
appearance times for each phase were interpolated using the phase compositions refined
from the XRD data. The initial solution conditions, together with the in situ pH
measurements, were input into thermodynamic calculations (performed by OLI Systems,
Inc.28) to determine the speciation of all ions present in the solution at a series of time
steps throughout each experiment. The calculations made use of known equilibrium and
formation constants for all possible reactions, and assumed equilibrium with respect to all
aqueous phase reactions.29,30
Saturation indices with respect to anatase and rutile were also computed at each
time point (precipitation of solid phases was suppressed in these calculations). Once
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solution conditions were tabulated for each time point, the pH and saturation state of the
solution were identified at the appearance time of each phase. The saturation index was
defined with respect to rutile as Ω = C/S, where C is the actual total concentration of
Ti(IV)(aq) and S is the equilibrium solubility of rutile.

Results
XRD scans of the isolated particles are shown in Figure 6-7. The phase sequence
anatase-brookite-rutile was observed in all experiments, and the fractions from the outer
test cup at the end of an experiment consisted either of a mixture of all three phases, or a
binary brookite/rutile mixture. Anatase appeared within the first 30 minutes in each
experiment, with brookite and then rutile following either minutes or hours later. Both
brookite and rutile appeared significantly earlier for experiments at low pH than for those
at higher pH.
Table 6-2 lists the phase compositions of each sample as determined by Rietveld
refinements of the XRD patterns. Because the mass of powder actively diffracting in each
scan is unknown, and was variable for different samples, it is not possible to compute
absolute phase abundances that can be compared across time. However, the data
demonstrate clearly that brookite and rutile developed earlier for experiments starting at
lower saturation state. Phase percentages of anatase and brookite decreased as
crystallization of rutile began. (Results of a typical Rietveld refinement are shown in
Figure 6-6).
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A

B

C

D

Figure 6-7: X-ray diffraction patterns of TiO2 nanoparticles produced during in situ hydrothermal
synthesis experiments at 100 oC. A) 0.05 M TiCl4, pH = 2.0, B) 0.05 M TiCl4, pH = 1.0, C) 0.016
M TiCl4, pH = 0.0, D) 0.10 M TiCl4, pH = 1.0. Sampling times are listed to the right of the
patterns. For clarity, only the 2-theta range containing the least convolved, diagnostic peaks of
each phase is shown. A=anatase, B=brookite, R=rutile. The peak labeled “A/B” contains one
anatase and two brookite peaks which overlap within 0.5 degrees. The sharp peak at 32 degrees 2theta present in some patterns is AgCl contamination from one of the sample containers.
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Table 6-2: Phase compositions of hydrothermally prepared titania nanoparticles at
100 oC as determined by whole-pattern Rietveld refinement of XRD data.
Sample
number

Sampling
time (hours)

Anatase
(wt %)

Brookite
(wt %)

Rutile
(wt %)

DH002-1
DH002-2
DH002-3
DH002-4
DH002-5
DH003-1
DH003-2
DH003-3
DH003-4
DH003-5
DH003-6
DH004-1
DH005-1
DH005-2
DH005-3
DH005-4
DH005-5
DH006-1
DH006-2
DH007-1
DH007-2
DH007-3
DH008-1
DH008-2
DH008-3
DH009-1
DH009-2
DH010-1
DH011-1
DH011-2
DH011-3
DH011-4
DH011-5
DH012-1

0.87
1.55
1.93
16.00
17.50
0.13
0.42
0.67
1.30
2.75
17.58
25.00
0.88
1.50
3.17
6.50
22.85
1.17
18.00
0.62
1.58
2.67
0.50
1.53
2.37
1.70
18.33
15.65
1.08
2.03
3.65
5.55
22.75
17.33

100.0
36.5
N/A*
N/A
29.8
100.0
76.2
N/A
N/A
36.9
48.5
45.0
88.4
35.4
49.7
49.3
44.9
54.5
50.9
35.9
31.2
31.2
69.2
11.0
0.0
N/A
0.4
0.0
34.3
49.9
33.8
34.8
42.5
53.3

0.0
63.5
N/A
N/A
57.7
0.0
23.8
N/A
N/A
62.8
46.8
47.3
11.6
59.8
46.2
42.9
50.1
45.5
43.4
61.3
66.7
63.3
30.8
82.5
86.1
N/A
44.2
60.4
59.9
34.5
57.3
48.0
31.5
38.0

0.0
0.0
N/A
N/A
12.5
0.0
0.0
N/A
N/A
0.2
4.7
7.7
0.0
4.8
4.1
7.8
5.0
0.0
5.8
2.8
2.0
5.5
0.0
6.5
13.9
N/A
55.4
39.6
5.8
15.6
8.8
17.1
26.0
8.7

* N/A indicates that not enough powder was isolated to perform a diffraction scan.
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The in situ pH measurements (computed from the cell potentials using Eq. 6-8)
are graphed in Figure 6-8 for the first 2 hours of reaction (after which pH values
remained static for all experiments). Experiments starting at pH ~ 2 exhibited a rapid
drop to pH ~ 1 within the first 20 minutes of reaction, indicating a ten-fold increase in the
hydrogen ion concentration. Since the only source of hydrogen ion production is the
hydrolysis of aqueous Ti(IV) species via the reaction:

Ti(OH)x4-x(aq) + (2-x) H2O(l) → TiO2 (s) + (4-x) H+(aq) ,

(Eq. 6-9)

the majority of TiO2 precipitation must occur in this time frame.
Experiments starting at pH ~ 1 exhibited pH decreases which varied in both size
and duration depending on the initial titanium (IV) concentration. The total decrease in
pH for these experiments increased in magnitude with increasing titanium concentration,
as expected by LeChatelier’s principle (Eq. 6-9). However, H+ ion production also
became noticeably slower at higher initial titanium concentration, indicating that overall
precipitation kinetics are slower (rather than faster) at higher saturation state. It is worth
noting that this result contradicts prediction #4 of both the solution-controlled and
particle-controlled crystallization models.
The pH change for experiments buffered at pH ~ 0 (shown in Figure 6-8B) were
extremely small (< 0.02 pH units), likely within the error of the measurements. Indeed,
the experiment with the largest initial Ti concentration (0.04 mol/L) at pH ~ 0 exhibited
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B

Figure 6-8: In situ pH measurements of hydrothermal TiO2 precipitation from aqueous HCl/TiCl4
solutions. A) Experiments for which pH0 ~ 1 or 2. B) Experiments for which pH0 ~ 0. pHs were
calculated using Eq. 5, substituting the real time potential measurements for Ecell and the
measured reference solution pH for pHref. Initial solution conditions are indicated in the legends.
The in situ pH measurements are shown as continuous lines due to their high time resolution.
Data points correspond to the pHs predicted by thermodynamic calculations (OLI) at specific
reaction times.
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an apparent increase of 0.04 pH units during the first 30 minutes of reaction, inconsistent
with the development of solid TiO2 observed during this experiment. However, in the
case of the pH ~ 0 experiments, the potentiometric measurements may not accurately
reflect solution pH because: 1) TiO2 is considerably more soluble at very low pH,27
meaning that a much smaller fraction of aqueous Ti(IV) would have hydrolyzed to form
H+ ions; 2) the small amount of H+ generated through hydrolysis would constitute only a
tiny fraction of the total [H+] in the already highly acidic solution, decreasing the signal
to noise ratio; and 3) the experimental error of pH measurements, regardless of the
influence of chemical reactions, is inherently large at extreme pHs.
When the saturation index (Figure 6-9A) or pH (Figure 6-9B) is plotted as a
function of the estimated appearance time for the three TiO2 polymorphs, the data reveal
a stratification of phases primarily according to time, with some dependence on
saturation state. With the exception of one outlier (an early appearance of rutile), each
phase appears within a relatively well-defined region of saturation state – time space. The
appearance time of brookite (following anatase) showed a small but significant
dependence on saturation state, while the appearance of rutile (following brookite)
showed a stronger saturation state dependence. All three phases, however, crystallized
earlier at low saturation state and later at high saturation state.
Not only did appearance times increase as a function of ambient saturation state at
the time of appearance, they also increased as a function of initial saturation state,
indicating that precipitation kinetics for all phases is actually slower for more highly
saturated solutions. This trend from the XRD patterns of the particle fractions is
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Figure 6-9: The time of first appearance of TiO2 phases during hydrothermal synthesis
experiments plotted vs. A) saturation index, and B) pH. Red circles = anatase; Green squares =
brookite; Blue triangles = rutile. The colored regions highlight the time ranges in which each
phase typically appears as a function of solution chemistry. Each phase appears earlier in the
experiments at lower saturation state and lower pH.
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consistent with the pH time series data for pH ~ 1 experiments, which indicated that
increased Ti saturation slowed the production of H+ ions.

