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ABSTRACT
Guided wave mode selection, which considers the application, structure, material properties
and geometry, is crucial for defect dectection and characterization. This requires understanding of
linear and nonlinear elastic guided wave propagation within a waveguide and the interaction with
inhomogeneous features or localized discontinuities within the waveguide. Some aspects towards
characterization of defects and material damage evolution via linear and nonlinear ultrasonic
guided wave features are presented.
Nondestructive quality assurance testing methods are limited for thick carbon fiber
reinforced polymer (CFRP) structures and have poor resolution for detects such as out-of-plane
wavy plies. As one example of a linear guided wave method, a portion of my work involved the
numerical investigation, via Frequency Domain Finite Element Method (FDFEM), on the response
of a few ultrasonic guided wave modes after interaction with out of plane wavy defects in thick
CFRP. The analysis identified a guided wave mode and frequency combination that exhibited
greater sensitivity than lower order modes and frequency pairs to interaction with the
inhomogeneous or localized discontinuity of geometry and material properties.
While linear elastic guided waves are suitable for detection and characterization of
inhomogeneous macroscale features, we are also interested in techniques that can provide earlier
detection. Nonlinear ultrasonics has the potential to be used to characterize microstructural
evolution, which can ultimately enable earlier remaining life prediction and improve conditionbased maintenance of structures. The goal of the conducted work was to improve understanding of
the interactions between nonlinear ultrasonic guided waves and evolving microstructure features,
and to determine an experimental technique sensitive to damage states prior to when macroscale
damage is visible. Experiments have been conducted to investigate the sensitivity of the 3 rd
harmonic, resulting from self interaction of one primary wave or two-wave mixing to localized
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monotonic tensile deformation and fatigue damage of aluminum plates, using magnetostrictive
transducers to excite shear horizontal waves in plates and axisymmetric torsional T(0,1) mode in
pipes. Theoretical investigations provide experimental guidelines and offer some insights for
interpreting results from experiments using those nonlinear ultrasonic techniques. Damage of
interest are the following: ratcheting induced by creep-fatigue in Inconel 617 thin wall tubing and
fatigue damage in aluminum alloy and Inconel 718 plates.
Nonlinear guided wave theory was used with the Semi-Analytical Finite Element Method,
to consider second and third harmonic generation within a finite width plate. With the additional
geometric boundaries of a finite width, the dispersion analysis reveals wavestructure profiles
dependence through the width direction and many additional modes can exist compared with planar
guided wave propagation. Calculation of power flux of mode combinations that exhibited phase
matching, was able to determine that additional cumulative higher harmonic modes can be
generated compared with that of planar wave guides.
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Chapter 1
INTRODUCTION

1.1

Objectives
The objective of this thesis is the development of a more robust nondestructive evaluation

tool or structural health monitoring techniques using nonlinear and linear ultrasonic guided wave
techniques that are capable of quantitative characterization for in-situ inspection or quality control
of manufactured structural components. It is my aim to investigate the interactions between
linear/nonlinear guided wave mechanics and inhomogeneous features and to work towards
developing a practical method for characterization of material degradation or undesired
inhomogeneous/localized manufacturing defects.

1.2

Motivation
Early detection of defects has the possibility of preventing catastrophic failures from

occurring, and in addition costs can be reduced when sufficient information is provided to
determine between options of repair, replacement, and shut down is required. Guided waves have
the ability of nondestructively inspecting regions beyond the immediate underlying area of the
equipment, which can significantly reduce inspection time compared with other techniques. Linear
elastic guided wave techniques can be used to detect, characterize, and detect defects that are
generally similar or larger size with respect to the guided wave mode’s wavelength. Nonlinear
ultrasonics has the potential of being sensitive to microstructure changes smaller than the
wavelength used. Hence, the extension of nonlinear elastic wave mechanics to guided wave
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propagation considerations has the potential for a technique with advantages of both. However, for
the development of nonlinear ultrasonic guided wave approach as a material nondestructive
evaluation (NDE) or structural health monitoring (SHM) technique, sufficient understanding of the
damage progression phenomenon and between the interaction of linear/nonlinear elastic wave
mechanics and inhomogeneous features must first be gained.

1.3

Background and literature review
The following background and literature review is intended to put the linear and nonlinear

ultrasonic guided waves work presented in this thesis into context. Topics covered include various
nondestructive evaluation techniques, guided wave propagation in plates and pipes, numerical
methods to study wave propagation, nonlinear elastic ultrasonic wave techniques, and fatigue.

1.3.1 Nondestructive Evaluation Techniques
Radiography, ultrasonics, eddy current, magnetic particle and dye penetrant are current
common nondestructive methods to detect damage/defects in components. Radiation passing
through structures from either X-ray or gamma-ray sources can be captured either on film or
digitally and the radiographs are analyzed for signs of defects. While some determination of
physical information is possible with known testing parameters and measurable features in the
radiographs, some disadvantages of radiography include the following: the technique is not suitable
for surface defects and thick sections, sufficient access to multiple surfaces of structure is required
and orientation of beam and defect has a large influence on resulting image. Magnetic particle
inspection generates a magnetic flux along the specimen surface and surface irregularities (e.g.
cracks) distort the magnetic flux path to generate north and south magnetic poles that attract
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magnetic particles such as iron fillings. However, magnetic particle inspection is limited to
ferromagnetic structures or to surface or near surface flaws. Dye penetrant requires sufficient
surface cleaning for dyed oil or ultra-violet fluorescents to be applied and allow for visualization
of cracks. Disadvantages of dye penetrant include restriction to surface cracks or defects and the
dependence of an observer’s ability to detect the dyed crack. Eddy currents can be generated in
conductive metals exhibiting a changing magnetic field, which is produced by a coil containing an
alternating electrical current. The magnetic field formed due to the eddy current will be dependent
on the presence of flaws, conductivity, permeability, etc. Eddy current inspection is limited to the
surface of conductive metals and roughness or surface finish can interfere with characterization.
Some elastic ultrasonic wave techniques for flaw detection rely on wave reflections from defects,
lower transmission energy due to scattering at defects, and velocity or attenuation changes. In
addition, guided ultrasonic wave techniques have the capability of inspecting further distances in
structures with boundaries due to limited energy propagation directions. Refer to Chang & Liu
(2003), Sposito et al (2010), and Achenbach (2000) for additional literature that review
nondestructive evaluation techniques.
Some techniques can be more suitable to certain applications depending on the
disadvantages and advantages of the technique. The resolution for each technique depends on
sample thickness, specimen surface conditions, test parameters, the specific phenomena involved,
etc. The minimum detectable crack sizes for fracture analysis were provided by Ryschkewitsch
(2008) for various plate thicknesses, for different methods for partially through cracks with
geometry shown in Figure 1-1 are summarized in Table 1-1, which will be dependent on parameters
of the testing method. For some of the methods, listed in Table 1-1, two combinations of crack
depth ‘a’ and half crack width dimension of ‘c’ in the left schematic of Figure 1-1, where one
combination corresponds to minimum ‘a’ and another combination corresponds to minimum ‘c’.
Probe or coil and the eddy current signal generator combination, eddy current pattern parameters
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in impedance plane, probe resolution, probe lift-off and scanning speed will determine the
minimum resolvable defect size. (Stepinski 2000). Liquid penetrant improves contrast of flaws that
break the specimen surface, but roughness, porosity, and the inspector’s vision are large factors
influencing minimum resolution of defect size. Resolution of surface breakage of specimen such
as cracks for magnetic particle NDE methods of ferromagnetic materials, depend on surface
cleaning, component magnetization, thickness of component coating, relative magnetic particle
size and defect size. (Lutenco et al 2012). The minimum resolvable defect size using X-ray
radiation NDE methods depend on the X-ray source focal-spot size, magnification, image system
equipment performance. (Kuriyama et al 1979). As for ultrasonic NDE methods, ultrasonic wave
frequency, material’s grain structure, thickness of geometry, etc will determine the resolvable
defect size. Hence, knowledge of the defect and the structure of interest is crucial in determining
the appropriate nondestructive evaluation method. Current ultrasonic methods and other
nondestructive methods have demonstrated the capability of detecting macrocrack damage,
including cracks larger than 0.5 mm under certain testing (i.e. frequency) and specimen cases.
Developing technological advancements to allow the earlier detection of microcracks (between
0.006 mm and 0.25 mm (Hudak 1981)) and their progression to macrocrack damage could be
advantageous for nondestructive evaluation or structural health monitoring capabilities.
partially through cracks
surface crack

corner crack
c

a
2c
a

t

t
Figure 1-1 Geometry considered for partially through cracks, with labels for dimensions of specimen thickness
‘t’, crack depth ‘a’, and effective half-crack width ‘c’.
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Table 1-1 Minimum detectable partially through crack sizes in mm for fracture analysis (Ryschkewitsch 2008)

Method

Part thickness, t

Crack dimension, a

Crack dimension, c

Eddy current NDE

t>1.27

0.51

2.54

1.27

1.27

0.64

3.18

1.91

1.91

0.97

4.78

1.91

3.18

t≤2.72

0.7t

1.91

t>2.72

0.7t

0.7t

t ≥2.54

0.76

3.81

1.65

1.65

Penetrant NDE
Magnetic Particle NDE
Radiographic NDE
Ultrasonic NDE

t>1.91
t>1.91

For the following research work, we focus on using ultrasonic guided waves due to the
applicability to various waveguides and a wide range of elastic materials. Other attractive
advantages of guided waves over other NDE techniques include the ability to evaluate relatively
long distances and the ability to be sensitive to various types of defects. In addition, nonlinear
guided waves ultrasound has the potential to be used in characterizing microstructural changes
associated with fatigue crack initiation and progression, which are localized deformation features.
Sensitivity to dislocation density, precipitates, and embrittlement have been demonstrated (e.g.
Cantrell & Yost 2001, Kim et al 2009, & Matlack et al 2012). However, damage mechanisms and
nonlinear ultrasonic guided wave interactions are complex phenomena and are currently not
sufficiently understood, the relations require further investigations to develop a methodology to
correlate nonlinear ultrasonic wave features with progressive damage to ultimately allow for either
damage detection for repair or damage severity assessment.
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1.3.2 Guided Waves Propagating in Plates
While longitudinal and shear waves are the two types of ultrasonic waves that can exist in
a bulk solid media, depending on the frequency, multiple guided waves can propagate within a
waveguide. Ultrasonic guided waves refer to use of elastic waves that propagate along the boundary
or boundaries of a solid media. Hence, theoretical analysis of guided waves must account for and
satisfy boundary conditions associated with at least one boundary. Early investigations via
analytical methods of ultrasonic guided wave propagation dates back to as early as 1885, when
physicist Lord Rayleigh investigated the surface acoustic wave propagation via partial wave
technique. In the following years, other guided wave problems were also investigated, for example,
wave propagation in an isotropic plate with free traction (Lamb 1917), along a solid-solid interface
(Stoneley 1924), along a solid-liquid interface (Scholte, 1942), and shear horizontal in a layer of
material on top of a half-space (Love 1911).
Guided wave behavior can be described by solving the governing wave equations with
details involving boundary conditions for a given bounded media, material properties, and
geometrical properties. Lamb and shear horizontal waves can be generated within plates, and
respectively correspond to vertically and horizontally polarized waves. For shear horizontal (SH)
waves, particle motion is polarized parallel to the plate surface, while being perpendicular to the
direction of wave propagation. Lamb waves are dispersive and multiple modes can be present
within the wave guide for certain frequencies, each traveling at specific phase and group velocities
for a given frequency. Lamb wave modes are further classified into two groups based on if the
particle motion, component paralle to wave vector, through the thickness is symmetrical or
antisymmetric about the mid-plane of the plate. After accounting for boundary conditions, existing
wave equations, the dispersion curve space for these wave modes can be determined. Details
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regarding the theory, techniques and applications regarding guided waves can be found in Rose
(2014).
While either Helmholtz decomposition or partial wave theory can be used for guided waves
in an isotropic material, only the partial wave analysis can be used in anisotropic media. One
approach utilizing the partial wave analysis for multilayer anisotropic or isotropic material, is called
the Transfer Matrix Method, where the displacement wavefield on the top surface of a given layer
is a function of the wavefield corresponding to the bottom surface. Hence, a transfer matrix can be
determined by multiplying the matrices representing all the layers between the top and bottom
surfaces (Thomson 1950 and Haskell 1953). Another method, called the Global Matrix Method,
involves assembling a matrix which incorporates all interface continuity and boundary conditions.
An eigenvalue problem is devised when the determinant of this matrix reorganized to be equivalent
to zero and can be used to determine the dispersion curves and wave structures. (Knopoff 1964).
There are tradeoff advantages and disadvantages for each of these two methods. While the transfer
matrix method can be numerically instable within the high frequency range, the global matrix
method can be used within this frequency regime but is typically not as computationally efficient.

1.3.3 Guided Waves Propagating in Pipes
Another branch in investigating guided wave propagation, involves analytical work on
cylinders or pipes. Axisymmetric longitudinal modes were first investigated by Ghosh (1923)
within rods. Copper (1957) determined the equations of motions for thin elastic cylindrical shells,
to devise relations for phase velocities and amplitude ratios for non-axisymmetric modes and
torsional modes. Viktorov (1958) studied Rayleigh surface wave propagation on a cylindrical
surface. Gazis (1959) investigated the propagation of waves in hollow cylinders via threedimensional analytical and numerical analysis, and determined the characteristic equation to
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compute eigenmodes of an isotropic pipe. Ditri and Rose (1992) were able to determine modal
amplitudes within free-traction hollow cylinders, utilizing normal mode expansion and
investigation of the orthogonality relation of elastic wave modes. Normal mode expansion
considers a wavefield within a waveguide to be a linear combination of guided wave solutions of
modes forming an orthogonal and complete basis. Zhao and Rose (2003) investigated shear
horizontal waves that propagate in the circumferential direction within an isotropic pipe and
determined when the ratio of the wall thickness of the pipe to the radius approaches zero, wave
mode properties (i.e. phase velocity dispersion curve, group velocity dispersion curves, wave
structures) approach that of the response for a plate. Three wave types are possible with pipes,
which are torsional, longitudinal, and flexural. The first two mentioned wave types in pipes are
axisymmetric and respectively correspond to shear horizontal and Lamb waves, in regards to the
similarity in particle motion and wave polarization.

1.3.4 Numerical Methods for Guided Wave Analysis
To consider wave guides with irregular cross-sectional geometries, unlike the uniform
thickness plate or uniform geometrically axisymmetric cylinder, but for structures with bends or
defects with unusual shapes, there are challenges in utilizing theoretical methods and typically
numerical methods are more efficient to obtain sufficient approximations of the solution of the
wavefield or response. Several numerical or hybrid analytical-numerical methods used for guided
wave analysis include the following: Finite Element Method (FEM), Semi-Analytical Finite
Element method (SAFE), Boundary Element Method (BEM), Finite Difference Method (FDM),
and spectral methods.
Early use of the Finite Element Method (FEM) for investigation of wave propagation
behavior can be dated back to Williamson’s (1980) work. The geometry of the structure is
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discretized into finite elements, which requires the minimum size to be divisions of the minimum
wavelength of the propagating modes, and the governing equations are solved for each element
while continuity and boundary conditions are included. Often, time is also discretized to consider
a time-marching scheme to obtain the response of the wave propagation. FEM is a numerical
method for wave propagation that has been commonly used either for validating mode selection or
predicted response from analytical means, or to investigating interaction with inhomogeneous
geometry or defects after wave propagation. For example, scattering of shear horizontal and Lamb
waves due to discontinuities in elastic plates was investigated by Koshiba et al (1981, 1984), while
scattering after interacting with cracks and welds in pipes was studied by Zhuang (1997).
Early development and use of the Semi-Analytical Finite Element (SAFE) method was
used to consider wave propagation within multi-layered orthotropic pipe (Nelson et al 1971). The
SAFE method entails discretizing the cross-section into finite elements and assuming time
harmonic propagation in the direction perpendicular to the cross section, resulting eigenvalues and
eigenvectors can be used to determine wavenumber, wavestructure, and attenuation, energy
velocity of guided wave modes. Displacement, strain and stress wavefields are expressions
dependent on nodal displacements and shape functions. An arbitrary but uniform cross-section,
perpendicular to the wave propagation direction, was considered via SAFE by Lagasse (1973).
Other researchers have applied SAFE to more specific geometry to model guided wave propagation
in rails and pipes (Hayashi et al 2003), anisotropic composite cylinders (Huang & Dong 1984, Xu
and Datta 1991), laminated multi-layer composite plates (Dong and Huang 1985, Mukdadi et al
2002), and channel beams (Finnveden 2004).
Boundary Element Method (BEM), is similar to FEM but with the use of Green functions,
volume integrals are converted to surface integrals. BEM is generally more computationally
efficient than other methods to consider guided wave scattering within infinite structures, but less
so for structures with finite dimensions. BEM (Brebbia et al 1984, Cho and Rose 1996). Finite
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Difference Method (FDM) considers second or higher order approximations of spatial derivatives
according to local variables on small incremental spacing. Typically, FDM methods are more
suitable for studying wave propagation in homogeneous or continuously changing physical
properties, but large errors and instability results when attempting to account for wave interaction
with boundaries or material discontinuities. (Delsanto et al 1992)
An example of spectral methods is the Spectral Finite Element Method, where the weak
form of the governing differential equation is assembled and solved for each frequency, where the
unit impulse response yields the transfer function. The convolution of the input and the system
transfer function allows the determination of the output in the frequency domain, and the inverse
Fourier Transform of this output can result with the time domain signal. Early work on utilizing
spectral finite element (SFEM) method was for fluid dynamics (Patera 1984) and then for seismic
wave modeling (1994). The SFEM was applied for isotropic waveguides by Doyle (1988) and
higher order wave guides through Gopalakrishnan et al (1992).

1.3.5 Nonlinear Ultrasound Wave Techniques
Research reported in the literature involving using nonlinear elastic ultrasound waves
techniques to characterize material nonlinearity can include these three categories based on the
method/phenomenon: (1) using acousto-elastic effect (observing changes in ultrasonic propagation
velocity with applied strain), (2) harmonic generation of the input frequency due to self-interaction
of a primary wave, and the (3) use of wave mixing for mutual interaction of multiple primary waves
to generate a higher harmonic wave that results at sum or difference of the primary waves’
frequency.
While linear elastic theory involves second order elastic constants to relate the stress and
strain relationship, nonlinear elastic theory considers the higher order expansion of the constitutive
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relation, which involves higher order elastic constants. Before Dubuget et al (1996) conducted
acoustoelastic measurements and used second order elastic constants to calculate third order elastic
constants, Thompson and Smith (1993) patented a measurement method and provided relations to
compute the average second order elastic constants of a polycrystal. Additionally, some literatures
report the theoretical investigation of nonlinear ultrasonic waves’ interaction with microstructure
features. Granato and Lucke (1956) presented early work on modeling the behavior of a pinned
dislocation loop due to external applied stresses associated with ultrasonic wave propagation to
predict ultrasonic wave attenuation (energy loss) or modulus changes (corresponding to phase wave
speed changes). More contemporary ultrasonic wave experimental studies have typically
investigated harmonic generation (Hikata et al 1965, Cantrell & Yost 2001, Baby et al 2008, and
Kim et al 2006) and multiple primary wave-mixing separately (Croxford et al 2009, Demcenko et
al 2012, Korneev & Demcenko 2013, Tang et al 2014). These two nonlinear ultrasonic wave
techniques are based on the concept that additional frequency components are generated when the
microstructure distorts the propagating (i.e. sinusoidal) wave and contributes to a nonlinear
mechanical response, and some of these works have been focused on quantitatively characterizing
damage with changes in material nonlinearity parameters. These literatures report progressive
damage sensitivity of higher modal amplitude ratios, involving amplitudes of the higher harmonic
or resultant frequency over the amplitude of the primary sources, due to interaction of
microstructure that exhibited higher material nonlinearity due to plastic deformation or fatigue
damage when compared to as-received samples.
Harmonic generation is based on the result of the self-interaction of a single primary wave
and wave mixing is an extension on harmonic generation where mutual interactions must be
considered between multiple primary waves. (Jones & Kobett 1963 and Childress & Hambrick
1964). Based on polarization relations and by energy-momentum conservation (requiring phase
matching for specific frequency relations), their work involved determining the possible
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combinations of two bulk primary waves (longitudinal, vertical shear, horizontal shear) that would
generate a resonant third wave, which is significant work because certain processes are not possible
for cumulative generation of the resultant third wave. In addition, Childress & Hambrick (1964)
provided frequency ranges for allowed scattered processes for bulk waves. While dispersion is
neglected, their study considered the nonlinear interaction of two elastic wave packets within an
isotropic medium for collinear mixing. Non-collinear wave mixing refers to when two waves
intersect at a certain angle and a resultant wave is generated within the intersection region, which
has been considered for bulk waves by (Demcenko et al 2012). They have mentioned several
advantages of non-collinear wave mixing technique that exists over the use of harmonic generation,
where proper selection of excitation parameters can allow for the resultant wave to be separated
from primary sources, frequency separation, eliminating the influence from neighboring regions,
and control of the positioning of the intersection volume. The latter mentioned advantage could
even be incorporated for a raster technique, where series of measurements can allow for inspection
of the media section by section for a larger region.
Sources of nonlinearity are due to lattice anharmonicity, dislocation plasticity, crack
growth, accumulated plastic shear strain, etc. (Cantrell & Yost 2013). The latter sources involve
microstructure changes that ultimately cause anharmonicity to generate higher harmonics. Basic
theoretical estimates of the contribution from dislocations (e.g. Hikata & Elbaum 1966 a&b,
Cantrell 2009 a&b, and Tyapunina & Blagoveshchenskii 1982), volume fraction & coherency of
precipitates (Cantrell & Yost 1997), precipitate-dislocation interactions (Cantrell & Yost 2000) and
matrix misfit parameters (Cantrell & Zhang 1998). Other work such as Cash and Cai (2012)
presented a different theoretical model based on dislocation dynamics to investigate the influence
of bias-stress and orientation of the dislocation line, associated with fatigue, on acoustic wave
nonlinearity. While there is experimental work on fatigue damage and noting the increase in second
harmonic amplitude and corresponding second nonlinearity parameter of bulk wave techniques
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(Frouin et al 1999, Blackshire et al 2003, and Kim et al 2006), there is limited work using nonlinear
guided waves.
Similar to bulk waves, there are specific combinations of guided wave sources that have
the potential to generate resultant waves due to restrictions based on physics/wave mechanics,
which is a necessary consideration. Hence, the nonlinear wave techniques of harmonic generation
and resultant waves from wave mixing can be applied for guided waves that can propagate long
distances along boundaries of the structure. Similar to bulk waves, several investigations have
demonstrated phase matching and sufficiently large power flux from primary to higher order mode
is required for cumulative higher harmonic generation with increasing guided wave propagation
distance. Consideration of weakly nonlinear elastic Rayleigh-Lamb plate planar waves, and the
generation of cumulative second harmonic modes from a single primary wave were explored by
Deng (1999), Lima and Hamilton (2003), Strivastava and Lanza di Scalea (2009), Müller et al
(2010). More comprehensive investigation was conducted by Liu et al (2013 a,b) to account for
interaction of primary SH and RL modes via mutual and sum/difference interactions of more than
one primary wave for higher order harmonic generation. Derivations of internal resonance plots
were provided by Liu et al (2014 a,b), for the purpose of aiding in sselecting guided wave modes
in weakly nonlinear elastic pipes, for preference of strongly cumulative second harmonic
generation via mutual and self-interactions. Our work has been focused on using Rayleigh-Lamb
waves (Choi et al 2014a) & shear horizontal waves in plates (Lissenden et al 2014 a & b), as well
as torsional waves in thin walled pipes (Choi et al 2015).
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1.4 Fatigue Damage Mechanisms and Applications
The following is a brief review of some fatigue damage mechanisms. Uniaxial fatigue
damage behavior can be generally classified into either the low or high cycle fatigue regime, which
are two categories based on the typical number of cycles necessary for failure to occur. (Dowling
2007, Hertzberg 1989, Suresh 1991). For low cycle fatigue (LCF), damage is associated with plastic
straining that is due to high applied stresses, which involves high amplitude and low frequency
cyclic loading of plastic strains. On the other hand, high cycle fatigue (HCF) often exhibits small
localized deformation, due to low amplitude but high frequency cycling of elastic strains. In other
words, the long fatigue life until failure is attributed to cases where stresses are sufficiently low for
damage mechanisms to not be dominated by yield effects. (Dowling 1976). According to the ASTM
standard for axial fatigue there are several different characteristics that can be selected to define
material failure: specimen separation, crack growth reaching a critical size, etc. The selected
method should depend on the intended use of the fatigue life information. (ASTM 606M-12 and
ASTM E466-15).
Hence, the number of cycles to fatigue life (Nf) and the number of load reversals to failure
(2* Nf) corresponding to specific cyclic elastic and plastic strain amplitudes can be ultimately used
to approximately determine the transition fatigue life that divides the LCF from HCF. The
following power law is the Coffin-Manson expression,



plastic
2

 'f (2N f )c

(1-1)

where ‘c’ is a coefficient of the plastic life relation. Eq. (1-1) has been found to represent plastic
strain amplitude (Δεplastic/2) versus fatigue life (given in reversals ‘ N f ’) for LCF data well for
metallic alloys. (Manson & Hirschberg 1964). The fatigue ductility coefficient (ε’ f) and fatigue
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ductility exponent (c) are constants for specific alloys. Utilizing Basquin’s law of fatigue and
Hooke’s law, the relation between fatigue life and the amplitude of the elastic component of strain
(Δεelastic/2) can be represented with the following expression:

 'f
elastic

(2 N f ) b
2
EYmodulus

(1-2)

where Basquin’s law of fatigue variables include the fatigue strength coefficient (σ’f) and the
fatigue strength exponent (b). As a result, stress-based modeling of the fatigue damage is common
for the high cycle fatigue regime. The total strain amplitude is equivalent to the sum of the plastic
and elastic strain amplitude, and the dominance of the corresponding strain component type for

strain amplitudes (log scale)

either low cycle or high cycle fatigue is evident in Figure 1-2.
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Figure 1-2 Elastic, plastic, and total strain amplitudes versus fatigue life in reversals.

In addition, the transition life (Nt) can be determined by equating Eq.s (1-1) and (1-2), the relation
is provided by
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which is an expression that is in terms of material constants that would have been determined via
several series of LCF and HCF tests. (Grandt 2003).
To model macroscopic crack growth, linear elastic fracture mechanics is an appropriate
method to determine stresses in the vicinity of the crack and crack propagation behavior,
methodology is summarized by Dowling (2007). The surfaces of the crack can exhibit one or a
combination of three possible displacement modes, (1) opening or tensile mode, (2) sliding or inplane shear mode, (3) tearing or antiplane shear mode, as shown in (Figure 1-3). The stress near
the crack in mode 1 can be expressed, in terms of polar coordinates where the origin is at the

a
Mode I:
Opening

Mode II:
In-plane shear

Mode III:
Out-of-plane shear

Figure 1-3 Possible basic modes of crack surface displacement.
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Figure 1-4 Three-dimensional coordinate system for the region of a crack tip.

crack tip (Figure 1-4) as the following expressions
=
=

2

√2

1+

2

√2
=

1−

2

√2

2

3
+⋯
2

2

3
+⋯
2

2

=0(
=

The stress intensity factor

(1-4)

3
+⋯
2
)

=0

is defined to be equivalent to

=

√

(1-5)

18
where the factor (F), which is dependent on geometry and loading conditions, is 1.12 for a single
edge cracked plate, with nominal applied stress

, with crack to plate width ratio less than or equal

to 0.13. When the stress intensity factor reaches a critical value (

), the critical stress intensity

factor or fracture toughness, unstable fracture occurs. This can be applied to fatigue crack growth,
considering a specific cyclic stress range ∆

that would result with a stress intensity factor range

∆ . Paris-Erdogan law indicates the relation between cyclic crack growth rate da/dN and the stress
intensity range for intermediate values of ∆ and can be expressed as

= (∆ )

(1-6)

where C is a constant and m is the slope for the log-log plot of the crack growth versus stress
intensity range. (Dowling 2007). Knowing the final crack size for fracture and the current crack
size, the remaining fatigue life in number of cycles can be estimated for macrocracks after
integration to obtain

−

=

/

∆ √

/

(

)

for (m≠2)

(1-7)

for the special case of when the geometry and loading factor (F) is constant in Eq. (1-5). There are
certain configurations where this factor F is not constant, for example relatively long cracks
compared to the structure requires polynomial type equations to represent the factor F as the crack
length changes, which then requires recalculation of the stress intensity factor K.
Earlier detection and continued monitoring of crack size will lead to more accurate
prediction of remaining life. However, Figure 1-5 presented by Newman et al (1999) demonstrates
how small cracks exhibit crack growth rate and stress intensity relations that can be different from

19
larger crack behavior. They reported how small cracks (10 um to 1 mm) exhibit crack grow rate
higher than predicted from larger crack results. This indicates a linear trend in the log-log plot does
not hold for smaller cracks. Fatigue life versus fracture mechanics. Thus, we need to use alternative
approaches to consider small crack behavior.
The duration that includes the crack initiation and microcrack propagation can entail 8090% of the fatigue life. In general, microstructural changes in fatigue is often explained in terms of
evolution and interaction of persistent slips. For both LCF and HCF, crack initiation has been found
to be present at discontinuities, since they are stress concentrators that permitted local plasticity
and dislocations (associated with progressive slip) accumulate at these discontinuities within the
microstructure. Various literatures have determined the fatigue crack initiation sites through
fractography and microscopy, often tracing cracks backward and key features in the microstructure
often reveal evidence. While it is evident that irregular geometries are stress concentrators and can
be sources of damage, fatigue crack initiation is also dependent on the microstructure of the
structure of interest, hence the manufacturing or finishing processes can play an important role. In
da dc
,
dN dN

Constant-amplitude loading
R=constant
S1 < S2 <S3

Large crack

small crack
S3

small crack
S2

S1

Large crack
( K decreasing test)
Steady state

K
Figure 1-5 Common fatigue crack growth trend for small and large cracks
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general, during cyclic loading, due to the lower extent of constraint at deformation at the surface.
(Lukas 1996). For as-machined polycrystalline specimens, crack nucleation has also been found to
occur at surface inclusions or other surface flaws, with the volume near the surface and higher
stresses typically occur near the surface, there is greater concentration of plastic neighboring stress
concentrations that form concentrations of slip. Molent et al (2006) have found that crack initiation
for pristine machined alloys occurs at intermetallic particles; for etched (and peened) specimens at
etch pitting; peened (only) specimens at the surface laps and folds (where compressive residual
stress protective layer on temporarily hinders crack growth). Other crack initiation sites occur at
discontinuities, such as oxide layer-matrix boundary, grain boundaries, etc.
After crack initiation, these microcracks continue to grow via local plasticity dynamics.
Hence, specific differences between LCF and HCF regarding crack initiation and microcrack
propagation behavior could be attributed to the localized plasticity behavior. Inhomogeneous
stresses and plastic strain fields are developed within grains polycrystalline materials and the
macro-scale changes are characterized by bulk but eventually result in inhomogeneous plastic
deformation for LCF. Macroscopically pure elastic deformation and localized plasticity is the
underlying behavior for HCF (Manonukul 2004). Hence, incorporating considerations of small
scale plasticity due to microstructure changes and their influence on nonlinear ultrasonic guided
waves could be an approach worth exploring.
Hudak (1981) provided a review of studies involving the threshold and kinetic properties
of small crack regime (between 0.006 and 0.25 mm) before year 1980, which have demonstrated
that small and large crack growth behave differently. Important points include (1) small crack
growth can occur at sizes and applied stresses below those predicted and (2) can propagate at faster
rates than predicted via fracture mechanics of large cracks. Hence, crack initiation and crack growth
must be considered separately and future studies must incorporate theories involving plasticity and
small crack mechanics. Kitagawa et al (1979) demonstrated growth rate of small surface fatigue
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cracks could be represented through a combination of low cycle fatigue and fracture mechanics by
incorporating a plastic strain-intensity factor and the total strain intensity factor terms. The cyclic
plastic strain range was calculated based on measurements of microscopically observed features,
relating to the number of slipped grains to the total number of grains for the selected area.

1.5

Scope of this dissertation
The remainder of this thesis is organized into several chapters and brief descriptions of

each chapter are provided below:

Chapter 2 summarizes related wave mechanics theory on linear elastic guided wave for plates and
pipes. In addition, description of a semi-analytical finite element method, involving
discretization through one dimension, applicable for multi-layer plates is shown.
Chapter 3 provides explanation on a frequency domain finite element approach for investigating
elastic guided wave interaction with structures with complicated geometry or material
properties. Examples of analysis on guided wave interaction within a thick composite plate
with localized inhomogeneous material properties and geometry is discussed.
Chapter 4 presents a theoretical framework for investigating higher harmonic generation of guided
waves in plates. Necessary relations are determined for obtaining mode pairs that can
generate cumulative higher harmonic generation with propagation.
Chapter 5 provides experimental investigations on cumulative third harmonic generation of SH0
with primary wave SH0, sensitivity to plastic deformation, localized and homogeneous
fatigue. Additionally, experimental investigation of wave mixing of third order interaction
is also presented.
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Chapter 6 focuses on how primary-third harmonic mode pair T(0,1)-t(0,1) was experimentally
demonstrated to be sensitive to progressive creep-fatigue damage in Inconel 617 thin wall
tube samples
Chapter 7 develops the two-dimension discretized semi-analytical method to investigate linear
elastic guided waves that can propagate within structure a complicated geometry as the
cross-section, and investigate up to third harmonic generation to assess crucial information
such as the wavestructure and guided wave dispersion properties.
Chapter 8 provides conclusions and remarks on the presented work, and future possible meaningful
approaches for development.
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Chapter 2
Linear Elastic Guided Wave Theory

With the objective to utilize linear elastic guided waves for characterizing and detecting
inhomogeneous features or defects, the guided wave propagation behavior within the structure
without the defect must also be understood for proper mode selection. This chapter focuses on a
theoretical approach to develop the boundary value problem with consideration towards linear
elastic guided wave propagation in plates and pipes. In addition, a section provides the framework
on a semi-analytical technique

2.1 Guided Waves for Plates (Planar Waves)
Multiple approaches can be used to derive the governing relations for guided waves, where
solutions must satisfy the boundary conditions, typically involving tractions or prescribed
displacements. The following reviews the formulation of the boundary value problem to solve for
dispersion relations of guided waves in plates. Several differential equations govern the mechanical
behavior of an elastic medium. This includes the balance of linear momentum,

  T   u

(2-1)

where the del or nabla symbol  is the vector differential operator, ‘  ’ indicates dot product, T
denotes the Cauchy stress tensor,  denotes the density, u represents the displacement vector,
while u 

2u
represents second time derivative of u the displacement vector.
t 2
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The consitutive relation,

T  Cε

(2-2)

provides the relation between the Cauchy stress tensor ( T ), elastic moduli tensor ( C ), and
linearized strain tensor

ε

 



T
T
T
2
1
1
 u   u   u  u   u   u   (u )
2
2



(2-3)

For a plate, in the Cartesian coordinate system shown below in Figure 2-1, traction free boundary
condition

Tn  0

on X 3   h

(2-4)

must be considered for the top and bottom surfaces.
For an isotropic linear elastic medium, the constitutive equation in Eq. (2-2) becomes

Tij  Lamé  kk  ij  2  Lamé  ij

in index notation relating the Cauchy stress Tij , Lamé material constants
linearized elastic strain  ij .

