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Abstract

Four general classes of statistics in hypothesis testing and corresponding measures
are those based on reproducing kernels or distances. Among the most popular
criteria for independence between two random vectors X and Y are the distance
covariance (dCov) and the Hilbert-Schmidt independence criterion (HSIC). Among
the most popular criteria for equal distributions of two random vectors X and Y
are the Maximum Mean Discrepancy (MMD) and an energy distance (eD) criterion.
Copula versions of these criteria are introduced. The estimators of the proposed
criteria belong in the class of rank transform statistics and share the important
property of being invariant under monotone transformations of each variable. The
asymptotic theory is established under alternative hypothesis for the first two
proposed statistics, and under null hypothesis for all the four proposed statistics, in
which general distributions are allowed by employing mid-ranks. Dealing with the
non-differentiability of the Euclidean norm, in combination with mid-ranks, presents
methodological and notation challenges which are dealt with by novel arguments.
Conservative tests, as well as linear time statistics for the first two proposed methods
are also developed. Simulation studies suggest superior performance of the proposed
statistics for certain classes of distributions.
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Chapter 1
Introduction and Literature Re-
view

1.1 Measures of Association

The measures of associations have been a major topic in the fields of statistics. In

this section, several typical measures of associations are introduced.

1.1.1 Pearson Correlation Coefficient

Pearson correlation coefficient is the simplest measure of association, which measures
the linear association between two random variables. For two random variables X

and Y, the Pearson correlation coefficient of X and Y is defined as

cov(X,Y)
var(X )var(Y') .

pPearson(X7 Y) = (11)

It is well-defined if both var(X) and var(Y’) are finite. The value of a Pear-
son correlation coefficient ppearson(X,Y) is always between -1 and 1, inclusively.
Ppearson (X, Y) = —1 or 1 implies that X and Y are totally positively or negatively
linearly correlated, in which case aX + bY = 0 with probability 1 for some a,b € R.
When ppearson (X, Y) = 0, X and Y are called uncorrelated, which means that X
and Y do not have linear association. A Pearson correlation coefficient is easy to
calculated, and it is invariant under non-degenerate linear transformations on X
and on Y. In general, Pearson correlation coefficient cannot be used as a criterion

of independence between two random variables, because two uncorrelated random
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variables are not necessarily independent. For example, X and Y are uncorrelated

but dependent in each of the following four cases:
1. X ~ Uniform(—1,1) and Y = X?.
2. X ~ Uniform(0, 47) and Y = cos(X).

3. (X,Y) is uniformly distributed on the edges of the unit square in a two-
dimensional space. To be specific, let Uy, Uy be two independent Uniform(0,
1) random variables, X = U1 I(Uy < 0.5) + I(Uy > 0.75) and Y = U1 I (U >
0.5) + I(Uy < 0.25).

4. (X,Y) is uniformly distributed on the unit circle in a two-dimensional space.
To be specific, let U be a Uniform(0, 1) random variable, X = cos(27U) and
Y =sin(27U).

The shape of the distributions in the above four cases are shown in Figure 1.1.

Case 1 Case 2
1.00- 1.0-

Case 3 Case 4
1.00- 1.0-

0.75- 05-

> 050~ > 00-

0.00 025 0.50 075 1.00 -1.0 -0.5 0.0 05 1.0
X X

Figure 1.1. The illustration of the distributions in four different cases. In each case,
the Pearson correlation coefficient of X and Y are 0, but X and Y are not independent.

Despite the fact that independent random variables may be uncorrelated, if the

joint distribution of the two random variables is a multivariate normal distribution,



Pearson correlation coefficient can be used as an independence criterion, because
in this case the two random variable are independent if and only if they are
uncorrelated. In this sense Pearson correlation coefficient is considered a parametric
approach for testing independence of two random variables.

Given i.i.d. observations (X1, Y1),...,(X,,Y,) from (X,Y), the Pearson corre-
lation coefficient can be estimated by the sample Pearson correlation coefficient,
which is defined as

A é\- bl
,OPearson(X7 Y) = X XAY )

where

R 1 & 5 =
i=1
It can be shown that Ppearson(X, Y') is a consistent estimator for ppearson(X, Y)) and

it is asymptotically normal.

1.1.2 Spearman’s Rank Correlation Coefficient

Spearman’s rank correlation coefficient (proposed in [24] and [25]) is one of the
most commonly used measure of association between two random variables. It
measures the proportion of the association between two random variables that can
be described by monotone functions. Given i.i.d. observations (X1, Y1), ..., (Xn, Yn)
from (X,Y), denote the rank statistics of X3,...,X,, by Rx,,..., Rx,, and the
rank statistics of Yi,...,Y,, by Ry,,..., Ry,. Then the sample Spearman’s rank

correlation coefficient is defined as

R ORx,Ry
pSpearman(X7 Y) N ~ 5
URX O_Ry

where

B 1. _ 1.
RXZ*ZRX” RY:*ZRYN
n;3 n;3



. 1 _ 1
U?%X = ﬁ Z(sz - RX)27 O-RY .

3

ZRY_RY )

G Ry, Ry = i;(Rx — Rx)(Ry, — Ry).

The sample Spearman’s rank correlation coefficient takes its extreme possible values
-1 or 1 if and only if the observations of one random variable is a perfect monotone
function of the observations of the other random variable with probability 1. In [16]
it was shown that under mild conditions, \/n[pspearman (X, Y) — E(Pspearman (X, Y))]
is asymptotically normal.

Nevertheless, Spearman’s rank correlation coefficient cannot be used as a criteria
of independence in general. For each case of the distribution of (X,Y") in Figure

1.1, it can be verified that E(pspearman(X,Y)) = 0.

1.1.3 RV coefficient

RV coefficient proposed in [6] is a measure of linear association between two random
vectors. For two random vectors X and Y, the RV coefficient of X and Y is defined

as
tr(ExvXvyx)

\/tl" EXX tr(zyy)

prv(X,Y) = (1.2)

where tr(+) is the trace function, and

The RV coefficient of X and Y is well-defined if all components of ¥xx and Yy are
finite. RV coefficient can be derived in the following sense. The linear association
between two random vectors X € R? and Y € R? can be expressed mathematically

by the following bivariate mapping:
Clinear : R? x R? = R, (a,b) — cov(a’X,b’Y) = a’ Lxyb.

Thus under the natural basis of R? and RP, the bivariate mapping Cliear can be

represented by the matrix Yxvy. The Hilbert-Schmidt norm of the matrix Xxv,



|2xv||ms, is zero if and only if the operator Ciear is a zero operator, if and only
if X and Y do not have linear association. Therefore, ||Zxvy||%¢ can be used as a
criterion for the linear association between two random vectors X and Y. Note
that

1Sxy |35 = tr(ExySyx)-

Thus the definition of RV coefficient in (1.2) is the “standardized” version of
| Clinear || 55- If X and Y are “standardized” such that tr(Xxx) = tr(Syy) = 1, the
RV coefficient of X and Y is essentially the sum of the eigenvalues of the matrix
Yxv2vyx. In this sense, RV coefficient can be considered a multivariate general-
ization of Pearson correlation coefficient because the latter is the “standardized”
version of the covariance. In fact, when X and Y are both random variables, the
RV coefficient defined in (1.2) is reduced to the square of the Pearson correlation
coefficient defined in (1.1).

Similar to Pearson correlation coefficient, RV coefficient cannot be used as a
criterion of independence because Yxy = 0 does not imply the independence of X
and Y, unless (X,Y) is normally distributed.

1.1.4 Canonical Correlation Coefficients

Canonical correlation analysis was first proposed by [17]. For any two random
vectors X and Y, canonical correlation analysis studies the Pearson correlation
ppearson(aTX, bTY) of any linear function of X and any linear function of Y.

Specifically, the first pair of canonical correlation vectors, (aj, by), is obtained by

solving
Y xvb
max Ppeasson(a” X, bTY) = —— = XY . (1.3)
\/aTZXXa . szyyb
The ith (i = 2,...,min{p,q}) pair of canonical correlation vectors (a;, b;) is

obtained by solving (1.3) under the constraints that a/ X is uncorrelated with aj X
for j =1,...,i— 1, and that b!'Y is uncorrelated with bjTY forj=1,...,1— 1.
The ith canonical correlation coefficients (i = 1,..., min{p, q}) is defined as the
maximum value obtained in solving the ¢th optimization problem above. To be

specific,

T
a; Yxyb;
T T i —XYDq
pcanonical,i = PPearson (ai X7 bz Y) = T T :
\/ai Exxai : bz Eyybi




It can be shown that the canonical correlation coefficients are the square root of the
first min{p, ¢} eigenvalues of the matrix Ei%QZXYEQ%(EYXE;(%2. This matrix is
reduced to Y xyXyx when the covariance matrices of X and of Y are both identity
matrices. It is the same matrix mentioned in Section 1.1.3. Unlike RV coefficient
that combines all eigenvalues into one scalar, canonical correlation analysis studies
the individual eigenvalues.

Similar to RV coefficient, canonical correlation coefficients cannot be used as a
criteria of independence because Yxy = 0 does not imply the independence of X
and Y, unless (X,Y) is normally distributed. In that case, peanonical1 is used as

the criterion of independence of X and Y.

1.2 Criteria of Independence

The question of independence between two variables, or two groups of variables,
arises frequently in such diverse areas as psychology, marketing, environmental
sciences, astronomy, “-omics” studies; concrete applications can be found in several
of the cited papers. All the coefficients introduced in Section 1.1 are widely used
for answering univariate and multidimensional association questions.

It is well known, however, that none of the aforementioned association measures
implies independence. [8] introduced the maximal correlation coefficient between

two random variables X, Y as

pu(X.Y) = sup Corr(f(X). g(¥).
where f, g range over all Borel functions with f(X) and g(Y') square integrable.
Clearly, pp(X,Y) = 0 if and only if X and Y are independent; moreover, [21]
showed that p, satisfies all of his axioms for nonparametric measures of dependence.
Except in some rare cases, however, the maximal correlation is difficult to calculate;
see [20] and references therein. [3] introduced the F-correlation as the maximal
correlation when f and g range over a vector space F of functions (f and g can

also range over different function spaces),

pr = sup Corr(f(X),g(Y))
f,9eF



and showed that if F is the reproducing kernel Hilbert space (RKHS) corresponding
to a Gaussian kernel on R, pr = 0 if and only if X and Y are independent; extension
of this result to higher dimensions is not discussed. An estimator of pr based on
RKHS techniques and regularization is presented and applied for implementing
kernel independent component analysis. [13] introduced the similar concept of

constrained covariance as

COCO(X,Y)= sup Cov(f(X),g(Y)),
f€F, ged

where F' and G are subspaces of function spaces F and G, and showed that if F and
G are RKHSs corresponding to universal kernels on compact domains, and F' and G
are the unit balls in the corresponding RKHSs, then COCO(X,Y) = 0 if and only
if the random vectors X and Y are independent. As [3] demonstrated, COCO can
be recast as a generalized eigenvalue problem which can be easily estimated using
RKHS methods; see also Lemma 1 in [13]. In particular, COCO can be estimated
without the use of regularization, and thus it is a more convenient statistic for
testing for independence.

[11] introduced the Hilbert-Schmidt independence criterion (HSIC) which is an
empirical estimate of the Hilbert-Schmidt norm of the cross-covariance operator
on RKHS with universal kernels. HSIC can be thought of as using the entire
spectrum of the cross-covariance operator whereas COCO uses only the largest
eigenvalue. Thus, HSIC characterizes the independence of two random vectors
under the same conditions that COCO does. The assumption of bounded support
can be eliminated with the use of characteristic kernels; see [26], [9] and references
therein. The bias and rates of convergence of the HSIC statistic are studied in [11],
and its asymptotic normality was derived in [12] both under the null and under the
alternative hypothesis.

Using a different approach to the problem of independence testing, [30] intro-
duced the distance covariance (dCov) as a measure of discrepancy between the joint
characteristic function of (X,Y) and the product of their marginal characteristic
functions for a specific weight function. The general (population version) form of

this statistic is

VX, Y;w) = /R loxx(s,1) = ox(s)ov (1) (s, t)dsd, (1.4)



where ¢x is the characteristic function of the p-dimensional vector X, ¢y is
the characteristic function of the ¢ dimensional vector Y, ¢xy is their joint
characteristic function, and w is a weight function. Not every choice of the weight
function leads to a measure of dependence. Moreover, empirical characteristic
functions may have large noise in the higher frequencies which could have a negative
effect on the estimate of V*(X,Y;w). [30] proposed the weight function

w(s, t) = [CoColltll, llsllg ™", (1.5)

where || - ||4 denotes the Euclidean norm for R¢, and Cy = 7#*9/2/T((1 + d)/2).
The discrepancy measure V?(X,Y;w) with the weight function in (1.5), which will
be denoted simply as V*(X,Y), is the definition of dCov. In their Theorem 3, [30]
show that under the assumption of finite first moments dCov characterizes the
independence of X and Y. The asymptotic null distribution of the empirical version
of dCov is also obtained there. [29] established the interesting and surprising result
that dCov equals the Brownian covariance of X and Y. A connection between
HSIC and dCov was established in [22] where it was shown that a generalized
version of dCov is a special case of HSIC for a particular choice of kernel.

HSIC and dCov are both criteria of dependence, while Pearson correlation
coefficient and Spearman’s rank correlation coefficient cannot only measure certain
types of dependence. To illustrate the differences between these four methods,
data are simulated from Case 4 in Figure 1.1, with different sample sizes. The
p-values from the four methods are listed in Table 1.1. It shows that neither
Pearson correlation coefficient nor Spearman’s rank correlation fails to measure
the dependence between the two random variables, while HSIC and dCov indeed

measure such dependence.

Table 1.1. P-values of testing for association in four different cases of distributions with
four different methods

Sample Size Pearson Spearman HSIC  dCov

25 0.8419 0.9136 0.2727  0.5994
20 0.9535 0.8498 0.0076 0.1278
75 0.9496 0.9420 0.0033 0.1178
100 0.9938 0.9494  0.0001 0.0814




1.3 Some Backgrounds of Kernel Methods

Kernel methods has become popular to use linear algorithm to analyze non-linear

problems. In this section, some backgrounds of kernel methods will be introduced.

1.3.1 Reproducing Kernel Hilbert Space (RKHS)

In this section, the reproducing kernel Hilbert space (RKHS) will be defined through

a positive definite kernel.

Definition 1.3.1. Let X be a non-empty set in RY. A symmetric function k :
X X X — R is called a positive definite kernel if

Z a,»ajk;(xz-,xj) Z 0

ij=1
foranyn eNanda; eR, x, € X fori=1...,n.
The examples of positive definite kernel include
1. Linear kernel: k(x,Xs) = (X1, X3) for x;,x, € R? where d € N.
2. Gaussian kernel: k(x1,x3) = 6_% for x;, x5 € R?% where 0 > 0, d € N.

3. k(x1,x2) = eX1%2) for x;,x, € R%, where d € N.

4. V. Vovk’s infinite polynomial kernel: k(x;,%3) = (1 — (x1,%2)) ¢ for x1,x2 €
X ={xeR?: |a(x,x)| < 1}, where a > 0 and d € N.

Given a positive definite kernel k£, an RKHS H can be constructed as follows. First

define a class of function on X as

Hy = {Za@-k(»xi) :n€N,aq; €R,x;, € X fori = ln}
=1

Define a dot product (-, )%, on H; as



for any n,n' €N, q; ER, x; € X, i=1,...,n,d; eR, x; € X, j=1,....n. It
can be verify that (-, )3, is well-defined, and is indeed a dot product. Thus H; is a
inner product space. Complete the space H; to obtain a Hilbert space H equipped
with an inner product (-,-). Then H is called an RKHS induced by the kernel k. In

this case, k is called a reproducing kernel of H because of the following reproducing

property
Vx € X k(x,-) e F, andVfeF, (f(-),kx,-)r=f(x)

In [2] it is shown that a Hilbert space H is a RKHS if and only if there exists
a unique positive definite kernel k : X x X — R such that Vx € X, k(x,-) € F,
and Vf € F, (f(-),k(x,-))r = f(x). This enables us to define a RKHS through
defining the reproducing kernel k. In practice, a positive definite kernel is easier to
construct than an RKHS in general.

As a special case of the reproducing property, if ¢, € F is defined as ¢x = k(-,x)
for any x € X,

<¢X17 ¢X2> = k'(Xl, X2)~

¢Ox : X — F is called feature map because of this property.

1.3.2 Universal Kernels

In some applications of kernel methods, an RKHS is constructed so that it is dense
in C(X), the space of all real-value continuous random variables. The reproducing
kernel of such RKHS is called universal kernels, as defined in [27].

Definition 1.3.2. A positive definite kernel k defined on a non-empty compact set
X C R? is called a universal kernel if the induced RKHS H satisfies the following
property: for any f € C(X) and € > 0, there exists g € H such that ||f — gl < €.

A RKHS induced by a universal kernel enables us to approximate any continuous
function on X by using an element in the RKHS. The Gaussian kernel is an example
of universal kernel on any compact subset of its domain; see [27] for additional

examples.

10



1.3.3 Mean Element and Cross-Covariance Operators

A continuous kernel induces a separable RKHS; see [18] or Theorem 7 in [14]. We
will only consider continuous kernels because separability implies the existence of a
countable orthonormal basis. Let u;,7 > 1 and v;, j > 1, be orthonormal bases for

F and G, respectively. A linear operator C': G — F for which

ICllas = | [2_(C(vy), w3, (1.6)

is finite is called a Hilbert-Schmidt operator. When finite, the expression in (1.6)
does not depend on the choice of orthonormal bases and is called the HS-norm.
The set of Hilbert-Schmidt operators is a separable Hilbert space with the HS-norm
being the corresponding norm.

Let X € X C RP? be a random vector, and F be a class of functions on X which
is an RKHS induced by a reproducing kernel k. Consider E[f(X)] as a functional
of f € F. It is a linear functional, so it may be expressed as the inner-product
with an element in F. The mean element of X on F is defined to be an element
u[X] in F such that

(X, flr=E[fX)], VY [felF.