Discussion
The much stronger dependence of phase appearance times on total crystallization
time than on saturation index indicates that the particle-controlled model provides a better
description of aqueous TiO2 precipitation than the solution-controlled model. Moreover,
no correlation between saturation state and the first appearance of each phase could be
identified, and anatase was always first to crystallize, even from only slightly
oversaturated solutions.
These observations argue against the validity of the solution-controlled model.
However, as previously noted, both the appearance of phases and the in situ pH data
indicate a decrease in precipitation rates with increasing pH0 and increasing [Ti(IV)]0,
corresponding to increasing saturation state in both cases. These results contradict
prediction #4 of the particle-controlled model.
We can conclude from these counterintuitive results that although the timing of
TiO2 precipitation appears primarily controlled by crystallization kinetics, the particlecontrolled model based on CNT does not provide an adequate description of the process.
The significant dependence of phase appearance on saturation state, and the reversed
trend it displays with respect to standard chemical kinetics, suggests that solution
chemistry has a direct impact on the kinetics of crystallization. Specifically, there must be
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a mechanism by which increased saturation state slows the kinetics of nucleation for all
phases.
Classical nucleation theory can be modified to achieve consistency with the
experimental results provided that the interfacial surface energy (σ) of each phase is
allowed to vary as a function of saturation state, rather than remaining constant as
previously assumed. This is a reasonable modification given that more highly saturated
solutions are likely to contain larger concentrations of polynuclear Ti(IV) species. The
existence of precursor, polynuclear ions changes the thermodynamics of the fluid and can
alter the reaction pathways that produce TiO2 nanoparticles. Specifically, TiO2
polymorphs having structural features that differ significantly from those of the precursor
ions will experience an increased energetic barrier to nucleation. Thus, highly
supersaturated solutions could dramatically increase the activation energy of precipitation
for some polymorphs relative to others.
This effect can be reconciled with standard chemical kinetics by examining the
rate law for Eq. 6-9 as formulated by standard kinetic theory:

(Eq. 6-10)

where [Ti4+] is the total concentration of aqueous Ti(IV), N is the reaction order, and k is
the rate constant, which can be expressed by the Arrhenius equation as:
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(Eq. 6-11)

Under isothermal conditions (as in these experiments), and assuming a constant
activation energy, the rate constant would be fixed, and we therefore expect the rate law
in Eq. 6-10 to produce a precipitation rate that increases as [Ti4+] increases.
However, a high initial Ti concentration will also lead to a high saturation state,
and if this causes the interfacial surface energy between a polymorph and the fluid to be
larger, it will give rise to a larger activation energy of precipitation (ΔG‡) and a smaller
rate constant (k), as follows: Since the activation energy (ΔG‡) scales as the cube of the
surface energy (σ) (Eq. 6-3), and the rate constant (k) scales exponentially with the
activation energy (ΔG‡) (Eq. 6-11), the impact of even a small increase in σ will be
greatly amplified and result in a dramatic reduction in k. This effect would overwhelm
the rate law’s dependence on [Ti4+], and create a net decrease in the rate of precipitation.
In addition to slowing the overall precipitation kinetics, an increased activation
energy at high saturation state can account for the delayed appearance of phases in the in
situ experiments at high saturation state. Although the surface free energies of nanophases may increase in the order anatase < brookite < rutile in any solution, changes in
saturation state will affect the surface energies of each polymorph to different extents.
While anatase would remain the polymorph with the lowest surface energy (and would
therefore crystallize earliest), the differences in activation energy between polymorphs
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would become exaggerated at high saturation state (Figure 6-10) since ∂2(ΔG‡)/∂σ2 > 0
(Eq. 6-3).
This would have the effect of simultaneously lengthening the time necessary for
each phase to develop critical nuclei, and increasing the temporal separation between the
appearance of different phases. In other words, since rutile has the largest interfacial
surface energy, its crystallization kinetics will also exhibit the strongest response to
saturation state, a trend that was observed in the phase abundance data (comparing the
slopes of the boundaries between the anatase and brookite appearance regions vs. the
brookite and rutile appearance regions, Figure 6-9).
In contrast, a low saturation state would entail smaller activation energies that are
similar for each polymorph. Although the overall thermodynamic driving force for the
reaction is not as strong at lower saturation states, the greatly reduced activation energies
at these conditions cause the precipitation rate of each polymorph to be faster (and more
similar to each other). This would induce a rapid crystallization sequence of anatasebrookite-rutile, after which the system quickly evolves towards a composition of 100%
rutile via the dissolution of the initially precipitated anatase and brookite. Thus, for any
oversaturated starting solution, the system is always forced to step through a series of
metastable phases via a dissolution/re-precipitation pathway due to the ease with which
each phase is able to nucleate from solution. Such pathways for the evolution from
metastable to stable mineral phases are not unprecedented; Williams et al.31 outline a
similar dissolution/re-precipitation pathway for the diagenesis of biogenic silica, except
that the appearance of phases is controlled by solubility boundaries rather than interfacial
surface energy.
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A

B

Figure 6-10: Hypothetical free energy curves for TiO2 particles crystallizing from an aqueous
fluid, according to the modified particle-controlled model based on Classical Nucleation Theory.
A) At high initial saturation state, increased interfacial surface energy gives rise to larger
activation energies for all polymorphs (compare with Eq. 6-3 and Fig. 6-3), leading to slow
precipitation kinetics and late appearance of brookite and rutile. B) At low initial saturation state,
decreased interfacial energy gives rise to smaller and more closely spaced activation energies for
each phase, leading to fast precipitation kinetics and early appearance of brookite and rutile.
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Since pH exerts a strong influence on Ti(IV) solubility, and therefore the overall
saturation index of a solution, such a kinetic effect also provides an explanation for the
commonly reported predominance of rutile phase TiO2 from synthesis in highly acidic
solutions (pH < ~ 2).32-37 Most authors attribute this observation either to a kinetically
favorable mechanism for the acid-catalyzed formation of rutile-structured polymers,32-34
or the thermodynamic stability of nano-rutile under acidic conditions.35,36
The results of the present study, however, demonstrate clearly that even for
solutions of pH < 0 (i.e., Figure 6-9B), crystallization of anatase and brookite precedes
the appearance of rutile. This observation is in conflict with both of the previously
proposed explanations. In addition, recent modeling of anatase and rutile nanoparticles
under different pH conditions (based on surface energies calculated by density functional
theory) predicts that nano-anatase is stable relative to nano-rutile even for fully
protonated surfaces.38
In contrast, a particle-controlled model in which activation energies at low pH are
small and similar for each phase predicts that the phase composition of particles will
move through the anatase-brookite-rutile sequence quickly (on a time scale of minutes,
according to the results reported in this study). Therefore, aqueous Ti(IV) systems at low
pH would rapidly evolve a mixture dominated by rutile crystallites, despite the relative
stability of the anatase surface at these conditions.
In the instances of phase pure rutile referenced above, the shortest crystallization
time was 2 hours (a 0.53 M TiCl4 solution of pH < 0 heated to 85 oC).34 The proposed
particle-controlled model suggests that under such strongly acidic conditions, and a
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temperature similar to that of the present study, the initially formed anatase and brookite
crystallites would likely have dissolved back into solution and re-precipitated as rutile
within the 2 hours of reaction. Thus, many authors reporting “exclusive” rutile formation
from low pH batch syntheses32-37 may in fact be observing the result of rapid kinetics, and
simply had insufficient time-resolution to detect the initially precipitated anatase and
brookite.
The proposed model also explains the extreme difficulty reported in the literature
in producing phase pure brookite from hydrothermal syntheses.39,40 If the interfacial
surface energy of brookite is always intermediate between that of anatase and rutile, its
crystallization will always be preceded by anatase (whose dissolution would assist the
nucleation of brookite) and superseded by rutile (whose growth would be fed by the
dissolution of brookite). Such a situation would ensure that at nearly any point during
reaction, regardless of starting conditions, brookite will be accompanied by one or both
of the other phases.
We note that the activation energies for anatase precipitation calculated in
Chapter 4 increased with increasing Ti4+ concentration, supporting the crystallization
model proposed above. The calculated activation energy for rutile precipitation, however,
was smaller than that of anatase at a concentration of 1.0 M, inconsistent with the trends
observed in the present study. Since the mineral abundance data did not allow calculation
of activation energies for rutile precipitation at other Ti concentrations, it was impossible
to evaluate the behavior of this parameter at lower concentrations.
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The discrepancy is likely due to the fact that aqueous Ti concentrations in this
study ranged from 0.008 to 0.1 mol/L, whereas those in the TR-XRD study ranged from
0.1 to 1.0 mol/L. The crystallization model proposed above is a modification of Classical
Nucleation Theory (CNT), which relies on the assumption of ideal solutions that are close
to equilibrium with the solid phases they precipitate (Ref. 20, p. 261). The
thermodynamic formalism utilized in CNT is therefore not equipped to deal with systems
that are far from equilibrium, as would be the case for the highly saturated 1.0 M TiCl4
solutions. We therefore propose that the model presented above provides an adequate
description of TiO2 crystallization at the low and moderate saturation states used in this
and other studies, but is likely invalid at extremely high saturation states, where far-fromequilibrium kinetic effects can dominate behavior of the system.

Conclusions
In situ pH monitoring during hydrothermal crystallization of titania revealed rapid
drops in pH in the first 30 minutes of reaction, coinciding with the hydrolysis of aqueous
Ti(IV) species to form anatase nanoparticles. These results are in excellent agreement
with the rapid appearance of phases observed in TR-XRD experiments (Chapter 2), and
the rapid nucleation and growth of particle populations observed in TR-SAXS
experiments (Chapter 5). X-ray diffraction data together with the real time pH data
suggest that solutions then evolved through a steady-state, dissolution/re-precipitation
pathway to anatase/brookite-dominated, then brookite/rutile-dominated, and finally to
rutile-dominated phase mixtures. This interpretation is supported by the kinetic modeling
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presented in Chapter 4. The overall reaction kinetics, as well as the appearance of
individual phases, was slower for solutions starting at higher saturation state (i.e., higher
pH and higher [Ti4+]), in apparent conflict with conventional chemical kinetics.
The consistent appearance of anatase as the initial phase (followed by brookite
and rutile) regardless of solution chemistry, as well as the strong correlation between
phase appearance and crystallization time, strongly suggest a particle-controlled
mechanism based on classical nucleation theory, in which the interfacial surface energies
(and hence activation energies of nucleation) follow the trend anatase < brookite < rutile.
The interfacial surface energies of each phase increase with saturation index producing
larger and more differentiated activation energies of nucleation at high saturation states
and explaining the reversed trend in kinetic behavior.
The free energy curves as a function of cluster/particle size for different TiO2
phases arising from this model (Figure 6-10) are able to account for 1) the consistent
sequence of observed phases in this and many other crystallization experiments,9-12,32-37
2) the slower crystallization kinetics at high saturation state, 3) the delayed appearance
times of each phase at high saturation state and the strength of their response to saturation
state, 4) the reported thermodynamic stabilities of nano-titania phases as a function of
particle size under different solution conditions,11-17,22-24,38 5) the reported influence of pH
and crystallization time on the phase composition of hydrothermally synthesized
titania,32-37 and 6) the reported difficulty in synthesizing phase pure brookite.39,40
The model outlined above therefore offers a cohesive theoretical framework
worth detailed investigation for describing the aqueous crystallization of TiO2 at low and
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moderate saturation states. It provides new approaches for exploring the impact of
solution chemistry on the crystallization of oxide minerals, and suggests new synthesis
routes for TiO2 nanomaterials with controlled particle size and phase composition.
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Appendix A: Thermal expansion of anatase and rutile between
300 and 575 K using synchrotron powder X-ray diffraction
Abstract
High-precision unit-cell parameters for the TiO2 polymorphs anatase and rutile at
temperatures between 300 K and 575 K have been determined using Rietveld analysis of
synchrotron powder XRD data. Polynomial models were used to express the tetragonal
unit-cell parameters as a function of absolute temperature, with a (anatase) = 1.75937 ×
10-8 × T2 + 6.41816 × 10-6 × T + 3.77984, c (anatase) = 6.6545 × 10-8 × T2 + 4.0464 × 10-5
× T + 9.4910, V (anatase) = 2.23758 × 10-6 × T2 + 1.02777 × 10-3 × T + 135.602, a
(rutile) = -6.63642 × 10-11 × T3 + 1.00501 × 10-7 × T2 -1.00993 × 10-5 × T + 4.58634, c
(rutile) = -4.11550 × 10-11 × T3 + 6.40594 × 10-8 × T2 + 4.67561 × 10-7 T + 2.95181, and
V (rutile) = -2.7790 × 10-9 × T3 + 4.2386 × 10-6 × T2 – 3.3551 × 10-4 × T + 62.100. The
polynomial expressions were used to calculate linear (α) and volume (β) thermal
expansion coefficients of anatase and rutile between 300 and 575 K. At 298.15 K, these
values were αa = 4.46943 × 10-6 K-1, αc = 8.4283 × 10-6 K-1, and β = 17.3542 × 10-6 K-1
for anatase, and αa = 6.99953 × 10-6 K-1, α c = 9.36625 × 10-6 K-1, and β = 28.680 × 10-6
K-1 for rutile.

