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Abstract
A small body of literature exists regarding the spatial coherence of the incoherent
(or non-specular) component of the field scattered from the sea floor. Within this
literature, the seafloor is described using simple models that consider only one or
two properties that determine the spatial coherence. Additionally, the literature
has focused on describing the average spatial coherence over an ensemble of seafloor
realizations. The variability of the coherence that is observed for individual pings
has been described neither theoretically nor through experimental observation.
This research has extended the existing models for the mean spatial coherence
to include a broader range of physical processes that determine the coherence of
the field scattered from the seafloor near normal incidence. In particular, the
effects of sensor directivity, seafloor slope, sediment scattering strength, interface
transmission coefficient, sediment attenuation coefficient, sediment layer thickness,
and temporal windowing have been explored. This is accomplished through the
development of a model for the spatial coherence that is based upon the van
Cittert-Zernike theorem.
The results of this modeling show that in many realistic scenarios it is a
combination of multiple parameters that determine the observed spatial coherence.
This represents a significant extension in understanding that reaches beyond those
processes that have been described previously. In particular, the application of a
temporal window was found to have a significant impact on the spatial coherence
in many scenarios. This research provides the first documentation of this effect.
In addition to the modeling effort, an experiment was conducted where the
spatial coherence is measured for scattering from the lake bed at Seneca Lake,
New York. In this experiment, the spatial coherence of the scattered field was
measured over a number of pings. This data set was used to form an ensemble that
compares favorably to numerical modeling. Additionally, significant ping-to-ping
variability was observed in this experiment. This variability is quantified through a
three-parameter fit and the statistics of these parameters are discussed. This is the
first observation and documentation of single ping variability of spatial coherence.
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The total field returned by the seafloor is a combination of scattering
and reflection from interfaces and inhomogeneities within the sediment volume. At the upper interface, some portion of the incident
field is coherently scattered (I) and some portion is incoherently
scattered (II) back into the water column. If a portion of the incident
field is transmitted beyond the upper interface into the layer, it
will incoherently scatter from inhomogeneities within the sediment
volume (III), coherently scatter (IV) from the sub-bottom interface,
and incoherently scatter (V) from the sub-bottom interface. The
incident field may transmit into the following layer where the process
is repeated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 The acoustic reflection and transmission coefficients and transmitted
angle from a simple fluid-fluid interface are determined by the specific
acoustic impedance of the fluids and the incidence angle. . . . . . .
1.3 The reflection and transmission coefficients vary weakly as a function
of sediment attenuation near normal incidence. . . . . . . . . . . . .
1.4 The bottom scattering strength is shown for the medium sand
sediment specified in Table 2.1. The scattering strength is calculated
using the small-slope approximation [1]. . . . . . . . . . . . . . . .
The geometry used in Goodman’s derivation of the van CittertZernike theorem leading to Equation 2.1. Figure adapted from [2,
Figure 5-18]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 In Knox et al.’s [3] fowl example of spatial coherence, a group of
13 ducks are shown entering the water of a small pond at a time
00:47.12. Their entry provides an incoherent source of capillary
waves. In the far-field of this small source, the coherence length is
large. Figure used with permission. . . . . . . . . . . . . . . . . . .
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This figure provides the geometry for the derivation presented in
this chapter. The acoustic field is scattered from a volume, Ψ,
which is ensonified by a transmitter at χ̄T . The spatial coherence is
calculated between the receivers at the positions χ̄1 and χ̄2 . . . . . .
A spherical “shell” shaped cross section of the sea floor is responsible
for scattering field observed between times t1 and t2 . . . . . . . . .
The temporal masking function Λ is shown for four conditions. The
black and teal lines represent the masking function for a pulse of
length τ at the times t1 and t2 , respectively. The masking function
appropriate for the interval t1 ≤ t ≤ t2 is given by the integration of
this masking function over the interval. This integration is shown
by the green dashed line. Finally, this integration of the masking
function is well approximated by the brown line when τ  t2 − t1 . .
For a sensor at a distance d above the seafloor, the earliest return
arrives at t0 = 2 dc . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Direct numerical integration of Equation 2.32 is compared to the
analytic approximations in Equations 2.58 and 2.59. Green/blue
represent surface scattering and red/orange represents volume scattering. The results show good agreement in both cases; however,
the approximations leading to Equation 2.59 have resulted in a
slight reduction in the coherence length for the simulated geometry.
The sound speed and center frequency are 1447 m/s and 18 kHz,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The correlation coefficient for surface scattering in Equation 2.63
is plotted for t0 = 2d/c, t1 = t0 + 5 ms and t2 = t0 + 10 ms for the
case where the sensor is 150 m above the seafloor, the sound speed
is 1447 m/s and the operating frequency is 18 kHz. . . . . . . . . . .
The correlation coefficient for volume scattering in Equation 2.64
is plotted for t0 = 2d/c, t1 = t0 + 5 ms and t2 = t0 + 10 ms for the
case where the sensor is 150 m above the seafloor, the sound speed
is 1447 m/s and the operating frequency is 18 kHz. . . . . . . . . . .
The bottom scattering strength is calculated using the small-slope
approximation for the three sediments types. The geoacoustic and
roughness parameters for these sediments are provided in Table 2.1
The composite transmit/recieve pattern is shown here projected onto
the planar seafloor for a sonar at an altitude of 150 m. This composite
beampattern is sourced from measurements, Figure 3.12, of the
projector and receivers that used in the experimental measurements
that will be discussed in Chapter 3. . . . . . . . . . . . . . . . . . .
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2.12 The spatial coherence of the scattered field is determined by the
combination of the composite transmit and receive beam patterns
as well as the aspect dependence of the bottom scattering strength.
In this figure, this is shown for a planar seafloor and three different
sediment types. From left-to-right the sediments are gravel, medium
sand, and silty clay. The backscattering strength is shown as a
function of position on the seafloor on the upper row. The product
of the composite directivity and the seafloor scattering strength
is shown in the middle row. A white isochrone is shown in these
figures to denote the area that is represented by the first 10 ms of the
scattered field. The coherence plots on the bottom row are formed
by numerical evaluation of Equation 2.32 over the area within the
white isochrone. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.13 The spatial coherence of the field scattered from a planar seafloor
narrows with increasing interface roughness. These responses of a
realistic seafloor with directive sensors are compared to the idealized,
analytic result given by Equation 2.58. . . . . . . . . . . . . . . . .
2.14 A bivariate normal (Equation 2.73) is fit to the modeled spatial
coherence to provide a quantifiable measure of the surface’s width
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2.15 With the inner time held at 0 ms, the coherence length asymptotically
approaches a value determined by the sensor directivity and the
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2.16 With an inner time set of 2 ms and an outer time of 10 ms the
integration is carried out over the annulus between the concentric
white isochrones in Figure (a). The resulting spatial coherence is
shown in Figure (b). . . . . . . . . . . . . . . . . . . . . . . . . . .
2.17 With the outer time held at 10 ms the coherence length narrows
as the inner time is increased. The coherence length is weakly
dependent on sediment type after the inner time exceeds 3 ms. . . .
2.18 For a sloped seafloor the bottom scattering strength (a) is symmetric;
however, the projected beampattern (b) shows asymmetry. In this
example the seafloor is sloped nine degrees. . . . . . . . . . . . . . .
2.19 A 9 degree slope has introduced asymmetry in the product of the
composite directivity and the bottom scattering strength. Isochrones
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2.20 Figures (a) and (b) shows the modeled coherence when the seafloor is
sloped nine degrees for an inner times of 0 ms and 2 ms, respectively.
The asymmetry introduced by the combination of the slope and the
temporal windowing has produced a spatial coherence surface that
is asymmetric. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.21 The presence of a seafloor slope has introduced asymmetry to the
spatial coherence function. The width of the coherence surface is
shown for inner times of 0 ms and 2 ms. The coherence length is
sensitive to the combination of seafloor slope and temporal windowing.
2.22 Turbidity flow create sediment fans that can transport material
across the continental rise onto the abyssal plain. Figure from
Nichols [4]. Used with permission. . . . . . . . . . . . . . . . . . . .
2.23 The layered geometry consists of a pair of zero-slope layers separated
by a variable distance. The diameter of the scattering area is
determined by an isochrone that is constant between layers. . . . .
2.24 The attenuation by the overlaid sediment will be approximated as
constant for all points on the sub-bottom layer. This approximation
of a constant path length to a buried interface is valid for relatively
narrow beamwidths. . . . . . . . . . . . . . . . . . . . . . . . . . .
2.25 For the three sediments considered in this dissertation, the returns
from sub-bottom layers are attenuated by transmission through the
interface and absorption in the overlaid sediment. . . . . . . . . . .
2.26 The product of the composite beampattern and the bottom scattering strength are shown for layer depths ranging from 150 m to
151.5 m. In each sub-figure, isochrones are shown at 2 ms and 10 ms,
where 0 ms is determined by the upper layer. In (a) only the upper
silty-clay interface is shown at a layer depth of 150 m. Figures (b)-(d)
show only the sub-bottom medium-sand interface. Note that as the
layer descends in depth the area within any isochrone is reduced. . .
2.27 The coherence length is impacted by temporal windowing when silty
clay of variable thickness overlays medium sand or gravel. . . . . . .
2.28 These figures show a cross-section of the spatial scattering intensity
for sediment volume scattering. The peak-normalized product of
the loss factor, scattering strength and directivity are shown for
the (ηξ)-plane through the scattering volume. White isochrones are
shown in 5 ms increments from 5 ms to 20 ms. Black iso-level lines
are shown in 10 dB steps from -5 dB to -55 dB. . . . . . . . . . . . .
2.29 The coherence length depends weakly on the selected attenuation
coefficients for an inner time of 0 ms and a variable outer time. . . .
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2.30 The coherence length varies significantly between the selected attenuation coefficients for an outer time of 10 ms and a variable inner
time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.31 The coherence length varies significantly between the selected attenuation coefficients when the inner and outer times are consistently
separated by 3 ms. . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.32 The correlation coefficient is shown for the low (a) and high (b)
attenuation sediments for the case where the inner and outer times
are 20 ms and 23 ms, respectively. A slices through these two surfaces
are provided in (c) where they are compared to the solid analytic
line calculated from Equation 2.63. The high-attenuation sediment
is well approximated by an aspect independent scattering model. . .
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The notional configuration of the sonar system used to collect data
at Seneca Lake is shown in this block diagram. The sonar system
consists of a data acquisition system, two navigation sensors, preamplifiers, a digital transmitter, a 48-channel receive array and a
projector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The test platform for data collection is a nine meter pontoon boat.
The projector and receive array are shown here mounted in the
forward portion of the boat. These components are mounted in a
rectangular frame that is lowered into the water during testing. . .
The projector, 3.3(a), has an active face that is circular with a
diameter of 53 cm and the 48-channel hydrophone array, 3.3(b), has
elements on a 9.14 cm center-to-center spacing. . . . . . . . . . . . .
The rectangular receive array (bottom of each photo) is mounted
forward of the circular projector (top of each photo). Lowering the
sonar frame submerges the projector and receive array. . . . . . . .
The transmit voltage response (TVR) of the projector was measured
as a function of aspect angle over the full operating band. . . . . . .
The transmit voltage response (TVR) along the maximum response
axis (aspect angle = 0 degrees) of the projector was measured over
the full operating band. The TVR droops roughly 2 dB near mid-band.
Projector beam patterns are shown at 12, 18 and 24 kHz. Additionally, the average beampattern is calculated over the interval from
16-20 kHz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The free field voltage response (FFVS) of the receiver was measured
as a function of aspect over the full operating band. . . . . . . . . .
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The free field voltage response (FFVS) along the maximum response
axis (aspect angle = 0 degrees) of the receiver was measured over
the full operating band. The FFVS rises roughly 2 dB near mid-band.
Receiver beam patterns are shown at 12, 18 and 24 kHz. Additionally,
the average beampattern is calculated over the interval from 16-20 kHz.
The overall sensitivity of the transmit and receive system can be
characterized by forming the composite of the TVR and FFVS. This
composite shows a response that is nearly flat over the range from
14-22 kHz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The overall directivity of the transmit and receive system can be characterized by forming the composite beampattern for the transmitter
and receiver. The average transmit and receiver beam patterns from
16-20 kHz are combined to form the system composite directivity
shown here. The narrow response of the transmit array is principally
responsible for the composite system directivity. . . . . . . . . . . .
The background noise power spectral density was measured over the
operating band of the sonar system with the receive array submerged
and the pontoon boat underway at the nominal speed used for data
collection. These spectral levels are compared to those expected for
Sea State 3 and Sea State 6 [5]. . . . . . . . . . . . . . . . . . . . .
The magnitude of the channel-to-channel spectral coherence of the
background noise is shown with channel 20 held as a reference. The
noise coherence is low across all channels with the exception of one
outlier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The zero-lag correlation coefficient of the background noise between
all channel pairs is low. This measure of the correlation coefficient is
the background against which the spatial coherence will be estimated.
The Finger Lakes are located in New York state. Seneca Lake is
the largest by volume of the eleven lakes in this region. The central
portion of Seneca Lake has a deep and flat lake floor at more than
140 m depth. Figure 3.16(a) from [6]. Figure 3.16(b) from [7]. Both
figures used with permission. . . . . . . . . . . . . . . . . . . . . . .
Three test tracks are shown overlaid on a nautical chart, where
the depth is provided in feet. Track 194530 provides a sub-bottom
profile that crosses the lake from east to west. This profile shows
the steep lake sides and flat central lake floor, Figure 3.18. Testing
was conduced near the central portion of Seneca Lake. Sub-bottom
profiles for tracks 182908 and 192329 are shown in Figure 3.22 and
3.20, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3.18 This sub-bottom profile of the lake bed was collected on a east-towest transect of the lake. The steep lake walls are apparent as well
as the flat central lake floor. . . . . . . . . . . . . . . . . . . . . . .
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Chapter 1 |
Introduction
The existing literature on modeling and measurement of the spatial coherence of
the field scattered from the sea floor has focused on the mean spatial coherence for
simple sensors and seafloors. This dissertation is motivated by the desire to address
these shortcomings through development of a model for the spatial coherence that
permits more complex descriptions of the sensor and the seafloor. The goal is to
understand how interactions between the sensor, environment and signal processing
influence the spatial coherence. To accomplish this, a model is developed that is
related to the van Cittert-Zernike theorem of statistical optics.
This research has extended the existing models for the mean spatial coherence
to include a broader range of physical processes that determine the coherence of
the field scattered from the seafloor near normal incidence. The effect of temporal
windowing of the received field is studied. Additionally, three different sediment
types are considered. Finally, four different seafloor geometries are modeled.
1. Planar Interface Scattering
The seafloor is assumed to be isotropic, rough, infinite half-space that is
parallel to the sonar array.
2. Sloped Planar Interface Scattering
Except for the sloped interface, the seafloor is assumed to have the same
properties as the “Planar Interface Scattering” case.
3. Layered Planar Interface
The seafloor is assumed two planar interfaces separated by a variable distance.
4. Volume Scattering
The seafloor is assumed to consist of an isotropic volume without interface
scattering.
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The parameters listed are not studied in isolation; instead, cases are specifically
designed to introduce interaction between the effects. These models represent many
realistic scenarios, and it was found that the mean spatial coherence observed is
due to a complex interaction between multiple parameters.
An experiment was conducted at Seneca Lake, NY using a two-dimensional receive array. The two-dimensional spatial coherence was measured and a comparison
is made to the model developed in this dissertation. Additionally, the ping-to-ping
variability of the spatial coherence is documented and characterized.
The result of this research into the modeling and the measurement of the spatial
coherence of the incoherent component of the scattered field has led to a pair of
important contributions. They are:
• A detailed examination of the interaction between a number of parameters
that determine the spatial coherence for the incoherent scattered field. In
particular, the effect of temporal windowing is modeled and described for a
range of environmental configurations. While the influence of the temporal
window has not been discussed in the existing literature, it was found that
this is a key parameter that strongly impacts the observed spatial coherence.
• The first experimental measurement of the two-dimensional spatial coherence
of the field scattered from a submerged sediment interface. These experimental measurements of the spatial coherence found significant ping-to-ping
variability. This variability is quantified and discussed. This is the first
observation and documentation of single ping variability of spatial coherence
for seafloor scattering.
The following publications were directly supported by this research:
• D. C. Brown and A. P. Lyons, “Velocity estimation using spatial coherence
of sea floor reverberation,” in Proc. 1st Intl. Conf. and Exhibition on
Underwater Acoustics, Corfu, Greece, pp. 573-581, 2013.
• D. C. Brown, A. P. Lyons, and D. A. Cook, “Spatial coherence theory and
its application to synthetic aperture systems,” in Proceedings of the Institute
of Acoustics, vol. 36, pp. 104-111, 2014.
• D. C. Brown, S. F. Johnson, and D. R. Olson “A point-based scattering model
for the incoherent component of the scattered field,” J. Acoust. Soc. Am.,
submitted, 2016.
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1.1 Applications of Spatial Coherence
There are a number of domains where the spatial coherence of the field scattered from
the seafloor plays an important role. These areas include high-frequency synthetic
aperture sonar image formation, acoustic seafloor characterization, correlation
velocity log processing and array gain modeling. These areas are outlined in the
remainder of this section to demonstrate the range of topics impacted by the spatial
coherence of seafloor reverberation.

