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ABSTRACT
Anthropogenic greenhouse gasses are warming the planet and causing sea-level rise.
Adaptation decisions in coastal areas depend crucially on sea levels. Projections are deeply
uncertain. Much of the uncertainty stems from the contribution of the Antarctic ice sheet (AIS) to
future sea levels. Expert assessment samples some of this uncertainty. Bayesian inversion of
paleoclimatic and instrumental observations with an AIS model also samples some of this
uncertainty. This thesis focuses on combining the intuition from expert assessments, observations,
and an AIS model in order to quantify deep uncertainty.
The research presented in this thesis illustrates a framework for combining expert
assessments with instrumental and paleoclimatic observations in a coupled probabilistic-Bayesian
inversion with a simple AIS model. The research demonstrates that probabilistic inversion of an
expert assessment can be used to inform the prior probability distributions of model parameters.
Adding instrumental and paleoclimatic observations to an expert assessment in a coupled
probabilistic-Bayesian inversion sharpens the posterior probability distributions of model
parameters. The results show that the different interpretations of the expert assessment are
consistent with the instrumental and paleoclimatic observations as well as the simple AIS model.
They further show that the projections are sensitive to the interpretation of an expert assessment,
thereby demonstrating the deep uncertainty in future AIS contributions to sea levels.
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Chapter 1

Introduction

1.1 Introduction
Scientists have determined that the climate is changing as a response to anthropogenic
greenhouse gasses [Hansen et al., 1981]. Briefly, human activities such as burning fossil fuels
emit carbon dioxide and other greenhouses gasses to the atmosphere. As a result, the
concentration of carbon dioxide in the atmosphere has risen steadily since the onset of the
industrial revolution [Keeling et al., 1976; Etheridge et al., 1996]. Solar radiation passes through
the atmosphere and warms the surface of the planet causing it to emit infrared radiation. Carbon
dioxide’s absorption spectra causes it to absorb some of this energy and to emit a fraction of the
energy back toward the Earth’s surface [Arrhenius, 1896]. This greenhouse effect results in an
increased global mean surface air temperature. As the concentration of atmospheric carbon
dioxide rises, the planet warms [Morice et al., 2012].
Climate change encompasses many physical processes. For example, sea level rises as the
planet warms [Church and White, 2011]. This is largely driven by (i) the thermosteric expansion
of the oceans due to heat uptake, (ii) the melting of land glaciers, and (iii) the responses of the
Greenland and Antarctic ice sheets [Church et al., 2013].
Rising seas threaten coastal communities [Hinkel et al., 2015]. Not only is loss of land an
issue, but increasing sea levels result in higher storm surges, thereby increasing coastal flooding
risks [Tebaldi et al., 2012]. The standards for flood protection vary from one region to another,
ranging from 50-year return periods to 10,000-year return periods [Jonkman et al., 2013]. These
high levels of reliability require information about the tails of the probability density functions.
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Hence, adaptation decisions depend crucially on probabilistic sea-level predictions. Yet,
predictions of future sea level are deeply uncertain [Bakker et al., 2016; Oppenheimer and Alley,
2016]. Deep uncertainty occurs, for example, when experts and/or decision-makers cannot agree
on model structure and/or prior probability distributions for model parameters [Lempert, 2002].
Much of this deep uncertainty arises from uncertain projections of mass loss from the two ice
sheets, Greenland and especially Antarctica [Bakker et al., 2016; Oppenheimer et al., 2016].

1.2 Deep Uncertainty and the Antarctic Ice Sheet
Over time, scientific consensus has shifted from the AIS being highly vulnerable to
warming (1960s and 70s), to relatively stable (80s and 90s), then back toward relatively unstable
[Oppenheimer et al., 2008]. This development has been referred to as “negative learning”.
Overconfidence can result in negative learning. Deep uncertainty can lead to overconfidence.
Antarctic ice sheet (AIS) deep uncertainty stems from (i) lack of understanding of key processes,
(ii) scarce instrumental and paleoclimatic observations, and (iii) divergent expert assessments
[Bakker et al., 2016; Oppenheimer and Alley, 2016; Le Cozannet et al., 2017].
Recently discovered AIS processes include marine ice shelf instability (MISI), hydrofracturing, and marine ice cliff instability (MICI) [Pollard and DeConto, 2012; Pollard et al.,
2015; DeConto and Pollard, 2016]. These complex physical processes can give rise to highdimensional models with many correlated parameters. Scarce paleoclimatic and observational
constraints for the AIS make it difficult to adequately calibrate these high dimensional models
[Oppenheimer and Alley, 2016]. As a result, projections hinge, in part, on the choice of prior
probability distributions for model parameters. Eliciting expert opinions for these prior
probability distributions poses sizeable challenges. Intuition of model parameters is not aided
when there are many correlated parameters nor when there is a lack of clear physical meaning to
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the parameters [Cooke, 1994]. Other fields offer some insight for better quantifying these prior
probability distributions.

