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Abstract
The lab-on-a-chip concept refers to the quest of integrating numerous functionalities onto a single microchip for applications within medicine and biotechnology.
To achieve precise fluid and particle handling capabilities required for such applications, microacoustofluidics (i.e. the merger of acoustics and microfluidics) has
shown great potential.
The primary motivation of this dissertation is to revisit the formulation of the
governing equations for microacoustofluidics in an fluid-structure interaction (FSI)
context to develop a numerical formulation that is transparent with regards to the
reference frames as well as the time-scale separation. In this context, we present
a generalized Lagrangian formulation by posing our governing equations over a
convenient mean configuration that does not coincide with the current configurations. The formulation stems from an explicit separation of time-scales resulting
in two subproblems: a first-order problem, formulated in terms of the fluid displacement at the fast scale, and a second-order problem formulated in terms of the
Lagrangian flow velocity at the slow time scale. Following a rigorous time-averaging
procedure, the second-order problem is shown to be intrinsically steady, and with
exact boundary conditions at the oscillating walls. Also, as the second-order problem is solved directly for the Lagrangian velocity, the formulation does not need
to employ the notion of Stokes drift, or any associated post-processing, thus facilitating a direct comparison with experiments. Because the first-order problem
is formulated in terms of the displacement field, our formulation is directly applicable to more complex fluid-structure interaction problems in microacoustofluidics.
We also present a comparison of the generalized Lagrangian formulation with
the typically employed Eulerian formulation and highlight the superior numerical
performance of our formulation to aid easier comparison with the experimental
observations.
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Next, we describe the fluid and particle motion in acoustically-actuated, confined, leaky systems. The investigated model system is a microchip typically used
for biomedical analyses; a liquid-filled polydimethylsiloxane microchannel driven
acoustically by inter-digital transducers. Through a combination of quantitative
experimental measurements and numerical results, we reveal the full three dimensional motion of the fluids and suspended particles. By varying the size of
suspended particles, we capture the two limits for which the particle motion is
dominated by the acoustic streaming drag to which it is dominated by the acoustic radiation force. The observed fluid and particle motion is captured numerically
without any fitting parameter by a reduced-fluid model based on a thermoviscous,
Lagrangian velocity-based formulation. Through a combination of experimental
observations and precise numerical boundary conditions, we remove the existing
ambiguity in the literature concerning the acoustic streaming direction as well as
the critical particle size for which the particle motion switches between the aforementioned two limits. Further, combining experimental and numerical results,
we indirectly determine the first-order acoustic field of the vertically-propagating
pseudo-standing wave as well as give an estimate of the actual displacement on the
piezoelectric substrate. Through a combination of a simplified analytical model
and our numerical results, we demonstrate that these “pseudo-standing” waves
owe their origin to the small yet significant reflections from the fluid and channel
wall interface and are the primary reason for the vertical focusing of particles. We
present numerical results for the vertical focusing of both positive as well as negative contrast neutrally-buoyant particles and provide the design criteria for the
microchannels to achieve desired vertical focusing locations. We also demonstrate
the ability to tune the focusing locations of particles in both horizontal as well
as vertical direction by tuning the phase difference between the incoming surface
acoustic waves (SAWs) and the applied acoustic power.
Further, we outline the extension of the presented generalized Lagrangian formulation for FSI problems in microacoustofluidics. To this end, we present “proofof-concept” results concerning the tracking of a fluid sub-domain inside a microacoustofluidic device.
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Chapter 1 |
Introduction to microacoustofluidics
The emergence of lab-on-a-chip devices has spurred significant interest among researchers over the past few decades. The lab-on-a-chip concept refers to the quest
of integrating numerous devices like mixers, pumps, valves, sensors, actuators,
switches etc. at microscales onto a single platform for various applications like
chemical synthesis and analysis, biochemical reactors, drug diagnostics etc. These
systems represent exciting potential for the development of highly-integrated and
compact devices by exploiting the physics at small scales to achieve greater fluid
and particle handling capabilities. Through the development of low-cost, simple,
multi-functional point-of-care diagnostics systems, these devices can potentially
revolutionalize the field of medical diagnostics. Due to inherently favorable length
scales, microfluidics, i.e. the study of fluid phenomena at microscales, presents
itself as a natural candidate for the development of microfluidic lab-on-a-chip
devices. The promise of lab-on-a-chip devices as well as the rapid development
in biology and biotechnology, where microscales offer inherent advantages over
the conventional methods, has resulted in an enhanced interest in microfluidics
among researchers [6]. However, despite significant advancement over the past
few decades, microfluidics has not been able to deliver on its idyllic promises so
far. One of the primary reasons for this is that at microscales, mass transport is
usually dominated by viscous effects and the inertial effects are generally (though
not always) negligible. While this is favorable for many applications since it is the
inertial effects that are responsible for the instabilities and turbulence observed at
macroscales, the loss of inertial effects makes the seemingly simple fluid manip1

ulation operations like mixing, pumping etc. much more difficult at microscales.
Moreover, many effects that are negligible at the macroscales become very significant at microscales leading to novel physical phenomena [7]. To address the
perceived disadvantages of microfluidics, recently a lot of effort has aimed at merging microfluidics with various other disciplines like electrokinetics [8], acoustics [9],
chemistry [10], biotechnology [11] etc. Microacoustofluidics is one such attempt to
merge microfluidics with acoustics to realize its true potential. The actuation of
fluids at microscales using periodic acoustic waves offers the possibility to recoup
the loss of inertia at microscales by utilizing the phenomena of acoustic streaming and acoustic radiation force that are described below. Moreover, the use of
acoustics at microscales has been shown to be biocompatible in most cases, making
it an excellent tool for biological studies [12]. Thus far, microacoustofluidics has
shown great potential towards the realization of the lab-on-a-chip concept and has
already been utilized for a number of such applications including mixing, pumping,
cell separation, flow cytometry etc. [13]

1.1 Basic concepts of microacoustofluidics
Here, we briefly introduce the concept of acoustic streaming and acoustic radiation
force. The reader is referred to ref. [14] and the references therein for a brief
historical review of acoustofluidics as well as to ref. [9,13,15] for a detailed technical
overview of the field.

1.1.1 Acoustic streaming
Due to the dissipative nature of a fluid, the fluid’s response to a harmonic actuation is, in general, not harmonic and a net mean flow is observed. This mean
flow generated by the harmonic actuation is referred to as the acoustic streaming.
Since the acoustic streaming is a byproduct of the acoustic attenuation due to
viscous dissipation, it provides a unique way to utilize the dominant viscous nature of microfluidic flows [16]. Depending on the dominant dissipation mechanism,
acoustic streaming is generally categorized as being either bulk-driven streaming
or boundary-driven streaming. Bulk-driven streaming (also referred to as Eckart
streaming or quartz wind) is associated with the absorption of acoustic momentum
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in the bulk fluid and is usually dominant in fluid domains that are comparable to
or larger than the absorption length of the acoustic wave. On the other hand,
boundary-driven streaming originates from the viscous dissipation inside the thin
boundary layers close to the walls of the fluid domain and is the dominant streaming mechanism in devices with a characteristic size that is much smaller than the
absorption length of the acoustic wave. The boundary-driven streaming results in
a streaming flow both inside the boundary layer (referred to as Schlichting streaming) as well as a streaming flow in the bulk (referred to as Rayleigh streaming) [17].

1.1.2 Acoustic radiation force
Acoustic radiation force can be defined as the force exerted on an object arising
out of the change in wave momentum due to its scattering at a surface. Acoustic
radiation force is a nonlinear, time-averaged phenomena that vanishes in the linear approximation. The force exerted on a single particle is usually termed as the
primary acoustic radiation force while the interaction force between two or more
surfaces is called secondary acoustic radiation force (or Bjerknes force). In this
dissertation, only the primary acoustic radiation force is considered and henceforth, the term acoustic radiation force would refer to only the primary acoustic
radiation force. In principle, the acoustic radiation force can be calculated by
performing a time-average of the integration of the hydrodynamic traction over
the particle surface. However, the integration of hydrodynamic traction over a
moving particle surface is not straightforward and hence a number of simplified
analytical expressions have been developed for simple geometries [18]. The reader
is referred to ref. [19,20] for a detailed discussion of various expressions of acoustic
radiation force that have been developed so far. We remark here that the direction
of acoustic radiation force depends on an acoustic contrast factor that depends on
the relative density and compressibility of the particle and the suspending fluid.
For particles with positive acoustic contrast factor, the acoustic radiation force in
a standing wave field is directed towards the pressure node, while it is directed
away from the pressure node for particles with negative acoustic contrast factor.
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1.2 Need for numerical studies
Though microacoustofluidics has helped overcome numerous challenges inherent to
microfluidics, the merger of acoustics with microfluidics also brings into picture intriguingly complex physics like viscous effects, compressibility, free surface effects,
coupling to vibrating piezoelectric materials, acoustic forces on suspended particles etc. While both acoustics as well as microfluidics are rather mature fields,
the same can not be said about microacoustofluidics. The wide range of solid
and fluid mechanics processes involved makes it challenging to understand even
the seemingly elementary physics in microacoustofluidic systems [9]. Thus, most
of the earlier theoretical studies concerning microacoustofluidics were inspired by
the similar studies at macroscales using simplifying assumptions. Specifically, the
numerical studies in microacoustofluidics devices have usually been characterized
based on the actuation and the channel wall material. Here, two categories figure
prominently in literature: (a) resonant bulk acoustic wave (BAW) devices, and (b)
leaky microacoustofluidics systems such as SAW devices, sharp-edge-based devices,
bubble-based devices etc. The BAW devices refer to the microacoustofluidic devices which are actuated via a bulk acoustic wave in the substrate and the channel
wall material usually employed here is either glass or silicon. Due to the huge
acoustic impedance mismatch between the channel walls and the fluid (usually
water), acoustic resonances are setup inside these channels. Various numerical
studies concerning acoustic streaming as well as the acoustic radiation forces on
the particles suspended inside the fluid channel in BAW devices have been reported [21–24]. In contrast to BAW devices, the numerical work on modeling of
leaky devices is rather limited. The modeling of these devices is complicated by
the fact that the channel wall material usually employed in these devices is PDMS
which has an acoustic impedance similar to that of the water. The similarity in the
acoustic impedances of the fluid and PDMS leads to the leakage of acoustic waves
from the channel walls and precludes the setting up of strong acoustic resonances.
Though their extensive use for applications has been reported in the literature,
many basic physical aspects of such mf systems are yet to be depicted in detail.
For instance, it is not entirely clear as to what are the exact three-dimensional
oscillatory pressure and velocity fields generated in such systems. Furthermore,
the precise acoustic radiation force acting upon suspended particles as well as the
4

precise nature of acoustic streaming flow generated is poorly understood. We believe that the development of numerical models, supplemented with experimental
validations, can provide a better physical understanding of such systems thereby
leading to novel applications.

1.3 Modeling approaches for microacoustofluidics
There are two primary modeling approaches that have been adopted to study
microacoustofluidic phenomena: (a) an effective slip velocity approach and (b)
a first-principles approach. In an effective slip velocity approach, the boundary
layers are not resolved numerically and instead an analytical expression for a slip
velocity is used as a boundary condition for the modeling of bulk streaming. On the
other hand, in a first-principles approach, the boundary layer is resolved numerically and the fluid motion both within and outside the boundary layer is obtained
directly from the solution of the governing equations. This approach offers important physical insights concerning the acoustic boundary layer and the acoustic
damping inside it, albeit at an extra computational cost that is required to resolve
the thin boundary layer numerically. In contrast, while the effective slip velocity
approach offers significant savings in terms of computational costs, it is usually
limited by the inherent assumptions needed to obtain an analytical expression for
the slip velocity. Furthermore, the analytical expression for slip velocity is difficult to obtain for complex geometries, thereby limiting the use of this approach
to simple geometries. A third approach that aims at avoiding high computational
costs while still predicting correct acoustic loss has been recently proposed by
Hahn and Dual [25]. They employ analytically obtained acoustic loss factors as
artificial bulk damping factors to avoid resolving the boundary layers numerically.
While this approach correctly predicts the acoustic fields for the bulk acoustic
wave device under consideration in their study, the calculation of acoustic loss factors for other microacoustofluidic devices with different actuation mechanisms is
not straightforward. Therefore, while the use of device-specific semi-analytical approaches represent a good compromise by providing physical insights at relatively
lower computational costs, such approaches are rarely extendable for different microacoustofluidic systems. Hence, in this dissertation, we utilize a first-principles
based approach where the relatively high computational costs of this approach
5

are somewhat mitigated by using non-uniform meshes with finer mesh elements
inside the boundary layer and relatively coarser mesh elements in the bulk of the
microfluidic channel.

1.3.1 FSI in microacoustofluidics
Recently, the emerging applications of microacoustofluidics have increasingly employed the use of solid objects inside microchannels [26–32]. The resulting FSI
is very evident in many microacoustofluidic processes like rotation of suspended
particles inside fluid, separation of suspended cells inside fluid based on their size
difference, use of various vibrating structures inside microchannels to drive acoustic streaming etc. The large particle sizes employed as well as the large amplitudes
of vibration in many of these cases necessitates the use of FSI approaches to accurately analyze these problems. Specifically, the use of microacoustofluidics for
many biological processes, which are usually characterized by soft and flexible
channel walls or cell membranes, demands that a FSI approach be considered
for precise numerical characterization of the involved processes. While some FSI
formulations have been reported for microacoustofluidic applications (as discussed
later in Chapter 2), the simplifying assumptions employed have limited their use for
general microacoustofluidic applications. A more general FSI framework is needed
to further understand and characterize FSI processes in microacoustofluidic applications as well as to explore novel applications. The capability to analyze FSI,
apart from offering the possibility to better understand the underlying physics, will
also allow for an accurate quantitative characterization of these processes, which is
rather difficult to achieve experimentally in many cases. Moreover, FSI approaches
can also be utilized to solve inverse problems where the combined use of both the
numerical package as well as the experimental results can lead to novel applications. In this dissertation, we propose a first-principles based generalized
Lagrangian formulation for microacoustofluidics that is readily extendable to applications involving FSI. Here, by generalized Lagrangian we mean
that the governing equations are posed over a convenient mean configuration that
does not coincide with the current configuration. As discussed later, such a formulation offers inherent advantages over the Eulerian approach. We believe that
the development of this formulation will enable many novel bio-applications by
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providing accurate numerical predictions for FSI cases.

1.4 Dissertation outline
As mentioned above, the motivation of this dissertation has been to develop a
generalized numerical approach that offers the capability to analyze various microacoustofluidic processes in an FSI context. This dissertation is divided into 7
chapters, progressing from a review of the current approaches to the presentation of
the generalized Lagrangian formulation and the applications of the formulation for
investigation of microacoustofluidic systems. The title and outline of the following
chapters is as follows:
• Chapter 2: Literature review — This chapter starts by presenting the
basic notation and the governing equations for microacoustofluidic systems.
Next, the commonly adopted perturbation approach is discussed. Further,
the Eulerian approaches are discussed with a variety of boundary conditions that are commonly employed. Following this, the disadvantages of
these approaches including the ambiguities in the boundary conditions and
time-averaging are discussed to motivate the development of a generalized
Lagrangian formulation.
• Chapter 3: Generalized Lagrangian formulation — This chapter presents the generalized Lagrangian formulation and discusses the various notions of mean fields. We start by describing the basic notation and the
kinematics of the problem. Next, we present the governing equations and
perform the separation of time-scales for microacoustofluidic devices to obtain the zeroth-, the first-, and the second-order problem. Further, we describe the numerical scheme employed to solve the governing equations and
present the verification of the numerical implementation using the method
of manufactured solutions.
• Chapter 4: Application to sharp-edge systems — This chapter presents
an application of the developed numerical formulation to study sharp-edgebased microacoustofluidic devices. We begin by introducing the sharp-edgebased acoustofluidic technology and motivate the need for numerical investigations of such devices. Further, we provide a comparison of our numerical
7

formulation with the aforementioned Eulerian approaches and highlight the
advantages of our formulation with respect to comparison with the experiments.
• Chapter 5: Application to SSAW microacoustofluidic systems —
This chapter presents an application of the developed numerical formulation
to study SSAW microacoustofluidic systems. We present experimental validation of the numerical results obtained from our formulation and subsequently employ our formulation to provide a complete understanding of the
physics of the fluid and particle motion in these systems. Lastly, we numerically demonstrate the capability of these systems to focus particles at
tunable positions in both horizontal as well as vertical direction.
• Chapter 6: Extension to the Immersed Finite Element Method —
This chapter outlines the extension of the generalized Lagrangian formulation to FSI problems. Here, we provide a brief review of the various FSI approaches and motivate the choice of immersed finite element method (IFEM)
for studying FSI problems in microacoustofluidic systems. Lastly, we provide
a “proof-of-concept” numerical simulation to track a sub-region of the fluid
inside a microacoustofluidic device.
• Chapter 7: Summary and future work — This chapter provides a summary of this dissertation and outlines some of the potential future directions
and extensions of this work.
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Chapter 2 |
Literature review
There have been numerous mathematical models that have been presented to investigate microacoustofluidic phenomena. In this dissertation, our aim is to develop
a generalized Lagrangian framework that can be readily extended to FSI applications. Many of the existing models as well as the generalized Lagrangian framework
presented in this thesis employ a perturbation approach wherein the flow variables
are split into their first- and second-order components. Here, the fluid’s motion
under harmonic actuation is thought of as being composed of an oscillating motion at the first-order and a time-averaged mean motion at the second-order. The
primary distinction between the generalized Lagrangian approach and the Eulerian approaches lie in the configuration in which the perturbation expansion is
employed. While the flow variables defined on the final configuration of the fluid
are subjected to a perturbation expansion in the Eulerian approaches, it is the flow
variables defined on the mean configuration that are subjected to the perturbation
expansion in the generalized Lagrangian framework. As will be seen later, this
choice results in various advantages over the existing formulations and also helps
to mitigate the ambiguities concerning the boundary conditons for the first-order
and second-order subproblems. From this perspective, we introduce the governing
equations, the commonly adopted perturbation approach and review some of the
representative existing numerical approaches employing a first-principles approach.

2.1 Basic notation
The symbol R will denote the set of real numbers, and N will denote the set of
natural numbers. A scalar is understood to be an object with values in R. Unless
9

otherwise stated, scalars will be denoted using normal typeface symbols, e.g., a or
α.
The d-dimensional Euclidian point space, with d = 2, 3, will be denoted by E d .
The translation space of E d , a real inner-product vector space, will be denoted by
V . A vector is understood as an object with values in V . Unless otherwise stated,
vector-valued quantities will be denoted using boldface type, e.g., a or α. Given
vectors u, v ∈ V , we denote their inner-product as follows: u · v.
A second order tensor, or simply tensor, is understood to be a linear map from
V into V , and will be regarded as an element of the d × d-dimensional real vector
space L (V , V ). Tensors will be denoted using upright sans serif type, e.g., T.
Given a tensor A, its transpose and its inverse transpose will be denoted by AT
and A−T , respectively. Given u, v ∈ V , we denote by u ⊗ v the tensor product of
u and v, defined in the standard way (see, for example, [33]):
u ⊗ v ∈ L (V , V ) : (u ⊗ v)a := (a · v)u ∀u, v, a ∈ V ,

(2.1)

where the symbol := stands for ‘is defined by’. Given second order tensors A
and B both belonging to the same tensor space L (V , V ), the notation A : B (with
A : B ∈ R) will denote the inner product of A and B.
Given field φ(x), which can be scalar-, vector-, or tensor-values, defined over a
domain Ω ⊂ E d , the expression ∇φ we will denote the gradient of this field. This
notation is extended as customary for fields defined over subsets of the standard
Newtonian space–time. For a vector and tensor fields, the expression ∇·• will denote
the divergence of the field •. Finally, we denote by 4 the laplacian operator, where
4 • := ∇·(∇•).

2.2 Governing equations
The mass and momentum balance laws governing the motion of a linear, viscous,
compressible fluid are [33, 34]
∂ρ
+ ∇·(ρv) = 0,
∂t
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in Ω(t),

(2.2)

and
ρ

h
i
∂v
+ ρ(∇v)v − −∇p + µ 4 v + (µb + 31 µ)∇(∇·v) = 0, in Ω(t),
∂t
|
{z
}

(2.3)

∇·T

where ρ is the mass density, v is the fluid velocity, p is the fluid pressure, and
where µ and µb are the shear viscosity and bulk viscosity, respectively. The fields
ρ, p, and v are understood to be in Eulerian form [33], i.e., functions of time t and
spatial position y within a fixed control volume Ω. The term below the expression
in brackets is the divergence of the Cauchy stress of the fluid. The latter, again in
the case of a compressible linear viscous fluid, has the following expression:
T = −p I + µ ∇v + (∇v)T + (µb + 31 µ)(∇·v) I,
h

i

(2.4)

where I denotes the identity tensor, and where, for a compressible fluid, the pressure
must be expressed via a constitutive relation function of the mass density. Here,
we assume a linear relation between p and ρ:
p = c20 ρ,

(2.5)

where c0 is the speed of sound in the fluid at rest. Combining Eqs (2.2)–(2.5) with
appropriate boundary and initial conditions, the system is fully determined.

2.3 Perturbation expansion approach
The microacoustofluidic processes are generally characterized by widely separated
time scales (characteristic oscillation periods vs. characteristic times dictated by
the streaming speed) [35] and sometimes are also associated with widely separated
length scales (characteristic device dimensions vs. wavelength of the actuation).
For example, a typical SAW device is operated at frequencies in the range of 1–
100 MHz, while the streaming fields are characterized by time scales of the order
of tenths of a second to several minutes. The wide separation of length and time
scales makes the above-mentioned nonlinear system of equations numerically challenging to solve via a direct numerical simulation. Thus, the common approach
in microacoustofluidic modeling is to adopt Nyborg’s perturbation technique [36]
wherein the (Eulerian) fluid response to the harmonic actuations is viewed as be11

ing comprised of two components: (i) a periodic component with period equal to
the forcing period, and (ii) a remainder that can be viewed as being steady. It is
this second component which is generally referred to as the streaming motion [15].
Following Nyborg’s perturbation technique [36], the fluid velocity, density, and
pressure in Eulerian configuration are assumed to have the following form
v = v(0) + ṽ(1) + 2 ṽ(2) + O(3 ) + · · · ,

(2.6a)

p = p(0) + p̃(1) + 2 p̃(2) + O(3 ) + · · · ,

(2.6b)

ρ = ρ(0) + ρ̃(1) + 2 ρ̃(2) + O(3 ) + · · · ,

(2.6c)

where  is a non-dimensional smallness parameter defined in terms of physically
relevant quantities to the problem at hand. For example, in the analyses on surface
acoustic wave devices performed by Köster [37],  was defined as the ratio between
the amplitude of the displacement of the boundary in contact with the piezoelectrically driven substrate (i.e., the amplitude of the boundary excitation) and a
characteristic length (say, channel length).
In the analysis in ref. [37], the zeroth order velocity field v(0) was assumed to
be zero, thereby precluding the presence of an underlying background flow along
the microchannel. Furthermore, the following definitions were introduced
v(1) := ṽ(1) , p(1) := p̃(1) , ρ(1) := ρ̃(1) ,

(2.7)

v(2) := ṽ(2) , p(2) := p̃(2) , ρ(2) := ρ̃(2) .

(2.8)

Substituting the above relations along with Eqs. (2.6) into Eqs. (2.2)–(2.5), and
matching terms of order one in , Köster [37] obtained the following equations,
referred to as the first-order problem:
∂ρ(1)
+ ρ(0) ∇·v(1) = 0,
∂t
ρ(0)

in Ω,

(2.9)

∂v(1)
+ ∇p(1) − µ 4 v(1) − (µb + 31 µ)∇(∇·v(1) ) = 0, in Ω,
∂t

(2.10)

along with
p(1) = c20 ρ(1) ,

v(1) =

∂u
on Γd ,
∂t
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v(1) · n = 0 on Γn ,

(2.11)

where Γd is the subset of the boundary of Ω where the displacement excitation
u(r, t) is applied, and where Γn = ∂Ω \ Γd . Repeating the above procedure for
the terms of order two in , and averaging the resulting equations over a period
of oscillation, one obtains the following set of equations, referred to as the secondorder problem:
*

(0)

ρ

*

∂v(2)
∂t

+

*

+ ρ

∂ρ(2)
∂t

(1) ∂v

(1)

+

+

+ ρ(0) ∇· v(2) + ∇· ρ(1) v(1) = 0, in Ω,
D

E

D

E

+ ρ(0) v(1) ·∇v(1) + ∇ p(2)
D

E

D

(2.12)

E

∂t D
E
 D
E
− µ 4 v(2) − (µb + 31 µ)∇ ∇· v(2) = 0

in Ω,

(2.13)

where hAi denotes the time average of the quantity A over a full oscillation time
period, and where Eqs. (2.12) and (2.13) are accompanied by
p(2) = c20 ρ(2) ,

v(2) = −

D

∇v(1) u on Γd ,
 E

v(2) · n = 0 on Γn .