1.1.1 Correlation Velocity Logs
A correlation velocity log is a type of sonar system that estimates ground referenced
velocity through the measurement of spatial coherence of near-normal-incidence
bottom reverberation. This type of sensor was first proposed by Dickey and Edward
in 1978 [12], and was based on their early work on the estimation of airplane velocity
through measurement of the spatial coherence of radar returns [13]. Publications on
correlation velocity logs have described a range of potential applications and designs
for these sensors including velocity estimation for surface ships [14–20], ground
referenced velocity estimates to aid inertial navigation systems on submerged
platforms [21–23], monitoring sea ice speed and direction [24, 25], and current
profiling [26–31]. A series of models have been developed for predicting the
accuracy of these sensors [12, 32–35]. These models use simplistic approximations
for scattering from the sediment-water interface. The variability in the spatial
coherence that is introduced to these systems due to complex interactions between
the sensor and the environment are unaccounted for in the published literature.
The modeling and analysis of the spatial coherence provided in this dissertation
could be applied to improving models of these sensor’s performance. An initial
effort toward this goal is provided in Appendix B and in Brown and Lyons [36].

1.1.2 Synthetic Aperture Sonar
Synthetic aperture systems coherently integrate data collected over space and time
to produce high resolution imagery [37]. The signal processing strategies employed
by these instruments exploit both the temporal and spatial coherence of the field
scattered by the environment. Standard stripmap or spotlight imagery is formed
by coherent combination of multiple azimuthal looks at a scene over a wide range
of observed aspects [38]. The motion of the instrument as it traverses the aperture
to be synthesized must be measured accurately to produce well focused imagery
as aperture errors result in image defocusing [39]. The displaced phase center
3

motion estimation technique has been studied extensively as a solution to this
problem [34, 40–48]. This technique requires the field scattered from the seafloor
to be cross correlated. Both the magnitude and phase of this cross correlation
are used to infer the trajectory of the instrument. The peak magnitude of the
correlation coefficient is calculated between multiple receivers to form an estimate
of the instrument ping-to-ping advance. This is effectively a one-dimensional
application of the method described for the processing of a correlation velocity log
in Appendix B. The accurate estimation of displacement requires a model of the
spatial coherence such as the one developed in this dissertation. The development
and application of spatial coherence theory to the problem of along-track motion
estimation is described by Brown et al. [48].
In interferometric synthetic aperture processing, high spatial coherence between
a pair of images collected on vertically displaced antennae is required to produce an
estimate of the differential phase between the images [49]. This differential phase is
inverted to provide an estimate of the scene’s topography or bathymetry. Analysis of
interferometric synthetic aperture systems has shown there is a limit on the collection
baseline (sensor separation) beyond which the spatial decorrelation introduces noise
to the measurement of the interferogram. This type of decorrelation has been
observed in measurements using the Benthic Acoustic Measurement System, where
it was found to be the primary source of error in differential phase measurement
for grazing angles greater than 12 degrees [50].
The field scattered from targets within a scene imaged by a synthetic aperture
sonar is composed of a coherent and an incoherent component. The flat faces and
sharp edges of manmade objects are more likely to coherently scatter and have
spatial coherence length in excess of the background. These types of objects are
known as permanent scatterers, and they are the basis of several techniques for
segmenting manmade objects from the background. The aspect-dependence of both
scattering strength and coherence length has been exploited by Chaney, Willsky, and
Novak to develop an adaptive beamformer to increase the detectability of manmade
targets in foliage penetrating synthetic aperture radar systems [51]. Similarly, the
segmentation of manmade target from background utilizing the spatial coherence
of the scattered field has also been applied to the detection of manmade targets for
synthetic aperture sonar systems by Pailhas, et al. [52]. Accurate modeling of the
background spatial coherence and its variability is directly applicable to this type
of target-background segmentation.
Both the temporal and spatial coherence of seafloor reverberation are important
in the field of repeat-pass synthetic-aperture-sonar coherent-change detection or
(CCD) [53–58]. A CCD sensor observes a region of the seafloor on two passes that
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are temporally separated but spatially identical. Theoretically, any decorrelation
observed is due to a disturbance of the seafloor during the time between the two
passes. This decorrelation may be due to bio-turbation [59, 60] or human activity.
Accurate estimation of the motion is required to prevent spatial decorrelation from
impacting the observed coherence [58].

1.1.3 Seafloor Characterization
Seafloor characterization is one of the most apparent applications of this type of
modeling. A number of authors have shown links between the seafloor geometry
and composition and the measured spatial coherence [61–67]. These studies all link
proposed models to the observed field and many attempt to describe an inversion
process where some seafloor parameter may be estimated through observation of
the spatial coherence. A more detailed review of this work is provided in the
Section 1.3.1.

1.1.4 Array Processing Gain
Arrays of acoustic receivers are used to improve the detection of a signal against a
background of ambient noise or reverberation. In the classic treatment the gain of
the receive array against isotropic, ambient noise is given by the directivity index
(DI) or array gain (AG). For a uniform line array, the array gain is [5]:
AG = 10 log10 2Lλ ,

(1.1)

where Lλ is the wavelength normalized array length. According to this equation,
signal gain against noise is unbounded with array length. This assumes that the
coherence of the field observed by the elements of the receive array is invariant
with the spatial separation of the array elements themselves. That is, it assumes an
infinite coherence length for the signal of interest. This is untrue in practice and a
significant body of literature supports this observation. Experimental observations
of the coherence lengths observed for both deep water and shallow water waveguides
is provided by Carey [68]. Carey’s experimental observations of the coherence length
led to the description of a “Carey Number”, the wavelength normalized coherence
length of the field [69]. Thus, accurate models for the coherence length of the
seafloor scattered field will have applications to prediction of the array gain that
may be available for a given environment.
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1.2 Fundamentals of Sea Floor Scattering
In this section, an overview of some aspects of the basic theory of scattering from
the seafloor is provided. This presentation here is restricted to a limited set of
phenomena that will be necessary for the development of models of spatial coherence
in Chapter 2. For additional detail, please see the comprehensive treatment provided
by Jackson and Richardson [70].
An acoustic field propagating in a fluid is scattered from discontinuities in
the medium’s specific acoustic impedance. A common approximation made in
the development of seafloor scattering theory is to assume the water-sediment
interface is a discontinuous (in specific acoustic impedance) boundary between two
fluids. This same “fluid-fluid” approximation is also made for sediment-sediment
boundaries within the seafloor as well. At each boundary the incident field is
coherently and incoherently scattered, and these scattered fields may be observed.
In Figure 1.1, an acoustic field is shown incident on the seafloor. Upon interacting
with the upper interface some portion of the incident field is coherently scattered
(I) and some portion is incoherently scattered (II) back into the water column. If a
portion of the incident field is transmitted beyond the upper interface into the layer,
it will incoherently scatter from inhomogeneities within the sediment volume (III),
coherently scatter (IV) from the sub-bottom interface, and incoherently scatter (V)
from the sub-bottom interface. The incident field may transmit into the following
layer. This process will continue throughout the layered structure of the seafloor
until a combination of spreading loss, absorption, reflection and scattering have
sufficiently attenuated the returned field to make it unobservable. Please note in
this treatment that multiple scattering has been ignored. This is equivalent to the
Born approximation where scattered field is determined by the incident field as
opposed to the total field. Additionally, multiple reflections between layers within
a layered sediment are ignored as well.
Section 1.2.1 develops the expressions which govern the coherent scattered field
paths (I,IV) paths. Section 1.2.2 reviews incoherent component of the scattered
field from both rough interfaces as well as scattering from within the sediment
volume.
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Figure 1.1. The total field returned by the seafloor is a combination of scattering and
reflection from interfaces and inhomogeneities within the sediment volume. At the upper
interface, some portion of the incident field is coherently scattered (I) and some portion
is incoherently scattered (II) back into the water column. If a portion of the incident
field is transmitted beyond the upper interface into the layer, it will incoherently scatter
from inhomogeneities within the sediment volume (III), coherently scatter (IV) from the
sub-bottom interface, and incoherently scatter (V) from the sub-bottom interface. The
incident field may transmit into the following layer where the process is repeated.

1.2.1 Coherent Component of the Scattered Field
The total field returned by the seafloor consists of a sum of the coherent component
and the incoherent component
p(t) = pc (t) + pi (t).

(1.2)

The coherent component is defined as
pc (t) = hp(t)iseafloor ,
7

(1.3)

where hi̇seafloor is an ensemble taken over a number of seafloor realizations. The
coherent field is that part of the field which is deterministic across this ensemble of
seafloor realizations. The coherent field is also commonly called the specular or
reflected field. Note that in this usage “coherent” does not refer to temporal or
spatial coherence. Instead, the coherence is between this component of the field
and the incident waveform. The process of coherent scattering from the interface
does not the phase of the incident field. The principal effect is a delay associated
with propagation and a scale factor determined by the reflection coefficient. The
reflected field can be written as the product of a scalar reflection coefficient Vww
and the delayed incident field. The reflected field is given by
pr (t) = Vww pi (t − τ ),

(1.4)

where τ is the propagation delay. Expressions for this reflection coefficient and the
associated transmission coefficient will be provided in the remainder of this section.
The notation used here for the reflection and transmission coefficients is taken from
Jackson and Richardson [70]. The reflection coefficient is Vww , where the subscripts
indicate that the incident and reflected fields are measured in the water. The
transmission coefficient is Vwp , where the subscripts indicate that the incident field
is measured in the water and the transmitted field is the compressional (p-wave)
in the sediment. A general overview of coherent transmission and reflection at
fluid-fluid boundaries is provided in [71] and a detailed treatment for the case of a
multiple layered medium is given in [72]
In Figure 1.2 a plane wave is incident on a perfectly flat interface between two
fluids. The fluid properties are specified by their densities, ρn , and sound speeds, cn .
Attenuation in the lower medium is included through adding a complex component
to the wavenumber
k1 = k10 + ik100
(1.5)
where k100 has the units nepers/m. It is related to the attenuation coefficient α with
units dB/m through α = k100 20 log10 e, where e is the natural number. The sound
speed c1 is also complex due to attenuation and it is written as
ω
k10
k 00
c1 =
=
+i 1
k1
ω
ω


−1

.

(1.6)

In the absence of attenuation the sound speed is c1 = ω/k10 which is the real sound
speed in the medium. Note that this is not equal to the real part of the complex
sound speed in the presence of attenuation.
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Figure 1.2. The acoustic reflection and transmission coefficients and transmitted angle
from a simple fluid-fluid interface are determined by the specific acoustic impedance of
the fluids and the incidence angle.

The reflection coefficient at a fluid-fluid boundary is given by [71]
Vww =

z1 − z0
z1 + z0

(1.7)

where
ρ0 c0
sin (θi )
ρ 1 c1
z1 =
.
sin (θt )
z0 =

(1.8)
(1.9)

zn is the specific acoustic impedance of the layer for the geometry in Figure 1.2.
The incident, reflected and transmitted angles are given by the relations
θr = θi
c1
cos θt = cos θi ,
c0

(1.10)
(1.11)

where the first states equality between the angle of incidence and reflection and the
second is Snell’s law. The transmission coefficient is given by Vwp = 1 + Vww which
gives
2z1
Vwp =
.
(1.12)
z1 + z0
The complex reflection and transmission coefficients have been calculated for a
silty clay sediment and the results are shown in Figure 1.3. The sediment properties
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(a)

(b)

(c)

(d)

Figure 1.3. The reflection and transmission coefficients vary weakly as a function of
sediment attenuation near normal incidence.

used for this calculation are given in Table 2.1. In addition to the attenuation
listed in this table, two other sediment attenuations are calculated based on a
physically plausible range of values that may be observed for acoustic propagation
in fine-grained sediments [73–76]. The analysis presented in this dissertation will
be confined to scattering near normal incidence, and it is important to note that
both the reflection and transmission coefficients vary weakly with incidence angle
and attenuation coefficient near normal.
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1.2.2 Incoherent Component of the Scattered Field
The incoherent component of the scattered field is that portion of the measured
field that is variable across seafloor realizations,
hps iseafloor = 0.

(1.13)

For Equation 1.13 to hold, the scattering process for each seafloor realization
must randomize the phase of the incident field. This randomization creates a field
component that is incoherent between seafloor realizations, and thus will average
to zero. This randomization also results in a field component that is incoherent
with the transmitted waveform.
The use of the term “incoherent” has led to some confusion when discussing the
scattered field. The scattered field is produced by a process that is a deterministic
measure of a random environment. The locations of the acoustic scattering centers
are random for any seafloor realization. This results in a random encoding of the
incident phase history for the scattered field. However, the process of scattering from
this random seafloor is deterministic. All things held constant, two transmissions
scattered from the seafloor from the same positions will yield identical signals.
Unlike ambient noise, which may also be described as incoherent with the incident
field, the scattered field is produced through a deterministic process applied to the
incident field.
In order to compare measurements to models for the mean-square level of the
incoherent component of the scattered field, one must include the effects of the
transducers, sensor/seafloor geometry, and the sediment properties. The sediment
properties are captured in this type of model through the bottom scattering strength.
In Figure 1.4, the backscattering strength is calculated for a sediment that is
representative of medium sand. The scattering strength peaks near normal incidence
and falls rapidly over the first 15 degrees off normal. There is an enhancement
near 30 degrees associated with the critical angle. The scattering strength variation
with grazing angle may be calculated through three principal models. These
models are the small-roughness perturbation approximation [77], the Kirchhoff
approximation [78], and the small-slope approximation [79]. These techniques
have respective domains of validity and associated computational complexities.
In this work, the small-slope approximation as described by Gragg et al. [1] is
implemented and used to provide an estimate of the sediment backscatter strength.
A comprehensive treatment of modeling of the mean square level and roughness
scattering models are provided in Appendix G and Chapter 13 of Jackson and
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Figure 1.4. The bottom scattering strength is shown for the medium sand sediment
specified in Table 2.1. The scattering strength is calculated using the small-slope approximation [1].