1.3 Probabilistic Inversion
Probabilistic inversion shows up in peer-reviewed literature around the year 2000,
originating in the field of nuclear risk assessment [Cooke, 1994; Kraan and Cooke, 2000]. AIS
models and nuclear accident models share some common features. Both fields have complex
models. They suffer from limited and/or non-existent instrumental and paleoclimatic observations
[Kraan and Cooke, 2000; Oppenheimer et al., 2016]. They have many constraints—ethical,
physical, and time among others—on the experiments that can be performed in order to produce
new observations. Experts often disagree about model structure and the prior probabilities of
model parameters. Hence, both fields feature deep uncertainty.
Nuclear accident modeling is, arguably, even more data starved than AIS modeling. For
example, there are no paleoclimatic observations, and very few accidents. Hence, it may come as
little surprise that techniques for better quantifying the prior probabilities of model parameters
emerged in the nuclear accident modeling field. In most fields, observations are inverted with
models in order to produce model parameter estimates and projections. In the nuclear accident
field, probabilistic inversion has focused on inverting expert assessments with models in order to
infer probability distributions for model parameters [Cooke, 1994]. These expert assessments
specify physically observable quantities, such as the compartmentalization of the radioactive
isotope strontium-90 in human tissues after exposure [Kraan and Cooke, 2000]. In this sense, the
expert assessment serves as an observation, filling the gap left by the lack of observations in
nuclear accident modeling. The commonality between nuclear accident modeling and AIS
modelling suggests a way forward for inferring prior probabilities of AIS model parameters.
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1.4 Probabilistic Inversion for Antarctic Ice Sheet Models
This thesis illustrates a method of quantifying deep uncertainty in the AIS response to
global climate change by using probabilistic inversion to incorporate an expert assessment into
probabilistic projections of sea-level rise. The research answers three key questions: (i) What can
an expert assessment tell us about the prior probability distributions of model parameters? (ii) Is
the expert assessment consistent with the instrumental and paleoclimatic observations? (iii) How
does the interpretation of the expert assessment affect the probabilistic projections?
Probabilistic inversion has traditionally been employed for simpler models. The Iterative
Proportional Fitting (IPF) and PARameter Fitting for Uncertain Models (PARFUM) algorithms
work well for simple models with analytic solutions [Neslo and Cooke, 2011]. For integration of
intractable model parameter probability distributions, such as those found in AIS models, Markov
chain Monte Carlo offers an alternative [Cooke, 1994]. This choice also lends itself well to
combining probabilistic inversion with Bayesian inversion. Bayesian inversion can combine
several lines of evidence in a mathematically sound way and produce probabilistic predictions
with good resolution of the tails of the probability distributions. This helps to inform decisionmakers for sea-level rise adaptation since the tails matter when planning for flood return periods
in the range of 50 to 10,000 years [Jonkman et al., 2013].
Probabilistic inversion of diverse (interpretations of) expert assessments offers a means
for quantifying the deep uncertainty in AIS models. Probabilistic inversion may be coupled to
Bayesian inversion by inverting an expert assessment with an AIS model in order to update the
prior probability distributions of model parameters. The updated model prior distributions may
then be combined with paleoclimatic and instrumental observations in a Bayesian inversion. This
coupled probabilistic-Bayesian inversion method provides a means of utilizing a wide range of
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information about the Antarctic ice sheet response to climate change by combining expert
assessments with instrumental and paleoclimatic observations.
The following chapter examines the results of inverting an expert assessment with a
simple AIS model. The research demonstrates what can be learned about the probability
distributions of AIS model parameters from an expert assessment. The analysis then adds
instrumental and paleoclimatic observations to the expert assessment in a coupled probabilisticBayesian inversion. The study examines the posterior probability distributions of the model
parameters to show the value of the instrumental and paleoclimatic observations in the model
calibration. Finally, the research looks at results from inverting different interpretations of the
expert assessment in order to illustrate the deep uncertainty in AIS projections.
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Chapter 2
1

Probabilistic Inversion of Expert Assessments to Inform Projections about
Antarctic Ice Sheet Responses

2.1 Abstract
The response of the Antarctic ice sheet is a key driver of sea-level projections. These sealevel projections are currently deeply uncertain. This deep uncertainty stems, in part, from (i) the
inability of current models to fully resolve key processes and scales, (ii) the relatively sparse
available data, and (iii) divergent expert assessments. One promising approach to characterizing
the deep uncertainty stemming from divergent expert assessments is to combine expert
assessments, observations, and simple models by coupling probabilistic inversion and Bayesian
inversion. Here, we use probabilistic inversion to fuse a simple Antarctic ice sheet model and
diverse expert assessments. We demonstrate the skill of probabilistic inversion to infer joint prior
probability distributions of model parameters that are consistent with expert assessments. We
then confront these inferred priors with instrumental and paleoclimatic observations in a Bayesian
inversion. The additional constraints result in reasonable yet tighter hindcasts and projections. We
use this approach to quantify how the deep uncertainty surrounding expert assessments affects the
joint probability distributions of model parameters and future projections.

