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Abstract

This dissertation concentrates on chance constrained optimization problems and their
application in systems and control area. In chance optimization problems, we aim
at maximizing the probability of a set defined by polynomial inequalities involving
decision and uncertain parameters. These problems are, in general, nonconvex and
computationally hard. With the objective of developing systematic numerical proce-
dures to solve such problems, a sequence of convex relaxations based on the theory
of measures and moments is provided, whose sequence of optimal values is shown to
converge to the optimal value of the original problem. Indeed, we provide a sequence
of semidefinite programs of increasing dimension which can arbitrarily approximate
the solution of the original problem. In addition, we apply obtained results on chance
optimization problems to challenging problems in the area of systems, control and
data science. We consider the problem of probabilistic control of uncertain systems
to ensure that the probability of defined failure/success is minimized /maximized. In
particular, we consider the probabilistic robust control and chance constrained model
predictive control problems. We also use the obtained results to analysis of stochastic
and deterministic systems. More precisely, we address the problem of uncertainty set
propagation and computing invariant robust set for uncertain systems and problem
of computing region of attraction set for deterministic systems. In the problem of
uncertainty propagation, we propagate the set of initial sets through uncertain dy-
namical systems and find the uncertainty set of states of the system for given time
step. In the problem of region of attraction and invariant robust set, we aim at
finding the largest set of all initial states whose trajectories converge to the origin.
Moreover, we present the problem of corrupted and sparse data reconstruction where
we want to complete the data with least possible complexity. In this thesis, to be
able to efficiently solve the resulting large-scale problems, a first-order augmented
Lagrangian algorithm is also implemented. Numerical examples are presented to
illustrate the computational performance of the proposed approach.
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Chapter

Introduction

The work presented in this thesis addresses the risk bounded control and planning
problems. In uncertain environments and systems, not only we need to specify
the desired behavior and control objectives, but also the level of risk that we are
willing to accept. In such environments, achieving predefined control objectives for
all possible uncertainties results in conservative approaches. Instead of achieving
control objectives for all possible scenarios, we aim at increasing the probability of
achieving these predefined goals. For this purpose, we use a probabilistic approach
to represent uncertainty and risk and introduce chance constrained optimization
problems. In chance constrained optimization problem, we aim at minimizing the
probability of failure or, on the other hand, maximizing the probability of success.
Probability of success and failure are defined in terms of constraints involving decision
and uncertain parameters with known probability distributions.

The potential application area of this problem class is quite large and encom-
passes many well-known problems in different areas as special cases. For example,
designing probabilistic robust controllers, model predictive controllers in the presence
of random disturbances, and optimal path planning and obstacle avoidance problems
in robotics can be cast as special cases of this framework. Moreover, problems in
the areas of economics, finance, and trust design can also be formulated as chance
optimization problems. These problems are, in general, nonconvex and computa-
tionally hard. In this thesis, with the objective of developing systematic numerical
procedures to solve such problems, a sequence of convex relaxations based on the

theory of measures and moments is provided, whose sequence of optimal values is



shown to converge to the optimal value of the original problem. Indeed, we provide
a sequence of semidefinite programs of increasing dimension which can arbitrarily
approximate the solution of the original problem.

We apply obtained results on chance optimization problem to design probabilis-
tic robust controllers for uncertain dynamical systems. Probabilistic control formula-
tions are used in different areas to deal with uncertain systems in order to ensure that
the probability of failure/success is minimized /maximized. For example, minimizing
probability of obstacle collision in motion planning of robotic systems under environ-
ment uncertainty can be formulated as instances of probabilistic control problems.
In this thesis, we provide results aimed at designing robust controllers that maxi-
mize the probability of reaching a given target set. More precisely, we start with an
uncertain polynomial system subjected to external perturbations for which we know
the probability distribution of the initial state, the uncertainty and the disturbances.
Then, given a target set defined by polynomial inequalities and number of steps N,
we provide algorithms for designing a nonlinear state feedback control law that i)
makes the target set a robustly invariant set and ii) maximizes the probability of
reaching the target set in N steps.

Also, we provide chance constrained model predictive control problems whose
objective is to obtain finite-horizon optimal control of dynamical systems subject
to probabilistic constraints. The control laws provided are designed to have precise
bounds on the probability of achieving the desired objectives. More precisely, con-
sider a polynomial dynamical system subject to external perturbation and assume
that the probability distribution of the disturbances at each time is known. Then,
given a desired set defined by polynomial inequalities and a polynomial cost function
defined in terms of states and control input of the system, we aim at designing a
controller to 1) minimize the expected value of given cost function over the finite
horizon and ii) reach the given desired set with high probability. For this purpose,
at each sampling time we solve a convex optimization problem that minimizes the
expected value of cost function subject to probabilistic constraints over the finite
horizon.

We also, address the problem of uncertainty propagation through dynamical sys-
tems where the aim is to find uncertainty set of states of the system for given time.

This set can be employed for analysis of uncertain systems and robust control pur-



poses.

Moreover, we generalize the obtained results on chance constrained problem and
introduce constrained semialgebraic volume optimization problem. This framework
enables us to find a convex equivalent problem for different problems with deter-
ministic or probabilistic nature. In this problem, we aim at maximizing the volume
of a semialgebraic set under some semialgebraic constraints. We show that many
well-known problems can be formulated as a constrained volume optimization prob-
lem. In particular, we address the problem of computing region of attraction set and
maximal invariant set for uncertain systems.

At the end, we show the application of convex methods in data science and
address the problem of reconstructing noisy sparse data. In this problem, we aim at
finding the missing part of given data with least possible complexity. This problem
arises in different areas like sensory networks, where the sensors do not completely
cover the area of interest; Hence, the sampled data are usually inadequate. Moreover,
reconstruction of corrupted image or videos can can be cast in this framework. In
this thesis, we propose a Hankel based approach to address this problem, where the
data is completed such that the number of exponential signals that can describe the

data, becomes minimum.

1.1 Classical Methods of Chance Optimization and

Control

Several approaches have been proposed to solve chance constrained problems. The
main idea behind most of the proposed methods is to find a tractable approximation
for chance constraints. One particular method is the so-called scenario approach;
see [1, 2, 3, 4, 5] and the references therein. In this approach, the probabilistic
constraint is replaced by a (large) number of deterministic constraints obtained by
drawing independent identically distributed (iid) samples of random parameters. Be-
ing a randomized approach, there is always a positive probability of failure (perhaps
small). In [6, 7, 8, 9, 10], robust optimization is used to deal with uncertain linear
programs (LP). In this method, the uncertain LP is replaced by its robust counter-

part, where the worst case realization of uncertain data is considered. The proposed



method is not computationally tractable for every type of uncertainty set. A specific
case that is tractable is LP with ellipsoidal uncertainty set [10]. In [11, 12, 13], an al-
ternative approach is proposed where one analytically determines an upper bound on
the probability of constraint violation. Although this method does provide a convex
approximation, it can only be applied to specific uncertainty structures. In [14, 15]
the authors propose the so-called Bernstein approximation where a convex conserva-
tive approximation of chance constraints is constructed using generating functions.
Although approximation is efficiently computable, it is only applicable to problems
with convex constraints that are affine in random vector ¢ € R™. Moreover, compo-
nents of ¢ need to be independent and have computable finite generating functions.
In [16, 17, 18] convex relaxations of chance constrained problems are presented. The
concept of polynomial kinship function is used to estimate an upper bound on the
probability of constraint violation. Solutions to a sequence of relaxed problems are
shown to converge to a solution of the original problem as the degree of the polyno-
mial kinship function increases along the sequence. In [18, 19], an equivalent convex
formulation is provided based on the theory of moments. In this method the prob-
ability of a polynomial being negative is approximated by computing polynomial
approximations for univariate indicator functions [19].

Distributionally robust chance constrained programming — (see [20, 21, 22, 23,
24]), is another popular tool for dealing with uncertainty in the problem, where
only a finite number of moments m, of the underlying measure fi, are assumed
to be known, i.e., {ma}taca is known for A C N™ such that |A| < oco. In this
approach robust chance constraints are formulated by considering the worst case
measure within a family of measures with moments equal to {mg}aca. However,
proposed methods in this literature are mainly limited to linear chance constraints
and/or to specific types of uncertainty distributions. For instance, in [20], under
the assumption m = Ej [¢] and S = Ej [(¢ — m)(¢ — m)T] are known, the linear
chance constraint of the form fi, ({q s ¢l > 0}) > 1 — € is replaced by its robust
counterpart: inf, ¢ fiq ({q 2 ¢l > 0}) > 1 — ¢, where M is the set of finite (pos-
itive) Borel measures on iq with their means and covariances equal to m and S,
respectively; and it is shown that these robust constraints can be represented as
second-order cone constraints for a wide class of probability distributions. In [21],

the authors has reviewed and developed different approximation methods for prob-



lems with joint chance constraints. In the proposed method, joint chance constraints
are decomposed into individual chance constraints, and classical robust optimization
approximation is used to deal with the new constraints. In [22] a tractable approxi-
mation method for probabilistically dependent linear chance constraints is presented.
In [23] linear chance constraints with Gaussian and log-concave uncertainties are ad-
dressed, and it is shown that they can be reformulated as semi-infinite optimization
problems; moreover, tight probabilistic bounds are provided for the resulting compre-
hensive robust optimization problems [25, 26]. In [24] an SDP formulation is provided
to approximate distributionally robust chance constraints where only the support of
fiq, and its first and second order moments are known.

Probabilistic control methods are used in different areas to deal with uncertain
systems in order to ensure that the probability of defined failure/success is mini-
mized/maximized. Several approaches have been proposed to involve statistics of
uncertainty in control procedure of uncertain systems. The main approaches are (i)
adding probabilistic constraints on states and inputs of system (e.g., see [27, 28]), (ii)
minimizing the expected value of the objective function (e.g., see [27, 28]). The main
problem in the formulation of chance constrained control is the efficient evaluation of
the probabilistic constraints. Hence, several approaches have been proposed to pro-
vide tractable approximations of the chance constraints involved in a probabilistic
control design problem. One of such methods is the so-called randomized approach;
see [28, 28, 29, 30, 31] and references therein. In this case, the probabilistic constraint
is replaced by a (large) number of deterministic constraints obtained by drawing iid
samples of the random parameters. Being a randomized approach, there is always a
(perhaps small) probability of failure of the algorithm. In [32, 33, 34, 35, 36, 37|, an
alternative approach is proposed where one analytically determines an upper bound
on the probability of constraint violation. In [37] expected value of uncertain objec-
tive function is proposed using the notion of particles. It tries to approximate the
distribution of the system state using a finite number of particles.

Probabilistic formulations of model predictive control can be used in different
areas to deal with systems subject to disturbances. The MPC method is an optimal
control based method, which a finite cost function is optimized at every sampling
time under imposed constraints. At each sampling time, MPC needs to predict

the future states of the system over the finite horizon using the dynamic of the



system. To deal with uncertain parameters of the system and disturbance, several
approaches have been proposed. In ([38, 39]), robust MPC for linear and polynomial
systems are proposed where robust constraints are employed. In this method, MPC
is formulated considering the a bundle of trajectories for all possible realizations of
the uncertainty. The robust MPC methods are conservative, due to the requirement
of robust feasibility for all disturbance realizations. In ([40, 41, 42, 43, 44]), adaptive
MPC are provided where neural networks are used to predict the future behavior of
the system. Using the online training algorithm, robustness against changes in the
robot parameters is obtained. In ([36, 45, 14]), to deal with model uncertainty the
probabilistic constraints are used. In ([36, 45]) probabilistic constraints for linear
systems are replaced with hard constrained assuming the Gaussian distribution for
uncertainty. In [14], a semialgabriac approximation of the probabilistic constraints
are obtained.

In dynamical systems with uncertain parameters and initial states, the states of
the system at each time are uncertain. This uncertainty set is a result of propaga-
tion of initial states set through uncertain dynamical system. Computing this set
of uncertainty for states of system could be used for analysis and robust control of
uncertain systems. This set can be obtained using the information of the probabil-
ity distribution of system states when probabilistic representation of uncertainty is
considered. More precisely, to compute such set of uncertainty one needs to recon-
struct the support of probability distribution of system states. Several approaches
have been proposed to construct the support from the moments information. In
[46] an approach to exact reconstruction of convex polytope supports is proposed,
which is based on the collection of moment formulas combined with Vandermonde
factorization of finite rank Hankel matrices. In [47], a method to reconstruct planar
semi-analytic domains from their moments is proposed based on the diagonal Pade
approximation where it can approximate arbitrarily closely any bounded domain.
The approach in [48] provides a method to obtain a polynomial that vanishes on the
boundary of support. However, obtained polynomial may vanish inside the support
or on any other points as well. Hence, one can not use the polynomial to reconstruct
the support.

In this thesis, we extend the results obtained for chance optimization and develop

a framework that enables us to find convex formulation for well known problems in



system and control. Building on theory of measures and moments as well as theory
of sum of squares polynomials, many approaches have been proposed to reformulate
different problems in the area of control and system as a convex optimization prob-
lems with Linear Matrix Inequalities (LMI). The methods in ([49, 50, 51]), provide
hierarchy of finite dimensional LMI relaxations to compute polynomial outer ap-
proximation of the region of attraction set and maximum controlled invariant set for
polynomial systems. The concept of occupation measure is used to reformulate the
original problem to truncated moment problem. It is shown that the optimal value
of the provided LMI converges to the volume of desired sets and on the other hand
the optimal value of the dual problem in continuous function space converges to the
polynomial outer approximation of the set. This proposed method is modified in [50]
to obtain a inner approximation for region of attraction set for finite time-horizon
polynomial systems. In this case, outer approximations of complement of region of
attraction set is computed. In ([52, 53]) sum of square formulation to find a suitable
Lyapunov function for dynamical system and approximation of region of attraction
set is provided. In provided approach, one needs to look for SOS Lyapunov function
whose negative derivative is also SOS. Also, a repetitive control design approach is
provided where enables to maximize the ROA set of the system.

We also show the application of convex methods in data science and address
the problem of reconstructing noisy sparse data. This problem could arise in data
networks [54, 55] and sensory networks. For example, incomplete sensory networks,
where the sensors do not completely cover the area of interest; Hence, the sampled
data are usually inadequate. Moreover, reconstruction of corrupted image or videos
can can be cast in this framework. Several approaches to construct the data from
spars measurement have been proposed. The main idea in the most of proposed
methods is to use interpolation methods to setup an approximating statistical model
for measured data. For example, the methods K-Nearest Neighbors [56] is a lo-
cal interpolation method that uses the nearest neighbors to estimated the missing
data. It uses Bayes decision procedure to estimated the missing data and bound
the probability of error. This approach does not depend on any assumptions about
the underlying statistics for its application. On the other hand, the Delaunay Tri-
angulation [57] method is a global interpolation methods that use vertices of data

and consider the global error in interpolation. In [58] a data adaptive method called



Multi-channel Singular Spectrum Analysis (MSSA) is proposed which works based
on the embedded lag-covariance matrix of measured data.

These proposed interpolation methods needs large number of measurements and
fail when the number of missing data grow. To solve this problem, a method called
compressed sensing [59] is proposed. In this method the number of measurements
can be dramatically smaller than size of missing data. This method uses the weighted
linear combination of samples to reconstruct the data. Using the randomly selected
samples, a underdetermined linear system is built whose solution is used to construct
the data. In solving linear system, the assumption of sparsity for the initial signal is
made. However, for accurate environment reconstruction, this method requires some
inherent structure [60, 61]. The sampling matrices constructed by measurement sam-
ples are required to satisfy certain conditions, for example the mutual coherence of
matrices should have a small mutual coherence, the largest absolute and normalized
inner product between different columns in matrix. Actually, the optimal matrices
where the CS algorithm performs well are Gaussian iid matrices, uniform random
ortho-projectors, or Bernoulli matrices.

In [62, 63, 64] the proposed methods seeks low-rank structure for estimating the
missing data. [62] proposes a approach based on compressed sensing to reconstruct
the massive missing data. It develops an environmental space time improved com-
pressed sensing (ESTICS) algorithm for estimating the missing data, where it com-
putes low-rank approximations of the incomplete matrix called environment matrix.
In [63, 64] a Hankel operator based approach to the problems of texture modeling and
in-painting is proposed. It models textured images as the output of an unknown,
periodic, linear shift invariant operator in response to a suitable input and solves

sequence of rank minimization problems.

1.2 Contributions

In this thesis, we take a different approach to deal with chance constrained prob-
lems [65, 66]. The proposed method is based on volume approximation results in
[67] and the theory of measures and moments [68, 69]. In [67], a hierarchy of SDP
problems is proposed to compute the volume of a given compact semialgebraic set.

It is shown that the volume of a semialgebraic set can be computed by solving a



maximization problem over finite (positive) Borel measures supported on the given
set, and restricted by the Lebesgue measure on a simple set containing the semi-
algebraic set of interest. Building on volume approximation results, we propose a
convex approximation method to address chance optimization problems over semi-
algebraic sets. In particular, we address the problem of probability maximization
over the union of semialgebraic sets defined by intersections of a finite number of
polynomial inequalities. Here, one needs to search for the (positive) Borel measure
with maximum possible mass on the given semialgebraic set while simultaneously
searching for an upper bound probability measure over a simple set containing the
semialgebraic set and restricting the Borel measure. Using the theory of moments,
we provide sequence of semidefinite programs (SDP’s) where one need to look for
moment sequences of measures of chance optimization problem. To solve resulted
SDP’s, a first-order augmented Lagrangian algorithm is implemented that enables
us to solve large scale chance optimization problems.

To show the application of chance optimization problems in control and systems,
we consider probabilistic control of uncertain systems [70, 71]. In the problem of
probabilistic control, we incorporate the probability directly in the objective function
and aim at maximizing the probability of desired defined control objectives. We, also,
consider the problem of uncertainty set propagation through stochastic dynamical
systems where enables us to compute uncertainty at each time step. Building on
theory of measures and moment, we provide semidefinite program to approximate
the set of uncertainty [72].

Moreover, we generalize the results obtained for chance optimization problems
and define constrained volume optimization problems where enables us to obtain
convex formulation of different challenging problems in system and control [73]. We
reformulate problems of computing region of attraction and invariant set of dynamical
systems as a particular case of constrained volume optimization problems.

Finally, we address the problem of data reconstruction and motivated by low-rank
structure methods, we propose a novel approach to reconstruct a noisy sparse data
with least possible complexity. To obtain the complete data, we look for minimum
rank block Hankel matrix associated with given sparse and noisy data. We show that
minimizing the rank of constructed block Hankle matrix is equivalent to minimizing

the number of exponential signals that describes the data. The proposed method,
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with out making any assumption on the structure of data and data loss pattern,

could reconstruct the complete data.

1.3 The Sequel

The outline of this thesis is as follows: in Chapter 2, the notation adopted in the
paper and preliminary results on measure and polynomial theory and also linear and
semidefinite programs are presented; in Chapter 3 we address the chance optimization
problem. We first start with semialgebraic set involving intersection of polynomials
and provide equivalent convex problem in measure and moment spaces. We then
extend the result for more general case with semialgebraic set involving union and
intersection of polynomials. To be able to solve large problems we present First or-
der Lagrangian algorithm in this chapter. In Chapter 4, the problem of probabilistic
robust controller design and also chance constrained model predictive controllers are
addressed. In this chapter, semidefinite programs are provided to solve the original
problems. In Chapter 5, the problem of uncertainty propagation through dynami-
cal systems are presented. In Chapter 6, we introduce the problem of constrained
volume optimization problem and address the problem of computing the region of
attraction and also robust invariant set of uncertain systems as a particular case of
this optimization problem. The problem of noisy and sparse data reconstruction is
presented in Chapter 7 and finally in Chapter 8, we give concluding remarks and

some future direction of this research.



Chapter 2

Preliminary Results on Measures,

Polynomials, and Semidefinite

Programs

In this thesis, building on the theory of measure and moments as well as theory of
polynomials, we develop our semidefinite programs to approximate the optimal so-
lution of the original problems. Hence, in this chapter the mathematical background
and some basic definitions on polynomial and measure theory as well as linear and

semidefinite programming are presented.

2.0.1 Polynomial Functions

Let R[z] be the ring of real polynomials in the variables z € R". Given P € R[z],
we represent P as ) . Do using the standard basis {#®}aene of Rlz], and
P = {Pa}aenn denotes the polynomial coefficients. We assume that the elements

of the coefficient vector p = {p, }aenn are sorted according to grevlex order on the
d+n)

corresponding monomial exponent a. Given n and d in N, we define S, 4 := ( .

and N := {a € N" : ||a|l; < d}. Let Rq[z] C R[z] denote the set of poly-
nomials of degree at most d € N, which is indeed a vector space of dimension
Spa- Similarly to P € R[z], given P € Ry[z], p = {pa}acnn is sorted such that
N;>0= a <g...<g alSr.a) where Shp.a 18 the number of components in p.

Now, consider the following definitions on polynomials.
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Sum of Squares Polynomials: Let S?[z] C R[z] be the set of sum of squares
(SOS) polynomials. Polynomial s : R” — R is an SOS polynomial if it can be
written as a sum of finitely many squared polynomials, i.e., s(z) = 25:1 hi(x)? for
some ¢ < oo and h; € R[z] for 1 < j < /¢, ([74, 75]).

Quadratic Module: For a given set of polynomials P;(z) € R[z],j =1,....¥,
the quadratic module generated by these polynomials is denoted by QM (P, ..., P,) C
R[z] and defined as ([69, 74])

¢
QM(Py, ..., Ps) = so(x) + Z s;(z)Pj, {s; ;ZO C S?[z] (2.1)

J=1

Putinar’s property: A closed semialgebraic set K = {z € R": P;(z) >0, j =
1,2,...,¢ } defined by polynomials P; € R[z| satisfies Putinar’s property [76] if
there exists U € R[z] such that {z : U(x) > 0} is compact and U = s + Z§:1 5;P;
for some SOS polynomials {s;}_y C S*[z] — see [76, 69, 77]. Putinar’s property
holds if the level set {z : P;(z) > 0} is compact for some j, or if all P; are affine
and /C is compact - see [77]. Putinar’s property is not a geometric property of the
semi-algebraic set I, but rather an algebraic property related to the representation
of the set by its defining polynomials. Hence, if there exits M > 0 such that the
polynomial Py q(x) := M — ||z||> > 0 for all z € K, then the new representation of
the set X ={z € R" : Pj(x) >0, j =1,2,...,£+ 1 } satisfies Putinar’s property,
[66].

Orthogonal Polynomials: A set of polynomials are orthogonal if inner prod-
uct of any two different polynomials is zero, i.e., [ P,(z)Py(z)dz = 0, m # n.
For example, univariate Chebyshev polynomials, defined as Py(x) = 1,Pi(z) =
z, Ppi1(x) = 22P,(z) — P,_1(z) are orthogonal.

2.0.2 Measures and Moments

Let M(x) be the space of finite Borel measures and M (x) be the cone of finite
nonnegative Borel measures p such that supp(p) C x, where supp(u) denotes the
support of the measure pu; i.e., the smallest closed set that contains all measurable
sets with strictly positive p measure. Also, let C' C R", X(C') denotes the Borel o-

algebra over C'. Given two measures 1 and py on a Borel o-algebra 2, the notation



13

p1 < pe means py(S) < po(S) for any set S € ¥. Moreover, if uy and ps are both
measures on Borel o-algebras »; and X, respectively, then p = p; X ps denotes
the product measure satisfying p(Sy x Sa) = u1(S1)p2(S2) for any measurable sets
S1 € Xy, Sy € Xy [67].

Let RY denote the vector space of real sequences. Given y = {94 }aenn C RY, let
Ly : Rlz] = R be a linear map defined as ([68, 69])

P = Ly(P)= Z PalYa, Where P(x)= Z Pax® (2.2)
a€eNn aEeNn

A sequence y = {yataene € RY is said to have a representing measure, if there
exists a finite Borel measure p on R™ such that y, = [z%du for every o € N* —

see ([68, 69]). In this case, y is called the moment sequence of the measure .
Given two square symmetric matrices A and B, the notation A 3= 0 denotes that
A is positive semidefinite, and A > B stands for A — B being positive semidefinite.
Moment Matrix: Given r > 1 and the sequence {y4 }aenn, the moment matrix

M, (y) € Rr*5nr containing all the moments up to order 2r, is a symmetric matrix
and its (4, j)-th entry is defined as follows ([68, 69]):

M(¥)(iig) = Ly (277 ) = g0 a0 (2:3)

where 1 < 4,7 < S,,, Nl 50 = a® <g - <y a®n2r) and Sp.or is the number

o NeaSIE
T T denote the vector
) )

of moments in R™ up to order 2r. Let Bl =
comprised of the monomial basis of R,[z]. Note that the moment matrix can be
written as M, (y) = Ly (BTBqT ); here, the linear map L, operates componentwise on

the matrix of polynomials, B,BL. For instance, let » = 2 and n = 2; the moment
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matrix containing moments up to order 2r is given as

Yoo ’ Y10 ?/01’ Y20 Y11 Yo2
Y10 ’ Y20 y11’ Yo Y21 Y12
Yo1 ’ Y11 yoz’ Y21 Y12 Yos3
Y20 ’ Y30 y21’ Yao Y31 Y22
Y11 ’ Y1 y12’ Y1 Y22 Y13
Yo2 ’ Y12 yos’ Y22 Y13 Yoa

Localizing Matrix: Given a polynomial P € R[z|, let p = {p,} enn be its
coefficient sequence in standard monomial basis, i.e., P(x) = > yn Doz, the (4, 7)-
th entry of the localizing matriz M,(y;P) € R with respect to y and p is
defined as follows ([68, 69]):

o a® al
M, (y;P)(i,j) == Ly (7396 o ) = Z PyYrytal) +al) (2.5)
yENn
where, 1 < 4,j < S,q. Equivalently, M, (y,P) = Ly (PB,BI), where L, operates
componentwise on PB,BL. For example, given y = {¥,}aenz and the coefficient

sequence p = {Pq }aecnz corresponding to polynomial P,
P(x1,72) = bry — ca3, (2.6)
the localizing matrix for r = 1 is formed as follows

byio — cyo2  by20 — cy12  byi1 — cyos
Mi(y;P) = | byo —cyi2 byso — cya2 byo1 — cyi3 (2.7)
byi1 — cyoz by —cyiz byiz — cyoa

Orthogonal Basis: One can represent the moment and localization matrices
in terms of given orthogonal basis. Let {b;};cn be an orthogonal basis of univariate
polynomials on [—1,1], i.e., f[—1,1] bi(t)b;(t) dt = 0 for all + # j. Without loss of
generality, suppose that the degree of b; is equal to ¢ for all : € N. Given n > 1, for

all @ € N", define b, : R™ — R such that b,(x) := [[;_, ba, (z;), where a; and x; are
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the i-th components of & € N™ and = € R", respectively. Clearly {b, : « € Nj}
is an orthogonal basis of multivariate polynomials on [—1,1]" with degree at most
d, ie., f[—Ll}" bo@ () by (x) de =0 for all 1 < i # j < 5,4 Let Bj denote the
vector of polynomials in Ry[z] defined as BgT = [ba (), box (@), - b s, 0 (2)];
and T; € R%.a*5na denote the one-to-one correspondence such that B = TyB,.
Moreover, for a given sequence y = {yafacnn, let Ly : Rlz] — R be a linear map
defined as

P = Ly(P)= Z P2Ya, where P(z) = Z Poba (). (2.8)
aeNn? aeNn
Given y € R%2¢ such that y7 = [yau), o ,ya<sn,2d)}T, define its extension y =

{Ya aenn such that y, = 0 for all @ € N* with |al|; > 2d. For § := Ty;'y, define
its extension § similarly. Then for all P € Ry[z], we have Ly (P) = Lg(P). In the
rest of the chapter, we abuse the notation and write y = Tiily. Then the moment
matrix operator, MJ(y), for the given orthogonal basis is defined as

M3(y) = L3 (B BST) = Ly, (TuBa BSTY) = TaMy (Tyy) TE. (2.9)

—1
Toqy

For example for d = 2 and n = 2, the moment matrix under the orthogonal basis

formed by Chebyshev polynomials of the first kind can be written as follows

Yoo Y10 Yo1 Y20 Y11 Yo2
Yo0+Y20 Y10+Y30 Yo1+y21
Yo o Y11 5 D) Y12
Yoo+Yo2 yi0t+yi2 Yo1+yo3
Yo  Yu T2 Yz E— I
M3 (y) = ot s o ) (2.10)
101+Y30 00+Y40 111+Y31
Y20 o Y21 3 D) Y22
Yoi+y21  yiot+yi2  Yii+ys1  Yoot+y20+yo2+y22  Yi1+yi3
Y1 2 2 2 1 2
Yo1+Yo3 Y11+yi3 Y00+Yo4
Yo2 Y12 TS Y22 B T

Let P € R[z| be a given polynomial with degree 0, and p = {pa}aen~ denote
its coefficient sequence with respect to the standard monomial basis, i.e., P(z) =

Y aenn Pax®. For a given orthogonal basis, the localization matrix operator is defined
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as

Mi(y;p) = Ly (PBg Bi") = Lyoi oy (TaPBa BiT;) = TuMy (To'5y;p) Ty -
(2.11)
Let r := [2]. It is important to note that since Ty is invertible, {y : MZ(y) =
0, M¢ (y;p) =0} and {y: My(y) =0, My_.(y;p) = 0} are isomorphic.

2.0.3 Preliminary Results on Measures and Polynomials

In this section, we state some standard results found in the literature that will be
referred to later in this thesis.

Moment Condition: The following lemmas give necessary, and sufficient con-
ditions for sequence of moments y to have a representing measure p — for details see
(67, 78, 69)].

Lemma 1. Let p be a finite Borel measure on R™, and y = {Ya}aenn Such that
Yo = [ x¥dp for all o € N*. Then My(y) =0 for all d € N.