Introduction
Titanium oxides are important industrial materials that find use in pigments,
catalysts, dielectrics, and many other applications. In addition, fine-grained titanium
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oxides are an important component of many soils and influence the local aqueous
geochemistry.1 The three most commonly occurring titanium oxide minerals are rutile,
anatase, and brookite. Of these, rutile is the most naturally abundant as it is
thermodynamically stable in its bulk form over all crustal temperatures and pressures,
whereas anatase and brookite are metastable.2 Scientists have focused on the nucleation
and growth of titanium oxides, since these processes may involve changes in phase
stability that accompany the transition from nanoparticles to bulk phases.3-7
Recent interest in applications of titanium oxide nanophases underscores the need
for detailed measurements of the structures of these phases as a function of temperature.
Nanocrystalline TiO2 particles and thin films have become important materials for use in
dye-sensitized solar cells.8-11 The thermal expansion of some solar cells gives rise to a
change in the semiconductor band gap,12 affecting electron transport and hence the
efficiency of the cell. Thermal expansion also affects other structural, optical, and
electronic parameters in solar cells that are based on TiO2 thin films.13-16 In addition,
recent modeling17 and experimental18,19 investigations of TiO2 nanoparticles have
revealed systematic structural changes as a function of particle size that are in the
thousandths of an angstrom range. Thus, high-precision unit-cell parameters for TiO2
crystals of macroscopic dimensions provide a necessary baseline reference for the
structural changes that attend both thermal expansion and particle growth.
Cromer and Herrington20 used powder camera measurements to derive the first
high-quality unit-cell parameters for anatase and rutile at room temperature, and later Rao
et al.21 used a similar technique to calculate the thermal expansion of anatase and rutile
from 300 K to ~ 1000 K. Subsequent X-ray diffraction studies have attempted to refine
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the values for the unit-cell parameters of anatase and rutile as a function of
temperature.22-26 The best errors in these studies are on the order of a few thousandths of
an angstrom. However, no investigations to date have exploited the accuracy and
precision provided by whole pattern analysis using synchrotron powder diffraction data,
which is capable of precision better than 0.001 Å.
Here, we report high-precision thermal expansion measurements of the bulk
phases for both rutile and anatase using temperature-resolved synchrotron powder X-ray
diffraction.

Methods
Anatase TiO2 (Sigma Aldrich, 99.8%) and rutile TiO2 (Sigma Aldrich, 99.99%)
powder standards were each loaded into 0.7 mm internal diameter quartz glass capillaries
(Charles Supper Co.). The average particle size as determined by SEM analysis was 0.2
microns for anatase, and between 0.5 and 5 microns for rutile (with most particles being
~1 micron). Powder diffraction patterns were collected with a MAR345 image plate at
beam line X7B, National Synchrotron Light Source (NSLS), Brookhaven National
Laboratory (BNL). Samples were heated from room temperature at a linear heating rate
of 3.00 K/min and 2.25 K/min for anatase and rutile, respectively. During heating,
exposures were taken for a duration of 60 s at a regular interval of 157 s, and the sample
was rotated through an angle of 60° during each exposure. Because a non-negligible
amount of heating occurred during a single exposure, the nominal temperature for each
pattern was assigned as the temperature at the midpoint of a given exposure.
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The X-ray wavelength was calibrated using silicon, corundum, and lanthanum
hexaboride NIST standards, and it refined as 0.92194 ± 0.00027 Å (N = 5). Temperature
was controlled with an Omega 3200 controller attached to a forced air heater, and
monitored with a chromel-alumel thermocouple adjacent to the sample. Known phase
transitions of rubidium nitrate (RbNO3) and chalcocite (Cu2S) between 373 and 583 K
were used for temperature calibration. The calculated calibration curve revealed that the
measured temperature was accurate to within an uncertainty of about 3 K across the
temperature range under study. Images were integrated into intensity vs. 2θ plots with the
program Fit2D27 using a polarization factor of 0.93.
All structural refinements were carried out using the General Structure Analysis
System (GSAS) developed by Larson and Von Dreele.28 Because the rutile standard
contained 5.2 ± 0.2 % anatase and the anatase standard contained 2.1 ± 0.2 % rutile as
phase impurities (according to Rietveld refinement results), both phases were modeled in
all refinements. Backgrounds were fit graphically using 12 to 18 terms of a Chebyschev
polynomial, and peak profiles were modeled using a pseudo-Voigt function described by
Van Laar and Yelon,29 adjusted for asymmetry attributable to axial divergence by Finger
et al.,30 and including terms for anisotropic microstrain broadening by Stephens.31 After
convergence of peak and background parameters, unit-cell dimensions were refined.
Initial values of unit-cell parameters were taken from Cromer and Herrington.20 This was
followed by refinement of atomic positions, isotropic temperature factors, and in some
cases additional background terms. Final Rietveld refinement parameters are summarized
in Table A-1. Typical refinements for each standard are illustrated in Figure A-1.
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Table A-1: Summary of Rietveld refinement parameters for anatase and rutile between
300 and 575 K.

Space group

Anatase

Rutile

I41/amd

P42/mnm

Total number of refinements 11

15

Number of observations

1600–1650

1600–1700

Number of reflections

32–39

34–38

Diffraction range (2θ)

13°–46°

13°–47°

Number of variables

36–46

30–39

R(F2)

0.026–0.044

0.029–0.038

Rwp

~0.037

0.040–0.046

χ2

3.1–4.2

4.3–6.7

191

Figure A-1: Observed (X’s), calculated (solid line), and difference (line below pattern) intensities
for typical Rietveld refinements of anatase and rutile: (a) anatase with rutile impurity at 165 °C,
and (b) rutile with anatase impurity at 131 °C (λ = 0.92194 ± 0.00027 Å for both patterns).
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Results and Discussion
Refinement results are shown in Tables A-2 and A-3. All refined unit-cell
parameters show excellent linear correlation with temperature (r2 ≥ 0.997) between 300
and 575 K. Quoted uncertainties are the standard deviations calculated by GSAS, which
are known to underestimate random error. We report these uncertainties with the
understanding that the actual uncertainties can be more than an order of magnitude higher
than the calculated values. Results are consistent with previous determinations (Figure A2), with the exception of those of Jagtap et al.26 These discrepancies most likely result
from the use of synthetic nanoparticles, in which surface strain can significantly perturb
the bulk structure.
Although all data are reasonably well fit to a linear model, careful inspection
reveals that some unit-cell parameters show a curvature that is not explained by a linear
regression (Figure A-3). As an example, a significantly better fit is obtained for the
anatase a parameter using a quadratic model (r2 = 0.99988) rather than a linear one (r2 =
0.99709). However, this improvement may only reflect the increase in the number of
model parameters. To determine whether the better goodness-of-fit is real or is a result of
the added model parameters, we performed a series of f-tests for each data set using
linear, quadratic, and cubic polynomial models. The f-tests revealed that at an α = 0.10
level of significance, a quadratic model is the simplest model adequate to describe the
anatase unit-cell parameters, and a cubic model is most appropriate for rutile parameters.
This treatment yields the following regression equations:
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Table A-2: Refined unit-cell parameters for anatase and rutile as a function of
temperature.
Anatase
c (Å)

Rutile
V (Å3)

T (°C)

a (Å)

47(3)

3.78372(5) 9.5108(1) 136.162(5) 43(3)

4.59106(7) 2.95704(5) 62.328(2)

71(3)

3.78410(5) 9.5128(1) 136.217(4) 61(3)

4.59169(7) 2.95757(5) 62.356(3)

94(3)

3.78457(5) 9.5149(1) 136.282(5) 78(3)

4.59238(7) 2.95814(5) 62.387(3)

118(3)

3.78506(5) 9.5170(1) 136.348(4) 96(3)

4.59299(7) 2.95866(4) 62.415(3)

141(3)

3.78553(5) 9.5191(1) 136.411(4) 113(3)

4.59364(7) 2.95919(4) 62.443(2)

165(3)

3.78602(5) 9.5215(1) 136.481(4) 131(3)