Under the assumption that E[/k(X, X)] < oo, p[X] uniquely exists, with the

explicit expression (See Theorem 1 in [26])

Now also let Y € ) C R? be a random vector, and G be a class of functions
on Y which is an RKHS induced by a reproducing kernel [. The mean element of
Y on G is p[Y] = E[k(-,Y)]. Consider cov|[f(X),g(Y)] as a bivariate function of
(f,g9) € F x G. It is a bilinear function, so it may be expressed in a quadratic form.
The cross-covariance operator from G to F, Cxy : G — F is an linear operator

such that
(f,Cxyg)r =cov[f(X),9(Y)], VfeF, geg. (1.7)

Under the assumption that E[k(X,X)] < oo and E[I(Y,Y)] < oo, such an oper-

ator exists and is unique (see Theorem 1 in [7]); under some additional moment

11



requirements, see (3.1), Cxy is also a HS operator. If X =Y and F = G, Cxx
is called covariance operator. To give an explicit form of Cxy, define the tensor
operator f®g¢g:G — F forany f € F and g € G as

(f®g)(h) = fl{g,h)g, Yheg.

Define the feature maps ¢ = k(-,x) for any x € X and ¢, = [(-,y) for any y € ).

Then we have

cov[f(X),g(Y)] = E[f(X)g(Y)] - E[f(X)]E[g(Y)]

frox) 79 v )g] — {f, 1x) 7(9, bv)g
,Ox (v, 9)g) 7] — {f, nx(py, 9)g) 7
(0x ® Uy)g)F] = (f, (ux @ py)g)F

Elox ® y] — (kx @ py)} g) F-

Thus the explicit form of Cxy is

Cxy = Elpx @ Yy| — px ® py. (1.8)

1.4 V-statistics

All the criteria of association and independence can be estimated using samples,
and the corresponding statistics belong to a class of statistics called V-statistics.

This section will describe basic V-statistics results that will be used later.

1.4.1 Definition

Let z € Z C R? be a random vector, and Z, . .., Z, be independent replicates of Z.

A statistic V,, is called a V-statistic of degree c if it has the following representation

where ¢ € N and h : X — R. h is called the kernel of the V-statistics V,,. Any

V-statistic V,, can also be written as a V-statistic with a symmetric kernel. To be
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specific,

1 LCER
V= — Z MZi,,...,7Z;.),
e =1
where .
h(zy,... 2.) = O S h(ziy,- -, 24),
¢ (i1, ic)EIS
for any zy,...,2z. € Z, IS denotes the set of all permutations of {1,...,n} and (n).

denotes the number of elements in I¢. h is called symmetric because it is invariant

under any permutation of the ¢ arguments. By defining
T(G) = [ [hzn,....2) [[ dG(z;),
j=1
where G : Z9 — R, the expression in (1.4.1) can also be expressed as

vn:T(Fn):/.../ﬁ(zl,...,zc)f[lan(zj): S WZ.... Z0).

i1y yic=1

where F), is the empirical distribution function of Z.

In many cases, the expression
T(F> = / ’ ./;L(Zh te 7ZC) H dF(ZJ) = E[ﬁ(zlu .. '7Zic)]
j=1

is the parameter of interest when it is finite, where F' is the distribution function
of F', and the V-statistic T'(F,,) is an estimator for T'(F).

1.4.2 Asymptotic Distribution of 7'(F,)

Using the notations in Section 1.4.1, suppose that T'(F) is finite. Then

T(F,
/..
/..

Wz, ..., 2.)

ﬁlan@j) - H 0F(z;)

/ (
'/B(Zh e Ze) {ﬁl{[dF”(Zj) — dF(z;)] + dF(z;)} — f[ dF(Zj)}

J=1
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:k;(;)/.../ﬁ(zl,...,z){lill[dF( — dF(z)) lelsz’}
= ;;1 (;)/.../ﬁ(k)(zl,..., )]i[l[dF( i) — dF(z;)], (1.9)

fz(k)(zl, R ,Zk) = E[E(Zl, .. .,ZC)|Zl =Zi,..., Zk = Zk]. (110)

is the kth projection of the symmetric kernel A. Its existence is guaranteed by the fact
that T(F) is finite. By Lemma B in Section 6.3.2 in [23], if E{[A(Z:,, ..., Z:)]*} <

oo forall 1 <iq,....i.<m,

E{ /---/ﬁ(k)(zl,...,zk)

J
for k=1,...,c. Therefore, all terms in (1.9) for which & > 1 are Op(n™"'). Thus

— dF(zy)]

k

} =0(n™") (1.11)

1

T(F,) — T(F) = ¢ / RV (2,)[dF,(21) — dF(z))] + Op(nY)

=SS (@) - B @)} + Op(n?).

C
n =1

The asymptotic normality of T'(F},) follows from Central Limit Theorem. This

result is summarized in the following lemma.

Lemma 1.4.1. Let {Z;} be a sequence of random vectors in R? on the distribution

Fy. Consider the V-statistic of order c,

where h is symmetric. Let KV (zy) = E(MZi,, ..., %)
E{[n(Zs,,...,Z; )]} < oo forall1 <iy,... ic <m. Then

1 = 2z1). Assume that

_ S A0@) - BEO(2)]} 4+ 0pn ) |

i=1

Vi, — E(h(Zy, ..., Z.

Cc
7’L

and thus
ViV, — BE(WZy,...,Z.))] 2 N(0, Pvar(hV(Z))) .
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1.4.3 Asymptotic Distribution of T(F,) When h() =0

Suppose that A" = 0, which is usually called the first order degenerate case. From
(1.9) and (1.11),

T(E,) = T(F)
( ) [ jri[l — dF (z;)] + Op(n”*"?)
)/

:< 2

N(21,22) — WD (zy) — WD (z5) + E(h I T dFu(z;) + Op(n )

7j=1

)1 & - - - -
== 2 (A2, Z) =B (Za) — B (Ze) + B()] + Op(n ™)
-1)1
(CQ)nQ Z h(2 (Zlu le) + OP(nig/Q)'
11,2=1

Therefore, it suffices to analyze the asymptotic distribution of 25 3% . | ho(Z;,, Zs,),

which can be obtained by Lemma B in Section 6.4.1 in [23]. This leads us to the

follow lemma.

Lemma 1.4.2. Let {Z;} be a sequence of random vectors in R? on the distribution

Fy. Consider the V-statistic of order c,

where h is symmetric. Let h(k)(zl, cevzg) = FE(Zyy, ... i Ly =24, ..., Ly = zg)
for k = 1,2, Assume that AV = 0, E{[h(Z,...,Z;)]>} < oo for all 1 <
i1,.-.,0c < m. Denote by {p;} the eigenvalues of the operator A defined on
Ly(RY, Fz) by

(Ag)(z) = / ho(F:2,2)g(z)dFg(2)), z€R% g€ Lo(RE, Fy)
Then
- cle=1)1 & - _
Vam BBy, B)) = =515 3 W92, Z) + Op(n™%)
11,i2=

15



and thus -

=1

where {x3,} are independent x3 random variables.
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Chapter 2
Copula Version of dCov (Cd-
Cov)

2.1 Notations

The notations introduced in this section will be used for the rest of this dissertation.
For any random variable X, and independent replicates Xi,...,X,, let its
mid-cdf F'y and empirical mid-cdf F 'y be defined as
~ 12
Fi(@) + Fx(@)], Fx(@) =3 [I(X;<a)+I1(X;<z)] (21)

F =
x () on &

N | —

for any x € R, where Fy(z) = P(X < z) and Fy(z) = P(X < z).
For any random vector X = (X7, ..., X;), and independent replicates Xy, ..., X,,
let Fx and FX be defined as

A

FX(X) = (FX1(x1)7"'>FXd($d))a FX<X) = (FXl(x1)7""FXd(wd>) (2'2)

for any x = (x1,...,24) € R Moreover, if we define

- I(wyy < wey) + (w1 < way) Iwig < wag) + I(wig < waq)
IW1<W2): 2 gy 2

(2.3)
for any two vectors w; = (w1, ..., wig) € RY and wy = (way, . .., way) € RY, then
we have the representation Fx (x) = n''Y; Iy, (x).

For vectors w; = (w;1,...,w;q), ¢ > 1, and any m-dimensional multi-index
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B =(P1,-..,0m) € N", define wg to be the md-dimensional vector

Wﬁ = (ng, Ce 7W5m)' (24)

For example if m = 4, w1234y and w1 34) denote the 4d-dimensional vectors
(W1, Wa, W3, Wy) and (w1, Wy, W, Wy), respectively. For any two functions fi, fo
such that f; : RP xRP — R, fo : R?xR? — R, define the function hy, 4, : RA(Pt+a)
R by

hi 5,(Wa234)) = fi(ug, ug)[fa(vs, va) — 2fa(v1,vs) + fa(vi, va)), (2.5)

where w; = (u;,v;), i € {1,...,4}, with u; € R?, v; € R% Next, for any function
Gz : RPT? — RPT4 let Gx and Gy be the first p components and last ¢ components
of Gz, respectively, and define

fl(XhXZ;GX) = fl(GX(Xl)aGX(XZ))>
Ja(y1,y2; GY) = f2<GY(Y1)7GY(YQ))>
hfl,fz (Z(1,273,4); GZ) = hfl,f2 (GZ(Z1)> GZ<Z2>7 GZ(Z3)7 GZ(Z4))7 (26)

for any z; = (x;,y:),x; € R, y; € R7,i € Ny.
Consider the (p + ¢)-dimensional random vector Z = (X,Y), where X =
(Xq,...,X,) € XYand Y = (Y3,...,Y,) € V. Using the notation in (2.2), the

copula transformation of Z is
Fz(Z) = (Fx,(X1), ..., Fx,(Xp), Fyy(V1), ..., Fy, (Yy)) = (Fx(X), Fy(Y)).
Define
Y11.:(X. Y5 Gz) = B b, 1,(Z1,2.5.0: Gaz)) - (2.7)

From now on, let Z; = (X,,Y;), j = 1,...,n, be n independent copies of

Z = (X,Y). For simplicity, we will use the following notations in all that follows:

U, =Fx(X)), Vi=Fy(Y)), W,=(0U,V) (2.9)



U,; =Fx(X;) - Fx(X;), V;; =Fy(Y;) —Fy(Yj) (2.10)

U, = Fx(X)) - Fx(X;), Vi =Fy(Y:) - Fy(Y;). (2.11)

The V-statistic corresponding to the function defined in (2.7) is defined as

7f1 f2 (X Y GZ Z hf1 f2 i7j7q77‘); GZ) (2'12)

zyqr 1

We will now introduce some compact notation for writing the expression of the
multivariate Taylor expansion with Lagrange remainder given in [1]. Let f : R — R
have continuous Mth-order derivatives. For any w = (wy,...,wy) € RY an
m < M, and any m-dimensional multi-index a« = («, ..., a,,) € N7, where for

any d € N we denote Ny = {1,...,d}, define

|| ||
al =m, w® =][ws, D@f(w)= 0 f(w)
i=1

OWg, -+ - Oy,

Note that in the above notation, w(® = w,, for any a € Ny. Then,

Mll

f(wa)— Z > D +7 3 Dl —w) @

aeNm ! aeN]W

(2.13)

for some W in the line segment
Wi, wa] = {(1 = N)wy + Awy : A € [0,1]}

determined by wy, wy. The usefulness of (2.13) for our purposes can be seen by
applying it to expand hy, ;,(Zgjrs; Fz) = hf gy (Ziijrs); Fz); see the notation in
(2.6). Assuming that hy, j, is Mth-order continuously differentiable on [0, 1]*®+%)
then for any ¢, 7,7, s € N,

hf17f2 (W(l JiT,S) ) - hf1 f2 (W(i j,r,S))

M—-1
o 1
=N (M 1) Z Z Z D(a)hfth (W(ivjvrrs))
tl ..... t1\471:1 m=1 ' aENZEp-Fq)
m (exe)
H |:Iz(tc teyteste) (Z(i,j,r,s)) o W(i,j,r,s)]
c=1
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1 N - 5
+ M Z D( )hf1,f2 (W(i»j»rvs)) |:W(i7j7T’s) - W(i7j7T7s)

: M
a€N4(p+q)

(2.14)

See Lemma A.1.1 for a detailed derivation of this equality, but for now note that
the first term on the right hand side of (2.14) is a V-statistics of order M — 1, and
that the summation over the observations results from the empirical distribution
functions involved in the definition (2.9) of W,. Using the form of the Taylor
expansion in (2.13) is critical for bringing out the summation over the observations
and the formation of the V-statistic.

Finally, for a vector w = (wy,...,wg) € R |w| = max{|wi],...,|wq|}, for
a vector valued function G, ||G|le = supy, |Gz(W)|s, 1" will denote the set of

all m-permutations (i1, . ..,4%,) of the numbers 1,...,n, and (n),, will denote the

number of such permutations..

2.2 Copula dCov Criterion and Test Statistics

Let d, and d, be the Euclidean distance in R” and RY, respectively. To be specific,
dp(ul,ug) = \ul — UQ’p, dq(Vl,Vg) = ’Vl — V2’q s (215)

where |-|4 is the Euclidean norm in R%.

If fi, fa, and Gz in (2.7) are replaced by d, and d,, and Fz, respectively,
Ya,.d,(X,Y;Fz) is the dCov discrepancy measure V?(Fx(X),Fy(Y)) defined in
(1.4) with the weight function in (1.5).

The copula dCov independence criterion (CdCov) states that

Yapdy( X, Y;Fz) =0 «—= X 1Y. (2.16)

The equivalence in (2.16) follows the following lemma.

Lemma 2.2.1. For any random variable X with F' = Fx as defined in (2.1), the
equality F~Y(F(X)) = X holds with probability one, where F~1(s) = inf{x : F(z) >
s}, for any s € [0,1].

Proof. Since F7'(F (X)) < X always holds, we will show that P({F'}(F(X)) <
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X})=0. Let A={z:3% <z st. F(z)= F(x)}, and notice that
(XecA={w:FIT < X(w) st. F(T)=F(Xw))}={w: FYF(X(w)) < X(w)}

Thus it suffices to show that P(X € A) = 0. This will follow by showing first
that the image of A under F'; A = F(A), is countable, expressing the set A as
A =Ujen En, where Ey\ = {z € A: F(z) = A}, and showing that P(X € E,) =0
for all A € A. For any A € A, there exists € A such that F(x) = \. Because
x € A, there exists & < x such that F(Z) = A. Thus the open interval (z,z) C E)
because F' is non-decreasing, which implies that E consists of at least one rational
number. Since F)’s are disjoint, A is countable. Next, to show that P(X € E)) = 0,
for any A € A, note that F, is an interval because F' is non-decreasing. Since the
value of F'is constant on the interval F,, it can be shown that P(X € E,) =0

regardless of whether F), is open, closed or half-open. n

Replacing f1, fo, and Gz in (2.12) by d,, d,, and F'z, respectively, leads to the
proposed CdCov test statistic

Aapdy (X, Y; Fz) = 7;14 . Z 1hdp,dq(z(i,j,r,s);FZ)- (2.17)
R

In order to compute the observed value of the test statistic, the mid-rank of
all the observations for each component of X and Y can be used. Suppose that
Wy, ..., W, are n observations from a random variable W, and Fy be defined as
in (2.1). Let W, ..., WZE be the mid-ranks of Wy, ..., W,, by assigning each set of
tied observations the average of the ranks. Then FW(WZ) can be expressed by a

linear function of W,

. W2 1
Fy (W) = —

- — 2.18
n 2n ( )
Denote X; = (X;1,...,X;p) and Y; = (Yi1,...,Y;,) for i =1,... n. The steps of

the algorithm to compute the CdCov test statistic is as follows.

1. For each j =1,...,p, let ij,...,Xﬁj be the mid-ranks of X ;,..., X, ;.

I XE 1 .
Let X, = — - forit=1,...,n.
)] n 2n

2. Foreach j =1,...,q, let Y,® YE be the mid-ranks of Yij,..., Y. Let

17j".‘7 n?]

YR
F _ Y4 _ 1 -
Yi;=—-t—5 fori=1,...,n
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3. For each i =1,...,n, write XI" = (Xfl, . ,Xfp).

4. For each i =1,...,n, write Y/ = (Yf;, . ,YZZ)

5. Construct the distance matrix A = (dp(X]", XJ'))ij=1,...n for X7{, ...
6. Construct the distance matrix B = (dy(Y[, YF))sj=1...n for Y{,...

7. Define H=1,, — 1n1;€, where I,, is the n-dimensional identity matrix, and 1,

is the n-dimensional vector with all components being 1. Then
- 1
Ya,.d,( X, Y; Fz) = —tr(HAHB) (2.19)
n

This algorithm costs O(n?).
A permutation approach can be used to construct a test for independence
between X and Y. To be specific, a few more steps will be added after the above

algorithm as follows.

8. Set the number of permutations N (for example, N = 1000)
9. Forr=1,...,N,

(a) Generate a random permutation (s1,...,s,) of 1,...,n.

(b) Apply the above permutation to both columns and rows of B to obtain
B,. To be specific, denote B = (b;); j=1,..n. Then B, = (bs,s, )i j=1,..n-

(¢) Compute
1
Ay = ﬁtr(HAHBr) (2.20)

10. The estimated p-value is the proportion of 4,...,4x that is less than
Yipay (X, Y Fg).

14 ;
p-value = — > I < Aaypa, (X, Y; Fg))
r=1

These three steps cost O(Nn?).
The copula version of a linear-time version of the above test statistic is introduced

in Section 2.5, which reduces the cost of the algorithm.
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2.3 Asymptotic Theory for the CdCov Test Statistic

The asymptotic theory of 44, 4,(X,Y; f‘z), defined in (2.17), depends on whether
X 1L Y or not. The result for the dependent case are given in Theorem 2.3.1, while

the independent case is treated in Theorem 2.3.2.
With hy, 1,(21,2,34); Gz) as defined in (2.6), (2.5), set

~ 1
b 5 (Z(1,2,34); Gz) = i > hy (2 inisin); Gz),s

B 1,(2:Gz) = E |hy, ,(Z12s.); Gz)| 2y = 7] (2.21)
Next, let
Bijrs = i min {|Ua1a2|p , |Va1a2|q} >0}, (2.22)
a1<ag

where U, 4y, Va,a, are defined in (2.10), and define

@ 7 (o)
Naydy(Lijrsy) = Z D¢ )hdp,dq (Wijirs)) [fz(t’t’m(z(i,jms)) — W(m“)} Bire»
a€N4(p+q)
i 1 i
ndpvdq(z(17273v4>5)) = g Z ndp7dq(Z(il,iQ,ig,i4,i5))7
' (1 5eees i5)€]55
~(1 ~
nz(ip),dq (z) = E [Udp,dq(z(1,2,3,4,5))|z1 = Z} . (2.23)

Note that 74, 4, is the kernel of the V-statistics obtained in the Taylor expansion in
(2.14) for M = 2, with an indicator random variable applied to avoid non-differential

points.