Lemma 2. Let y = {yo }aenn be a real sequence. If My(y) = 0 for some d > 1, then

|Ya| < max {yo, _max Ly (xfd)} Va € Ny,

..... n

Lemma 3. If there exist a constant ¢ > 0 such that My(y) = 0 and |y.| < ¢ for

all d € N and o« € N”, then there exists a representing measure j with support on
[—1,1]".

Lemma 4. Let 1 be a Borel probability measure supported on the hyper-cube [—1,1]".
Its moment sequence 'y € RY satisfies ||y|loo < 1.

Proof. Since supp(p) C [—1,1]" and p is a probability measure, we have |y,| <
Jla®|dp < [|z|dp < 1 for each aw € N*. Hence, [lylloo < 1. O

Given polynomials P; € R[z], let p; be its coefficient sequence in standard mono-

mial basis for j = 1,2,...,¢; consider the semialgebraic set IC defined as

K={zeR":Pi(zx)>0, j=12 .0} (2.12)
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The following lemma gives a necessary and sufficient condition for y to have a rep-

resenting measure u supported on K — see [67, 78, 69, 68].

Lemma 5. If K defined in (2.12) satisfies Putinar’s property, then the sequence

Y = {Ua }aenn has a representing finite Borel measure p on the set K, if and only if
My(y) =0, My(y;p;) =0, j=1,....(, foralldeN.

Measure of Compact Set: The following lemma, proven in [67], shows that the
Borel measure of a compact set is equal to the optimal value of an infinite dimensional
LP problem.

Lemma 6. Let X be the Borel o-algebra on R™, and py be a measure on a compact
set B C X. Then for any given K € ¥ such that IC C B, one has

m(K) = / dpy = sup {/d/@ D S Ml}a
K p2EM(K)

where M(K) is the set of finite Borel measures on K.

SOS Representation: The following lemma gives a sufficient condition for
f € R[z] to be nonnegative on the set K- see [79, 78, 68, 69].

Lemma 7. Assume K defined in (2.12) satisfies Putinar’s property. If P € Rlz] is
strictly positive on K, then P € QM({P;}._,). Hence,

Y4
P:SU+ZSij, Sj 682[33], ]:O,,g

j=1

Duality: The following theorems show the relationship between measures, con-
tinuous functions and polynomials:

i) Stone-Weierstrass Theorem: Every continuous function defined on a closed
set can be uniformly approximated as closely as desired by a polynomial function,
[80].

ii) Riesz Representation Theorem: Let C(x) be the Banach space of con-
tinuous functions on x with associated norm || f|| := sup,¢, |f(¥)| for f € C and

Ci(x) := {f€C:f>0on x} be the cone of nonnegative continuous functions.
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The cone of nonnegative measures is dual to the cone of nonnegative continuous
functions with inner product (u, f) := fx fdu, p e My(x), f € Ci(x); ie., any
p € M, (x) belongs to the space of all linear functional on C,(x) - see ([81], Section
21.5, [79, 82)).

2.0.4 Linear and Semidefinite Programming

In this section preliminary results on linear program and semidefinite programs are
presented.

Consider the linear programming (LP) problem in standard form

P* := max(z,c) (2.13)
st. Az <b (2.13a)
x> 0. (2.13b)

where, x € R" is variable vector, A : R®™ — R is the linear operator, b € R™ are real
matrices and vector.Also, (z,c¢) = ¢"z. Based on standard results on LP [79, 82],
the dual problem of (2.13) reads as

PEual = min<b7 y> (214)
st. Ay >c (2.14a)
y > 0. (2.14b)

where, A* : R™ — R" denotes the adjoint operator of A, i.e., (A*y,z) = (y, Ax).

The following theorem shows the relationship of primal and dual problems.

Theorem 8. Strong Duality: If in problem (2.13), (x,c) is finite value and the
set {(Ax,(z,c)) : x > 0)} is closed, then there is no duality gap between (2.13) and
(2.14), i.e., P* = Pyuas ([79], Theorem 3.10, [82], Theorem 7.2)

Consider the semidefinite programming (SDP) problem in standard form
P* := min(C, X) (2.15)

st. (A4, X)=0b,i=1,...m (2.15a)
X =0, (2.15b)
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where, A;,C" € R™ x R", vector b € R™, and X € R" x R", (C, X) = trace(CX).
Based on standard results on SDP [83, 84], the dual problem of (2.15) reads as

P} . i= maxb’y (2.16)

st. C— Z Ay =0 (2.16a)
=1

Example: Consider following SDP for n = 2,m = 2 and given matrices:

1 3 1 2 3 4 2
Ay = Ay = . = b= . (2.17)
0 5 7 4 1 1 1

The variable matrix is symmetric matrix as

T11 12

X = (2.18)
Ti2 T22
Hence, the standard SDP reads as
min 31’11 + 55[)12 + Too (219)
s.t. x11+ 31‘12 + 531722 =2 (2.19&)
r11 + 91712 + 433'22 =1 (219b)
X =0. (2.19c¢)
The dual problem is as
max 2y; + 1y, (2.20)
3 4 1 3 1 2
s.t. — Y1 — y2 =0 (2.20a)
11 0 5 7 4

The following theorem shows the relationship of primal and dual problems.

Theorem 9. Slater’s sufficient condition: if the feasible set of strictly positive

matrices in constraint of primal SDP is nonempty, then there is no duality gap



between (2.15) and (2.16), i.e., P* = PHa, (/83, 84)) .
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Chapter

Chance Constrained Optimization

3.1 Introduction

In this chapter, we aim at solving chance optimization problems; i.e., problems which
involve maximization of the probability of a semialgebraic set defined by polynomial
inequalities [65, 66]. More precisely, given a probability space (Rm, iq, ﬂq) with iq
denoting the Borel o-algebra of R™ and fi, denoting a finite (nonnegative) Borel

measure on Y, we focus on the problem given in (3.1) over decision variable x € R".

P* := sup [, ( U m {q eR™: P}k)(l’,CZ) > 0}) , (3.1)

zER™ k=1,..,N j=1,...0k

where Pj(k) R X R™ - R, j=1,2,...,0, and £ = 1,..., N are given polyno-
mials. Let Iy := {(x,q) : Pj(k)(x,q) >0,7=1,... ,Ek} and K := U]kV:1 Kr. Under
the assumption that K is bounded, we show that by solving a sequence of semide-
fine programming (SDP) problems of growing dimension, we can construct a se-
quence {y2}4ez, C RY that has an accumulation point in the weak-x topology of
s, and for every accumulation point y: € RN, there is a representing finite (posi-
tive) Borel measure pf such that any * € supp(uk) is an optimal solution to (3.1),
i.c., the supremum P* is attained at z*, where RY denotes the vector space of real se-
quences. Note that the problem of interest in (3.1), when reformulated in hypograph

form, can be equivalently written as a chance constrained optimization problem:
_ k
SUPgeRrn yeR {’Y " Hq (Uk:l,...,N ﬂj:l,...,ék {q eR™: Pg( )(x, q) > 0}) = 'Y}-
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First, the emphasis will be placed on the following special case of (3.1), where
N =1,

P = sup ,uq({q e R™: Pg(%Q) Z Oa j: 17 s 7£})7 (32)

zER™
and then all the results derived for the special case (3.2) will be extended to the case
where N > 1.

Although, in some particular cases, the problem in (3.1) is convex (e.g., see
[27, 28]), in general, chance constrained problems are not convex; e.g., see [27] for
non-convex chance constrained linear programs. In this chapter, we use results on
moments of measures (e.g., see [68, 69, 74]) to develop a sequence of SDP problems,

known as Lasserre’s hierarchy [69], whose solutions converge to the solution of (3.1).

3.2 Chance Optimization over a Semialgebraic Set

In this section we focus on the chance optimization problem stated in (3.2). We first
provide an equivalent problem over finite (positive) Borel measures, and then we
consider its relaxations in the moment space. Given polynomials P; : R" x R™ — R

with degree ¢; for j =1,...,¢, we define
K=A{(z,q) e R" xR™: Pj(z,q) >0, j=1,2,...,(}. (3.3)

Assumption 1. K satisfies Putinar’s property.

Remark 3.2.1. Assumption 1 implies that K is a compact set; hence the pro-
jections of K onto x-coordinates and onto q-coordinates, i.e., Iy =: {x € R™ :
dg € R™ s.t. (x,q) € K} and Il =: {g € R™ : dz € R” s.t. (z,q) € K}, are
also compact. Therefore, after rescaling of polynomials, we assume without loss
of generality that II; C x := [-1,1]" and Il C Q = [-1,1|" and also the set
(xxON\K ={(z,q) € x X Q: (x,q) ¢ K} has a nonempty interior. Furthermore, in-
stead of working on the original probability space (R™, %, i ), we can adopt a smaller

probability space (Q,%,, f1q), where X, :={SNQ: S € ,} and py(S) = SZ((Z)) for

all S € X,. Therefore, we can take for granted that p, € M(Q), where M(Q) is
the set of finite Borel measures ji, such that supp(p,) C Q. We also assume that

moments of any order of i, can be computed.
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3.2.1 An Equivalent Problem

As an intermediate step in the development of convex relaxations of the original

problem, a related infinite dimensional problem in the measure space is provided

below:
P = Sup/du, (3.4)
s
st 1= e X fig, (3.4a)
[tz 1S a probability measure, (3.4b)
pe € M(x), ne M(K). (3.4c)

Theorem 10. The optimization problems in (3.2) and (3.4) are equivalent in the

following sense:
i) The optimal values are the same, i.e., P* = qu.

ii) If an optimal solution to (3.4) exists, call it p}, then any x* € supp(uk) is an
optimal solution to (3.2).

ii1) If an optimal solution to (3.2) ewists, call it x*, then p, = 0., Dirac measure

at x*, and = du« X pg is an optimal solution to (3.4).
Proof. See Appendix A. ]

As an example, consider the following chance constrained problem corresponding
to the semialgebraic set IC, displayed in Fig 3.1.a, in the space of (z,q) € RxR. Our
objective is to compute an optimal decision z* that attains P* = sup,¢(_y 1 f1¢(F (2)),
in presence of random variable ¢ with known probability measure f, supported on
[—1, 1]. In other words, z* should be chosen such that the probability of the random
point (z*,¢) belonging to K becomes maximum. Fig 3.1.b shows the problem in
the measure space, where a probability measure p, is assigned to decision variable
xz. If © € [-1,1] is chosen randomly according to fixed p,, then to calculate the
probability of the random event (z,q) € K, one should compute an integral with
respect to measure p, X i, over the set K as in (3.31) — see (Fig 3.1). This integral
is equal to the volume of a measure which is supported on K and has the same

distribution as p, x p, on K — see (Fig 3.1.d). Hence, for fixed p,, one needs to
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Figure 3.1: a) Simple chance optimization problem over semialgebraic set I with
random parameter ¢, and decision variable x, b) Equivalent problem in the measure
space over probability measure p, as variable for given probability measure i, c)
Probability of given semi algebraic set K for a fixed p, is equal to the integral of X
with respect to the measure p, X p,, d) The probability is equal to the volume of
the measure p which is supported on the set K and has the same distribution as the
measure [i, X [i, over its support

look for the measure p supported on X with maximum volume, and bounded above
with measure fi, X 4. Therefore, searching for p, and p simultaneously leads to the

optimization problem (3.4) in the measure space.

3.2.2 Semidefinite Relaxations

In this section, we provide an infinite dimensional SDP of which feasible region is
defined over real sequences in RY. Unlike the problem (3.4) in which we are looking
for a measure, in the SDP formulation given in (3.5), we aim at finding a sequence

of moments corresponding to a measure that is optimal to (3.4). After proving
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the equivalence of (3.4) and (3.5), we next provide a sequence of finite dimensional
SDPs and show that the corresponding sequence of optimal solutions can arbitrarily
approximate the optimal solution of (3.5), which characterizes the optimal solution
of (3.4).

Consider the following infinite dimensional SDP:

P: = sup (y)o, (3.5)
Y7}'EERN
Moo(yx) 7 0, llyxlle <1, (yx)o =1, (3.5b)
My (Ayx —y) = 0, (3.5¢)

where A : RY — RN is a linear map depending only on j,. Indeed, let yq :=
{¥qs } envm be the moment sequence of y1,. Then for any given yx = {¥a, faern, Ayx
is equal to y such that yp = y,,¥., for all 0 = (8,a) € N* x N*. Given y € RN,
M (y) » 0 means that My(y) »= 0 for all d € Z,..

The following lemma establishes the equivalence of (3.4) and (3.5).

Lemma 11. Suppose that K satisfies Assumption 1. If an optimal solution to (3.4)
exists, call it (u*, pk), then their moment sequences (y*,yk) is an optimal solution
to (3.5). Conversely, if an optimal solution to (3.5) ezists, call it (y*,yi), then
there exists representing measures p* and i such that (u*, pk) is optimal to (3.4).

Moreover, the optimal values of (3.4) and (3.5) are the same, i.c., P, = Pj .
Proof. See Appendix B. ]

In order to have tractable approximations to the infinite dimensional SDP in
(3.5), we consider the following sequence of SDPs, known as Lasserre’s hierarchy [69],
defined below:

P, = sup (¥)o, (3.6)
yeRSn+m,2d’ yxeRsn,2d

s.t. Md(Y) 7 07 Md—rj (y7 p]) 7 Oa j = 17 s a€7 (36&)
Md(YX) = 0, HyX”OO <1, (yX)O =1, (36b>

Md(AdYX — y) % O7 (36C)



26

where 0; is the degree of P;, r; := [ﬁ

2-‘ forall 1 < j </, and Ay : R924 — RSn+m.2d
is defined similarly to A in (3.5). Indeed, let yq := {yy, }seny, be the truncated
moment sequence of p,. Then for any given yx = {y,, }aeN;d, y = Agyx such that
Yo = Yqu Y, for all 6 = (8, a) € Ny ™.

In the following theorem, it is shown that the sequence of optimal solutions to
the SDPs in (3.6) converges to the solution of the infinite dimensional SDP in (3.5).
In essence, the following theorem is similar to Theorem 3.2 in [67]; however, for the

sake of completeness we give its proof below.

Theorem 12. For all d > 1, there exists an optimal solution (y¢,yd) € Rw+mz2d x
R5n24 to (3.6) with the optimal value Py. Let S := {(y?%, y%)}aez, C RN xRN be such
that each element of S is obtained by zero-padding, i.e., (yd)a =0 for all « € N*t™
such that [Jolly > 2d, and (y&) = 0 for all @ € N" such that ||ofy > 2d. Then
{Pa}ticz, and S have the following properties:

i) limgez, Py = P*, the optimal value of (3.2),

ii) There exists an accumulation point of S in the weak- topology of ls, and every
accumulation point of S is an optimal solution to (3.5). Hence, there exists
corresponding representing measures (u*, pk) that is optimal to (3.4) and any

x* € supp(uk) is optimal to (3.2).

Proof. See Appendix C. ]

3.2.3 Discussion on Improving Estimates of Probability

In our numerical experiments, we have observed that the convergence of the upper
bound P, to the optimum probability P* was slow in d when we solved the sequence
of SDP relaxations in (3.6). Suppose that the semi-algebraic set K := {(x,q) :
Pij(x,q) > 0, j = 1,...,¢} satisfies Putinar’s property. The procedure detailed
below helped us to get better estimates on the optimum probability P*. To make
the upcoming discussion easier we make the following assumptions: i) there is a
unique x* € relint I1; such that p,(F(x*)) = P*, where F is defined in (3.29), and
II) :={z € R": J¢g € R"s.t. (v,q) € L} C x = [-1,1]"; and ii) p, € M(Q)
has the following “continuity” property: if {Sy} C 3, such that limj_,., Sy = S* in
the Hausdorff-metric, then limy_,oo 1,(Sk) = py(S*). Let (y?,y2) denote an optimal
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solution to the SDP relaxation in (3.6), and form z¢ € R" using the components
of (y), such that [ja|l; = 1. Clearly, % € x. Since p, € M(Q) is given, we
approximate the volume [ Fad) dug as described in [67] by solving an SDP relaxation

for

P,:= sup /du’ st p = g (3.7)
w EM(F ()

Let P/, denote the optimal value of the volume approximation SDP corresponding
to (3.7) with relaxation order d. Clearly, Py = p, (F(2%)) > 0, and for all d we
have P, > P* > f’d, and Py > P/, > P,. Note that since z* is the unique op-
timal solution (assumption i), Theorem 12 implies that limg oo (y%)a = (y)a for
all @ € N" such that y is the moment sequence corresponding to Dirac measure
at z*. Therefore, from the definition of z?, it follows that limg .. ¢ = 2*. Also
note that since K is compact (from Putinar’s property) and P; is a polynomial in
(x,q) for all j = 1,...,¢, it follows that the multifunction F : x — X, such that
F(x)={qe€ Q: (z,9) € K} with dom F = II; is locally bounded, closed-valued,
and limg_,., F(2%) = F(x*) in Hausdorff metric. Hence, assumption i implies that
limg_yeo Py = limgoo ptq (F(2?)) = P*. Moreover, since limg_,o, Py = P* (from The-
orem 12), and P, > P/, > P, for all d, we can conclude that limy o, P/, = P* as
well.

We noticed in our numerical experiments that although {P/}4ez, is closer to P*
when compared to {Pg}acz, , the convergence of P/, to P* was still slow in practice
as d increases. This phenomena may partly be explained as in [67] by considering
the dual problem. Let C be the Banach space of continuous functions on Q such that
| fIl := sup,eq f(q) for f € C,and Cy := {f € C: f > 0on Q}. The Lagrangian
dual of (3.7) is given below:

pDual .
P/ = flencf+/f dtg, (3.8)

st. f>1on F(z%).

Moreover, assumption i (“continuity” of p,) and Urysohn’s Lemma together imply
that PPual = P, for all d. Indeed, solving the SDP relaxation of (3.7) corresponds to
approximating the indicator function of the semi-algebraic set F(z%) in dual space,
which is discontinuous on the boundary of the set. Therefore, although there exists

a minimizing sequence of functions belonging to C, that approximates the indicator
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function of F(z?) from above, the discontinuity on the boundary F(z?), causing
numerical problems in P/, computation, might be an important factor leading to
slow convergence of {P}}4cz, to P*.

Let G : Q@ — R such that G4(q) := H§:1 P;(z?, q). To deal with the numerical
problems caused by approximating the discontinuous indicator function, we propose

to solve

sup /Qd divs.t. fi 2 pig. (3.9)
REM(F (x))

Let uj denote the optimal solution to (3.9). Note that G¢ is continuous on the
boundary of F(z?). Moreover, “continuity” of pu, in assumption i implies that
G? is strictly positive almost everywhere on F(z¢). Hence, u} is clearly also op-
timal to (3.7). Therefore, u} (F(z%)) = pe(F(z?) = Py — P* as d — co. But
most importantly, solving (3.9) corresponds to approximating the continuous func-
tion max(G%(q),0) from above on F(z¢). These properties of (3.9) motivated us to
numerically investigate the behaviour of {f)d}dez . sequence, where P, := (y4)o and
y¢ denotes an optimal solution to the SDP relaxation for (3.9) with order d. In our
numerical experiments we observed that P, — P*; however, this time with a faster
convergence rate. To illustrate this behavior numerically, we considered two simple

example problems in Section 3.2.4.

3.2.4 Simple Examples

In this section, we present two simple example problems that illustrate the effec-
tiveness of the proposed methodology to solve the chance optimization problem in
(3.2). The decision variables and the uncertain problem parameters in these exam-
ples are low dimensional for illustrative purposes. In the first example, we considered

a problem over a semialgebraic set defined by a single polynomial:
Sup iy ({geR: P(z,q) =201}), (3.10)
BAS

where

P(z,q) = 0.5 q(¢* + (x — 0.5)%) — (¢" + ¢*(x — 0.5)° + (v — 0.5)") . (3.11)

The uncertain parameter ¢ € R has a uniform distribution on [-1,1]. To obtain
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an approximate solution, we solve the SDP in (3.6) with the minimum relaxation
order d = 2 since the degree of the polynomial in (3.11) is 4. The moment vectors

Yq, ¥x, and y for the measures j, and p,, and p up to order four are

yZ: [1’ 07 %’ 07 %}7 yz:: [17 y$17 y:m y:vgu ya:4]7

YT = [yoo \ Y10, Yo1 | Y20, Y11, Yo2 | Y30, Y21, Y12, Yo3 \ Yao, Y31, Y22, Y13, y04].

Given moment vectors yq, the moment vector y for the measure 11 = 1, X j14 has the

form

_T:[

y 1 |yx1 y Yqr ’yxg’ Yz1Yq1 5 Yga ’yw37 YzoYq1 s Yx1Yqas Ygs ’yuy Yz3Yq1s YxaYqas Yz1Yqs» yq4] s

= [1 ‘ Yz1s 0 | Yza) 0, % ‘ydf:;? 0, %ywp 0 ‘ Yz 0, %nyJ 0, %] .

SDP in (3.6) with d = 2 is solved using SeDuMi [85], which is an interior-point

solver add-on for Matlab, and the following solution was obtained:

y*T =10.66,0.3,0.14,0.16,0.07,0.1,0.08, 0.03, 0.05, 0.04, 0.04, 0.02, 0.02, 0.02, 0.02] ,

yi' =[1,0.50,0.25,0.13,0.85].

Probability Estimates

Relaxation Order d

Figure 3.2: P4, Py, and 15d for increasing relaxation order d

We approximate the solution to (3.2) with y3 = 0.5 (in Section 3.2.3 we make a
case for this approximation under some simplifying assumptions), and estimate the

optimal probability P* with Py = y;, = 0.66. To test the accuracy of the results
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obtained, we used Monte Carlo simulation to estimate an optimal solution to (3.10).
The details of the Monte Carlo simulation are discussed in Section 3.4.3.1. This
computationally intensive method estimated that z* = 0.5 with optimal probabil-
ity of 0.25. To obtain better estimates of the optimum probability, one needs to
increase the relaxation order d. Figure 3.2 displays the three sequences defined in
Section 3.2.3: {Pg}acz. , {P)}acz, , and {Pd}deZ+> against the optimal probability P*
denoted by the green dashed line.

We employed Monte Carlo simulation to compute P* — see Section 3.4.3.1 for
details of the simulation; and for increasing relaxation orders d = 2, ..., 25, we adopted
SeDuMi [85] to compute P, and P/;, the optimal values of the SDP in (3.6), and of the
SDP relaxation for the volume problem in (3.7) with relaxation order d, respectively;
and also to compute Py = (§%)o. Similar to the results in [67], Figure 3.2 shows a
faster convergence to P* for the case when [G¢ dji is maximized as in (3.9).As
discussed in Section 3.2.3, max{G¢ 0} is continuous while the indicator function
of F(z%) is discontinuous on the boundary; and this might be a factor affecting
the convergence speed. Indeed, Figure 3.3.a displays the degree-100 polynomial
approximation f* to the indicator function of the set F(z*), i.e., f* is a minimizer
to infrerym{ ) f dpg = f >0 on Q, f >1 on F(z*)} for d = 100. Note that
this problem is a restriction of the Lagrangian dual problem for sup{[ dy': p =<
He, 1 € M(F(x*))} —indeed, dual variable f € C is restricted to be in R4[z]. On
the other hand, Figure 3.3.b displays the degree-100 polynomial approximation A*
to the piecewise-polynomial function G(q) = P(z*,q), where h* is a minimizer to
infper,p{/ h dig : h >0 on Q, h > G on F(z*)} for d = 100. Similarly, this
problem is a restriction of the Lagrangian dual problem for sup{[G di : f <
tgs o € M(F(z*))}. Note that Figure 3.3 shows that it is easier to approximate the
continuous function max{G, 0} than the discontinuous indicator function of F(z*).

Next, we considered a problem over a semialgebraic set defined by an intersection
of two polynomials:

sup g ({9 € R+ Pa(w,0) 2 0, Polr,9) 2 0}), (3.12)

where

Pi(x,q) = 0.1275+0.70 — 2% — ¢*, Py (w,q) = —0.1225+0.70+q¢—2* —¢*. (3.13)
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——Polynomial Approximation of Degree 100 0.01 T T T
~--Indicator Function ——Polynomial Approximation of Degree 100
——-max(0,P)

Figure 3.3: a) f*: the degree-100 polynomial approximation to indicator function of
F(z*), b) h*: the degree-100 polynomial approximation of the piecewise-polynomial
function max(0, P(z*, q))

-=-Py
—P,
---f‘gl)
Y
_l';',d
T e
0'10 é 16 1‘5 26 25

Relaxation Order d

Figure 3.4: Py, Py, f’&l), f’((iz), and P, for increasing relaxation order d

The uncertain parameter ¢ € R has a uniform distribution on [-1,1]. Figure 3.4
displays two other sequences, {f’él)}dez . and {f’glz)}dez ., in addition to the three
sequences defined in Section 3.2.3: {Pg}aez,, {P)}icz,, and {f)d}deZ+- Here, f’gll)
and f’&z) are defined similarly to Py = (§4)o by replacing G(q) = P1(x%, q)Pa(2, )
in (3.9) with Py (29, q), and Py(x?, q), respectively.

3.2.5 Orthogonal Basis

In this work, all polynomials are expanded in the usual monomial basis, and the SDPs

are therefore formulated as optimization problems over ordinary monomial moments.
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However, one can improve the numerical performance as in [67] by employing an or-
thogonal basis of polynomials. Hence, one can reformulate the SDP relaxation in
(3.6) using the new moment and localization matrix operators defined in (2.9) and
(2.11), respectively; and the resulting problem stated in the given orthogonal basis is
equivalent to (3.6). In order to illustrate the effect of orthogonal polynomial basis on
the numerical behavior of the proposed method, we compared the two formulations
of the simple example in (3.10): the first formulation is given in (3.6) using monomial
basis, and the second formulation is obtained by replacing My(.) and My_,,(.; p;) in
(3.6) with M3(.) and Mc(z)—rj(-S p;), i.e., moment and localizing matrices in Chebyshev
polynomial basis representations. In order to avoid matrix inversions as in (2.9) and
in (2.11), we used Chebfun package [86], which can efficiently manipulate univari-
ate Chebyshev polynomials, to form MJ(.) and Mé’_rj(.;pj) that use multivariate
Chebyshev polynomials in a numerically stable way; and solved the resulting SDP
problems represented in the Chebyshev polynomial basis using SeDuMi. Figure 3.5
shows that the approximations to the optimal probability P* converge faster when
Chebyshev polynomial basis is used as opposed to the standard monomial basis as
relaxation order d increases. For the problems in Chebyshev basis, the approxima-

d

tion ()¢ to the optimal decision z* is formed similarly as z? — see Section 3.2.3.

For this example 2¢ and (2°)? sequences were close.
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Figure 3.5: P, for monomial and Chebyshev polynomial bases
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3.2.6 Dual Convex Problem on Function Space

In this section, we provide an infinite LP on continuous functions which is dual to
the infinite LP on measure in (3.4). To obtain a dual problem to the infinite LP in
(3.4), let C(x x Q) be the Banach space of continuous functions on x x Q. Then,
Lagrangian dual of (3.4) is:

P; = inf 3.14
Dual ﬁeR,WIEC(XxQ)ﬁ’ (3:14)
st. W(x,q)>1 on K, (3.14a)
B — / W(z,q)dp, >0 on ¥, (3.14b)

Q
W(zx,q) >0, 5 >0. (3.14c¢)

where, K is defined as (3.3), p, is a given Borel measure. We can interpret the
obtained dual problem as follow. If we assume that z is given, then the optimal
solution for W(z,q) is the indicator function of the set I and the optimal value
Phya 15 the volume of the set K, i.e., Phy = 8 = [oW(x,q)dp,. Otherwise,
fQ W(z, q)dji, is an upper bound for the volume of the set K.

The following theorem establish the equivalence of problems in (3.4) and (3.14).

Theorem 13. There is no duality gap between the infinite LP on measure in (3.4)
and infinite LP on continuous function in (3.14) in the sense that the optimal values

are the same, t.e., P}, = Pp .
Proof. See Appendix D. ]

To be able to obatin a tractable relaxation of infinite LP in (3.14), we use poly-
nomial approximation of continuous function W and use SOS relaxation to satisfy

the nonnegativity constraints, where results in following finite SDP on polynomials:

Pi:= min §, (3.15)
BER, P €R y[2,q]
s.t. Pp(z,q) — 1€ QM ({P;}y), (3.15a)
p— / Piv(@, @)y € QM ({1 —2}) (3.15b)
Q

Piy(a,q) >0, B> 0. (3.15¢)
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where, Py, (z,q) € Rylz,q], p, is a given finite Borel measure and QM defined
in (2.1) is quadratic module generated by polynomials. According to the Lemma
7, constraints (3.15a) and (3.15b) imply that polynomials P%,(z,q) — 1 and 8 —
/. o P, (z,q)du, are positive on the sets K in (3.3) and y, respectively. Problem in
(3.15) is a SDP, where objective function is a linear and constraints are convex linear
matrix inequalities in terms of coefficients of polynomial Pg,.

The following theorem establish the equivalence of problems in (3.6) and (3.15).

Theorem 14. There is no duality gap between the finite SDP on moments in (3.6)
and finite SDP on polynomials in (3.15) in the sense that the optimal values are the

sarme.

Proof. See Appendix E. ]

W7y, (x,q9)

d

Figure 3.6: Polynomial P{,(x, q) obtained by SDP (3.15) for d = 12

Remark 3.2.2. In low dimensional problems, we can replace the global positivity
condition in (3.15¢) with local constraint as {Pg,(q,x) >0 on x x Q} to improve

the obtained results.