4.59423(7) 2.95970(5) 62.470(2)

188(3)

3.78656(5) 9.5239(1) 136.554(4) 149(3)

4.59500(7) 2.96033(4) 62.504(2)

212(3)

3.78707(5) 9.5262(1) 136.624(4) 166(3)

4.59568(7) 2.96089(4) 62.535(2)

235(3)

3.78769(5) 9.5288(1) 136.706(5) 184(3)

4.59638(7) 2.96148(4) 62.566(2)

259(3)

3.78823(5) 9.5313(1) 136.781(5) 202(3)

4.59710(7) 2.96208(4) 62.599(2)

282(3)

3.78884(5) 9.5340(1) 136.864(4) 219(3)

4.59782(7) 2.96266(4) 62.631(2)

237(3)

4.59852(6) 2.96325(4) 62.662(2)

255(3)

4.59929(7) 2.96388(4) 62.696(2)

272(3)

4.60000(7) 2.96446(4) 62.728(2)

290(3)

4.60063(6) 2.96502(4) 62.757(2)
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a (Å)

c (Å)

V (Å3)

T (°C)

Table A-3: Refined bond distances for anatase at 47 °C and rutile at 43 °C.
Anatase

Rutile

Ti-Ti (Å)

3.03954(0)

3.03649(19)

Ti-O(1) (Å)

1.96559(0)

2.013(10)

Ti-O(2) (Å)

1.93702(0)

1.9254(19)
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Figure A-2: Refined unit-cell parameters for anatase and rutile vs. temperature: (a) a (anatase),
(b) c (anatase), (c) a (rutile), and (d) c (rutile). Results from selected authors are shown for
comparison. Linear regressions are shown for data from this work, and from Rao et al. (1970).
Error bars for this work are 10 times the uncertainty calculated by GSAS; error bars from other
authors are taken from the quoted uncertainties.
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Figure A-3: (a) Plot of a (anatase) vs. temperature from Rietveld refinement results (diamonds);
a linear regression is shown to make the slight curvature of the data more visible. (b) Plot of
residuals from the linear regression of a (anatase) vs. temperature (dots), and residuals from the
quadratic regression (triangles).
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a (anatase) = 1.75937 × 10-8 × T2 + 6.41816 × 10-6 × T + 3.77984

(Eq. A-1a)

c (anatase) = 6.6545 × 10-8 × T2 + 4.0464 × 10-5 × T + 9.4910

(Eq. A-1b)

V (anatase) = 2.23758 × 10-6 × T2 + 1.02777 × 10-3 × T + 135.602

(Eq. A-1c)

a (rutile) = -6.63642 × 10-11 × T3 + 1.00501 × 10-7 × T2 - 1.00993 × 10-5 × T
+ 4.58634

(Eq. A-1d)

c (rutile) = -4.11550 × 10-11 × T3 + 6.40594 × 10-8 × T2 + 4.67561 × 10-7 T
+ 2.95181

(Eq. A-1e)

V (rutile) = -2.7790 × 10-9 × T3 + 4.2386 × 10-6 × T2 – 3.3551 × 10-4 × T
+ 62.100

(Eq.A-1f)

where a (X) is the a parameter of phase X, c (X) is the c parameter of phase X, V (X) is the
unit-cell volume of phase X, and T is the absolute temperature.
To obtain thermal expansion coefficients, the calculated expressions for each unitcell parameter (Eqs. A-1) were substituted into the definitions for linear and volume
thermal expansion coefficients:

αL =

(Eq. A-2)

β=

(Eq. A-3)
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where L is any linear unit-cell dimension, αL is the linear thermal expansion coefficient
parallel to L, and β is the volume thermal expansion coefficient. For the anatase a
parameter, we obtain:

αa (anatase) =

=

=

(Eq. A-4a)

Following an analogous derivation using Eqs. A-1 (b-f), we arrive at expressions for the
thermal expansion coefficients of all unit-cell parameters (Eqs. A-2 and A-3):

αc (anatase) =

(Eq. A-4b)

β (anatase) =

(Eq. A-4c)

αa (rutile) =

(Eq. A-4d)

αc (rutile) =

(Eq. A-4e)

199

β (rutile) =

(Eq. A-4f)

These expressions are recommended only in the temperature range of ~300 to 575
K over which diffraction data were collected. Table A-4 presents room temperature (T =
298.15 K) thermal expansion coefficients for anatase and rutile calculated using Eqs.
A-4.

Conclusions
The unit-cell parameters of anatase and rutile between 300 and 575 K have been
determined using temperature-resolved synchrotron XRD in conjunction with Rietveld
analysis to a precision of better than 0.001 Å. Anatase parameters were successfully fit by
a quadratic model, while rutile parameters were fit by a cubic model. These models were
used to calculate expressions for the linear and volume thermal expansion coefficients of
anatase and rutile between 300 and 575 K. The high precision and very low scatter
offered in this work is a significant improvement over previous determinations by an
order of magnitude or more, allowing higher quality analyses of titania nanoparticles and
thin films.

200

Table A-4: Calculated linear and volume thermal expansion coefficients for anatase and
rutile at 298.15 K.
This work

Rao et al.21 *

αa / 10-6 K-1

4.46943

3.676

αc / 10-6 K-1

8.4283

7.557

β / 10-6 K-1

17.3542

—

αa / 10-6 K-1

6.99953

7.305

αc / 10-6 K-1

9.36625

8.911

β / 10-6 K-1

33.948

—

Anatase

Rutile

* Defines thermal expansion coefficients to be either parallel ( || ) or perpendicular (┴) to
the principal axis, thus α|| = αc and α┴ = αa.
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Appendix B: MATLAB code for MinKin
(Note: The main code is provided first, and is followed by the subroutines listed in the
order in which they are called by the main code.)

MinKin main code
%MINKIN v1.0 (May 2009)
%A kinetic modeling program for mineral/fluid geochemical systems
%by Daniel R. Hummer, Department of Geosciences,
%The Pennsylvania State University, University Park, PA 16801
%MINKIN uses the Differential Evolution optimization algorithm
developed by
%Kenneth Price and Rainer Storn.
function minkinetics
%Check to see if user is ready for action
clear all
display(' ')
display('Welcome to MINKIN, the amazing mineral kinetics analyzer!!!')
readyforaction=input('Are you ready for some mineral action? [Y]/N :',
's');
if (isempty(readyforaction) | readyforaction=='y' |
readyforaction=='Y')
display('AWESOME!!!')
else
error('Come back when you can handle the wholesome, edge of your
seat kinetic action!')
end
%initialize parameter total
global paramtotal;
paramtotal=2;
%initialize data switches
global aqdataswitch;
global min1dataswitch;
global min2dataswitch;
global min3dataswitch;
aqdataswitch=0;
min1dataswitch=0;
min2dataswitch=0;
min3dataswitch=0;
%input minerals
global minnumber;
display(' ')
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minnumber=input('How many mineral phases are present in the experiment?
');
display(' ')
if minnumber==1
minname1=input('What is the name of the mineral? ', 's');
minname2=[];
minname3=[];
elseif minnumber==2
minname1=input('What is the name of mineral 1? ', 's');
minname2=input('What is the name of mineral 2? ', 's');
minname3=[];
elseif minnumber==3
minname1=input('What is the name of mineral 1? ', 's');
minname2=input('What is the name of mineral 2? ', 's');
minname3=input('What is the name of mineral 3? ', 's');
else
error('The amazing mineral kinetics analyzer can currently only
accomodate up to 3 mineral phases. Please answer with a number 1-3.')
end
%ask for aqueous data
display(' ')
aqdataswitchask=input('Do you have data for the aqueous phase versus
time? [Y]/N : ', 's');
if (isempty(aqdataswitchask) | aqdataswitchask=='Y' |
aqdataswitchask=='y')
aqdataswitch=1;
else
aqdataswitch=0;
end
%ask for mineral data and mineral conversions (this allows users to
%allow/disallow reactions)
global min1conv2switch;
global min2conv1switch;
global min1conv3switch;
global min3conv1switch;
global min2conv3switch;
global min3conv2switch;
if minnumber==1
fprintf(1,'Do you have %s versus time data? ',minname1)
min1dataswitchask=input('[Y]/N : ', 's');
display(' ')
min1conv2switch=0;
min2conv1switch=0;
min1conv3switch=0;
min3conv1switch=0;
min2conv3switch=0;
min3conv2switch=0;
min2dataswitchask=[0];
min3dataswitchask=[0];
end
if minnumber==2
paramtotal=paramtotal+2;
fprintf(1,'Do you have %s versus time data? ',minname1)
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min1dataswitchask=input('[Y]/N : ', 's');
fprintf(1,'Do you have %s versus time data? ',minname2)
min2dataswitchask=input('[Y]/N : ', 's');
display(' ')
min1conv2switchask=input(['Is it possible to convert ' minname1
into ' minname2 '? [Y]/N: '], 's');
min2conv1switchask=input(['Is it possible to convert ' minname2
into ' minname1 '? [Y]/N: '], 's');
if (isempty(min1conv2switchask) | min1conv2switchask=='Y' |
min1conv2switchask=='y')
min1conv2switch=1;
paramtotal=paramtotal+1;
else
min1conv2switch=0;
end
if (isempty(min2conv1switchask) | min2conv1switchask=='Y' |
min2conv1switchask=='y')
min2conv1switch=1;
paramtotal=paramtotal+1;
else
min2conv1switch=0;
end
min1conv3switch=0;
min3conv1switch=0;
min2conv3switch=0;
min3conv2switch=0;
min3dataswitchask=[0];
end
if minnumber==3
paramtotal=paramtotal+4;
fprintf(1,'Do you have %s versus time data? ',minname1)
min1dataswitchask=input('[Y]/N : ', 's');
fprintf(1,'Do you have %s versus time data? ',minname2)
min2dataswitchask=input('[Y]/N : ', 's');
fprintf(1,'Do you have %s versus time data? ',minname3)
min3dataswitchask=input('[Y]/N : ', 's');
display(' ')
min1conv2switchask=input(['Is it possible to convert ' minname1
into ' minname2 '? [Y]/N: '], 's');
min2conv1switchask=input(['Is it possible to convert ' minname2
into ' minname1 '? [Y]/N: '], 's');
min1conv3switchask=input(['Is it possible to convert ' minname1
into ' minname3 '? [Y]/N: '], 's');
min3conv1switchask=input(['Is it possible to convert ' minname3
into ' minname1 '? [Y]/N: '], 's');
min2conv3switchask=input(['Is it possible to convert ' minname2
into ' minname3 '? [Y]/N: '], 's');
min3conv2switchask=input(['Is it possible to convert ' minname3
into ' minname2 '? [Y]/N: '], 's');
if (isempty(min1conv2switchask) | min1conv2switchask=='Y' |
min1conv2switchask=='y')
min1conv2switch=1;
paramtotal=paramtotal+1;
else
min1conv2switch=0;
end
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'
'