(2.14)

After presenting the second-order problem, Köster [37] sought steady solutions,
the latter being governed by the following form of the balance of mass and the
balance of momentum, respectively:
ρ(0) ∇· v(2) + ∇· ρ(1) v(1) = 0, in Ω,
D

*

ρ(1)

E

D

E

D
E
D
E
∂v(1)
+ ρ(0) v(1) ·∇v(1) + ∇ p(2)
∂t
D
E
D
E
− µ 4 v(2) − (µb + 13 µ)∇(∇· v(2) ) = 0

(2.15)

+

in Ω.

(2.16)

We note that the above approach is developed within a fully Eulerian framework.
While conceptually acceptable, this approach suffers from two major limitations.
Firstly, since the model is developed in an Eulerian framework, the boundary conditions at the actuated walls are approximated by necessity. The reason is that,
aside from the physical justification underlying a specific boundary condition, microacoustofluidic devices are actuated via a high frequency excitation of the solid
component of the system. As such, a fundamental aspect of the boundary conditions is the displacement field of the device’s walls. Therefore, in a fully Eulerian
context, the relationship between the fluid velocity and the wall displacement fields
must be approximated. Specifically, it must be noted that the no-slip boundary
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condition must be applied at the displaced position of the oscillating surface i.e. at
r = r0 + u(r0 , t) where u(r0 , t) is the displacement of the surface that is at r = r0
at rest. Thus, the boundary condition at the oscillating surface can be expressed
as
∂
(2.17)
= u(r0 , t).
v(r, t)
r=r0 +u(r0 ,t)
∂t
To obtain the boundary conditions for the subproblems at different orders, a Taylor
series expansion can be performed as
v(r, t)

r=r0 +u(r0 ,t)

= v(r, t)

r=r0

+∇v(r, t)

r=r0

·u(r0 , t) + O(3 )
(2.18)

∂
= u(r0 , t).
∂t

Thus, the above-mentioned Dirichlet boundary condition for the second-order velocity in Eq. (2.14) is obtained by retaining terms upto second-order in a Taylor
series expansion of the surface velocity at the perturbed position around its mean
position. We remark that this approximation of the second-order boundary condition is physically valid and suffers from problems only at a numerical level since
it requires the gradients of the first-order fields to be captured correctly in thin
boundary layers. Secondly, although not intrinsically Eulerian-framework related,
there is an additional aspect of the governing equations that are derived in this
framework that deserves more careful consideration. Specifically, the governing
equations for the streaming flow are obtained via a time-average operation in
which the exact relationship between slow and fast time scales is seldom made explicit. This results in a slow-time-dependent system of equations for which steady
solutions are typically sought. Again, while not intrinsically problematic, implicit
assumptions are hidden in the time averaging process and in its steady approximation that might impact the validity of current predictions and their difficulty
in capturing key features of streaming flows. Muller et al. [22] reported a similar
numerical model for the bulk acoustic wave devices, where the first-order subproblem is similar to that obtained by Köster, if temperature effects are neglected. The
second-order subproblem considered by them is as follows:
ρ(0) ∇· v(2) + ∇· ρ(1) v(1) = 0
D

E
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D

E

in Ω,

(2.19)

*

ρ

(1) ∂v

(1)

+

+ ρ(0) v(1) ·∇v(1) + ∇ p(2)
D

E

D

E

∂t D
E
 D
E
− µ∇2 v(2) − (µb + 13 µ)∇ ∇· v(2) , = 0 in Ω,

(2.20)

along with
p(2) = c20 ρ(2) ,

v(2) = 0 on Γd .

(2.21)

We note that while these differential equations are identical to those employed by
Köster [37], the boundary conditions for the second-order velocity are different.
Specifically, Muller et al. [22] chose to neglect the slip contribution to the second
order velocity at the actuated walls. The justification for this choice arises from
the physical reasoning that since the systems considered by them are described
by acoustic resonances inside the channel, the small slip velocity at the actuated
walls can be neglected. This assumption seems to be confirmed by the experimental
validation reported by Muller et al. [23], where a good qualitative and quantitative
agreement was observed between the experiments and the numerical predictions.
However, it must be noted that the experimental validation was performed only
in the bulk of the channel owing to the difficulties associated with experimental
measurement of acoustic streaming velocities inside the extremely thin boundary
layers. Thus, while these validations confirm the correctness of this boundary
condition with regards to predicting the streaming velocity inside the bulk fluid,
they do not provide any indication for the same inside the thin boundary layers.
Specifically, setting Eulerian velocity to zero at the actuated walls poses an inherent
physical problem with regards to the mass conservation of the fluid since it results
in a non-zero Lagrangian velocity at the channel walls indicating a mass transfer
across the channel walls. Noting this, the second-order boundary condition was
later improved by Muller et al. [24] to the following:
v

(2)

ρ(1)
·n = − (0) (v(1) · n)
ρ
*

+

on Γd .

(2.22)

However, the choice of this boundary condition is based on physical arguments
concerning mass transfer and is not accompanied by any rigorous mathematical
derivation.
Another modeling approach was recently presented by Vanneste and Bühler [38]
where they proposed the use of averaged vorticity equation in place of the averaged
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momentum equation. They argued that since the mean flow forcing by acoustic
waves depends entirely on the dissipative processes, the inviscid stress and pressure
terms in the momentum equations cancel out and do not contribute to the mean
flow generation. Thus, the averaged vorticity equation that isolates the balance
between the dissipation of the waves and the streaming flow are more suitable
for the study of acoustic streaming. They reported analytical expressions for the
first- and second-order flow inside the boundary layers and employ the analytically
obtained slip velocity as a boundary condition for the averaged vorticity equation.
This approach, while being computationally cheaper, suffers from two major limitations. Firstly, the use of analytical expression for the boundary layer flow makes
it difficult to extend this approach for complex geometries. Secondly, the boundary
condition employed at the oscillating wall at the second-order level is similar to
that employed by Köster [37] and hence is approximated similarly by adopting a
Taylor series expansion as mentioned earlier. Thus, this approach can be expected
to suffer from similar numerical issues inside the boundary layer if a completely
numerical approach is adopted both inside and outside of the boundary layer.
Recently, to investigate FSI phenomena inside microacoustofluidic devices immersed boundary method based FSI simulations have been reported for microacoustofluidic cell separation [39] and enantiomer separation [40]. These formulations consider incompressible Navier-Stokes equation where the effect of SAW is
considered either via a simplified Dirichlet boundary condition on velocity or by a
body force acting on the fluid. More recently, several numerical simulations concerning motion of objects in acoustic fields have been reported [25,41,42]. Of these
the study by Hahn et al. [25] is of particular relevance to the current discussion
since it considers the motion of particles under the action of acoustic radiation
force and acoustic streaming fields. To mitigate the high computational demands
of a 3D simulation, they employ a semi-analytic approach such that an effective
slip velocity is used as a boundary condition to simulate the acoustic streaming
field. However, the structure of the numerical setup employed by them is such
that the acoustic streaming fields are calculated only once and are not updated
as the particle moves through the channel, thereby limiting the generality of this
approach.
More recently, Xie and Vanneste [43] have presented a multi-scale analysis of
the dynamics of a spherical particle in an acoustic field. This study is based on a
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rigorous time-scale separation technique and makes time averaging more transparent. In this time-scale separation approach, for certain flow regimes the inertial
terms do not appear in the second-order equations, which is in contrast to the
aforementioned Eulerian approaches. They identified different flow regimes based
on the scale-separation parameters and derive the equations that govern the mean
particle motion in each of these regimes.
Having reviewed the commonly adopted numerical models for microacoustofluidic devices, we conclude that the current Eulerian framework based approaches
suffer from inherent limitations concerning the approximation of the boundary
conditions as well as the implicit assumptions in the time-averaging operation.
Another very important element that makes a fully Eulerian framework not entirely ideal pertains to the experimental validation of models. Many experimental
techniques in microfluidics rely on particle tracking. As such, a comparison between theory and experiments requires the determination of the particle (or Lagrangian) velocity field, which, in time-periodic fluid flows and within an Eulerian
framework, requires the notion of Stokes drift [44]. Consequently, the comparison of numerical predictions to experiments usually requires an additional layer
of approximation associated with the post-processing of the Eulerian velocity field
to obtain the Lagrangian mean-field flow. Noting these limitations of the current
approaches, in this dissertation, we propose to revisit the acoustic streaming in
microacoustofluidic devices using an ALE context.
In this dissertation, we frame the acoustic streaming problem in an ALE context
where the first-order problem is formulated in terms of the fluid displacement. Following a multiscale approach, similar to that employed by Xie and Vanneste [43],
the second-order system is then derived directly in terms of the Lagrangian flow
velocity. We believe that the generalized Lagrangian formulation presented in this
dissertation, with no significant computational overhead compared to the commonly employed Eulerian formulation, offers several distinct advantages over the
Eulerian formulation, as discussed in the next chapter.

2.4 Concluding remarks
This chapter discussed the governing equations and the commonly adopted perturbation expansion approach for microacoustofluidic applications. Various well17

known Eulerian formulations were reviewed and the ambiguities concerning the
boundary conditions and time-scale separation approach were discussed to motivate the generalized Lagrangian formulation described in the next chapter.
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Chapter 3 |
Generalized Lagrangian formulation
In this chapter, we present the generalized Lagrangian formulation, the latter being
the principal contribution of this thesis. We also describe various notions of mean
fields. We start by describing the basic notation and the kinematics of the problem.
Next, we present the governing equations and perform the separation of timescales for microacoustofluidic devices to obtain the zeroth-, the first-, and the
second-order problems. Further, we describe the numerical scheme employed to
solve the governing equations and present the verification of the chosen numerical
implementation using the method of manufactured solutions.

3.1 Basic notation and kinematics
We begin by distinguishing two distinct time scales with corresponding time variables t and T . We will refer to t as the fast time characterizing the acoustic wave
time scale. We will refer to T as the slow time characterizing the mean motion
of the fluid. A distinction between these two times can be done by adopting the
following relation [43]:
T = β t,
(3.1)
where, as discussed in the previous chapter,  > 0 is a smallness parameter, and
β > 1 is a nondimensional exponent, yet to be determined, whose value sets the
meaning of time scale separation in a rigorous way. Next, referring to Fig. 3.1, we
denote by B0 ⊂ E d (d = 2, 3) the reference configuration of the fluid, where, as
19

Figure 3.1. Schematic of the domains we consider. B0 denotes the reference configuration of our system. B(t) denotes the current configuration of the system. We view B(t)
as the outcome of a deformation χξ from an intermediate configuration B(T ), which we
view as the configuration of the body whose motion is observed at the slow time scale.
The dashed line represents the trajectory of a material particle P (shown in the reference
configuration). Adapted from ref. [1]

mentioned in the previous chapter, E d is the underlying d-dimensional Euclidian
point space in which the body moves. For simplicity B0 will be taken as the initial
configuration of the fluid (before acoustic excitation), assumed to be a quiescient
state.
As explained later, the system’s motion will be viewed as a sum of contributions
of different orders. Given a quantity, say φ, the contribution of n-th order to this
quantity will be denoted as φ(n) .
We denote material fluid particles in B0 by X. We denote the current configuration of the fluid resulting from the acoustic excitation as B(t). We view this
configuration as the image of a motion ζ defined as follows:
ζ : B0 → B(t) ⊂ E d ,

B(t) 3 y = ζ(X, t),

(3.2)

where, as is standard in continuum mechanics, for all t > 0, ζ(X, •) is assumed to
be a diffeomorphism between B0 and B(t), and where, for all X ∈ B0 , ζ(•, t) ∈
C 2 (R+ ). We assume that the motion ζ(X, t) is the composition of two motions,
with smoothness properties in space and time so as to guarantee the assumed
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properties of ζ(X, t). These motions are as follows:
χ : B0 → B(T ) ⊂ E d ,

B(T ) 3 x := χ(X, T )

(3.3)

χξ : B(T ) → B(t) ⊂ E d ,

B(t) 3 y := χξ (x, t),

(3.4)

and

such that, under the constraint in Eq. (3.1),




ζ = χξ ◦ χ that is y = χξ χ(X, T ), t

T =β t

(3.5)

.

χ(X, T ) and χξ (x, t) will be referred to as the slow and the fast motion, respectively. Since we have defined B0 , B(T ), and B(t) as subsets of the same underlying
Euclidean point space, we introduce corresponding displacement fields as follows:
u(0) : B0 → V ,
ξ : B(T ) → V ,

u(0) (X, T ) := χ(X, T ) − X,

T > 0 and X ∈ B0 ,
(3.6)

ξ(x, t) := χξ (x, t) − x, t > 0, x ∈ B(T ), and T = β t,
(3.7)

u : B(t) → V , u(y, t)|y=ζ(X,t) := ζ(X, t) − X,

t > 0 and X ∈ B0 ,
(3.8)

where, as discussed later, u(0) is the zeroth-order contribution to u. In view of
Eqs. (3.1) and (3.5), we have that, for t > 0 and X ∈ B0 ,
h

u(y, t)|y=ζ(X,t) = u(0) (X, T ) + ξ(x, t)|x=χ(X,T )

i
T =β t

,

(3.9)

The displacement field ξ(x, t) is assumed to be a harmonic function of t, with
period equal to that of the harmonic excitation of the system.
To make the notation less cumbersome, henceforth we will work under the
conditions underlying the composition in Eq. (3.5). Furthermore, by the notation
∂φ (•) we denote the partial derivative of the quantity (•) with respect to the variable φ, where the latter can be scalar-, vector-, or tensor-valued. With the notation
∇z (•) we denote the spatial gradient of (•) with respect to the position variable
z, i.e., ∇z (•) = ∂z (•); and by ∇z · (•) we denote the corresponding divergence
operator. Finally, the notation φ̇ will denote the material time derivative of the
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quantity φ, where the latter can be scalar-, vector-, or tensor-valued, and where
by material time derivative we mean [33],
φ̇ := ∂t φ|holding X ∈ B0 fixed .

(3.10)

The deformation gradient of the slow motion is
F(0) : B0 → L + (V , V ),

F(0) := I + ∇X u(0) ,

(3.11)

where L + (V , V ) ⊂ L (V , V ) is the subset of tensors with positive determinant.
Similary, the deformation gradient of the fast (harmonic) motion is
Fξ : B(T ) → L + (V , V ),

Fξ := I + ∇x ξ.

(3.12)

The positivity of det(F(0) ) and det(Fξ ) is a consequence of having assumed χξ to
be a diffeomorphism for all T > 0 and that B0 ≡ B(0). The deformation gradient
of the overall motion ζ is then given as [33]
F : B0 → L + (V , V ),

F = Fξ F(0) .

(3.13)

For future use, we will denote det(Fξ ) by Jξ , and by recalling the formula for the
characteristic polynomial of a second-order tensor, we have the following (exact)
representation formula for Jξ :
Jξ = 1 + I1 (∇x ξ) + I2 (∇x ξ) + I3 (∇x ξ),

(3.14)

where Ik , k = 1, . . . , 3, are the principal invariants of ∇x ξ, namely
I1 (∇x ξ) = ∇x ·ξ,

I2 (∇x ξ) =

1
2

h

(∇x ·ξ)2 − ∇x ξ T : ∇x ξ ,
i

I3 (∇x ξ) = det ∇x ξ,
(3.15)

Using Eq. (3.9), the material velocity field is
v : B(t) → V ,

v := u̇

⇒

v = ∂t ξ + β Fξ ∂T u(0) ,

(3.16)

where, as implied by the first of Eqs. (3.16), v is a field over B(t). For later use
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we define the following velocity field:
vξ : B(T ) → V ,

vξ := ∂t ξ.

(3.17)

3.2 Governing equations
The motion of the fluid is governed by the balance laws for mass and momentum
[33] given by, respectively,
ρ̇ + ρ∇y ·v = 0,

y ∈ B(t),

(3.18)

ρ(v̇ − b) − ∇y ·T = 0, y ∈ B(t),

(3.19)

where ρ(y, t) : B(t) → R is the mass density distribution, b(y, t) : B(t) → V is the
external body force density per unit mass, and T(y, t) : B(t) → Sym(V , V ) is the
Cauchy stress, Sym(V , V ) ⊂ L (V , V ) being the subspace of symmetric tensors.
We assume the fluid to be linear, viscous, and compressible with constitutive
response function for the Cauchy stress given by
T = −p(ρ)I + µ(∇y v + ∇y vT ) + µb (∇y ·v)I,

(3.20)

where p is the fluid (static) pressure, µ and µb are constants representing the shear
and bulk viscosities, respectively, and p(ρ) is assumed to be the following linear
relation
p = c20 (ρ − ρ0 ),
(3.21)
where c0 and ρ0 are constants denoting the fluid’s speed of sound and mass density
at rest, respectively.

3.3 Reformulation of the governing equations
We now reformulate the governing equations by mapping them onto the body’s
mean deformed configuration B(T ). A field defined over B(t) mapped onto B(T )
will be identified by an asterisk, i.e., given φ(y, t) : B(t) → W , with φ a scalar-,
vector-, or tensor-valued quantity, and W some appropriate vector space, φ∗ (x, t) :
B(T ) → W will denote the corresponding mapped quantity according to the fol23

lowing definition:
φ∗ (x, t) = φ(y, t)|y=x+ξ(x,t) .

(3.22)

A field defined over B0 mapped onto B(T ) will be denoted with the superscript
symbol #, i.e., given φ(X, t) : B0 → W , with φ a scalar-, vector-, or tensor-valued
quantity, and W some appropriate vector space, φ# (x, t) : B(T ) → W will denote
the corresponding mapped quantity according to the following definition:
φ# (x, t) = φ(X, t)|X=χ−1 (x,t) .

(3.23)

Using the above definition, Eqs. (3.18) and (3.19) can be expressed on B(T ) as
(see Appendix A for details)
∗
∗
∗ −T
∗
∂t ρ∗ + F−T
ξ ∇x ρ · (v − vξ ) + ρ Fξ : ∇x v = 0,

in B(T ),

(3.24)

∗
∗
Jξ ρ∗ ∂t v∗ + ∇x v∗ F−1
− ∇x · P∗ = 0, in B(T ),
ξ (v − vξ ) − b

(3.25)

h

i

where, with a slight abuse of notation, P∗ is the Piola-Kirchhoff stress tensor on
B(T ) [33] defined as follows:
P∗ : B(T ) → L (V , V ),

P∗ := Jξ T∗ F−T
ξ .

(3.26)

For later use, it is also convenient to consider the Lagrangian expression of the
balance of mass. This reads ρ(y, t) det F(X, t) = ρ0 (X) with y = ζ(X, t) [33].
Mapping this expression onto B(T ), and in view of Eqs. (3.13) and (3.23), we have
ρ∗ det(Fξ ) det(F(0)# ) = ρ#0 .

(3.27)

3.4 Time average, time scale separation, and orders
of magnitude
As anticipated earlier, to model the behavior of acoustofluidic devices, we assume that the displacement field ξ(x, t) is the time-harmonic response to the timeharmonic excitation of the system. We will denote the period of this excitation by
Π.
We now introduce the notation to denote the time average operation over the
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excitation period Π. For any generic quantity φ(•, t) (scalar-, vector-, or tensorvalued), the notation hφi will identify its time average over the period of harmonic
excitation, i.e.,
1 Z t+Π
hφi(•, t) :=
φ(•, τ ) dτ,
(3.28)
Π t
Having assumed that ξ(x, t) is a harmonic function of time with period Π, we have
hξi = 0.

(3.29)

A similar conclusion applies to any Π-periodic harmonic function. On the other
hand, we observe that Fξ is merely Π-periodic and therefore hFξ i does not vanish.
In fact, from the last of Eqs. (3.12)
hFξ i = I.

(3.30)

For future discussion, it is also important to be able to relate hφi for a generic
function φ(•, t) to the smallness parameter . To this end, referring to Eq. (3.1),
we set
φ̄(•, T ) := φ(•, t)|t=−β T .
(3.31)
The above expression is a simple re-expression of a quantity from the fast to
the slow time scale. Next, assuming that φ(•, t) is differentiable in time, in the
neighborhood of a time instant t = t0 , Taylor’s theorem allows us to write




φ(•, t) = φ(•, t0 ) + ∂t φ(•, t0 )(t − t0 ) + o |t − t0 | .

(3.32)

Therefore, letting T0 = β t0 , for such a φ(•, t), we can express hφi(•, t) in a neighborhood of t0 as
hφi(•, t) = φ̄(•, T0 ) + 21 β Π∂T φ̄(•, T0 ) + β ∂T φ̄(•, T0 )(t − t0 ) + o |t − t0 |2 . (3.33)




Next, we observe that


β (t − t0 ) = T − T0



and φ̄(•, T ) = φ̄(•, T0 ) + ∂T φ̄(•, T0 )(T − T0 ) + β o |t − t0 | .
(3.34)
Now, letting ∆T = O(1) be some meaningful time duration at the slow scale,
in the study of microacoustofluidics it is reasonable to posit that the excitation
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period is a reference time interval for distinguishing fast motions from slow motions.
Furthermore, in view of the definition in Eq. (3.28), it is reasonable to limit the
context of the expansion in Eq. (3.33) to sub-intervals of the period Π. Therefore
we posit that
Π = γ ∆T with γ ≥ β and |t − t0 | < Π.
(3.35)
With this stipulation, Eqs. (3.33) and (3.34) imply that, at worst,
hφi(•, t) = φ̄(•, T ) + O 2β ,




(3.36)

that is, the time average operation is, at worst, equivalent to the remapping at the
slow scale up to a remainder on the order of 2β .
As indicated earlier, we will follow the approach in refs. [5, 22, 36, 38, 45] where
the response to a harmonic excitation is analyzed via an asymptotic expansion of
the velocity in contributions of different integer orders of the smallness parameter
. Our approach differs from previous ones in that this expansion is done on the
equations written over B(T ) instead of B(t). Furthermore, as done in ref. [43], we
add the displacement to the fields to be expanded, with the understanding that the
displacement field must be allowed to be on the order of the device’s largest linear
dimension. Hence, we set the displacement field describing the mean motion of the
system to be of order O(0 ) = O(1), and we have already denoted this field by u(0) .
The remaining contribution to the displacement is then the harmonic contribution
ξ, which we assume to be O(). Also, as it is customary, we will assume that
differentiation with respect to any of the position variables and with respect to the
fast time t does not alter the order of a quantity. Here, we remark that we are
following in the footsteps of analyses like that in ref. [45]. In reality, this is not the
only way to carry out asymptotic expansions, as shown in ref. [43] in which very
interesting alternative scenarios have been identified.
Summarizing, we have
u(0) = O(1),

F(0) = O(1),

ξ = O(),

∇x ξ = O(),

vξ = O(),

Fξ = O(1).
(3.37)

I3 (∇x ξ) = O 3 .

(3.38)

With reference to Eq. (3.14), we also have
I1 (∇x ξ) = O(),

I2 (∇x ξ) = O 2 ,
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We will then follow previous approaches [5, 22, 38, 45] in assuming that
(i) there is no order zero (background) velocity field;
(ii) the harmonic response in terms of velocity is of order ;
(iii) and the streaming flow is at most of order 2 .
Using these assumptions, and enforcing consistency between the material time
derivative of the displacement expansion and that of the velocity yields a constraint
equation for β that determines the separation of time scales. Specifically, referring
to Eq. (3.16), the mapped material velocity is given by
v∗ = vξ + β Fξ ∂T u(0) .

(3.39)

In view of Eqs. (3.37), for the first-order contribution to be only vξ , the last term
must necessarily be O(2 ). This result matches the analysis of the “non-inertial
regime” described in ref. [43]. We then formally set
β = 2,

(3.40)

for which the first-order contribution to the material velocity is
v∗(1) (x, t) = vξ (x, t),

(3.41)

whereas the second-order contribution is defined as follows:
v

∗(2)

: B(T ) → V ,

v

∗(2)



(x, t) := 2 Fξ (x, t) ∂T u(0) (X, T )


X=χ−1 (x,T ), T =2 t

(3.42)

As far as the mass density distribution is concerned, we simply postulate the
existence of the zeroth-, first-, and the second-order contributions. With this said,
we make the additional assumption that the time scale at which the second-order
contribution is meaningful is the slow time scale. In other words, we posit that
ρ∗ (x, t) = ρ∗(0) (x, t) + ρ∗(1) (x, t) + ρ∗(2) (x, T ).

(3.43)

Finally, we assume that the mass density distributions and external body force
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field are as follows:
ρ0 = O(1) and b∗ = O(1).