Iustrative Example Consider the simple example (3.10) provided in section
3.2.4. Here, to obtain an approximate solution, we solve the dual problem provided
in finite SDP (3.15). We solve SDP in (3.15) for polynomial order d = 12 by Yalmip.
Figure 3.6 displays obtained P{,(z,q) which is greater than 1 on the set K and is
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positive on x x Q@ = [—1,1]? as in constraint (3.15a). Figure 3.7 displays obtained /3
and also [, Py, (x, ¢)dpg. As in constraint (3.15b) 3 is greater than [, Pfi,(x, ¢)du, on
the set x. Based on obtained  and P}{(z, ¢), we approximate the solution to the vol-
ume optimization problem with z = 0.5 that maximizes polynomial [ o P (z,q)du,
on the y and estimate the optimal volume P} with Pq = 8 = 0.51. Based on
the Theorem 14, the obtained solution by solving dual SDP in (3.15) matches the
solution obtained by SDP in (3.6).

0.7

0.6

0.5F

0.4

031

0.2

0.1

Figure 3.7: 8 and [, Py),(x, q)du, obtained by SDP (3.15) for d = 10

3.3 Chance Optimization over a Union of Sets

We now focus on the more general setting of the chance optimization problem in
(3.1). Given polynomials P]’? :R™ x R™ — R with degree (5]@ for j =1,...,4, and

k=1,...,N, the semi-algebraic set of interest is K = UY_, Ky, where
Ky = {(:c,q) ER" x R™: PP (2,9) >0, j = 1,...,@}, k=1,...,N. (3.16)

Similar to the previous section, we need Putinar’s property to hold for K for all

k=1,...,N. With the following assumption, we can ensure this.
Assumption 2. K = UY_ K}, is bounded, where K}, is defined in (3.16).

Hence, as discussed in Remark 3.2.1, we can assume without loss of generality
that I C x x Q and the probability measure p, € M(Q), where x = [—1,1]" and
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Q = [—1,1]™. Therefore, for all (z,q) € K, we have ||z|]3 + ||¢]|5 < m + n. Define
Pz, q) ==m+n— S ar =" @ forall k=1,...,N. Kj can be represented
as K = {(z,q) : Pj(k)(x,q) >0, j:O,...,Ek} —note that index j starts from 0. Since
polynomials are continuous in (z, q), the new representation of Ky satisfies Putinar’s
property for each k and we still have K = UN_ K.

The objective of this section is to provide a sequence of SDP relaxations to the
chance optimization problem in (3.1) with V > 1, and show that the results presented
in the previous sections can be easily extended for this case. More precisely, we start
by providing an equivalent problem in the measure space and then develop relaxations

based on moments of measures.

3.3.1 An Equivalent Problem

As an intermediate step in the development of convex relaxations of (3.1), an equiv-

alent problem in the measure space is provided below.

N
P, = sup Z/d,uk, (3.17)

Mk, Mz k=1
N
s.t. Zuk < g X g, (3.17a)
k=1
p is a probability measure, (3.17b)
pe € M(x), € M(Ky) k=1,...,N. (3.17¢)

This problem is equivalent to the problem addressed in this work in the following

sense.

Theorem 15. The optimization problems in (3.1) and (3.17) are equivalent in the

following sense:
i) The optimal values are the same, i.e. P* =P} .

ii) If an optimal solution to (3.17) exists, call it ', then any x* € supp(pk) is an
optimal solution to (3.1).

iii) If an optimal solution to (3.1) exists, call it x*, then Dirac measure at x*, p, =

dpe and po = 6+ X 1 s an optimal solution to (3.17).
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Proof. See Appendix F. ]

3.3.2 Semidefinite Relaxations

In this section, a sequence of semidefinite programs is provided which can arbitrarily
approximate the optimal solution of (3.17). As before, this is done by consider-
ing moments of measures instead of the measures themselves. Define the following

optimization problem indexed by the relaxation order d.

Parm s> (v, (319)

ykeRSn-km,Qd’ yxeRSn,Qd 1

st Ma(yr) =0, M, @ (yk;p(k)) =0, j=1,...0 k=1,.. N (3.18)

J

N
k=

Ma(yx) = 0, llyxlle <1, (yx)o =1, (3.18b)
N

My (Ady'x - Z}%) = 0, (3.18¢)
k=1

(k)

M= FTW forall 1 <j < fand 1< k< N;and

where 6]@ is the degree of PJ@), r§

Aq : Rn2¢ — RSwm2d is defined similarly to A in (3.5). Indeed, let yq := {yq, } senm
be the truncated moment sequence of p,. Then for any given yx = {¥s, }aeny,,
y = Agyx such that yg = y4,ys, for all 0 = (5,a) € N7

Next, we show that the sequence of optimal solutions to the SDPs in (3.18)
converges to the solution of the infinite dimensional SDP in (3.17). More precisely,

we have the following result.

Theorem 16. For all d > 1, there exists an optimal solution ({y,‘ﬁ}{cvzl,yi) to (3.18)

with the optimal value P4. Moreover,
i) limgez, Py = P*, the optimal value of (3.1).

it) LetS = {({yz}szl, yi) }dem such that each element is obtained by zero-padding
y? and y¢ for 1 < k < N. There exists an accumulation point of S in the
weak-x topology of ., and for every accumulation point of S, there exists corre-
sponding representing measures ({u,’;}évzl,u;) that is optimal to (3.17) and any

x* € supp(pk) is optimal to (3.1).
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Proof. See Appendix G. [

3.4 Implementation and Numerical Results

In previous sections, we showed that chance optimization problem in (3.1) can be
relaxed to a sequence of SDPs. In this section, we go one step further to improve
approximation quality of the relaxed problems in practice and implement an efficient

first-order algorithm to solve the resulting SDP relaxations.

3.4.1 Regularized Chance Optimization Using Trace Norm

As shown in Theorem 10 and Theorem 15, if the chance optimization problems in
(3.2) and (3.1) have unique optimal solution z*, then the optimal distribution pf is
a Dirac measure whose mass is concentrated on the single point z*, i.e., its support
is the singleton {z*}. Such distributions, have moment matrices with rank one. To
improve the solution quality of the algorithm, one can incorporate this observation
in the formulation of the relaxed problem. For the sake of notational simplicity, in
this section we will consider the regularized version of chance optimization problem

(3.6) for presenting the algorithm:

min wr Tr(My(yx))—(y)o subject to (3.6a), (3.6b), (3.6¢) (3.19)
yEeRntm2d . cR%n,2d
for some w, > 0, where Tr(.) denotes the trace function. Our objective is to achieve
the maximum probability with a low-rank moment matrix My(y%), hopefully with
rank 1. To this end, we regularize the objective with trace norm. Since My(y%) = 0,
Tr(M,(ys)) is equal to sum of singular values of M,(y%), which is called the nuclear
norm of My(y%). This is a well known approach for obtaining low-rank solutions.
Indeed, the nuclear norm is the convex envelope of the rank function and, in practice,
produces good results; see [87] and [88] for details.
To be able to solve the SDP in (3.19) involving large scale matrices in practice,
one need to implement an efficient convex optimization algorithm. Recently, a first-
order augmented Lagrangian algorithm ALCC has been proposed in [89] to deal with

regularized conic convex problems. We will adapt this algorithm to solve SDPs of
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the form in (3.19). In the following section, we briefly discuss the algorithm ALCC.

3.4.2 First-Order Augmented Lagrangian Algorithm

Consider the optimization problem:
(P): p* =min{p(z) +~(z): Az)-beCl}, (3.20)

where v : R — R is a convex function such that V~ is Lipschitz continuous with
constant L., p: R* — RU{+00} is a closed convex function such that A := dom(p)
is convex compact set, A : R" — R™ is a linear map, and C C R™ is a closed convex
cone. Let C* :={# € R": (2,0) > 0, Vz € C} denote the dual cone of C, and B > 0
denote the diameter of A, i.e., B = max{||x — y|l2: z,y € A}; and we assume that
B is given. Given a penalty parameter v > 0 and Lagrangian dual multiplier 6 € C*,

the augmented Lagrangian for (P) in (3.20) is given by
Lixi,0) = L (pla) +7(2)) + Lde(Alx) — b— O)2, (3:21)

where de¢ : R™ — R denotes the distance function to cone C, i.e., d¢(Z) = ||Z —
IIe(2)||2, and I (2) := argmin{||z — Z||2 : 2 € C} denotes the Euclidean projection
of Z onto C. Given v, > 0 and 0 € C*, we define Ly(x) := L(x; v, 0;) and L} :=
min, Ly(x). Let fr : R" — R such that fi(z) := iv(az) + 2de(A(z) — b — )% hence,
L} = min, ip@) + fr(z). It is important to note that f is a convex function with
Lipschitz continuous gradient V fi(z) = iv(a:) — A* (e« (0 +b— A(z))); and the
Lipschitz constant of V f; is equal to Ly := VikL,y + 02 (A), where A* : R™ — R"
denotes the adjoint operator of A : R — R™, and oyax(A) denotes the maximum
singular value of the linear map A. Therefore, given ¢, > 0, an €,-optimal solution,
Ty, to Lf = min, Li(z) can be efficiently computed such that Ly(Z;) — L} < €
using an Accelerated Proximal Gradient (APG) algorithm [90, 91, 92, 93] within
0p*(ey) =B % APG iterations. In each APG iteration, V f, Ilc« and proximal
map of p are all evaluated once.

ALCC algorithm proposed in [89] can generate a minimizing sequence {z} to (P)
in (3.20) by inezactly solving a sequence of subproblems min, £y (). In particular,

given inexact computation parameters oy > 0 and 7 > 0, x is computed such that



40

either one of the following conditions holds:

Ek(xk> — ,CZ S ?/—:, (322)
dsp € OLk(zg) such that  |[|sg|2 < Z—:, (3.23)

where 0Ly () denotes the subdifferential of £ at xp. Then dual Lagrangian mul-
tiplier is updated: Opi1 = ;%-Ilc<(0; + b — A(xy)). For given ¢,f > 1, fix the

V4

parameter sequence as follows: v, = S*uvy, oy = mcyo, and 7, = mno
for all £ > 1; and let {z, 0} C A x C* be the primal-dual ALCC iterate sequence.
Theorem 3.10 in [89] shows that limy, 6,14 exists and it is an optimal solution to the
dual problem. Moreover, Theorem 3.8 shows that for all € > 0, z;, is e-feasible, i.e.,
de(Axy — b) <€, and e-optimal, i.e., |p(zg) + y(zx) — p*| < € within log(1/e) ALCC
iterations, i.e., k = O(log(1/¢)), which requires O(¢~'log(e~!)) APG iterations in
total. Moreover, every limit point of {4} is optimal (when A € R"™*" is surjective,
the techniques used for proving Theorem 4 in [94] can be used to improve the rate
result to O(1/¢)).

Now consider the following problem p* = min,ea{y(z) : A(z) — b € C}, where
A C R™ is a compact convex set. Note that this problem can be written as a special
case of (3.20) by setting p(z) = 1a(x), the indicator function of the set A. In
Figure 3.8, we present the ALCC algorithm customized to solve p* = mingea{y(z) :
A(xz) —b € C}. Note that Step 11 and 12 in Figure 3.8 are the bottleneck steps (one
V7~ evaluation and two projections: one onto C*, and one onto A) —in Step 11 V fj
is evaluated at xf), and then in Step 12 xél) is computed via a projected gradient
step of length 1/Ly.

In this customized version, ALCC iterate zy, is set to xél) whenever either ¢ > (7%
or ||:L‘E,1) - x22)||2 < . Note that {3’ := k”CBkB\/@, which is equal to £} (e)

[e7

when €, = ;’j—: Therefore, if £ > (7**, then Ly(x) — L; < 22 — this follows from the

Vk
complexity of Accelerated Proximal Gradient algorithm (lines 9-19 in Figure 5.1)
: : , : 1 2
running on min L;(z); next we’ll show that if ||:EE, ) — xz(z )||2 < ig—:, then (3.23)
holds. For p(x) = 1a(z), we have Ly(x) = p(x) + fe(z). Suppose that for some
l, ||x§1) — xé2)||2 < ig—: holds. Note that g, computed in Line 11 is equal to
ka(xf)); thus x,f,” computed in Line 12 is equal to HA(:):((ZQ) — ka(arf))/Lk), where

Ly := L, + 02, (A) is the Lipschitz constant of V fz. One can easily show that

T Z max
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xéz) -V fk(xf)) / Lk—:cél) € 8p(x§1)); and since p is the indicator function, we also have
Ly, (:1;’1(22) - x@”) — ka(:cf)) € 8/)(3:@”). Hence, sy, := Ly (xf) — xél)) + ka(:cﬁl)) -
\Y% fk(xf)) € aPk(xy)). Since V f; is Lipschitz continuous, we have ||V fk(xgl)) —
ka(xf))Hg < Lkaf) — xél)Hz Therefore, we have [|sg||2 < 2Lk|\xé2) - xél)HQ < I,

—

Algorithm ALCC (zo, vy, o, L, B)
1: k< 1,60+ 0
2 mo < 0.5 [|Vy (o) — voA™ (= (b — A(20))) [|2
3: while £ > 1 do

4: £+ 0,t1 < 1,
(1

2
Ty — Tk-1, l‘g ) — Tp—1

5
6 Lk ¢ Lo + 0max(A), (7% k' HopR B, /205

agQ

vV < ﬂ'k:lfo7 Qe

j;2(1+e) gk @0, Mk k2(1+<) gk o
8:  STOP < false
9:  while STOP = false do
10: {—/r+1
11: ge iV'y (l‘gz)) — A" (HC* (Ok +b—A (mﬁ”)))
12: x,(zl) < lla (33532) - Ql/Lk)
- 1 max
13: if H:ngl) — EEZ)HQ < EZ—}; or £ > (;7* then
14: STOP « true
15: Tg :Egl)
16: end if
17: tep1 (1+\/1+4t§) /2
2 1 -1 1 1
18: 93524-)1 — :cg ) + (iﬁT) (:cfZ ) 71@_)1)

19: end while
20: Okt1 < V—:i:ﬂc* (6 +b— A(zr))
21: end while

Figure 3.8: first-order Augmented Lagrangian algorithm for Conic Convex (ALCC)
problems

Semidefinite program of (3.19) is a special case of the conic convex problem
in (3.20), where ¥(yx,y) = ¢/ yx + Ly for some ¢, € R and ¢, € RSn+ma2
since the objective of (3.19) is linear in (y,yx); hence, L, = 0, the conic constraint
A(.)—b € Cin (3.20) is a linear matrix inequality (LMI), with C = C* being the cone
of positive semidefinite matrices S, and the compact set A = {(y,yx) : [[¥]le <
L, [|yxlleo < 1, (yx)o = 1}. Hence, Tl¢(.) = Ile«(.) can be computed using one
eigenvalue decomposition, and ITz(.) is very efficient and can be computed in linear
time. In our numerical experiments in Section 3.4.3, we used ||zx — xg_1]]2/(1 +

|zk—1]]2) < tol as the stopping condition for ALCC.
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3.4.3 Numerical Examples

In this section, four numerical examples are presented that illustrate the performance
of the proposed methodology, discussed in Sections 3.2 and 3.3, coupled with the
augmented Lagrangian algorithm presented in Section 3.4.2 in finding approximate
solutions to the chance constrained problems in (3.1) and (3.2) by solving their
regularized semidefinite relaxations in (3.19). In all the tables, for problems of the
form (3.2), i.e., N = 1, P4, Py, P4, and P, denote the optimal probability estimates
defined similarly as in Section 3.2.3 for 2¢ obtained by solving the regularized problem
in (3.19); for problems of the form (3.1), i.e., N > 1, these estimates can be defined
naturally using (y% y?) with y? := S~ y¢; and d € Z, denotes the relaxation
order. In order to compute P* and P4, we used Monte Carlo simulation discussed
in Section 3.4.3.1. In all the tables, iter denotes the total number of algorithm
iterations, and cpu denotes the computing time in seconds required for computing
P,; n,,. denotes the number of variables, i.e., total number of moments used. For
ALCC iter is the total number of APG iterations, and for GloptiPoly it denotes the
total number of SeDuMi [85] iterations.

3.4.3.1 Monte Carlo Simulation

To test the accuracy of the results obtained using ALCC and GloptiPoly, we used
Monte Carlo integration to estimate an optimal solution and the corresponding op-

timal probability. Let I C R™ x R™ be the given semialgebraic set such that

I .={z € R": dg € R"s.t. (v,q) € K} C x = [-1,1]", and I := {q €
R™: Jg e R" s.t. (x,q) € K} € Q:=[—1,1|™. Define F : x = X,
F(x):={qe Q: (x,q) € K}. (3.24)

First, we uniformly grid x into N grid-points (N depending on the desired precision).
Let {™Y, C x denote the points in the uniform grid. Next, for each grid point
™ we sample from the distribution induced by the given finite Borel measure s,

supported on Q. Let {q(""’f)}]k\f:i1 be Nj; i.i.d. sample of random parameter ¢. Then
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we approximate j,(F(z®)) by

N; .
i, = NLZ 2@ ¢@R) | where 1k (,q) = { L, i (m,q). €k
i 0, otherwise.

Because of law of large numbers limpy, o P](Vi) = py(F(29)). For each z(¥), we chose
sample size N; such that P becomes stagnant to further increase in N;. Finally,
we approximate z* by z("), Where 1t € argrnax{PNi 11 <i < N} It is clear that
what we used is a naive method, and it can be made much more efficient by using
an adaptive gridding scheme on y. On the other hand, as the dimensions n and m
are very small for the problems discussed in the numerical section, this naive method

served its purpose.

3.4.3.2 Example 1: A Simple Semialgebraic Set

Consider the chance optimization problem

sup 1y ({g € R P(z,9) >01}), (3.25)

T€ERS

where

P(z,q) = 0.185+ 0.5z1 — 0.5x + 23 — x4 + 0.5q1 — 0.5¢2 + g3 — @4 — 2 — 221q1 — 73

—2T9qy — 3 — 273q3 — T3 — 2T4qs — T2 + 275¢5 — ¢F — @3 — G5 — @5 — 2,

and the uncertain parameters q¢i,¢s, g3, qs, g5 have a uniform distribution: ¢; ~
Ul-1,0], ¢o ~ U[0,1], g3 ~ U[-0.5,1], g4 ~ U[-1,0.5], ¢5 ~ UJ[0,1] — Ula,?]
denotes the uniform distribution between a and b. The k-th moment of uniform
distribution Ula,b] is (yq)r = % The optimum solution and corresponding
optimal probability are obtained by Monte Carlo method: z7 = 0.75, x5 = —0.75,

= 0.25, zj; = —0.25, zf = 0.5, and P* = 0.75. To obtain an approximate
solution, we solve the SDP in (3.6) using GloptiPoly and ALCC. For ALCC, we
set 15 to 1, 5 x 1072 and 5 x 107 when d is equal to 1, 2, and 3, respectively,
and tol = 1 x 1072, The results for relaxation order d = 1,2,3 are shown in
Table 3.1. As in Figure 3.2, when compared to Py, P, approximates P* better,

e., when max{[P(z%,q) dji : [ =< pg i € M(F(xz?)} is solved instead of

max{f dp' @ p = g, @€ M(F(z?)}. We reported results up to order d = 3,
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ALCC GloptiPoly
d 1 2 3 d 1 2 3
Dy, | 87 1127 8463 Nyay | 87 1127 8463
iter | 169 624 1207 iter | 18 25 41
cpu | 0.9 28.1 785.9 cpu | 0.5 12.3 15324.3

xi | 0.742 | 0.745 | 0757 || x1 | 0467 | 0.710 | 0.742
xz | -0.777 | -0.701 | -0.721 || x2 | -0.467 | -0.710 | -0.742
xz | 0213 | 0226 | 0216 || x3 | 0.163 | 0.245 | 0.249
xq | -0.239 | -0.250 | 0.236 || x4 | -0.163 | -0.245 | -0.249
x5 | 0500 | 0.551 | 0557 || x5 | 0.319 |0.475 | 0.495
P, | 0991 | 0971 | 0961 || Py |1 1 1

P, |1 1 1 P, |1 1 1

P, | 0.996 | 0.7739 | 0.6919 || Py | 0.9652 | 0.7768 | 0.7031
Py | 0.7504 | 0.7459 | 0.7459 || Py | 0.5067 | 0.7484 | 0.7535

Table 3.1: ALCC and GloptiPoly results for Example 1
because for larger d, GloptiPoly did not terminate in 24 hours.

3.4.3.3 Example 2: Union of Simple Sets
Given the following polynomials

P (z,q) = — 0.263 + 0.421 — 0.4z + 0.873 — 0.824 + 1.225 + 0.1¢1 + 0.08¢2 + 0.04q3

+0.4q4 + 0.6g5 — 22 — 23 — x% — 22— azg —0.5¢° — 0.4q3 — 0.1q§ — ¢ - qg,
PP (z,q) = — 2.06 + 0.4z1 — 0.825 + 3.2x3 — 1.634 + 3.625 — 0.4q; — 0.4¢2 — 0.2g3

—0.2q4 — 0.8¢5 — 27 — 223 — 4o — 225 — 322 —qf — 5 — 43 — 44 — &,

consider the chance optimization problem

Sup /g ( U {gerR®: PY2,q) > 0}> , (3.26)
x€RS 19
J=1,
where ¢; ~ U[—0.5,0.5] for all ¢ = 1,...,5, i.e., the uncertain parameters ¢; are

uniformly distributed on [—0.5,0.5]. The optimum solution and corresponding opti-
mal probability are obtained by Monte Carlo method: zj = 0.2, z5 = —0.2, z§ =

04, z3 = —0.4, 2 = 0.6, and P* = 0.80. To obtain an approximate solution, we
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ALCC

Nyae | 153 2128 16478
iter | 979 1467 1875
cpu | 6.5 102.2 | 434.7
X1 0.209 | 0.328 | 0.201
X2 -0.202 | -0.174 | -0.201
X3 0.397 | 0.466 | 0.430
X4 -0.400 | -0.405 | -0.401
X5 0.667 | 0.638 | 0.591
Py 1 0.997 | 0.981

P; | 09973 | 0.8610 | 0.8926
P, | 0.8937 | 0.8745 | 0.8984

Table 3.2: ALCC results for Example 2
solve the SDP in (3.18) using ALCC, where we set 1 to 1, 1x 107! and 1x 107 when

d is equal to 1, 2, and 3, respectively, and tol = 1 x 1072, The results for relaxation
order d = 1,2,3 are shown in Table 3.2. Let F®(z) = {g € Q: P®(x,q) > 0}
for k = 1,2. The probability estimates P, reported in Table 3.2 are computed by

solving the SDP relaxation for

max/P(l)(xd,q) dfi; + /73(2) (z%,q) dfiy :

fu + fis < pig, fu € M(FW (%), fiz € M(FP(2)).

For this example, GloptiPoly fails to extract the optimum solution.

3.4.3.4 Example 3: Portfolio Selection Problem

We aim at selecting a portfolio of financial assets to maximize the probability of
achieving a return higher than a specified amount r*. Suppose that for each asset
i =1,..., N, its uncertain rate of return is a random variable &;(q); and let (Q, X, 114)

denote the underlying probability space. In this context x; denotes the percentage
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of money invested in asset i. More precisely, we solve the following problem:

N N
S‘ﬁ@“q ({q eRY: Zfi(Q)% > r*}) s.t. le <1, >0 Vie{l,...,N}.
xe i i

- - (3.27)
In our example problem, r* = 1.5, N =4, £&(q) = 1+ q1, &(q) = 1+ g0, &(q) =
0.94¢s, £4(q) = 0.94-q4, where {g;}._, are independent, and ¢; ~ Beta(3—+v/2, 3+v/2),
¢ ~ Beta(4,4), g3 ~ Beta(3 + /2,3 — v/2), ¢4 ~ U[0.5,1]. The k-th moment of
Beta distribution Beta(a, 3) over [0,1] is yp, = —2tL 9y | and yo = 1. We will

(at+B+k—1)
solve an equivalent problem in the form of (3.2) with ¢ = 7, where P;(z,q) = z;

for j = 1,...,4, Ps(z,q) = 1 — Z?Zl xi, Pe(r,q) = 8 — Z?Zl x? — Z?:l q?, and
Pz, q) = Z?Zl &i(q)x;—r*. Since any (z,q) € K satisfies z € x and ¢ € Q, we added
polynomial Pg(z, ) to assure that the resulting representation of the semialgebraic
set K satisfies Putinar’s property. The optimum solution and the corresponding
optimal probability are computed approximately by Monte Carlo method: z7 = 0,
x5 =0, 5 = 0.3, 2y = 0.7, and P* = 0.89. To obtain an approximate solution, we
solve the SDP relaxation in (3.6) using GloptiPoly and ALCC. For ALCC, we set 1,
to1x 1072, 1 x 1072 and 1 x 102 when d is equal to 1, 2, and 3, respectively, and
tol = 1 x 1073. The results for relaxation order d = 1,2,3 are shown in Table 3.3.
We reported results up to order d = 3, because for larger d, GloptiPoly did not

terminate in 24 hours.

3.4.3.5 Example 4: Run time

In this example, for fixed degree of the relaxation order d, we examined how the run
times of ALCC algorithm scale as the problem size increases. For this purpose, we
consider the following problem: Given n > 1, we set P : R" x R" — R, P (z,q) =
0.81 = > (2 — ¢;)%; and solve

sup iy ({g € R™: Plr,q) 2 0}). (3.28)

TER™

The numerical results for increasing n and fixed relaxation order d = 1 are displayed

in Table 3.4. For each n, ALCC recovered the optimal decision value: z* = 0.
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ALCC GloptiPoly
d 1 2 3 d 1 2 3
Ny | 60 565 3213 Ny | 60 565 3213
iter | 573 388 2227 iter | 15 20 48

cpu | 3.625 16.426 | 756.798 || cpu | 0.509 | 2.617 | 1025.045
X1 0.004 | 0.009 | 0.002 X1 0.133 | 0.0462 | 0.003

X2 0.012 | 0.009 | 0.006 X2 0.192 | 0.154 | 0.075

X3 0.438 | 0.449 | 0.299 X3 0.295 | 0.297 | 0.210
X4 0.5007 | 0.522 | 0.677 X4 0.325 | 0.493 | 0.710
P, 0.996 | 0.994 | 0.980 Py 1 1 0.999
P/ 1 1 0.9716 P/, 0.9071 | 0.9997 | 0.9896
P, 0.7928 | 0.8177 | 0.8220 P, 0.3808 | 0.7753 | 0.8395
P, 0.7405 | 0.8655 | 0.8422 Py 0.3865 | 0.8267 | 0.8675

Table 3.3: ALCC and GloptiPoly results for Example 3

ALCC
n 5 10 20 30 40 50 60 70 80
d 1 1 1 1 1 1 1 1 1
Ny | 10 20 40 60 80 100 120 140 160
iter | 82 140 97 182 201 175 191 186 208
cpu | 0.3969 | 1.5349 | 3.5542 | 14.2899 | 27.7978 | 37.2624 | 60.4454 | 83.3669 | 122.7844

Table 3.4: ALCC for increasing problem in Example 4

3.5 Conclusion

In this chapter, “chance optimization” problems are introduced, where one aims at
maximizing the probability of a set defined by polynomial inequalities. These prob-
lems are, in general, nonconvex and computationally hard. A sequence of semidef-
inite relaxations is provided whose sequence of optimal values is shown to converge
to the optimal value of the original problem. To solve the semidefinite programs
of increasing size obtained by relaxing the original chance optimization problem, a
first-order augmented Lagrangian algorithm is implemented which enables us to solve
much larger size semidefinite programs that interior point methods can deal with.
Numerical examples are provided that show that one can obtains reasonable approx-
imations to the optimal solution and the corresponding optimal probability even for

lower order relaxations. In the next chapter, we show the application of chance con-
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strained problems in system and control. We formulate the problem of controller
design for uncertain systems as a chance optimization problem and building on the

result obtained in this chapter, sequence of SDP’s are developed.

3.6 Appendix A: Proof of Theorem 10

Let (Q,3, iy) be the probability space defined in Remark 3.2.1. Note that since
P;(x,q) is a polynomial in random vector ¢ € R™ for all x € R”, it is continuous in
¢; hence Pj(x,.) is Borel measurable for all x € R™ and j = 1,...,¢. As discussed
in Remark 3.2.1, it can be assumed that K C x x Q = [—1,1]" x [—1,1]™. Define
F :R" — ¥ as follows

F(x):={qeR™:Pj(x,q) >0, j=1,2,.... 0}, (3.29)

and consider the following problem over the probability measures in M(x):

P:= sup {/,uq(]:(x)) dpg = pe(x) = 1}. (3.30)
neeM(x) LJx

Note that the optimal value of (3.2) can be written as P* = sup,¢, pq(F(2)).

Let ux be a feasible solution to (3.30). Since y,(F(x)) < P* for all z € x, we have
[ 11q(F(2)) du, < P*. Thus, P < P*. Conversely, let z € R" be a feasible solution
to the problem in (3.2) and 4, denote the Dirac measure at x. The objective value
of z in (3.2) is equal to p,(F(x)). Moreover, u, = d, is a feasible solution to the
problem in (3.4) with objective value equal to p,(F(x)). This implies that P* < P.
Hence, P* = P, and (3.30) can be rewritten as

= sup {// dpgdpiz + (X )—1} sup {/ dptply : ux(x)zl},
HeEM(x Hz EM(X) K

(3.31)

and using the epigraph formulation shown in Lemma 6, we finally obtain

P*= sup sup /du sbe S e X Hgy pa(x) = 1.
pz €EM(x) peM(K)

Therefore, P* = Pl
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3.7 Appendix B: Proof of Lemma 11

Suppose that (u, ) is feasible to (3.4). Let y and yx be the moment sequences
corresponding to p and p,, respectively. Lemma 5 implies (3.5a); Lemma 1 and
Lemma 4 imply (3.5b). Moreover, let ¥ = {9, }aenn+m be the moment sequence
corresponding to the product measure fi := p, X p,. (3.4a) implies that g — p is
a measure; hence, Lemma 1 implies M, (y —y) %= 0. Moreover, the definition of
A implies that y = Ay, which gives (3.5¢). Since y is chosen to be the moment
sequence of p, we have [du = yo. This shows that for each (p, ;) feasible to
(3.4), one can construct a feasible solution to (3.5) with the same objective value.
Therefore, p; > P} . Note that Assumption 1 is not used for this argument.
Next, suppose that (y,yx) is a feasible solution to (3.5). Since K satisfies As-
sumption 1, (3.5a) and Lemma 5 together imply that y has a representing finite Borel
measure p supported on K, i.e., up € M(K). Moreover, (3.5b) and Lemma 3 together
imply that y, has a representing probability measure p, supported on hyper-cube
X, i.e., pp € M(x) such that u,(x) = 1. Hence, the sequence Ay, has a representing
measure /i which is the product measure of 11, and p4, i.e., i = p, X p1y. Furthermore,
since £ C x x Q@ = [—1,1]"™ (3.5¢) implies that p < fi, which is (3.4a). Finally,
the fact that p is a representing measure of y implies that [ dp = yo. Therefore,

Py < Pj . Combining this with the above result gives us Py = Pj, .

