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ABSTRACT
Ferroelectrics are materials that exhibit spontaneous electric polarization which can be
switched between energy-degenerated states by external stimuli (e.g., mechanical force and electric
field) that exceeds a critical value. They have wide potential applications in memories, capacitors,
piezoelectric and pyroelectric sensors, and nanomechanical systems.
Topological structures and topological phase transitions have been introduced to the
condensed matter physics in the past few decades and have attracted broad attentions in various
disciplines due to the rich physical insights and broad potential applications. Ferromagnetic
topological structures such as vortex and skyrmion are known to be stabilized by the antisymmetric
chiral interaction (e.g., Dzyaloshinskii-Moriya interaction). Without such interaction, ferroelectric
topological structures (i.e., vortex, flux-closure, skyrmions, and merons) have been studied only
recently with other designing strategies, such as reducing the dimension of the ferroelectrics. The
overarching goal of this dissertation is to investigate the topological structures in ferroelectric oxide
perovskites as well as the topological phase transitions under external applied forces.
Pb(Zr,Ti)O3 (PZT) with morphotropic phase boundary is widely explored for high
piezoelectric and dielectric properties. The domain structure of PZT tetragonal/rhombohedral (T/R)
bilayer is investigated. Strong interfacial coupling is shown, with large polarization rotation to a
lower symmetry phase near the T/R interface. Interlayer domain growth can also be captured, with
T-domains in the R layer and R-domains in the T layer. For thin PZT bilayer with 5nm of T-layer
and 20 nm of R-layer, the a1/a2 twin domain structure is formed in the top T layer, which could be
fully switched to R domains under applied bias. While a unique flux-closure pattern is observed
both theoretically and experimentally in the thick bilayer film with 50 nm of thickness for both T
and R layers. It is revealed that the bilayer system could facilitate the motion of the ferroelastic adomain in the top T-layer since the a-domain is not directly embedded in the substrate with high
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density of defects which can pin the domain wall. Excellent dielectric and piezoelectric responses
are demonstrated due to the large polarization rotation and the highly mobile domain walls in both
the thick and thin bilayer systems.
The long-range ordered polar vortex array is observed in the (PbTiO3)n/(SrTiO3)n
(PTOn/STOn with n=10~20) superlattices with combined experimental and theoretical studies.
Phase-field simulations reveal the three-dimensional textures of the polar vortex arrays. The
neighboring vortices rotate in the opposite directions, which extended into tube-like vortex lines
perpendicular to the vortex plane. The thickness-dependent phase diagram is predicted and verified
by experimental observations. The energetics (the contributions from elastic, electrostatic, gradient
and Landau chemical energies) accompanying the phase transitions are analyzed in details. The
dominating depolarization energy at short periodicity (n<10) favors a1/ a2 twin domain, while the
large elastic relaxation and Landau energy reduction at large periodicity (n>20) leads to the
formation of flux-closure domain with both 90o a/c domain walls and 180o c+/c- domain walls,
counterbalancing of the individual energies at intermediate periodicities (n=10~20) gives rise to
the formation of exotic vortex structure with continuous polarization rotation surrounding a
singularity-like vortex core. Analytical calculations are performed, showing that the stability of the
polar vortex structure is directly related to the length of Pi times bulk domain wall width, where
vortex structure can be expected when the geometric length scale of the ferroelectrics is close to
this value. The role of insulating STO is further revealed, which shows that a rich phase diagram
can be formed by simply tuning the thickness of this layer.
Wave-like polar spiral phase is simulated by substituting part of the PTO with BiFeO3
(BFO) in the PTO/STO superlattice (i.e., in a (PTO)4/(BFO)4/(PTO)4/(STO)12 tricolor system)
which has demonstrate ordered polar vortex lattice. This spiral phase is made up of semi-vortex
cores that are floating up-down in the ferroelectric PTO layers, giving rise to a net in-plane
polarization. An increase of Curie temperature and topological to regular domain transition
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temperature (over 200 K) is observed, due to the higher Curie temperature and larger spontaneous
polarization in BFO layers. This unidirectional spiral state can be reversibly switched by
experimentally feasible in-plane field, which evolves into a metastable vortex structure in-between
two spiral phases with opposite in-plane directions.
The switching of polar vortex lattice under capacitor field for the (PTO)16/(STO)16
superlattice is studied, which reveals the existence of polar skyrmion state at intermediate applied
bias. This is akin to the Rayleigh-Plateau instability in the fluid mechanics. A similar phenomenon
is experimentally observed in the ferromagnetic system recently. The skyrmion-like structure will
shrink with the further increasing of applied bias after saturation and eventually disappear given
sufficiently large bias, leading to the formation of ferroelectric/ferroelastic twin domains with
distinct 90o domain walls. Dimensionality cross-over is demonstrated, where a 1-D vortex core
structure can be switched to the 2-D domain wall by the joint of two vortices with opposite curls.
Electric-field phase diagram is plotted, showing a wide electric field region which could stabilize
the metastable polar skyrmion state. This could serve as a road map for the experimental
observation of the ferroelectric skyrmion state.
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Chapter 1 : Introduction
In this Chapter, I will show the basic concepts of ferroelectrics, topological structures and
topological phase transitions. The recent progress in ferroelectric topological structures and
topological phase transitions are also covered. The Landau theory is introduced together with the
methodology of the phase-field simulations. Properties of some prototype perovskite ferroelectric/
dielectric materials are reviewed. A new thin film-based superlattice model is developed to simulate
the polar structures in complex ferroelectric oxide superlattices. The iterative perturbation method
to solve the elastic equilibrium in an elastic inhomogeneous system (i.e., in multilayers and
superlattices) is highlighted.

1.1 Ferroelectrics: thin films, multilayers and superlattices

1.1.1 Ferroelectrics and perovskites
Ferroics are a class of material that show hysteresis response under external stimuli (i.e.,
magnetic field for ferromagnetic material, stress field for ferroelastic material and electric field for
ferroelectric material, etc.). It is widely accepted that a ferroelectric material exhibits spontaneous
electric polarization (or polarization in short) that can be switched between energy-equivalent states
upon the application of an external applied field when exceeds a critical value. While in contrast a
paraelectric material only shows electric-field induced polarization which diminishes upon the
removal of the applied field. Rochelle salt is believed to be the first ferroelectric material ever
reported, dating back to the year 1920 [1]. The characteristic of the ferroelectric material is the
“hysteresis loop”, where the direction of the polarization depends on the electric poling history. A
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schematic plot of the polarization-electric field loop for ferroelectric and paraelectric material is
shown in Figure 1-1 (a). The microscopic origin of the electric polarization for displacive
ferroelectrics is the net electric dipole moment due to the off-centering of the positive and negative
charges with respect to the unit cell.
A large portion of ferroelectric materials belong to the perovskite class. Perovskite is first
discovered in Russia in 1839, which is named after the Russian mineralogist Lev Perovski.
Normally a perovskite has the ABO3 formula, with the typical crystal structure shown in Figure 11 (b). At high temperature, the typical perovskite has a cubic structure with Pm3m space group [2].
The A site atoms form cubic cages, with O anions occupy the face centers of the cubic lattice and
B site atoms fill in the cage centers. The oxygen anions form oxygen octahedral, corner connecting
with the neighboring oxygen octahedrals. This is a simple but rather versatile structure, where many
metallic ions can be fitted to the A and B sites. Upon cooling below the Curie temperature (Tc),
the cubic perovskite usually undergoes a structure phase transition to tetragonal phase. Along with
this structure phase transition, the center of the positive and negative charges in the unit cell do not
coincide (the displacement can originate from A and B sites with respect to the oxygen octahedral),
showing a net dipole moment which causes a paraelectric to ferroelectric phase transition.
A region with uniform polarization is called a ferroelectric “domain”. The walls that
separating different domains are called domain walls. For instance in a tetragonal ferroelectric
system, from the group theory, when the parent cubic phase is Pm3m while the tetragonal phase is
P4mm the polarization has six equivalent directions, indicating a maximum of six possible domain
variants as shown in Figure 1-1 (c). For the sake of convenience, they are named c+, c-, a1+, a1-, a2+
and a2- with the polarization directions marked in the figure. Meanwhile, for the rhombohedral
ferroelectric systems, from Figure 1-1 (d) there are eight degenerated polarization states with eight
types of domains from the transition of Pm3m to R3c, namely, r1+, r1-, r2+, r2-, r3+, r3-, r4+ and r4-.
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The domain wall type can be classified by the angle of the polarizations in the neighboring
domains. For example in a tetragonal ferroelectric system, there are mainly two types of domain
walls: 90o domain wall (where polarization direction changes 90o across the domain wall) and 180º
domain wall (where polarization direction flips through the wall), as shown in Figure 1-1 (e).
Whereas for the rhombohedral ferroelectrics, three types of domain walls can be expected (Figure
1-1 f): 71o domain wall (where only one component of the polarization change sign), 109o domain
wall (two polarization components change directions, e.g., the domain wall between (+P, +P, +P)
and (+P, -P, -P)) and 180o domain wall (all the three polarization components flip its sign).

Figure 1-1. Schematics of the basic concepts in ferroelectric theory. (a) polarization as a function
of applied electric field for ferroelectric and paraelectric material. Hysterisis loop is considered as
the “finger print” of ferroelectrics. (b) Typical provskite structure and the displacive ferroelectric
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phase transition. (c) Domain variants of a tetragonal ferroelectric material. (d) Possible polarization
orientations in rombhedral ferroelectrics. (e) Domain wall types in tetragonal ferroelectrics (180°
domain wall and 90° domain wall). (f) Domain walls in rhombohedral ferroelectric system (71°
domain wall, 109° domain wall and 180° domain wall).
Much attention has been paid to the domain walls rather than the domain itself. Many
interesting phenomena have been discovered in the ferroelectric domain walls. To name a few, a
rich variety of switching mechanisms have been discovered in the vicinity of a 180ºdomain wall
in LiNbO3 [3]. The 90o domain walls in the tetragonal ferroelectrics have been extensively studied,
where the role of the 90o domain walls during ferroelectric switching has been debated for long. It
is demonstrated that the 90o domain walls are immobile which will become a pinning center during
the domain growth process and hence hinder the switching [4]. While other studies indicate that
the immobile 90o domain walls are associated with the presence of defects and free 90o domain
walls are actually mobile [5]. Despite the dispute, it has been widely revealed that the bending and
moving of the 90o domain walls will give rise to large piezoelectric [6, 7] and dielectric [8]
responses, which is called the “extrinsic” contributions. In the rhombohedral system, it is shown
that the domain walls are conducting, with a much higher conductivity and lower band gap for the
71o domain walls [9].

1.1.2 Ferroelectric thin films, multilayers and superlattices
In recent years, with the advance in controllable growth of epitaxial thin films with high
crystalline quality, thin films [10-12], multilayers [13] as well as superlattices [14, 15] have been
extensively investigated [16, 17]. The growth of high quality thin films with a size of <100 nm can
greatly facilitate the design of nanomechanical systems, as well as making significant achievement
towards the miniature of ferroelectric, piezoelectric and pyroelectric devices.
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In epitaxial thin films, substrate strain Ɛ arises from the lattice misfit between the bulk film
lattice constant af and the substrate lattice constant as,  

as  a f
as

. “Strain engineering” with thin

films grown on various commercialized substrates has enabled tunable physical properties and
phase diagrams [18]. For instance, it is now widely accepted that the epitaxial strain can tune the
phase transition temperature (i.e., Curie temperature) in ferroelectrics [19].
In particular, artificial thin film superlattices are of great interests in various fields of the
condensed matter physics society [20-22]. Novel phenomena are discovered, by engineering the
compositions, stacking sequences and thicknesses of each individual layers, as well as the strain
from the substrate [18, 23-26]. Figure 1-2 (a)-(c) shows the typical building structures of the
epitaxial thin film, multilayer and superlattice. Depending on the needs for electrical measurements,
electrodes may also be deposited at the substrate/film interface and on top of the thin film.
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Figure 1-2. Schematics of the building blocks of the (a) thin film; (b) multilayer; (c) superlattice.
In some cases, electrodes may be deposited onto the substrate before the deposite of thin film and
on the top of the thin film which is not shown here.
Some of the interesting properties of the multilayer and superlattices (which are usually
totally different from the average properties of the building blocks) are largely originated from the
strong interfacial coupling. One well-known example is the emergence of two dimensional electron
gas (2DEG) in LaAlO3/SrTiO3 (LAO/STO) heterostructure, where two insulating bulk materials
can induce a superconducting interface [27-29]. For another example, the PbTiO3/SrTiO3
(PTO/STO) superlattices have demonstrated to exhibit many novel polar structures, including
“improper ferroelectricity” (where the ferroelectricity is driven by the coupling between the
ferroelectric phonon mode and the antiferrodistortive mode) in short period superlattices [15, 30],
long-range ordered vortex arrays exist in intermediate periodicity superlattices [31], and a fluxclosure array has been discovered in PTO/STO multilayer [32]. This is largely due to the fact that
the strength of the interfacial coupling can be tuned by varying the thickness of the PTO and STO
layers, while the energy competitions from elastic, electric, gradient and Landau chemical energies
give rise to such a rich thickness-dependent phase diagram.

1.2 Ferroelectrics: Ginzburg-Landau-Devonshire theory and phase-field
simulation

1.2.1 Landau theory in ferroelectrics
Landau theory was first developed by Russian physicist Lev Landau, where he introduced
order parameter to describe the phase transitions. Order parameter is usually used to define the
change in the physical field during a structural or phase transition, where one can chose different
order parameters to quantify the phase transition for different systems. For instance, in the
solidification problem, the solid and liquid phases can be assigned to one set of order parameter
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[33]. While in the ferromagnetic and ferroelectric systems, the spontaneous magnetization and
polarization are chosen as the order parameter, respectively [19, 34].
In the framework of a mean field theory without long-range interactions, the bulk free
energy of the system can be described as a function of the defined order parameter. In the vicinity
of the phase transition, one can expand the free energy density (f) with respect to order parameter
() by Taylor expansion, i.e.,

f  a  b  c 2  d 3  e 4  ...

(1-1)

Where a, b, c, d, e…..are the Landau coefficients. Note that the free energy expression
needs to be invariant after applying the symmetry operations of the high symmetry parent phase.
In some cases, the high symmetry parent phase is centrosymmetric, i.e., it exhibits an inversion
symmetry such that every point (x, y, z) can be mapped to (-x, -y, -z) where their energies are
identical. Applying this symmetry operation to the above energy expression (Equation 1-1), one
can write:

f ( )  f ( )

(1-2)

Plug in Equation 1-2 back to Equation 1-1, one can easily deduce that the odd terms are
eliminated, i.e.,

f  a  c 2  e 4  ...

(1-3)

If we define the energy of the reference state (i.e., high symmetry phase) to be zero, then
a=0, Equation 1-3 can be simplified:

f  c 2  e 4  ...

(1-4)

In the case of a proper ferroelectric phase transition, one can write:

f  a1P 2  a11P 4  ...

(1-5)

Where P is the spontaneous polarization, a parameters are conventionally used to denote
the Landau coefficient for the sake of simplicity. Note for improper ferroelectrics, the strain or
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other structure order parameters are often used as the primary order parameter. The dielectric
susceptibility can be defined as the inverse of the second derivative of the free energy with respect
to the order parameter:



1
2 f
P 2

(1-6)

For classic ferroelectrics with 1st or 2nd order phase transition, the dielectric susceptibility
() in the high temperature paraelectric region follows the Curie-Weiss law:

1





(T  Tc )
C

(1-7)

Where Tc is the Curie temperature, C is the Curie constant. Combine Equations (1-5) to
(1-7) together, and plug in P~0 for high temperature phase, we can write the first order Landau
coefficient as a function of temperature:

a1  a0 (T  Tc )

(1-8)

Where a0 is the temperature independent coefficient related to the Curie constant. In the
simplest case, if we were to expand the Landau polynomial to fourth order, and neglect the higher
order terms:

f  a0 (T  Tc ) P2  a11P4

(1-9)

The free energy curve following the above equation at different temperatures are plotted in
Figure 1-3 (a). When the temperature is higher than Curie temperature, the free energy increases
monotonically with increasing of the magnitude of polarization since the curvature of the free
energy curve is always positive. This sets the minimum energy point at P=0 (i.e., the paraelectric
state). Upon cooling down to below Tc, the “double well” energy profile appears, with two
degenerated global minimum at P   Ps . Minimizing this energy expression as a function of order
parameter P, one can get:
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Ps  
2

a0
(T  Tc )
2a11

Ps  0
2

(T<Tc)

(1-10a)

(TTc)

(1-10b)

Equations (1-10a) and (1-10b) are plotted in figure 1-3 (b), where a continuous secondorder type phase transition is clearly shown.
In the more complicated case, one can express the Landau polynomial to the sixth order:

f  a0 (T  Tc ) P2  a11P4  a111P6.

(1-11)

The free energy curve under this expression is shown in Figure 1-3 (c). Compared to Figure
1-3 (a), it is found that the Curie temperature Tc (defined where the inverse of the dielectric
permittivity approaches zero) in this case is lower than the phase transition temperature T0, which
is just the indication of the starting point of the metastable region. Minimize the free energy again,
one can show that:

 a11  a11  3a0 (T  Tc )a111
3a111
2

Ps 
2

Ps  0
2

(TT0)

(T<T0)

(1-12a)

(1-12b)

Where the Curie temperature Tc and phase transition temperature T0 are related through
2

T0  Tc 

a11
. Since a0 and a111 should be greater than 0 (otherwise the global minimum would
3a0 a111

be set at infinity), one can find T0  Tc .
It is easily seen that by expanding the Landau terms to six order, one can successfully
describe a first order ferroelectric phase transition when a11 is less than zero. Using this simple
model, we can do some analytical calculations on many classic ferroelectrics, with the material
dependent parameters fitted by the experimental data. In more complicated cases, higher order
terms may be added. For instance, it is shown that in order to properly model the monoclinic phase,
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eighth-order terms are required, while the introduce of twelfth-order terms is needed to accurately
model the triclinic phase for a single order parameter problem [35]. However, other study suggests
that the coupling of the polarization order parameter with structure order parameters (e.g., strain)
can also induce a first order transition even when the polynomial is only expand to 4th order [36].