(2-5)

Lamé and  Lamé , and
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Figure 2-1 Traction free plate in a Cartesian coordinate system

Using displacement as the primary variable, we get Navier’s equation of motion,





 Lamé  2 u  (Lamé   Lamé )   u  

2u
t 2

(2-6)

which we solve using the Helmholtz decomposition of u ,

u     x 

into the sum of the gradient of a scalar potential

(2-7)



and curl of the vector potential  (Achenbach

1984, Fortunko et al 1982, Rose 2014).
With the use of Eq. (2-6) and Eq (2-7), while assuming plane strain such that any derivative
with respect to coordinate axes x 2 will be equal to zero (


( )  0 ), formulation of decoupled
x2

wave equations governing longitudinal and shear wave motions can be obtained respectively as
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(a)

 2  2 
1  2


x12 x3 2 cL2 t 2

,

(b)

2  2  1 2 


x12 x32 cT2 t 2

,

where c L 

( Lamé  2  Lamé )
and cT 


(2-8)

 Lamé
are respectively bulk longitudinal and shear


wave velocities of the medium. Consider plane waves propagating in the x1 direction and time
harmonic fields, with displacement fields u1  0; u2  0; & u3  0 , the potential functions
would be expected to have the following forms

(a)

 ( x1 , x3 )   ( x3 ) e i ( kx1  t )

(b)

 ( x1 , x3 )   ( x3 )e i ( kx1  t )

(2-9)

Substitution of these expected forms of the scalar and vector potential into Eq. (2-9) provide

(a)

( x1 , x3 )  [ A1 sin( px3 )  A2 cos( px3 )]ei ( kx1 t )

(b)

 ( x1 , x3 )  [ A3 sin( qx3 )  A4 cos( qx3 )]ei ( kx1t ) ,

and

(2-10)

where

p=

2
k2
2
cL

(2-11)
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and

(2-12)

2
k2 .
q=
2
cT

Angular frequency is represented as

  2 f ,

while

f

denotes frequency, k 

2
is


wavenumber, and  is the wavelength of the given mode. Applying the traction-free boundary
condition in Eq(2-4), the wave equation can be reorganized into a homogeneous system of two
equations. For nontrivial solutions to the eigenproblem, setting the determinant of the coefficient
matrix to be equivalent to zero, we obtain the dispersion relations

tan(qh)
4k 2 pq

for symmetric modes through plate thickness, and
tan( ph) (q 2  k 2 )2

(2-13 a-b)

tan(qh) (q 2  k 2 )2

for antisymmetric modes through plate thickness
tan( ph)
4k 2 pq

Solutions to the eigenproblem can be obtained via root search for wavenumber (k) at a given
frequency. An angular frequency and wavenumber pair that satisfy either two of these dispersion
relations Eq. (2-13 a-b), represents a Rayleigh-Lamb mode propagating in a traction-free plate in
the x1 direction, with particle displacements within the x1  x3 plane. On the other hand, if we
remove the conditions of plane strain and only permit displacement in the x2 direction, where

u 2  0 , and considering plane wave propagation in the x1 direction, Eq. (2-6) gives
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 2 u 2  2 u2
1  2u 2


x12 x32 cT2 t 2

(2-14)

with expected displacement field

u 2 ( x1 , x3 , t )  ( A5 sin( qx3 )  A6 cos( qx3 ))e i ( kx1 t )

(2-15)

Along with traction free boundary condition Eq. (2-4), the wave equation (2-6) forms the
eigenproblem and we obtain the dispersion relation

qh  n

2

(2-16)

,

which provides the frequency and wavenumber ( f  k ) pairs for symmetric shear horizontal
modes through the plate thickness when
modes when

n{0,2,4,6,...} and for antisymmetric shear horizontal

n{1,3,5,7,...}.

Hence, with the   k pairs for either Rayleigh-Lamb modes or Shear Horizontal modes,
phase and group dispersion curves as a function of frequency can be generated, using the relation
of phase ( c p )and group velocity ( c g ) respectively as

(a)

cp 


Re(k )

(b)

cg 



k

for each mode and frequency.

(2-17)

and

c 2p
(c p  ( f 2 h )

c p

 ( f 2 h)

.

)
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In addition, eigenvectors of the eigenproblem correspond to wavestructure of a given mode
and refer to the displacement field through the plate thickness and is a function of frequency, which
can be an important wave property used in mode selection for a given application.
Example phase velocity and group velocity dispersion curves are shown in Figure 2-2 and
Figure 2-3 for an aluminum plate with Lamé’s constants Lamé as 69.69 GPa and  Lamé as 24.3 GPa,
with density as 2700 kg/m3.
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Figure 2-2 Phase velocity dispersion curve for an aluminum plate, with

Lamé

=26.69 GPa,

Lamé

=26.69 GPa,

 Lamé

=24.30 GPa,

3

and density of 2700 kg/m .

Figure 2-3 Group velocity dispersion curve for an aluminum plate, with
3

and density of 2700 kg/m .

 Lamé =24.30 GPa,
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2.2 Guided Waves in Pipes
Framework for obtaining necessary relations governing elastic guided wave propagation
in pipes by Rose (2014), based on a Helmholtz decomposition, separation of variables, and
consideration of longitudinal, torsional, and flexural mode types through expected form of
solutions.

z


ez

z




e

er

r

y

x
Figure 2-4 Hollow pipe coordinate system.

Using the wave equation in Eq. (2-6) for an isotropic elastic homogeneous material, which
is invariant and holds regardless of coordinate system, where the del or gradient operator is in
cylindrical coordinates, as shown in Figure 2-4, is given by



 1  

er 
e  
ez
r
r 
z

.

(2-18)

Similar to plates, we can assume the displacement vector u can be a function of a dilatational
scalar potential  and a vector potential expressed as A in this chapter only, via
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u    x A

(2-19)

,

which is essentially the same relation as Eq. (2-7).
To consider wave propagation within a pipe with infinite length, where reflections from pipe ends
can be neglected, we assume an infinitely long gauge invariance that can be represented as

 A

(2-20)

.

Governing wave equations in terms of these potentials,

(a)

 2 

(b)

 A
2


 2
Lamé  2Lamé t 2


Lamé

(2-21)

2 A
t 2

are obtained by using Eq. (2-6) and Eq. (2-19).
Assuming separation of variables, which is the assumption there is a representative
function that is dependent on each of the following spatial variables r,  , z, and time dependence,
we can assume these potentials would then be

(a)

  b(r )eim ei ( kzt )

(b)

Ar  ar (r )eim ei ( kzt )

(c)

A  a (r )eim ei ( kzt )

(d)

Az  az (r )eim ei ( kzt )

for a given circumferential order m.

(2-22)
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Wave equations in Eq. (2-6), Eq. (2-22), Bessel functions, and the free traction boundary
conditions on inner and outer cylindrical surfaces,

T  n  0, on r=R inner and on r=R outer

(2-23)

are used to formulate the eigenvalue problem to obtain dispersion relations representative of wave
propagation in pipes.
Example of phase velocity and group velocity dispersion curves are provided in Figure 2-5
and Figure 2-6 , for a pipe with inner radius 9 mm and outer radius 10.5 mm, with the following
material properties Lamé = 120 GPa,  Lamé = 81 GPa, Poisson’s ratio of 0.3, and density of 8360
kg/m3. The L(0,n) and T(0,n) denotes the axisymmetric longitudinal and torsional modes, while
F(m, n) refers to flexural modes, where m refers to circumferential order and n denotes group order.
The wavestructure through the thickness depends on the mode and frequency for each mode and
frequency, while L(0,n) modes have only radial ( u r ) and axial ( u z ) displacement components,
T(0,1) have only circumferential displacements ( u  ), and F(m, n) have all three displacement
components for positive integers of circumferential order m. The flexural modes with m only up to
1 are shown in dispersion curves of Figure 2-5 and Figure 2-6.
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Figure 2-5 Phase velocity dispersion curve for an Inconel pipe, with inner radius 9mm, outer radius 10.5 mm,

Lamé

=120 GPa,

 Lamé

=81 GPa and density of 8360 kg/m3.

Figure 2-6 Group velocity dispersion curve for an Inconel pipe, with inner radius 9mm, outer radius 10.5 mm,

Lamé =120 GPa,  Lamé

=81 GPa and density of 8360 kg/m3.
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2.3 (One Dimension Discretization) SAFE
While analytical methods can be used to obtain dispersion relations for linear elastic plane
waves in plates and the guided waves in a pipe, it is a much more difficult task to determine the
dispersion relations within complicated geometries analytically and researchers use more
computationally efficient numerical or hybrid analytical-numerical methods instead. To consider
multilayer structures with uniform cross-section several possible approaches include the global
matrix method, transfer matrix method, or a semi-analytical finite element method.
Depending on the starting assumptions, the formulation of the one dimension discretized
semi-analytical method can account for planar guided wave propagation, axisymmetric wave
propagation in axial direction for pipes, or circumferential wave propagation in pipes for when the
properties through the discretized dimension is uniform through the propagation direction. The
following section reviews the semi-analytical finite element method that involves discretizing
through the thickness of the multi-layer plate with constant cross-section, to provide some context
since the method is used for some initial dispersion analysis in Chapter 3 and the foundation of this
method is extended to discretize a waveguide with uniform two-dimensional cross-section in
Chapter 7.

2.3.1 Theory
The Semi-Analytical Finite Element (SAFE) method is a hybrid approach involving
discretization via finite element method of a waveguide with a constant cross-section that is
i(kxt )

perpendicular to the wave propagation direction, while a time harmonic ( e

) or analytical

solution is assumed for the wave propagation direction X. Where k denotes wavenumber,



angular frequency. The wavevector (k) direction indicates the wave propagation direction of the
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phase velocity. For application towards a multi-layer plate with infinite width in the Y direction, of
the following global coordinate system (X, Y, and Z), as shown in Figure 2-7, and discretizing the
plate thickness into three-node finite line elements, the method is then designated as 1 dimension
discretized Semi-Analytical Finite Element (1DD SAFE) technique.

Figure 2-7 Global coordinates (X,Y,Z ) and the corresponding one dimensional three node
finite line elements in local coordinate (  ) system for each element.

The shape functions for these (three-node) line element are as follows

N1 

2 
2

N 2  1  2

N3 

2 
2

(2-24)
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which are the functions used to interpolate the solution between discrete values acquired at these
nodes. Then for each element, the particle displacement ( u

( ele )

) (3x1) vector can be written as

ux( ele) 


( ele ) i ( kxt )
( ele )
u = u (yele)  = N ()Q e
u ( ele) 
 z 

(2-25)

 N1 0 0 N2 0 0 N3 0 0 


=  0 N1 0 0 N2 0 0 N3 0 


0 0 N 0 0 N 0 0 N
1
2
3


which is in terms of shape functions (3x9)

 Q x1 


 Q y1 


Q 
 z1 
Q 
 x2 
 Q  ei (kxt )
 y2 


Qz 2 


Qx3 


Q y 3 


 Q z 3 

N () and nodal displacement component vector (9x1)

(ele)

Q , and harmonic wave field, planar propagation along x direction. The first subscript of the
nodal displacement vector Q

( ele )

, indicates displacement direction in global coordinates, while the

second subscript denotes node number 1, 2, or 3 respectively corresponding to where



is -1, 0,

and 1.
Several governing equations include the strain ( 

(ele)

)-displacement ( u

( ele )

) relation

38



( ele )

 1

 0

 0
=  

 0

 0

  0




=  Lx

0
0 0


0
0 0


0 0  0

0 0 x 0
0
0 1



1 0
1

0
0 0


0
1 0


0 0   0

0 1 y  0
1
0 0



0 0
 0

0 0 
 
0 0 

0 1   ( ele )
u
1 0 z 

0 0 
 
0 0 



  ( ele )
 Ly
 Lz  u
x
y
z 

(2-26)

,

and stress-strain (constitutive) relation



( ele )

C

(2-27)

( ele ) ( ele )



(ele)

where C

denotes the material stiffness matrix (9x9) for a given element in terms of the global

coordinate system and the extent of symmetry is representative of the degree of anisotropy. These
relations can be used with Hamilton’s principle extended to consider deformable bodies relating
virtual principle of work,

t1



(2-28)

(TKE  U PE  Wext )dt  0

t0

( ele)
( ele)
( ele)
T
( ele) T
( ele)
1  du  (ele)  du 
1
   (  
C

dV   u(ele)  t (ele)d)dt  0 ,
  
 dV   
 dt 
2 V  dt 
2V
t

t1

0

T

 

 

where the integral over a time interval of the variation (  ) of the kinetic energy ( TKE ), strain
potential energy ( U PE ), work performed by external loads on the body ( Wext ), is equal to zero,
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and defined via the following expressions. For a given integral over a (V) volume element, traction
of external sources ( t

t

(ele)

 N()T

( ele )

) on body surface  element,

(2-29)

(ele) i (kxt )

e

is expressed in terms of the shape function matrix, nodal external traction T

(ele )

and a harmonic

propagation term.
Governing equation can be then obtained within the global coordinate system, with traction
free boundary condition on top and bottom surfaces, the equation can be reorganized into

( ele )
( ele )
F ( ele )  ( K11( ele )  ik ( K 12( ele )  K 21
)  k 2 K 22
  2 M ( ele ) )Q ( ele )

(2-30)

with matrices within the local coordinate that represent the contribution due to the external traction

F (ele) , element stiffness ( K
1

(a)

( ele )

F ( ele )   N NT ( ele ) d  ,
T

1

(b)

(c)

where,

M ( ele ) 

K

( ele )

1



( ele )

1

 K11( ele )
  ( ele )
K
 21

(ele)

), and element mass/inertia ( M

T

N Nd ,
K12( ele ) 
( ele ) 
K 22


), respectively as

(2-31)
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1

(a)

K 11( ele )   ANT 1 C

( ele )

1

1

(b)

(2-32)

AN 1d 

( ele )T
K 12( ele )  K 21
  ANT 1 C

( ele )

1

1

(c)

( ele )
K 22
  ANT 2 C

( ele )

AN 2 d 

AN 2 d

1

d N ( )
d N ( )
 Lz
dy
dz

(d)

AN 1  L y

(e)

AN 2  Lx N ()

Accounting for the traction free boundary condition on the top and bottom plate surfaces, where

F (ele) is equal to zero, the assembly of the matrices for all elements into the global coordinate
system forms the eigenvalue problem.

( K 11  ik ( K 12  K 21 )  k 2 K 22   2 M )Q  0

(2-33)

T

The variable Q nodal displacement can be substituted with = T TQ , which is essentially an identity
matrix acting upon Q that involves a unitary transformation matrix T , and then the expression can
be reorganized further into a first-order eigensystem

[ Ag  k B g ]Q g  0

with the following relations,

(2-34)
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(a)

 =TQ
Q

(b)

 
Q
Q g    ,

 k Q


(c)


0

Ag  
K 2M
 11




T T ( K12  K 21 )T 

i


(d)

K   2M
B g   11

0


0 
 K 22 

(2-35)

K11   2 M

For a selected value of frequency, the eigenvalue problem can be solved for the eigenvalue
or wavenumber, which is used to calculate the phase velocity dispersion curves. Afterward, the
nodal displacement vector Q, particle wavefield u particle displacement,





strain wavefield and

stress wavefield can be obtained with relations noted in this section.

Thus, the elastic guided wave propagation behavior and properties can be obtained for a multi-layer
with anisotropic sublayers. The 1DD SAFE will be used to calculate the wave dispersion properties
in a thick multi-layer carbon fiber reinforced polymer plate for as preliminary information for
analysis in the next chapter, where the focus involves using a frequency domain finite element
method to investigate the interaction of some of these guided wave modes to localized or
inhomogeneous features that have different geometric and material property from the rest of the
multilayer plate.
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Chapter 3
Frequency Domain Finite Element Method for Linear Elastic Guided Wave
Interaction with Inhomogeneous Defect
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3.3 Chapter Summary
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3.1 Introduction
Before the work on nonlinear elastic guided wave is presented in future chapters, this
chapter presents an example of a linear guided wave method applicpable to identify guided wave
modes and frequencies that are sensitive to defects in thick carbon fiber reinforced polymer (CFRP)
composites. The first step requires understanding of guided wave modes that can propagate within
this complicated structure, then a numerical approach (frequency domain finite element method)
was used to investigate the response of a guided wave mode and frequency pair to defects
characterized by localized wavy plies.
Thick carbon fiber reinforced polymer (CFRP) composites are challenging to fabricate and
nondestructive quality assurance testing methods are limited. There are concerns on common defect
types such as ply delamination, microcracking, fiber waviness, undesired residual stresses and
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porosity, which can decrease the structure’s ability to support load. Literature reports that
manufacturing processing parameters of plate length, cooling rate and the difference of the
coefficient of thermal expansion between the tool plate material and laminates are main factors that
influence the formation of fiber waviness, and determine the number of cycles of fiber waviness,
distribution, and average amplitude of fiber waviness. Either in or out of plane fiber waviness can
occur as manufactured defects, respectively corresponding to waviness as fiber misorientation in
the fiber direction and several ply layers exhibiting the waviness, are typically confined to upper
and outer ply layers where manufacturing processes could have imposed some axial buckling loads
upon those fibers. The latter two influences the temporal and spatial temperature gradients within
the laminate composite. According to the less constraint direction during manufacturing, in plane
fiber waviness is more common in thin CFRP while out of plane fiber waviness is more common
in thick CFRP structures. (Kugler and Moon 2002a, Zhu et al 2015, Lemanski et al 2013). The term
kink is used to refer to a local buckle in the fibers within a number of adjacent plies, while
marcelling is commonly used to refer to ply waviness that exists for several wavelengths but
typically occurs over a smaller number of plies through the thickness compared with kinks, as
demonstrated in Figure 3-1. Other literature has demonstrated concern of waviness generation
within other geometries such as cylinders. (Kugler and Moon 2002b).
kink

marcelling

Figure 3-1 Schematic of kink and marcelling defect within cross-section of a thick multilayer CFRP plate.
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Very limited reported research can be found on nondestructive evaluation of fiber and ply
waviness defects within composite laminate structures. Murri et al (1991) determined
thermography and shearography were not suitable for thick composite structures, and tried using
bulk ultrasonic waves but required improved setup parameters for higher signal to noise ratio. With
thick composite structures, while low frequency ultrasonic waves can exhibit less attenuation
though a viscoelastic material, the low frequency regime can result with undesirable low resolution.
Chakrapani et al (2011, 2014) had conducted preliminary trial experimental investigations on the
use of very low frequency, low order mode A0 and Rayleigh surface waves for detecting waviness
via changes in amplitude and wave speed. Our experience shows that simply selecting a
fundamental mode at low frequency is quite limiting and that there could be many other excellent
options in the higher order modes. Hence, the objective of the work presented in this chapter is to
identify guided wave modes and frequencies that are sensitive to marcelling and kinks in thick
carbon fiber reinforced polymer (CFRP) composites in order to distinguish anomalies that affect
structural integrity. There is a need for proper mode and frequency selection, which can take into
account the material/geometric properties of the waveguide and defect characteristics. The
following work investigates the response of a guided wave mode to inhomogeneous defects or
change in geometry/mechanical properties within a very complex structure using Frequency
Domain Finite Element Method (FDFEM), which is more computationally efficient than timemarching FEM.

3.1.1 Background
The frequency domain finite element method (FDFEM) can approach wave propagation
problems either directly or using a modal methodology. FDFEM can model linear steady state
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response of a structure due to continouous harmonic loading and be used to obtain solutions of
complex valued wavefields (i.e. displacements, stresses, etc.).
The displacement and stress are both harmonic in x direction and time t, respectively

u ( x, y , z , t )  U ( y , z )eikx eit and Cauchy stress σ ( x, y , z , t )  σ ( y , z )eikx eit as time harmonic
functions, while governing equations (constitutive equation (2-2) and strain-displacement relation
(2-3)) from the previous chapter are applicable. In this chapter, expressions within the parenthesis
will denote either the dependent variable or the argument of a function. The frequency domain form
of the balance of linear momentum Eq. (2-1) is
 2 U ( y , z )    σ ( y , z )  F V ( y , z ) e

where σ signify Cauchy stress, 

i phase

,

(3-1)

denotes density, but includes a harmonic forcing term

F V ( y, z )eikx and  phase can account for the phase difference between the forcing term and
displacement. There are three types of boundary conditions applied to the multi-layer waveguide.
We consider traction free boundary conditons on the surfaces of the waveguide with Eq. (2-4),
while we apply a body force to simulate a selected incident wave. This body loading is applied on
a portion of the waveguide with no defect and we analyze the resulting steady state wavefields
away from the loading region and study the reflection and transmission behavior after interaction
with the localized defect. This body loading is obtained for a selected mode through the 1DD SAFE
method. In addition, there are inherent matching displacement at the interfaces between layers as
continuity boundary conditions, where

u layerj (( x, y , z , t )  @ interface A)  u layer ( j 1) (( x, y , z , t )  @ interface A) . (3-2)
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3.2 Sample Problem: Thick Composite Plate

3.2.1 Guided Wave Modes of Thick CFRP Composite Plate without Defects via 1DD SAFE
Dispersion relations for an infinite quasi-isotropic composite plate without defects is
obtained from the one dimension discretized Semi-Analytical Finite Element (1DD SAFE)
analysis, refer to Chapter 2.3 for more details. Afterward, frequency domain finite element analysis
of reflection and transmission of a guided wave mode after interaction with kinks and marcelling
defects were investigated. Factors that are neglected here involve the ultrasonic wave attenuation
in polymers, curvature of composites that commonly exhibit kinks or marcelling, but can be
incorporated into FDFEM models.
Possible incident modes that can exist within the homogeneous composite plate below 0.5
MHz were first determined, with the coordinate system for the 1DD SAFE analysis is shown in
Figure 3-2, where shading patterns only represents different layers. The 0° ply refers to fibers
aligned along the e1 direction, and has element with the material stiffness matrix
(ele)

of the matrix inversion of the compliance S
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 E1

 12

 E1

 
 13
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S ( ele )   1
 0
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13
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(3-3)
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with material properties found in Table 3-1. Designation of ply orientation refers to angle of
corresponding fibers counter-clockwise rotation about the e 3 axis, and the corresponding material
stiffness matrices are obtained by applying a linear orthogonal coordinate transformation.
The coordinate transforms to obtain expressions of the local coordinate of the fiber-ply
system designated by the subscript “A” in terms of the global coordinate system “B”, requires the
transformation matrix  ij . With the transformation matrix  ij , position, displacement, stress,
strain, and the material stiffness matrix can be related between these two coordinate systems as the
following expressions
(a)

x( B ) i   ij x( A ) j ,

(a)

u ( B ) i   ij u ( A ) j ,

(c)

 ( B ) mn   mi  nj  ( A ) ij ,

(d)

( B ) op  ok  pl ( A ) kl ,

(e)

C( B ) mnop   mi  nj ok  pl C( A )ijkl

(3-4)

.

Figure 3-2 Coordinate system for the 1DD SAFE analysis.
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The CFRP composite composition and structure considered is the following: a quasiisotropic 80-ply AS4/8552 plate with [0 90 +/-45]s10. The “s” subscript indicates symmetry, such
that the 80-ply plate is composed of 10 laminates, each with the following sub-unit order of ply
degree orientation [0 90 45 -45 -45 90 0]. A numbered subscript indicates the corresponding
multiple for that layer.
A few modes were selected based on several factors. One factor involved a sufficient
dominance of at least one displacement component direction at the specimen surface based on
observations of wavestructure profiles, for practical consideration of mode excitation and reception
of the mode at the plate surface for future intention of experimental validation. However, if modes
exhibit displacement or

Table 3-1 Structure and material properties of composite plate AS4/8852 (Hexcel A) for 0° designation as fibers
aligned parallel to e1 axis.

Structure
Resin/fiber type
Ply thickness (mm)
# plies through
thickness
Plate thickness (mm)
Layup
E1 (GPa)
E2 (GPa)
E3 (GPa)
G12 (GPa)
G23 (GPa)
G13 (GPa)
v12
v13
v23
 (kg/m3)

Quasi-isotropic (Q) 0°
AS4/8552
0.13
80
10.4
[0 90 +/-45]s10
135
9.5
9.5
4.9
3.9
4.9
0.3
0.3
0.45
1580

stress profile change interaction within the thickness of the plate, then this would suggest a possible
future route of utilizing such modes with embedded sensors. The mode and frequency pairs were
also selected such that they were sufficiently separated within the phase velocity and frequency
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space from neighboring modes to minimize the possibility of exciting additional modes and where
the change in group speed is minimal for simpler considerations for result interpretation. Figure
3-3 (a) and (b) shows the phase and group velocity dispersion curves of the quasi-isotropic [0 90
+/-45]s10 AS4/8552 with 80 plies. Several modes with different wavestructures are shown in Figure
3-4, and some of the wave parameters are included in Table 3-2. The following factors can be
explored to determine the mode with optimum sensitivity to a given kink or marcelling defect:
dominant displacement component relative to defect orientation, wavestructure profile through
thickness compared with defect geometry (depth through thickness, or extent of defect curvature),
or mode wavelength with respect to defect geometry/length.
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(a)

(b)
Figure 3-3 Dispersion curves for the quasi-isotropic [0 90 +/-45]s10 AS4/8552 with 80 plies, with (a)
phase and (b) group velocity as a function of frequency.
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Figure 3-4 Normalized displacement profiles for several incident modes at various frequencies for the 80 ply
AS4/8552 [0 90 +/-45]s10 homogeneous plate for three different mode-frequency combinations.

1
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Table 3-2 Details for selected incident modes for the 80 ply AS4/8552 [0 90 +/-45]s 10 homogeneous plate.

Mode
Frequency
(MHz)
Phase speed
(km/s)
Wavelength
(mm)
Skew Angle
(Degrees)

1
0.15

3
0.15

8
0.23

1.52

2.47

8.13

10.11

16.5

35.3

0.13

0.46

-0.04

Mode 1 at 0.15 MHz has a dominant out of the (e2-e1) plane displacements in the e3 direction
through the plate thickness. Mode 3 at 0.15 MHz has a dominant out of plane displacements in the
e3 direction on plate surfaces, but reach zero through the center of the specimen. Mode 8 at 0.23
MHz has dominant in (e2-e1) plane displacements in the e1 direction that exhibits a non-uniform
profile through the thickness, with smaller extent of e3 displacement component at plate surfaces.
Usually dealing with quasi-isotropic multi-layered plates, an important concern for utilizing guided
wave modes for damage detection is accounting for skew angle, however these modes below 0.25
MHz exhibit skew angles of less than 1° as shown in Table 3-2, demonstrating these are within the
low frequency regime where skew angle is negligible. In addition, the mode and frequency pairs
were also selected to have the same order of magnitude for the mode wavelength compared with
the Marcelling Q defect length of 25 mm, which is described later in this chapter.
On a side note, using the 1DD SAFE method, the phase velocity and group velocity
dispersion curves were additionally computed for the quasi-isotropic [0 90 +/-45] s10 AS4/8552 with
80 plies with all layers exhibiting an additional ply rotation about the e 2 axis, yet still considered as
plate top and bottom surface boundaries and propagation direction parallel to e 1 axis. The dispersion
analysis reveals the additional ply counter-clockwise rotation about e2 axis of 5 degrees (black
markers in Figure 3-5a-b) exhibited small decrease in phase and group velocity compared to the
fiber and ply system aligned along the e2-e1 plane (blue lines), where the former also corresponds
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to wavenumber changes, for most modes. The additional ply rotation about the e 2 axis of 30 degrees
(red markers in Figure 3-5 a-b) reveal large decreases in phase and group velocity wave speeds for
many modes compared with 5 degrees’ rotation. The only exception is Mode 1, the typical
axisymmetric mode A0 of isotropic case, is revealed to exhibit very similar values regardless of
rotation about the e2 axis, suggesting less sensitivity compared to other modes and even localized
rotation about e2 axis for a limited number of plies through the thickness. In addition, the group
velocity changes in Figure 3-5 confirms the expected influence of change in the time arrival due to
distorted ply layers, when they are rotated about the e2 axis. Marcelling and kinks are typically
present within only a fraction through the thickness, however, analysis of the extreme cases can
provide some still useful conclusions. Future work is needed to consider the interaction of the
guided wave mode with localized defects in the propagation direction and through the thickness.
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Figure 3-5 (a) Phase and (b) group velocity dispersion curves for the quasi-isotropic [0 90 +/-45]s 10 AS4/8552
with 80 plies with all layers exhibiting an additional ply rotation about the e2 axis of 0 degrees (blue lines), 5
degrees (black markers), and 30 degrees (red markers). For a plate with top and bottom surface boundaries and
propagation direction parallel to e1 axis.
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3.2.2 FDFEM Various Guided Wave Modes Interaction with Inhomogeneous Defects
A 3D finite element model in the frequency domain was created via a commercially
available numerical FEM package, Comsol Multiphysics, to numerically investigate the interaction
of guided waves with kinks and marcelling. The following work does not account for the
attenuation due to energy dissipation in a viscoelastic medium, which can be incorporated later.
The FDFEM approach allowed consideration of a steady state continuous wave of a single mode
at a selected frequency. Plate cross-sectional surfaces with the normal vector parallel to the e 2-axis
is assigned periodic boundary conditions, with the plate width equal to one-eighth of the selected
mode’s wavelength. Perfect matching layer (PML) is implemented at both ends of the plate, to
prevent reflections due to the ends. A single incident mode at a specified frequency, one of several
selected modes described earlier, was excited with the corresponding force profiles through
thickness determined from the 1DD SAFE analysis and applied as a body load, in the “loading
region” in Figure 3-6 with length in the e1 direction equal to ten times the wavelength of the selected
mode, with time harmonic propagation in the e1 direction. These loading profiles were applied with
an additional arbitrary factor of 100 MPa. Displacements in the spatial-frequency domain are
obtained from the frequency domain finite element. The modal content in the wavenumberfrequency domain is determined after Fourier Transform of the displacement over the spatial
domain, over a distance of 10 times the selected mode’s wavelength and with increments of onefifteenth of the wavelength in the e1 direction. Since, the phase velocity is equal to
2*π*frequency/wavenumber, phase velocity versus displacement amplitude can be generated and
are shown in the next section. Phase velocity of incident modes generated in the frequency domain
finite element models of undeformed CFRP plates agrees well with the predicted values obtained
via 1DD SAFE.
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The influence of defects, similar to observed kink and marcelling observed in real
composites, on guided waves have been simulated with the 3D finite element model in the
frequency domain. The length of the incident and transmission region are each equivalent to ten
times the wavelength of the selected mode. With the FDFEM, the defect region either contains
Kink Q or Marcelling Q, respectively as shown as Figure 3-7 (a) and (b), with defect parameters
listed in Table 3-3. Such defect parameters were based on observed physical samples, where Kink
Q is meant to be an example of typical damages that exhibit short defect length (e1 based on the

Figure 3-6 Cross-section of 3D finite element method geometry used in frequency domain, with selected mode
plane propagation in e1 direction.

direction) but severe extent through ply thickness, while Marcelling Q is modeled to be an example
of typical damages that exhibit long wavy defect length (e1 direction) with fewer extent through
ply thickness than kinks. Defect length of Kink Q and Marcelling Q are respectively 2.5 mm and
25 mm. All defects are simulated with varying geometric and stiffness matrix properties that are
functions of e1 position. Both defect types are modeled as sinusoidal functions, with kink generated
with an additional phase of π to allow defect location to be near the top surface. For each case,
several edges of layers will have a maximum amplitude of the sinusoidal function for the defects
are listed in the following tables, edge of layers in the vicinity have a gradual decrease in the defect
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amplitude. Hence, edges or the position in the e3 direction (‘Y’) of the irregular plies can be
described by

Y  M amp * fraction *sin(

2 x
 phase) ,
DLambda

(3-5)

which is a sinusoidal function interms of the wavelength of the defect (DLambda) and position in
the e1 direction (x), where at least one ply of the defect has a maximum wavy defect amplitude
equivalent to M amp plies. The extent of waviness in the plies that are neighboring to the most
severe wavy plies, tapers to zero and is represented by a fraction of M amp . The ‘phase’ variable is
a multiple of π for the Kink Q defect, to model wavy plies in the direction of plate thickness. The
defect region has maximum element size of DLambda/6, while the undeformed regions are
modeled sufficiently with one-fifteenth of the mode’s wavelength. Stiffness matrices are
determined with coordinate transformations for each ply averaged value the based on the averaged
value the fiber angle rotation about e2 for the two edges of the ply, and interpolated into COMSOL
as a function of the position along e1 and layer.

Table 3-3 Defect parameters modeled for the quasi-isotropic 80 ply AS4/8552 [0 90 +/-45]s 10 homogeneous plate.
Defect lambda (DLambda) is 5 mm.

Defect

Defect
Defect
Sinusoidal Length as a
Phase
multiple of
DLambda

Kink Q
Marcelling
Q

π
0

0.5
5

Max Defect
Amplitude
as a
multiple of
ply
thickness
8
3

# plies with
max defect
amplitude/
total
irregular
plies
30/58
1/33

Percent
of
irregular
plies

Degrees of
Freedom

72.5%
41.3%

2891775
3135375
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(a)

(b)
Figure 3-7 Defects (a) Kink Q and (b) Marcelling Q embedded within the quasi-isotropic
80 ply AS4/8552 [0 90 +/-45]s10 plate.