3.8 Appendix C: Proof of Theorem 12

First, we will show that for all d > 1, the corresponding feasible region of (3.6) is
bounded . Fix d > 1. Let (y,yx) be a feasible solution to (3.6). Then from (3.6b),
we have ||yx|lc < 1. Since p, is a probability measure supported on Q = [—1,1]™,
Lemma 4 implies that ||yq]lc < 1 as well. Moreover, the definition of A, further
implies that [|Azyx|| < 1. Let § := Agyx. It follows from (3.6¢) that the diagonal

elements of M,(y —y) are nonnegative, i.e., (¥),, — (¥)y, = 0 for all & € NJ*™. This
implies that

max{yo,' max Ly (x?d)} < max g, < max V20 < [|¥]lo0 < 1, (3.32)
aeNy™™

i=1,...,n+m aeNZ+m
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where the first inequality follows from the fact that
{yo} U{Ly (x?d) ci=1,...,n+m} C {yoa: a€Nj"}

From (3.6a), we have My(y) %= 0. Hence, using Lemma 2, (3.32) implies that |y,| <
|¥]lc <1 for all @ € Nj7™. Therefore, the feasible region is bounded. Since the
cone of positive semidefinite matrices is a closed set and all the mappings in (3.6) is
linear, we also conclude that the feasible region is compact. Hence, there exists an
optimal solution (y?,y?) to the problem (3.6) for all d > 1.

Fix d > 1. Clearly, for any given feasible solution (y,yx) to (3.5), by truncating
the both sequences to vectors y € R%+m2¢ and y, € R%2¢ we can construct a
feasible solution to (3.6) with the same objective value. Hence, it can be concluded
that Py > P’;,q for all d > 1. Moreover, the same argument also shows that P; > Py
for all ' > d. Hence, {Ps}4ez, is a decreasing sequence bounded below by |
Therefore, it is convergent and has a limit such that limyez, P > PJ_.

In order to collect all the optimal solutions corresponding to different d in one
space, we extend (y¢,yd) € RSnm2d x RS2 to vectors in £, (the Banach space
of bounded sequences equipped with the sup-norm) by zero-padding, i.e., we set
(y%)a = 0 for all @ € N**™ such that ||«||; > 2d, and (yfﬁ)a = 0 for all @ € N" such
that |||y > 2d. Note that ¢, is the dual space of ¢, which is separable; hence,
sequential Banach-Alaoglu theorem states that the closed unit ball of /., denoted
by Ba, is weak-x sequentially compact. Since {y?}4ez, C B and {y%}icz, C B,
there exists a subsequence {dj,} C Z, such that {y% }rez, and {y%}yez, converge

weak-x to y* € By, and y; € B in the weak-x topology, respectively. Hence,

: dp o * n-+m : dp o * n
Jim (y*),=@")., YaeN"*m Jim (yi#), = (¥%),, YaeN'. (3.33)

Fix d > 1, then for all £k € Z, such that d; > d, we have

Ma(y®™) =0, My_,,(y™;p;) =0, j=1,....1,

0
My(y3) = 0, [lysllee <1, (y5), =
My(Aygs —y®) = 0.

Since d € Z, is arbitrary, by taking the limit as k& — oo, we see that (y*,y%) satisfies
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all the constraints in (3.5). Therefore, (y*)o < Pj_. On the other hand, (y*)o =
limpez, (yd’v) o = limgez, Pg,. Moreover, since every subsequence of a convergent
sequence converges to the same point, we have limgez, Py, = limgez, Py, = PJ,_.
This shows that the subsequential limit (y*,y%) is an optimal solution to (3.5). The

rest of the claims follow from our previous results: Theorem 10 and Lemma 11.

3.9 Appendix D: Proof of Theorem 13

The LP in (3.4) can be rewritten as

P7 := sup(v,¢) (3.34)
st. Ay =0 (3.34a)
v € ML(K) x Mi(x). (3.34b)

where, v == (, ) € M(K) x My (x) is the variable vector, and ¢ := (1,0) €
C+(K) xCi(x), so objective function is (7, ¢) = [ du. Also, A* : M4 (K)x My (x) —
M (Qx x) xRy is the linear operator that is defined by A*y := (p— 1z X g, fx diiy)
and b:= (0,1) € M (Qxx) xRy ,([49], Theorem 2, [79, 82]). The problem in (3.34)
is infinite LP defined in cone of nonnegative measures. The cone of nonnegative
continuous functions are dual to cone of nonnegative measures. Based on standard
results on LP ([49], Theorem 2, [79, 82]), the dual problem of (3.34) reads as

P} := inf(b, 2) (3.35)
st. Az —ceCi(K) xCi(x) (3.35a)

where, z := W(x,q), ) € C.(Q X x) x R, is the variable vector, so the objective
function is (b, z) = 8. The linear operator A : C,(Q X x) X Ry — C(K) x Cy(x)
satisfies adjoint relation{A*y, z) = (v, Az); hence, is defined by Az := W(x,q), 5 —
JoW(x,q)dp,). As a result, the dual problem (3.35) is equal to the problem (3.34).

If problem in (3.34) is consistent with finite value and the set

D = {(A*y, (7,0)) : 7 € M(K) x M_(x)}
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is closed, then there is no duality gap between (3.34) and (3.35), ([79], Theorem
3.10, [82], Theorem 7.2). The support of measures in (3.34) are compact. Also, the
measure p is constrained by the measure ji, X 1, in which, measure p, is probability
measure; i.e., p;(x) = 1, and p, is finite Borel measure defined on compact set Q.
Hence, P; = sup [ du < co. Also, the feasible set of (3.34) is nonempty for instance
(82 X pig, 0) for x € y is a feasible solution; therefor 0 < Pj = sup [ du < co. Using
sequential Banach—Alaoglu theorem [80] and weak-x continuity of the A*, there
exist an accumulation point of v, = (g, fi25) in the weak-x topology of nonnegative
measures such that limg_,o ((A*vk, (7, ¢))) € D; hence, D is closed, ([49], Theorem
2).

3.10 Appendix E: Proof of Theorem 14

Matrices of the problem (3.6) can be rewritten as follow, ([67, 68]). M,(y) = Z AaYa
and M rj (y; P ) Z Baya Also, My(yx) = E Dayzo, Ma- rZ(YXv{l 1 i= 1)) =
>0 Bl Yan, and My(yx x Yq V) = >0 Folza — Do Aaya for appropriate real sym-
metric matrices (Aq, {BI}._;, Do, {E.}, F,) and 0 < |a] < 2d. Let, v = (y €

RSw+m2d y € RS2¢). Then problem in (3.6) can be rewritten as a standard form

=D

as follow:
P ::Sgp bly, (3.36)
s.t. Cp+ Z/Ala%[ = 0, (3.36a)
09+ZB(M, L i=1,...,1 (3.36D)
Cs — Z Coaa = 0, (3.36¢)
Cy+ i Dova = 0, (3.36d)
CI+> Elya=0, j=1,....n (3.36¢)
Cs + f: Fore = 0, (3.36f)

Where b — (1 O) c RSVLer 2d+sm 2d (Cl7 027 04’ 057 06) are zero matl"ices, (Aa, {B(]l ‘l]—l

Do, {E! }i—1, ) are real symmetric matrices, C3 = 1, and CT = (0 e RS+m2d, 1,0 €
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RSm2d~1) € Rn+mz2a+Sm2d Based on standard results on duality of SDP, the dual
problem to (3.36) reads as ([83, 84])

l n
P = inf (Ch, X +Z<C§7XJ> Cg7ﬁ>+<047Y0>+Z<Cg7Yj>+(CG,Z>

il iln
(X9} {YiYr_ 2,8 ~ P

(3.37)

l n
st B— (A, XO) = (B, X7) = (Da,Y?) = (B, Y?) = (Fa,Z) =ba, a=0, (3.37a)
J J

— (A0, X% — Z<B7 X7) = (Do, Y?) = (E]Y7) = (Fo, Z) = bs, 0<|o| <2d,
J
(3.37b)

XOAXI_ YO Y9y 2,820 (3.37c)

J=b

where, (X,Y) = trace(XY). This problem is equal to the problem in (3.15).
Based on the defined matrices and vectors, the cost function of (3.37) is equal to
B. Also, let B; denote the vector comprised of the monomial basis of Ry[z, q]. We
can represent the polynomials of (3.15) as P,(¢,z) = Bl X°B,;, OM ({Pj}?:l) =
S U BIXIBy, [Ph(q,x)du, = BIY°Bs, QM ({1 —a2}1,) = Y BIYiB,, and
Pi(q,z) = BYZB,;. Then constraints (3.37a) and (3.37b) are conditions for a-
th coefficient of polynomial P, (¢,x) so that as constraints (3.15a) and (3.15b),
Pi(g,x) =1 € QM ({P}L,), B — Ph(g,2) € QM ({1 —22}7_)), and Py, (g,7) =
Jo Piv(x, q)dp, are satisfied.

Based om Slater’s sufficient condition ([83, 84]) if the feasible set of strictly posi-
tive matrices in constraint of primal SDP is nonempty, then there is no duality gap.
Consider SDP in (3.6). Let pu, be uniform measure on x and p = 1, X p,. Since set
IC and x have a nonempty interior, then My(y) = 0, Mg, (y;P;) = 0,5 =1,...,1,
My(yx) > 0, and My, (yx; {1 — 23}) > 0,5 = 1,...,n. Based on Remark 3.2.1,
X X @\ K has nonempty interior; hence M, (yx X yq —y) = 0. Therefore, Slater’s
condition holds, (see [67, 68] for similar setup). Also, Theorem 13 can be proved
based strong duality condition provided in [83], (e.g., see [49, 95]).
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3.11 Appendix F: Proof Of Theorem 15

Let P* denote the optimal value of (3.1), and K = UY_ Ky, where Kj is defined in
(3.16). It can be proven as in Theorem 10 that

P*= sup sup /du St = fhe X gy p(x) = 1. (3.38)
pz €M (x) peM(K)
Let {u}2, and p, be a feasible solution to (3.17) with objective value P. Since
e € M(Kr) € M(K) for all k = 1,...,N, we have Yn , ux € M(K). Hence,
(Zgzl Lk ux) is a feasible solution to (3.38) with objective value P, as well. Clearly,
this shows that Py < P*, where P}, denotes the optimal value of (3.17).
Suppose that (1, u,) is a feasible solution to (3.38) with objective value P. Define

{up 3, as follows

pr(S) = p (S N (le \ Ul@-)) , VS e 3(K), (3.39)

J=0

for all k =1,..., N, where Ky := () and X(K) denotes the Borel o-algebra over K.
Definition in (3.39) implies that ur € M(Ky) forall k =1,..., N, and Zszl pr(S) =
u(S) for all S € ¥(K). Hence, {us}Y_, and p, form a feasible solution to (3.4) with

objective value equal to P. Therefore, P, =P

3.12 Appendix G: Proof Of Theorem 16

Let {yx} , C RS=+m2d and y, € R%2¢ be a feasible solution to (3.18). As in

Theorem 12, it can be shown that

max {(y)0 , max Ly (xfd)} <1, (3.40)

where y == 30" yi. Note that Ly (v29) = Yo, Ly, (¢29), and {Ly, (22%)}14"
is a subset of diagonal elements of M,(yx) = 0 for each k € {1,...,N}. Hence,
Ly, (z2") > 0 for all i € {1,...,n+m} and k € {1,...,N}. Therefore, (3.40)

7
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implies that
max {(Yk)o ;. max Ly, (xfd)} <1 (3.41)

=1,....n+m

forallk € {1,..., N}. Lemma 2 implies that |(yx)s| < 1 for all « € N3, Therefore,
the feasible region is bounded. The rest of the proof is exactly the same as in
Theorem 12.



Chapter

Convex Relaxation of Probabilistic

Controller Design Problems

4.1 Introduction

In this chapter, we address the application of chance optimization algorithms in
the control of stochastic systems. For this purpose, we consider the problems of
probabilistic robust controller design and chance constrained model predictive control
[70, 71]. In the problem of designing probabilistic robust controllers, we aim at
designing robust controllers that maximize the probability of reaching a given target
set. More precisely, given probability distributions for the initial state, uncertain
parameters and disturbances, we develop algorithms for designing a control law that
i) maximizes the probability of reaching the target set in N steps and ii) makes the
target set robustly positively invariant.

In the chance constrained model predictive control problem, we aim at finding
optimal control input for given disturbed dynamical system to minimize expected
value of a given cost function subject to probabilistic constraints, over a finite horizon.
The control laws provided have a predefined (low) risk of not reaching the desired
target set.

Building on the theory of measures and moments, a sequence of finite semidefinite
programmings are provided, whose solution is shown to converge to the optimal

solution of the original problems. Numerical examples are presented to illustrate the
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computational performance of the proposed approach.

4.2 Probabilistic Robust Control

In this section, we provide results aimed at designing robust controllers that maximize
the probability of reaching a given target set. More precisely, we start with an
uncertain polynomial system subjected to external perturbations for which we know
the probability distribution of the initial state, the uncertainty and the disturbances.
Then, given a target set defined by polynomial inequalities and number of steps N,
we provide algorithms for designing a nonlinear state feedback control law that i)
makes the target set a robustly invariant set and ii) maximizes the probability of
reaching the target set in N steps. It is assumed that a static polynomial state
feedback control law exists that makes the target set robustly invariant. In the
provided method, we incorporate the probability directly in the objective function
and aim at maximizing the probability of desired defined control objectives. The
proposed method is based on results on semialgebraic chance optimization provided
in Chapter 3. Being, in general, a non-convex problem, a hierarchy of semidefinite
relaxations for the approximation of the solution was proposed. These results provide
the main motivation for the approach taken in this section.

In the next section, an explicit definition of chance robust control problem is

given. Then, a sequence of convergent convex relaxations is provided.

4.2.1 Problem Statement

Consider the following discrete-time stochastic dynamic system
2k +1) = F(e(k), ulk), 6.w(k)) (4.1)

where f : R"™™*P — R" is a polynomial function, x(k) € x C R" is the system
state, u(k) € v» C R™ is the control input, § € A C RP is the uncertain model
parameter and w(k) € Q C R™ is the disturbance, at time step k.

The initial state z(0) € xo C x, model parameter J, and disturbance w(k) at
time k are independent random variables having probability measure ji,,, s, and

s With compact supports supp(ftz,) € Xo., supp(ps) € A and supp(p,,) C Q,
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respectively. We assume that yo, A, 2 are compact semialgebraic sets of the form
Yo = {2 ¢ go(e) > 0}, A = {6+ gs(6) > 0}, @ = {w : gu(w) > 0} for given
polynomials gg, g5, g.,. Although each of these sets is defined by just one polynomial,
the approach proposed in this work can be extended to more complex semialgebraic
sets. This assumption is only done to simplify the exposition.

Let N be a given integer. The desired terminal set at time step IV is defined as

the compact semialgebraic set

xy = {z:gn(z) > 0}.

We aim at finding a polynomial state feedback control input
u(z) = Z bix'
llills<nu

where v : R™ — R™ is polynomial of order no more that n, and b € B is a vector
of coefficients b;, such that y is an invariant set and maximizes the probability of

reaching yny in N steps. Terminal set xy is invariant under control law if

f(x,u(m),é,w) € XN
for all
rexn, O0€A wel

Under the definitions provided above, the stochastic control problem can be stated

as follows

Problem 1: Solve,
P! = m?XProbuzm%Lw {gn(z(N)) > 0} (4.2)
subject to,
x(k+1) = f(x(k), u(k),d,w(k))

u(k) =Y b'(k)

il <nu

Ty ~ ,Uaroaé ~ N/(va(k) ~ Py s P = [,uw(): -'-a,uwN]
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flz,u(x),d,w) € xy forall x € xy,0 € A,w € Q

4.2.2 An Equivalent Problem

As mentioned before we address this problem in two steps. First we determine a
set of control laws that renders the set yn robustly positively invariant. Then, we
search for a control law in this set that maximizes the probability of reaching yy in

N steps.

4.2.2.1 Set Invariant Control Laws

In first step, we are looking for a set of parameters of control laws that render desired
terminal set y invariant. In this work, we approximate this set by a semialgebraic
set P; C B of the form

Py ={b: pa(b) > 0}

where the p, is a polynomial of order d of the form

pa(t) = > AV € RHa.

jEN?
To determine A; the coefficients of this polynomial, one needs to solve the fol-

lowing optimization problem involving SOS polynomials, which can be easily done

using semidefinite programming.

min}\j,ao,ohag,ag Z 7j>‘j (43)

JENR
subject to
gN(f(xa Z b’ilj’ 57(“})) - Z A]b] = O-O(x7[_)7 67 (.U)
=0 jeENn

+0-1(:E7 Z_)a 57 CLJ)QN(I’) + 0-2(:67 Z_)a 57 (.U)gw (w> + 0'3(1', Z_)a 67 w)g5(5)

where,7; is j-th moment of uniform probability measure over the set B of parameters
of the control law and o, o1, 09, 03 C 22[:6, b, 0, w], are finite degree SOS polynomials
such that deg(og) < d, deg(o1gn) < d, deg(o2g.,) < d, deg(osgs) < d.

We then have the following result:
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Theorem 17. Let py(b) be a polynomial constructed by solution of the optimization
problem (4.3). Then, for any

be Py={b:pa(b) > 0}

the corresponding control law

u(z) = Z bix'
iEND,
renders the set xn positively invariant. Moreover, define the set

Piotar = {b : u(x) renders the set xn positively invariant}.

Then
hm MB(Ptotal — Pd) = 0
d—00

where Py — Py denotes the elements of Piya not in Py.

Proof. See Appendix A. ]

4.2.2.2 Maximizing Probability of Reaching yy

Now that we have an estimate of the set of control laws that render the set yy
positively invariant, we can now address the problem of maximizing the probability of
reaching the target set in at most /V steps. Note that this is equivalent to maximizing
the probability of x(IN) € xn since we have restricted the control laws to those that
make the set yy invariant.

Define the function h as
‘T(N> = h(l’g,l_), (57 g)

as the value of the state at time N when the value of the uncertain parameters is 9,
the disturbances are

W= [w[)a "'7wN]7

the control has coefficients b and the initial condition is zg. Note that since one has
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a polynomial system and a polynomial control law, h is a polynomial. Additionally

define the semialgebraic set
K1 = {(20,b,0,w) : gn(h(zo,b,6,w) > 0}

which represents all the values of the variables that will result in 2(N) € xx and the

semialgebraic set
Ky = Py (l_)) NB

of control laws that render the set y invariant. Define the following problem

Problem 2: Solve
P2’ = max/d,u (4.4)

Ky

subject to

N
= X g X s X ] o
k=0

1y 1s a probability measure
supp(p) € Ky
supp(pp) C Ko

This problem is equivalent to the problem addressed in this work in the following

sense.

Theorem 18. Problem 2 is equivalent to Problem 1 in the following sense: Let’s

restrict our attention to control laws that have
be Py

Under this addition restriction one has
1. The optimal values are the same.

2. If ui be a solution of Problem 2, then, any b* € supp(u;) is a solution of
Problem 1.

3. If b* be a solution of Problem 1, then uj = &y is a solution of Problem 2
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Proof. See Appendix B. ]

4.2.3 Semidefinite Relaxations

In this section, a sequence of semidefinite programs is provided which can arbitrarily
approximate the optimal solution of Problem 2. Unlike Problem 2 in which we are
looking for a measure, in the provided semidefinite program, we aim at finding a
sequence of moments of a measure that satisfies the criteria of Problem 2. One
should note that looking for a sequence of moments associated with one measure,
is equivalent to looking for the measure itself. Proceeding as in Chapter 3.3.2, this

leads to the following finite dimensional approximation.

Problem 3: Let y = (ya), yb = (¥, ) be a sequence with appropriate dimension, and
defined semialgebraic sets Kq, Ko. Consider the sequence of semidefinite programs
as: .
p3 = sup Yo (4.5)
Y:¥b
subject to

Mi(y) 77 0, My, (g(h(.))y) 7 0
Mi(yv) 7 0, Mi—r; (p(.)y3) 7 0
Mi(y —y) =0

where, ¥ = (J,) are the moments of measure i = uy X fiz, X s X H]kvzo ., if one
assumes that yp, are the moments of a measure j,. Given the fact that, yx,, ¥s, Yoy
sequence of moments of measures fi,,, fls, flw,, are given y is a linear transformation
of yp. The sequence of problems provided above converges to the solution of the

original problem. More precisely, we have the following result.

Theorem 19. Optimal value of problem p3! converges to optimal value of problem

P2 asi— oo.

Proof. See Appendix C. ]



63

p,(b1.62)

Figure 4.1: The polynomial P; (by,by) of example 2

4.2.4 Numerical Results

We now present two numerical examples that illustrate that the proposed semidefi-
nite relaxations are effective in finding an appropriate control input even with lower
order relaxations. Further research is needed to develop more efficient numerical
implementations and study their behavior. Matlab toolboxes Yalmip [96] and Glop-
tipoly [97] are employed to solve the semidefinite programs 4.3 and 4.5, respectively.

4.2.4.1 Example 1: Nonlinear Control Problem

In this example, we consider the controller design problem for the following uncertain
nonlinear dynamical system. For a given control parameter vector K € R?, let the
system z(k)T = [x1(k), z2(k), x3(k)] € R? satisfy

u(k = Kll'l(k?> + KQJZQ(]{?) + Kg[)fg(k?),

= A Jfg(k’),

= a1(k) 3(k),

= 1.2 z1(k) — 0.5 zo(k) + x3(k) + u(k),

(4.6)

for & = 0,1, where x,(0) ~ U[—-1,1], x3(0) ~ U[-1,1], 235(0) ~ U[-1,1], A ~
U[—0.4,0.4], i.e., initial state vector x(0), and model parameter A are uncertain
and uniformly distributed. The objective is to lead the system using state feedback
control u(k) to the cube centered at the origin with the edge length of 0.2 in at

most 2 steps by properly choosing the control decision variables {K;}3_; such that
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—1 < K; < 1. The equivalent chance problem is stated in (4.7), where e’ = [1,1,1].

sup g ({(x(O),A) . —0le<x(2) < 0.1e}> , (4.7)

KeR3
s.t. {z(k), u(k)}i_, satisfy (4.26),

—e< K <e.

The following optimal solution and the corresponding optimal probability are com-
puted by Monte Carlo method: Kj = —1, Kj = 0.5, K5 = —0.9, and P* = 0.84. To
obtain an equivalent SDP formulation for the chance constrained problem in (4.7),
x(2) is explicitly written in terms of control vector K € R? and uncertain parameters,

z(0) and A, using the dynamic system given in (4.26):

r1(2) = A z1(0)z3(0),

72(2) = (1.2 + K1)A 21(0)29(0) + (Ko — 0.5)A 25(0) + (1 + K3)A 25(0)23(0),

r3(2) = (1 +2K3+ K3) 23(0) + (K3 — 0.5K3 — 0.5 + 1.2A + K1 A + Ky K3) 25(0)
+ (1.24+ Ky + 1.2K3 4+ K1 K3) 21(0) + (K3 — 0.5) 21(0)z3(0).

Based on the obtained polynomials, the minimum relaxation order for this problem
is 2. To obtain an approximate solution, we solve the SDP in (3.6) using GloptiPoly
and ALCC. For ALCC, we set vy to 5 x 1072, 5 x 1072 and 1 x 10~2 when d is equal
to 2, 3 and 4, respectively, and tol = 1 x 1073, The results for relaxation order
d = 2,3,4 are shown in Table 4.1.

Example 2: Consider the uncertain systems as:

xo(k+ 1) = x1(k) + 2x2(k) + u(k) + w(k)
zo ~ U[—10,10%,5 ~ U[-0.5,0.5],w(k) ~ U[—0.4,0.4]

where, uncertain initial state xy, model parameter §, and disturbance w has uniform
probability distribution U. We aim at leading the system using state feedback control
u(k) = —byx1(k) —baxo(k) to the unit circle centered at the origin in at most 2 steps,

in presence of uncertainties. Solving the semidefinite program 4.3, the semialgebraic
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ALCC GloptiPoly
d 2 3 4 d 2 3 4
Nyay | 365 1800 6600 Nyay | 365 1800 6600
iter | 416 4300 5325 iter | 19 26 36
cpu | 14.934 | 897.708 | 5318.387 || cpu | 1.3 99.2 10389.8
Ky |0 -0.244 -0.683 Ky |0 -0.492 | -0.796
Ky [0 0.468 0.476 Ks |0 0.439 | 0.487
Ks |0 -0.868 -0.868 Ks |0 -0.823 | -0.891
P, 0.238 | 0.996 0.983 Py 1 1 1
P/, 0.65 0.9 0.982 P/, 0.65 | 0.959 | 0.999
P, 0.061 | 0.445 0.685 Py 0.061 | 0.508 | 0.766

Table 4.1: ALCC and GloptiPoly results for Example 1
set P; for d = 2 is obtained as:

Py ={b: —6.46 + 2.45b; + 5.35by — 1.22b3 — 0.009b1by — 1.33b3 > 0}

Solving semidefinite program 4.5 with relaxation order ¢ = 6, the obtained opti-

mal probability is 1. Using the obtained optimal y,y;, the control is
u(k) = —0.9924 (k) — 1.9924(k)

Where, [0.99,1.99] are the moments order one, from the moments sequence y,. Ap-
plying the obtained control input to the uncertain system, with probability one, the
trajectories of the system for all initial states from the box [—10, 10]? will reach and
remain in a unit ball, in presence of model uncertainty and disturbances; see Fig.
4.2

Example 3: Consider the uncertain systems as:

z1(k +1) = 25(k) (4.9)
zo(k + 1) = x1(k)xa(k) + u(k) + w(k)
xo ~ U[-5,5]%, w(k) ~ U[—0.5,0.5]

where, uncertain initial state xy, model parameter §, and disturbance w has uniform

probability distribution U. We aim at leading the state of the system to unit box
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Figure 4.2: Example 2: trajectories of the uncertain system under obtained control
input

2
S R S S — N S R R e}
T Y\ AN

0 5

Figure 4.3: Example 3: trajectories of the uncertain system under obtained control
input

[—1,1]% at most in 2 steps, in presence of uncertainties. Since, the system consists
of polynomial with order two, we use a state feedback control of the form wu(k) =
biz1(k)? + bozy(K)x2(k) + bszo(k)? to control the system. Solving the semidefinite
programs 4.5, with relaxation order i = 6, the obtained optimal probability is 1.

Using the obtained optimal y,y;, the control input is:
u(k) = 0.98z1(k)* — 0.94z, (k)xo (k) — 0.9825(k)?

State response of the system under obtained control input is provided in Fig 4.3.

Example 4: Consider the uncertain nonlinear system as

ri(k+1) = dxa(k),
z3(k), (4.10)
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where, initial system states z1(0) ~ U[—1,1], 22(0) ~ U[-1,1], z3(0) ~ U[-1,1],
and model parameter 6 ~ U[—0.2,0.2] are uncertain and uniformly distributed. Also,
there is a sphere shaped obstacle centered at (—0.5, —0.5,0) with radius of 0.3 in the

state space.

The objective is to find the state feedback control of the form w(k) = ayz1(k) +
asxo(k) + agzs(k) to lead the states of the system to the cube centered at the origin
with the edge length of 0.2 in at most 3 steps and at the same time to avoid the
obstacle at each time k with high probability. In other word, we want to maximize
the probability of semialgebraic sets x3 = {—0.1 < x1(3) < 0.1, —0.1 < 25(3)
0.1, —0.1 < 23(3) < 0.1} and x., = {(z1(k) +0.5)*+ (22(k) +0.5)? + 23(k)? — 0.3
0}, k = 1,2. Hence, the semialgebraic of chance optimization problem reads as

<
>

2

k=1
(4.11)

{(a;o, §): {~0.1 < Py5) < 0.1}, {(le(m +0.5)% + (Payey +0.5)2 + P2, ) — 0.3° > 0}

where, {z;(k) = P, (z0,9,a)}3_, i = 1,2,3, are states of the system in terms of
control coefficients vector a, initial states xg, uncertain parameters ¢ that is derived
by dynamic of the system given in (4.10). The maximum degree of polynomials
defining semialgebraic set is 8. Using Monte Carlo method, we obtain the optimal
solution as (aj, a3, a}) = (—0.5,1, —1) and the corresponding optimal probability as
1. To obtain an approximate solution, we solve SDP in (3.6).