Richardson [70].
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1.3 Spatial Coherence of Scattered Acoustic Fields
The spatial coherence of acoustic fields scattered from the seafloor and from the
sea surface has been studied by a number of authors. The following pair of sections
will review the relevant literature for these two cases.

1.3.1 Sea Floor Scattering
A number of authors have described measurements of the spatial coherence of the
field scattered from the seafloor [61–63, 67, 80–82]. These authors have focused on
describing the spatial coherence of either the total scattered field or the coherent
component of the scattered field.
Urick and Lund [80–82] provide a summary of measurements made on the
vertical and horizontal coherence of reverberation in the sea from an explosive
source. The signals were observed in a range from a few hundred Hertz up to 8 kHz.
The coherence of the sea surface, seafloor and deep scattering layer are measured
and reported. In these experiments, the spatial coherence of the seafloor is greater
than the sea surface, which is greater than the deep scattering layer.
Clay [61] used measurements of the spatial coherence of bottom scattering as a
function of grazing angle to invert for the root mean square (RMS) roughness of the
seafloor. This was accomplished using Eckart’s coherent reflection coefficient [83]
Vwwc = hVww i = Vww exp (−(2h0 k sin θg )2 ),

(1.14)

where k is the wavenumber, θg is the grazing angle and h0 is the RMS roughness of
the seafloor. In this study, a pair of hydrophones vertically separated by 150 m were
deployed and a 1350 kHz source was used to ensonify the bottom. The correlation
coefficient between the hydrophone pair was measured as the source was translated
to sample a range of grazing angles. By making measurements of the ensemble
averaged reflection coefficient over a range of grazing angles, Clay inverted for
the RMS roughness of the seafloor. Within this work Clay also investigated the
coherence of the field scattered from normal incidence through analysis of data
collected on a seismic sensor. The band of operation for this sensor was 100-130 Hz
with transmissions from a surface ship every 70 m. Data was collected on the
Hatteras abyssal plain and the nearby continental rise. The scattered field was
spatially coherent over scales in excess of 1 km on the abyssal plain, where the
scattered field consists primarily of the coherent component due to reflection from
the interface and sub-bottom layers. On the continental rise, the scattered field was
found to be spatially incoherent on the scale of his measurements. Clay attributes
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this to a bottom whose RMS roughness was significant when compared to the
wavelength of his source.
Berkson [62] reports on measurements of the spatial coherence of the scattered
field collected on a vertically deployed array using an explosive source. The scattered
field was collected on a 290 m long, 11 element receive array deployed at a depth
of 1500 m. The explosive charge was set at 245 m, giving grazing angles of 50◦
and 70◦ for two test sites. The spectral coherence function, which is a measure
of the spectral similarity (see Appendix A for definition), was calculated over the
band 30-225 Hz. Berkson did not segment the coherent and incoherent fields in
his analysis, and at these frequencies the measured coherence is dominated by the
energy in the coherent field. The coherence function was then compared to the
coherent reflection coefficient of Eckhart following the earlier analysis by Clay [61].
Berkson shows loose agreement between the measured coherence function and the
predicted coherent reflection coefficient. He discusses several possible effects that
may reduce the coherence, and in particular, he proposes that the interaction of
scattering from sub-bottom layers may have complicated these measurements.
Berkson et al. [63] performed a similar study on the Tagus Abyssal Plain.
Explosive sources were deployed in a circular track surrounding a deep hydrophone.
The forward scattered field was observed at a grazing angle of 11.5 degrees. In
this environment the coherence function was found to be near one over the bands
20-500 Hz and 1200-2000 Hz; however, low coherence was observed 500-1200 Hz.
The high coherence is supported by Eckhart’s coherent reflection coefficient and
independent observations indicating the RMS roughness of the Tagus Abyssal plain
as 0.1 m or less. Berkson et al. hypothesize that the loss of coherence over the
central portion of the test band is due to interference between the coherent scattered
field and a bottom refracted path.
Guillon et al. [67] investigates the linearity of the cross spectrum on a vertical
array for sound scattered from the seafloor. The cross spectrum is a Fourier pair
with the cross correlation, and a linear phase cross spectrum is associated with a
maximum correlation coefficient. Data was collected in the band from 100-6000 Hz
at grazing angles ranging from 12◦ to 80◦ over a multilayered seafloor and a seafloor
with a single pair of layers. In the case of high SNR, Guillon states that the presence
of a linear phase in the cross spectrum is indicative of a single reflection from
the seafloor, while non-linear phase indicates scattering from multiple sub-bottom
layers. This is equivalent to the statement that a layered seafloor will reduce the
measured spatial coherence of the coherent component of the scattered field, which
is in agreement with the observations made by Berkson [62].
The studies discussed to this point have focused on the measurement or modeling
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of the total scattered field or the coherent component of the scattered field. Three
additional studies exist that directly address the spatial coherence of the incoherent
component of the scattered field [64–66].
A model for the spatial coherence of incoherent component of the sound scattered
from a rough interface has been described by Jackson and Moravan [64]. The seafloor
(or sea surface) is modeled using an idealized point scattering model. This approach
taken by Jackson and Morovan is an extension of sea surface scattering model
proposed by Wilson and Frazier. The details of this approach will be discussed in
the following section on the spatial coherence of the field scattered from the sea
surface.
Smith and Atkins [65] developed a model for the horizontal coherence for normalincidence bottom-interface reverberation. This model was developed using the
high-frequency Kirchhoff approximation for interface scattering, and the interface
height function was assumed to be a Gaussian for the height, slopes and height
correlation length. The RMS roughness of the interface is assumed to be sufficiently
large that the scattered field is assumed to be incoherent. The spatial coherence is
shown to be given by a Hankel transform of the angular spectrum of the scattered
field. The directivity of the source limits the angular spectrum in the majority of
the cases considered by Smith and Atkins; however, an omnidirectional sensor was
shown to have a spatial coherence given by a first-order Bessel function of the first
kind. The model was qualitatively compared to field data and general agreement
in the coherence length was found. One source of disagreement between the model
and data was due to the finite pulse length and receive time of the experimental
system. These temporal limits truncated the angular spectrum and introduced an
oscillation in the measured correlation coefficient.
Tang and Frisk [66] provide a model for investigation of the spatial coherence
of plane wave scattering from inhomogeneities within the seafloor at frequencies
spanning 40-200 Hz. Their model is the most realistic in terms of the physical
description of the seafloor. The model includes a variable thickness sediment layer
with a small random sound speed component overlaying a half-space with no random
sound speed component. The incoherent field scattered from the random layer
is shown to obey the inhomogeneous Helmholtz equation with the coherent field
within this layer as the source term. The coherent field is calculated using either
the Born approximation or the bilocal approximation. The bilocal approximation
properly accounts for losses in the coherent field due to scattering from the overlaid
sediment. The bilocal approximation is necessary to accurately predict the measured
field covariance; however, they find that the coherence length is unaffected by the
less accurate Born approximation. Green’s theorem is then applied to solve the
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inhomogeneous differential equation for incoherent field scattered from within the
random layer. The coherence length of the sound speed fluctuations within the
random layer are modeled as a two-dimensional Gaussian in the plane of the
seafloor interface. The spatial coherence length of the scattered field follows the
characteristic length of the sound speed fluctuation when the wavelength is less
than the fluctuation size. When the fluctuations are smaller than a wavelength
then the coherence length is independent of frequency.

1.3.2 Sea Surface Scattering
The spatial coherence of sound scattered from the sea surface has been addressed
by a number of authors [64, 84–94]. The majority of these papers have studied the
spatial coherence of the field forward scattered from the sea surface. Three major
approaches are implemented in the study of the coherence of the sound scattered
from the sea surface. The principal method of analyzing these problems has been
to use the Kirchhoff-Helmholtz integral theorem (KHIT) to derive expressions for
the field scattered from the sea surface. Expressions are then developed for the
temporal and spatial coherence between these fields.
Clay and Medwin [84] and Medwin and Clay [85] analyze the forward scattered
field from the sea surface, kh < 1, using the Kirchhoff approximation to the
KHIT. The scattering surface is segmented into regions where the Fraunhofer
approximation is valid, and the field from each of these regions is then integrated.
The spatial coherence of both the coherent and incoherent components of the field
are calculated for a surface with small roughness. Restrepo and McDaniel [90]
also apply the Kirchhoff approximation and the Fraunhofer approximation to the
KHIT to solve for the field at the sea surface with small roughness, kh < 1. In
this case, they have limited the acoustic source to a narrow beamwidth, which
allows them to avoid the integration over multiple surface segments employed by
Clay and Medwin. Dowling and Jackson [91] considered the impact of a dynamic
surface on the measured coherence for the forward scattered field. Their approach
used the Kirchhoff approximation to the KHIT for the field scattered from a very
rough (kh > 12) surface yielding an integral equation for the spatial coherence of a
principally incoherent field.
The spatial coherence of backscattered narrow band reverberation from the
wind driven surface of a freshwater lake has been discussed in a series of papers by
Frazier [86], Wilson [87,88] and Wilson and Frazier [89]. Experimental measurements
were made for a lake surface ensonifed at a grazing angle of 10.5◦ using projectors
with a range of beamwidths. Vertical and horizontal line arrays were deployed
to permit measurement of both the horizontal and vertical coherence lengths. In
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these experiments, the horizontal coherence length was found to be much smaller
than the vertical coherence length. Wilson explains this difference by linking the
coherence length to the size of the ensonification patch on the scattering interface.
For their geometry, the horizontal dimension of the ensonified surface is much
larger than the vertical dimension. Wilson states that the presence of a larger
number of off-axis scatterers in the horizontal dimension results in a reduction of
the coherence length in this direction. This hypothesis is supported experimentally
through a comparison of the results from a separate measurement conducted with
a variable horizontal transmit beamwidth, where the horizontal coherence length
was inversely related to the horizontal beamwidth between these two experiments.
Wilson and Frazier [89] developed a theoretical model for the spatial coherence
of backscattered sea surface reverberation. This model was based on a point
scattering model for reverberation developed by Middleton [95–98]. The model
implementation ignores the effects of frequency dependent sensor directivity, position
and frequency dependent scattering strength, multiple scattering and shadowing.
Under these assumptions, expressions for the scattered field are derived from
Middleton’s model, and the covariance is calculated through numerical integration.
The spatial coherence of this model is compared to experimental data collected at
80 kHz, where source directivity is varied. The model-data is agreement good and it
is shown that the spatial coherence is strongly influenced by the source directivity.
Jackson and Morovan [64] extend the approach of Wilson and Frazier to include
wide band sources. The note that their implementation of a point scattering models
makes numerous assumptions regarding the scattering surface (e.g. the scattering
strength is isotropic and aspect independent). Given these assumptions, the spatial
coherence of the scattered field was found to depend only on the directivity of the
source.
Dahl [92, 93] investigates using the van Cittert-Zernike theorem as a method
for modeling the spatial coherence of sea surface reverberation. The van CittertZernike theorem was developed in the field of statistical optics to model the spatial
coherence of the field radiated by an incoherent source [2, 99–105]. Using this
approach, Dahl is able to predict the spatial coherence using only a model for the
spatial distribution of the scattering intensity at the air/water interface. The van
Cittert-Zernike theorem assumes the scattering surface is incoherent; consequently,
Dahl’s analysis is limited to the case of a rough (kh  1) interface. These models
compare well to the measured vertical coherence at 8 kHz and 20 kHz. Finally, Dahl,
Plant and Dall’Osto [94] investigated the impact of a directional wave spectrum on
the influence of the vertical coherence. The vertical coherence was measured on
a vertical line array with the source deployed across a range of azimuths relative
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to the wave field. The vertical coherence for the measured wave spectrum was
modeled using both the van Cittert-Zernike theorem as well as parabolic equation
modeling, and it was found to be in agreement with the measured data.
While not related to seafloor or sea surface scattering the work by Mallart and
Fink [106] on the application of the van Cittert-Zernike theorem to pulsed-echo
ultrasound is relevant to this research. The authors develop an expression for
the spatial coherence for an incoherent radiator following a derivation similar to
the one presented by Goodman [2] for the van Cittert-Zernike theorem. Their
approach differs slightly in that they must account for the propagation from the
source to the scattering surface in addition to the propagation from the surface
to the receive positions. The authors make the Fresnel approximation, and this
leads to a Fourier relationship between the spatial distribution of the scattered
intensity and the measured field coherence. The spatial coherence of the scattered
field is shown to be the autocorrelation of the transmit apodization function for an
aspect independent scattering surface in the far field of the transmitter. This is a
consequence of the Wiener-Khinchin theorem and the equivalence of the spatial
distribution of the scattered intensity to the transmit beampattern. A number of
experimental measurements are made to investigate the spatial coherence of the
field scattered from scattering targets. A “needle target” is used, which replicates
a point scattering function. It is shown that the field scattered from this target has
a large spatial coherence length, provided proper focusing delays are applied across
the aperture.

1.4 Dissertation Overview
This chapter has provided a number of applications that would benefit from an
understanding of the spatial coherence of the incoherent component of the scattered
field. In particular, correlation velocity logs and synthetic aperture sonar systems
are highly sensitive to the spatial coherence of the field. The study of these
types of sensors would benefit from a detailed model for spatial coherence that
could be applied to realistic sensors and environments. Unfortunately, there is
relatively little literature on the topic of modeling the spatial coherence of the
field scattered from the seafloor. The existing models address only simplified
sensors and environments. To address these shortcomings a numerical model for
the spatial coherence is developed and evaluated for a number of realistic scenarios.
Experimental measurements of the spatial coherence are discussed and the model
and data are compared.
In Chapter 2, an expression for the correlation coefficient as a function of receiver
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separation will be derived. This expression is the van Cittert-Zernike theorem
for an active sonar system. The influence of the sensor, environment and applied
temporal window will be studied in detail. In Chapter 3, an experiment to measure
the spatial coherence of the field scattered from the floor of Seneca Lake will be
described. An overview of the instrumentation as well as the test environment
is provided. The variability of the data is characterized and interpreted. The
mean coherence observed in this field data is compared to the model developed in
Chapter 2. Chapter 4 provides a summary of the research and identifies areas of
future work. Two appendices are also included. Appendix A provides an overview
of the estimation of coherence and the errors associated with this estimation process.
Appendix B applies the modeling results of this dissertation to the estimation of
errors produced by a type of sonar known as a Correlation Velocity Log.
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Chapter 2 |
Modeling Spatial Coherence
Several approaches to modeling the spatial coherence of the coherent and incoherent
scattered fields were reviewed in Section 1.3. Many of these techniques involving
the full wave theory of the Kirchhoff-Helmholtz integral theorem provide accurate
models, but these approaches require significant mathematical complexity. The van
Cittert-Zernike theorem is another technique which has been utilized by several
authors for the estimation of the spatial coherence of scattered fields [64, 92, 106].
This approach significantly reduces the model complexity while requiring only
moderate assumptions. A review of the van Cittert-Zernike theorem will be
provided in the following section. This will serve as a motivation for the derivation
that will follow in Section 2.2. It will be found that application of the van CittertZernike theorem to an active sonar requires adaptation; however, the underlying
physical concepts are the same. An expression that requires integration over the
scattering interface or volume will be produced for the covariance of the scattered
field. In Section 2.3, a series of assumptions and approximations will be applied
to the integral expression developed in Sec 2.2 in order to isolate and characterize
the effect of temporal windowing. Finally, in Section 2.4 the integral expression
developed in Sec 2.2 will be evaluated numerically for a wide range of geometries,
sediment properties and temporal windows to study the effect of these parameters
on the spatial coherence of the incoherent component of the scattered field.