'
'
'
'
'
'

if (isempty(min2conv1switchask)
min2conv1switchask=='y')
min2conv1switch=1;
paramtotal=paramtotal+1;
else
min2conv1switch=0;
end
if (isempty(min1conv3switchask)
min1conv3switchask=='y')
min1conv3switch=1;
paramtotal=paramtotal+1;
else
min1conv3switch=0;
end
if (isempty(min3conv1switchask)
min3conv1switchask=='y')
min3conv1switch=1;
paramtotal=paramtotal+1;
else
min3conv1switch=0;
end
if (isempty(min2conv3switchask)
min2conv3switchask=='y')
min2conv3switch=1;
paramtotal=paramtotal+1;
else
min2conv3switch=0;
end
if (isempty(min3conv2switchask)
min3conv2switchask=='y')
min3conv2switch=1;
paramtotal=paramtotal+1;
else
min3conv2switch=0;
end
end

| min2conv1switchask=='Y' |

| min1conv3switchask=='Y' |

| min3conv1switchask=='Y' |

| min2conv3switchask=='Y' |

| min3conv2switchask=='Y' |

%set data switches
if (isempty(min1dataswitchask) | min1dataswitchask=='Y' |
min1dataswitchask=='y')
min1dataswitch=1;
else
min1dataswitch=0;
end
if (isempty(min2dataswitchask) | min2dataswitchask=='Y' |
min2dataswitchask=='y')
min2dataswitch=1;
else
min2dataswitch=0;
end
if (isempty(min3dataswitchask) | min3dataswitchask=='Y' |
min3dataswitchask=='y')
min3dataswitch=1;
else
min3dataswitch=0;
end
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%read in data
global time;
global aqdata;
global min1data;
global min2data;
global min3data;
%datafile=input('What is the full name of your data file? ', 's');
datacolumnspredicted = 1 + aqdataswitch + min1dataswitch +
min2dataswitch + min3dataswitch;
load data.txt;
datacolumnsactual=size(data,2);
if not(datacolumnspredicted==datacolumnsactual)
error('It appears the number of columns in your data file is
inconsistent with what you entered.')
end
time=data(:,1);
currentcolumn=2;
if aqdataswitch==1
aqdata=data(:,currentcolumn);
currentcolumn=currentcolumn+1;
end
if min1dataswitch==1
min1data=data(:,currentcolumn);
currentcolumn=currentcolumn+1;
end
if min2dataswitch==1
min2data=data(:,currentcolumn);
currentcolumn=currentcolumn+1;
end
if min3dataswitch==1
min3data=data(:,currentcolumn);
end
%globalize that shiz
global min1precorder;
global min1dissorder;
global min2precorder;
global min2dissorder;
global min3precorder;
global min3dissorder;
global min1conv2order;
global min1conv3order;
global min2conv1order;
global min2conv3order;
global min3conv1order;
global min3conv2order;
%initialize reaction orders
min1precorder=input(['What is the reaction order of ' minname1 '
precipitation? ']);
min1dissorder=input(['What is the reaction order of ' minname1 '
dissolution? ']);

211

if minnumber==1
min2precorder=0;
min2dissorder=0;
min3precorder=0;
min3dissorder=0;
min1conv2order=0;
min2conv1order=0;
min1conv3order=0;
min3conv1order=0;
min2conv3order=0;
min3conv2order=0;
end
if minnumber==2
min2precorder=input(['What is the reaction order of '
precipitation? ']);
min2dissorder=input(['What is the reaction order of '
dissolution? ']);
if min1conv2switch==1
min1conv2order=input(['What is the reaction order
' to ' minname2 ' conversion? ']);
else
min1conv2order=0;
end
if min2conv1switch==1
min2conv1order=input(['What is the reaction order
' to ' minname1 ' conversion? ']);
else
min2conv1order=0;
end
min3precorder=0;
min3dissorder=0;
min1conv3order=0;
min3conv1order=0;
min2conv3order=0;
min3conv2order=0;
end
if minnumber==3
min2precorder=input(['What is the reaction order of '
precipitation? ']);
min2dissorder=input(['What is the reaction order of '
dissolution? ']);
min3precorder=input(['What is the reaction order of '
precipitation? ']);
min3dissorder=input(['What is the reaction order of '
dissolution? ']);
if min1conv2switch==1
min1conv2order=input(['What is the reaction order
' to ' minname2 ' conversion? ']);
else
min1conv2order=0;
end
if min2conv1switch==1
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minname2 '
minname2 '
of ' minname1

of ' minname2

minname2 '
minname2 '
minname3 '
minname3 '
of ' minname1

min2conv1order=input(['What
' to ' minname1 ' conversion? ']);
else
min2conv1order=0;
end
if min1conv3switch==1
min1conv3order=input(['What
' to ' minname3 ' conversion? ']);
else
min1conv3order=0;
end
if min3conv1switch==1
min3conv1order=input(['What
' to ' minname1 ' conversion? ']);
else
min3conv1order=0;
end
if min2conv3switch==1
min2conv3order=input(['What
' to ' minname3 ' conversion? ']);
else
min2conv3order=0;
end
if min3conv2switch==1
min3conv2order=input(['What
' to ' minname2 ' conversion? ']);
else
min3conv2order=0;
end
end
display(' ')

is the reaction order of ' minname2

is the reaction order of ' minname1

is the reaction order of ' minname3

is the reaction order of ' minname2

is the reaction order of ' minname3

%input other run parameters
global parammax;
global timemax;
lastpoint=size(data,1);
timeunits=input('What are the units of your time
totaliterations=input('How many total iterations
perform? ');
refreshinterval=input('After how many iterations
update on parameter values? ');
parammax=input('What is the maximum value a rate
timemax=1.05*data(lastpoint,1);
display(' ')
if aqdataswitch==0
aqdata=zeros(lastpoint,1);
end
if min1dataswitch==0
min1data=zeros(lastpoint,1);
end
if min2dataswitch==0
min2data=zeros(lastpoint,1);
end
if min3dataswitch==0
min3data=zeros(lastpoint,1);
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data? ', 's');
would you like to
would you like an
constant can have? ');

end

%input initial conditions
global aqinitial;
global min1initial;
global min2initial;
global min3initial;
aqinitial=input('What is the initial amount of aqueous phase? ');
min1initial=input(['What is the initial amount of ' minname1 '? ']);
if minnumber==1
min2initial=0;
min3initial=0;
end
if minnumber==2
min2initial=input(['What is the initial amount of ' minname2 '?
']);
min3initial=0;
end
if minnumber==3
min2initial=input(['What is the initial amount of ' minname2 '?
']);
min3initial=input(['What is the initial amount of ' minname3 '?
']);
end
%setup parameter names
global paramnames;
dummy=['bob'; 'joe'];
paramnames=cellstr(dummy);
paramnames{1}=[minname1 ' precipitation'];
paramnames{2}=[minname1 ' dissolution'];
currstring=3;
if minnumber==2
paramnames{currstring}=[minname2 ' precipitation'];
currstring=currstring+1;
paramnames{currstring}=[minname2 ' dissolution'];
currstring=currstring+1;
end
if minnumber==3
paramnames{currstring}=[minname2 ' precipitation'];
currstring=currstring+1;
paramnames{currstring}=[minname2 ' dissolution'];
currstring=currstring+1;
paramnames{currstring}=[minname3 ' precipitation'];
currstring=currstring+1;
paramnames{currstring}=[minname3 ' dissolution'];
currstring=currstring+1;
end
if min1conv2switch==1
paramnames{currstring}=[minname1 ' to ' minname2];
currstring=currstring+1;
end
if min1conv3switch==1
paramnames{currstring}=[minname1 ' to ' minname3];
currstring=currstring+1;
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end
if min2conv1switch==1
paramnames{currstring}=[minname2
currstring=currstring+1;
end
if min2conv3switch==1
paramnames{currstring}=[minname2
currstring=currstring+1;
end
if min3conv1switch==1
paramnames{currstring}=[minname3
currstring=currstring+1;
end
if min3conv2switch==1
paramnames{currstring}=[minname3
currstring=currstring+1;
end

' to ' minname1];

' to ' minname3];

' to ' minname1];

' to ' minname2];

%initialize devec parameters
global XVmax;
global XVmin;
bobbyflay=ones(1,paramtotal);
func='errgen';
VTR=-inf;
D=paramtotal;
XVmin=zeros(1,paramtotal);
XVmax=parammax*bobbyflay;
%%XVmax=parammax*[1 1 1 1 1];
%%XVmax=[3 parammax parammax parammax parammax parammax];
%%XVmin=[1 0 0 0 0 0];
y=[];
if paramtotal<6
NP=10*paramtotal;
else
NP=2^paramtotal;
end
itermax=totaliterations;
F=.8;
CR=.75;
strategy=7;
refresh=refreshinterval;
display(' ')
display('Standby:')
display('The amazing mineral kinetics analyzer is now calculating
mineral truth...')
display(' ')
tic
%perform the magic (send user input to the DE algorithm
%and optimize the parameter values)
[bestmem,bestval,nfeval]=devec3gen(func,VTR,D,XVmin,XVmax,y,NP,itermax,
F,CR,strategy,refresh);
display(' ')
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for q=1:paramtotal
fprintf(1,'%s constant = %f\n',paramnames{q},bestmem(q))
end
display(' ')
fprintf(1,'Sum of square errors = %f\n',bestval)
computationtime = toc;
display(' ')
if computationtime < 120
fprintf(1,'Computation time = %f seconds\n',computationtime)
end
if (computationtime > 120) && (computationtime < 7200)
computationtime = computationtime/60;
fprintf(1,'Computation time = %f minutes\n',computationtime)
end
if computationtime > 7200
computationtime = computationtime/3600;
fprintf(1,'Computation time = %f hours\n',computationtime)
end
display(' ')