Theorem 2.3.1. Assume that vq,q,(X,Y;Fz) # 0. Then, under no further

assumptions,
. - 5~ -
Yay.d, X, Y Fz) — 44, 4,(X, Y; Fz) = EZ" 1, (Zi) + op(n~'?) (2.24)

where g, 4,(X, Y;Fgz) is defined by replacing fi, fo, and Gz in (2.12) with d,, d,,
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and Fyz, respectively, and ﬁc(li),dq defined in (2.23). Moreover,
vn {%p,dq (X,Y;¥2) — 4,0, (X, Y; FZ)} B N(0,03 4 (2.25)

where Uﬁp,dq = Var [45512%(2;]5‘2) + 577((12%(2)}, with ﬁ&?’dq defined by replacing
f1, fo with dy, dg in (2.21).

We remark that Theorem 2.3.1 continues to hold also under vg, 4,(X, Y;Fz) = 0,
. . 7 (1) . ~(1) .
in which case hy 4 (Z;Fz) and 7}, °, (Z) are both zero; see Lemma A.1.4.
Consider now the independent case, so v4,.4,(X, Y;Fz) = 0, and set

gdpvdq<z(i,]'%57t17t2))
1 (@) - (a0)
- 2‘ Z D hdp’dq Z ] ™ S H |:IZ(tC testeste) Z(Z -7 r S)) W(i,j,'r,s)j| [BijT‘s7
a€N4(p+q) c=1
(2.26)

where Bjj, is defined in (2.22). Note that 1q,.q,(Zjrst)) + Cpidy (Zijirsitr t2))
where 7, 4, is defined in (2.23), is the kernel of the V-statistics obtained in the
Taylor expansion in (2.14) for M = 3, with an indicator random variable applied
to avoid non-differential points. With hy, (21 ,2,34); Gz) as defined in (2.6), (2.5),
define

Cdp,dq,Total(Z(i,j,r,s,tl,tg)) = hdp,dq(z(i,j,r,s); FZ) + ndp,dq(z(i,j,r,s,t1)> + Cdp,dq(Z(i,j,r,s,tl,tg))7

(2.27)
. 1
Cdy dg,Total(Z1,....6)) = 6l S Capdgrota(Z... i) (2.28)
" (i1yeesy i6)€lg
Cdp dy Total(Z1) = E(laya,rota(Za,.6) |21 = 71), (2.29)
gd%dq,Toml(Zh Zo) = E(Edp,dq,Total(Z(l ..... o)1 = 21,2y = 2,). (2.30)

Theorem 2.3.2. Assume that vq,q,(X,Y;Fz) = 0. Then, under no further

assumptions,

apdy (X, Y Fz) = 3 Z Cdp dg.rotat(Zis Zj) + op(n™"). (2.31)

i,7=1
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Moreover, if {u;} denote the eigenvalues of the operator A defined on Ly(RPTY) Py)
by

(A0)(2) = [~ 1587 (.2 )02 )APA(E), 7 € B, g € Lo(R, Py),
(2.32)
then

A

My, (X, Y5 F2) 557 ix; (2.33)

I

=1

where {x%,} are independent x? random variables.

2.4 Conservative Test with the CdCov Test Statistic

This section presents a result in the spirit of Theorem 6 of [30]. Set fsum = Yooy i

and
A 1 n R R n R R
flsum = 7 Y d(Fx (X)), Fx(X;)) > dy(Fy(Ys), Fy(Y;)) (2.34)
i,j=1 t,j=1

Theorem 2.4.1. If X 1LY, with no additional assumptions,

Ya,.4, (X, Y; F
nf}/dp,dqg ) b Z) g T (235)

,usum

where T = Y22, 3. and has mean E(T) = 1.

=1 Hsum

By similar arguments as in Theorem 6 of [30], a conservative test with significance
level a € (0,0.215] can be constructed in which the independence of X and Y is

rejected when

ﬂ%p,dq (Xa Y; Fz)

,usum

> [0 (1 - a/2)] s

where ® is the cdf of the standard normal distribution. This conservative test
has asymptotic significant level at most «, and it costs much less time than the

permutation approach. However, it can be quite conservative for some distributions.
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2.5 Copula Version of Linear-Time Statistics

This section presents another estimator for vq, 4,(X,Y;Fz) for which the compu-
tation time will be much shorter.
Suppose that n = 4m, m € N. The copula versions of the linear-time statistic

for estimating vy, 4,(X, Y; Fz) is defined as

Ay dg tinear (X, Y Fy) = m Zhdp,dq (4i—3,4i—2,4i—1,4i); Fz). (2.36)

As shown in the proof of Theorem 3.2.1,

A

%I,,dq,lmear(x Y;Fz) — 4,4, 1inear (X, Y; Fz)

= E Z [ dp,d i—3,4i—2,4i—1,41) ; FZ) - hdp,dq(Z(4i73,4i72,4i71,4i); Fz)}
1=
1 12
-1
=—) - Z ndp,dq(Z(4i—3,4i—2,4¢—1,4z‘,s)) +Op(n™7)
m<’n
=1 s=1
1 m 1 m 4
_ -1
= > i DD Ndpdy (Zaios gi-2.4i140(-1)+r) + Op(n™)
i=1 j=1r=1
1 m
—1
=3 Z Ndy,dytinear (L(ai—3,4i—2,4i—1,4i,4j—3,4j—2,45—1,45)) + Op(n™"),
1,j=
where
1 4
Nd,,d ,linear(z 41—3,41—2,4i—1,41,45—-3,45—2,45—-1 4] n Nd 7d 41 3,4i—2,41—1,44,4(j—1)+r )
pHr%q 4 pHr%q
Therefore,
Sapagtinear (Y F2) = 3 3 Gyt B s niag-5-2a5-189) + Opln ™)
dp,dg,linear Z 2 dp,dg,linear \ H(4i—3,4i—2,4i—1,4i,45—3,4j—2,45—1,45) P 5
1,j=1
where

Cdp,dq,lmear (Z(4i73,4i72,4i71,4i,4j73,4j72,4j71,4j))

. -1
= hdp,dq(Z(4i73,4172,4i71,4i)7 Fz) + ndp,dq,linear(Z(4@'73,41‘72,47;71,4i,4j73,4j72,4j71,4]')) + Op(n™).
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Thus if we define

Cdp,dq,lmear (Z(41'—3,41‘—2,41’—1,4i,4j—3,4j—2,4j—1,4j))
1

=3 [Cdp,dq,lmear(Z(4z’—3,4i—2,4i—1,4i,4j—3,4j—2,4j—1,4j))

+Cd,,,dq,lmear(Z(4j—3,4j—2,4j—1,4j,4i—3,4i—2,4z‘—1,4z‘))} )

and
Eéi?dq,linear(Z(1,...,4)) =F [5dp,dq,linear(Z(I,A..,B))‘Z(l,...,4)} ,
then we obtain the asymptotic distribution of 44, 4, tinear (X, Y f*‘z),
Vn [’Ade,dq,zmear(X,Y; F2) = Ya,.4,(X. Y Fz)} A N(0, Ot doincar) 1
where

2 _ ~(1)
Udp,dq,linear = var (Cdp,dq,linear(Z(1:-~~74))) .

This version of estimator 44, 4, tinear (X, Y; Fz) is “linear" in the sense that the
computation cost is O(n) given the ranks of the observations. With a ranking
method that costs O(nlogn), a permutation test using 44, 4, tincar (X, Y; f‘z) costs

O(Nn + nlogn) where N is the number of permutations.

2.A Appendix: Proofs of Theorems

2.A.1 Proof of Theorem 2.3.1

Let 6, = n~'/*, define

Aijrs = al,aglg{iir,lj,r,s} min {|Ua1a2|pu Ualaz p’ |Va1a2|qa Va1a2 q} > 571 ) (237)
a1<az
and write
Ay = Ag,.4,(X, Y Fz) — Adydy (X, Y5 Fz) = Ayy + Ry, (2.38)
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where

1 & .

Ay = 3 Z [hdp,dq(z(i,j,r,s); Fz)— hdp,dq(z(i,j,r,s); Fz)} Laij, s
2,7,r,8=1
1 n N
Ry = — Y, [hdp,dq(z(i,j,r,s);FZ> — haya,(Zijrs); Fz)} Lag . (2.39)
%,9,r,8=1

Using Lemma A.1.3 it can be shown that Ry = 0,(n~%/2). See Section A.2.1 for
details. Thus,

Ay = Ay + OP(n_l/Q). (2.40)

Next, using the Taylor expansion in (2.14) for M = 2, we write

Ay = Ays + Rs,
where
1 n o - (@)

Afyg = n5 Z Z D( )hdpvdq (W(i,j,T,S)) |:[Z(t,t,i,t) (Z(iv‘jﬂ‘)s)) - W(i,j,T,S):| [Azj'rs

i,j =1 a€N4(p+q)
_ Lol D@h, , (W W WYL (24
Ry = i Z 5 > dpdy (W ijirs)) [ (irjirss) — (i,j,r,s)} Aijre (2:41)

wira=1 % aei,.,

for some W(i,j,r,s) € Wiijrs), VAV(Z‘,]-,T,S)]. Using Lemma A.1.2 it can be shown that
R3 = op(n~'/?). See Section A.2.2 for details. Thus,

Ay = Ayg + op(n?). (2.42)
Finally, write
1 n
Avyz = e > Napd,(Zijrst)) — Ra, (2.43)
%,7,7,8,t=1

where, 74, 4, is defined in (2.23) and

1

" N - (@)
R4 = E Z Z D( )hdp7dq (W(i,j,T‘,S)) |:]Z(t,t,t,t) (Z(i7j7T,S)) - W(i,j,r,s)} (]Bij'rs -

i,j,T,S,til OAEN4(p+q)

where B;j, is defined in (2.22). It can be shown that R, = op(n~1/?); see Section
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A.2.2 for details. Thus,

1 n
A’YE} = E Z /’7dP7dq(Z(i’j’T757t)) + 0P<n_1/2) (245)

%,7,7,8,t=1

Combining (2.45), (2.42), (2.40) and (2.38) we have

N ~ N 1 " B
'de,dq(X,Y;FZ) — Ydy,dg (X,Y;Fz) = = Z Udp,dq(z(i,j,r,s,t)) +op(n 1/2) '

%,7,r,8,t=1
(2.46)
By Lemma A.1.5,
. 4
Ydpdy (X, Y Fz) —74,4,(X, Y Fz) = Ez d,(Zi;Fz) + Op(n~ b, (247)
=1
while by a similar V-statistics result we have
5 Z Udp,dq(z(z’,j,ns,t)) == an,, dq<Zi) +Op(n™). (2.48)
n= i irst=1 ni4

Relations (2.46) and (2.48) imply that (2.24) holds. Relations (2.46), (2.47) and
(2.48) yield
1 n

" [4R), (2 Fz) + 50, (Z:)] + op(n2)

=1

Adpdy (X, Y Fz) — 7a,.4,(X,Y; Fz) =

3 \

and thus (2.25) follows by the CLT.

2.A.2 Proof of Theorem 2.3.2

Let A;;rs be as defined in (2.37) , but now set d,, = n~Y8. Moreover, let Avy; be as
defined in (2.38), and write it again as Avy; = Avy + Ry, where A7y and Ry are as
given in (2.39). Using the independence assumption and Lemma A.1.3 it can be
shown that Ry = op(n~1). See Section A.3.1 for a detailed derivation. Thus,

Ay = Ay +op(nh). (2.49)
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Using the Taylor expansion in (2.14) for M = 3, we write
Avy = Az + Rs,

where now A~ and R3 are defined by

(R |
A’YS = E Z Z | Z D(a)hdpvdq (W(i7j77"73)) ’
1,4,m85t1,te=1m=1 """ €Nl 1g)
()
H [ Zitctetete) Z(i,j,r,s)) o W(i’j’r’s)} ]Aijrs
LA |
Ry = — > 6 > Dha,a,(Wijins)
”r =1 a€N4(p+q)
(a)
{W(Ljﬂ”ys W(z 7,7 s)} ]Aijrs

for some W(i7j7r,s) € [Wijre)s VAV(i’jyr,s)]. It can be shown that R3 = op(n

Section A.3.2 for details. Thus,
Ay = Ays+op(n').

Finally, write

Avyzy = Ayy — Ry,
where
Lo ! (@) 3
A’74 - 6 Z Z | Z D hdpvdq <W(1J 7"5)) H
n %,7,7,8,t1,t2=1 m=1 m: acN™ c=1

- )
[IZ(tC7tCat61tC) (Z(i,jﬂ“,s)> - W(i,j,7’7s):|

Ry = Ay — Ay,
where Bjj,s is defined in (2.22). In Section A.3.3 it is shown that

R4 == Op(n_1> .
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Combining the above results, we have
Ay = Avyy 4 op(n™Y?) = Avys + op(nY?) = Ay, + op(n1/?)
which means that
A dy X, Y5 F2) — Ag a0, (X, Y Fz) = Ayy + op(n™1?). (2.57)

Thus by the definition of A, in (2.54), and recalling the definition of 44, 4, (X, Y; Fz)
given in Theorem 2.3.1, relation (2.57) yields

. ~ 1 < -1

,de»dq (X7 Y; FZ) = E Z gd,hdq,Total(Z(i,j,r,s,tl,tQ)) + OP(n )

%,7,7,8,t1,t2=1
1 n ~ B
= Z Cayodg,Total(Liijrs o ta)) + 0P(N 1), (2.58)

,J,7,8,t1,t2=1

where (g, 4, Tota is defined in (2.27), and 5’dp7dq’Toml is defined in (2.28). Let gtc(li?meoml
and ng?dqjml be defined in (2.29) and (2.30), respectively. In Lemma A.1.4 it is
shown that éc(lzl,?dq,Total = 0 so that, by Lemma 1.4.2,

n n

1 ~ 15 ~(2 _
E Z CdpadanOtal(Z(i,jﬂ”,&h,m)) - m Z Cu(lp?meotal(Zim Ziz) + OP(n 3/2) .

1,7,7,8,t1,ta=1 11,i2=1
(2.59)
Relations (2.58) and (2.59) yield (2.31). By a generalization of Theorem B in

Section 6.4.1 in [23] to vector valued observations, we have

15 &y 9 D =
n- ﬁ Z Ca(lp?dq,Total(ZiN Zi2) — Z NiX%z’ . (260)
i1,i2=1 =1

Then (2.33) follows from (2.31) and (2.60).

2.A.3 Proof of Theorems 2.4.1

Proof of Theorem 2.4.1. By Theorem 2.3.2 and Slutsky’s Theorem, it suffices to
show that, under X 1LY, flsum — fisum. From Page 1087 in [5], it follows that the
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eigenvalues {y;} obtained from (2.32) satisfy
.- (2
i = B (1500 ronal 2 2)] (2.61)
i=1

where fc(li?meoml is defined in (2.30). Thus, by the consistency of V-statistics and

the definition of figy, in (2.34), flsum Ei fhsum Will follow by showing that, under
X 1Y,

B (150324, rora(Z: B)| = Bldy(Ur, Ua) | E[dy(V1, V). (2.62)

To show (2.62), start by re-expressing ffli?dq,Toml(z, z) as

~(2
Cc(lp?dquotal(Z7Z) = E 5 Z .dedq,Total(Z(il """ i6))

S i 0eI®
(315, 16)616

Zi1 =7, Zi2 = Z] (263)

Next, from the definition of (4, 4, 7ot in (2.27), and considering the definition of

Cdp.d, 0 (2.26), we can write

6
Cdp,dg, Total = Z Cdpodg,j » (2.64)
j=1

where (g, 4,1 and (g, 4,2 correspond to the first order partial derivatives in (2.26),
Cdp,dg,3) Gdp,dg,a a0d (g, 4,5 correspond to second order partial derivatives in (2.26),
and (g, 4,6 corresponds to hg, 4 ; see Section A.4.1 for the exact expressions of
Cdp,dq,ja j - ]-7 s 75'
From (2.63) and (2.64) we have
=(2) _ 1 5
Cdp,dq,Total (z,2) = Z ) Z

j=1 (6) (il,ig)elg
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In Section A.4.1 it is shown that the first five terms in (2.65) are zero, i.e., that

S E

(i1,i2)€l?