2.1 An Overview of the van Cittert-Zernike Theorem
The van Cittert-Zernike theorem was developed in the field of statistical optics,
and it relates the spatial distribution of the intensity of a incoherent radiator to the
coherence of the radiated field measured between two points. The central concepts
of this theorem were first proposed by van Cittert in 1936 [99]. These results were
significantly advanced by Zernike in 1938 to provide a description of fringe visibility
20

η

y

Q1
ξ

x

r1

r2

Source
Σ

Q2

z

Figure 2.1. The geometry used in Goodman’s derivation of the van Cittert-Zernike
theorem leading to Equation 2.1. Figure adapted from [2, Figure 5-18].

from the Young’s double slit experiment. There are several sources that provide a
review of this theorem and its derivation. Wolf [101, 102] reviews the theorem and
then extend it to include broadband (or polychromatic in the language of optics)
fields. A summary of Wolf’s work is also provided in Born and Wolf [105]. Beran
and Parrent also provide a good review of this field [103]. Finally, Goodman is an
additional source that provides an accessible treatment of the underlying theory [2].
Here, Goodman’s development the van Cittert-Zernike theorem will be reviewed.
Please note that the notation used in Equation 2.1 and Figure 2.1 are taken directly
from Goodman, and this notation is used only for the discussion presented in this
section. Assume a set of incoherent radiators are distributed across a surface Σ
with an intensity is described by I(P ). The covariance (mutual intensity in optics
literature) of the radiated field at the positions Q1 and Q2 is shown to be
J(Q1 , Q2 ) ≈

ZZ

I(P )e−jk(r2 −r1 ) dS

(2.1)

Σ

where the geometry defined in Figure 2.1 and k is the wavenumber. Equation 2.1
is the van Cittert-Zernike theorem. In words, the covariance of the radiated field is
given by a two dimensional integral over the spatial distribution of the intensity
of the radiating surface with a phase term to account for the relative path length
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difference between the two observation positions.
The form of Equation 2.1 is similar to the Rayleigh integral which is commonly
encountered in the field of acoustics [107, 108]. The Rayleigh integral may be used
to calculate the pressure field radiated from a source with some normal velocity.
In the far-field, the Rayleigh integral is well approximated as a Fourier transform
of a transducer’s shading or apodization function. The spatial distribution of the
velocity on the face of a transducer is a Fourier pair with the far-field pressure
produced by that transducer [71]. For example, the beampattern of a circular-piston
transducer, with radius a in an infinite baffle has directivity function with the form
b(θ) = 2

J1 (ka sin θ)
= 2 jinc (ka sin θ)
ka sin θ

(2.2)

where θ is the angle relative to normal incidence on the transducer face [109].
Evaluation of the van Cittert-Zernike theorem, Equation 2.1, under a far-field
approximation for a radiator that is an incoherent circular disk also leads to an
expression for the covariance of the field that also has a jinc form [2, Section
5.6.3]. The mathematics and approximations that lead to this result parallel those
used in the development of the far-field approximation to the Rayleigh integral.
Additionally, in Section 2.3 this same jinc dependence is derived for the spatial
coherence observed for interface scattering with an active acoustic source.
This discussion of the van Cittert-Zernike theorem and its parallels with the
Rayleigh integral should have built two key points of intuition for the reader. They
are:
• The spatial coherence of the field radiated from an incoherent source is
determined by the spatial distribution of the radiator’s intensity.
• In the far-field, the spatial distribution of radiator intensity and the spatial
coherence are Fourier pairs (to some approximation). Large support in one
domain will lead to narrow support in the other by the Fourier uncertainty
principle [110].
Knox et al. have provided an intuitive and visual interpretation of the van
Cittert-Zernike theorem [3]. In Figure 2.2 four time-tagged frames are shown from
a recording of thirteen ducks entering and swimming in a pond. In the first frame,
the ducks have asynchronously entered the water, and in doing so they form an
incoherent, spatially-distributed source of capillary waves. The wavefield near
the ducks is complex, and it visually evident that the spatial coherence length
is relatively short. In the following frames, the incoherently excited wavefield
propagates away from the source, and visually the regularity of the disturbance
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Figure 2.2. In Knox et al.’s [3] fowl example of spatial coherence, a group of 13 ducks
are shown entering the water of a small pond at a time 00:47.12. Their entry provides an
incoherent source of capillary waves. In the far-field of this small source, the coherence
length is large. Figure used with permission.

increases. In the final frame, the portion of the wavefield initially excited by the
ducks has propagated halfway across the pond, and for this portion of the wavefield
the coherence length has grown significantly. In this example, the spatial coherence
length is relatively large in the far-field of a physically small incoherent source. It is
easy to imagine that if more ducks had entered the water over a larger region that
the coherence length would be reduced at a given offset. This is supported by the
parallels drawn between the Rayleigh integral and the van Cittert-Zernike theorem.
Finally, it is the simple form of Equation 2.1 and its intuitive appeal that
has motivated the derivation that will be presented in the following section. The
desire is to link the spatial coherence of the scattered field to some measure of the
intensity across the scattering surface. However, one cannot directly implement
Equation 2.1 for the acoustic scenarios considered in this dissertation. The van
Cittert-Zernike theorem as presented in this section was derived for an incoherent,
continuously-radiating source. This is not equivalent to scattering from a seafloor
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produced by an active sonar system. These differences are addressed, and the
central result of the derivation is given by Equation 2.32. The specific meaning
of the terms in the integrand are defined later in this document. Here, it is only
important to compare the forms of Equation 2.1 and 2.32. In both equations, the
exponential terms are similar. Therefore, the terms leading the exponential in 2.32
may be thought of as comprising the effective spatial distribution of intensity for
an active sonar. In this way, Equation 2.32 is the van Cittert-Zernike theorem for
an active sonar system.

2.2 Modeling of Spatial Coherence
A model for the spatial coherence of the field scattered from a volume will be
developed using the geometry defined in Figure 2.3. The scattering sediment is
confined to the volume Ψ. The position within the scattering volume is given by χ̄.
The transmitter position is χ̄T . Similarly, the two receive positions are χ̄1 and χ̄2 .
Given this geometry, the following ranges are defined
• RT - Range from transmitter to the position χ̄ in the scattering volume
• Rm - Range from the receiver, χ̄m , to the position χ̄ in the scattering volume

χ̄ = ηēx + ζ ēy + (ν + d)ēz

(2.3)

χ̄m = am ēx + bm ēy

(2.4)

R̄T = χ̄ − χ̄T

(2.5)

R̄m = χ̄ − χ̄m ,

(2.6)

where (ēx , ēy , ēz ) are Cartesian unit vectors, d is the offset between the (x,y,z)
coordinate system for the sensor positions and the (ζ,η,ν) coordinate system for
the scattering volume Ψ. Note that in the notation used in this dissertation an
overbar indicates a vector quantity, while the same variable without an overbar is
its scalar magnitude (i.e. RT = |R̄T |).
The spectrum of the signal received from a single scatterer within this volume
is given by
eik(RT +Rm )
Pm (ω) = S0 (ω)bT (χ̄, ω)bR (χ̄, ω)a(χ̄, ω)
.
(2.7)
RT Rm
In this expression, S0 (ω) is the transmit spectrum. The scattering amplitude,
a(ω), is a function frequency, incident angle from the transmitter to the scatterer,
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Figure 2.3. This figure provides the geometry for the derivation presented in this chapter.
The acoustic field is scattered from a volume, Ψ, which is ensonified by a transmitter at
χ̄T . The spatial coherence is calculated between the receivers at the positions χ̄1 and χ̄2 .

and scattered angle from the scatterer to the receiver. The transmit and receive
directivity functions are bT and bR , respectively. The time series for this observation
is given by the inverse Fourier transform of this spectrum,
∞
1 Z
pm (t) =
Pm (ω)e−iωt dω.
2π

(2.8)

−∞

For a narrowband sensor, where the bandwidth is much less than the center
frequency, the complex scattering strength and beampatterns are assumed to be
invariant within the transmit spectrum, and
pm (t) =


bT (χ̄)bR (χ̄)
RT + Rm 
a(χ̄)s0 t −
,
2πRT Rm
c

(2.9)

where s0 (t) is the inverse Fourier transform of S0 (ω). Separating s0 (t) into envelope
and carrier
s0 (t) = p0 (t)e−iω0 t ,
(2.10)
where ω0 is the center frequency. Now
pm (t) =


bT (χ̄)bR (χ̄)
RT + Rm  ik(RT +Rm )−iω0 t
a(χ̄)p0 t −
e
.
2πRT Rm
c
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(2.11)

The received field is given by integration over the volume Ψ.
pm (t) =

Z



βm (χ̄)a(χ̄)p0 t −

Ψ

RT + Rm  ik(RT +Rm )
e
dχ̄,
c

(2.12)

where several terms have been collected to form
βm (χ̄) =

bT (χ̄)bR (χ̄)
,
2πRT Rm

(2.13)

and the explicit temporal dependence, e−iω0 t , has been dropped. Given this expression for the scattered field, the covariance at zero lag is
γ12 (t) = hp1 (t)p∗2 (t)i
Z Z

γ12 (t) = h

(2.14)

β1 (χ̄1 )β2 (χ̄2 )a(χ̄1 )a(χ̄2 )

Ψ Ψ



p0 t −

RT + R2  ik(R1 −R2 )
RT + R1  ∗ 
p0 t −
e
dχ̄1 dχ̄2 i, (2.15)
c
c

where the ensemble is taken over seafloor realizations. This ensemble passes inside
the integral to the product of the random scattering amplitudes
γ12 (t) =

Z Z

β1 (χ̄1 )β2 (χ̄2 )ha(χ̄1 )a(χ̄2 )i

Ψ Ψ



p0 t −

RT + R1  ∗ 
RT + R2  ik(R1 −R2 )
p0 t −
e
dχ̄1 dχ̄2 . (2.16)
c
c

The evaluation of this ensemble is equivalent to the estimation of the covariance
of the fields scattered from two differential surface volumes. These fields may be
assumed to be uncorrelated [70, Section J.2], and the ensemble is
ha(χ̄1 )a(χ̄2 )i = h|a(χ̄)|2 iδ(χ̄1 − χ̄2 ) = σ(χ̄)δ(χ̄1 − χ̄2 ),

(2.17)

where σ(χ̄) is a spatially dependent measure of the scattering amplitude for some
differential volume and δ(χ̄1 − χ̄2 ) is the Dirac delta function. This scattering
amplitude is a combination of the bottom scattering strength projected onto the
seafloor σ0 (χ̄) as well as an multiplicative loss term ξ(χ̄), which includes absorption
and transmission losses, determined by the overlaid sediment
σ(χ̄) = σ0 (χ̄)ξ(χ̄).
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(2.18)

Combining Equation 2.16 with 2.17 and using the sifting property of the delta
function [111] gives
γ12 (t) =

Z



β1 (χ̄)β2 (χ̄)σ(χ̄)p0 t −

Ψ

RT + R1  ∗ 
RT + R2  ik(R1 −R2 )
p0 t −
e
dχ̄. (2.19)
c
c

This expression is simplified by assuming that the delays between the two signals
are less than the temporal coherence length,
R1 − R2
<< Bw−1 ,
c

(2.20)

where Bw is the bandwidth of the transmitted signal, and


p0 t −


RT + R1  ∗ 
RT + R  2
RT + R2 
,
p0 t −
≈ p0 t −
c
c
c

(2.21)

where R = R1 +R2/2. Assuming that the spreading loss and beampatterns in β1 and
β2 are equal, β1 (χ̄)β2 (χ̄) ≈ β 2 (χ̄), then
γ12 (t) =

Z



β 2 (χ̄)σ(χ̄) p0 t −

Ψ

RT + R  2 ik(R1 −R2 )
e
dχ̄.
c

(2.22)

Restricting the spacing between the receivers and projector to be small relative to
the range to the scattering volume gives
RT + R
2RT
2
≈
= |χ̄ − χ̄T |.
c
c
c
γ12 (t) =

Z



β 2 (χ̄)σ(χ̄) p0 t −

Ψ

(2.23)

2RT  2 ik(R1 −R2 )
e
dχ̄.
c

(2.24)

To proceed, an expression is needed for p0 (t) in terms of χ̄. The squared magnitude,
or envelope, of the transmitted waveform can be approximated by a rectangle
function


1


0 if |t/τ | > 2


if |t/τ | =




1

if |t/τ | <

|p0 (t)|2 = |p0 |2 rect(t/τ ) =  12

1
2
1
,
2

(2.25)

where τ is the pulse length. The intersection of this rectangular pulse with the
seafloor is shown graphically in Figure 2.4 where a coincident transmit/receive
system is ensonifying a scattering volume. For a pulsed sonar system, the field
received between times t1 and t2 are due to scattering from within the volume
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d

Figure 2.4. A spherical “shell” shaped cross section of the sea floor is responsible for
scattering field observed between times t1 and t2 .

shown in teal. This is termed the “isochronous” scattering volume by Mallart
and Fink [106]. For the rectangular transmit pulse defined in Equation 2.25, the
thickness of the shell is determined by the pulse length. The pulse length creates a
spatial “masking” of the seafloor so that only a finite volume contributes to the
field observed at any instant in time. A masking function, Λ, is defined to provide
the mapping between the temporal windowing of the transmitted pulse and spatial
domain of the seafloor.



0




if




1

if

Λ(χ̄, t, τ ) =  21

if

1
τ
1
τ
1
τ

t − 2c |χ̄ − χ̄T | >
t − 2c |χ̄ − χ̄T | =
t − 2c |χ̄ − χ̄T | <

1
2
1
2
1
.
2

(2.26)

Inserting this expression for Λ into Equation 2.24 gives
γ12 (t) =

Z

|p0 |2 β 2 (χ̄)σ(χ̄)Λ(χ̄, t, Bw−1 )eik(R1 −R2 ) dχ̄

(2.27)

Ψ

Equation 2.27 gives an expression for the covariance of the scattered field
measured at two spatially separated points for an instant of time. This is similar to
the van Cittert-Zernike theorem of statistical optics [2, 105] (specifically Equation
20 in Section 10.4 of Born and Wolf), except that expression developed here has
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an explicit dependence on time. In the domain of optics, this theorem is used
to relate the spatial coherence of the field radiated from an incoherent source
to the integral over the spatial distribution of the intensity of that source. The
optical approximation of an incoherent source is equivalent to the zero coherence
length approximation made in Equation 2.17. In the case studied here, the spatial
distribution of the intensity is determined by the combined sediment scattering
strength and multiplicative loss term, σ; spreading loss and beampattern effects,
β 2 ; and the temporal/spatial masking function, Λ.
While Equation 2.27 provides a useful theoretical expression for the spatial
coherence of the scattered field as a function of time, it is of limited utility for
a comparison to field data. Practical measurement of the spatial coherence of a
scattered field involves calculation of either the covariance or correlation coefficient
of the sampled field. An overview of the process by which these properties may
be estimated from a digitally sampled data are discussed in Appendix A. This
process requires the covariance to be measured over a finite interval consisting of a
number of statistically independent samples. This is equivalent to the integration
of Equation 2.27 over the period from t1 to t2
γ12 (t1 , t2 ) =

Zt2

γ12 (t) dt.

