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ABSTRACT
The rotorcraft industry has set rigorous goals for improvements in range, load
capacity, and operational speed for the next generation of rotorcraft. In order to achieve
these goals many facets critical to the operation of rotorcraft will need improvements. One
such facet is the transmission system, which will need reductions in overall weight while
maintaining the same level of efficiency and reliability.

The Pericyclic Variable

Transmission (PVT) provides a viable option for the future of rotorcraft transmission,
offering both high reduction ratios and high power density. Previous work has examined
transmission feasibility, variable speed power flow, and gear tooth loading and meshing
conjugacy. A critical area that required development was the loading and power flow
through the main Pericyclic Motion Converter (PMC) bearing set. This work examines
impact of transmission geometry on operation, establishes a method for determining both
static and dynamic bearing loads, and evaluating methods for limiting excessive loads.
Calculated loads have been used to determine key stress and strain values of the bearing
rollers and balls that determine approximate size, and weight of these critical bearings and
provides an estimate of total transmission weight. These calculations were carried out for
a 40:1 reduction ratio pericyclic at 1,000HP with an input speed of 12,000rpm. Results
show that the pericyclic is valid for low nutation angles and that decreases in component
weight will lead to overall component loading.
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Chapter 1
INTRODUCTION
The rotorcraft field is in search of increasing the range, performance, and reliability of
current state of the art rotorcraft. In order to do so, many systems must be improved and innovated
on in order to yield the desired returns. One such system is the mechanical drivetrain power
transmission. Improvements in transmission systems examine increased power density, efficiency,
reliability, as well as decreases in noise and total costs. Improvements in these fields will be made
possible through key advancements in materials, lubricants, fabrication, analytical tools, and
drivetrain designs.
The development of the pericyclic transmission system seeks to provide power
transmission for rotorcraft that improves on multiple aspects of current state of the art rotorcraft
drivetrains. These include but are not limited to power density, reliability, and noise. These aspects
of rotorcraft transmission and relation to a pericyclic drivetrain will be discussed further in the
coming chapters.
While some transmissions bear similarities similar to the pericyclic, such as the pan precess
transmission [1], it varies in form and function. The pericyclic drives key feature is the use of
internal and external conformal pitch cones the number of gear teeth within the meshes vary greatly
and the pitch cone centers all align. Whereas the pan precess drives teeth numbers must be
symmetrical and there is no requirement for pitch cone alignment.
The following sections briefly outlines the history and development of the pericyclic
transmission design and applications. It examines many publications and authors whose work
further matured the system and made this work possible.
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1.1 Origins and Initial Development of Pericyclic Drive
The pericyclic transmission system was initially patented by Alphonse Lemanski [2] in
2002 and examined as a possible component in an electromechanical drive system for use in
continuously variable transmissions (CVT)[3][4]. Lemanski’s work examined the pericyclic
transmission in conjunction with internal combustion engines (ICE) to improve the efficiency of
automobiles. Two designs of the transmission were laid out, one a gearless roller/cam system in
Figure 1.1, the other making us of face gears in Figure 1.2.
This work laid out the basic operation of the pericyclic transmission and the reduction
ratios attainable through its operation. It also examined the ability of the transmission to provide a
continuously variable change in reduction ratio to maintain the most efficient operating speeds
possible for internal combustion engines.

Figure 1.1 – Pericyclic transmission using face gears [3]
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Figure 1.2 – Pericyclic transmission using roller cam system [3]

1.2 Development for Improved Efficiency in ICE
Further developments were made by Elmoznino [5] [6] at The University of Connecticut
in 2007 examining kinematics and static loads of the transmission. Power flow through various
routes in the continuously variable form of the transmission was also resolved.

Two control

mechanism were studied to show how power flowed and circulated through various components.
One method was a mechanical branch control circuit. An extra gear stage acted as a split in the
input power flow that drove the RCM gear. Figure 1.3 displays this configuration and the splitting
of power into both the RCM and PMC gears. Elmoznino then applied this work to examining
improvements in efficiency of ICE and hybrid electrical vehicles.
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Figure 1.3 – Pericyclic transmission with RCM driven mechanically by gears [6]

An electromechanical configuration was also examined where some power would be
converted and stored to an electrical battery bank. This power could then be consumed by a motor
driving the RCM gear, allowing for a continuously variable pericyclic configuration as seen in
Figure 1.4.

5

Figure 1.4 – Pericyclic transmission with RCM driven by electric motor [6]

A controller hierarchy for the drive system was also developed to examine improvements
in efficiency using an electromechanical pericyclic to deliver power from and ICE. This setup
would allow the ICE to run at its most efficient speed while applying the electric motor to
continuously change the transmission reduction ratio to match the required output speed.

1.3 Examination and Development of Nutational Face Gear
Saribay[7] further developed the transmission system and examined applications for
rotorcraft systems. His dissertation applied face gears to the drive and examined gear tooth
conjugacy, meshing kinematics, tooth stresses, and main PMC bearing loads. He provided
transmission design analyses and documented large savings in weight and volume in comparison
to conventional rotorcraft drivetrains of similar power.
His work also greatly delved into existing rotorcraft transmission technology and designs
comparing power losses, kinematics, weights, and complexities of designs in use. He set these
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metrics as a standard for the PVT to compete with. Kinematic analyses, proof of face gear
conjugacy and dimension of gear teeth, loading analyses, bending stresses, and bearing analyses
then follow for the pericyclic. While his examination of the main PMC bearings was reasonable,
the dynamic load was somewhat neglected. The need for further understanding of the dynamic
loads the PMC bearings needed to manage inspired this body of work. The main goal is to provide
further understanding of the magnitude and behavior of the dynamic moment generated by the
PMC and the resulting bearing loads.

1.4 Bevel Gear Pericyclic Configuration
Ongoing work by Mathur is further developing an understanding of bevel gear kinematics
and loading in a pericyclic transmission for use in rotorcraft. Two papers[8][9] have been published
showing effective gear tooth meshing, finite element analysis of tooth stresses and deflections, and
pericyclic transmission noise characteristics based upon gear tooth mesh stiffness.
His continued work is performing EHL analysis upon the pericyclic drive and continuing
development in the transmissions gearing. This work aims to provide a full understanding of the
complex internal and external bevel gear meshes in the pericyclic. This work will provide the tools
necessary to fully define a pericyclic transmissions gear loads and specific geometries for future
design and testing of models.

1.5 Objective
Previous work has built a strong foundation of knowledge of the pericylic transmission and
its operating principles. As mentioned in section 1.3, one aspect of the transmission that requires
greater understanding is the loading of the PMC bearings. These bearings are required to deliver
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the power from the input body and drive the nutating and rotating PMC gear bodies. In performing
this action they are subjected to heavy loading and can be a critical weak point if not carefully
designed. On top of this, the nutation of the PMC body generates a dynamic moment which the
bearings must also manage. Previous work has not examined or developed management strategies
to handle this dynamic moment which can be quite large depending upon the speeds the
transmission is operated at.
This work aims to provide estimates of PMC bearing loads by constructing a static
model of the transmission including all bodies, which will resolve loads from power flow alone. It
then aims to build an understanding of dynamic loads generated by rotational motion in operation
and how to manage these loads. To prove the ability of the pericyclic, a rigorous test case has been
devised to display its high reduction ratio, in this study 40:1, and power and speed inputs
comparable to rotorcraft, 12,000rpm input speed and 1,000HP.

Chapter 2
ARCHITECTURE AND KINEMATICS OF PERICYCLIC
TRANSMISSION
This chapter details the pericyclic transmission components, architecture, speeds, and
overall reduction ration. It also investigates how geometric terms defining the transmission relate
to and affect one another. Specifically, how the nutation angle is a major defining factor for the
transmission.

2.1 Pericyclic Architecture
In its simplest form, the pericyclic transmission is composed of four main components:
Input Body, PMC (pericyclic motion converter) Gear, RCM (reaction control member), and Output
Gear. The input body is the member that receives power from an outside source and delivers this
power via the main PMC bearings to the PMC body. The input can take two forms in a pericyclic
transmission, internal and external. In an external configuration the input is called an input carrier
and sits outside of the PMC bearings as seen in Figure 2.1. An internal input, or input shaft, sits
inside the PMC and PMC bearings, driving it from within. An example of this configuration can
be seen in Figure 2.2. While the input carrier and input shaft configuration may seem quite
different, they still deliver power in a similar manner. The major difference between the two is the
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range of locations at which the bearings may sit relative to the input, altering their loading, which
will be discussed further later on.

PMC Bearings
Figure 2.1 – Single pericyclic transmission configuration with external input carrier

Figure 2.2 – Single pericyclic transmission configuration with internal input shaft

The PMC is the body that converts the purely rotational motion of the input carrier into
both nutational and rotational motion through the use of the PMC bearings which can be seen in
Figure 2.1. Technically speaking the appropriate name for the second component of the PMC
motion is precession, but by convention the term nutation is used due to its wide ranging use in
previous work. It has gear faces on either side of the body that are in mesh with the RCM and the

10
output gear. The PMC makes use of internal bevel gears faces, the pitch cones of which lay overtop
of the pitch cones of the RCM and output gears. This can be clearly seen in Figure 2.3, with the
PMC RCM gear face interaction shown as a red dashed line and the PMC output gear face
interaction shown as a blue dashed line. The overlapping of pitch cones leads to a compact meshing
space as well as a high number of teeth in contact with one another.

Figure 2.3 – Pericyclic transmission exploded view displaying pitch cones of gear faces

The total tilt of the PMC body is referred to as the nutation angle. This term helps to shape
and define much of the transmissions overall characteristics, and has dramatic effects on the
loading, sizing, and operation of the transmission. It can be defined as the angle at which the
PMC’s radial axis differs from the input radial axis. The nutation angle will be commonly denoted
as 𝛽 throughout this text and is clearly depicted in Figure 2.4.
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Figure 2.4 – PMC body defining critical nutation angle

An alternative configuration that will be looked at closely through this work is the dual
PMC pericyclic transmission. This configuration seen in Figure 2.5 makes use of symmetry and
holds two PMC bodies within a single input carrier. The addition of a second PMC and RCM
allows for the power to split between the two PMC’s from the input carrier while providing
symmetry in the overall loading of the input carrier. Due to the compact meshing nature of the
pericyclic transmission, the additional space to include the second PMC is not excessive. The
effects of this are discussed in greater detail later.

12

Figure 2.5 – Twin pericyclic transmission with external input carrier

2.2 Pericyclic Body Rotational Velocities and Reduction Ratio
The pericyclic transmission rotational velocities are defined by three major characteristics,
the nutation angle of the PMC, the number of teeth in the two respective meshes between the PMC
and RCM, and the PMC and the output, and the rotational velocity applied to the RCM gear. While
driving the RCM via and external power input or split torque as referenced in section 1.2.2 in
Elmoznino’s [6] work allows for varying of the overall reduction ratio, this work will focus on a
single speed configuration with the RCM remaining stationary. Therefore the major factors in the
velocity terms will be the gear tooth numbers and nutation angle.
Assuming an input speed for the input carrier being 𝜔in, using strictly the number of teeth
of each gear RCM gear tooth number N1, the two PMC gear teeth numbers N2 and N3, and the
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output gear tooth number N4, as well as the overall nutation angle of the PMC body 𝛽 we can
formulate the rotational speed of each body. In this scenario as frame of reference that is
rigidly attached to the input carrier will be used with an X axis protruding from the page, a Y
axis pointed radially downward, and a Z axis along the axial length of the input. This
coordinate will be right handed throughout the entire body of work. With this in mind, the
input carrier rotational velocity can be defined as:

0
⃗⃗⃗⃗⃗⃗
̂
𝛺𝑖𝑛 = 𝜔𝑖𝑛 ∗ 𝐾 = { 0 }
𝜔𝑖𝑛

2.1

̂ is the unit vector in the Z direction of the input frame of reference which is:
where 𝐾

𝑰
{𝑱}
𝑲

2.2
In order to define the velocity of the PMC, we need to construct a matrix defining the

rotation about the X that takes into account the position of the PMC body as well as the effects
of the gear meshes on rotational velocity. The rotation matrix defining a rotation of 𝛽 degrees
about the X axis is:

1
0
0
𝑅𝑥 = [0 cos(𝛽) −sin(𝛽)]
0 sin(𝛽) cos(𝛽)

2.3

This matrix can then be used to transform the coordinate system from the input carrier to the PMC
frame of reference using:

1
0
𝐼
{ 𝐽 } = [0 cos(𝛽)
0 sin(𝛽)
𝐾

0
𝑖
−sin(𝛽)] ∗ { 𝑗 }
cos(𝛽)
𝑘

2.4

The PMC speed can then be represented as a combination of the input speed and the speed effect
from the RCM and PMC gear interface as:
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⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
̂ ) + 𝜔𝑅𝑃 ∗ 𝑘̂
𝛺𝑃𝑀𝐶 = 𝜔𝑖𝑛 ∗ (𝑅𝑥 ∗ 𝐾

2.5

This can be rewritten as:
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝛺𝑃𝑀𝐶 = −𝜔𝑖𝑛 ∗ sin(𝛽) ∗ 𝑗̂ + 𝜔𝑖𝑛 ∗ cos(𝛽) ∗ 𝑘̂ + 𝜔𝑅𝑃 ∗ 𝑘̂

2.6

where 𝜔𝑅𝑃 is equal to the negative of the input speed times the gear tooth ratio between the

RCM gear and RCM side of the PMC gear N1/N2. This gives us:
0
−𝜔𝑖𝑛 ∗ sin(𝛽)

⃗ 𝑃𝑀𝐶 = {
𝛺
}
𝑁1
𝜔𝑖𝑛 ∗ cos(𝛽) − 𝜔𝑖𝑛 ∗ ( )
𝑁2

2.7

From this term we can formulate the overall reduction ratio of the transmission by finding the
output gear speed based on the PMC output gear tooth relation using the N3 and N4 tooth values.
Again in the Input carrier frame of reference:

⃗ 𝑜𝑢𝑡 = 𝜔𝑖𝑛 ∗ (1 −
𝛺

𝑁1 𝑁3
̂
∗
)∗𝐾
𝑁2 𝑁4
0
0

2.8

= {
𝑁1 𝑁3 }
𝜔𝑖𝑛 ∗ (1 −
∗
)
𝑁2 𝑁4
which provides and overall reduction ratio of:
𝑖𝑐 =

𝜔𝑖𝑛
𝜔𝑖𝑛
1
=
=
𝜔𝑜𝑢𝑡 𝜔 ∗ (1 − 𝑁1 ∗ 𝑁3) (1 − 𝑁1 ∗ 𝑁3)
𝑖𝑛
𝑁2 𝑁4
𝑁2 𝑁4

2.9

These terms will be useful later on in understanding power flow through the
transmission and help develop static loads and dynamic moments generated by the system.
For simplicity and due to its heavy use the PMC angular velocity will be abbreviated as:
0
⃗𝛺𝑃𝑀𝐶 = {−𝜔𝑦 }
𝜔𝑧

2.10

15

with 𝜔𝑦 being equivalent to 𝜔𝑖𝑛 ∗ sin(𝛽) and 𝜔𝑧 equivalent to the term 𝜔𝑖𝑛 ∗ cos(𝛽) −
𝑁1

𝜔𝑖𝑛 ∗ (𝑁2) derived in equation 2.7.