Based on moments of uniform measures, we construct the matrices in constraints
of SDP (3.6) in terms of unknown moment vectors y € R72¢ and y, € R*32¢. The
SDP in (3.6) with d = 7 is solved using GloptiPoly. Based on obtained solution for
moment vectors, we approximate the (aq, ag, az) with the first order moments of vec-
tOr Yo a8 (Yay00s Yaoios Yaoor) = (—0.2820,0.4766, —0.8602) and also we approximate the
probability with zero moment of vector y as yogooooo = 1. Using Monte Carlo method,
the true probability for obtained solution (ay, as, az) = (—0.2820,0.4766, —0.8602) is
computed as 0.95. To improve the estimated probability and also to estimate the

probability of reaching to target set, i.e.,
Prob {(z¢,8) : {=0.1 < Py, < 0.1}, }
and probability of avoiding the obstacle, i.e.,

Prob {($0, 8) : {(Puyky +0.5) + (Pryr) +0.5)* + P2 ) — 0.32 > o}izl}
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separately, we solve the SDP suggested in chapter 3 for obtained points (a1, as, az) =
(—0.2820, 0.4766, —0.8602). By solving the SDP with relaxation order of 7 for the set
{(ZL'(), 8) : {=0.1 < Pyy3 < 0.1}?:1}, the estimated probability of 0.994 is obtained,
while the true one computed by Monte Carlo is 0.95. Also, the estimated proba-

bilty for the set {(1’0, J) : {(Pm(k) +0.5)% + (Puyy + 0.5)% + P2y — 0.32 > O}Z_l}
is obtained as 1, while the true one computed by Monte Carlo is 1. Figure 4.4 shows
the trajectories of the uncertain system (4.10) controlled by obtained state feedback
u(k) = —0.2820z1 (k) + 0.4766x4(k) — 0.8602z3(k) for different initial points. Note
that, although states of the system (k) avoids the obstacle, the trajectories between

the points z(k), k = 0, ...,3 may collide the obstacle.

Figure 4.4: The trajectories of the uncertain system of Example 4 controlled by
obtained state feedback

4.3 Chance Model Predictive Control

In this section, we aim at solving chance constrained model predictive control prob-
lems whose objective is to obtain finite-horizon optimal control of dynamical systems
subject to probabilistic constraints. The control laws provided are designed to have
precise bounds on the probability of achieving the desired objectives. More precisely,
consider a polynomial dynamical system subject to external perturbation and assume

that the probability distribution of the disturbances at each time is known. Then,
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given a desired set defined by polynomial inequalities and a polynomial cost function
defined in terms of states and control input of the system, we aim at designing a
controller to 1) minimize the expected value of given cost function over the finite
horizon and ii) reach the given desired set with high probability. For this purpose,
at each sampling time we solve a convex optimization problem that minimizes the
expected value of cost function subject to probabilistic constraints over the finite
horizon.

In the next section, we precisely define the chance constrained MPC problem.
Next, we provide equivalent infinite dimensional convex problem one measure and a

semidefinite program on moments to solve obtained convex problem on measures.

4.3.1 Problem Formulation

We consider chance constrained model predictive control problem defined as follows.

Consider the following discrete-time stochastic dynamical system

Lh4+1 = f(xk,uk,wk) (412)

where f : RP=tnutne 5 R jg g polynomial function, x, € y € R"™ is system state,
ug € Y € R™ is control input, and wy € 2 C R™~ is disturbance, at time step k. The
disturbances wy at time k are independent random variables with probability measure
[, supported on €2, respectively. We assume that 2 is compact semialgebraic set
of the form Q = {w € R™ : P,(w) > 0} for given polynomial P,. Also, let xy be a

given desired set defined by the compact semialgebraic sets as
xp ={x € x:Py,(x) <0} (4.13)

In this work we aim at solving following problem.

Problem 1: For a given stochastic dynamical system in (4.12), find an optimal
control u to:
i) Reach the desired set yp with high probability,
ii) Minimize the expected value of given cost function in terms of states and inputs
of the system.

To obtain such control input, at each sampling time k, we solve the following
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optimization problem:

Pupc == {Lnelg{lE |:7Dcost ({xz}f;];\fp{ z}k+Np>] (4.14)
s.t.
PrOwak {PXD (xk-l-l) = aPXD (xk)} >1- BPXD (xk) (4'143)

k+Np—1

1 = fg, ug, wi), {wi ~ o b, (4.14D)

where, u = {uZ}HNp € U C R is sequence of inputs, E[.] = SO dp - dppy 18
expected value operator, N, > 1 € N is prediction horizon. 0 <a <land 0 < g <1
such that 0 < 8P, ,(z) < 1 for all x € x. Polynomial P, ({xz}figfl,{ }HNZ’)

defined cost function in terms of states and control input of the system over control
and prediction horizon. We assume that the set of feasible control input U is a

semialgebraic set defined as

U= {u=(uk,..,upsn,) : Pu(u) >0} (4.15)

k+Np
i=k+1>

over the prediction horizon, can be explicitly expressed in terms of disturbance and

Also, using the dynamic of the system in (4.12), {z;} sequences of system states

input of the system as
i = Po,({u; o Aws}in) i=k+1,.,N, (4.16)

Then, expected value in the cost function (4.14) can be rewritten in terms of inputs

E {Pmt ({xl N }’“*Np)} — Pu(u) (4.17)

where, Pg : R — R is a polynomial function and u = {uz}f:r,iv”

By solving problem in (4.14), we find sequence of control inputs {uz}f;r,iv "’ that
minimizes expected value of defined cost function over the finite horizon with respect
to the chance constraint (4.14a). Chance constraint (4.14a) implies that the proba-
bility of getting closer to the desired set at next sampling time k+ 1 is bounded with
respect to Py, (xy), the distance of states of the system to the desired set at current

time k. At each sampling time k, the first element of the obtained control input w is



71

applied to the system. The implemented chance constraint (4.14a) depend only on
ux; hence, is recursively feasible.
Assumption: We assume that for every = € y, there exist a u such that the prob-
ability constraint (4.14a) is satisfied. Hence, problem (4.14) is always feasible.

The following theorem holds true.

Theorem 20. Given an initial state xqg € x and € > 0 there exist a /%(6,0(,6) and
P(e, a, ) such that

Pmb{PXD(xk) < e, Yk > k(e o, 5)} > Ple, a, ) (4.18)
where,
be.a, ) > O —ﬁ(f)xD(xo)) (4.19)
k-1
P(e,a, ) = [J(1 = Ba’) > 0 (4.20)
pin
Proof. See Appendix D, O

The probability lower bound (4.20) is a convergent product and converges to a
non-zoro constant. For example, consider the cases that («, 5) = (0.8,0.05). For this
case, P converges to 0.8169 for k > 36. In the section 4.4, where numerical examples
are presented, we consider this case for o and 5.

Remark: The lower bound probability (4.20) is conservative bound and the
actual probability of reaching the € level set of P, , is greater than provided P (€, a, ).
However, lower bound (4.20) is useful for controller design purposes and shows that
the probability of reaching the set is nonzero.

The provided problem in (4.14) is in general nonconvex and hard to solve. In the

next section, we provide a convex equivalent problems to the problem (4.14).

4.3.2 Equivalent Convex Problem on Measures

As an intermediate step in the development of finite convex relaxations of the original
problem in (4.14), a related infinite dimensional convex problem on measures is

provided as follows. Let u, and p be the finite nonnegative Borel measures and also
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the set I be defined as

IC = {(ug, wi) : Pyp (@ht1) — aPyp(xr) > 0} = {(ug, wi) : Pre(ug, wi) >0} (4.21)

where, polynomial Py can be obtained using system dynamics and and polynomial

P, . Consider the following convex problem on measures:

P:neasure = Sup/PE(u)de (422)
s P

St / dp > 1— 8P, () (4.92a)

B X Hf:kNpilﬂwm (4.22b)

/ o = 1, (4.22¢)

e Mi(K), p, € ML(U). (4.22d)

where, measures p and p,, are supported on the sets U and K defined as (4.15) and
(4.21).

Assume that there exist a unique solution u* € U to the problem in (4.14). Then,
following theorem shows the equivalency of the problem in (4.22) and the original

volume problem in (4.14).

Theorem 21. Assume that u’, the solution of the problem (4.22), is a delta distri-
bution whose mass is concentrated on a single point u*. Then, optimization problem
in (4.14) is equivalent to the infinite LP in (4.22) in the following sense:

i) The optimal values are the same, i.e., Pypc = Phicasure-

i) u* € supp(ps) is an optimal solution to (4.14).

iii) If an optimal solution to (4.14) exists, call it u*, then p, = 0., delta measure

at u*, and pu = 6, X 71 is an optimal solution to (4.22).

Proof. See Appendix E. ]

In the next section, we provide the tractable finite relaxations to the problem
(4.22).
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4.3.3 Semidefinite Programming Relaxations

In this section, we provide an finite dimensional semidefinite programming (SDP) of
which feasible region is defined over real sequences. We show that the corresponding
sequence of optimal solutions can arbitrarily approximate the optimal solution of
(4.22), which characterizes the optimal solution of original problem in (4.14). Unlike
the problem (4.22) in which we are looking for measures, in the SDP formulation
given in (4.23), we aim at finding moment sequences corresponding to measures that

are optimal to (4.22). Consider the following finite dimensional SDP:

P; = sup Ly (Pg(u)), (4.23)

yERS(Np—l)nw+Np,2T’ yueRSNp,QT‘
st. M, (y) =0, M,_..(y;Px) =0, 4.23a

(4.23a)
(¥)o =21 = BPyp (1), (Yu)o =1, (4.23D)
M, (yu) = 0, My, (yu; Pu) = 0, (4.23¢)
M, (yu x I yu, —y) = 0. (4.23d)
where Ly, is the linear map defined in (2.2). (y), and (yu), are first element of the
sequences y and y,, respectively. Polynomials P, and Py are defined in (4.15) and
(4.21). r € Z, is relaxation order of matrices, dx and dy, are the degree of polyno-

mial Pr and Py, rc = [%] and ry = [&]. Also, yu X M=ty s truncated

2
moment sequence of measure i, X Hfi,jv ”_luwi. M, (y;Px) and M, _,,,(yu; Pu) are
localization matrices constructed by polynomials Py and Py,.

Now, consider the following theorem.

Theorem 22. The sequence of optimal solutions to the finite SDP in (4.23) converges
to the moment sequence of measures that are optimal to the infinite LP in (4.22).

: * _ P
Hence, lim, Py = P} casures-

Proof. See Appendix F. ]

As in Theorem 21 and Theorem 22, if equivalent problem on measures has delta
distribution solution g, then problems on measures and moments in (4.22) and (4.23)
are equivalent to the chance constraint problem (4.14) and the optimal distribution

*

iy is a delta distribution whose mass is concentrated on the single point u*, i.e.,
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its support is the singleton {u*}. Such distributions, have moment matrices with
rank one. Hence, we incorporate this observation in the formulation of the relaxed

problem (4.23) as follows:

Plrace := min Ly, (P (u)) + w, Tr(M,(yu)), (4.24)
s.t. (4.23a), (4.23b), (4.23¢), (4.23d) (4.24a)

where, Tr(.) is the trace function and w, > 0. We want to minimize the expected
value with a low rank momnet matrix M,(y*,). For this, we use the trace norm
(nuclear norm) which is the convex envelope of the rank function, ([88, 98]). Since,
M, (y*,) =0, Tr(M,(y*,)) is equal to sum of singular values of M, (y*,).

Remark To be able to apply the provided chance constrained model predictive
control to large scale systems, we can implement Fast MPC approach [99] where, one
needs to compute the control input u; offline for all possible states z,. Then, the

online controller can be implemented as a lookup table, (see [99] for more details).

4.4 Numerical results

In this section, two numerical examples are presented that illustrate the performance
of the proposed method. To solve proposed SDP in (4.23), GloptiPoly is employed
which is a Matlab-based toolbox aimed at optimizing moments of measures [97].
Using GloptiPoly, we call Mosek, which is an interior-point solver add-on for Matlab.

Example 1: Consider the unstable nonlinear system as

l‘l(k? + 1) = ZEQ(’C),

(4.25)

where, x = [~1,1]? and disturbance wj, ~ U[-0.5,0.5] are uniformly distributed.
The desired set is a circle centered at the origin with radius 0.2; hence xp =
{z € x : Pyp(x) = 22 + 2% — 022 < 0}. The finite cost function is defined as
Peost = Soi (i) |12 + SN |lu(i)]|3, where ||. || is L-2 norm and N, = 3 To obtain
control input, we solve the SDP in (4.24) for a = 0.8, 8 = 0.0510, w, = 1, and relax-

ation order » = 5. The obtained control input at each time k for the initial condition

o= (1,1) is
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up, = [—0.5634, —0.4647,0.0007]

where results in the trajectory of

z1(k) = [1,1,0.878, —0.0430]

zo(k) = [1,0.878, —0.0430, —0.168]

Hence in 3 steps the trajectory of the system under control reaches the desired
set. The observed disturbance is w; = [0.4421,-0.4570, -0.1315]. Also, by applying
the obtained control input wg, the cost function at time k, ||z(k)||3 + |Ju(k)|3 is as
[3.11,2.56,0.408] and also the trace of the moment matrix is as [1.58,1.37,1.00]. More-
over, the lower bound probability 1 — 8Pp(z;) and the obtained probability of the
event {P,,(rr1+1) > Py, (zx)} is as [0.5,0.558,0.812]. Note that, we stop the opti-
mization problem and input control by reaching the desired set. We can add extra
constraint that makes the given desired set, an invariant set; hence the trajectories of
the system remains in the set despite all disturbance and uncertainties, (See Section
4.2.2.1 for more details).

Example 2:

Consider the uncertain nonlinear system as

ri(k+1)= x2(k),
zo(k+1) = x1(k) z3(k), (4.26)

w3k +1) = @1(k) — w2(k) + 23(k) + w(k) + u(k)
where, x = [~1,1]® and disturbances w(k) ~ U[-0.5,0.5] are uniformly distributed.
Also, The desired set is a circle centered at the origin with radius 0.2.The finite cost

function is defined as Peoo = SN |2(0) (2 + 255N |[u(i) |12, where ||.||2 is L-2 norm and

N, = 3. To obtain control input, we solve the SDP in (4.24) for o = 0.9, 8 = 0.2027,
w, = 1, and relaxation order » = 5. The obtained control input at each time k for
the initial condition z¢ = (1,1,1) is

w, = [—0.227, -0.219, —0.325, —0.196, —0.215, —0.605, 0.550]
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where results in the trajectory of

21 (k) = [1,1,1,0.752,0.892,0.417, —0.101, 0.0487]

2o(k) = [1,1,0.752,0.892,0.417, —0.101, 0.0487, 0.041]

zs(k) = [1,0.752,0.892,0.554, —0.113,0.116, —0.410, 0.171]

Hence in 7 steps the trajectory of the system under control reaches the desired set.
The observed disturbance is

wi = [—0.020,0.359, —0.260, —0.332, —0.028, —0.440, 0.182]

Also, by applying the obtained control input wu;, the cost function at time k,
llz(k)||3 + |lu(k)||3 is as [7.61,5.33,5.86,2.95,1.6,1.61,1.45] and also the trace of the mo-
ment matrix is as [1.26,1.22,1.34,1.16,1.12, 1.65,1.68]. Moreover, the lower bound proba-
bility 1 — SPp(zx) and the obtained probability of the event { Py, (zx4+1) > aPy,, (xk)}
is as [0.5,0.57,0.6,0.72,0.84,0.973, 0.976].

4.5 Conclusion

In this chapter, we presented a novel approach based on chance optimization results
to the chance constrained controller design when the objective is to reach a given
target set with high probability. More precisely, given a target set defined by poly-
nomial inequalities and number of steps N, we provide algorithms for designing a
nonlinear state feedback control law that i) makes the target set a robustly invariant
set and ii) maximizes the probability of reaching the target set in N steps. Also, we
provide chance constrained model predictive control problems whose objective is to
obtain finite-horizon optimal control of dynamical systems subject to probabilistic
constraints. The control laws provided are designed to have precise bounds on the
probability of achieving the desired objectives.

These problems are, in general, nonconvex and computationally hard. Using
theory of measures and moments, a sequence of semidefinite relaxations is provided
whose sequence of optimal values is shown to converge to the optimal value of the

original problem. Numerical examples are provided that show that one can obtains
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reasonable approximations to the optimal solution. In dynamical systems with un-
certain parameters and initial states, states of the system at each time step are
uncertain. In the next Chapter, we consider the problem computing uncertainty set

for states of the system where we have probabilistic representation of uncertainty.

4.5.1 Appendix A: Proof of Theorem 17

Recall that
Xy = {z: gn(z) > 0}.

Define function

TEXN,0EA,WEQN

pr(b) = min {gN(f(a:,Zbixi,(S,w))} (4.27)

Then,

u(z) = Z bix'

renders the set invariant if and only if
p*(b) = 0.
Now, the results on robust polynomial optimization in [100, 77, 101] show that
pa(b) < p*(b) for all b € B.
Hence, for any b € P;, we have
0 < pa(b) < p*(b)

and the corresponding control law makes the set yy invariant. This proves the first
part of the theorem.

The second part of the theorem is a consequence of the fact that

/‘pd([_)) —p*(b)|dup(b) — 0 as d — oo
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a result that has also been proven in [100, 77, 101].

Therefore, b parameters of control law should belong to the semialgebraic set Py,

otherwise the trajectories of system may not remain inside the desired terminal set.

4.5.2 Appendix B: Proof of Theorem 18

Problem 1 is a semialgebraic chance constrained optimization, where [xg, d, wp, ..., Wy]
is a random vector with probability measure [fiz,, foy fugs -5 Py |, a0 [bo, ..., by] €
ICo is our decision variable vector, and gy (h(zo, b, d,w)) is a polynomial. Therefore,
based on (4.2), the problem of maximizing probability of reaching the target set in N
steps is equivalent to problem (4.4). This is a consequence of the results of Theorems
10 and 15.

4.5.3 Appendix C: Proof of Theorem 19

It can be shown that y,y; in Problem 3 are bounded and converge to the sequence
of moments of measures p and p;, satisfying the optimal value of Problem 3 in the

weak * topology o (I, 1) sense; see Theorems 12 and 16.

4.5.4 Appendix D: Proof of Theorem 20

Given the system in (4.12), the desired set xp, and the initial state zy € x, the con-
dition Proby,, {Py,(@k+1) < aPyp(zr)} = 1 — BPy, (7y) is satisfied at each sampling

time k, where 0 < o, 8 < 1. For a given k, we define the events x1 and x» as follow:

X1 = {(2o, ..., x;) : Pyp(xy) < €} (4.28)

X2 = {(Z0, e 27) : Py (in1) < aPyp (@), i =0,k — 1} (4.29)

where, aP,,(z;_,) < € and; hence, Oficpr (xo) < e. This implies that given zg, €,

and «, the time k for which Pyp(z3) < € has lower bound of

In(€) — In(Py, (x0))
In(«)

k> (4.30)
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Also, x2 C x1 and thus Prob(ys) < Prob(x1). Since, the distribution of the uncertain
parameters and disturbance at each time k are independent, the stochastic model

(4.12) has Markov property; hence, the probability of the event ys is

Prob {x2} = 1:[ Prob { Py, (xit1) < Py, (x:)|xi} (4.31)

1=0

The probability in (4.31) has lower bound as

|
—

Prob {xz} > [ (1= 8P, (@) > (1 - 8a’) (4.32)

|
—

1
<)
<.
I
=)

where, P, (z;) < &Py, (o). Hence, the lower bound of probability read as
-1
P(e,a, ) = [[(1 = pa’) (4.33)

1=0

This is a convergent product and converges to nonzero constant as k — oco. As

e — 0, by (4.30) k — oo hence, P is non-zero and bounded.

4.5.5 Appendix E: Proof of Theorem 21

Consider the following problem over the measures i,

P, = 1 d 4.34

i min [ Powdn, (434

s.t.

[ Prob (P ) = 0Py (@b di > [ (1= 6P 00)dn (4:300)
u u

/d,uu = 17 {Wi ~ Hwi}filjvpil (434b)

We first want to show that Py;pc = P,.. Let u, be a feasible solution to (4.34),
ie., [, Prob{Py, (zrs1) > aPy,(xx)} dpty > 1 — BPy, (xx)). Then for any u in support of
measure fi, Prob{P,, (zr41) > aPy, (z)} > 1—BPy, (1)), i.€, the feasible set of problem
(4.14). Also, Since, Pg(u) < Pipc for all u € U, we have [, Pp(u)du, < Pipc. Thus,
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P,. < Pipc. Conversely, let u € U be a feasible solution to the problem in (4.14).
Let 9, denotes the Dirac measure at u. Then the §, belongs to the feasible set of
problem (4.34). The objective value of u in (4.14) is equal to Pg(u). Moreover,
o, = 0, is a feasible solution to the problem in (4.34) with objective value equal to
Pg(u). This implies that Pypc < P,,. Hence, Pyipec = P, and (4.34) can be

rewritten as

P, : Pr(uw)dpy, 4.35

o uuerf\l/llil(u / plu)du ( )

s.t.

[ [ =1 3P (o (4.35)
uJk

/d,uu = 17 {Wz ~ Mwl}k+Np ! (435b)

where, set K is defined in (4.21). Using the Lemma 6, we obtain

R (4.30)
s+, / du > (1= 8P, (1)) (4.362)
= X T (4.36b)
/ dp = 1. (4.36¢)
e MK), p, € My (U). (4.36d)

Note that, if there exist delta solution p for the problem (4.22) whose mass is con-
centrated on a single point u*, the [ du in constraint (4.36a) implies the probability

of event {Py,, (k1) > aPy, (xx)} for a control input u*.

4.5.6 Appendix F: Proof of Theorem 22

Using Lemma (4) and (5), the constraints of problem (4.23) implies that the sequence
of y and y, are the moment sequence of the measures of problem (4.22). For more
details, see Theorems 12 and 16.



Chapter

Uncertainty Propagation Through

Uncertain Dynamical Systems

Given an uncertain dynamical system and a set of initial conditions with known
probability distribution, we want to propagate the set of initial condition through
uncertain dynamical system and find the set of uncertainty for given time step. To
obtain such set, we reconstruct the support of probability distribution of states of the
system using the information of the moments of distribution [72]. In this chapter, we
first obtain the moment information of probability distribution of system states at
time k. Next, we address the problem of reconstruction of support of a positive finite
Borel measure from its moments. More precisely, given a finite subset of the moments
of a measure, we develop a semidefinite program for approximating the support of
measure using level sets of polynomials. To solve this problem, a sequence of convex
relaxations is provided, whose optimal solution is shown to converge to the support
of measure of interest. Moreover, the provided approach is modified to improve the
results for uniform measures. Numerical examples are presented to illustrate the

performance of the proposed approach.

5.1 Problem Statement

Consider the following discrete-time stochastic dynamic system

x(k+1) = f(zx(k),u(k),dw(k)) (5.1)
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where f : R"™™*P — R™ is a polynomial function, x(k) € x C R" is the system
state, u(k) € v» C R™ is the control input, § € A C RP is the uncertain model
parameter and w(k) € Q@ C R™ is the disturbance, at time step k. The initial state
z(0) € xo C x, model parameter §, and disturbance w(k) at time k are independent
random variables having probability measure ji,,, its5, and fi,, , with compact supports
supp(pizy) € Xo, supp(ps) € A and supp(p, ) C €2, respectively.

Due to the uncertainty in the system, state of the system at time k is uncertain
with probability measure j,, supported on xi € X, i.e., x € X&, VTo € X0,0 €
A, w € €. In fact, the support set xy is the set of uncertainty obtained by propagation
of initial state set xo through uncertain system 5.1.

In this chapter, we aim at finding the support set y; using the moment infor-
mation of the probability distribution p,, associated to states xj;. For given k, we
first obtain the moment information of j,, and then, we provide the semidefinite

program to reconstruct the support set xx, using the moment information.

5.2 Moment Information

Consider the following discrete-time stochastic dynamic system 5.1. States of the
system at time k, can be explicitly written in terms of uncertain parameters xg, ¢, and
{w; ¥+~ using the dynamic of the system, i.e., z, = P, (20,0, {wi}}=}) where P,, is
a polynomial function. Hence, a-th moment associated with probability distribution

of states xp can be written in terms of known moments of uncertain parameters as:

ma(k) = Elzy] = B[Py, (70,0, {ws ?:—11)] = Z AT Mg M5, Mgy My - (5.2)

i7j7k7lv"'7p

Where, a; are known coefficients, Mgy MGy Masgy s and Muy,_,, are the moments of
uncertain parameters xg, 0, and wy, and wy_1, respectively.

For example, consider the following uncertain system z(k+1) = dz%(k)+w(k). We
aim at finding the moment of stets at time & = 2. States of the system at time k = 2
can be written in terms of uncertain parameters as xy = §3x§ + dws + 20%x2wy + w; .

Hence, the a-th moment reads as m,, = F[z5] = FE[(6%x§ + 0wi + 26%w2wo + w1)?].
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For instance, the moment of order o =2 reads as:

Mgy, = Elas] = E[53xé+5w3+252x3w0+w1] = Mgy M0, 15, M0y + 25, M0, Mo, M1,

5.3 Support Reconstruction

In this section, we aim at solving the problem of reconstructing of support of a
measure using only its moments. More precisely, we consider the following problem.

Problem Given the moment sequence of a measure y, find a polynomial P :
R™ — R such that the set

K={zeR":P(zx)>1}
coincides with the support set of the measure p.

To reconstruct the support of the measure of interest from its moments, we de-
velop a sequence of semidefinite programming (SDP) problems whose solutions con-
verge to the solution of Problem 5.3. The proposed method relies on results on Sum
of Squares (SOS) polynomials and also, results on necessary and sufficient condition
for moment sequence to have a representing measure. A hierarchy of semidefinite

relaxations for approximation of the support set is proposed.

5.3.1 Convex Formulation

The approach presented in this work relies on finding polynomial approximations of
the indicator function of the support set of the measure of interest. More precisely,
let K represent the support set of a given measure . The results in this work aim

at finding polynomial approximations of
) 1 ifzek
H;C<I> - X
0 otherwise.

and use the level sets of these polynomials to approximate . In order to approxi-

mate the indicator function above consider the following optimization problem.
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Problem Let d be a given integer. Moreover, let B be a known (simple) set

containing the support set K and up be the Lebesgue measure supported on the set

B. Solve

P} = P d 5.3
2=, min }/ iw(x)dps (5.3)
s.t. Py(x) >0, for all z € B (5.3a)

Puz) > 1,z € K. (5.3b)

For every d, the problem above provides a polynomial P; with the smallest ¢;-
norm on B that is i) positive in the (simple) set B and ii) larger than one inside
the support set K. For this (infinite dimensional) optimization problem we have the

following result.

Theorem 23. For a given integer d, let
Kq={xeR":Pjx)>1}
be the semialgebraic set constructed using the solution P} of the problem (5.3). Then
dh—>Holo us(Kqg — ) = 0.

Sketch of proof: As in [102] one can show that P; converges almost uniformly
(with respect to measure pg) to the indicator function Ix. Moreover, one has I C Ky

for all d. These two facts imply that
lim pg(Kqy —K) =0
d—o0

which completes the proof.

In the optimization problem above, one approximates the indicator function of
the set K by using the knowledge that this set is contained in a known set B. This
set is usually chosen in such a way that one can compute all the moments of the
measure pp in a closed form.

However, the problem above obviously requires the knowledge of the measure

it whose support I we are trying to determine. To be able to solve this problem
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by using only knowledge of moments consider a bounding set B defined by a set of

polynomial inequalities; i.e.,
B={zeR":¢;(z)>0,j=1,..,1}

where g;, j = 1,2,...,( are given polynomials. As before, let pz be the Lebesgue

measure supported in B with a-th moment yg . Moreover, let the (infinite) vector

y be the vector containing all the moments of the measure . Then, define the

following optimization problem (which has an infinite number of constraints).
Problem

d
P; = Inin Zpayga (5.4)
%3 a=0
st Palx) = Z Pal” (5.4a)
lalli<d
Pa(x) > 0,for all z € B (5.4b)
Moo((Pa(x) = 1)y) = 0 (5.4c)

The problem above is a first step towards an implementable version of Problem
5.3.1. The objective function is the same in both, just represented as a function of
the moments of up in Problem 5.3.1. Constraint (5.4b) enforces P; to be positive
on the set B. Finally, based on Lemma 5 constraint (5.4c) implies that moment
sequence y has a representing measure y supported on the set {x € R"™ : Py(z) > 1}.
Hence, P, is larger than one in the support set of p.

Since one cannot solve the problem above, we start be proposing the following

relaxation.
Problem
d

P := mi o 5.5

3= min Z;p YB. (5.5)

s.t. Pa(z) = Z Pal® (5.5a)

lell1<d
Pa(x) > 0,for all z € B (5.5b)

M, ((Pa(z) —1)y) =0 (5.5¢)
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where, » >1 is relaxation order. In other words, we truncate the infinite moment

localization matrix.

Theorem 24. Polynomial Pj(x) = 3., <aPat® constructed by p;,, the optimal so-
lution of the Problem 5.3.1, converges to the indicator function of support of measure

with known moments y.

Sketch of proof: The feasibility set of Problem 5.3.1 contains the feasibility set
of Problem 5.3.1 and converges to it as r — oo. Hence, optimal value of Problem
5.3.1 converges to the optimal value of Problem 5.3.1.

The truncation of the moment localization matrix provides an approximation of
the constraint Py(z) > 1 for all x € K. Although, if r is “large” one has acceptable
estimates of the support set, for “low” values of r this can lead to estimates of the
support set that are less accurate than desirable.

To be able to solve the problem above, in this work we use following SOS relax-

ation.
Problem
d

P: := mi o 5.6

5= min ;p YB. (5.6)

st Palx) = Z Pal” (5.6a)

lef]1<d
!
Pa(x) = oo(z) + Y 0j(z)g;(x) (5.6b)
=1

0; €Y% =0,1,...,1 (5.6¢)

deg(00) < dsos; (5.6d)

deg(0;05) < dsos;j =1,2,...,1 (5.6e)

M, ((Pa(z) = 1)y) = 0 (5.6f)

where, dsos is SOS relaxation order. One can see that constraint (5.6b) enforces Py
to be positive on the set B. Furthermore, as d,,s — 00, standard results on SOS
relaxations can be used to show that one converges to the solution of Problem 5.3.1.