(2.28)

t1

The temporal integration passes to the masking function and
γ12 (t1 , t2 ) =

Z

(Zt2

2 2

|p0 | β (χ̄)σ(χ̄)

)

Λ(χ̄, t, Bw−1 ) dt

eik(R1 −R2 ) dχ̄.

(2.29)

t1

Ψ

Integration of the masking function creates two “transition” regions with a width
of τ surrounding a central region with amplitude τ

Zt2
t1



τ

+ ( 2Rc T


2



τ,

Λ(χ̄, t, τ ) dt =  τ


−

2




0,

( 2Rc T

− t1 ), t1 −
t1 +
− t2 ), t2 −

τ
2
τ
2
τ
2

<
≤
<

2RT
c
2RT
c
2RT
c

< t1 +
≤ t2 −
< t2 +

τ
2
τ
2
τ
2

(2.30)

otherwise,

were Equation 2.23 has been used to express χ̄ in terms of RT . The masking
function (Equation 2.26) and the integral of this masking function (Equation 2.30)
are both shown in Figure 2.5. If τ  t2 − t1 , then the area within the two transition
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τ

τ

Λ(χ̄; t1 ; τ )
Λ(χ̄; t2 ; τ )

τ

Rt2

1

Λ(χ̄; t; τ )dt

t1

t1

2RT
c

t2

τ Λ(χ̄;

t2 +t1
; t2
2

− t1 )

Figure 2.5. The temporal masking function Λ is shown for four conditions. The black
and teal lines represent the masking function for a pulse of length τ at the times t1 and t2 ,
respectively. The masking function appropriate for the interval t1 ≤ t ≤ t2 is given by the
integration of this masking function over the interval. This integration is shown by the
green dashed line. Finally, this integration of the masking function is well approximated
by the brown line when τ  t2 − t1 .

regions is negligible and
t2

Z
t2 + t1
, t2 − t1 ) ≈ Λ(χ̄, t, τ ) dt
τ Λ(χ̄,
2

(2.31)

t1

This approximation is also shown in Figure 2.5. Finally, combining Equation 2.29
and 2.31
γ12 (t1 , t2 ) =

Z

τ |p0 |2 β 2 (χ̄)σ(χ̄)Λ(χ̄,

Ψ

t2 + t1
, t2 − t1 )eik(R1 −R2 ) dχ̄
2

(2.32)

This expression for the covariance of the observed signals may be normalized to
form the correlation coefficient which is defined as
γ12 (t1 , t2 )
.
µ12 = q
γ11 (t1 , t2 )γ22 (t1 , t2 )

(2.33)

Equation 2.32 is the van Cittert-Zernike theorem applicable to the field measured
by a pulsed sonar system for a specified temporal interval. It relates the spatial
coherence measured for the field scattered from a rough interface or scattering
volume to the spatial distribution of the scattering intensity for the interface or
volume. This spatial distribution is determined by the seafloor geometry, bottom
scattering strength, sediment volume attenuation, sensor directivity and temporal
window.
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2.3 Impact of Temporal Limits on Coherence
2.3.1 Motivation
Equation 2.32 may be evaluated numerically to study the impact of the sensor, the
environment and the temporal windowing on the spatial coherence of the scattered
field. This numerical study, considering a number of sensor and environmental
configurations, will be provided in Section 2.4. Prior to that, this section will
investigate the role of temporal windowing on the spatial coherence by isolating
1
the term Λ(χ̄, t2 +t
, t2 − t1 ) in Equation 2.32. This is accomplished by assuming
2
β(χ̄) and σ(χ̄) are both independent of χ̄. This assumption implies that the field is
scattered from an interface or volume with aspect independent scattering strength,
no absorption, no spreading loss, and no sensor directivity. Stated simply, every
point in or on the seafloor will scatter with equal intensity and the only spatial
1
, t2 − t1 ).
variation will be due to the temporal windowing function Λ(χ̄, t2 +t
2
While the simulated scenario is non-physical, it does provide a example of a
limiting case for the observed spatial coherence, and these limits will be useful
in later analysis. In Section 2.4.2, the combined impact of scattering strength,
sensor directivity, and temporal windowing are investigated for three sediment
types. In Figure 2.13 the spatial coherence for these three realistic scenarios is
compared to an analytic expression developed here and shown in Equation 2.58.
The comparison of the analytic and numerical results in Figure 2.13 allows one to
interpret the relative impact of the scattering strength and sensor directivity on the
spatial coherence. The same analytic result is later used in Section 2.4.4 where the
spatial coherence of scattering from within the sediment volume is discussed. In
Figure 2.32(c) it is shown that for sediments with high attenuation that the spatial
coherence length for volume scattering is well approximated using the analytic
expression developed for surface scattering. This counterintuitive result is discussed
in more detail in Section 2.4.4.
The development of these analytic results also provides a measure of confidence
in the implementation of the numerical evaluation of Equation 2.32. In Figure 2.7,
the results of numerical integration are compared to the analytic expressions. The
agreement for the spatial coherence of the interface scattering, Equation 2.58, and
for volume scattering, Equation 2.59, are quite good. The discrepancies that exist
are due to errors arising from the validity of the approximations required to reach
analytic expressions.
1
Finally, this section will discuss how the temporal limits, Λ(χ̄, t2 +t
, t2 − t1 ),
2
impact the spatial coherence. The mathematics in this section are cumbersome and
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not necessarily illustrative. The main results are Equations 2.58 and 2.59, which
provide analytic expressions (subject to this section’s assumptions) for the coherence
length of the field scattered form a planar interface and volume, respectively. A
discussion of the main results are provided in the paragraph after Equation 2.59.
These main findings are briefly summarized as:
• For equivalent temporal windows, the coherence length of surface scattering
is less than that for volume scattering.
• For constant t1 , increasing t2 reduces the correlation length.
• For constant t2 , increasing t1 reduces the correlation length.
• Setting t1 to occur after the onset of the bottom scattering has a significant
effect on the spatial coherence. The coherence length is significantly reduced
and spatial oscillations related to the Gibbs phenomenon are introduced.

2.3.2 Analytic Development
The temporal dependence will be studied directly with the help of the following
assumptions.
1. Assume the source and receivers are constrained to an observation plane
parallel to the interface of Ψ.
2. Assume the distance d between the observation plane and the scattering
volume is much greater than the dimension of the scattering volume.
3. Assume that β(χ̄) and σ(χ̄) are independent of χ̄. This is equivalent to the
measurement of an interface or volume with an aspect independent scattering
strength and no absorption by an omnidirectional source and receiver.
These assumptions permits the development of an analytic expression for γ12 (t1 , t2 ).
Using the geometry defined in Figure 2.3 and the first assumption,
Rm = |χ̄ − χ̄m | =

q

(η − xm )2 + (ζ − ym )2 + (ν + d)2 ,

(2.34)

where xm and ym are the x and y components of χ̄m and d is the separation between
the sensor and the interface. The second assumption gives
(ν + d)2  (η − xm )2 + (ζ − ym )2 .
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(2.35)

Rm may now be approximated by taking the first two terms of a Taylor series
(binomial approximation). The result is
Rm ≈ ν + d +

(η − xm )2 + (ζ − ym )2
.
2(ν + d)

(2.36)

This expression for Rm may now be inserted into Equation 2.32. This will be done
by using only the first order term (Rm ≈ ν + d) for amplitude terms and the first
and second order terms in the complex exponentials. This approximation and its
implementation is known as the Fresnel approximation [112] to Rm . Equation 2.13
can now be restated
bT (χ̄)bR (χ̄)
.
(2.37)
βm (χ̄) ≈
2π(ν + d)2
The argument of the exponent in Equation 2.32 is
R1 − R2 =

r12 − r22
η∆x + ζ∆y
−
,
2(ν + d)
ν+d

(2.38)

where r12 = x21 + y12 , r22 = x22 + y22 , ∆x = x1 − x2 and ∆y = y1 − y2 . Inserting
Equation 2.38 into 2.32
γ12 (t1 , t2 ) =

Z "

ZZ

r 2 −r 2

1
2
2 ik 2(ν+d)

2

τ |p0 | e

#

k
t2 + t1
, t2 − t1 )e−i ν+d (η∆x+ζ∆y) dη dζ dν, (2.39)
β (χ̄)σ(χ̄)Λ(χ̄,
2

2

The term in square brackets is the coherence for any component layer within the
volume. The coherence of the full volume is simply the integration of “layers” along
the ēz direction.
Z
γ12 (t1 , t2 ) = γs,12 (t1 , t2 , ν) dν,
(2.40)
where
r 2 −r 2

1
2
2 2 ik 2(ν+d)

γs,12 (t1 , t2 , ν) = |p0 | τ e
ZZ

β 2 (χ̄)σ(χ̄)Λ(χ̄,

k
t2 + t1
, t2 − t1 )e−i ν+d (η∆x+ζ∆y) dη dζ (2.41)
2

is the spatial coherence for an interface at a fixed depth ν within the volume. This
expression is equivalent to the version of the van Cittert-Zernike theorem developed
in Goodman [2, Equation 5.6-8]. It expresses the spatial coherence of the field
scattered from a fully incoherent radiating surface in terms of a two-dimensional
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ρ=
ct
2

d
ν
a
Figure 2.6. For a sensor at a distance d above the seafloor, the earliest return arrives at
t0 = 2 dc .

Fourier transform of the spatial distribution of the intensity of the radiating surface.
The approximation of β(χ̄) and σ(χ̄) independent of χ̄ gives
σ(χ̄) = σ
1
.
β(χ̄) =
2π(ν + d)2

(2.42)
(2.43)

Inserting Equations 2.42 and 2.43 into Equation 2.41
γs,12 (t1 , t2 , ν) =

2 −r 2
r1
2
σ|p0 |2 τ 2 ik 2(ν+d)
e
2
2π(ν + d)

ZZ

Λ(χ̄,

k
t2 + t1
, t2 − t1 )e−i ν+d (η∆x+ζ∆y) dη dζ (2.44)
2

Assuming an omnidirectional sensor, the spatial coherence of the field scattered
by a surface whose scattering strength is aspect independent is simply the twodimensional Fourier transform of the masking function Λ.
Equation 2.44 provides a good place to build intuition on how the temporal
windowing of the received signal will impact the observed spatial coherence for a
very rough surface. Also, by integrating the results of this equation according to
Equation 2.40, it is possible to produce expressions for the spatial coherence of
the field scattered by a volume. Begin by setting t1 = t0 = 2d/c, which is when the
initial return from the sediment-water interface is received. Under this assumption
the masking function Λ reduces to a circular disk of radius a
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Λ(χ̄,

t2 d
2d
+ , t2 + ) = circ(η, ζ, a),
2
c
c

(2.45)

where

cq 2
t − t21 .
(2.46)
a=
2 2
Note that this expression is valid under the assumption τ  t2 − t1 as was required
for Equation 2.31. The circ function is defined as
circ(x, y, a) =



1,

√


0,

otherwise.

x2 + y 2 ≤ a

(2.47)

The two-dimensional Fourier transform of the circ function is given by [112, Equation 2-16]
q
J1 (2π κ2x + κ2y )
F{circ(x, y, a)} = a q
(2.48)
κ2x + κ2y
Applying Equation 2.48 to 2.44 and observing
∆x
λ(ν + d)
∆y
κy =
λ(ν + d)

κx =

then
2 2

γs,12 (t0 , t2 , ν) =

r 2 −r 2
ik 12d 2

σ|p0 | τ a
e
d2

(2.49)
(2.50)

q

J1 (2πa κ2x + κ2y )
q

2π κ2x + κ2y

(2.51)

where it has been assumed that d  ν. Inserting Equation 2.51 into 2.40 and
restricting the integration over ν from the interface ν = 0 to the maximum depth
in the volume νmax = ct2/2 − d
γ12 (t0 , t2 ) =

σ|p0 |2 τ 2
q

2πd2 κ2x + κ2y

e

ik

2 −r 2
r1
2
2d

νZmax

q

a J1 (2πa κ2x + κ2y ) dν

(2.52)

0

The integrand has been expressed in terms of the radius of the scattering surface a,
which is a function of the depth ν. A change of integration variables from ν to a is
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required to evaluate this integral. Using the geometry in Figure 2.6
q

ρ 2 − a2 − d
−a
dν = √ 2
da.
ρ − a2
ν=

σ|p0 |2 τ 2

γ12 (t1 , t2 ) =

q

ik

e

2 −r 2
r1
2
2d

Za0

√

(2.53)

q
a2
J
(2πa
κ2x + κ2y ) da,
1
ρ 2 − a2

2πd2 κ2x + κ2y
0
√ 2
√
where a0 = a(ν = 0) = ρ − d2 . Since ρ2 − a2 ≈ d
γ12 (t0 , t2 ) =

σ|p0 |2 τ 2
q

2πd3 κ2x + κ2y

ik

e

2 −r 2
r1
2
2d

Za0

q

a2 J1 (2πa κ2x + κ2y ) da.

(2.54)

(2.55)

0

Evaluation of this integral is carried out using the following identity [113, Equation 6.561.5]
Z1

xν+1 Jν (βx) dx =

0

1
Jν+1 (β).
β

(2.56)

The result is
γ12 (t0 , t2 ) =

σ|p0 |2 τ 2 a20 ik r12 −r22
e 2d
d3

q

J2 (2πa0 κ2x + κ2y )
4π 2 (κ2x + κ2y )

.

(2.57)

Using Equation 2.33, the expected correlation coefficient for the surface is
q

µs,12 (t0 , t2 ) = 2

J1 (2πa κ2x + κ2y )
q

2πa κ2x + κ2y

,

(2.58)

.

(2.59)

and the correlation coefficient for the volume is
q

µ12 (t0 , t2 ) = 8

J2 (2πa0 κ2x + κ2y )
4π 2 a20 (κ2x + κ2y )

It should be noted that this expression for µs,12 (t0 , t2 ) has the same functional form
as that reported by Smith and Atkins for a high-roughness bottom observed with
an omnidirectional sensor [65].
In Figure 2.7, the analytic expressions in Equation 2.58 and 2.59, are compared
to a direct numerical integration of Equation 2.32. The geometry considered has
d = 150 m, t1 = t0 = 2d/c and t2 = t0 + 10 ms is chosen so that a ≈ 47 m. It is
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Figure 2.7. Direct numerical integration of Equation 2.32 is compared to the analytic
approximations in Equations 2.58 and 2.59. Green/blue represent surface scattering
and red/orange represents volume scattering. The results show good agreement in both
cases; however, the approximations leading to Equation 2.59 have resulted in a slight
reduction in the coherence length for the simulated geometry. The sound speed and
center frequency are 1447 m/s and 18 kHz, respectively.

apparent that the approximations utilized to develop Equation 2.58 for surface
scattering produce very little error for this geometry. The agreement between
the analytic and numeric results for volume scattering is not as good; however,
the approximation is still useful. The presence of volume scattering increases the
coherence length of the scattered field and reduces the amplitude of the spatial
fluctuations seen for large hydrophone separations.
When t1 6= t0 , the interface contributions are from an annular ring and the
volume contributions are from a spherical shell, Figure 2.4. The measured covariance
is given as the difference between the covariance for the outer time and the covariance
for the inner time.
γs,12 (t1 , t2 , ν) = γs,12 (t0 , t2 , ν) − γs,12 (t0 , t1 , ν)
γ12 (t1 , t2 ) = γ12 (t0 , t2 ) − γ12 (t0 , t1 ).