Zh:Z,ZQ:Z] :0, jzl,,5 (266)

Moreover, in Section A.4.2 it is shown that the last term in (2.65) is

(61) Z E\Ciydp6(Za, ..., Zg)

2 (il,ig)elg

Zil =7, Zig = Z]
1
= 15l

'{dq

(0, u) = 2E]dy(u, Uy)] + E[d,(Uy, Us) ]}
(v, v) = 2E[dy(v, V1)] + E[dy(V1, V2)]} (2.67)

Hence from (2.65) and (2.66), we have
15 rora(2,2) = {dy(u,u) — 2E[d,(u, Uy)] + E[d,(Uy, Uy)]}
Ady(v,v) = 2B[dy(v, V)] + Eldy(V1, V2)]}

from which (2.62) is easily seen to follow under X 1l Y. Finally E(T") = 1 follows

trivially. O

33



Chapter 3
Copula Version of HSIC (CHSIC)

3.1 Copula Version of HSIC (CHSIC)

Let Cxy be the cross-covariance operator defined in (1.7). Clearly, Cxy depends on
the spaces F and G, and it contains information of covariances between f(X) and
g(Y) for any f € F and g € G. In particular, if Cxy = 0, all these covariances are
zero. Equivalently, ||Cxyl||zs = 0 implies that these covariances are zero. However,
|Cxvy || s = 0 does not necessarily imply independence. Assume now that X and Y
are compact. In [11] it is shown that if F is dense in the space Cy(X) of continuous
functions on X' in the sup-norm metric, and similarly G is dense in C,()), then
|Cxy|| = 0 characterizes the independence of X and Y. This is followed by the
assumption that the kernel k is universal. From now on we will assume that the
kernels k and [ are universal kernels. [11] define the Hilbert-Schmidt Independence

Criterion (HSIC) as the squared HS-norm of the associated cross-covariance operator

OXY:
HSIC = ||Cxy s
and, using the explicit form of Cxy given in (1.8), they show that

ICxyllirs = Exxy,y kX, X)(Y, Y]+ Exx/[k(X,X)] By y[I(Y,Y')]
2By v [Ex (X, X)| By (Y, Y]], (3.1)

where (X', Y’) is an independent copy of (X,Y). In particular, the finiteness of

the above integrals implies that the HS-norm of C'xy exists.
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If f1, fo, and Gz in (2.7) are replaced by k and [, and Fz, respectively,
Ye1(X, Y;Fz) is the HSIC (3.1) for the vectors Fx(X), Fy(Y).
The copula HS independence criterion (CHSIC) states

’}/kJ(X,Y; Fz) =0 < X1Y. (32)

The equivalence in (3.2) follows Lemma 2.2.1.
Replacing fi, f2, and Gz in (2.12) by universal kernels k, [, and F'z, respectively,
leads to the proposed CHSIC test statistic
N - I -
1 (X, Y;Fz) = v} > hj(Zjas); Fz). (3.3)
©,4,r,s=1
In order to compute the observed value of the test statistic, the mid-rank of all
the observations for each component of X and Y can be used as in 2.18. Denote
X, =(Xi1,...,Xip) and Y, = (Y1,...,Y;,) fori = 1,...,n. The steps of the
algorithm to compute the CHSIC test statistic is as follows.

1. For each j = 1,...,p, let ij,...,Xﬁj be the mid-ranks of X ;,..., X, ;.

I Xk 1 .
Let X, = — - fori=1,...,n.
5] n 2n

2. Foreach j =1,...,q, let Y,® Y2 be the mid-ranks of Yij,...,Yn;. Let

17]”...’ n?]
YR

F__ Yy 1
Y;J— n 2n

fori=1,...,n.
3. For each i = 1,...,n, write X]" = (X[},..., X])).

4. For each i = 1,...,n, write Y] = (Y/,...,Y}}).

T g
-----

77777

7. Define H=1,, — 1n1£, where I,, is the n-dimensional identity matrix, and 1,,

is the n-dimensional vector with all components being 1. Then
R . 1
’Vdp,dq (X, Y, Fz) = —2tr(HKHL) (34)
n

This algorithm is very similar to the algorithm to compute the CdCov test statistic.
It costs O(n?).
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A permutation approach can be used to construct a test for independence
between X and Y. To be specific, a few more steps will be added after the above

algorithm as follows.

8. Set the number of permutations N (for example, N = 1000)
9. Forr=1,...,N,

(a) Generate a random permutation (si,...,s,) of 1,... n.
(b) Apply the above permutation to both columns and rows of L to obtain
L,. To be specific, denote L = (I;;); j=1,.n. Then L, = (Iss,)ij=1,.n-
(c) Compute
5 = ;tr(HKHLT) (3.5)

10. The estimated p-value is the proportion of #q,...,4y that is less than
%,z(X,Y;ﬁ‘z)-

n

1 R A ~
p-value = - S I(Ak(X,Y;Fz) < 4r)

r=1

These three steps cost O(Nn?).
The copula version of a linear-time version of the above test statistic iss intro-

duced in Section 2.5, which reduces the cost of the algorithm.

8. Set the number of permutations N (for example, N = 1000)
9. Forr=1,..., N,

(a) Generate a random permutation (si,...,s,) of 1,...,n.
(b) Apply the above permutation to both columns and rows of B to obtain
B,. To be specific, denote B = (b;);,j1,..n. Then B, = (bs,s, )i j=1,..n-
(¢) Compute
A = nlztr(HAHBT) (3.6)

(d) The estimated p-value is the proportion of 41, ..., 4y that is less than
%p,dq (X7 Y; 1A?z)

A -
p-value = N S I3 < Aaya,(X,Y;Fz))

r=1
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These two steps cost O(Nn?).
The copula version of a linear-time version of the above test statistics are

introduced in Section 2.5, which reduce the cost of the algorithm.

3.2 Asymptotic Theory for the CHSIC Test Statistic

The asymptotic theory of 44 (X, Y F2), defined in (3.3), is given in Theorem 3.2.1
for the dependent case, and in Theorem 3.2.2 for the independent case.

Consider first the dependent case and define

. - ()
Mt Zigrsn) = 0 DOha(Wageo) Tz, Zigrs) = Wegrs]

€Ny (p1q)

ﬁk,l(z(1,2,3,4,5)> = g Z ﬁk,l(z(il,iz,i37i47i5));
1 (2) = B i Z, = 3.7
ey (2) = i (Z1,2,345)) |21 = 2| . (3.7)

Thus, 7, is the kernel of the V-statistic obtained in (2.14) for M = 2.

Theorem 3.2.1. Suppose that all second-order partial derivatives of k and | exist
on (0,1)% and (0,1)%, respectively, and they are all bounded by M. Then

S A@Z) + O, (38)

=1

« A~ 5
Vel (X, Y Fz) — 40X, Y Fg) = =

where 4 1(X, Y Fyz) is defined by replacing fi, fo, and Gz in (2.12) by k,l, and
Fz, respectively, and ﬁ,(il) is defined in (3.7). Moreover,

Vi {ai(X, Y5 Fz) — 11X, Y Fz) | 5 N(0,08,) (3.9)

where o}, ; = var [4%,(6171)(Z; Fz)+ 577,(5[)(Z)}, with iz,(:l) defined by replacing fi, fo with
k.l in (2.21).

Consider now the independence case, so v ;(X,Y;Fz) = 0, and set

[\

1 (ac)
Ck,l(z(i,jﬁ‘,s,tl,tg)) = 5 Z D( hkl 7‘ .7 T s H |: Z(t(‘ testeste) Z(i’j1r75)> - W(i,j,r,s)

! —1
aEN4(p+q) &
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Thus, M,1(Zjrst) + Coi(Zjrsi ), Where ng; is defined in (3.7), is the kernel
of the V-statistic obtained in the Taylor expansion in (2.14) for M = 3. With
Ry 1,(2(1,2,3,4); Gz) as defined in (2.6), (2.5), define

Corotal (L jrsiite)) = Mei(Zjrs)y; Fz) + Mei(Zjrst)) + Coi(Ziijrsi 43)10)

~ 1
Ck,l,Total(Z(l ,,,,, 6)) = g Z Ck,l,Total(Z(il ,,,,, i6)>7 (311>
: (’il ..... ig)EIg
glg}l),Total(Zl) = E(é:k,l,Total(Z(l ~~~~~ 6))|Z1 = Zl) (312)
51.(33),T0ta1(z1,z2) = E(fh,l,Total(Zu ..... o)y = 21,2y = 25). (3.13)

Theorem 3.2.2. Suppose that all third-order partial derivatives of k and [ exist on
(0,1)%P and (0,1)29, respectively, and they are all bounded by Mz. Then, if X 1LY,

1

(X, Y Fy) = "

> 5]2,2l),Total(Zia Z;)+ Op(n~3?) . (3.14)

ij=1

Moreover, if {\;} are the eigenvalues of the operator A defined on Lo(RPT1 Pg) by

(A9)(2) = [ 15 rualn, )92 )P (), 2 € RP*T, g € Lo(RP*, Py) (3.15)

—0o0

we have
oo

(X, Y; Fz) A > oNixG (3.16)

=1

where {x%,} are independent x? random variables.

3.3 Conservative Test with the CHSIC Statistic

This section presents a result in the spirit of Theorem 6 of [30]. Set Agum = Yooy As

and

3,j=1

-{iil(FY(Yi%ﬁy(Yi)) - 732 Enj l(FY(Yi),FY(Yj))}. (3.17)

ij=1

Theorem 3.3.1. Suppose that all assumptions in Theorem 3.2.2 are satisfied. If
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X 1LY, then

(X, Y F
ank,l(A Y ) Z) 2> T (318)

)\sum

where T = Y52, 22, and has mean E(T) = 1.

=1 )\Sum

By similar arguments as in Theorem 6 of [30], a conservative test with significance
level a € (0,0.215] can be constructed in which the independence of X and Y is

rejected when

Y (X, Y F
n’}/k’,l(/\ 5 ) Z) Z {(P_l(l _a/2)}2

>\sum
where ® is the cdf of the standard normal distribution. This conservative test
has asymptotic significant level at most a, and it costs much less time than the

permutation approach. However, it can be quite conservative for some distributions.

3.4 Copula Versions of Linear-Time Statistic

This section presents another estimator for v (X, Y; Fz) for which the computation
time will be much shorter.
Suppose that n = 4m, m € N. Similar to Section 2.5, the copula versions of the

linear-time statistic for estimating v;;(X,Y; Fz) is defined as
. - 1 & -
Vk,z,zmear(X, Y; FZ) = E Z hk,l(Z(4i—3,4i—2,4i—1,4i); Fz)' (3-19)
i—1

By the same arguments as in Section 2.5, it can be shown that

vn [%J,lmear(X, Y;Fz) — (X, Y; Fz)}

is asymptotic normal.

This version of estimator i jinear (X, Y f‘z) is “linear" in the sense that the
computation cost is O(n) given the ranks of the observations. With a ranking
method that costs O(nlogn), a permutation test using i s sinear (X, Y; ﬁ‘z) costs

O(Nn + nlogn) where N is the number of permutations.
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3.5 Simulation Studies

In this section, the performance of the four methods CdCov, CHSIC, dCov and

HSIC are evaluated and compared.

3.5.1 Simulation 1

In Simulation 1, the significance levels of the four methods are studied. The setting

is as follows:

e p=26,q=4. All 10 components of Z = (X,Y) are i.i.d. with one of the

following 4 distributions:

standard normal, standard exponential, standard lognormal and ¢s.
o The sample size n equals one of the following:

25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 100, 125, 150, 175, 200.

o For each combination of the above parameters, the simulation is repeated
2000 times.

o The Gaussian kernels are used. The permutation approach is used to compute

the p-values. The number of permutation is N = 1000.
e The null hypothesis is rejected when the computed p-value is less than 0.05.

The results are summarized in Figure 3.1. Given the distribution of Z and the
sample size, the value of each dot in the figure is the proportion of simulations in
which the null hypothesis that X and Y are independent is rejected, which estimate

the significant level of the test. As expected, all these values are close to 0.05 .

3.5.2 Simulation 2

In Simulation 2, the powers of the four methods are studied. The setting is as

follows:

e p=6,¢g=4. Let Z=(X,Y) = Z/?W. W is a 10-dimensional random

vector whose components are i.i.d. with one of the following 4 distributions:
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Normal, rho=0 Exponential, rho=0

0.20- 0.20-
T 015- method T 015- method
2 cdcov 2 cdcov
3 3
£ 0.10- —cHsIC 2 g10- —— CHSIC
£ --dcov 2 —&- dcov
c =4
=] ~ % & A P o A " e
w 005- AR HSIC 2 0.05- A Al oty HSIC
0.00- 0.00-
50 100 150 200 50 100 150 200
n n
LogNormal, rho=0 t2, rho=0
0.20- 0.20-
T 0.15- method T 015- method
% cdcov % cdcov
o o
5 0.10- —— CHSIC € 0.10- —— CHSIC
L -“-dcov £ - dcov
c c
=] 5 5 < k= e s
‘» 0.05- 5&“&@5@;‘*%#}3?’\%7‘5% HSIC % 0.05- Ayl gLy HsIC

0.00- 0.00-
50 100 150 200 50 100 150 200
n n

Figure 3.1. Summarized results in Simulation 1

standard normal, standard exponential, standard lognormal and %s.

3 is a 10 x 10 matrix with diagonal elements being 1 and off-diagonal elements

being p, where p equals one of the following:

0.05, 0.1 .

o The sample size n equals one of the following:

25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 100, 125, 150, 175, 200.

o For each combination of the above parameters, the simulation is repeated
2000 times.

o The Gaussian kernels are used. The permutation approach is used to compute

the p-values. The number of permutation is N = 1000.
e The null hypothesis is rejected when the computed p-value is less than 0.05.

The results are summarized in Figure 3.2 and Figure 3.3. Given the distribution
of Z and the sample size, the value of each dot in the figure is the proportion of

simulations in which the null hypothesis that X and Y are independent is rejected,
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Figure 3.2. Summarized results in Simulation 2 (Part 1)

Normal, rho=0.1

1.00-

0.00-
5‘0 160
n

LogNormal, rho=0.1
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1.00-
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Figure 3.3. Summarized results in Simulation 2 (Part 2)
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which estimate the power of the test. As expected, the powers increase as n
increases. In the case of normal distribution, the performance of different methods
are similar. In the other cases, the powers of CdCov and CHSIC are much higher
than dCov and HSIC.

3.5.3 Simulation 3

In Simulation 3, the effect of the choice of the kernels on CHSIC is studied. The

setting is as follows:
e p=6,¢g=4. Let Z=(X,Y) = ZY/2W. W is a 10-dimensional vector whose
components are i.i.d. standard exponential distribution.
3 is a 10 x 10 matrix with diagonal elements being 1 and off-diagonal elements

being p = 0.05 .

o The sample size n equals one of the following:

10, 20, 40, 80, 160, 320.

o For each combination of the above parameters, the simulation is repeated
1000 times.

e One of the following kernels is used:

kernels 2, 3 and 4 in Section 1.3.1

e The permutation approach is used to compute the p-values. The number of

permutation is N = 1000.
e The null hypothesis is rejected when the computed p-value is less than 0.05.

The results are summarized in Figure 3.4. The value of each dot in the figure
is the proportion of simulations in which the null hypothesis that X and Y are
independent is rejected, which estimates the power of the test. In these results, the

choice of kernels does not have significant effect on the power of the test.
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Figure 3.4. Summarized results in Simulation 3
3.A Appendix: Proof of Theorems
3.A.1 Proof of Theorem 3.2.1
Using the Taylor expansion in (2.14) for M = 2, write
(X, Y Fz) — (X, Y; Fg) = Avyy + Ry, (3.20)
where
1 " o - (a)
Ay = — Y S DR (Wijirs) [fz(tlﬁtlytlm(Z(i,j,r,s)) - W(i,j,r,s)} ;
n i,3,m,8,t1=1 a€Ny (4 ¢)
1 &1 () ~ 4 ()
RQ = —4 Z 5 Z D hk,l<w(i,j,r,s)) [W(i,j,r,s) - W(i,j,r,s)] (321)
n 2,7,r,8=1 aeNi(p+q)

for some W, j o) € [Wiijirsy, Wil Since for any |a = 2, | Dy ()] < C,

for some finite constant C' that depends on the bounds of k, [ as well as the bounds
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of their first and second order derivatives,

n

~ . 1 .
| R < — Z > D™y (Wiijms)| - Iz — Fzll2, < 5[4(19 +q))’C||Fz — Fz|)2,

s=1 7 aeN?

N)\»—t

4(p+q)

which is Op(n~1). Thus
Aki(X, Y Fz) = 0(X, Y5 Fz) = Ay, + Op(nh). (3.22)

By Lemma A.1.5,

4 n
> b (Zi;Fg) + Op(n7Y). (3.23)

=1

A1(X, Y Fz) — 7, (X, Y Fgz) =

3 \

By the definition of Av; and a similar V-statistics result,

1 n 5 B
Avp=— > i(Zijrsp) = = ZW;&1 ) +Op(n™1). (3.24)
N irst=1 n;3

Relations (3.22) and (3.24) imply that (3.8) holds. Relations (3.22), (3.23) and
(3.24) yield

1 n

> [4hi) (2 Fz) + 5ig (Z:)] + Op(n)

=1

(X, Y Fg) — (X, Y Fp) =

3 \

and thus (3.9) follows by the CLT.

3.A.2 Proof of Theorem 3.2.2

Using the Taylor expansion in (2.14) for M = 3, the difference Ay, = 44 (X, Y; Fz)—
.1(X,Y; Fz) can be written as

Ay = Ayy + Ro, (3.25)
where
1 n 2 1
A’Yzz—6 Z 7'. Z D hkl(W(ZJTS)
" igrstite=1m=1""" aeng
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m

= (o)
’ H [Iz(tc,tc,tc,tc) (Z(i,j,r,s)) - W(i,j7T,S):|
c=1
1 n 1 (Ot) =~ = (a)
Ry=— 3. 6 > Dhy(Wisirg) (Wi = Weijns] (3.26)
4,4,r,s=1 aeNi(p+q)

for some W(i,j,r,s) € [W(W,S),W(Ws |. Since |D o‘)hkl(W Gjrs))| < Mg for any
|a| =3,
1 = 1 (a) X I 3
[Rol < 5 > 6 Y DN (Wijrs)l - [Fz — Fall%

'i,j,T,S:l a€N4(p+q)

< CpyMs||Fz — Fg|%, = Op(n~*/?)
which means that
(X, Y;Fz) — 91X, Y; Fz) = Ay + Op(n=3/?) (3.27)

Thus by the definition of Ay, in (3.26), and recalling the definition of 44 (X, Y;Fz)
given in Theorem 3.2.1,

) A 1 .

(X, Y3 Fz) = e Yo Gurota(Zigrsin) + Op(n™*?)