1

This chapter contains multiple-authored work intended for publication in a peer
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2.2 Introduction
Sea-level rise poses challenges, particularly to coastal communities [Hinkel et al., 2015].
Implements for adapting to sea-level rise include augmenting levees, adding new flood control
and shoreline protection structures, diverting sediments, improving infrastructure, and relocating
vulnerable populations as well as restoring or enhancing natural coastal protections, such as
barrier reefs, barrier islands, ridges, marshes, and regional hydrology [Anthoff et al., 2010;
Coastal Protection and Restoration Authority of Louisiana, 2017]. The design of sound
adaptations depends on quantifying the uncertainties surrounding sea-level projections [Bakker et
al., 2016; Oppenheimer and Alley, 2016]. Predictions of future sea-level rise depend on deeply
uncertain projections of Antarctic ice sheet (AIS) mass loss [Oppenheimer and Alley, 2016;
Oppenheimer et al., 2016; Wong et al., 2016; Le Bars et al., 2017; Le Cozannet et al., 2017].
Deep uncertainty arises, for example, when experts and/or decision-makers disagree
about model structure or prior probabilities of key model parameters [Lempert, 2002]. Some
sources of AIS deep uncertainty include (i) the difficulties in representing recently discovered
mechanisms affecting AIS response, such as marine ice shelf instability (MISI) and marine ice
cliff instability (MICI) [Pollard et al., 2015; DeConto and Pollard, 2016], and (ii) the difficulties
in calibrating these models with observations [Wong et al., 2016; Ruckert et al., 2017]. As a
result, AIS projections typically depend on divergent expert assessments [Bakker et al., 2016; Le
Cozannet et al., 2017]. Probabilistic inversion may provide a means to represent and quantify this
deep uncertainty. Probabilistic inversion can fuse expert assessments with mechanisticallymotivated models to infer prior distributions for model parameters and to sample the uncertainty
due to divergent (interpretations of) expert assessments [Oppenheimer et al., 2016].
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The scarcity of AIS instrumental and paleoclimatic observations limits the ability to
constrain key model parameters [Oppenheimer and Alley, 2016; Oppenheimer et al., 2016;
Ruckert et al., 2017]. This elevates the importance of the prior distributions assumed for the
model parameters. The complexity of the processes that determine AIS dynamical response can
lead to high-dimensional models with many correlated model parameters. Eliciting prior
distributions for these high dimensional probability density functions about which there is often
little intuition poses nontrivial challenges [Bakker et al., 2016; Ruckert et al., 2017]. Model
parameters lacking clear physical meaning compounds this problem [Cooke, 1994]. Probabilistic
inversion provides a means to infer these prior model parameters from expert assessments of
future observations [Cooke et al., 2006; Du et al., 2006], such as AIS mass loss by the year 2100
[Pfeffer et al., 2008].
Probabilistic inversion appeared prominently in peer reviewed literature around 2000
[Kraan and Cooke, 2000] in the context of mitigating nuclear risks. In the context of sea level
rise, an early use of a probabilistic inversion technique, via rejection sampling, appeared about a
decade later [Lempert et al., 2012]. More recently, probabilistic inversion was used in the context
of climate change [Oppenheimer et al., 2016]. Typically, probabilistic inversion employs the
iterative proportional fitting (IPF) algorithm [Cooke et al., 2006; Du et al., 2006; Oppenheimer et
al., 2016]. Markov chain Monte Carlo (MCMC) integration of intractable model parameter
probability distributions offers an alternative to IPF for high-dimensional models [RosasCarbajal et al., 2014].
Advantages to using MCMC for probabilistic inversion include (i) good resolution of the
tails of probability distributions [Metropolis et al., 1953; Hastings, 1970] which is critical for the
Antarctic ice sheet [Oppenheimer et al., 2016], (ii) good convergence diagnostics [Gelman and
Rubin, 1992], and (iii) the ability to subsample or post-process Markov chains [Tierney, 1994].
However, MCMC is computationally intensive. Producing a 5 million member Markov chain for
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this study requires roughly 30 hours of computer processing time. This study employs seven such
chains which we produce in parallel on a high performance computing cluster.
Here, we employ probabilistic inversion [Cooke et al., 2006; Du et al., 2006] to fuse
different interpretations of an expert assessment [Pfeffer et al., 2008] with an AIS model [Shaffer,
2014; Wong et al., 2016; Ruckert et al., 2017]. We demonstrate that probabilistic inversion leads
to prior model parameters that are consistent with the expert assessments. Then, we couple
probabilistic inversion and Bayesian inversion. This coupled probabilistic-Bayesian inversion
combines expert assessments with paleoclimatic and instrumental AIS observational data. The
observational constraints reduce the uncertainty in prior model parameters and projections. We
demonstrate the impact of varying interpretations of expert assessments on model projections of
Antarctic ice sheet mass loss by 2100. Finally, we characterize deep uncertainty by quantifying
the impacts of these divergent expert assessments on prior model parameters and projections.

2.3 Methods

2.3.1 Model
As a simple starting point, we employ the DAIS model [Shaffer, 2014; Ruckert et al.,
2017], modified to capture AIS fast dynamical contributions to sea-level rise [Wong et al., 2016].
DAIS models an idealized ice sheet that is symmetric around a central vertical axis. The model
averages processes around the ice sheet rather than differentiating among individual basins. It
follows a mass balance formulation accounting for precipitation, runoff from melt, and ice flow
into the ocean from the ice sheet periphery. Ice flow is calculated as (i) proportional to the radius
of the ice sheet, (ii) proportional to the height of the ice at the periphery, which captures
processes such as marine ice shelf instability (MISI) [Ruckert et al., 2017], and (iii) exponentially
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proportional to the difference between Antarctic ocean subsurface temperature and sea-level
temperature, which captures processes such as basal melt [Shaffer, 2014]. The model
approximates some of the relevant mechanisms, making it computationally efficient to enable
probabilistic inversion and calibration with relatively small computational demands [Wong et al.,
2016; Ruckert et al., 2017].
The addition of an explicit model representation of fast AIS dynamical disintegration
processes [Wong et al., 2016] enables DAIS to approximate recently discovered AIS physical
processes, such as hydro-fracturing and marine ice cliff instability (MICI) [Pollard et al., 2015;
DeConto and Pollard, 2016]. In order to keep things simple, fast dynamical contributions are
included directly in the mass balance rather than indirectly through the ice flow at the periphery
[Wong et al., 2016]. Fast dynamical disintegration is triggered when the Antarctic sea-level
temperature rises above Tcrit (°C) and the volume of the ice sheet is greater than 18 million km3,
which we approximate as the volume of ice susceptible to fast dynamics [Pollard and DeConto,
2009; Wong et al., 2016]. Fast dynamical ice sheet disintegration occurs at rate λ (mm yr-1). This
parameterization follows [Diaz and Keller, 2016; Wong et al., 2016]. We use a Markov chain
Monte Carlo method to sample the uncertainty in Tcrit and λ [Vihola, 2012; Wong et al., 2016], as
well as 12 other model parameters [Ruckert et al., 2017]. Sampling Tcrit produces a probabilistic
estimate of the temperature that triggers accelerated disintegration of the AIS. Thus, this coupled
physical-statistical model enables learning about key components of the physical system.