The following factors can be explored to determine the mode with optimum sensitivity to
a given kink or marcelling defect: dominant displacement component relative to defect orientation,
wavestructure profile through thickness compared with defect geometry (depth through thickness,
or extent of defect curvature), or mode wavelength with respect to defect geometry/length. Mode
1 at 0.15 MHz has a dominant out of the (e2-e1) plane displacements in the e3 direction through the
plate thickness. Mode 3 at 0.15 MHz has a dominant out of plane displacements in the e 3 direction
on plate surfaces, but reach zero through the center of the specimen. Mode 8 at 0.23 MHz has
dominant in (e2-e1) plane displacements in the e1 direction that exhibits a non-uniform profile
through the thickness, with smaller extent of e3 displacement component at plate surfaces.
The following investigation compares the steady state response via FDFEM to different
guided wave modes via harmonic loading, and demonstrates certain modes have better sensitivity
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than other modes to kinks and marcelling defects within thick multi-layer composites. The
numerically determined displacement wavefields in the e1 -e3 cross-sections, after interaction of a
guided wave mode (i.e. Modes 1, 3 and 8) through a waveguide containing no defects, Kink Q, and
Marcelling Q are shown in Table 3-4(a-b)-Table 3-6(a-b) for the incident or reflection region and
the transmission region after interaction with the defect or after the gap corresponding to the
location that would not contain the Kink Q defect.
For the uniform modeled plate with no defect, the numerically determined e1 displacement
profile (Table 3-4(a)) in the e1 -e3 cross-section is uniform through the thickness with harmonic
propagation in the e1 direction, and the e3 displacement profile (Table 3-4(b)) is confined to the
couple layers at the surfaces for Mode 1 @ 0.15 MHz, confirming the predicted displacement mode
shapes for a homogeneous thick quasi-isotropic 80 ply plate shown in Figure 3-4(a). The
wavestructure of Mode 1 @ 0.15 MHz has a dominant out of plane (e 3) displacement with
comparably small values of in plane (e1) displacement via different plotting scales and demonstrates
the e3 displacement wavefield exhibited only a small reflection to the kink with small amplitude
compared with the original propagating mode amplitude, as observed in Table 3-4(c).While there
is some reflection and transmission change of Mode 1 @ 0.15 MHz due to interaction with Kink
Q, there was no change between the no defect and the Marcelling Q examples. The e1 demonstrated
some energy can be concentrated in the vicinity of Kink Q, similar responses would only be useful
for embedded sensors. To consider only accessibility via top or bottom surface, the dominant
displacement component profiles over each of these two surfaces can be acquired to be converted
into the wavenumber ( k ) domain, which can be related to phase velocity via c p  2 f

k

. Peak

amplitude corresponds to phase velocity of Mode 1 at 0.15 MHz, which did not show significant
change between transmission signals through undeformed (solid blue line) and marcelling (solid
black line) with very little decrease in amplitude due to Kink Q (solid red line), as shown in Figure
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3-8(a-b), respectively corresponding to top and bottom surface and values are normalized with
respect to the peak value obtained for the transmission signal through the homogeneous plate with
no defects. There was no reflection from the Marcelling Q (dashed black line), but the Kink Q
resulted in a small reflection (dashed red line) and a transmission (solid red line) that propagate a
slightly faster phase velocity than Mode 1 @ 0.15 MHz, that is not equivalent to other predicted
mode phase velocities.
Table 3-5(a-c) demonstrated there was a small change in the reflection and transmission
response of Mode 3 at 0.15 MHz after interaction with Kink Q, but is less sensitive to Marcelling
Q. In Figure 3-9(a-b), corresponding to the top and bottom surface measurements, peak amplitude
corresponds to phase velocity of Mode 3 at 0.15 MHz for transmission through smooth composite
(solid blue line), Marcelling Q (solid black line), and Kink Q (solid red line), while the reflection
response to Kink Q (dashed red line) and Marcelling Q (dashed black line) is also shown. Compared
with the smooth composite plate at the top and bottom plate surfaces, the decrease in modal
amplitude after transmission through Kink Q was greater than that of Marcelling Q, but
demonstrated Mode 3 was more sensitive to both defects than Mode 1.
While Mode 8 at 0.23 MHz demonstrated to have more obvious distortion in both in and
out of plane displacement component after interaction with Kink Q and Marcelling Q compared
with the other two modes, as observed in Table 3-6 (a-b). The displacement profile in the reflection
signal in Table 3-6(c) and the phase speed space plots (Figure 3-10 and Figure 3-11)indicate this
distortion occurs as smaller wavelength propagation than Mode 8 at 0.23 MHz, corresponding to
at least one mode with lower phase speed, which is more evident in the e3 (out of plane)
displacement wavefield than the e1 (in plane) wavefield. Figure 3-10 and Figure 3-11 plots show
the peaks corresponding to modal amplitudes in phase speed space, determined from wavenumber,
of the transmission response through smooth composite (solid blue line), Marcelling Q (solid black
line), and Kink Q (solid red line). Reflection response to Kink Q (dashed red line) and Marcelling
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Q (dashed black line). Values are normalized with respect to peak of the dominant e1 displacement
component for Mode 8 @ 0.23 MHz via homogeneous composite plate with no defect. Figure 3-10
(a) demonstrated that the excitation of Mode 8 @ 0.23 MHz had also generated a small contribution
of Mode 6 in the dominant e1 (in-plane) displacement component wavefield with the homogenous
no defect case, where the chances of exciting additional modes occur with the increase of number
of modes existing for that given frequency, which could be due to Mode 6 and 8 sufficiently close
or determination of the force wavestructure required more elements through each ply layer for
improved accuracy. In addition, Mode 8 @ 0.23 MHz exhibited a significant e 2 displacement
contribution (Figure 3-10 (b) in the transmission signal suggesting potential to be used to identify
Marcelling Q, which is much smaller contribution in the transmission through a Kink Q, which is
not present in the homogeneous composite plate with no defect. Reflecting signals to both
Marcelling Q and Kink Q, exhibit small fraction of a modal amplitude with the same phase speed
as Mode 8 in all three displacement components. Comparison of Figure 3-10 (a) and Figure 3-11(ab), reveal the slower phase speed mode 5 is also generated solely due to interaction with the defects,
and more evident in the e3 displacement wavefield after transmission through Marcelling Q, smaller
contribution in the reflection to both Marcelling Q and Kink Q. Figure 3-11(c-d) demonstrated that
Mode 8 @ 0.23 MHz can also result in conversion to Mode 1 and 3 via reflection from both defects,
but the transmission through Kink Q revealed higher e3 displacement modal amplitude of Mode 3.
Interestingly Mode 2, 4, and 7 were not generated after interaction of Mode 8 @ 0.23 MHz to the
n Marcelling Q and Kink Q defects, which were modes with predominantly e 2 displacement
wavefields.
Since specific displacement components of mode conversion after interaction of a selected
mode with the defects, can reveal features unique to the defect, once further understanding is
obtained on interaction with certain defects, defects have the potential to be identified.

62
Table 3-4 (a) Results of 3D FDFEM of Mode 1 @ 0.15 MHz for e3 direction (out of plane) displacement profiles in the e1 -e3 cross-sections are
shown for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case

Mode 1 @ 0.150 MHz
e3 displacement (out of plane)
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Table 3-4(b): Results of 3D FDFEM of Mode 1 @ 0.15 MHz for e1 direction (in plane) displacement profiles in the e1 -e3 cross-sections are shown
for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case
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Table 3-4(c): Results of 3D FDFEM of Mode 1 @ 0.15 MHz for displacement profiles of the reflection response to the defect in the e1 -e3 crosssections in the reflection region of Figure 3-6.
Mode 1 @ 0.150 MHz
e3 displacement (out of plane)
Reflection response

Mode 1 @ 0.15 MHz
e1 displacement (in plane)
Reflection response
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Excitation:Mode 1 @ 0.15 MHz

Excitation:Mode 1 @ 0.15 MHz
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Figure 3-8 Displacements on the top surface of the plate in spatial coordinates of transmission and reflecting regions of Figure 3-6 were converted
to wavenumber and then phase velocity was computed Peak amplitude corresponds to phase velocity of Mode 1 at 0.15 MHz, which did not show
significant change between transmission signals through undeformed (solid blue line), kink (solid red line), and marcelling (solid black line) and
generally no reflection from the marcelling (dashed black line).
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Table 3-5 (a) Results of 3D FDFEM of Mode 3 @ 0.15 MHz for e3 direction (out of plane) displacement profiles in the e1 -e3 cross-sections are
shown for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case
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Table 3-5(b): Results of 3D FDFEM of Mode 3 @ 0.15 MHz for e1 direction (in plane) displacement profiles in the e1 -e3 cross-sections are shown
for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case Mode 3 @ 0.150 MHz
e1 displacement- (in plane)
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Transmission Region
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Table 3-5(c): Results of 3D FDFEM of Mode 1 @ 0.15 MHz for displacement profiles of the reflection response to the defect in the e1 -e3 crosssections in the reflection region of Figure 3-6.
Mode 3 @ 0.150 MHz
e3 displacement (out of plane)
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Mode 3 @ 0.15 MHz
e1 displacement (in plane)
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Excitation:Mode 3 @ 0.15 MHz
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Figure 3-9 Displacements on the top surface of the plate in spatial coordinates of transmission and reflecting regions of Figure 3-6 were converted
to wavenumber, and then phase velocity. Peak amplitude corresponds to phase velocity of Mode 3 at 0.15 MHz for transmission through smooth
composite (solid blue line), Marcelling Q (solid black line), and Kink Q (solid red line). Reflection response to Kink Q (dashed red line) and
Marcelling Q (dashed black line).
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Table 3-6 (a) Results of 3D FDFEM of Mode 8 @ 0.23 MHz for e1 direction (in plane) displacement profiles in the e1 -e3 cross-sections are shown
for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case
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e1 displacement (in plane)
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Table 3-6(b) Results of 3D FDFEM of Mode 8 @ 0.23 MHz for e3 direction (out of plane) displacement profiles in the e1-e3 cross-sections are
shown for the incident/reflection and transmission region of Figure 3-6, location of the defects is not shown and is replaced with a gap.
Case

Mode 8 @ 0.230 MHz
e3 displacement (out of plane)
Incidence/Reflection Region

Transmission Region
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Table 3-6(c): Results of 3D FDFEM of Mode 3 @ 0.23 MHz for displacement profiles of the reflection response to the defect in the e1 -e3 crosssections in the reflection region of Figure 3-6.
Mode 8 @ 0.230 MHz
e3 displacement (out of plane)
Reflection Response

Mode 8 @ 0.23 MHz
e1 displacement (in plane)
Reflection Response
-8
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Excitation:Mode 8 @ 0.23 MHz
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Figure 3-10 Displacements on the top surface of the plate in spatial coordinates of transmission and reflecting regions of Figure 3-6 were
converted to wavenumber, and then phase velocity from (a) e1 displacement wavefield and (b) e2 displacement wavefield. Peak amplitude
corresponds to phase velocity of Mode 8 at 0.23 MHz for transmission through smooth composite (solid blue line), Marcelling Q (solid black line),
and Kink Q (solid red line). Reflection response to Kink Q (dashed red line) and Marcelling Q (dashed black line). Values are normalized with
respect to peak of Mode 8 @ 0.23 MHz via homogeneous composite plate with no defect.
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Excitation:Mode 8 @ 0.23 MHz
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Figure 3-11 Evidence of mode conversion to several different modes, where displacements on the (a) top and (b) bottom surface of the plate in
spatial coordinates of transmission and reflecting regions of Figure 3-6 were converted to wavenumber, and then phase velocity from e3
displacement wave field. The zoom in at lower phase speed is shown for (c) top surface of e3 displacement wavefield and (d) top surface of e1
displacement wavefield. Results are of the transmission through smooth composite (solid blue line), Marcelling Q (solid black line), and Kink Q
(solid red line). Reflection response to Kink Q (dashed red line) and Marcelling Q (dashed black line). Values are normalized with respect to peak
of Mode 8 @ 0.23 MHz via homogeneous composite plate with no defect.
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3.3 Chapter Summary
Fabrication of carbon fiber reinforced polymer composite structures and the nondestructive
evaluation of manufactured defects are challenging, especially for thick complex structures.
Several processing parameters can result in localized axial compressional buckling to form either
in plane waviness (fibers are misoriented and not the desired fiber orientation in the ply plane) or
out of plane waviness (several plies exhibit waviness and are no longer the expected smooth ply
layering). The few investigations reported in the literature were experimental exploration in
preliminary stages on utilizing bulk ultrasonics, low frequency mode A0 or Rayleigh surface waves
to identify location of waviness. My work on the numerical investigation, via Frequency Domain
Finite Element Method (FDFEM) on the response of a few ultrasonic guided wave modes after
interaction with out of plane wavy defects in thick carbon fiber reinforced polymer (CFRP)
identified a higher order mode and frequency combination that was sensitive to some of these
defects where the A0 is not sensitive to. The numerical method allows flexibility of analyzing the
response wavefields of at least one selected mode and by considering a variety of defect parameters.
The following factors can be explored in the future to determine the mode with optimum sensitivity
to a given kink or marcelling defect: identifying the dominant displacement component relative to
defect orientation, wavestructure profile through thickness compared with defect geometry (depth
through thickness, or extent of defect curvature), or mode wavelength with respect to defect
geometry/length. Further work needs to be done on investigating the interaction of guided wave
modes with defects with a wide variety of existing parameters, for the purpose of mode selection
with optimum sensitivity, response interpretation, defect identification and locating.
For a case example of a quasi-isotropic 80 ply AS4/8552 plate with [0 90 +/-45] s10, some
modes exhibited greater sensitivity, via extent of modal amplitude decrease after interaction or
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exhibit mode conversion, where the response wavefield was found to be dependent on if the defect
was Kink Q or Marcelling Q. This work does not account for dissipation of energy for wave
propagation within viscoelastic medium, but can be accounted for later. Several mode and
frequency pairs were first selected if there was (1) a sufficient dominance of at least one
displacement component direction at the specimen surface based on observations of wavestructure
profiles, (2) sufficiently separation within the phase velocity and frequency space from neighboring
modes, and (3) change in group speed for a given mode is minimal and sufficient separation in
group velocity from other modes for result interpretation
Criteria (1) was included for practical consideration of mode excitation and reception of
the mode at the plate surface for future intention of experimental validation, but other another
option for future consideration can include modes which significant sensitivity to defects but large
changes within the bulk material interior would require embedded sensors. Usually dealing with
quasi-isotropic multi-layered plates, an important concern for utilizing guided wave modes for
damage detection is accounting for skew angle, however these modes below 0.25 MHz exhibit
skew angles of less than 1 degree as shown in Table 3-2, demonstrating these are within the low
frequency regime where skew angle is negligible. In addition, the mode and frequency pairs were
also selected to have the same order of magnitude for the mode wavelength compared with the
Marcelling Q defect length of 25 mm, which is described later in this chapter.
Mode 3 at 0.15 MHz has a dominant out of (e2-e1) plane displacements in the e3 direction
on plate surfaces, but reach zero through the center of the specimen. Mode 3 was demonstrated to
be more sensitive via exhibit greater decrease in modal amplitude after transmission through Kink
Q and Marcelling Q, compared with the more uniform in plane displacement through plate
thickness Mode 1 at 0.15 MHz. As for Mode 8 at 0.23 MHz, which has dominant in (e 2-e1) plane
displacements in the e1 direction and a small extent of e3 displacement component at plate surfaces,
exhibited more complicated wavefield responses. Interaction with Marcelling Q exhibited (1) a
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significantly larger e2 displacement contribution in the transmission which is typically expected of
Mode 8 and (2) larger extent of mode conversion to Mode 5 via the transmission in the e 3
displacement wavefield compared with after interaction with Kink Q. While transmission of Mode
8 at 0.23 MHz, the Kink Q resulted in greater extent of mode conversion to Mode 3, compared with
transmission through Marcelling Q.
More steps in the future can be taken to consider mode selection for the optimum sensitivity
to these manufactured defects. Some extremes of defect parameters commonly manufactured can
be explored, to determine the minimum defect length or amplitude that could be detected for a
given mode. Future work can also involve applying an inverse Fourier transform on the frequency
response, to enable analysis of the time domain response and determine which modes exhibit group
velocity changes after interaction with defects. Future work can be done to develop a theoretical
approach to determine mode sensitivity, and the FDFEM can be readily used as a validation
technique.
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Chapter 4
Review of Theoretical Framework of Nonlinear Guided Waves in Plates and
Pipes
As demonstrated by the previous chapter, linear elastic ultrasonic techniques can be useful
for nondestructive evaluation (NDE) of macroscale defects, which are inhomogeneous features
with material property and geometry differences from the rest of the waveguide, with proper mode
and frequency selection. For the interest in shifting the defect detection limit to an earlier damage
state associated with micro/mesostructural changes, we are interested in developing a nonlinear
ultrasonic guided wave method to characterize early material degradation or damage precusors.
The structure will exhibit inhomogeneity in microstructural features due to the damage initiation
and evolution associated with processes such as fatigue and creep. In addition, for applications
where both linear and nonlinear elastic techniques are sensitive to selected defect types, the
additional measurements can provide redundancy and further increase the possibility of defect
identification as opposed to false artifacts.
The following chapter reviews the theoretical framework for understanding higher
harmonic generation of nonlinear ultrasonic guided waves due to self and mutual interaction of one
or more primary waves. This analysis is crucial, since the framework determines that only primary
waves and resultant higher harmonic modes, that meet phase matching and exhibit a nonzero power
flux from the primary waves to the higher harmonic, will generate cumulative generation or linear
amplitude increase of higher harmonic mode with propagation in the structure. For nonlinear
ultrasonic guided waves, primary and higher harmonic mode combinations or mode pairs refer to
the consideration of the higher harmonic mode that could result due to self or mutual interaction of
one or more primary waves. Once primary and higher harmonic mode combinations are identified,
the higher harmonic wave properties and generation behavior can guide the development of
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nonlinear ultrasonic guided wave techniques to characterize and detect early material damage prior
to macroscale damage is visible.

4.1 Nonlinear Elastic Guided Waves in Plates

4.1.1 Mode Pairs for Cumulative Higher Harmonic Generation
The following subsections provide a brief summary of a theoretical approach in
understanding higher harmonic generation due to self or mutual interaction of one or more primary
waves, within the limitations of plane waves in a lossless isotropic solid. Primary and higher
harmonic mode combinations that exhibit cumulative harmonic generation or linear amplitude
increase of the higher harmonic mode have the potential for use in a measurement method where
material nonlinearity contributions can be greater than measured system nonlinearity.
Deng (1999), de Lima and Hamilton (2003), Srivastava and Lanza di Scalea (2009), and
Muller et al (2010) have investigated the generation of higher harmonic guided waves in plates
using a perturbation approach and normal-mode expansion theory applied to the governing
equations of an isotropic and weakly nonlinear solid medium. From the expression representing the
higher harmonic wavefield, required conditions to generate cumulative higher harmonics were
identified to be (1) nonzero power flux from fundamental to higher harmonic wave fields and (2)
phase velocity matching. Matsuda and Biwa (2011) investigated the possible Rayleigh-Lamb
primary-second harmonic mode combinations and determined phase matching is required while
group velocity is not required for second harmonic generation. Additional details will be provided
within this section. Extension of the analysis for guided wave modes and identification of preferred
primary modes for higher order nonlinear wave interaction for plates was conducted, while
primary-second harmonic mode pairs were determined in Liu et al (2013a). Potential (1) mode
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mixing combinations to generate a resultant wave from third order interaction of two primary waves
and possible (2) primary-third harmonic mode pairs in plates were determined in (Liu et al 2013b).
The work of Liu et al (2013b) is an integral part of this thesis and has been reformulated in
this chapter for completeness. The theoretical analysis is conducted to determine primary modes
that can generate a strong cumulative third order nonlinear wavefield, and to consider excitability
and the ability to receive the waveform. For the determination of possible two collimated waves
and resultant third order nonlinearity mode pairs with strong internal resonance transfer, the
theoretical basis starts with the constitutive model of Landau and Lifshitz (1986). The
corresponding strain energy function ( W SE ) can be expanded as a fourth order expansion with
respect to the Lagrangian elastic strain (E) for an isotropic hyperelastic (aka Green elastic) material
model as the following.

SOEC
2
tr (E)   SOEC tr (E) 2
2
A
C
3
 TOEC tr (E 3 )  BTOEC tr (E)tr (E 2 )  TOEC tr (E) 
3
3

WSE (E) 

(4-1)

 EFOEC tr (E)tr (E)3  FFOEC tr (E)  tr (E 2 )
2

4
 GFOEC tr (E 2 )  H FOEC tr (E)   O (E 5 )
2

,

where, λSOEC and μSOEC are Lame’s constants, {ATOEC, BTOEC, CTOEC} are third order elastic
constants, {EFOEC, FFOEC, GFOEC, HFOEC} are fourth order elastic constants, and “tr()” is the trace
operator. In this chapter, expressions within the parenthesis will denote either the dependent
variable or the argument of a function. Bold font denotes a tensor while an overscore denotes a
vector. For finite strain theory, the Lagrangian strain tensor can be expressed in terms of the
displacement gradient H  u ,
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E( H ) 

and the del 

1
H  H T  H T H  ,


2

(4-2)

denotes the vector differential operator. The second Piola-Kirchhoff stress is

obtained by differentiating the strain energy function with respect to the Lagrangian strain tensor,

TRR 

WSE (E)
E

.

(4-3)

In addition, the first (TR) and second (TRR) Piola-Kirchhoff stress are related by

TR  [I  H ]TRR

.

(4-4)

Figure 4-1 Traction free plate in a Cartesian coordinate system.

The balance of linear momentum and boundary conditions of the traction free plate (Figure 4-1)
defines our boundary value problem
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(a)

Div (TR )   u within  , and

(b)

TR  n   0

at 

(4-5)

.

for material domain  and surface  . Div ( ) denotes divergence of the argument while n 
denotes the normal outward vector from surface  . The surfaces  of the plate correspond to

X3  h, h to consider planar wave propagation in the X 1 direction.
A perturbation method can be used to establish the multiple boundary value problems
representative of the higher order self-interaction or mutual interaction. Consider the interaction of
two collimated primary plate wave modes u(a) and u(b). Assuming the displacement vector can be
decomposed into linear and nonlinear components such that

u  u ( a )  u (b )

(4-6)

 u ( a ,b ,2,0)  u ( a ,b ,0,2)  u ( a ,b ,1,1)

 u ( a ,b ,3,0)  u ( a ,b ,0,3)  u ( a ,b ,2,1)  u ( a ,b ,1,2)  .....  u ( a ,b , N a , Nb )

The subscript represents cases where mode a interacts Na times and mode b interacts Nb times, has
the corresponding displacement fields u ( a ,b , N a , Nb ) . For example third order interactions involve
Na+Nb=3, where Na or Nb could be either 0, 1, or 2. If we assume weak material nonlinearity, then
the absolute displacement fields of self-interactions of each of the primary waves u ( a ) and the u ( b )
correspond to ( u ( a ,b ,2,0) , u ( a ,b ,0,2) , u ( a ,b ,3,0) , u ( a ,b ,0,3) ) and the mutual interactions ( u ( a ,b ,1,1) ,

u ( a ,b ,2,1) , & u ( a ,b ,1,2) ) are significantly lower than the absolute displacement of the primary sources
( u ( a ) , & u ( b ) ), as shown by
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| u ( a ,b ,2,0) | , | u ( a ,b ,0,2) | , | u ( a ,b ,1,1) | ,


| u ( a ,b ,3,0) | , | u ( a ,b ,0,3) | , | u ( a ,b ,2,1) | , | u ( a ,b ,1,2) |

 ...., | u ( a ,b , N a , N b ) |





,




(4-7)



| u ( a ) | , | u (b) |

where the frequency-wavenumber for the two primary modes are (ωa,ka) and (ωb,kb). Resultant
waves of the second order interaction are centered at |ωa ± ωb|, 2ωa , and 2ωb. The third order sum
and difference resultant interaction will be centered at |2ωa ± ωb| and |ωa ± 2ωb |, with third
harmonics located at 3ωa and 3ωb.
The use of equations (4-1) thru (4-4) and (4-6) allow for the decomposition of first PiolaKirchhoff stress tensor (TR), into subterms organized by the linear, quadratic and cubic components

TR  TRL ()

(4-8)

 TRQ ( H a , H b , 2, 0)  TRQ ( H a , H b , 0, 2)  TRQ ( H a , H b ,1,1)

 TRC ( H a , H b , 3, 0)  TRC ( H a , H b , 0, 3)  TRC ( H a , H b , 2,1)
 TRC ( H a , H b ,1, 2)  .....  TR[] ( H a , H b , N a , N b )

,

where terms in Eq. (4-8) are defined via Eq. (4-9) thru Eq. (4-12). Displacement gradient for
displacement field of each primary source ‘a’ and ‘b’ is provided by

(a)

H a  H (u ( a ) )  u ( a ) , and

(b)

H b  H (u ( b ) )  u ( b ) .

(4-9)

The component TRL () represents the group of terms that are the linear first Piola-Kirchhoff that
is a function of the displacement gradients of each term of the displacement field in Eq. (4-6), where
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TRL ()  TRL (H(u ( a ) ))  TRL (H(u (b ) ))

(4-10)

 TRL (H(u ( a ,b,2,0) ))  TRL (H(u ( a ,b,0,2) ))  TRL (H(u ( a ,b,1,1) ))
 TRL (H(u ( a ,b,3,0) ))  TRL ( H(u ( a ,b ,0,3) ))
 TRL (H(u ( a ,b,2,1) ))  TRL (H (u ( a ,b,1,2) ))
 TRL (H(u ( a ,b, Na , Nb ) ))

,

where the individual subexpression for the linear portion of the first Piola-Kirchhoff stress as a
function of a displacement gradient is given by

TRL (H a ) 

SOEC
tr H a +H a T  I  SOEC [H a +H a T ]
2

.

(4-11)

The portion of the first Piola-Kirchhoff stress term designated by TRQ ( H a , H b , N a  2, N b  0)
represents the nonlinear terms due to 2nd order interaction of the displacement gradient Ha of mode
a, 0 order interaction of the displacement gradient Hb of mode b, denotes

TRQ (H a , H b , 2, 0)  TRQ (H, 0, 2, 0)

(4-12)

SOEC

tr H +H T  H  SOEC tr H T H I
2
2
T
T
 SOEC HH +HH +H H 



1
ATOEC HH +HH T +H T H +H T H T 
4
1
 BTOEC tr HH +HH T  I
2


 BTOEC tr H H +H T  +CTOEC tr H  I
2

On

the

other

hand,

the

portion

of

the

first

Piola-Kirchhoff

designated

by

TRQ ( H a , H b , N a  1, N b  1) represent the nonlinear terms due to 2nd order interaction of the
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displacement gradient Ha of mode a and displacement gradient Hb of mode b, where each is
involved once in the mutual interaction, as shown as

TRQ (H a , H b , N a  1, Nb  1)

(4-13)

SOEC

tr H a +H a T  H b  SOEC tr H a T H b  I
2
2


 SOEC tr H b +H b T  H a  SOEC tr H b T H a  I
2
2
T
T
 SOEC H a H b +H a H b +H a H b   SOEC H b H a +H b H a T +H b T H a 



1
ATOEC H a H b +H a H b T +H a T H b +H a T H b T 
4
1
 ATOEC H b H a +H b H a T +H b T H a +H b T H a T 
4
1
1
 BTOEC tr H a H b  H a H b T  I BTOEC tr H b H a  H b H a T  I
2
2
T
 BTOEC tr H a H b +Hb  +CTOEC tr H a  tr H b  I


 BTOEC tr H b H a +H a T  +CTOEC tr H b  tr  H a  I

An example of the portion of the nonlinear first Piola-Kirchhoff term to account for 3rd order selfinteraction of mode ‘a’ is given by
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(4-14)

TRC ( H a , H b , N a , N b )  TRC (H, 0,3, 0)
=
+

SOEC
2

tr  H T H  H  SOEC HH T H

 HHH +HHH T +HH T H T +2HH T H 
1
ATOEC 

T
T
T
T
T
4
 + H H H +H HH +H HH


1
 BTOEC tr  HH T H +H T H T H +H T HH +H T HH T  I
4
1
 BTOEC tr  HH +HH T  H
2
 BTOEC tr  H   HH +HH T  H T H 
+

BTOEC
tr  H T H  H +H T 
2

+CTOEC tr  H  tr  H T H  I +CTOEC  tr  H   H
2

1
+ EFOEC tr (HHH +HHH T +HH T H +H T HH )I
4
3E
+ FOEC tr  H    HH +HH T +H T H +H T H T 
4
+FFOEC tr  H  tr  HH +HH T  I
+FFOEC  tr  H    H +H T  +GFOEC tr  HH +HH T    H +H T 
2





+H FOEC 4  tr  H   I.
3

while one type of 3rd order mutual interaction is given by
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(4-15)

TRC ( H a , H b , N a  2, N b  1)
=

SOEC
2

tr  H a T H a  H b  SOEC tr  H a T H b  H a  SOEC (H a H a T H b  H a H b T H  Hb H a T H a )

 H a H a Hb +H a H a Hb T +H a H a T H b T +2H a H a T H b +H a T H a T H b +H a T H a H b



T
T
T
T
T
T
T
T
1
 +H a H a H b  H a Hb H a +H a H b H a +Hb H a H a +2H a H b H a +H a H b H a 
+ ATOEC 

T
T
T
T
T
T
T
4
 +H a Hb H a +H a Hb H a  Hb H a H a +Hb H a H a +H b H a H a +2Hb H a H a 
 + H T H T H +H T H H +H T H H T

b
a
a
b
a
a
b
a
a


1
 BTOEC tr  H a H a T Hb +H a T H a T H b +H a T H a Hb +H a T H a Hb T  I
4
1
 BTOEC tr  H a H b T H a +H a T Hb T H a +H a T H b H a +H a T Hb H a T  I
4
1
 BTOEC tr  Hb H a T H a +H b T H a T H a +Hb T H a H a +H b T H a H a T  I
4
1
1
 BTOEC tr  H a H a +H a H a T  H b  BTOEC tr  H a H b +H a H b T  H a
2
2
1
 BTOEC tr  Hb H a +H b H a T  H a  BTOEC tr  H a   Hb H a +H b H a T  H b T H a 
2
 BTOEC tr  H a   H a Hb +H a Hb T  H a T Hb   BTOEC tr  Hb   H a H a +H a H a T  H a T H a 
BTOEC
B
tr  H a T H a  H b +Hb T  + TOEC tr  H a T Hb  H a +H a T 
2
2
BTOEC
T
T
+
tr  H b H a  H a +H a  +CTOEC tr  H a  tr  H b T H a  I +CTOEC tr  H a  tr  H a T Hb  I
2
+CTOEC tr  H b  tr  H a T H a  I +2CTOEC  tr  H a  tr  H b   H a +CTOEC  tr  H a  tr  H a   Hb
+

1
+ EFOEC tr (H a H a Hb +H a H a Hb T +H a H a T H b +H a T H a Hb )I
4
1
+ EFOEC tr (H a Hb H a +H a Hb H a T +H a H b T H a +H a T H b H a )I
4
1
+ EFOEC tr (H b H a H a +H b H a H a T +Hb H a T H a +Hb T H a H a )I
4
 H a Hb +H a H b T +H a T H b +H a T Hb T 
3E
+ FOEC tr  H a   
  H H +H H T +H T H +H T H T 
4
b
a
b
a
b
a
b
a 

3E
+ FOEC tr  H b    H a H a +H a H a T +H a T H a +H a T H a T 
4
+FFOEC tr  H a  tr  H a Hb +H a H b T  I +FFOEC tr  H a tr  Hb H a +H b H a T  I

+FFOEC tr  Hb  tr  H a H a +H a H a T  I +2FFOEC  tr  H a  tr  H b    H a +H a T 
+FFOEC  tr  H a  tr  H a    H b +H b T  +GFOEC tr  H a H a +H a H a T    Hb +Hb T 
+GFOEC tr  H a H b +H a H b T    H a +H a T  +GFOEC tr  H b H a +Hb H a T    H a +H a T 





+H FOEC 12  tr  H a  tr  H a  tr  H b   I.
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The superscript “L” refers to linear components due to the linear Hooke’s Law, while “Q” and “C”
respectively correspond to quadratic and cubic nonlinear stresses. The nonlinear stress components
have the form “ TR[] ( H a , H b , N a , N b ) ” and the higher order contribution due to self-interaction are
designated for terms with either Na or Nb as zero. The notation is such as to consider mode a to
interact Na (Na =0, 1, 2, & 3) times and mode b to interact Nb (Nb =0,1,2, & 3) times. For terms
where the sum of Na and Nb are equal to 2 or 3, respectively correspond to quadratic and cubic
nonlinearity. Terms that do not contain a zero for either Na or Nb are caused by mutual interactions.
Thus, with the perturbation method, boundary value problems (BVPs) are established for linear,
quadratic and cubic terms.
The primary BVP for modes ‘a’ and ‘b’ within a traction free plate is given by

Div (TRL ( H (u )))   u
TRL ( H (u ))  n   0

in 

(4-16)

at 

where Div ( ) denotes divergence of the argument while n  denotes the normal outward vector
from surface  . Additional secondary BVPs are formulated to account for quadratic nonlinearity
and for each combination of Na and Nb in TRQ ( H a , H b , N a , N b ) to form Na+Nb =2, retains the form
shown as

Div ( TRL ( H ( u

(Q )

)))   u

( Q)

(Q )

f

(Q )
R

(H a , H b , N a , N b )

[TRL (H(u ))  TRQ (Ha , Hb , Na , Nb )]  n  0

in 

at 

(4-17)
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for the second nonlinearity order of the displacement field

, where the subscript Q refers to

(quadratic) second order (Na+Nb =2) interaction combinations of the primary modes. The quadratic
nonlinear body force term ( f

(Q )
R

) is related to the divergence of the quadratic portion of the first

Piola-Kirchhoff tensor through

(4-18)

(Q )

f R (Ha , Hb , Na , Nb )  Div(TRQ (Ha , Hb , Na , Nb )) .

For example, to account for self-interaction of ‘a’, we use

u

(Q)

 u(a,b,2,0) and the term

TR[] ( H a , H b , N a , N b ) becomes TRQ ( H a , H b , N a  2, N b  0) in Eq. 4-14, where the ‘ [ ] ’ square
bracket is replaced with Q for quadratic. For self-interaction of ‘b’, we use

u

(Q)

 u(a,b,0,2) and

TRQ ( H a , H b , N a  0, N b  2) . Then to consider mutual interaction of mode ‘a’ and ‘b’ for
quadratic nonlinear generation, we use

(Q)

u  u(a,b,1,1) and TRQ ( H a , H b , N a  1, N b  1) in Eq. 4-

14. In addition, tertiary BVPs for each combination of Na and Nb in TRC ( H a , H b , N a , N b ) to form
Na+Nb =3, retains the form shown as

(a)

(4-19)

Div (TRL ( H (u

(C )

(C )

)))   u

C

  f R (H a , H b , N a , N b )

in 

(b)
(C )

[TRL (H(u ))  TRC (Ha , Hb , Na , Nb )]  n  0

at 
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C

for the third nonlinearity order of the displacement field u , where the subscript C refers to (cubic)
third order interaction combinations of the primary modes and replaces the ‘[ ]’ in the
C

TR[ ] ( H a , H b , N a , N b ) . The cubic nonlinear body force ( f R ) is defined as

C

f R (Ha , Hb , Na , Nb )  Div(TRC (Ha , Hb , Na , Nb ))

.

(4-20)

The total number of higher order BVP, not including the primary BVP, that need to be considered
is equivalent to (N+1)(N+2)/2-3. If we consider all cubic interactions, N is equal to three which
results in seven additional higher order BVPs.
Complex reciprocity relations and normal mode expansion (Auld 1990) were used to obtain
the ordinary differential equation that can be solved for modal amplitudes for each mode of these
higher order wave fields. The superscript within the square brackets “[ ]” can refer to the quadratic
or cubic field, respectively replaced with ‘Q’ or ‘C’. Thus, []th order nonlinearity fields can be
represented as the sum of all []th order components involving the []th order particle velocity (vm)
and stress (Tm), respectively



u ( X1, X 3 , t )   Bm[ ] ( X1 )vm ( X3 )
[]

(4-21)
and

m



T[ ] ( X1 , X 3 , t )   Bm[ ] ( X1 )Tm ( X 3 )

,.

m

while B m[ ] denotes the modal participation factor. There is no dependence in X 2 since we are
considering plane waves. Eq. (4-21) is substituted into the complex reciprocity, the expression after
integration through the thickness or with respect to X 3 can be reorganized to
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4Pmn[ ][

The

[]


ikn* ]Bm[ ] ( X1 )  pn[ ]ei[ Na ka Nbkb ] X1 .
X1

(4-22)

denotes the complex power flux in the wave propagation direction and is given by

[ ]
Pmn


*
1
[ v n ( X 3 )  Tm ( X 3 )  v m ( X 3 )  Tn* ( X 3 )]  n X1 dX 3

16  h

(4-23)

h

,

which is a function of the []th harmonic particle velocity ( v m ) and stress ( Tm ) and the vector
( n X1 ) representing the X 1 direction of wave propagation. The

[]

is the power flux for the [ ]-th

order of nonlinearity that results from the [ ]-th nonlinear order forcing terms, which comprises the
nonlinear surface traction
[]

(4-24)

[]

t R ( X3 )  t R ( X 3 , Ha , Hb , Na , Nb )  TR[ ] (Ha , Hb , Na , Nb )  n
and nonlinear body force
[]

(4-25)

[]

f R ( X 3 )  f R ( X 3 , Ha , Hb , Na , Nb )  Div(TR[ ] (Ha , Hb , Na , Nb )) .
Thus, the nonlinear power flux is defined as

h

p

[ ]
n

*
[ ]
*
1
  [ v n ( X 3 )  f R ( X 3 )]dX 3  [ v n ( X 3 )  TR[ ] ( X 3 )  n  ] | hh
2 h

,

(4-26)

where the first and second term respectively corresponds to the power flux through the volume and
through the surfaces, and n  represents normal vector to a surface of the waveguide’s cross-
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[]

section. Nonlinear surface traction t R ( X 3 ) is equivalent to the dot product of the corresponding
nonlinear stress TR[ ] ( H a , H b , N a , N b ) and corresponding the referential surface unit vector n  .
After reformatting Eq. (4-22) into a first order differential equation and applying the itegrating
factor method, we can obtain the solution

Bm[ ] ( x)  am[ ] ( x)ei[ Naka Nbkb ] X1  am[ ] ( x  0)e

i ( k*n x )

(4-27)

,

where

am[ ] ( X1 ) 

pn[ ] X1
[ ]
4 Pmn

for

kn*  N a ka  Nb kb

(4-28)

and

i pn[ ]
a ( X1 )  [ ] *
, for kn*  N a ka  Nb kb .
4 Pmn [kn [ N a ka  N b kb ]]
[ ]
m

(4-29)

According to equations (2-28) and (2-29), the modal amplitude B m , of Eq. (4-27), is dependent on
the nonlinear power flux ( p n[ ] ) to the higher harmonic from the primary waves, complex power
flux, and relation of the complex conjugate of the wavenumber of the mutual interaction relative to
the N a k a  N b k b . If the nonlinear power flux is equal to zero, the modal amplitude will also
become zero and result with no higher harmonic generation. Eq. (4-28) indicates if phase matching
occurs, k n*  N a k a  N b k b , and non-zero nonlinear power flux is obtained, the modal amplitude
of the higher harmonic will increase linearly with the distance of propagation in the X 1 direction,
which is also referred to as cumulative higher harmonic generation with propagation. However, Eq.
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(4-29) indicates for non-zero power flux and phase non-matching ( k n*  N a k a  N b k b ), the modal
amplitude will not be cumulative and will oscillate with propagation.
Thus, from the expressions of the modal participation factor, equations (2-27) thru (2-29),
for the [ ]-th nonlinearity order, there are two required conditions for internal resonance that is
needed for cumulative generation of the corresponding higher order mode: (1) phase matching

k n*  N a k a  N b k b and (2) non-zero power flux (i.e. p nQ , p nC  0 ).
The wave fields can be decoupled due to material isotropy into equations representing
either shear horizontal (SH) modes or Rayleigh Lamb (RL) modes, based on their polarization
direction. The resulting dispersion relations, which were formulated in Chapter 2, can be used to
plot phase velocities of modes present at a given frequency. A power flux analysis considering
parity relations, based on the symmetric or antisymmetric nature of the guided wave modes’
wavefields through the plate thickness, enables determination of primary and higher harmonic
mode combinations that result with nonzero power flux. The limited possible third order wave
field types that satisfy the internal resonance conditions were presented for two collimated wave
interactions involving combinations of SH and RL waves by Liu et al (2013b).
Equations representing the third harmonic wave field from a single primary source, hence
self interactions of ua are obtained by ignoring all mutual interaction terms and setting u b  0 .
From this analysis, Liu et al (2013b) concluded that phase matching is satisfied for all SH modes
at any given frequency (f1), where a primary SH wave of mode number ‘n’ will always satisfy phase
velocity matching with a third harmonic at frequency 3*f1 with a mode number 3*n, as shown in
the dispersion curves for shear horizontal modes for aluminum shown in Figure 4-2 with elastic
constants shown in Table 4-1.
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Table 4-1 Elastic constants used for Aluminum

Elastic
Constant



(kg/m3)
2700

SOEC
 SOEC
(GPa)
55.27



SOEC

(GPa)
25.95

SH0-sh0

1*Frequency-thickness (MHz-mm) for primary modes
1
*Frequency-thickness (MHz-mm) for third harmonic modes
3

Figure 4-2 Phase velocity dispersion curves for shear horizontal primary (red) and third harmonic mode (blue)
pairs, where latter are plotted on frequency scale divided by three, for aluminum alloy 2024-T3with properties
in Table 4-1.