(3.44)

3.5 Mean fields and Lagrangian-mean fields
Before presenting the hierarchy of boundary value problems (BVPs) generated by
the assumptions stated in the previous section, we now revisit our kinematics and,
discuss the rationale for our assumptions.
In references [5,22,36,38,45–47] (and the many works that adopt the same kinematic framework) the domain of the equations governing the response of the fluid
under a harmonic excitation, is a time-independent domain (or control volume),
which we will call Ω. The fields defined over Ω are expressed as functions of time
t and a position variable, which we will denote by z. The purpose of the present
discussion is to compare and contrast the kinematics adopted in our formulation
with that of previous works.
We begin by comparing the meaning of the variable z with the three descriptors
used here, namely, X, x, and y. Similar to what we have done, in the aforementioned references there is a slow and a fast time scale, and quantities at the slow
time scale are averages of analogous quantities at the fast time scale. In the Generalized Lagrangian Mean (GLM) theory [44, 48] this averaging concept is also
applied to the position z itself. Let’s recall that z is viewed as the position at time
t of some material particle P , with the stipulation that at time t + ∆t > t the
position z will be occupied by a particle Q such that, in general, Q 6= P . If this
understanding of z is the only one used, then z does not have a clear correspondence with any of the three descriptors introduced here. The situation is different
if we interpret z as is done in the GLM theory, which posits that z is the mean
position of P in the sense that z is the average of all the positions that P occupies
over the period of excitation surrounding the time instant t. It is this idea that
is then developed into the notions like Stokes drift and Lagrangian-mean motion.
To be explicit, as discussed in, say, refs. [44, 48], a particle with nominal position
z at time t has true position at z + q(z, t). This is formalized as a map (cf., e.g.,
Eq. (2.2) in [48]) as follows:
z 7→ z + q(z, t),
(3.45)
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where q is referred to as the “disturbance-associated particle displacement field”
in ref. [48], and as the “lift field” in ref. [44], and where q(z, t) is required to have
the following property:
hqi = 0.
(3.46)
This map is then used to define the concept of Lagrangian-mean average. In this
work, the Lagrangian-mean of a field φ(z, t) will be denoted by φL (z, t) and defined
as in refs. [44, 48], i.e.,
φL (z, t) := hφ(z + q(z, t), t)i.

(3.47)

Applying Eqs. (3.46) and (3.47)
zL = hz + q(z, t)i

⇒

zL = z,

(3.48)

so that the nominal position z is (by definition) the Lagrangian-mean of the true
position. Focusing now on our kinematics, we recall that it is the position y that
identifies points in the current configuration. Hence, using Eqs. (3.2) and (3.7),
we have
y = x + ξ(x, t) ⇒ hyi = x.
(3.49)
Therefore, the kinematic framework we have adopted is simply that of the standard
GLM theory, where x is the Lagrangian-mean position and ξ(x, t) is the lift field.
This is not surprising, in that we have adopted an ALE perspective and the ALE
mapping from the current domain to a convenient (e.g., computationally) domain
B(T ) is exactly the map in Eqs. (3.45) in the GLM theory. That is, at least when
it comes to the kinematics of position, the GLM theory is an ALE scheme. At
this point it is important to remark that there is no difficulty in reconciling that
the domain B(T ) is time dependent whereas Ω is not, even in the GLM theory.
As already remarked, Ω is time independent because it is a control volume. By
contrast B(T ) is a configuration and as such it is time dependent because material
particles have moved to go from B0 to B(T ). However, if the particles on the
boundary of B(T ) do not move, i.e., if u(0) (X, T ) = 0 for X ∈ ∂B0 , then B(T ) will
always occupy the same portion of E d as B0 , and it is this portion that coincides
with Ω. In other words, Ω and B(T ) coincide if they are both viewed as mere
(geometric) point sets. We contend that, in the study of acoustofluidic devices,
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this boundary condition is a reasonable and convenient one to assume, namely,
that the motion of the system, on average, does not displace the boundary of the
fluid compartment of the device. Hence, in the remainder of this work we formally
assume that
u(0) (X, T ) = 0,

X ∈ ∂B0

⇒

∂B0 ≡ ∂B(T ).

(3.50)

We now turn to comparing the velocity descriptors. We start by observing that
the velocity field v(y, t) does not find correspondence in the standard approaches
because its domain is B(t), which is a time-dependent deformable domain, as
opposed to the control volume Ω. However, as we have already remarked that
our kinematic framework is that of the GLM theory, we should be able to find
correspondences between said theory and our approach. To this end, let’s recall
that
vL (x, t) = hv(y, t)i ⇒ vL (x, t) = hvi(y, t)|y=x+ξ(x,t) .
(3.51)
Hence, from Eq. (3.16), and recalling that ∂t ξ is harmonic and β ∂T u(0) = ∂t u(0) ,
we have
vL (x, t) = hFξ ∂t u(0) i(x, t).
(3.52)
Referring to Eq. (3.42), we also see that
vL (x, t) = hv∗(2) i(x, t).

(3.53)

Both Eqs. (3.52) and (3.53) are results worth discussing. Looking ahead at the
numerical implementation of our scheme, we will select hv∗(2) i as one of the primary
unknowns of our time-averaged second-order problem. Hence, Eq. (3.53) implies
that the Lagrangian-mean velocity is O(2 ) and it is precisely one of the fields that
our solution scheme delivers directly.
Another issue concerning our kinematic choices concerns the field u(0) . In a
fluids problem in which there is no need to determine the displacement field, one
can simply not solve for it. However, being able to solve for the field u(0) , whether
as a field with domain B0 or as a field u(0)# defined over B(T ) (see definition
in Eq. (3.23)), is essential when interested in modeling the streaming flows of
complex fluids that have an elastic component to their constitutive response and/or
to problems in which there are deformable solid objects immersed in the fluid.
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Hence, we discuss here how one could pose the problem of determining such a field.
Clearly, any such discussion needs to start from considering carefully Eq. (3.52).
If the displacement field is described through the function u(0)# , then Eq. (3.52)
must be rewritten as
L





v (x, t) = Fξ I − ∇x u

(0)#

−1

∂t u

(0)#



(x, t).

(3.54)

Whether in using Eq. (3.52) or (3.54), the presence of a time averaging operator
makes the relationship between the primary unknown vL and the displacement a
nonlinear integro-differential equation. In those cases where considerations based
on the smallness parameter  allow it, it is possible to consider an approximation
that reduces to a partial differential equation. To illustrate this point, we will focus
 
on Eq. (3.52). From the discussion of Eq. (3.42), we know that ∂t u(0) = O β .
Since Fξ ∂t u(0) = ∂t u(0) + ∇x ξ∂t u(0) , in view of the third of Eqs. (3.37), we can then
write


vL = ∂t u(0) + O β+1 .
(3.55)
This result implies that if an approximation up to order β + 1 is acceptable, one
can reconstruct the displacement field directly from the above equation. We note
that, from a numerical viewpoint, FSI schemes called immersed methods [49–51]
are able to reconstruct the displacement field from an equation such as Eq. (3.55).
Higher order corrections that take into account the time averaging operations are
possible and, in principle, can also be handled via immersed methods.
Before going to the next section, we observe that Eq. (3.55), with Eq. (3.50),
implies that
vL = 0 on ∂B(T ).
(3.56)

3.6 Hierarchical boundary value problems
In this section we present the hierarchy of boundary value problems that are obtained when adopting the scale separation strategy described earlier. For each of
the boundary value problem presented, we will discuss, in as much as it is reasonable, the problem’s boundary conditions. Clearly, a specific problem will justify a
corresponding set of boundary conditions. Here we limit ourselves to include the
boundary conditions used later in the examples.
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3.6.1 Remarks on the balance of mass
The character of the boundary value problems induced by the selected orders of
magnitude is somewhat different, to the best of the our knowledge, from what is
currently found in the literature. To elucidate this point, we begin with considerations based on the balance of mass in Lagrangian form reported in Eq. (3.27).
Using Eqs. (3.14) and (3.43), we can rewrite the balance of mass as
h

i

(ρ∗(0) + ρ∗(1) + ρ∗(2) ) 1 + I1 (∇x ξ) + I2 (∇x ξ) + I3 (∇x ξ) det(F(0)# ) = ρ#0 . (3.57)
Expanding, using Eqs. (3.15), and matching orders we obtain the following relations:
ρ∗(0) det(F(0)# ) = ρ#0 ,

(3.58)

ρ∗(1) + ρ∗(0) ∇x ·ξ = 0,

(3.59)

ρ∗(2) + ρ∗(1) ∇x ·ξ + 21 ρ∗(0) (∇x ·ξ)2 − (∇x ξ)T : ∇x ξ = 0.

(3.60)

h

i

For the case with ρ0 a constant, as is typically the case for fluids, we can then take
the partial derivative of the above relations with respect to time while holding x
fixed to obtain
∂t ρ∗(0) = 0,

(3.61)

∂t ρ∗(1) + ρ∗(0) ∇x ·v∗(1) = 0,

(3.62)

∂t ρ∗(2) + ρ∗(1) ∇x ·v∗(1) − ρ∗(0) (∇x ξ)T : ∇x v∗(1) = 0,

(3.63)





where we have used the fact that ∂t det(F(0)# ) = O β . Of the above relatioships,
perhaps the most important are Eq. (3.60) and (3.63) because they indicate that
the proposed kinematic setting implies that second-order mass density distribution
is completely determined by the first-order solution to the problem. Furthermore,
recalling that the time average of harmonic functions over the excitation period
is time independent, from Eq. (3.60) we see that hρ∗(2) i is no longer a function of
time. In turn this implies that one can calculate the steady (slow-time) value of
hρ∗(2) i from the first-order solution. Later we will show that Eq. (3.63) allows us
to obtain a corresponding result for the second-order velocity solution such that it
is possible to solve directly for the steady value of hv∗(2) i.
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3.6.2 Zeroth-order subproblem
We now derive the zeroth-order problem by substituting the expansions of velocity
and mass density and retaining only zeroth-order terms. Recalling that we have
neglected the background flow, the zeroth-order subproblem is governed by the
following relations:
∂t ρ∗(0) = 0,

∇x ·P∗(0) + ρ∗(0) b∗ = 0,

P∗(0) = −c20 (ρ∗(0) − ρ0 )I.

(3.64)

Observing that the first of Eqs. (3.64) implies that ρ∗(0) is a constant, for constant
b∗ , we see that the solution to the zeroth-order problem is represented by the static
equilibrium state of the fluid. For convenience, we will proceed forward under the
assumption that the body forces are negligible. In this case, the solution of the
zeroth-order problem is
ρ∗(0) = ρ0

and P∗(0) = 0.

(3.65)

The first of Eq. (3.65) along with Eq. (3.58) imply that
det(F(0)# ) ≈ 1,

(3.66)

which, in turn, implies that the zeroth-order motion is expected to be volume
preserving under the current assumptions.

3.6.3 Acoustic subproblem
Next, we consider the acoustic subproblem (on the fast time scale) by substituting
the expressions for velocity and mass density in terms of their components in
the balance laws and retaining only the first-order terms. Using Eq. (3.24) and
Eq. (3.25) along with the expansions of velocity and mass density, we obtain the
following set of equations for the acoustic subproblem:
∂t ρ∗(1) + ρ∗(0) ∇x ·v∗(1) = 0 and ρ∗(0) ∂t v∗(1) − ∇x ·P∗(1) = 0,

(3.67)

where
∗(1)

P

=

−c20 ρ∗(1) I



+ µ ∇x v

∗(1)

+ ∇x v

33

∗(1)T







+ µb ∇x ·v∗(1) I.

(3.68)

We notice that the first of Eq. (3.67) is a consequence of Eq. (3.59), the latter
providing an expression of ρ∗(1) in terms of the displacement ξ. In fact, recalling
that ρ∗(0) = ρ0 , and along with Eqs. (3.17) and (3.41), the first-order problem takes
on the following form:
ρ0 ∂tt ξ − ∇x ·P∗(1) = 0

(3.69)

with
∗(1)

P

=



c20 ρ0





+ µb ∂t (∇x ·ξ)I + µ∂t ∇x ξ + ∇x ξ

T



(3.70)

For the above equation we only seek harmonic solutions. If we then let the solution
be of the form ξ(x, t) = eiωt ξ̂(x), with ξ̂ a complex-valued vector field, the firstorder problem reduces to a linear elasto-statics problem with complex moduli.
As far as the boundary conditions are concerned, there are several sets of interest in applications. In fact, the boundary problem of interest is a coupled problem
in which the acoustics is induced by an electrical actuator for which the electric
field is prescribed and for which the electric actuation produces a corresponding mechanical actuation that depends on the geometry and material make-up
of the device. In this dissertation we do not consider the fully coupled electromechanical-fluidic problem. Instead we simply assume that the displacement field
ξ is prescribed everywhere on the boundary:
ξ(x, t) = ξ g (x, t),

x ∈ ∂B(T ),

(3.71)

where the subscript g stands for given.

3.6.4 Mean dynamics subproblem
Proceeding in a similar manner as done above, we derive the second-order problem.
Using Eq. (3.24) and Eq. (3.25) along with the expansions of velocity and mass
density, for the balance of mass and momentum we obtain, respectively:
∂t ρ∗(2) + ρ∗(0) ∇x ·v∗(2) + ρ∗(1) ∇x ·v∗(1) − ρ∗(0) (∇x ξ)T : ∇x v∗(1) = 0

(3.72)

and
ρ∗(0) ∂t v∗(2) + ρ∗(1) ∂t v∗(1) + ρ∗(0) (∇x ·ξ)∂t v∗(1) − ∇x ·P∗(2) = 0,
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(3.73)

where
∗(2)

P

=

−c20 ρ∗(2) I


+ µ ∇x v

− µ ∇x v


+



∗(1)

−c20 ρ∗(1) I

∗(2)

+ ∇x v

∗(2)T

T

∇x ξ + ∇x ξ ∇x v


+ µ ∇x v

∗(1)

∂t v

∗(2)

= ∇ x v ξ ∂t u

(0)

∗(1)T

+ ∇x v

We now observe that the term ∂t v∗(2)
fact, using Eq. (3.42), we have


+ Fξ ∂tt u

(0)







+ µb ∇x ·v∗(2) I







− µb ∇x ξ T : ∇x v∗(1) I

∗(1)T





+ µb ∇x ·v

∗(1)

 h

i

I (∇x ·ξ)I − ∇x ξ T .

(3.74)
in Eq. (3.73) is of order higher than two. In



− ∇ X ∂t u

(0)



I + ∇X u

(0)

−1

∂t u

(0)



(3.75)

.

As ∇x vξ = O(), ∂t u(0) = O(2 ), and ∂tt u(0) = O(4 ), the above result implies that
∂t v∗(2) = O(3 ). The latter result, combined with Eq. (3.63), allows us to rewrite
Eqs. (3.72)–(3.74) as follows:
∇x ·v∗(2) = 0 and ∇x ·P∗(2) = 0.

(3.76)

The first of Eqs. (3.76) implies that v∗(2) must be divergence-free. In turn, this
means that P∗(2) is determined by Eq. (3.74) only up to a hydrostatic contribution
needed to accommodate the kinematic constraint in the first of Eqs. (3.76) [33].
Therefore, recalling that ρ∗(0) = ρ0 and Eq. (3.59), the expression for P∗(2) that we
will use in the formulation of the second-order problem will be as follows:
∗(2)

P

= −qI −

1 2
cρ
2 0 0



2



T

(∇x ·ξ) + ∇x ξ : ∇x ξ I + µ ∇x v



T

− µ ∇x v∗(1) ∇x ξ + ∇x ξ T ∇x v∗(1)


+



c20 ρ0 (∇x ·ξ)I



+ µ ∇x v

∗(1)



+ ∇x v


∗(2)



+ ∇x v

∗(2)T





− µb ∇x ξ T : ∇x v∗(1) I
∗(1)T

+ µb ∇x ·v



∗(1)

 h

i

I (∇x ·ξ)I − ∇x ξ T , (3.77)

where q(x, t) is a scalar Lagrange multiplier that is determined by enforcing the
constraint in the first of Eqs. (3.76). We should remark that, from a strictly
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analytical viewpoint, the above relationship is equivalent to


P∗(2) = −q̂I + µ ∇x v∗(2) + ∇x v∗(2)

T





− µ ∇x v∗(1) ∇x ξ + ∇x ξ T ∇x v∗(1)




T





+ µ(∇x ·ξ) ∇x v∗(1) + ∇x v∗(1)

− c20 ρ0 (∇x ·ξ)I + µ ∇x v∗(1) + ∇x v∗(1)

T





T





+ µb ∇x ·v∗(1) I ∇x ξ T .

(3.78)
where q̂ is the sum total of q and all other hydrostatic contributions. However,
depending on the numerical method used to solve the problem, and on the corresponding discretization strategy, the two expressions are not equivalent from a
numerical viewpoint. As discussed later, our numerical scheme is a mixed finite
element method (FEM) formulation implemented via traditional Lagrange polynomials for the velocity field and the Lagrange multiplier q. For said numerical
approach, we have found that Eq. (3.77) leads to results without spurious numerical
oscillations.
We now proceed to time average the equations developed so far. The absence
of time derivative in the governing equations of the second-order problem makes
the time averaging operation straighforward and transparent. In particular, we
recall that the time average operation commutes with the spatial differentiation
operators. Furthermore, invoking Eq. (3.53), we recall that the time averaging
of v∗(2) yields the Lagrangian mean velocity. Finally, as argued in Section 3.4 on
p. 24, we recall that the time averaging operation is equivalent to a change of
temporal scale from the fast to the slow time scale. Hence, upon time averaging,
the time-averaged second-order problem is governed by the following equations:
∇x ·vL = 0 and ∇x ·hP∗(2) i = 0,
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(3.79)

with
∗(2)

hP



L



i = −hqiI + µ ∇x v + ∇x v
+

1 2
cρ
2 0 0



2

+ µb ∇x ·ξ∇x ·v


+ µ ∇x ·ξ ∇x v
−



T 


T

(∇x ·ξ) − ∇x ξ : ∇x ξ I





L

∗(1)

∗(1)

c20 ρ0 (∇x ·ξ)I

T

− ∇ x ξ : ∇x v
+ ∇x v


∗(1)T

+ µ ∇x v

∗(1)



∗(1)



I

− ∇x v

+ ∇x v

∗(1)

∗(1)T

T

∇x ξ − ∇ x ξ ∇x v





+ µb ∇x ·v

∗(1)

∗(1)T





I ∇x ξ

T



,

(3.80)
where v∗(1) = ∂t ξ and therefore the last three lines of the above expressions are
reduced to a single second-order tensor known from the first-order solution. As
far as the boundary conditions are concerned, these have already been stated
in Eq. (3.56). The main observation concerning the present formulation is that,
granted the kinematic framework we have laid out, the boundary conditions for
the second-order problem are exact as opposed to approximate as they appear in
the purely Eulerian formulations of the second-order problem [45].
The formulation of the second-order problem in the proposed generalized Lagrangian framework has yielded a (slow) time-independent problem at the secondorder. If there are no bodies immersed in the fluid and convected by it, then the
second-order problem is intrinsically steady. This is in contrast to the Eulerian
formulations found in the literature [22, 45], which first derive a time-dependent
second-order problem even upon time averaging and then consider an associated
steady problem by setting the time derivatives of the primary unknowns to zero. It
should also be remarked that our result is consistent with the analysis by Xie and
Vanneste [43], who, in a regime like the one considered here, also derive an intrinsically time-independent second-order problem. This is an important observation in
light of the recent studies which consider a time-dependent second-order case using
Eulerian formulation [52]. We believe the presence of the time-dependent terms at
the second-order in Eulerian formulation to be suspicious in that it is derived by
a time averaging operation that is somewhat ambiguous as to how it transitions
from a time scale to another. When the time-scale separation is explicitly defined,
as was done here and in ref. [43], the analysis of the motion leads to the conclusion
that the second-order problem is not time-dependent at the slow time scale. This
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is also consistent with the fact that, whether in our formulation or in purely Eulerian ones, the forcing terms appearing in the equations, along with the boundary
conditions, are time independent.
If an object is immersed in the fluid, the corresponding streaming flow, in
general, would not be steady. Provided that a more careful analysis of this case
is needed, the present formulation suggests that one can proceed to update the
position of the immersed object on the slow time by integrating the Lagrangian
mean velocity over time intervals smaller than Π/2 . An example of the tracking
of the displacement of a portion of the fluid using the immersed method discussed
in ref. [49] will be discussed in Chapter 6.
As a final comment on the the governing equations of the second-order problem, we note that the first of Eq. (3.79) is consistent with Eq. (3.66), the latter
pertaining to the zeroth-order problem. That is, if we view the Lagrangian mean
velocity as the effective velocity field of the motion at the slow time scale, requiring
that the velocity field in question is divergence free is an expression of the fact that
the slow motion is volume preserving as was argued after Eq. (3.66).

3.7 Numerical scheme implementation
Within the given framework, the solution of the zeroth-order problem is trivial and
it has already been obtained.
As far as the first-order problem is concerned, this is intended to identify the
system’s response to a harmonic excitation. Hence, as is typical in these cases, we
seek a time-harmonic solution of the form
ξ(x, t) = ξ̂(x)eiωt ,

(3.81)

where ξ̂(x) is a time independent complex-valued vector field of space only. Substituting this expression into the problem’s governing equations, and as already
discussed in Section 3.6.3 on p. 33, we obtain a problem that is formally similar
to a traditional isotropic static linear elasticity problem with complex coefficients.
As such, it can be solved with a vast array of methods. We have solved the firstorder problem using a traditional FEM, as demonstrated in [53]. Granted that the
solvability of the problem is dictated by the value of ω in relation to the physical
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parameters ρ0 , µ, and µb , for those values of ω for which a solution does exists, this
solution can be very effectively approximated within traditional continuous piecewise Lagrange polynomial finite element spaces [53]. From a numerical viewpoint,
the problem we obtain in our formulation is very different, and somewhat simpler,
than what is typically obtained in Eulerian formulations such as that in ref. [45].
In the referenced work, the problem has the mathematical structure of a Stokes
problem, and therefore with two unknown fields (namely pressure and velocity).
The numerical solution of such a problem is typically tackled via a mixed FEM
scheme employing structured elements such as the Taylor-Hood element [45]. In
our case, the problem is stated in terms of a single field, namely ξ, with consequent
simpler economy in terms of total number of degrees of freedom to achieve a given
accuracy, and with the possibility of choosing simpler and more easily found finite
elements.
As for the second-order problem, because this is time-independent, the problem
reduces to a traditional steady Stokes flow problem [53]. The solvability of this
problem is well established [45, 53, 54] and we defer to the cited sources for formal
existence and stability results. We have adopted a standard approach of using
a composite element with proven stability properties, such as, for 2D problems,
P1-P2 or P2-P3, these being triangular elements with Lagrange polynomials for
the pressure and the velocity fields of order 1 and 2, respectively, or order 2 and 3
respectively.
We do present the solution of a case in which the displacement of a sub-body
of fluid is determined after the second-order problem is solved. This consists of
integrating Eq. (3.55) (neglecting terms of order higher than 2). We note that the
solution of this problem is predicated on a time integration at the slow time-scale in
which, at each time step, one must sequentially solve both first- and second-order
problems. To achieve this, we have implemented the immersed FEM discussed in
ref. [49], to which we defer for formal details. We remark that, to the best of the
our knowledge, this is a completely new result in microacoustofluidics, one that
opens the door to the fluid-structure interaction study of solid deformable objects
immersed in a streaming flow.
All the numerical solutions presented in this dissertation were obtained for
two-dimensional problems via the commercial finite element software COMSOL
Multiphysics® [55]. We note that no commercial modules exist in COMSOL
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Multiphysics® for the solution of the problems formulated in this dissertation. We
have used COMSOL Multiphysics® as a high-level programming environment to
create our own implementation of the problems in question. Specifically, we have
repeatedly used the Weak PDE interface available in COMSOL Multiphysics® to
implement custom FEMs. As for the time integration for the reconstruction of the
zeroth-order displacement field (the problem solved via the immersed FEM), we
have used the default framework available in COMSOL Multiphysics® consisting
of the method of lines [56] with the nonlinear solver in IDAS [57]. This solver
offers variable-order, variable-step-size backward differentiation formulas (BDF)
for the solution of differential-algebraic equations (DAE) systems of the type
F (t, y, y 0 , p) = 0. The BDF method was configured so as to allow orders 1–5.