2.3.2 Expert Assessments
We adopt published expert assessments to sample some of the deep uncertainty (i.e.
multiple probabilistic assessments) surrounding the projections of AIS dynamics. Specifically, the
Low 2 and High 1 projections for Antarctica from Pfeffer et al. [2008, Table 3] imply a probable
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range of 128 mm to 619 mm of sea-level rise from the AIS by the year 2100, relative to the year
2010. The study does not specify a probability distribution or how to interpret the range. Here, we
adopt three mathematical forms that approximate past interpretations: (i) a uniform distribution as
an imputation to [Pfeffer et al., 2008], which treats all levels of AIS sea-level rise as equally
probable within the given range, (ii) a normal distribution approximating [Church et al., 2013],
derived from taking each bound of the 128 – 619 mm range as representing plus and minus two
standard deviations from the mean of the range, giving a mean of 373.5 mm and a standard
deviation of 122.75 mm, and (iii) a beta distribution following [Lempert et al., 2012; Le Cozannet
et al., 2015] with the lower bound equal to 128 mm, the upper bound equal to 619 mm, the shape
parameter α=2, and the shape parameter β=3. This allows us to quantify the impact of different
assumptions about the distribution of the expert assessments.

2.3.3 Observations and Constraints
We select observations for the full calibration from previous work with the DAIS model
[Wong et al., 2016; Ruckert et al., 2017]. We incorporate AIS paleoclimatic data, instrumental
data, and modelled trends. All AIS mass balance data is specified in global mean sea-level
equivalents (SLE), relative to the mean of the 1961-1990 period, unless otherwise stated or
implied.
Paleoclimatic data includes the Last Interglacial (LIG, about 118 kyr BCE), the Last
Glacial Maximum (LGM, about 18 kyr BCE), and the Mid-Holocene (MH, about 4 kyr BCE).
We select the LIG constraint of 3.6 m to 7.4 m SLE from [DeConto and Pollard, 2016]. We treat
the LIG as normally distributed with a mean of 5.5 m and a standard deviation of 0.95 m, and
truncate the distribution at two standard deviations above and below the mean. We choose the
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LGM and MH constraints from [Ruckert et al., 2017] with means of -11.35 m and -2.63 m and
standard deviations of 2.23 m and 0.69 m, respectively.
The instrumental data includes estimated AIS mass loss and global mean sea-level data.
We adopt [Shepherd et al., 2012] for mass loss during the instrumental period. For instrumental
year 2002, we take AIS mass loss to have a mean of 1.97 x 10-3 m SLE and a standard deviation
of 4.7 x 10-4 m per [Ruckert et al., 2017]. Following [Wong et al., 2016], we incorporate a
Heaviside function to constrain AIS mass loss in SLE from exceeding global mean sea-level rise
[Church and White, 2011] for each of the instrumental years from 1900 to 2013 CE.
Lastly, we constrain the rate of AIS mass loss for multiple recent periods with
information from the IPCC assessment [Church et al., 2013]. Specifically, we consider rates of
AIS mass loss for the years 1993 to 2010 CE, 1992 to 2001 CE, and 2002 to 2011 CE [Church et
al., 2013, pp. 1151-1153]. These have means of 0.27 mm y-1 SLE, 0.08 mm y-1, and 0.40 mm y-1
respectively with corresponding standard deviations of 0.11 mm y-1, 0.185 mm y-1, and 0.205 mm
y-1.

2.3.4 Climatic Forcings
Global mean sea level, Antarctic sea-level temperatures, and Antarctic ocean subsurface
temperatures force the DAIS model. We adopt climatic forcings following [Ruckert et al. 2017].
For the period from 238 kyr BCE to the year 1997 CE, we use climatic forcings from [Shaffer,
2014]. For the years 1997 to 2100 CE, we use forcings as generated for [Ruckert et al., 2017]
from the extended Representative Concentration Pathways (RCP) 8.5 scenario [Moss and
Intergovernmental Panel on Climate Change, 2008].