Figure 1-3. Schematics of the free energy curve at different temperature and the temperaturedependent spontanous polarization curve. (a) Free energy as a function of polarization with four-th
order Landau expansion. (b) Spontanous polarization with varying temperature, showing a secondorder type transition near Tc. (c) Free energy as a function of polarization with six-th order Landau
expansion. (d) Spontanous polarization with varying temperature, showing a first-order type
transition near T0. A metastable region is formed between Tc and T0.

1.2.2 General introduction for the methodology of phase-field simulation in
ferroelectrics
The phase-field model is a mathematic tool that usually constructed in the context of a
diffuse interface model, where the order parameters change continuously across the interface. In
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the phase-field simulation of a classic ferroelectric, it adopts the assumptions of the Landau theory,
and solving the partial differential equations to evolve the spontaneous polarization. Compared
with analytical calculations, the phase-field simulation can take into account complex and realistic
domain patterns with more realistic boundary conditions [19, 37-39]. Moreover, it is able to
simulate the dynamic domain evolution process and account for the influence of various external
stimuli (i.e., electric, mechanical and thermal forces) [4, 5]. Meanwhile, compared with other
simulation tools the mesoscale phase-field simulation can be performed over a larger length scale
which is comparable to the typical length scale of the state-of-art experimental characterization
tools such as transmission electron microscopy (TEM) and piezoresponse force microscopy (PFM),
which could facilitate the direct comparison between simulations and experiments. In the past few
decades, phase-field simulations have been widely adopted to study the ferroelectric domain
structure, ferroelectric phase transitions and microstructure evolution [19, 40, 41] and domain/
domain wall dynamics under the external forces (electric, mechanical, etc.) [4, 5].
In this session, a brief introduction of the phase-field methodology is given [42]. In the

⃗ =(Px, Py, Pz) is used as
context of classic proper ferroelectrics, spontaneous polarization vector 𝑃
the only order parameter, governed by the time dependent Landau-Ginsburg-Devonshire (LGD)
equation:

P
F
 L
t
P

(1-13)

Where t, F, L are the time, total free energy and kinetic coefficient, respectively. The total
free energy has the contributions from Landau, elastic, electric and gradient energies [19].

F   ( f Landau  f elastic  f electric  f gradient )dV

(1-14)

The Landau free energy density can be expressed by the “Landau polynomial”, with odd
terms been canceled by the symmetry of cubic reference phase.
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f Landau  ij Pi Pj  ijkl Pi Pj Pk Pl   ijklmn Pi Pj Pk Pl Pm Pn

(1-15)

Einstein summation rule is assumed hereafter unless indicated otherwise. The elastic
energy density can be calculated from the elastic strain by the following expression:

f elastic 

1
1
C ijkl eij ekl  C ijkl ( ij   ij0 )( kl   kl0 )
2
2

(1-16)

Where 𝐶𝑖𝑗𝑘𝑙 , 𝑒𝑖𝑗 , 𝜀𝑖𝑗 , 𝜀𝑖𝑗 0 are the elastic stiffness tensor, elastic strain, total strain and eigen
strain, respectively. The eigen strain is defined as the phase transformation strain given by the
electromechanical coupling:  ij0  Qijkl Pk Pl . Qijkl is the electrostrictive coefficient tensor. The
volume integration of heterogeneous strain 𝛿𝜀𝑖𝑗 is zero, i.e., ∫𝑉 𝛿𝜀𝑖𝑗 𝑑𝑉 = 0.
The elastic equilibrium condition is satisfied:

 ij , j  0

(1-17)

Where 𝜎𝑖𝑗 is the elastic stress:

 ij  Cijkl ekl  Cijkl ( kl   kl0 )

(1-18)

The thin film boundary condition is applied, i.e. stress free at the film top: 𝜎𝑖3 |filmtop = 0,
while the displacement at the substrate bottom far from the film/substrate interface is fixed to
zero: 𝑢𝑖 |filmbottom = 0.
The electric energy density can be written as:

1
f electric   Kij 0 Ei E j  Ei Pi
2

(1-19)

Whereas  0 is the dielectric permittivity of the free space,  ij is the background dielectric
constants of the superlattice film, 𝐸𝑖 is the local electric field defined as the gradient of the electric
potential 𝐸𝑖 = −∇𝑖 φ. The electrostatic equilibrium must be satisfied, i.e.,

Di ,i  0

(1-20)
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The electric displacement 𝐷𝑖 = 𝐾𝑖𝑗 𝜀0 𝐸𝑗 + 𝑃𝑖 , substitute into equation 1-20:

 0 Kij

 2
 Pi ,i
xi x j

(1-21)

Close-circuit boundary condition is employed, with potential fixed as zero at the film top
and the film bottom.
With the pseudo-cubic assumption, the gradient energy density can be given by:
f gradient 

1
Gijkl Pi , j Pk ,l
2

(1-22)

Where 𝐺𝑖𝑗𝑘𝑙 is the gradient coefficient tensor, 𝑃𝑖,𝑗 stands for the spatial differential of the
𝜕𝑃

polarization vector: 𝑃𝑖,𝑗 = 𝜕𝑥 𝑖 .
𝑗

More detailed description of how to solve the phase-field equations can be found in
previous literatures [40, 41, 43, 44].

1.2.3 Phase-field model for multilayer thin films and superlattices
In order to model ferroelectric multilayers or superlattices, some modifications of the
current thin film phase-field model are needed. In order to explicitly account for the differences in
the lattice constants of the different layers, one need to separate the effective substrate strain into
two parts [45]: the homogenous mismatch strain, which is the differences between the lattice
constants of the substrate 𝑎sub and a hypothetic reference state 𝑎ref : 𝜀̅11 = 𝜀̅22 =

𝑎𝑠𝑢𝑏 −𝑎𝑟𝑒𝑓
𝑎𝑟𝑒𝑓

; and

the lattice strain, which is defined as the eigen strain for a hypothetic phase transition from material
1, 2, 3…. to the reference state: 𝜀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 (𝑖) =

𝑎𝑖 −𝑎𝑟𝑒f
𝑎𝑟𝑒𝑓

(𝑖 = 1, 2, 3 … ).

Where the effective inplane coherency strain, defined as the differences between
homogenous strain and lattice strain:
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11effective (i )   11   lattice (i ) 

asub  ai
asub

(1-23)

is independent of the reference state [45], hereafter the average pseudo-cubic lattice constant of
materials in the multilayer thin films is chosen as the reference state unless indicated otherwise.
In order to account for the differences in the elastic properties of different materials in the
multilayers or superlattices, we use an iterative perturbation method [46] to approximate the
distribution of the elastic strain and stress. The elastic stiffness tensor is separated into homogenous
̅ and the perturbation part 𝛿𝐶𝑖𝑗𝑘𝑙 :
part 𝐶𝑖𝑗𝑘𝑙

Cijkl  C ijkl  Cijkl

(1-24)

 ij  Cijkl ( kl   kl0 )  (C ijkl  Cijkl )( kl   kl0 )

(1-25)

Combine Equations 1-23 to 1-25:
 ij
x j



[( C ijkl  Cijkl )( kl   kl0 )]
x j

0

[( C ijkl  Cijkl )( effective   kl  Qklij Pi Pj )]
x j

(1-26)

0

(1-27)

The inhomogeneous strain 𝛿𝜀𝑖𝑗 can be further calculated by the differentiation of local
1

𝜕𝑢

displacement, 𝛿𝜀𝑖𝑗 = (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 ) , where 𝑢𝑖,𝑗 = 𝑖, substitute into Equation (1-27),
2
𝜕𝑥
𝑗

C ijkl

 2uk


u

[(C ijkl  Cijkl )( effective  Qklij Pi Pj )] 
(Cijkl k )
x j xl
x j
x j
xl

(1-28)

Zeroth order approximation can be obtained by assuming perturbation part 𝛿𝐶𝑖𝑗𝑘𝑙 = 0, then
the previous equation can be rewritten as:

C ijkl

 2uk0


[C ijkl ( effective  Qklij Pi Pj )]
x j xl
x j

(1-29)
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This can be solved using the Fourier spectral method established in previous paper [40].
Based on the solution of the first order approximation, one can plug in back to Equation (1.28)
and get the first order approximation:

C ijkl

 2u1k


u 0

[(C ijkl  Cijkl )( effective  Qklij Pi Pj )] 
(Cijkl k )
x j xl
x j
x j
xl

(1-30)

This equation can also be solved in the Fourier space using a similar approach described
above. And the n-th higher order approximation can be calculated using the result given by the
previous iteration (n-1-th approximation), and the final approximation can be obtained when the
elastic energy converges with small fluctuations.

C ijkl

 2ukn


u n 1

[(C ijkl  Cijkl )( effective  Qklij Pi Pj )] 
(Cijkl k )
x j xl
x j
x j
xl

(1-31)

Practically, in order to get a good estimate while reducing the calculation load, we set the
cut-off point as below 0.1% energy variation. Typically, it takes about 10 iterations for the initial
few time steps and converges quickly with less than 5 iterations after 100 timesteps.

1.3 Brief review of prototype perovskite ferroelectric/dielectric materials
To date, varieties of perovskite ferroelectric/dielectric materials are discovered. However,
only few are well studied and utilized. Hereafter, we will show the current understanding of some
model ferroelectrics/dielectrics, i.e., PbTiO3 and Pb(Zr, Ti)O3, BaTiO3, BiFeO3 and SrTiO3. Our
focus will be on the materials properties as well as the theoretical modeling of these materials based
on phase-field simulations.
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1.3.1 PbTiO3 and Pb(Zr, Ti)O3
PbTiO3 (PTO for short) is one of the most interesting and well-studied displacive
ferroelectric materials with large spontaneous polarization (~75 μC/cm2) and high Curie
temperature (~750K) [47]. High quality PTO thin films have been grown and characterized, with
the various potential applications in MEMS, actuators, infrared sensors, transducers, optical
switches and memories [48, 49].
The strain, temperature phase diagram of PTO thin films has been calculated by phasefield simulations in the previous reports, in good agreement with experimental observations [40].
Three typical domain patterns can be observed: when the strain is compressive, it will form cdomains with polarization pointing downward; where the strain is between 1% compressive and 1%
tensile, the a/c type domains will appear, with 90o ferroelectric/ferroelastic domain walls. At the
tensile side, a1/a2 twin domains show up, with no out-of-plane polarization. In a similar approach,
the anisotropic substrate strain effect is also considered and broadened the phase diagram [50].
Pb(Zr, Ti)O3 (known as PZT) is the solid solution of PTO and PbZrO3 (PZO). The
substitution of Ti with Zr will drive the phase transition from tetragonal (when Ti concentration is
greater than 0.48) to rhombohedral (when Ti concentration is less than 0.48 but greater than 0.06)
and to orthorhombic antiferroelectrics (Ti %<0.06) [51]. With the substitution of small Ti ion with
large Zr ion, the lattice constant increases while the c/a ratio decreases, which decreases the Curie
temperature and spontaneous polarization and increases the piezo-, pyro- and dielectric responses.
The phase boundary between the tetragonal and rhombohedral phases is called “Morphotropic
phase boundary” (MPB), which usually shows an anomaly with the largest piezo- and dielectric
responses. The origin of the large piezo- and dielectric responses are still controversial. Previously,
it is believed that the coexistence of tetragonal and rhombohedral phases in this region is the main
drive for the anomaly. Jun et al. demonstrated that the superior responses near the MPB can be
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understood by the field-induced phase-transition of the heterophase polydomain structure [52].
While using the phase-field simulation, Cao et al. showed the large piezoelectric response (as high
as 720 pC/N) near MPB, which is attributed to the increase of possible domain variants with nearly
degenerated energies in this region [53]. Meanwhile, there’s a long-lasting argument that this may
be simply due to the existence of a single monoclinic phase rather than mixed phases, which could
facilitate the “polarization rotation” under external stimuli. Some recent experiment data were able
to catch the feature of the monoclinic phase. More in-depth characterization and modeling are
needed to fully understand the anomaly in MPB.

1.3.2 BaTiO3
BaTiO3 (BTO in short) is one of the first known ferroelectric perovskite oxides, dating
back to the early 1940s. Some of the early theory of ferroelectrics was built upon the experimental
observations of the ferroelectric behavior of BTO. There is a renaissance of BTO during the past
few years in searching of environmental friendly lead-free dielectric and piezoelectric materials
[54]. The Curie temperature of BTO is ~400 K, below which a phase transition of cubic to
tetragonal occurs, Close to room temperature, at 280 K, there’s a tetragonal to orthorhombic phase
transition. At even lower temperature (<195 K), rhombohedral phase is the most stable phase. The
magnitude of the spontaneous polarization at room temperature is ~25 μC/cm2. Near the Curie
temperature, the dielectric permittivity of BTO can reach as high as 8000, whereas a large dielectric
constant of 2000 is measured even at room temperature [55, 56], making it a good candidate for
the application of lead-free multilayer ceramic capacitor material.
Theoretical modeling of BTO can be dated back to 1940s, where the spontaneous
polarization as a function of temperature, dielectric constant and relaxation as well as the coercive
field can be calculated using a thermodynamic statistic model [57]. Few years later, Devonshire
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developed a phenomenological theory for BTO, where he expressed the free energy as a function
of both the spontaneous polarization and the strain to calculate the temperature dependent of
dielectric constant, spontaneous polarization and crystal strain [58-60]. Many thermodynamic
models and potentials of BTO are established so far to explain the experimental observations [6167]. The strain phase diagram for BTO has also been calculated by phase-field simulation within
the full experimental-accessible strain range [68].

1.3.3 BiFeO3
BiFeO3 (BFO) is long considered one of the most promising room temperature multiferroic
materials (with both room temperature ferroelectric and G-type antiferromagnetic order), which is
under extensive investigations in the past few decades [19-22]. It has a much higher Curie
temperature as compared to other prototype ferroelectric materials (~1100 K [20], as a comparison,
Curie temperature of PTO ~750 K, BTO ~400 K). At room temperature, bulk BFO has a very large
spontaneous polarization (~100 μC/cm2) along body diagonal direction with a space group of R3c
[20]. Recently, it has been discovered that a novel “super tetragonal” phase can be stabled under
large compressive strain (e.g., BFO on a LaAlO3 substrate, with >4% substrate strain), with very
large spontaneous polarization (~150 μC/cm2) [69]. This “super tetragonal” phase is usually mixed
with regular rhombohedral phase, forming T/R mixture, which could be switched to pure R phase
and back to T/R mixture by the application and removal of external field, inducing a very large
strain change.
Phase-field simulations have been widely adopted to model the domain pattern [69-74],
domain evolution [75-77], and topological defects [78-80] in BFO, with considerably good
agreements with experimental observations.

19
1.3.4 SrTiO3
SrTiO3 (STO) is widely used as a substrate material for oxide-based ferroelectric thin films.
At room temperature, it adopts perovskite structure and cubic symmetry (space group of Pm3m ),
with a lattice constant of 3.905 Å. An antiferrodistortive phase transition from cubic to tetragonal
(I4/mcm) occurs at ~105 K. STO has a large dielectric constant (~300) at room temperature, which
is also commonly used in high-voltage capacitors. It is widely accepted that STO is an incipient
ferroelectric where a transition to quantum paraelectric phase happens at 4 K, below which the
dielectric permittivity saturates. Despite the simple structure, it has many interesting properties, for
instance, it is the first oxide that demonstrates superconductivity. And some recent researches are
focused on the interfaces of STO, e.g., the formation of two dimensional electron gas at the
LaAlO3/STO (LAO/STO) interfaces.
Although room temperature bulk STO is non-ferroelectric, STO films have been
demonstrated to be ferroelectrics [81-83]. It is discovered that the strain-induced ferroelectric
transition could lead to enhanced dielectric responses [81]. Whereas some reports indicate a
relaxor-like ferroelectric behavior for STO thin films at room temperature [82, 84], with combined
experimental-theoretical studies. Theoretical modeling based on phase-field simulations has been
extensively applied to model domain structures [85-87], temperature-strain phase diagrams [81,
87-89] and polar nano regions of STO thin films.

1.4 Topological structures and topological phase transitions in ferroics
The 2016 Nobel Prize in physics is awarded to Michael Kosterlitz, Duncan Haldane and
David J. Thouless for their contributions in “theoretical discoveries of topological phase transitions
and topological phases of matter". They creatively introduce the concept of topological transitions
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in condense mater physics (in areas of superconducting, superfluid for instance) dating back to the
early 1970s [90, 91].

1.4.1 General concepts of topological structures and topological phase
transitions
Topological structure (or topological defect) is a structure that has a topological charge.
Topological charge (q) is a mathematical term that is commonly adopted to quantify the topological
structure, which can be calculated via the closed-loop integral of the vector field angle, i.e.,

q   d , where d is the angle difference between the starting point and the end point of a small
segment in the loop. The topological structure is a particle-like structure, which can be moved but
not destroyed under small perturbation.
Depending on the nature of the topological structure, the topological charge can be
positive/negative/zero and can be either integer or half integer. Topological structures are quasiparticle, where it can move, generate and annihilate. Vortices and vortex/antivortex pair structures
are the most well-known two-dimensional topological structure, with a winding number of 1 (for
vortex) and -1 (for antivortex). Other three-dimensional topological structures including
hedgehog/anti-hedgehog, monopole/anti-monopole, with winding number +1 for hedgehog and
monopole, -1 for the anti-hedgehog and anti-monopole [92]. Some of the typical topological
structures that has a winding number of +1 or -1 is plotted.
Topological phase transition is the phase transition that involves topological structures
that have different topological charges. For instance, one can have a vortex (+1)/antivortex (-1)
annihilation which will produce a regular domain pattern with zero topological charge, or creation
of vortex/antivortex pair under external stimuli (e.g., electric current for ferromagnetics).
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Figure 1-4. Schematics of the topological structures with a topological charge of +1 or -1. Shown
in the top are the 2-D topological structures, showing in the bottom are the 3-D topological
structures. The hedgehog and monopole structures are adopted from literature [93]. In this figures,
only the anti-vortex has a topological charge of -1.