3.8 Verification by the method of manufactured solution
Verification and validation are two aspects of the process of assessing the reliability and accuracy of the numerical results obtained via a computer model of a
physical phenomenon. Verification refers to the process of evaluating the accuracy
of the computer implementation of a mathematical model. Validation refers to
the process of determining how well a mathematical model, through its numerical
implementation, approximates the physical process under consideration. In this
chapter, we address the verification of our mathematical model using the method
of manufactured solutions.
The method of manufactured solutions, formalized and analyzed in ref. [58], is
a technique to verify numerical codes. To explain the basics of this technique, it is
important to keep in mind that a computer code provides the numerical solution to
some equations after the required data are fed into the code. For general physical
problems like the one considered in this dissertation, the data consist of initial and
boundary conditions as well as source terms in the governing equations. To verify
that a code is working correctly, one must show that the code’s output generated
by a set of data is the expected output for said data. Going back to the method
of manufactured solutions, this approach has the following three steps:
Step 1. The first step is to use imagination to conjure the analytic expression of as
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many functions as there are unknowns in the original problem. The only
constraint to satisfy is to ensure that the functions in question have the
same domain and minimal smoothness properties as the problem’s solution. These functions are then collectively referred to as the manufactured
solution.
Step 2. The second step is to determine the data to be provided to the original
problem at hand for the functions in Step 1 to be a solution of the problem.
If the functions in Step 1 form a solution, then
(i) the problem’s initial conditions are found by evaluating said functions
at the initial time;
(ii) the problem’s boundary conditions are found by evaluating said functions (or appropriate combinations of said functions) on the boundary;
(iii) the source terms in the problem’s governing equations are found by
solving the governing equations for these source terms after substituting the functions conjured in Step 1 in place of the unknowns of
the problem.
Step 3. The third step in the only one involving computations and it consists in
feeding to the code the data determined in Step 3. By running the code one
obtains a numerical solution that, hopefully, recovers the manufactured solution. By comparing the manufactured and the numerical solution one
can then empirically determine the accuracy of the coded numerical approach even in the absence of a formal error analysis. In the case of a
FEM, one can conduct detailed convergence studies to empirically determine the convergence rate of the method as a function of the mesh size,
the latter being the largest element diameter in the mesh [53].
As described earlier, two sets of linear equations have been derived, one for the
first- and the other for the second-order problem. Furthermore, it is important to
note that the data to be supplied to the second-order problem include terms from
the solution of the first order problem. In turn, this implies that the accuracy of
the second order solution is affected by the accuracy of the first-order solution. For
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verification purposes, in both problems we limit the discussion to the case where
Dirichlet boundary conditions are specified on the entire boundary.
Referring to Eqs. (3.69), (3.70), (3.71), and (3.81), we note that the physically
motivated first-order problem does not have prescribed source terms. Hence, to
apply the method of manufactured solution, we need to rewrite the problem by
adding the needed source terms. Specifically, the first-order subproblem is written
in the following form:
Problem 1 (First-order verification problem). Given a complex-valued vector field
f (1)
v (x), as well as complex-valued boundary data ξ̂ g (x), find ξ̂(x) (also complexvalued) such that,
−ρ0 ω 2 ξ̂ − ∇x · P̂∗(1) = f (1)
v , in B(T ),
ξ̂ = ξ̂ g ,

(3.82)

on ∂B(T ),

with
∗(1)

P̂

=

(c20 ρ0



+ iωµb )∇x · ξ̂ I + iωµ ∇x ξ̂ + ∇x ξ̂

T



.

(3.83)

We proceed in a similar way for the second-order problem, which was first
expressed in Eqs. (3.79) and (3.80). Again, for the application of the method of
manufactured solutions, we must add to the said equations the required source
terms. Thus we obtain a problem of the form:
Problem 2 (Second-order verification problem). Given a real-valued scalar field
L
fq(2) , a real-valued vector field f (2)
v , real-valued boundary data vg , and given the
solution to the first-order problem ξ = eiωt ξ̂(x), find hqi and vL such that
∇x ·vL = fq(2) , in B(T ),
∇x ·hP∗(2) i = f (2)
v ,
vL = vLg ,
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in B(T ),
on ∂B(T ),

(3.84)

where, recalling that v∗(1) = iωξ,


hP∗(2) i = −hqiI + µ ∇x vL + ∇x vL


T 





+ 21 c20 ρ0 (∇x ·ξ)2 − ∇x ξ T : ∇x ξ I




+ µb ∇x ·ξ∇x ·v∗(1) − ∇x ξ T : ∇x v∗(1) I




T

+ µ ∇x ·ξ ∇x v∗(1) + ∇x v∗(1)
−







T

− ∇x v∗(1) ∇x ξ − ∇x ξ T ∇x v∗(1)

c20 ρ0 (∇x ·ξ)I + µ ∇x v∗(1) + ∇x v∗(1)

T










+ µb ∇x ·v∗(1) I ∇x ξ T .
(3.85)

For verification using the method of manufactured solutions, we begin by assuming a closed form analytic solution for ξ, hqi and vL . Using the first two with
Eqs. (3.17), (3.41), (3.82) and (3.83), the right-hand side f (1)
v and boundary values
ξ g can be calculated analytically. Furthermore, these assumed solutions can be
L
employed to calculate the right-hand sides fq(2) , f (2)
v and boundary values vg analytically using Eqs. (3.84) and (3.85). The calculated forcing terms and boundary
conditions are then employed to compute the first- and second-order solutions for
comparison with the assumed solutions.
In principle, with increasing mesh refinement, the calculated solution should
approach the assumed solution with proper convergence rates depending on the
type of finite elements used for the calculation. We performed this analysis for a
range of assumed solutions. However, here we show the results for representative
cases for both two- and three-dimensional case.

3.8.1 2D verification
Here, we choose B(T ) = [0, L]×[0, L], that is B(T ) is set to be a square domain with
side of length L. Position in this domain will be described in terms of coordinates
x ∈ [0, L] and y ∈ [0, L], with corresponding orthonormal base vectors ux and uy .
Setting ξ = ξx ux + ξy uy and vL = vxL ux + vyL uy , the full solution for both the
first- and second-order problems is chosen as follows:
ξx (x, y) = ξ0 (1 + 2i) sin(πx/L) cos(πy/L) eiωt ,
|

{z

ξ̂x (x,y)
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}

(3.86)

ξy (x, y) = ξ0 (1 + 2i) sin(πx/L) sin(πy/L) eiωt ,
|

{z

ξ̂y (x,y)

(3.87)

}

vxL (x, y) = v0 cos(2πx/L) sin(2πy/L),

(3.88)

vyL (x, y) = v0 sin(πx/L) sin(πy/L),

(3.89)

hq(x, y)i = p0 sin(2πx/L) sin(2πy/L),

(3.90)

where ξ0 , v0 , and p0 are real-valued constants with dimensions of length, speed,
and pressure.
Using this assumed solution with the governing equations, Eqs. (3.82)–(3.85),
(2)
(2)
we calculate the corresponding forcing functions f (1)
v , fq , f v , and the boundary
values ξ̂ g , vgL .∗ These forcing and boundary data were then used as input into our
finite element implementation of our formulation. As the proposed problems have
formal properties strongly resembling linear elasticity for the first-order problem,
and incompressible Stokes flow, for the second order problem, we expect convergence properties typical of these two classical problems as found, say, in ref. [53].
The convergence rates in question are assessed in terms of the L2 error norm for
all fields, and also in terms of the H 1 seminorm for ξ and vL . In our finite element (FE) calculations we used Q2 and Q3 elements (second- and third-order
Lagrange quadrilateral elements, respectively) for ξ̂ and LL . As is well known
(cf., e.g., [53]), a problem like the Stokes flow problem admits a unique and numerically stable solution only for elements that satisfy a condition known as the
Brezzi-Babuška (or inf sup) condition (cf. [53, 54, 59]). To satisfy this condition,
we adopted a standard choice of elements for hqi matching the Q2 and Q3 element
choice for vL in the second-order problem. Specifically, we chose Q1 and Q2 for
hqi when using Q2 and Q3 elements for vL , respectively .
The computationally measured convergence rates are shown in Fig. 3.2. From
Fig. 3.2(a) it can be observed that as expected for Q2 elements, the L2 norm of
ξ converges with a slope approximately equal to 3, while the H 1 semi-norm of ξ
converges with a slope of around 2. Similarly, the corresponding results for Q3
elements are shown in Fig. 3.2(b) which indicate a faster convergence with a slope
of approximately 4 for the L2 norm of ξ and a slope of 3 for the H 1 semi-norm.
Next, Fig. 3.3 shows the error vs. mesh size plot for the convergence data for
∗

To minimize algebraic errors, this calculation was carried out using the scientific computing
software Mathematica.
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Figure 3.2. 2D Verification: Plot of error vs. mesh size for the first-order verification
analysis for (a) Q2 elements and (b) Q3 elements for the displacement, ξ.

Figure 3.3. 2D Verification: Plot of error vs. mesh size for the second-order verification
analysis for (a) Q2 − Q1 elements and (b) Q3 − Q2 elements for second-order Lagrangian
velocity, vL and pressure, hq(x, y)i.

two calculations with Q2-Q1, and with Q3-Q2 elements for the pair vL -hq(x, y)i,
respectively. Again, as seen in Fig. 3.3(a), the convergence results for Q2-Q1
elements show a slope of 3 for the L2 norm of vL and a slope of 2 for both the
H 1 semi-norm of vL as well as L2 norm of hq(x, y)i. A higher convergence rate
is observed for Q3-Q2 elements shown in Fig. 3.3(b) with a slope of 4 for the L2
norm of vL and a slope of 3 for both the H 1 semi-norm of vL as well as the L2
norm of hq(x, y)i.
The most important finding of these calculations is that even though the data
fed to the second-order problem come from the solution of the first-order problem
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and, as such, are affected by the numerical errors, it turns out that the solution
of the accuracy of the second-order problem is not affected by these errors in any
significant way. That is, the convergence rates for both problems are optimal,
based on well-known error estimates available from the literature (cf. [53, 54, 59]).

3.8.2 3D verification
We also present a verification analysis for a test case in three dimensions. Here we
choose B(T ) = [0, L] × [0, L] × [0, L], that is B(T ) is set to be a cube domain with
side of length L. Position in this domain will be described in terms of coordinates
x ∈ [0, L], y ∈ [0, L], and z ∈ [0, L], with corresponding orthonormal base vectors
ux , uy , and uz . Setting ξ = ξx ux + ξy uy + ξz uz and vL = vxL ux + vyL uy + vzL uz ,
the full solution for both the first- and second-order problems is chosen as follows:
ξx (x, y, z) = ξ0 (1 + 2i) sin(πx/L) cos(πy/L) eiωt ,
{z

|

(3.91)

}

ξ̂x

ξy (x, y, z) = ξ0 (1 + 2i) sin(πy/L) sin(πz/L) eiωt ,
|

{z

(3.92)

}

ξ̂y

ξz (x, y, z) = ξ0 (1 + 2i) sin(πz/L) sin(πx/L) eiωt ,
|

{z

(3.93)

}

ξ̂z

vxL (x, y, z)

= v0 cos(2πx/L) sin(2πy/L),

(3.94)

vyL (x, y, z) = v0 sin(πy/L) sin(πz/L),

(3.95)

vzL (x, y, z) = v0 sin(πx/L) sin(πz/L),

(3.96)

hq(x, y)i = p0 sin(2πx/L) sin(2πy/L) sin(2πz/L),

(3.97)

with ξ0 , v0 , and p0 real-valued constants with dimensions of length, speed, and
pressure, respectively. Then, repeating the same procedure as described for 2D
(2)
(2)
verification, we calculate the corresponding forcing functions, f (1)
v , fq , f v , and
corresponding boundary values.
Subsequently, we input the data derived from the manufactured solution into
our code to solve produce a corresponding numerical solution. As was discussed
for the 2D verification problem, we then proceed to the calculation of the L2
and H 1 error norms, as appropriate. The corresponding convergence rates are
demonstrated in Fig. 3.4 for the first-order problem. From Fig. 3.4(a), it can be
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Figure 3.4. 3D Verification: Plot of error vs mesh size for the first-order verification
analysis for (a) Q2 elements and (b) Q3 elements for the displacement, ξ.

observed that as expected for Q2 elements, the L2 norm of ξ converges with a slope
approximately equal to 3, while the H 1 semi-norm of ξ converges with a slope of
around 2. Similarly, when using Q3, Fig. 3.4(b) indicates a faster convergence
with a slope of approximately 4 for the L2 norm of ξ and a slope of 3 for the H 1
semi-norm of ξ. Next, Fig. 3.5 shows the convergence rates for the calculations

Figure 3.5. 3D Verification: Plot of error vs mesh size for the second-order verification
analysis for (a) Q2 − Q1 elements and (b) Q3 − Q2 elements for second-order Lagrangian
velocity, vL and pressure, hq(x, y)i.

with Q2-Q1 elements (left), and with Q3-Q2 elements (right) for second-order
problem’s solution. Again, as seen in Fig. 3.5(a), the convergence results for Q2Q1 elements show a slope of 3 for the L2 norm of vL and a slope of 2 for both the
H 1 semi-norm of vL as well as the L2 norm of hq(x, y)i. A higher convergence rate
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is observed for Q3-Q2 elements shown in Fig. 3.5(b) with a slope of 4 for the L2
norm of vL and a slope of 3 for both the H 1 semi-norm of vL as well as L2 norm
of hq(x, y)i. Overall, these convergence rates confirm that our numerical scheme
achieves optimal convergence expectations.

3.9 Concluding Remarks
This chapter presented the generalized Lagrangian formulation that has been developed in this dissertation. We discussed the explicit time scale separation approach
and the kinematics of the problem to reformulate the governing equations over the
mean configuration. Furthermore, we discussed the time averaging and time scale
separation approach to compare the notion of mean fields between the generalized
Lagrangian formulation and GLM theory. Following a perturbation expansion
approach over the mean configuration, we divided our problem into the zeroth-,
first-, and second-order subproblems and discussed the numerical implementation
of these subproblems. Lastly, we provided a verification analysis of our approach
for both two dimensional as well as three dimensional test cases.
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Chapter 4 |
Application to sharp-edge microacoustofluidic systems
In this chapter we compare our modeling approach to microacoustofluidics with
the Eulerian approaches in the context of a specific microacoustofluidic device: a
sharp-edge-based micromixer. For all of the results presented in this chapter, we
work under the purview of the perturbation approach as described in the previous
chapter without explicitly considering any FSI calculations. We begin by introducing the sharp-edge-based acoustofluidic technology and motivate the need for
numerical investigations of these devices.

4.1 Introduction
As discussed earlier, microfluidic devices can be effective in many applications including biomedical diagnostics, drug delivery, chemical synthesis, and enzyme reactions [60]. An important requirement for these systems is the ability to rapidly
and efficiently mix small amounts of samples at microscales [61, 62]. Various techniques have been utilized to enable rapid mixing in microfluidic devices including
chaotic advection [63–68], hydrodynamic focusing [69,70], electrokinetically driven
mixing [71–75], 3D combinatorial bubble-based mixing [76,77], and thermally- [78]
as well as optically-induced [79] mixing. Recently, acoustic-based mixers [80–85]
have generated significant interest because of their non-invasive nature. These mixers utilize acoustic waves to perturb the laminar flow pattern in microchannels to
achieve rapid and homogeneous mixing [86–91]. In particular, acoustically driven,
oscillating bubbles have been used to achieve fast and homogeneous mixing by gen49

erating acoustically-induced microvortices [92–94]. Bubble-based acoustic mixers
have been utilized for enzyme reaction characterization [95], mass transfer enhancement [96], Deoxyribonucleic acid (DNA) hybridization enhancement [94, 97],
chemical gradient generation [98], and optofluidic modulators [99, 100]. However,
bubble-based acoustic mixers have also proven to be somewhat challenging due
to bubble instability, heat generation, and hard-to-control bubble-trapping processes [100]. To overcome these difficulties, sharp-edge-based systems [100, 101]
have been proposed recently where the flow field is perturbed using microvortices
generated by an acoustically oscillating sharp edge. The performance of the sharpedge-based micromixer has been shown to be very close to that of the bubble-based
micromixer, while having the added advantage of convenient and stable operation.
Apart from micromixing, sharp-edge-based acoustofluidic systems have also been
utilized for a number of fluid and particle manipulation applications [102–106].
However, to realize the full potential of these devices and explore further applications, a deeper understanding of the flow around oscillating sharp edges is essential.
In this chapter, we numerically investigate the acoustic streaming generated in
a fluid by oscillating sharp edges inside a microchannel and aim at comparing the
numerical results obtained from various formulations to highlight the advantages of
the generalized Lagrangian mean formulation. With reference to Fig. 4.1, a sharpedge-based micromixer consists of re-entrant corners that result in sharp gradients
of the velocity field around the sharp-edge tips. Therefore, we chose this specific
microacoustofluidic device to highlight the higher numerical accuracy obtained in
the experimentally relevant Lagrangian field from our formulation compared to the
Eulerian approaches.

4.2 Microacoustofluidic channel with sharp edges
Fig. 4.1(a) provides a schematic of the oscillating sharp-edge-based acoustofluidic
micromixer consisting of a single-layer PDMS channel with eight sharp edges on
its sidewall (four on each side) and bonded onto a glass slide. A piezoelectric
transducer is attached adjacent to the PDMS channel. Upon the actuation of the
piezoelectric transducer, the sharp edges are acoustically oscillated. These oscillations generate a pair of counter-rotating vortices (double-ring recirculating flows)
in the fluid around the tip of each sharp edge, as shown in Fig. 4.1(b). Typical
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Figure 4.1. (a) Schematic of the device showing a microfluidic channel with sharp
edge structures on its side walls. The channel walls are subjected to a time-harmonic
excitation produced by a piezoelectric transducer placed on one side of the channel.
(b) Typical micro streaming patterns produced in the fluid occupying the channel as a
response to piezoelectric excitation. (c) Typical geometric dimensions of the corrugated
channel. Adapted from ref. [2]

channel dimensions are indicated in Fig. 4.1(c). To visualize and characterize the
streaming flow inside the channel, a solution containing dragon green fluorescent
tracer particles is typically introduced into the channel.
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4.3 Numerical formulation
4.3.1 Model system and boundary conditions
The action of the transducer is transferred onto the fluid in the microchannel via
the device’s substrate and the channel’s PDMS walls, PDMS having an acoustic
impedance similar to that of water. A precise modeling of the loading acting on
the fluid would require the solution of a 3D piezo-electro-elastic problem. However,
a basic understanding of the flow field can be obtained by considering a simplified
model without a detailed modeling of wave propagation through the substrate and
its passage through the channel walls by subjecting the walls of the channel to
appropriate boundary conditions. This would also allow us to solve a 2D instead
of a 3D problem. Since the primary aim here is to compare the numerical results
obtained from various formulations, in this work, we formulate simple boundary
conditions based on physical considerations. The governing equations for this
problem remain same as those discussed in Chapter 3. Referring to Figs. 4.1(a)
and 4.2, we observe that the device consists of an assemblage of identical cells.
While the number of cells in a device is finite, we assumed that the flow in each

Figure 4.2. (a) A portion of the microfluidics device. (b) Definition of a periodic cell
forming the device. Adapted from ref. [2]

cell is identical to the flow in any other cell, and therefore we used the cell in
Fig. 4.2(b) as our computational domain with the stipulation that the flow must
52

satisfy periodic boundary conditions. Hence, the periodic boundaries conditions
are employed for the boundaries Γl and Γr for both the first- and second-order
problems. Specifically, for all pairs of homologous points xl and xr on Γl and Γr ,
respectively, we demand that
v∗(1) (xl , t) = v∗(1) (xr , t) and v∗(2) (xl , t) = v∗(2) (xr , t).

(4.1)

To formulate the actuation boundary conditions for the moving boundaries, Γt
and Γb (the solid lines in Fig. 4.2(b)), we observe that the wave length of the
forced oscillations in the substrate is much larger than the channel’s width at the
typically employed actuation frequency, f ≈ 5 kHz. Hence, we subject Γt and Γb
to identical (uniform) boundary conditions as though the channel was rigidly and
harmonically displaced:
w(xb , t) = w(xt , t).
(4.2)
where xt and xb are homologous points on the top and bottom of the channel,
respectively, and where the displacement field w(x, t) is of the form given by
w(xt , t) = wtc cos(2πf t) + wts sin(2πf t),
w(xb , t) = wbc cos(2πf t) + wbs sin(2πf t),

(4.3)

where wtc , wbc , wts , and wbs are vector-valued constants, and where f is the transducer oscillation frequency in Hz. Consistently with the perturbation expansion [37, 46], the boundary conditions on Γt and Γb for the first-order problem
are v∗(1) (xt,b , t) = ∂w(xt,b , t)/∂t, which gives
t,b
v∗(1) (xt,b , t) = −2πf [wt,b
c sin(2πf t) − ws cos(2πf t)],

(4.4)

where the subscripts and superscripts t and b stand for ‘on Γt ’ and ‘on Γb ’, respectively. For the second-order problem, we again impose a zero Lagrangian velocity at
the oscillating walls. While this is straightforward for the generalized Lagrangian
formulation, posing this condition for a sharp-edge-based device is somewhat problematic in Eulerian approaches. Our domain has re-entrant corners at the sharp
edges so that the solution of the first-order problem, while bounded, has singular
velocity gradients at the sharp edges. Therefore, employing the notion of Stokes
drift in Eulerian approaches gives a singular second-order Eulerian velocity field at
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the sharp edges. In order to remove the singularity in the second-order velocity, one
would have to set the displacement at the sharp edge to zero and, possibly, control
its growth away from the edge. However, this constraint is difficult to justify on
practical and physical grounds due to the very design of the microfluidic channel
of interest. While a solution outside Stokes boundary layer can be sought without
a rigorous analysis of the singularity at the tip [2], here, we simply round-off the
sharp edges with a small curvature at the tips to mitigate this singularity.

4.3.2 Mean trajectories
The typical flow field measurement technique in microfluidics is to use the trajectories of small tracer particles (here, polystyrene particles) to visualize the flow
in microfluidic devices. The motion of the polystyrene particles is governed by
the combination of acoustic streaming induced hydrodynamic drag as well as the
acoustic radiation force. Therefore, we implement a tracking strategy based on
the determination of both the hydrodynamic drag as well as the radiation force
acting on a particle of radius a, mass density ρp , and compressibility κp under
the influence of an acoustic wave in the flow. The particle is modeled as a wave
scatterer, and the radiation force is then found to be [107]
rad

F

#

"

2κ0
Re[f1 p∗(1) ∇p∗(1) ] − ρ0 Re[f2 v∗(1) · ∇v∗(1) ] ,
= −πa
3
3

(4.5)

where κ0 = 1/(ρ0 c20 ) is the compressibility of the fluid, Re[A] denotes the real part
of quantity A, the overbar denotes the complex conjugate of the quantity, and the
coefficients f1 and f2 are given by
f1 = 1 −

κp
κ0

and f2 =

with
ς=

− 23 [1

+ i(1 + δ̃)]δ̃,

2(1 − ς)(ρp − ρ0 )
,
2ρp + ρ0 (1 − 3ς)

δ
δ̃ = ,
a

s

δ=

µ
.
πf ρ0

(4.6)

(4.7)

In addition to the radiation force, a particle is assumed to be subject to a drag
force proportional to vp − vL , which is the velocity of the particle relative to the
streaming velocity. When wall effects are negligible, the drag force is estimated


via the simple formula Fdrag = 6πµa vL − vp . Therefore, neglecting the effect of
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gravity, the motion of the particle is then predicted via the application of Newton’s
second law:
mp ap = Frad + Fdrag ,
(4.8)
where mp and ap are the mass and acceleration of the particle respectively. In
many acoustofluidics problems the inertia of the particle can be neglected [108].
Doing so, Eq. (4.8) can be solved for vp :
vp = vL +

Frad
.
6πµa

(4.9)

For steady flows, we can identify the particle trajectories with the streamlines of
the velocity field vp in Eq. (4.9).
For an “ideal tracer,” a particle with the same density and compressibility
as the surrounding fluid, Frad = 0 and the particle’s velocity coincides with the
streaming velocity. However, while employing Eulerian approaches, care must be
taken to differentiate between the Eulerian and Lagrangian velocity. Typically, in
Eulerian approaches, it is understood that the trajectories of the Eulerian velocity
field (or its streamlines in steady problems) are not fully representative of the
mean trajectories of the fluid’s particles as the latter are subject to a drift effect
known as Stokes drift [109]. Using the theory of Lagrangian mean flow described
by Bühler [44], and employed by Vanneste and Bühler [38], the mean particle
paths are the trajectories of the Lagrangian velocity, denoted by vL , related to the
time-averaged Eulerian velocity field, hv(2) i as
vL = hv(2) i + h(q · ∇)v(1) i,

(4.10)

where the field q(x, t) is obtained using
∂q
= v(1) .
∂t

(4.11)

Equation (4.11) implies that, once the time harmonic first-order problem velocity
solution is computed, q can be calculated during post-processing. Therefore, to
obtain the Lagrangian velocity field using Eulerian approaches, a post-processing
step is required to compute q via a time integration. On the other hand, since the
Lagrangian formulation directly provides a solution for the Lagrangian velocity,
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no such post-processing is required.

4.4 Results
4.4.1 Constitutive parameters
All of the results presented were obtained using the values in Table 4.1 for the
Table 4.1. Constitutive and operational parameters.

Water
1000 kg·m−3
0.001 Pa·s
0.001 Pa·s
448 TPa−1
1500 m·s−1

density (ρ0 )
shear viscosity (µ)
bulk viscosity (µb )
compressibility (κ0 )
speed of sound (c0 )
Polystyrene particles

1050 kg·m−3
249 TPa−1
1.9 µm

density (ρp )
compressibility (κp )
diameter (2a)
Operational parameters
forcing frequency (f )
displacement amplitude (kwkΓt ,Γb )

4750 Hz
1 µm

constitutive and operational parameters in the governing equations.