©,4,7,8,t1,t2=1
1 n ~
= 6 Z Ck,l,Total(Z(i,j,r,s,tl,tg))+OP(n_3/2) (328)

’i7j7T,S,t1 7t2:1

where (g 1otar is defined in (3.10), and CNdpdq’Toml is defined in (3.11). Let é,g}l{Toml
and f,ii%Toml be defined in (3.12) and (3.13), respectively. In Lemma A.1.4 it is
shown that Ctli,ll),Total = 0 so that, by Lemma 1.4.2,

1 " n
—-3/2
nb Z leTotal(Z(l,J,r,s,tl tz) 6 Z <leotal Zi,,Z;,) + Op(n /)-
iajzrvsvtlth 1 Zl 12=1

(3.29)
Relations (3.28) and (3.29) yield (3.14). By a generalization of Theorem B in

Section 6.4.1 in [23] to random vector observations, we have

Z ]‘5Cd ,dg Total 117 Z X%z (330)

11 i2=1
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Then (2.33) follows from (3.14) and (3.30).

3.A.3 Proof of Theorem 3.3.1

The proof of Theorem 3.3.1 proceeds by similar arguments as of 2.4.1 and is omitted.
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Chapter 4
Copula Version of Criteria in
Two-Sample Problem

4.1 Introduction

In this chapter, we suppose that X = ), the two random vectors are defined on the
same domain, and X and Y are independent. In the two-sample problem, our goal
is to test whether X and Y have the same distribution. The e-distance criterion
and maximum mean discrepancy are two criteria for two-sample problem, which
will be introduced in this section after the introduction of some notations.

For any functions f such that f : R? x R? — R, define the function g; : R* —
R by

gf(uh Uy, vi,va) = f(ug, up) + f(vi,va) — 2f(uy, vi) (4.1)
where u;, v; € RP, ¢ = 1,2. Next, for any function G : R? — RP, define

95 (X1, X2, ¥1,¥2; G) = 94 (G(x1), G(x2), G(y1), G(y2))
= f(G(x1), G(x2)) + f(G(y1), G(y1)) — 2f(G(x1), G(y1))

for any z; = (x;,y:),X;,y: € RP,i = 1,2. Define
XY G) = Elg (X, XY, Y G (4.2)

where (X', Y’) is an independent copy of (X,Y).
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The maximum mean discrepancy (MMD) criterion was introduced by [10].
Suppose that £ is a universal kernel on X'. Then the MMD of X and Y can bes
defined by using the notation in (4.2) as

&(X,Y;id) = Elk(X, X")] 4+ E[k(Y,Y")] = 2E[k(X,Y)] (4.3)

assuming that all expectations are finite, where (X', Y’) is an independent copy of
(X,Y). In [10] it is shown that & (X,Y;id) is always non-negative, and

(X, Y;id) =0 <= XZ2Y. (4.4)

The e-distance (energy distance) criterion was introduced by [28] and [4]. Sup-
pose that X and Y have finite first moments. Then the e-distance of X and Y can
be defined by using the notation in (4.2) as

64, (X, Y5id) = 2B[d,(X,Y)] - Eld,(X,X")] ~ E[d,(Y.Y)]  (45)

where (X', Y’) is an independent copy of (X,Y). In [4] it is shown that —&g, (X, Y;id)

is always non-negative, and

&, (X, Y;id) =0 «—= XZ2Y. (4.6)

4.2 Copula Copula MMD (CMMD) and E-Distance
Criterion (CeD)

Lemma 2.2.1 can be generalized to the following lemma.

Lemma 4.2.1. Let X be a random wvariable with cdf Fx, H : R — R be a
bounded non-decreasing function, and G : R — [0,1] be a function such that
G=(1—-\Fx+AH for some X € (0,1). Then G™Y(G(X)) = X with probability
1, where G(s) = inf{z : G(z) > s}.

For any A € (0,1), define G, = (1 — A\)Fx + AFy. Then by Lemma 4.2.1, the

following two statements are equivalent.
D D
G\(X)=G,yY) —= X=Y. (4.7)
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The copula MMD criterion (CMMD) states that

GX,Y;Gy) =0 — XZ2Y. (4.8)
The copula e-distance criterion (CeD) states that

—&(X,Y;G)) =0 = XZ2Y (4.9)

From now on, let X;,7 =1,...,m, be m independent copies of X, and Y}, j =
1,...,n, be n independent copies of Y. The generalized V-statistic corresponding
to the function defined in (4.2) is defined as

N 1 m n

XY G) = s > D (XX Y, Y G) (4.10)
i,7=1r,s=1

Under the null hypothesis, Gy, = Fx = Fy for any A € (0,1). Denote this

common function by F. Typically, F is estimated by the pooled empirical function

F = mLML]?‘X + Fy, which is a weighted average of the two empirical functions
from X;,i=1,...,mand Y;,j =1,...,n, respectively.

Replacing f and G in (4.10) by a universal kernel k and F, respectively, leads
to the proposed CMMD test statistic

1 .
EXYF) = = Y gu(X, X, Y, Y B). (4.11)

1,j=1

Replacing f and G in (4.10) by d, and f‘, respectively, leads to the proposed
CeD test statistic

A N 1 2 .
_fdp(X, Y7 F) = _ﬁ Z gdp(Xi7Xj7YT7Ys;F>7 (412>
ij=1
In order to compute the observed value of the CMMD test statistic, the pooled
mid-rank of all the observations for each component of X and Y can be used as in
(2.18). Denote X; = (Xi1,...,X;p) fori=1,... mand Y; = (Y4,...,Y},) for
7 =1,...,n. The steps of the algorithm to compute the CMMD test statistic is as

Y

follows.

1. For each r = 1,...,p, let XF XE YE Y% be the mid-ranks of

Ly 2mry* 1y Tnr

20



XR
LT 1 -
min i) fori=1,...,m and

Fo__
Xigy ooy Xors Yigy ooy Yopo Lot XE =

YR
F _ 7,7 1
)/ji/r -

m+n 2(m+n)

forj=1,...,n.
2. For each i = 1,...,m, write Xf:(Xfl,...,X»F).
3. Foreach j=1,...,n, Writer:(Y;ﬁ,... YE).

4. Construct three kernel matrices:

,,,,,

which are combined to a (m + n) x (m + n) pooled kernel matrices:

K K
K= % %X (4.13)
Kxy Kyvy

5. Let kxx be the average of all elements in Kxx, kxy be the average of all

elements in Kxy, and kyvvy be the average of all elements in Kyy. Then

This algorithm costs O((m + n)?).
A permutation approach can be used to construct a test for independence
between X and Y. To be specific, a few more steps will be added after the above

algorithm as follows.
5. Set the number of permutations N (for example, N = 1000)
6. Forr=1,..., N,

(a) Generate a random permutation (si, ..., Smin) of 1,...,m 4 n.

(b) Apply the above permutation to both columns and rows of K to ob-
tain K,. To be specific, denote K = (ki;)ij=1. . .m+n- Then K, =

o1



(Ks;s;)ij=1,..m+n- Decompose K, into four matrices as

K, K,
K, — | XX XY (4.15)
KT,YX KT,YY

where vK, xx, K; xv, K; yx and K, yy are m x m, m x n, n x m and

n X n matrices, respectively.

(c) Let l_cﬁxx be the average of all elements in K, xx, I;:T,XY be the average
of all elements in K, xy, and /;;nyy be the average of all elements in

K, yy. Compute
Ar = krxx + kryy — 2knxy - (4.16)

7. The estimated p-value is the proportion of 4q,...,4x that is less than

1 X . -
p—value = N Z I(;)\/r < £k(X7 Y7 F))

r=1

These three steps cost O(N(m + n)?).
The steps of the algorithm to compute the CeD test statistic and conduct the

permutation test are almost the same as CMMD test statistic with k replaced by
d,.

4.3 Asymptotic Theory for the CMMD Test Statistic
and CeD Test Statistic

In this section, the asymptotic results for the CMMD test statistic and CeD test
statistic under the null hypothesis are given in Theorem 4.3.1 and 4.3.2.

For simplicity, let U; = F(X;) for i = 1,...,m, and let V; = F(Y;) for
7 =1,...,n. The first theorem is about the CMMD test statistic, in which a

universal kernel £ is used. Define

¢k,1 (Xza Xja Xt1 ) Yr7 Ys)
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= Z D(a)gk(Ui7Uj7VT7VS>(_Etithvth)th)(XhXj7Y7‘7Y5) - (Ui7Uj7VT’VS))(a) ’

a€N4p

(4.17)

wk,l,Total(Xia Xja th ) Yr: Ys) = wk,l(Xi: Xja th ) YT‘? Ys) + gk<Xl7 Xj7 Yra Ys; F) )
(4.18)

N 1
¢k71,Total(X17 X27 X37 Y17 YQ) = 6 Z Z 77Z}I<:,1,Total()(i1 y XZ'27 Xiga le ) YJQ) )

(i1,i2,i3) €13 (j1,42)€12

(4.19)
Dh ot (%) = B [ rora (X1, Xo, X5, Y1, Yo) Xy = x|, (4.20)

and
ot ) = B [P o (X1, Xo, X5, Y1, Yo) Y = y] . (421)

Theorem 4.3.1. Suppose that all second-order partial derivatives of k exist on
(0,1)%, all bounded by M,, and that m,n — oo in such a way that i W
A€ (0,1). Then, if X2,

(m+n)"2 [&(X, Y F) - &(X, Y F)| 3 N(0,07) (4.22)
where

7(0,1 7(0,1 7(1,0
Ulz = Ovar [ l(c,l,%otal(X)} + 12cov [wl(e,l,%otal (X)7 l(c,l,%otal(X)}

M+ (1=A)? -
BESS { l(ii(,)%otaz(x)}

The second theorem is about the CeD test statistic, in which the Euclidean

distance d,, is used. Let Cj,, be defined as

Cijrs = {min {|U; = Uy|, [V, = Vo[, [U; = V.|, (4.23)
Ui = Vi, [U; = V.|, [U; = V| } > 0}, (4.24)
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Define

wdp,l(XhXjJXthraYs)
= Y D@g, (U, U;,V,,V,) (4.25)

a€N4p

(Txs, %0, %0 x0) (X, X5, YY) — (U, U, VL, V) @ (4.26)

ijrs 7

¢dp,1,T0tal<Xi7 X]? Xt1 ’ YTJ Ys) - 1/)dp,1 (Xla Xj? th ) YT7 Ys) + gdp (X”L’ X]7 Y'I“? YS) F) )
(4.27)

~ 1
Q/Jdp,l,Total(Xl’ X27 X37 Y17 Y2) = 6 Z Z wdp,l,Total<Xi1 ) Xiza Xisv le ) Yj2> )

(i1,i2,i3) €IS (j1.2)€12

(4.28)
QLc(li’g),Total(X) =F [lz)dp,l,Toml (X4, X5, X3, Y1, Y9)|X; = X} ; (4.29)

and
O3 rotat(¥) = B [ rota (X1, Xa, X, Y1, Y5) Y1 = ] (4.30)

Theorem 4.3.2. Suppose that m,n — oo in such a way that " — X\, A € (0,1).
Then, if X 2,

(m + n)_1/2 {édp (X7 Ya F) - gdp (Xv Y7 F)] 2> N(07 0-21)5)
where

~(0,1 ~(0,1 ~(1,0
0-21; = 9var [@Z)c(lp,l),Total(Xﬂ + 12cov [¢c(ip,1),Total (X)7 Qpép,l?Total(X)]

N (1-N? -
= [ e (X))

o4



4.4 Simulation Studies

In this section, the performance of the four methods CMMD, Ced, MMD and eD

are evaluated and compared.

4.4.1 Simulation 4

In Simulation 4, the significance levels of the four methods are studied. The setting

is as follows:

e p=2>5. Let X = SV2W, and Y = £V2W,. W, and W5, are 5-dimensional
independent random vectors whose components are i.i.d. with one of the

following 4 distributions:
standard normal, standard exponential, standard lognormal and 5.
3 is a b x b matrix with diagonal elements being 1 and off-diagonal elements
being 0.1.
o The sample size m for X equals one of the following;:
25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 100.
The sample size for Y is n = 2m.

e For each combination of the above parameters, the simulation is repeated
1000 times.

o The Gaussian kernels are used. The permutation approach is used to compute

the p-values. The number of permutation is N = 1000.
e The null hypothesis is rejected when the computed p-value is less than 0.05.

The results are summarized in Figure 4.1. Given the distributions of X and Y, and
the sample size, the value of each dot in the figure is the proportion of simulations
in which the null hypothesis that X and Y have the same distribution is rejected,
which estimate the significant level of the test. As expected, all these values are
close to 0.05 .
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Figure 4.1. Summarized results in Simulation 4

4.4.2 Simulation 5

In Simulation 5, the powers of the four methods are studied. The setting is as

follows:

e p=5. Let X = E}/le and Y = E;/QWZ. W, and W; are independent

5-dimensional random vectors whose components are i.i.d. with one of the

following 4 distributions:

method
CeD

—— CMMD

—4—eD

MMD

method
CeD

—— CMMD

—4-eD

MMD

standard normal, standard exponential, standard lognormal and 5.

31 and X, are both 5 x 5 matrices with diagonal elements being 1 and

off-diagonal elements being 0.1 (for ;) and p (for Xy), respectively, where p

equals one of the following:

0.5,0.9.

o The sample size m for X equals one of the following:

25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 100.

The sample size for Y is n = 2m.
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o For each combination of the above parameters, the simulation is repeated

1000 times.

o The Gaussian kernels are used. The permutation approach is used to compute

the p-values. The number of permutation is N = 1000.

o The null hypothesis is rejected when the computed p-value is less than 0.05.
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n

Figure 4.2. Summarized results in Simulation 5 (Part 1)

method 0.75-

40
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Exponential, rho=0.5

80
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N

X

40
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n
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method
CeD

—— CMMD

—-4-eD

MMD

method
CeD

—— CMMD

—-4-eD

MMD

The results are summarized in Figure 4.2 and Figure 4.3. Given the distributions

of X and Y, and the sample size, the value of each dot in the figure is the proportion

of simulations in which the null hypothesis that X and Y have the same distribution

is rejected, which estimates the power of the test. As expected, the powers increase

as n increases. In all the cases, the powers of CMMD and MMD are much higher
than CeD and eD. Among CMMD and MMD, the power of the former is higher
than the latter. Among CeD and eD, the power of the former is higher than the

latter.

57



Normal, rho=0.9 Exponential, rho=0.9

1.00- Vi ol BB 100- _—tgpts
0.75- method 0.75- method

. CeD _ CeD

[} [

£ 0.50- —~—CMMD = 050- —~— CMMD

(=]

o —4- eD o - eD
0.25- MMD 0.25- MMD
0.00- 0.00-

40 60 80 100 40 60 80 100
n
LogNormal, rho=0.9 t2, rho=0.9
100- gtpott—a—8—a—6—2 1.00- A g b &
0.75- method 0.75- method
CeD = CeD
[}

£ 050- ~~ CMMD 2 050- —~— CMMD

o

=] - eD o - eD
0.25- MMD 0.25- MMD
0.00- 0.00-

40 60 80 100 40 60 80 100

Figure 4.3. Summarized results in Simulation 5 (Part 2)

4.A Appendix: Proof of Theorems

4.A.1 Proof of Theorem 4.3.1

For simplicity, let U; = F(XZ) fori =1,...,m, and let vj = F(Yj) forj=1,...,n.
Notice that for any x € RP,
. m . n o - m 1 I - n 1&-=

F(x) = F F = ;
(x) m+n X(X)+m+n v(x) m+nm = m+nni—

Therefore, by similar derivation as in (2.14),

gk(X’L7X]aY7’7YS7F) - gk(XlaxijT)Y&F)
= Z D(a)gk(Uiyijvravs)((ﬂiaﬂﬁvravs) - (Ui7Uj>Vr7Vs))(a)

a€N4p

1 O A~ A A oA
+5 2 DU, 0,V V(UL U5,V Vo) = (U3, U, VL V) )

2
a€N4p

o8



_om iz 3> D@g (U, U, V,, V)

m+nm /=) =

’ (‘[_Eth Xig , Xitq,Xtq) (Xiv va Y., YS) - (Ui7 Uj7 V., VS)>(Q)

n_ LSS P (U, U, VL)

m+nn ta=1 €Ny,
¥y Yoy Yoy v (X, X5, YY) — (U, Uy, V,, V)

~ A

1 N A A A
+2 Y D@y (0,0, V,, V)((0,0,,V,,V,) - (U, U;,V,, V)@

2
a€N4p

m 1 &
= —_ Z wk,l(Ui7Uj7Ut17VT7VS> +

m+mnm /=)

+ Tl(Uia Uj7 Vra Vsa F) )

n 1<
ﬁ Z 7pk,?(Ui’U]'7\/-7‘7\/‘<37U152>

m-+n o1

where 1 is defined in (4.17), and

1/Jk,2(Ui7Uj7V7“7VSth2)
= Z D(a)gk(Uianvvr’vvs)(_EYtngtz:Ytsztg)(XivXj’YT7Y8) - (U,-,Uj,Vr,Vs))(a) )

OleN4p
(4.31)

Tl(UiaUﬁV’l‘vvs;F)
1 SO N A A A
=5 > DWe(U:,U;, V., V(UL U;, V., Vo) = (U, U, Ve, Vi)

2
a€N4p

(4.32)

Because for any |a| = 2, [Dhy(-)]|lc < C, for some finite constant C' that

depends on the bounds of k as well as the bounds of their first and second order

derivatives, we have

! Z Z Tl(Ui7Uj7V7‘7V8;F)

212
mn 3,j=1rs=1

1 m n 1 o _ _ _ 5 R
=32 25 2 D' ge(U;, U, V,, V)| - [F = F3,

ij=175=17 qenz

IN

IN

1 .
S (P CIF - FIZ,
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Hence

G(X,Y;F) — &(X, Y F)
m 1 m n
= Z Z ¢k,1(Xi7Xj7Xt17Yr7Ys)