13
2.3.5 Statistical Calibrations
We perform two interacting inversions: (i) probabilistic inversion of expert assessments
and (ii) Bayesian inversion of instrumental and paleoclimatic observations (Fig 1). First, we use
probabilistic inversion to fuse the DAIS model with each of the three interpretations of the expert
assessments (uniform, normal, and beta distributions). By inverting the expert assessments with
the DAIS model, we inform the prior probabilities of model parameters (Fig 1). Next, we add
instrumental [Church and White, 2011; Shepherd et al., 2012] and paleoclimatic constraints
[DeConto and Pollard, 2016; Ruckert et al., 2017], as well as AIS mass loss trends [Church et
al., 2013], to each of the three expert assessments in a coupled probabilistic-Bayesian inversion.
This results in six statistical calibration experiments: three probabilistic inversions and three
coupled probabilistic-Bayesian (hybrid) inversions.
We implement the inversions using an adaptive Metropolis-Hastings algorithm [Vihola,
2012]. The Metropolis-Hastings algorithm [Metropolis et al., 1953; Hastings, 1970] samples
from a target posterior probability distribution, given a likelihood function and prior probability
distribution, that together are proportional to the target probability distribution (conditioned on
the data employed). The likelihood function evaluates the probability of each data constraint
according to its assumed probability distribution and the model output for a given set of model
parameters. For the three probabilistic inversions, the likelihood function calculates the
conditional probability of the expert assessments as a function of the model parameters. For the
three hybrid inversions, our likelihood function provides the conditional probability of the expert
assessments, the paleoclimatic and instrumental constraints, and the IPCC modelled trends, as a
function of the model parameters.
All inversions, even the probabilistic inversions, use Bayes’ theorem. The posterior
probability of the model parameters is proportional to the likelihood of the data given the model
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parameters and the prior probability of the model parameters. We adopt prior model parameter
distributions from [Wong et al., 2016]. We employ gamma prior distributions for the fast
dynamics parameters, Tcrit and λ from [Wong et al., 2016]. The probabilistic inversion
experiments include only the expert assessments and the assumed prior distributions in the
likelihood function in order to evaluate how the expert assessments inform these prior
distributions. Hence, we use Bayes’ theorem to update the prior probabilities of the model
parameters from the expert assessments [Cooke, 1994]. For the hybrid inversions, we infer
posterior probabilities for the model parameters from all of the constraints, including the expert
assessments and observations, and the assumed prior probabilities of the model parameters.
To calibrate the hybrid inversions, we follow [Wong et al., 2016], with a few changes.
First, we employ two separate statistical parameters to represent the variance for the paleoclimatic
and instrumental observations as in [Ruckert et al., 2017]. Second, we only consider the RCP8.5
scenario for future projections. Third, we include the expert assessments in the likelihood
function.
We produce Markov chains from 5 x 106 iterations of the Metropolis-Hastings algorithm
for each of the six inversions. We discard the first 250,000 iterations of each chain for burn-in.
We use Gelman and Rubin’s potential scale reduction factors to diagnose convergence [Gelman
and Rubin, 1992].
For the uniform probabilistic inversion, we post-process the Markov chain using rejection
sampling [Tierney, 1994] to improve the fit to the uniform expert assessments. Others have
experienced problems inverting uniform distributions as well [Cooke, 1994; Keller and
McInerney, 2008]. The normal and beta probabilistic inversions did not require rejection
sampling. The random-walk Metropolis-Hastings algorithm is adequately guided by the
probability differing throughout the range of the normal and beta expert assessments.
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2.4 Results

2.4.1 Probabilistic Inversion
The probabilistic inversions produce weakly multimodal priors for the fast dynamics
parameters, Tcrit and λ (Fig 2A). The inferred priors well approximate three different
interpretations of the expert assessments (Fig 3). We do not expect the approximations to be exact
since we are using the expert assessments as conditional distributions to update the assumed
priors [Cooke, 1994].

2.4.2 Inferred Fast Dynamics Priors
The prior distributions inferred for the fast dynamics parameters show a secondary mode
in their marginal probability distributions (Fig 2A). Adding paleoclimatic and instrumental
observations to the information from the expert assessments sharpens the inference of the fast
dynamics parameters (Fig 2B and Table 1). The Last Interglacial constraint eliminates the
secondary mode (Fig 2). We discuss this further in the supplemental text.
The estimate of the temperature that triggers AIS fast disintegration, Tcrit, is tightened by
including the expert assessments in the coupled probabilistic-Bayesian inversion (Table 1). The
Bayesian inversion without the expert assessments gives a 90% credible interval of 1.5 - 7.0 °C,
scaled to global mean surface temperature [Morice et al., 2012] from Antarctic sea-level
temperature [Shaffer, 2014]. We narrow this range to 1.8 - 5.6 °C by incorporating the uniform
expert assessments into the coupled probabilistic-Bayesian inversion. However, the addition of
the observational data does little to further constrain the disintegration rate, λ.
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2.4.3 Posterior Projections
We find that the projected AIS contribution to sea-level rise hinges considerably on the
interpretation of the expert assessments (Fig 4). As expected, the probabilistic inversion tightly
constrains the projected AIS contribution to sea level by 2100, and these projections are relatively
unchanged by including the observational data in the coupled probabilistic-Bayesian inversion.
For example, the 90% credible interval for the probabilistic inversion of the normal interpretation
of the expert assessments is 0.14 - 0.55 m SLE from the Antarctic ice sheet by the year 2100
(Table 1). Adding the paleoclimatic and instrumental constraints tightens these projections only
slightly, with a 90% credible interval of 0.15 – 0.55 m SLE. We note that while the projections
are relatively unchanged by the addition of the observational constraints, these data improve
posterior inference regarding key model parameters (Fig 2).