1.4.2 Ferromagnetic topological structures
Dating back to the late 1940s, when Charles Kittel derives the scaling law of
ferromagnetics (the “Kittel law”) in thin films and small particles, he proposes a flux-closure
structure which has no net magnetization to account for the demagnetization field [94, 95]. Fluxclosure has the similar topological charge and topology as a vortex structure, except that the vortex
structure has a large curl (cross product of the vector field). The term “vortex” has been frequently
(and incorrectly) used in what is actually a “flux-closure” structure.
It was until half century later that scientists were able to experimentally observe such
structure [96, 97]. Ever since then, there’s an outburst in the papers published for the discovering
of vortex (or flux-closure) structures [98-102], understanding its nucleation and annihilation
dynamics [103-107] as well as the motion [108-110] and switching behavior [111-115].
Another interesting topological feature is the magnetic “skyrmion”. Skyrmion is a whirllike non-trivial structure named after the British physicist Tony Skyrme, which is first introduced
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in the particle physics but now widely used in varieties of fields, including Bose-Einstein
condensates and liquid crystals. In the ferromagnetic system, it is discovered that there are two
types of skyrmions, i.e., the Neel skyrmion and Bloch skyrmion. The planar projection of the
skyrmions will give rise to a vortex structure (in other words, skyrmions can be viewed as a threedimensional extension of the vortex structure, with alternating out-of-plane components). The
experimental observation of ferromagnetic skyrmion can be traced back to 2009, less than a decade
ago in MnSi under small applied magnetic field [116]. Ferromagnetic skyrmions have been studied
extensively since then, due to the rich physical insights and potential applications in non-volatile
memories, logic gates [117], etc. The switching kinetics as well as the current-driven particle-like
motion have been well investigated. Device applications have been proposed, in terms of
“skyrmionics”, utilizing the transition or motion of the skyrmion structure [117-119].
Several mechanisms can contribute to the formation of a ferromagentic skyrmion structure,
namely: Long-rang dipolar interactions; Dzyaloshinskii-Moriya interaction (D-M interaction);
frustrated exchange interactions or four-spin exchange interactions [118]. Among them,
antisymmetric D-M interaction [120, 121] is considered one of the most important mechanisms for
the emergence of the ferromagnetic skyrmion. D-M interaction is first theoretical proposed by Igor
Dzyaloshinskii in the framework of Ginzburg-Landau theory [122]. While the microscopic origin
of this interaction is attributed to the spin-orbit coupling by Toru Moriya [123]. The free energy of
the D-M interaction can be written as: F

 Dij .( Si  S j ) , Where D is the D-M interaction vector,

S is the spin vector. Due to the antisymmetric nature of this interaction, it always favor canting of
the spin vectors, i.e., the neighboring spins do not align or opposite with each other, leading to
whirl-like spin topologies.

23
1.4.3 Ferroelectric topological structures
Ferroelectrics are very similar to the ferromagnetic systems in many aspects, for instance,
they all have different domains and domain walls; both of them have hysteretic responses; they all
have a phase transition temperature above which the Curie-Weiss law is generally obeyed. Many
of the ferroelectric theories are “borrowed” from ferromagnetics. One particular example is the
Kittle scaling law which was first developed in ferromagnets and later extended to the ferroelectrics
[94, 95, 124]. However, they also show many fundamental differences. Probably the most
important difference is the microscopic origin of the ferroelectrics and ferromagnetics. Ferrelectric
is a lattice phenomenon which is usually related to atoms or ions, arising from the displacement of
the ions or from the order-disorder transition. Meanwhile, ferromagnetic is related to the unpaired
electrons of the atoms, where the exchange interaction between the neighboring atoms play an
important role. It is expected that some of the rules that work for ferromagnetics will fail in
ferroelectrics. For example, since the D-M interaction in ferromagnetics is arising from the spinorbital coupling, one can expect that there is no such an interaction in ferroelectrics. Thus, other
strategies are needed to design the topological structures in ferroelectrics.
The first tide for the searching of ferroelectric topological structures occurs in the early
2000s, shortly after the first experimental observation of the ferromagnetic vortex. Using
theoretical tools such as first-principle-based effective Hamiltonian and phase-field simulations,
scientists were able to predict the ferroelectric vortex in ferroelectric/paraelectric composites [125127], ferroelectric nanodots [128-133], nanodisks and nanorods [134, 135], nanosheets [136],
nanoplates [137], nanotubes [138, 139], nanoislands and nanowires [140], manifested from the
geometric confinement of the polarization vectors as well as the reduced dimensions which could
largely reduce the magnitude of the polarization and weaken the anisotropy.
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Despite the large pool of theoretical predictions, there are fewer experimental observations,
primary due to the difficulty in the synthesis of these well-designed geometries, as well as the low
resolution of the characterization tools. The breakthrough was made in 2011, where
experimentalists were able to observe the flux-closure type domains near the interfaces of the
ferroelectric thin films, using the advanced high resolution transmission electron microscopy
(HRTEM) [141, 142]. Since then, several vortex or vortex-like (i.e., flux-closure) structures have
been identified experimentally, in BFO [78, 143, 144], BTO [145, 146], PZT [147], PTO/STO
multilayers [32] and superlattices [31], etc.
Another category of topological structure in ferroelectrics is the vortex domain in
hexagonal rare-earth manganites [148-150]. This type of material is usually multiferroic, which has
an inherit ferromagnetization from the Mn-ion, while the improper ferroelectric order is usually
caused by the coupling of the ferroelectric soft mode with oxygen octahedral tilts [151]. One wellknown example is the YMnO3 (YMO). YMO has a hexagonal structure, upon ferroelectric phase
transition, it has six types of antiphase and ferroelectric domains due to the structure trimerization
[148, 152]. The vortex structure, switching behavior and domain wall conductivity has been
extensively studied [148, 149, 153-156].
Notably, some early thermodynamic theories have considered a new type of ferroics,
namely the ferrotoroidics, where the toroidal moments can be used as the order parameter to
describe structures that have a curving order parameter [157]. This can potentially be extended to
study the ferroelectric and ferromagnetic topological structures.

1.5 Research objectives
As introduced previously, ferroelectric materials are of great interests to the condensed
matter physics community, with both rich physical insights and wide potential applications in
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sensors, transducers, memories and optical switches, etc. Topological structures and topological
phase transitions have been investigated in varieties of disciplines, and have attracted world-wide
attention recently. The searching for ferroelectric topological structures and ferroelectric
topological phase transitions has been very intriguing from both experimental and theoretical side.
The advances in experimental growth and characterization tools have enable the precise control of
film quality and high resolution mapping of the atomic structure, which facilitate the observation
of nano and sub-nano ferroelectric topological structures. Phase-field simulations have
demonstrated to be able to predict the vortex-like structure in ferroelectric low-dimension structures.
However, there’s currently a lack of phase-field model which can model the ferroelectric
superlattice structures with a realistic boundary conditions so as to simulate the complex polar
patterns and complex microstructure transitions. Besides, up until now, only few ferroelectric
topological structures are discovered (i.e., vortex, flux-closure) and simulated, more complex polar
patterns are needed to be predicted to guide the experiments.
So the main objective of the thesis is: (1) to build a thin-film based multilayer/ superlattice
model to study the vortex structure in PTO/STO and other systems (2) to investigate the stability
of the polar vortex in PTO/STO system and give a guideline for the discoveries of topological
structures in ferroelectric thin films and superlattices (3) To study the other topological structures
through the modification of the composition of the PTO/STO superlattice system (4) to predict the
field induced topological phase transitions (i.e., vortex to skyrmion) in ferroelectric superlattices

1.6 Dissertation structure
The dissertation is composed of six chapters: 1. Introduction, 2. Polarization rotation and
flux-closure structure in PZT bilayers, 3. Stability of Polar Vortex Lattice in Ferroelectric
Superlattices, 4. Switchable spirals with enhanced thermal stability in ferroelectric tricolor
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superlattices, 5. Blowing polar skyrmion bubbles in ferroelectric oxide superlattices, 6.
Conclusions and future works.
In Chapter 1, we first review the basic concepts of ferroelectrics and their properties. The
Ginzburg-Landau-Devonshire ferroelectric theory and the phase-field simulation is then introduced.
Some prototype ferroelectrics are reviewed. The concept of topological structure and topological
phase transition is further discussed as well as the recent progress in ferroic topological structures.
The research objective and the dissertation structure are finally given.
In Chapter 2, we demonstrate the polarization rotation in PZT R/T bilayer in both thick and
thin layers and find a flux-closure structure near the interface of a thick PZT bilayer. It is shown
that the a1/a2 type twin is formed when the T layer is very thin, due to the large tensile strain from
the R-layer, while an a/c type structure is formed when the T layer is thick which is attributed to
the relaxation of the strain. Both samples show large polarization rotation near the interface with
lower symmetry monoclinic-like structure and inter-layer, inter-domain growth is observed, with
large interfacial coupling arising from the elastic, electrostatic coupling and the gradient effect.
Excellent piezo- and dielectric properties are discovered from both the thick and thin PZT bilayer,
in good agreement with the experimental observation. The mobility of the a-domain is increased
since it is not grounded and pinned by the substrate.
In Chapter 3, we simulate the polar vortex structure in PTO/STO superlattice and study the
stability of the polar vortex with integrated phase-field simulation, analytical theory and
experimental observations. It is found that the stability of the polar vortex in ferroelectric
superlattice is directly related to Pi times the bulk domain wall width. When the superlattice
periodicity is smaller than this value, the a1/a2 twin domain form due to large depolarization effect.
While a balancing of elastic, electric, Landau chemical and gradient energies leads to the formation
of polar vortex above this thickness, until a smooth transition to the flux-closure structure through
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the elongation of the vortex core. The role of the STO layer is further investigated and the phasediagram with varying STO thickness is constructed.
In Chapter 4, the polar spiral is predicted by substituting the middle PTO layers with BFO
for the (PTO)12/(STO)12 superlattice. It is found that the Curie temperature and the topological to
non-topological phase transition temperature can be greatly increased due to the adding of the high
Curie temperature BFO. As compared to the polar vortex, the polar spiral is unidirectional where
the direction of the polar spiral can be switched reversibly under in-plane electric field.
In Chapter 5, the switching of polar vortex in PTO/STO superlattice is studied, where a
polar skyrmion state is observed with experimental accessible irrotation capacitor electric field.
This is the reminiscent of the Rayleigh-Plateau instability in fluid dynamics and akin to the recent
experimental discovery of strip to bubble transition in ferromagnetic. A dimensionality cross-over
is revealed for the transition from 2-D domain wall structure to 1-D vortex core structure. The
electric field phase-diagram is built, which can be a road map to the experimental observation of
novel polar skyrmion bubbles.
In Chapter 6, the dissertation is summarized and some future works are introduced.
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Chapter 2
Polarization rotation and flux-closure structure in PZT bilayers

2.1 Introduction
The term MPB has been introduced in previous chapter 1.4.1, which typically refers to the
nearly vertical, temperature independent phase boundary between two ferroelectric phases, i.e. in
the Pb(Zr,Ti)O3 (PZT) system, MPB occurs at xTi~0.48, which separates the tetragonal phase of the
Ti-rich region and the rhombohedral phase of the Zr-rich region. Other non-vertical phase boundary
is usually called polymorphic phase boundary (PPB).
In 2000, Fu and Cohen et al. theoretically demonstrated the ultrahigh electromechanical
responses near the MPB (or PPB) through a polarization rotation model [158]. Based on the first
principle calculations on BTO, it was claimed that the polarization will rotate from <111> to <001>
through a monoclinic phase under external electric field due to the flat energy surface, resulting in
a large field induced strain, hence the giant piezoelectric response. It is now widely accepted that
polarization rotation is one of the mechanisms that could leads to very large response. The electricfield induced polarization rotation via low symmetry monoclinic phases has been verified by many
experiments in other systems such as PZN-PT [159] and PZT [160]. It is also reported that through
careful domain engineering by annealing through the phase transition temperature, one can achieve
a low symmetry monoclinic phase with large piezoelectric response in lead-free BTO [54]. In a
recent theoretical paper, Gu et al. calculate the piezoelectric response of BTO with respect to the
polarization rotation angle near the PPB, which shows that the energy surface is flat for the
monoclinic BTO phase, and the piezoelectric properties are maximized in the monoclinic phase at
specific rotation angle [10].
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Considerable interests have been paid on PZT-R/PZT-T bilayers, where the tetragonal PZT
and rhombohedral PZT layers are stacked against each other on top of a substrate. One advantage
of this material is the controllable layer thicknesses and compositions with tunable properties,
engineering rich phase diagrams with various domain structures [161]. It has been reported from
both theories [162-164] and experiments [164-168] that the bilayer structures can show large
dielectric and piezoelectric responses (as high as 350 pm/V [166]) as compared to the single layer
thin films, largely accredited to the elastic interactions and electrostatic interactions across the
layers. Experimentally, it is demonstrated that when the PZT-T layer is sitting atop of the PZT-R
layer, the ferroelelctric/ ferroelastic twin domains formed in the PZT-T layer is more mobile than
the a-domains in the single layer PZT-T thin film, leading to good responses and good cycle
properties [164, 165]. And due to the chemical similarity of the PZT-T and PZT-R layers, good
coherency and lower defect concentrations can be achieved. It has also been measured that the
bilayer system can show large electrocaloric effect (T as large as 24.8 K at 120 oC) [169].
Phase-field simulations have been performed on the bilayer structures, including the
calculation of the domain structures, strain-temperature phase diagrams and domain switching
kinetics [45, 170, 171]. The large interfacial coupling arising from the elastic interaction,
electrostatic interaction is demonstrated. A “ferroelectric proximity” effect is shown in this bilayer
system at a temperature above the Curie temperature of the PZT-R layer, where the interfacial
coupling between the PZT-T and PZT-R layers could polarize the paraelectric PZT-R layers,
arising from the large internal field and the gradient energy contributions [45].

2.2 Phase-field simulation setup and parameters
The descriptions for the methodology of the phase-field simulation has given in chapter
1.3.3 and 1.3.4. The simulation system is discretized into three dimensional meshes. In the
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following study, two cases are considered, thick PZT bilayer and thin PZT bilayer. For thick PZT
bilayer, the system size is 128×128×128, with 15 grids of substrate, 50 grids of R-PZT, 50 grids of
T-PZT and 13 grids of air; while for the thin PZT bilayer, a system size of 128×128×50 is chosen,
with 15 grids of substrate, 25 grids of R-PZT, 5 grids of T-PZT and 5 grids of air. Each grid
representing 1 nm. The composition of R-PZT is xTi=0.45, whereas T-PZT has a Ti-concentration
of 0.7. The schematics of the two films are shown in Figure 2-1. Periodic boundary condition is
applied along the inplane dimensions.
All the simulation parameters for T-PZT and R-PZT are chosen from previous literatures
[172-176] and listed in Table 2-1. For the thin PZT bilayer, follow the work by Fei et al. [5], the

effective in-plane average strain is defined as the difference between the substrate strain
and lattice strain. From the reciprocal space mapping (RSM) measurements, the R-PZT is
considered to be fully relaxed with respect to the SrTiO3 substrate, while the T-PZT layer is fully
coherent to the R-PZT layer [171]. With R-PZT as the reference state, the substrate strain is
effectively zero for the whole film, while the lattice strain is 0 and

𝑎𝑇 −𝑎𝑅
𝑎𝑇

for R-PZT and T-PZT

layers, respectively, where 𝑎𝑇 and 𝑎𝑅 are the psudocubic lattice parameters for R-PZT and T-PZT
layers [6]. While for the thick PZT bilayer, complete relaxation of strain is considered for both
layers, which is verified by experimental observations from the RSM image [166]. In this case, the
substrate strain and lattice strain are all set as 0.
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Table 2-1. Parameters for the simulation, including Curie temperature, Landau coefficients

(the a-parameters), elastic constants (C11, C12, and C44 in voigt notation), electrostrictive
coefficients (Q11, Q12, and Q44 in voigt notation) and bulk pseudo-cubic lattice constant.
T-PZT

R-PZT

Tc (K)

713.3

651.7

a1
(m N C-2)
a11
6
(m N C-4)
a12
6
(m N C-4)
a111
(m10 N C-6)
a112
(m10 N C-6)
a123
10
(m N C-6)

3.0×105 (T-Tc)

1.9×105 (T-Tc)

6.5×106

8.7×107

5.1×108

2.2×108

2.3×108

2.03×108

1.0×109

9.1×108

-5.0×109

-4.3×109

2

C11
(N m-2)
C12
(N m-2)
C44
(N m-2)
Q11
(m4 C-2)
Q12
(m4 C-2)
Q44
(m4 C-2)
a
(Å)

T-PZT

R-PZT

1.7×1011

1.5×1011

8.1×1010

8.4×1010

5.7×1010

3.5×1010

7.9×10-2

8.5×10-2

-2.5×10-2

-3.7×10-2

3.2×10-2

3.6×10-2

4.02

4.09

Figure 2-1. Schematics of the simulation system for (a) thick PZT bilayer (b) thin PZT bilayer.