2.2 PMC Pitch Cone Geometry
The PMC geometry is highly dependent upon the nutation angle of the PMC body
which defines the internal bevel gear pitch cones size and shape. Mathematically we can calculate
the size and shape of these pitch cones given the number of gear teeth, the diametral pitch, and
nutation angle. One important note is that the pitch cone vertexes of the two gear meshes within
the PMC are coincident of one another and back to back.

Furthermore, all of the pitch cone

vertexes within the system align at the same point. This is the point about which the PMC both
rotates and nutates during its meshing cycle. This can be seen in Figure 2.6 on the complete PMC
body where the two dashed pitch cone lines meet. An example of meshing between the RCM and
PMC can also be seen with the pitch cones being shown and coming together.

Figure 2.6 - Meshing of internal and external RCM and PMC bevel gears
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Understanding the geometry we can show how the pitch cone values are calculated. Again
we define the number of gear teeth as N1, N2, N3, and N4 with the teeth number corresponding to
the gear bodies in Figure 2.6 above, the nutation angle of 𝛽 and the diametral pitch for the RCM
PMC gear mesh and PMC output gear mesh as 𝑃𝑑1 and 𝑃𝑑2 respectively. Now we can define the
module of each gear mesh using the inverse of the diametral pitch such that:

𝑚𝑛1 = 1/𝑃𝑑1

2.11

𝑚𝑛2 = 1/𝑃𝑑2

in units of inches. Using tooth numbers we can then find the respective pitch diameters of the
various gear meshes:

𝐷𝑃1 = 𝑁1 ∗ 𝑚𝑛1
𝐷𝑃2 = 𝑁2 ∗ 𝑚𝑛1

2.12

𝐷𝑃3 = 𝑁3 ∗ 𝑚𝑛2
𝐷𝑝4 = 𝑁4 ∗ 𝑚𝑛2

Trigonometric relations can then be used to find the pitch cone angles of the four gear pitch
cones using:

𝐵1 = atan (

sin(𝜋 − 𝛽)
𝑁2
(𝑁1) + cos(𝜋 − 𝛽)

)

𝐵2 = 𝜋 − 𝛽 − 𝐵1

2.13

sin(𝜋 − 𝛽)
𝐵3 = atan (
)
𝑁4
(𝑁3) + cos(𝜋 − 𝛽)
𝐵4 = 𝜋 − 𝛽 − 𝐵3
Finally using these angles and the pitch diameters above we can solve for the radial distance
from the PMC center to the mesh location at the center of the gear face. The maximum
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radial location on the pitch cone at the outer extent of the gear face on the PMC is
equivalent to:
𝑅𝑚𝑎𝑥1 = 𝐷𝑃2 ⁄(2 ∗ sin(𝐵2))
𝑅𝑚𝑎𝑥2 = 𝐷𝑃3 ⁄(2 ∗ sin(𝐵3))

2.14

with 𝑅𝑚𝑎𝑥1 being the maximum radial distance along the PMC RCM gear face on the
PMC body and 𝑅𝑚𝑎𝑥2 the maximum radial distance along the PMC output gear face on
the PMC body. Assuming the face width of the two gear interfaces to be 𝐹𝑊1 and 𝐹𝑊2
we calculate the center point of the gear face radially from the PMC center as:
𝑅𝑚𝑖𝑑1 = 𝑅𝑚𝑎𝑥1 − 𝐹𝑊1 /2

2.15

𝑅𝑚𝑖𝑑2 = 𝑅𝑚𝑎𝑥2 − 𝐹𝑊2 /2
A final term defining the interior location of the gear mesh from the PMC center is:

𝑅𝑚𝑖𝑛1 = 𝑅𝑚𝑎𝑥1 − 𝐹𝑊1

2.16

𝑅𝑚𝑖𝑛2 = 𝑅𝑚𝑎𝑥2 − 𝐹𝑊2
These terms will later be applied when solving the pericyclic transmission system
statically to output the radial and axial meshing locations for the two separate PMCs, when
examining PMC mass moment of inertia under dynamic loading, and also when
investigating the effect of nutation angle on overall PMC size, weight, and loading.

2.3 Effect on Geometry via Altering Nutation Angle
In this section we will alter geometric parameters that define the pitch cones and examine
how the PMC size and speed is affected. Through this section a set of values will be used through
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most calculations that are set parameters and will not be altered. One of these is the gear tooth
numbers N1, N2, N3 and N4 which will be set as 52, 54, 81, and 80 respectively. Using Equation
2.9 these teeth numbers provides an overall reduction ration

𝜔𝑖𝑛
𝜔𝑜𝑢𝑡

equaling 40/1. This high

reduction ratio is highly desirable for helicopter transmission and is why it is the primary
ratio for which this body of work focuses on. Another parameter that will not be altered is
gear face width which will be set to 1in for all meshing gear faces. Finally the input speed
𝜔𝑖𝑛 for the transmission will be set as 12,000 rpm, so that the final output speed 𝜔𝑜𝑢𝑡 will
be 300rpm. This is a case study that has been frequently used in concurrent work by Mathur
[8] in his examination of bevel gear loading in the pericyclic and is roughly the regime in
which this transmission would operate in a rotorcraft transmission system. This geometric
examination will help develop a better understanding of the PMC body and its rough design
for further work on static and dynamic loading in Chapter 3.
The first parameter that was examined was the nutation angle due to its huge effect on the
overall geometry of the transmission system.

Using the equations defining the pitch cone

geometries from section 2.3, and values for diametral pitch equaling 6” for 𝑃𝑑1 and 𝑃𝑑2 , and

face width lengths of 1” for 𝐹𝑊1 and 𝐹𝑊2 we can find the pitch cone sizes. The pitch come
geometry is broken into two components, the radial length of the pitch cone outward from
the PMC center, and the axial length from the PMC axis of revolution. These two terms
are then found for the two sides of the PMC which will be denoted as the output side, and
the RCM side due to respective meshing faces.
The results of using these parameters and applying the equations from section 2.3
result in a range of radial and axial lengths for the PMC over a wide range of nutation
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angles. Specifically the range of one to fifteen degrees of nutation was examined, the
resulting calculated values are displayed in Figure 2.7 below.

Figure 2.7 – PMC size against varying nutation angles

A major takeaway from this figure is the fact that PMC size can vary greatly due to slight
variations in PMC nutation angle. Changing from a nutation angle of 2 degrees to 4 decreases the
total length of the PMC body from 7” to 3”. This great reduction in length over small variations in
nutation angle holds the ability to greatly reduce the weight of the PMC body necessary to achieve
meshing between the transmission components. Assuming that the mass of the PMC is linearly
proportional to the volume, and that length of a cylinder is linearly related to the volume, it can be
assumed that the mass is linearly proportional to the length of the PMC body. The exponential
decrease in length of PMC with change in nutation angle would directly translate to an exponential
decrease in mass of the PMC body, shaving critical weight off of the total transmission weight.
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The radial measurements can be seen as remaining the same throughout the variation in
nutation angle, and this is due to their value being completely tied to the diametral pitch and number
of teeth on each gear, which is held constant in this case.
While increasing the nutation angle shows promise in decreasing PMC weight, it is also
important to resolve the effect this change has on the static loading of the PMC as well as the
number of teeth in mesh that can contribute to the load share of the transmission. This will be
discussed further in Chapter 3.
Another important feature to point out is that the total length of the transmission turns
negative at approximately twelve degrees nutation. This is due to an inversion of the pitch cones
where the transmission transfers from the pericyclic operational regime to an epicyclical regime
and essentially becomes a humpage drive [10]. Beyond this twelve degrees mark the transmission
no longer requires internal bevel gearing and the meshes on the PMC body create external pitch
cones. Figures 2.8-2.13 illustrating this can be seen below, where the pitch cones are shown ranging
from two degrees to twenty degrees nutation.
Pitch Cones with 2 degrees nutation
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Figure 2.8 – PMC size with 2 degree nutation angle
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Pitch Cones with 4 degrees nutation
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Figure 2.9 – PMC size with 4 degree nutation angle
Pitch Cones with 8 degrees nutation
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Figure 2.10 – PMC size with 8 degree nutation angle
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Pitch Cones with 12 degrees nutation
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Figure 2.11 – PMC size with 12 degree nutation angle with pitch cone inversion
Pitch Cones with 16 degrees nutation
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Figure 2.12 – Inverted PMC size with 16 degree nutation angle
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Pitch Cones with 20 degrees nutation

10

Axial Distance (in)

5

0

-5

-10
-10

-5

0

Radial Distance (in)

5

10

-10

-5

0

5

10

Radial Distance (in)

Figure 2.13 – Inverted PMC size with 20 degree nutation angle

Across these varying nutation angles the RCM is the smaller of the two pitch cones, and is
initially pointing downward in the negative axial direction. As the nutation angle increases both
pitch cones can be seen collapsing towards the center point of the cones and at approximately
twelve degrees the bodies merge. Beyond this point the RCM pitch cone is now flipped and facing
upward, or positive along the axial length. This pitch cone inversion drastically changes the
operation of the transmission as well as its geometry, and this investigation will focus solely upon
the pericyclic regime below 12 degrees.
Varying nutation angle also has a large effect upon the angular velocity components of the
PMC. Knowing now that geometrically the pericyclic is only valid for low nutation angles below
twelve degrees, we can examine the expected speeds it will operate at. Again assuming the
conditions given above with an input speed of 12,000rpm, the nutational and rotational speeds can
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be found using Equation 2.7 from section 2.2. Figure2.14 displays the angular velocity components
within the pericyclic nutation angle range.
Angular Velocity Components of PMC
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Figure 2.14 – Angular velocities as nutation angle increased

While the rotational velocity term tends to show less sensitivity to change in nutation
angle, the nutational velocity term varies greatly, increasing in overall magnitude rapidly as the
nutation angle increases. At lower nutation angles the magnitude of the two components are also
much closer to one another, around 500rpm. It is important to be aware of these components
magnitudes further on and these trends will be critical in understanding the dynamic moments
generated and how they vary across nutation angles.
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Chapter 3
LOADING ANALYSIS OF PERICYCLIC TRANSMISSION
In this section, free body diagrams examining the dispersion of forces through the
transmission system are constructed. From these, formulas are put together solving for unknown
load values on bearings and gear meshes in the system. These loads are essential in finding bearing
race and bearing rolling element stresses and deformations which can be used for bearing sizing.
It will also clearly show the manner in which power is transmitted through the transmission system.
We will begin by developing a static model of the transmission and then look into the dynamic
loads produced by the motion of the PMC body. Using these tools, loading scenarios will be
examined and the factors which increase or decrease loads will be explored.