One should note that the problem above can be formulated as a standard SDP; i.e.,
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minimization of a linear function subject to Linear Matrix Inequalities (LMIs).

---Indicator
d=1
—d=2
—d=10
—d=20
—d =50

Palx)

0.5f

o

i i i i
-1 -08 06 -04 -02 0 0.2 0.4 0.6 0.8 1
X

Figure 5.1: Result of SDP in (5.6) For Example 1

Example 1: Let, y be a moment sequence of uniform probability measure g

supported on [—0.5,0.5]. The a-th moment of uniform distribution Ula,b] is y, =
ba+l_aa+1
(b—a)(a+1)"
2d. To solve the SDP (5.6), Yalmip with Sedumi SDP solver is used. The obtained

results are depicted in Fig 5.1. One can see as d, the order of polynomial, increases

For this example, we take B = [—1, 1], and use the moments up to order

Pa(z) converges to indicator function of support of uniform measure. Hence, the
semialgebraic set Ky = {z € R : Py(x) > 1} provides better approximations of the
support as one increases d. However, as one can see in Fig 5.1, P; can be below one

in a significant subset of the support of pu.

5.3.2 An Heuristic for Improved Performance

To minimize the measure of the subset of the support of the measure p where P,
is below one, we propose to maximize the values of Py(z) inside the support of the
measure while still trying to bring its values as low as possible everywhere else in B.
This results in following modified SDP.
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---Indicator
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Figure 5.2: Result of SDP in (5.7) For Example 1

Problem

Pg := mi o h 5.7

6= min (;p Y5, — Wh (5.7)

s.t. Pa(z) = Z Pal® (5.7a)
lalli<d

l

Pa(x) = oo() + Y o5(2)g;(x) (5.7b)

j=1
o; € X%x];j=0,1,...,1 (5.7¢)
deg(o0) < dsos; (5.7d)
deg(0;9;) < dsos; j = 1,2,...,1 (5.7¢)
M, ((Pa(z) — h)y) = 0 (5.7f)
1<h<1+Ah (5.7g)

where, w, and Ah are positive design parameters.

To show the effectiveness of the modified SDP, we again consider the uniform
measure in Example 6.6.1. Fig 5.2 shows the results obtained by solving the mod-
ified SDP with parameters w, = 1.2 and Ah = 0.2. As it is seen, on obtains a

substantial improvement in the estimate of the support set.
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Figure 5.3: Result of SDP in (5.7) For Example 2

Example 2 In this example, we consider a Beta(4,4) probability measure on
[0, 1]. The a-th moment of Beta distribution Beta(a, b) over [0,1] i yo = %ya_l
and yo = 1. We assume that set B = [—1.2,1.2], and use the moments up to order 2d.
The obtained results by solving SDP (5.7) with parameters w, = 1.2 and Ah = 0.2
are depicted in Fig 5.3.

This is a more difficult problem than previous ones since, in terms of probability,
there is a “smooth transition” from the interior to the exterior of the support set.
Nevertheless, if one uses enough moments, one can get a very good approximation

of the support.

Example 3 Here, we consider a 2-dimensional example where one wants to
approximate the support of a uniform probability measure on [—0.5, 0.5]2. The results
obtained by solving SDP (5.7) with parameters d = 14, w;, = 1.2, and Ah = 0.2 are
depicted in Fig 5.4.

5.3.3 Support Reconstruction for Uniform Measures

In this section, we present a modification of our approach aimed specifically at uni-
form distributions. In the development to follow, we rely on a result in [48] which
provides criteria under which polynomials vanish on the boundary of support of the

uniform measure of interest. We now elaborate on this.
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% 1A %,

Figure 5.4: Result of SDP in (5.7) For Example 3

Define _ .
- .‘:n+|2|+|j|

MT(Y)(Zaj) n+ |Z| ya(i)+a(j)7 1 S Z;] S Sn,w (58)

where y = {ya}aenn are the moments of the uniform distribution of interest. The
results in [48] show that a polynomial P(z) whose vector of coefficients p is the eigen-
vector associated with zero eigenvalue of the matrix M, , vanishes on the boundary

of support of measure. More precisely, under some technical conditions,

M, (y)p=0= P(z) =0 for all z € OK (5.9)

where, 0K denotes the boundary of support set K. However, without any additional
constraints, this polynomial can also be zero in the interior of K and, hence, it might
not provide a good estimate of the support.

Nevertheless, one can take advantage of this property and modify our approach

as follows.
Problem
d
Pi = min > pays. — wnh + wul|[Ma(y)(p — 1|2 (5.10)
04 i
st. Pylz) = Z Pax® (5.10a)

lledli<d
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1.5

---Indicator
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Figure 5.5: Result of SDP in (5.10) For Example 1

l
Pule) = oo(a) + 3 ;@) () (5.10D)
j=1
o; € X5 =0,1,...,1 (5.10¢)
deg(00) < dios; (5.10d)
deg(0;95) < dsos;j =1,2,...,1 (5.10e)
M, ((Pa(z) — h)y) = 0 (5.10f)
1<h<1+Ah (5.10g)

where, wys, w, and Ah are positive design parameters, p = {pa}acnn denotes the
vector of polynomial coefficients and ||.||2 denotes the Iy norm.

In fact in (5.10), we aim at “pushing” the coefficients of the polynomial (P(x)—1)
as close as possible to the null space of My by minimizing the term || My(p —1)||2. In
this case obtained polynomial P,;(x) becomes close to one at the boundary of support
while we still aim at having P, larger than one inside the support.

To show the effectiveness of proposed method, we reconstruct the support for the
measure of Example 1 by solving the SDP (5.10) with parameter wy; = 10. The ob-
tained result are depicted in Fig 5.5, where semialgebraic set Ky = {z € R : P(z)4 >

1} for any polynomial order d > 2 exactly reconstructs the support of measure.
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Figure 5.6: Result of SDP in (5.10) For Example 4

Example 4 To further show the effectiveness of our approach, we now consider a
uniform distribution with disconnected support. More precisely, we aim at estimating
the support of a uniform probability measure over the union of the sets [—0.8, —0.4]
and [0.3,0.7]. We assume that B = [—1, 1] and use moments up to order 2d. The
results obtained by solving SDP (5.10) with parameters w, = 1.2, wy = 10 and
Ah = 0.2 are depicted in Fig 5.6, where one can see that the semialgebraic set

Kq={z € R:Py(x) > 1} for d > 4 exactly reconstructs the support of measure.

5.4 Conclusion

In this chapter, we present a novel approach to the problem of uncertainty propaga-
tion and reconstruction of support of measures from their moments. A sequence of
semidefinite relaxations is provided whose solution converges to the support of the
measure of interest. Examples are provided that show that one does obtain a good
approximation of support using only a finite number of moments. Further research
effort is now being put on developing methods for support reconstruction for specific

classes of measures which have provable performance.



Chapter

Constrained Volume Optimization

Problem

In this chapter, we generalize the chance optimization problems and introduce con-
strained volume optimization where enables us to obtain convex formulation for chal-
lenging problems in systems and control [73]. We show that many different problems
can be cast as a particular cases of this framework. In constrained volume optimiza-
tion, we aim at maximizing the volume of a semialgebraic set under some semial-
gebraic constraints. Building on the theory of measures and moments, a sequence
of semidefinite programs are provided, whose sequence of optimal values is shown
to converge to the optimal value of the original problem. We show that different
problems in the area of systems and control that are known to be nonconvex can
be reformulated as special cases of this framework. Particularly, in this work, we
address the problems of probabilistic control of uncertain systems as well as inner
approximation of region of attraction and invariant sets of polynomial systems. Nu-
merical examples are presented to illustrate the computational performance of the

proposed approach.

6.1 Introduction

The purpose of the proposed approach is to develop convex tractable relaxations for
different problems in the area of systems and control that are known to be ”hard”.

We introduce the so-called constrained volume optimization and show that many
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challenging problems can be cast as a particular type of this framework. More
precisely, we aim at maximizing the volume of a semialgebraic set under some semi-
algebraic constraints; i.e., let Si(a) and Sy(a) be semialgebraic sets described by set

of polynomial inequalities as follows

Si(a) :=={zex: Pi(z,a)>0,5=1,....,01} (6.1)

Sa(a) :={r € x: Pyi(z,a)>0,7=1,...,00} (6.2)

where a denotes the vector of design parameters. The objective is to find a parameter
vector a such that maximizes the volume of the set S;(a) under the constraint S;(a) C

Sa(a). More precisely, we aim at solving the following problem

P, :=sup vol, Si(a), (6.3)
acA

s.t. Si(a) C Sa(a) (6.3a)

where, vol,, Si(a) = [ (a) U is the volume of the set Si(a) with respect to a given
measure u,. Many well-known problems can be formulated as a constrained vol-
ume optimization problem. As an example, consider the problem of finding the
maximal region of attraction (ROA) set for dynamical systems. For a given poly-
nomial system & = f(x), maximal ROA set is the largest set of all initial states
whose trajectories converge to the origin. This set can be approximated by level
sets of a polynomial Lyapunov function V' (z). The level set of Lyapunov function
{r € R": 0 < V(x) <1} is ROA set if it is contained in the region described by
{z € R" : V(z) < €||z|3}. By characterizing V(x) with a finite order polynomial
with unknown coefficients vector a and defining S;(a) :=={z € R": 0 < V(z,a) < 1}
and Sy(a) := {x eR": V(z,a) < eHxH%}, the problem of finding maximal ROA set
can be reformulated as a constrained volume optimization problem.

More details are provided in Section 6.3 where we reformulate different problems
in system and control area as constrained volume optimization problems. More

precisely, we address the problems of probabilistic control of uncertain systems, inner
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approximation of region of attraction set and invariant set of polynomial systems,
and we also introduce generalized sum of squares problems. The defined constrained
volume optimization problem in this work is in general non-convex optimization
problem. In this work, relying on measures and moments theory as well as sum of
squares theory, we provide a sequence of convex relaxations whose solution converge
to the solution of the original problem.

The outline of the chapter is as follows. In Section 6.2, we precisely define the
constrained volume optimization problem with respect to semialgebraic constraints.
In Section 6.3, some well-known nonconvex problems in system and control area
are reformulated as constrained volume optimization problems. In Sections 6.4, we
propose equivalent convex problem and sequences of SDP relaxations to the original
problem and show that the sequence of optimal solutions to SDP relaxations con-
verges to the solutions of the original problems. In Section 6.5, the problems dual
to the convex problems given in Section 6.4 are provided. In Section 6.6, some nu-
merical results are presented to illustrate the numerical performance of the proposed

approach, and finally, conclusion is stated in Section 6.7.

6.2 Problem Statement

In this work, we consider constrained volume optimization problems defined as fol-
lows: Let (x, Xz, i) be a given measure space with >, denoting the Borel o-algebra
of x € R™ and pu, denoting a finite nonnegative Borel measure on >,. Consider

semialgebraic sets &7 : R" — ¥, and S : R™ — X, as follows

Si(a) :={zex: Pi(z,a)>0,5=1,....,01} (6.4)

Sa(a) :={r € x: Pyi(z,a)>0,7=1,...,00} (6.5)

where Py R xR™ - R, j=1,2,...,01,and Py; : R" xR™ = R, 7 =1,2,...,09

are given polynomials. We focus on the following problem.

P, :=sup vol, Si(a), (6.6)
acA
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s.t. Si(a) € Sa(a) (6.6a)

where, vol,,Si(a) = [ (a) Az is the volume of the set Si(a) with respect to given
finite Borel measure p,. In the problem (6.6), we are looking for a € A C R™, the
parameters of sets §; and Sy, such that volume of the set S;(a) becomes maximum

while it is contained in the set Sy(a).

6.3 Applications in Systems and Control

In this section we focus on some well-known challenging problems in the area of
system and control which are, in general, nonconvex and computationally hard.
As an first step in the development of convex relaxations of these problems, we

reformulate them as a constrained volume optimization problem.

6.3.1 Region of Attraction

Consider a continuous-time system of the form

i= f(x) (6.7)

where, f : R" — R” is a polynomial function, z € y C R" are system states and
X is compact that contains the origin. Let the origin x = 0 be an asymptotically
stable equilibrium point for the system. The region of attraction (ROA) set R, C x
is defined as largest set of all initial states whose trajectories converge to the origin.

For the system in (6.7), assume there exist a function V' (z) such that
V(0)=0,V(z) >0 for x £ 0 (6.8)

The level set defined as R = {x € x : V(z) < r} is an inner approximation of ROA
if V(z) < 0for all 2z € R and V(z) = 0 for z = 0 [103]. In this case function
V(z) is a Lyapunov function for the system in (6.7). We assume that polynomial
system in (6.7) admits a polynomial Lyapunov function (see [104] for discussion on
existence of a polynomial Lyapunov function). Hence, we can describe it as a finite

order polynomial V(z) = >, -, a;x" € Ryls], where a € A C R4 is a vector of
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unknown coefficients, ([105, 106]). The following optimization problem can be used
to find V(x) and corresponding inner approximation of maximal ROA. For a given

system in (6.7) and given compact sets y and .4, solve

Proa = TG%VOIM (R) (6.9)

st V(z)= > aa’, V(0)=0 (6.9a)
llilli<d

V(z) >0, for all x # 0 (6.9b)

R={zxex: 0<V(z)<r} (6.9¢)

R C {x ex:V(z) < —e,,Hng} (6.9d)

where, vol, (R) = [ du, is the volume of the set R with respect to Lebesgue
measure /i, supported on x, [|.||2 is {; norm and r > 0 and €, > 0 are known constants.
By solving problem in (6.9), we are in fact looking for a Lyapunov function V' (z)
among the space of polynomial functions of order at most d. By defining the sets
Si(a) ={z € x: 0<V(zr,a) <r}and Spla) = {z € x : V(z,a) < —¢z||3},
problem in (6.9) can be restated as volume optimization problem in (6.6). With the
same reasoning, one can extend the problem in (6.9) for discrete-time systems x4 =
f(zx) by replacing the derivative of Lyapunov function V(z) with the difference

Lyapunov function AV (z) = V(zgs1) — V().

6.3.2 Maximal Invariant Set

Consider a discrete time system

where, f: R™ — R" is a polynomial function and ) € x.,s C R™ are system states.

Given a compact set x C Xext, the set V C x is robustly invariant if
f(x) eV, forallz €V (6.11)

Hence, maximal invariant set is the maximal set of all initial states whose trajectories

remains inside the set. The following statement holds true for robustly invariant sets.
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Consider the set V = {x € x : P(z) > 0}, for bounded above function P(x). The
set V is an robustly invariant set for dynamical system above if P(f(x)) > 0 for all
x e V.

In order to find a polynomial approximation of maximal robustly invariant set
for dynamical system (6.10), we characterize the function P(x) with finite order
polynomial as P(z) = >, <a a;rt € Ry[r], where a € A C RS is vector of
unknown coefficients. Then, we consider following optimization problem to obtain
unknown coefficients.

Assume that the given compact set x can be described as y = {z € R" : P, (x) > 0}
C R", for some polynomial P, (z). Then for a given system in (6.10) and given com-
pact sets y C R” and A C R4 solve

Pinv i= I;gicvoluz(V) (6.12)

st. Pz) = Z a;r’, (6.12a)
llill1<d

V={zex: Plx)>0} (6.12b)

VC{zrex:P(f(x)) >0} (6.12¢)

where, vol,, (V) = [,, dyu, is the volume of the set V with respect to Lebesgue measure
[ supported on Xeg:.

By defining the sets Si(a) = {z : P(z,a) > 0, P,(z) > 0} and Sy(a) = {z :
P(f(x),a) >0, Py(f(z)) > 0}, problem (6.12) can be restated as volume optimiza-
tion problem (6.6).

6.3.3 Generalized Sum of Squares Problem

Using SOS representation Lemma 7, we can find a polynomial that is strictly posi-
tive on the given semialgebraic set. Many different problems in system and control
can be reformulated as SOS representation problem which results in semidefinite
programming problems.

In this work, we generalize the notion of SOS and introduce a new class of SOS
problems where enable us to find a strictly positive polynomial on some unknown
semialgebraic sets. More precisely, we define the Generalized Sum of Squares (GSOS)

problem as follow.
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Generalized Sum of Squares: Consider polynomial P(x,a) € Ry[z] and semi-
algebraic set Sy(a) == {x € x : Pyj(zr,a) >0,j=1,...,01} where a € A C R™ are
unknown parameters. We aim at finding parameters a such that polynomial P(x,a)
is strictly positive on the set S(a).

This problem can be restated as a volume optimization problem in (6.6) by defin-
ing the set Sy(a) := {z € x: P(x,a) >0}. As an example of GSOS, we could
consider the problem of finding polynomial Lyapunov function as in section 6.3.1

where we are looking for a polynomial €||z||5 — V() to be strictly positive on the
set {z € x: 0<V(x) <r}, where e <0 and r > 0.

6.4 Equivalent Convex Problem on Measures and

Moments

In this section, we first provide an equivalent infinite linear program (LP) on finite
nonnegative Borel measures to solve the constrained volume optimization problem in
(6.6). Then, we provide a finite dimensional semidefinite program (SDP) in moment
space. Consider the sets of volume optimization problem S; and S, defined in (6.4)

and (6.5). Given polynomials Py; : R"xR™ — Rfor j = 1,2,..., 01, and polynomials

Poj 1 R" x R™ — R for j = 1,2,...,09, we define following sets as
Ky :={(z,a) : Pyj(x,a) >0,j=1,...,01} (6.13)
Ko :={(x,a) : Pyj(x,a) >0,j=1,...,00} (6.14)

Assumption 3. Assume that IC; and Ky satisfy Putinar’s property represented in
Chapter 2. This implies that sets K1 and ICo are compact; Hence the projections of
the sets Ky and Ko onto x-coordinates and onto a-coordinates are also compact. Also,
we assume without loss of generality that v € x := [-1,1]" and a € A := [-1,1]™
and the set (x x A)\ Ky ={(z,a) € x x A: (z,a) ¢ K1} has a nonempty interior.
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6.4.1 Linear Program on Measures

As an intermediate step in the development of finite convex relaxations of the original
problem in (6.6), a related infinite dimensional convex problem on measures is pro-
vided as follows. Let p, be the given measure supported on y defined in constrained
volume problem (6.6). The sets Ky and ICy are defined as (6.13) and (6.14) and let

K1 be the complement of the set K;. Consider the following problem on measures

P} cosure = sup/d,u, (6.15)
Hsla

St = e X g, (6.15a)

llq is a probability measure, u, € M, (A), (6.15b)

fha X e € ML (KT UKS), u€ My(Ky). (6.15c¢)

In the problem (6.15), we are looking for measures p and p, supported on K; and
A, such that  is bounded by product measure ji, X i, supported on K; U KCy. The
following theorem, shows the equivalency of the problem in (6.15) and the original

volume problem in (6.6).

Theorem 25. The optimization problem in (6.6) is equivalent to the infinite LP in
(6.15) in the following sense:

*

i) The optimal values are the same, i.e., Pt | = P} ocure-

ii) If an optimal solution to (6.15) exists, call it pf, then any a* € supp(p) is an
optimal solution to (6.6).

iii) If an optimal solution to (6.6) ezists, call it a*, then i, = 04+, Dirac measure at

*

a*, and p = 0q+ X fiy is an optimal solution to (6.15).
Proof. See Appendix A. ]

Problem (6.15), requires information of the set X; and its complement &C;. From
a numerical implementation point of view, this results on an ill conditioned problem.
To solve problem (6.15), we first need to obtain finite relaxations that provide an
outer approximation of the sets of problem (6.15). The outer approximation of the
sets K; and KC; intersect and thus poor performance of the solution is observed. To

solve this, we modify the provided problem on measures as follows.
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We first aim at finding the approximation of the constraint of the original problem
(6.6). The set that approximates the constraint of volume problem includes all design
parameters a € A for which the set S1(a) is a subset of the set Sy(a). Next, we look
for parameter a inside the obtained set that maximizes the volume of the set Si(a).

Let Ax be the set of all parameters a € A for which the set S;(a) is a subset of
the set Sy(a), i.e.

Ar:={ae A:S5i(a) C S(a)} (6.16)

To obtain the approximation of the set Ax, consider the following infinite LP on

continuous functions:

Py = inf /A F(@)dp, (6.17)
st. f(a) >1on K;NK,, (6.17a)
f(a) >0on x x A. (6.17Db)

where, f € C(a) and K, is the complement of the set KCs.
Then, following Theorem holds true.

Theorem 26. Let py be the Lebesgue measure of the set A. Also, let Tz be the
indicator function of the set Ar == {a € A : Si(a) € Sy(a)}; i.e., Tz(a) = 1 if
a € Ar and 0 otherwise. Then

i) There is a sequence of continuous functions f;(a) to Problem (6.17) that con-

verges to the Ty in Ly-norm sense, i.c., lim; o0 [, |fi(a) — Ty-(a)|da = 0.

ii) The set Ay, = {a € A: fi(a) < 1} converges to the set Ar, i.e., lim;_oopta(Ar—
Ag) =0, and Ay, C Ar.

Proof. See Appendix B. ]

Now, to obtain an approximate of the solution of the original volume problem
(6.6), consider infinite LP on measures as follows. Let, p, be the given measure

supported on x as in problem (6.6) and K; be the set as in (6.13). Then, consider
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the following problem

P; = sup/d,u, (6.18)
s ha

st =< g X fig, (6.18a

ke 1s & probability measure, (6.18b

)
)
A, ={aec A: fi(a) <1}, (6.18¢)
po € My(Ay), pe Mi(Ky). (6.18d)
Now, following theorem establishes the equivalence of volume optimization problem
in (6.6) and infinite LP in (6.18).

Theorem 27. Let, (u;(fi), w*(fi), Py) be an optimal solution and value of the LP
in (6.18) for the obtained function f; and the set Ay, solving Problem (6.17). Also,
assume that volume problem (6.6) has a unique optimal solution and value (a*,P% ;).
As the set Ay, = {a € A: fi(a) <1} defined in Theorem (26) converges to the set

Azx, we have the following results:

*
vol-

i) The optimal value P} converges to the P

ii) Measures p’(f;) and p*(f;) converge to p, = 94+, Dirac measure at a*, and

[ = g+ X [y, TESPECtivELY.

iii) Any point in the support of the measure p:(f;), i.e., a; € supp(pi(f:)), converges
to the a*.

Proof. See Appendix C. ]

In the next section, we provide the tractable finite relaxation to infinite LP in
(6.18) and (6.17).

6.4.2 Finite Semidefinite Programming on Moments

In this section, we provide a finite dimensional SDP whose feasible region is defined
over real sequences. We show that the corresponding sequence of optimal solutions

arbitrarily approximate the optimal solution of (6.18). Unlike problem (6.18) in
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which we are looking for measures, in the provided SDP formulation, we aim at
finding moment sequences corresponding to measures that are optimal to (6.18).
For this purpose, we first need to obtain the semialgebraic approximation of the
set Ar in (6.16), the set of all parameters a € A for which the set S;(a) is a subset
of the set Sy(a). In the previous section, the continuous function f and the infinite
LP in (6.17) are used to obtain an inner approximation of the set Ax. Here, we use

polynomial P%(a) € Ry[a] and finite finite SDP problem below

P = min / P (a)dpa, (6.19)
P4 (a)€Rqlal J 4

s.t. 'P_dA(CL> —1e QMZ ({'Plj}?l:l, —Pgi) ,i = 1, ..o.,09 (619&)

Pila) € QM ({(1 = 2}, {(1 —ad)}i2,) - (6.19Db)

where, 14 is the Lebesgue measure over the set A and d is the order of polynomial
Pi(a). OM; and QM as defined in (2.1) are the quadratic modules generated
by polynomials of set K1 N Ky = {(z,a): U2, {~Psy >0,P1; >0,j=1,...,0}}, and
polynomials of hyper cube x x A, respectively. According to the Lemma 7, constraints
(6.19a) and (6.19b) imply that polynomials (P%(a)—1) and P%(a) are positive on the
sets K; N Ky and hyper cube x x A, respectively. Problem in (6.19) is a SDP, where
objective function is a weighted summation of coefficients of polynomial P4 (a) with
respect to the moments of Lebesgue measure p4 and constraints are convex linear
matrix inequalities in terms of coefficients of polynomial P%(a).
The following theorem hold true for the problems (6.19).

Theorem 28. Let P4(a) be an optimal solution of SDP (6.19) and consider the set:

Ag={aec A: Pi(a) <1} (6.20)

Also, let Tz be the indicator function of the set Ax == {a € A : Si(a) € Sa(a)}.
Then,

i) The sequence of optimal solutions to the finite SDP in (6.19) converges to the
T4; in Lyi-norm sense as d — 00, i.e., limg_oo [, |P4(a) — Tz-(a)|da = 0.

i1) The set Ay converges to the set Ax in (6.16), i.e., limgoopa(Ar — Ag) = 0,
and Ag C Ar.



104

Proof. See Appendix D. ]

Given that the indicator function Zz can be approximated by sequence of poly-
nomials of increasing order P4 as in Theorems 28, we restrict the continuous function
fi in problem (6.18) to be polynomials. Hence, we can approximate the optimal so-
lution of infinite LP (6.18) on measures with finite dimensional SDP on moments. In
order to have tractable approximations to the infinite dimensional LP in (6.18), we
consider the SDP (6.21), known as Lasserre’s hierarchy [68], where y := {¥., } geny.

and ya = {¥a., }aeNg;, are the truncated moment sequence of measures p, and fi,.

Pr = sup (¥)o; (6.21)
yeRS”n«Fm,Qr’ yaeRSm,2r
S.t. MT(Y) 7 07 Mrfrj (Ya Plj) F 07 .7 = 17 <o 01, (6218“)
(Ya)o - 17 (621b)
M, (ya) =0, M, . (ya; 1 —P%(a)) =0, My _1(ya;1 —a?) =0,i=1,....m
(6.21c)
M. (yaXyx—Yy) =0. (6.21d)

In (6.21), (y)o is the first element of the truncated moment sequence of measure p,
r € Zy is relaxation order of matrices, d; is the degree of polynomial P;; in the set Sy,
rj = {%ﬂ-‘ for all 1 < 7 < 0. Sequence y, X yx = ¥y is truncated moment sequence
of measure fi, X i, such that (¥)g = (ya)a(yx)s for all § = (o, 8) € N3 T™. Matrices
M.(y), M,(ya), and M,(ya X yx —y) are moment matrices constructed by moment
sequences y, Ya, and ya X yx — ¥, respectively. Also, M,_, (y;Py;),j = 1,...,01 and
{ M,—1(ya; 1 — a?)};", are localization matrices constructed by polynomials of the set
K1 and hyper cube x x A, respectively. Finally, M,_,, (ya;1— P4%(a)) is localization
matrix constructed by polynomial of the set A, in (6.20), i.e., (1 — P%(a)), where

P%(a) is an optimal solution of SDP (6.19).

Remark 6.4.1. To be able to work with closed sets Aq in (6.20) and K4 N Ky which
are used in constraints (6.21c) and (6.19a), we use positive small €4, — 0 and

also to satisfy the Putinar’s property, we add the polynomial N - lall* >0, ie.,

Ay = {a e A: Plla) <1—eqvm® — |laf? > o}
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and
KinKy={(z,a): U2 {=Pa > ec,P1; >0,5=1,...,01}}

6.4.3 Illustrative Example

In this section, we present a simple example of constrained volume optimization
problem in (6.6) and show how the proposed finite SDP in (6.21) effectively works.
For illustrative purposes, the provided example is low dimensional and consists of
sets described by polynomials in x € y C R and parameter a € A C R. We consider

the volume optimization problem in (6.6) with following sets

Si(a):={zeyx: 025—a”—2" >0} (6.22)
Sy(a) :=={z € x: 0.09—a®—0.8a—z>>0} (6.23)
where, x = [—1,1] and given measure p, is the Lebesgue measure supported on
A=1[-1,1].
1 -
05
K1
s 0Of
-0.5 X
-1 . . . )
-1 -0.5 0 05 1

xT

Figure 6.1: Sets Ky and ICy

Based on given sets S; and S,, we define the sets Ky := {(z,q) : 0.25 — a® — 2% > 0}
and Ky := {(z,a) : 0.09 — a® — 0.8a — z* > 0}. Figure 6.1 displays the sets K; and /Cs.
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1.5

Figure 6.2: Polynomial P¢%(a) obtained by SDP (6.19) for d =7

To obtain an approximate solution of constrained volume optimization problem, we
solve finite SDPs in (6.21) and (6.19). First, we solve the SDP in (6.19) to obtain
the polynomial P4 (a). To this, we use Yalmip which is a MATLAB-based toolbox
for polynomial and SOS optimization [96]. Figure 6.2 displays polynomial P4(a)
obtained by SDP (6.19) for polynomial order d = 7. As constraints of SDP (6.19),
P4 (a) is greater than 1 on K; MKy and is positive on x x A = [—1, 1]2. Hence, based
on Theorem 28 the set Ag = {a € R: Pl(a) <1—e€4,1—a?>0,eq = 0.05} is an inner
approximation of the set Az, the set of all parameter a € A that set S; is subset
of Sy. Clearly, based on the Figure 6.1, Ar = (-1 <a < —-02)U (0.5 <a < 1),
where S1(a) C Sy(a) for a € [—0.5,-0.2], Si(a) = @ C Sy(a) for a € [-0.9,—0.5),
and Sy (a) = Sy(a) = @ for a € [—-1,-0.9) U (0.5, 1]. Figure 6.3 displays polynomial
P%(a) obtained by SDP (6.19) for different polynomial orders d = 2,4, 6,7 and also
the sets Ay.