The stacking sequence is shown above, with substrate at the bottom, tetragonal PZT (PZTT) is on top of rhombohedral PZT (PZT-R).
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2.3 Polarization rotation in thin PZT bilayer
We first study the thin PZT bilayer, with 5 nm of PZT-T (Ti concentration 0.7) stacking
on top of 25 nm PZT-R (Ti concentration of 0.45) layer, the structure is shown in Figure 1-1 (b).
The strain state is studied experimentally using asymmetric reciprocal space map (ARSM) by our
collaborators (Dr. V. Nagarajan’s group) [171]. The three reflections, i.e., (103), (113) and (10-3)
clearly show that PZT-R is fully relax with respect to the STO substrate. This could be expected
since the nominal strain for PZT-R could be >2.5 % if coherently grown on the STO substrate,
which is way too large for the PZT layers. The inplane and out-of-plane lattice constant is measured
to be 4.09 Å, very similar to the bulk lattice constant of the PZT-R layer, indicating the full
relaxation of the bottom PZT-R layer. Meanwhile, T-layer is assumed to be fully coherent on Rlayer since T-layer is only 5 nm, which is also supported by the reflection peaks in ARSM. Recall
that the bulk lattice constant of R-PZT is 4.02 Å while the lattice constant of R-PZT is 4.09 Å, so
the effective substrate strain in T-layer is ~1.8 %.
We predicted the domain and crystallographic state for the PZT-T layer using the phase
field modeling developed specifically for this bilayer configuration, as given in the previous chapter.
The model predicted a domain structure (see Figure 2-2) with fine 8-10 nm domains in the T-layer
and coarse 20-40 nm domains in the R-layer. Ferroelastic a1/a2 twin domains are formed in the top
T-layer, which can be attributed to the large tensile strain imposed by the PZT-R layer. Due to
inter-layer and inter-domain interactions, i.e., the elastic, electrostatic interactions and the gradient
effect, these two microstructural types are intergrown, with an adaptive structure across the
interface and small R-type domains extending to the top surface of the bilayer. While some Tdomains can also grow into the R-layer, forming a complex intercalated structure.
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Figure 2-2. Domain structure as calculated for the thin PZT bilayer. Inplane ferroelastic fine twin
domains form in the top T-layer, while coarse R domains form in the bottom R-layer. The layer
boundary is marked in black line, above which is the thin T-layer.
The spatially resolved out-of-plane polarization is mapped out, which clearly shows two
types of regions: the straight ferroelastic twin domain region with small Pz and the curved R-type
regions with large out-of-plane polarization (Figure 2-3 a). The R-type regions have an appreciable
vertical polarization component Pz of ~0.4 C/m2 in comparison to the predominantly in-plane
polarization with Pz of ~0 C/m2 in normal a1/a2 twin domain of PZT under large tensile strain. The
corresponding angle mapping (which is defined as the angle between polarization direction and the
inplane component direction, Sinθ=Pz/P ) is plotted, which reveals that the majority of the domains
are actually lower symmetry (possibly monoclinic-like) phases (Fig 2-3 b). The variation in Pz is
sufficient to cant the spontaneous polarization vector by an average of well above 2°across the
sampling surface and up to 40°in the R-type regions, shown in Figure 2-3 (b) and (c). It is also
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revealed that the a1/a2 90°domain wall in this case is broadened, with large out-of-plane component
and a large rotation angle of 10°, indicating that the domain walls in the T-layer are more likely to
be influenced by the interlayer coupling. The low symmetry ferroelastic boundary is often referred
as “tweed”, which is widely investigated due to the multi-functionality such as superconductivity
and ferroelectricity [177, 178] .
The piezoelectric response of the bilayer is calculated theoretically (Figure 2-3 d) by
applying a slow increasing electric voltage up to 0.6 V. The elastic displacement is calculated at
different electric field. The piezoresponse can be calculated by d33 =

𝑑𝑢3
.
𝑑𝜑

A large piezoresponse

coefficient of d33~120 pm/V is observed, which can be attributed to the large polarization rotation
under applied bias.

Figure 2-3. Spatially resolved (a) out-of-plane polarization (b) polarization rotation angle (defined
𝑃𝑧
as the angle between polarization vector direction and the inplane component direction, Sinθ = 𝑃 )
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in the T-layer. (c) Line plot of the polarization and angle. (d) Calculated piezoresponse, by the
linear fitting of the displacement vs the applied bias.
The ferroelectric switching of this bilayer for a bias range from -4 V to 4 V is simulated,
which demonstrates classic polarization-voltage (P-V) hysteresis with a saturation polarization of
~50 μC/cm2 and a coercive voltage of ~1 V, as shown in Figure 2-4 (a). The evolution of the domain
structure during the switching process is recorded. Starting from initial structure at zero bias (point
A which has the domain structure of Figure 2-2), a positive bias is applied until it reaches ~4 V
(point B). The domain structure at this point is given in Figure 2-4 (b), which indicates that the fine
in-plane domains vanish at large electric field magnitude in favor of large R-type domains with
curved 71°walls. The domain structure in the two layers are continuous across the T-R boundary,
with R-domains that has out-of-plane polarization pointing downwards, poled by the large applied
bias. The applied bias removes gradually (point C), as shown in Figure 2-4 (c), the majority of the
R-domains in the two layers are stable, while small ferroelastic a1/a2 twin domains nucleated at the
top T-layer. A negative bias is applied to switch the out-of-plane polarizations (point D), with
domain structure shown in Figure 2-4 (d). R-twin domains grow across the phase interface, with
no distinguishable boundary between the top T-layer and bottom R-layer. The out-of-plane
polarization is primarily pointing upward after poled by -4 V. Eventually, the field is removed
(point E). The domain structure cannot go back to the initial as-grown domain structure which is
expected according to the P-V loop. The domain structure (Figure 2-4 e) at the final point indicate
that the metastable R-domains at the top T-layer is more-or-less still stable under the simulation
time scale (which could be switched back to T-type domains given long enough relaxation time),
with small tetragonal a1/a2 twin domains nucleated inside the R-domains. This whole switching
process indicate a field-induced T to R transition, which could be the origin for the large
piezoresponse as calculated above.
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Figure 2-4. Electric-field induced switching in the thin PZT bilayer. (a) polarization-applied bias
hysteresis loop and domain structures at different applied bias shown above (b) point B, +4 V; (c)
point C, 0 V; (d) point D, -4 V; (e) point E, 0V.
The experimental measurements on the bilayer sample are shown in Figure 2-5. The
piezoresponse force microscopy (PFM) mapping of the sample (Figure 2-5a) shows that the
piezoresponse has both significant vertical response as well as lateral response for the poled (inside
the box) and unpoled region (outside the box). While the vertical phase and lateral phase has a
strong correlation, indicating a PFM-tip induced inplane and out-of-plane switching. The PFM data
clearly shows that part of the structure is monoclinic-like, and the out-of-plane polarization is more
obvious after the poling, which agrees with the simulation results. It is however unfortunately that
the fine structure predicted by our phase-field simulation is hard to resolve due to the limited
resolution of the PFM. We should also be careful that the response of the R-domain also greatly
influence the overall response. Another experimental PFM data on a 30 nm T-layer/100 nm R-layer
could clearly see the a1/a2 twin domain [166], which could be partial support of our model. The PV loop is also measured (Figure 2-5 b), showing a saturation polarization of ~60 μC/cm2 at 10 V
and 50 μC/cm2 at a maximum of 4 V, which agrees remarkably well with the data shown in the
previous chapter. The coercive field in the experiment is ~2 V, which is twice of the simulated
value. This could be explained since there are many factors that can influence the coercive field,
e.g., the reduction of voltage due to the contact resistivity, the much mobile domain walls in the
simulation due to the lack of pinning from defects. The piezoresponse is also measured (Figure 25 c), which shows a piezoresponse of 160 pm/V at 0 V, which is comparable to the simulated value
of 120 pm/V. It is also shown that the bilayer sample has a much larger piezoresponse as compared
to the single R-layer and T-layer thin film. Overall, there’s good agreements between the
simulations and the experiments. And the enhanced response through polarization rotation in this
bilayer system is demonstrated.
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Figure 2-5. Experimental measurements on the structure and properties. Data taken from our
collaborators, Dr. Nagarajan’s group at University of New South Wales [171]. (a) Vertical and
lateral PFM measurements of the poled sample (b) P-V loop measurements of the bilayer and 100
nm R-PZT thin film (c) piezoresponse “butterfly” loop of the bilayer and 100 nm R-PZT thin film,
showing a great increase in the response.

2.4 Flux-closure structure in thick PZT bilayer near the T/R interface
The thick PZT bilayer is further studied, with 50 nm of PZT-T (Ti concentration 0.7)
deposits on top of 50 nm of PZT-R (Ti concentration of 0.45), the stacking structure is shown in
Figure 1-1 (a). And since the T and R layers are thick, a rough estimate from the geometric phase
analysis [170] and the RSM structure characterization [166] indicate that both of the two layers are
fully relaxed.
The as-grown state is simulated for the thick bilayer, as shown in Figure 2-6 (a). It can be
seen that the T layer has a complex domain pattern with multiple ferroelectric and ferroelastic
domain walls, i.e., 90o a/c-type, 90o a1/a2-type walls, 180o c+/c- and 180o a+/a- walls. The 90o domain
walls are usually tilted 45o with respect to the horizontal axis (for a1/a2-type walls the tilt is on the
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planar view in x-y plane while the tilt for a/c-type walls is on the cross-section view in x-z or y-z
plane) to form non-charged mechanical compatible head-to-tail domain walls. Whereas R-twin
domain with larger domain size is found in the R-layer. Both 71o and 109o domain walls can be
observed. Near the T-R interface the size of a-domains shrink, forming wedge-like shape and
penetrating into the R-layer. While the R-domains can also grow into the top T-layer. The similar
phenomenon is also demonstrated in previous phase-field simulation [45].
The fine polarization structure near the interface is further plotted in the selected region,
shown in Figure 2-6 (b) and (c). It can be seen in Figure 2-6 (b) that a flux-closure [32, 141, 142]
type domain is formed, with the inter-layer growth of R-domain in T-layer and T-domain in R layer.
Whereas the polar vector plot of the wedge-shape a-domain is given in Figure 2-6 (c), showing the
smooth decrease of the size of a-domain before it terminates into the R layer. These observations
demonstrate the critical role of the interfacial coupling near the T/R interface. The reduction of the
electrostatic (minimization of the bound charge) and gradient energies at the interface leads to the
interlayer domain growth, where metastable R-domain (T-domain) is formed in the T-layer (Rlayer). On the other hand, the wedge-shaped a-domains often terminates at the R-layer which is
also expected to be mobile under external field since the frontier of the a-domain is metastable in
the R-layer, which could cause large electromechanical and dielectric responses during the
switching or moving process.
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Figure 2-6. Complex domain structure in PZT T/R bilayer as simulated by phase-field simulation.
(a) 3-D visualization showing the domain variants in the T (top) and R (bottom) layers. (b) Vector
plot of the polarization distribution near the interface, flux-closure domain is shown. (c) Vector
plot of the polarization distribution on the other side, the fine structure of the wedge-shape adomain is highlighted.
The domain pattern after applying a capacitor electric field is plotted in Figure 2-7 (a). The
applied bias is 3 V. The blue domains with polarization pointing up are fully switched upon the
application of the down-ward electric field. While the large a-domains (shown in red) are stable,
some of the tiny a-domains are switched. The growth of new a-domains can be found, forming a
classic cross-hatch pattern which is commonly observed in the tetragonal PZT thin films [179]. The
domains in the R-layer become larger in size, where the 109o domain walls have been switched.
The flux-closure domain in the as-grown state has been fully switched (Figure 2-7 b) due to the
moving of the large a-domain and switching of the R-domain. As a result, a smooth transition from
c- to r4- occurs across the T/R interface. The wedge-shape a2-domain as well as c+ domain
disappears, replaced by new a1-domain due to the expansion of the large a1-domain (shown in red),
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as shown in Figure 2-7 c. This is an example of field induced c to a 90o switching, which is also
observed in some recent theoretical [180] and experimental studies [181]. The interlayer growth
(i.e., T-domains in the R-layer and R-domains in the T-layer) is still visible near the interface,
however, the influential region is more localized as compared to the as-grown state. This can be
expected since the interlayer growth is highly unstable which could be partially removed by the
external field.
Thus, we theoretically demonstrate that the ferroelastic domains are mobile in the bilayer
system which can be rearranged by the applied bias, benefiting from the fact that the a-domain is
not directly embedded in the substrate where high density of defects could pin the ferroelastic
domain wall.

Figure 2-7. Domain structure in PZT T/R bilayer after applying 3 V as simulated by phase-field
simulations. (a) 3-D plot showing the switched domain patterns in the T (top) and R (bottom) layers.
(b) Vector plot of the polarization distribution near the interface, in the same region as Figure 2-6
b. (c) Vector plot of the polarization distribution on the other side, in the same region as Figure 26 c.
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The experimental observation of the polar structure has been given in Figure 2-8. Bright
field TEM images (Figure 2-8 a) indicate that the T-layer is forming twin domains which is oriented
45o with respect to the horizontal line, indicating a ferroelastic/ferroelectric a/c type domain
structure, which is commonly observed in the relaxed tetragonal PZT thin films. While the straight
and tilt walls can be seen in the R-layer, indicating 71o and 109o type-walls. The geometric phase
analysis is shown in Figure 2-8 (b), which shows large variation of inplane strain due to the
formation of a and c domain regions. Meanwhile, the inplane strain variation in the R-layer is much
smaller than the T-layer which is expected. TEM polarization mapping (Figure 2-8 c) is performed
across the T-R interface, which shows R-type domains in T-layer and T-type domains in the Rlayer, whereas flux-closure structure similar to the simulated structure can be clearly seen. The
flux-closure structure is further highlighted in Figure 2-8 (d), where the polar structure across the
interface is plotted. T-like monoclinic and R-like monoclinic is demonstrated.

Figure 2-8. Experimental evidence for the polarization rotation near the T-R interface of the bilayer
and flux-closure structure [170]. (a) Bright-field TEM, showing the a/c twin structure in T layer
and 109o and 71o domain walls in R layer (b) Geometric phase analysis of the in-plane strain
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variation (c) polar mapping showing the flux-closure structure and vertex junction (d) highlight of
the lower symmetry structures in both T and R layers.

2.5 Conclusions
In conclusion, we have studied the polar structure and properties of the PZT-T and PZT-R
bilayers from both theories and experiments. Two cases are considered: the thin bilayer with 5 nm
of PZT-T and 20 nm of PZT-R, and thick bilayer with 50 nm of PZT-T and PZT-R. It is revealed
that the domains can inter-grown across the T-R boundaries, with lower symmetry phases in both
T and R layers. For thin PZT bilayer, the a1/a2 twin like structure is formed in the top T layer due
to the large tensile strain, whereas the inter-domain and inter-layer coupling leads to large out-ofplane polarization with large rotation angle, indicating a lower symmetry (possibly monoclinic-like)
structure. More interestingly, the rotation angle is well above 10o near the twin domain walls. Under
intermediate bias, the T-layer can be switched to R-domains, leading to large field-induced strain
and hence the piezoresponse (~120 pm/V). The experimental structure characterizations and
property measurements show good agreements with the simulations. Meanwhile, for the thick
bilayer, the a/c domain is formed on the top T-layer, which is due to the relaxation of the strain in
this layer. The domains penetrate through the interface, forming T-like lower symmetry phase in R
layer and R-like lower symmetry phase in T-layer. Some topological structures can be observed,
including vertex junction and flux-closure. The a-domains in this system is much mobile as
compare to the single layer thin film, since it is not directly grounded into the substrate with high
density of defects which could pin the ferroelastic domain.
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Chapter 3
Stability of Polar Vortex Lattice in Ferroelectric Superlattices

3.1 Introduction
Artificial superlattices consisting of repeating layers of multiple solids have attracted broad
attention within the solid-state community [15, 18, 20-24, 30, 31, 84, 182, 183]. They offer
additional degrees of freedom (beyond conventional “strain engineering”) by which one can design
multifunctional thin-film materials, wherein unit cells of combinations of solid materials are
periodically stacked, often giving rise to novel emergent phenomena [18]. Within the realm of
complex ferroelectric oxides, for instance in PbTiO3/SrTiO3 (PTO/STO) superlattices, various
novel phenomena and polar domain states have been observed (e.g., “improper ferroelectricity”
appears in short period superlattices [15, 30], ordered vortex arrays form in intermediate period
superlattices [31, 42], and flux-closure domain structures exist in PTO/STO multilayers and large
period superlattices [32], etc.). These states arise from complex interplay of competing energies,
including depolarization, polarization/chemical gradients, long-range elastic interactions, and
interfacial coupling, which dominate at different length scales and thus produce such exotic
thickness-dependent ground states [183, 184].
A vortex is an intriguing topological structure, which attracts broad attention in the
scientific community from various perspectives, including polar vortices in meteorology and
astronomy, vortex flow in fluid mechanics, spin spirals and skyrmions in ferromagnetics, etc.
Ferroelectric vortex states (characterized by the continuous rotation of ferroelectric polarization
around a vortex core, and analogous to those found in magnetic systems) have been theoretically
predicted in ferroelectric nanoparticles and nanodots (often referred as “zero-dimensional
ferroelectrics” [131, 134, 185-190]), nanoplatelets [137], nanosheets [136], nanotube [138] and
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superlattices [191], but long range vortex ordering has not been deterministically isolated in
experiments. A breakthrough was recently achieved in superlattices of (PTO) n/(STO)n on DyScO3
(DSO) (110)o substrates which exhibit ordered arrays of vortices for intermediate values of n (~1016, number of unit cells) [31]. Along with the excitement for emergent functionalities in these
vortex states and their technological implications, a number of fundamental questions arise
regarding their origin and thermodynamic stability. Here, in this work, we explore the following
questions: (1) What are the chemical, electrostatic and mechanical boundary conditions that
promote the formation of such a vortex lattice in ferroelectric superlattices? (2) What is the length
scale at which the vortex lattice is stable over competing ferroelectric states? and (3) What is the
role of the STO layers and how can we engineer new phases by tuning these layers?