For example, consider one primary symmetric shear horizontal mode with displacement vector with
an even function (E) through the thickness in the X2 direction,
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(4-30)

0 
 
u  E 
0 
 

which corresponds to displacement gradient with the corresponding even (E) and odd (D) functions
of the form,

0
Η   E
 0

0
0
0

0
D 
0 

(4-31)

Quadratic first Piola-Kirchhoff stress tensor of the form, Eq.(4-12) has the form,

 TRQ11[ E ]
0
TRQ21[ D]


TRQ (Η a  H, Hb  0, N a  2, Nb  0)   0
TRQ22 [ E ]
0 
TRQ31[ D]
0
TRQ33[ E ]


(4-32)

While the corresponding quadratic nonlinear body forcing vector from Eq. (4-18) has the form,

f

Q
R

E 
 
 0 
D 
 

(4-33)

Considering shear horizontal (SH) and Rayleigh-Lamb (RL) modes, the power flux to a resultant
of several types (SSH, ASH, SRL, and ARL), where the first letter indicates symmetric (S) or
asymmetric (A) through the plate thickness, can be determined respectively through the following
expressions
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(4-34)

pnQ( SSH )SSH

 f1Q [ E ] 
TRQ11[ E ]
0
TRQ21[ D] 0
h
1



  
*
*
Q
   0, v2 [ E ],0  0
TR 22[ E ]
0   0
 dX 3  0, v2 [ E ],0   0
2  h
 Q 
TRQ31[ D]
0
TRQ33[ E ] 1 

 f3 [ D]

0

h
h






,

(4-35)

pnQ( SSH ) ASH

 f1Q [ E ] 
TRQ11[ E ]
0
TRQ21[ D] 0
h
1



  
*
   0, v2*[ D], 0  0
TRQ22 [ E ]
0   0
 dX 3 0, v2[ D],0   0
2  h
 Q 
TRQ31[ D]
0
TRQ33[ E ] 1 

 f3 [ D]

0

h
h






,

(4-36)

pnQ ( SSH )SRL

 f1Q [ E ] 
 TRQ11[ E ]
0
TRQ21[ D] 0
h
1



  
*
*
   v1*[ E ], 0, v3*[ D]  0
TRQ22 [ E ]
0   0 
 dX 3  v1 [ E ], 0, v3 [ D]   0
2  h
 Q

TRQ31[ D]
0
TRQ33 [ E ] 1 

 f3 [ D]

h
1
   (v1*[ E ] f1Q [ E ]  v3*[ D] f3Q [ D])dX 3 (v1*[ E ]TRQ21[ D]  v3*[ D]TRQ33 [ E ])
2  h

h
h


h 
h 







,

and
(4-37)

pnQ ( SSH ) ARL

 f [E] 
T [E ]
0
T [ D] 0 
h
1



  
*
*
*
*
Q
   v1 [ D],0, v3 [ E ]  0
TR 22 [ E ]
0   0 
 dX 3  v1 [ D], 0, v3 [ E ]   0
2  h
 f Q [ D ]
TRQ31[ D]
0
TRQ33[ E ]  1 

 3


0
Q
1

Q
R11

Q
R 21

h
h






,

In equations (4-34) thru (4-37), the superscript on the variable the p n stands for the quadratic (Q)
self interaction of a primary mode type in partheses resulting in a second harmonic of the mode
type given after the arrow. These expressions demonstrate that there is zero power flux from a
primary SSH mode to quadratic ASH, ARL or SSH modes. There can be nonzero power flux to a
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quadratic ARL due to self-interaction of primary wave SSH or mutual interaction of two primary
waves of SSH type.
Similarly, considering cubic nonlinear interaction and for both cases of self-interaction of
SSH and mutual interaction of two primary SSH results with the nonlinear portion of first PiolaKirchhoff stress tensor of the form:

(4-38)

 0
TRC12 [ E ]
0 


TRC  TRC21[ E ]
0
TRQ23[ D] ,
 0
TRQ32 [ D]
0 


and corresponding cubic nonlinear body forcing vector of the form,

f RC

(4-39)

0 
 
 E  .
0 
 

Thus, the power flux to a resultant third order harmonic of the types SSH, ASH, SRL, and ARL
can be determined respectively through the following expressions

(4-40)

pnC ( SSH )SSH
h
0

 0
TRC12 [ E]
0  0
1



  
*
C
*
C
Q
   0, v2 [ E ],0   f 2 [ E ] dX 3  0, v2 [ E ],0  TR 21[ E ]
0
TR 23[ D]  0
2  h
0


TRQ32 [D]
0  1 


 0

h

1
   v2*[ E ] f 2C [ E ]dX 3  v2*[ E ]TRC23[ D] h h 
2  h


h
h






,
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(4-41)

pnC ( SSH )  ASH
h
0

 0
TRC12 [ E ]
0  0 
1
 C

 C
  
*
*
   0, v2 [ D ], 0   f 2 [ E ] dX 3  0, v2 [ D ], 0  TR 21[ E ]
0
TRQ23 [ D ]  0 
2  h
0


TRQ32 [ D ]
0  1 


 0

0

h
h






,

(4-42)
pnC ( SSH ) ARL
h
0

 0
TRC12 [ E ]
0  0
1



  
*
*
C
*
*
C
Q
   v1 [ D ], 0, v3 [ E ]   f 2 [ E ] dX 3  v1 [ D ], 0, v3 [ E ]  TR 21[ E ]
0
TR 23 [ D ]   0 
2  h
0

 0
TRQ32 [ D ]
0  1 




0

h
h






,

(4-43)
pnC ( SSH ) SRL
h
0

 0
TRC12 [ E ]
0  0 
1
 C 
 C
  
*
*
*
*
Q
   v1 [ E ],0, v3 [ D]   f 2 [ E ] dX 3  v1 [ E ], 0, v3 [ D]  TR 21[ E ]
0
TR 23 [ D]  0
2  h
0


TRQ32 [ D]
0  1 


 0

 0.

h
h







These equations demonstrate there is zero power flux from primary SSH mode to cubic ASH, ARL
and SRL modes, and that there can be nonzero power flux to an SSH mode type.

4.1.2 Wavevector analysis with examples
In addition to power flux analysis, wavevector analysis is also required to determine the
direction that the harmonic propagates when mutual interactions occur even though only collinear
plane waves are considered. This is especially important when the primary waves are propagating
in opposite directions. The following considers the propagation of two primary planar guided wave
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modes, for the setup involving collinear or propagation lying in the same straight “line” via (1)
same direction propagation and (2) opposite direction propagation, hence involving unit vector e X
in the  x direction. The relation between phase wave speed for a given mode is equivalent to the
corresponding angular frequency divided by the real portion of the wavenumber,

cp  

k

 2 f

k

(4-44)

.

4.1.2.1 Case Study: One-Direction Collinear Mutual Interaction
Consider two nondispersive SH0 waves propagating in the  x direction, with phase
velocity of SH0 designated as c p _ SH 0 . These two primary waves are designated with subscripts “a”
and “b”, where

a
ka

 c p _ SH 0 and

b
kb

 cp _ SH 0 . Consider the case where the angular frequency

of mode a is greater than that of mode b (  a   b ). Due to sum interaction of the two primary
waves, the resultant would have the following wavevector and wavenumber expressions

(a)

k m  Na ka e X  Nbkb e X

(4-45)

and

(b)

km | k m |

 Naa  Nbb 
cp _ m

.
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Eq. (4-45a) represents the phase matching criteria and Eq. (4-45b) is required for a propagating
resultant higher harmonic mode.
Thus, the phase velocity of resultant higher harmonic can be determined to be

c p _ m 

m
km 



 Naa  Nbb    Na kac p _ SH 0  Nb kbc p _ SH 0   c
p _ SH 0
 Na ka  Nb kb 
 Na ka  Nb kb 

(4-46)

and equal to the phase velocity of SH0, indicating both phase matching and resultant wave
propagation requirement is satisfied.
On the other hand, for difference interaction between primary modes ‘a’ and ‘b’, the
resultant is required to have the following relations,
(a)

k m  Na ka e X  Nbkb e X

(b)

km | k m |

 Naa  Nbb 
cp _ m

(4-47)

and

,

respectively corresponding to phase matching condition and requirement for difference wave
propagation. The resultant wave has a phase velocity represented as

c p _ m 

m
km 

 N   Nbb    Na kacp _ SH 0  Nbkbc p _ SH 0   c
 a a
p _ SH 0
 Na ka  Nb kb 
 Na ka  Nb kb 

(4-48)

,

and determined to be equal to phase velocity of SH0, indicating both phase matching and resultant
wave propagation requirement is satisfied. Thus, since the resultant phase speed matches the earlier
relations for the phase velocity of SH0, this combination of two SH0 primary propagating together
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in the same direction can generate sum or difference resultant wave as SH0 as shown by these
calculations
Therefore, one-direction collinear mutual interaction of two primary SH0 waves can
generate a third harmonic SH0 that is cumulative with propagation distance, for both sum and
difference interaction since there is a non-zero power flux from the primary SH0 waves to the third
harmonic SH0 according to Eq. (4-40), phase matching and the resulting wave is a propagating
mode.

4.1.2.1 Case Study: Opposite-Direction Collinear Mutual Interaction
Consider opposite-direction collinear wave mixing, with phase velocity of SH0 designated as

c p _ SH 0 , where two primary waves are designated with subscripts “a” and “b”, with

and

b
kb

a
ka

 c p _ SH 0

 cp _ SH 0 . The resultant wave, due to self or mutual interactions of the primary waves

propagating in opposite directions along the e X axis and for the case where the angular frequency
of mode a is greater than that of mode b (  a   b ), due to sum interaction would be required to
have the following wavevector and wavenumber relations

(a)

k m  Naka e X  Nbkb (e X )

(b)

km  | k m | 

 N aa  N bb 
C p _ m

(4-49)

and

,

for phase matching and propagation of the resultant mode. However, the resultant phase velocity
becomes
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C p _ m 

m 
km



 N aa  Nbb   N a k a  N b k b  c p _ SH 0

 N a k a  N b kb 
 N a k a  N b kb 

 c p _ SH 0

,

(4-50)

which indicates that a cumulative sum harmonic wave cannot be a SH0 mode.
For difference interaction between primary modes ‘a’ and ‘b’, the resultant is required to
have the following phase matching and wave number relation for resultant wave propagation,
(a)

k m  Naka e X  Nbkb (e X )

(b)

km  | k m | 

 Naa  Nbb 
Cp _ m

(4-51)

and

.

The calculation for the difference wave’s phase velocity,

C p _ m 

m 
km



 N aa  N bb   N a k a  N b k b  c p _ SH 0

 N a k a  N b kb 
 N a k a  N b kb 

 c p _ SH 0

,

(4-52)

which indicates that a cumulative difference harmonic wave cannot be a SH0 mode either.
On the other hand, we can consider other mode combinations for collinear wave mixing of
two opposite-direction propagating waves for mutual interactions. We can determine the
combinations of primary waves and the generated harmonics that satisfy the non-zero power flux
(4-26), phase matching (4-49a,& 4-51a), and retain a propagating higher harmonic wavefield
(4-49b,& 4-51b). Table 4-2 is a list of possible propagating higher harmonic mode due to third
order mutual interactions of shear horizontal (SH) modes a and b.
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Table 4-2 Mode combinations for collinear mixing of two opposite direction propagating waves
for propagation of cubic nonlinear harmonic generation for aluminum 2024-T3.

fm

km
ex

result

(MHz)

(1/m)

'+'

SH2

1.600

-0.804

-0.628

'+'

SH2

1.590

0.717

0.300

-0.608

'+'

SH2

1.600

0.804

2

0.850

-1.723

'+'

SH3

2.620

-2.447

SH0

2

0.300

-0.608

'+'

SH3

2.680

2.701

1.030

SH0

1

1.870

-3.790

'-'

SH0

2.890

5.857

4.110

6.869

SH0

1

0.720

-1.459

'-'

SH0

7.500

15.200

2

0.800

0.402

SH0

1

0.600

-1.216

'-'

SH0

1.000

2.027

SH1

2

1.150

1.722

SH0

1

0.300

-0.608

'-'

SH0

2.000

4.053

SH3

1

2.480

1.748

SH0

2

0.360

-0.730

'-'

SH1

1.760

3.203

SH3

1

2.680

2.701

SH0

2

0.300

-0.608

'-'

SH1

2.080

3.912

SH3

2

2.410

1.285

SH0

1

1.580

-3.202

'-'

SH2

3.240

5.766

SH3

2

4.070

6.770

SH0

1

0.650

-1.317

'-'

SH2

7.490

14.851

mode
a

Na

SH0

1

SH0

fa

ka
ex

fb

(1/m)

mode
b

Nb

(MHz)

0.600

1.216

SH0

2

1

0.970

1.966

SH0

SH0

1

1.000

2.027

SH1

1

0.920

SH1

1

SH3

kb
ex
(1/m)

Sum
/Dif.

0.500

-1.013

2

0.310

SH0

2

1.005

SH0

2.080

3.912

2

2.380

SH3

2

SH1

(MHz)

A possible advantage of opposite direction collinear wave mixing is that the measured
nonlinearity is expected to be characteristic of the mixing region and propagation path of the higher
harmonic wave. In addition, system nonlinearity contributions can be minimized, if the frequencies
of the primary waves were selected so the higher harmonic frequency is separable from integer
multiples of the frequencies of the primary waves. Therefore, opposite direction collinear wave
mixing has the potential for characterizing localized regions of damage, by scanning a large region
incrementally where the mixing occurs. In addition, Eq. (4-29) demonstrates a non-zero power flux
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and non-phase matching can still enable higher harmonic generation. In this case, the higher
harmonic due to self or mutual interaction will not be cumulative with propagation distance, but
can be a possible measurement method for material characterization only within the wave mixing
region if there is a sufficiently large non-zero power flux to the higher harmonic wave.

4.2 Nonlinear Elastic Guided Waves in Pipes
The following is the brief summary of the extension of the framework used to analyze
nonlinear ultrasonic guided wave generation in plates to pipes. While de Lima & Hamilton (2005)
theoretically investigated second-harmonic and difference frequency components in cylindrical
rods and shells, Liu extended the work in curvilinear coordinates and identified primary and second
harmonic mode combinations satisfying internal resonance conditions for cumulative second
generation of axisymmetric modes (Liu et al 2013c) and flexural modes (Liu et al 2014a,b) in pipes.
Equations of (4-1) thru (4-4), strain energy density function for hyperelastic isotropic material
with finite strain theory holds for curvilinear coordinate system. The displacement field is also
decomposed into linear and higher order components in Eq. (4-6).
Through decomposition of linear and higher order terms, we can obtain the linear boundary
value problem. The sets of boundary value problems in 4-13 thru 4-15 can be applied for traction
free pipe, where n  refers to normal vector on surfaces  corresponding to inner and outer radii.
0While torsional and longitudinal guided waves have the following form for the particle
displacement field respectively (Rose 2014).
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u{M ,}  [U {M , } R ( R ) sin( M )
eR

(4-53)

 U { M ,} ( R ) cos( M )
e

, and

i ( k
Z 
t)
 U { M ,} Z ( R ) sin( M )
e Z ]e { M ,} { M , }

u {M ,}  [U { M ,} R ( R ) cos( M )
eR

(4-54)

 U { M ,} ( R ) sin( M )
e

.

i ( k
Z 
t)
 U { M ,}Z ( R ) cos( M )
e Z ]e { M , } { M , }

such that k{ M ,  } and { M ,} respectively denotes the wavenumber and angular frequency, where
subscripts denote  -th family order of the Mth circumferential order.
Each higher order boundary value problem (i.e. Eq 4-14 and Eq. 4-15) is solved with the use of
[]

normal mode expansion and complex reciprocity, and since u can either denote the u
wave field or u

u

[ ]



C





secondary

tertiary wave field of the general form,

A

M 0

Q

{ M ,}m

u { M , } m ( R ) e

 i [ N a { M

, } a

 N b  { M , } b ] t

.

(4-55)

where u { M , } m denotes the particle displacement of the mth mode of the [ ]-th order of interaction.
Afterward, we can obtain the corresponding expressions for [ ]-th order particle velocity field to be

[ ]

[ ]

v  u 

[ ]

u
t

(4-56)
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and the modal amplitude can be determined to be

(a)

(4-57)

A{M ,} (Z ) 

ip{[M] ,}n

4P{M ,}mn [k{*M ,}n [ Na k{M ,}a  Nb k{M ,}b ]]

i[ Na k{ M ,}a Nb k{ M ,}b ] Z

[e

i[ k*n Z ]

e

]

for k{*M ,}n  Na k{M ,}a  Nb k{M ,}b
or
p{[ M] ,}n Z i[ N a k{ M , } a  Nb k{ M , }b ] Z
A
(
Z
)

e
{
M
,

}
(b)
4 P{ M ,}mn

.
for k{*M ,}n  N a k{M ,}a  N b k{ M , }b

Similar to earlier, P{ M ,  } mn denotes the complex power flux to the m-th mode of []-th order of
nonlinearity in the propagation direction 
ez that has wavenumber k { M ,  } n .

2

*
1
P 
[ [v{M ,}m  T{M ,}m  v{M ,}m  T{*M ,}n ]  n Z R dR]d  .

16 0 R
[ ]
mn

Ro

(4-58)

i

The p{[ M] ,  } n is the power flux for the [ ]-th order of nonlinearity, which is a function of [ ]-th
nonlinear order forcing terms due to effective nonlinear body force and traction contributions,
expressed as
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Ro

[ ]
{ M , } n

p

   [v

*
{ M , }n

 Div(T

[ ]
{ M , }

(4-59)

)]RdR

Ri

*

  Ro [v{ M ,}n ( Ro )  T{[M] ,} ( Ro )  nZ ]
*

  Ri [v{M ,}n ( Ri )  T{[M] ,} ( Ri )  nZ ]

where the first term represents the effective nonlinear body force, and last two terms denotes the
surface traction evaluated at the outer radius R o and inner radius Ri .
According to the expressions for the modal amplitude in Eq. 4-54, we can determine similar
conclusions as for plate, where cumulative generation of higher harmonic due to self or mutual
interaction of primary wave(s) requires non-zero power flux p{[ M] ,  } n to the resultant higher
harmonic wave field from the primary waves and k{*M ,  } n  N a k{ M ,  } a  N b k{ M ,  }b which
corresponds to phase matching.
The power flux to a third harmonic T(0,1) due to self-interaction of primary wave T(0,1)
is determined to be non-zero, and the nondispersive nature of T(0,1) also enables phase matching,
thus indicates that the generation of third harmonic T(0,1) can be cumulative with propagation
distance.

4.3 Chapter Summary

Understanding the higher harmonic generation behavior is an important step towards
reaching the objective of the development of a more robust nondestructive evaluation tool or
structural health monitoring techniques using nonlinear ultrasonic guided waves. The theoretical
framework of studying nonlinear ultrasonic guided wave generation for plate and pipes reveals
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nonzero power flux from primary wavefields to a higher harmonic wavefield, in order to consider
self or mutual interaction of these primary waves. The expression for the modal amplitude of the
higher harmonic wavefields, when non-zero power flux to the higher harmonic and phase matching
is satisfied, two collinear primary waves propagating in the same direction can result in generation
of a higher harmonic field that is cumulative with propagation distance. When considering two
collinear primary waves propagating in opposite directions, with mixing at a localized region, the
phase matching criteria has a slightly different form that is in terms of properties of the two primary
waves. These are necessary analysis to determine possible mode-combinations for higher harmonic
generation and devise measurement techniques according to the properties of the predicted resultant
wave propagation. In addition, these conclusions on higher harmonic generation based on the
theoretical framework are used to guide the experiments of higher harmonic generation due to self
and mutual interaction of one or more primary waves in Chapter 5 and 6. Since phase matching
and non-zero power flux exists for cumulative third harmonc generation of SH0 with primary wave
SH0, we conduct several experiments using this primary- third harmonic mode combination and
demonstrated sensitivity to plastic deformation and fatigue in Chapter 5. Additional experiments
were conducted with opposite-direction collinear mutual interaction of two primary SH0 modes to
generate a third harmonic SH0, which is a mode combination that has non-zero nonlinear power
flux but has phase non-matching, in fatigued specimens. In Chapter 6, we will experimentally
investigate the third harmonic generation of T(0,1), in crept-fatigued-ratcheted tublar specimens,
due to self interaction of primary T(0,1) mode, which is a mode combination that exhibits non-zero
nonlinear power flux and phase matching.
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Chapter 5
Experiments using Shear Horizontal Wave Interactions in Plates
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In the previous chapter, theoretical analysis of nonlinear harmonic generation
demonstrated that are several advantages in selecting the primary-third harmonic mode pair SH0sh0. Since any frequency range of a given primary SH wave of order n will generate the
corresponding third harmonic of order 3n, due to self-interaction, this improves the possibility of
reception of a higher harmonic mode compared to other mode combinations that are have more
restricted wavenumber-frequency combinations. In addition, it might be possible to utilize the
nondispersive property of the SH0 for nonlinear ultrasonic wave experiments.

5.1 Introduction
The following section is a review of our experimental work with focus on the response of
the third harmonic to propagation through various damaged specimens. The theoretical analysis
from Chapter 4 was used to identify the specific modes that generate higher harmonics that are
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cumulative with propagation distance, through determination of the mode pairs that meet two
conditions for internal resonance, where: (1) phase speed matching between primary and third
harmonic mode and (2) non-zero power flux transfer from the primary to the third harmonic mode.
Cumulative mode pairs are more advantageous for longer distance inspection. The fundamental
shear horizontal mode (SH0) has been selected in our analysis due to various advantages: being
non-dispersive, higher possibility of a single SH0 mode through proper actuation & experimental
setup, can be generated with a magnetostrictive transducer, and is expected to be insensitive to
water loading. The following chapter is a summary of experimental investigation of third harmonic
generation due to self-interaction and mutual interaction of SH0 in different specimens, of
representing various damage states: pristine, plastic deformation, and fatigue.

5.2 Experimental Procedure with Nonlinear Ultrasonic Guided Waves
The following is a summary of the experimental procedures used for investigating
nonlinear ultrasonic guided wave generation within pristine aluminum 2024-T3 wide plate and
within aluminum alloy 2024-T3 or Inconel 718 plate strips with localized damage (i.e. plastic
deformation and fatigue). Typically, careful experiment setup and measurement procedures for
nonlinear ultrasonic guided waves generation were followed in order to achieve repeatable results.
Theoretical framework determined the cumulative generation of third harmonic SH0 wave
is possible with self-interaction of primary SH0 wave, since there is non-zero power flux and phase
matching. With the intent of exploring the theoretically predicted cumulative trend within pristine
wide plate, the experiment setup shown in Figure 5-1(a,b) was used. The measurement
instrumentation consists of a high power gated amplifier RAM-5000 SNAP (Ritec, Inc., Warwick,
USA) that sends a toneburst through a 50 Ohm load, matching network, and then to the transmitter.
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Signals are acquired by a receiver transducer, viewed, and stored via an oscilloscope.
Magnetostrictive transducers can generate and receive shear horizontal modes, characterized by inplane particle displacement direction that is perpendicular to the wave propagation direction,
efficiently and selected to be the transmitter. Each magnetostrictive transducer includes an ironcobalt alloy foil (0.1 mm thick), a meandering electric coil and a permanent magnet. Brief summary
on consitutitive equations governing magnetostrictive transduction is provided in Appendix A.
Prior to bonding the iron-cobalt alloy foil to the specimen with cyanoacrylate, the specimen surface
is cleaned with acetone. The foil is longer than the coil to allow time of flight difference between
the incident wave and the reflection from the end of the foil. The meander coils, are flexible electric
coils comprising of copper wires encapsulated in Kapton film, and designed such that the
transmitter coil spacing is designed to have the preferred wavelength (λ =3.6 mm) corresponding
to the selected primary SH0- frequency (0.8 MHz) combination. For the intent to investigate the
cumulative behavior of the third harmonic SH0 mode, the receiver needed flexibility to move and
a commercial piezoelectric shear transducer (central frequency 2.25 MHz) was selected. To
minimize couplant (syrup) contributions to measurement variability, a frame was designed to put
uniform pressure on the receiver commercial shear transducer, where pressure can be adjusted via
a screw. Time domain signals were acquired with eight repetitive measurements obtained for each
location at increments of 10.6λ between 42.3λ to 148.2λ. Each measurement involved removal and
replacement of the meander coil and magnet. The Fast Fourier Transform (FFT) was applied to the
SH0 wave packet to acquire the amplitudes at the central frequency of the primary Amp ( f1 ) and
third harmonic Amp (3 f1 ) . The resulting modal amplitude
function of propagation distance.

Amp(3 f1 )
was acquired as a
( Amp( f1 ))3
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Figure 5-1 The schematics of the experimental test setup for investigating the SH0-sh0 primary/third harmonic
trend in a large plate is shown in (a & b) and for deformed plates with finite width shown in (a & c).
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For the intent of developing a measurement technique to enable nonlinear guided waves
for detection and characterization of localized damage (i.e. plastic deformation and fatigue), we
had decided to apply mechanical loading on plate strips with localized reduced width. After a
specimen was mechanically loaded until failure, repeat mechanical testing were conducted on
specimens with interruption at different fractions of the life. Typically, after the interruption of the
mechanical tests used to induce the localized damage, the plate edges were trimmed off for uniform
width equal to the original reduced width dimension to prevent the complexity associated with
guided waves interacting with them. The experiment setup to investigate the influence of localized
damage on the SH0 third harmonic generation due to self interaction of primary SH0, is provided
by Figure 5-1(a,c). While the transmitter is a magnetostrictive transducer with meander coil with
wavelength of 3.6 mm, the receiver magnetostrictive transducer has a meander coil wavelength
(1.2 mm) with a third of the transmitter meander coil to enable reception of the third harmonic SH0.
Each measurement involved removal and replacement of both transmitter and receiver meander
coil and magnet.
Another nonlinear ultrasonic experiment setup that was used is provided in Figure 5-1,
where third harmonic SH0 wave generation due to opposite-direction collinear mixing of two
primary SH0 waves. Hence, the second source requires an additional magnetostrictive transducer
and the time domain signals of mixed or individual soruces are acquired via commercial shear
transducer (central frequency 1 MHz).
To achieve repeatable results regarding nonlinear ultrasonic guided wave generation, these
experiment setup and measurement procedure were carefully prepared and conducted. There are
many sources for measurement variability, hence more measurements and trend of average
measurements are required to be able to infer conclusions. System nonlinearity contributions can
be minimized via selection of equipment that can minimize system nonlinearity, for example use
of Ritec 5000 Snap which was designed for high power gated amplifier, low pass filter, or selection
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of primary source frequencies where interactions are separable from integer multiples of the
sources, which are usually associated with system nonlinearity. Couplant or adhesive bond can be
minimized via standardizing a method to enable uniform and controllable applied pressure.
Sufficient measurement repeats with removal and replacement can also capture some transducer
placement or couplant contribution to measurement variability with respect to changes of material
degradation, where it is more conclusive if the latter is detectable despite the former contribution.
Testing on a sufficient number of specimens can also account for specimen variability.

Figure 5-2 Schematic of the experimental test setup for investigating the wave mixing of two primary SH0 waves.
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The cumulative trend of the SH0-sh0 primary-third harmonic mode pair was verified for a
pristine 2024 aluminum plate. In addition, modal amplitude ratios of SH0-sh0 primary-third
harmonic demonstrated sensitivity to plastic deformation and fatigue damage in aluminum plates.
With these experiments, we used the synthesizer of the RITEC RAM-5000 Snap system to
generate the signal, which goes through the built-in high power gated amplifier. The signal
proceeds to travel through a 50 Ohm load, a matching network, and then the transmitting
transducer. The cumulative study of the third harmonic used a shear transducer to receive the
propagating wave, which is observed and acquired via an oscilloscope. The experiments involve
third harmonic generation and interaction with damage within two types of metals, aluminum and
a nickel-based superalloy. This latter work involves the use of magnetostrictive transducer
configuration for wave reception and additional matching networks that replaced the shear
transducer.

5.3 Third Order Harmonic Generation in Aluminum Plates

5.3.1 Aluminum Microstructure and Fatigue Crack Growth Behavior
One of the metal alloys that we use for our nonlinear ultrasonic guided wave experiments
is aluminum 2024, is typically selected for use as commercial and military aircraft components
such as fuselage skins, wing skins and engine areas, suitable for temperatures up to 121°C (250°F),
as well as connection components within fuselage structures, wing tension members, shear webs,
and ribs. (Alcoa). Since we aim to develop a nonlinear ultrasonic guided wave technique that is
sensitive to damage evolution prior to visible macroscale damage occurs, we must be aware of the
microstructure features of the metal in the undamaged state and the evolution of the micro- or
mesostructure features as damage is accumulated. The chemical composition of the aluminum alloy
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2024-T3 is provided in Table 5-1, where elements such as aluminum, copper, magnesium, and
manganese are allowed certain ranges of weight percentage while the rest are constrained to a
maximum value. The “T3” designation refers to temper type 3, which encompasses the treatment
progression involving solution treatment, cold work, followed by tempering. (Higgins 1983).

Table 5-1 Chemical composition of Aluminum Alloy 2024-T3 (ASM International)

Al

Cu

Mg

Mn

Cr

Fe

Si

Zn

Ti

90.794.7

3.84.9

1.21.8

0.30.9

Max
0.1

Max
0.5

Max
0.5

Max
0.25

Max
0.15

Other,
each
Max
0.05

Other,
total
Max
0.15

Several literatures (Zhu et al 2003 and Chen et al 1996) have demonstrated that Alloy 2024-T3
exhibits precipitate-strengthening phases of Al2CuMg and CuAl2, where these precipitates within
the matrix behave as obstacles for dislocation propagation. Huda et al (2009) has also detected a
third type of particle present within 2024-T3, which includes the elements aluminum, copper, iron,
silicon, and manganese. Characteristic of type “T3” temper, is the θ’ phase, present as more
homogeneously dispersed fine precipitates of the intermetallic phase CuAl2. The alloy 2024 prior
to the temper stage, typically exhibits more of the θ phase, which typically are present as clusters
of larger masses of CuAl2 precipitates. (Huda et al 2009). Guidelines on producing alloy 2024-T3
can be found in ASTM B209, which requires minimum yield strength of 289 MPa (42 ksi) and
ultimate tensile strength of at least 434 MPa for sheets between 0.203-6.32 mm (0.008-0.249
inches).
There are several literatures that report the fatigue behavior of alloy 2024-T3. Merati et al
(2005) conducted axial force controlled fatigue tests with cyclic loading at 10 Hz, with stress ratio
R equivalent to 0.1. Their scanning electron microscopy investigations near the fatigue cracks,
revealed typically the single crack nucleation event occurred at a precipitate that included iron and
located in the longitudinal plane (edge perpendicular to both rolling plane and transverse plane),
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with no debonding observed between matrix and precipitate. However, the crack propagation plane
is typically perpendicular to the longitudinal plane and rolling plane, yet parallel to the transverse
plane. Hudson (1969) investigated the fatigue crack propagation response of 305 mm x 2.28 mm
(12” x 0.09”) 2024-T3 aluminum alloys plates, with cyclic axial stress ratios R, minimum stress to
maximum stress, from -1.0 to 0.8. They determined that higher values of R values resulted in faster
fatigue-crack growth rates for a given stress-intensity range. Another conclusion from their work,
was when R=-1, fatigue crack growth rate was higher than compared with R=0. In addition, they
found agreement between the 2024-T3 fatigue crack growth with Forman’s equation, which is an
empirical relation involving rate of crack growth per cycle (

da
), range of stress intensity ( K ),
dN

stress ratio (R), and critical stress-intensity factor ( Kc ) at failure with the expression:

da
C K n

dN 1  R  KC  K

(5-1)

For aluminum 2024-T3, the empirically obtained C and n constants are typically
C=2.31x10-6

mm
and n = 3.38. (Hudson 1969). While the interaction of ultrasonic
cycle (MPa m ) n1

guided waves with cracks is not studied within this dissertation, this summary can provide a brief
context on fatigue crack growth behavior for aluminum 2024-T3.
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5.3.2 Sample Problem: Cumulative Third Harmonic in Pristine Aluminum Plate
We have experimentally verified the theoretically predicted cumulative nature of the third
harmonic in a pristine untested specimen, 914.4 mm x 914.4 mm aluminum 2024-T3 plate with
thickness of 1 mm. Our results are also reported in Lissenden et al (2014a). This setup involved
exciting a 10 cycle f1=0.86 MHz tone-burst signal via a magnetostrictive transducer with meander
coil wavelength (λ) of 3.6 mm and receiving the wave via shear transducer with central frequency
of 2.25 MHz with syrup as the couplant, as shown in Figure 5-1(a & b). The shear transducer was
selected as the receiver to allow for multiple measurements at several propagation lengths
progressively further from the transmitter. In addition, a fixture was used to minimize couplant
effect where pressure on the shear transducer could be controlled based on number of turns on a
lever. Time domain signals were acquired with eight repetitive measurements obtained for each
location at increments of 10.6λ between 42.3λ to 148.2λ from the transmitter, where λ is the
wavelength of the primary SH0 wave (3.6 mm). A sample time domain signal is shown in Figure
5-3. The wave packet enclosed by dashed rectangle is the SH0 wave packet, following packets are
due to wave interactions with the finite size of the magnetostrictive foil edge. Via MATLAB, the
SH0 wave packet was analyzed using a Tukey window and the amplitudes of both the primary
mode (Amp(f1)) and third harmonic (Amp(3f1)) were tracked from the frequency spectrum, which
are respectively the amplitude corresponding to frequency components f1 and 3f1. The upper two
plots of Figure 5-4 show the resulting frequency signal indicating similar primary mode SH0
amplitudes for propagation distances 42.3λ and 84.7λ, with notable 3 rd harmonic amplitude (lower
two plots) increase after doubling the propagation distance. Modal amplitude ratios ( Amp(3 f1)3 )
( Amp( f1 ))
were averaged from the eight measurements at each location, and normalized with respect to the
averaged value (0.01526) at 42.3λ and shown in Figure 5-5.
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Figure 5-3 Time domain signal received at 42.3λ (152.3 mm) from the transmitter, in Sp. PD-0.
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Figure 5-4 Frequency spectra of SH0 after propagation distances of 42.3λ and 84.7λ in Sp. PD-0, where
the lower two plots shows zoom-in scale of second/third harmonic response.
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Figure 5-5 Modal amplitude ratio of as a function of propagation distance and normalized with respect to
0.01526, where f1=0.80 MHz and λ=3.6 mm.