312
m+nmon t,j,t1=1r,s=1

Z Z 1/Jk’,2(Xi7XjaYTastYt2) +OP<(m+n)_1) :

i,j=11r,5,to=1

n 1

m + nm?2n3

On the other hand, by analyzing the conditionals expectation of each term given
X, X;,Y,, Y, it can be shown that

E[&(X,Y;F)| = E[6(X, Y F)|[+0p((m+n) ") = &(X, Y F)+0p((m+n) )

(4.33)
Hence
m 1

- Z Z [wk,l(Xi7Xj7Xt17Y'r7Ys) +gk(Xz7X]7YT7YS7F)]

392
m+mnmen 1,7,t1=1r,s=1

n 1 m n
Z Z [wk,Q(Xiﬂ Xj7 Y’I‘v YS7Yt2) + gk(Xu X]a Yrst; SSF)]

1,j=1r,s,to=1

m + nm?2n3

+Op((m+n)~")
m 1

= Z Z Vi1, total (Xiy X, Xy, Y, Y)

3,2
mA+nmen®,; S en

S Ukoroa(Xi, X5, Y, YY)

1,j=117,5,t2=1

n 1

m +nm?2n3

+Op((m+n)™")

m n
= Vi +
m—+n m+n

Vo + Op((m+n)7) (4.34)
where 1, 1 o1 i defined in (4.19),

¢k,2,Total<Xia Xj7 Xt1 y Yr; Ys) - wk,2(Xz‘; Xj7 thva Ys) + gk(Xw Xja Y'ra Ys; F) )
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and

1 m n
‘/1 - 3,2 Z Z wk,l,total<Xz‘, Xj7 th ) Yr; Ys)
mens =1 rs=1
1 m n
Vo= D0 2 Yraroa(Xe X5, Y0, Y, Yy,

i,j=17,8,ta=1

By Theorem 2.5.2 in [15], the projection of (m + n)~V2(V; — E(V})) is
(m+n)"Y2(E(V,, — E(V})), where V;, can be written ass

Vip = Zpll(Xz‘) + me(Yj) : (4.35)
i=1 j=1

The function py; in (4.35) is defined by

pu(x) = E[Vi|X; = x]

1 m n
= mgng Z Z 77Z}k,l,total()(iu Xj, th y Yr, YS) X1 = X]
i, J,t1=17r,s=1
1 & ~
= ﬁ Z E [wk,l,total(xi7xj7th,Yl,YQ) X, = X]
i,j,ti=1

1 (1,0 7(2,0 7.(3,0
= ﬁ [3<m - 1)2wl(€,1,%‘otal (X> + 3(m - Q)wl(g,l,%otal (X7 X) + wl(c,l,%otal (X7 X, X)} )

where w,(:f%otal is defined in (4.20), and

l(ji?)Totaz(XlaXQ) =FE Wk,l,Totaz(Xl, X, X3, Y1, Y5) X =%, Xy = XQ}

;(ji?)Total(XhXQ,Xs) =F Wk,l,Totaz(Xl, X, X3, Y1, Y5) X =%, Xy = Xp, X3 = X3]

and similarly

1 7(0,1 0,2
plQ(Y) = E[V|Y1 = Y] = E [2(7@ - 1) Iil,%otal(y) + wl(c,l,%otal(yvy)} :
where w,(;’)f%oml is defined in (4.21), and

é?f%owl(yl,m) =k W)kg,Total(Xl, X2, X3, Y, Y2) Y =y1,Yy = yg] :
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By a generalization of Theorem 3 on Page 40 in [19] to the case of V-statistics, it

can be shown that
var(Vy) — var(Vi,) = O((m +n)~%) .
Again by Theorem 2.5.2 in [15],
var(Vi — Vi) = var(Vi) — var(Va,) = O((m +n) ") .
Therefore,
Vi = Vi +Op((m+n)™)
= ipll(xz’) + zn:plz(Yj) + Op((m+n)™")
= e S %)+ ) S U 05) + Opl(m -+ ) )
By the same arguments, we have

Vo= Z¢k2Total 3e 1) Z%Eﬁ%ml )+ Op((m+n)""),

where w,(;é?%oml and w,(goél%otal is defined in similar forms as in (4.20) and (4.21).
Thus from (4.34), noticing that =A+0(1), Vi =0((m+n)"?) and V, =
O((m +n)~'/?), we have

m+n

m

= Vi +
m-+n m-+n

= (1= NVi + AV + op((m +n)~/?

Vo + Op((m +n)™)

~—

1,0) 2 7(0,1
Z wl(c 1 Total + g ¢ k,1 %otal( )

M3 IIM:

3 _
A Z Pistrora (X0 + = D O oY) | +op((m+m) 1%
J=1
1 & .
= % Z [ wk 1 Total(Xi) + QAQ/}]ETQ?%otal(Xl)}
=1
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+ =3 [200 = MU o (Y5) + BMUS 00t (V)] + 0p((m +n)72) (4.36)

Jj=1

3\'—‘

By central limit theorem,

(31 = MO ot (X5) + 20015 st (Xi)| B N (0, 02)

H
NE

1
mzl

(0,1 7(0,1 D
200 = NP (Y)) + 3005 )00t (V)] B N (0, 03)

=

S|

.
I M:
I

where

o} = var {3(1 —A) N;Si?%otal(x) + 2/\1;1(;5(,)%@@(}()}
= var [3(1 = Ny e (X) + 200 o (X))

O’g = var |:2( )\)1;](c 1,Total (Y) + 3>\1;I(g(,)£%otal (Y):|
= var [2( )\)1;](6 Total(X) + 3)"&1(63[21@(11 (X)}

The above two equalities follow the symmetry of g; and the fact that X 2 Y. Thus
by the independence of Xy, ..., X,,, Y1,...,Y,, (4.33) and (4.36), (4.22) follows
with
1 1
a,%: 1_)\0f+xag
7(0,1 (0,1 (1,0
= 9var [ l(c,l,%otal(Xﬂ + 12cov [1/}12,1,%01&(11 (X)7 é,l,%otal(X)}

M+ (=22
ﬁ"a { l(;i(,)%otal(x)}

4.A.2 Proof of Theorem 4.3.2

The proof of Theorem 4.3.2 proceeds by similar arguments as of Theorem 4.3.1,
with similar techniques used in the proof of Theorem 2.3.1 to avoid distances that

are too close to 0, which is omitted.

63



Chapter 5
Conclusions and Future Work

5.1 Conclusions

This dissertation focuses on copula version of RKHS-based and distance-based
criteria for testing of independence or two-sample problem.

In Chapter 2, the copula version of distance covariance criterion (CdCov) is
introduced with the corresponding test statistics proposed. CdCov is obtained by
applying marginal mid-cdf on each variable to obtain a copula distribution, and the
corresponding test statistics can be calculated using mid-ranks for each variable. It
is shown that without any assumptions, the test statistic is asymptotically normal
under the alternative hypothesis, and it is asymptotically distributed as mixed
chi-squares distribution under the null hypothesis. To compute the p-value, the
permutation test and a conservative test are introduced. The copula version of a
linear-time statistic which costs less in time is also introduced.

In Chapter 3, the copula version of HSIC (CHSIC) is introduced with the
corresponding test statistics proposed. CHSIC is obtained by applying marginal
cdf on each variable to obtain a copula distribution, and the corresponding test
statistics can be calculated using mid-ranks for each variable. It is shown that with
proper kernels and no assumptions on the true distribution, the test statistic is
asymptotically normal under the alternative hypothesis, and it is asymptotically
distributed as mixed chi-squares distribution under the null hypothesis. To compute
the p-value, the permutation test and a conservative test are introduced. The copula
version of a linear-time statistic which costs less in time is also introduced.

In Chapter 4, the copula version of e-distance and MMD are introduced with
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the corresponding test statistics proposed. The criteria are obtained by applying
a pooled marginal cdf on each variable to obtain a copula distribution, and the
corresponding test statistics can be calculated using pooled mid-ranks for each
variable. It is shown that with a proper kernel for CMMD and no assumptions for
CeD, the two test statistics are asymptotically normal under the null hypothesis.

To compute the p-value, the permutation tests are introduced.

5.2 Future Work

There are several possible future extensions of the work in this dissertation.

Since CdCov and CHSIC can serve as independence criteria of two random
vectors, they can be applied to statistical procedures that utilize such criteria,
including but not limit to variable selection, feature screening and discriminant
analysis. The asymptotic properties of such statistical procedure with CdCov or
CHSIC can be studied, and their performance may be superior to the original dCov
and HSIC due to the fact that the original random vectors are all converted to
copula distribution.

A universal kernel is used in CHSIC and CMMD, which in practice can be
chosen from several candidate classes of functions. Notice that the distribution
of the random vectors become copula distributions after the marginal mid-cdf
transformations, and that when calculating the test statistic only the values of the
kernel at finite many points are used given the sample size. Thus it may be possible
that a criterion on the choice of the kernel can be formulated, and the best choice
of the kernel can be chosen accordingly.

There is obvious similarity in the analysis of the asymptotic properties for the
test statistics introduced in this dissertation. These test statistics are essentially
obtained by a two-step process. The first step is replacing the expectation by
empirical average, and the second step is replacing the marginal distribution by
empirical marginal distributions. As a result, the test statistics are equivalent to
a V-statistic asymptotically. It is possible that the copula transformation can be
applied to a broader class of estimators, and the analysis can be generalized to a

broader class of test statistics.
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Appendix A
Detailed Proofs

A.1 Some Lemmas

Lemma A.1.1. Suppose that hy, s, is Mth-order continuously differentiable on
[0, 1]*®@+9) M € N*. Then for anyi,j,7,s € N, (2.14) holds.

A

_ N . (a)
PT’OOf. Set Rem = (M') 1 ZaeNM D( )hfth (W(i,jms)) (W(ijs) — W(i,j,r,s)) .

4(p+q)
By (2.13),

By s (Wigrsy) = g s (Wi jirs))

M-—1
1 . R ()
=Y = Y D (W) (Weirs = Weiging)  + Rem

m=1 a€N4(p+q)

v 1 n (e)
= Z % Z D(a)hfl,fz (W(i,jm,s)) [n_ Z ]Z(t,t,t,t)(z(i7j77'73)) - W(i,j,r,s)‘| + Rem

m=1 : O‘ENZEp—O—q) t=1

M-1 4 () " 115 -

a -m |

_ = Z D hy, (W) - 1 Z H [Iz“c_’tc)tcytc)(Z(i,j,r,s)) — W(i,jm,s)}

m=1 """ aENZEp-&-q) Pm e

+ Rem

n M—1
—p MDY =t > Dhy p(Wiiins) (A1)
m' m f17f2 (7‘7]71.’8) ’
t1,.tpr—1=1 m=1 a€N4(p+q)

s T (ae)
' H [[Z(tc,tc,tc,tc)(Z(i,j,r,s)) - W(i,j,r,s)} + Rem ,

c=1
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where the last equality follows by the identity

n

n " Z gm(tl,...,tm):n_(M_l) Z Im(t1, .o tm)

11, ytm=1 t1,ety—1=1

which holds for any m < M, and any function g,, that depends on m and tq,.. ., t,,.
m

Lemma A.1.2. Ifu; = (u11,...,u1,) and uy = (ua1, ..., us) are two vectors in
R" such that uius; > 0 for any i = 1,...,r, then for any u in the line segment
[ula 112],

_ L.
al, > —=min {[u|,, jugl, } (A.2)

T2
Proof. 1f the three points u;, us and 0 fall on a straight line in R", because
UyiUo; > 0 for any ¢ = 1,...,p, there exists A > 0 such that us = Au;. Assume
without loss of generality that |u;|, < |ug|,, so A > 1. Then for any @ € [u;, uy),
there exists A € [1, \] such that @ = Auy. Thus

- N r .
[, = Afwl, 2w, = =7 min{jul,, [ual, } (A.3)

and (A.2) is proved in this case. For the rest of the proof, we assume that the
three vertices u;, us and 0 do not fall on a straight line in R". This also implies
that » > 2. Consider the triangle with the three vertices uy, u, and 0. Because
uluy = 3, uysug; > 0, the angle of the triangle at 0 is acute. We consider two cases
depending on whether the triangle is acute or not.

If the triangle is not acute, then either the angle at u; or u, is not acute.
Because 1 is at the segment [uy, uy], the length of 1 must be between the lengths
of u; and up. Thus [a], > min{|w|,, [uz[,}-

If the triangle is acute, the minimum value of |Q] is h, the length of the altitude
of the triangle towards the base [u;, us]. Without loss of generality, suppose that
|u1]p < ]ug\p. Then 6; > 5, where 6; is the angle of the triangle at the vertex u;,
1 = 1,2. Because the triangle is acute, 8, + 6, > 90°, and thus #; > 45°. By the
law of sines, [0[, > h = |u;|,sin6; > % lwl, = %min{|u1|p s [uzl, )

In both cases, [af, > % min{|w|,, [ug|,}. Thus (A.2) is proved. O
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Lemma A.1.3. Suppose X1,..., X, are i.i.d. copies of a random variable X, and
let the distribution function Fx of X, and the empirical distribution function Fy,
be as defined in (2.1). Then for n > 2 and 6 > 0,

P(0 < |Fx(Xa) — Fx(X))| < 6) < 45 (A.4)

P(0 < |Fx(X2) — Fx(X1)| < 8) <46 (A.5)

n —
Proof. Let Uy, ..., U, be iid. Uniform(0,1) random variables. We will use the

representation X; = Fy'(U;), where Fy' is the quantile function of X. Let
px(z) = P(X = z), and write

P(0 < Fx(X2) — Fx(Xi1) <9)
= P (X1 < X, 0< Jpx(X0) + (Fx(Xa) = X (X0)) + 5px(Xa) < 0)

X1 < X5,0 < px(X1) + 2(Fx (Xo) — F¥ (X)) + px(Xs) < 20)

X1 < Xo,px(X1) + (Fx (Xa) — FY (X)) + px(X2) < 26)

X1 < Xo, FY(Xy) — F (X)) < 20)

F'(Uh) < Fx'(U2), FX (Fx' (Us)) — Fx (Fx'(Uh)) < 20) . (A.6)

By the properties of the quantile function, Fiy (Fx'(u)) < u < F¥ (Fx'(w)), V u €
0,1], so that
F{(Fx'(Us)) = Fx (Fx'(U1) > Uz = Uy (A7)

From (A.6), (A.7) and the fact that Fi' is non-decreasing, we have
P(O < FX(XQ) — Fx(Xl) < (5)

(0 < Uy — Uy < 20) = E[P(0 < Uy — Uy < 20|Uy)]

<

P
E

By symmetry, we have P(0 < Fx(X;) — Fx(X3) <) < 26, and thus (A.4) holds.
To show (A.5) note that when 7 < s,
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Therefore,

IN

P(0 < Fx(Xy) — Fx (X)) < 6) = P(X; < Xy, Fx(Xs) — Fx(X1) <)

< iiI(U1SU¢§U2)<25>
i=1

= P|(U < U,, i;:;[(Ui < U, — igl(Ui <Up) < 26)

< p(v, <0, i(R2 _Ry) < 25)

= P(0< Ry— Ry <2nd),
where Ry, ..., R, are the rank statistics of Uy, ..., U,. By the same argument,

P(0 < Fx (X)) — Fx(X3) < 0) < P(0 < Ry — Ry < 2n0). (A.8)

Therefore,

P(0 < |Ex(Xs) — Ex(X1)] < 6)
= P(0 < Fx(Xa) — Fx (X)) <68) + P(0 < Fx(X,) — Fx(X,) < 9)
< P(0< Ry~ Ry <2n8)+ P(0 < Ry — Ry < 2n)
— P(Ry— Ri| < 20n6) = E[P(|Ry— Ri| < 2nd|Ry)]
— E[P(R, — 216 < Ry < Ri + 2n|Ry)]

Y

E [4715- ’RI] = 44

n—1 n—1

where the last inequality follows from the fact that conditioning on R;, the

distribution of Ry is uniform in the finite set consisting of the n — 1 elements

{1,2,..

.,n} —{R:}, and the fact that the number of integers that are contained

in the interval (R; — 2nd, Ry + 2nd) and unequal to R; is no more than 4nd. Thus,
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(A.5) is proved. O

Lemma A.1.4. Let B&qu (z;Fz), 775(1 )d (z) and féi?dqjoml(z) be defined in (2.21),
(2.23) and (2.30), respectively. If X 1LY then

a) B, (2 F7) =0,
b) 7isa,(2) =0, and

(1
c) C(gp?dq,Total(z) = 0.
Proof. a) Write E&qu(z; Fz) = J; —2Jy+ J3, where

4
Ji = Z E [k<X17 Xs; FX>Z(Y37Y4§ FY)|Z3 = Z]
s=1

= 2{E[k(x, X2; Fx)I(Y35, Y4); Fy)] + E[k(Xy1, Xo; Fx)l(y, Y4); Fy)[}
— 2E[k(x, Xy Fx)E[(Y1, Ya): Fy)] + 2E[k(Xy, Xo; Fx)|Ell(y, Y1); Fy ).