%ask to save parameter values
global uselastvector;
global uselastvectorstr;
global bestmemprevious;
global convergence;
global popold;
if convergence==0
display('Would you like to save the most recent ');
uselastvectorstr=input('parameter values and continue with
additional iterations? [Y]/N :', 's');
if (isempty(uselastvectorstr) | uselastvectorstr=='y' |
uselastvectorstr=='Y')
bestmemprevious=bestmem;
uselastvector=1;
else
uselastvector=0;
end
end
while (uselastvector==1 & convergence==0)
newitermax=input('How many more iterations would you like to
perform? ');
newrefresh=input('After how many iterations would you like an
update on parameter values? ');
close all;
%initialize devec parameters
bobbyflay=ones(1,paramtotal);
func='errgen';
VTR=-inf;
D=paramtotal;
XVmin=zeros(1,paramtotal);
XVmax=parammax*bobbyflay;
y=[];
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if paramtotal<6
NP=10*paramtotal;
elseif (paramtotal<=9) && (paramtotal>=6)
NP=2^paramtotal;
else
NP=2^9;
end
itermax=newitermax;
F=.5;
CR=.95;
if paramtotal < 8
strategy=7;
else
strategy=9;
end
refresh=newrefresh;
display(' ')
display('Standby:')
display('The amazing mineral kinetics analyzer is continuing to
calculate mineral truth...')
display(' ')
%perform the magic
[bestmem,bestval,nfeval]=devec3gen(func,VTR,D,XVmin,XVmax,y,NP,itermax,
F,CR,strategy,refresh);
display(' ')
for q=1:paramtotal
fprintf(1,'%s constant = %f\n',paramnames{q},bestmem(q))
end
display(' ')
fprintf(1,'Sum of square errors = %f\n',bestval)

%ask to save parameter values
global uselastvector;
global uselastvectorstr;
global bestmemprevious;
global convergence;
if convergence==0
display('Would you like to save the most recent ');
uselastvectorstr=input('parameter values and continue with
additional iterations? [Y]/N :', 's');
if (isempty(uselastvectorstr) | uselastvectorstr=='y' |
uselastvectorstr=='Y')
bestmemprevious=bestmem;
uselastvector=1;
else
uselastvector=0;
end
end
end
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%output of best model and chisq computation
Z=danfuncgen(bestmem);
warning off MATLAB:divideByZero;
aqterm = (((aqdata-Z(:,1)).^2)./Z(:,1));
min1term = (((min1data-Z(:,2)).^2)./Z(:,2));
if minnumber==2
min2term = (((min2data-Z(:,3)).^2)./Z(:,3));
end
if minnumber==3
min2term = (((min2data-Z(:,3)).^2)./Z(:,3));
min3term = (((min3data-Z(:,4)).^2)./Z(:,4));
end
for x=1:size(data,1)
if isnan(aqterm(x,1))
aqterm(x,1)=0;
end
if isnan(min1term(x,1))
min1term(x,1)=0;
end
if minnumber==2 | minnumber==3
if isnan(min2term(x,1))
min2term(x,1)=0;
end
end
if minnumber==3
if isnan(min3term(x,1))
min3term(x,1)=0;
end
end
end
warning on MATLAB:divideByZero;
if minnumber==1
chisq = aqdataswitch*(sum(aqterm)) +
min1dataswitch*(sum(min1term));
end
if minnumber==2
chisq = aqdataswitch*(sum(aqterm)) + min1dataswitch*(sum(min1term))
+ min2dataswitch*(sum(min2term));
end
if minnumber==3
chisq = aqdataswitch*(sum(aqterm)) + min1dataswitch*(sum(min1term))
+ min2dataswitch*(sum(min2term)) + min3dataswitch*(sum(min3term));
end
fprintf(1,'Chi^2 = %f\n',chisq)
freedom=size(data,1)-paramtotal;
p=chi2cdf(chisq,freedom);
fprintf(1,'p = %f\n',p)
display(' ')
%plots
figure(3)
title('Model fit (with the best parameter values)', 'FontSize', 18)
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axis([0 timemax 0 1.1*max(max(data(:,2:datacolumnsactual)))]);
xlabel(['Time (' timeunits ')'], 'FontSize', 16)
ylabel('Mineral concentration', 'FontSize', 16)
hold on
currname=1;
currdatacolumn=1;
dumb=['fred'; 'greg'];
mineralnames=cellstr(dumb);
zcolumn=1;
if aqdataswitch==1
plot(time,Z(:,zcolumn),'c-',time,aqdata,'c+','LineWidth',2)
mineralnames{currname}='aqueous (predicted)';
mineralnames{currname+1}='aqueous (observed)';
currname=currname+2;
hold on
end
zcolumn=zcolumn+1;
if min1dataswitch==1
plot(time,Z(:,zcolumn),'r-',time,min1data,'r+','LineWidth',2)
mineralnames{currname}=[minname1 ' (predicted)'];
mineralnames{currname+1}=[minname1 ' (observed)'];
currname=currname+2;
hold on
end
if (minnumber > 1)
zcolumn=zcolumn+1;
end
if min2dataswitch==1
plot(time,Z(:,zcolumn),'b-',time,min2data,'b+','LineWidth',2)
mineralnames{currname}=[minname2 ' (predicted)'];
mineralnames{currname+1}=[minname2 ' (observed)'];
currname=currname+2;
hold on
end
if (minnumber > 2)
zcolumn=zcolumn+1;
end
if min3dataswitch==1
plot(time,Z(:,zcolumn),'g-',time,min3data,'g+','LineWidth',2)
mineralnames{currname}=[minname3 ' (predicted)'];
mineralnames{currname+1}=[minname3 ' (observed)'];
end
legend(mineralnames, 'Location', 'Best')

figure(4)
title('Parameter contours', 'FontSize', 18)
xlabel('Parameter value', 'FontSize', 16)
ylabel('Sum of square errors', 'FontSize', 16)
hold on
paramstepsize=parammax/100;
paramline=(0:paramstepsize:parammax)';
scan=zeros(101,paramtotal);
for paramnumber=1:paramtotal
paramtemp=bestmem;
for k=0:paramstepsize:parammax
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paramtemp(paramnumber)=k;
index=round(k/paramstepsize + 1);
scan(index,paramnumber)=ssefuncgen(paramtemp);
end
plot(paramline,scan(:,paramnumber),'LineWidth',2)
hold all
end
%axis([0 parammax 0 1.05*max(max(scan))]);
legend(paramnames, 'Location', 'Best')

errgen code
function result=errgen(parameters,dummy)
result=ssefuncgen(parameters);

ssefuncgen code
function sse=ssefuncgen(parameters)
global
global
global
global
global
global
global
global
global
global
global
global
global

minnumber;
parammax;
paramtotal;
XVmax;
XVmin;
aqdata;
min1data;
min2data;
min3data;
aqdataswitch;
min1dataswitch;
min2dataswitch;
min3dataswitch;

Y2=danfuncgen(parameters);
if minnumber==1
sse = aqdataswitch*(sum((aqdata-Y2(:,1)).^2))^0.5 +
min1dataswitch*(sum((min1data-Y2(:,2)).^2))^0.5;
end
if minnumber==2
sse = aqdataswitch*(sum((aqdata-Y2(:,1)).^2))^0.5 +
min1dataswitch*(sum((min1data-Y2(:,2)).^2))^0.5 +
min2dataswitch*(sum((min2data-Y2(:,3)).^2))^0.5;
end
if minnumber==3
sse = aqdataswitch*(sum((aqdata-Y2(:,1)).^2))^0.5 +
min1dataswitch*(sum((min1data-Y2(:,2)).^2))^0.5 +
min2dataswitch*(sum((min2data-Y2(:,3)).^2))^0.5 +
min3dataswitch*(sum((min3data-Y2(:,4)).^2))^0.5;
end
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for bobnewhart=1:paramtotal
if parameters(bobnewhart) > XVmax(bobnewhart)
sse = 100*sse;
end
if parameters(bobnewhart) < XVmin(bobnewhart)
sse = 100*sse;
end
end

danfuncgen code
function Y2=danfuncgen(parameters)
global
global
global
global
global
global
global
global

time;
timemax;
minnumber;
aqinitial;
min1initial;
min2initial;
min3initial;
param;

param=parameters;
if minnumber==1
y0=[aqinitial min1initial];
end
if minnumber==2
y0=[aqinitial min1initial min2initial];
end
if minnumber==3
y0=[aqinitial min1initial min2initial min3initial];
end
global odeoptions;
odeoptions = odeset('NormControl','on','Refine',2);
[T,Y]=ode15s(@modelgen,[0 timemax],y0,odeoptions);
Y2=interp1(T,Y,time);

modelgen code
function dy=modelgen(t,y)
global param;
global minnumber;
%globalize that shiz
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global
global
global
global
global
global
global
global
global
global
global
global

min1precorder;
min1dissorder;
min2precorder;
min2dissorder;
min3precorder;
min3dissorder;
min1conv2order;
min1conv3order;
min2conv1order;
min2conv3order;
min3conv1order;
min3conv2order;

global
global
global
global
global
global

min1conv2switch;
min2conv1switch;
min1conv3switch;
min3conv1switch;
min2conv3switch;
min3conv2switch;