Standard deviation error and quadratic regression line (dashed) are included within the plot.
The modal amplitude ratio

Amp(3 f1 )
increases nearly linearly as the wave propagates up to
Amp( f1 )3

nearly 100λ, afterward the modal amplitude decreases with further wave propagation. The initial
increasing trend in Figure 5-5 and in the third harmonic amplitude Amp(3f1) in Figure 5-4 confirm
the theoretically predicted linear increase of the third harmonic amplitude with the increase in
propagation distance, according to the expression for the planar third harmonic modal amplitude
via Eqs. (4-21),(4-27),(4-28)) since the primary-third harmonic mode combination SH0-sh0
exhibits phase matching ( k n*  3k a ) and non-zero power flux to the third harmonic mode (Eq.
(4-40). The subsequent decreasing trend of the modal amplitude ratio, from experiments, after
propagating 100 λ (0.36 m) correspond to attenuation and diffraction effects. The latter results from
the use of a finite transducer size become more evident since planar waves are not being generated.
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While Bermes et al (2007) reported experimental results showing the linear increase in generation
of second harmonic S2 Lamb mode due to propagation and self interaction of primary S1 Lamb
mode, whereas Deng et al (2004) measured the same trend of increase that is followed by a decrease
in modal amplitude

Amp(2 f1 )
for the S1-S2 primary second harmonic mode combination.
Amp( f1 )2

5.3.3 Sample Problem: Third Order Self-Interaction Harmonic Interaction with Localized
Plastic Deformation of Aluminum
Aluminum thin strips, 1 mm thick, were plastically deformed with monotonic tensile
loading, further details on our specimens and mechanical loading can be found reported in
Lissenden et al 2014b, while dimensions of specimens are shown in Figure 5-6. Original notched

Figure 5-6 Schematic of specimen geometry for localized plastic deformation. Dimensions are in mm.

lengths are indicated as the number following the “Sp. PD-” in inches, where Sp. is the abbreviation
for specimen. Transmitter and receiver magnetostrictive transducers had meander coil wavelengths
respectively of 3.6 and 1.2 mm, along with the setup shown in Figure 5-1(a &c). Iron-cobal foils
of transmitter and receiver transducers were bonded 400 mm apart. Analysis on the received SH0
(f1=0.83 MHz 15 cycle) on six different specimens revealed general dependence of notch length
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percentage of propagation distance on normalized modal amplitude ratio

Amp(3 f1 )
, where
( Amp( f1 ))3

circular markers are averaged values of ten replicate measurements along with standard error in
Figure 5-7. Sp. PD-18, Sp. PD-9, and Sp. PD-4 have been interrupted such that the maximum
plastic strain (MPS) were similar values falling between 6.5-7.4%. However, Sp. PD-2 had to be
stopped at a lower value where the MPS was 4.7%, so fracture would not occur and the specimen
would be intact for third harmonic investigation. It is evident how the length of the localized
damage with respect to the SH0 mode propagation distance influences the modal amplitude ratio.
Higher notch length percentage of propagation distances than 20% resulted in higher modal
amplitude ratios. For Sp. PD-18, the transducers were placed within the notched length, presented
as 100% notch length percentage of propagation distance, and notably exhibited approximately 5
times higher modal amplitude ratios than the ratio of undeformed Sp. PD-0. Pruell et al (2009) has
similar results using the S1 Lamb mode with an angle beam transducer at 2.225 MHz and analyzed
the receiving S2 Lamb mode second harmonic through 1100-H14 aluminum plates with
progressive plastic deformation. They reported an increase by a factor of 2 in the harmonic
amplitude ratio

Amp(2 f1 )
between their as-received and plastically deformed (1.7%) sample.
( Amp( f1 ))2

(Pruell et al 2009).
Sensitivity of the SH0 mode to damage severity is demonstrated by these two samples with
the same original notch length of 228.6 mm, but the two were deformed such that the MPS was 6.8
and 8.4%. The modal amplitude ratio (

Amp(3 f1 )
) is slightly higher for the further plastically
( Amp( f1 ))3

deformed specimen and both comparably higher than the dashed line indicating the modal
amplitude ratio value from Sp. PD-0, as shown in Figure 5-8. While sensitivity of SH0-sh0
primary/third harmonic mode to progressive and localized damage has been briefly considered with
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these experiments, work is in progress to determine correlation between microstructural changes to

Normalized Modal Amplitude Ratio

nonlinear ultrasonic guided waves via theoretical modeling.
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Figure 5-7 Normalized modal amplitude ratios as a function of the notched region that was within the
propagation distance (430 mm), where values were normalized to the average value for Sp. PD-0 with value
0.1395. Black markers indicate average of ten measurements. Maximum plastic strain (MPS) for each specimen
is included above the figure.
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Figure 5-8 Modal amplitude ratios for two samples with different maximum plastic strain (MPS) values for
original notch length of 228.6mm for SH0 propagation distance of 250 mm, ten measurements each sample and
are normalized with respect to 0.44921. The dashed line indicates modal amplitude ratio for Sp. PD-0.

5.3.4 Sample Problem: Third Order Self-Interaction Harmonic Interaction with Localized
Damage in Fatigued Aluminum
Another group of aluminum plates (1 mm thick) were cyclically loaded, the details of our
work can also be found in Lissenden et al (2014a). With maximum stress amplitude equivalent to
the yield strength of 345 MPa and along with a ratio of applied cyclic maximum to minimum
applied stress as 0.1. One plate was first cyclically loaded to failure, which was found to be 4,539
cycles. Four additional specimens were cycled up to 20, 40, 60, and 80% of the fatigue life of this
first plate, with no visible cracks. Transmitter and receiver magnetostrictive transducers had
meander coil wavelengths respectively of 3.6 and 1.2 mm, along with the setup shown in Figure
5-1(a &c). After the surface was cleaned with acetone and magnetostrictive foils were bonded 240
mm apart, 15-cycle tone bursts with central frequency 0.83 MHz were excited through each of these
specimens and pristine specimen. The experimental setup shown in Figure 5-1Error! Reference
source not found.(a & c) was used. Results are shown in Figure 5-9 where average values of 10
replicate measurements for each sample are plotted along with standard error as a function of
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fatigue life. With progressive fatigue damage, the mean value increases progressively and could be
fitted with a third-degree polynomial regression line, where the modal amplitude ratio (

Amp(3 f1 )
) increases with fatigue cycling. The average of the normalized modal amplitude
( Amp( f1 ))3
obtained for the nearly 80% damaged specimen was slightly more than 3.5 times that of the pristine
specimen.
Our previous work involving the fundamental shear horizontal SH0-sh0 primary and third
harmonic mode pair have been summarized and has provided us with confidence that nonlinear
guided waves are sensitive to microstructure changes associated with monotonic tensile plastic
deformation and cyclic loading.

Normalized Modal Amplitude Ratio
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Figure 5-9 Modal amplitude ratio
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Amp(3 f1) for five different specimens representing progressive fatigue
( Amp( f1 ))3

damage in aluminum alloy 2024-T3, normalized to 0.08455.
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5.3.5 Sample Problem: Third Order Harmonic Interaction of Collinear SH0 Wave Mixing
with Localized Damage in Fatigued Aluminum
These case studies in Sections 5.3.3 and 5.3.4 demonstrate that the third harmonic wave
field SH0 generated due to self-interaction of a primary wave SH0 was sensitive to damage such
as plastic deformation and fatigue, but the modal amplitude ratio was essentially an averaged
measurement spanning the propagation distance/region and is less sensitive to localized
degradation. As mentioned in Section 4.1.2.1, we can consider collinear wave mixing of two
primary waves propagating in opposite directions as a possible method to enable nonlinear guided
wave technique to characterize or identify location of the most severe localized damage. The
following is a summary of our experimental technique for nonzero power flux to cubic nonlinear
wave field SH0 from two primary waves SH0 but it is noted that the phase matching criteria is not
satisfied, as indicated in Eq. 4-52 and 4-53.
Three 2024-T3 Aluminum dog-bone-like plates, each 1 mm by 0.1905 m by 0.6096 m
(0.04”x7.5”x24”) were machined out of a large sheet with double edge notches with length as 50.8
mm (2”) and the cross-section within the notched width is approximately 1 mm by 0.165 m
(0.04”x6.5”), as shown in Figure 5-10. Similar mechanical loading parameters from Section 5.3.4
were used. 2500 cycles of cyclic loading between 1240 to 12700 lbs, indicating a load ratio of R
=0.098. Given the area of the reduced section is 168 mm2, the maximum stress is 337 MPa. The
yield strength of aluminum 2024-T3 is expected to be 290 MPa.
One additional advantage of using wave mixing is that primary wave parameters can be
selected to allow for the spectral separation of sum and difference harmonics from the primary
frequencies and integer multiples thereof. The following is a summary of experimental work on the
interaction of two nondispersive SH0 waves, with central frequencies of f 1=0.98 MHz and f2=0.56
MHz, in three different aluminum plate samples. These results were also presented in Choi et al
(2016). Table 5-2 provides the frequencies corresponding to second and third order interactions of
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sources 1 and 2. However, symmetric shear wave self-interaction does not generate cumulative
second order symmetric shear waves, which draws attention to third order interactions. Two of the
three plates were machined with a reduced gauge section at different locations and then cycled to
create localized low cycle fatigue damage in the reduced section (no macroscale cracks were
initiated). Two magnetostrictive transducers were used to transmit shear horizontal waves, and the
thin 50.8 mm by 76.2 mm iron-cobalt foils were bonded 273 mm apart and positioned in the middle
of the plate width. For each measurement, a 1 MHz piezoelectric shear transducer was used to
receive the signal at the point of wave interaction, which was at one of the locations 1, 2, or 3 shown
in Figure 5-10 (a-b). Locations 2 and 1 correspond to the center of the reduced section of specimens
Al-A and Al-B respectively and are two inches apart.

Table 5-2 Frequencies of possible harmonics generated by two primary sources having f1=0.98 MHz and f2=0.56
MHz based only on sum and difference values, not accounting for phase matching and power flux.

Order

3

2

1

1

2

3

2

3

2

3

3

3

Type
Freq.
(MHz)

2f2-f1

f1-f2

f2

f1

2f2

2f1-f2

f1+f2

3f2

2f1

2f2+f1

2f1+f2

3f1

0.14

0.42

0.56

0.98

1.12

1.40

1.54

1.68

1.96

2.10

2.52

2.94
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Specimen Al-0

Specimen Al-A

Specimen Al-B

(a)

Receiver location 1

2

3

(b)
Figure 5-10 (a) Specimens 0, A, and B with iron-cobalt foils bonded to the surface for SH wave actuation.
Locations 1, 2, and 3 refer to the various receiver positions of commercial shear transducer shown in (b).

Analysis was conducted on the signals received at the mixing location of the two primary waves,
obtaining the frequency spectrum through fast Fourier transform (FFT). The third order interaction of the
two primary sources, corresponding to 2f1-f2, is the focus of the current analysis.
The upper two plots of Figure 5-11 correspond to specimens Al-0 and Al-A at receiver location 2
and show the frequency spectra of source 1 (red), source 2 (green), and the mixed signal (blue). Notice that
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the mixed wave signal is obscured by the source signals. The lower plots are zoomed in views of the
frequency range around the third order harmonic 2f1-f2. System nonlinearity contributions are expected to be
present in both source signals and mixed signals, hence subtracting the individual source contributions from
the received signal of the mixed waves should effectively remove the system nonlinearity. More importantly,
the third order interaction 2f1-f2 occurs at a frequency far removed from where system nonlinearity is
significant.
The modal amplitude ratio can be defined as the amplitude Amp(2*f1-f2) divided by the product of
amplitudes at the primary frequencies Amp2(f1)*Amp(f2) by the number of interactions; denoted Amp(2*f1f2)/(Amp2(f1)*Amp(f2)). In Figure 5-12, the average modal amplitude ratio of 18 measurements for each
receiver location and specimen is shown by circular markers, and the standard error is also marked. Figure

5-12(a) compares the average modal amplitude ratio of specimen Al-0 and specimen Al-A, while Figure
5-12(b) compares the modal amplitude ratios of specimen Al-0 and specimen Al-B. These results have been
normalized by the average of the modal amplitude ratio at location 2 for specimen Al-0. Above each figure
the reduced section is indicated by brackets. The average modal amplitude ratio for specimen Al-0 at all three
locations is lower than those for specimens Al-A and Al-B, which is probably because specimen Al-0 was
not mechanically loaded. The reason for the variation with location of the modal amplitude ratio in specimen
Al-0 is unknown at this time and requires further study. The most significant result is that the average modal
amplitudes in the reduced sections – location 2 for specimen Al-A and location 1 for specimen Al-B – are
higher values than locations outside the notched region. Thus, the modal amplitude ratio for the third order
interaction at the frequency 2*f1-f2 appears to be sensitive to local variation in low cycle fatigue damage.
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Figure 5-11 Frequency spectra from location 2 for specimens Al-0 and Al-A. Lower two plots show zoom-in view
of the third order interaction. Frequency spectra of sources 1 and 2 are shown in red and green respectively,
while the mixed signal is shown in blue.
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131
5.4 Third Order Harmonic Generation in Fatigued Inconel 718 Plates
Our objective is to conduct experiments to show that 3rd order harmonics generated by
shear horizontal (SH) waves are sensitive to fatigue damage. While prior case studies reported in
the earlier sections involved experiments with third harmonic generation on plastically deformed
and fatigued Aluminum 2024-T3, the following section involves experimentation on a nickel-based
superalloy Inconel 718. The inherent microstructure of the as-received state between these two
metals differ, hence it is necessary to determine if fatigue damage accumulation prior to macroscale
defects are visible exhibit a detectable change in nonlinear ultrasonic measurements from the
pristine medium.
In this section, the material microstructure of Inconel 718 is described, then the cyclic
loading used to induce fatigue damage, followed by the nonlinear ultrasonic guided wave tests. The
third harmonic generation of the SH0 mode due to self interaction of the primary SH0 mode, which
was theoretically predicted to generate cumulative third harmonic SH0 in Chpater 4, is
demonstrated to be sensitive to progressive fatigue in Inconel 718. Results of opposite direction
collinear wave mixing of two primary SH0-sh0 for higher harmonic generation are also presented.

5.4.1 Microstructure of Inconel 718 Plates
For interest in detecting fatigue accumulation prior to macroscale defects, it is necessary
to have some understanding of the typical inherent microstructure of the as-received Inconel 718,
microstructure and mechanical response evolution. Inconel 718 is one of the more commonly
utilized nickel-based superalloys, which are commonly selected based on their advantageous
combinations of chemical and mechanical properties at high temperatures for applications such as
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gas turbine components (discs, spacers, and cooling plates). Typical Inconel 718 composition is
listed in Table 5-3, as well as in the row labeled for the “bulk” phase in Table 5-4.

Table 5-3 Limiting chemical composition of Inconel 718 in weight % (SMC B)

Ni
(+Co)
50.055.0

Cr
17.021.0

Nb
(+Ta)
4.85.5

Mo

Ti

Al

Co

Mn

Si

Cu

C

P

S

B

2.83.3

0.71.2

0.20.8

1.0
(Max)

0.35
(Max)

0.35
(Max)

0.3
(Max)

0.08
(Max)

0.015
(Max)

0.015
(Max)

0.006
(Max)

Miller et al (1999) used Thermo-Calc software to predict volume fractions of various phases that could exist in Inconel
718 for several elevated temperatures, which is shown in

Table 5-4. Most literature have focused on the changes in

gamma single and double phases, because the volume fraction of the other phases (M 23C6, M6C, MC) are extremely small
volume fractions (0.2-1.3%) compared to volume fractions of the

' and  " phases (4.5-13.4%). The results indicate

that most of these precipitates have varying compositions that depend on temperature.

Parameters of the heat treatment process can determine precipitate formation and final
grain size, and consequently influence mechanical and creep resistance. One of two heat treatments
are typically used: (1) Annealing at 1700-1850°F, air cooled and aging at 1325F/8hr, furnace cooled
to 1150°F, hold at 1150°F for total aging time of 18 hours; or (2) annealing at 1900-1950°F, air
cooled and aging at 1400°F/10hr, furnace cooled to 1200°F, hold at 1200°F for total aging time of
20 hours. The influence of annealing temperatures for 30 minutes on grain size on sheet Inconel
718 is demonstrated through Figure 5-13. (SMC B). For the ASTM grain size number range of 38 corresponds to 62-1984 grains per mm2, as indicated by Table 5-5 (ASTM E112-13).
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Table 5-4: Equilibrium compositions of phases at different annealing temperatures predicted via Thermocalc
(Miller et al 1999).

Figure 5-13 Effect of annealing temperature on grain size of sheet Inconel 718 (SMC B)
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Table 5-5 Number of grains per unit area for a given ASTM grain size number (No.). (ASTM E112-13)

ASTM Grain
Size No.
3
4
5
6
7
8

Number of
grains per unit
area (No./ mm2)
62
124
248
496
992
1984

As a side note, an additional Laves phase is possible through casting Inconel 718, which
Cozar et al (1973) identified as an intermetallic face center cubic (FCC) with the form Fe 2(Mo,
Nb), while Schirra et al (1991) identified the laves phase as hexagonally close packed with a MgZn 2
lattice type and have been observed to be large globular particles. Their presence as continuous or
semi-continuous networks along grain boundaries can significantly reduce ductility at room and
elevated temperature. Additionally, laves phase interfaces act as preferred crack propagation sites
and can accelerate fatigue crack propagation rate in cast/wrought Inconel 718 (Schirra et al 1991).
A solidification constitution diagram for the Laves phase was provided by Knorovsky et al (1989),
which is shown as Figure 5-14.

Figure 5-14 Solidification constitution diagram for Inconel 718 for 1000 -1500°C. (Knorovsky et al 1989)
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Since the ɣ” phase has been found to act as a primary strengthening phase, there has also
been emphasis on the influence of ɣ” on mechanical properties and on damage mechanisms. (Miller
et al 1999, Fournier & Pineau 1977, Han 1987, Wilson 1973). The ɣ” precipitates are BCC D0 22ordered, are present between 650-982°C, and can be coherent disc-shaped particles that change to
an orthorhombic (β) phase with long durations of aging. A smaller volume fraction secondary phase
is ɣ’, has a FCC L12 structure and appears as spherical particles (Han & Chaturvedi 1987). Both
phases ɣ” and ɣ’ have the form Ni3(Nb, Al, Ti), but each has different ratio combinations of the
Nb, Al, and Ti elements. The transformation from ɣ” to β phase can also occur via aging. Cozar et
al (1973) noted that long aging durations at 760C caused rapid ɣ” coarsening and partial solution
of ɣ” and ɣ’ along with the formation of stable orthorhombic beta-Ni3Nb phase.
The following summarizes some notable conclusions from literature involving fatigue and
microstructural changes of Inconel 718. Plastic deformation mechanism in Inconel 718 was
explained by Wilson (1973) to be where slip inhomogeneity (shearing of precipitates via
dislocations) led to localized deformation and time-dependent notch sensitivity. Through electron
microscopy, sheared precipitates due to fatigue were observed and planar bands were evidence of
twinning. Crack initiation was also found between interfaces of these twin bands and matrix, where
decohesion had occurred. (Fournier & Pineau 1977 and Clavel & Pineau 1978). Alexandre et al
2004 investigated fatigue at 600°C on specimens created from sections of a forged turbine disc with
20-50 um diameter defects were introduced via electro-discharge machining. They noted via SEM
that large grain sizes (e.g. 150 µm) resulted in transgranular crack initiation along slip bands.
However, Inconel 718 specimens with grain size smaller than 10 µm, typically exhibited crack
initiation at second phase inclusions, (i.e. niobium carbides (NbC) or titanium nitrides (TiN)),
where the former has oxidized into Nb2O5, as shown in Figure 5-15.
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Figure 5-15 Fatigue crack initiation sites (a) titanium nitride in a 5-10 um material, (b) intense slip bands (Stage
I) in a 150 um grain size alloy, (c) niobium oxide for 5-10 um grain size material, (d) Stage I on gage length of
150 um alloy. (Alexandre et al 2004

The ɣ” transforms to a delta phase when the alloy was initially annealed at 955C, where
heat treatment form them either along grain boundaries or within grains. It is possible, this delta
phase refers to the composition of ɣ” at 982°C of Table 5-4. The nitrides and carbides usually range
between 5 and 20 µm, with preferential existence at grain boundaries. They attempted to model
crack behavior in Inconel 718, with crack initiation based on Tanaka and Mura (1981) dislocation
theory and fatigue crack growth rate based on Tomkins model (1981).
Influence of strain cycling on fatigue life was investigated by Fournier & Pineau (1977)
and noted the exhibited behavior agrees well with Manson-Coffin relationship, as observed in strain
amplitude plots as a function of number of cycles to fracture through Figure 5-16. At room
temperature, there was a short initial duration of cyclic hardening that is continued with softening.
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(a)

(b)
Figure 5-16: Influence of strain cycling on the low cycle regime fatigue life of Inconel 718 at
(a) 24.9°C (298°K) and 550°C (823°K) (dashed lines) with a frequency of 3 cycles per minute
and (b) other elevated temperatures. (Fournier & Pineau 1977)
Planar slip was observed through propagation and density increase of slip bands during the
cyclic stress softening stage. Through optical microscopy, slip band density can be observed to
exhibit increase with additional fatigue cycles, as shown in Figure 5-17. Fournier & Pineau (1977)
also noted that optical microscopy could resolve the slip bands better for lower plastic strain
amplitudes.
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Fournier & Pineau (1977) additionally reported how the cyclic deformation had initially
appeared generally homogeneous at room temperature, but was followed by shearing of precipitates
and particle faulting. With progressive accumulation of plastic strain, the deformation morphology
becomes more inhomogeneous through formation of twinning as intense deformation bands.
Through scanning electron microscopy investigations, they also observed that fatigue at room
temperature, microcracks were noted to be present along the matrix and slip-band extrusion
interfaces and hypothesized that the fatigue crack initiation is related to these twinning deformation
bands. For both room temperature and 549.9° C (823°K) at 3 cycles per minute, the crack initiation
occurred via matrix-twin interface decohesion, which would correspond to a crack size of 50-100
um that had taken 70 percent of the fatigue life required for crack initiation. Transgranular crack
propagation on the fracture surfaces was observed for fatigue at room temperature, while both
transgranular and intergranular crack types were observed at 550°C.
Clavel & Pineau (1982) investigated fatigue of Inconel 718 at room temperature, and noted
how stacking fault bands with some twinning for fatigued samples that exhibited less than 10 4
cycles to failure, while microtwinning was observed for specimens with fatigue lives greater than
104 cycles. In addition, the fatigue at elevated temperatures of 550°C (1022°F) and 650°C (1202°F),
revealed the presence of stacking fault bands and twinning for fatigued specimens less than 5000
cycles, but planar slip bands for fatigue lives greater than 5000 cycles. This demonstrates the
dependence of loading, temperature, etc. on the resulting microstructure.
Fournier & Pineau (1977) determined Inconel 718 at room temperature 24.9°C (76.8°F),
and elevated temperature of 550°C (1022°F) has a fatigue life that follows the Manson-Coffin
relationship shown in Eq. (1-1), which indicates the power-law relationship between applied cyclic
plastic strain amplitude and fatigue life to failure, incorporating additional parameters such as
elastic modulus, ultimate tensile strength, and ductility. During cyclic strain-controlled fatigue, the
cyclic stress response exhibited a short duration of increase followed by cyclic stress softening.
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Several microstructure changes were noted via observations through optical microscopy, scanning
electron microscopy, and transmission electron microscopy. At the maximum cyclic stress portion,
no bands were detected, but gradually generated a higher planar slip density during the cyclic stress
softening. Slip band density was observed to increase via optical microscope with additional cycles
and resolution of slip bands improved for fatigue samples with lower plastic strain amplitudes, the
former is demonstrated in Figure 5-17 for plastic strain amplitude of +/-0.4%.

Initially

homogeneous deformation occurs via generation and propagation of planar slips, but eventually
inhomogeneous deformation occurs through precipitate shearing, particle faulting, and the
generation of intense deformation bands that Fourier and Pineau identified as twinning. At room
temperature, after 70% of the fatigue lives of their specimens, crack initiation typically occurred at
the interface of these twinning deformation bands and matrix of typical microcrack size of (50-100
µm), which develops into generation of more microcracks that lead to transgranular fatigue crack
propagation with progressive cycling.
Clavel et al (1975) noted that platelets β phase, which is the structure as a result of deformed
version of ɣ” through faults, within grains only occurred near the fracture surface and within the
plastic zone. Elsewhere, this β phase is only present at grain boundaries. As a result, they suggested
etching the reveal β phase, to measure size of plastic zones in fatigued Inconel 718. Through later
works, Clavel & Pineau (1982) considered investigating fatigue crack propagation with focus on
crack opening displacement and fatigue crack growth rate, and noted both can be related to striation
formation or spacing. They investigated LCF and fatigue crack growth rate at room temperature
and at 550 and 650°C. Average grain size for Inconel and Waspaloy that was investigated were
respectively 30 and 100 μm, and they conducted fully reversed plastic-strain controlled tests.
Optical microscopy was used to measure spacing between deformation bands of LCF or mid
thickness sections of computed tomography close to the fracture surface. Evidence of plastic
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deformation observed with room temperature LCF of Inconel 718 showed stacking fault bands with
occasional

(a)

(b)

(c)
Figure 5-17 Optical micrographs exhibiting formation of deformation bands with increasing number of cycles at
room temperature with plastic strain amplitude equal to ±0.4% for the following percent of expected fatigue life
(a) N/Nf = 1%, (b) N/Nf=50 %, (c) N/Nf=100% (Fournier & Pineau 1977).
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twinning for cases with fatigue lives less than 104 cycles and microtwinning for more than 104
cycles. They also noted for high temperature LCF at 550 and 650°C, the microstructure included
stacking fault bands and twinning for fatigue lives less than 5000 cycles and planar slip bands for
cases for fatigue lives longer than 5000 cycles. (Clavel & Pineau 1982).
The HCF life of Inconel 718 is also summarized here, but there were limited literature
involving HCF of Inconel 718. Ma et al 2010 investigated both HCF and VHCF, where the latter
involved beyond 107 cycles for failure, via rotary bending tests at room temperature on Inconel
718. The loading condition of rotary bending fatigue induces a radial gradient with maximum
stresses at the surface, and crack initiation at surface would require less energy than for crack
initiation within a bulk crystalline material. Ma et al (2010) remarked how transgranular crack
propagation occurred during the crack initiation and near-threshold regime. Both quasi-cleavage
and fine striations were observed within lower Paris fatigue regime, while coarse striations
characterized the deformation ruled by classical crack-blunting pattern within the upper Paris
regime.
Pangborn & Zamrik (1991) used x-ray diffraction to characterize cumulative damage for
HCF of Inconel 718, through using x-ray line profile and rocking curve analysis to analyze line
broadening that resulted by microstrains and substructure formation via progressive damage. These
small-scale lattice distortions are features that would eventually progresses to HCF crack initiation
and LCF large-scale plasticity. Inconel 718 was tested under HCF load control in axial tension –
tension (R-0.1) with maximum stress amplitudes equivalent to 60% and 110% of the 0.02% yield
strength of 834 MPa, and compared alongside LCF of another nickel-based superalloy Waspaloy.
Scanning electron microscopy showed HCF deformation in Inconel 718 as nonuniform slip that
occurred only in grains oriented for high resolved shear stress. As for the mechanical behavior
observed through hysteresis curves, only cyclic hardening had occurred with no following duration
of cyclic softening. Surface “rumpling” was observed during life fractions higher than 0.9, which
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are shown in Figure 5-18. The LCF of Waspaloy exhibited planar slip early in fatigue life that led
to persistent band formation and produced inhomogeneous distribution of intrusion and extrusions,
which were crack initiation sites, with transmission electron micrographs shown in Figure 5-19.
(Pangborn & Zamrick 1991). They had implied the LCF behavior of Inconel 718 would behave in
a similar manner to Waspaloy, which had a sharper decrease in the total strain versus fatigue life
curve than the HCF of Inconel 718, as shown in Figure 5-20. Once again, both agrees with the
Manson-Coffin relationship.

Figure 5-18 (a) nonuniform slip and (b) surface rumpling of HCF Inconel 718 fatigued in axial tensiontension load path. (Pangborn & Zamrick 1991).
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Figure 5-19 (a&b) planar slip and (c&d) intrusions/extrusions for Waspaloy LCF in torsion.
(Pangborn & Zamrick 1991).

Figure 5-20: Fatigue life curves for Waspaloy and Inconel 718 (Pangborn & Zamrick 1991)
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5.4.2 Mechanical Cyclic Loading of Inconel 718 Plates
Several Inconel 718 plates, heat # 2180-2-9926, were mechanically loaded to induce
fatigue, to be used as specimens in our nonlinear ultrasonic guided wave experiments. There was
interest in investigating the potential of SH0 wave mixing for use of fatigue damage
characterization, hence, we required fatigue in plate strips having a reduced width to localize the
damage. The geometry and dimensions for these fatigue tests are shown (but not to scale) in Figure
5-21(a).
The general geometry ratios were modeled after those recommended in the ASTM E46615, but with some modifications due to our intent of using SH0 waves. ASTM standards on
mechanical testing and geometry provide guidelines such that the damage is more regulated by the
material, and try to remove dependence on the geometry that can cause unintended stress
concentration. The ASTM E466-15 (2015) recommends that circular cross sections are preferred
over specimens with rectangular cross sections within the gage section, since the latter retains an
inherent disadvantage since slip grains at the sudden discontinuity at the rectangular cross sections
do not provide neighboring grains that could have confined the grain slippage during deformation.
Although the intent was originally to induce low cycle fatigue, which involves the fatigue
regime correlated with plastic strain cycling, fully reversed strain loading could not be conducted
on these plate strips since it would induce buckling of the plate strips. In addition, strain control
cycling with mean strain equivalent to half the applied strain amplitude would still have resulted in
compressive stress that could also result in buckling. (Ellyin 1985). On the other hand, cyclic tensile
mean stress can induce progressive strain accumulation also known as ratcheting or cyclic creep.
(Krupp 2007, Collins 1993).
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(a)

(b)

(c)
Figure 5-21 (a) Geometry and dimensions of IN718 specimens used for cyclic loading. (b) Dimensions (in mm) of
specimens modified from (a) after mechanical loading was conducted, row with the Amp(3*f1) designation
indicates the magnetostrictive transmitter(s) and receiver locations for third order harmonic generation
experiments due to self-interaction. Row with “Wave mixing” designation indicates transmitters and receiving
locations for third order wave mixing experiments. (c) photograph of Figure 5-21(b) with black permanent
marker lines as spatial reference.
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Hence, we have selected the mechanical loading test path to where Step 1 is linear (133.45
Newtons/second or 30 lbf/second) increase of stress until the total strain reached 5%, measured
with a MTS 632.53 extensometer which required two indents on the plate edge for contact, after
unloading to 0 MPa stress. Step 2 loading involved stress-controlled cycling between 0 MPa and
the maximum applied load reached in step one, which was 61.5 kN corresponding to 606 MPa
within the reduced width portion of the plate, while yield strength is 834 MPa. After the unloading
of Step 1, the specimen exhibited an accumulated axial plastic strain of 4.72% as measured by the
extensometer. Step 2 was conducted until 34,300 cycles, when small crack was visually detected
starting from an edge of the plate strip and this specimen will be denoted as Sp. E. The crack,
0.115” (2.92 mm) long, was located within the reduced width portion of the plate, but very close to
the transition region of the reduced width to the grip width. The axial strain value after step 1 was
taken to be the new offset forFigure 5-22, which revealed the cycling of step 2 exhibited only a
slight axial strain accumulation during the first 500 cycles and remained steadily oscillating for the
rest of the stress-controlled cycling. Black markers indicate peak and valley of axial strain values,
which oscillated slightly due to the cyclic loading (dense gray curve appears as shaded region) and
did not accumulate with additional cycling. This demonstrates the plate was cycling with elastic
loading after those first 500 cycles, while localized damage was expected to accumulate in either
geometric or microstructure features that induce stress concentration.
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Figure 5-22 After unloading of Step 1, specimen E exhibited plastic strain accumulation of 4.72%,
which was taken to be the offset for axial strain measurements in Step 2. Black markers indicate peak and valley
values, while dense shaded gray region was the result of plotting all those dense measurements of axial strain
during Step 2.

Additional specimens were fatigued with the same loading path, but loading was
interrupted at fractions 50, 60, and 80% of the number of cycles loaded upon sp. E, respectively
designated as Sp. B, C, and D, as indicated in Table 5-6. Of these specimens, both Sp. D and Sp. E
have a small crack, respectively, starting on different edge sides of the plate as well as 2.24 mm
(0.088”) and 2.92 mm (0.115”), propagating perpendicular to the loading direction.

Table 5-6 Loading details and specimen designation for fatigued IN718 samples.