We take P7(a) and solve SDP in (6.21). Based on moments of Lebesgue measure
pe on A = [=1,1] as (Yz)a = — (1971 — (=1)**1), we construct the matrices

(at1)
in constraints of SDP (6.21) in terms of unknown moment vectors y € R522r and

ya € R%127 Since the order of maximum degree of polynomials in S; and Ay is 7, the
minimum relaxation order for SDP (6.21) is r = 4, which requires the moments up to
order 8. The SDP in (6.21) with r = 6 is solved using GloptiPoly. Based on obtained
solution for moment vectors, we approximate the solution to volume problem a with

Ya1 = —0.2050 and estimate the optimal volume P} _;, with P, = yo9 = 1.239. Clearly,
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Ph(a)

Figure 6.3: Polynomial P4(a) obtained by SDP (6.19) for d = 2,4,6,7

for obtained a = —0.2050, the set & = {x : 0.4561% — 22 > 0} is a subset of
Sy = {z : 0.4604> — 2> > 0}. Based on Figure 6.1, the true solution for the volume
optimization problem is a* = —0.2 with volume P}, = 0.9165. To obtain better
estimates of the optimum volume, one needs to increase the relaxation order r. Also,
Section 3.2.3, where we provided some methods to improve the estimated volume of

the semialgebraic sets in the similar setup.

6.5 Dual Convex Problem on Function Space

In this section, we provide an infinite LP on continuous functions which is dual to
the infinite LP on measure in (6.18). The provided dual problem gives a new insight
on solving the volume problem. Also, from computational efficiency perspective we
can take advantage of polynomial convex optimization techniques. For instance, to
handle large scale SDPs, one can employ DSOS optimization technique where relies
on linear and second order cone programming ([107, 108]).

To obtain a dual problem to the infinite LP in (6.18), let C(x x A) be the Banach

space of continuous functions on x x A. Then, Lagrangian dual of (6.18) is:

Phua = inf 6.24
Dual BER,V\%I;C(XX.A)B7 ( )
st. W(z,a) >1 on Ky, (6.24a)

6—/W(w,a)dux >0 on Ay, (6.24b)
X
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W(z,a) >0, g >0. (6.24c)

where, ; is defined as (6.13), p, is a given Borel measure, and Ay, is a set defined in
(6.18c). We can interpret the obtained dual problem as follow. If we assume that a is
given, then the optimal solution for W(z, a) is the indicator function of the set £y and
the optimal value P}, is the volume of the set Ky, i.e., Pj,u = 0 = fx W(z, a)dp,.
Otherwise, fx W(z,a)dp, is an upper bound for the volume of the set ;.

The following theorem establish the equivalence of problems in (6.18) and (6.24).

Theorem 29. There is no duality gap between the infinite LP on measure in (6.18)
and infinite LP on continuous function in (6.24) in the sense that the optimal values

are the same, i.e., Pt = Pp
Proof. See Appendix E. ]

To be able to obatin a tractable relaxation of infinite LP in (6.24), we use poly-
nomial approximation of continuous function W and use SOS relaxation to satisfy

the nonnegativity constraints, where results in following finite SDP on polynomials:

P} = min s, (6.25)
ﬁERP‘%GRd[z,a]
s.t. ng(x,a) —1e QM ({Plj}?lzl) s (625&)
B - /ng(iv,a)dux € QM ({1 - Pi(a)}. {(1 —aD)}Ly) , (6.25b)
X
Piy(z,a) >0, 8> 0. (6.25¢)

where, P, (z,a) € Rylz,al, p, is a given finite Borel measure and QM defined
in (2.1) is quadratic module generated by polynomials. According to the Lemma
7, constraints (6.25a) and (6.25b) imply that polynomials P, (z,a) — 1 and 3 —
fx P, (z,a)dp, are positive on the sets Ky in (6.13) and Ay = {a € A: 1—P%(a) > 0}
in (6.20), respectively, where P%(a) is an optimal solution of SDP (6.19). Problem
in (6.25) is a SDP, where objective function is a linear and constraints are convex
linear matrix inequalities in terms of coefficients of polynomial Pg,. To be able to
work with closed set Ay, see the Remark 6.4.1.

The following theorem establish the equivalence of problems in (6.21) and (6.25).
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Theorem 30. There is no duality gap between the finite SDP on moments in (6.21)
and finite SDP on polynomials in (6.25) in the sense that the optimal values are the

same, i.e., Py = P}.

Proof. See Appendix F. ]

1.5

WP} (x,a)

Figure 6.4: Polynomial Pg,(x, a) obtained by SDP (6.25) for d = 12

Remark 6.5.1. In low dimensional problems, we can replace the global positivity
condition in (6.25¢) with local constraint as {P,(z,a) >0 on x x A} to improve

the obtained results.

6.5.1 Illustrative Example

Consider the simple example provided in section 6.4.3. Here, to obtain an approx-
imate solution, we solve the dual problem provided in finite SDP (6.25). We take
P7(a) obtained by solving (6.19) and solve SDP in (6.25) for polynomial order d = 12
by Yalmip. Figure 6.4 displays obtained Py, (x, a) which is greater than 1 on the set
Ky and is positive on x x A = [—1,1]? as in constraint (6.25a). Figure 6.5 dis-
plays obtained 8 and also fx Pg(z,a)du,. As in constraint (6.25b) 3 is greater than
S Piy(@,a)dp, on the set Ay = {a € A : Pi(a) < 1}. Based on obtained 8 and
Pii(z,a), we approximate the solution to the volume optimization problem with
a = —0.2050 that maximizes polynomial fx Pd,(z,a)du, on the Ay and estimate the
optimal volume P7_, with P4 = 8 = 1.239. Based on the Theorem 30, the obtained
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solution by solving dual SDP in (6.25) matches the solution obtained by SDP in
(6.21).

1.6

—‘fx Piy(, a)dp
1.4+ —

N

1.2}

0.8

0.6+

0.4r

0.2F — Ag— — Ag — -
O-1 -O‘.5 0 0.5 1

a

Figure 6.5: 3 and fx Pd,(z,a)du, obtained by SDP (6.25) for d = 12

6.6 Implementation and Numerical Results

In this section, numerical examples are presented that illustrate the performance of
proposed method. The presented example are problem of inner approximation of
ROA set defined in section 6.3.1.

6.6.1 Example 1: ROA set of system

In this example, we address the problem of approximating ROA set defined in 6.3.1.

Consider the following locally stable nonlinear system.

St'l = — T3
(6.26)
$'2 =z + (41‘% — 1)1’2
where, states of the system z € y = [—1,1]2. To approximate the ROA set of the

system in the unit box, the Lyapunov function is described as

V(z) = 3||z|l3+3a12122 + 3asxiws + 3a3m 75 (6.27)
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where a = [a1,aq,a3] € A = [—1,1]* is the vector of unknown coefficients. The
equivalent constrained volume optimization problem is stated as (6.9). To obtain
an approximate solution, we solve finite SDPs in (6.21) and (6.19). First, we solve
the SDP in (6.19) to obtain the polynomial P%(a) for d = 10. The polynomials
describing the sets Ky and Ky are:

P =V(z,a), P=1-V(z,a) (6.28)

oV(xz,a) . OV(x,a)

0rq T o0r,
We set €, to 0.001 and ex and €4 as in Remark 6.4.1 to 0.1 and 0.02, respectively. Fig-
ure 6.6 shows the obtained set {(a1,a2,a3): P (a) <1—e4}. Based on Theorem 28,
the set Ay = {(a1,a2,a3) : PY(a) <1—e4, {1 —a? >0} ,} is an inner approximation
of the set of all coefficients (ay, as, ag) for which the set {z € x : 0 < V(x,a) < 1}
is subset of the set {z € x : V(z,a) < —e.||z|]3}.

i (6.29)

Por = —€ |25 —

Figure 6.6: The set { (a1, as,a3) : P4(a) <1— €4} obtained by SDP (6.19) for d =
10 and €4 = 0.02

We take A;o and solve SDP in (6.21). Based on moments of Lebesgue mea-
sure g, on x = [—1,1]> we construct the matrices in constraints of SDP (6.21) in
terms of unknown moment vectors y € R%2 and y, € R%2. The SDP in (6.21)
with r = 7 is solved using GloptiPoly. Based on obtained solution for moment

vectors, we approximate the (aq,as,as) with the first order moments of vector v,



112

a8 (Y1005 Yaoros Yane,) = (—0.999362,0.853458,0.132566). Figure 6.7 shows the sets
Si(a) ={z € x: 0<V(z,a) <1} and Sy(a) = {z € x : V(z,a) < —¢|z|3}
for obtained coefficients a. For obtained a, the set S;(a) is subset of the set Sy(a);

hence, is an inner approximation of the ROA set.

VPR
VR

0.5z

Figure 6.7: The sets Si(a) = {x € x : 0 < V(z,a) < 1} and Sy(a) = {z € x :

V(x,a) < —¢.||z||3} for obtained a

-ROAJLIorzteCurlo
== RO Agstimated
=

Figure 6.8: The true and estimated ROA sets

To test the accuracy of the obtained results, we used Monte Carlo simulation.
The obtained result for coefficients of provided Lyapunov function by Monte Carlo
method are (af, a3, al) = (—0.6,0,—0.9). Figure 6.8 depicts the true ROA set for
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the system inside the unite box as well as obtained ROA using Monte Carlo method

and convex approach provided in this work.

6.7 Conclusion

In this chapter, constrained volume optimization problems are introduced, where one
aims at maximizing the volume of a set defined by polynomial inequalities such that
it is contained in other semialgebraic set. We showed that many nonconvex prob-
lems in system and control can be reformulated as constrained volume optimization
problems. To be able to obtain a equivalent convex problem, the results from theory
of measure and moments as well as duality theory are used. Sequence of semidefinite
relaxations is provided whose sequence of optimal values is shown to converge to the
optimal value of the original problem. Numerical examples are provided that show

that one can obtain reasonable approximations to the optimal solution.

6.8 Appendix A: Proof of Theorem 25

Let Az be the set of all parameters a € A for which the set S;(a) is a subset of the

set Sz(a).Then, consider the following problem over the measures i,

P, = sup {/ vol,, (Si1(a)) dug : pa(Ar) = 1} (6.30)
Ha€EM 4 (AF) A

We first want to show that P}, = P, . Let u, be a feasible solution to (6.30).
Since, vol,, (Si(a)) < P, for all a € A, we have [, vol,, (Si(a)) dug < Py, Thus,
P,. < P;,. Conversely, let a € A be a feasible solution to the problem in (6.6);
hence, a belongs to the set Ar. Let d, denotes the Dirac measure at a. The objective
value of a in (6.6) is equal to vol,, (Si(a)). Moreover, p, = d, is a feasible solution to
the problem in (6.30) with objective value equal to vol,, (Si(a)). This implies that
P, <P,.. Hence, P}, =P, , and (6.30) can be rewritten as

vol —
:k/ol = sup {/ / d,uxd,ua : ﬂa(Af) = 1} (631)
l"aGMJr(-A}") A 31(0,)
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= sup {/ dptaply : pa(Azr) = 1} (6.32)
AF) K1

Pa€M 4 (

and using the Lemma 6, we obtain

vol = sup / dp (6.33)
pa€EM 4 (AF),peM4 (K1)

st = g X phey po(Ar) = 1. (6.33a)

For a given a € A, the set S;(a) is subset of the set Sy(a), if the set {z € x : (z,a)
€ K1 N Ky} is an empty set. Hence, for any measure p, € M, (Ar), we have
o X ftz € M4(IC; U Ky) considering that s, is supported on y. Therefore, in
problem (6.33) we can look for u, that is supported on A such that measure p, X p,
is supported on /C; U KCy. This results in the following problem:

P, = sup /du (6.34)
Ha €My (A),ueEM (K1)

st 1= e X e, pa(A) =1, (6.34a)

fla X fiz € M (IC; U KCy). (6.34b)

Therefore, P, = P;,

measure”

6.9 Appendix B: Proof of Theorem 26

We want to obtain the set Az in (6.16), set of all possible decision parameters a € A
for which S;1(a) C Sy(a). The idea is to approximate the indicator function of the
set Ar; ie, Za,(a) = 11if a € Ar and 0 otherwise, with continuous functions
([67], Section 3.2). There exist a sequence of functions f; € Cla] that converges
from above to the indicator function of set Az as i — oo ([80], Theorem A6.6,
Urysohns Lemma A4.2), which results in an outer approximation of the set Az as
A, ={ae A: fi(a) > 1} D Axr.

To avoid the outer approximation and obtain the inner approximation of the set
Ar instead, we obtain the outer approximation of the complement set Ax by approx-
imating its indicator function. Hence, if f € C approximates the indicator function

of Ar from above, the set A = {a € A: f(a) < 1} is an inner approximation of
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the set Ax.

To find such function f(a), we use the LP in (6.17). For a given a € A, the set
Si(a) is subset of the set Sy(a), if the set {z € x : (z,a) € K1 N K5} is an empty set.
Hence, the set Az can be describe as Ar = {a € A: Pz € x s.t. (v,a) € K1 N Ky}

As a result, the complement set Ar read as
Ar={ac A: Iz cxst. (,0) € KiNKy} (6.35)

Therefore, to approximate the indicator function of Ax in (6.35), the continuous
function f(a) should be greater 1 over the set {(z,a) € K; N K5} and 0 otherwise,
as in (6.17a) and (6.17b), the constrains of the LP. By minimizing the L;-norm of
f(a) as in the objective function of (6.17), we converge to the indicator function of

the set Az from the above. Hence, Ay, can arbitrarily approximate the set Az in
(6.16) and (i) and (ii) hold true.

6.10 Appendix C: Proof of Theorem 27

First, consider the following problem over the measures supported in the set Az in
(6.16).

P, = sup { / vol,,, (S1(a)) dia Ma(Af):1} (6.36)
Ha€EMy(AF) LJA

As in Appendix in 6.8, we can show that P, = P, and Eq. (6.37) is true.

vol = sup / dp (6.37)
Ba €My (AF),ueM4 (K1)

st 1= g X g, pa(Ar) =1 (6.37a)

Now, we replace the set Az in problem (6.37) with the set Ay,, where results in
Problem (6.18). Hence, as the set Ay, = {a € A: fij(a) < 1} defined in Theorem 26
converges to the set Az, the optimal value P; converges to the P and measures
pi(f;) and p*(f;) converge to p, = 64+, Dirac measure at a*, and p = 0g« X fig,
respectively. Also, since Ay, is an inner approximation of the set Az, any point a; in

the support of measure pf(f;) is also contained in the set Ax; Hence is an optimal
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solution to (6.6) and converges to the a*.

6.11 Appendix D: Proof of Theorem 28

To drive a finite convex relaxation of the infinite LP problem in (6.17), we use
finite order polynomial P%(a) to approximate the continuous function f(a) and
SOS relaxations to satisfy the constraints of the problem in (6.17), ([67] Section
3.3, [102]). Based on Stone-Weierstrass Theorem [80], every continuous function
can be uniformly approximated as closely as desired by a polynomial. Then, to
make such polynomial P4 to satisfy the constraints of the problem in (6.17), SOS
relaxations are used as in Lemma 7. Constraints (6.19a) implies that P%(a) —
1 belongs to the quadratic module generated by polynomials of set K1 N Ky =
{(z,a) : U2 {~Py; > 0,P1; >0,j=1,...,01}} ; hence, P4(a) — 1 is nonnegative on the
set Ky N Ky. Also, constraint (6.19b) implies that P4(a) belong to the quadratic
module generated by polynomials describing the hyper cube [—1,1]" x [—1,1]™, so
P (a) is nonnegative over the set y x A = [—1,1]" x [—1,1]™. Therefore, by min-
imizing the L;-norm of the P4 similar to (6.17), and d — oo, P4 converges to the
indicator function of the set Ar. Therefore, the set Ay = {a € A: P4(a) <1}
converges to the set Az in (6.16) as in the Theorem 26.

6.12 Appendix E: Proof of Theorem 29

The LP in (6.18) can be rewritten as

P} := sup(v,¢) (6.38)
st. Ay =0 (6.38a)
7 E ML(Ky) x My(Ayp,). (6.38b)

where, v 1= (u, ta) € M (Kq) x M (Ay,) is the variable vector, and ¢ := (1,0) €
C+(K1) x C4(Ay,), so objective function is (vy,¢) = [dp. Also, A* : M (Ky) X
Mi(Ap) = Mi(x x A) x Ry is the linear operator that is defined by A*y :=
(1t = pa X iz, [ 4 dpa) and b= (0,1) € My (x x A) x R, ([49], Theorem 2, [79, 82]).

The problem in (6.38) is infinite LP defined in cone of nonnegative measures. The
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cone of nonnegative continuous functions are dual to cone of nonnegative measures.

Based on standard results on LP the dual problem of (6.38) reads as

P .= inf(D, 2) (6.39)
st. Az —ceCy(Ky) x Cr(Ay,) (6.39a)

where, z := W(z,a),) € Ci(x x A) x R, is the variable vector, so the objective
function is (b, z) = . The linear operator A : C,(x x A) x Ry — C, (K1) x C4(Ay,)
satisfies adjoint relation(A*y, z) = (v, Az); hence, is defined by Az := W(z,a), —
JuW(z, a)dp,). As aresult, the dual problem (6.39) is equal to the problem (6.24).

If problem in (6.38) is consistent with finite value and the set
D= {(A%, (7,0) 17 € Mo (Ky) X My (Ap)}

is closed, then there is no duality gap between (6.38) and (6.39). The support of mea-
sures in (6.38) are compact. Also, the measure p is constrained by the measure g, X ft,
in which, measure y, is probability measure; i.e., p,(Ay) =1, and p, is finite Borel
measure defined on compact set x. Hence, Pj = sup [ dp < oo. Also, the feasible set
of (6.38) is nonempty for instance (d, X pts, dq) for a € Ay, is a feasible solution; there-
for 0 < P; = sup [ dp < oo. Using sequential Banach—Alaoglu theorem [80] and
weak-x continuity of the A*, there exist an accumulation point of vy = (uk, they) in
the weak-x topology of nonnegative measures such that limy_, ((A*yg, (&, ¢))) € D;
hence, D is closed, ([49], Theorem 2).

6.13 Appendix F: Proof of Theorem 30

For simplicity, we denote the polynomials ({1 — P4}, {(1 —a?)},) that construct
the set Aq by {Pa;(a)}j,. Matrices of the problem (6.21) can be rewritten as follow,
(67)). My(¥) = 5% Ay and My (y:Pry) — % Blor Also, My(ya) = 5% Dot
My, (yai Paj(a)) = o Edag, and My(ya X ¥x —¥) = 3 g Fatlan — Yo Aala for ap-
1 Do, {EL}5e,, Fo) and 0 < |af < 2r.
Let, v = (y € R9#m2r vy € RSm2). Then problem in (6.21) can be rewritten as a

propriate real symmetric matrices (Ay, { B} g
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standard form as follow:

P; :=supb’ 7, (6.40)
Y
st. Cy+ Z/la'ya =0, (6.40a)
CJ+ZBa7a, Cj=1,...,0 (6.40D)
C3 — Z C’a’ya =0, (6.40¢)
=
Ci+ Y Dava =0, (6.40d)
p
CI4+> Elra=0, j=1,....04 (6.40¢)
a
Co+ Y Faya =0, (6.40f)
«

where, b = (1,0) € RSwm2rtSmar (O O, Cy, Cs, Cg) are zero matrices, (Ay, {B{l};’;l
D, {Ei iy ) are real symmetric matrices, C5 = 1, and C7 = (0 € RS»m2>r 1.0 €
]RS"‘ =1y ¢ RSntm2rtSmar - Based on standard results on duality of SDP, the dual
problem to (6.40) reads as

01 Oq

RS e B PRCEY +; (C4, XY +(C3,8) +(Ca, Y") +; (C1,Y7) +(Co, 2)
(6.41)
st. B— (A X —i(B@X@ —(Dq,Y") —i(E&,Yﬂ‘) —(Fa, Z) =ba, a=0, (6.41a)
J J
—(An, X% — i@%,xi} —(Da,Y?) — i<Eg,Yj> —(Fo,Z) = by, 0<|a<2r,
j j (6.41D)
XO XY YO {YI}0 2,80 (6.41c)

where, (X,Y) = trace(XY). This problem is equal to the problem in (6.25).
Based on the defined matrices and vectors, the cost function of (6.41) is equal to
B. Also, let B; denote the vector comprised of the monomial basis of Rqla,z]. We
can represent the polynomials of (6.25) as Py, (x,a) = Bf X°Bs, QM ({Py;}5L,) =
S BIXIBa, [ Pyy(, a)dps = BYY By, QM ({Pa;}in,) = >3 BiY7 By, and Pé (x,a)
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= BYZB;. Then constraints (6.41a) and (6.41b) are conditions for a-th coefficient
of polynomial Pg,(x,a) so that as constraints (6.25a) and (6.25b), Py, (r,a) — 1 €
OM ({Py}5L), B — P(w,a) € QM ({Paiey), and Py (z,a) = [, Piy(w, a)dp,
are satisfied.

Based om Slater’s sufficient condition,if the feasible set of strictly positive matri-
ces in constraint of primal SDP is nonempty, then there is no duality gap. Consider
SDP in (6.21). Let p, uniform measure on Ay and p = p, X .. Since set K; and
Aq have a nonempty interior, then M,(y) > 0, M,_. (y;Py;) > 0,5 = 1,...,01,
M,(ya) = 0, and M,_,,(Ya;Ps;) = 0,5 = 1,...,0,. Based on Assumption 3,
x X A\ Ky has nonempty interior; hence M, (ya X yx —y) = 0. Therefore, Slater’s

condition holds, (see [67] for similar setup).



Chapter

Sparse Data Reconstruction in

Sensory Networks

In this work, a novel approach to reconstruct a noisy sparse n-dimensional data is
proposed. The main idea is to complete the data with least possible complexity.
The complexity is defined as the number of exponential signals that can describe
the data. We show that the number of exponential signals that can describe a
data set corresponds to the rank of block Hankel matrix constructed from given
data. In this context, the problem of data reconstruction can be reformulated as
matrix completion and rank minimization problems where the nuclear norm is used
as a convex relaxation of matrix rank. To be able to deal with large scale data, a
first-order augmented Lagrangian algorithm is implemented for solving the resulting
optimization problem. To illustrate the performance of the proposed approach, the

results obtained by applying the method to practical data set is presented.

7.1 Introduction

This work addresses the problem of reconstructing a sparse and noisy data where
we aim at finding the missing part of given data. This problem arises in different
areas such as sensor networks, where the sensors do not completely cover the area
of interest; Hence, the sampled data are usually inadequate. Moreover, reconstruc-
tion of corrupted image or videos can can be reformulated as a special case of this

problem. Motivated by low-rank structure methods, we propose a novel approach
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to reconstruct a noisy sparse data with least possible complexity. In this work, to
obtain the complete data, we look for minimum rank block Hankel matrix associated
with given sparse and noisy data. We show that minimizing the rank of constructed
block Hankel matrix is equal to minimizing the number of exponential signals that
describes the data. The proposed method, with out making any assumption on the
structure of data and data loss pattern, could reconstruct the complete data. To be
able to deal with large scale data, a first-order augmented Lagrangian algorithm is

implemented for solving the resulting optimization problem.

7.2 Problem Formulation

The problem of reconstructing a sparse and noisy n-dimensional data is formulate
as follow. Consider a sensor network where sensors are scattered in a n-dimensional
space R¥x2xli - \We assume that the space is discretized in a uniform way where
sensors are placed in a specific set of nodes denoted by (k*, ..., k3, k}) in the space,
ie,kfeRi, I Cl,i=1,..,n

Given a sparse n-dimensional array of measurement Y € Ri»*-*2xl with noisy

sensory measurement Yy s+, i.e., measurement for the node (kj,..., k3, k), the

objective is to denoise the measurement data and estimate the data for the missing
measurements, with the least complex extension of the given measurements. As
mentioned before, we define the notion of complexity as the number of exponential
signals describing the data.

More precisely, we assume that any n-dimensional data array Y € Rinx--xl2xh
can be approximated by weighted sum of complex exponential signals of the form

below

Vi ks R Zal w2 k=0, 1j=1,..,n (7.1)

where, a; is the i-th complex amplitude, and (z1,, 22,, ..., , Zn,) = (e7¥1, /%% ... el*m:)
defines the i-th n-dimensional complex frequency (wy,,ws,,...,wy,,), and N is the
number of the n-dimensional distinguish complex frequencies. Hence, the problem

completing the data can be defined as follows
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P; = min N (7.2)
YeRlnXMXlel7{041'7(:’:12'32217---7727%)}1]'\[:1
-6 (Y kgiky = Yagmsipll2 < 6 (7.2a)
N
Y, = ko gkt k=0, —1,j=1 7.2b
ln s fio ks = aizpr. 29210, ky=0,.,;=1,5=1,..,n (7.2b)
=1

where, Y € Rl»¥--x2xli j5 constructed noiseless complete n-dimensional data, NV is the
number of extensional signals that describes the data Y as in (7.1), Y € Rinx-xl2xh

is given sparse noisy n-dimensional sensory data, (k*, ..., k3, k}) are indexes of known

n’
parts of measurement data Y, ||.||2 is I, norm, and e > 0. In chapter, we provide the
convex equivalent formulation of the Problem 1. For this purpose, we use Hankel

matrix notion which is defined in the next section.

7.3 Hankel Matrix

To provide a convex equivalent problem for Problem 1 in (7.22), we first define Hankel
matrix as follows.

Hankel Matrix: Given a vector y = {yy € R,k =0,...,1 — 1}, Hankel matrix
H(y) is defined as

[ (0) y(1) y(l — M) ]
y(1) y(2) y(l — M +1)
H(y) = (7.3)
| y((—M) y(-M+1) .. y(l—-1)

where, M <[ is window size.

Block Hankel Matrix: For a given array consisting of [ Hankel matrices H;, 1 =
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0,...,0l — 1, Block Hankel matrix is defined as [109]

Ho Hy .. Hi—m
Hl HQ Hl_M+1
HEHYZ) = | . . . (7.4)
L Hl_M HZ_M+1 Hl—l ]

where, M <[ is window size.

n-Dimensional Block Hankel: Based on definition of Hankel and Block Hankel
matrices, we define n-dimensional block Hankel matrix for n-dimensional data Y €

RI»X-xEx0 - For a given n-dimensional data array Yy, . g, x,, n-Dimensional Block

Hankel matrix H"™P is defined as

B n—1)D n—1)D n—1)D ]
£ ¥ G VA
n—1)D n—1)D n—1)D
LA s S ¥ L
HP = : . . (7.5)
n—1)D n—1)D n—1)D
M HT e MY

where, M, is window size, Hg"il)D is (n-1)-dimensional Block Hankel matrix of (n-

1)-dimensional data Yy, —; _k,k and ¢ =0,..., 1, — 1.

.....