3.2 Simulation setup and parameters
In order to address these questions, we employ phase-field modeling in conjunction with a
Ginzburg-Landau based analytical model to explore the stability of the vortex structure as a
function of superlattice periodicity and STO layer thickness. Over the last two decades, phase-field
modeling has been widely employed to study the domain structure and evolution in ferroelectric
thin films [19, 40, 180], and has also been successfully extended to unveil the domain structures,
switching kinetics, phase diagrams, and physical properties for a variety of superlattice systems
[26, 192, 193]. In the phase-field approach, the spatially-dependent polarization vector 𝑃⃗ = (Px, Py,
Pz) is selected as the order parameter to describe the polar states. The evolution of this polarization
is governed by the time-dependent Ginzburg-Landau (TDGL) equations and driven by the
minimization of the total energy, comprised of chemical, elastic, electric, and polarization gradient
energies [19, 37]. An iterative perturbation method is adopted to accommodate for the elastic
anisotropy and inhomogeneity of the PTO and STO layers when solving the mechanical
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equilibrium equations [46]. The short-circuit electric boundary condition is applied at the top
surface of the superlattice film and the film/substrate interface [43]. A thin film mechanical
boundary condition is used, where the top surface of the superlattice film is assumed to be stress
free while the displacement at the substrate bottom sufficiently far away from the film/substrate
interface is fixed to zero [40]. The calculation details is shown in previous chapters. The related
simulation parameters, can be found in previous literatures [40, 47, 88, 89, 194] and are fully listed
in Table 3-1.
Table 3-1. Parameters for the simulation, including Curie temperature, Landau coefficients

(the a-parameters), elastic constants (C11, C12, and C44 in voigt notation), electrostrictive
coefficients (Q11, Q12, and Q44 in voigt notation) and bulk pseudo-cubic lattice constant. T
is the temperature of the simulation system, which is set as 300 K unless specified.
PTO

STO

Tc (K)

752.2

N.A.

a1
2
(m N C-2)

3.8×105
(T-Tc)

a11
(m N C-4)
a12
(m6 N C-4)
a111
10
(m N C-6)
a112
10
(m N C-6)
a123
(m10 N C-6)

-7.3×107

4.05×107
[1/tanh(54/T)1.056]
1.7×109

7.5×108

3.9×109

2.6×108

0

6.1×108

0

-3.7×109

0

6

C11
(N m-2)
C12
(N m-2)
C44
(N m-2)
Q11
(m4 C-2)
Q12
(m4 C-2)
Q44
(m4 C-2)
a
(Å)

PTO

STO

1.746×1011

3.36×1011

7.937×1010

1.07×1011

1.11×1011

1.27×1011

8.9×10-2

4.57×10-2

-2.6×10-2

-1.35×10-2

3.375×10-2

9.6×10-3

3.9574

3.905
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3.3 Polar vortex lattice in (PTO)10/(STO)10
We start by exploring the phase-field simulation results for a (PTO)10/(STO)10 superlattice
coherently strained to a DSO (110)o substrate. The anisotropic in-plane lattice constants for DSO
are set as 3.952 and 3.947 Å [195] to determine the effective substrate strain.
The simulated structure by three dimensional phase-field simulation is plotted next to the
experimental observations by high resolution transmission electron microscopy (HRTEM) in
Figure 3-1 [31]. The cross-section view from the experimental displacement mapping reveals the
formation of ordered vortex arrays, with the neighboring vortex rotating in the opposite directions;
whereas the planar view TEM indicates the formation of long strips, where the periodicities of the
strips are the same as the vortex periodicities. The phase-field simulations are performed
simultaneously with the experimental measurements, which not only predict the formation of the
vortex arrays with opposite curls, but also shows for the first time, that the vortex are forming long
tube-like structure extending perpendicular to the vortex plane. The size and periodicity of the
vortex arrays agrees remarkably well with the experimental measured value.
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Figure 3-1. Three-dimensional phase-field simulation of the polar vortex array in (PTO)10/(STO)10
superlattice on a DSO substrate [31]. Shown in the left is the experimental observation by the crosssection HRTEM and the planar TEM from our experimental collaborators at UC Berkeley (Dr. R.
Ramesh’s group). Right figure is the three-dimensional mapping of the polar vortex array which
shows the vortex is forming tube-like topology. Blue and red indicate the sign of the curl of the
polarization vector, while yellow and green in the front and back layers show the positive and
negative Px and Pz, respectively.
In order to have a better understanding of the vortex array structure, the 2-D cross-sections
from the 3-D phase field simulation are plotted in Figure 3-2. The cross-section view in Figure 32 (a) shows the polar vortex lattice, with some local defect-like patterns. The zoom-in of a single
vortex in the PTO layer clearly shows the continuous rotation of polarization vectors surrounding
the vortex center (Figure 3-2 b), which matches with the experimental HRTEM data [31]. Both the
simulation and experimental results indicate that the size of each vortex is 4-5 nm for this particular
superlattice periodicity. We also note that in contrast to the flux-closure polarization structures [32,
141] where abrupt polarization changes occur only near the distinct domain wall area, the vortex
structures exhibit a continuously rotating polarization. The vortex state is distinctly different and
represents a highly inhomogeneous polarization mode that is characterized by a one-dimensional
singularity at the vortex core as against two-dimensional domain walls that appear in the fluxclosure structures. The vortex core structure in the ferroelectric system is unique as compared to
the topologically-protected vortex core in magnetic systems since the magnitude of polarization
exhibits a huge decrease near the core due to the strong anisotropy in the ferroelectric system.
Furthermore, a planar section (Figure 3-2 c) of the PTO layer reveals that the vortices form long
chains along the axial direction, often intersecting other vortices in a classic dislocation-like pattern,
in excellent agreement with planar section TEM studies. A magnified view of this planar section
(Figure 3-2 d) shows the in-plane polarization of neighboring vortices pointing tail-to-tail, and
separated by an out-of-plane polarization region confirming the anti-rotation relationship between
neighboring vortex pairs throughout the axial direction.
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Figure 3-2. Polarization vector maps for vortices in the (PTO)10/(STO)10 superlattice system,
calculated from a phase-field simulation. (a) Spatial distribution of polarization in the cross-section
(010)pc plane, showing the vortex/antivortex structures. (b) Zoom-in result for a single vortex
showing the continuous rotation of the polarization vector. (c) Planar view of the PTO layer,
showing vortex line arrangement (d) Zoom-in of the vortex line. Dotted line in (a) and (c) show the
planes where the planar view and cross-section view are plotted, respectively.

3.4 Periodicity phase diagram
To better understand the nature of length-scale effects, we explored the evolution of the
polar state of the PTO layer as a function of superlattice periodicity through integrated
computational-experimental observations. As revealed in Figure 3-3, with increasing superlattice
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period, the total energy density of the lowest energy state decreases monotonically. The higher total
energy density at lower superlattice periodicity is related to the decreased benefits from the Landau
energy and indicative of a decreased stability of the ferroelectric state. In this regime of length
scales (up to n = 10), strong depolarization effects drive the system into a completely in-plane
polarized ferroelectric a1/a2 twin-domain structure (top-left inset, Figure 3-3) over the elastically
preferred c/a domain structure (corresponding to the domain structure observed in thick PTO film
under strain condition from the DSO (110)o substrate [196]), as revealed by both phase-field
simulation and planar and cross-section TEM. At the superlattice period n10 (length scale of ~4
nm), the formation of vortex states becomes feasible due to the lowering of the Landau and elastic
energy density even at the expense of increased gradient energy contributions. This sets the lowerbound for the observation of vortex states in the system. Consequently, for superlattice period n10,
it adopts ordered configurations that involve an intimate balance among long-range elastic and
electrostatic, as well as short-range polarization gradient effects. Thus, with increasing period from
n ≈10 to n ≈ 16, we see that the vortex state (middle inset, Figure 3-3) becomes favorable, and we
predict a phase transition from the in-plane polarized a1/a2 ferroelectric phase to an ordered vortex
lattice. On the other hand, the transition from a vortex to a flux-closure domain structure (bottom
inset, Figure 3-3) at large superlattice periodicity is continuous and a more subtle one.
From the energy point of view, the formation of a vortex at short-to-intermediate periods
(e.g., n≈10 to n≈16) can be understood as a result of a balance between the individual energies: the
combined effect of elastic and electric energies favors mixtures of in-plane and out-of-plane
polarization, whereas the gradient energy is lower in the smooth rotating configuration (i.e., vortex)
as compared to the structure with distinct domain walls (e.g., flux-closure) at short periods. The
higher gradient energy in the flux-closure compared to vortex at lower periods can be understood,
since the gradient energy density is much larger near the conventional domain walls (e.g., 180o and
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90o walls in the tetragonal system) as compared to the smooth polarization rotation pattern in a
vortex structure.

Figure 3-3. Phase diagram and total energy density for the (PTO)n/(STO)n superlattice grown on
the DSO substrate, as calculated by the phase-field simulations and verified experimentally. Inset:
top left shows the simulation and planar TEM result of in-plane view of a1a2 twin domain structure
for n=6; middle left and right are the vortex structure for n=10 from simulation and experimental
TEM mapping, respectively; The bottom left and right inset are the cross-section of flux-closure
structure for n=50 from phase-field simulation and experimental TEM vector mapping, respectively.
“SIM” and “TEM” stands for simulation, and transmission electron microscopy data.
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3.5 Energy analysis for the periodicity phase diagram of (PTO)n/(STO)n

3.5.1 Energy analysis for vortex in (PTO)10/(STO)10
We first analyze the spatial distributions of different energy contributions within a single
vortex. Figure 3-4 (a) clearly shows the vortex core as the region of highest energy density. By
separating out individual contributions from the elastic, electric, chemical, and polarization
gradient energy (Figure 3-4 b-e, respectively), we learn that the elastic, chemical and gradient
energies dominate and taper out almost radially away from the vortex core. This can be understood
as a consequence of the large lattice distortions (higher elastic energy), highly diminished and near
zero polarization (higher Landau chemical energy as indicated by the “double well” energy curve),
and large gradient energies from rapid change in both, the magnitude and direction of polarization
that exists at the vortex core. This high energy density core allows a polarization distribution with
largely in-plane component of polarization at the interface between PTO and STO, and that with a
largely out-of-plane polarization in the region between a vortex and a neighboring antivortex. Such
a distribution serves to minimize depolarization-energy related effects (Figure 3-4 c) at the
ferroelectric/paraelectric interface that would otherwise destabilize ferroelectricity, while at the
same time adopting an elastically favorable out-of-plane polarized configuration in the region.
Moreover, the magnitude of ferroelectric polarization away from the vortex core rapidly approach
equilibrium values where contributions from the chemical Landau energy are the most negative. In
other words, the introduction of a high energy density vortex core, serves to minimize the volume
averaged total energy density in the PTO layers under the given strain and electrostatic boundary
conditions. It is also noteworthy that under similar electrostatic and strain boundary conditions,
thicker period superlattices form traditional flux-closure structures with uniformly polarized c
(tetragonal, out-of-plane polarized)- and a (tetragonal, in-plane polarized)- domains that are
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separated by well-defined domain walls and characterized by a total energy density distribution
(Figure 3-4 f, computed for n=50) that is maximal at the 180o domain wall (separating c+ and cdomains) followed by 90o domain walls (separating c and a domains). In summary, these studies
reveal length-scale related criterion, in addition to favorable elastic and electrical boundary
conditions, towards the stabilization of vortex states in these superlattices.
In order to give a more qualitative view point, the Line plot along X and Z through the
vortex center is also plotted in Figure 3-4 (g) and (h), which reveals the dominant role of gradient
energy near the vortex core. Generally, in the X direction through vortex core (Figure 3-4 g), the
Landau energy and elastic energy is lower while along Z (Figure 3-4 h), the Landau energy and
electric energy is lower along X. The surrounding area of the vortex core always has the highest
energy and decay in a circular manner.
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Figure 3-4. Energetics of one vortex in (PTO)10/(STO)10 superlattices grown on a DSO substrate
calculated from phase-field simulations. Spatial distributions of (a) the total energy density, (b) the
elastic energy density, (c) the electric energy density, (d) the chemical energy density, and (e) the
gradient energy density, (f) total energy density of one flux-closure in (PTO)50/(STO)50
superlattices grown on a DSO substrate. Line plot of energy densities across the vortex core from
the vortex center (g) along X direction, and (h) along Z direction.

3.5.2 Structural and energy analysis for flux-closure in (PTO)50/(STO)50
In an attempt to better distinguish between traditional flux-closure structure and the vortex
state, the structure as well as energy densities of the flux-closure structure are also computed. Both
simulation results and the TEM polarization vector plot for PTO50/STO50 shows a classical fluxclosure structure composed of four 90◦ a/c domain wall and one 180◦ c+/c- domain wall (Figure 3-
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5 a and b). The formation of flux-closure can be understood through the further separation of each
individual energy (elastic, electric, Landau, gradient) contributions.

Figure 3-5. Vector plot of flux-closure structure in PTO50/STO50. (a) From phase-field prediction.
(b) Experimental HRTEM mapping.
As shown in Figure 3-6 (a), the elastic energy is much higher near the 180◦ domain wall
region and relatively lower in the c domain region. The 180◦ wall is rod-like in shape stretched
along Z direction. For electric energy density, however, the 90◦ domain walls has the highest energy.
While the a domain region has generally lower electric energy density (Figure 3-6 b). The high
Landau energy region can be found near both the 90◦ and 180◦ domain walls (Figure 3-6 c). While
the Landau energy is lower inside the c and a domains, suggesting that the magnitude of
polarization is similar in the c and a domains. It is also worthwhile mentioning that the Landau
energy in the small triangular a domain near the interface is higher due to decreased magnitude of
polarization through the interfacial effect. The gradient energy is largest near the 180 ◦ wall due to
the increased domain wall width as compared to 90◦ wall (Figure 3-6 d). The two 90◦ wall separating
c domain and large a domain is also higher gradient energy wall as compared to the 90◦ wall that’s
separating c domain and smaller a domain since the polarization in the smaller a domain is
suppressed.
The line plot of the energy densities across the 180◦ wall center for flux-closure is also
provided (Figures 3-6 e and 3-6 f), which shows that the domain wall is elongated along Z direction
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which can minimize the domain wall area as compared to the circular shape of the vortex. Note that
the Landau energy density is lower than the vortex structure due to a larger magnitude of
polarization in higher periodicity.

Figure 3-6. The energetics of flux-closure. Spatial resolution of (a) elastic energy density, (b)
electric energy density, (c) Landau energy density and (d) gradient energy density. Line plot of
energy densities across the vortex core from the 180◦ domain wall center along (e) X direction, and
(f) Z direction.
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The differences in the vortex and flux-closure structure can be addressed: the polarization
is continuously rotating in the vortex structure while only sudden changes near the distinct domain
wall area in the flux-closure domain. From the energetic perspective, the total energy is changing
in a circular way from the vortex center for vortex structure while flux-closure domain generally
has higher energy in the domain wall regions.

3.5.3 Thickness dependent energy competitions
The computed energy density of various phases with respect to periodicity can reveal the
phase transition sequence with increasing periodicity. The complete phase diagram and total energy
density is given in the main article, while the contribution from each energies is provided herein.
As can be seen in Figure 3-7 (a), the elastic and gradient energy has a sudden change at n=10 due
to the a1/a2 to vortex transition. The decrease in elastic energy can fully compensate the gradient
energy increase, which leads to a slightly lower energy density of vortex state. From Figure 3-7 (b),
the Landau energy change is trivial at the transition. Meanwhile, the differences between the two
phases are larger at higher periodicity, leading to more stable vortex state at higher periodicity. The
electric energy has a small jump from the a1/a2 state to vortex state, primary owing to the increased
out-of-plane polarization. The total energy density difference between vortex and a-twin structure
is increased with increasing periodicity from n=10 to n=16. Figure 3-7 (c) and 3-7 (d) shows the
continuous energy change from vortex structure at low periodicity to flux-closure at high
periodicity. The Landau and gradient energy generally decrease with increasing periodicity as has
been discussed previously. The elastic energy increases due to larger strain in the STO layer with
smaller polar magnitude. The smooth change in the individual energy densities (elastic, electric,
gradient, Landau) leads to a smooth change in the total energy density, which indicate that the
vortex to flux-closure transition is more or less second order transition in nature.
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Figure 3-7. Energy densities of a1/a2 twin structure, vortex and flux-closure structure. (a) Elastic,
Gradient (b) electric and Landau energy density comparisons for a1/a2 and vortex; (c) The gradient
and elastic energy densities (d) Electric, Landau and total energy densities at larger periodicities
from n=10 to 50. Smooth transition from vortex to flux-closure is demonstrated.

3.6 Analytical calculation and prediction of the critical thickness for the
formation of vortex
To find the intrinsic thermodynamic stability region for the vortex states, we analytically
predict the emergence of the vortex state following references [183, 197, 198] using a simplified
two-dimensional (2D) model. The local free energy of the x-z 2D system can be written as:

F   {a1 Px2  a3 Pz2  a11 Px4  a33 Pz4  a12 Px2 Pz2  a111 ( Px6  Pz6 )
 a112 ( Px4 Pz2  Px2 Pz4 )  g 0 [(
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) (
) (
) (
) ]
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x
z
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1
  0 11 E x2   0 33 E z2  E x Px  E z Pz }dxdz
2
2

(3-1)
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where the a-parameters are the modified Landau coefficients under the thin film boundary
condition [199], g0 is the isotropic gradient energy coefficient, Ex and Ez are the x and z components
of the local electric field (which is comprised of externally applied field and depolarization field).
𝜀11 and 𝜀33 are the background dielectric constants. The mechanical effects are effectively included
in the modified Landau coefficients through the thin-film boundary condition. Minimizing the total
free energy with respect to Px and Pz , one can deduce:

2a1Px  4a11Px3  2a12 Px Pz2  6a111Px5
 a112 (4 Px3 Pz2  2 Px Pz4 )  g0 (

 2 Px  2 Px
 2 )  Ex
x 2
z

(3-2)

2a3 Pz  4a33 Pz3  2a12 Pz Px2  6a111Pz5
 a112 (4 Pz3 Px2  2 Pz Px4 )  g0 (

 2 Pz  2 Pz
 2 )  Ez
x 2
z

(3-3)

Where the curl of the electric field is zero since no magnetic field is involved:

Ex Ez

z
x

(3-4)

The electrostatic equilibrium is established:

Dx Dz

0
x
z

(3-5)

The dielectric displacements Dx and Dz can be written as:

Dx   011Ex  Px

(3-6a)

Dz   0 33 Ez  Pz

(3-6b)

The continuity of the out-of-plane dielectric displacement gives rise to the following
boundary condition:

Dz ( x, z  0)  0

(3-7a)

Dz ( x, z  a f )  0

(3-7b)
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where z=0 and z=af denote the ferroelectric/dielectric interfaces, x denote any lateral position.
It is difficult to solve Equations 3-2 to 3-6 analytically under the boundary condition of
Equations 3-7 (a) and (b). Let’s first consider the simplest case, in the vicinity of the vortex core,
where the polarization is very small, the high order Landau terms of Equation 3-1 can be omitted.
If we were only to expand to the second order in the Landau energy, Equations 3-2 and 3-3 can be
reduced to:

 2 Px  2 Px
2a1Px  g0 ( 2  2 )  Ex
x
z

(3-8)

 2 Pz  2 Pz
2a3 Pz  g0 ( 2  2 )  Ez
x
z

(3-9)

We shall look for the periodical solution along x for Pz:

Pz  Sin(k1x) f ( z)

(3-10)

Perform separation of variables for Px, and assume:

Px  q( x)h( z )

(3-11)

Plug Equations (3-10) and (3-11) into Equations (3-8) and (3-9) and separate the
variables again, one can get:

dh( z )
d 2 q( x) dh( z ) d 3h( z )
 g0 (

q ( x) 
dz
dx2
dz
dz3
d 2 f ( z)
(2a3k1 f ( z )  g 0 k13 f ( z )  g 0 k1
)Cos(k1 x)
dz 2

(3-12)

dq( x)
d 3q ( x )
d 2 h( z ) dq( x)
h( z )  g 0 (
h
(
z
)

)
dx
dx3
dz 2
dx
df ( z )
df ( z )
d 3 f ( z)
[( 2a3 0 k33  1)
 g0 k12
 g0
]Sin(k1 x)  0
dz
dz
dz3

(3-13)

2a1q( x)

(2a1 0 k11  1)

Solving Equations (3-12) and (3-13) and separating the variables, we can get:
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dq( x)
 Sin(k1 x)
dx

(3-14a)

q( x)  Cos(k1x)

(3-14b)

Similarly, we can look for the periodic solutions along z direction, i.e.,
f ( z )  Sin(k2 z )

(3-15)

Plug in the solutions back to Equations (3-12) and (3-13), we can get:
h( z)  Cos(k2 z)

(3-16)

Combine the solutions together, we can get:

Pz  P0 Sin(k1 x) Sin(k2 z )

(3-17a)

Px  P0 ' Cos(k1 x)Cos(k2 z )

(3-17b)

Applying the boundary condition of (3-7a) and (3-7b), we can get:

k2 


af

(3-18)

Assuming the periodicity along x is d, we can get:

k2 


d

(3-19)

The analytical solutions from Equations (3-17) to (3-19), as well as the vortex structure
simulated by the phase-field simulation are plotted in Figure 3-8 (a) and 3-8 (b), respectively. It is
shown that the analytical solution can well reproduce the characteristics of the “vortex” structure
even from the simplest model.