4.4.2 Comparison of different formulations
In this section, we compare the results obtained from Lagrangian formulation
with those obtained via two other common approaches discussed in the literature. Specifically, we consider results from Eulerian formulations with two distinct
approaches to the enforcement of boundary conditions. To help in the presentation of this comparative analysis, we will resort to labels by which we identify
the methodology employed in obtaining the results. The labels in question are as
follows:
1. We will use the label ‘ALE’ to identify results obtained with our approach.
We recall that for our formulation the principal unknown of the second-order
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problem is the Lagrangian mean particle velocity and that, as argued earlier
in Chapter 3, the boundary value of this quantity is equal to zero under no
slip conditions.
2. We will use the label ‘Embc ’ to denote an Eulerian formulation in which the
velocity boundary conditions for the second-order problem are those proposed
in ref. [46, 47]. This is the formulation analyzed formally and numerically in
ref. [45], and for which the boundary (in the second-order problem) is viewed
as moving according to a second-order expansion of the boundary displacement for the physical problem. The label’s subscript stands for ‘moving
boundary conditions’.
3. We will use the label ‘Ezbc ’ to denote an Eulerian formulation in which the
velocity boundary conditions for the second-order problem are simply taken
as homogeneous and of Dirichlet type, i.e., the boundary value of the velocity
field is set to zero. The label’s subscript stands for ‘zero boundary conditions’.
While this formulation has been used by various authors, we will specifically
refer to the work in ref. [22].
Fig. 4.3 shows a comparison of the Lagrangian mean velocity vL obtained from
the three aforementioned formulations. The colors and the superimposed red lines
denote the magnitude and the streamlines of vL respectively. It can be observed
that while the results from ALE and Embc formulation agree well with each other,
the results obtained from Ezbc are both qualitatively and quantitatively different
from them. From a physical perspective, a zero Eulerian velocity at the oscillating
walls along with a nonzero Stokes drift correction leads to the erroneous conclusion
that fluid mass is being convected through the oscillating walls. By contrast, this
contradiction is completely avoided both in the current ALE formulation as well
as in the Embc formulation. This is expected since while Embc and ALE represent
different formulation, they impose same boundary conditions at the channel walls
by setting the Lagrangian velocity to zero at the moving walls, albeit in different manner. While ALE formulation directly sets the Lagrangian velocity to be
zero, in Embc formulation a second-order approximation of the Lagrangian velocity,
given by Eq. (4.10), is set to zero. In Embc formulation, the Eulerian velocity and
Stokes drift are equal in magnitude but opposite in direction at the oscillating
wall, thereby giving a zero Lagrangian velocity at the oscillating wall. However,
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we remark that it is important to keep in mind that differences and similarities of
results need to be understood in context, i.e., with an awareness of the size of the
device and the forcing frequency and amplitude. Therefore, for some cases the differences between the Lagrangian and Eulerian velocity can be negligible to justify
the use of Ezbc formulation [22]. Nonetheless, it is important to note that, from a
numerical viewpoint, even the ALE and the Embc formulations do not yield identical results due to the difference in the manner of implementation of the boundary
condition. This aspect will be considered in greater detail in the next section.

Figure 4.3. Comparison of the Lagrangian velocity obtained from three different formulations: (a) Ezbc formulation, (b) Embc formulation, and (c) ALE formulation. The color
plot represents the magnitude of the Lagrangian velocity, while the red lines represent
the streamlines of the Lagrangian mean velocity.

4.4.3 Remarks on the numerical implementation
While the theoretical framework for our ALE formulation may appear more involved that the Eulerian setting of previous formulations, it is important to note
that the boundary value problems actually solved both for the first- and the secondorder problems are simpler than those of Eulerian formulations. The solution of
the first-order problem requires the solution of a linear problem in the displacement field ξ with no pressure or density constraints and the second-order problem
has the structure of a steady Stokes problem. In addition to these formal properties, the ALE formulation provides the advantage of identifying the Lagrangian
mean velocity field directly, i.e., without a postprocessing step that is susceptible
to numerical aberration. To illustrate this point, we consider the velocity profiles
near the boundary layers. Figure 4.4(a) shows the plot of the y component of the
Lagrangian and the Eulerian velocities along a line parallel to y axis moving away
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Figure 4.4. Plot of y component of the Lagrangian mean velocity of the and Eulerian
velocity along a vertical line emanating from a sharp-edge tip obtained using (a) ALE
formulation and (b) Ezbc formulation. Adapted from ref. [1]

from the sharp-edge tip towards the top wall. Here, we consider an actuation consisting of an oscillatory displacement purely parallel to the x direction such that
the y component of the particle velocity at the sharp edge is equal to zero. The
ALE formulation, in which this boundary condition is applied directly, displays a
mean Lagrangian velocity field consistent with the boundary condition in question.
However, what is more important, is that the component of vL obtained via the
ALE formulation is not characterized by numerical oscillations spanning individual elements in the simulation as is the case for the corresponding component of
the Eulerian velocity. Fig. 4.4(b) displays the same result, this time obtained via
the Ezbc formulation. As expected, here we obtained the reverse situation, that
is, given a relatively smooth result for the Eulerian velocity, the reconstructed Lagrangian mean velocity suffers from severe numerical oscillations, often spanning
individual elements. The reason behind these oscillations in question is that the
reconstruction of, say, the Lagrangian mean velocity from the Eulerian velocity requires the determination of Stokes drift, which, in turn contains spatial gradients
of the first-order velocity solution, the latter, for harmonic solutions, being a close
relative to ∇x ξ. As the quality of the numerical results decreases (in general) with
the order of differentiation, the choice of the approximation spaces for the solution
then becomes crucial in achieving a desired accuracy in the post-processing operation at hand. Consequently, if a simulation is meant to focus on particle velocities
and trajectories, there is a definite advantage in choosing a formulation in which
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the Lagrangian mean velocity appears as one of the primary unknowns of the
problem. The reconstruction of the Lagrangian mean velocity from the Eulerian
velocity field remains a delicate operation even when adopting the Embc formulation. To illustrate this point, we present in Fig. 4.5 a plot of the y component of the

Figure 4.5. Plot of the x component of the Lagrangian mean velocity obtained from the
ALE formulation and Embc formulation along a line parallel to the y emanating from the
sharp-edge tip towards the top wall as shown in the inset. As it computes vL directly,
i.e., avoiding a postoprocessing involving the gradients of the first-order solution, the
ALE formulation yields smoother numerical results. Adapted from ref. [1]

Lagrangian mean velocity obtained from our ALE formulation and with the Embc
formulation. Fig. 4.5 shows the x component of vL along a line emanating from the
sharp edge as obtained via our ALE formulation and the Embc formulation for the
device shown in the inset. In some sense, the case in Fig. 4.5 is not surprising as the
numerical aberration under discussion occurs in the proximity of a boundary with
a re-entrant corner geometry. That is, the reconstruction of vL from the Eulerian
velocity as delivered by the Embc formulation is expected to be more susceptible
to numerical aberration in the neighborhood of a high velocity gradient location.
Therefore, the approach proposed herein in which vL is a primary unknown (as
opposed to a quantity computed in a post-processing step) offers advantages from
a numerical viewpoint for simulations that focus on predicting particle trajectories,
as is the case in the design of devices for the accurate placement of particles in the
flow and for validation based on particle velocimetry experiments.
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4.5 Concluding remarks
The generalized Lagrangian formulation reported in this dissertation is motivated
by a series of articles reported by Bradley [46, 47], concerning the differences between the Lagrangian and Eulerian velocity fields inside acoustofluidic devices. In
this chapter, we presented numerical results to compare the numerical results from
three different formulations. The results indicate that the Eulerian velocity in the
sharp-edge-based devices exhibit various contradictory features such as the mass
flux across an oscillating wall and a slipping flow at the surface of the oscillating wall. These non-physical flow features are not observed in the corresponding
Lagrangian flow field. We also presented results indicating that for the microacoustofluidic flows that are usually visualized via the motion of tracer particles to
the Lagrangian flow field, the generalized Lagrangian formulation offers definite advantages from a numerical viewpoint by avoiding the need for any post-processing
to obtain the Lagrangian velocity.
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Chapter 5 |
Application to SSAW microacoustofluidic systems
Having compared the numerical results of the generalized Lagrangian formulation
with the Eulerian approaches in the context of a sharp-edge-based micromixer,
we employ the developed numerical formulation to investigate another specific
microacoustofluidic device. Here, we investigate a commonly used confined and
acoustically-leaky microacoustofluidic system: a liquid-filled PDMS microchannel
driven acoustically by SSAWs. In this chapter, we begin by motivating the need
for numerically investigating these systems and follow it up by a discussion of the
physics of these devices. Further, we validate our numerical results with the experimental observations and reveal the physical mechanism governing the fluid and
particle motion in these devices.
This chapter is based on the work done in collaboration with Liqiang Ren at
Pennsylvania State University and with Dr. Rune Barnkob and Professor Christian Kähler at Universität der Bundeswehr München. Liqiang Ren fabricated
the devices used for the experimental validation while the experimental results
reported herein were obtained by Dr. Rune Barnkob at Universität der Bundeswehr München. A part of this work is currently under consideration for publication [1, 3, 4]. This chapter reproduces parts of the manuscripts with some
modifications to align the notation with the rest of the dissertation.
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5.1 Introduction
The propagation of acoustic waves in fluids has intrigued researchers for a long
time [110]. The classical treatment of the associated phenomena has largely been
limited to simple, idealized geometries. In comparison, little attention has been
given to the combination of acoustics and fluidics in closed geometries. While
there have been a number of recent reports on confined resonant chambers [23,111,
112], the physical understanding of acoustically-driven fluid and particle motion
in confined leaky systems is limited. To realize a confined, leaky system, the
impedance mismatch between the channel wall material and the carrier fluid should
be such that a large fraction of the acoustic waves traveling through the fluid is
transmitted to the channel walls, thereby precluding resonances in such systems.
One way of realizing such an acoustofluidic system is to actuate a polymer-walled
(often PDMS) microchannel acoustically by SAWs generated on a piezo-electric
substrate via so-called IDTs, see Fig. 5.1 and 5.2.
The SAWs leak energy into the microchannel and create an oscillatory pressure
distribution which generates second-order effects such as acoustic streaming and
acoustic radiation forces. The acoustic streaming is a steady flow generated due to
viscous dissipation of the acoustic oscillations, while the acoustic radiation force
refers to the time-averaged force on suspended particles due to acoustic waves
scattering off the particles. The combination of these two second-order effects in
confined, leaky acoustofluidic systems has been recently utilized for various fluid
and particle manipulation applications [15, 113].
Though their extensive use for applications has been reported in the literature, many basic physical aspects of such systems are yet to be understood. For
example, what are the exact three-dimensional oscillatory pressure and velocity
fields generated in such systems? What are the precise acoustic radiation force
acting upon suspended particles? What is the precise acoustic streaming flow
generated? What is the critical particle size for which particles can be manipulated via the acoustic radiation forces before they feel a dominating drag from
the acoustic streaming flow? To answer these questions a number of numerical
models have been proposed often leading to different and at times, contradictory
predictions [5, 114–118], which are left unvalidated due to a lack of quantitative
experimental data of the full three-dimensional phenomena.
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Figure 5.1. Acoustically-driven fluid and particle motion in a confined and leaky system. The specific sketch takes origin in the investigated experimental model system
consisting of a microfluidic channel in a soft polymer actuated by IDTs, see Fig. 5.2.
The IDTs are electrically actuated leading to the creation of two counter-propagating
SAWs. The SAW constructively interfere under the microchannel creating a standing
SAW. The SAW leaks energy into the polymer and microchannel and as a consequence,
a pseudo-standing wave field arises. This field leads to acoustic streaming drag forces
and radiation forces on suspended microparticles. Adapted from ref. [3]

In this work we address this gap in the existing literature by combining quantitative experimental and numerical results to analyze the physics of fluid and
particle motion in a confined, leaky acoustofluidic system. We present quantitative three-dimensional measurements of the acoustophoretic particle trajectories
for a range of particle sizes to reveal the two limits of the particle motion: (i)
acoustic streaming induced drag dominated particle motion and (ii) acoustic radiation force dominated particle motion. The observed fluid and particle motion is
captured numerically without any fitting parameter by extending the generalized
Lagrangian formulation presented in Chapter 3 to include thermoviscous effects.
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Figure 5.2. Experimental model system and acquisition of the 3D particle trajectories. (a) The model system is a SSAW microchip consisting of a liquid-filled PDMS
microchannel bonded on a lithium niobate piezoelectric substrate which is acoustically
actuated by two IDTs. The microchannel has width w = 600 µm, height h = 125 µm and
is surrounded by W = 5 mm thick walls to the sides and a H = 5 mm thick wall to the
top. (b) Cross-section sketch of the microchip illustrating the optical access through the
piezoelectric but transparent substrate. (c) The 3D particle positions are determined
using the information of the defocused particle images using the General Defocusing
Particle Tracking technique. Adapted from ref. [3]

Through a combination of experimental observations and numerical results, we
remove the existing ambiguity in the literature concerning the acoustic streaming
direction as well as the critical particle size for which the particle motion switches
between the aforementioned two limits. Further, we combine the experimental
and numerical observations to indirectly determine the first-order acoustic field of
the vertically-propagating “pseudo-standing” wave as well as provide an estimate
of the actual displacement on the piezoelectric substrate. Lastly, we numerically
demonstrate the capability of these systems to focus particles at tunable positions
in both horizontal as well as vertical direction.

5.2 Physical effects
In Fig. 5.1 we sketch the model system and the possible physical effects that arise
when the system is operated. Due to the piezoelectric nature of the substrate,
when the IDTs are subject to a harmonic electric actuation of frequency f , they
create two counter-propagating SAWs of wavelength λ = csub /f = 600 µm, where
csub = 3994 m/s is the speed of sound in the substrate. For this the IDTs need
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to have electrode finger widths and inter-distances of λ/4 = 150 µm. The SAWs
are so-called Rayleigh waves that are restricted to the surface and decay exponentially into the substrate with a penetration depth typically of the order of 1–2
wavelengths [119,120]. Further, due to the anisotropic nature of the substrate, the
surface waves are characterized by different displacements in different directions,
resulting in an elliptical motion of the surface particles, see the bottom left inset
in Fig. 5.1(a). Consequently, the two counter-propagating SAWs interfere constructively under the PDMS microchannel resulting in a SSAW of wavelength λ.
As the incoming waves travel at the interface to the microchannel and surrounding PDMS walls, they undergo damping, see the bottom left inset in Fig. 5.1(a).
Upon encountering the PDMS-substrate or fluid-substrate interface, the incoming
waves can leak into the PDMS or the fluid, respectively. A part of these waves
undergo refraction at the respective interfaces and move along a direction given
by the refraction angle, θ = cos−1 (cm /cs ) with respect to the horizontal direction,
where cs and cm represent the speed of SAW in the substrate and the material it
is being refracted into, respectively. The acoustic waves entering the PDMS can
further be transmitted to the microchannel or can undergo transmission/reflection at the PDMS-air interface. Similarly, the waves that enter the microchannel
directly can be transmitted/reflected at the fluid-PDMS interface. These waves
and the waves reflected from the PDMS-air interface can re-inter the microchannel directly or after undergoing further reflections, see Fig. 5.1(b). The precise
nature of the resulting acoustic fields that are setup in the microchannel depends
on the relative amount of reflections/transmissions at each of these interfaces as
well on the damping characteristics of the acoustic waves, both inside the channel
walls as well as the carrier fluid. Here, two limiting cases can be thought of: (a)
a hard-walled system, where the acoustic impedance mismatch between the wall
material and the fluid is such that almost all the acoustic waves traveling to fluidwall interface are reflected back into the fluid and an acoustic resonance is setup
inside the microchannel, and (b) a completely leaky system (or a system consisting
of semi-infinite fluid on the top of substrate), where the acoustic impedance mismatch between the wall material and the fluid is such that almost all the acoustic
waves traveling to the fluid-wall interface are transmitted to the channel wall and
no appreciable fraction of these waves re-enter the microchannel, thereby setting
up a pure traveling wave in the vertical direction. As will be seen later, the SSAW
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system considered in this work lies in between the aforementioned two limiting
cases since the acoustic impedance of the channel wall material (PDMS) and the
carrier fluid is such that a small but non-negligible fraction of acoustic waves is
reflected back into the microchannel. Therefore, the acoustic waves setup inside
the microchannel are neither purely standing waves nor purely traveling waves,
but are rather a combination of these two limiting cases. For these systems, the
waves entering into the microchannel create an oscillating pressure field inside
the microchannel, see the bottom right inset in Fig. 5.1(a). The pressure field
has a standing wave feature horizontally, which is carried vertically upwards by a
“pseudo-standing” wave.
Inside the microchannel, the oscillatory acoustic field leads to time-averaged
second-order effects which have consequences for the fluid and particle motion.
Due to viscous attenuation of the acoustic waves, a steady acoustic streaming flow
is generated, see the magenta colors in the bottom right inset in Fig. 5.1(a). Furthermore, the streaming flow acts on suspended particles via the viscous drag force.
In addition, the suspended particles are subject to the force Fg , the resultant of
the gravity and buoyancy forces, as well as the primary acoustic radiation force
Frad arising from the wave scattering at the particle-liquid interface. It is the combination of these forces that drives the particle motion inside the microchannels.
These forces scale differently with the particle diameter, a (Fg ∝ a3 , Frad ∝ a3 ,
Fdrag ∝ a), and hence the dominant force that governs the particle motion depends
on the particle size. Furthermore, these forces scale differently with the actuation
amplitude, ζ such that, while both the acoustic radiation force Frad as well as
the acoustic streaming-induced hydrodynamic drag force Fdrag scale quadratically
with ζ, the gravitational force Fg remains unchanged with changes in the actuation amplitude. For a neutrally buoyant particle suspension where Fg = 0, the
particle trajectories do not depend on the actuation amplitude since both Frad as
well as Fdrag scale similarly with ζ. However, the interplay of these forces with
the gravitational forces can, in principle, be employed for non-neutrally buoyant
particles to tune the particle position in the vertical direction.
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5.3 Experiments
The experimental model system is a SSAW microchip shown in Fig. 5.2. The system consists of a straight, liquid-filled, PDMS microchannel of width w = 600 µm,
height h = 125 µm, and PDMS wall thicknesses W, H = 5 mm. The microchannel
is bonded on a piezoelectric lithium niobate (LiNbO3 ) substrate deposited with a
set of two IDTs.

5.3.1 Experimental setup
In order to obtain several particle trajectories while maintaining a low particle
concentration (to neglect particle interactions), the SSAW microchip was experimentally investigated using a fully automated system similar to that presented
by Augustsson et al. [14]. The system enables in an automatic fashion the acquisition of several repeated stop-flow acoustophoretic measurements in a reproducible manner. In one experimental cycle the system fills a particle suspension
into the microchip, starts/stops the flow, starts/stops recording of the microchannel, starts/stops the acoustic actuation, logs acoustic driving voltages, and saves
the recorded images to disk. For each experimental cycle the driving frequencies,
driving voltages, and channel positions can be varied.
Device fabrication. The SSAW microchip was fabricated by bonding the microchannel (made of PDMS) onto the lithium niobate (LiNbO3 ) substrate. The
PDMS microchannel was made from a 10:1 PDMS and curing agent mixture and
the channels were fabricated using standard softlithography procedures. The IDT
gold electrodes were deposited on the substrate by standard photo lithography and
lift-off processes.
Acoustic actuation. The SSAW microchip was acoustically driven with a function generator (GW Instek AFG-2125, Taiwan) and an in-house built amplifier.
The peak-peak voltage Upp was read off using an oscilloscope (TDS2001C, Tektronix, OR, USA). The SSAW microchip was actuated at frequency f = 6.166 MHz
and at peak-peak voltages Upp ∼ 40 V.
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Flow setup. The SSAW microchip was filled with particle suspension using a
syringe pump (PHD Ultra, Harvard Apparatus GmbH, MA, USA) and stop-flow
mode was obtained by short-circuiting the microchannel via a switching valve
(Rheodyne MXX777-601, IDEX-HS, WA, USA).
Imaging. The acoustophoretic particle motion in the microchannel was observed
using an epi-fluorescent upright microscope (Axio Imager.Z2 ACR, Carl Zeiss Microscopy GmbH, Germany) equipped with a 10 × /0.3 magnification lens. The
microchannel was illuminated using continuous diode-pumped laser with 2 W at
532 nm wavelength. The images of fluorescent particles were recorded using a
sCMOS camera (16 bit, 2560 × 2160, PCO GmbH, Germany). The entire measurement volume was 1500 × 700 × 200 µm3 . In order to avoid polarized particle
images due to polarization in the substrate we used a circular polarizer between
the microscope and camera sensor. Furthermore, a cylindrical lens of focal length
fcyl = 300 mm was used in order to astigmatic particle images convenient for obtaining the 3D particle position.
Particle suspensions. The investigated microparticle suspension consisted of
fluorescent polystyrene particles (Microparticles GmbH, Germany) suspended in a
20:80 glycerol/water mixture, see the material parameters in Table 5.1. Four particle sizes were investigated, namely particles of diameter 0.5 µm (0.537 µm), 1 µm
(1.2 µm), 5 µm (5.20 µm), and 8 µm (7.76 µm). The specific mixture was chosen
for neutral buoyancy, such that gravity could be neglected in comparison to the
forces resulting from the acoustically-driven motion. The particle suspensions were
tested for neutral buoyancy. The 0.5 µm- and 1 µm-diameter particles did not sediment, while the 5 µm- and 8 µm-diameter particles had measured sedimentation
velocities of (0.10 ± 0.01) µ/s and (0.13 ± 0.01) µ/s, respectively.
General defocusing particle tracking. The full three-dimensional particle
trajectories were obtained from the defocused particle images. The defocused
particle images were processed using the General Defocusing Particle Tracking
(GDPT) method and the GDPTlab Matlab implementation [138, 139]. In short,
the GDPT method relies on a set of calibration particle images for which the
depth position is known for a given particle image shape. A target particle is then
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Table 5.1. Material parameters at T = 25
Parameter

Symbol

.

Value

Unit

Fluid: 80% water, 20% glycerol (weight percentage)
Density [121]
Speed of sound [122]
Shear viscosity [121]
Bulk viscosity (water, cf. [123])
Compressibilitya
Thermal conductivity [124]
Heat capacityb
Thermal diffusivityc
Thermal expansion [126]
Heat capacity ratio (water, cf. [24])
Thermodynamic moduli

ρ0
c0
µ
µb
κ0
kth
cp
Dth
αp
γ
1 ∂µ
µ ∂ Θ (cf. [121])
1 ∂µ
µ ∂ ρ (water, cf. [24])
1 ∂ µb
µb ∂ Θ (water, cf. [24])

1.050 × 103
1.588 × 103
1.525
2.485
3.78 × 102
5.22 × 10−1
3.83 × 103
1.30 × 10−7
4.639 × 10−4
1.011
−2.57 × 10−2
−3.472 × 10−4
−2.584 × 10−2

kg m−3
m s−1
mPa s
mPa s
TPa−1
W m−1 K−1
J kg−1 K−1
m2 s−1
K−1

4.648 × 103
3.994 × 103
4
6.33 × 102
1.4 × 10−6

kg m−3
m s−1
W m−1 K−1
J kg−1 K−1
m2 s−1

9.20 × 102
1.077 × 103
1.00 × 102
7.14 × 102
1.5 × 10−1
1.460 × 103
1.1 × 10−7

kg m−3
m s−1
m s−1
m−1
W m−1 K−1
J kg−1 K−1
m2 s−1

1.050 × 103
2.350 × 103
3.5 × 101
2.49 × 102

kg m−3
m s−1

K−1
kg−1 m3
K−1

Lithium niobate (LiNbO3 )
ρsub
csub
sub
kth
sub
cp
sub
Dth

Density [127]
Sound speed [128]
Thermal conductivity [129]
Heat capacity [129]
Thermal diffusivityc

Poly-dimethylsiloxane (PDMS, 10:1)
Density [130]
Sound speed, longitudinal [131]
Sound speed, transverse [132]
Attenuation coefficientd
Thermal conductuctivity [133]
Heat capacity [133]
Thermal diffusivityc

ρwall
cLwall
cT
wall
Cdwall
wall
kth
cwall
p
wall
Dth
Polystyrene

Density [134]
Sound speed [135]
Poisson’s ratio [136]
Compressibilitye
a

Calculated
Calculated
c
Calculated
d
Calculated
e
Calculated
b

ρp
cp at 20
σp
κp



as κ0 = 1/(ρ0 c20 ).
water
via a simple rule of mixtures, i.e., cp = 0.2cgl
.
p + 0.8cp
as Dth = kth /(ρcp ), cf. [125].
at 6.65 MHz via law fit to data by Tsou et al. [131].
as κp = 3(1 − σp )/[(1 + σp )ρp c2p )] [137].
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TPa−1

compared to the set of calibration images thus giving the depth coordinate.