(2.60)

σ|p0 |2 τ 2 ik r12 −r22
e 2d
d2
q
q


J1 (2πa(t2 ) κ2x + κ2y )
J1 (2πa(t1 ) κ2x + κ2y )
a(t2 )
 (2.61)
q
q
− a(t1 )
2π κ2x + κ2y
2π κ2x + κ2y

γs,12 (t1 , t2 , ν) =
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and
σ|p0 |2 τ 2 ik r12 −r22
γ12 (t1 , t2 ) =
e 2d
d3
q
q


2
2
2
2
J
J
2 (2πa0 (t1 ) κx + κy )
2 (2πa0 (t2 ) κx + κy )
a2 (t2 )
. (2.62)
− a20 (t1 )
0
4π 2 (κ2x + κ2y )
4π 2 (κ2x + κ2y )
For the surface, the correlation coefficient is found by combining Equation 2.33 and
2.61 which gives
√


a(t2 )

J1 (2πa(t2 )
2π

√

κ2x +κ2y )

κ2x +κ2y

µs,12 (t1 , t2 , ν) = 2

√

− a(t1 )

J1 (2πa(t1 )
2π

√


κ2x +κ2y )

κ2x +κ2y



.

a2 (t2 ) − a2 (t1 )

(2.63)

A similar expression for volume scattering is found using Equation 2.62
√


a2 (t2 )
0

µ12 (t1 , t2 ) = 8

J2 (2πa0 (t2 ) κ2x +κ2y )
4π 2 (κ2x +κ2y )

√

− a20 (t1 )

a40 (t2 ) − a40 (t1 )

J2 (2πa0 (t1 ) κ2x +κ2y )
4π 2 (κ2x +κ2y )




.

(2.64)

The shape of the coherence function is significantly influenced by the temporal
windowing applied to the received signal. This effect is shown for both the correlation
coefficient for interface scattering in Figure 2.8 and volume scattering in Figure 2.9.
In these figures, Equations 2.63 and 2.64 are evaluated for t0 = 2d/c, t1 = t0 + 5 ms
and t2 = t0 + 10 ms for the case where the sensor is 150 m above the seafloor
interface. The sound speed is assumed to be 1447 m/s and the operating frequency
is 18 kHz. Holding the “inner time” fixed at t0 and scaling the “outer time”
from t1 to t2 reduces the coherence length of the scattered field. The spatial
distribution of the scattering intensity is a Fourier pair with the spatial coherence,
and the inverse relationship between the characteristic lengths in the transform
pair domains is a consequence of the Fourier uncertainty principle [110]. In this
case, the spatial distribution of the seafloor intensity is completely determined by
the temporal interval; consequently, the coherence length of the scattered field is
determined by this interval as well. When the inner time is scaled from t0 to t1
the spatial distribution becomes an annulus or a spherical shell and the coherence
length is further reduced. The correlation coefficient oscillates around zero as the
hydrophones are separated for each of these cases. These oscillations are related to
the Gibbs phenomenon [110, 114] for Fourier representations at discontinuities. The
temporal windowing has introduced a sharp truncation of the spatial distribution
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Figure 2.8. The correlation coefficient for surface scattering in Equation 2.63 is plotted
for t0 = 2d/c, t1 = t0 + 5 ms and t2 = t0 + 10 ms for the case where the sensor is 150 m
above the seafloor, the sound speed is 1447 m/s and the operating frequency is 18 kHz.

of the intensity, and this truncation results in “ringing” in the spatial coherence
domain. This effect is seen experimentally in the work of Smith and Atkins [65],
whose measurements were conducted in a test tank. The dimensions of this tank
limited the recording interval for their scattering measurement. This resulted in an
outer time which sharply truncated the return and produced spatial oscillations in
the measured correlation coefficient.
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Figure 2.9. The correlation coefficient for volume scattering in Equation 2.64 is plotted
for t0 = 2d/c, t1 = t0 + 5 ms and t2 = t0 + 10 ms for the case where the sensor is 150 m
above the seafloor, the sound speed is 1447 m/s and the operating frequency is 18 kHz.

2.4 Numerical Modeling of Spatial Coherence
In Section 2.3 analytic expressions were developed, subject to a set of restrictive
assumptions, for the covariance and the correlation coefficient for the field scattered
from a seafloor. These analytic expressions permit an analysis of the impact of
temporal windowing on the measured correlation coefficient. Further exploration
of the spatial coherence for more realistic scenarios, where the sensor is directive
on both transmit and receive and the scattering cross section is a function of the
incidence angle, preclude comprehensive analytic treatment.
In Section 2.4.1 the numerical implementation of Equation 2.32 is discussed.
This numerical model is then applied to three idealized, but realistic, seafloor
geometries. First, a seafloor where all scattering occurs at a single planar interface
is studied, Section 2.4.2. Next, a seafloor that consists of two scattering interfaces
separated by a variable distance is studied, Section 2.4.3. Finally, the spatial
coherence of the field scattered from within the sediment volume is studied in
Section 2.4.4.
Modeling the spatial coherence of the scattered field for the geometries and
sensors that are considered in this section may be applied to estimating the
performance of sensors such as a Correlation Velocity Log (CVL). A CVL is a type
of sonar system that estimates ground referenced velocity through measurement of
spatial coherence of near-normal-incidence bottom reverberation. An analytic model
for prediction of the performance of a CVL is provided in Appendix B. Equation B.29
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shows that the velocity estimation error is proportional to the coherence length
of the scattered field. In the following sections, the sensor geometry, sediment
properties, and temporal windowing will be studied to determine their impact on
the spatial coherence and the coherence length of the scattered field.

2.4.1 Numerical Model Implementation
Numerical evaluation of Equation 2.32 requires either models or measurements to
describe the sonar hardware terms in β(χ̄) and the environmental terms in σ(χ̄).
The far-field directivity of a transducer is determined by the Fourier transform of
its aperture or apodization function [71]. A rectangular element with dimensions
d1 and d2 will produce a response given by
h

b(θ, φ) =

i

h

sin kd1 sin (θ) sin kd2 sin (φ)
kd1 sin (θ)

kd2 sin (φ)

i

,

(2.65)

where θ and φ are the angles relative to normal incidence from the projector face
in the direction of the dimensions d1 and d2 , respectively [5]. Another common
transducer shape is a baffled circular piston. This directivity for a baffled circular
piston is
J1 (ka sin θ)
,
(2.66)
b(θ) = 2
ka sin θ
where θ is the angle relative to normal incidence on the transducer face [109]. An
approximate representation that is commonly used for directivity functions with
polar symmetry is a Gaussian beam
h

b(θ) = exp −

θ2 i
,
2θ02

(2.67)

where θ is the angle relative to normal
incidence on the transducer face and -6 dB
√
width of the beam is θ−6 dB = θ0 2 ln 2. Any of these expressions, or any other
analytic expression for the transmit and receive directivity may be incorporated
into the model.
In addition to analytic expressions for the directivity of the projector or receiver,
it is possible to utilize a measurement of the directivity in the numerical evaluation
of Equation 2.32. As part of this dissertation, a sonar system has been used to
collect data. The details of the design and an acoustic characterization of the
sonar system are provided in Section 3.1. In the numerical analysis presented in
this section, the product of the directivity functions, bT (χ̄)bR (χ̄), will be taken
from the measured composite transmit and receive directivity shown in Figure 3.12.
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This directivity response will be assumed to be axially symmetric, so that it may
be described as a function of only the angle relative to normal incidence on the
transducer face.
The expression for σ(χ̄) will depend on whether the scattering is due to interface
roughness between two separate media or due to fine-scale inhomogeneities within
the sediment volume. A simple model for the sediment volume scattering strength
is employed with the following assumptions:
1. The scattered field amplitude rises linearly with the volume of the sediment
ensonified.
2. The scattering strength and sediment attenuation are independent of sediment
depth.
3. The Born approximation is valid so that multiple scattering may be ignored.
These assumptions are equivalent to those of the Stockhausen [115] model for
volume scattering as summarized by Jackson and Richardson [70]. The expression
for σ(χ̄) in the sediment volume is then
σ(χ̄) = ξ(χ̄)σ0

(2.68)

where ξ(χ̄) is the “two-way” loss factor of the acoustic field propagating both to
and from the position χ̄. The attenuation of compressional waves in the sediment
volume scales with frequency such that an attenuation factor, k 00 , which has units
dB/m kHz may be specified for a sediment. The attenuation, α, is given by
α = k 0 f0 (kHz),

(2.69)

where f0 (kHz) is the operating frequency of the sensor in kHz. The loss factor is
then
2
2
ξ(χ̄) = Vwp
Vpw
10(2l(χ̄)α)/10 ,
(2.70)
where 2l(χ̄) is the total path length traveled within the sediment to the specified
position and Vwp and Vpw are the interface transmission coefficients defined in
Equation 1.12.
When the scattering is due to a rough interface between two media the scattering
strength depends on the backscattering angle, and
σ(χ̄) = ξ(χ̄)σ0 (χ̄).

(2.71)

The expression for σ0 (χ̄) will be taken from a small-slope approximation to rough
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Table 2.1. Sediment properties for three bottom types. Attenuation coefficients are
provided at 18 kHz. Values taken from [8].

Sediment
Name
Gravel
Med. Sand
Silty Clay

Sediment
Density
[kg m−2 ]
2500
1500
1146

Sound
Speed
[m s−1 ]
2700
1767
1474

Attenuation
Coefficient
[dB m−1 ]
5.0
9.0
1.1

Spectral
Strength
[cm4 ]
0.016000
0.004446
0.000518

Spectral
Exponent
3.25
3.25
3.25

surface interface scattering as described by Gragg, et al. [1]. In this model, the
sediment-water boundary is approximated as a fluid-fluid interface where the sediment “fluid” is described using three geoacoustic parameters (density, compressional
wave sound speed, and compressional wave attenuation) and two roughness parameters (spectral strength, w2 , and spectral exponent, γ2 ). This pair of roughness
parameters are used as part of a power law expression for the sediment-water height
field spectrum
w2
W (K) = γ2 ,
(2.72)
K
where K is the wavenumber with units 1/cm. This power law model has been
demonstrated to have good agreement with measurements of seafloor roughness
over wavenumbers from 10−5 to 100 [116].
Three sets of geoacoustic properties are specified for the calculation of interface
roughness scattering. These sediments span a range from an acoustically-hard,
rough interface (Gravel) to an acoustically-soft, smooth interface (Silty Clay).
The parameters and names for these three bottom types are taken from the
High Frequency Environmental Acoustics (HFEVA) model [8] and are provided
in Table 2.1. A plot of the interface scattering cross section, σ0 in Equation 2.71,
at 18 kHz for each of these sediments is provided in Figure 2.10. The rougher
interface shows a backscattering response that is quite broad as the sensor moves
off of normal incidence. The smooth interface exhibits a narrow response near
normal incidence implying significant forward scattering. The reader should be
aware that it is incorrect to assume all sediments of a class are well described by
the parameters specified in Table 2.1. In fact, it is commonly observed that there
is significant variance in the acoustic parameters of a single sediment type. Instead,
the three sediments specified here should be thought of as spanning a physically
reasonable range of input parameters for modeling interface scattering strength.
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Figure 2.10. The bottom scattering strength is calculated using the small-slope approximation for the three sediments types. The geoacoustic and roughness parameters for
these sediments are provided in Table 2.1

Models for each of the environmental terms in the integrand of Equation 2.32 are
now defined. The domain of integration for this integral is Cartesian and the origin is
centered on the nearest seafloor point to the sensor. Both the composite directivity,
which is defined in terms of a pointing angle relative to the sensor normal, and the
interface scattering strength, which is defined in terms of the grazing or incidence
angle, must be transformed to the Cartesian domain of integration. The composite
directivity is pre-calculated at 0.5 degree steps and linear interpolation between these
values is used for each position χ̄ within the domain of integration. Similarly, the
grazing angle is calculated for each χ̄ along the interface and the seafloor scattering
strength is linearly interpolated. The remaining terms in the integrand are geometric
and calculated exactly in the integration process. The numerical integration is
carried out using the MATLAB integration routines integral2 and integral3 for
two-dimensional and three-dimensional integration, respectively [117, 118].

2.4.2 Planar Interface Scattering
This section will use numerical evaluation of Equation 2.32 to calculate field covariance observed for scattering from a planar interface at a fixed depth beneath the
sensor. It will be shown that the coherence is affected by the bottom scattering
strength, the seafloor slope, the composite directivity function, and the temporal
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Table 2.2. Planar Cases Examined

Case 1
Case 2
Case 3

Sediment
Type
Variable
Variable
Fixed

Seafloor
Slope
0 deg
0 deg
Variable

Temporal
Windowing
Fixed
Variable
Variable

Directivity
Fixed
Fixed
Fixed

windowing. There are conditions where the spatial coherence is principally determined by one of these parameters; however, frequently two or more will be relevant.
In presenting this material, it is possible to explore the impact of a nearly limitless
set of environmental and sensor parameter combinations on the observed coherence.
Three cases, described in Table 2.2, have been selected to illustrate the impact of
these parameters on the observed coherence. The goal in selecting these cases was
to provide the reader with the ability to compare results between cases to build an
understanding of the physical principles that govern the spatial coherence.
The first case considered is that of a simple planar interface. The sensor is
assumed to be 150 m above the seafloor, and the receiver positions are constrained
to a plane parallel to that of the seafloor. The receive array is a square whose
dimension is approximately 41 cm and the projector is simulated to be at the center
of the receive array. The composite transmit/receive beampattern in Figure 3.12
is projected onto the seafloor and shown in Figure 2.11. The local grazing angle
is calculated for each point on the seafloor. From this calculation, the bottom
scattering strength curves of Figure 2.10 are then used to project the scattering
strength onto the seafloor. The projection of the bottom scattering strength for
gravel, medium sand and silty clay is shown in Figures 2.12(a), 2.12(b), and
2.12(c). Near normal incidence the spatial variation of the scattering strength is
primarily due to differences in the interface roughness between these sediments.
The product of the composite directivity and the seafloor scattering strength is
shown in Figures 2.12(d), 2.12(e), and 2.12(f). A white circle is shown in these
figures to indicate the portion of the seafloor that would contribute returns to the
sensor for the case where t2 = t0 + 10 ms. It is the area within this white isochrone
that is numerically integrated using Equation 2.32. This modeled covariance is
normalized using Equation 2.33, and the real part of the correlation coefficient is
shown in Figures 2.12(g), 2.12(h), and 2.12(i).
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Figure 2.11. The composite transmit/recieve pattern is shown here projected onto
the planar seafloor for a sonar at an altitude of 150 m. This composite beampattern is
sourced from measurements, Figure 3.12, of the projector and receivers that used in the
experimental measurements that will be discussed in Chapter 3.

This analysis shows the coherence length is inversely related to the RMS
roughness of the scattering interface. In Figure 2.13, a cross sections passing
through the peak of the correlation coefficient are compared to the response given
by the analytic expression Equation 2.63. This result is related to the earlier finding
of Section 2.3 where it was shown that the spatial coherence is approximately
given by the two-dimensional Fourier transform of the spatial distribution of the
intensity of a radiating surface. Broad support in the spatial intensity domain led
to narrow support in the spatial coherence domain and vice versa. In this case, a
rougher surface backscatters more energy off of normal incidence than a smooth
surface. The increased off-normal incidence scattering strength broadens the spatial
distribution of intensity and reduces the spatial coherence length. A similar result
would be found if the sediment roughness is held constant and the directivity is
varied. All things being equal, a broadening of the composite directivity reduces
the observed coherence length. The “ideal” case shown in Figure 2.13 simulates
a rough aspect-independent surface and an omnidirectional sensor. This result
produces a lower bound on the observed coherence length for the selected temporal
interval.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 2.12. The spatial coherence of the scattered field is determined by the combination of the composite transmit and receive beam patterns as well as the aspect dependence
of the bottom scattering strength. In this figure, this is shown for a planar seafloor and
three different sediment types. From left-to-right the sediments are gravel, medium sand,
and silty clay. The backscattering strength is shown as a function of position on the
seafloor on the upper row. The product of the composite directivity and the seafloor
scattering strength is shown in the middle row. A white isochrone is shown in these
figures to denote the area that is represented by the first 10 ms of the scattered field. The
coherence plots on the bottom row are formed by numerical evaluation of Equation 2.32
over the area within the white isochrone.
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Figure 2.13. The spatial coherence of the field scattered from a planar seafloor narrows
with increasing interface roughness. These responses of a realistic seafloor with directive
sensors are compared to the idealized, analytic result given by Equation 2.58.