2.5 Discussion and Caveats
This paper is to be interpreted pedagogically, rather than as an exhaustive treatment of
the problem domain. This study demonstrates a method for combining expert assessments with
paleoclimatic and instrumental observations in a coupled probabilistic-Bayesian inversion. We
demonstrate the value of combining expert assessments with observational data in a model
inversion. We find that the two techniques can be employed simultaneously to constrain future
projections as well as key model parameters. This coupled-probabilistic Bayesian inversion
technique can be widely applied both inside and outside of the problem domain considered here.
For the sake of simplicity, we examine several interpretations of one expert assessment
[Pfeffer et al., 2008]. Future work might further characterize the deep uncertainty surrounding
future AIS contributions to sea-level rise by considering multiple expert assessments and/or more
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complex model structures. One promising avenue would be to combine multiple expert
assessments into a possibility function [Le Cozannet et al., 2017], then use the methods presented
here to invert a possibility function along with paleoclimatic and observational data. The
possibility function could include higher estimates for AIS contributions from more recent expert
assessments such as [DeConto and Pollard, 2016].
Many of the caveats discussed elsewhere apply to this study as well [Wong et al., 2016;
Ruckert et al., 2017]. Briefly, the DAIS model emulates fast disintegration of the Antarctic ice
sheet with a single threshold temperature, Tcrit, and a single rate of disintegration, λ. A more
physically realistic model would resolve the individual processes, such as hydro-fracturing,
marine ice shelf instability (MISI), and marine ice cliff instability (MICI). It is unlikely that these
processes all share a single response timescale or triggering mechanism. Moreover, a threshold
response might exhibit hysteresis. In other words, if the temperature were to fall below the trigger
temperature, Tcrit, ice sheet disintegration might still continue. Nevertheless, we show the utility
in combining probabilistic inversion and Bayesian inversion, and use this coupled inversion
technique to characterize the deep uncertainty in future Antarctic ice sheet contributions to sea
level.

2.6 Conclusions
We demonstrate how a coupled probabilistic-Bayesian inversion may be used to combine
expert assessments with paleoclimatic data and instrumental observations in order to make
probabilistic projections of future sea-level rise from the Antarctic ice sheet. We use probabilistic
inversion to demonstrate how inverting expert assessments of future mass loss with a simple
Antarctic ice sheet model can be used to inform the prior probabilities of key model parameters.
We show that combining expert assessments and observations in a coupled probabilistic-Bayesian
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inversion sharpens the inference of model parameters. Adding the expert assessments to the
observations narrows the 90% credible interval for Tcrit, the temperature which triggers Antarctic
ice sheet fast disintegration, from 1.5 - 7.0 °C to 1.8 - 5.6 °C. While projections of Antarctic ice
sheet contributions to sea levels remain deeply uncertain and hinge on divergent expert
assessments, this work provides guidance on how we can leverage the available data to constrain
these projections as well as key model parameters.
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Figure 1: Schematic of coupled probabilistic-Bayesian inversion. Hexagons indicate
observational constraints. Parallelograms represent probability distributions: prior, posterior, and
predictive. Rectangle denotes physical and statistical model. Arrows contrast the direction of
inference in the coupled inversions.
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Figure 2: Inferred probability density functions. Shown are marginal posterior distributions of
fast dynamics parameters from the probabilistic inversion of the expert prior (a) and the
combination of the expert prior with the observations using coupled probabilistic-Bayesian
inversion (b). Contours delimit the 90% credible interval. Shaded circles indicate the mode.
Temperature is scaled to global mean surface temperature.
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Figure 3: Probabilistic inversion of different interpretations of expert assessments. Shaded
areas denote prior probability distribution. Lines give posterior probability distribution from
inversion. Shown are uniform (a), beta (b), and normal (c) interpretations. Vertical lines
demarcate the range provided by Pfeffer et al. [2008].
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Figure 4: Posterior probability density functions. Sea-level projections derived by combining
expert assessments, paleoclimatic data, instrumental observations, and IPCC information [Church
et al., 2013]. Shown are uniform (a), beta (b), and normal (c) interpretations of the expert
assessments. Vertical lines demarcate the range provided by Pfeffer et al. [2008].
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Table 1: Quantiles for Parameters and Projections
Evidence
Wide priors
Wide priors
+expert
assessment

Expert Interp.
n/a
uniform
beta
normal
Wide priors+expert
uniform
+instrumental
beta
+paleo+IPCC
normal

Tcrit (°C), GMST
5%
mean
95%
-2.00
2.9
7.1
-0.40
3.3
6.6
-0.59
3.6
6.8
-0.60
3.3
6.7
1.8
2.9
5.6
1.8
3.0
5.0
1.9
2.9
5.2

SLE by year 2100 (m)
5%
mean
95%
n/a
n/a
n/a
0.15 m
0.37 m
0.59 m
0.17 m
0.30 m
0.48 m
0.14 m
0.35 m
0.55 m
0.15 m
0.37 m
0.58 m
0.18 m
0.33 m
0.49 m
0.15 m
0.38 m
0.55 m
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Chapter 3