5.4 Analytical model
Next, we present a simplified analytical model to obtain physical insights into
the nature of the first-order acoustic fields that are setup inside SSAW systems.
Consider the SAW originating from the left IDT that propagates towards right and
leaks into the microchannel from the left corner of the microchannel at an angle θ
with respect to the horizontal direction as
ul = ζei(kl ·(r−r0 )−ωt) ,

(5.1)

where ζ is the amplitude of the wave, ω is the angular speed, and kl is the wave
number. Here, r = yey + zez is the position vector displaced by r0 = w2 ey such
that the origin is situated at horizontal center of the channel (see Fig. 5.2) with
ey and ez being the unit vector along the y and z direction, respectively. Here,
the refraction angle is given by θ = cos−1 (cf /cs ) with respect to the horizontal
direction, where cs and cf represent the speed of SAW in the substrate and the
fluid, respectively. Since the wave propagating from the left of the channel leaks
e where λf is the
at an angle θ with respect to the horizontal, we have kl = 2π
λf l
wavelength in the fluid and el = cos θ ey + sin θ ez is the unit vector in the direction
of wave propagation. Similarly, for the SAW originated from the right IDT and
propagating towards left, we have
ur = ζei(kr·(r−r0 )−ωt) ,

(5.2)

where kr = 2π
e where λf is the wavelength and er = − cos θ ey + sin θ ez is the
λf r
direction of wave propagation. The combination of these two counter-propagating
waves creates a vertically propagating traveling wave inside the microchannel given
by
uv = ul + ur

(5.3a)

= ζei(kl·(r−r0 )−ωt) + ζei(kr·(r−r0 )−ωt)

w 
= 2ζ cos ky (y − ) ei(kz z−ωt)
2
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(5.3b)
(5.3c)

where ky = 2π
cos θ and kz = 2π
sin θ. We note here that this wave possesses a
λ
λ
standing wave character in the horizontal direction, while being a traveling wave
along the vertical direction propagating upwards. Since PDMS has lower acoustic
impedance as compared to the fluid (water-glycerin solution in our case), this
wave would be reflected from the fluid-PDMS interface with a phase difference of
π. Therefore, the wave reflected from the fluid-PDMS interface can be described
by

w 
(5.4)
urv = 2ϑζ cos ky (y − ) ei(−kz (z−h)−ω(t−t0 )+π)
2
where ϑ < 1 represents the coefficient indicating the ratio of the amplitude of the
reflected and the original wave, h represents the channel height and t0 = chf = kωz h is
the time required by the vertically propagating wave to reach the top wall. Thus,
neglecting any subsequent reflections from the substrate, the combined wave inside
the channel can be described as the sum of the original and the reflected wave and
is given by
w  i(kz z−ωt)
) e
2

w 
+ 2ϑζ cos ky (y − ) ei(−kz (z−h)−ω(t−t0 )+π)
2

o
w n ikz z
= 2ζ cos ky (y − ) e
− ϑe−ikz z e2ihkz z e−iωt .
2


uc = 2ζ cos ky (y −

(5.5a)
(5.5b)

We remark that while this wave possesses a standing wave character in the horizontal direction, it represents a “pseudo-standing” wave in the vertical direction.
In the vertical direction, this wave has a “pseudo-standing” character since the
points where the maximum and minimum wave amplitude occur do not change
with time. The amplitude of this “pseudo-standing” wave is position-dependent
n
o

and is given by C(y, z) = 2ζ ky (y − w2 ) eikz z − ϑe−ikz z e2ihkz z and the wave is
always confined within the confines of the envelope defined by C(y, z) such that
the maxima and the minima of the wave always occur at fixed positions.

5.4.1 Analytical estimation of radiation force
Next, we calculate the acoustic radiation force experienced by a particle suspended
in this acoustic field. Considering a particle of radius a that is much smaller than
the wavelength λ, mass density ρp , and compressibility κp , the radiation force is
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given by [107]:
rad

F

"

#

2κ0
= −πa
Re[f1 p∗(1) ∇p∗(1) ] − ρ0 Re[f2 v∗(1) · ∇v∗(1) ] ,
3
3

(5.6)

where κ0 = 1/(ρ0 c20 ) is the compressibility of the fluid, Re[A] denotes the real part
of quantity A, the overbar denotes the complex conjugate of the quantity, and the
coefficients f1 and f2 are given by
f1 = 1 −

κp
κ0

and f2 =

2(1 − ς)(ρp − ρ0 )
,
2ρp + ρ0 (1 − 3ς)

with
ς=

− 23 [1

+ i(1 + δ̃)]δ̃,

δ
δ̃ = ,
a

s

δ=

(5.7)

2µ
.
ωρ0

(5.8)

Note that this is the general expression for the radiation force without a priori
assumption of whether we deal with traveling or standing waves. Next, we assume
the pressure wave to be a psuedo-standing wave of the form discussed above such
that
o

w n
(5.9)
p1 = 2p0 cos ky (y − ) eikz z − ϑe−ikz z e2ihkz z e−iωt ,
2
where p0 represents the pressure amplitude. We note that in the inviscid limit,
we have ρ0 ∂t v∗(1) = −∇p∗(1) . Using v∗(1) (r, t) = v∗(1) (r)e−iωt , we have v∗(1) =
∗(1)
. Therefore, substituting v∗(1) and p∗(1) into Eq. (5.6), the components of
− i∇p
ρ0 ω
the radiation force can be obtained as
Fyrad



2πa3 ky p20
=
sin ky (w − 2y)  − (1 + ϑ2 ) 3 Re[f2 ](ky2 − kz2 ) + 2f1 κ0 ω 2 ρ0
3ω 2 ρ0






+ 2ϑ cos 2kz (h − z)

(

(

)

)

3 Re[f2 ](ky2 + kz2 ) + 2f1 κ0 ω 2 ρ0 ,

(5.10a)
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Fzrad

2πa3 kz p20 
=
− 3(−1 + ϑ2 )Im[f2 ] ky2 + kz2 + (kz2 − ky2 ) cos ky (w − 2y)
3ω 2 ρ0
(



+ 2ϑ sin 2kz (h − z)




+ cos ky (w − 2y)

(



)

3 Re[f2 ](kz2 − ky2 ) + 2f1 κ0 ω 2 ρ0

3 Re[f2 ](kz2

+

ky2 )

2

+ 2f1 κ0 ω ρ0

!)
,

(5.10b)
where Im[A] denotes the imaginary part of quantity A. Further, for the case
of neutrally buoyant particles, we note that f2 = 0 and the components of the
radiation force are reduced to


4
Fyrad = − κ0 πa3 p20 f1 ky sin ky (w − 2y) 1 + ϑ2 − 2ϑ cos 2kz (h − z) , (5.11a)
3


16
rad
3 2
2 ky
Fz = κ0 πa p0 ϑf1 kz cos
(w − 2y) sin(2kz (h − z)).
(5.11b)
3
2






Here, we note that the z dependence of Frad is given by a trigonometric function
(sine or cosine) with argument 2kz (h − z). Therefore, the position of the focus and
anti-focus lines in the vertical direction that is given by the zeroes of the above
mentioned expression for Fzrad can be obtained as 2kz (h − z) = nπ, n = 0, 1, 2, . . ..
Thus, using kz = 2π sin θ/λf , the dependence of the position of the focus/antifocus lines in the vertical direction can be obtained as a function of channel height
f
as z = h − 4nλ
, n = 0, 1, 2, . . . For the substrate and the fluid considered in this
sin θ
work, we have θ = cos−1 (cf /cs ) = cos−1 (1588/3994) = 66.58◦ , and λf = c/f =
225 µm. Hence, the distance between consecutive vertical focus points is given
λf
≈ 122 µm. Furthermore, we note the following observations from the
by 2 sin
θ
analytical expressions for neutrally buoyant particles with large sizes (such that
the particle motion is completely dominated by the radiation force):
1. At the center of the channel i.e. at y = 0, both Fyrad and Fzrad vanish and hence
the particles would not move at all if they are placed exactly at the center.
Nonetheless, vertical focusing can be expected for a small perturbation of
the particle away from the node position.
2. The analytical expressions predict the horizontal pressure node to lie at pof
sitions where Fyrad = 0 i.e. at ynode = 4 nλ
, n = 0, 1, 2 . . . Since cos θ = cf /cs ,
cos θ
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we have ynode = nλ4 s , n = 0, 1, 2, . . . Thus, the horizontal node positions align
with the node position on the substrate.
3. For ϑ = 0, i.e. for a purely traveling wave in the vertical direction with
no reflections from the top wall, we get Fzrad = 0, thereby precluding any
vertical focusing in such systems. Nonetheless, horizontal focusing can still
be expected in such systems due to the presence of standing wave in the
horizontal direction.
4. For ϑ = 1, i.e. a purely standing wave in the vertical direction with perfect
reflection from the top wall, both Fyrad and Fzrad are, in general, non-zero.
Therefore, focusing of particles in both horizontal as well as vertical direction can be obtained in hard-wall channels as well where ϑ ≈ 1. Acoustic
resonances are setup inside such channels and the resonance mode excited
in the channel at a particular frequency depends on the channel dimensions
and the fluid properties.
5. Since Fzrad is linearly proportional to ϑ, the maxima for Fzrad is achieved
at the maxima of ϑ, i.e. at ϑ = 1. Therefore, maximum value of Fzrad ,
and consequently fastest vertical focusing, can be expected in the bulk wave
acoustic systems.
6. Fyrad is dependent on z and hence one can expect the minima of Fyrad at
f
f
z = h − 4nλ
, n = 0, 2, 4, . . . and maxima at z = h − 4nλ
, n = 1, 3, 5, . . .for
sin θ
sin θ
a particular y position.

5.5 Numerics
5.5.1 Governing equations
The motion of the fluid is governed by the balance laws for mass, momentum, and
energy [33] given in Eulerian description by, respectively,
ρ̇ + ρ∇y ·v = 0,

y ∈ B(t),

(5.12)

ρ(v̇ − b) − ∇y ·T = 0, y ∈ B(t),

(5.13)

ρΘṡ − ∇y ·(kth ∇y Θ) = 0, y ∈ B(t),

(5.14)
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where ρ is the mass density distribution, v is the velocity, s is the entropy, Θ is the
temperature, b is the external body force density per unit mass, T is the Cauchy
stress, kth is the thermal conductivity, and a dot over a variable indicates the
material time derivative of that variable. Here, all the fields are understood to be
a function of time, t and the position, y in the deformed configuration, B(t). We
assume the fluid to be linear, viscous, and compressible with constitutive response
function for the Cauchy stress given by
T = −p(ρ)I + µ(∇y v + ∇y vT ) + µb (∇y ·v)I,

(5.15)

where p is the fluid (static) pressure, µ and µb represent the shear and bulk viscosities, respectively, and ρ(p, Θ) is assumed to be the following linear relation
ρ = ρ(0) (γκ0 p − αp Θ),

(5.16)

where ρ(0) , γ, κ0 , and αp are constants denoting the fluid’s density, heat capacity ratio, compressibility, and thermal expansion coefficient at rest, respectively.
Furthermore, we use
αp Θ
dp,
(5.17)
Θ ds = cp dΘ −
ρ
where cp is the heat capacity and αp is the thermal expansion coefficient. To
consider the change in fluid properties due to the variation of temperature and
density, we write the acoustic perturbations in shear and bulk viscosities as
µ(Θ, ρ) = µ(0) (Θ(0) , ρ(0) ) + µ(1) (Θ(0) , Θ(1) , ρ(0) , ρ(1) ),




∂µ
∂µ
Θ(1) +
ρ(1) ,
µ(1) =
(0)
(0)
∂Θ Θ=Θ
∂ρ ρ=ρ
(0)

(1)

µb (Θ, ρ) = µb (Θ(0) , ρ(0) ) + µb (Θ(0) , Θ(1) , ρ(0) , ρ(1) ),




∂µb
∂µb
(1)
(1)
µb =
Θ +
ρ(1) ,
∂Θ Θ=Θ(0)
∂ρ ρ=ρ(0)

(5.18)
(5.19)
(5.20)
(5.21)

where the values for the various constants can be found in Table 5.1.
Again, we follow the time scale separation approach described in Chapter 3,
wherein the flow variables in Eulerian description are expanded into their first-and
second-order components. Here, we extend the generalized Lagrangian formulation
to include the thermoviscous response of the fluid. Following a time scale approach
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similar to the one described in Chapter 3, we again linearize the above system of
equations into two sets of linear equations which are referred to as the first-order
and the second-order equations. The first-order system of equations, also referred
to as the acoustic subproblem, is given by
∂t ρ∗(1) + ρ∗(0) ∇x ·v∗(1) = 0,

(5.22)

ρ∗(0) ∂t v∗(1) − ∇x ·P∗(1) = 0,

(5.23)

(0)

ρ∗(0) cp ∂t Θ∗(1) − αp Θ(0) ∂t p∗(1) − kth ∇2x Θ∗(1) = 0,

(5.24)

where
∗(1)

P

=

−c20 ρ∗(1) I



+ µ ∇x v

∗(1)

+ ∇x v

∗(1)T







+ µb ∇x ·v∗(1) I.

(5.25)

Again, the superscript ∗ refers to flow variables mapped onto the mean configuration and these variables are understood to be functions of time, t and position, x
in the mean configuration of the fluid. Similarly, the second-order set of equations,
also referred to as the mean dynamics subproblem, is given by
∇x ·v∗(2) = 0 and ∇x ·hP∗(2) i = 0,

(5.26)

with
∗(2)

hP



i = −hqiI + µ ∇x v


+ µb ∇x ·ξ∇x ·v
− ∇x v


∗(1)

∗(2)

∗(1)



+ ∇x v

− ∇x ξ : ∇x v

∇x ξ − ∇ x ξ ∇x v

+ µb ∇x ·v

∗(1)

T 

T

T



∗(2)

I ∇x ξ

T



∗(1)T



+



(1)
µb

∗(1)

−



+

1 2
cρ
2 0 0







2

(∇x ·ξ) − ∇x ξ : ∇x ξ I





I + µ ∇x ·ξ ∇x v

c20 ρ0 (∇x ·ξ)I

∇x ·v

∗(1)





T

I+µ

(1)

∗(1)



+ ∇x v

+ µ ∇x v


∇x v

∗(1)

∗(1)

∗(1)T

+ ∇x v

+ ∇x v

∗(1)T



∗(1)T





,

(5.27)
where hqi is a scalar Lagrange multiplier that is determined by enforcing the constraint in the first of Eqs. (5.26). At the second-order level, the energy equation
is de-coupled from the balance of mass and balance of momentum equation, and
therefore we choose to only solve the latter two. However, we remark that the terms
(1)
containing µ(1) and µb do appear in the above expression due to the consideration
of variation of viscosities with respect to temperature and density. We note again
that the second-order system of equations obtained in this formulation is inher-
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Figure 5.3. (a) Sketch of the cross-section of SAW-driven device consisting of a liquidfilled PDMS microfluidic channel with width w, height h, and PDMS wall thicknesses
W and H bonded onto a lithium niobate substrate. The system is actuated via applying electrical signal to the interdigitated transducers (IDTs) which generate counterpropagating SAWs to create a SSAW field at the fluid-substrate interface. (b) Sketch of
the computational domain with impedance boundaries Γi and Dirichlet boundary, Γd .
Adapted from ref. [4]

ently time-independent as opposed to the typically employed Eulerian approaches
wherein a time-dependent second-order problem is obtained for which steady solutions are usually sought. The above system of equations, complemented with
appropriate boundary conditions at respective orders, can be solved successively.

5.5.2 Model system and computational domain
As mentioned earlier, a typical SSAW device consists of a PDMS channel bonded
on a piezoelectric substrate, see Fig. 5.3(a). The device employs a pair of metallic
IDTs bonded on the surface of the piezoelectric substrate. A SSAW is produced
via the superposition of two counter-propagating traveling SAWs generated on the
surface of the piezoelectric substrate by applying a harmonic electric signal to the
IDTs. The full physical system is governed by coupling of elastic, electromagnetic,
and hydrodynamic effects, which makes numerical modeling challenging [37, 45].
Here, we simplify the system by modeling the PDMS walls of the channel using
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impedance boundary conditions, while the effect of piezoelectric substrate is modeled using a displacement function at the substrate boundary. As a result our
computational domain shown in Fig. 5.3(b) consists of a rectangular microchannel
of width w = 600 µm and height h = 125 µm, where the boundaries subject to the
impedance condition are denoted by Γi , while the actuated boundary is denoted
by Γd . The boundary conditions are discussed in detail in the next section. The
values for all the relevant properties of the piezoelectric substrate and fluid, as well
as the typical operational parameters used in our numerical model, are listed in
Table 5.1.

5.5.3 Boundary conditions
As the objective of this work is to study the fluid and particle motion inside the
microfluidic channel shown in Fig. 5.3, we simplify the system considerably by
modeling the effect of piezoelectric substrate via a displacement boundary condition while the PDMS walls are modeled using impedance boundary conditions.
The type of waves usually considered in SSAW devices are the so-called Rayleigh
waves. The amplitude of these waves decay exponentially with the depth into the
substrate, thereby confining most of the energy to the surface [140]. The two wave
motions in the y and z direction are known to be 90◦ out of phase in time, thereby
resulting in elliptical displacements. Based on these considerations, it is possible
to find displacement functions for waves which propagate along the y direction
and decay exponentially in both y and z direction. Taking these considerations
into account, Gantner et al. [141, 142] analyzed numerically the Rayleigh waves in
piezoelectric substrates in great detail. We use the displacement results from his
analysis, also used by Köster [37, 45], to describe the displacement profile due to a
traveling SAW which takes the form
!

uy (t, y) = 0.6ζ e
uz (t, y) = −ζ e

−2π(y − w/2)
+ ωt ,
sin
λ
!
−2π(y − w/2)
cos
+ ωt ,
λ

−Cd y

−Cd y

(5.28)

where uy and uz are the displacements along the y and z direction, respectively,
Cd is the decay coefficient, and ω = 2πf is the angular frequency. The value of
Cd employed by Köster [37, 45] (8060 m−1 ) is appropriate for a SAW device loaded
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with an infinite layer of water at frequencies in the range of 100 MHz. Recently,
Vanneste and Bühler [38] investigated streaming patterns using an attenuation
coefficient of 2800 m−1 for a frequency of approximately 150 MHz. Using the leaky
SAW dispersion relation employed by Vanneste and Bühler [38] for a frequency
of 6.65 MHz, we get an attenuation coefficient of 116 m−1 . However, we note that
the dispersion relation employed by Vanneste and Bühler [38] is valid for a SAW
propagating under an infinitely thick layer of water. A finite thickness might
further reduce the attenuation coefficient. In our numerical simulations, reducing
the value of Cd from 116 m−1 to zero was observed to have no significant effect
on the obtained solution. Noting this, we have used an attenuation coefficient of
116 m−1 for all the results presented in this work. Using Eq. (5.28), we construct
the SSAW displacement profile over Γd by superimposing the displacement profile
of two SAWs traveling in opposite directions with a phase difference of ∆φ:


uy (t, y) = 0.6ζ e
+e

)
−Cd (y+ w
2

−Cd ( w
−y)
2

!

−2π(w/2 − y)
+ ωt ,
sin
λ


−Cd (y+ w
)
2

uz (t, y) = −ζ e
+e

−Cd ( w
−y)
2

!

−2π(y + w/2)
+ ωt − ∆φ
sin
λ

!

(5.29)

−2π(y + w/2)
cos
+ ωt − ∆φ
λ
!

−2π(w/2 − y)
+ ωt .
cos
λ

We remark here that a typo exists in the similar expression employed in [5]. Fig. 5.4
shows the plot of SSAW displacement vectors along the interface of the channel
and the piezoelectric substrate at z = 0 at (a) t = 0, (b) t = π/6ω, (c) t = π/3ω,
(d) t = π/2ω, (e) t = 2π/3ω, and (f) t = 5π/6ω obtained from Eq. (5.29). This
displacement function is then differentiated with respect to time to obtain the
first-order velocity that we impose over Γd , see Fig. 5.3(b):
v∗(1) (t, y) =

∂u(t, y)
,
∂t

on Γd .

(5.30)

For the boundary condition on the channel walls, marked as Γi in Fig. 5.3(b), we
use the so-called impedance or lossy-wall boundary condition given as [143]
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Figure 5.4. Plot of SSAW displacement vectors along the interface of the channel and
the piezoelectric substrate at z = 0 at (a) t = 0, (b) t = π/6ω, (c) t = π/3ω, (d)
t = π/2ω, (e) t = 2π/3ω, and (f) t = 5π/6ω. The displacement function is obtained by
superimposing two incoming traveling SAWs from the left and the right direction, see
Eq. (5.29). Adapted from ref. [5]

n · ∇p∗(1) = i

ωρ0 ∗(1)
p ,
ρ m cm

on Γi ,

(5.31)

where ρm and cm are the mass density and the speed of sound of the wall material,
respectively. Note that this boundary condition is different from the hard-wall
condition, n · v∗(1) = 0 that is typically used to model silicon or glass walls in BAW
systems as the impedance boundary condition allows a non-zero first-order velocity
at the walls. Futhermore, with this boundary condition, the model assumes all
transmitted wave energy to be absorbed in the PDMS, i.e. no reflected waves from
PDMS/air interface are allowed to re-enter the water channel. The model therefore
only applies to cases, where the PDMS walls are thick enough to attenuate waves
transmitted from the channel. In commonly-used PDMS (10:1), the attenuation
coefficient for frequencies of 5 MHz and 7 MHz are 21.30 dB/cm to 33.57 dB/cm,
respectively, which translate to decay coefficients of 490 m−1 and 773 m−1 [131]. For
the specific frequency of 6.65 MHz used in this work, the attenuation coefficient is
close to 31 dB/cm corresponding to a decay coefficient of 714 m−1 . Therefore, if the
channel walls are thicker than 2 mm, only a exp(−714 m−1 × 2 × 0.002 m) = 0.058
fraction of the transmitted waves at the water/PDMS interface will reach the
PDMS/air interface and come back again. This corresponds to an absorption of
more than 94% and thus the assumption of total absorption of acoustic waves in the
PDMS walls is reasonable for channel walls thicker than 2 mm. For higher actuation
frequencies common in SAW devices (tens of MHz) the attenuation coefficient
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increases further (more than double at 11 MHz) thus making the assumption of
total absorption even more reasonable.
For the second-order problem, we use a zero Lagrangian velocity on the entire
boundary.
vL = 0 on ∂B(T ).
(5.32)
We note that this boundary condition is different from setting the second-order velocity to zero at all the channel boundaries in the current (Eulerian) configuration.
As will be discussed later, this choice has significant consequences with regards to
the mass conservation at the second-order level and results in different magnitude
and direction for the acoustic streaming velocity.

5.5.4 Single-particle acoustophoretic trajectories
The strategy employed to obtain particle trajectories is similar to that described
in Section 4.3.2. However, here, we include the contribution from the gravitational
force as it has been observed to have a significant effect on the particle focusing
position in the vertical direction for particles that are not neutrally buoyant. With
this in mind, we again consider a dilute particles suspension so to neglect particleparticle interactions, both hydrodynamic and acoustic. Thus, the motion of the
particle is dictated by the following forces:
• an acoustic radiation force, Frad given by Eq. (5.6),
• a gravitational force, Fg = 43 πa3 (ρp − ρ0 )g where g = −(9.8 m/s2 )(k̂) is the
acceleration due to gravity and k̂ is a unit vector in the vertically upwards
direction, and
• a drag force proportional to vp − vL , which is the velocity of the particle
relative to the streaming velocity. When wall effects are negligible, the drag


force is estimated via the simple formula Fdrag = 6πµa vL − vp .
The motion of the particle is then predicted via the application of Newton’s second
law
dvp
= Frad + Fdrag + Fg ,
(5.33)
mp
dt
where mp is the mass of the particle. In many acoustofluidics problems the inertia
of the particle can be neglected since the characterstic time of acceleration is small
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in comparison to the time scale of the motion of the particles [108]. Doing so,
Eq. (5.33) can be solved for vp
vp = vL +

Frad
Fg
+
.
6πµa 6πµa

(5.34)

For steady flows, we can identify the particle trajectories with the streamlines of
the velocity field vp in Eq. (5.34). Here, we remark that the first term on the
right hand side is unaffected by the particle size, a while the last two terms scale
quadratically with the particle size. Furthermore, only the first and the second
term on the right hand side are affected by the actuation amplitude, ζ (both scale
quadratically with ζ) while the last term remains unaffected by ζ. Therefore, by
tuning the actuation amplitude and particle size, the interplay of these three terms
can be explored to obtain different regimes for the particle velocity, vp .