62

Figure 3-8. “Vortex” structure by (a) analytical calculation (b) phase-field simulation in
(PTO)10/(STO)10. The analytical solution refers to Equations (3-17) to (3-19), with 𝑃0 = 𝑃0′ = 0.5
C/m2 and 𝑎𝑓 = 𝑑 = 10 unit cells.
Plug in the solutions back to (3-12) and (3-13), one can get:

 [2a1  g0 (k12  k22 )]k2 P0 '  [2a3  g0 (k12  k22 )]k1P0
  0k11[2a1  g0 (k12  k22 )]k1P0 'k1P0 '   0k33[2a3  g0 (k12  k22 )]k2 P0  k2 P0

(3-20)
(3-21)

Since 𝑎1 < 𝑎3 < 0 and 𝑘1 , 𝑘3 , 𝑃0′ , 𝑃0 > 0, one can find:

 2a3
 2a1
 (k12  k22 ) 
g0
g0

(3-22)

In the case where the substrate strain in the ferroelectric layer is small (less than 0.2%
between PTO and DSO using the parameters given in the main article), one can estimate that:

(k12  k22 ) 

 (a1  a3 ) 2a10 (Tc  T )

g0
g0

(3-23)

Applying conditions (3-18), (3-19), Equation (3-23) can be expressed as:

g0 (
If we were to write:

2
d2



2
a 2f

)  2a1 '

(3-24)
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a02  

g0 2

2a1 '

(3-25)

Substitute d/af with the aspect ratio r, and multiply equation (3-24) by af2 at both sides,
one can deduce:

a 2f
1
1  2
r2
a0

(3-26)

where 𝑎0 is the “characteristic length” related to the gradient energy coefficients and the modified
Landau coefficients, which can also be estimated by the width of the 180 o domain wall δ,

a0 ~  / 2 . At room temperature, for short period PTO/STO superlattices, a rough estimation
gives a value of ~3.2 nm for the “characteristic length”.
Since the shape of the vortex is largely controlled by the aspect ratio r, we plot it as a
function of superlattice periodicity (Figure 3-9). It can be seen that the aspect ratio decreases with
increasing periodicity from both Equation 3-26 and the phase-field simulation results. Compared
with the vortex patterns in (PTO)10/(STO)10 superlattices (Figure 3-8), the vortex cores in
(PTO)20/(STO)20 (left inset, Figure 3-9) are more elongated along the thickness direction than those
in (PTO)10/(STO)10, and it further elongates to resemble a classic 180o domain wall in a
(PTO)27/(STO)27 superlattice (right inset, Figure 3-9). The elongation of the vortex core with
increasing size has also been captured experimentally by TEM polar mapping of (PTO) 16/(STO)16
superlattice and was shown in previous two-dimensional phase-field simulations [200]. This
comparison gives general good agreements between the analytical estimates (which partly ignored
the complexity of the model system and originated from a simple quasi 2-D model) and the phasefield simulations (which takes full consideration of the strain inhomogeneity and complex polar
structure formation), which validates this relatively simple analytical model.
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Based on equation 3-26, in order to ensure a physical solution (the square of aspect ratio r
must not be negative) for the vortex state, af and a0 must satisfy:

a f  a0

(3-27)

Correspondingly, for superlattice periodicities where af < a0 (i.e., for n ≤ 8) the vortex state
is unstable and inplane domains form. The upper bound for the vortex lattice is obscure due to the
continuous nature of the vortex to flux-closure transition, and we can only estimate the critical
aspect ratio of r~0.3, below which the circular vortex core becomes a classic 180o type domain wall
based on the phase-field simulation results given in the insets of figure 3-9. The condition for
stabilizing the vortex structure can be derived by combining the lower boundary from Equation 327 and the upper boundary by substituting r=0.3 to Equation 3-26:

a0  a f  12a0

(3-28)

Practically, the smooth circular-like rotation pattern can be expected where：

a f  2a0  
Recall that  is the width of the bulk 180o domain wall.

(3-29)
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Figure 3-9. “Vortex” aspect ratio as a function of superlattice periodicity. The red curve is
calculated according to Equation 3-26, where a value of 8 unit cells is used for a0. The square data
points and error bars are results calculated from phase-field simulations. The left and right insets
are the simulated domain structures for (PTO)20/(STO)20 and (PTO)27/(STO)27, respectively. The
dash line shows criterion 3-27. The vortex core is highlighted with a dotted ellipse which shows
the elongation and the decrease of the aspect ratio with increasing of superlattice periodicity n.
Equations (3-28) and (3-29) give the condition on the range of superlattice periodicity for
which vortex structure may be expected. In order to observe a nano-scale vortex structure, the
“characteristic length” a0, which can be estimated by the 180o domain wall width of the bulk crystal,
should be some intermediate value. If it is too small, the stability window given by Equation (3-28)
will be too small so that this structure cannot be captured experimentally. On the other hand, a large
a0 leads to an increase in the threshold transition length where dramatic increase in the polarization
rotation region would lead to a large increase in gradient energy; which will favor the simple a/ctype structure. It is worthwhile pointing out that equation 8 bridges the stability of mesoscale vortex
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with intrinsic bulk ferroelectric material properties (i.e., domain wall width) that serves as an
intuitive simple design rule for the discovery of vortex and other possible topological structures. It
is also found that this rule not only works well for the current PTO/STO system and other lowdimensional PTO nanostructures, but also serves as a generally good estimate for the length scale
of vortex or vortex-like structures in other ferroelectric materials, e.g., BTO (see reports [127, 201]
for the sizes of the vortex or vortex-like structure in rhombohedral and orthorhombic phases, the
domain wall width is given by reference [202]) and BFO (the size of vortex-like structure is given
in reference [203] and the domain wall width is given in [204]).
The temperature effect can also be described by Equation 3-28. With increasing
temperature, the “characteristic length” increases, giving rise to an upward shift of the phase
boundary between the a1/a2 twin domains and vortex state. As a result, for a given periodicity, e.g.,
(PTO)16/(STO)16, a phase transition from vortex to a1/a2 twins can be expected when temperature
increases; such temperature-dependent phase transition is also found by recent experimental results.
Further reduction in the aspect ratio also indicates a lowering of symmetry, which is equivalent to
the decrease in the k value as shown in Lukyanchuk et al., where the shape of polarization domain
changes from polyhedron-like to triangular-like [205].

3.7 Role of the STO layer
To further explore the role of the insulating STO layers, a phase diagram with varying STO
layer thickness (i.e., (PTO)10/(STO)m) and the analysis of the electric energy density of the two
layers are calculated by the phase-field method, as shown in Figure 3-10. With thin STO layers
(e.g., m=2) between the PTO layers, STO is highly polarized by the PTO layers due to the large
internal field. As a consequence, the electric energy density inside the STO layer is highly negative
since the internal electric field and polarization is in the same direction in this layer. Meanwhile,
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the electric energy density of PTO layers are highly positive with thin STO layers due to the
depolarization effect, where the internal field in these layers are in the opposite direction with
polarization. The significant polarization inside the STO layers serves as the bridge that connects
the PTO layers, and hence an a/c twin structure forms, similar to the domain pattern for a PTO thin
film grown on a DSO substrate, which form to lower the elastic energy of the PTO layers. The
polar phase of STO has been observed recently in both experiment and theory with a polarization
up to 0.3 C/m2 in ultrathin films [84]. Upon increasing the STO layer thickness there is a monotonic
decrease in the average polarization as well as in the internal field inside the STO layer, which
decreases the magnitude of the electric energy density of the STO layers. In order to decrease the
polar discontinuity at the interface, the vortex states are formed. The vortex state is often mixed
with other states (e.g., a/c with thin STO layers while a1/a2 at thick STO layers) to reduce the
elastic/electric energies. With increasing of the STO layer thickness m, it is expected that the vortex
ratio increases, which decreases the polar discontinuity at the PTO/STO interface as well as the
electric energy density of the PTO layers. As the STO layer thickness increases further, the
polarization in the STO layers vanish, which will eventually lead to the formation of a1/a2 twin
structure in an attempt to further reduce the electric and gradient energy of the PTO layer at the
expense of increased elastic energy.

68

Figure 3-10. Phase diagram, STO polarization and average electric energy density for the
(PTO)10/(STO)n superlattice grown on a DSO substrate, as calculated using phase-field simulations,
showing the existence of a/c, vortex mixtures, and a1/a2.
The representative phases corresponding to the phase diagram (PTO)10/(STO)m (m=2-100)
is shown in Figure 3-11. When STO layer is thin (i.e., only two unit cells), it is polarized by the
PTO layers, forming a/c type structure with 90o domain walls tilting 45o in the cross-section view
(Figure 3-11 a and 3-11 b), similar to domain structure for PTO film on DSO substrate [196]. With
increasing STO layer thickness, the depolarization strength increases which decrease the
polarization in the STO layer as indicated in the main text. This leads to the formation of vortices
for m3, as shown in Figure 3-11 (c) and 3-11 (d). Further increasing of the STO layer thickness
leads to the mixed phase of vortices and a domains, as clearly shown in Figure 3-11 (e) and 3-11
(f), with the increasing of vortex ratio. Eventually, the polarization of the STO layer drops to almost
zero, which makes out-of-plane polarization highly unfavorable, as a result, pure a1/a2 twin
domains form despite the large elastic penalty (Figure 3-11 g and 3-11 h).
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Figure 3-11. Phase diagram for (PTO)10/(STO)m. m=2, planar view (a) and cross-section view (b),
a/c domain; m=3, planar view (c) and cross-section view (d), mixed a/c and vortex; m=20, planar
view (e) and cross-section view (f), mixed a and vortex; m=100, planar view (g) and cross-section
view (h), a1/a2;
To further reveal the phase transition with different STO layer thickness, we calculate the
energies accompanying the transitions (Figure 3-12). The total energy of the PTO layer drops with
increasing STO layer due to the decreasing of the electric energy in the PTO layer, while a reverse
trend is observed in the STO layer since the electric energy increases rapidly with smaller internal
field (Figure 3-12 a). An energy plateau is formed where the vortex ratio is large. The elastic energy
shows reverse behavior as the electric energy, showing the competition of this two energies towards
the formation of vortex state (Figure 3-12 b). The gradient energy has a big jump when the vortex
forms at the intermediate periodicity (Figure 3-12 c). The Landau energy decreases for STO with
increasing STO thickness since the polar state is unfavorable for bulk STO, while the decreasing
of the polar magnitude in PTO could leads to higher Landau energy in this layer (Figure 3-12 d).
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The energy consideration could not only help the explanation of the phase transition phenomenon,
but also helpful in the further design of new materials with novel topological structures.

Figure 3-12. Energies for (PTO)10/(STO)m. (a)Average total energy of the two layers as a function
of n; (b)-(d) shows the elastic, gradient and Landau energies, respectively.
Ultimately, the importance of the STO layers can be addressed as follows: the polarizability
of these layers could be used to tune the polar discontinuity as well as the strength of the
depolarization field, in combination with the size effect. The stability of the ground state polar
vortex phase is strongly influenced by the magnitude of polarization in these layers, the variation
of which could lead to a rich phase diagram. In general, a less polarizable intermediate layer with
smaller polarization leads to a completely in-plane polarization state (i.e, a1/a2) in the PTO layers
to decrease the polar discontinuity at the interface and the electric energy of the system. While a
larger polarization in the intermediate layers lead to the formation of polarization states containing
out-of-plane domains (i.e., a/c and even c+/c-). Indeed a recent experimental observation showed
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the transition from c-like domains with polarization curling to mixed c/a-like domains in an
ultrathin PTO film with a bottom LSMO electrode, primary due to the increase in the depolarizing
strength for thinner films with incomplete electrode screening [206]. Thus, it might be more
feasible to choose weak ferroelectrics instead of a purely paraelectric material to design tunable
domain structure and properties by engineering the thickness or composition of these layers.
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3.8 Conclusions
In conclusion, we have established that polar vortex lattices can be stabilized at
intermediate length scales in a paraelectric/ferroelectric superlattices by manipulating the
electrical-chemical-mechanical energy contributions. Based on a simple analytical estimate and
numerical phase-field simulations, we provide a design rule to help identify the theoretical stability
range for the vortex lattices. The role of each individual energy contributions in the formation of a
vortex state is studied by calculating a size-dependent phase diagram. For PTO/STO superlattice
grown on a (110)o-DSO substrate, it is shown that elastic energy favors out-of-plane polarization
of the superlattice while the electric energy (in particular the depolarization energy) tries to keep
polarization in-plane. Meanwhile, electric energy prefers a small spatial spacing between the
vortices as well as large thickness of the ferroelectric layers whereas the polarization gradient
energy favors uniform polarization or smooth polarization rotation and thus large spacing between
vortices. These competing interactions lead to a transition from a1/a2 twin polar states, to vortex
lattice, and eventually to flux-closure lattices with increasing superlattice periodicity. The role of
STO layers is further explored within the (PTO)10/(STO)n phase diagram, indicating that the tunable
depolarizing strength can help engineer multiple phases, and the existence of a weak ferroelectricity
in the STO layer facilitates the formation of the vortex lattice. The calculated phase diagrams with
various phases further suggest the possibility to switch between vortex and other phases under
external stimuli, which might be of great importance in the design of next-generation electronic
devices. Thus, our work not only contributes to the further understanding of polar domain formation
mechanism in current (PTO)n/(STO)n superlattice system, but also stimulates future studies on
developing superlattice-based novel material systems.

73

Chapter 4
Switchable spirals with enhanced thermal stability in
ferroelectric tricolor superlattices

4.1 introduction
The exotic nanoscale topological structures in the condensed matter physics have been very
intriguing recently, which is not only of great scientific value, but also has huge potential
applications in the design of next-generation spintronics. For instance, in the past few decades,
there are increasing interests on the discovery and manipulation of vortex [134, 185, 207, 208],
skyrmions [116, 209-211] and merons [212, 213] etc., in both ferroelectric and ferromagnetic
materials. The conversion, motion or switching of the ferromagnetic vortex and skyrmions under
external electric current has been investigated [214], and some novel devices (e.g., logic gates,
transistors) has been designed accordingly [117, 119]. As compared to the conventional spintronic
devices, these novel topological structures with greatly reduced sizes could facilitate the miniature
of the next-generation spintronic devices. Meanwhile, the current understanding and design of
ferroelectric topological structures are yet to be fully explored. The recent discovery of ferroelectric
vortex arrays in (PbTiO3)n/(SrTiO3)n (n=10-16) (PTO/STO) superlattice on a DyScO3 (DSO)
substrate through a robust integrated experimental-theoretical observation has been a breakthrough
(see the previous chapter and reference [31, 42]). However, there are two main obstacles towards
the real applications of the ferroelectric vortex: First, the geometric arrangements of these vortex
pairs are always counter-rotation with no net polarization, which makes it very difficult to
characterize with facile experimental tools. Whereas it is also very hard to switch the curl by means
of irrotational field. Theoretical studies have demonstrated that the curl of the vortex in
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ferroelectrics can be switched either with careful design of the device geometry [215] or by
applying inhomogeneous or curled electric field [131, 216-218], however, both routines are
experimentally challenging or even unfeasible. Second, the vortex structure is thermally unstable
due to the increasing of depoling strength upon heating, which energetically favors the a1/a2 twin
domain structure. Previous experimental studies show that the vortex transforms to a1/a2 twin
domain gradually with increasing temperature, and disappears close to 500 K (unpublished data
measured by A. Damodaran from UC Berkeley).
As introduced in Chapter 1, multiferroic BFO has a much higher Curie temperature as
compared to other prototype ferroelectric materials with a very large spontaneous polarization
(~100 μC/cm2) along body diagonal direction. It could be utilized to tune the thermal stability and
Curie temperature of the previous PTO/STO superlattice by substituting the PTO with BFO. To
date, various vortex-like or flux-closure structure has been proposed in BFO heterogeneous
structures [142, 143, 219]. However, in general, it is difficult to form continuous rotation pattern
due to the relative “rigid” nature of the polarization in BFO. So far, to the best of our knowledge,
very few long range ordered arrays of vortex-like or flux-closure structure has been observed in
BFO-based films or superlattices.

4.2 Simulation setup and parameters
Herein, we design a PTO/BFO/STO tricolor system (hereafter referred as PBS-tricolor),
where the repeating unit consists of 4 unit cells of BFO sandwiched between two blocks of PTO
layers (4 unit cells in each block), followed by 12 unit cells of insulating paraelectric STO layers
(see the schematics in Figure 4-1). This whole film is fully strained to a (110)o-DSO substrate (the
lattice constants of substrate, PTO, BFO and STO are given in supplementary to determine the
strain condition in each layer). In comparison, 12 unit cells of PTO and 12 unit cells of STO are
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periodically stacked to form a (PTO)12/(STO)12 superlattice (Referred as PST-superlattice). The
PBS-tricolor system thus can be treated as a substitution of the middle PTO layers with BFO from
the PST-superlattice. In the simulation cell, a three dimensional mesh of 200×200×250 is used, with
each grid representing 1 unit cell. Periodic boundary condition is applied along the inplane
dimensions. While for the thickness direction, a superposition method is adopted [44]. The
thickness dimension is built up with 30 grids of substrate, 192 grids of film and 28 grids of air from
the bottom to the top, respectively.