Caveats and Future Work
The study in this thesis is intended to be pedagogical in nature. It illustrates a method of
incorporating expert assessments into probabilistic projections to better quantify deep uncertainty.
This coupled probabilistic-Bayesian inversion method is applicable to other areas where
observations are limited, outcomes are governed by complex physical processes, and it is
infeasible or at least very difficult to perform experiments to create new observations. Examples
of such areas include foodborne diseases [Cooke et al., 2006], nuclear accidents [Kraan and
Cooke, 1997], invasive species [Rothlisberger et al., 2012], vaccines [Duintjer Tebbens et al.,
2008], airplane [Thompson et al., 2001] and gas-line accidents [Cooke and Jager, 1998], and
climate [Oppenheimer et al., 2016], among others.
This study is subject to several caveats that point to future research projects. To begin
with, the expert assessment [i.e., Pfeffer et al., 2008]—while important and easy to analyze—has
to be interpreted in light of more recent findings. New physical processes such as marine ice shelf
instability (MISI) and marine ice cliff instability (MICI) have been discovered since the
assessment was published [Pfeffer et al., 2008]. A recent study is predicting the possibility of
multi-meter sea-level contributions from the AIS by the year 2100 [c.f., DeConto and Pollard,
2016]. Using the more recent study may give more relevant estimates or show tension with the
simple AIS model chosen for this study. On the other hand, the choice of the expert assessment
underscores the importance of specifying a probability distribution for estimates.
The study could be expanded in multiple ways in order to better explore the deep
uncertainty in AIS projections. For example, a future study could evaluate more than one expert
assessment and more than one model structure. The study could examine the consistency between
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various combinations of expert assessments and model structures and diagnose the tension (or
lack thereof) among them. Another possible approach is to combine multiple expert assessments
into a possibility function [e.g., Le Cozannet et al., 2017]. The possibility function could be
inverted alongside the instrumental and paleoclimatic observations with an AIS model. This
would aggregate the deep uncertainty from multiple expert assessments and combine it with the
uncertainty in the observational constraints and the uncertainty in the AIS model.
This study could also be improved by including more observational constraints. In
particular, it could incorporate the relevant paleoclimatic observation for the Pliocene [DeConto
and Pollard, 2016]. Additional observations may better constrain the model parameters and help
to reduce uncertainty in projections.
Future work could better quantify the relative value of the various lines of evidence—
instrumental observations, paleoclimatic observations, and expert assessments—in reducing
uncertainties surrounding model parameters as well as projections. The field of information
theory offers the Kullback–Leibler (K-L) divergence which quantifies the information gain from
one probability distribution to another [Kullback and Leibler, 1951]. The K-L divergence could,
for example, be calculated between the prior and the posterior probability distributions of the
model parameters for each of the observational constraints. This would quantify the value of the
various lines of evidence for constraining each of the model parameters. The K-L divergence
could be calculated for posterior projections as well, in order to quantify the relative value of the
various lines of evidence for informing the projections.
The model structure could be improved by more realistically parameterizing the threshold
response. The fast dynamical response is triggered when the temperature rises above the critical
temperature and shuts off immediately when the temperature falls beneath the critical
temperature. Marine ice cliff instability (MICI) is thought to be a run away process where the ice
disintegrates until the grounding line has retreated to the point where the bed no longer slopes
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toward the interior of the continent [Pollard et al., 2015; DeConto and Pollard, 2016]. Hence,
even when the temperature falls beneath the trigger temperature, MICI may continue unabated
until all of the susceptible ice melts or it becomes considerably colder. A third fast dynamics
parameter, perhaps a shutdown temperature, could shut down the fast dynamical response when
the temperature falls beneath the shutdown temperature.
The model structure could also be improved to better utilize probabilistic inversion. The
AIS fast dynamical parameterization assumes a single trigger temperature and a single rate of
response. It seems plausible to hypothesize that different physical processes, such as marine ice
shelf instability (MISI), hydro-fracturing, and marine ice cliff instability (MICI), have differing
timescales and trigger temperatures. A better model might resolve these individual processes. Of
course, this would equate to more model parameters to be calibrated with the rather scarce
observations. However, it may be possible to choose reasonable prior probability distributions for
these model parameters and inform them with expert assessments of the future sea level
contributions from each of the individual processes. For example, an expert assessment could be
elicited for the future contribution to sea-level from the AIS due to MICI processes.
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Appendix