5.6 Results
5.6.1 Comparison of different formulations
Here, we compare the numerical results obtained from the generalized Lagrangian
formulation and Ezbc formulation discussed in the previous chapter. With reference to Fig. 5.5 the computational domain consists of a 2D fluid-filled rectangular
cavity with width w = 600 µm and height h = 125 µm, where the bottom wall is
actuated by a SSAW. The actuation frequency considered is f = 6.65 MHz which
corresponds to a wavelength of λ = 600 µm for a Lithium-Niobate substrate. The
actuation displacement profile at the bottom of the channel is same as that of a
SSAW field given by Eq. (5.29) and the material parameters considered are same
as those mentioned in Table 5.1. We note two important characteristics of this
actuation profile: (a) this actuation has a wavelength of the same order as the
cross-sectional channel dimensions, and (b) the non-uniformity of this actuation
function along the oscillating wall results in a non-zero lateral component of Stokes
drift along the oscillating boundary. Fig. 5.5(a) shows a density plot of the magnitude of the Lagrangian mean velocity vL along with the streamlines of vL . Four
streaming vortices are observed along the length of the channel, with the maximum
value of kvL k being 3 × 10−9 m/s. Fig. 5.5(b) shows the plot of the corresponding
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Figure 5.5. ALE formulation: Density plots of the magnitude of the Lagrangian mean
velocity (a) and of the Eulerian velocity (b) for a device with dimensions comparable to
the acoustic wavelength. The bottom wall is actuated. The lines represent the streamlines of the respective velocities. The Lagrangian velocity streamlines do not cross the
channel walls indicating no mass flow across the channel walls, while the Eulerian velocity streamlines cross the channel walls as though there were an outflow across the
channel walls. Adapted from ref. [1]

Eulerian velocity field where no vortices are observed and the maximum value of
the norm of the Eulerian velocity is observed to be two orders of magnitude larger
than that of kvL k. To investigate the effect of the boundary conditions for the
second-order velocity, we also performed corresponding calculations for this case
using the Ezbc formulation. Fig. 5.6(a) shows the density plot of the magnitude of
the Lagrangian velocity obtained using an Ezbc formulation where the lines denote
the streamlines of said field. Similar to the results obtained with our generalized
Lagrangian formulation, four streaming vortices are observed along the length of
the channel. However, these are shifted closer to the oscillating wall when compared to those in Fig. 5.5(a). Furthermore, the maximum value of the norm of
the Lagrangian velocity is approximately 2 × 10−7 m/s. Fig. 5.6(b) shows the corresponding plot pertaining to the Eulerian velocity. One immediate observation
is that, in this case, the Lagrangian and Eulerian fields show no significant difference between them except at the boundaries, but both differ significantly from
the corresponding results obtained using the generalized Lagrangian formulation,
shown in Fig. 5.5. Specifically, the Lagrangian flow field obtained from the Ezbc
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Figure 5.6. Ezbc formulation: Density plots of the magnitude of the (a) Lagrangian
velocity and (b) Eulerian velocity for a device with dimensions comparable to the acoustic
wavelength. The bottom wall is actuated. These results are to be contrasted with those
in Fig. 5.5. The Ezbc formulation (results in this figure) yields results that we believe
are erroneous. The lines represent the streamlines of the respective velocities. Here the
Lagrangian velocity streamlines cross the channel walls indicating an unphysical mass
flow across the channel walls. By contrast, consistent with the boundary conditions
imposed in Ezbc formulation, here the Eulerian velocity streamlines do not cross the
channel. These results are not supported by experimental evidence reported later in this
chapter. Adapted from ref. [1]

formulation differs in three aspects:
1. The Lagrangian flow field at the channel boundaries is non-zero, indicating
an nonphysical mass flux across the oscillating boundary.
2. The maximum of the norm of the Lagrangian velocity from the Ezbc formulation is two orders of magnitude larger than the corresponding value from
the ALE formulation.
3. The direction of the Lagrangian velocity from the Ezbc formulation is opposite
to that obtained via the ALE formulation.
We remark that the first discrepancy is expected since, in general, for actuation
cases where the Stokes drift is non-zero at the oscillating walls, setting the Eulerian
velocity field to zero at the oscillating wall automatically results in a non-zero Lagrangian mean velocity and hence a corresponding mass flux across the oscillating
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Figure 5.7. Acoustophoretic particle trajectories in the SAW microchip yz cross section
as function of increasing particle diameter along the rows. The left column panels (a-d)
show experimental trajectories in a 1.5-mm section along the channel direction x, while
the left column panels (e-h) show the corresponding numerical trajectories. Velocity
magnitudes uyz are indicated by colors (from minimum blue to maximum yellow). The
numerical velocity magnitudes are normalized such that the maximum velocity for the
5.2 µm particles match. Adapted from ref. [3]

boundary. The last two discrepancies can be understood based on the observation
that in this case the Stokes drift term significantly affects the flow field even outside
the boundary layer and its strength is of same order of magnitude as that of the
Eulerian flow velocity. The mutually opposite directions of the Eulerian velocity
field and Stokes drift field causes them to effectively cancel each other, except inside the boundary layer, thereby yielding a much slower Lagrangian velocity field.
Next, we present a comparison between numerical predictions and experiments to
demonstrate that our generalized Lagrangian formulation yields correct magnitude
and direction of the Lagrangian velocity, resulting in particle trajectory predictions
that are much closer to the experiments than other formulations both qualitatively
and quantitatively.

5.6.2 Experimental validation
The experimental particle trajectories for the four particle sizes are shown in the
panels (a)-(d) of Fig. 5.7. The trajectories are shown in the yz cross-section and the
colors indicate the yz velocity magnitude uyz . For each particle size, the shown
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trajectories are the superposition of 20–30 repeated reproducible measurements
using dilute particle suspensions. The yz particle motion is translational invariant
along x along the 1.5 mm measurement section. The 0.5 µm and 1 µm trajectories
are slow and have been filtered for Brownian motion by calculating the trajectories
from a binned velocity field averaged from several repeated measurements. The
corresponding numerical trajectories are shown in the panels (e)–(h) and are in
good agreement for all particle sizes. The numerical trajectories are calculated
without any fitting parameters. However, the velocity magnitude of the trajectories
is set by the substrate displacement amplitude ζ entering through the pre-described
displacement function. The displacement amplitude is experimentally unknown,
but can be estimated by comparing
the maximum particle velocities for the 5 µm
q
µm
µm
/u5num,max
. For a 40 V actuation, the
particle trajectories, ζexp = ζnum u5exp,max
experimental displacement on the substrate is estimated to be ζexp = 1.3 nm, which
we use to set ζnum and thus the scale on the colorbars in Fig. 5.7 and Fig. 5.8.
The motion of the 0.54 µm particles in panels (a) and (e) is dominated by
the viscous drag from the acoustic streaming shown by four distinct flow rolls.
The direction of the flow rolls is such that at y = 0 the fluid flows from the
PDMS top wall towards the substrate. The maximum streaming velocities are
located at the substrate interface. However, while the maximum velocities are
located at the inner streaming rolls experimentally, they are located at the outer
streaming rolls numerically. In contrast to the 0.54 µm particles, the motion of the
5 µm particles in panels (c) and (g) is dominated by the acoustic radiation force,
which pushes the particles to the top and bottom and to the vertical lines at the
substrate displacement nodes at y equal to −w/2, 0, and w/2. Experimentally,
the particles are pushed away from the two points at (y, z) = (±120, 40), while
numerically the two depletion points are located at (y, z) = (±120, 60). Further
differences occur as well, experimentally, all the particles move to the top wall with
the particles located below y = 40 µm moving first towards the substrate before
eventually moving towards the top wall. The trajectories of the 8 µm particles
in panels (d) and (h) follow the same description as the 5 µm particles, but have
different velocity magnitudes. The experimental radiation force-driven motion
scales nearly with the expected particle size squared [(7.76 µm)/(5.20 µm)]2 =
µm
µm
2.2, namely u8max
/u5max
= (36.3 µm/s)/(21.9 µm/s) = 1.7. Notice that the 8 µm
particles are few and 36.3 µm/s is therefore an underestimate of their maximum
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Figure 5.8. Acoustic streaming field vyz in the SAW microchip (velocity magnitudes
vyz as colors, vectors vyz as arrows). The streaming velocity is shown in the vertical
yz cross section of the microchannel, divided into a pixel array consisting of 61 × 21
exp obtained from
square bins of side length 10 µm. (a) Experimental velocity field vyz
averaging the acoustophoretic velocities of 0.5 µm particles in a 1.5 mm section along the
num , where the magnitude
channel direction x. (b) Numerical streaming velocity field vyz
is set by the substrate displacement amplitude ζexp = 1.3 nm determined by comparison
of experimental and numerical particle trajectories. (c) Quantitative difference ∆vyz =
exp − v num | of the measured and calculated acoustic streaming field. Adapted from
|vyz
yz
ref. [3]

particle velocities. The motion of the 1.2 µm particles in the panels (b) and (f)
is mostly dominated by the streaming drag, but is also strongly influenced by the
acoustic radiation force, which is seen from the large bulk velocity magnitudes at
around y = ±w/4. The critical particle size for which the particle motion switches
between being dominated by the radiation force and the streaming drag is evidently
between 1.2 µm and 5.2 µm, and evidently closer to 1.2 µm, which is the case both
experimentally as well as numerically.
In Fig. 5.8 we show a quantitative comparison of the acoustic streaming field in
the yz-plane vyz with vectors shown as arrows and magnitude vyz shown as colors.
exp
Fig. 5.8(a) shows the experimentally-obtained streaming field vyz
, obtained from
averaging the acoustophoretic velocities of 0.5 µm particles onto a grid consisting
of 61 × 21 square bins of side length 10 µm. The velocity in each bin is calcu-
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Figure 5.9. Color plots of the first-order pressure p∗(1) field for a SSAW actuated
microfluidic channel with width, w = 600 µm and height, h = 210 µm. The pressure
field oscillates in time with a standing wave along y and a travelling wave along z. The
first-order pressure field p1 oscillates from −12.9 kPa (blue) to 12.9 kPa (red). Adapted
from ref. [4]

lated from 100–300 different particles, which also ensures a filtering of a Brownian
motion component and thus this velocity field was used for the calculation of the
particle trajectories in Fig. 5.7(a). Fig. 5.8(b) shows the corresponding numerical
results, which were used to calculate the trajectories in Fig. 5.7(e). The numerical
streaming magnitude is set by the substrate displacement amplitude ζexp = 1.3 nm,
which was determined by comparing the experimental and numerical 5 µm particle
num
exp
| is shown
− vyz
trajectories. The quantitative, fitting free difference ∆vyz = |vyz
in Fig. 5.8(c), displaying quantitative differences of up to 1.7 µm/s.
The reason for the discrepancies between the experiments and the numerical
model might be found in the fact that the considered experimental system has
a substrate thickness of 500 µm, which is less than the SAW wavelength of λ =
600 µm. This means that the substrate surface oscillations might not decay fully
before reaching the substrate bottom such that the Rayleigh wave assumption does
not hold completely and hence, the used pre-described displacement employed in
numerical simulations may not be accurate.

5.6.3 First-order fields
Having validated our numerical model with the experiments, we employ our numerical model to investigate the nature of the first-order acoustic fields that are setup
in SSAW microacoustofluidic systems. As mentioned earlier, since the impedance
of PDMS is slightly different from that of the carrier fluid, it is expected that a
part of the acoustic waves that travel to the PDMS-fluid interface will be reflected
back into the channel. Fig. 5.9 shows the numerically obtained first-order pressure field for a SSAW actuated microfluidic channel with width, w = 600 µm and
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height, h = 210 µm at six different instants of time during one period of oscillation.
The first-order pressure value ranges from −12.9 kPa (blue) to 12.9 kPa (red). As
predicted by the analytical model, these fields depict a standing wave character
in the horizontal direction, but an upwards-propagating “pseudo-standing” wave
character in the vertical direction.
5.6.3.1

Wall impedance sweep

To study the effect of the wall material of the microfluidic channel, we perform
a series of simulations with increasing value of wall impedance while the fluid
impedance is kept constant. For each value of increasing impedance we compare the
solution g to the solution gref obtained using hard-wall boundaries (i.e. n · v∗(1) = 0
at Γi ) by calculating the convergence function C(g) defined as
C(g) =

vR
u
u (g
t R

− gref )2 dy dz
.
(gref )2 dy dz

(5.35)

The first-order pressure field from the hard-wall solution is shown in Fig. 5.10(a)
and features a resonance with no traveling waves as typically observed in BAW
systems. The convergence function C(g) for the first-order pressure and velocity
fields is plotted in Fig. 5.10(b) and it is seen that as the wall impedance increases,
the solutions converge to the hard-wall solution. The values of the convergence
function C for impedance values for those of glass (zgl = 1.3 × 107 kg·m−2 ·s−1 ) and
silicon (zsi = 2 × 107 kg·m−2 ·s−1 ) were around 0.45 and 0.3, respectively, while C
for PDMS is around 1. Thus, to a reasonable approximation, hard-wall boundary
conditions can be used for BAW systems using typically silicon or glass walls,
while it is an inaccurate condition for SAW systems using PDMS walls. This is in
good agreement with the fact that PDMS, having an acoustic impedance similar to
water, absorbs most of the incident waves with little reflections while silicon and
glass, having very different acoustic impedances from water, reflect most of the
incident waves leading to the building up of resonances inside the microchannel.
5.6.3.2

Phase sweep

Next, we investigate the effect of the phase difference between the two incoming
SAWs by changing their relative phase ∆φ in Eq. (5.29). Fig. 5.11 shows the plots
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Figure 5.10. Impedance convergence analysis. (a) First-order pressure field p∗(1) when
using hard-wall conditions n·v∗(1) = 0 at Γi boundaries [color plot ranging from -70.5 kPa
(blue) to 70.5 kPa (red)]. (b) Semi-logarithmic plot of the relative convergence parameter
C, as given in Eq. (5.35), as a function of the wall impedance zwall . The solution with
hard-wall boundary conditions in panel (a) was chosen as the reference solution. As
the impedance of the walls increases, the solution with impedance boundary conditions
converges to the solution with the hard-wall boundary conditions. Adapted from ref. [5]

of the first-order pressure fields p∗(1) for varying phase difference ∆φ. We see that
the position of the pressure node along the y direction can be tuned by changing
the phase difference between the two incoming SAWs. For a phase difference of
π/2, the shift in the phase difference is λ/8. In other words, a phase difference
of π results in an interchange in the position of the nodes and the antinodes.
This is in agreement with the results obtained by Meng et al. [144], where they
used the tuning of the pressure node to transport single cells or multiple bubbles.
This principle has recently been utilized by Li et al. [145] to study heterotypic
cell-cell interaction by sequentially patterning different types of cells at different
positions inside the microfluidic channel. Fig. 5.11 also points to the fact that a
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Figure 5.11. Color plots of the first-order pressure field for different values of phase
difference ∆φ, as in Eq. (5.29), between the two incoming traveling waves. The position
of the pressure node along the y direction can be tuned by changing the value of ∆φ.
The pressure node moves by a distance of λ/8 for each phase difference of π/2. Adapted
from ref. [5]

minor shift in actuation does not affect the solution in a drastic manner, indicating
the robustness of the solution with respect to minor perturbations in the applied
actuation.

5.6.4 Particle trajectories
Next, we investigate the trajectories of particles inside the microchannel by employing the tracking methodology described earlier. The trajectories of these particles
are plotted as the streamlines of vp using Eq. (5.34). Fig. 5.12(a) shows the numerically obtained trajectories of 240 uniformly seeded particles where the colors
denote the particle velocities ranging from 0 (blue) to 3 × 10−4 m/s (red). The
particles move away from the antinode positions at y = −150 µm and y = 150 µm
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Figure 5.12. (a) Numerically obtained trajectories of 240 uniformly seeded particles
where the colors denote the particle velocities ranging from blue (minimum) to red
(maximum). The particles move from their initial position away from the antinode
positions at y = −150 µm and y = 150 µm towards the node positions at y = −300 µm,
y = 0 µm, and y = 300 µm. (b) Line plot of the z component of radiation force Fzrad at
y = 0, y = 1 µm, y = 2 µm, and y = 3 µm. The magnitude of the radiation force in the
vertical direction increases away from the node position at y = 0 such that a particle
that is perturbed from the horizontal node position can be expected to experience a nonzero radiation force and therefore be subject to vertical focusing at the node position.
Adapted from ref. [4]
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and towards the node positions at y = −300 µm, y = 0, and y = 300 µm in the
horizontal direction. The formal analysis of the particle motion indicates that,
ideally, the particles experience no radiation force, either horizontally or vertically,
at the horizontal node positions. Therefore, with reference to Fig. 5.12, the basic
expectation is that, after the particles reach the horizontal node position at y = 0,
they become stagnant. Indeed this expectation is met in observations. However, at
the other two node positions i.e. at y = ±300 µm, the particles do move vertically
after reaching the horizontal node positions. This can be attributed to the fact that
while a perfect symmetry can be expected around y = 0, the same is not the case
at the other node positions, and this asymmetry results in a non-zero radiation
force in the vertical direction at the horizontal node positions. This phenomenon
can also be observed by considering a wider channel such that there are multiple
nodes in the channel and where vertical focusing of particles is seen at all other
nodes except the central node. Nonetheless, this observation needs to be understood with the realization that the modeled system represents an idealized system
with perfect symmetry about y = 0. In this context, Fig. 5.12(b) shows a plot of
the radiation force in the vertical direction as a function of the vertical position
at different distances away from the horizontal node position. It can be seen that
while Fzrad = 0 at the node position, it is different from zero away from the center
node. Therefore, a finite-sized particle can be expected to experience a radiation
force in the vertical direction upon slight perturbations from the node position.
The particles would eventually focus at the vertical positions where Fzrad = 0 since
these points represent a stable equilibrium for the particle in both the horizontal
as well as the vertical direction.
Noting this observation, we consider the trajectories of particles of radius a
such that upon reaching the central node position at y = 0, they are perturbed
by a distance a2 away from y = 0. While this assumption may not be entirely
correct from a quantitative perspective, it nonetheless provides good instructive
insights into the motion of finite sized particles in the vertical direction. With this
in mind, Fig. 5.13(a) shows the numerically obtained trajectories of 240 uniformly
seeded positive contrast particles with radius, a = 8 µm where the colors denote
the particle velocities ranging from 0 (blue) to 3 × 10−4 m/s (red). Again, the
particles move from their initial position away from the antinode positions at y =
−150 µm and y = 150 µm towards the node positions at y = −300 µm, y = 0,
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Figure 5.13. Numerically obtained trajectories of 240 uniformly seeded particles with
radius, a = 8 µm where the colors denote the particle velocities ranging from blue (minimum) to red (maximum) for (a) particles with positive contrast factor and (b) for particles with negative contrast factor. The particle properties for the panel (b) are chosen
such that the radiation force profile is similar to that of the panel (a) with same magnitude but with opposite direction. While the particles with the positive contrast factor
move towards the pressure node, the negative contrast particles move towards the antinode position. (c) Line plot showing numerical and analytical predictions (black dashed
lines) for the vertical focus/antifocus position as a function of the channel height. The
numerical and analytical prediction depict a good match such that the focus positions
vary linearly with the channel height. Adapted from ref. [4]

95

and y = 300 µm. Furthermore, it can be observed that due to the considered
perturbation, the particles experience a non-zero radiation force in the vertical
direction around the central node, as shown in Fig. 5.12(b). Here, the positions
at z ≈ 67 µm and z = 210 µm represent a stable equilibrium position (i.e. where
Fzrad = 0 with a negative slope) while positions at z = 11 µm and z = 138 µm
represent unstable equilibrium (i.e. where Fzrad = 0 with a positive slope) in the
vertical direction. Thus, as seen in Fig. 5.13, the particles move away from the
unstable equilibrium positions and towards the stable equilibrium positions. On
the other hand, Fig. 5.13(b) shows similarly obtained trajectory results for negative
contrast particles such that the radiation force profile is similar to Fig. 5.13(a)
but with the opposite direction. Thus, the positions for the stable and unstable
equilibrium positions are reversed in this case. Fig. 5.13(c) shows a plot of the
vertical focus/antifocus positions of positive contrast particles as a function of
channel heights. The numerical results can be observed to show a good match
with the analytical predictions such that the focus/antifocus positions vary linearly
with the channel height with additional focus/antifocus points appearing in the
λf
in the channel height. We remark here that, as
channel for an increase of 4 sin
θ
discussed for Fig. 5.13(a) and (b), the focus and antifocus positions interchange for
the positive and negative contrast particles. The numerical results also confirm the
important observation that z = h always represent a focus position for positive
contrast particles and hence positive contrast particles can always be expected
to move towards the top wall. In contrast, z = h is always an antifcous point
for negative contrast particles. However, we stress that these calculations are
representative of the trajectories for particles that are both neutrally buoyant as
well as sufficiently large such that both Fdrag as well as Fg are small in comparison
f
, n = 0, 1, 2, . . ., even the bottom
to Frad . Furthermore, we remark that for h = 4nλ
sin θ
wall at z = 0 would represent an antifocus point for the negative contrast particles.
Thus, all the particles can be focused in the bulk of channel with no particle sticking
to either the bottom or the top wall. We believe that this observation should be
noted while designing microchannels for various particle separation applications
where particles sticking to bottom and top walls limit the efficiency of the devices.
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5.6.5 Particle manipulation in vertical direction
Next, we investigate the interplay of the various forces governing the particle trajectories to tune the position of vertical focusing of particles that are not neutrally
buoyant. Specifically, here, we consider the case of particles that are lighter than
the carrier fluid with density ρp = 900 kg/m3 . Fig. 5.14(a) shows the plot of
numerically obtained trajectories of 240 uniformly seeded particles with radius,
a = 8 µm. Here, the particle trajectories are obtained by including all the terms in
Eq. (5.34) i.e. by including the contribution from the acoustic streaming induced
hydrodynamic drag, acoustic radiation force (including perturbation) as well as
the buoyancy force. Again, the particles move away from the antinode positions
at y = −150 µm and y = 150 µm towards the node positions at y = −300 µm,
y = 0, and y = 300 µm. Similar to Fig. 5.13(a), the particles move away from the
antifocus lines in the vertical direction and towards the focus locations. However,
it must be noted that position of the focus and the antifocus lines are not the
same as in Fig. 5.13(a) since additional contributions from the streaming induced
hydrodynamic drag as well as the gravity are included in these calculations. With
reference to Eq. (5.34), we note that the contribution of the both the streaming
velocity (first term on right hand side) as well as that of the radiation force (second
term on the right hand side) scales quadratically with actuation amplitude while
the contribution due to the gravity (third term on the right hand side) is independent of the actuation amplitude. Therefore, it is possible to tune the vertical focus
positions of the particles by tuning the actuation amplitude (or the applied input
power). Noting this, Fig. 5.14(b) shows a plot of the velocity contribution of the
power dependent terms (i.e. the summation of first and second term on right hand
side in Eq. (5.34)) as a function of the vertical position for three different values
of numerically employed actuation amplitude, ζnum . The green line in Fig. 5.14(b)
denotes the negative of the contribution from the gravitational force (i.e. negative
of the last term in Eq. (5.34)) and is independent of the actuation amplitude. The
balance points are obtained at the intersection of the power-dependent curves with
the green curve such that vp = 0 at balance points. These points represent the
vertical focus (stable equilibrium) and antifocus (unstable equilbrium) locations.
It can be observed that the vertical focus positions of the particle, denoted by
solid circles, can be tuned by tuning the actuation amplitude, ζnum such that the
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Figure 5.14. (a) Numerically obtained trajectories of 240 uniformly seeded particles
with radius, a = 8 µm where the colors denote the particle velocities ranging from blue
(minimum) to red (maximum) for particles with density, ρp = 900 kg/m3 . (b) Plot of the
velocity contributions from the power dependent terms (i.e. the first and the second term
on right hand side in Eq. (5.34) as a function of the vertical coordinate for three different
values of the actuation amplitude, ζnum . The green curve denotes the contribution from
the gravitational force (i.e. the negative of the last term in Eq. (5.34)) such that the
vertical focus positions, denoted by solid circles, move towards the bottom wall as the
actuation amplitude is increased. Adapted from ref. [4]
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vertical focus locations move towards the bottom wall as the actuation amplitude
is increased for a particle that is lighter than the carrier fluid. We end this section
with the remark that combined with the results presented in Section 5.6.3.2, our
numerical results indicate the potential to tune particle positions in three dimensions such that the horizontal focus position of the particle is tuned by changing
the phase difference between the two incoming SAWs while the vertical focus positions of the particle is tuned by changing the applied input power. The capability
to precisely tune micro-objects in three dimensions represent exciting potential of
SSAW-based microacoustofluidic systems for numerous applications in regenerative medicine, tissue engineering as well as neurosciences. We end this section
with the remark that combined with the results presented in Section 5.6.3.2, our
numerical results indicate the potential to tune particle positions in three dimensions such that the horizontal focus position of the particle is tuned by changing
the phase difference between the two incoming SAWs while the vertical focus positions of the particle is tuned by changing the applied input power. The capability
to precisely tune micro-objects in three dimensions represent exciting potential of
SSAW-based microacoustofluidic systems for numerous applications in regenerative medicine, tissue engineering as well as neurosciences.