3.1 Static Loading

3.1.1 Dual PMC Input Carrier
For a static model of the dual pericyclic transmission, there were many components that
needed to be defined for a fully solvable system of equations. The method in achieving this was
by defining the bodies in the transmission system and then the bearings associated with each body.
The bodies that will be looked at are the input carrier, the two PMCs, the two RCMs, one for each
PMC, and a single output which has two faces meshing with the two PMCs to deliver power out to
via a shaft. In this study the transmission system is assumed to be operating at a single speed so
the RCM gears will remain stationary and assumed to be fixed to the transmission housing and will
not require any supporting bearings. The Input carrier is assumed to be supported by two bearings,
one which can accommodate a radial load only and another which will accommodate an axial and
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a radial load. Each PMC will hold three bearings, two reacting solely to radial loads which will be
equally spaced from one another axially, and one that will react to purely axial loads at the center
of the PMC. Finally the output shaft will hold two bearings and radial loads. While the focus of
this work is developing a strong understanding of the loads associated with the PMC bearings, it is
also important to have an understanding at a system level the loads to be expected for the input and
output bearings.
Symbolic characters depicting the loads and load reaction locations will be defined. These
symbolic representations were also used in the development of MATLAB codes to both
symbolically and later on analytically resolve various loads throughout the transmission system.
Starting with the input carrier the various loads applied to the system and a rough diagram
depicting their location is shown in Figure 3.1. The input carrier frame of reference will be used

Figure 3.1 – Model of input carrier body with bearing and gear forces

to define the force locations and components. It is important to note that the force vectors drawn
are not correlated to the actual magnitude or necessarily the direction of the actual values but will
be resolved later on when the system of equations is solved.
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The input force on the system is assumed to be a force applied from a bevel gear input. It
is assumed to be a point force with the magnitude of the x component equal to the power in divided
by the input speed and the pitch circle radius. Also, the x and y components are based upon the
bevel gear pressure angle 𝛼𝑖𝑛 and a pitch cone angle 𝛽𝑖𝑛 . The vector defining the input force

location is:
0
⃗⃗⃗⃗⃗⃗
𝑅𝑖𝑛 = −𝑟𝑖𝑛 ∗ 𝐽̂ = {−𝑟𝑖𝑛 }
0

3.1

with 𝑟𝑖𝑛 being the pitch circle radius of the gear. The magnitude of the x component of the input
force is then defined as:
𝑓𝑖𝑛 = 𝑃𝑖𝑛 /(𝜔𝑖𝑛 ∗ 𝑟𝑖𝑛 )

3.2

which can then be used to define the input force vector using the relations defining the force
components of a bevel gear mesh such that:
⃗⃗⃗⃗⃗
𝐹𝑖𝑛 = 𝑓𝑖𝑛 ∗ 𝐼̂ + 𝑓𝑖𝑛 ∗ tan(𝛼𝑖𝑛 ) ∗ cos(𝛽𝑖𝑛 ) ∗ 𝐽̂ + 𝑓𝑖𝑛 ∗ tan(𝛼𝑖𝑛 )
̂
∗ sin(𝛽𝑖𝑛 ) 𝐾

3.3

This can be rewritten in the form of:
𝑓𝑖𝑛
⃗⃗⃗⃗⃗
𝐹𝑖𝑛 = {𝑓𝑖𝑛 ∗ tan(𝛼𝑖𝑛 ) ∗ cos(𝛽𝑖𝑛 )}
𝑓𝑖𝑛 ∗ tan(𝛼𝑖𝑛 ) ∗ sin(𝛽𝑖𝑛 )

3.4

Next we define the locations and reaction forces of the two input carrier bearings. Their
reaction forces are centered on the axis of rotation of the input carrier and are placed a symmetric
distance axially from the center of the input carrier. This value of this axial distance on the input
center axis will be denoted as 𝑟𝑖𝑛 and will have opposite signs for the two sides which will be
marked as PMC1 side, which is at a positive nutation angle 𝛽, and PMC2 side which is at a nutation
angle with the opposite sign –𝛽. This results in two vectors giving the locations of the two reaction
forces as:
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0
⃗⃗⃗⃗⃗⃗⃗⃗
̂
𝑅𝑖𝑛1 = −𝑟𝑖𝑛 ∗ 𝐾 = { 0 }
−𝑟𝑖𝑛
0
⃗⃗⃗⃗⃗⃗⃗⃗
̂ = {0}
𝑅𝑖𝑛2 = 𝑟𝑖𝑛 ∗ 𝐾
𝑟𝑖𝑛

3.5

As stated earlier, one input carrier bearing will react axially and radially and the other will react
purely radially. The bearing reaction forces will symbolically be represented as B and the two
reaction force vectors will be described using:
𝐵𝑖𝑛1𝑥
⃗⃗⃗⃗⃗⃗⃗⃗
̂
̂
𝐵
𝐵
=
𝐵
∗
𝐼
+
𝐵
∗
𝐽
=
{ 𝑖𝑛1𝑦 }
𝑖𝑛1
𝑖𝑛1𝑥
𝑖𝑛1𝑦
0
𝐵𝑖𝑛2𝑥
⃗⃗⃗⃗⃗⃗⃗⃗
̂
̂
̂
𝐵
𝐵𝑖𝑛2 = 𝐵𝑖𝑛2𝑥 ∗ 𝐼 + 𝐵𝑖𝑛2𝑦 ∗ 𝐽 + 𝐵𝑖𝑛2𝑧 ∗ 𝐾 = { 𝑖𝑛2𝑦 }
𝐵𝑖𝑛2𝑧

3.6

where the components of each reaction force vector are unknowns that will be solved for later once
the system of equations is defined.
The final set of forces acting on the input carrier are the PMC bearing reaction forces that
are tilted at the nutation angle of the each respective PMC. Their position vectors are a combination
of the PMC center locations with respect to the input carrier center and in the case of the radially
reacting bearings, a distance from the center of the PMC along the PMC central axis. A value 𝑟𝑝
will be defined as the distance from the PMC center to the input carrier which is written as:
𝑟𝑝 = 𝑅𝑚𝑖𝑑2 ∗ cos(𝜋 − 𝛽3 − 𝛽) + 𝑟𝑜𝑢𝑡

3.7

with 𝑟𝑜 equaling the axial distance of the output gear mesh from the input carrier center. In this
loading scenario the center of the output gear shaft is assumed to be aligned with the center of the
input carrier and the output gears to be an equal distance apart from the center which is illustrated
in Figure 3.1. The position vector of the two axial PMC bearings can therefore be represented as:
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0
⃗⃗⃗⃗⃗⃗
̂
𝑅1𝑎 = −𝑟𝑝 ∗ 𝐾 = { 0 }
−𝑟𝑝
0
⃗⃗⃗⃗⃗⃗⃗
̂
𝑅2𝑎 = 𝑟𝑝 ∗ 𝐾 = { 0 }
𝑟𝑝

3.8

for PMC1 and 2 respectively. An additional component must be added to this term to define the
location of the two radially loaded bearings for each PMC. In Section 2.2 Equation 2.3 assembled
a rotation matrix to find the rotational velocity components of the PMC. This matrix can once
again be made of use, this time to transform location components from the PMC frame of references
to the input carrier frame of reference. The rotation matrices can be laid out as:

𝑅𝑥𝑛

1
= [0
0

0
0
cos(−𝛽) −sin(−𝛽)]
sin(−𝛽) cos(−𝛽)

𝑅𝑥𝑝

1
0
= [0 cos(𝛽)
0 sin(𝛽)

0
−sin(𝛽)]
cos(𝛽)

3.9

where 𝑅𝑥𝑛 is a rotation about the x axis by negative 𝛽 to transform PMC1 components to

the input carrier frame of reference and 𝑅𝑥𝑝 uses positive 𝛽 to transform PMC2 components
to the input carrier frame of reference such that:
𝑖1
𝐼
𝑗
{ 𝐽 } = 𝑅𝑥𝑛 ∗ { 1 }
𝑘1
𝐾
𝑖2
𝐼
{ 𝐽 } = 𝑅𝑥𝑝 ∗ { 𝑗2 }
𝑘2
𝐾

3.10
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Assuming the radial bearings for both PMCs are equally spaced from the PMC center in
opposite directions some distance 𝑟𝑝𝑧 the position vectors of the four bearings can be written
as:
0

̂1 + −𝑟𝑝 ∗ 𝐾
⃗⃗⃗⃗⃗⃗
̂ = { −𝑟𝑝𝑧 ∗ sin(𝛽) }
𝑅1𝑟 = 𝑅𝑥𝑛 ∗ −𝑟𝑝𝑧 ∗ 𝑘
𝑟𝑝 − 𝑟𝑝𝑧 cos(𝛽)
0

̂1 + −𝑟𝑝 ∗ 𝐾
⃗⃗⃗⃗⃗⃗
̂ = { 𝑟𝑝𝑧 ∗ sin(𝛽) }
𝑅1𝑜 = 𝑅𝑥𝑛 ∗ 𝑟𝑝𝑧 ∗ 𝑘
𝑟𝑝𝑧 cos(𝛽) + 𝑟𝑝
0

3.11

̂2 + 𝑟𝑝 ∗ 𝐾
⃗⃗⃗⃗⃗⃗
̂ = { −𝑟𝑝𝑧 ∗ sin(𝛽) }
𝑅2𝑟 = 𝑅𝑥𝑝 ∗ 𝑟𝑝𝑧 ∗ 𝑘
𝑟𝑝𝑧 cos(𝛽) + 𝑟𝑝
0
𝑟
∗
sin
(𝛽) }
̂
⃗⃗⃗⃗⃗⃗
̂
𝑝𝑧
𝑅2𝑜 = 𝑅𝑥𝑝 ∗ −𝑟𝑝𝑧 ∗ 𝑘2 + 𝑟𝑝 ∗ 𝐾 = {
𝑟𝑝 − 𝑟𝑝𝑧 cos(𝛽)
with 𝑅1𝑟 and 𝑅1𝑜 representing the bearing reaction force locations of PMC1 on the RCM and output
side ( r and o subscript representing RCM side and Output side) respectively and 𝑅2𝑟 and
𝑅2𝑜 representing the same for PMC2. The axial PMC bearing reaction forces can be written as:
0
̂1 = { 0 }
⃗⃗⃗⃗⃗⃗
𝐵1𝑎 = 𝐵1𝑎𝑧 ∗ 𝑘
𝐵1𝑎𝑧
0
̂
⃗⃗⃗⃗⃗⃗⃗
𝐵2𝑎 = 𝐵2𝑎𝑧 ∗ 𝑘2 = { 0 }
𝐵2𝑎𝑧
and the radial PMC reaction forces as:

3.12
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𝐵1𝑟𝑥
⃗⃗⃗⃗⃗⃗
𝐵1𝑟 = 𝐵1𝑟𝑥 ∗ 𝑖̂1 + 𝐵1𝑟𝑦 ∗ 𝑗̂1 = {𝐵1𝑟𝑦 }
0
𝐵1𝑜𝑥
⃗⃗⃗⃗⃗⃗
𝐵1𝑜 = 𝐵1𝑜𝑥 ∗ 𝑖̂1 + 𝐵1𝑜𝑦 ∗ 𝑗̂1 = {𝐵1𝑜𝑦 }
0
𝐵2𝑟𝑥
⃗⃗⃗⃗⃗⃗
𝐵2𝑟 = 𝐵2𝑟𝑥 ∗ 𝑖̂2 + 𝐵2𝑟𝑦 ∗ 𝑗̂2 = {𝐵2𝑟𝑦 }
0

3.13

𝐵2𝑜𝑥
⃗⃗⃗⃗⃗⃗
𝐵2𝑜 = 𝐵2𝑜𝑥 ∗ 𝑖̂2 + 𝐵2𝑜𝑦 ∗ 𝑗̂2 = {𝐵2𝑜𝑦 }
0
in the PMC reference frames.

3.1.2 PMC Bodies

We can now develop the free body diagram of the PMCs, the shape of which is a
cylindrical body which holds the bearings externally and has two internal bevel gear faces
meshing with the RCM and output gears on slanted bodies where the pitch cones intersect
the outside of the body. This is represented in Figure 3.2 and also illustrates roughly the
location and vectors of forces acting on the body. The nutation angles defining the two
pitch cones are also shown with 𝛽2 the pitch cone angle of the PMC RCM gear interface
and 𝛽3 the pitch cone angle for the PMC output gear interface.
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Figure 3.2 – PMC body with gear faces and reaction forces

The bearing forces represented by the B terms were laid out previously in the PMC frame of
reference. The gear mesh forces on the other hand must be constructed. Once again the
components of the gear mesh force are a relative to the overall mesh torque and treated as an
unknown in the system to be solved for. Assuming a pressure angle of 𝛼𝑟 for the RCM side gear

mesh and 𝛼𝑜 for the output side gear mesh, and using 𝛽2 and 𝛽3 pitch cone values the gear
mesh forces for PMC1 can be written as:
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⃗⃗⃗⃗⃗⃗
𝐹1𝑟 = 𝐹1𝑟𝑥 ∗ 𝑖̂1 + 𝐹1𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ cos(𝛽2 ) ∗ 𝑗̂1 + 𝐹1𝑟𝑥 ∗ tan(𝛼𝑟 )
𝐹1𝑟𝑥
𝐹
∗
tan(
𝛼𝑟 ) ∗ cos(𝛽2 )}
̂
∗ sin(𝛽2 ) ∗ 𝑘1 = { 1𝑟𝑥
𝐹1𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ sin(𝛽2 )
⃗⃗⃗⃗⃗⃗
𝐹1𝑜 = 𝐹1𝑜𝑥 ∗ 𝑖̂1 + 𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽3 ) ∗ 𝑗̂1 + 𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 )

3.14

𝐹1𝑜𝑥
̂1 = {𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽3 )}
∗ sin(𝛽3 ) ∗ 𝑘
𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ sin(𝛽3 )
and the position of these two forces being:
̂1
⃗⃗⃗⃗⃗⃗
𝐷1𝑟 = −𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽2 ) ∗ 𝑗̂1 − 𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽2 ) ∗ 𝑘
0

= { −𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽2 ) }
−𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽2 )
̂
⃗⃗⃗⃗⃗⃗
𝐷
1𝑜 = 𝑅𝑚𝑖𝑑2 ∗ sin(𝜋 − 𝛽3 ) ∗ 𝑗̂1 + 𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽3 ) ∗ 𝑘1
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0

= { 𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽3 ) }

𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽3 )

Assuming that PMC2 is symmetrical to PMC1 and having the same gear geometries but having the
opposite orientation the meshing forces for PMC2 can be represented as:
̂2
⃗⃗⃗⃗⃗⃗
𝐹2𝑟 = 𝐹2𝑟𝑥 ∗ 𝑖̂2 + 𝐹2𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ cos(𝛽2 ) ∗ 𝑗̂2 + 𝐹2𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ sin(𝛽2 ) ∗ 𝑘
𝐹2𝑟𝑥
= {𝐹2𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ cos(𝛽2 )}
𝐹2𝑟𝑥 ∗ tan(𝛼𝑟 ) ∗ sin(𝛽2 )
⃗⃗⃗⃗⃗⃗
𝐹2𝑜 = 𝐹2𝑜𝑥 ∗ 𝑖̂2 + 𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽3 ) ∗ 𝑗̂2 + 𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ sin(𝛽3 )
𝐹2𝑜𝑥
𝐹
∗
tan(
𝛼𝑜 ) ∗ cos(𝛽3 )}
̂
∗ 𝑘2 = { 2𝑜𝑥
𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ sin(𝛽3 )