Specimen
Sp. E

Monotonic loading to 5% Percentage of
strain and the following
cycles
cyclic loading
34,300 cycles
100% of Sp. E

Sp. D

27661 cycles

80.6% of Sp. E

Sp. C

20000

58.3% of Sp. E
72.3% of Sp. D

Sp. B

16625

48.5% of Sp. E
60.1% of Sp. D

Sp. A

0 (pristine specimen)
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5.4.3 Sample Problem: Third Order Harmonic via Self-Interaction Response to Fatigued
Inconel 718 Plates
After mechanically loading the Inconel 718 specimens, the specimen width was reduced to
the width in the notched region, so that the specimen has a uniform width, as shown in Figure 5-21
(a). The intent was to experimentally consider if SH0 third harmonic was sensitive to the fatigue
damage. The primary wave generation technique was selected to be magnetostrictive transduction,
with the experiment setup shown in Figure 5-1(a & c). Two iron-cobalt foils were bonded to the
specimen 180 mm apart as shown as the blue shaded region in Figure 5-21(b). Transmitter and
receiver magnetostrictive transducers, designated as “T” and “R” within the row labeled as
Amp(3*f1), include meander coils respectively of 3.6 and 1.2 mm. The primary SH0 wave was
generated with central frequency of 0.85 MHz with 15 cycle tone-burst, along with
magnetostrictive (iron-cobalt alloy) foils bonded 180 mm apart with permanent magnets.
When the power output from the pulse generator to the transmitter transducer is adjusted
to have the same primary wave amplitude for Sp. A (pristine specimen) and Sp. E, respective Ascans shown in Figure 5-23 (a) and (b), application of FFT on the 9-cycle window indicated by the
orange rectangle resulted with the frequency spectrum in Figure 5-24(a & b). Since the primary
wave amplitude was set to be the same value and the measurements were acquired using the same
transmitter/receiver meander coils and magnet, we can conclude from Figure 5-24 that either the
adhesive between iron-cobalt and specimen or the fatigue damage in Sp. E resulted in higher
generation of the third harmonic than the pristine Sp. A but not from system nonlinearity
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Figure 5-23 A-scan or time domain signal after excitation of primary SH0 wave with central frequency f 1=0.85
MHz and power output into the transmitter transducer was adjusted for similar primary wave amplitude in (a)
Sp. A and (b) Sp. E.
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Figure 5-24 Frequency spectra of SH0 wave within the orange window of Figure 5-23, for Sp. A (blue
curve) and Sp. E (black curve).

contributions. According to Figure 5-24, no second harmonic SH component was received with the
receiver magnetostrictive transducer. Since amplitude can be influenced by multiple factors,
additional nonlinear guided wave features sensitive to fatigue damage are needed.
The ultrasonic wave was acquired by the receiver after propagation through the region of
the expected localized damage corresponding to the reduced width section, for different Ritec
output power to the transmitter, ranging from 50% to 100%, at 5% increments. At least 10
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measurement sets of these power output sweeps from low to 100% were conducted for each
specimen. Shown as markers in Figure 5-25, are the amplitudes of the frequency component for
-3
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Figure 5-25 SH0 third harmonic amplitude Amp(3*f1) versus SH0 primary wave amplitude Amp(f1) cubed,
along with linear regression best-fit lines and for specimens representing various stages of fatigued IN718.
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the primary Amp ( f1 ) 3 and third harmonic mode Amp (3 f1 ) obtained via Fast Fourier Transform
of the time domain signal. In addition, linear regression lines for Amp (3 f1 ) versus ( Amp ( f1 )) 3
, where the slope corresponds to the modal amplitude ratio, measurements for each specimen are
shown as solid lines.
Comparison of the primary wave amplitude at 100% power output into the transmitter,
revealed the primary SH0 wave amplitude Amp ( f1 ) to be lower for specimens that exhibited
greater number of cyclic loading, indicating even the linear elastic shear horizontal guided wave
feature could be used to track fatigue damage for these specimens. Since couplant or other
transducer-specimen interface conditions, ultrasonic wave excitation parameters, environment
condition can influence the linear elastic guided wave amplitude, having additional nonlinear
guided wave features can provide more information. While each fatigued specimen exhibits the
linear increase in third harmonic modal amplitude as the cube of the primary wave amplitude
increased (due to increase in power output into the transmitter), the modal amplitude ratio or slope
of these linear regression lines in Figure 5-25 does not increase according to the increasing
sequential order of specimens based on the number of applied fatigue cycles. The order of
increasing modal amplitude ratio,

Amp(3 f1 )
or slope of the regression lines in Figure 5-25,
( Amp( f1 ))3

shown in Figure 5-26 is the following: Sp. B, Sp. A, Sp. D, Sp. E, and Sp. C. It may be possible
that the presence of the small crack respectively of length 2.24 and 2.92 mm, in Sp. D and Sp. E,
which extends from the plate edge and is aligned perpendicular to the loading direction, and fatigue
substructures resulted in lower modal amplitude ratio

Amp(3 f1 )
than Sp. C. In addition, the
( Amp( f1 ))3

mechanical loading to induce damage in Sp. B was monotonic loading to 5% strain and followed
by cyclic loading that was interrupted at the lowest number of cycles compared to the other fatigued
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specimens. During the cyclic loading of Sp. B, the axial strain did not accumulate (Figure 5-22)
and suggests elastic strain cycling loading was applied and implies the yield strength after removal
of the initial monotonic loading is a higher value than the pristine material. It is possible that the
work hardening, strengthening of a metal via plastic deformation, was sufficient to cause the lower
slope, or modal amplitude

Amp(3 f1 )
, for Sp. B compared with the pristine Sp. A.
( Amp( f1 ))3

Considering literature on nonlinear bulk longitudinal wave higher harmonic generation,
Kim et al (2006) reported the primary-second harmonic modal amplitude ratio,

Amp(2 f1 )
,
( Amp( f1 ))2

which was initially observed to increase linearly with low cycle fatigue life up to 40% in Inconel
100 (In100) and is followed by a slower increase in modal amplitude rate that saturates toward 1.5x
the modal amplitude of the pristine specimen. For high-cycle fatigue of In100, Kim et al determined
the modal amplitude ratio at 100% of the fatigue life, the trendline goes up to 1.3x the ratio of the
pristine sample, but scattering is evident with several specimens throughout the fatigue life
exhibited decrease in modal amplitude ratio. In addition, Frouin et al (1998) reported that some
high-cycle fatigued titanium alloy (Ti-6Al-4V) solid cylindrical dog-bone samples exhibited a
linear increase in second harmonic amplitude Amp (2 f1 ) compared with the increase of a primary
mode amplitude squared ( Amp ( f1 )) 2 . They demonstrated the slope of such a plot, equivalent to
the modal amplitude ratio

Amp(2 f1 )
, was not monotonically increasing (but can also decrease
( Amp( f1 ))2

and increase) for specimens retaining more severe fatigue damage for specimens representing
fatigue life below 40% of failure. Frouin et al refer to Cantrell and Yost’s model (1994), where the
nonlinearity is accounted for by considering dislocation monopoles and dipoles, which are formed
as fatigue progresses. Since the micro/mesostructure associated with fatigue damage is
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complicated, the interaction of the nonlinear guided waves is not completely understood and
literature have shown a similar scattered but general increase in bulk wave primary-second
harmonic modal amplitude

Amp(2 f1 )
with increased HCF damage, then the observed non( Amp( f1 ))2

monotonic trend but general increase of the slope equivalent

Amp(3 f1 )
with progressive fatigue
( Amp( f1 ))3

damage in Figure 5-25 is reasonable.
Since the modal amplitude ratio

Amp(3 f1 )
, due to the generation of third harmonic SH0
( Amp( f1 ))3

mode through self interaction of the primary SH0 mode, provides an effective average of extent of
measured nonlinearity for the total propagation region, the location of inhomogeneous or localized
damage size that are small compared with the propagation region can not be identified. Thus, the
next section explores the higher harmonic generation due to collinear opposite-direction wave
mixing with the intention of developing a technique to locate and characterize localized fatigue
damage.

5.4.4 Sample Problem: Third Order Harmonic via Wave Mixing Response to Fatigued
Inconel 718 Plates
With the framework to investigate the nonlinear ultrasonic wave generation established in
Chapter 4, we can utilize known trends of the higher harmonic response that is generated from
mutual interaction of two primary waves to devise a technique suitable for a given problem. As
demonstrated in Section 5.3.5, the generation of the third harmonic SH0 due to mutual interaction
of two primary SH0 collinear waves propagating in opposite directions, which has non-zero power
flux but phase non-matching, was sensitive to localized fatigue in Aluminum 2024-T3. In this
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section, we provide a summary of this nonlinear ultrasonic guided wave mixing technique
conducted on fatigued Inconel 718 plate strips described in Section 5.4.2. Specimen A, B, C, D,
and E respectively corresponding to number of cycles percentage of 0, 50, 60, 83 and 100%
compared to Sp. E, while only the fatigued specimens were monotonically loaded to 5% strain prior
to cyclic loading.
For the nonlinear ultrasonic guided wave experiment setup in

Figure 5-1(a,c), the

transmitters for each source was placed in the inner edges of the iron cobalt foils (blue) as shown
in Figure 5-21 (b).
Table 5-7 Meander coil details for source 1 and source 2 for wave mixing experiments.

Transmitter
f (MHz)
λ (mm)
Footprint
width (in)

Source 1
0.389
7.5
1.69”
42.93 mm

Source 2
0.542
5.4
1.655”
42.04 mm

Source 1 (T1) and source 2 (T2) magnetostrictive transducers (Table 5-7) each generate a primary
wave, respectively with meander coils of 7.5 and 5.4 mm, with a tone-burst signal respectively with
27 and 35 cycles. One set of measurements was conducted with receiver (commercial shear
transducer with central frequency 1 MHz) location Rloc1, shown in Figure 5-21(b), corresponding
to 64 mm away from source 2 (T2) and center of width of the plate. Through the width direction,
the location Rloc1 also visually aligns with the edge cracks of Sp. E and D. Another set of
measurements was conducted with receiver location Rloc2, corresponding to the midpoint between
the two transmitters.
For each receiver location, through the oscilloscope of the receiving signal of the
commercial shear transducer, oriented for the polarization to be parallel to the primary SH0 wave
propagation, the time delay of each primary wave was adjusted to obtain the mixing of two signals,
such that the first cycle where the amplitude of the pulse is becoming more uniform for each source
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coincides at the receiver, which is indicated by the left edge of the black rectangular in Figure 5-27.
The red and green curves correspond to source 1 and source 2 separately received, while blue curves
correspond to the mixed signal of receiving both source 1 and 2. For each measurement, in addition
to the received signal acquired after mixing two wave packets, separate measurements were
acquired for each source. Each frequency spectrum (i.e. Figure 5-28) was obtained via Fast Fourier
Transform (FFT) on the time domain (i.e. Figure 5-27), with consideration to the mixing portion
where the amplitude was generally uniform for each individual source, where the fixed window
length is indicated by the black rectangular outline in Figure 5-27. This window includes the mixing
of 18 cycles of source 1 (central frequency f1) and 25 cycles of source 2 (central frequency f2), and

0.5
0.4
0.3

Amplitude (V)

0.2
0.1
0
-0.1
-0.2
-0.3
-0.4
-0.5
0

0.2

0.4

0.6

0.8
Time (seconds)

1

1.2

1.4

1.6
-4
x 10

Figure 5-27 Example time domain signals for specimen A, for wave mixing and receiving at location 1, where
red and green curves correspond to source 1 and 2 separately received, while blue curve represent the mixed
signal of receiving both source 1 and 2.

was also applied to the corresponding portions for individual sources. While the window length in
time (4.62e-5 seconds) multiplied by the SH0 group velocity of 3.1 mm/us indicates a minimum
mixing volume corresponding to length 5.63” (143 mm), the receiving transducer has a contact area
corresponding to a circular interface of diameter 0.56” (14 mm).
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Each of the time domain signal of the individually received sources were subtracted from
the time domain of the separate mixed signal, this resultant signal was then used to obtain the
frequency spectrum after FFT. The frequency spectra in Figure 5-28 correspond to those obtained
from the time domain signals in Figure 5-27, where red and green respectively represent source 1
and source 2 separately received, blue represents the mixed signal, while the resultant signal is
shown in magenta. Table 5-8 includes frequencies f1 and f2 in MHz of primary waves in white
shaded boxes. Sum and difference frequencies of these two primary waves are shown for second
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Figure 5-28 Red and green correspond to frequency spectra of time signal in Figure 5-27 obtained for when only
source 1 or source 2 was received, while blue curve indicates the frequency spectra of mixed signal, the time
domain signal obtained for when both source 1 and source 2 are mixed at receiving location 1 in Sp. A.

Table 5-8 List of possible sum/difference frequencies in MHz of primary waves (white) of f 1 and f2, shown for
second (dark gray) and third order interaction (light gray).

f1-f2 2f1-f2
f1
f2
-f1+2f2
2f1
f1+f2
2f2
3f1
2f1+f2 f1+2f2
0.153 0.237 0.389 0.542 0.694 0.779 0.931 1.083 1.167 1.320 1.473

3f2
1.625
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order interactions (dark gray) and third order interactions (light gray). Vertical black lines in Figure
5-28 indicate frequencies of sum/difference interactions of Table 5-8. Figure 5-29 is a zoomed in
plot within 0.6-1.7 MHz of the frequency spectra shown in Figure 5-28, which includes several self
harmonics and sum/difference harmonics. The third-order harmonics, i.e. 2 f1  f 2

and at

f1  2 f 2 , generated due to mutual interaction of the primary SH0 waves as intended are separated
from the integer multiples of the frequencies corresponding to the primary waves, where instrument
nonlinearities generally occur. In addition, the third order harmonic of sum interaction, at 2 f1  f 2
and f1  2 f 2 , are not present in the individual source signals (green and red) with in Figure 5-29,
demonstrating these components within the mixed signal is solely due to the mutual interaction.
Earlier wave vector analysis in Section 4.1.2.1 determined third harmonic SH0 due to the
mutual interaction of two opposite direction collinear primary SH0 waves will not propagate in
either direction, but Section 4.1.1 reveals there is a nonzero nonlinear power flux and suggests
reception is possible at the mixing location. While power flux analysis determines that a second
harmonic SH cannot be generated from two SH0 regardless of direction, but experience has shown
a second harmonic can be received due to moduluation if the receiver is within the mixing region.
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Figure 5-29 Zoom in plot between 0.6 to 1.7 MHz of Figure 5-28, the red and green curves indicate the frequency
spectra of the received signal corresponding to only source 1 and only source 2. The blue curve corresponds to
the “mixed signal” frequency spectra for when both source 1 and source 2 were sent to mix at the receiving
location. The “resultant” frequency spectra shown as the magenta curve, corresponds, to the time domain signal
as a result of subtracting the time domain of both source 1 and 2 from the mixed signal in Sp. A.

Consider a given constant power output percentage from the Ritec to both source 1 and
source 2 transmitters, the specimens exhibit various different amplitudes that would make the
comparison of the response to the damaged specimens difficult to interpret. Hence, the power
output to source 2 was set for voltage peak to peak (VPP) to be 0.43 Volts for all following
measurements, while several measurements were conducted to consider several values of VPP for
source 1, which were ~0.2 V, 0.4V and 0.6V. For each VPP combination of source 1 and source 2,
three measurements were conducted. In addition, this sweep of changing the amplitude of source 1
was conducted for a total of 3 different sets, where the magnetostrictive meander coils/magnets
were removed and replaced between each set, resulting in at least 27 measurements of different
mixed signals for each specimen and receiver location.
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Figure 5-30 Resultant frequency spectra for various measurements on specimen A, for receiving location 1,
where the line colors cyan, magenta, and red respectively corresponds to the increasing primary wave amplitude
of source 1.

The “resultant” frequency spectra shown as the magenta curve, corresponds, to the time
domain signal as a result of subtracting the time domain of both source 1 and 2 from the mixed
signal. Within Figure 5-30 , the resultant frequency spectra for various measurements on specimen
A are shown for receiving location 1, where the curve colors cyan, magenta, and red respectively
corresponds to the increasing primary wave amplitude of source 1. According to Figure 5-30,
certain sum/difference interactions ( 2 f1  f 2 , f1  f 2 ,) exhibit an increase in amplitude, while
others interactions ( f1  2 f 2 , 2 f 2  f1 ) exhibit a increase followed by decrease in amplitude as
the power output to source 1 was increased. Due to conservation of energy and complicated
behavior within the mixing region governing the power flux to multiple modes can result in
different sum/difference amplitude trends as the poweroutput is increased for source 1. The
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following figures reveal trends of the various sum/difference frequency components for the pristine
specimen and fatigued specimens.
The amplitude of second and third order interactions were obtained from the sets of
measurements for each specimen and for each of the two receiver locations. The expression ‘Amp(
)’ refers to the amplitude at the frequency designated within the parenthesis. While Figure 5-31
provides the square marker color that correspond to each specimen, Figure 5-32 to Figure 5-37
show the amplitude of second and third order sum/difference interaction compared with the
amplitudes corresponding interactions of the sources ( Amp ( f1 ) and Amp ( f 2 ) ). Specimen A
(pristine specimen), B, C, D, and E are respectively represented as blue, green, magenta, red and
black square markers, Figure 5-31. Each specimen and figure includes the best fit line via second
order polynomial function.
For each of these figures, comparison of the specimens with different number of applied
fatigue cycles and consideration of a given source amplitude ratio or constant value in the x-axis
reveal that none of the higher order sum/difference frequency components depicted a
sum/difference harmonic amplitude trend directly corresponding to the specimen’s number of
loaded cycles. In addition, these specimens also did not exhibit a similar trend compared with the
experiments in Section 5.4.3 involving third harmonic SH0 mode self-interaction of primary SH0
mode. These self-interaction measurements are representative of the total propagation distance,
while these wave-mixing measurements are representative of the localized mixing region obtained
by the receiver. Therefore, it is possible the fatigue damage at the reception region is not sufficient
for this primary-third harmonic interaction to exhibit detectable changes in measured features
compared with the pristine specimen. Wave-mixing measurement of primary-third harmonic mode
combination generates a propagating resultant wave is a possible experimental improvement or
alternative to this study.
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On the other hand, Figure 5-32 thru Figure 5-35 reveal that the other trends can be observed
when considering the amplitudes of the third order sum/difference frequency components as the
amplitude of primary wave source 1 ( Amp ( f1 ) ) was increased. For example, both resultants that
involve twice interaction of source 1 and once interaction of source 2, Amp (2 f1  f 2 ) and

Amp(2 f1  f 2 ) , respectively shown in Figure 5-32(a,b) and Figure 5-33 (a,b), generally exhibit
increase with the increase of factor ( Amp ( f1 )) 2 Amp ( f 2 ) . Other third order interaction

Amp (2 f1  f 2 ) and Amp(2 f1  f 2 ) , respectively shown in Figure 5-34 (a,b) and Figure
5-35(a,b), exhibit general decrease as the factor ( Amp ( f 2 )) 2 Amp ( f1 ) increased. The second
order sum/difference amplitudes Amp ( f1  f 2 ) and Amp( f1  f 2 ) , respectively shown in Figure
5-36 and Figure 5-37, exhibit a slight increase in amplitude when the factor Amp ( f1 ) Amp ( f 2 ) is
increased only for Sp. A and Sp. C, while the other three specimens exhibit sum/difference
amplitudes around the noise floor and indicates the second harmonic sum/difference interaction
cannot be used for this primary-second harmonic mode combination.
The trends of the amplitudes of the third order sum/difference interaction with respect to
the source amplitudes are very similar between receiver location 1 and 2, and demonstrate general
repeatability. The third harmonics amplitude behavior compared with the amplitude multiple of the
involved interactions of the sources was shown to be dependent on the number of interactions of
the sources. Trends of third harmonic amplitude that exhibit this increase while others exhibit a
general decrease as a function of the primary wave amplitudes can be due to conservation of energy
and complicated nonlinear power flux behavior within the mixing region with the presence of
multiple possible sum/difference interactions.
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Figure 5-31 Legend of marker colors corresponding to specimen for Figure 5-32 thru Figure 5-37
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5.5 Chapter Summary
Prior to our work, there were no previous literature that had reported experimental study
of third harmonic generation of shear horizontal guided waves due to the self or mutual interaction
of shear horizontal guided waves. Experimental validation of theoretically predicted cumulative
generation of third order via self-interaction of the fundamental shear horizontal guided wave mode
was obtained for Aluminum 2024-T3. Additionally, my work involved investigating the potential
for use of third order harmonic via self and mutual interaction for material damage (plastic
deformation and cyclic loading) for several metals (i.e. Aluminum, IN718). For the wave-mixing
experiments, which considered mutual interaction of two collinear opposite propagating SH0
waves, we had conducted experimental investigation for when there was non-zero power flux to
the third harmonic SH0 but did not have phase matching. As according to the theoretical
investigation, there can be a resultant wavefield, but it was not expected to propagate outside the
mixing region.
The modal amplitude ratio

Amp(2 f1  f2 )
( Amp( f1 ))2 Amp( f2 )

for the third order interaction at the frequency

2*f1-f2 via wave mixing experiments and the modal amplitude ratio

Amp(3 f1 )
( Amp( f1 ))3

for the third order

harmonic (SH0) mode due to self interaction of primary SH0 wave appear to be sensitive to local variation
in low cycle fatigue damage within aluminum alloy 2024-T3. While there is more scattering, the third
harmonic (SH0) mode due to self interaction of primary SH0 exhibited limited sensitivity to fatigued Inconel
718. Two SH0 primary wave mixing experiments on Inconel 718 did not result in trends in amplitude of
sum/difference wave relating to the progressive fatigue damage, but the Inconel 718 specimens mostly exhibit
an amplitude

Amp (2 f1  f 2 ) increase with some scattering in the sum/difference interaction as the

amplitude of source 1 was increased, while another sum/difference interaction

Amp (2 f 2  f1 ) generally

decreased with some scattering regardless of damage and receiver location. The differences in sensitivity
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with nonlinear guided wave features between the aluminum alloy 2024-T3 and Inconel 718, can be attributed
to different material composition, mechanical loading parameters to induce fatigue, geometry, etc.

Unfortunately, the relationship between nonlinear ultrasonic features and microstructure
changes due to damage is not fully understood by the community. Future work is needed to consider
theoretical modeling the relation between the related micro/mesostructure changes (material
nonlinearity changes) and the interaction of nonlinear guided waves for characterization and
damage detection purposes. Additional experiments can be conducted with the intent to validate
the non-zero power flux and phase matching with two collinear opposite-propagating wave mixing
experiments.
In addition, there is interest in extending nonlinear guided waves to be considered in pipes
and other damage types such as creep-fatigue-ratcheting, which is the focus of our work in Chapter
6.
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Chapter 6
Nonlinear Elastic Guided Waves in Crept Fatigue Ratcheted Pipes
(Experimental)
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The theoretical framework to investigate the necessary parameters and mode combinations
that allow for higher harmonic guided wave generation due to self/mutual interaction of primary
waves in pipes is provided in Chapter 4.2. The primary mode torsional T(0,1) was predicted to
generate cumulative third harmonic T(0,1) with propagation, and we were interested in
experimentally investigating the interaction of the third harmonic T(0,1) with pipes that exhibited
progressive damage. Primary-third harmonic mode pair T(0,1)-T(0,1) was demonstrated
experimentally to be sensitive to progressive creep-fatigue damage in Inconel 617 thin wall tube
samples.
The following chapter includes a summary of the isothermal fatigue-creep testing of a
series of thin wall tube samples of Inconel 617 at 850°C, that was part of the author’s Master’s
thesis (Choi 2013), to provide the background information on the mechanical loading parameters
used to induce fatigue-creep-ratcheting damage. We have some mechanically loaded specimens,
interrupted at some fraction (i.e. 0.0, 0.58, and 0.71) of the accumulated ratcheted axial strain value
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at failure, that are experimentally tested with the primary-third harmonic T(0,1)-T(0,1) mode
combination. In Appendix B, selected transmission electron microscopy (TEM) images of Inconel
617 are shown for creep-fatigue loading at 950°C, to provide a general idea of complexity of
microstructure evolution associated with creep-fatigue ratcheting, which is expected to exhibit
similar features as creep-fatigue loading at 850°C compared with lower temperatures such as 650°C
and 23°C according to our experience acquired in Choi et al (2013). Since TEM sample preparation
requires destructive steps of cutting and polishing to allow for the electron bean to transmit through
a thin portion, we did not want to destroy the tubular specimens representating progressive fatiguecreep-ratcheting specimens until after we have conducted more nonlinear ultrasonic guided waves
experiments. For the rest of this chapter, we present more experimental details and conclusions on
nonlinear ultrasonic guided wave generation of the third harmonic T(0,1) mode due to self
interaction of primary wave T(0,1) within tubular Inconel 617 specimens exhibiting progressive
creep-fatigue-ratcheting.

6.1 Mechanical Loading for Damaging Inconel 617 Pipes (Creep-Fatigue Ratcheting)
Very large deformations are possible with the phenomenon called ratcheting and can render
components (i.e. intermediate heat exchangers of high temperature reactors) nonfunctional before
the service life is over, due to the creep-fatigue deformation interaction. Hence, the aim of this
particular case study was to investigate if the primary-third harmonic mode pair SH0-sh0 would be
sensitive to progressive ratcheting, induced by creep-fatigue at elevated temperature (850°C) under
symmetric shear strain cycles at steady axial stress (12 MPa). Inconel 617 is a candidate material
for such components of high temperature reactors due to high corrosion resistance, creep resistance
and retain their mechanical properties over a wide range of temperatures.
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Three Inconel 617 thin wall tubular specimens, with original composition in weight %
listed in Table 6-1 and nominal pre-test dimensions are shown in Figure 6-1, were each tested on

Table 6-1 Composition in weight % for Inconel 617 used in this research. (Caroll 2010).
Ni

Cr

Co

Mo

C

Fe

Al

Ti

Si

Mn

Cu

Balance

21.9

11.4

9.3

0.08

1.7

1.0

0.3

0.1

0.1

0.04

Figure 6-1 Tubular specimen with dimensions in mm.

a MTS axial-torsional rig with the control modes of constant applied axial stress (12 MPa) and
cyclic shear strain with amplitudes such that


 0.004 rad. with constant 0.04%/s strain
2 3

rate. Induction heating via three sets of water-cooled copper coils provided the nominal test
temperature 850°C. Specimen 4-5-1 was first tested until failure, which occurred after 955 shear
strain cycles and when the upper limit of the axial force was triggered due to instability that
occurred as a result of a fracture. Recorded signals of the control modes constant applied axial
stress and cyclic shear strain are shown in Figure 6-2. The vertical dotted line corresponds to the
initial ramp up to the constant test value of applied axial stress at zero shear strain. The final
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Figure 6-2 Control signals of 850C biaxial experiments (constant applied axial stress and cyclic shear
strain) to induce axial strain ratcheting.

axial strain value was 0.065 m/m for specimen 4-5-1. Further details of the isothermal mechanical
experiment setup and parameters can also be found in our NEUP April 2014 report “Creep-FatigueRatcheting Experiments on Inconel 617 at Several Temperatures.” Two additional specimens were
tested under the same loading path at 850°C, but were interrupted at axial strain accumulations to
values equivalent to 58% (0.0376 m/m) and 71% (0.0465 m/m) of the final axial strain value
(0.065m/m) of the failed specimen, respectively Specimen 4-17-7 and 4-17-8. While the original
intent was to have interruptions at 70% and 90%, these two latter specimens had exhibited a slightly
slower axial strain ratcheting rate than specimen 4-5-1, as observed via Figure 6-3. A possible cause
is due to specimen variability in the accumulated ratcheted axial strain value at failure. Prior creepfatigue tests at 850°C with lower cyclic shear strain amplitudes
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Figure 6-3 Accumulated axial ratcheting strain as a function of run time for Sp. 4-5-1 (Blue) and following tests
interrupted at 71% and 58% of the accumulated ratcheted axial strain of specimen 4-5-1.

had failed with accumulated axial strain ranges of 0.054 m/m to 0.0645 m/m, hence the interrupted
strain values have the potential to correlate to reasonable life fractions. Table 6-2 provides the
interrupted axial strain percent, final axial strain value, mechanical test run time, post-test outer
diameter of the specimen for the region to be inspected for the various specimens that would be
used for nonlinear ultrasonic guided wave inspection.

Table 6-2 Details for crept-fatigued specimens and a pristine specimen, which would be inspected via nonlinear
ultrasonic guided waves

Specimen Name
4-5-1
4-17-8
4-17-7
4-17-1

Interrupted
axial strain
percent
100%
71
58%
0%

Final strain m/m

Run Time (min)

0.0654
0.0465
0.0376
0

635.2
575.9
448.6
0

Outer diameter
between Fe-Co
foils (mm)
20.42-20.81
20.5-21.24
20.88-21.09
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6.2 Experiment Setup to Study the Influence of Third Order Harmonic Generation in Crept
Fatigued Pipes
After high temperature creep-fatigue testing at 850°C, the grip ends were lathed to match
the outer diameter (~21 mm) of the gage section to be prepared for ultrasonic guided waves to be
actuated and assess higher harmonic generation associated with the localized damage. These results
were also reported in Choi et al 2015. The nonlinear ultrasonic experiment setup involved two
magnetostrictive transducers used for through-transmission mode. The transducers were designed
for torsional waves with particle displacement in the circumferential direction and wave
propagation direction along the length of the pipe. The axisymmetric torsional T(0,1) mode in pipes
is analogous to the fundamental shear horizontal (SH0) within plates. Each magnetostrictive
transducer includes an iron cobalt foil, a meander electric coil, and a permanent magnet. Two iron
cobalt foils 50.8 mm x 72 mm were bonded to the lathed ends of the specimen surface with
cyanoacrylate 77 mm apart. To prevent debonding of the iron cobalt from the curved surface of the
specimen, it was bonded with a slight overlap of about 5 mm in the circumferential direction. The
meander electric coils were wrapped around the iron cobalt and designed with wavelengths 3.6 and
1.2 mm corresponding to transmitter and receiver with 5 turns each. Two (6.35 mm dia., 25.4 mm
length) Neodymium (grade N52) cylindrical magets, each are diametrically magnetetized with the
magnetic field strength at the magnet surface as 7734 Gauss, was wrapped in 2 layers of 2 mm
thick flexible rubber and placed within the pipe such that each was placed generally concentric to
the meander electric coils, where the cross-section of the pipe with the components of the
magnetostrictive transducer is shown in Figure 6-4. In this figure, the specimen and flexible rubber
are respectively shown as thick blue and gray circles. Meander coil is represented as thin green and
black circles, while the center yellow circle represents placement of the magnet. The yellow arrow
indicates the magnetic field direction pointing from the north to south pole, the red line with double
end arrows represent the direction of alternating particle motion within the waveguide/specimen
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and alternating current of the meander electric coil. The elastic wave propagation direction is
perpendicular to the cross-section shown in Figure 6-4. For further clarification, the general design
of each meander coil can be shown by unwrapping the pipe to a rectangular sheet as Figure 6-5,
where the same design could be used to generate a shear horizontal mode in plates. Yellow lines
with a single arrow head indicate the magnetic field direction, red lines with a single arrow head
indicate alternating current direction, while red arrows at both ends indicate particle motion which
is perpendicular to the wave propagation direction. The center to center distance of the transmitter
and receiver coils was 89 mm. This setup used a Ritec Snap 5000 system (with internal high power
gated amplifier) to excite the 10 cycles tone-burst at f1=0.85 MHz from the transmitter
magnetostrictive transducer, with additional components including the 50 Ohm transmit/receiver
impedance matching network, oscilloscope for recording the time domain signal, in Figure 6-6 as
photographs. The receiving magnetostrictive senses the wave that has propagated through the
deformed region and sends the signal to the oscilloscope for time domain signal acquisition.
MATLAB was used for signal processing and details are given in the following section.

Figure 6-4: Schematic of the cross-section of the tubular specimen, magnet, and meander
coil for the experimental test setup for torsional mode.
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Figure 6-5: Schematic of experimental test setup for torsional mode in the pipe (shown
unwrapped).
To indirectly characterize the system nonlinearity from components such as transducer and
other electronics, we measure the modal amplitude ratio as a function of output power level for the
Ritec Snap 5000 on the as-received specimen 4-17-1 with the magnetostrictive transducers
prepared as noted earlier. The primary mode amplitude Amp(f1), third harmonic amplitude
Amp(3f1) and modal amplitude ratio

Amp(3 f1 )
are shown as a function of power output level
( Amp( f1 ))3

in Figure 6-7. These measurements demonstrate that a power output level between 80-100% is
where the changes in system nonlinearity contribution is minimized.
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(a)

(b)

(c)

Figure 6-6: Photographs of (a) experimental setup, (b) placement of magnets during testing
is generally concentric with meander electric coils (orange), (c) magnets and rubber
encasement is attached to metal rods.
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Figure 6-7: (a) Amplitude of primary mode T(0,1), (b) amplitude of third harmonic of
T(0,1), and (c) modal amplitude ratio

Amp(3 f1 )
as a function of power output level (%)
( Amp( f1 ))3
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Further nonlinear ultrasonic guided wave measurements in this Chapter use a power output
level of 100%, for Sp. 4-17-1, Sp. 4-17-7 and Sp. 4-17-8 respectively where the accumulated
ratcheted axial strain values were 0, 58, and 71% of the strain at failure for the 850°C biaxial creepfatigue test noted earlier (Sp. 4-5-1). Time domain signals were recorded for each of these three
specimens using the following procedure. The meander coil and magnets were removed and
replaced for each measurement, such that the transmitter coil placement from the inner edge of the
iron cobalt foil was less than 5 mm, receiver coil was translated from the inner edge of the foil until
the primary mode amplitude observed through the oscilloscope was maximum. One
magnetostrictive transducer at a time, each magnet was rotated for the maximum primary mode
amplitude through the oscilloscope. Time domain signal was recorded through the oscilloscope.
The procedure would be repeated again until fifteen measurements were obtained for each
specimen.

6.3 Results on the Study the Influence of Third Order Harmonic Generation in Crept
Fatigued Pipes
The following section presents the results and conclusions on the third order harmonic
generation of T(0,1) due to self-interaction of primary T(0,1) at room temperature with specimens
with creep-fatigue-ratcheting damage. These results were also reported in Choi et al (2015). Figure
6-8 is an example of the time domain signal obtained with the earlier noted setup for the pristine
specimen (Sp. 4-17-1). A tukey window was used to process the T(0,1) wave packet with fixed
window length, indicated by the orange frame in Figure 6-8,
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Figure 6-8 A-scan for T(0,1) mode, outlined by orange rectangular frame, with excitation at 0.83 MHz and
reception in the pristine Inconel 617 specimen.

to obtain the frequency spectrum. The smaller packet after the framed T(0,1) was produced due to
wave interactions of the iron-cobalt foil and specimen. Figure 6-9 shows the corresponding
frequency spectrum for the T(0,1) excitation of 10 cycle toneburst at 0.83 MHz, with the smaller
figure representing a zoom in between 2-3 MHz to observe the third harmonic amplitude. The
following colors blue, red, green correspond to the pristine specimen, 58% and 71% deformed
specimens. The primary mode T(0,1) amplitude showed a slight decrease with samples having
greater damage. While the decrease in the amplitude of the primary mode Amp(f1) can be used as
a damage indicator when using linear ultrasonic measurements, use of only one amplitude
measurement can be a poor feature for material characterization and more features obtained through
both linear and nonlinear ultrasonic guided wave measures can provide stronger conclusions for
identifying and locating damage. In addition, as a consequence of the decrease in Amp(f1), the
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modal amplitude ratio

Amp(3 f1 )
would also increase if Amp(3f1) remains the same or increases,
( Amp( f1 ))3

where only the latter case of increase in Amp(3f1) can indicate greater extent of generation of the
third harmonic. Therefore, the smaller plot in Figure 6-9 does indicate the generation of the third
harmonic T(0,1) increased with progressive creep-fatigue-ratcheting, which is more evident
between the specimens of 58% and 71% damage.
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Figure 6-9 Frequency spectrum corresponding to T(0,1) mode inside the orange rectangular outline in Figure 6
8. Blue, red, green curves respectively correspond to the frequency spectrum of a pristine specimen, 58% and
71% deformed specimens. The smaller plot is the zoom in plot showing the peak of third harmonic

T(0,1).

Averaged values of the modal amplitude ratio for 15 measurements (orange circular
markers) for each specimen are shown as circular black markers in Figure 5-10(a) with standard
deviation error bars (black lines) and individual measurements depicted normalized with respect to
the averaged modal amplitude ratio of the pristine specimen. Yet, it is evident that the amplitude
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of the third harmonic and modal amplitude ratio is noticeably higher (3.7x) for the 71% damage
specimen than that of the pristine specimen. The average modal amplitude ratio of the 58%
damaged specimen the is close to, but slightly higher than the pristine specimen’s value. While we
are referring to and plotting the results according to the percentage of axial strain accumulations
with respect to the failed specimen with final axial strain (0.065m/m). The plots appear slightly
different in the x-axis if these modal amplitude ratios were shown as a function of applied MR1
cycles or run time of the mechanical testing that induced creep-fatigue-ratcheting.
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Figure 6-10 : (a) Amplitude of primary mode T(0,1), (b) amplitude of third harmonic, (c) modal amplitude ratio
(d) average and standard deviation error of modal amplitude ratios (e) normalized to undeformed specimen
average 0.0194 for 15 measurements each sample.

Challenges of this experiment setup involve determining a bonding method that prevents
the stiff thin iron-cobalt foil from debonding from the pipe specimen (as it attempts to revert back
to its flat configuration). The same magnetostrictive transducers were used to investigate a linear
guided wave technique, where wave speed of the T(0,1) mode was calculated for the pristine, 58%,
and 71% damaged specimen. Several wave speeds were measured between propagation distances
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100 and 116 mm from the transmitter. The difference in propagation distance was divided by the
difference in arrival time of the peak of the amplitude for these measurements. Wave speed
measurements are shown as a function of the second propagation distance in Figure 6-11. The 78%
and 0% specimen resulted in very similar wave speed measurements; while the 58% specimen wave
speed was slightly lower. These results demonstrate that the nonlinearity measurements are
preferred for tracking progressive damage as there was a discernable trend present, which is not
observed here.
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Figure 6-11: Wave speed measurements of T(0,1) for crept-fatigued and pristine tubing of Inconel 617. Diamond,
square, and triangular markers respectively correspond to measurements on pristine-specimen, 58% and 71%
damaged specimens.