Supplemental Material
After the probabilistic inversions—where we use only the expert assessments to constrain
the fast dynamics parameters (λ and Tcrit)—the inferred expert prior ranges relative to the wide
prior ranges are displayed in Fig 2a. These distributions differ from the parameter distributions
that result from the hybrid inversions (Fig 2b), where we use the paleoclimatic and instrumental
data to further constrain the parameters. Most notably, without the paleoclimatic and instrumental
data, there exists a secondary mode in the marginal distributions for Tcrit, around -18.5 °C (Fig
2a). When the paleoclimatic and instrumental data are assimilated alongside the expert
assessments (i.e., the hybrid inversions), this secondary mode is greatly diminished (Fig 2b).
We note that the Last Interglacial period (LIG) is the only time period in the hindcast
simulations during which fast dynamical disintegration is potentially triggered. Thus, the
additional constraint seen in Fig 2b relative to Fig 2a can be attributed to incorporating the LIG
datum in the calibration. The reduction of the secondary, “low temperature”, mode in the
distribution for Tcrit (Fig 2a versus Fig 2b) is a result of eliminating parameter sets which would
trigger fast dynamics too strongly (Tcrit too low), thereby yielding simulations that overestimate
the volume of the disintegrated ice during the LIG. Similarly, we attribute the decreased upper
range for Tcrit to eliminating parameter sets that would yield simulations that do not trigger fast
dynamics strongly enough, thereby underestimating the volume of the disintegrated ice during the
LIG. In the following text, we discuss and interpret this secondary mode when only the expert
assessments are assimilated in the calibration.
We test this hypothesis regarding the source of the secondary mode in Tcrit (Fig 2a and
S3c Fig) using a set of supplemental experiments. First, we vary only the fast dynamics
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parameters, constrained only by the expert assessments. We fix the other model parameters at a
maximum posterior probability estimate from a probabilistic inversion of the expert assessments.
The results demonstrate the mechanistic relationship between the fast dynamics parameters and
the expert assessments (S3 Fig). The results show that the rate of fast dynamical disintegration, λ,
is—for most cases that are consistent with the observations—inversely proportional to the
timescale of the threshold response. Consider a simplified case, wherein the expert assessment for
sea-level rise from the Antarctic ice sheet in 2100 is a fixed quantity, say SLR2100.
The temperature forcing for these experiments is fixed. Thus, given a value for Tcrit, there
is some year t in which the temperature exceeds Tcrit. The time period over which fast
disintegration occurs, then, is 2100-t. Warmer temperature thresholds are crossed later, so Tcrit is
inversely proportional to 2100-t.
The model parameters not associated with fast dynamics are also fixed for these
experiments. So the non-fast dynamics contribution from the Antarctic ice sheet to sea level is
also fixed, say AISstable. Let AISunstable represent the fast dynamics contribution to sea-level rise by
2100. Then AISunstable = (2100-t)*λ.
But SLR2100= AISstable + AISunstable = AISstable + (2100-t)*λ. SLR2100 and AISstable are fixed,
so shorter windows over which ice can disintegrate (2100-t) are associated with higher
disintegration rates (λ). Hence, as Tcrit increases (i.e., 2100-t decreases), λ increases, although
there is an exceptional local maximum in λ at low values of Tcrit (about -18.5 °C), as explained
above (S3c Fig). Perhaps counterintuitively, higher rates of disintegration do not imply higher
sea-level projections. In fact, sea-level projections do not correlate to λ (S3b Fig). Taken together,
Fig 2 and S3 Fig illustrate how threshold responses behave with respect to timescale.
Through this supplemental experiment, we find that the projected future sea-levels reach
their maximum at intermediate values of Tcrit (S3a Fig). At low values of Tcrit, the probability of
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triggering fast dynamics is high, which requires a long response timescale in order not to
overestimate the expert assessments. Hence, as Tcrit increases from low to intermediate values, the
timescale does not have to be as long, and sea-level projections reach their maximum. As Tcrit
increases further from intermediate to high values, the probability of triggering fast dynamics
decreases and the projected sea-levels decrease.
In a second experiment, we explore the parameter space of the fast dynamics parameters
using Latin hypercube sampling [McKay et al., 1979]. We further widen the assumed priors for
the fast dynamics parameters, as shown by the range of the figure (S4 Fig). We hold the other
model parameters fixed at a maximum likelihood estimate. We use Latin hypercube sampling to
generate the fixed parameters, with their likelihood constrained by all of the data, including the
expert assessments and the paleoclimatic windows. We constrain the fast dynamics parameters
using the expert assessments, but not the paleoclimatic calibration windows (S4b Fig).
The results show that the model simulations with a low trigger temperature, Tcrit, and a
high disintegration rate, λ, still agree with the expert assessments (S4b Fig). This is because fast
dynamics are no longer triggered once the volume of the ice sheet falls below 18 million km3.
This prevents anomalous combinations of fast dynamics parameters from melting the entire ice
sheet during the Last Interglacial (LIG), which is not included as a constraint in the Latin
hypercube sampling or the probabilistic inversion. Adding the LIG as a constraint in the coupled
probabilistic-Bayesian inversion eliminates the secondary mode (Fig 2b).
The Latin hypercube sampling of the widened fast dynamics parameters (S4 Fig) further
shows that the model does not necessarily reject non-physical values for the fast dynamics
parameters (i.e. model runs where the disintegration rate, λ, is less than zero or Tcrit is so low that
all of the susceptible ice would have melted long ago). We find that the expert assessments create
a discontinuity in parameter space between non-physical and more physically plausible
combinations of fast dynamics parameters (S4b Fig). Initializing the random-walk Metropolis-
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Hastings algorithm with non-physical values for the fast dynamics parameters would make it
much more difficult to sample physically plausible values.
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Figure S1: Comparison of different interpretations of expert assessments. Lines give posterior
probability distribution from probabilistic inversion of expert assessments. Vertical lines
demarcate the range provided by Pfeffer et al. [2008].
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Figure S2: Expert assessments vs. all data. Dashed lines give sea-level estimates from
probabilistic inversion of expert assessments. Solid lines give sea-level estimates from combining
expert assessments, paleoclimatic data, instrumental observations, and modelled trends. Shown
are uniform (a-b), beta (c-d), and normal (e-f) interpretations of the expert assessments. Vertical
lines demarcate the range provided by Pfeffer et al. [2008].
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Figure S3: Probabilistic inversion sampling of fast dynamics parameters. Shown are
covariance of Tcrit and sea-level estimates (a), covariance of λ and sea-level estimates (b), and
marginal posterior distribution of fast dynamics parameters (c) from probabilistic inversion of the
uniform expert prior with all other parameters fixed at their joint maximum likelihood estimate.
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Figure S4: Latin hypercube sampling of fast dynamics parameters with widened priors.
Shown are all model runs (a) and the subset of those model runs that fall within the range of the
expert assessments (b) [Pfeffer et al., 2008].
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