3.16

34

and the positions:
⃗⃗⃗⃗⃗⃗
𝐷2𝑟 = −𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽2 ) ∗ 𝑗̂2 + 𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽2 )
0

∗ 𝑘̂2 = {−𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽2 )}
𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽2 )
̂
⃗⃗⃗⃗⃗⃗
𝐷
2𝑜 = 𝑅𝑚𝑖𝑑2 ∗ sin(𝜋 − 𝛽3 ) ∗ 𝑗̂2 − 𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽3 ) ∗ 𝑘2
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0

= { 𝑅𝑚𝑖𝑑1 ∗ sin(𝜋 − 𝛽3 ) }
−𝑅𝑚𝑖𝑑1 ∗ cos(𝜋 − 𝛽3 )

3.1.3 Output Gears and Shaft
The forces acting upon the output can now be defined with the aid of a free body diagram
of the output shaft and the final set of forces will be complete to begin solving a static system of
equations for the system. Figure 3.3 provides the free body diagram of the transmission system
with the two bevel gear faces in the center of the body facing outward and the shafts section holding
the bearings extruding from the center of the body on either side. A torque representing a torque
applied from a rotor is represented simply as 𝑇𝑜𝑢𝑡 which will be treated as an unknown in the

static system of equations but should equal the total power in divided by the output speed:
𝑇𝑜𝑢𝑡 = 𝑃𝑖𝑛 /𝜔𝑜𝑢𝑡

3.18
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Figure 3.3 – Output gear body with gear and reaction forces

The bearings are spaced equally from the center of the output body a distance 𝑟𝑜𝑢𝑡𝑏 such

that the position vectors of the two bearings can be written as:
0
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
̂
0 }
𝑅
𝑜𝑢𝑡1 = −𝑟𝑜𝑢𝑡 ∗ 𝐾 = {
−𝑟𝑜𝑢𝑡𝑏
0
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
̂
0 }
𝑅
=
𝑟
∗
𝐾
=
{
𝑜𝑢𝑡2
𝑜𝑢𝑡
𝑟𝑜𝑢𝑡𝑏

3.19

corresponding to PMC1 and PMC2 side bearings respectively. The forces reacting at these two
locations are then written as:
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𝐵𝑜𝑢𝑡1𝑥
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐵𝑜𝑢𝑡1 = 𝐵𝑜𝑢𝑡1𝑥 ∗ 𝐼̂ + 𝐵𝑜𝑢𝑡1𝑦 ∗ 𝐽̂ = {𝐵𝑜𝑢𝑡1𝑦 }
0
𝐵𝑜𝑢𝑡2𝑥
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐵𝑜𝑢𝑡2 = 𝐵𝑜𝑢𝑡2𝑥 ∗ 𝐼̂ + 𝐵𝑜𝑢𝑡2𝑦 ∗ 𝐽̂ = {𝐵𝑜𝑢𝑡2𝑦 }
0
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Forces transmitted from the gear mesh must once again be constructed along with position
vectors. The positions can make use of the 𝑟𝑜𝑢𝑡 term defined previously which provides an axial
location of the gear meshes from the center of the output along with geometric terms defining the
pitch cones where:
̂1
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐷𝑜𝑢𝑡1 = 𝑅𝑚𝑖𝑑2 ∗ sin(𝛽4 ) ∗ 𝑗̂1 − 𝑟𝑜𝑢𝑡 ∗ 𝑘
0
= {𝑅𝑚𝑖𝑑2 ∗ sin(𝛽4 )}
−𝑟𝑜𝑢𝑡
̂1
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐷𝑜𝑢𝑡2 = 𝑅𝑚𝑖𝑑2 ∗ sin(𝛽4 ) ∗ 𝑗̂1 + 𝑟𝑜𝑢𝑡 ∗ 𝑘
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0
= {𝑅𝑚𝑖𝑑2 ∗ sin(𝛽4 )}
𝑟𝑜𝑢𝑡
with the corresponding gear mesh forces defined by the pressure angle 𝛼𝑜 being:
⃗⃗⃗⃗⃗⃗
𝐹1𝑜 = 𝐹2𝑟𝑥 ∗ 𝑖̂2 + 𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽4 ) ∗ 𝑗̂2 + 𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 )
𝐹1𝑜𝑥
̂2 = {𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽4 )}
∗ sin(𝛽4 ) ∗ 𝑘
𝐹1𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ sin(𝛽4 )
⃗⃗⃗⃗⃗⃗
𝐹2𝑜 = 𝐹2𝑜𝑥 ∗ 𝑖̂2 + 𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽4 ) ∗ 𝑗̂2 + 𝐹2𝑜𝑥
̂2
∗ tan(𝛼𝑜 ) ∗ sin(𝛽4 ) ∗ 𝑘
𝐹2𝑜𝑥
= {𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ cos(𝛽4 )}
𝐹2𝑜𝑥 ∗ tan(𝛼𝑜 ) ∗ sin(𝛽4 )

3.22
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3.1.4 Static System of Equations
With these force and position vectors defined we can now construct a system of equations
that allows for the unknowns of the system to be solved for. From newtonian mechanics, the total
number of equations defining the system is equivalent to the number of summations of the moments
and forces for each individual body. For the input carrier there are three equations summing the
forces and three for the moments. Each PMC has three equations summing the forces and three for
the moments. Finally the output shaft body provides an additional three equations summing forces
and three summing moments. This provides a total of 24 equations governing the system. The
number of unknown variables from the inputs are the five force terms from the bearing force
vectors. Each PMC provides five bearing force unknowns as well as two mesh force unknowns for
a total of fourteen unknowns from the PMC bodies. Under the assumption that the gear force
between the PMCs and output gears is equal the output provides four bearing force unknowns along
with the final output torque unknown value. This provides a total of 24 unknowns to be solved for
with the 24 equations provided from the bodies.
These 24 equations can be written using the components constructed earlier. First looking
at the input carrier, the summation of forces can be written as:
⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
∑𝐹𝑖𝑛 = ⃗⃗⃗⃗⃗
𝐹𝑖𝑛 + 𝐵
𝑖𝑛1 + 𝐵𝑖𝑛2 + 𝑅𝑥𝑛 ∗ 𝐵1𝑎 + 𝑅𝑥𝑝 ∗ 𝐵2𝑎 + 𝑅𝑥𝑛 ∗ (𝐵1𝑟 + 𝐵1𝑜 )
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
+ 𝑅𝑥𝑝 ∗ (𝐵
2𝑟 + 𝐵2𝑜 )

and the summation of moments as:

3.23
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⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
∑𝑀𝑖𝑛 = ⃗⃗⃗⃗⃗⃗
𝑅𝑖𝑛 × ⃗⃗⃗⃗⃗
𝐹𝑖𝑛 + ⃗⃗⃗⃗⃗⃗⃗⃗
𝑅𝑖𝑛1 × 𝐵
𝑖𝑛1 + 𝑅𝑖𝑛2 × 𝐵𝑖𝑛2 + 𝑅1𝑎 × 𝑅𝑥𝑛 ∗ 𝐵1𝑎
+ ⃗⃗⃗⃗⃗⃗⃗
𝑅2𝑎 × 𝑅𝑥𝑝 ∗ ⃗⃗⃗⃗⃗⃗⃗
𝐵2𝑎 + ⋯
⃗⃗⃗⃗⃗⃗
𝑅1𝑟 × 𝑅𝑥𝑛 ∗ ⃗⃗⃗⃗⃗⃗
𝐵1𝑟 + ⃗⃗⃗⃗⃗⃗
𝑅1𝑜 × 𝑅𝑥𝑛 ∗ ⃗⃗⃗⃗⃗⃗
𝐵1𝑜 + ⃗⃗⃗⃗⃗⃗
𝑅2𝑟 × 𝑅𝑥𝑝 ∗ ⃗⃗⃗⃗⃗⃗
𝐵2𝑟
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+ ⃗⃗⃗⃗⃗⃗
𝑅2𝑜 × 𝑅𝑥𝑝 ∗ ⃗⃗⃗⃗⃗⃗
𝐵2𝑜
Then for PMC1 the summation of forces and moments is:
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
∑𝐹1 = −𝐵
1𝑎 − 𝐵1𝑟 − 𝐵1𝑜 + 𝐹1𝑟 + 𝐹1𝑜
0
0
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
0
∑𝑀1 = {
} × −𝐵1𝑟 + { 0 } × −𝐵
1𝑜 + 𝐷1𝑟 × 𝐹1𝑟 + 𝐷1𝑜

−𝑟𝑝𝑧

𝑟𝑝𝑧
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× ⃗⃗⃗⃗⃗⃗
𝐹1𝑜
where within the moment term the moment generated from the axial bearing force ⃗⃗⃗⃗⃗⃗
𝐵1𝑎 is neglected
because it acts directly from the center of the PMC body. Similarly for PMC2 we find:
⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
∑𝐹2 = −𝐵
2𝑎 − 𝐵2𝑟 − 𝐵2𝑜 + 𝐹2𝑟 + 𝐹2𝑜
0
0
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
0
∑𝑀2 = { } × −𝐵2𝑟 + { 0 } × −𝐵
2𝑜 + 𝐷2𝑟 × 𝐹2𝑟 + 𝐷2𝑜

𝑟𝑝𝑧

−𝑟𝑝𝑧
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× ⃗⃗⃗⃗⃗⃗
𝐹2𝑜
once again assuming that ⃗⃗⃗⃗⃗⃗⃗
𝐵2𝑎 generates not moment on the PMC2 body. Finally the set of
equations defining the forces and moments on the output body is:
⃗⃗⃗⃗⃗⃗
∑𝐹𝑜𝑢𝑡 = ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐵𝑜𝑢𝑡1 + ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐵𝑜𝑢𝑡2 − ⃗⃗⃗⃗⃗⃗
𝐹1𝑜 − 𝐹
2𝑜
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
∑𝑀𝑜𝑢𝑡 = 𝑅
𝑜𝑢𝑡1 × 𝐵𝑜𝑢𝑡1 + 𝑅𝑜𝑢𝑡2 × 𝐵𝑜𝑢𝑡2 + 𝐷𝑜𝑢𝑡1 × −𝐹1𝑜
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0
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
+ 𝐷𝑜𝑢𝑡2 × −𝐹2𝑜 + { 0 }
−𝑇𝑜𝑢𝑡
These 24 equation were then written symbolically into a MATLAB script and then allowed
to run through a system of equation solvers where the unknowns to solve for were the unknowns
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discussed earlier. The system was statically determinate and would output a symbolic solution for
each of the unknowns. In later sections symbolic terms are replaced with numerical inputs to
produce values for case studies to examine various elements effects on loading.

3.2 Dynamic Loading Scenario
This section will derive the dynamic moment generated by the PMC body as it rotates and
nutates within the input carrier. This moment is critical for understanding the loads on the PMC
bearings, the loading of which will greatly influence the size, geometry, and operations of the
pericyclic transmission. Similar work describing dynamic moments generated in nutating gear
bodies was performed by Anderson [11] focusing on pan precess drives and was used as a guide
for the following body of work.

3.2.1 PMC Mass Moment of Inertia
In order to calculate the dynamic moment generated by a body, the mass moment of inertia
is required. The mass moment of inertia is a function of the body’s density, and geometry. A
simple model was designed for the PMC to roughly capture the body’s mass moment of inertia.
Referring back to the free body diagram model discussed in section 3.1.2, the PMC body is a hollow
cylinder where one end has a cap with a smaller radius for the RCM side gear face of the PMC.
Figure 3.4 below shows a cutaway view of this body defining three separate cylindrical bodies
within the PMC which is not to scale.
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Figure 3.4 – Inertial segments of PMC body

This configuration is only valid for test cases where the RCM side of the PMC has a smaller
inner radius than the output side due to the gear face geometries. The first section is a cylinder
protruding from the PMC center in the positive z direction with the outer radius set equal to the
inner radius of the PMC bearings. This will symbolically written as 𝑅𝐼𝑜 and the PMC bearing inner
radius will be given as 𝑅𝑏𝑖 . An important constraint to keep in mind is that the value of 𝑅𝑏𝑖 must
be greater than the larger of the two radial values of the PMC’s two gear meshes. In this study it
is the output side gear face of the PMC gear, whose outer radius is equal to:

𝑅𝑃𝑀𝐶𝑜 = 𝑅𝑚𝑎𝑥2 ∗ sin(π − 𝛽3 )

3.28

With this in mind the inner radius of the first section is then calculated as:

𝑅𝐼𝑖 = 𝑅𝑚𝑖𝑛2 ∗ sin(π − 𝛽3 )

3.29

and the length of the cylinder is:

𝐿𝐼 = 𝑅𝑚𝑎𝑥2 ∗ cos(π − 𝛽3 )

3.30

The second section is again cylindrical and protruding in the negative z direction. This
body’s outer radius 𝑅𝐼𝐼𝑜 is again equal to the inner radius of the bearings. Its inner radius 𝑅𝐼𝐼𝑖 is
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equivalent to 𝑅𝐼𝑖 , and its length, based on the RCM side of the PMC gear geometry, is assumed to
be:

𝐿𝐼𝐼 = 𝑅𝑚𝑖𝑛1 ∗ cos(π − 𝛽2 )