%reaction orders
A=min1precorder;
B=min1dissorder;
C=min2precorder;
D=min2dissorder;
E=min3precorder;
F=min3dissorder;
G=min1conv2order;
H=min1conv3order;
I=min2conv1order;
J=min2conv3order;
K=min3conv1order;
L=min3conv2order;
if minnumber==1
dy=zeros(2,1);
dy(1)= -param(1)*(y(1))^A + param(2)*(y(2))^B;
dy(2)= param(1)*(y(1))^A + -param(2)*(y(2))^B;
end
if minnumber==2
dy=zeros(3,1);
if and(min1conv2switch==0,min2conv1switch==0)
dy(1)= -param(1)*(y(1))^A + param(2)*(y(2))^B + param(3)*(y(1))^C + param(4)*(y(3))^D;
dy(2)= -param(2)*(y(2))^B + param(1)*(y(1))^A;
dy(3)= -param(4)*(y(3))^D + param(3)*(y(1))^C;
end
if and(min1conv2switch==1,min2conv1switch==0)
dy(1)= -param(1)*(y(1))^A + param(2)*(y(2))^B + param(3)*(y(1))^C + param(4)*(y(3))^D;
dy(2)= -param(2)*(y(2))^B + param(1)*(y(1))^A + param(5)*(y(2))^G;
dy(3)= -param(4)*(y(3))^D + param(3)*(y(1))^C +
param(5)*(y(2))^G;
end
if and(min1conv2switch==0,min2conv1switch==1)
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dy(1)= -param(1)*(y(1))^A + param(2)*(y(2))^B + param(3)*(y(1))^C + param(4)*(y(3))^D;
dy(2)= -param(2)*(y(2))^B + param(1)*(y(1))^A +
param(5)*(y(3))^I;
dy(3)= -param(4)*(y(3))^D + param(3)*(y(1))^C + param(5)*(y(3))^I;
end
if and(min1conv2switch==1,min2conv1switch==1)
dy(1)= -param(1)*(y(1))^A + param(2)*(y(2))^B + param(3)*(y(1))^C + param(4)*(y(3))^D;
dy(2)= -param(2)*(y(2))^B + param(1)*(y(1))^A + param(5)*(y(2))^G + param(6)*(y(3))^I;
dy(3)= -param(4)*(y(3))^D + param(3)*(y(1))^C +
param(5)*(y(2))^G + -param(6)*(y(3))^I;
end
end
if minnumber==3
dy=zeros(4,1);
dy(1)= -param(1)*(y(1))^A + -param(3)*(y(1))^C + -param(5)*(y(1))^E
+ param(2)*(y(2))^B + param(4)*(y(3))^D + param(6)*(y(4))^F;
dy(2)= -param(2)*(y(2))^B + param(1)*(y(1))^A;
dy(3)= -param(4)*(y(3))^D + param(3)*(y(1))^C;
dy(4)= -param(6)*(y(4))^F + param(5)*(y(1))^E;
pnumber=6;
if min1conv2switch==1
pnumber=pnumber+1;
dy(2)=dy(2)+ -param(pnumber)*(y(2))^G;
dy(3)=dy(3)+ param(pnumber)*(y(2))^G;
end
if min1conv3switch==1
pnumber=pnumber+1;
dy(2)=dy(2)+ -param(pnumber)*(y(2))^H;
dy(4)=dy(4)+ param(pnumber)*(y(2))^H;
end
if min2conv1switch==1
pnumber=pnumber+1;
dy(2)=dy(2)+ param(pnumber)*(y(3))^I;
dy(3)=dy(3)+ -param(pnumber)*(y(3))^I;
end
if min2conv3switch==1
pnumber=pnumber+1;
dy(3)=dy(3)+ -param(pnumber)*(y(3))^J;
dy(4)=dy(4)+ param(pnumber)*(y(3))^J;
end
if min3conv1switch==1
pnumber=pnumber+1;
dy(2)=dy(2)+ param(pnumber)*(y(4))^K;
dy(4)=dy(4)+ -param(pnumber)*(y(4))^K;
end
if min3conv2switch==1
pnumber=pnumber+1;
dy(3)=dy(3)+ param(pnumber)*(y(4))^L;
dy(4)=dy(4)+ -param(pnumber)*(y(4))^L;
end
end
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devec3gen code
function [bestmem,bestval,nfeval] =
devec3gen(fname,VTR,D,XVmin,XVmax,y,NP,itermax,F,CR,strategy,refresh);
% minimization of a user-supplied function with respect to x(1:D),
% using the differential evolution (DE) algorithm of Rainer Storn
% (http://www.icsi.berkeley.edu/~storn/code.html)
%
% Special thanks go to Ken Price (kprice@solano.community.net) and
% Arnold Neumaier (http://solon.cma.univie.ac.at/~neum/) for their
% valuable contributions to improve the code.
%
% Strategies with exponential crossover, further input variable
% tests, and arbitrary function name implemented by Jim Van Zandt
% <jrv@vanzandt.mv.com>, 12/97.
%
% Output arguments:
% ---------------% bestmem
parameter vector with best solution
% bestval
best objective function value
% nfeval
number of function evaluations
%
% Input arguments:
% --------------%
% fname
string naming a function f(x,y) to minimize
% VTR
"Value To Reach". devec3 will stop its minimization
%
if either the maximum number of iterations "itermax"
%
is reached or the best parameter vector "bestmem"
%
has found a value f(bestmem,y) <= VTR.
% D
number of parameters of the objective function
% XVmin
vector of lower bounds XVmin(1) ... XVmin(D)
%
of initial population
%
*** note: these are not bound constraints!! ***
% XVmax
vector of upper bounds XVmax(1) ... XVmax(D)
%
of initial population
% y
problem data vector (must remain fixed during the
%
minimization)
% NP
number of population members
% itermax
maximum number of iterations (generations)
% F
DE-stepsize F from interval [0, 2]
% CR
crossover probability constant from interval [0, 1]
% strategy
1 --> DE/best/1/exp
6 --> DE/best/1/bin
%
2 --> DE/rand/1/exp
7 --> DE/rand/1/bin
%
3 --> DE/rand-to-best/1/exp
8 --> DE/rand-tobest/1/bin
%
4 --> DE/best/2/exp
9 --> DE/best/2/bin
%
5 --> DE/rand/2/exp
else DE/rand/2/bin
%
Experiments suggest that /bin likes to have a slightly
%
larger CR than /exp.
% refresh
intermediate output will be produced after "refresh"
%
iterations. No intermediate output will be produced
%
if refresh is < 1
%
%
The first four arguments are essential (though they have
%
default values, too). In particular, the algorithm seems to
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%
work well only if [XVmin,XVmax] covers the region where the
%
global minimum is expected. DE is also somewhat sensitive to
%
the choice of the stepsize F. A good initial guess is to
%
choose F from interval [0.5, 1], e.g. 0.8. CR, the crossover
%
probability constant from interval [0, 1] helps to maintain
%
the diversity of the population and is rather uncritical. The
%
number of population members NP is also not very critical. A
%
good initial guess is 10*D. Depending on the difficulty of the
%
problem NP can be lower than 10*D or must be higher than 10*D
%
to achieve convergence.
%
If the parameters are correlated, high values of CR work
better.
%
The reverse is true for no correlation.
%
% default values in case of missing input arguments:
%
VTR = 1.e-6;
%
D = 2;
%
XVmin = [-2 -2];
%
XVmax = [2 2];
%
y=[];
%
NP = 10*D;
%
itermax = 200;
%
F = 0.8;
%
CR = 0.5;
%
strategy = 7;
%
refresh = 10;
%
% Cost function:
function result = f(x,y);
%
has to be defined by the user and is minimized
%
w.r. to x(1:D).
%
% Example to find the minimum of the Rosenbrock saddle:
% ---------------------------------------------------% Define f.m as:
%
function result = f(x,y);
%
result = 100*(x(2)-x(1)^2)^2+(1-x(1))^2;
%
end
% Then type:
%
%
VTR = 1.e-6;
%
D = 2;
%
XVmin = [-2 -2];
%
XVmax = [2 2];
%
[bestmem,bestval,nfeval] = devec3("f",VTR,D,XVmin,XVmax);
%
% The same example with a more complete argument list is handled in
% run1.m
%
% About devec3.m
% -------------% Differential Evolution for MATLAB
% Copyright (C) 1996, 1997 R. Storn
% International Computer Science Institute (ICSI)
% 1947 Center Street, Suite 600
% Berkeley, CA 94704
% E-mail: storn@icsi.berkeley.edu
% WWW:
http://http.icsi.berkeley.edu/~storn
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%
% devec is a vectorized variant of DE which, however, has a
% propertiy which differs from the original version of DE:
% 1) The random selection of vectors is performed by shuffling the
%
population array. Hence a certain vector can't be chosen twice
%
in the same term of the perturbation expression.
%
% Due to the vectorized expressions devec3 executes fairly fast
% in MATLAB's interpreter environment.
%
% This program is free software; you can redistribute it and/or modify
% it under the terms of the GNU General Public License as published by
% the Free Software Foundation; either version 1, or (at your option)
% any later version.
%
% This program is distributed in the hope that it will be useful,
% but WITHOUT ANY WARRANTY; without even the implied warranty of
% MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
% GNU General Public License for more details. A copy of the GNU
% General Public License can be obtained from the
% Free Software Foundation, Inc., 675 Mass Ave, Cambridge, MA 02139,
USA.
global bestmemprevious;
global uselastvector;
global popold;
%-----Check input variables-------------------------------------------err=[];
if nargin<1, error('devec3 1st argument must be function name'); else
if exist(fname)<1; err(1,length(err)+1)=1; end; end;
if nargin<2, VTR = 1.e-6; else
if length(VTR)~=1; err(1,length(err)+1)=2; end; end;
if nargin<3, D = 2; else
if length(D)~=1; err(1,length(err)+1)=3; end; end;
if nargin<4, XVmin = [-2 -2];else
if length(XVmin)~=D; err(1,length(err)+1)=4; end; end;
if nargin<5, XVmax = [2 2]; else
if length(XVmax)~=D; err(1,length(err)+1)=5; end; end;
if nargin<6, y=[]; end;
if nargin<7, NP = 10*D; else
if length(NP)~=1; err(1,length(err)+1)=7; end; end;
if nargin<8, itermax = 200; else
if length(itermax)~=1; err(1,length(err)+1)=8; end; end;
if nargin<9, F = 0.8; else
if length(F)~=1; err(1,length(err)+1)=9; end; end;
if nargin<10, CR = 0.5; else
if length(CR)~=1; err(1,length(err)+1)=10; end; end;
if nargin<11, strategy = 7; else
if length(strategy)~=1; err(1,length(err)+1)=11; end; end;
if nargin<12, refresh = 10; else
if length(refresh)~=1; err(1,length(err)+1)=12; end; end;
if length(err)>0
fprintf(stdout,'error in parameter %d\n', err);
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usage('devec3
(string,scalar,scalar,vector,vector,any,integer,integer,scalar,scalar,i
nteger,integer)');
end
if (NP < 5)
NP=5;
fprintf(1,' NP increased to minimal value 5\n');
end
if ((CR < 0) | (CR > 1))
CR=0.5;
fprintf(1,'CR should be from interval [0,1]; set to default value
0.5\n');
end
if (itermax <= 0)
itermax = 200;
fprintf(1,'itermax should be > 0; set to default value 200\n');
end
refresh = floor(refresh);
%-----Initialize population and some arrays-----------------------------pop = zeros(NP,D); %initialize pop to gain speed
%----pop is a matrix of size NPxD. It will be initialized------------%----with random values between the min and max values of the--------%----parameters------------------------------------------------------for i=1:NP
pop(i,:) = XVmin + rand(1,D).*(XVmax - XVmin);
end
if uselastvector==1
pop=popold;
end
popold
val
bestmem
bestmemit
nfeval