This relationship between the spatial distribution of the intensity on the scattering surface and the measured spatial coherence has been observed by several
authors within the literature on spatial coherence. Dahl [92] uses the van CittertZernike theorem directly to relate sea surface bistatic scattering cross section to the
measured coherence for surface reverberation. Wilson and Frasier [89]; Jackson and
Morovan [64]; and Smith and Atkins [65] each find that for a very rough interface
surface the coherence length is limited by the composite directivity of the sonar
used to measure the field. Mallart and Fink [106] also link the measured coherence
length to the directivity for the case of scattering from a volume.
At this point, it is worthwhile to develop a metric for the width of the spatial
coherence. This will allow the effect of the sensor, environment and temporal
windowing to be quantitatively discussed. The simulated coherence for each of the
three cases in Figure 2.12 exhibited polar symmetry. This is unsurprising, given
the polar symmetry in the spatial distribution of the scattered intensity. Later
configurations will be asymmetric, so it is also useful for the metric to capture
and measure the presence of asymmetry. This will be accomplished by fitting a
two-dimensional Gaussian to the modeled surface. This fitting process will be called
the “bivariate normal surface fit”. This function provides a reasonably flexible
two-dimensional shape for fitting those cases where the measured coherence falls
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Figure 2.14. A bivariate normal (Equation 2.73) is fit to the modeled spatial coherence
to provide a quantifiable measure of the surface’s width and asymmetry.

monotonically from the peak value. The fit is less accurate when the coherence
exhibits the oscillations related to rapid changes in the spatial intensity distribution;
however, it will still provide a useful measure of the width and asymmetry present
near the peak of the spatial coherence. The functional form used to fit to the model
is given by
(

µ = exp

1
−
2(1 − ρ2 )



x1
σ1

2

x2
+
σ2


2

x1 x2
− 2ρ
σ1 σ2

)

,

(2.73)

where σ1 and σ2 are the widths of the spatial coherence along the respective axes
and ρ provides a measure of asymmetry and surface orientation. Figure 2.14 shows
the same spatial coherence as Figure 2.12(h), where the parameters of the normal
fit are shown in the title. A thin white iso-level line is shown at a value of 0.5.
This may be thought of as the 0 dB effective signal-to-noise level, Equation A.28.
This line is useful as a tool for visualizing the asymmetry and qualitatively judging
the goodness of the normal fit to the underlying function. For this case, where no
asymmetry is present, the measures of asymmetry are ρ = 0 and σ1/σ2 = 1.
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Figure 2.15. With the inner time held at 0 ms, the coherence length asymptotically
approaches a value determined by the sensor directivity and the bottom scattering
strength.

The second case in Table 2.2 examines the impact of varying temporal windowing
on the spatial coherence. The parameters are identical to the first case except
for variations in the temporal interval. In Figure 2.12, the spatial coherence was
modeled with an outer time of 10 ms (t2 = t0 +10 ms). This outer time is sufficiently
large that the scattered field from the area near the 10 ms boundary contributes
minimally to the numerical integration because the field scattered from the area
of the seafloor near this isochrone is substantially weaker than that from earlier
times. Reducing the outer time restricts the domain of integration, and if the
outer time is reduced by a sufficient amount the temporal windowing begins to
substantially impact the spatial distribution of the intensity on the seafloor. To
investigate this, the spatial coherence has been modeled for the three sediment types
where the outer time is scaled from 0.5 ms to 10 ms. In Figure 2.15, the measured
coherence length is shown for each sediment. The coherence length asymptotically
approaches a sediment-specific value which is determined by the combination of the
sensor directivity and the scattering strength. It is possible to restrict the spatial
distribution of the intensity through reductions of the outer time. The result of this
type of temporal windowing is an increase in the coherence length of the scattered
field.
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Scaling the inner time produces a similar asymptotic effect. When the inner
time is held to 0 ms the domain of integration is a circular disk. Increasing the
inner time converts this domain to an annulus. In Figure 2.16(a), this annulus is
shown as a pair of concentric white isochrones for an inner time of 2 ms and an
outer time of 10 ms. Integrating over this annular domain produces the modeled
spatial coherence shown in Figure 2.16(b).
The model parameters for Figures 2.14 and 2.16(b) are identical except for an
increase of the inner time from 0 ms to 2 ms. Comparing these figures shows that
the coherence length has been reduced by more than a factor of two for the medium
sand seafloor. This narrowing effect is present for each of the three sediments
under consideration. The coherence lengths are shown in Figure 2.17 with the
outer time held at 10 ms and the inner time scaled from 0-8 ms. As the inner
time is increased, the region of the seafloor with the highest scattering intensity is
excluded, and this rapidly reduces the coherence length. It is interesting to note
that the coherence length is principally determined by the choice of inner time in
this case. Also, the correlation coefficient in Figure 2.16(b) does not monotonically
fall from the peak. Instead, there it falls to a minimum and begins to rise near
the maximum hydrophone separation simulated. Unlike the case where the inner
time was held at 0 ms, the inner edge of the annulus has sharply truncated the
spatial distribution of the intensity, and integration over this discontinuity creates
a spatial oscillation in the correlation coefficient. The narrowing of the coherence
length and the introduction of a spatial oscillations are understood qualitatively in
terms of the analytic results of Section 2.3. In Figure 2.8, the annular scattering
case shows both a significant reduction of the coherence length and an increase in
the spatial oscillations in the modeled correlation coefficient.
Finally, in the third case (Table 2.2) the impact of seafloor slope is considered.
The sensor is 150 m above a medium sand seafloor whose slope varies from 0 degrees
to 25 degrees. In Figures 2.18(a) and 2.18(b) the bottom scattering strength and
composite directivity are shown for a nine degree slope. The origin of the domain
of integration shown in these plots is defined to be the seafloor position nearest
to the sensor. This is the point of normal incidence and the bottom scattering
strength is a maximum. Defining the origin of the domain of integration in this
way has excluded any asymmetry from the bottom scattering strength. This is not
case for the projection of the sensor directivity onto the seafloor, Figure 2.18(b).
The peak of the directivity function lies along the z-axis shown in Figure 2.3.
In the prior two cases, the peak directivity was coincident with the peak in the
bottom scattering strength. This is no longer true for a sloped seafloor. The sensor
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(a)

(b)

Figure 2.16. With an inner time set of 2 ms and an outer time of 10 ms the integration
is carried out over the annulus between the concentric white isochrones in Figure (a).
The resulting spatial coherence is shown in Figure (b).

directivity introduces asymmetry into the product of the composite directivity and
the bottom scattering strength shown in Figure 2.19, where the isochrones are 2 ms
and 10 ms.
The slope of the seafloor has led to asymmetry in the product of the composite
directivity and the bottom scattering strength, and this asymmetry has a significant
effect on the spatial coherence. In conditions where there is polar symmetry
in the spatial distribution of intensity, the modeled correlation coefficient is well
approximated as purely real. This is a direct consequence of the geometric symmetry
leading to an integrand with Hermitian symmetry, and the Fourier transform of a
Hermitian symmetric function is a pure real function [110]. The geometric symmetry
is not present for the sloped seafloor, and the covariance is a complex value. The
phase of the covariance is a measure of the group delay between the fields received
between the pair of hydrophones. An investigation of the magnitude and phase of
the correlation coefficient measured for this geometry is beyond the scope of this
dissertation; however, this type of modeling is promising for the development of
a generalized approach for displaced phase center motion estimation of synthetic
aperture sonar systems [42, 43, 47].
Figure 2.20(a) shows the real component of the modeled correlation coefficient
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Figure 2.17. With the outer time held at 10 ms the coherence length narrows as the
inner time is increased. The coherence length is weakly dependent on sediment type after
the inner time exceeds 3 ms.

calculated from Figure 2.19 for an inner time of 0 ms and an outer time of 10 ms.
The changes to the spatial distribution of the intensity introduced by the sloped
seafloor have produced an asymmetry in the coherence length along the two main
axes, and the coherence lengths along these two axes differ by almost a factor of two.
The spatial intensity is broad along the horizontal axis and narrow along the vertical
axis, while the opposite is true for the correlation coefficient. In Figure 2.20(b),
the real component of the correlation coefficient is calculated assuming an inner
time of 2 ms. Truncating the spatial distribution of the intensity in this way has
swapped the asymmetry in both the intensity (horizontal is now narrower than
vertical) and the correlation coefficient.
The asymmetry in this case is introduced through a complicated combination of
the bottom scattering strength, composite directivity, seafloor slope, and temporal
windowing. Comparing two cases where the seafloor slope is varied is useful to
highlight the complexity. In Figure 2.21, the coherence length along the vertical
and horizontal axes are shown as a function of seafloor slope. The seafloor slope
is varied from 0 degrees to 25 degrees and the inner time is either 0 ms or 2 ms as
indicated in the legend. The outer time is fixed at 10 ms in both cases. When
the inner time is set to 0 ms the coherence length decreases monotonically along
both axes as slope increases. The coherence length falls more quickly along the
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(a)

(b)

Figure 2.18. For a sloped seafloor the bottom scattering strength (a) is symmetric;
however, the projected beampattern (b) shows asymmetry. In this example the seafloor
is sloped nine degrees.

horizontal axis, which has the greater spatial extent in Figure 2.19. When the inner
time is set to 2 ms the result is quite different because the spatial distribution of
the intensity may be significantly truncated by the inner isochrone. To discuss the
effect of the combination of temporal windowing and seafloor slope it is useful to
segment Figure 2.21 into three sections:
0-9 degrees seafloor slope: At zero degrees, the 2 ms inner time has produced
scattering from an annular surface and the correlation length is significantly
narrower than the full disk. As the slope increases, the peak of the directivity
function reaches and then crosses the inner isochrone at a slope of ∼8 degrees.
As the peak directivity crosses the inner isochrone, the spatial distribution of
the intensity becomes quite narrow in the horizontal direction and correlation
length reaches a maximum along this axis.
9-15 degrees seafloor slope: Between 9 degrees and 15 degrees the peak of the
directivity is fully moving to the region between the two isochrones. The
spatial distribution of the intensity widens rapidly in the horizontal direction
and the coherence length falls. The temporal windowing weakly influences
the vertical extent of the intensity and the coherence length along this axis is
nearly constant over this interval.
15-25 degrees seafloor slope: The peak of the directivity crosses the outer isochrone at a slope of ∼17 degrees. Beyond this slope, the peak directivity falls
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Figure 2.19. A 9 degree slope has introduced asymmetry in the product of the composite
directivity and the bottom scattering strength. Isochrones are shown at 2 ms and 10 ms.

outside the outer isochrone and the peak bottom scattering strength falls
within the inner isochrone. The characteristic lengths along the two principal
axes are roughly equal and the coherence lengths are roughly equal as well.
In this section it has been shown that the observed spatial coherence length for
the incoherent field scattered from a planar seafloor is determined by the angular
dependence of bottom scattering strength, the seafloor slope, the sensor’s composite
directivity pattern, and the temporal windowing applied to the receive signal.
While the result for any particular configuration may depend on all of these specific
parameters it is possible to make a few general observations.
• Over a non-sloped seafloor with an inner time of 0 ms and a sufficiently large
outer time, the observed coherence length will be symmetric and its width
will be determined by narrower of the directivity and the bottom scattering
strength. It is possible to think of a new composite directivity that combines
the transmit directivity, the receive directivity and the “directivity” of the
bottom scattering strength. This three-component composite will determine
the coherence length for an inner time of 0 ms and large outer time.
• Over a non-sloped seafloor, increasing the inner time reduces (sometimes
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(a)

(b)

Figure 2.20. Figures (a) and (b) shows the modeled coherence when the seafloor is
sloped nine degrees for an inner times of 0 ms and 2 ms, respectively. The asymmetry
introduced by the combination of the slope and the temporal windowing has produced a
spatial coherence surface that is asymmetric.

greatly) the coherence length and introduces spatial oscillations related to
Gibbs phenomenon.
• Sloped seafloors introduce asymmetry into the observed spatial coherence.
The coherence length falls monotonically with increasing slope for inner times
of 0 ms. The coherence length may become very sensitive to seafloor slope for
non-zero inner times.
All of these observations are restating an earlier result and one found throughout the
literature regarding application of the van Cittert-Zernike theorem. The coherence
length will be driven principally by whatever environmental or sensor parameter
serves to shape the spatial distribution of the intensity projected to the seafloor.
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Coherence Length vs. Seafloor Slope
Outer Time: 10 ms

0.4

σ 1 - 0 ms

Coherence Length [m]

0.35

σ 2 - 0 ms
σ 1 - 2 ms

0.3

σ 2 - 2 ms

0.25
0.2
0.15
0.1
0.05
0
0

5

10

15

20

25

Seafloor Slope [deg]

Figure 2.21. The presence of a seafloor slope has introduced asymmetry to the spatial
coherence function. The width of the coherence surface is shown for inner times of 0 ms
and 2 ms. The coherence length is sensitive to the combination of seafloor slope and
temporal windowing.