3.31

The third and final section once again has the same outer radius of as the other two sections
which will be denoted as 𝑅𝐼𝐼𝐼𝑜 and its inner radius will be:

𝑅𝐼𝐼𝐼𝑖 = 𝑅𝑚𝑖𝑛1 ∗ sin(π − 𝛽2 )

3.32

and its length will be:

𝐿𝐼𝐼𝐼 = (𝑅𝑚𝑎𝑥1 − 𝑅𝑚𝑖𝑛1 ) ∗ cos(π − 𝛽2 )
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with the outer section of the body being a distance of 𝑅𝑚𝑎𝑥1 ∗ cos(π − 𝛽2 )from the center of the
PMC body.
Now that the geometric parameters defining the bodies have been written, the moment of
inertia terms can be constructed for each body. For a hollow cylinder the mass moment of inertia
term about the rotational axis, in this case the z axis, is simply:

𝐼𝑧𝑧 =

1
∗ 𝑀 ∗ (𝑅𝑜2 + 𝑅𝑖2 )
2
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where M is the mass of the cylinder. For a hollow cylinder where the x and y axis about which it
precesses and nutates is on the end of the body, which is the case for sections one and two, can be
written as:

𝐼𝑥𝑥 = 𝐼𝑦𝑦 =

1
1
∗ 𝑀 ∗ (𝑅𝑜2 + 𝑅𝑖2 ) + ∗ 𝑀 ∗ 𝐿2
4
3
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Assuming a uniform density of the body equal to 𝝆, the mass of section one would be:
2
𝑀𝐼 = 𝜌 ∗ 𝜋 ∗ (𝑅𝐼𝑜
− 𝑅𝐼𝑖2 ) ∗ 𝐿𝐼
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then applying the equations to body section one we have the inertial terms:

𝐼𝐼𝑧𝑧 =

1
2
∗ 𝑀𝐼 ∗ (𝑅𝐼𝑜
+ 𝑅𝐼𝑖2 )
2

3.37
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𝐼𝐼𝑥𝑥 = 𝐼𝐼𝑦𝑦 =

1
1
2
∗ 𝑀𝐼 ∗ (𝑅𝐼𝑜
+ 𝑅𝐼𝑖2 ) + ∗ 𝑀𝐼 ∗ 𝐿2𝐼
4
3

Similarly for the second body section we find:
2
2
) ∗ 𝐿𝐼𝐼
𝑀𝐼𝐼 = 𝜌 ∗ 𝜋 ∗ (𝑅𝐼𝐼𝑜
− 𝑅𝐼𝐼𝑖
2
2
) ∗ 𝐿𝐼𝐼
𝑀𝐼𝐼 = 𝜌 ∗ 𝜋 ∗ (𝑅𝐼𝐼𝑜
− 𝑅𝐼𝐼𝑖

𝐼𝐼𝐼𝑧𝑧 =

1
2
2
∗ 𝑀𝐼𝐼 ∗ (𝑅𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝑖
)
2
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1
1
2
2
) + ∗ 𝑀𝐼𝐼 ∗ 𝐿2𝐼𝐼
∗ 𝑀𝐼𝐼 ∗ (𝑅𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝑖
4
3

𝐼𝐼𝐼𝑥𝑥 = 𝐼𝐼𝐼𝑦𝑦 =

For the third body section we can find the mass moment of inertia terms by solving for a hollow
cylinders moment of inertia from the PMC center to the outer length of section three using the same
inner and outer radius, and then subtracting a hollow cylinders moment of inertia from the PMC
center to the inner side of section three. These two bodies will be described as a section three total
body and a partial body, and the final inertial and mass terms will subtract the partial terms from
the corresponding total terms. The total body terms are:
2
2
) ∗ 𝑅𝑚𝑎𝑥1 ∗ cos(π − 𝛽2 )
𝑀𝐼𝐼𝐼𝑡 = 𝜌 ∗ 𝜋 ∗ (𝑅𝐼𝐼𝐼𝑜
− 𝑅𝐼𝐼𝐼𝑖

𝐼𝐼𝐼𝐼𝑧𝑧𝑡 =

1
2
2
∗ 𝑀𝐼𝐼𝐼𝑡 ∗ (𝑅𝐼𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝐼𝑖
)
2

𝐼𝐼𝐼𝐼𝑥𝑥𝑡 = 𝐼𝐼𝐼𝐼𝑦𝑦𝑡
=
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1
1
2
2
) + ∗ 𝑀𝐼𝐼𝐼𝑡
∗ 𝑀𝐼𝐼𝐼𝑡 ∗ (𝑅𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝑖
4
3

∗ (𝑅𝑚𝑎𝑥1 ∗ cos(π − 𝛽2 ))^2
And the partial body terms are:

2
2
) ∗ 𝑅𝑚𝑖𝑛1 ∗ cos(π − 𝛽2 )
𝑀𝐼𝐼𝐼𝑝 = 𝜌 ∗ 𝜋 ∗ (𝑅𝐼𝐼𝐼𝑜
− 𝑅𝐼𝐼𝐼𝑖
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𝐼𝐼𝐼𝐼𝑧𝑧𝑝 =

1
2
2
∗ 𝑀𝐼𝐼𝐼𝑝 ∗ (𝑅𝐼𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝐼𝑖
)
2

𝐼𝐼𝐼𝐼𝑥𝑥𝑝 = 𝐼𝐼𝐼𝐼𝑦𝑦𝑝
=

1
1
2
2
) + ∗ 𝑀𝐼𝐼𝐼𝑝
∗ 𝑀𝐼𝐼𝐼𝑝 ∗ (𝑅𝐼𝐼𝐼𝑜
+ 𝑅𝐼𝐼𝐼𝑖
4
3

∗ (𝑅𝑚𝑖𝑛1 ∗ cos(π − 𝛽2 ))^2
Finally the mass and inertial terms for the third section can be written as:

𝑀𝐼𝐼𝐼 = 𝑀𝐼𝐼𝐼𝑡 − 𝑀𝐼𝐼𝐼𝑝
𝐼𝐼𝐼𝐼𝑧𝑧 = 𝐼𝐼𝐼𝐼𝑧𝑧𝑡 − 𝐼𝐼𝐼𝐼𝑧𝑧𝑝
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𝐼𝐼𝐼𝐼𝑥𝑥 = 𝐼𝐼𝐼𝐼𝑦𝑦 = 𝐼𝐼𝐼𝐼𝑥𝑥𝑡 − 𝐼𝐼𝐼𝐼𝑥𝑥𝑝 = 𝐼𝐼𝐼𝐼𝑦𝑦𝑡 − 𝐼𝐼𝐼𝐼𝑦𝑦𝑝
The final step is to construct the mass moment of inertia matrix for the PMC body in the
PMC frame of reference. This is written as:

𝐼𝐼𝑥𝑥 + 𝐼𝐼𝐼𝑥𝑥 + 𝐼𝐼𝐼𝐼𝑥𝑥
0
𝐼𝑃 = [
0
𝐼𝑝𝑥𝑥
=[ 0
0

0
𝐼𝐼𝑦𝑦 + 𝐼𝐼𝐼𝑦𝑦 + 𝐼𝐼𝐼𝐼𝑦𝑦
0
0

𝐼𝑝𝑦𝑦
0

0
0

]

𝐼𝐼𝑧𝑧 + 𝐼𝐼𝐼𝑧𝑧 + 𝐼𝐼𝐼𝐼𝑧𝑧

0
0 ]
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𝐼𝑝𝑧𝑧

The simplified form of the matrix will most commonly be utilized in the next section to apply
rotations and rotational terms to generate moment terms.

3.2.2 Resultant Moment Forces
The angular velocity terms of the PMC were laid out in section 2.2 which described the
nutation and rotation as the PMC body meshes with the RCM and output gears and is driven by the
input carrier. These angular velocities for PMC1 and PMC2 can be written as:
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0
⃗𝛺𝑃𝑀𝐶1 = [−𝜔𝑦 ]
𝜔𝑧
⃗ 𝑃𝑀𝐶2
𝛺
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0
= [𝜔𝑦 ]
𝜔𝑧

The first angular momentum of PMC1 can be calculated from:
⃗ 𝑃𝑀𝐶1
⃗ 𝑃𝑀𝐶1 = 𝑅𝑥𝑛 ∗ [𝐼𝑃 ] ∗ 𝛺
𝐻
0
⃗ 𝑃𝑀𝐶1 = [𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ sin(𝛽) − 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ cos(𝛽)]
𝐻
𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ cos(𝛽) + 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ sin(𝛽)
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Where the rotation matrix 𝑅𝑥𝑛 places the mass moment of inertia in the input carrier frame of
reference with the PMC angular velocity components. The first angular momentum of PMC2 is:
⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝐻𝑃𝑀𝐶2 = 𝑅𝑥𝑝 ∗ [𝐼𝑃 ] ∗ ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝛺𝑃𝑀𝐶2
0

⃗ 𝑃𝑀𝐶2 = [𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ cos(𝛽) − 𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ sin(𝛽)]
𝐻
𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ cos(𝛽) + 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ sin(𝛽)
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Using these terms we can then find the rate of change of the angular momentum which is
equivalent to the dynamic moment. This is calculated as:
⃗ 𝑃𝑀𝐶1 𝛿𝐻
⃗ 𝑃𝑀𝐶1
𝐷𝐻
⃗ 𝑃𝑀𝐶1 × 𝐻
⃗ 𝑃𝑀𝐶1
=
+𝛺
𝐷𝑡
𝛿𝑡
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for PMC1 and:
⃗ 𝑃𝑀𝐶2 𝛿𝐻
⃗ 𝑃𝑀𝐶2
𝐷𝐻
⃗ 𝑃𝑀𝐶2 × 𝐻
⃗ 𝑃𝑀𝐶12
=
+𝛺
𝐷𝑡
𝛿𝑡

3.47

for PMC2. For both of these term t represents time, and for both moments this term is zero. This
is due to the assumption that the transmission is operating at steady state, and therefore the time
rate of change of the angular momentum is equal to zero. This leads to the cross product terms
equaling the dynamic moment. For PMC1 and PMC2 these terms are calculated to be:
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⃗ 𝑃𝑀𝐶1 × 𝐻
⃗ 𝑃𝑀𝐶1
𝛺
𝜔𝑧 ∗ (𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ cos(𝛽) − 𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ sin(𝛽)) − 𝜔𝑦 ∗ (𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ cos(𝛽) + 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ sin(β))
=[
]
0
0
⃗ 𝑃𝑀𝐶2 × 𝐻
⃗ 𝑃𝑀𝐶2
𝛺
=[

𝜔𝑦 ∗ (𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ cos(𝛽) + 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ sin(𝛽)) − 𝜔𝑧 ∗ (𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ cos(𝛽) + 𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ sin(β))
]
0
0
It is important to note that the moments generated on the two PMCs signs are equal in magnitude
and opposite in direction, and that if unconstrained, would straighten out the PMC bodies forcing
the nutation angle to zero.

Understanding that these moments are equal and opposite is also the

key reason why the two PMCs nutation angles are oriented opposite of one another. While each
PMCs bearings must react to the dynamic moments independently, the overall impact on the input
carrier is two moments that counteract one another creating a zero net torque.
The dynamic moment is also of critical concern to PMC bearing loads due to the magnitude
of the moment being dependent on the square of the angular velocity components. For rotorcraft
applications, transmission speeds tend to range from thousands of rpm to hundreds from turbines
to the final output rotor speed. Understanding an operational regime where these moments are
manageable will be critical to appropriate operation and application of the pericyclic transmission.

3.3 Static and Dynamic Loading Test Cases
Using the static and dynamic equations from the previous two sections we can now
examine loading for varying scenarios with the help of some assumptions about geometric
parameters of the transmission. Table 3.1 below provides values of geometric terms that will be
held constant through calculations in this section:
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Table 3.1 – Pericyclic Transmission Dimension Values

Geometric
Term
𝑟𝑖𝑛

Value (in)

𝑟𝑜𝑢𝑡

3

𝑅𝑏𝑖

10

𝑟𝑜𝑢𝑡𝑏

5

4

3.3.1 Teeth In Contact
As mentioned earlier in reference to work related to pericyclic gear development by
Mathur, the high number of gear teeth in contact in the pericyclic drive is a key feature that provides
advantages over traditional transmission systems. This load sharing capability of the transmission
allows for smaller and lighter gear teeth to be utilized in fabrication and lower bending moments
and stresses to act upon those gear teeth.

The number of teeth in contact is dependent upon the

number of teeth in the two meshes and also the nutation angle of the PMC. Calculations run by
Mathur [9] provide and idea of the number of teeth in contact and the subsequent load sharing
ability of the gear teeth across varying nutation angles. Figure 3.5 shows a range of outputs using
gear teeth number of N1, N2, N3 and N4 set equal to 52, 54, 81 and 80. As nutation angle decreases
the number of teeth in contact drops toward values expected from convention bevel and spur gear
meshes as the PMC body flattens out and increases its angle of nutation.
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Gear Teeth in Contact Across Nutation Angles
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Figure 3.5 – Number of teeth in mesh across varying nutation angles

Highest load sharing is present at low nutation angles where with minimum teeth in contact
a gear would only be supporting approximately 17% of the transmission load, where nearing ten
degrees a single tooth could be supporting 100% of the transmission load. This will be important
to keep in mind when examining the tradeoffs in loading of bearings when PMC geometry is
altered.