=
=
=
=
=

zeros(size(pop));
zeros(1,NP);
zeros(1,D);
zeros(1,D);
0;

%
%
%
%
%

toggle population
create and reset the "cost array"
best population member ever
best population member in iteration
number of function evaluations

%------Evaluate the best member after initialization--------------------ibest
= 1;% start with first population member
val(1) = feval(fname,pop(ibest,:),y);
bestval = val(1);
% best objective function value so
far
nfeval = nfeval + 1;
for i=2:NP
% check the remaining members
val(i) = feval(fname,pop(i,:),y);
nfeval = nfeval + 1;
if (val(i) < bestval)
% if member is better
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ibest
= i;
bestval = val(i);

% save its location

end
end
bestmemit = pop(ibest,:);
bestvalit = bestval;

% best member of current iteration
% best value of current iteration

bestmem = bestmemit;

% best member ever

%------DE-Minimization--------------------------------------------%------popold is the population which has to compete. It is-------%------static through one iteration. pop is the newly-------------%------emerging population.---------------------------------------pm1 = zeros(NP,D);
pm2 = zeros(NP,D);
pm3 = zeros(NP,D);
pm4 = zeros(NP,D);
pm5 = zeros(NP,D);
bm = zeros(NP,D);
ui = zeros(NP,D);
vectors
mui = zeros(NP,D);
mpo = zeros(NP,D);
rot = (0:1:NP-1);
rotd= (0:1:D-1);
rt = zeros(NP);
rtd = zeros(D);
crossover
a1 = zeros(NP);
a2 = zeros(NP);
a3 = zeros(NP);
a4 = zeros(NP);
a5 = zeros(NP);
ind = zeros(4);

%
%
%
%
%
%
%

initialize population matrix 1
initialize population matrix 2
initialize population matrix 3
initialize population matrix 4
initialize population matrix 5
initialize bestmember matrix
intermediate population of perturbed

%
%
%
%
%
%

mask for intermediate population
mask for old population
rotating index array (size NP)
rotating index array (size D)
another rotating index array
rotating index array for exponential

%
%
%
%
%

index
index
index
index
index

array
array
array
array
array

ssetemp=zeros(itermax/refresh+1,1);
bestmemtemp=zeros(itermax/refresh+1,D);
bestmemtemp(1,:)=bestmem;
ssetemp(1,1)=ssefuncgen(bestmem);
global paramnames;
global parammax;
global convergence;
convergence=0;
iter = 1;
while (convergence==0 & not(iter > itermax) & (bestval > VTR))
popold = pop;
% save the old population
ind = randperm(4);

% index pointer array

a1 = randperm(NP);
rt = rem(rot+ind(1),NP);
a2 = a1(rt+1);
rt = rem(rot+ind(2),NP);

% shuffle locations of vectors
% rotate indices by ind(1) positions
% rotate vector locations
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a3 = a2(rt+1);
rt = rem(rot+ind(3),NP);
a4 = a3(rt+1);
rt = rem(rot+ind(4),NP);
a5 = a4(rt+1);
pm1
pm2
pm3
pm4
pm5

=
=
=
=
=

popold(a1,:);
popold(a2,:);
popold(a3,:);
popold(a4,:);
popold(a5,:);

%
%
%
%
%

shuffled
shuffled
shuffled
shuffled
shuffled

population
population
population
population
population

1
2
3
4
5

for i=1:NP
member
bm(i,:) = bestmemit;
end

% population filled with the best

mui = rand(NP,D) < CR;
otherwise

% all random numbers < CR are 1, 0

% of the last iteration

if (strategy > 5)
st = strategy-5;
% binomial crossover
else
st = strategy;
% exponential crossover
mui=sort(mui');
% transpose, collect 1's in each column
for i=1:NP
n=floor(rand*D);
if n > 0
rtd = rem(rotd+n,D);
mui(:,i) = mui(rtd+1,i); %rotate column i by n
end
end
mui = mui';
% transpose back
end
mpo = mui < 0.5;
% inverse mask to mui
if (st
ui =
ui =
elseif
ui =
ui =
elseif
ui =
ui =
elseif
ui =
ui =
elseif
ui =
ui =
end

== 1)
% DE/best/1
bm + F*(pm1 - pm2);
% differential variation
popold.*mpo + ui.*mui;
% crossover
(st == 2)
% DE/rand/1
pm3 + F*(pm1 - pm2);
% differential variation
popold.*mpo + ui.*mui;
% crossover
(st == 3)
% DE/rand-to-best/1
popold + F*(bm-popold) + F*(pm1 - pm2);
popold.*mpo + ui.*mui;
% crossover
(st == 4)
% DE/best/2
bm + F*(pm1 - pm2 + pm3 - pm4); % differential variation
popold.*mpo + ui.*mui;
% crossover
(st == 5)
% DE/rand/2
pm5 + F*(pm1 - pm2 + pm3 - pm4); % differential variation
popold.*mpo + ui.*mui;
% crossover

%-----Select which vectors are allowed to enter the new population----------for i=1:NP
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tempval = feval(fname,ui(i,:),y);
% check cost of competitor
nfeval = nfeval + 1;
if (tempval <= val(i)) % if competitor is better than value in
"cost array"
pop(i,:) = ui(i,:); % replace old vector with new one (for new
iteration)
val(i)
= tempval; % save value in "cost array"
%----we update bestval only in case of success to save time---------if (tempval < bestval)
one ever
bestval = tempval;
bestmem = ui(i,:);
end
end
end %---end for imember=1:NP
bestmemit = bestmem;
for the coming

% if competitor better than the best
% new best value
% new best parameter vector ever

% freeze the best member of this iteration
% iteration. This is needed for some of

the strategies.
%----Output section--------------------------------------------------------if (refresh > 0)
if (rem(iter,refresh) == 0)
fprintf(1,'Iteration: %d, Best: %f, F: %f, CR: %f, NP:
%d\n',iter,bestval,F,CR,NP);
currpoint=round(iter/refresh+1);
iterline=0:refresh:iter;
ssetemp(currpoint,1)=ssefuncgen(bestmem);
figure(1)
hold on
title('Error minimization', 'FontSize', 18)
axis([0 itermax 0 1.05*max(ssetemp)]);
xlabel('Iterations', 'FontSize', 16)
ylabel('Sum of square errors', 'FontSize', 16)
plot(iterline,ssetemp(1:currpoint,1),'m-','LineWidth',2)
figure(2)
hold on
title('Parameter convergence', 'FontSize', 18)
axis([0 itermax 0 parammax]);
xlabel('Iterations', 'FontSize', 16)
ylabel('Parameter value', 'FontSize', 16)
for n=1:D
fprintf(1,'best(%d) = %f\n',n,bestmem(n));
bestmemtemp(currpoint,n)=bestmem(n);
plot(iterline,bestmemtemp(1:currpoint,n),'LineWidth',2);
hold all
end
legend(paramnames, 'Location', 'Best')
if currpoint > 10
lastfivevalues=bestmemtemp((currpoint-4):currpoint,:);
meanvalues=mean(lastfivevalues);
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meanvalues=vertcat(meanvalues, meanvalues, meanvalues,
meanvalues, meanvalues);
deviations=lastfivevalues-meanvalues;
reldeviations=deviations./meanvalues;
for x=1:D
altonbrown=0.005*ones(5,1);
smallparametertest=(meanvalues(:,x)<altonbrown);
if smallparametertest==ones(5,1)
reldeviations(:,x)=deviations(:,x);
end
end
convergencelimit=ones(5,D);
convergencelimit=0.005*convergencelimit;
convergencetest=(abs(reldeviations) < convergencelimit);
if convergencetest==ones(5,D)
convergence=1;
end
if reldeviations(4,1:D)==reldeviations(5,1:D)
convergence=0;
end
end
end
end
iter = iter + 1;
end %---end while ((iter < itermax) ...
display(' ')
if convergence==1
display('Convergence of parameters has been achieved!')
end
if convergence==0
display('WARNING: The maximum number of iterations has been
reached, but')
display('parameter values have not converged.')
if reldeviations==zeros(5,D)
display(' ')
display('Parameter values have remained constant for the last 5
refresh cycles.')
display('This may indicate that you are in a false minimum, and
that additional')
display('iterations are required to find better parameter
values.')
end
end
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