6.4 Chapter Summary
Building on previous theoretical and experimental work, the axisymmetric torsional T(0,1)
guided wave mode in a pipe was used to generate third harmonic T(0,1) due to self-interaction of
the primary mode. Experiments demonstrated the third harmonic generation is sensitive to
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microstructure evolution associated with strain ratcheting. Specimens interrupted at 58% and 71%
of the accumulated axial strain of a failed crept-fatigued-ratcheted Inconel 617 tubular specimen,
respectively resulted in 1.6x and 3.7x increases in the modal amplitude ratio,

Amp(3 f1 )
,
( Amp( f1 ))3

respectively. The experimental procedures based on a high power gated amplifier and
magnetostrictive transducers resulted in minimal deviations during replicate measurements. The
damage occurred due to axial strain ratcheting for constant axial stress and cyclic shear strain, while
the shear stress softened cyclically for experiments conducted on Alloy 617 at 850°C. The early
detection of material degradation will have a marked influence on life cycle management of
structural systems by enabling condition-based remaining life estimates for a much larger portion
of the life cycle. While this sample problem applies to next generation nuclear power generation,
the same methodology can be applied to pressure vessels and piping for a broad range of
applications. These measurements are the first of their kind, since no previous literature had
reported the experimental validation of harmonic generation of guided wave modes in pipes. In
addition, no previous literature reported the investigation of nonlinear ultrasonic guided waves with
the combined damage phenomena of creep-fatigue.
Future work can involve more nonlinear ultrasonic guided wave experiments to attempt to
improve a technique to enable characterization and detection of localize damage via self and mutual
interaction of primary waves. In addition, further efforts can be devoted towards devising a mode
selection method based on nonlinear guided wave interaction with meso/microscale feature changes
with damage accumulation. Validation would be necessary by comparing the nonlinear ultrasonic
guided wave feature progression and the corresponding representative microstructure images
usually associated with sectioning, other sample preparation steps, and imaging via scanning
electron microscopy or transmission electron microscopy.
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Chapter 7
Nonlinear Elastic SAFE for Waveguides with Arbitrary Cross-Sections
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The experiments described in Chapter 5 were conducted on finite width plates and therefore
waves are guided by the side boundaries just like they are the top and bottom boundaries, therefore
we need to understand the dispersion relations and properties within a finite-width plate. While
analytical methods can be used to obtain dispersion relations for plane waves in plates and the
guided waves in a pipe, it is a much more difficult task to determine the dispersion relations within
complicated geometries analytically and researchers use more computationally efficient numerical
or hybrid analytical-numerical methods instead. To consider multilayer structures with uniform
cross-section, global matrix method, transfer matrix method, or one dimension discretized semianalytical method are several possible approaches. The extension of a semi-analytical finite element
method to consider two-dimensional discretization of the cross-sectional plane that is parallel and
constant in the propagation direction was first developed by Lagasse (1973) incorporating the use
of triangular finite element meshing. Later, Gavrić (1994) developed 2DD SAFE to determine
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dispersion curves of guided waves within a rail using triangular and quadrilateral finite element
meshing.
Hayashi et al (2005) investigated the dispersion relations and wavestructures of guided
wave modes within a bar, a geometry with width to thickness ratio equivalent to one. My 2DD
SAFE analysis presented in Chapter 7 for a finite width plate, with significantly larger width to
thickness ratio closer to ~25, resulted in a different dispersion curve but still showed some similar
conclusions reported with Hayashi et al, reveal that the side boundaries significantly change the
dispersion curves. The dispersion curves can be denser with more additional guided wave modes
compared with dispersion curves of plates where planar guided wave propagation is allowed. In
addition, due to the additional traction-free side boundaries the Rayleigh-Lamb (RL) and shear
horizontal (SH) modes are not decoupled and the wavestructure is dependent on position through
the cross-section since second transverse resonance patterns occur across the width.
Due to the denser dispersion curves, it is possible more than one mode can be generated
within the finite width plate. In addition, there can be additional wave packets that reflect off the
edges of the plate and propagate at an angle in the plane of the plate. In addition, with consideration
of the experiments conducted earlier in Chapter 5, there is a need to identify the excited primary
waves modes within the experiments and the resulting higher harmonic modes that will be
generated within a finite-width plate by conducting phase matching and nonlinear power flux
analysis. Predoi et al (2007) demonstrated increased flexibility in the 2DD SAFE approach by
incorporating commercial finite element software to solve partial differential equation to obtain
eigensolutions and compute guided wave dispersion properties. Several researchers sought to
incorporate the 2DD SAFE to investigate second harmonic generation within waveguides
(Srivastava et al 2010 and Zuo et al 2016) such as anisotropic plate, rail, or bar. The term ‘bar’
denotes waveguides with width to thickness ratio equal or nearly equal to one. The following is my
work on extending the (2DD) SAFE, or two dimension discretized Semi-Analytical Finite Element
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Method, to consider second and third harmonic generation within a finite width plate. The geometry
considered entails a wider plate (larger width to thickness ratio) and considers higher order
nonlinear elastic mode interaction at higher frequencies than those reported in the literature. In
addition, it is crucial to be aware that the semi-analytical finite element method enables
computation of dispersion relations of guided wave modes that can propagate within the structure
described in the geometry and material property input. A separate method is needed to consider the
excited and propagating modes due to a finite width source and plate edge reflections.

7.1 Linear Elastic Guided Waves and Two dimension discretized (2DD SAFE)
The semianalytical finite element (SAFE) approach used earlier in Chapter 2.3, involved
discretization through one dimension, which was through the thickness direction into three-node
line elements for a multi-layered structure, while analytical harmonic solution was assumed in the
propagation direction. We can extend the SAFE method to efficiently obtain dispersion relations
and wavestructure for waveguides with arbitrary cross-sections to be discretized (Figure 7-1) when
they are uniform in the propagation direction, by reformulating the wave equation such that
appropriate partial differential equation coefficients are defined within a commercially available
finite element package, with the necessary shape functions by discretizing the cross-sectional plane
hence the technique will be denoted as two dimensional discretization semi-analytical finite
element method (2DD SAFE).
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Figure 7-1 Cartesian coordinate system for 2 dimensions discretized SAFE for wave guide
with constant cross-section in the y-z plane and wave propagation in x direction.

An arbitrary cross-section of a waveguide, that is uniform and constant in the wave
propagation direction x, can be prismatically discretized such that the particle displacements have
the form

u j ( x , y , z , t )   j ( y , z ) e i ( kx   t ) ,

Where we have shape functions
wavenumber,

(ele)



(7-1)

, functions of position in the y-z plane, where k denotes

  2 f represents angular frequency, and frequency denoted by f . Thus, the

particle displacement for a finite element u j ( ele ) ( x , y , z , t ) is related to the nodal displacement
Q j ( ele ) via
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u j ( ele ) ( x , y , z , t )   j ( ele ) ( y , z ) e i ( kx   t )  N jm ( y , z )Q j ( ele ) e i ( kx   t ) ,

which is dependent on the shape function matrix

(7-2)

(ele)

N ( y, z) and nodal displacement vector Q ,

respectively defined in Eq. 7-3 and 7-4.

(7-3)

N ( y, z)  N jm ( y, z ) 
 N1 0 0 N2 0 0 N3 0 0 ... ... ... Nn 0 0 


 0 N1 0 0 N2 0 0 N3 0 ... ... ... 0 Nn 0  ,


 0 0 N 0 0 N 0 0 N ... ... ... 0 0 N 
1
2
3
n



(ele)

Q

 Qx1 Qy1 Qz1 Qx2 Qy2 Qz2 Qx3 Qy3 Qz3 ... ... ... Qxn Qyn Qzn 

T

The first subscript of the nodal displacement vector Q ( ele ) , indicates displacement direction in
global coordinates, while the second subscript denotes node number up to n nodes within meshed
cross-section in y-z plane.
The following relations hold due to the form of assumed form of u j ( x , y , z , t ) in

(a)

(b)

(c)

u j
y

u j
z

u j
x





 j
y

j
z

ei ( kxt ) ,

ei(kxt ) ,

 ikj ei (kxt ) ,

(7-4)
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 2u j

(d)

t

2

  2 j ei ( kxt ) .

While the equation of motion for an elastic medium with density  , elastic stiffness constant
matrix C jqm n , particle displacement u can be expressed as the following



3
m , q , n 1

(C jqmn u m , qn )   u j on  where j  (1, 2,3) ,

(7-5)

while for boundary conditions, we can obtain either a traction T j or displacement relation where

(a)

Tj 


3

m, q , n1

C jmqnun,q nm on surface or interface  with normal n ,

(7-6)

Or

(b)

u j  u (j prescribed )

The boundary value problem can be rewritten, by using expressions in Eq. (7-5) thru Eq. (7-6), to
have the form shown by Predoi et al (2007):

C jqmn  m , qn  i ( C j 3 mq  C jqm 3 )( k  m ) , q  kC j 3 m 3 ( k  m )   2  jm N m  0

(7-7)

in volume  .

The formulation of surface traction or displacement provided on surface becomes

C jqmn m , n nq  iC jqm 3 ( k m ) nq   jq  nq ,

(7-8)
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for subscript

m  {1,2,3} , while subscripts for q, n{1,2}. This boundary value problem can be

rewritten in a format that is more readily accepted by commercial finite element codes to solve the
eigenvalue problem and obtain guided wave dispersion properties. For example, the coefficient
form of a typical partial differential equation-based model used by Comsol Multiphysics, which is
the time domain form in the context of continuum mechanics and mass flow is provided as

2u
du
ea 2  da (cu  u  )  u  au  f  0
t
dt

in domain  .

(7-9)

While boundary conditions are specified either in the form of prescribed valued displacements or
partial derivatives of the displacements, respectively known as a generalized Neumann boundary
condition or first class (or Dirichlet) boundary condition shown as the following

(a)

(b)

hu=r

n  ( c u   u )  qu  g  h T  L

on 

(7-10)

on  .

where u denotes the set of variables to be determined. Some of these coefficients are typically
associated with specific contributions in the context of mass transfer, ea represents the mass
coefficient, da damping or mass coefficient, c as the diffusion coefficient,
conservative flux convection, a denotes the absorption coefficient,

 represents

the

 denotes the convection

coefficient, c refers to the diffusion coefficient, and f indicates the source contribution. Where the
nabla symbol  denotes the vector differential operator or gradient, q is the boundary absorption
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coefficient, Lagrange multiplier  L , and g is the boundary source term. n  refers to the outward
unit normal vector on surface  .
If u is a single variable, several coefficients ( , , and  ) are vectors with n components,
c can be an n by n matrix, while other coefficients are scalars. However, we can use the eigenvalue
form of Eq.7-9, by correlating the time derivative operator (

d
) to an eigenvalue EV with no
dt

source contributions, which corresponds to

(a)

(b)

2
 f  0
EV
ea 
u EV da 
u (c
u 
u) 
u  au

n(c
u 
u)  0

(7-11)

in  ,

on  ,

Or

(c)

  r on  ,
hu

to solve the eigenvalue problem that results from our earlier defined boundary value problem in
Eq. (7-7) and Eq. (7-8). To be able to apply Eq. 7-11 to our boundary value problem, we must first
obtain the format of a first order eigenvalue problem by first defining a vector variable

 that

satisfies the following relation:

M   kM 

(7-12)

where M is a diagonal matrix. Then, we can obtain a first order eigenvalue problem by defining a
new vector variable b that satisfies the following relation with an arbitrary diagonal matrix. After
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u  1
defining variable 

2 3 1 2 3  , the effective expressions for the coefficients
T

in Eq. (7-11) were determined by Predoi et al (2007) to be

C
0
c   PDE  ;
 0 0


 0

da  
 M PDE


0 IA 
PDE 
  
;
0

0



DPDE 
;
0 

0 IB 
PDE 
  

0

0



M

a   PDE
 0


(7-13)
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M PDE 

.

with these submatrices determined to be the following:
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Where the 0 denotes zero matrix with dimensions corresponding to other submatrix components.
Hence, for each given angular frequency value

,

the 2DD SAFE can be used to obtain the

eigenvalues (wavenumber) and eigenvectors (wavestructures). Sweeping through a range of

,

enables computation of the phase velocity dispersion curves via relation C p   / Re( k ) , while
group velocity dispersion curves can then be computed from C g  d  / dk .

7.2 Theory for 2DD SAFE for Nonlinear Elastic Guided Waves
To consider higher harmonic generation, we can use the wave fields calculated for linear
elastic guided waves in 2DD SAFE to determine which mode combinations satisfy the two criteria,
phase matching (corresponding to k n*  N a k a  N b k a ) and non-zero power flux ( p n[ ]  0 ) to
the higher harmonic mode, for cumulative generation of the Nth harmonic wave field, where

N a , N a  0,1, 2,3..N but N  N a  Nb for a given number of interactions of two primary waves
denoted by subscripts ‘a’ or ‘b’. For second harmonic analysis, the square brackets ‘[ ]’ are replaced
with the letter ‘Q’ for quadratic nonlinear wavefields. For third harmonic analysis, the square
brackets ‘[ ]’ are replaced with the letter ‘C’ for cubic nonlinear wavefields.
We use relations derived from Chapter 4, obtained by solving the nonlinear BVPs using
normal mode expansion and complex reciprocity relations. We determined the []-th harmonic
wavefield, referring to either quadratic (N=2) or cubic harmonic wavefield(N=3), can be expressed
[]

in terms of the modal amplitudes for the m-th mode with particle velocity vector v m and angular
frequency  m  N a  a  N b b , with Eq. (4-21) as
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[]

v ( x, y, z, t ) 

[]
1  []
Bm ( x)vm ( y, z)eimt  c.c.

2 m1

(7-15)

As shown in Eq. (4-27), the coefficient B m denotes the modal amplitude of the m-th mode,

Bm[ ] ( x)  am[ ] ( x)ei (( Naka Nbkb ) x)  am[ ] ( x  0)e

i ( k*n x )

,

(7-16)

and have the following relations to power flux and phase matching criteria in Eq. (4-28) and (4-29),
respectively shown again as

(7-17)
(a)

(synchronous case)

pn[ ]
am ( x ) 
x for k n*  N a k a  N b k b
4 Pmn
(b)

,

(asynchronous case)

am ( x )  i

pn[ ]
for k n*  ( N a k a  N b kb ) .
4 Pmn (k *n  ( N a ka  Nb kb ))

The complex power flux along the wave propagation direction for the given m-th mode’s particle
velocity vm is shown in Eq. (4-26).
A mode selection procedure for cumulative generation of a given higher harmonic wave
field, first involves the determination of the dispersion relations for linear ultrasonic guided wave
modes for a given geometry and material properties of a structure via the 2DD SAFE method. Next,
we determine the mode combinations that satisfy the phase matching criteria k n*  N a k a  N b k b ,
for a selected number of interaction N. Afterward, we can compare computed p n[ ] (nonlinear power
flux from the primary to the Nth harmonic wave field) and modal amplitudes B m , after normalizing
the wavefields with the Poynting vector, to analyze which mode-pair combinations contribute to
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the total harmonic wave field. However, this calculated modal amplitude B m represents the ability
of the m-th harmonic wave field to be generated by a given primary wave. This analysis does not
consider dependence on initial loading conditions related to a finite transducer, relative dimensions
of transducer and specimen, input primary wave signal including frequency bandwidth, locally
varying material properties, etc. In general, the current form of the calculated modal amplitude B m
, can still yield useful information for general mode selection.

7.3 Case Study Finite Width Plate
The specimens used in Chapter 5 experiments were of finite widths in order for them to be
mechanically loaded. Dispersion analysis of a plate is much different than for a finite width strip
of a plate. The additional boundaries of the finite width results in reflections/scattering and are
features of which additional mode can propagate along. Hence, it is of interest to investigate the
influence of finite width on the wave propagation, where wavefield properties are expected to also
be dependent on position along the width.

7.3.1 Linear Guided Wave Dispersion and Wavestructure Analysis
When using a sufficiently wide plate, with respect to the transmitter width, such that
reflections from plate edges can be neglected, reception of the direct wave propagation path is very
similar to plane waves. However, a finite width plate has additional boundaries for guided waves
to propagate along, and the 2DD SAFE is suitable to determine guided wave modes that can
propagate within this structure.
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The theory reviewed in Chapter 4 was applied to determine the linear elastic guided wave
modes within an isotropic aluminum finite width plate with cross-section dimensions of 49 mm by
2 mm. Several higher order elastic constants for aluminum were obtained from literature and shown
in Table 7-1, where third order elastic constants (ATOEC, BTOEC, and CTOEC) originate from Stobbe
(2005) for rolled 7075-T651 polycrystalline aluminum alloy, while fourth order elastic constants
(EFOEC, FFOEC, GFOEC, and HFOEC) were from Erofeyev (2003) for aluminum alloy D16T and the text
does not state if these FOEC are for single crystalline or polycrystalline alloy. The second order

Table 7-1 Elastic constants used for Aluminum
Elastic
Constant



(kg/m3)
2700

SOEC

SOEC

SOEC

(GPa)
55.27

(GPa)
25.95

TOEC

FOEC

ATOEC

BTOEC

CTOEC

EFOEC

FFOEC

GFOEC

H FOEC

(GPa)
-351.2

(GPa)
-149.4

(GPa)
-102.8

(GPa)
2300

(GPa)
500

(GPa)
300

(GPa)
700

elastic constants (SOEC) are related to the linear elastic response of the aluminum, the third order
elastic constants (TOEC) are related to second harmonic generation, and the fourth order elastic
constants (FOEC) are used to study third harmonic generation. A brief investigation on the
influence of these higher order elastic constants on the bulk nonlinear stress strain response of a
hyperelastic isotropic medium is explored in Appendix C. The results demonstrate two different
cases, (1) uniaxial stretch/compression and (2) simple shear, the amplitude of the second order
response of the second Piola-Kirchhoff stress components of interest is a couple of orders of
magnitude smaller than the linearized response, and the amplitude of the third order response is a
couple of orders of magnitude smaller than the second order and linearized response. Therefore,
the general magnitude of the FOEC compared with the TOEC is reasonable.
The phase velocity dispersion curves computed from the 2DD SAFE method are shown in
Figure 7-2 blue markers representing computed solutions for finite width plate with cross-section
49 mm by 2 mm based on the geometry from experiments in Section 5.4, superimposed with the
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Rayleigh-Lamb (RL) modes (shown as green curves) and shear horizontal modes (shown in red)
computed from the Global Matrix Method (GMM). A finite width plate exhibits a higher density
of modes that can propagate compared with when planar waves propagate in sufficiently wide plate.
In addition, while the wave speed and frequency combinations for A0 in infinite plate plate width
has very similar properties to one mode in finite width plate, some modes in the finite width plate
at higher frequencies converge towards the frequency and wave speed combinations of the infinite
width plate. However, when the width of a plate is sufficiently large compared with the finite-width
of the transducer such that reflections from the edges are negligible, the receiver transducer can
perceive a wave as a planar wave in the farfield.
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Figure 7-2 Phase velocity dispersion curve computed for finite width plate using 2DD SAFE
for an isotropic aluminum 49 mm by 2 mm cross section, shown in blue. Superimposed with
phase velocity dispersion curve computed via GMM for planar lamb waves (green curves)
and shear horizontal modes (red) in “infinite width” plate
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Figure 7-3 Phase velocity dispersion curve computed for finite width plate (cross-section 49
mm by 2 mm) using 2DD SAFE

With the added influence of the finite width, the SH and RL modes do not decouple like
they do in infinite width plates and additional guided wave modes exist with displacement profile
dependence on spatial position y and z. In the following work, when referring to displacement, the
letter ‘u’ is followed by a second letter designating direction in the cartesian coordinate system
used as shown in Figure 7-1, with ‘ux’, ‘uy’, and ‘uz’. According to most of the observed wave
structures, cos(myπy) or sin(myπy) can represent the profile through the width, while cos(mzπz) or
sin(mzπz) represents the profile through the thickness. However, this mz and my can be different for
each displacement component (ux, uy, or uz) and can be integer values. However, these
wavestructure profiles are dependent on mode-frequency pairs, with more dependence on the width
and less dependence on material properties.
Figure 7-3 shows the phase velocity dispersion curves for the finite width plate for up to
0.5 MHz. Consider the very low frequency regime, where the slowest phase velocity mode will be
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called RA0, is similar to planar plate guided wave mode A0. The displacement component in the x
direction, or ‘ux’, is antisymmetric for RA0 through the plate thickness shown for frequency of
0.03 MHz, where wave structure is shown in Figure 7-4. For the following wave structure plots,
the displacement profiles in the x, y, and z are labeled with ‘ux’, ‘uy’, and ‘uz’ within the crosssection of the waveguide. The numbers on the x-axis and y-axis provide the distance in meters
away from the centroid of the cross-section. Each displacement profile is normalized with respect
to the maximum displacement value of any of the three wavestructures. This RA0 mode has a
dominant out of plane displacement (uz) in the z direction, but reveals the influence of the finite
width contributes to mechanical coupling and results in small additional displacement in y
direction. In addition, the uz displacement is dependent on the position through the width.

Figure 7-4 Wavestructure of RA0 at 0.03 MHz, which is similar to planar plate wave A0,
but has additional uy displacement component and out of plane displacement component uz
depends on position along y axis
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Increasing from low frequency, there are increasingly more modes that start with high
phase velocity that suddenly converge to the phase velocity of the RA0 mode, corresponding to
similar profile though the thickness but are higher order modes (RA0-n) through the width
direction, shown in Figure 7-5. These modes have all three displacement components, with uz
displacement field dominant.

Figure 7-5 Two modes belonging to group RA0-n, higher order modes of RA0 (Figure 7-4)
through the width direction

Due to the finite width, there is a mode LSH0 that is similar to planar SH0, but the LSH0
exhibits a phase wave speed approaching zero or a very low value as frequency approaches zero.
For LSH0, as frequency is increased the phase wave speed increases, and nearly by 0.10MHz the
phase wave speed is slightly lower than that for planar SH0 in plates. At low frequency, for example
at 0.03 MHz, SH0-like mode will also propagate with an additional ux displacement near the ends
of the cross-section, as observed in Figure 7-6.
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Figure 7-6 Mode LSH0 at low frequency 0.03 MHz, similar to planar SH0 mode, but has
nonzero ux displacement components.

At low frequency, around 0.03 MHz, there is also a mode similar to planar S0 that will be
designated as LS0, although ux displacement field is dominant, there will be an additional uy
displacement field through the width as observed in Figure 7-7. In addition, the phase velocity
drops earlier than for planar S0 mode as frequency is increased, and then eventually converges to
the wave speed exhibited by LSH0 by 0.12 Mhz.
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Figure 7-7 LS0 mode in finite rectangular width at 0.03 MHz.

As frequency increases to when the phase velocities of LSH and LS0 are approaching
towards each other, the dominant displacement components for both LSH0 and LS0 gradually
become more concentrated at the plate ends in the ± y direction, with minimal or low displacement
values within the center of the plate, as observed in Figure 7-8 (a-d). First row of these figures
shows the displacement profiles through the cross-section of a finite plate for LS0 at frequencies
(a) 0.09 MHz and (b) 0.18 MHz, while the second row of displacement profiles correspond to those
of LSH0 at frequencies (c) 0.09 MHz and (d) 0.18 MHz.
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(a)

(b)

(c)

(d)

Figure 7-8 First row shows displacement profiles through the cross-section of a finite plate
for LS0 at frequencies (a) 0.09 MHz and (b) 0.18 MHz, while the second row of
displacement profiles correspond that for LSH0 at frequencies (c) 0.09 MHz and (d) 0.18
MHz.

At first, mode B1 and B2, shown in Figure 7-3, exhibit very similar cut off frequencies,
which slowly separates in the phase-frequency space as frequency is increased followed by
approaching towards the phase speed of planar SH0. These modes exhibit dominant ux and uy
displacement profiles, with nearly no uz displacement. Wavestructure for a given mode exhibits
great dependence on frequency. At 0.09 MHz, Mode B2 exhibits greater ux displacement
concentrated at the ends though the width direction and exhibits the minimum displacement at the
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center but does not exhibit a zero-displacement value, as shown in Figure 7-9(a). However, at the
higher frequency 0.18 MHz, the uy displacement component becomes dominant for Mode B2, and
both the ux and uy displacement profile through the width direction exhibit at least one minimum
and one maximum value such that there are nodes where the displacement component zero, as
observed in Figure 7-9(b).

(a)

(b)

Figure 7-9 Mode B2 at frequencies (a) 0.09 MHz and (b) 0.18 MHz.

According to Figure 7-10, mode B1 is characterized by mainly the ux and uy displacement
components at 0.09 MHz, at the earlier portion of the curvature in the phase velocity dispersion
curve, while these ux and uy displacement profiles are constant through the plate thickness, the
displacement profiles are similar in shape with three nodes in ux profile and two nodes in uy profile
through the width. Mode B1 as it approaches higher frequency, the uy displacement component,
becomes more dominant compared with ux, and is present for most of the width direction with
nearly zero displacement in the edges of the width direction. Eventually, the phase speed of Mode
B1 approaches that of the planar SH0.
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(a)

(b)

Figure 7-10 Mode B1 at frequencies (a) 0.09 MHz and (b) 0.18 MHz

There are several additional modes that approach the phase wave speed of planar SH0 as
frequency is increased and are identified to be higher order modes through the width direction, as
observed in Figure 7-11(a-b). These modes also have nonzero ux displacement components
contributing to bending.

(a)

(b)

Figure 7-11 (a) Mode B4 and (b) mode B3 at frequency 0.18 MHz, corresponding to higher
order modes of B1 and B2 through the width, while the ux and uy displacement profile is
constant through the thickness with nearly zero uz displacement component.
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The work here demonstrated that 2DD SAFE can allow identification of modes that can
exist in the structure and their wave structures. In addition, the dispersion analysis on finite width
plates indicate many additional guided wave modes can propagate with variation through the plate
width. In addition, some of these guided wave modes can exhibit different phase velocity trends
and wavestructure compared to planar plate guided waves.
These are necessary information for mode selection for higher harmonic generation. For
example, although we will not work below 0.05 MHz, the LSH0 mode that is similar to planar SH0
will not exhibit phase matching with the third harmonic as the phase velocity increases with
frequency. Since uy displacement field of LSH0 starts to become only concentrated at the plate
ends, we have been using mode B1, which approaches the wave speed of planar SH0 and exhibits
concentrated uy displacement field except at the ends of the plate width. Both the variation in uy
displacement field through the plate width and the additional ux displacement components will
influence the ability of mode B1 to generate a cumulative higher harmonic propagating wave,
which we need to study. Hence, we can conduct nonlinear power flux analysis of mode pairs based
on wavefield properties obtained from the 2DD SAFE method.

7.3.2 Second Harmonic Generation
The following is a summary of my work on studying the second harmonic waves generated
by primary mode SH0 in finite width plates. The following study uses a different naming system
than the previous section, since some of the wavestructures of certain modes have different
wavestructures compared to those present in infinite width plate where planar waves propagate.
For example, the primary wave selected is very similar to planar SH0 and but will be designated as
mode RSH0, which has a dominant uy displacement field but varies through the width with zero
uy displacement at ends of the plate width and nearly zero ux and uz displacement field through
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the cross section. For mode RSH0 at frequency f1=0.858 MHz, wavestructure is shown in Figure
7-12 for the finite width plate cross section that was perpendicular to the wave propagation direction
as the primary wave and using wavefields from 2DD SAFE, we determine if the phase matching
and non-zero nonlinear power flux to second harmonic is satisfied.

Figure 7-12 Primary wave RSH0, at f 1=0.858 MHz, predominantly displacement in y-axis.

Using Eqs. (7-17), the modal subamplitude a mQ , which is a variable for the second order
harmonic modal amplitude B mQ of Eq. (7-16), is computed for several modes at 2f1 (1.716 MHz)
that have phase velocity values within 3% of the phase velocity of the primary mode, which are
shown in Figure 7-13(a-d) and Figure 7-14(a-b). According to the dispersion curve Figure 7-2, it is
likely that the wavestructures of R_SH0 (Figure 7-12) and QR_FSH0_1 (Figure 7-14b) belong to
the same mode but at different frequencies, but at the higher frequency there is noticeable nonzero
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(a) QR_FS0_1

(b) QR_FS0_3a

(c) QR_FS0_3b

(d) QR_FS0_5a

Figure 7-13 Selected modes at 2f1=1.716 MHz that exhibit phase velocity matching tolerance
within 3% with selected primary wave RSH0 at f 1 =0.858 MHz, shown in the order of
decreasing value of normalized modal amplitude ratio corresponding to non-zero power f lux
(from primary RSH0 wave) to the higher harmonic fields designated as (a) QR_FS0_1, (b)
QR_FS0_3a, (c) QR_FS0_3b, and (d) QR_FS0_5
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(a) QR_FS0_2

(b) QR_FSH0_1

Figure 7-14 Selected modes at 2f1=1.716 MHz that exhibit phase velocity matching tolerance
within 3% with selected primary wave RSH0 at f1 =0.858 MHz, but (a) QR_FS0_2 and (b)
QR_FSH0_1 are two modes that exhibit zero power flux that resulted in zero modal
amplitudes.

ux and uz displacement components. Mode QR_FS0_1 within the finite width plate is similar to S0
within an infinite width plate with symmetric ux displacement through the thickness and
asymmetric uz displacement through the thickness, but Mode QR_FS0_1 exhibits nonzero uy
displacement components and ux & uz displacement components depend on position through the
width. In addition, QR_FS0_2, QR_FS0_3a, QR_FS0_3b, and QR_FS0_5a are higher order modes
of QR_FS0_1 through the width.
For comparison of ability of a selected primary mode for higher harmonic generation of
these different modes, it is sufficient to analyze a mQ , since expression in Eqs.(7-17) would already
indicate key trends. Phase matched and non-zero nonlinear power flux would result in oscillating
modal amplitude B mQ due to the exponential term exp(i*kn*x), while the a mQ term is proportional
to position in the x direction and would result in a linear increase of the maximum value of the
magnitude of a mQ . However, mode pair combinations that do not exhibit phase matching will result
in continuous oscillation of B(x) but not exhibit cumulative generation.
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Since we obtain wavestructure from solving the homogeneous linear system of equations,
where any constant multiple of a computed solution is also a solution, we need to normalize the
wavestructure to enable quantitative comparison between guided wave modes. The wavestructure
for a mode-frequency pair is normalized by

N orm  Re( 

v * T 
 e x dArea )
2

(7-18)

which is the square root of the real component of the cross-sectional integral of the Poynting vector
component in the propagation direction. While N orm is the normalization for the wavestructure of
the primary wave, the Eq. (7-18) applied for an arbitrary higher order harmonic wave field will be
designated as N orm _ HI . Therefore, normalizing the displacement fields of the primary wave and the
Q
higher harmonic wave field within the expressions of Eq. (7-17), where Pmn
is normalized by

N orm _ HI 2 and pnQ is normalized by ( N orm 2 N orm _ HI ) , the normalized modal subamplitude
a mQ ( Normalized ) becomes

amQ( Normalized ) 

Norm _ HI
( Norm )2

amQ

(7-19)
.

The a mQ ( Normalized ) value divided by the variable x (distance in propagation direction) is
shown in Table 7-2, while Figure 7-15 is a plot of a mQ ( Normalized ) versus propagation distance, for the
modes corresponding to 2*f1 (1.716 MHz) shown in Figure 7-13(a-d) and Figure 7-14(a-b). Shaded
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cells of Table 7-2 indicate modes (QR_FS0_2 and QR_FSH0_1) with zero modal amplitude ratio
due to zero power flux from primary mode.

Table 7-2 Wave properties of second order harmonic wavefields due to self interaction of
RSH0 at 0.858 MHz, computed via 2DD SAFE. Shaded cells indicate modes with zero
modal amplitude ratio due to zero power flux from primary mode.
Mode

Wavenumber
(1/m)

Phase Velocity
(m/s)

amQ( Normalized )

QR_FS0_1
QR_FS0_3a
QR_FS0_3b
QR_FS0_5a
QR_FS0_2
QR_FSH0_1

3480.64
3477.72
3475.30
3471.08
3479.56
3477.26

3097.69
3100.29
3102.45
3106.22
3098.65
3100.70

0.01869
0.01427
0.01024
0.00096
1.93E-14
3.06E-15

x

QR_FS0_1
QR_FS0_3a
QR_FS0_3b

QR_FS0_5a
QR_FS0_2
QR_FSH0_1
Figure 7-15 Computed modal subampltiude a mQ ( Normalized ) , from Eqs. (7-17), as a function of
propagation distance for several modes as second harmonic due to primary wave of RSH0
at f1=0.858 Mhz, for Modes QR_FS0_1, QR_FS0_3a, QR_FS0_3b, QR_FS0_5a, QR_FS0_2
and QR_FSH0_1, with corresponding wavestructures shown in Figure 7-13(a-d) and Figure
7-14(a-b)
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The nonlinear power flux analysis, conducted from wavefields computed from 2DD SAFE,
determined that the primary wave RSH0 at 0.858 MHz will generate several second order harmonic
modes that will be cumulative with propagation distance due to self-interaction. The computed nonzero normalized modal subamplitude in descending order is QR_FS0_1, QR_FS0_3a, QR_FS0b,
QR_FS0_5a. Based on the normalized modal amplitude ratios, the first three of these second
harmonic modes are expected to be dominantly generated. Similar to infinite width plates, where
second harmonic Rayleigh-Lamb mode S0 is strongly generated and second harmonic SH0 cannot
be generated from self-interaction of SH0, a zero power flux to QR_FSH0_1 resulted in a zero
modal amplitude ratio. While QR_FS0_1 and several higher order modes, that have a
maximum/minimum ux or uz displacement corresponding to the axis of symmetry of the plate
width, are cumulatively generated by primary RSH0 mode, the modes that have zero ux and uz
displacement component at the midpoint of the plate width such as the QR_FS0_2 and QR_FSH0_1
have a zero-power flux from the primary RSH0 mode.
Several properties of these computed second order harmonic wavefields can provide
additional guidelines for experimentation. For example, future experiments must take into account
the total displacement field through the width. There will be optimum locations of maximum and
minimum displacement. In addition, this analysis could be used to determine minimum width of
the plate that will produce a section of a uniform displacement field through the plate width with
respect to the finite size of the receiver.
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7.3.3 Third Harmonic Generation
The phase matching and nonlinear power flux analysis is applied to consider the possible
cumulative third order harmonic modes due to self interaction of primary RSH0 mode at f 1=0.858
MHz. Using Eqs. (7-17), the modal subamplitude a mC , which is a variable for the third order
harmonic modal amplitude B mC of Eq. (7-16), is computed for several modes that exhibit similar
phase velocity wave speeds as the primary RSH0 mode. Applying the relation for the normalization
C
factor (Eq. (7-18) for the wavestructure to (7-17), where Pmn
is normalized by N orm _ HI 2 and pnC

is normalized by ( N orm3 N orm _ HI ) , the normalized subamplitude a mC ( Normalized ) becomes

amC( Normalized ) 

Norm _ HI
( Norm )3

amC

(7-20)
.