5.7 Concluding remarks
In this chapter, we employed the generalized Lagrangian formulation to analyze
the physics of a SSAW based microacoustofluidic device. We compared the results
obtained from different formulations and validated our numerical results using the
experimental measurements of the full three dimensional trajectories of the particles. Our numerical results and subsequent experimental validation identifies the
correct boundary condition at the oscillating wall for the SSAW microacoustofluidic systems. Further, we presented numerical results revealing the presence of
“pseudo-standing” wave in the vertical direction and presented the capability to
tune the horizontal as well as vertical node position by tuning the phase difference
between the two incoming SAWs and the applied input power.
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Chapter 6 |
Extension to the Immersed Finite Element Method
As discussed earlier in Sec. 1.3.1, the emerging applications of microacoustofluidics usually concern with the fluid-solid interactions both inside the microfluidic
channel for immersed particles as well as at the channel wall boundaries. The
large particle sizes employed as well as the large amplitudes of vibration in many
of these applications makes it necessary to account for FSI to accurately model
these processes. Furthermore, the analytical expressions for radiation force usually
have implicit assumptions concerning the particle shape as well as particle size in
relation to the acoustic wavelength. In such cases, FSI approaches can help to
accurately capture the particle motion inside the microfluidic channel by directly
calculating the particle trajectory instead of using an analytical expression for the
radiation force. In this chapter, we outline the extension of the generalized Lagrangian formulation to FSI problems. Noting this, before the exposition of this
extension, we review the commonly adopted FSI approaches.

6.1 Brief review of FSI approaches
The typical approach for modeling the deformation of a solid object is the Lagrangian approach. In a Lagrangian approach, the initial reference configuration
of the solid is known and is chosen as the time-independent computational domain
for the problem. The objective of the modeling approach is to determine the displacement field and predict the deformed configuration of the body at a later time.
While the Lagrangian methods allow easy tracking of free surfaces and interfaces,
100

they require frequent re-meshing to follow large deformations. On the other hand,
the typical approach to analyze the motion of fluids is the Eulerian approach. In
an Eulerian approach, the computational domain is chosen as a control volume
through which different material particles of the fluid can pass through at different times. Thus, in contrast to the Lagrangian approaches, the time-independent
computational domain is associated with a fixed region in space rather than with
material particles of the object under study. Here, the objective of the modeling
approach is to determine the velocity field of the fluid over a fixed region of space
(chosen as the computational domain). For an incompressible fluid, a Lagrange
multiplier p (taken to be the hydrostatic pressure of the fluid) is required to enforce
the incompressibility. On the other hand, for a compressible fluid, in addition to
the fluid velocity, the fluid density is an unknown of the problem. However, using
a constitutive relation linking the fluid pressure to the fluid density, the problem
can be reformulated in terms of the fluid velocity and pressure. While the Eulerian
approaches are better at handling the large deformations, they pose challenges for
precise tracking of interfaces.
For an FSI problem that may, in general, require the handling of both the
large deformations as well as the precise interface tracking, the governing equations need to be reformulated in a manner that respects the distinction between
the standard frame of references for fluid and solid equations. In such cases, typically an ALE approach is employed. The primary distinction of these approaches
from the aforementioned approaches arises from the fact that the computational
domain is a time-dependent domain that moves, in general, with respect to both
the material particles as well as space. Therefore ALE approaches comprise of two
distinct motions — the motion of the object under study and the motion of the
computational domain. While the former is governed by the physical laws, the
latter does not have any physical significance and is chosen somewhat arbitrarily.
While the mesh motion can in principle be entirely arbitrary, it is chosen in a manner so as to improve the ability to handle larger deformations as compared to the
Lagrangian approaches, while simultaneously obtaining sufficient precision in the
interface tracking abilities. Hence, the success of this method depends significantly
on the specification of mesh motion and various mesh motion techniques have been
proposed depending on the problem under consideration [146].
For ALE approaches, the boundary value problem (BVP) can be considered
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to be consisting of two subproblems determining the motion of the fluid and the
solid. These two subproblems are coupled via the boundary conditions at the common interface. Therefore, two common solver approaches exist for FSI problems
that differ in the manner these interface boundary conditions are handled — the
partitioned approach and the monolithic approach. In a partitioned approach, the
fluid and the solid subproblems are solved iteratively in a manner such that the
traction forces obtained from the solution of the fluid problem are prescribed as
boundary loads to the solid subproblem. The solid, in turn, deforms under the
action of these loads and therefore prescribes a deformed computational domain
for the fluid problem at the next time step. This iterative procedure is followed
until the interface conditions are satisfied to reasonable accuracy depending on the
desired strength of coupling. The partitioned approach is appealing as it allows
the use of preexisting fluid and solid solvers to handle the respective subproblems.
However, while this approach is well suited to parallelization, the time step size
required to obtain a stable solution is usually very small. On the other hand, in
a monolithic approach, the fluid and the solid equations are solved simultaneously
in a fully-coupled manner. While this approach is usually computationally expensive, it usually provides more accurate solution due to the full coupling at the
solid-fluid interface. Other than the ALE approach discussed above, a variety of
techniques exist for FSI problems such as the level set method, fictitious domain
method, volume of fluid method etc. These methods are usually grouped under
the category of interface capturing methods since the entire problem is typically
formulated in Eulerian framework with the implementation of specific strategies
to track the interface moving through the control volume. In this dissertation,
we employ the immersed finite element method which is a variant of an interface
capturing technique known as the immersed boundary method. In the next section, we briefly outline the immersed finite element method and its application in
microacoustofluidics.

6.2 Immersed finite element method
The immersed boundary (IB) method was developed by Peskin to model the blood
flow around the heart valves [50]. In this method, the entire computational domain
including the solid domain is assumed to be occupied by the fluid such that the
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support of the equations of the motion of the fluid is extended over the entire
domain. The interaction of the solid with the fluid is handled via the body forces
that act on the fluid domain at the current position of the solid. Thus the entire FSI
problem is reformulated as a problem consisting of the equations of motion of fluid
with additional body force terms arising due to the presence of the solid. In the
IB method, the solid is represented as a network of fibers consisting of contractile
elements. The domain is discretized using a finite difference approach. Since the
elements of the fibers may not align with the mesh nodes, Dirac delta distributions
are employed to interpolate the body force terms that need to be incorporated at
the fluid mesh nodes. The velocity of the solid is identified as the restriction of
the velocity field over the solid domain and the same Dirac delta distributions
are employed to obtain the velocity of the ends of the contractile fibers from the
velocity obtained at the fluid mesh nodes. The IB method developed by Peskin
assumes both the fluid and solid to be incompressible and the solid to occupy no
volume. Since these assumptions are not always physically reasonable, a number
of variants of IB methods have been proposed to remove these restrictions. A
review of the various immersed boundary methods can be found in [147]. In this
dissertation, we employ a fully variational implementation of one such modification
of the IB method known as IFEM. This method does not require the solid to be
volume-less and uses finite element method to discretize both the fluid and the solid
domain. Furthermore, the need to employ Dirac delta distributions is removed by
employing a fully variational approach to obtain the solid displacement field. The
essence of this method is similar to IB method in that the equations of motion of
the fluid are extended over the entire domain Ω (fluid and immersed body). The
extension process leads to modification of the extended governing fluid equations by
body forces that reflect the constitutive equations of the immersed domain [49,50,
148, 149]. To be able to track the motion of the immersed domain, a displacement
field w only over Bt is defined. The equation relating the displacement w to the
velocity v is simply the kinematics requirement that the velocity be the (material)
time derivative of the displacement. With this in mind, this requirement is handled
in IFEM in an entirely variational way:
Z 
B

∂w(s, t)
− v(x, t)
· y(s) dV = 0
x=s+w(s,t)
∂t
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(6.1)

l
Figure 6.1. Current configuration Bt of a body B immersed in a fluid occupying the
domain Ω.

for all test functions y in an appropriate function space for the immersed system
displacement field. Here s is the position of points of the reference configuration
of the immersed domain.

6.3 Immersed finite element method for microacoustofluidics
Next, we outline the approach to extend the generalized Lagrangian formulation
reported in this dissertation for FSI problems by integrating it with IFEM. Referring to Fig. 6.1, Bt represents the configuration of an immersed body B at time t.
As a point set, Bt is a possibly-multiply-connected proper subset of a fixed control
volume Ω representing the microfluidic chamber. The domain Ω \ Bt is occupied
by a fluid. ∂Ω and ∂Bt , with outer unit normals m and n, respectively, are the
boundaries of Ω and Bt . Extending the support of the equations of motion of fluid
over the entire domain, we observe that the equations of the motion of the fluid
hold (almost) everywhere in Ω. That is, the constitutive response function for the
stress at position x and time t in the equations of motion of fluid represents the
stress everywhere, whether x is in the fluid or the immersed body. Clearly, if x is
in the fluid, it will be described by the constitutive response function of the fluid.
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If x is in the immersed domain, σ will be described by some chosen constitutive
response function for the immersed system. More importantly, since the equations
of motion of fluid hold everywhere, we can apply the same perturbation expansion
as used earlier everywhere in the domain. The main issue to resolve concerns continuity conditions at the boundary of the immersed body, the latter having been
discussed in [49, 149]. We will assume that the immersed body is convected with
the flow and that this convection holds for the first- and second-order problems
individually. This assumption is perfectly consistent with the formulation of the
boundary conditions of acoustic problems in general. In practice, this is expressed
by saying that the fields
1. v1 and v2 are globally continuous in Ω; and
2. continuity of the tractions across ∂Bt : Jσ1 Kn = 0 and Jσ2 Kn = 0, where J•K
is the jump discontinuity of ‘•’ across ∂Bt .
Another delicate aspect of the proposed approach is the decomposition of the stress
tensor vis-à-vis the kinematics that appears in the response functions to ensure
that the order of the problem is respected. The equations for a linear viscous
fluid are such that the first- and second-order stress terms are easily separated
based on the presence of the first- and second-order velocity gradients, respectively.
The situation may not be as straightforward depending on the choice of material
behavior for the immersed cells, which will contain contributions dependent on
the displacement gradient. Nonetheless, upon separation of the original problems
in the first-and second-order problems, Eq. 6.1 can be employed to obtain the
displacement of the immersed body. The main relevance of Eq. 6.1 to the present
discussion is that, in extending the IFEM to microacoustofluidics, it is understood
that the first-order problem will cause no net motion of the immersed bodies.
Therefore, the above tracking equation will be used only by letting ∂w/∂t = vL .

6.4 Fluid body tracking
Here, we show a set of numerical results that concern the tracking of a region
of fluid within a streaming field. This simulation is being reported here as a
“proof of concept” in that it demonstrates one major application of the proposed
ALE formulation in the determination of the motion of solid bodies immersed
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Figure 6.2. Simulation showing the deformation of a continuous fluid sub-body originally occupying the circular region in frame (a). Adapted from ref. [1]

in a streaming flow. This is a problem that has been considered extensively in
more traditional FSI contexts [49, 50, 150], but it has not been given a satisfactory
treatment in microacoustofluidic applications. The latter are of strong interest in
acoustophoresis for controlling the motion and placement of immersed particles,
whether soft or hard, and in applications for the manipulation of relatively large
soft immersed objects such as cells. Here we limit ourselves to illustrating the
possibility of tracking the motion of an immersed body by tracking the motion of
a connected fluid sub-body (an extensive analysis of the motion of soft immersed
solid bodies by the authors is in preparation). Figure 6.2 shows several frames of a
simulation in which we track the motion of the fluid sub-body originally occupying
the circular domain shown in Fig. 6.2(a). The simulation was obtained by using
the immersed method discussed in [49] for the integration of Eq. (3.55) (including
only terms up to order two). The density plot over the tracked body displays the
magnitude of the displacement. The simulation in question is akin to determining
the trajectory of a passive tracer where the tracer in question is not a point but
a continuous region of fluid. If the subbody in question consisted of, say, a soft
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elastic object, the computed displacement u(0) would then allow the determination
of the elastic stresses induced by the deformation and the consequent feedback on
the motion of the surrounding fluid.

6.5 Concluding remarks
In this chapter, we presented a brief review of the commonly adopted FSI approaches and outlined the extension of the developed generalized Lagrangian formulation to include IFEM approach for FSI problems. We presented numerical
results to show the tracking of a continuous subregion of the fluid as a test case.
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Chapter 7 |
Future work and perspective
In this chapter, we provide a brief summary of this dissertation and discuss some
of the potential future directions and extensions of this work.

7.1 Summary of dissertation
This dissertation has been motivated by a series of articles reported by Bradley [46,
47], concerning the differences between the Lagrangian and Eulerian velocity fields
inside acoustofluidic devices. The primary motivation of this dissertation has been
to revisit the formulation of the governing equations for microacoustofluidicsin an
FSI context to achieve a numerical formulation that is transparent with regards to
the reference frames as well as the time-scale separation. In this context, we have
presented a generalized Lagrangian formulation by posing our governing equations
over a convenient mean configuration that does not coincide with the current configurations. The formulation stems from a multi-scale approach with an explicit
separation of time-scales resulting in two subproblems: a first-order problem, formulated in terms of the fluid displacement at the fast scale, and a second-order
problem formulated in terms of the Lagrangian flow velocity at the slow time scale.
Following a rigorous time-averaging procedure, the second-order problem is shown
to be intrinsically steady. We believe that the generalized Lagrangian formulation,
with no significant computational overhead compared to the commonly employed
Eulerian formulation, offers several distinct advantages over the Eulerian formulation:
• The generalized Lagrangian formulation is consistent with the usually em108

ployed Eulerian formulation for a general time-dependent case. However, the
time-averaging process in this formulation is much more transparent, leading
naturally to a time-independent flow at the second-order.
• Since the first-order problem is formulated in terms of the displacement, this
approach offers a natural extension to fluid-structure interaction problems
concerning the motion of particles inside a microacoustofluidic device, as
demonstrated in the previous chapter.
• The formulation of second-order problem in terms of Lagrangian flow velocity
circumvents the need to utilize the concept of drift motion and the solution
can be directly compared to the experimentally observed motion of tracer
beads without the need to employ the notion of Stokes drift.
• The generalized Lagrangian formulation aids the identification of the boundary conditions that are exact at the actuated boundary, unlike the Eulerian
approaches that utilize a second-order Taylor series expansion to obtain the
boundary conditions for the acoustic streaming problem. Thus, the formulation of the second-order problem directly in terms of Lagrangian flow velocity
removes the ambiguity concerning the second-order boundary condition at
the oscillating walls.
As an application of the presented formulation, we first presented numerical results
concerning the fluid and particle motion in a sharp-edge-based microacoustofluidic device. Here, we compared the generalized Lagrangian formulation with the
typically employed Eulerian approaches and highlighted the advantages of our formulation. The Lagrangian formulation was shown to be particularly favorable for
such a device due to the presence of re-entrant sharp corners. This stems from the
fact that the velocity gradients of the first-order field, and hence the Stokes’ drift,
are singular at the sharp edges. To aid the comparison among the formulations,
we rounded-off the tips of the sharp edges with a small radius. The generalized
Lagrangian formulation was shown to be numerically favorable since it circumvents the need to accurately capture the first-order velocity gradients to obtain
the Lagrangian velocity.
We further employed our numerical model to investigate the physics of a typically employed confined and acoustically-leaky microacoustofluidics system: a
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liquid-filled PDMS microchannel driven acoustically by surface acoustic waves.
Here, the primary contributions of this study are as follows:
• Identification of correct boundary conditions to be applied for SSAW based
microacoustofluidic devices at the oscillating walls.
• Development of a simplified analytical model to explain the physics of the
formation of “pseudo-standing wave” in these devices.
• Identification of the correct direction and magnitude of the streaming velocity
and validation with the quantitative experimental results.
• Estimation of the displacement amplitude on the substrate through a combination of numerical and experimental results.
• Identification of the mechanism of particle focusing in the vertical direction.
• Development of a design criteria for identifying the focus/antifocus positions
in the vertical direction.
• Numerical demonstration of the capability to tune particle focus locations in
both horizontal (by tuning the phase) as well as vertical direction (by tuning
the applied power).

7.2 Future directions
In this section, we discuss a number of possible extensions of the work presented
in this dissertation, both in terms of further development of the numerical formulation as well as employing the formulation to investigate the physics and further
applications of microacoustofluidics systems.
From a formulation development viewpoint, one of the major task would be
expand the presented formulation to other physical regimes by exploring the interesting alternative scenarios regarding the choice of the time scale separation
parameter, β, as shown in [43]. Another significant extension of the reported formulation would be to include complex fluids. This concerns with the separation
of the nonlinear constitutive response function of such fluids into the first- and
second-order components that may not be as straightforward depending on the
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choice of material behavior for the immersed body. Furthermore, this dissertation
presents a “proof-of-concept” fluid tracking problem to outline the approach to
consider the FSI in microacoustofluidic systems. It would be interesting to extend
these calculations for a variety of constitutive responses of the solid both in the
linear as well as the nonlinear regime. To this end, we believe that the incroporation of a Distributed Lagrange multiplier approach (see, problem 6 in Boffi and
Gastaldi [151]) in the IFEM formulation can aid the numerical convergence of the
problem. Furthermore, all the calculations presented in this dissertation are for 2D
cases. A relatively straightforward extension would be to repeat these calculations
in a three dimensional setting. We believe that such calculations can be useful
in revealing the three dimensional character of the fluid and particle motion in
microacoustofluidic devices, depending on the actuation employed to drive these
devices.
From an application perspective, one of the primary strengths of the presented
formulation lie in the fact that the formulation is readily extendable to the FSI
calculations. Even in the absence of immersed particles, FSI exist in microacoustofluidic devices at the interface of the fluid with both the channel walls as
well as the underlying substrate. Though the extension of the current formulation to include channel walls and substrate is straightforward from a numerical
viewpoint, the primary challenge lies in identifying the proper constitutive models
and the associated material parameters of the channel wall materials like PDMS.
Also, while experimental measurements have been reported here for SSAW-based
device, undertaking such measurements, combined with the numerical predictions,
for other microacoustofluidic devices would be interesting and can be expected to
provide deeper physical insights.
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Appendix A|
Representation formulas
In this dissertation, we have used some formulas that are not standard and require
some background explanation. We begin with the derivation of the representation
formula for Jξ , the Jacobian determinant of the tensor Fξ . We recall that Fξ = I+h,
where, for typographical convenience we have used h = ∇x ξ. With this in mind,
we recall that the characteristic polynomial of a generic second-order tensor A has
the following representation (see, e.g., [33]):
det(A − λI) = −λ3 + I1 (A)λ2 − I2 (A)λ + I3 (A)

(A.1)

where I1 (A), I2 (A), I3 (A), are the principal invariants of A defined as follows:
I1 (A) := tr(A),

I2 (A) :=

1
2

h

I1 (A)2 − tr(A2 ) ,
i

I3 (A) := det A.

(A.2)

Observing that the principal invariants, when expressed in terms of the components of the tensor A, are polynomials of said components of order 1, 2, and 3,
respectively, we have that
I1 (A) = O(kAk),

I2 (A) = O kAk2 ,




and I3 (A) = O kAk3 .




(A.3)

Going back to Jξ = det(I + h), we then have that
Jξ = det(h − λI)|λ=−1

⇒

Jξ = 1 + I1 (h) + I2 (h) + I3 (h).
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(A.4)

Next, we turn to the representation formula of the tensor F−1
ξ . We recall that the
Cayley-Hamilton theorem, when applied to a second-order tensor, yields
F3ξ − I1 (Fξ )F2ξ + I2 (Fξ )Fξ − I3 (Fξ )I = 0.

(A.5)

As Fξ is invertible, we then have
2
I3 (Fξ )F−1
ξ = Fξ − I1 (Fξ )Fξ + I2 (Fξ )I.

(A.6)

Recalling that Fξ = I + h and using the definitions for the principal invariants of a
tensor, one can expand and simplify the right-hand side of Eq. (A.6), so that this
equation can be rewritten as
2
(1 + I1 (∇x ξ) + I2 (∇x ξ) + I3 (∇x ξ))F−1
ξ = I − h + I1 (h)I + h − I1 (h)h + I2 (h)I.
(A.7)
−1
Now, we consider an additive decomposition of Fξ in terms of contributions of
−1(0)
+ Fξ−1(1) + · · · . As we are interested only in
various orders in khk, i.e., F−1
ξ = Fξ
the contributions to F−1
ξ of order 0, 1, and 2, setting equal the orders 0, 1, and 2
of the left-hand side of Eq. (A.7) with the corresponding orders of the right-hand
side of the same equation, we then obtain the following result:
(0)
= I,
F−1
ξ

Fξ−1(1) = −h,

and Fξ−1(2) = h2 .

(A.8)

On the velocity decomposition into first- and secondorder contributions
Referring to Eq. (3.22), for the full velocity field we have
= v∗ (x, t)

v(y, t)

(A.9)

y=x+ξ(x,t)

Expanding the LHS of this equation to the second-order accuracy in a neighborhood of y = x, we have:
∗
v(x, t) + ∇x v∗ F−1
ξ ξ(x, t) = v (x, t).
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(A.10)

In the non-ALE approach, it is v(x, t) that is split into the first- and second-order
components, while in the ALE approach it is the RHS that is subject to such
decomposition. This gives:




∗(1)
v(1) (x, t) + v(2) (x, t) + ∇x v∗(1) + v∗(2) F−1
(x, t) + v∗(2) (x, t). (A.11)
ξ ξ(x, t) = v

Matching orders, we have that the first-order velocities for the traditional Eulerian
formulation and our FSI formulation coincide:
v(1) (x, t) = v∗(1) (x, t).

(A.12)

However, for the the second-order velocities we have
∗(2)
v(2) + ∇x v(1) F−1
,
ξ ξ = v

(A.13)

where, for convenience, we have omitted the argument ‘(x, t)’. To the second-order,
and upon time averaging, this amounts to
hv(2) i + h∇x v(1) ξi = vL ,

(A.14)

where the second term on the left-hand side of the above expression is the Stokes
drift.
Similar comparisons can be derived for other quantities of interest, such as the
density or the stress.
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Appendix B|
Non-Technical Abstract
The lab-on-a-chip concept refers to the quest of integrating numerous functionalities onto a single microchip for applications within medicine and biotechnology.
These devices offer immense potential towards development of portable, inexpensive, point-of-care diagnostic systems. One of the essential requirements to realize
these systems is the capability to achieve precise fluid and particle manipulation
needed for such applications. Towards this, microacoustofluidics (i.e. the merger
of acoustics and microfluidics) has shown great potential.
While microacoustofluidics has received a lot of experimental attention in recent
years, the physical understanding of these phenomena is still a work in progress.
The mathematical modeling of these systems reported in literature is plagued by
the uncertainties both in the kinematical description as well as the identification of
proper boundary conditions. This has resulted in different mathematical models
providing different and at times, contradictory results which are left unvalidated
due to a lack of the quantitative experimental data.
In this dissertation, we address this gap in the literature by developing a mathematically rigorous and transparent numerical formulation and experimentally validating it with quantitative measurements of the full 3D phenomena. The mathematical formulation stems from an explicit separation of time-scales resulting in two
subproblems: a first-order problem, formulated in terms of the fluid displacement
at the fast scale (of the order of acoustic actuation), and a second-order problem
formulated in terms of the Lagrangian flow velocity at the slow time scale. Following a rigorous time-averaging procedure, the second-order problem is shown to be
intrinsically steady, and with exact boundary conditions at the oscillating walls.
Also, as the second-order problem is solved directly for the Lagrangian velocity, the
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formulation precludes the need to employ the notion of Stokes drift, or any associated post-processing, thus facilitating a direct comparison with experiments. Since
the first-order problem is formulated in terms of the displacement field, our formulation is directly applicable to more complex fluid-structure interaction problems
in microacoustofluidics.
As an application of the presented formulation, we first present numerical
results concerning the fluid and particle motion in a sharp-edge-based microacoustofluidic device. We provide a comparison of the generalized Lagrangian formulation with the typically employed Eulerian approaches to highlight the advantages of our formulation.
We further utilize our numerical model to investigate the physics of a typically
employed confined and acoustically-leaky microacoustofluidic system: a liquidfilled polymer-walled microchannel driven acoustically by surface acoustic waves.
By varying the size of suspended particles, we capture the two limits for which
the particle motion is dominated by the acoustic streaming drag to where it is
dominated by the acoustic radiation force. Through a combination of experimental observations and precise identification of boundary conditions, we remove the
existing ambiguity in the literature concerning the acoustic streaming direction as
well as the critical particle size for which the particle motion switches between
the aforementioned two limits. Further, we reveal the presence of the verticallypropagating “pseudo-standing” wave and provide an estimate of the actual displacement on the piezoelectric substrate. We further employ our numerical model
to reveal novel physical phenomena inside these systems concerning the precise
handling of microparticles inside the microchannels.
Lastly, we outline the extension of the presented generalized Lagrangian formulation for fluid-structure interaction problems in microacoustofluidics. To this end,
we present “proof-of-concept” results concerning the tracking of a fluid sub-domain
inside a microacoustofluidic device. We believe that the numerical formulation reported in this dissertation represents a unique predictive capability to investigate
complex fluid-structure interaction problems in microacoustofluidics.
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