3.3.2 Static Loading Test Case
Using the values in Table 3.1 we will first perform static load calculations over a varying
range of nutation angles and 𝑟𝑝𝑧 to examine how PMC bearing loads are effected. Once again N1,
N2, N3 and N4 will be set equal to 52, 54, 81 and 80 for a 40:1 reduction ratio and the diametral
pitch for both gears will be 6”. The nutation angle will be varied in steps of two degrees from two
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to ten degrees nutation over a wide range of 𝑟𝑝𝑧 values from one to five inches. The 𝑟𝑝𝑧 value is
the distance from the center of the PMC that the bearing reaction forces act upon. While beyond
𝑟𝑝𝑧 = 3.5” there may be geometric interference between the PMC and the input carrier bodies, but
loads were calculated to 5” to give a greater idea of the loading trend associated with 𝑟𝑝𝑧 .
For this loading scenario three loads were examined for each PMC, the radial loads on the
two radial bearings, and the axial load on the center bearing. The radial load is calculated via the
magnitude of the x and y loads in the radial plane of the radial bearings from the solution to the
system of static equations previously mentioned. Figures 3.6-3.11 provides the outputs to these
loading scenarios and provides insight to the loading trends of these bearings as nutation angle and
𝑟𝑝𝑧 vary.
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Figure 3.6 – PMC 1 radial load RCM side varying placement and nutation angle
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PMC 1 Radial Load on Output Side Bearing
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Figure 3.7 – PMC 1 radial load output side varying placement and nutation angle
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Figure 3.8 - PMC 1 axial load varying placement and nutation angle
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PMC 2 Radial Load on RCM Side Bearing
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Figure 3.9 - PMC 2 radial load RCM side varying placement and nutation angle
4

7

PMC 2 Radial Load on Output Side Bearing
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Figure 3.10 - PMC 2 radial load Output side varying placement and nutation angle
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PMC 2 Axial Bearing Load
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Figure 3.11 - PMC 2 axial load varying placement and nutation angle

It is important to note that the scales of the radial loads in the radial load figures are the
same as one another as well as the scale of the axial loads in axial load figures for comparison. For
PMC1 the radial loads display an exponential relationship with respect to change in 𝑟𝑝𝑧 . The radial
loads on the RCM side bearing decrease significantly with increased 𝑟𝑝𝑧 and also with increased
nutation angle. The output side bearing radial loads on the other hand increase with 𝑟𝑝𝑧 and nutation
angle. PMC2 bearings are similar where the RCM side bearing loads decrease with both factors
while the output side bearing decreases with 𝑟𝑝𝑧 and increases with nutation angle. While this may
appear asymmetrical there is reasoning to these trends that is tied back to the manner in which force
is input to the system. The difference between the trends for the output side bearings and axial
bearings is derived from the asymmetry of the input force from the bevel gear mesh on the input
carrier that delivers power into the system. The components of this force act to generate torques
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on the input carrier that do not perform useful work and act perpendicular to the rotation of the
input carrier body. These are then translated to and reacted by the PMC bearings.
The RCM side loads for each PMC behave similarly and experience diminishing reductions
in loads as the nutation angle increases. They also experience decreased loads with increased 𝑟𝑝𝑧
which effectively acts as a moment arm for the bearing reaction forces. For both examples beyond
an 𝑟𝑝𝑧 value of 3” and a nutation angle of 4 degrees the reduction in load is significantly lessened.
Also beyond these values the PMC geometry is less and less favorable to positioning the bearings
further away from the PMC center without additional support structures due to its decreased overall
length which was mentioned in section 2.4.
The two output side bearings exhibit similar effects from increased nutation angle with
loads increasing with nutation angle. Again the effects of this are diminishing with higher nutation
angles but are still present. These loads also exhibit the asymmetry from the input gear mesh where
the PMC1 loads are significantly higher than the PMC2 loads. The axial loads are also observed to
not experience any change with respect to 𝑟𝑝𝑧 and this is due to the fact that they are fixed at the
PMC centers and their positions do not change with 𝑟𝑝𝑧 .
Overall these loads are all well within reasonable loading limits assuming that the bearings
would have an approximate inner diameter of 7”, a value slightly greater than the outer radius of
the PMC bodies with these parameters. Radial roller bearing and axial ball bearings with this inner
radius are more than capable of handling the loads presented in this static analysis. Data taken
from common bearing catalogs [13] present this, and also maintain that the operational speeds of
the PMC bearings are well within reason. But in order to fully determine the PMC bearing loads
the dynamic loads must be taken into account which will be discussed in the next section.
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3.3.3 Dynamic Moment Generation
In order to perform dynamic moment calculations multiple geometric terms must be
defined similar to the static calculations. The term 𝑅𝑏𝑖 the, outer radius of the PMC body and

inner radius of the bearing will be 7”, a value slightly larger than the outermost radius of
the largest PMG gear radial distance. The density 𝝆 will also be defined as 0.2908lbs/in3
the approximate density of gear steel. With these terms defined and the same geometric
parameters utilized from the static loading scenario, we can run a test of dynamic loads
across varying nutation angles. The value 𝑟𝑝𝑧 is assumed to have no effect on the dynamic
loading of the PMC bodies, although in reality the mass of the inner race of the bearings would
have some effect on the dynamic load generated. Once again nutation angles ranged from two

to twelve degrees to examine the loads produced within the pericyclic gear meshing range.
For this scenario the dynamic moment generated is shown below.
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Figure 3.12 – Dynamic moment generated by motion of PMC body

The dynamic moment generated from the motion of the PMC body wobbling is observed
to increase greatly with change in nutation angle. It can be observed to begin to taper off at the
extreme end of the nutation angle range, but for the majority of the design space it can be described
in general as linearly increasing. For the dynamic loading case lower nutation angles seem
favorable to decrease the dynamic moments overall magnitude. Unfortunately the magnitude of
the dynamic moment generated is approximately three orders of magnitude higher than the static
loads generated. Shortly we will examine how this moment translates to radial bearing loads and
the overall effect on bearing sizing.
One additional property provided by the detailed PMC body geometry used in the dynamic
loading calculations is the total mass of the PMC cylinder. Figure 3.13 displays the change in mass
as the nutation angle varies.
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PMC Mass Across Nutation Angle Range
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Figure 3.13 – PMC mass across varying nutation angle

This trend is to be expected as it directly matches the trend of the overall length of the PMC body
as the nutation angle varies. Also, this mass value can be added to the static loading to account for
the mass of the PMC bodies load on the PMC bearings.

3.4 Combined Static and Dynamic Loading Model
In order to fully understand the loads experienced by the PMC bearings, the dynamic
moment must be incorporated into the system of equations so that its full effect upon radial loads
can be shown. In order to achieve this the dynamic moment term for each PMC was added to
Equation 3.26 so that they were calculated as:
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−𝑀𝑑
𝑀𝑑1 = { 0 }
0
𝑀𝑑2

3.49

𝑀𝑑
= {0}
0

0
0
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
0
∑𝑀1 = {
} × −𝐵1𝑟 + { 0 } × −𝐵
1𝑜 + 𝐷1𝑟 × 𝐹1𝑟 + 𝐷1𝑜

−𝑟𝑝𝑧

𝑟𝑝𝑧

× ⃗⃗⃗⃗⃗⃗
𝐹1𝑜 + 𝑀𝑑1
0
0
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗⃗⃗⃗
0
∑𝑀2 = { } × −𝐵2𝑟 + { 0 } × −𝐵
2𝑜 + 𝐷2𝑟 × 𝐹2𝑟 + 𝐷2𝑜

𝑟𝑝𝑧

3.50

−𝑟𝑝𝑧

× ⃗⃗⃗⃗⃗⃗
𝐹2𝑜 + 𝑀𝑑2
where 𝑀𝑑1 and 𝑀𝑑2 are the dynamic moment acting about the x axis of each PMC in opposite
directions and 𝑀𝑑 is the magnitude of dynamic moment generated by the PMC bodies. The system
of equations is then solved again with these updates equations and the PMC bearing loads are
plotted against a varying nutation angle to examine their magnitude and trend.
The parameters for this test are the same as previous tests for dynamic and static loading
except 𝑟𝑝𝑧 is set fixed at a value of 2.5”. This value was chosen due to it being within a realistic
range of bearing placement for a wide range of nutation angles while also being able to significantly
reduce the radial loading of the PMC bearings on the RCM side without significantly increasing
the loading on the output side bearing loads of either PMC. When this loading scenario is run the
output is quite interesting. The radial loads on both PMC bearings are significantly increased from
the static loading scenario. Figures 3.14-3.16 provide the updated values of the radial and axial
bearing loads for both PMCs.
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PMC1 Combined Static and Dynamic PMC Bearing Loads
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Figure 3.14 – PMC 1 bearing radial loads including dynamic moment
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PMC2 Combined Static and Dynamic PMC Bearing Loads
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Figure 3.15 – PMC 2 bearing radial loads including dynamic moment
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Figure 3.16 – PMC axial bearing loads including dynamic loads

Radial loads on both PMCs are two orders of magnitude higher than the static loading
case, well beyond reasonable loads for the bearings sizes discussed at the end of section 3.3.2.
The dynamic moment is such a dominant term that for either bearing in the PMC bearing pairs,
their load trends almost perfectly match as the nutation angle changes. The only difference
between their loads in the pair is from the difference in the static loads, which are negligible
compared to the dynamic load components. This is quite concerning as far as sizing bearings that
can manage these loads while remaining light enough for the power to weight ratio necessary for
aircraft transmissions. Two radially loaded bearings would have to be replaced by multiple rows
of bearings to effective manage the loads present.
One positive from examination of this loading scenario is that the axial loads for PMC1
and PMC2 are the same as they were in the strictly static scenario. This is because they have no
effective moment arm for their loads to react to the dynamic moment. Although, if bearing
deflections were taken into account there would be some loading to be concerned about from the
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dynamic moment that could be transmitted to the axial bearings due to misalignment of the PMC
body creating a moment arm that the axial loads would have to react to.
Another positive aspect is that these dynamic loads are solely contained to the PMC
bearings. Because the dynamic moments generated are equal and opposite when the PMC bodies
are aligned symmetrically as discussed in previous sections, there is no net torque transferred to the
input carrier. Figure 3.17 display the input carrier bearing loads from the combined static and
dynamic model where only nutation angle was varied.
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Figure 3.17 – Input carrier bearing loads across nutation angles

The loads upon the input carrier bearings are still well within reason and are the same order of
magnitude as the static loads on the PMC bearings.
The remainder of this body of work will focus on attempting to find methods to decrease
the dynamic moment’s effect on the PMC bearing loads to create a loading scenario that is
manageable while remaining lightweight.

Chapter 4
LOAD MANAGEMENT AND BEARING LOADS
Load values produced in chapter three displayed the high values of PMC bearing loads
which provided concern over their ability to appropriately manage these loads at desired operational
ranges. This chapter will examine possible solutions for mitigating these high loading scenarios to
provide and operational range for the pericyclic transmission to function within.

4.1 Varying Input Speed
While the input speed in loading case studies was chosen to mimic a scenario that would
be commonly found in rotorcraft applications, this investigation examined varying input speed on
the transmission system in hopes of finding an application for the transmission that would be able
to take advantage of its high reduction ratio while minimizing the dynamic loads without any
supplemental support structures. Due to the dynamic loads being proportional to the square of the
input speed, decreasing the operational speed greatly reduces the dynamic load generated. To
further examine this a series of loading scenarios were run with input speed ranging from the
previously examine 12,000rpm down to 400rpm. Table 4.1 below shows the input speeds used and
the final transmission output speed assuming an overall reduction ratio of 40:1 using the same teeth
numbers from chapters 2 and 3 and a nutation angle of 4 degrees. It also displays the two
component speeds of the PMC body as moves in and out of mesh which are dependent upon
nutation angle.
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Input Speed
(rpm)

Output Speed
(rpm)

PMC Rotational
Speed (rpm)

12000
10000
8000
4000
2000
1500
1000
800
400

300
250
200
100
50
37.5
25
20
10

415.24
346.04
276.83
138.41
69.21
51.91
34.60
27.68
13.84

PMC
Nutational
Speed (rpm)
836.65
697.21
557.77
278.88
139.44
104.58
69.72
55.78
27.89

The dynamic moment generated from these input speeds was then calculated varying
nutation angle from 2 to 12 degrees. Figure 4.1 shows the plots using input speeds ranging from
12,000 to 4,000 rpm and Figure 4.2 shows 2000 to 400 rpm.
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Figure 4.1 – Dynamic moment generated at high speeds across nutation angles
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Figure 4.2 - Dynamic moment generated at moderate speeds across nutation angles

From these plots we can see dramatic reductions in the dynamic moment generated by the
PMC body as the input speed decreases. Below 1000 rpm input speed the moment approaches
similar orders of magnitude to the static loads of the PMC bearings. Without any additional devices
to mitigate the dynamic loads, the three bearings associated with the PMC would be able to
reasonably handle the loads generated in transmission operation. Unfortunately, in rotorcraft
operation the final output speeds to the blades is in the low to mid hundreds range, meaning the
input speeds are required to be in the upper thousands to tens of thousands range. Therefore a
method to diminish the dynamic loads generated at these high speeds is required in order for the
pericyclic transmission to find use in rotorcraft systems.
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4.2 Dynamic Moment Counterbalance
One method examined in an attempt to curb the dynamic load generated is the use of a
mass counterbalance system. If we examine the symbolic term describing the dynamic moment
generated from section 3.2.2 we can see that it is the difference of two terms defined by the moment
of inertia and speed of the PMC body.
𝑀 = 𝜔𝑧 ∗ (𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ cos(𝛽) − 𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ sin(𝛽)) −
4.1
𝜔𝑦 ∗ (𝐼𝑝𝑧𝑧 ∗ 𝜔𝑧 ∗ cos(𝛽) + 𝐼𝑝𝑦𝑦 ∗ 𝜔𝑦 ∗ sin(β))
The fact that the two terms that make up the dynamic moment are counteracting one
another is advantageous in attempting to alter the values of these terms to benefit the transmission
loading. If an additional mass was added to the PMC body it would alter the moment of inertia of
the PMC such that:

𝐼𝑝𝑥𝑥
𝐼𝑃 = [ 0
0

0
𝐼𝑝𝑦𝑦
0

0
𝐼𝑐𝑏𝑥𝑥
0 ]+ [ 0
𝐼𝑝𝑧𝑧
0

𝐼𝑝𝑥𝑥 + 𝐼𝑐𝑏𝑥𝑥
0
= [
0

0
𝐼𝑐𝑏𝑦𝑦
0

0
0 ]
𝐼𝑐𝑏𝑧𝑧

0
𝐼𝑝𝑦𝑦 + 𝐼𝑐𝑏𝑦𝑦
0

0
0
]
𝐼𝑝𝑧𝑧 + 𝐼𝑐𝑏𝑧𝑧

4.2

where 𝐼𝑐𝑏𝑥𝑥 , 𝐼𝑐𝑏𝑦𝑦 and 𝐼𝑐𝑏𝑧𝑧 are the moment of inertia terms of a counterbalance body
attached rigidly to the PMC. By altering the moment of inertia term with the additional
mass the PMCs dynamic moment can be altered. The dynamic moment can now be
represented as:
𝑀 = 𝜔𝑧 ∗ ((𝐼𝑝𝑦𝑦 + 𝐼𝑐𝑏𝑦𝑦 ) ∗ 𝜔𝑦 ∗ cos(𝛽) − (𝐼𝑝𝑧𝑧 + 𝐼𝑐𝑏𝑧𝑧 ) ∗ 𝜔𝑧 ∗ sin(𝛽)) −

4.3

𝜔𝑦 ∗ (𝐼𝑝𝑧𝑧 + 𝐼𝑐𝑏𝑧𝑧 ) ∗ 𝜔𝑧 ∗ cos(𝛽) + (𝐼𝑝𝑦𝑦 + 𝐼𝑐𝑏𝑦𝑦 ) ∗ 𝜔𝑦 ∗ sin(β))
If we then set the dynamic moment to zero we can equate the two terms to one another. From here
we can begin to modify the moment of inertia terms of the counterbalance in an attempt to equate
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the two halves of the dynamic moment term. In order to accomplish this we must first define the
counterbalance’s geometry and mass properties.
In order to prevent the generation of any centrifugal loading or asymmetry within the PMC,
it was decided that a hollow cylinder shaped counterbalance would be used to alter the PMC
moment of inertia. This ring would have a length, an inner and outer radius, and a distance from
the PMC center. An assumption was made that there would be some thin structure attaching the
counterbalance to the PMC and that it’s mass would have negligible effect on the overall moment
of inertia. Figure 4.3 shows the geometric shape of this hollow cylinder structure that would be
generated.

Figure 4.3 – Geometry of PMC counterbalance
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This would then have a rigid attachment to the PMC which is shown in a profile view in
Figure 4.4 which also shows the inertial bodies the PMC was split into to find the total PMC
moment of inertia.

Figure 4.4 – Placement of PMC counterbalance mass

Using this geometry as a guide we can then calculate the modified moment of inertia for
the PMC system required to eliminate the dynamic moment. We can use the same method for
calculating section three of the PMC moment of inertia to resolve the counterbalance moment of
inertia simply using the total cylinder minus the partial cylinder body.
Having the dynamic moment equation to solve for, parameters needed to be laid out to
define the geometric values of the counterbalance. A range of values was set for the length, and
distance from the center of the PMC of the counterbalance. This provided a boundary for the
counterbalance to lie within. Then using a mathematical solver, the outer radius that would result
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in the dynamic moment being zero was found. This was performed across a range of nutation
angles, again from two to twelve degrees. For each nutation angle a range of counterbalance outer
radii was produced under viable combinations of length, and distance from the PMC center. The
inner radius of the counter balance was initially set as the outer radius of the PMC, which is the
same as the inner radius of the PMC bearings.
In order to make a more realistic model of weight optimization similar to models found in
Belegundu’s optimization text [12] for the counterbalance an additional mass term was derived to
account for the space the larger counterbalance envelopes.

This term was defined as the

counterbalance housing mass. As the size of the counterbalance extends further and further from
the PMC both radially and axially, the housing that would contain this additional mass and enclose
the transmission would increase as well. In this model the housing is defined as a cylindrical body
that begins at the outermost side of the RCM side of the PMC, where the counterbalance would be
attached, and envelopes the maximum space radially and axially that the counterbalance would take
up. No mass for the capping or closing off of this cylinder is accounted for because with or without
the counterbalance the transmission would require to be enclosed, so the cap weight is assumed to
be the same. Therefore we are only interested in the additional mass of the walls that would extend
the transmission housing. This term acts as a limiting value of the system that prevents the
minimum counterbalance space from being too spatially excessive. Without this term, the outer
radius and length of the counterbalance would converge to the upper bounds of the size range
provided while minimizing weight and have no diminishing returns on its overall size.
Using this counterbalance model, optimized values were found for the total mass of the
PMC, counterbalance, and additional housing across a varying range of nutation angles. The first
test set the inner radius of the counterbalance mechanism to the outer radius of the PMC of 6.5”,
and the range of the length and distance from center of the counterbalance were 0” to 10” and 5”
to 20” respectively. The minimum distance was set based upon the greatest axial length of the
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PMC on the RCM side which occurs at low nutation angles. The remainder of the geometric terms
defining the PMC body were kept the same from previous dynamic loading cases. The geometry
of the additional housing was defined by the outermost extent of the counterbalance beyond the
size of the PMC and the thickness of the housing was set at 0.25” and the density of aluminum was
applied. Calculations finding the minimum total weight at varying nutation angles were then found
and Figure 4.5 below provide the masses of the PMC, counterbalance, and additional housing
weight as well as the dimensions in Figure 4.6 of the counterbalance.
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Figure 4.5 – Mass of counterbalanced PMC components

We can see across the nutation angles that the PMC gear mass decreases with increasing
nutation angle as discussed in Chapter 2. We also know from Chapter 3 that the dynamic moment
generated increases as the nutation angle increases. The counterbalance weight can be seen to
increase in weight at higher nutation angles, depicting the need for increased mass to manage the
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higher dynamic loads being generated. The combined weight of the PMC, additional housing, and
counterbalance is minimized around 6.5 degrees nutation, but at this high nutation angle there are
half as many teeth in mesh on the PMC gears as there are at 2 degrees nutation sharing the load of
the transmission.
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Figure 4.6 – Size of PMC counterbalance

The size of the counterbalance is displayed in figure. The distance from center quickly
increase up until it reaches its upper limit of 20”. The length of the counterbalance can be seen to
flat line at the minimum allowable value and then greatly increase as the distance limit is reached,
while the outer radius slightly decreases until the distance limit is reached. Based on the total mass
values provided in Figure 4.5 it was deemed to be acceptable for the distance from center term to
hit its upper limit as the total mass and trend of the mass leading up to that point was swiftly
increasing. Also beyond this nutation angle there are few teeth in contact and there are very few
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benefits of having a high nutation angle. These are promising results, but in order to be sure that
this counterbalance solution would be the optimal, further testing was done varying the inner radius
of the counterbalance to see if lower counterbalance mass values could be found. Figure 4.7 below
shows the outputs from varying the counterbalance inner radius and the total PMC mass with the
counterbalance and additional housing are shown.
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Figure 4.7 – Mass of counterbalanced PMC with varying internal counterbalance radius

The total mass curves all trend the same as one another only varying in magnitude as the
inner radius increases. The best option can still be seen to be the smallest inner radius which lies
out the outer extent of the PMC body. Now that the major dynamic load can be negated and the
mass of the PMC and counterbalance are known, an examination of possible centrifugal loads can
be carried out and then bearing loads fully resolved.
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4.3 Centrifugal Loading of PMC Body
With the addition of the counterbalance to the PMC body an additional term must be taken
into consideration that provides further loading to the PMC bearings. In standard configurations
the PMC gear body is fairly symmetrical, and its mass center is near if not in line with its nutation
center. With the addition of the counterbalance and due to the asymmetry of the PMC body
described by this work, the center pf gravity is moved away from the nutation center. This can be
seen in the figure below.

Figure 4.8 – Altered center of mass of PMC due to counterbalance body

This offset center of gravity means that as opposed to being stationary at the PMC center
the center of gravity now has a circular orbit. As the mass moves about this orbit it generates an
additional centrifugal force as shown:
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Figure 4.9 – Centrifugal force generated by offset center of gravity

This force can be found by multiplying the mass of the PMC by the acceleration of the
center of gravity at the. The acceleration can be found by taking the rotational angular velocity
squared timed the radius of the center of gravity’s orbit such that:
𝑎𝐶𝑂𝐺 = 𝜔𝑧2 ∗ 𝑅𝐶𝑂𝐺 ∗ 𝑠𝑖𝑛(𝛽)

4.5

With the resulting force being found via:
𝐹𝑐 = 𝑀𝑃𝑀𝐶 ∗ 𝑎𝐶𝑂𝐺

4.6

This force also produces a moment due to its distance from the PMC center which can be found
by taking the cross product.
𝑀𝑐 = 𝑅𝐶𝑂𝐺 × 𝐹𝑐

4.6

These additional forces and moments are added to the combined dynamic and static solver in the
next section to resolve the PMC bearing loads across a range of nutation angles.
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4.4 Bearing Loads, Stress, and Strain
With the dynamic loads managed or resolved, the static load solver can once again be used
with the updated PMC mass and the centrifugal term, and then the bearing loads can be resolved.
The roller bearing and thrust ball bearing stress and strain can then be calculated and an estimate
of the bearing size required to successfully transfer power from the input carrier to the PMCs can
be found. A static load case was run once again with the updated PMC mass, the following plots
show the radial and axial loads of the PMC bearings.
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Figure 4.10 – PMC 1 radial bearing loads
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Figure 4.11 – PMC 2 radial bearing loads
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Figure 4.12 – PMC 1 and 2 axial bearing loads
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The centrifugal loading can be seen to have an impact at moderate nutation angles
compared to the cases where the PMCs center of gravity was at its nutation center. Due to the
loads being lowest at two degrees nutation, and having the benefit of the greatest number of teeth
in contact, bearing stress and deformation were decided to be found with that design in mind. In
the table below the loads for each PMC bearing are shown at two degrees nutation.

Table 4.1 – PMC 1 & 2 bearing peak loads

PMC 1

PMC 2

Output Side Radial Load

33,600 lbf

149,460 N

64,550 lbf

287,130 N

RCM Side Radial Load

79,070 lbf

351,720 N

45,280 lbf

201415 N

Axial Load

15,750 lbf

70,060 N

769 lbf

3,420 N

Assuming that as the PMCs turn over through their meshing cycle and PMC 1 and PMC 2 will
switch orientations with respect to gravity and the location of the input gear mesh, the maximum
radial load for the output side is assumed to be 64,550 lbf, and 79,070 lbf for the RCM side. This
assumption also carries to the axial load assuming the maximum for either PMC’s axial bearing is
15,750 lbf. Therefor the bearings will be designed to ensure their ability to accommodate these
loads while operating at 1,000HP and 12,000rpm input speed.
Equations for bearing stresses and deflections were taken from Tedric Harris’ texts on
bearing analysis [14][15]. For rollers the maximum loaded roller would experience a force
described by:
𝑄𝑚𝑎𝑥 = 𝐹𝑟 ∗

4.37
𝑛𝑟𝑜𝑙𝑙𝑒𝑟

4.7

Where 𝐹𝑟 is the radial force applied to the bearing, and 𝑛𝑟𝑜𝑙𝑙𝑒𝑟 is the number of rollers in the bearing.
Then the maximum stress of this roller can be calculated with:
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𝜎𝑚𝑎𝑥 =

2 ∗ 𝑄𝑚𝑎𝑥
𝜋 ∗ 𝑙 ∗ 𝑏𝑖

4.8

With 𝑙 being the roller length, and 𝑏𝑖 the semi-minor axis of the projected contact are of the inner
race which can be found with:
𝑄𝑚𝑎𝑥
𝑏𝑖 = 2.78 ∗ 10−4 √
𝑙 ∗ 𝜌𝑟

4.9

The term 𝜌𝑟 is the equivalent radius of curvature which is calculated with:
𝜌𝑟 =

𝑑𝑏𝑖 + 𝑑𝑏𝑜 − 2 ∗ 𝑑𝑏
2 ∗ (𝑑𝑏𝑖 + 𝑑𝑏𝑜 ) ∗ 𝑑𝑏

4.10

Where the bearing inner race, outer race, and roller diameter are 𝑑𝑏𝑖 , 𝑑𝑏𝑜 , 𝑑𝑏 respectively. Finally
the line contact deformation for the maximum loaded roller is found using:
𝛿𝑚𝑎𝑥 = 4.329 ∗ 10−7 ∗

0.9
𝑄𝑚𝑎𝑥
𝑙 0.8

4.11

These equation will yield the maximum stress and deflection for the roller bearings holding the
PMC in place. For the axially loaded bearing, the load is assumed to be evenly distributed between
all the balls, at which point the contact can be modeled as a sphere within a sphere. The force a
single ball is subjected to is simply:
𝑄=

𝐹𝑎
𝑛𝑏𝑎𝑙𝑙𝑠

4.12

and the maximum stress experience by that ball is found using:
𝜎𝑚𝑎𝑥 =

3∗𝑄
2 ∗ 𝜋 ∗ 𝑎2

4.13

Where 𝑎 the contact radius is given by:
3

𝑎= √

3 ∗ 𝑄 ∗ 6.275 ∗ 10−8
1 1
4∗( − )
𝑟𝑏 𝑟𝑟

4.14
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The term 𝑟𝑏 is the bearing ball radius and 𝑟𝑟 is the race radius. Maximum ball deformation can also
be found after 𝑎 is calculated using the equation:
1/3

𝛿𝑚𝑎𝑥 = 1.04 ∗ [(𝑄 ∗ 6.275 ∗ 10

−8 )2/3

1
1 1
∗ ( ∗ ( − ))
2 𝑟𝑏 𝑟𝑟

4.15

]

From here, bearing sizing began using the outer radius of the PMC body as the interior
bore of the bearings. The outer diameter of the PMC body from section 3.2.1 was 12.5” or 318mm.
As mentioned previously dimensions for such bearings were taken from bearing catalogs [13] for
cylindrical roller bearings and thrust ball bearings to perform basic stress and deflections
calculations.
Table 4.2 – PMC bearing dimensions and ratings

Bearing Type

Bore (in)

OD (in)

Dynamic Load
Rating (lbf)

Weight
(lbs)

Radial Roller

12.5

16.5

160,000

42.8

Thrust Ball

12.6

15.8

37,000

40.5

For the roller bearings, the dimensions necessary for calculating stress and strains can be
seen in the table below.