Figure 4-1. Schematics of the model system. Left, the whole simulation cell; right, the single
periodic unit, consists of PTO, BFO, PTO, each 4 unit cells and 12 unit cells of STO.
Phase-field simulation is performed, by solving the time-dependent Ginzburg-Landau
(TDGL) equation, using spontaneous polarization as the order parameter, similar to the approaches
described in the previous chapters. The thermordynamic potentials as well as the material constants
are adopted from the previous reports [47, 89, 194, 220]. Short-circuit electric boundary condition
is used where the electric potential at the top and bottom of the film is 0, while a mixed mechanical
boundary condition is applied with stress free on the film top and zero displacement on the substrate
bottom. To perform the inplane field switching study, an cyclinic homogenous inplane field is added
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to the film until reaching 400 kV/cm in magnitude.

4.3 Polar spirals
As simulated in the previous chapter, at room temperature, the PST-superlattice will form
ordered polar vortex arrays with long tube-like vortex lines, where the cores of the vortex are close
to the center of PTO layers. The formation of vortex arrays due to the large depolarization effect at
the PTO/STO interface has been analyzed in details. Upon substitution of the middle PTO layers
with BFO, intuitively one would find that the vortex structure could no longer be stabilized due to
the much higher Landau energy cost to greatly reduce the polarization in BFO layers. To confirm
this idea, the polar structure of the PBS-tricolor system is simulated and plotted in Figure 4-2 (a)(d). The planar view image shows that the system is forming long stripes similar to the vortex lines,
however these stripes are highly curved (Figure 4-2 a). The curved stripes are clearly due to the
body diagonal polarization orientation in the BFO layers, where the straight stripes are no longer
charge neutral. A zoom-in plot indicate that a large Py-component is found even in the PTO layers
(Figure 4-2 b), which is induced by the BFO layers, forming both T-like monoclinic and R-like
monoclinic in the PTO layers to account for the large symmetry mismatch of the PTO and BFO
layers. Whereas the cross-section view image demonstrates that the unidirectional wave-like spirals
are formed (Figure 4-2 c), with significantly larger polarization in the middle BFO layers. This is
in contrast to the vortex structure in the PST-superlattice where the polarization in the cores near
the middle of the PTO layers is largely reduced. A magnified view clearly shows that the spirals
are composed of ordered arrays of alternating semi-vortex in different layers, separated by the
middle BFO layers (Figure 4-2 d). Due to the strong interfacial and electromechanical coupling,
both the polarization in the PTO and BFO layers are distorted from the bulk tetragonal and
rhombohedral directions. This could reduce the polar discontinuity at the two interfaces thus
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minimizing the surface charge as well as the electric energy. The periodicity of the spiral is ~10
nm, which is close to the size of two vortex in the PST-superlattice. Previously, it is theoretically
demonstrated that a spiral-like structure could be formed in PTO thin films with open-circuit
boundary condition under slightly compressive strain [187], which is referred to as “chiral bubbles”
that are off centered. Here, in our case, the symmetry of the system is lowered by introducing the
middle BFO layers instead of tuning the substrate strain which could be more stable over a wider
range of strain condition, thus a broader synthesis window could be expected for future
experimental observations.

Figure 4-2. Polar mapping of the tri-color system. (a) Polarization vector of the planar view in the
PTO layer, showing the formation of curved stripes (b) Magnified planar view, a large y-component
is clearly shown close to the main stripe. (c) Cross-section view, showing that the polar vector is
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forming unidirectional spirals in each layer. (d) Magnified cross-section view, showing the spirals
are consisting of two half-vortex.
In a direct comparison, the vortex structure in the PST-superlattice has almost zero net

(

(

polarization in both in-plane and out-of-plane directions, giving rise to little contrast in the

a)

b) it difficult to be detected by facile
piezoresponse force microscopy (PFM) which makes
conventional characterization methods; whereas the spirals in our newly designed PBS-tricolor
system has a net in-plane polarization, which could give large in-plane PFM signal and facilitate
the characterization as well as the future applications of this phase.

4.4 Temperature phase diagram

(

(

The temperature phase diagram for both the PBS-tricolor and PST-superlattice has been
simulated,
c) as shown in Figure 4-3. The mean of square
d) of the total polarization is plotted with
respect to temperature, which shows a linear decay in both the two materials with similar slopes
until reaching zero. The calculated Curie temperature can be extracted where the linear line
intersects with zero polarization. As can be expected, the Curie temperature shows a large decrease
in the PST-superlattice (~650 K) as compared to bulk PTO (~750 K), due to the large depolarization
field imposed by the insulating paraelectric STO layers. The decrease of Curie temperature with
reducing the size of the ferroelectrics in ferroelectric/paraelectric superlattice as well as ultrathin
films has been well studied both theoretically [221, 222] and experimentally [223, 224]. The
calculated Curie temperature is very close to the experimentally determined Curie temperature for
PTO thin film grown on (110)o-DSO with large depolarization field [225]. In the PBS-tricolor
system, the calculated Curie temperature has a huge increase (~1000 K) as compared to the PSTsuperlattice system. This temperature is well in between the Curie temperature of bulk PTO and
BFO, far above the Curie temperature of bulk PTO. This can be understood from two aspects: First,
BFO has a very high Curie temperature (~1100 K), at the temperature range between 650 K-1000
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K, even though polar PTO is unstable, polar BFO is preferred, thus increasing the Curie temperature
of the whole system due to the “ferroelectric proximity effect” [45]; Second, the internal field
imposed by polar BFO could serve as a self-poling field, which ultimately increases the Curie
temperature of the PTO layers.
Three different phases are captured within the temperature range of 200 K-1200 K for the
PBS-tricolor system. At low temperature (below 650 K), the “spiral” phase similar to the room
temperature phase described above is the most stable state. At some intermediate temperature
region (650 K-1000 K), the inplane domain is more stable due to the increased depolarization
strength at higher temperature, this phase transition temperature is indicated by the inset of Figure
4-3 where the out-of-plane polarization component diminishes. A further look into this in-plane
domain structure reveals that it is the orthorhombic twin structure (Figure 4-4). Previous studies
has also been able to experimentally obtain the orthorhombic BFO phase, whereas the phase
diagram given by phase-field simulations clearly shows that this phase could be stabled at moderate
strain condition with open-circuit electric boundary condition at relatively high temperature [73].
In contrast, the vortex phase in the PTO/STO superlattice transit to tetragonal a1/a2 in-plane twin
upon heating starting from room temperature. The spiral to orthorhombic transition for PBS-tricolor
occurs at 650 K, which almost coincide with the Curie temperature of the PST-superlattice. This
could be understood since close to the Curie temperature of the PST-superlattice, where PTO could
hardly be polarized, the inplane domain formation in the BFO will minimize the out-of-plane field
of the system as well as the out-of-plane polarization in the PTO layers. In a direct comparison, the
complete transition of vortex to a1/a2 transition in the PST-superlattice occurs at a much lower
temperature (~500 K). A further polar mapping of the phase close to the transition temperature
reveals that at high temperature (for instance, 650 K), although the magnitude of the polarization
in PTO layers has been greatly reduced, the BFO layer still maintain the ferroelectric phase, which
polarize part of the PTO layers to the inplane directions to reduce the polar discontinuity at both
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the BFO/PTO and PTO/STO interfaces.
In a short conclusion, we demonstrated that the PBS-tricolor system, which substitute the
middle PTO layers in the PST-superlattice with BFO, will not only greatly increase the Curie
temperature of the system, but also enhance the thermal stability of the spiral phase due to the large
polarization and high Curie temperature in BFO.

Figure 4-3. Temperature phase diagram of the tri-color system and a comparison with the PTO/STO
superlattice. Huge increase of Curie temperature can be observed. Inset: Stability of the out-ofplane polarization, which indicate the transition between spirals (or vortex) and inplane domains.
Arrows mark the transition temperature, which shows a large upshift.
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In order to have a better understanding of the temperature phase diagram, the phases at
elevated temperature close to the transition temperatures is plotted (Figure 4-4). Near the spiral to
in-plane domain temperature (e.g., 650 K), the spirals are still formed with curved spiral lines. The
polarization in the PTO layer is greatly reduce since this already reaches the Curie temperature of
the thin PTO film. The spiral structure is still formed within the BFO layers, which polarized the
neighboring PTO layers with in-plane polarization near the zig-zag region of the spirals. At even
higher temperature (e.g., 800 K), the spiral phase is no longer stable. In-plane orthorhombic twin
is formed primary inside the BFO layers. Similar orthorhombic BFO is observed [73], while the
previous phase diagram by phase field simulation shows that the orthorhombic BFO is stable at
high temperature with ambient substrate strain.

Figure 4-4. Polar structure of the PBS-tricolor system at high temperature. At 650 K, the spiral state
is still stable with curved spiral lines; At 800 K, the orthorhombic twin is formed at the BFO layers.
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4.5 In-plane field switching of the polar spiral
One unique feature of the spiral structure in the PBS-tricolor system as compared to the
vortex phase in the PST-superlattice system is that it possesses a net in-plane polarization. So the
natural question would be: can we switch the in-plane polarization direction of spirals by in-plane
field? This could be very beneficial towards the real potential applications of this novel structure.
To understand this, we further simulate the in-plane switching process by applying a uniform inplane electric field (Figure 4-5). Initially, without external bias, the spirals are curving to the right
with a net +Px, consisting of periodic semi-vortex that is flowing up-down. An in-plane electric
field with a magnitude of 350 kV/cm is gradually applied, which is opposite to the initial spiral
direction. This could ultimately lead to the switching of the in-plane polarization component to -Px
inside the PTO layers, while the in-plane components in the BFO layers is not yet switched (Figure
4-5 b). As a result, ordered vortex array structure similar to the PST-superlattice is formed. It should
be pointed out here that this vortex, unlike the vortex in superlattice, is highly asymmetric due to
that the polarization in the BFO layers cannot rotate continuously (in other word, BFO is more
“stiff” compare to PTO). The up-down feature of the vortex core is preserved. At even higher field
(e.g., ~400 kV/cm), the inplane polarization of the BFO layers switches, thus switching the
direction of the spirals (Figure 4-5 c). This structure could be stabilized even when the field is
removed (Figure 4-5 d). Further switching studies indicate that the whole process is fully reversible;
with the application of positive in-plane field, the direction of the spirals can be switched back to
+Px again and stabilized when the applied field is removed.

83

Figure 4-5. Switching of spiral direction with in-plane field that is opposite to the initial spiral
direction.
The planar view of the in-plane field switching is shown in Figure 4-6. Initially, two vortex
lines with the opposite polarization directions are clearly shown, which are not symmetric, in
contrast with the vortex lines in PST-superlattice. A large Py component is clearly demonstrated in
the small vortex line. At an applied field of 350 kV/cm, right before the fully switching, the small
vortex line expands while the large vortex line shrinks. The inplane polarization direction of the
two lines are not switched, forming a head-to-head like domain wall. At even larger field, i.e., 400
kV/cm, the vortex line that has the polarization direction parallel to the applied field continue to
expand, while the opposite one switches its direction. Eventually, as the bias is removed, the newly
formed large vortex line shrinks a little, while the small vortex line switches the direction. This new
state is exactly the opposite of the initial state. Thus, a full switching is achieved. This whole
process is completely reversible. With the application of a reverse bias, the poled state can be fully
switched to the initial state.
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Figure 4-6. Planar view of the in-plane field switching, the change of in-plane polarization direction
is demonstrated, corresponding to the change of spiral direction.
Here, it is shown that the direction of the spiral could be switched back and forth by
experimentally feasible inplane electric field and a two-step switching process is involved. The
structure before and after switching could be easily detected by feasible experimental tools, e.g.,
PFM. Also, it should be mentioned that the reversible switching process evolves multiple
distinguishable states (spirals, vortex and possibly even pure a-domains), which opens up broad
potential applications (e.g., multiple state memory devices, logic gates).

4.6 Conclusions
To conclude, we have simulated the polar structure in PBS-tricolor system with phase-field
simulations. It is revealed that a spiral phase is formed at room temperature with semi-vortex
flowing up-down, giving rise to a net inplane polarization. This is a reminiscent of the polar vortex
array structure that has been discovered in the PST-superlattice system. The PBS-tricolor system
shows greatly increased Curie temperature, while an enhanced thermal stability is also found for
the spiral phase as compared to the vortex of PST-superlattice system, particularly due to the
substitution of PTO with BFO, which has a higher Curie temperature and larger polarization. The
spiral to in-plane orthorhombic domain transition temperature is even close to the Curie
temperature of the PST-superlattice (~650 K), much higher than the transition temperature of vortex
and a1/a2. Further simulation results show that the spiral structure can be reversibly switched by
experimental accessible in-plane electric field, which evolves a metastable vortex structure inbetween two spiral phase with opposite in-plane direction. This opens up possible future
applications in various spintronics devices (e.g., multi-state memories).
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Chapter 5
Blowing polar skyrmion bubbles in oxide superlattices

5.1 Introduction
A plethora of particle-like topological defects such as skyrmion (whirl-like no-trivial
topological structure [116, 211, 226-228]) and vortex (continuous rotating order parameter vectors
[97, 229, 230]) have been widely investigated in the ferromagnetic systems for decades, largely
due to the rich physical insights and broad potential applications in next-generation spintronics. It
is now well accepted that the antisymmetric chiral interactions (e.g., Dzyaloshinskii-Moriya
interaction [120, 121]) in the non-centrosymmetric ferromagnetic systems could give rise to the
rotating spontaneous magnetization. Topological polar structures on the other hand are considered
rare in the ferroelectric systems where such chiral interactions are absent [210, 231]. Recently, it is
discovered through integrated experimental-theoretical studies that the polar vortex lattices can be
stabilized under certain geometric confinements, i.e., in oxide superlattices with intermediate
periodicities [31, 232], with the balancing of electrostatic (in particular the depolarization),
mechanical, Landau chemical and polar gradient energies. Whereas the ferroelectric skyrmion, in
analogy to the ferromagnetic counterpart, has also been postulated theoretically through careful
geometrical design in ferroelectric nanocomposites [210].
One key question that needs to be addressed is how to manipulate these ferroelectric
topological structures in a controlled manner via external stimuli. To date, the vortex switching and
annihilation dynamics has been extensively investigated both experimentally and theoretically (e.g.,
micromagnetic simulations [233], phase-field simulations [234]) in ferromagnetics [106, 235, 236]
and superconductors [237]). Some intriguing phenomenon associated with the switching and
annihilation process has been proposed. For instance, it was discovered that in the ferromagnetic
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systems the vortex-antivortex annihilation could not only reverse the polarity of the vortex core,
but also induce burst of spin waves [16]. In the ferroelectric system, the switching of polar vortex
has also been studied in low dimensional ferroelectrics via the application of mechanical or
electrical forces [131, 136-138, 215, 216]. However these studies focus mostly on switching the
curl of a single vortex. To the best of our knowledge, the dynamics switching of the ordered 3dimensional ferroelectric vortex arrays has yet to be fully explored, and the possibilities of electric
field driven transitions between ferroelectric vortex, skyrmion and other topological structures are
merely studied.

5.2 Simulation setup
In this study, the spontaneous polarization 𝑃⃗ = (𝑃1 , 𝑃2 , 𝑃3 ) is used as the order parameter,
governed by the time-dependent Ginzburg Landau (TDGL) equation:

Pi
F
 L
t
Pi

(i=1, 3)

(5-1)

Where t is the evolution time steps, L is the “kinetic coefficient”, F is the total free energy
of the modeling system, with the contributions from the elastic, electrostatic, polarization gradient
and Landau chemical energies:

F   ( f elas  f elec  f grad  f Land )dV

(5-2)

More detailed solutions to the phase-field equations can be found in previous reports [19,
40, 41, 180]. Iteration perturbation method is employed to account for the inhomogeneity of the
elastic constants of the PTO and STO layers [46]. All the simulation parameters are adopted from
previous literatures [31, 47, 89, 232]. A thin film mechanical boundary condition is used, where the
top surface of the superlattice film is stress free, while far away from the film/substrate interface
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the elastic displacement is set to zero. The electric potential at the bottom and top of the superlattice
film is fixed to zero and the applied bias, respectively. A three dimensional simulation system with
a mesh size of 200×200×250 is used, with a grid spacing is 0.4 nm (~1 unit cell). Periodic boundary
condition is applied along the inplane dimensions, while a superposition method is used in the outof-plane direction [44]. Along the out-of-plane direction, the thickness of substrate, film and air are
set as 30, 198 and 22 grids, respectively.
The equilibrium polar structure at zero applied bias is simulated as the initial state for
(PTO)16/(STO)16 superlattice fully coherent on a DSO (110)o substrate (the lattice constants to
determine the effective substrate strain have been given in Chapter 3), starting from small random
noise which resembles the thermal fluctuations during the film growth and quench process. As
shown in figure 5-1 (a), the polarization vector rotate continuously inside the PTO layers, forming
ordered vortex lattice arrays, which agrees well with the structure from both theoretical calculations
and experiment observations [31, 232]. The neighboring vortices show the opposite vorticity
(indicated by the blue and red regions), representing the clockwise-counter clockwise geometric
arrangement of the vortex arrays. While the planar view image cutting from the top of the PTO
layer indicates the formation of long vortex line (Figure 5-1 b). It is worthwhile mentioning that
the vortex lines in this periodicity are highly asymmetric, where one vortex line is much thicker
than the neighboring vortex lines with opposite in-plane polarization directions. The distance of the
vortex cores in neighboring vortices is roughly 5-6 nm which scales with the PTO spacing of 16
unit cells, in good agreement with experimental observations [31, 32, 232]. Three-Dimensional (3D)
structure of the polarization inside one PTO layer is further plotted in Figure 5-1 (c), where the long
vortex tubes form perpendicular to the vortex plane. Meanwhile, this structure is highly asymmetric,
forming up-down zigzag configuration. A similar zigzag spring-like structure is also observed in
the flux-closure domain shown in previous experimental observations of PTO/STO multilayer [32].
The asymmetric vortex pattern in the ferroelectrics has also been discussed in previous literature
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(referred to as “cylindrical chiral bubble”), where the origin of the asymmetry is attributed to the
decreasing of compressive substrate strain [187]. The out-of-plane irrotational field is then applied
through a top capacitor electrode to this equilibrium domain structure. The profile of timedependent applied bias is given in Figure 5-1 (d). The applied bias increases 1.3 V every 400 time
steps until it reaches a maximum of 13 V, then decreases at the same speed to -13 V, and eventually
recovers to 0 V again to form a complete switching circle. The polarization evolution at each bias
is recorded.
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Figure 5-1. Equilibrium polar vortex pattern in the (PTO)16/(STO)16 superlattice on a DSO (110)o
substrate without external field and the applied bias profile (a) Cross-section view showing the
vector plot of polar vortex lattice overlay on the spatial distribution of the vorticity. It is shown that
the neighboring vortex has the opposite rotation direction, characterized by the alternating sign of
vorticity; (b) Planar view showing the asymmetric vortex line where the blue (polarization pointing
right) and red regions (polarization pointing left) are not equal size; (c) 3-dimensional vector plot
of the polarization in one PTO layer, blue and red tubes show the clockwise and counter-clockwise
vortex cores with opposite vorticities; (d) Schematics of the applied bias in one switching cycle,
the maximum bias is 13 V.