4

Jo = Z E[k(Xy, Xo; Fx)I(Y1,Y3; Fy)|Zs = 7]

Elk(x,Xo; Fx)l(y, Ys; Fy)| + E[k(X1,x; Fx)I(Y1, Y3 Fy)]
+ Elk(Xy1, X2)l(Y1,y; Fy)]

Elk(x,X1; Fx)|E[l(y, Y1; Fy)] + Elk(X1,x;Fx)|E[l(Y1,Y2; Fy)]
+ Elk(Xy, Xo; Fx)|E[I(Y1,y; Fy)l,

:ZE X17X2aFX)l(Y17Y27FY)|Z _Z]
= QE[k(X, )(17 Fx)l(y, Y17 Fy)] = 2E[k‘(X, Xl, Fx)]E[l(y, Yl, Fy)]
Since J; — 2J5 + J3 = 0, part a) is shown.

b) Let 14,.4,, Td,.d, and ﬁc(l:,),dq be as defined in (2.23). Write

Ndp,dg = anp,dq,j )

j=1

,,,,,
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7 ()
) {]X(5,5)(X(172)) - U(M)}

Nayd2(Za,.5) = dp(Up, Us) Y D@ (dy(V3, Vy) — 2d,(V1, V3) + dy(V1, V)

OéeN4q

1312347

= (@)
: |:IY<57575Y5> (Y(1,2,3,4)) - V(1,2,3,4):| 131234'
Thus,
1
(1
5y, (2) = E ol Yo N (Zi,.i5)| 21 = 2 (A.9)
" (i1,-i5) €IS
1
= g Z E Nd, dq<Z(1 ..... 5)) 7, =1z
i€ls
21
= > R > E \Naya,i(Za,..5)|Zi = 2 (A.10)
j=1° icls
By (A.9), part b) will follow by showing that
E ndp,dq,j(z(l,...,5)) Zl = Z] = 0, 1= 17 ey 5, j = 1,2 (All)

Relation (A.11) will be shown in detail for the case of j = 1. The case of j = 2

follows by similar arguments. Let

01234 = min |Ua1a2|p >0 , D1234 = min |Va1a2|q >0 s
ay,a2€{1,2,3,4} a1,a2€{1,2,3,4}
ai<a2 a1<ag

so that Ip,,., = 019341 D10s,, and notice that under X 11 Y, for any 7 € I,

Y, = y} . (A12)

E [Udp,dq,l(z(l ..... 5))

Zi:Z}

. . ()
— Z E {D( )dp<U17 UQ) |:[X(5,5) (X(LQ)) — U(Lz)} 101234

OéENZp

) {(dQ(V37 V4) - 2dQ(V17 V3) + dQ(Vla VQ)) [D1234
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If 1 # 5, each summand in (A.12) is 0 because

(@)
3 E{ dp(U1, Us) [Tx ) (X(12) = Un)] Lo,

a€Ngy,

which follows by the fact that

E {IX<5,5>(X<L2>) —Upyg)

Xlu X27 X37 X4} =0.
If i = 5, each summand in (A.12) is 0 because

E {(dQ<V37 V4) - 2dQ(V1’ V3) + dQ(Vh V2)> ]D1234

Thus part b) is shown.
c¢) By parts a) and b), and the definition of dl;l,) d, Total(2), it suffices to show that

CN(E,{?dq(Z) = E(Caya,(Z1,..0)|Z1 = 2) =0,

where with (g, .4,(Z@

77777

Write ,
<dp7dq = Z Cdpadq’j ? (A]'S)
j=1
where
Capdgn (Z,..., Z D« d,(Uy,Us) (dy(V3,Vy) —2d,(V1,V3) +dy,(V1, V2))

aEN2
(@)
) []X(E’),S)(X(LQ)) - U(1,2)} ‘[31234’

1
Capdg2(Zar,...6)) = idp(U17U2) Z D@ (dy(V3,Vy4) —2d,(V1,V3) +dy(V1,V3))

GGNZP

T (o)
) [IY(5,5,5,5> (Y(1,273,4)) - V(1,2,3,4)]

IB1234>
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Capody3(Za,..., Z Z Dl U1,U2)D (dq(V37V4) —2d,(V1,V3) +d,(V1,Vs))

aEsz 66N4q

= (@) 1= (B)
’ []X(5,5)(X(172)) - U(LQ)} |:]Y(6,6,6,6) (Y(1:27374)) - V(172:3a4)} 131234 .

Note that
3
Cd d Z E Cd,, dg Z(1 Z = E Cd,,,dq,j( ..... 6)) Z;,=z
v 6 i€l — 6
1€1g = i€lg
(A.14)

By (A.14), part ¢) will follow by showing that

FE Cdp,dq,j(z(l .... 6)) Z,L = Z] = 0, j = 172, 1= 17 Ce ,6. <A15)

Each of the equations in (A.15) can be shown by an argument similar to that used
for showing (A.11). O

Lemma A.1.5. Under the notation and assumptions of Theorem 3.2.1

4 . -
/)\/k,l(Xa Y; Fz) — 'yk,l (X, Y; Fz) = ﬁ Z hgl)(Zz, FZ) + OP(TL_I). (A16)

=1

Moreover, if X 1LY,
Y1 (X,Y;Fz) = Op(nh). (A.17)

Proof. The U-statistic corresponding to 4y is

A 1
X, Y Fz) = — > hi(Zi,Z2;,Z,,Z,;F7),

()4 jamyers

where I denotes the set of all m-permutations (i1, . ..,4%,,) of the numbers 1, ... n,
and (n),, denotes the number of such permutations. The number of terms in the
difference of n*4;;(X,Y;Fz) and ( )'yklU(X Y;Fyz) is n* — (n)s < 2n3. Each
term is bounded by 4MZ. Therefore,

(X, Y Fz) — Ao (X, Y Fyg))|
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1 1 . o
- <n4 () ) > w2625, 20, 2 Fa) + — > hei(Zi, 25,2, 2,3 Fg)
4/ Gjar)er; iggr=1
(65,0, ¢ 10
< (2n 7t 2nhH4aME < 8MEn Tt (A.18)

By generalizing the theorem in Section 5.3.2 in [23] to random vector observations,

R 4
Yeav (X, Y5 Fz) —7(X, Y Fg) =

3 \

S i (ZsFz) + 0p(n7h) . (A19)
=1

Thus, (A.16) follows from (A.18) and (A.19). If X 1L Y then, by Lemma A.1.4,
7121[) = 0. Since also 7,;(X,Y;Fz) = 0 under independence, (A.17) follows from
(A.16). O

Lemma A.1.6. Suppose that Z is a (p + q)-dimensional random vector, let
Zi...., 2, are i.i.d. copies of Z, and let Fz, ¥y be defined as in (2.1). Then
for any a > 0, there exists a finite positive constant C, 4 which does not depend
on the distribution of Z, such that

. Choa
E(|[Fz —Fal) < 295, n=12... (A.20)

Proof. Write Z = (Z1, ..., Zp+q), and Z; = (Z; 1, ..., Zi prq) fori = 1,. .., n. Define

D}, =sup |F}(2)=F} (), Dy =sup|Fz(2)=Fz(2)|, Dz =sup|Fz(2)=Fz(2)],

for any ¢+ = 1,...,n, where
- 1 A~ 1 &
B = Y NZi<2), B =3 I(Zi<2)
i=1 =1

Then F 7, = %(F Z + F 7.). By the Dvoretzky-Kiefer-Wolfowitz inequality, there

exists a finite positive constant C' such that
P(D} > d) < Ce™™® P(Dy >d) <Ce™®®, d>0neN.

The second inequality can be shown by considering the random variable —Z;. Note
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that

~ 1 1, _
Dy, = sup|(2) = Fou(2)] = sup [ (5 (2) = FE(9) + 2 (2) = F7.(2)
1 N 1 N _ 1 1
< 3 5up ‘F;(z) — Fg(z)‘ + 5 Sup ‘FZ(Z) — FZ(Z)‘ = §D:{ + §Dn )

Thus
P(D,, >d) < P(Df >d)+ P(D; >d) <2Ce ¥ d>0neN.

Noting that

||]:—‘A‘Z — Fz||oo = Inax DZj,
j=1,...,p+q
we have
. pHq )
P (|Fz — Fzll > d) <> P(Dz, > d) < 2(p+ q)Ce " .
j=1
Therefore,

E (|[Fz - F2|2.)
= [T P (s Falls > ) ds = [P (IF5 — Pyl > 577) ds
< /O T oCe " s = /0 T 20(p + g)etd ((t/20)*)

— 2C(p + q)(a)2)(2n) "2 /0 el gt gy

~ Clp+q)al'(a/2) . 1
2a/2 ne/2

I6)



A.2 Derivations Needed for the Proof of Theorem
2.3.1

A.2.1 Proof of (2.40)

Let Ry be given by (2.39). We will show that Ry = 0,(n~/2). We have

1 " A A A A
Ry = vl Z 1 UUij ) (‘Vrs . 2 ‘Vir . + ‘Vij q) - |Uij|p (|V7°s|q -2 |Vi7“|q + |Vij|q)] ]Agjm
1,7,7,8=
1 " A A A N
R i,j%;:l { OUij P |Uij|1’> (’Vrs . ‘V" .t ‘Vij Q>
Ul [([9], = Vool ) = 2 ([Vr], = Vel )+ (9], = Vil )| }IA;W
~ 1 n
< 16y/pq|| Fz — Fzl|~ - = Z IAEJ-T-S’ (A.21)
2,7,r,8=1

where the inequality follows by the fact that for any t,t, € N,,,

“ﬂhtz » - ‘Utth‘p < ’ﬂhtz — Uy » = ‘ﬁ‘X(Xh) - ﬁ‘X(th) - FX<Xt1) + FX(Xt2> »
< 27|Fz — Fzlw, (A.22)
and similarly
[Viw], = Vusl | < 2valF7 ~ Falls. (A.23)

Next, write

2,7,r,8=1 %,7,7,8=1

E(; ) fA%) =nl4 > P(45.)

1 n A
< . Z Z {P (]Uab’p§(5n> +P<Uabp§5n>
i,9,m,5=1 a,be{i,j,r,s}
a#b
+P ([Va|, <6,) + P ( Va| < 6n>}
n
< . (A.24)
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where the last inequality follows by Lemma A.1.3, while the first inequality follows
by noting that if the Euclidean norm of a vector is less than §,, then the absolute
value of each component is less than §,. Since also ||[Fg — Fge = Op(n=1/?),
Ry = Op(n=1/26,) = op(n~"/?) follows from (A.21) and (A.24).

A.2.2 Proof of (2.42) and of (2.45)

Let R be defined in (2.41). We will show that Rs = op(n~'/?). Note that the
form of Rj results the remainder of the Taylor expansion in (2.14) for M = 2. For
the purposes of this proof it is more convenient to express this remainder term in

terms of a reparametrization of the function hg, 4,. For any ¢, 7,7, s € N,,, define

W, =W, - W;, W;; =W, - W,, and
Wijrs = (Wi, Wir, Wy), Wi = (W, W, W)
Because d,, and d, are Euclidean norms, hg, 4,(W i rs)) is a function of Wj,, i.e.,
ha,a,(Wij, Wi, W) = ha,a,(Wijirs) s (A.25)

for a suitable function hg,.a,- Thus, by a Taylor expansion with M = 2,

hdp,dq (W(i,j,r,s)) - hdp,dq (W(i,j,r,s)) - h2p7dq (Wij'rs) - hjlpdq (Wijrs)

o) ea A (o)
= Y DR 4 (Wijes) [Wijrs — Wi
a€N3(p1q)
1 " ~ A (a)
+ 5 Z D(a)hdp,dq <WU7‘3) |:Wij7’8 o Wijrs:| ’
aGNg(
p+q)

for some Wijrs = (Wij,wir,wrs> S [Wij,Wij] X [WiT,WiT} X [WTS,WTS]. It can

be shown by a change of variables that

) 1, % X (o)
> D\ )hd,,,dq (Wijrs) [Wijrs - Wijrs]
a€N3(p1q)
- D@hy W (W W Wil
= ) ity (W) [Wiigirs) = Wi
a€Ny(p1q)
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Thus, an equivalent expression of the remainder term Rj3 is

1 n 1 * A A (e)
By = — 3 5 3 DN (W) [Wis = Wiged| ™ L.
i,5,r,5=1 QENg(p+q)

It can be shown by straightforward calculus that for any |a| = 2

4(\/P+ 4+ 2)

min {‘ﬂu Vz’j vir ) ’vrs
q
where (Ugp, Vap) = Wy, for any a,b € {i,j,r,s}. By Lemma A.1.2,

min {

> 27Y2  min min{|Uab|,
a’be{i’j7r7s} p
a<b

1D} 4 (Wijrs)| <

) )
p q

Ijij vij Vz’r \N/—rs \Nfab

)
p

)
q

)
q

?

>  min min{‘Uab
P

q} - a7b€{z7]7r7s}
a<b

J

V2o, am
q

A,

Vab

Uab
p

a|Vab| )
q

where the last inequality holds when the event A;;.s occurs. Therefore,
1 n 1 () 3, % X n 2
|Rs| < — > 3 Y 1D (Wiges)l - | Fz — Fzll2 1a,,,

ijrs=1 < aeN2

<ABp+ QP V2P + Vi +2)8, | B — Fal% = op(n™?),  (A27)

since §,, = n~1/4,
Next, let Ry be defined in (2.44). We will show that Ry = op(n~'/?). By straight-
forward calculus it can be shown that for any |a| = 1, |D(°‘)hdp7dq (W(i,jms)ﬂ <

4(y/p +/q). Thus

1 n .
Ry <= > S IDWhg a,(Wiisrs)| - 152 — Fzllsolag,
n 4,4,r,s=1 a€Ny(p1q)

n

N 1
§16(\/Z_9+\/5)(p+CI)||FZ—FZ||ooﬁ > Iae

ijrs
,7,r,8=1

From (A.24), 537 Iy = Op(8,). On the other hand, |[Fy — Fzlle =

17]7”’73:1 ijTs

Op(n=?). Therefore, Ry = Op(n='/%5,) = op(n~/?) because §, = n="/*.
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A.3 Derivations Needed for the Proof of Theorem
3.2

A.3.1 Proof of (2.49)

Let Ry be given by (2.39). We will show that, under the assumption of independence,

Ry = 0,(n™"). Consider

1 n " A
ER)=— > > E { Py, (L s0); o) = My, (Zi i) )|
4,J,r,s=14" 5" r' s'=1

' {hdpvdq(zilvjlvr,vsl; FZ) - hdpvdq (Zi/J/’T/’S,; FZ)] ]Azgj'rs ]AEIJIT'/S/ }
(A.28)

First it will be shown that the terms in the summation in (A.28) for which
{i,j,r,s} N {i,j',r'",s'} = @ are all zero. To see this, write each term in the

summation as

e ([0, (|9

g 2 ‘viT’q * 'vij‘z) B |Uij|p <|V’"S’q -2 |V"|q + |Vij|g)]

100, ([¥re], = 250, + [Vis ) = 00l (Vo =2 Vol + Vi) T
= {0, [0, (9], =2 ¥, 961 (9], 2090, 9] ) 3, ..
O 00, (90,219, 94]) Vol =2 V0l 4 Ve 2,

—E{ Ul O], (Vraly = 21Virl, 4 1Visl,) ([Ve], = 29|, + [V, ff}

+ E{ |U'l]‘p |Ui/j/’p (‘Vrs|q -2 ‘Virlq + ‘Vlqu) (’VT/S/‘(] —2 ’Vi/r/‘q + ‘Vi/j/|q) IA?j,-S[Af/j/T/S/ }

(A.29)

If {i,7,r, s} N{i,j',r", s’} = &, the first term on the right hand side of (A.29) is

] 0], 100, (19, =29, #1951 (9, =209 90 5, 1.
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FZ) Xiv va XT’7 Xsa Zi’7 Zj’a ZT’a ZS"| }

= E{E[(‘Vrs —2‘\7” —l—‘vij )[mj FZyxianyxraxsaZi’7Zj’vzr’aZs’]
q q q) Trs
’fjij ‘ﬂi’j’ (‘vr/s’ -2 ‘vi’r’ + ’vi’j’ ) Lae ,}
p P q q q) it
= 0,
since, by symmetry, the conditional expectations of ’Vm 1 A Virl I A, and
q 1)Trs q 1Jrs

A

Vi;j| Iac are equal. That the other terms on the right hand side of (A.29) are
q ijrs

zero if {i,j,r,s} N{i, 5,1, s’} = @ can be shown by similar arguments. Thus the

ij

number of non-zero terms in (A.28) is at most n* - 4 - 4n3 = 16n". Next use (A.22)
and (A.23) to write

‘ U, ) Vo , Uil Vil | = U ) ‘ & s Vislg |+ ’ U L~ Uil [ 1V,
< 2P| Fy — Fll
for any i, j,7,s = 1,...,n. Moreover,
B L]
< ¥ [P (IUnaal, < 00) + P ( U] < 5n)

ai,az e{i’jaTvs}
a1<az

P (Varaaly < 8) + P ([Visas

)

S 965n77

n

n—1
where the last inequality follows by Lemma A.1.3. Therefore, by Cauchy-Schwartz
inequality and the result in (A.20),

E(R))

IN

071607 Apg B [| By — FolPl, ]

< 64pgn? [EHFZ - FZ”io} v {E (IA?]-TS)]I/Q

64pgn " - %, T —_—
n n—1

30

IN



which shows that Ry = op(n™1).

A.3.2 Proof of (2.53)

Let R3 be defined in (2.50). To show that Rz = op(n™') we will use the same
reparametrization of the function hg, 4, that was employed in Section A.2.2. Thus,
we define Wij = W,L — W]’, Wz’j = Wz — Wj, Wijrs = (WU,W”«,W ) and

Wms = (Wij, W,,, W,,), and consider the function hy, a4, defined in (A.25).
Then by Taylor expansion with M = 3,

A

ha, a,(Wijrs) — g a,(Wijrs)
2
1 ), * X (a)
- Z % Z D( )hdp,dq(wijrs> |:Wijrs - Wijrs}
m=1 " aeNg, g
1 N = & (@)
+ 6 Z D(a)hdwdq (Wijrs) {Wijrs - Wijrs}
aeN

for some Wijrs = (WU,WW,W s) € [WU,W ] % [WW,VAVW} X [WTS,WTS]. It can

be shown by a change of variables that

2 1 N 4 (o)
S S DR (W) Wi = W]
m=1""" aeNg,
2 1 IS (a)
=Y D hiy a,(Weijre) [Wiisirs) = Wi
m=1 """ aeNji, 1)

Thus, an equivalent expression of the remainder term Rj is

1 &1

& (a)
Ry = — > = > D9, (W) [Wijrs - Wijrs} I4,,,(A.30)
" b=l O‘eNg(zzH-q)
It can be shown by straightforward calculus that for any || =3
Q) * X 12(\/p+ /9 + 2)
|D( )hdp dq (Wijrs)| < - \/j \/_ N 3 (A?)l)
<II11H{ Uij ’ Vij ir 7’V'rs })
P q q q

where (Ugy, V) = (W) for any ay, as € {i, 7,7, s}. Using the inequality in (A.26)
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which holds when the event A,;j,, occurs, we have

1o 1 . .
|Rs| < il Z = Y ID®hgya, (W)l - 1Bz — Fall31a,,,,
bars=1 O16N3(p-&-q)

< 12B8(p+ )PV2(VP + Vi + 208, Fz — Fz|l3, = op(n™),

since 4, = n~1/8.