The a mC ( Normalized ) value divided by the variable x (distance in propagation direction), is
shown in Table 7-3 and Figure 7-18 is a plot of a mC ( Normalized ) versus propagation distance, for several
modes at 3*f1=2.574 MHz were within 0.3% tolerance of the wave speed of RSH0, which
corresponds to phase matching tolerance, with wave structures shown in Figure 7-16 (a-e) and
Figure 7-17 (a-b), designated as CR_SH0_1, CR_SH0_2 ,CR_SH0_3, CR_SH0_4 , CR_FSH0_7,
CR_FSH0_9, and CR_FSH0_11. The CR_SH0_1 within the finite width plate is similar to the SH0
mode in the infinite width plate, since both modes have dominant uy displacement through the plate
thickness along with zero ux and uy displacement components. However, the uy displacement
component is dependent on the position through the plate width for a finite width plate. The other
modes are higher order modes of CR_SH0_1, but modes with additional nonzero ux and uz
displacement components include the letter ‘F’ within the mode designation.
According to the computed normalized modal subamplitude, the CR_SH0_1 will be
generated as the third harmonic mode of primary mode RSH0, which is similar to how the SH0-
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SH0 primary and third harmonic mode pair in infinite width plates has a nonzero powerflux and
phase matching. However, the analysis for the finite width plate reveals additional third harmonic
modes will be generated, such as CR_SH0_3, with less contribution but non-zero modal amplitudes
for higher order modes CR_FSH0_11, CR_FSH0_9, and CR_FSH0_7. In addition, the zero modal
subamplitude due to zero power flux to CR_SH0_2 and CR_SH0_4, corresponding to shaded cells
in Table 7-3, modes with zero uy displacement within the center line of the plate width, is a similar
trend observed with other displacement components for second harmonic analysis.
Higher order modes of CR_SH0 that have a maximum or minimum at the plate center
through the width direction will also be generated as cumulative third order harmonics. As a
result of constructive and deconstructive interference, the total wavefield after summation of
these additional propagating third order harmonic modes, the displacement field will vary through
the width. Further analysis will aid experiment design between finite plate width, receiver size,
receiver location and expected total displacement field received. Additional analysis can be done
to select mode pairs with fewer higher harmonic generation allowing for easier interpretation or
can drive improved experimental setup due to expected wavefield properties.

Table 7-3 Wave properties of third order harmonic wavefields due to self interaction of
RSH0 at 0.858 MHz, computed via 2DD SAFE. Shaded cells indicate modes with zero
modal amplitude ratio due to zero power flux from primary mode.
Mode

CR_SH0_1
CR_SH0_3
CR_FSH0_11
CR_FSH0_9
CR_FSH0_7
CR_SH0_2
CR_SH0_4

Wavenumber
(1/m)

Phase Velocity
(m/s)

amC( Normalized )

5216.35
5213.03
5166.33
5182.84
5196.16
5215.09
5210.07

3100.43
3102.40
3130.45
3120.47
3112.47
3101.18
3104.17

5326612
2297657
765758
447003
305636
2.40E-06
1.30E-06

x
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(a) QR_SH0_1

(b) QR_FSH0_3

(c) QR_FSH0_11

(d) QR_FSH0_9

(e) QR_FSH0_7

Figure 7-16 Selected modes at 3f1=2.574 MHz that exhibit phase velocity matching tolerance within
3% with selected primary wave RSH0 at f1 =0.858 MHz, shown in the order of decreasing value of
non-zero power flux (from primary RSH0 wave) to the higher harmonic fields designated as (a)
CR_SH0_1, (b) CR_SH0_3, (c) CR_FSH0_11, (d) CR_FSH0_9, and (d) CR_FSH0_7.
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(a) QR_SH0_2

(b) QR_SH0_4

Figure 7-17 Selected modes at 3*f 1=2.574 MHz that exhibit phase velocity matching
tolerance within 3% with selected primary wave RSH0 at f 1 =0.858 MHz, but exhibit zero
power flux (from primary RSH0 wave) to the higher harmonic fields designated as (a)
CR_SH0_2 and (b) CR_SH0_4.

CR_SH0_1

CR_SH0_3
CR_FSH0_11
CR_FSH0_9
CR_FSH0_7
CR_SH0_2
CR_SH0_4
Figure 7-18 Computed modal subampltiude a mC ( Normalized ) , from Eqs. (7 17), as a function of
propagation distance for several modes as third harmonic due to primary wave of RSH0 at
f1=0.858 Mhz, for Modes CR_SH0_1, CR_SH0_3, CR_FSH0_11, CR_FSH0_9, CR_FSH0_7,
CR_SH0_2, and CR_SH0_4, with corresponding wavestructures shown in Figure 7-16(a-e)
and Figure 7-17 (a-b)
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7.4 Chapter Summary
The (2DD) SAFE, or two dimension discretized Semi-Analytical Finite Element Method,
was extended to consider second and third harmonic generation within a finite width plate. With
the additional geometric boundaries of a finite width, the dispersion analysis reveals wavestructure
profiles dependence through the width direction and many additional modes can exist compared
with planar guided wave propagation. Calculation of power flux of mode combinations that
exhibited phase matching, was able to determine that additional cumulative higher harmonic modes
can be generated compared with that of planar wave guides. The dimensions of the cross-section
of the finite width plate (49 mm by 2 mm) is based on the geometry used in one of our nonlinear
ultrasonic experiments in Chapter 5. In addition, compared with prior literature, we were the first
to consider using 2DD SAFE for third harmonic generation analysis, we consider a wider plate,
and we consider higher order nonlinear elastic mode interaction at higher frequencies than those
reported in the literature.
In Chapter 6, some of the crept-fatigued-ratcheted pipes exhibited cross-sections with
slightly varying outer radius and thickness, which has commonly occurred with tubular specimens
that experienced cyclic plasticity and non-proportional loading, where the latter is defined as
principal directions of alternating stresses are changing orientation. Several literatures have also
reported pipes exhibiting local bulging, ovalization and localized thinning as a result of fatigue
ratcheting via a different loading type of internal pressure with cyclic bending, inducing mostly
circumferential strain accumulation, a common loading type endured by pipes of power plants.
(Rahman et al 2008, Vishnuvardhan et al 2010, Kulkarni et al 2003). Future work can be focused
on investigating the influence of the irregular pipe cross-sections on the higher harmonic generation
behavior.
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Chapter 8
CONCLUSION AND FUTURE WORK

8.1 Summary of the thesis
The thesis focused on exploring linear and nonlinear guided wave techniques with the
intent of developing a more robust non-destructive evaluation or structural health monitoring
method of inhomogeneous defects within complicated waveguides. Numerical investigation, via
Frequency Domain Finite Element Method, of the interaction of elastic guided waves with a thick
multi-layer carbon fiber reinforced polymer plate retaining localized irregular geometry and
material properties associated with wavy plies, revealed that only the higher order mode with
dominant in-plane displacement component was sensitive to defects and this mode exhibited
changes in modal amplitude or mode conversion in Chapter 3.
Interest in developing a nonlinear guided wave technique, to locate and characterize
localized damage states that occur prior to when macroscale damage is visible, required the
theoretical modeling of possible mode combinations for cumulative second and third harmonic
generation with propagation in plates and pipes for context and understanding the experimental
results. Developed experimental methods used magnetostrictive transducers to excite shear
horizontal waves and were conducted with the intent of validating theoretically predicted behavior
of third harmonic generation via self and mutual interaction. The cumulative third harmonic
generation of SH0 with self-interaction of primary SH0 wave (central frequency f 1=0.80 MHz),
was experimentally confirmed in an aluminum alloy 2024-T3 plate, while attenuation and
diffraction effects dominated after a propagation distance of 100λ 1 (360 mm). The expected
propagation distance for when diffraction is sufficient to change the cumulative third harmonic
generation trend will be dependent on the material properties, geometry and primary-higher
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harmonic mode combination and frequency. Chapter 5 also provides experimental work in plates,
demonstrating third harmonic generation of SH0 through self and mutual interaction of SH0
primary waves was sensitive to localized plastic deformation and progressive fatigue prior to
fracture. The modal amplitude ratio Amp(3 f1 ) of primary-third harmonic T(0,1)-t(0,1) has also
( Amp( f1 ))3

been experimentally demonstrated to increase with the increase of creep-fatigue-ratcheting damage
in small diameter Inconel 617 pipes in Chapter 6.
Additionally, the guided wave dispersion curves and their wavestructures for a finite width
plate were investigated via the hybrid analytical and numerical technique called semi-analytical
finite element (SAFE) method, which discretization of the cross-section of the geometry that was
perpendicular to the wave propagation direction. The analysis determined the finite width plate
retains additional guided wave modes compared with the infinite width plate where planar wave
propagation occurs. For a finite width plate, wavestructure is dependent on position through the
cross-section since second transverse resonance patterns occur across the width, and the RayleighLamb and shear horizontal modes are not decoupled for most of the guided wave modes. These
general conclusions were also presented in the literature, but the literature only considered modes
in lower frequencies and considered guided wave propagation within a bar that has a thickness and
width ratio closer to one than my work. In Chapter 7, my analysis involved phase matching and
power flux analysis for higher harmonic wave fields at higher frequencies than those reported in
literature, revealed additional higher harmonic modes can be generated due to self-interaction of
primary waves in finite plate width compared to planar wave propagation and resulted in a total
displacement field that is dependent on the position throughthe width.
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8.2 Contribution of the thesis
Improved understanding of linear and nonlinear guided waves have been introduced into
the research community with the investigations and analysis conducted. The contributions of this
thesis are listed as follows:
· Identified a higher order guided wave mode that was sensitive to ply waviness (kinks and
marcelling) within thick multi-layered carbon fiber reinforced polymer plate, whereas
literature had only focused on guided wave modes at lower frequencies. The use of the
numerical technique (frequency domain finite element method) was more computationally
effective to investigate the influence of the inhomogeneous or localized change in geometry
and material properties within the thick composite plate compared with time-marching finite
element methods.
· Developed methods for conducting nonlinear guided wave experiments, specifically involving
the fundamental shear horizontal mode excited by magnetostrictive transducers. This involved
establishing the experimental setup and measurement procedure for repeatable measurements.
With the intent of detecting and characterizing damage, these types of experiments include
studying: (1) the cumulative nature of third harmonic SH0 wave due to self interaction of
primary SH0 mode, (2) the influence of localized damage (plastic deformation or fatigue) in
metals on the third harmonic SH0 wave generation due to self interaction of primary SH0
mode, (3) the influence of the localized damage on the third harmonic SH0 wave due to wave
mixing of opposite direction collinear mixing of two primary SH0 waves.
· Determined the mode combinations for a propagating sum/difference (any order of interaction)
resultant harmonic of SH0 wave due to opposite direction collinear wave mixing of two
primary SH0 is a non-zero nonlinear power flux but phase non-matching case. The reception
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of sum/difference harmonics of third order interaction and second was measured within the
mixing region.
· Applied Semi-Analytical Finite Element Method (SAFE) along with nonlinear guided wave
theory to analyze higher harmonic generation within a finite width plate with cross section 49
mm by 2 mm, where the wavestructure of the guided wave modes are dependent on position
through the thickness and width. Determined that additional second and third harmonic modes
can be cumulatively generated, which are primary-higher harmonic mode combinations that
are similar to those of infinite width plate and higher harmonic modes that have the dominant
minimum/maximum displacement component at the midline of the plate width due to phase
matching and non-zero power flux, for a finite width plate.
· Determined possible shear horizontal mode combinations to generate third order
sum/difference harmonics as a result of opposite direction collinear wave mixing of two
primary SH waves, with non-zero nonlinear power flux and wavenumber relations for
propagating resultant mode.
· Experimentally verified T(0,1) third order harmonic via self-interaction of primary T(0,1) was
sensitive to progressive creep-fatigue damage in IN617 pipes, since the modal amplitude ratio
increased with additional damage.

8.3 Future work
Further investigation of linear and nonlinear guided wave interaction with inhomogeneous
defects can enable development of a more accurate mode selection process for defect detection and
characterization in a given structure. Due to the computational efficient method of using FE in the
frequency domain to investigate the interaction of a selected guided wave mode with defects that
include local changes of geometry and material properties, such as kinks and marcelling in thick
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multilayer CFRP plate, one method can involve conducting the numerical investigation for each
frequency-mode pair when sweeping through a portion of the dispersion curve. However, kinks
and marcelling defects within thick composite plate can retain variability in total length of ply
waviness, amplitude of waviness, and number of plies comprising the waviness through the
thickness. Therefore, it will be important to obtain the typical defect properties along with the
minimum/maximum values, in order to improve the models representing the structure with defects.
Future work can also account for attenuation of guided wave modes that is present as a consequence
of propagation through a viscoelastic material.
An additional approach for future work can involve devising a correlation factor between
the wavestructures of guided wave mode-frequency combinations in a thick multilayer CFRP plate
and those that would be present in a structure with only wavy plies. A method involving phase
velocity matching and developing a correlation factor based on the wavestructures of two different
waveguides, will allow identification of mode combinations that have higher possibilities of mode
conversion. However, this correlation factor may not be appropriate for short defects relative to the
guided wave mode’s wavelength and the total propagation distance, such as kinks. Consideration
of the dispersion properties, such as wavestructure and mode’s wavelength relative to the defect
properties, may be sufficient for mode selection that is followed by numerical analysis in FDFEM.
Other defects that can present in thick multi-layer CFRP such as voids and delamination can also
be examined.
Many questions about the sensitivity of higher harmonic generation to the extent and
magnitude of microstructure evolution remain to be answered for this to become a valuable early
damage characterization technique. To develop a quantitative microstructural characterization
method, it is necessary to correlate the harmonic generation due to self and mutual interaction with
the micro/mesostructural features associated with progressive damage accumulation, which can be
a crucial step for a more robust mode selection process. Sufficient understanding of higher
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harmonic generation due to damage accumulation will be necessary to devise a measurement
technique that enables changes in nonlinear guided wave features to be detectable above system
nonlinearity and noise contributions. Validation would be necessary by comparing the nonlinear
ultrasonic guided wave feature progression and the corresponding representative microstructure
images usually associated with sectioning, other sample preparation steps, and imaging via
scanning electron microscopy or transmission electron microscopy. After an improved modeselection process has been devised, transducer design/selection could also be further investigated
to attain optimal capabilities for excitation and reception of the nonlinear ultrasonic guided waves.
Further investigations can be done to improve current measurement methods, which can
include improving transducer design and shear horizontal wave reception. In addition, wave mixing
of ultrasonic guided waves could also be used to inspect the tubular crept-fatigued samples used in
Chapter 6. As mentioned at the end of Chapter 7, future investigations can involve using 2DD
SAFE to determine the influence of irregular cross-section of pipes on the higher harmonic
generation.
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Appendix A
Magnetostriction

Our current design of magnetostrictive transducers have included a meander coil, permanent
magnet, and iron-cobalt (ferromagnetic) foil bonded to the specimen surface with adhesive glue. A
theory-based investigation of this setup and transduction process can be used to improve
optimization of guided wave generation for plate or pipe specimens, where the flow diagram is
shown in Figure A- 1 summarizes the transduction and inverse process. Potential parameters that
could be changed to improve transducer efficiency are meander coil design, applied magnetic field
magnitude and orientation, addition of matching layer, impedance matching, lift off, frequency
dependence, etc.

Figure A- 1 Flow diagram for magnetostriction transduction and the inverse process.

Ferromagnetics exhibit dimension change in response to changes in applied magnetization,
which is a phenomenon called magnetostriction and have been used in many applications (i.e.
actuator, rotational motor, and torque sensors). Magnetostrictive transducers use a permanent
magnetic field and meander coil to induce perturbations in a magnetic field, which causes
dimension changes in magnetostrictive materials. Orientation of magnetic field and current
direction in the meander coil determines the type of wave generated in the magnetostrictive foil
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and specimen. Shear horizontal waves can be generated such that the particle displacement is in the
same direction as the applied magnetic field and parallel current direction of meander coil, with
wave polarization perpendicular. In addition, Rayleigh-Lamb waves could be generated via
magnetostriction and Lorentz forcing (on conductive material) when applied magnetic field is
perpendicular to current direction of meander coil. There is existing literature for the use of
magnetostriction and Lorentz forcing for Rayleigh and Lamb wave generation (Thompson 1978,
Frost 1979), but limited information about the use of magnetostriction for generating shear
horizontal waves. Hence, further investigation of magnetostrictive transduction can be beneficial
in improving the efficiency of the selected shear horizontal wave generation.
Investigation of the actuation and reception of ultrasonic guided waves via
magnetostriction transducers will involve some of the equations that are summarized in Table A1, with terms defined in the following Table A- 2. These include governing equations, boundary
conditions, and constitutive equations over the mechanical-magnetic-electric domain.
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Table A- 1 Governing, subsidiary and constitutive equations and boundary conditions that will be required to
investigate the magnetostrictive transduction & inverse process. (Lacheisserie 1993, Thompson 1978, Frost
1979).
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Table A- 2 Definition of Terms of Table A- 1

The Maxwell stress tensor or electromagnetic stress tensor can be represented as
=H⊗B-

( ∙ )

with a dyadic tensor product ⊗, and the electromagnetic body force is expressed as
Fmag=∇ ∙

=J×B+∇ ∙

,

which accounts for Lorentz force per unit volume (FL=ρE+J×B) and magnetostriction, where the
Lorentz force would not be present for the configuration to generate shear horizontal waves. In
addition, a magnetic torque would have the form
interactions. (Thompson 1978).
Where the magnetization vector is defined as
M=

−

.

( × ), which would contribute to the
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The permanent magnet induces a static field, and the bias signal that is excited via meander coil
results with H=H0+Hs and M=M0+Ms. The dynamic magnetic field produces dynamic
magnetostrictive forcing for dimension change in the magnetostrictive material.
Energy conversion efficiency is characterized by the ratio of strain energy to electrical
energy for piezoelectric transducers. Hence, investigation can be done on the conversions between
mechanical strain energy, magnetic Wm and electric energies We to determine which variables
could be changed to improve efficiency.

.
The transduction efficiency is expected to be dependent on parameters such as frequency, magnetic
permeability, magnetostriction coefficients, electrical resistivity, phase shift between Lorentz force
and magnetostrictive mechanisms (for Rayleigh-Lamb waves), and lift off.
The commercial finite element software Comsol Multiphysics can be used for validation
of the design intended to generate ultrasonic guided waves in plate and pipe configuration.
Governing equations can be manually incorporated into the model to determine possible meander
coil configurations and variation in permanent magnet for maximum amplitude possible impedance
matching and transduction transfer. In addition, it is expected the study will be useful especially
for torsional wave excitation in pipes, since it will be a challenge to design for a uniform static
magnetic field or desirable magnetostrictive forcing within the thin wall tube cross-section.
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Appendix B
Microstructure for Creep-Fatigue-Ratcheting of Inconel 617 at 850°C
Selected transmission electron microscopy (TEM) images of Inconel 617 are shown for
creep-fatigue loading at 950°C, to provide a general idea of complexity of microstructure evolution
associated with the creep-fatigue ratcheting investigation, which is expected to exhibit similar
features as the creep-fatigue loading at 850°C of Chapter 6 compared with lower temperatures such
as 650°C and 23°C according to our experience acquired in Choi 2013. The following section
includes some selected transmission electron microscopy images of specimen (617-3) from Choi
et al (2014b), which was subjected to load path MR1 at 950°C instead of 850 °C and conducted
with a smaller shear strain amplitude of 0.002 rad. and a faster rate of 0.10%/s. These can provide
a general idea of the complexity involved in the microstructure evolution associated with creepfatigue ratcheting accumulation. While the damage evolution and mechanical response is
dependent on the elevated temperature, multiaxial loading path, loading strain amplitudes and rate,
direct conclusions about expected differences in microstructure cannot be made due to the
complexity of the creep-fatigue deformation mechanisms. However, similarities in dislocation
substructures and precipitate morphology are expected to appear for samples conducted at 850°C
and 950°C, which will be more similar in morphology than compared with lower test temperatures
of 650 and 23°C.
Specimen 617-3 failed after 900 cycles (shear strain amplitude of 0.002 rad at a rate of
0.001%/s with a constant axial stress of 12 MPa). Instability had occurred when the specimen had
developed large transverse crack, but had not separated into two pieces. Three samples were cut
from specimen 617-3, each at a different orientation with respect to the cross-sectional plane of the
specimen, as shown in Figure B- 1. Orange outlines in the figure are used to indicate the orientation
of the slice plane with respect to the generator of the cylinder. The purpose of three views (at 0, 45,
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and 90 degrees) is to more completely investigate the deformation mechanisms of a polycrystalline
material at high temperature under complex biaxial loading that induced creep-fatigue interactions.
Samples from the pristine undeformed material were also examined.

Figure B- 1 Sectioning of tubular specimen for TEM viewing. Sections were oriented parallel (// or 0°), at 45
degrees (45°), and perpendicular (┴ or 90°) to the generator axis of the cylindrical tube.

A medium speed saw was used to cut smaller pieces from the cylindrical specimen in order
to have pieces sufficiently small to fit into the low-speed saw apparatus. The rectangular
dimensions had cross-sections that fit within a 3 mm diameter TEM sample holder with a slit, as
shown in Figure B- 2. Both sides were mechanically and hand polished using diamond-grit
embedded films with at least 5 um. The first polished side is bonded to the TEM sample holder
using a 2-part epoxy and then heated for curing, before the second side is polished and the sample
is thinned to less than 70 um. The slit in the TEM sample holder allows for dual beam ion milling
near the center to form a small hole, via the Fischione instrument's low angle ion milling and
polishing system such that the material region near the hole is electron transparent for TEM
viewing.
A few of the images shown in this section were from the pristine sample T-0 as observed
through the JEOL 2010F TEM/STEM, but since the maximum possible tilt angle was limited to
about ±20ᵒ, there was difficulty in tilting for a proper diffraction zone of the precipitates. An
additional viewing of the T-0-1 sample was conducted to reinvestigate the TiN and other
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precipitates with proper scale bars (ensured proper connection between microscope and recording
computer). Three samples of specimen 617-3 and another sample of T-0 were investigated using
the JEOL 2010 LaB6, which has a larger tilt angle capability of ±40ᵒ.
The grain size of the as-received specimen T-0 was much larger than that observed from
samples of specimen 617-3, as observed in the optical images of the ion milled surface of specimen
T-0 shown in Figure B- 3. Additional TEM images of cross-section areas/scaling are included as
Figure B- 3 for later comparison with the highly deformed specimen 617-3. Dark long wavy bands
are not real physical features of the specimen, but are fringes as a result of viewing through a thick
region of the specimen. Contrast is noticeable between adjacent grains, and there are small dashed
features representing a low density of dislocations that occur sparsely through the material and
typically are located near grain boundaries or precipitates.
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(a)

(b)
Figure B- 2 Ion milling of the TEM sample T-0 from the as-received material polished the surface and revealed
grain boundaries; these images are from an optical microscope.
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(a)

(b)

(c)
Figure B- 3 (a-c) As-received T-0 sample views by TEM provide partial views of grain boundaries with very
small dislocation densities and thickness fringes (thicker dark bands).
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Closer examination of some of the edges of these grain boundaries revealed ordered
networks of dislocations with nearly dislocation free regions within these grain boundaries. Groups
of images are ordered according to the slice orientation of the sample, such that Figure B- 4, Figure
B- 5, and Figure B- 6 correspond to orientations 0o, 45o, and 90o respectively. These features could
be a result of dislocation-dislocation interactions, where a decrease in dislocation density is
exhibited in the interior and eventually caused the formation of low-angle grain boundaries in
association with the loading and the high temperature, which arranged the dislocations into a lower
energy configuration. For Specimen 617-3; both the 0o and the 45o orientations resulted in several
of the low-angle grain boundaries being parallel to each other. The images from the 45o orientation
exhibit several boundaries with more clearly defined dislocations patterns than the other two
orientations. Dislocation density within these unusual boundaries is very low for the 0 o orientation,
but slightly higher for the 45o and 90o orientations. With consideration to the torsional loading,
comparison of other samples should be done for the 45o orientation.
Energy dispersive X-ray spectroscopy (EDX) of most precipitates observed in the asreceived sample T-0 were Cr-rich, indicating that they are of the M23C6 type based on comparison
with the literature. The EDX spectrum of the matrix is also included below. However, M 6C (Morich) precipitates were not observed. A low density of dislocations were present near, and some are
within, these Cr-rich precipitates (darker shaded shapes), which are shown to have irregular 2D
cross-sections of 3D finite volumes, and could be explained due to the heat treatment causing strain
mismatch between the precipitate and the matrix. The various shapes observed via 2D crosssections include long thin shapes and small triangular, rectangular, or circular shapes, some of
which are shown in Figure B- 7 and Figure B- 8. In addition, these single precipitates or small
clusters (2 or 3) of precipitates are generally located far from each other. Figure B- 9 and
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(a)

(b)

(c)
Figure B- 4 TEM sample images from specimen 617-3 viewed at 0°; smaller grains and dislocation networks at
grain boundaries are evident.

236

(a)

(b)

(c)
Figure B- 5 TEM sample images from specimen 617-3 viewed at 45°; smaller grains and dislocation networks at
grain boundaries are evident.
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(a)

(b)

(c)
Figure B- 6 TEM sample images from specimen 617-3 viewed at 90°; smaller grains and dislocation networks at
grain boundaries are evident.
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Figure B- 10 are TEM images of precipitates in samples from specimen 617-3. The precipitates
found in the viewable region of the 0o samples are comparable in size to those in sample T-0. Within
the samples from specimen 617-3, there are generally small clusters of Cr-rich precipitates that are
spaced far apart. However, the precipitates of the as-received and specimen 617-3 fit within a
similar range of precipitate 2D area size, such that the cross-sectional area measured appears to fall
mostly between 0.04 to 0.9 um^2 as demonstrated by comparing T-0 and T-2. However, it is
questionable if the histogram is representative of the material, since carbide banding was expected
in T-0 but only observed in 617-3. This indicates the histogram for T-0 and T-2 may only be
accurate within region without carbide banding. In addition, some isolated single precipitates have
also been found. There are several possible explanations for this trend, such as precipitation of new
precipitates at particular points in dislocation networks as a result of loading and temperature or
slicing of precipitates induced by the complex cyclic loading, but further investigation is necessary.
In general, there were more groupings of precipitates typically present in batches greater
than within specimen 617-3 than in as-received sample T-0, where the observed precipitates were
typically present as one or two in a given location yet isolated from other precipitates. However, a
carbide banding was observed by Benz et al (2013) and other literatures, such that depending on
sample orientation with respect to rolling direction, there are visible alternating bands such that one
region is generally free of precipitates and where there are approximately 100-300 um wide bands
of high density carbide per area. However, this carbide banding was not observed in the pristine
specimen, and must be due to orientation with respect to rolling direction. Furthermore, in the
sample sliced at 90o orientation for specimen 617-3 there was an isolated region containing many
thin (both short and long) precipitates, where the diffraction pattern of a randomly selected region
revealed the corresponding precipitates had diffraction spots that agreed with the matrix.
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(a)

(b)

(c)
Figure B- 7 As-received T-0 TEM images of isolated precipitates with a small surrounding region of
dislocations; viewed with JOEL 2010F TEM/STEM.
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(a)

(b )
Figure B- 8 As-received T-0 TEM images of isolated precipitates with a small surrounding region of
dislocations; viewed with JOEL 2010 LaB6.
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(a)

(b)

(c)
Figure B- 9 TEM images from 0° samples from specimen 617-3 show isolated precipitates and clusters of
precipitates with nearby dislocations; viewed with JEOL 2010 LaB6.
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(a)

(b)

(c)
Figure B- 10 TEM images from (a) 45° and (b and c) 90° samples from specimen 617-3 show isolated precipitates
and clusters of precipitates with nearby dislocations; viewed with JEOL 2010 LaB6.
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Appendix C
Stress-Strain Curves for Higher Order Elastic Constants
The following is a brief conceptual study on the higher elastic constants and the nonlinear
stress-strain behavior of the hyperelastic strain energy density function, defined within Chapter 7,
for a bulk material and not for guided wave propagation. The elastic constants up to the fourth order
for aluminum are listed in Table 7-1. The second order elastic constants (SOEC) are related to the
linear elastic response of the aluminum, the third order elastic constants (TOEC) are related to
second harmonic generation, and the fourth order elastic constants (FOEC) are used to study third
harmonic generation.
Consider the case of an arbitrary material response in a uniaxial stress  xx strain xx curve.
Linear stress-strain case is shown as the solid green line in Figure C- 1, where there is constant
slope equivalent to the ratio in change in y axis to change in x axis. For self interaction of the
primary wave, odd functions contribute to odd integer multiples of the primary frequency or odd
harmonics while even functions contribute to even harmonics. Hence, the total stress field is the
summation of the linear stress-strain response and additional higher order terms that can be even
or odd functions, respectively shown as dashed blue and purple curves in Figure C- 1.
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Figure C- 1 Example of nonlinear stress-strain curve, also depicting total stress due summation of
the linear stress-strain response (solid green line) to additional higher order terms in the form of
odd or even functions, respectively shown as dashed purple and blue curves.

To study the nonlinear stress-strain response of an isotropic hyperelastic (aka Green elastic)
material model, the strain energy function ( W SE ) proposed by Landau and Lifshitz (1986), is
expanded up to fourth order terms with respect to the Lagrangian elastic strain (E) in Eq. (1-1) and
reshown as Eq. (C-1),

SOEC
2
tr (E)   SOEC tr (E) 2
2
ATOEC
C
3

tr (E 3 )  BTOEC tr (E)tr (E 2 )  TOEC tr (E) 
3
3

WSE (E) 

 EFOEC tr (E)tr (E)3  FFOEC tr (E)  tr (E 2 )
2

4
 GFOEC tr (E 2 )  H FOEC tr (E)   O (E 5 )
2

.

(C-1)
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where, λSOEC and μSOEC are Lame’s constants, {ATOEC, BTOEC, CTOEC} are third order elastic
constants, {EFOEC, FFOEC, GFOEC, HFOEC} are fourth order elastic constants, and “tr( )” is the trace
operator. The second Piola Kirchhoff stress tensor TRR is the partial derivative of the strain energy
density function with respect to the elastic strain,

TRR (E) 

WSE (E)
E

(C-2)

,

which becomes

TRR (E)  SOEC tr (E)I  2SOEC E

(C-3)

 ATOEC E 2  BTOEC tr (E2 )I  2 BTOEC tr (E)E  CTOEC tr (E)  I
2

 EFOEC tr (E3 )I  3EFOEC tr (E)E 2  2 FFOEC tr ( E)tr (E2 )I

,

 2 FFOEC tr (E)  E  4GFOEC tr (E2 )E  4 H FOEC tr (E)  I
2

 O(E 4 )

3

.

The elastic strain tensor in the x- direction for uniaxial stretch and compression is given
by

 xx

E 0

0


0 0

0 0

0 0

(C-4)
,

after substitution into (C-3), the second Piola Kirchhoff stress tensor has the following components
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(C-5)

[TRR ]xx  (SOEC  2SOEC )xx  ( ATOEC  2 BTOEC  CTOEC )xx2

 ( EFOEC  FFOEC  GFOEC  H FOEC )4xx3

,

[TRR ]yy  [TRR ]zz  (SOEC )xx  ( BTOEC  CTOEC )xx2
 ( EFOEC  2 FFOEC  4 H FOEC )4xx3

,

and

[TRR ]xy  [TRR ]xz  [TRR ] yx  [TRR ] yz  [TRR ]zx  [TRR ]zy  (4 H FOEC )xx3

.

The second Piola-Kirchhoff stress tensor components [TRR ]xx and [TRR ] yy have subfunctions that
are linear with strain, with additional terms with squared and cubed functions of strain. The
coefficients with third order elastic constants (TOEC) for the subfunction (highlighted in solid blue
rectangle) with strain squared corresponds to an even function, while the coefficients with fourth
order elastic constants (FOEC) for the subfunction (highlighted in dashed purple rectangle) with
strain cubed corresponds to an odd function. The [TRR ]zz is equivalent to [TRR ] yy , while all other
stress components are equivalent to an expression dependent only on the fourth order elastic
constant H FOEC and strain cubed, hence is also an odd function.
The plot of the stress component [TRR ]xx , which is in the same direction as the applied
strain xx , for normal strain values of 0.001 m / m  xx  0.001 m / m , as a function of the
strain is given by Figure C- 2(a). Comparison of the total stress [TRR ]xx component, odd portion of

[TRR ]xx , and even portion of [TRR ]xx via Figure C- 2(a-c), reveals the linear stress [TRR ]xx -
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Figure C- 2 (a) Plot of stress [TRR ]xx component versus applied normal strain xx , while
separately shown are (b) only even terms and (c) only odd terms of stress [TRR ]xx component
versus strain.

strain xx is dominant and around ± 1e8 Pa at xx  0.001 m / m . The even portion of the stress

[TRR ]xx is around -1e6 Pa for xx  0.001 m / m and is a few orders of magnitude smaller than
the linear portion of [TRR ]xx , while the odd portion of [TRR ]xx is around 1e4 Pa for

xx  0.001 m / m and is a few orders of magnitude smaller than the even and linear portion of
the stress. Since, the even portion of the stress [TRR ]xx due to strain xx squared contributes towards
the second harmonic amplitude and the odd portion of the stress [TRR ]xx due to strain xx cubed
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contributes towards the third harmonic amplitude, this comparison agrees with the typically
observed trend of progressively smaller amplitudes for higher order components and demonstrate
the current HOEC relative mangitudes are reasonable.
For the sake of completeness, the nonlinear stress-strain response for simple shear can also
be considered. The elastic strain tensor for simple shear is

0

E   xy

0


xy
0
0

0

0

0

(C-6)
,

after substitution into (C-3), the second Piola Kirchhoff stress tensor has the following
components

(C-7)

[TRR ]xy  [TRR ] yx  2SOEC xy  8GFOEC xy3
[TRR ]xx  [TRR ] yy  [ ATOEC  2 BTOEC ]xy2
[TRR ]zz  [2 BTOEC ]xy2

[TRR ]xz  [TRR ] yz  [TRR ]zx  [TRR ]zy  0

.

The stress component [TRR ]xy is the sum of the linear function of the applied simple shear strain

xy , proportional to 2 times the shear modulus, and the expression with an odd function with strain
xy cubed that is only dependent on 8 times GFOEC . If the damage progression of interest does not
exhibit change in GFOEC , this would indicate the third harmonic of [TRR ]xy with bulk simple shear
would be insensitive to the damage. However, the normal stresses ( [TRR ]xx , [TRR ] yy , &[TRR ]zz ) are
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only comprised of even functions involving TOEC and strain xy squared. All other stress
components are equivalent to zero.
The plot of the shear stress component [TRR ]xy , corresponding to the applied simple shear
strain xy , for strain values of 0.001 m / m  xy  0.001 m / m , as a function of the strain is
given by Figure C- 3(a). The zoom in plots of stress [TRR ]xy and linear portion of [TRR ]xy near

xy  0.001 m / m and xy  0.001 m / m are shown in Figure C- 3(b-c). The expression for
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Figure C- 3 (a) Plot of stress [TRR ]xy component versus applied simple shear strain xy , in red.
The zoom in plots of stress [TRR ]xy and linear portion of [TRR ]xy near (b) xy  0.001 m / m
and (c) xy  0.001 m / m .
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Figure C- 4 Due to simple shear strain xy , the odd subfunction of stress component [TRR ]xy is
shown in magneta, and the zero-value even subfunction of the stress is shown in blue.

[TRR ]xy in Eq. (C-7), and comparison of Figure C- 3(a-c) and Figure C- 1 demonstrate [TRR ]xy is
the summation of a linear stress-strain response plus an odd function. The odd subfunction of stress
component [TRR ]xy is shown in magneta, and the zero-value even subfunction of the stress is shown
in blue within Figure C- 4. The comparison of the ODD[ [TRR ]xy ] and the total [TRR ]xy , reveal the
linear stress-strain response is near [TRR ]xy  5 e7 Pa for shear strain xy  0.001 m / m ,
while the odd subfunction of [TRR ]xy or expression with shear strain xy cubed is several orders of
magnitude smaller than the linear response with values around ± 2e3 Pa. Similar to the normal
strain case, the third harmonic amplitude is significantly smaller than the linear stress component
or primary amplitude. The relative magnitude of odd subfunction of [TRR ]xy with simple shear

xy  0.001 m / m was smaller than the the odd subfunction of [TRR ]xx with normal shear

xx  0.001 m / m , will depend on the HOEC.
The nonlinear stress strain response of a bulk hyperelastic isotropic material was
investigated for two different cases: (1) normal compression/stretch and (2) simple shear, and

251

confirmed the HOEC used provide reasonable relative magnitude between the expected higher
harmonics and linear stress-strain response. The resulting second and third order harmonics has a
more complicated relation with the higher order elastic constants for guided wave propagation,
damage progression, a medium with localized damage, etc. Further work must explore more
accurate means of higher order elastic constants (HOEC) via experimental measurements of single
crystals, polycrystals and evolution of these HOEC with progressive damage. Additional
investigations of these higher elastic constants and damage is a potential method for improved
mode selection.
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