Table 4.3 – PMC roller bearing critical dimensions

Number of Rollers:

30

Roller Diameter:

1 inch

Roller Length:

1 inch

Inner Race Diameter:

13.5 inches

Outer Race Diameter:

15.5 inches

Using the equation listed above, and the maximum bearing loads, the maximum stress comes out
to be 164ksi and the maximum deflection is 8.532*10^-4 in. Both of these values are well within
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reason for steel bearings which can handle stresses up to 200 ksi and deflections of 1*10^-3 in
according to Harris’ text.
For the axially loaded thrust bearing, the dimensions necessary are listed in the table below.
Table 4.4 - PMC thrust ball bearing critical dimensions

Number of Balls:

30

Ball Diameter:

1 inch

Race Diameter:

1.2 inch

Once again applying the appropriate equations, a maximum stress can be found to be 150ksi and
maximum deflection of 6.6*10^-4 in. Once again these stresses and deflections are within the
limits of steel bearings.
Overall this PMC design including a counterbalance eases one of the largest concerns
surrounding the pericyclic transmission, the ability of bearings to manage the loads associated with
driving power from the input body to the PMC bodies. When examining maximum loads in the
PMC bearings with counterbalances, the stresses and deflections are within a reasonable range for
bearings. The next section briefly outlines concerns with deflection in the bearings and the
reemergence of the dynamic moment due to operation at non ideal nutation angles.

4.5 PMC Bearing Deflection Across Input Speeds
In operation, the input speed of the pericyclic transmission will have to pass through a wide
range of speeds to it full operating speed. A concern would be that some of these speeds may
generate a dynamic moment that the counterbalance works to negate. In order to understand the
dynamic moment possible with a counterbalanced PMC, the dynamic moment generated was
calculated from an input speed of 0 RPM to 12,000 RPM. This was also done with a nutation angle
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misalignment associated with PMC bearing deflections. The nutation angle misalignments used
are shown in the table below.
Table 4.5 – Nutation errors applied related to relative equivalent bearing deflections

Using these nutation angle errors, the dynamic moment code was modified so that the
dynamic moment across the operating speeds was plotted and can be seen in Figure 4.8.
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Figure 4.13 – Dynamic moment generated with nutation angle error

We can see from the plot that with no bearing deflection producing a nutation angle error
there is no dynamic moment generated in the PMC. Unfortunately there is some deflection in the
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bearings and as we see this deflection the dynamic moment reappears as an exponential function
growing with input speed. To better understand the impact of this remainder dynamic moment we
will quickly calculate the dynamic moment and additional radial loads that would occur due to the
deformation of the proposed roller bearing from the previous section.
From section 4.3 we know that the PMC roller bearings would have a maximum deflection
of approximately 8.5*10^-4 in which would lead to a nutation angle error of 0.0166 degrees,
slightly more than 1/100th angle error. This deflection would lead to an increased radial load for
each PMC roller bearing of approximately 10,000lbf or about a 31% increase in applied force for
the 1,000HP example. This can be accounted for with the initial design of the counterbalance such
that the nutation angle used is the deformed counterbalance angle and the dynamic moment is still
fully negated. Unfortunately due to the high sensitivity of the dynamic moment to the nutation
angle, without coupling bearing and gear load and deformation codes, a full grasp of an exact
deformed nutation angle would be unattainable. Future work must couple these code together to
provide the accuracy necessary for a properly counterbalanced PMC body and to negate the
dynamic moment entirely. For the last section of this work, the counterbalance designed in
previous section will be assumed to be adequate in negating the dynamic moment to provide a
relative total weight estimate of a 1,000HP pericyclic transmission.

4.6 Total Transmission Weight Estimation
The total transmission weight will now be calculated via estimates of each component.
Bearing weight estimates will once again be taken via catalog bearings that are sized based on
geometric bodies described in previous work. The components are listed below in Table 4.7 with
multipliers to accurately show number of components needed for a dual pericyclic. Gear and shaft
components are assumed to be steel and the housing to be aluminum. The geometries defining
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each body were laid out in previous sections and their dimension are taken from the loading codes
that defined the positions of the reaction forces for each body.
Table 4.6 – Pericyclic transmission mass component estimations

PMC Gear Body with Counterbalance

120lbs x 2

PMC Radial Bearing

42.8lbs x 4

PMC Axial Bearing

40.5lbs x 2

Input Carrier Body

53.76lbs

Input Radial Bearing

32.4lbs x 2

Input Axial Bearing

29.4lbs

Output Gear and Shaft

34.5lbs

Output Radial Bearing

22.3lbs x 2

Output Axial Bearing

19.7lbs

Housing

38lbs

Using these weight estimates a pericyclic transmission that operates at 1,000Hp with a 40:1
reduction ratio the total weight would be approximately 800lbs. While this weight is high, the
components modeled in this study were purposefully grossly over estimated. Gears were modeled
as solid cylinders not taking into account that material would be removed to make teeth. Shafts
and connecting bodies were modeled as thick and solid, and possessed a great deal of additional
mass. Also the bearing configuration could greatly be reduced in weight. The axial bearing could
all be eliminated by the use of angled roller bearings so that each rotating body would only possess
two bearings as opposed to three. The removal of the axial bearings alone would reduce the
transmission weight by approximately 130lbs reducing the total weight to 670lbs, assuming the
angled roller bearings possess similar weight to the current roller bearings. Optimizing the mass
of shafting and webbing of gears as well as accounting for material removed to make teeth could
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reduce the weight by an additional 10-40% or more, yielding a total weight of 603-402lbs.
Coupling the loading codes provided in this work with gear coding and minimizing loading on both
would provide a greater understanding of geometries and provide much lower total mass of the
transmission. A final weight saving method could be to oversize the gears in order to fit and internal
input shaft to drive the PMCs as opposed to the cumbersome input carrier. This additional weight
saving method could easily reduce the mass of the transmission into the upper 300lb range. Not
only could these methods help shave weight but exploration of varying reduction ratios and tooth
numbers could also aid in finding more weight optimized versions of the pericyclic while
maintaining functionality in the rotorcraft design space. Further work will need to be done to
optimize the weight for aerospace application but a 3-4HP per pound power density with a 40:1
reduction ratio is well within reason for a 1,000HP pericyclic transmission that is optimized.

Chapter 5
CONCLUSION

5.1 Summary
This work has provided a comprehensive look at the pericyclic transmission system, its
many components, and the factors that impact the size, loading, and operation of the transmission.
Previous work on the pericyclic transmission was reviewed to examine the progress made by other
authors. Architectures of the transmission were then laid out to define major components and how
they worked together. Geometries were provided and static loading analyses displayed how power
flows through the transmission, and specifically how the power is delivered from the input carrier
to the PMC bodies. Initial static loads in the tens of thousands of pounds force range seemed
manageable but then the dynamic loads were taken into consideration.
Dynamic loads were calculated and examined to see the impact various operational regimes
had on the dynamic moment generated by the PMC. The high loads that are present in the PMC
bearings due to the dynamic moment, two to three orders of magnitude greater than static loads,
were noted as an issue and then work was done to specifically manage said loads. A counterbalance
system was devised and proven as an effective means of mitigating the dynamic loads generated,
allowing the final bearing loads to be found. Additional loading caused by the offset of the PMC
center of gravity was explained and equations defining the loading were provided. This centrifugal
force while high, is the lesser of two evils in the dynamics of the pericyclic transmission, being on
par with the static loads.
Then an analysis of bearing stresses and deflections was performed to ensure that these
values were within reason. Stresses and deflections were found to be within reason for steel rolling
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elements with maximum stresses at 164ksi and maximum deflections at 8.5*10^-4. In addition to
this an examination of the impact of deformation on the nutation angle and reoccurrence of the
dynamic load was performed to provide insight into how the transmission would behave when
loaded.
Finally with an understanding of the sizes of the various bodies, bearing loads generated,
and the housing to enclose the transmission a very rough and highly conservative estimate of the
total weight of a 1,000HP, 40:1 reduction ratio pericyclic transmission was provided to be around
800lbs. This work provides a basis for future investigations into the pericyclic transmission where
understanding of pericyclic loads will be critical. Understanding how various parameters impact
the size and load as well as management strategies for the dynamic load generated by the PMC will
be critical to any who wish to design or build a pericyclic transmission.
This work hopes to serve as a strong foundation for understanding the loads that impact
the PMC bearings.

While high speed in general tends to be unfavorable to the pericyclic

transmission, there are methods and strategies for mitigating the high loads associated with higher
speeds. For the pericyclic to fully mature and have an impact on rotorcraft industries, it must be
made more light weight to reduce dynamic and centrifugal loads, and more variations must be
explored that can lend themselves to being more easily balanced and provide greater leverage for
the PMC bearings to operate from.

5.2 Recommendations for Future Work
This work examined the loading of the pericyclic transmission, specifically the loading of
the bearings and how to manage those loads efficiently. Further development of models along with
integration into a more defined transmission system and validation of said models will be necessary
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in assuring the feasibility of the pericyclic transmission. That said recommendations for future
work are described in the coming paragraphs.
An increase in complexity of geometric bodies and geometric constraint interactions would
aid in higher fidelity models capable of encapsulating greater detail in trends within the pericyclic.
Replacing cylindrical bodies with well defined, three dimensional models taking into account
mounting fixtures, gear faces, tapering and hollowing of shafts, or housing bodies would provide
more exact models of bodies to run loading scenarios on. These highly developed bodies could
reveal unforeseen effect on loading or limiting factors that would be unforeseen in simplified
models. They would also provide a greater array of constraint interactions to study and understand
for the development of physical models of the pericyclic.

Finally the higher resolution of

geometries could provide a much more accurate, and lower overall transmission weight of the
pericyclic system.
Integration of the calculation tools presented in this work with gear modeling and loading
analysis for the pericyclic transmission would aid in displaying gains and losses associated with
altering geometric parameters. It would also allow for a more sophisticated tool box to generate
loads across all aspects of the transmission and allow for more accurate bearing and gear dimension
sizing. Taking into account every aspect of the transmission with higher fidelity and decreasing
total assumptions to provide a more realistic model could once again reveal trends that would
otherwise go unnoticed. Combing pericyclic gear work and finite element analysis with bearing
analysis would also allow for a better understanding of the deflection that the PMC body will
experience, and the resulting dynamic moment that returns due to this deflection. Without this high
fidelity understanding of the actual PMC deflection, the counterbalance cannot be a completely
viable solution to mitigating the dynamic moment.
Verification of the dynamic load elimination using counterbalance systems from chapter 4
via a physical models would be valuable evidence of load management for the pericyclic
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transmission. Operation of a model that can simulate the nutational and rotational motion of a PMC
going in and out of mesh containing bearing supports, could be utilized to measure dynamic loads
and verify the formulas governing said loads. Verification that the load calculations are accurate
for the PMC would provide confidence in loading estimates. Application of a counterbalance to
the observed body based upon the formulas and principles described earlier and the subsequent
measurement and observation of diminishing loads would then verify the counterbalance system
as a viable solution to PMC dynamic moment mitigation. A small motorized single PMC pericyclic
model utilizing cams as opposed to gears for simplicity, operated at high speed could produce fairly
high bearing loads relative to the model size. Measurement of this load before and after a
proportionally sized counterbalance is applied would allow for examination as to whether the
counterbalance would be an effective means of reducing dynamic loads. Also allowing the model
to run until fatigue failure of the bearing components with and without the counterbalance would
provide a concrete example of how the method could aid a full scale pericyclic.
Another body of work that could be useful to the development of pericyclic technologies
is carrying reduction ratio, tooth numbers and nutation angle. This would provide a wider breadth
of designs to examine that could hold clues into how to maintain feasibility for rotorcraft
applications while decreasing loads and weights. It could also show trends in counterbalance mass
and effectiveness as the shape and mass of the PMC gear body changes.
A final course of expansion for this topic is the varying of bearing types, configurations,
layouts and materials. The general layout of the bearings must remain within a similar configuration
in order for general pericyclic operation but creative geometric layouts that provide optimal
placement of the bearings to decrease loads would be beneficial. Examining other bearing types
that could better handle the loads applied in the transmission and decrease the total number of
bearings would also provide critical benefits to transmission weight and size no matter how small
the gains. Finally examination of ceramic bearings as opposed to standard steel bearings could
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help benefit via saving weight and offering smaller bearing deflections that would also help
maintain efficient gear meshing and decrease and residual dynamic moments from being generated.
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