A.3.3 Proof of (2.56)

Let R4 be given by (2.54), and use the argument in the proof of Lemma A.1.1 to

write

(A.32)

It will be convenient to partition the index sets NJj m = 1,2, as follows. Define

(p+q)

Ix = {(hi—1)p+q) +iz:ir=1,...,4, i =1,...,p},
Iy = {(h—=Dp+q+ir:ii=1,....4, ia=p+1,....,p+4q},

and note that

Nyt = IxUZy,
N4p+q = (IX XI)()U(IX le)U(IYxl-x)U(Iszy).

Recalling that hq,,d,(W i) = dp(Us, Uj) (dp(Vy, Vi) = 2d,(Vy, Vi) + dp(Vi, V5)),

the expression for R, in (A.32) can be written as
Ry = Ry1 + Ry2 + Raz + Rys + Rys (A.33)

where R4y corresponds to Zx and is given by

Ry = — Z 3" D@d,(U;,Uy) (dy(V,, V) = 2d,(Vi, V,) +dy (Vi, V)

zgrs 1 a€Ny,

: [ﬁ (i) — Uliy) }( K (U, = La,.),
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R45 corresponds to Zy and is given by

1 & . A ()
R42 - H Z { Z dp(Uz7U])D( )dq(VmVs) [V(r,s)_v(r,s)}
2,4,r,8=1 a€Ngy
N A ()
=2 3 dy(U, U;) D dy(Vi, V) [Visr) = Vi
aENQq

« C (a)
+ Z dp(Uia Uj)D( )dq(Vi7 V]) [V(Z}j) o V(i,j)} }(IBij'r's - ]Aij'r-s)?

QGNQq

R,3 corresponds to Zx X Zx and is given by

Rys Z Z D4, (U,;,U,) (dy(V,, V) — 2d,(Vi, V,) + dy(V, V)

zyrs 1 aEN2

U6 — Ugy) (a)

([Bist - IAij7's )7

R4y corresponds to Zy X Zy and is given by

1 n 1 o ~ (o)
Ry = — Z 2{ Z dp(Ui>UJ’)D( )dq(vraVS) {V(m) _V(T,S)}
i,j,T,Szl aEN%q
o ~ (a)
=2 " d,(U;, U;)Ddy(Vi, V,) [Viigy = Vi

aeNgq

. - (@
+ 32 dp(Us, Uj) DN dy(Vi, V) [V = Vi) }(IBW —Lay,.),

aENgq

and Ry5 corresponds to Zx X Zy and Zy X Zx and is given by

Rys =—; Z S Y D®4,(U,U))DWd,(V,, V)

1,5,m,8=1 a€Ngp BEN2,

Ui = Ui ](a) Vi — V(nsﬂ(ﬁ)

([Bij'rs - IAijrs)

_27 Z Z Z D UzaU )D dq(Vi’VT)
1,5,m,=1 a€Ngp, BEN2,
N (o) T
. [U o — U(ij } {V (i,r) — V(iﬂ“)
Z S S D@, (U, U;)DPd,(V,, V)

1,J,7,6=1 a€Ng;, BEN2,

B)
:| (]Bijrs - ]A'Lj'r‘s)
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We will show that Ryy, Rys, Ry3, Ry and Rys are all op(n™!).
Consider F(R3;). Under the null hypothesis that X 1l Y,

B[R] = ZZZZ

zg’r‘s 145" r",s'=1 a€Nay o’ €Ngy,
a o 2 (@) e (@)
E{D( Jdy(U;, Uy) Dy (U, Uy) Uiy = Ugy| [Ugry — U]
(dq(VT/7V5/) - qu(Vi/7V7”/) + dq(Vi’7V )) (IB/ VA IA/ i /)

i'j'rls ' j'rls

(4,(V,. V) = 24,(Vi. V) + dy (Vi V) (I, — f)} (A.34)

Notice that if {3, 7,7, s} N {7, 7,7, §} = @, the expectation term in (A.34) is 0

because

BV V) = 2 (Vi) + 4V V) U, = )

ﬁvaiaxj?XMXsa Zi’7 Zj’a Zr"7 Zs/} =0.

Therefore, the number of non-zero terms is at most n* - 4n3-2p - 2p = 16n"p?. Next

it can be shown by straightforward calculus that for any |a| = 1,
1D, (U, Uy)| < 1.
It follows that each expectation in (A.34) is bounded by

(2V2)E [| Fa — FallP L, |

< ag BBy~ Pl [B (L, )] < 40 C22, 063,

igrs n n—1

and hence we obtain

Cha
E(R3) <n %-16n"p? -4q- 22 " 969, —— —

This shows that Ry = op(n~!). By the same argument, Rsp = op(n~') because
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after permutation of the indexes (set (r,s,i,7) instead of (i, 7,7, s) for the first
summand, and (¢,r, 7, s) instead of (i, j,r, s) for the second summand), R4s can be

written as

1 & o
Rap = n Z Z D' )dq<vivvj> (dp(U,, Us) — 2d,(U;, U,) + d, (U3, Uy))

1,7,m,5=1 a€Ngq

. [V(i,j) - V(i,j)} (@ UByre — 1ay,.)

Next, consider E(R?%;). Under the null hypothesis that X 1Y,

n n

BRG = Y Y Y %

%,J,r,s=1 i/,j/’r/,,s’:l aEN%p a,EN%p

o w . (@) (@)
E{D( 'd,(U;, U;)D*d,(U;1, Uy) Ui gy = Ugp| - [Ogw ) = U]
(dq(VT’a Vs’) - qu(vi’7 Vr’) + dq(Vi’u Vj’)) (‘[Bi/j/rlsl - ]A-/ . /)

' j'rls

(4,(V,. V) — 24,(Vi V) 1 dy (Vi V) (T, — 1>} (A.35)

Notice that if {i,j,r,s} N {,j',r',s'} = &, the expectation term in (A.35) is 0

because

E{ (dQ(VN VS) - 2d¢I(Vi7 VT) + dQ(Vi7 VJ)) (IBijrs - ]Aijrs)

FZ7Xi7Xj7XT7XSa Zi’) Zjla Z?"’v Zs’} = 0.

Therefore, the number of non-zero terms is at most n* - 4n3 - 2p - 2p = 16n"p?. Next

it can be shown by straightforward calculus that for any |a| = 2,

|Dd,(U;,Uj)| <

U5
Thus each expectation in (A.35) is bounded by

(2v/2)°6,°F || Fa — Fall La:, |

< 4002 Bl Pz — Fall] 7 [B (1, )] < 400, %;\/W
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Therefore,

11 C
E(Rj;) < Bl 16n7p* - 446, - :;q 965nn ﬁ E

which shows that Ry3 = op(n™'). By the same argument, Ry = op(n~') because

after permutation of the indexes, R4y can be written as

Z Z Dd,(V;,V;) (d,(U,, U,) — 2d,(U;, U,) + d,(U;, Uy))

e aeN2

& (@)

' [V(i’j) - V(i»j)} ([Bijrs - [Az‘jrs>7

Finally, consider Rys.
1 . 9 Ch.q
E|Ru| <3 L n' - (20)(20) - B [|1Fo — PalLug,.] < 12092, o5, "

which shows that Rys = op(n™!). This completes the proof.

A.4 Derivations Needed for the Proof of Theorem
2.4.1

A.4.1 Proof of (2.66)

The expressions for the (g, q,;, 7 =1,...,5, functions that appear in (2.66) are
Capdg1(Zaa, ) = D D'9d,(Uy, Uy) (dy(V3, Vi) — 2d,(V1, Vi) + dy(V1, V2))
OCENZp

7 (o)
. [[X(5,5) (X,2) — U(172)i| 15555
Capitn2(Z1,0) = dp(U,Uz) 30 D@ (dy(Vs, Vi) = 2dy(V1, V) +dy(V1, V2))

a€Nyy

} (@)

131234’

) |:fY(5 5,5,5) (Y(1727374)) - V(1727374)
Cipdg3(Zai,.6) = = Z Dd dy(Uy,Uy) (dy(V3, Vy) — 2d,(V1, Vi) +dy(V1,V3))

aEN2

(o)
' []X(S,s) (X)) — U(1,2)]

[B12347
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1
Cdp,dq,4<z(1 6)) = d (Ul,UQ Z D (Vg,V4> —2d (Vl,V3) +d (Vl,VQ))

~~~~~
aeN2

} (o)

1312347

: [fY(5555> (Y(1 2,34)) — V(1,2,3.4)
Capiays(Zisy) = . > D9d,(Uy, Up) DY (dy(V3, Vi) — 2d,(V1, Vi) + dy(V1, Va))

77777 OéENQp B€N4q
(8)

- (a) -
’ [[X(s,s) <X(112)) - U(172)} [[Y(G,G,G,G) (Y(1727374)) - V(1:273»4)} 1312347
We will only show (2.66) for the case of j = 1 and j = 5; the cases for j =2, 3 and

4 follow by arguments similar to those for the case j = 1.

Write Ip,,,, = 10195, 1Dyys,, Where

01234 = min U >0 Diozq = min VvV >0 ,A36
a1,a2€{1,2,3 4} [Uareal, ’ al,aze{1,2,3,4}| aaly (A-36)
a1<az a;<az

For the case of j = 1, notice that under X 1L Y, for any (i1,4) € IZ,

X, =%, X;, = X}

Yil = Y7Yi2 = Y} )

(A.37)

2, =z,2Z;, = z]

} “ IC'1234

Z E{ Ula U2) {IX(5 )(X( )) - U(LZ)

OéENQp

B {(dQ(Vi’n V4) - 2dQ(V1’ V3) + dQ(Vh V2)) ID1234

If 5 ¢ {iy,i2}, each summand in (A.37) is 0 because

(o)
Z E { Ula UQ) |:IX<5 5) (X(LQ)) - U(1,2)i| ]C1234

OéeN2p

Xil :X,)ii2 :X} =0 s
(A.38)

which follows by the fact that

E {1X<5,5>(X<172>) — Uy

XlaX27X37X47X6} =0.
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If {iy,i2} N{1,2,3,4} = &, each summand in (A.37) is 0 because

E {(dtI(V37V4) - 2dQ(V17V3> + dQ<V17V2)) ID1234 Yi1 = vaiz =y, =0.

(A.39)
Therefore, each summand in (A.37) is nonzero only if one of the two indexes i; and

19 equals 5 and the other equals 1, 2,3 or 4. Thus

4
Z E Cku( ..... ) 2, =z,2;, = Z] = QZE Ck,l,l(z(l ,,,,, 6)) Z;=12,15= Z]
(i1,i2) €12 i=1
4
o - (@)
=2 Y E {D( 'd, (U1, Us) [IX(E,@ (X12)) — U(Lz)] Loy, | Xi =%, X5 = X}
i=1 a€Nag,

B {(dl](v37 V4) - QdQ(Vh V3) + dQ(Vlv V2)> ]D1234

YiZY}

X; = XX5—X}

For simplicity, define

. , ()
= > FE {D( )d,(Uy, Uy) [IX(M) (X(12)) — U(1,2)} Ieyz5,

(XENQp

(A.40)

Bi=E {(dq(V3,V4) — 2dg(V1, Vs) + dg(V1, V2)) I,y |[Yi = Y} (A.41)

Then by symmetry, it is easy to verify that A; = Ay, A3 = Ay, By = —Bs,
Bs = —B,. Therefore,

2 Y E

. 2
(7,1,7,2)616

Coin(Za,..6))

i=1

4
Z =2,Z; = z] =2> A;B;=0 (A.42)

For the case of j = 5, notice that under X 1L Y, for any (i,4) € IZ,

E [Cdp,dq,S(Z(l ,,,,, 0))|Zi, = z,Z;, = Z}
(@)
Z E{ U17 UQ) {Ix(s 5) (X( )> - U(L?)} IC1234 Xil = X, Xi2 - X}
a€Ngy,
. E{ 0,(Va, Vi) = 24,(V1, V) + d,(V1, V) (A.43)
B€N4q

38



8)
} ]D1234

: [fY(MM) (Y(1,234) — Vazsa Y, =y,Y;,= Y}- (A.44)
If 5 ¢ {iy,i2} or 6 ¢ {iy,is}, each summand in (A.37) is 0 by similar arguments as
those to show (A.38). Therefore, each summand in (A.37) is nonzero only if one of
{il, 22} = {5, 6} Thus

> E\Cus(Za,. . 6)|Ziy = 2,2y =2| =2E |Go5(Za,.6)|Zs = 2, Zg ZZ}
(7,1 7,2)6]
o - ()
=2 ) E{D( 'd, (U1, Usy) [fx(w (X12)) — U(1,2)] 101554 | X5 = %, X = X}
OZGNQP
Z E{ d,(V3,Vy) —2d,(V1,V3) +dy(V1,Va))
B€N4q
- )
) [IY(6,6,6,6) (Y(172,374)) - V(1,2,3,4)} ]D1234 Y5 = Yy, Yo = Y}
=0
because
)
Z E{D V3> V4> |:‘[Y(6 6,6,6) (Y(17273v4)> - V(1:27374)} Ipiss,|Ys =y, Ye = Y}
6€N4q
)
= Z E{ V1,V3) [[Y(GGM) (Y(1,2,3,4)) - V(1,2,3,4)} Ip,ys|Ys =y, Y = Y}
6€N4q
8)
= > E{ dq(V1,Va) [IY(GMG) (Y234) — V(1,2,3,4)} Ipiys|Ys =y, Y6 = Y} :
6€N4q

On Wed, May 24, 2017 at 2:49 PM, roycelin3 <roycelin3@gmail.com> wrote:

Cdpody,1 (Z(1 ..... 6))
Z D dp(Ur, Uz) (dg(V3, Vi) = 2d,(V1, Vi) +dy(V1, V2))

OCENQP

7 (@)
' [IX(&»‘) (X(l 2)> U(LQJ [1312347
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= dy(Uy,Uy) Y D (dy(V5, Vi) = 2dy(V1, V3) + dg(V1, V3))

a€N4q
- (@)
: {IY(5’575’5> (Y,2,34) — V(1,2,3,4)} I ys4s
Cdp’d(173<z(1 7777 6))
1
=5 > Dd, (U1, U,) (dy(Vs, Vi) = 2dy(V1, V) + dy(V1, V)
aeng

7 (o)
' [IX(&S) <X(1 2)) U(l 2 } 1312345

Cdpdga(Zi,...6))
1
d LU, Us) - D@ (d,(Vs, Vi) = 2d,(V1, V3) + dy(V1, V2))

2
aeN4p

= (@)
: {IY(5,5$5’5) (Y(234) — V(1,2,3,4)} IB1sgus

-----

Z ZD (U1, Uz) DD (dy(V5, Vi) — 2d,(V1, V3) + dy(V1, V2))

OcENQp 56N4q

- (o) [ = ®)
NP X02) = U] [Iygans (Yasn) = Vi)

131234’

A.4.2 Proof of (2.67)

For any (i1,1) € I we have that, under X 1L Y,

E[Cdp,dq,5(z(1 6))|Zz‘1 = 2,2, = 7

-----

= Eld,(Uy, Ug)|X;, = x, Xy, = X|E[dg(V3, Vi) — 2d(V1, V3) +do(V1, Vo)|Ys, =y, Y, =]

which is easily seen to be zero if {iy,i5} = {5,6}. Therefore

ZZ‘1 = Z, ZZ'2 = Z]

(—22 Z{ L,(U, Uy) X, = x, X, = X|

2 i1=112=5

1

@, 2 F

(il i2)€I2

Cdp,dqﬁ(zla o L)
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' E[dq(v37 V4) - 2dl1<V17 V3) + dq(Vla V2)|Y11 =Y, Yi2 = y]}
1
+ 67 Z {E[dp(U1, U2)|X11 = X, }(i2 = X]
(6)2 (i1,i2)€13
' E[dq(v37v4) - 2dq<V17V3) + dq(Vla V2)|Y11 = Y7Yi2 = y]}
1 4
= 74 Z {E[dp(Ul,UQNX“ = X]
(6)2 ii=1

B4V, Vi) — 24,(V1, V) 4 dy(Ve, Vi) Y — y1}

1
+ @ {E[dp(Ul, U2)|X11 = X, )(.Z‘2 = X]
2 (iri)el?

' E[dq(v?n V4) - 2dq(V17 V3) + dq(V17 VQ)‘YH =Y, Yig = Y]}

It can be easily seen that the first summation is 0 by writing

4

Z {E[dp(U1,U2)|X,‘1 = x|

11=1

4
. E[dq<V3,V4) — 2dq(V1, Vg) + dq(Vl,Vg)]Yil = y}} = Z AZBl

i1=1

where for7=1,...,4 ,

A = E[dp(Ula U2)|X11 = X]’
B; = E[d,(V3, Vy) — 2d,(V1, Vs) + d(V1, V3)[Y,, =]

and noting that A1 = AQ, A3 = A4 = 0, B1 = —BQ.
For the second summation, each term equals to one of the following expression

for different cases:

(i1,42) = (1,2) or (2,1) : dp(u,u) {E[d,(V1, V2)] — 2E[d,(v, V1)] + dy(v,v)}
(i1,12) = (1,3) or (3,1) :  Eld,(u,Uy)]{2E[dy(v, V1)] — 2d,(v,v)}

(i1,92) = (1,4) or (4,1): O

(i1,12) = (2,3) or (3,2): 0
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(2,4) or (4,2): Eld,(u,Uy)]{—2E[d,(V1, V2)] +2E[d,(v,V1)]}
(3,4) or (4,3) : E[d,(Uy, Ux)]|{E[d;(V1,Va)] —2E[d,(v, V1) + dy(v,V)}

(ily 22)
i2

(ila )

The proof of (2.67) follows by adding these expressions.
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