5.3 Electric field induced vortex to skyrmion phase transition
The cross-section view of the entire switching circle is shown in Figure 5-2 (a)-(h). With
the application of a positive bias (negative field), two neighboring vortices with the opposite curls
tend to move closer to form a close-pair structure, while the neighboring pairs are moving against
each other, as shown in figure 5-2 (b). The lateral movement of the vortex cores could reduce the
area with upward polarization, thus reducing the electrostatic energy of the whole system. This
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switching process demonstrates that the polar vortex lattice exhibit “dipole spring” like behavior
[193], where one “spring” elongates while the neighboring “spring” is compressed under an
external applied field. Increasing of the applied electric field will lead to the destruction of the
vortex arrays as soon as the two vortex cores reach the same lateral position, which prohibit the
further lateral movement of the cores, as shown in Figure 5-2 (c). This process produces new a
domains, arising from the joint of the a-like regions in the neighboring vortices, with the decreasing
of the vorticity due to the joint of positive and negative vorticity regions, indicating the
disappearance of the vortex arrays. Consequently, at even higher bias, the full destruction of the
polar vortex lattice gives rise to the regular a/c twin domain arrays.
Upon the gradual removal of the applied field, the reversible back-switching takes place,
following the reverse transition path of the forward switching. The a/c domain wall first
decomposes into a pair of two vortices with the opposite polarization vorticities. The two vortices
then move laterally against each other to reduce the huge depolarization field. When the field is
fully removed, the ordered vortex array structure is fully restored, the zigzag vortex lattice pattern
appears again with evenly distributed distances between the neighboring vortices, as shown in
figure 5-2 (d).
A reverse (negative) bias is gradually applied then. It is observed that the lateral motion
direction of vortex is reversed (Figure 5-2 e) as compared to Figure 5-2 (b) with positive potential.
This could be understood since the preferred polarization directions changes with the change of the
direction of the applied field. Even higher bias lead to the destruction of the vortex lattice again,
forming the a/c-twin domain structure (Figure 5-2 f). The orientation of the 90° domain wall
switches as compared to Figure 5-2 (c) with positive potential which could be understood since the
out-of-plane polarization switches direction. At even higher bias, the bottom of a domains shrink
to needle-like configurations before they are wiped out as the system switches to single c domain
eventually. Consequently, the removal of the applied field leads to the full recovery of the vortex
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structure again.

Figure 5-2. Cross-section view of the polarization pattern evolution under small to large applied
bias. (a)-(c), under applied bias of 0, 5.2 and 10.4 V, respectively. (d)-(f), under applied bias of 0, 5.2 and -10.4V, respectively. The reversible transition of vortex pair to the a/c twin structure is
demonstrated. Red and blue demonstrate the positive (counter-clockwise) and negative vorticities
(clockwise), respectively.
Previously, it is demonstrated through integrated micromagnetic simulations and
experimental observations that the switching of the ferromagnetic nano-domains with wall
junctions could induce a ferromagnetic vortex structure, which involves a dimensionality crossover
from 2-D domain wall to 1-D vortex [17]. In the current simulation, we show a similar
dimensionality crossover in this polar vortex system.
The planar view vector plot is shown in Figure 5-3 (a)-(f), corresponding to the structure
of the top PTO layer in Figure 5-2 (a)-(f). Initially, as shown in Figure 5-3 (a), straight long vortex
line is formed, extending perpendicular to the vortex plane. The neighboring vortex line has the
opposite inplane polarization directions, similar to the previous reports [31, 232]. Meanwhile, the
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vortex lines has two distinct sizes, corresponding to the asymmetric geometric arrangement of the
vortex lattice. Then, with the increasing of applied bias, the size of both vortex lines shrink, as
shown in Figure 5-3 (b), which is due to the switching of the a-like regions to c-like regions under
an out-of-plane field. Simultaneously, the two vortex lines move towards each other to further
reduce the area with opposite polarization, corresponding to the lateral movement of the vortex
pairs in the cross-section view. With higher bias (see Figure 5-3 c), the thinner vortex lines “melt”,
forming “bubble”-like inplane domain pattern, indicating the formation of a new state of matter.
This is in analogy to the Rayleigh-Plateau instability in fluid mechanics, where the lines of waterfall
break into small water droplets to minimize the surface area at certain flow rate. Recently, Scott et
al. have discovered the Richtmyer–Meshkov type instabilities in Pb5Ge3O11, where the application
of an external electric field leads to the emission of bubble-like ferroelectric domains initiated near
the curved domain walls [16, 238]. They suggest that for some ferroelectric materials undergo nonequilibrium process, the ferroelastic domain walls can be controlled by fluid mechanics. Here we
show another type of hydrodynamic instability in the ferroelectric/ferroelastic system under nonequilibrium switching conditions.
Consequently, the “bubble” size shrinks due to the further reduction of the area with
upward polarization. This is primary realized by the shrinking of the “bubble” length along the
vortex line. Eventually, the “bubble” disappears at large applied bias, forming only a/c twin
structure with stripe domains. The stripe a domains will eventually fully switch to c domains given
sufficiently large bias. When the bias is gradually removed, as shown in the supplementary video,
the “bubble” forms again and expands along the a-domain stripe direction until the neighboring
bubbles emerge to form a long vortex line. The vortex lines with opposite polarization directions
then repulse each other and the initial structure will be restored as the vortex lines are evenly
distributed at zero applied bias (Figure 5-3 d). The application of a negative bias leads to the
opposite moving direction of the vortex line as expected, in agreement with the cross-section view
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data. The distance between the neighboring vortex lines as well as the length of the vortex lines
decrease, due to the switching of the downward polarizations, as indicated in Figure 5-3 (e). The
“bubble”-like domain forms again with a higher bias (Figure 5-3 f), but the location of the bubble
is flipped to the left of the vortex line as compared to Figure 5-3 (c) on the right side. And the
further movement of the bubble along the stripe leads to the shrinking of the bubble again and
eventually disappears. This whole process is fully reversible as shown above. The removal of the
bias again first restore the “bubble” structure, and as the bubble expands and merges, new vortex
state forms again. The vortex lines are pushed away eventually, as the bias is fully removed. Thus,
the reversibility of the switching is confirmed by both cross-section and planar view.

Figure 5-3. Planar view of the polarization pattern evolution under small to large applied bias. (a)(c), under applied bias of 0, 5.2 and 9.1 V, respectively. (d)-(f), under applied bias of 0, -5.2 and 9.1 V, respectively. The melting of the vortex line into “bubble” structure is shown.
In order to have a deeper understanding of the bubble structure, we plot the 3D vector
structure under an applied bias of 9.1 V, shown in Figure 5-4 (a). It can be clearly seen that the
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polarization rotates from upward inside the bubble core to downward through the inplane direction,
which is similar to the “Néel-type skyrmion” structure in ferromagnetics [239]. In the
ferromagnetics, the ultrafast reversible transition between a domain wall and skyrmion via the
application of electric current has been proposed by micromagnetic simulations by connecting wide
and narrow nanowires [240]. A hybrid device based on the reversible transition were further
theoretically designed. Very recently, the “blowing” of magnetic skyrmion bubble from stripe
domain has been experimentally observed using inhomogeneous in-plane current with careful
design of the geometry, leading to the further progress in “skyrmionics” [214]. Here we show that
this two intriguing ferroelectric topological structures (vortex and skyrmion) can have a reversible
transition upon the application or removal of an experimentally accessible irrotational field. This
has great implications not only on the understanding of the intrinsic relationships between the
topological structures (e.g., vortex, domain walls and skyrmion), but also towards the design of
topological ferroelectric devices utilizing their transitions.
To further investigate the field-induced phase transitions, the electric field phase diagram
is consequently constructed through the calculations, as shown in figure 5-4 (b). At relatively low
field region (<500 kV/cm), it is demonstrated that no skyrmion exists in the system. The
minimization of the electric energy could only drives the lateral movement of the vortex core which
form close pairs. As the field increases, the skyrmion structure starts to appear due to the “melting”
of the long vortex line through a Raleigh-Plateau like dynamic process. The skyrmion density
increases until it reaches a peak at ~1000 kV/cm. Then, the “bubbles” shrink and eventually burst,
which dominate the decreasing trend under even higher applied field. Consequently, the needle a
domains at the bottom layers switch to c domains while more and more skyrmions burst to become
a/c domain. With a field of ~1500 kV/cm, the skyrmions disappear completely, this sets the upper
limit for the observation of electric field induced skyrmions. Thus, we demonstrated a wide range
of experimental observation window for the further confirmation of our theoretical predictions.
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Figure 5-4. (a) 3D vector plot of the “bubble” structure, indicating skyrmion-like patterns. The red
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and blue colors indicate the positive and negative out-of-plane polarizations, respectively; while
the green color shows the in-plane polarizations; (b) Skyrmion density as a function of applied field,
showing the stability region of the skyrmion.

5.4 Conclusions
To conclude, we demonstrate a reversible switching of the polar vortex lattice structure in
(PTO)16/(STO)16 superlattice on a DSO substrate. At a relatively low bias, the vortex lines moving
towards each other to form a close pair. Substantially, the two neighboring vortex lines merges,
which “melts” to a skyrmion-like bubble domain under higher applied field. This resembles the
Pleateau-Raleigh instability in fluid mechanics. The skyrmion-like structure will shrink with the
increasing of applied bias and eventually disappear given sufficiently large bias, leading to the
formation of ferroelectric/ferroelastic twin domains with distinct 90° domain walls. This switching
process involves a dimensionality crossover from 1D vortex to 2D domain wall. The electric field
phase diagram is constructed, showing the wide stability range of the skyrmion under
experimentally accessible field, promoting further experimental observations. We hope that this
work not only help the understanding of the switching process of the vortex lattice structure in
ferroelectric superlattice, but also unveiling the intrinsic tie between the various topological
structures (i.e., vortex, skyrmion and meron, ect.) and stimulate further experimental observations.
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Chapter 6
Conclusions and Future directions

6.1 Conclusions
In this dissertation, we extended the current ferroelectric thin film model to study the polar
structure of (PbTiO3)/(SrTiO3) superlattice epitaxial grown on a DyScO3 substrate. Varieties of
topological structures are predicted, including, flux-closure, polar vortex, wave-like polar spiral
and polar skyrmion. The contributions of this thesis are listed below:
(1) The domain structure of PZT tetragonal/rhombohedral (T/R) bilayer system is simulated,
showing large interfacial coupling which tends to distort the T and R structure to lower
symmetry phase near the interface. Interlayer domain growth is observed, with T domain in R
layer and R domain in T layer. Flux-closure domain is captured in thick PZT bilayer. The
ferroelastic a-domain is much more mobile in this case than the single layer film, given rise to
excellent experimentally-measured dielectric and piezoelectric response.
(2) The long-range ordered polar vortex array structure is simulated simultaneously with the
experimental observations in the superlattice of (PTO)n/(STO)n (with n=10, 16). These vortex
arrays are forming long-vortex tubes extending perpendicular to the vortex plane. The
neighboring vortex show opposite rotation direction. The thickness dependent phase-diagram
is predicted, in good agreement with experimental observations. Three main phases are shown
between n=4, 50: At short periodicity (n<10), the large depolarization field will lead to the
formation of a1/a2 inplane twin; at large periodicity (n>20), flux-closure domain with multiple
a and c domain joint together by the 90o and 180o domain walls is more stable; at the
intermediate periodicity, polar vortex is observed, due to the balancing of elastic, electrostatic,
polarization gradient and Landau/chemical energies. A design rule is predicted with combined
analytical calculations, phase-field simulations and experimental observations, where the
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length scale for the stable vortex is close to Pi times the domain wall width for the
superlattice/thin film system. The role of the STO is also studied, showing that the weak
polarizability in this layer is helpful to the formation of vortex and a rich phase diagram is
shown with varying STO thickness.
(3) The substitution BFO to the current PTO/STO superlattice system is investigated. A
unidirectional polar spiral structure is demonstrated with wave-like feature. Enhanced thermal
stability is proved, with a higher Curie temperature and higher topological to regular domain
phase transition (temperature increase over 100 K). It is further revealed that the direction of
the polar spiral can be reversibly switched under experimentally-accessible electric field.
(4) The switching kinetics of the polar vortex in the (PTO)/(STO) superlattice is studied. A polar
skyrmion structure is observed, which is the reminiscent of the Rayleigh-Plateau instability in
the fluid dynamics. A dimensionality cross-over is shown, where the 1-D vortex core switches
to 2-D domain wall-like structure with the joint of two vortices with opposite rotation directions.
The electric-field phase diagram is further computed, showing the wide electric-field range for
the observation of stable skyrmion state, which could serve as a road map for the experimental
observations of the polar skyrmions which has yet to be discovered.

6.2 Future work

6.2.1 Dynamic evolution of polar vortex and the timescale of the energy
competitions
There are two interesting questions to ask: how do the vortex form? How long does it
take to form a vortex? To fully understand these questions, some implementations to the current
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phase-field model is needed by adding the dynamic oscillation term to the time-dependent
Ginzburg Landau equations, i.e.,



d 2P
dP
F


2
dt
dt
P

(6-1)

Where μ is the effective mass,  is the damping term which is the inverse of the kinetic coefficient.
The previous TDGL equation can be viewed as a special case where the effective mass of the
oscillation is 0, i.e., there’s only relaxation, no oscillation.
Some preliminary results of the dynamic evolution of the vortex structure is shown below
from a relaxation model. Initially, small random noise is added to simulate the thermo fluctuation
at the beginning of the growth. Then, single inplane domains form in the PTO layers, due to the
minimization of both Landau energy and electric energy (Figure 6-1 a). The large depoling field
imposed by the insulating STO layers favors the inplane polarization. The homogenous inplane
polarization inside each PTO layer can reduce the gradient effect as well as the bound charge at the
beginning. Later, the phase transformation starts to occur, where the single inplane domain switches
to a1a2-like twin domain structure (Figure 6-1 b). The a1a2-like twin domain has a small out-ofplane component, which is slightly different from the traditional a1a2 ferroelastic domain. The
transition from single a domain to a1a2-like twin domain can further reduce the Landau and elastic
energy which compensate for the gradient energy increase. From Figure 6-1 (c), the a1a2-like twin
domain starts to rotate due to the continuous minimization of elastic energy, forming “single wave
spirals” (where the rotating of polarization vectors forming wave like pattern following one
direction inside each layer). Eventually, this “single chain spirals” transform into the ordered vortex
state due to the further minimization of Landau and elastic energies (Figure 6-1 d).
The complete understanding of time dynamics for different energy contributions is also an
important topic. Due to difference in the nature of different energy types, their dynamic response
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time scale is different. With the implementation of the current phase-field simulation, the dynamic
response sequence of each individual contribution can be unveiled.

Figure 6-1. Domain evolution and vortex formation dynamics. (a) Form single inplane domain at
the beginning (b) Transform into a1a2-like twin domain (c) Evolve into “single wave spirals” (d)
Finally the vortex-antivortex pair structure is formed.

6.2.2 Topological structures in BFO superlattices
As has stated in the Chapter 1, there are fewer ground-state topological structures (such as
vortex) observed in the BFO system due to the “rigid” nature of the polarization in BFO. Some
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recent studies show the possibilities of forming a flux-closure like structure in BFO thin films [80,
142]. So it is worthwhile to take a further step to study the polar patterns in the BFO superlattices
which is inherently multiferroic in nature. One can expect that the manipulation of the polar
topological structures could greatly influence the ferromagnetic order parameter and vice versa.
Especially when the superlattice is formed by BFO and other ferromagnetic (weak ferroelectric)
system. However, the challenges are remaining as to couple the antiferromagnetic /ferromagnetic/
oxygen rotation/ ferroelectric order parameters in such a superlattice system. Below (Figure 6-2) is
an example of (BiFeO3)/(La0.4Bi0.6FeO3) superlattice grown on a LAO substrate, a vortex-like
structure is formed, which is ordered in both inplane and out-of-plane directions, forming a bcclike pattern.
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Figure 6-2. Simulation results of (BFO)10/ (LBFO)10 on a LAO substrate, indicating vortex arrays
are well ordered in both the in-plane and out-of-plane directions with a bcc-like pattern. The figure
shows a small fraction of the cross-section view. LBFO stands for La0.4Bi0.6FeO3, which is treated
as paraelectric in our simulation model.

6.2.3 Mechanical switching of the vortex array
Previous experiments have shown that the ferroelectric c+ domain in a thin BTO film can
be switched mechanically by an AFM tip [241]. This is explained through the flexo electric effect,
where the large strain gradient can be coupled to the spontaneous polarization which is equivalent
to an applied electric field [242]. Later, similar phenomena are shown in other ferroelectric thin
film systems [243, 244].
A vortex structure is inherently inhomogeneous in the spontaneous strain/stress which
should have large strain/stress gradient near the vortex core, which is an ideal model system for the
study of flexoelectric effect. Figure 6-3 shows the pressure (defined as the average of the normal
stress) near the vortex core. It can be seen that the vortex core and the STO layer are high pressure
region, and the change of pressure can be greater than 2 GPa within a small range of a few nm. One
can expect that the strain/stress gradient caused by the nano indenter can interact with the vortex
structure and change the stability of the vortex. In fact, some previous phase-field simulations have
shown that the vortex-like structure in a nano plate can be mechanically switched from one vortex
state to multiple vortex state [137]. Whereas some other simulations indicate a mechanical induced
vortex to uniform polar domain transition [245].
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Figure 6-3. Spatial distribution of the pressure in one vortex for (PTO) 10/(STO)10 on a DSO
substrate. The region with large pressure in the middle is the vortex core, while the other area with
large pressure on the top and bottom is the interfacial layer between PTO/STO. Pressure is
calculated by the average of the normal stresses. A large change in pressure can be observed within
a few nm in space.
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