For example the 2D, 3D and 4D block Hankel matrices are as follow:

2D Block Hankel Matrix: For a given 2D data array Y € R**3, and window
sizes M; = 2, i = 1,2, 2D Block Hankel matrix H?" is defined as

(7.6)

H2D — [ HéD %}D ]

1D 1D
Hi™ Hy

where, HiP HiP, and HiP are 1D Hankel matrices of 1D data Yy x,, Yi4,, and Yoy, ,
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respectively as below

Yoo You

HéD: = —
Yo Yoo Yiin Yip Yo1 Yoo

3D Block Hankel Matrix: For a given 3D array Y € R3*3%3 and window sizes
M, =2, i=1,...,3, 3D Block Hankel matrix H3" is defined as

2D 2D
Hyo M

7_[3D —
HED HEP

(7.7)

where, H2P H32P, and H3P are 2D Hankel matrices of 2D data Yg x, 5y, Y1441, and

Y% ey ke, Tespectively. Matrix ”HgD reads as

1D 1D
22D How My
0
HIP HIP
21D Y000 Yo,0,1 21D Yo10 Yo,1.1 21D Y020 Yo,2.1
0o - s It — s It —
Yo01 Yoo.2 Yo11 Yo,2 Yo2,1 Yo2,2

where, H3P, HiP, and HiP are 1D Hankel matrices of 1D data Yy o4, Y014, and
Yo.2.k,, respectively. Matrix H3P reads as

1D 1D
Hi” H
D Yioo Yio: 1D Yiio Y11 D Yip0 Yio2:
HO = 77'[1 == ,Hg =
Yior Yioe Yiipg Yiaip Yior Yiop

where, H3P, HiP, and HiP are 1D Hankel matrices of 1D data Y14, Y114, and
Y194, respectively. Matrix H3P reads as

1D 1D
22D Moo Hy
20—
HIP HLID
21D Y200 Y201 21D Y210 Y21 21D Y220 Y221
0o - st — s It —
Yao1 Yoo Yo11 Yo Yo01 Yoo

where, HP, HIP, and HiP are 1D Hankel matrices of 1D data Yao,, Y11, and
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Y52k, , respectively. Therefore,

Y000 Yoo1 | Yoi0 You1 | Yioo Yio1 | Y10 Y1,1,1
Y0,0,1 Yo,02 | Yo,1,1 Yo,1,2 | Yi0,1 Yio2 | Yii,1 Yi1,2
Y010 Yo, | Yo20 Yoo, | Yiio Y1 | Yiepo Y121
Y0,1,1 Yoi,2 | Yoo Yo2,2 | Y111 Yiie | Y21 Y122
w30 — | - o . o __
Y100 Y101 | Yiio Y11 | Y00  Yoo01 | Yo Y211
Yi0,1 Yio2 | Yii,1 Yiie | Yo, Yoo2 | Y211 Y2.1,2
Yiio Y1 | Yioo Yie1 | Yeio0 You11 | Yapopo0 Y221
Y111 Yi1,2 | Y121 Yi22 | Y211 Yoi12 | Yoo Y222 |

4D Hankel Matrix: For a given 4D array Y € R3*3*3*3 and window sizes

M; =2, i=1,...,4, 4D Block Hankel matrix H*Pis defined as

3D 3D
Hoo My

7_[4D —
WD 3P

(7.8)

where, H%D,H?D, and H%D are 3D Hankel matrices of 3D data Y kg ko k15 Y1.ks ko k1 s
and Y5 i, ks k,» Tespectively. Based on the example of 3D block Hankel matrix, the

matrices H3P, H3P, and H3P read as

Y0000 Y0001 | Yoo0,1,0 Yoo0,1,1 | Y0100 Yoi,01 | Yoi,1,0 Yo,
Y0,0,0,1  Y0,0,0,2 | Y0011 Yoo,12 | Yo101 Yo102 | Yo1,1,1 Yoi1.2
Yo0,1,0 Yoo0,1,1 | Yooz20 Yoo21 | Yoi10 Yo111 | Yoi2o0 Yoi21
Y0011 Yo0,1,2 | Yoo21 Yoo22 | Yoi11 Youai,2 | Yoio1  Youi,2,2
HP = | -
Y0100 Yo,1,01 | Yoi,1,0 Yoni,11 | Yoo200 Yoz201 | Yoo210 Yoo2,1,1
Yo,1,01  Yo,02 | Youi1,1 Yoii2 | Yoozo1 Yoz2o02 | Yoo211  Yo2,1,2
Yo,i,10 Yo,11 | Yoi20 Yo | Yoo,10 Yoo2,ui,1 | Yoo20  Yoo.21
L Yo1,1,1 You12 | Youi21 Yoi22 | Yoo,1,1 Yoo2,u,2 | Yoo21 Yooo2 |




Y1,0,0,0
Y1,0,0,1
Y1,0,1,0
Y1,0,1,1
HIP = | ————
Y1,1,0,0
Y1,1,0,1

Yi1,1,0

Y1,1,1,1

Y2,0,0,0
Y20,0,1
Y20,1,0
Y2.0,1,1
HIP = | ————
Y2,1,0,0
Y21,0,1

Y21,1,0

Yo 1,11

Y1,0,0,1 |
Y1,0,0,2 |
Y1,0,1,1 |
Yi0,1,2 |
Yi,1,01 |
Y1102 |
Yii,1,1 |
Yii,1,2 |

Y2,0,0,1 |
Y2.0,0,2 |
Y2.0,1,1 |
Y2.0,1,2 |
Y2.1,0,1 |
Y2102 |
Y2111 |
Yai,1,2 |

Y1,0,1,0
Y1011
Y1,0,2,0
Y1,0,2,1
Y1,1,1,0
Yi1,1,1
Y1,1,2,0
Y1121

Y2,0,1,0
Y20,1,1
Y20,2,0
Y20,2,1
Y21,1,0
Y2,1,1,1
Y2,1,2,0
Y2121

Yio0,1,1 |
Y1,0,1,2 |
Y1,0,2,1 |
Yio0.2.2 |
Yii,1,1 |
Yi1,1,2 |
Yi1,21 |
Yi,1,2,2 |

Y2,0,1,1 |
Y20,1,2 |
Y2021 |
Y2,0,2,2 |
Y2,1,1,1 |
Yo1,1,2 |
Y2121 |
Y2122 |

Y1,1,0,0
Y1,1,0,1
Yi1,1,0
Y11,1,1
Y1,2,0,0
Y1201
Y1,2,1,0
Yi2,11

Y21,0,0
Y>21,0,1
Y21,1,0
Yo 1,11
Y2200
Y22.0,1
Y2210
Yo 21,1

Y1101 |
Y1,1,0,2 |
Y1,1,1,1 |
Yi1,1,2 |
Y1,2,0,1 |
Y1,2,0,2 |
Yi2,1,1 |
Yi2,1,2 |

Y2.1,0,1 |
Y2.1,0,2 |
Y2111 |
Y2.1,1,2 |
Y2201 |
Y2202 |
Yo21,1 |
Y2212 |

Y1,1,1,0
Yi1,1,1
Y1,1,2,0
Y1,1,2,1
Y1,2,1,0
Y1211
Yi,2,2,0
Y1221

Y21,1,0
Y21,1,1
Y2120
Y2121
Y2210
Y22.1,1
Y2220
Y2221

Y1,1,1,1
Yi,1,1,2
Yi1,21
Y1,1,2,2
Y1211
Y1212
Y1221
Y1,2,2,2

Y2111
Y21,1,2
Y2121
Y2,1,2,2
Y2211
Y22.1,2
Y2221
Y2222
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7.3.1 n-Dimensional Block Hankel Matrix Decomposition

In this section, we generalize the 2D block hankel matrix decomposition shown

in [109, 110] and extend it to n-dimensional block Hankel matrix.

Consider n-

Dimensional Block Hankel matrix H"P as (7.5) constructed with n-dimensional data
array Y € Rlnx-xlzxl

Theorem 31. n-dimensional Block Hankel matriz H™P can be decomposed as

H"P = E,, AE,,

(7.9)



where, A, E}, and E}, are the matrices of the form

(a0 .. 0 ] [ 2., 0
(05} .. 0 0 Zng
A= 0 Zy = 0 0
| 0 0 an | | 0 0
E,1,7°
E, 1,7}
ETLL = . 7ETLR = ngEnflR Z%EnflR
E'nilLZ{iwn_l
[ 1. 1]

Loz, 2

214 1o .. RN 9
Loz, 2,

o 2 2 2 _
E,, = 21, 21, - 21y B, =
: : : )
Mi—1 _Mj;—1 Mi—1 L oz 1N
| 21, 2y, .2y

(in fact, E,, = E;FL where M; is replaced by l; — M; + 1)

Proof. See Appendix A.

Consider the following examples.
Example 1 Consider 2D data array Y € R3*3 as

N=2
2 : ko k

Yk27k1 = aifozlil, k’1, ]{?2 = 0, 1, 2
i=1

127

(7.10)

Zfln_Mn EnflR ]

(7.11)
zill_Ml
zﬁ_Ml
zilN_Ml

(7.12)

]
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Hankel matrix H?P with M; = M, = 2, takes the form of

Yo, Yoi | Yio Yia
Yo, Yoo | Yia Yio
2D
o
Yio Yig | Yoo Yaq
Yia Yig | Yoa Yao
alzgl z?l +a2zgzz?2 alzgl Zh =+ a2z82z}2 \ alz%12?1 +a2z%22?2 012%1 z}l + GQZ%QZ%Z

2

2 1,1 1,1 1,2 1
| airzy, 27, +aszy, 21, a125 77, +azzy, %9,

0,1 0,1 0 .2 0
a1zg, 21, +a2222z12 a1z9, 27, + a229, 27,

1,0 1,0 1,1 1,1 2 .0 2 .0 2 1 2 1
a1z21z11+a2z22212 a1221211+a2222212\ a1z21z11+a2z22z12 a1z21211+a2z22212

1,1 1,1 1,2 1,2 2 1 2 1 2 .2 2 .2
a1221211+a2z22zl2 a1221z11+a2222z12\ a1221211+a2222zl2 a1221z11+a2222z12

- EQLAEQR

where, Fs,,, E»,, A and Z, are as in (7.10).

7.3.2 Row Permutation of Block Hankel Matrix

In this section, we generalize the row permutation of 2D block hankel matrix shown
in [109] and extend it to n-dimensional block Hankel matrix. Consider n-dimensional

Block Hankel matrix H"P constructed by n-dimensional data array Y € Rin*--xlxh
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as H"P = E,, AE,,. The matrices E,, and E,, contains all frequencies {z1,,i =
L., N} {z,,i = 1,...,N},....{zn,,i = 1,..., N}. Using row permutation one can
change the position of frequencies in one dimension with one another. More precisely,
there exist row permutation matrix P/ such that the position of frequencies in rth
dimension {z,,,7 = 1,..., N} in the matrix £,,, (or E,,) is same as the position of the
frequencies in jth dimension{z;,,7 = 1, ..., N} in the shuffled matrix E, ., = PjE,, (or
EnR = P/ E,,) and also the position of frequencies in jth dimension {z;,,i = 1,..., N'}
in the matrix E,, (or E,,) is same as frequencies in rth dimension{z,,,i =1,..., N}

in the shuffled matrix EnL (or E, ). In this case, matrices of the form (Vandermond)

1 1 1
Ziy Ziy Zin
_ 2 2 2 _
Vi = 2 27 Ziy i=1,...,n
Mi—1  _M;—1 M;—1
| %, Z;) N

are sub-matrices of F,, and its row shuffled matrices E,,, .

Consider the following Examples, due to the similarity of £, and E,,, we just
consider the F,,, in the examples.

Example: Consider the Fy, in 2D block Hankel matrix H?? as

11 1],
0 2
ElLZQ I 21, Rly - Ry ]
By =| ——— | = o (7.13)
By, 7} 1 1 L
2
L L le 212 .. ZlN ] i
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By expanding the matrices, EF, takes the form

P, = 0 0
Z
11 1 .
0 2924 0
21 21 21
1 2 N 0 0 o
1 1 1
211 212 ZlN
224 224 e 22N
i Z1,72; R19”29 .-+ RlyR2y
By row permutation of matrix E, , one obtains E, , as
1 1 1
29, R, 22N
B, = _——— =
2’11 Z12 S ZlN
i R1,R21 R19R29 -+ RlInR2y i
1 1 1
221 222 ZQN
z 0 0
11 1 b
0 21y 0
22, <2 %)
1 2 N 0 0 21y




The position of frequencies of first dimension {z;,,7 =

1
Zy
29N ]
. -
Zi
22 i
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(7.14)

1,...,N} in the matrix Es,

(7.13) is same as the position of frequencies of second dimension {z,,7 = 1,..., N} in

E,, (7.14) and the position of z,, in Fs, is same as the position of zy, in Ey, [109].

Also, matrices of the form

are sub-matrices of Fy, and its row shuffled matrices E, ., respectively.

‘/?l:

Example: Consider the F3, in 3D block Hankel matrix H*? as

L =

EQLZi(%J

E2LZ§

1 .1
212 ZlN
1 .1
212 ZlN
1 1
21y ZlN
1 1
21y ARy

(7.15)
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By expanding the matrices, 5, takes the form

1 1 1
211 Rlo ZIN
_ 70
3
221 222 ZQN
2117221 R15724 Z1N 22N
E3L -1 @ @ —_n— = = — — — =
1 1 1
2’11 212 Z1N
o 71
3
224 2924 ce 22N
| R11R21 R19729 -+ RlnR2y ]
1 1 1
le 212 ZIN
221 222 ZQN
211221 R15729 R1nR2N
234 234 c. 23N
i 211”31 R19”35 .-+ RINR3y ]
29,23, 295234 . 2N 2R3N
L R11R21”31 R19R2,%39 -+ RINR2NR3N ]

By row permutation of matrix Fs,, one can change the position of frequencies
in the first, second and third dimension with one another. For example, we aim at
changing the position of frequencies in the first and third dimension with one another

by following row permutation of matrix Ejs, .



1 1
231 3,
221 222
231Z21 232222
21 21y
211231 212232
221 211 222212
211221231 212222232
1 1
23, 3,
221 294

22,

294

23122, R3572,

133
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11 1],
Z2
I 23, 23, 23N ]
- 70
11 1]
Zy
L 231 232 . ZgN ] ]
. - (7.16)
(11 1] |
Z3
I 231 232 Z3N i
o z}
11 1]
Zy
L L L 231 232 b Z3N i i -

As it is seen, the position of frequencies of first dimension {z1,,7 = 1,..., N}
in the matrix Es, (7.15) is same as the position of frequencies of third dimension

{z5.,i=1,..,N} in E3, (7.16) and the position of z, in Ej, is same as position of

1 1 L1
2231 2’32 .. Z3N

are sub-matrices of Fj3, and its row shuffled matrices Ej, , respectively. In similar

2, in Ey,. Also, matrices of the form

11 . 1
Vi=

21, Rl - Ry

way, by changing the position of the second dimension frequencies {zy,,i = 1,..., N}

with first dimension frequencies {z1,,i = 1, ..., N}, it can be shown that the matrix

is sub-matrix of resulted row shuffled matrix Es, .

7.3.3 Rank of Block Hankel Matrix

In [109], it is shown that rank of 2D hankel matrix is equivalent to the number

exponential signals that describes the data. Here, we extend the results to n-
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dimensional Hankel matrix. Consider n-D Block Hankel matrix H™P constructed
from n-dimensional data array Y € Rinx-xlxli a5 nP = [ AF, .. We assume

that given n-dimensional data can be written in terms of exponential signal as in

(7.1).

Theorem 32. Rank of n—dimensional Hankel matriz H"P is equal to the number

of exponential signals that describes the data if
N<M<Il[;—N+1

where, N is the number of exponential signals that describes the data, M; and l; are
window size of n—dimensional Hankel matriz and number of measurement for i-th

dimension.

Proof. See Appendix B. ]

7.4 Equivalent Problem and Convex Relaxation

As an intermediate step in the development of convex relaxation of the original
problem, a equivalent problem is provided. This is achieved by solving the following

problem:

Problem 2: Solve

minYeRznxmszm{ Rank( HnD<Y) ) : HYk‘fL,,kS,kT — Yk;,...,k;,k{

o < €} (7.17)

where, Y € Rln*-xl2xli ig constructed noiseless complete n-dimensional data, H"P(Y')
is a n dimensional block Hankel matrix of the form (7.5), Y € Rinxxbxl g given
sparse noisy n-dimensional sensory data, (ki, k3, ..., k) are indexes of known parts

of measurement data }A/, and € > 0.

Theorem 33. Problem 2 is equivalent to Problem 1.

Proof. In Theorem 32, we showed that rank of n-dimensional Hankel matrix is equiv-

alent to the number of exponentiation describing the data. Hence, minimizing the
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rank of n-dimensional Hankel matrix in Problem 2 is equivalent to minimizing the

number of exponential signals in Problem 1. [

Equivalent Problem 2 involves nonconvex problem of rank minimization. To
avoid this, we use nuclear norm of matrix as a convex relaxation of rank of matrix.

Therefore, convex relaxation of Problem 2 is as follow:

Problem 3: Solve

MMy cpinx-xtzxty {||[HY )|« 0 ||V

nit

k3 ki — Vi Kk lle < €} (7.18)

mat

where |||« stands for nuclear norm of a matrix.

7.5 Implementation and Numerical Results

In the previous sections, we showed that sparse and noisy data reconstruction prob-
lem can be reformulated as nuclear norm minimization problem. To be able to deal
with large scale data, one need to implement efficient and fast convex optimization
algorithm. Recently, first-order augmented Lagrangian algorithm has been proposed
to deal with large semidefinite programs. We adapt this algorithm to solve resulting
convex optimization problem as (7.18).

To be able to use convex optimization methods to solve nuclear norm minimiza-
tion Problem 3 which contains linear structured Hankel matrices, one needs to re-
formulated the Problem 3 as follows.

Problem 4: Solve

miny gy {|H|. : H(Y) — H =0, A(Y) —b—s=0,s € Q} (7.19)

where, Y € Rt is complete measurement matrix and H(Y’) is associated block
Hankel matrix, H is a matrix with appropriate dimension, A is a linear operator such
that A(Y) = ka,,,~~~,k§,kf7 b is vector of known sensory measurement as }A/knkal, s is
a slack variable and Q is a closed convex set of the form Q = {s: ||s|| < €}, and||.||.

stands for nuclear norm.
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Table 7.1: First-Order Augmented Lagrangian Optimization Algorithm

1: 5O AYO) b, 5« ||HO|,, 6V 0, 68 <0, k + 0
2: While (FALC STOP is false) do
3k k+1

1
4 [OULY,5) = S|H(Y) = H = 2067
1
+5IIAY) —b - s — ARG

4 e 2 1013 + 100 1)

5: HY « HO gV « HO v©  y©O vy y©O
s§°) — s, sgl) —sO M =11=0

7: While (APG STOP is false) do

8:l+1+1

9: [H; (1 Y(l) ] — argmm

)‘(k)HHH* + Vyf(k) (H(l) Y(l) (l))
o1 (D v oDy

Ly 1 Ly 1 Ls 1
+7||Y—y<>u+ |H — H“||+2Hs—s;>||:se9

10: t0H) (14 4/1 4+ 4(t0)%) /2

o _
I+1 ! t 1 ! -1
11 10 0+ (O Ly )

t -1 -1
(W)(Yf) -v"Y)

At Y( -1
s+ (W)(Sg) —si™)

12: end APG while
13: HO  gOY® v o0 0
vy &)Y — k)
14 o+ g — M )\Ek)
A(Y ) —p — sk
(k)

Y'Q(H‘l) i Yl(l) +

Sgl—i-l)

0§k+1) “ ng) .
15: end FALC while

7.5.1 First-Order Augmented Lagrangian Optimization Al-
gorithm

First-order augmented Lagrangian algorithm (FALC)is shown in Table 7.1. FALC
derives the solution of the nuclear norm minimization problem of the form of Problem
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4, by inexactly solving a sequence of sub problems of the form:
1 1
minymse{MH|l+ + SIHY) = H = 2015+ [ AY) = b — 5 = A5} (7.20)

where, A and 6; are penalty parameter and Lagrangian dual variables, respectively.
These sub problems are solved using an Accelerated Proximal Gradient (APG) al-

gorithm, where in each update it solves the problem of the form:

T

Vuf(H,Y,3) H-H
HHeeQ V. f(H,Y,3) s— 3§ '

L ~ L ~ L -
+SIY = VI3 + I — HIE + S ls — 513

where, f(H,Y,s) = %H’H(Y) — H — 045 + %HA(Y) — b — s — My||5 for a given
(H,Y,3), and L is Lipschitz constant. If 0,,,,(.) denotes the largest singular value
of a matrix, then L = 02, (H)+02,,.(A). The gradients can be obtained as Vi f =
—(H(Y)—H — Xy), Vyf = —H*(HY) — H — X)) — A(AY) — b — s — Nb),
Vsf = —A*(A(Y) — b — s — Ms). The problem of the form (7.21) is separable in
H.Y, and s variables and reduces to constrained shrinkage problem in H and Y, and

Fuclidean projection problem onto Q in s.

7.5.2 Numerical Examples

We now consider the problem of data loss for different types of data. To complete
the given noisy and lost data we solve, convex problem in (7.18) using the first older
algorith provided in section 7.5.

Example 1: 1-dimensional data Consider given signal in Fig 7.1. The aim is
to complete the sampled sparse signal. The obtained signal by solving the convex
optimization problem provided in section 7.5 is shown in Fig 7.2. Also, Fig 7.2 shows
the nonzero singular values of Hankel matrix of obtained data where corresponds to
rank of matrix.

Example 2: 2-dimensional data Consider given sparse 2-dimensional signal in
Fig 7.3. The aim is to complete the sparse signal using provided convex optimization
method. The obtained signal and The singular values of Hankel matrix constructed

by obtained signal is shown in Fig 7.4.
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Figure 7.1: Original and sparse signal of Example 1

Example 3: Corrupted Image Consider corrupted image in Fig 7.5. The aim
is to reconstruct the corrupted signal using provided convex optimization method.
The singular values of Hankel matrix constructed by sparse signal is shown in Fig
7.6. The obtained signal is shown in Fig 7.5. As shown in Fig 7.6 the nuclear rank
of Hankel matrix of reconstructed signal is decreased.

Example 4: Lost and Noisy Sensor Data We apply proposed method on four
set of sensory data which contains light and temperature information of ocean and
a indoor place. The indoor experiment contains 49 nodes placed in a room which
each node reports the temperature and light data over the time. The measured
data for 149 sampling time, forms two 49 x 149 measurement matrices for light
and temperature as in Fig 7.7 and 7.8. The Ocean experiment contains 10 nodes
deployed in the sea which each node reports temperature, and light data over the
time. The obtained data for 42 sampling time, constructs two 10 x 42 measurement
matrices for light and temperature as in Fig 7.7 and 7.8. To show the performance
of the proposed method, first, each measurement matrix is corrupted by randomly
dropping of the elements; then, the proposed method is used to find the missing
parts of each measurement matrix. In order to measure the error of reconstructed

data, errors on the missing data are used to define a Error Ratio (ER) notion as
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—s— Reconstructed Signal
s+ —— Original Signal 7 o

Data
o
=]
L

Singular “alue

o
m
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02 b

al b)

Figure 7.2: Results of Example 1: a) Reconstructed signal, b) Singular values of
Hankel matrix of reconstructed sparse signal

~

\/Z(kl,kz);é(k;,k;)(y(kh ko) — Y (K1, k2))?

\/Z(kl,m)#k{,k;)(y(/ﬁ’ k2))?
problem for indoor and ocean light temperature are shown in Fig 7.9 to 7.12. It shows

ER is used. The results for 50% loss

singular values of block Hankel matrix constructed by corrupted and reconstructed
data, initial error data and obtained error data, the Error ratio and time at each
FALC iteration.

7.6 Conclusion

In this work, we presented a novel approach for solving the problem of reconstructing
spars and noisy data. The proposed method reformulates the problem as a minimum
rank problem and completes the data with least possible complexity, where the com-
plexity is defined as the number of exponential signals that could describe the data.
Provided method allows us to benefit the space-time features of data and correlation
between the sensory nodes in the data. To solve the resulting convex optimization
problem first order augmented Lagrangian optimization algorithm is implemented

where enables us to deal with large scale data. Numerical examples show effective
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Figure 7.3: Example 2: a) Original and sparse signal, b) Singular values of Hankel

matrix constructed by sparse signal

reconstruction even in face of massive missing values in the data.

7.7 Appendix A: Proof of Theorem 31

Consider 1D data array Y € R as Yy, = Zf\il aizi,l, k1 =0,...,0;. Based on (7.5)

and (7.3), Hankel matrix H'? reads as

}/b Yl YilfMl
Yl Y2 }/ll—Ml-i-l
1
HIP =
L }/ilfMl %17M1+1 )/ilfl
N 0 N 1 N =M
D im1 Gi%1, D im1 GiZ, e D= Wi
N 1 N 2 N 1 —Mi+1
D im1 GiZ1, D im1 GiZ, D DAY e
N 11— My N i —Mi+1 N -1
Doic1 aizy; Doic1 aizy, doic1 aizy;
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Figure 7.4: Example 2: a) Reconstructed signal, b) Singular values of Hankel matrix
of reconstructed sparse signal

1 1 1
214 214 . 21N
2 2 2
le 212 ZlN
lel lel lel
L %1, 1, 1y

aq 0
as
0

0 0

an

21,

21

ZlN

11 —M-
lLi—M
2'112 1
= Fy, AF4,

1 —M1
Z1y

(7.22)

Hence, (7.9) holds true for 1D Hankel matrix. Now, we show that (7.9) holds
true for 2D Hankel matrix. Based on (7.5) , for a given 2D array Y € R2*lt 2D

Block Hankel matrix H?P reads as

H2D —

7_[(()1)/3
,HgnD

1D
1

(i)D

Hgl)D

(1D

lo—Mo+1
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Figure 7.5: a) corrupted image, b) reconstructed image
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Figure 7.6: Singular values of Hankel matrix of a) corrupted and b)reconstructed
image

Based on (7.22), 2D Block Hankel matrix H?P can be rewritten as

E\, Z9AF,, E\, ZJAE,, .. B, 72 M AR,,
E\, ZYAF,, E\, Z3AE,, .. B, Z2"™TAR,
H2D:

B, 722 M AR, B, Z2MYAR . ... B, ZR AR,
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Indoor Light Sensory Data Indoor Temperature Sensory Data
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Figure 7.7: Indoor light and temperature sensory data

QOcean Light Sensory Data Ocean Temperature Sensory Data

Sensory Data

Sensor Nodes 0 g 10 Sensor Nodes 0

Figure 7.8: Ocean light and temperature sensory data

E,, 29
B, 71

| 7 Al wE 2B, .. zE MR, | = By AB,
By, 7!

where, Zy, Fy, , Ey,,, and A is as (7.10). Hence, (7.9) holds true for 2D data.
Now, assume that (7.9) holds true for (n-1)D data. We want to show that (7.9)
is valid for n-D data. Based on (7.4), For a given n-dimensional data array Y €

Rbnxxlexti n_Dimensional Block Hankel matrix H™" reads as
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B n—1)D n—1)D n—1)D
MO L el
n—1)D n—1)D n—1)D
HIP I P
HP = . . . (7.23)
n—1)D n—1)D n—1)D
H M H

Based on the assumption that (7.9) hold true for (n-1)-D data, H"P can be

rewritten as

En_1,Z0AZ0En 1, Bno1, Z9AZ By 1, .. BEp_1, Z0AZ Mg, .
En_1, Z0AZL By 1, En_1, Z0AZ2E,_1,, BEn_1, Z0AZn =M tlp,
HnD —
Bpo1, Z0AZI Mo, o By_1, Z0AZTMeNE, . B, Z0AZ B,
0
E, 1,72,
En-1,2, 0 1 ln—M,
= . Al Z%E, 1, Z'E, 1, .. Z"ME, , | =E,AE,,
Mp—1
En 1LZ n
where, Z,,, E,,, , E,,, and A is as (7.10). Hence, (7.9) holds true for n-D data as well.

7.8 Appendix B: Proof of Theorem 32

From the structure of n—dimensional Hankel matrix H"”, we know that Rank(H"")
= N, iff Rank(E,,) = Rank(E,,) = N, where N is the number of exponential
signals. Now, we need to find the conditions on the free parameters M; (window
parameter of ith dimension) under which Rank(E,,) = Rank(E,,) = N. Since the

structure of E,,, and L, , are similar, only £, is considered.
We show that Rank(E,, )= N iff
N<M<l;—N+1 (7.24)

where M; and [; are window size parameter and number of data samples in the ith
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dimension, respectively.
First, it is clear form the structure of H"P as (7.9) that

Rank(H"P) < N (7.25)

Now, consider the F,, matrix, as it is shown in the section 7.3.2 by row permu-
tation one can change the position of frequencies. Hence, the position of frequencies
in the higher dimensions (2, 3,...,n) can be changed with the frequencies of first di-
mension. Also the frequencies of the first dimension appear in the form of E;, as

(7.12) in the matrix of E,,,. Therefore, matrices of the form (Vandermond)

1 1 1
Zl1 ZZ‘2 ZiN
_ 2 2 2 _
V, = zi Z;, Ziy 1=1,2,...,n
zzM"fl LMimt o Ml
L 1 2 TN .

are sub-matrices of E,, and its row shuffled matrices as section 7.3.2. Hence,
[109]



147

1 1 1
211 Z1q .. 21N
2 2 2
21, 2{, - 20
Ml_l lel M1 1
L le an ZnN i
1 1 1
‘/1 29, 295 .- 22y
2 2 2
Vs 2y, 2oy - 29y
Rank(E,,) > Rank | = Rank ) ) ) (7.26)
Mo—1 Mo—1 Mo—1
i Va | | %2, 29, . Z2N ]
1 1 1
Zny Zng Znn
2 2 2
2y, Zpy Z
My,—1 My,—1 M,—1
| L Zny" Zny" in 4

Since, {(z1,, 22, -+, Zn;),© = 1,2,...N} are distinct, the N columns of right hand
side matrix in (7.26) are linearly independent provided M; > N,i =1,...,n (so that
E;, each have no less than N row). Hence, the sufficient condition for FE,, to be of
the full rank N is

M;>N, i=1,..n (7.27)

The necessary condition for E,,, to be of the full rank NN is that the number of rows

of E,, is no less than N. Hence:
[]M: =N (7.28)
i=1

Due to the similarity between E,, and F,,, it can be similarly shown that the

necessary and sufficient conditions of Rank(E,,) = N are
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n

[[Zi-m+1)>N (7.30)

i=1
Hence, combining the (7.25), (7.27) and (7.29), the sufficient condition (7.24) is

proven.
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Figure 7.9: 50% sparse Ocean temperature data reconstruction
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Figure 7.10: 50% sparse Ocean light data reconstruction
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Figure 7.12: 50% sparse indoor Temperature data reconstruction



Chapter

Conclusion and Discussion

In this thesis, “chance optimization” problems are introduced, where one aims at
maximizing the probability of a set defined by polynomial inequalities. These prob-
lems are, in general, nonconvex and computationally hard. A sequence of semidefinite
relaxations is provided whose sequence of optimal values is shown to converge to the
optimal value of the original problem. We also presented a novel approach based
on chance optimization results to the chance constrained controller design when the
objective is to reach a given target set with high probability. Moreover, we provided
a novel method to the problem of uncertainty propagation and reconstruction of
support of measures from their moments. In this thesis, constrained volume opti-
mization problems are introduced, where one aims at maximizing the volume of a
set defined by polynomial inequalities such that it is contained in other semialge-
braic set. We showed that many nonconvex problems in system and control can be
reformulated as constrained volume optimization problems. To be able to obtain a
equivalent convex problem, the results from theory of measure and moments as well
as duality theory are used. In addition, we presented a novel approach for solving the
problem of reconstructing spars and noisy data. The proposed method reformulates
the problem as a minimum rank problem and completes the data with least possible
complexity, where the complexity is defined as the order of linear differential equa-
tions describing the signal data or equivalently the number of exponential signals
that could describe the data.

To solve the semidefinite programs of increasing size obtained by relaxing the

original chance optimization problem, a first-order augmented Lagrangian algorithm
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is implemented which enables us to solve much larger size semidefinite programs
that interior point methods can deal with. Numerical examples are provided that
show that one can obtains reasonable approximations to the optimal solution and
the corresponding optimal probability even for lower order relaxations. In terms of
future work, by exploiting algebraic structures i.e., sparsity, symmetry, we can reduce
the complexity of obtained semidefinite programs. Also, to improve the performance,

we can develop the results for specific classes of measures, polynomials, and systems.
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