2.4.3 Layered Planar Interface
In this section, the analysis of Section 2.4.2 will be extended to investigate the
impact of sediment layering on the observed coherence. Sediment depositional
processes that lead to layered interfaces are common for both lakes and oceans. In
Section 3.2 an overview of the depositional processes for the environment of Seneca
Lake are provided. For oceanic environments, a number of sedimentation processes
may lead to layering and these processes are linked to the dominant sediment
transport mechanisms for the area. For more detailed information, Nichols [4]
provides a comprehensive overview of the depositional processes responsible for
oceanic environments. One interesting area is the continental rise and abyssal
plain margin. The sediments found in this area are principally terrigenous. Fluvial
(river) systems transport sediment from land onto the continental shelf. A river is
typically associated with a shelf canyon shown schematically in Fig. 2.22. Material
is transported through this canyon as a bulk movement of sediment in an event
known as a turbidity current. These events may be triggered by either seismic
or large storm events. Turbidity currents may carry material more than 1000 km
extending across the continental rise onto the abyssal plain. As shown in Fig. 2.22,
the distribution of the material forms a “sediment fan”, and the dimensions of this
fan are determined in part by the content of the sediment. Sand-rich systems will
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Figure 2.22. Turbidity flow create sediment fans that can transport material across the
continental rise onto the abyssal plain. Figure from Nichols [4]. Used with permission.

produce fans whose radius is less than 50 km, while mud-rich systems may produce
fans with a radius in excess of 1000 km. Larger sediments are expected to be found
on the proximal portion of the fan, while smaller sediments will populate the distal
lobes. In this way we expect to see a moderately well sorted sediment especially on
the distal lobes. A similar depositional process will be hypothesized for one of the
sediment sequences observed in the Seneca Lake experiment.
The geometry investigated in this section will maintain continuity by extending
that used in Section 2.4.2 to include a second interface beneath the primary, upper
interface. Note that scattering from the sediment volume between these interfaces
has been ignored. The techniques presented here are generic, and could easily be
extended to the geometries expected for layering found in the deep ocean. The
geometry considered is shown in Figure 2.23, where the upper blue interface is
constrained to 150 m depth and the second interface is at some variable depth
beneath this primary interface. The outer time will be 10 ms; however, the t0
reference time is set by the upper interface. This is seen in Figure 2.23, where the
surface area within an isochrone is larger in the upper interface than the lower
interface. The modeled inner time will either be 0 ms or 2 ms.
It is straightforward to directly apply Equation 2.32 to the problem of a layered
interface. The integration domain described in the equation is over a full three
dimensional volume. By inspection, this integral can be separated into independent
integrals over the appropriate domains on the two interfaces. It is important to
note that this separability is made possible by the Born approximation made in the
development of Equation 2.32. This assumption states that the total field at either
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Transmit / Receive

Layer 1
Layer 2

Figure 2.23. The layered geometry consists of a pair of zero-slope layers separated by a
variable distance. The diameter of the scattering area is determined by an isochrone that
is constant between layers.

interface is due only to the incident field. Tang and Frisk [66] have evaluated the
Born approximation and compared it to the more accurate bilocal approximation,
which accounts for losses due to sediment scattering within the overlaid sediment.
They found that the additional losses of the bilocal approximation are required to
correctly model the covariance of the field; however, the Born approximation and
the bilocal approximation give equivalent results when the covariance is normalized
to form the correlation coefficient. The covariance for the layered interface is then
γ12 (t1 , t2 ) = γ12,u (t1 , t2 ) + γ12,l (t1 , t2 ),

(2.74)

where γ12,u and γ12,l the covariances for the upper and lower interfaces, respectively.
The correlation coefficient for the layered bottom is
γ12,u (t1 , t2 ) + γ12,l (t1 , t2 )
µ12 = q
.
(γ11,u (t1 , t2 ) + γ11,l (t1 , t2 ))(γ22,u (t1 , t2 ) + γ22,l (t1 , t2 ))

(2.75)

In the case of the upper interface, there is no overlaid sediment and σ(χ̄) depends
only on the bottom scattering strength. For the lower interface, losses must be
included using the term ξ(χ̄) in Equation 2.18. This loss term accounts for the
both the transmission loss at the interface and absorption in the overlaid sediment
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Figure 2.24. The attenuation by the overlaid sediment will be approximated as constant
for all points on the sub-bottom layer. This approximation of a constant path length to
a buried interface is valid for relatively narrow beamwidths.

volume.
2
2
ξ(χ̄) = Vwp
Vpw
10(2l(χ̄)α)/10 ,

(2.76)

where Vwp and Vpw are transmission losses given by Equation 1.12. l is the path
length in the sediment and α is the attenuation coefficient with units dB/m. The
path length through the sediment is dependent on both the incidence angle and
any refraction at the interface. These effects on the path length are minimal for
narrow beamwidths operating near normal incidence. The loss is approximated as
a position independent constant, ξ0 , for each buried layer.
2
2
ξ0 = ξ(χ̄ = 0) = Vwp
Vpw
10(2l0 α)/10 ,

(2.77)

where l0 is the range from the sensor to the nearest point on the interface. The error
in the approximation of a constant attenuation path length for all points on the
buried interface is quantified in Figure 2.24. The error in path length is less than
5% for beamwidths narrower than 35 degrees. ξ0 is plotted on a logarithmic scale in
Figure 2.25 as a function of layer depth for the three sediments listed in Table 2.1.
Contributions from deep layers overlaid by medium sand will contribute very little
to the scattered field. Silty clay offers very little in the way of attenuation, and the
sub-bottom layers will contribute more to the scattered field.
In the environmental configuration considered for the layered seafloor, a silty
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Figure 2.25. For the three sediments considered in this dissertation, the returns from
sub-bottom layers are attenuated by transmission through the interface and absorption
in the overlaid sediment.

clay sediment interface at 150 m depth is assumed to overlay a second interface
of either medium sand or gravel. The thickness of the overlaid sediment is varied
from 0-8 m. Figure 2.26 shows the product of the composite beampattern and the
bottom scattering strength for the silty clay upper interface in Figure 2.26(a) and
a lower medium sand interface for three selected layer depths in Figures 2.26(b) 2.26(d). In each figure, the outer isochrone represents 10 ms after the initial return
from the layer at 150 m depth. The inner isochrone (if present) corresponds to
2 ms. The area within any given isochrone is reduced as each layer descends in
depth. The 2 ms isochrone no longer intersects layers beyond depths deeper than
approximately 1.5 m. Note that the scattering strength as a function of grazing
angle used for both interfaces is that for a sediment-water interface. This is a mild
approximation for scattering from the lower layer. The variation of the scattering
strength with grazing angle is primarily determined by the interface roughness
near normal incidence. It is this variation with incidence angle that principally
contributes to the spatial coherence. The mismatch in specific acoustic impedance
introduced by this approximation will slightly overemphasize the level from the
buried layer.
Results for silty clay overlaying either a gravel or medium sand sediment interface
are shown in Figure 2.27. Figure 2.27(a) shows the coherence length for an inner
time of 0 ms and an outer time of 10 ms. As the layer thickness approaches zero, the
silt-over-sand and silt-over-gravel coherence lengths are 30 cm and 24 cm respectively.
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(a) 150.0 m depth

(b) 151.0 m depth

(c) 151.4 m depth

(d) 151.5 m depth

Figure 2.26. The product of the composite beampattern and the bottom scattering
strength are shown for layer depths ranging from 150 m to 151.5 m. In each sub-figure,
isochrones are shown at 2 ms and 10 ms, where 0 ms is determined by the upper layer. In
(a) only the upper silty-clay interface is shown at a layer depth of 150 m. Figures (b)-(d)
show only the sub-bottom medium-sand interface. Note that as the layer descends in
depth the area within any isochrone is reduced.

Comparing these lengths to the results in Figure 2.15 shows that the presence of
the silt interface has increased the coherence length by approximately 4 cm in both
cases. As layer thickness increases the overlaid sediment attenuates the lower layer
returns until the coherence length is equal to that observed for an isolated silty
clay interface.
Figure 2.27(b) shows the coherence length for an inner time of 2 ms and an outer
time of 10 ms. This inner time excludes the region of highest scattered intensity
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(a)

(b)

Figure 2.27. The coherence length is impacted by temporal windowing when silty clay
of variable thickness overlays medium sand or gravel.

from the upper interface. This complicates the observed coherence length as a
function of burial depth. From 0-1.5 m depth the 2 ms isochrone limits the central
highlight in the upper interface, Figure 2.26(a). The 2 ms isochrone excludes less of
the buried interface as the burial depth increases and the coherence length grows
rapidly with layer thickness. Beyond this depth, the attenuation of the overlaid
sediment gradually reduces the contribution from the buried interface and the
coherence length asymptotically approaches the value for the silty clay interface
shown in Figure 2.17.
The spatial coherence of the field scattered from a seafloor with a pair of layers
has been modeled using Equation 2.32. The Born approximation is applied so that
multiple scattering may be ignored and the covariance of the two separate interfaces
may be calculated independently and linearly combined. The integration area
within the appropriate isochrones was shown to vary as the layer depth increases.
A loss factor, ξ, is included to account for transmission and absorption losses
in the overlaid sediment, and the calculation was simplified by application of a
narrow-beam approximation. The combination of the variability of the isochronous
scattering areas and the loss factor determine the overall affect of layered sediments
on the coherence length. It is possible to make two general observations. First,
the coherence length for layered sediments where the overlaid material has a high
transmission loss or absorption will be minimally affected by the presence of subbottom layers. Second, the introduction of a non-zero inner time may lead to
complex variability of the coherence length as a function of layer thickness.
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2.4.4 Volume Scattering
This section will consider how the spatial coherence of the incoherent component
of the scattered field is impacted by scattering from within the sediment volume.
In a real environment, the scattered field will consist of both volume and interface
scattering. Here, the impact of scattering from the sediment-water interface is
intentionally excluded so that the volume component may be isolated. The sediment
is assumed to have a volume scattering cross-section which is independent of position,
incidence angle, and scattering angle. Under this approximation, σ(χ̄) = σ0 ξ(χ̄),
and the spatial dependence will be due to the loss factor. In the evaluation of
Equation 2.32 the scattering strength passes outside the integral as a scalar which is
normalized in the calculation of the correlation coefficient. The focus of this section
is a study of the influence of the attenuation coefficient, composite directivity
and temporal windowing on the coherence length of the field scattered from the
sediment volume.
In Section 2.4.3, a sub-bottom interface beneath the lower-attenuation silty
clay was shown to influence the coherence length. Here the volume scattering
from a fine-grained, low-attenuation sediment will be studied as a function of
the attenuation coefficient. Therefore, what is needed is a reasonable range of
attenuation coefficients for modeling the return from a volume of fine scale sediment.
A significant body of work exists in experimental measurement of attenuation of
compressional waves in these sediments. Typically, the development of a general
acoustic model will not use an individual measurement of geoacoustic parameters.
Instead, a sediment parameter, such as grain size, will be associated with a set of
geoacoustic properties through a regression made across a body of experimental
data. The common regression used in the underwater community is based on the
extensive work of Hamilton [119–121]. The attenuation factor using this regression
is 0.04-0.16 dB/m kHz for a fine-scale sediment (i.e. grain size of Φ = 8). The
work of Hamilton and others were compiled by Kibblewhite [122] into a general
set of relationships between frequency and attenuation coefficient for sands and
silts. At 18 kHz the attenuation coefficient for silt ranges from 1-4 dB/m based
on Kibblewhite’s summary. These two ranges agree well with the attenuation
coefficient for silty clay found in Table 2.1.
More recent work on the measurement of attenuation in fine-grained sediments
find lower attenuation factors than those provided by either the Hamilton or
Kibblewhite regressions. Bowles [75] asserts that the sediments used by Hamilton
in his measurements of silty clays were made in relatively sandy sediments, and
the attenuation coefficient for “purely” fine grained deposits would have a lower
attenuation coefficient. Brienzo [74] measures an attenuation factor in the sediment
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Table 2.3. Selected Attenuation Factors for Fine-Scale Sediments

Sediment
Description
Silty Clay / Clayey Silt
Silts
Silt
Calcareous clay
Terrigenous silty clay
Silty Clay

Attenuation Factor
[dB/m kHz]
0.04-0.16
0.05-0.22
0.027
0.03
0.015
0.009

Reference
Hamilton [119–121]
Kibblewhite [122]
Brienzo [74]
Mitchell and Focke [73]
Mitchell and Focke [73]
Holland and Dosso [76]

of the Monterey Deep-Sea Fan of 0.027 dB/m kHz. Mitchell and Focke [73] conducted
measurements in a basin with a calcareous clay sediment and a separate basin with
a terrigenous silty clay and found attenuation factors of 0.03 dB/m kHz 0.015 dB/m kHz,
respectively. Finally, more recent work by Holland and Dosso [76] have measured
an attenuation factor of 0.009 dB/m kHz for sediments on the Malta Plateau. Given
the wide range of observed attenuation factors, this analysis will consider a pair
of attenuation coefficients to provide a reasonable span of the measured values
reported in literature. At 18 kHz, the two attenuation coefficients used will be
1.1 dB/m, which is in keeping with the regressions of Hamilton, and 0.3 dB/m, which
agrees well with the more recent measurements. In the text below, these two
values will be referred to has “high-attenuation” and “low-attenuation”; however,
it should be noted that both of these values are relatively low when compared to
coarser-grained sediments.
The geometry considered here is identical to that of the non-sloped planar
interface examined in Section 2.4.2. The sensor is 150 m above the seafloor. The
projector and receivers are directed at normal incidence and the receiver positions
are constrained to a plane parallel to that of the seafloor. The spatial distribution
of the intensity will be determined by the composite directivity, the sediment
attenuation and the temporal windowing. While a fixed attenuation was used for
the sub-bottom layer cases studied in Section 2.4.3, this approximation is not made
in this section. The attenuation is calculated based on the actual path length
within the sediment for all points within the domain of integration. An example of
the spatial distribution of intensity within the volume is shown for the two selected
attenuation coefficients in Figure 2.28. These figures show the two-dimensional
slice in the (ην)-plane through the volume. The scattering intensity shown is
normalized to the peak intensity, and black iso-level lines are shown in 10 dB steps
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from -5 dB to -55 dB. White isochrones are shown in 5 ms increments from 5 ms to
20 ms. The spatial distribution of the intensity for the low-attenuation sediment is
principally determined by the sensor directivity for any isochrone. This results in
intensity distribution which is tightly clustered along the ν-axis. The directivity is
not dominant at all depths for the high-attenuation sediment. In Figure 2.28(b),
the spatial intensity distribution exhibits a transition from directivity-dominated
to attenuation dominated with increasing time. Near the 5 ms isochrone, the
intensity distribution is predominantly determined by the sensor directivity. Near
the 20 ms isochrone, the highest intensity is confined to an annular volume near
the sediment-water interface.
The effect of holding the inner time at 0 ms and adjusting the outer time over
0.5-20 ms is shown in Figure 2.29. Increasing the outer time leads to a decreasing
coherence length. This response qualitatively agrees with that seen for the planar
interface in Figure 2.15. The agreement with the gravel sediment in this planar
case is quite good due to the fact that the gravel sediment best approximates
the aspect independent nature of the scattering strength modeled for the volume.
The coherence length varies rapidly from an outer time of 0.5 ms to 6 ms, and
beyond 10 ms it is weakly dependent on the outer time. This can be understood
by comparing the isochrones and iso-level lines in Figure 2.28. In both cases, the
scattered intensity outside the 10 ms isochrone is significantly lower when compared
to that within the 10 ms isochrone. The low-attenuation sediment’s coherence
length is slightly greater than the high-attenuation sediment. The spatial intensity
distribution in the low-attenuation sediment is relatively higher along the ν-axis.
Once again, compact support in the spatial intensity domain leads to broad support
in the spatial coherence domain.
In Figure 2.30 the coherence length is shown for the case where the outer
time is held at 10 ms and the inner time is varied over 0-8 ms. At a 0 ms inner
time the coherence length agrees with the equivalent temporal window shown in
Figure 2.29. As the inner time is increased the coherence length decreases, which
agrees qualitatively with the corresponding planar case, Figure 2.17. The coherence
length for variations of the inner time is sensitive to the sediment attenuation
coefficient. The coherence length for the low-attenuation sediment is almost 50%
greater than the high-attenuation sediment for an inner time of 8 ms. The sensitivity
of the coherence length to the sediment attenuation is understood by comparing
Figures 2.28(a) and 2.28(b). The the scattered intensity will significantly contribute
over the full scattering volume for the high-attenuation sediment. Conversely, the
majority of the scattered intensity for the low-attenuation sediment is confined
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(a) α = 0.3 dB/m

(b) α = 1.1 dB/m

Figure 2.28. These figures show a cross-section of the spatial scattering intensity for
sediment volume scattering. The peak-normalized product of the loss factor, scattering
strength and directivity are shown for the (ηξ)-plane through the scattering volume.
White isochrones are shown in 5 ms increments from 5 ms to 20 ms. Black iso-level lines
are shown in 10 dB steps from -5 dB to -55 dB.
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Figure 2.29. The coherence length depends weakly on the selected attenuation coefficients for an inner time of 0 ms and a variable outer time.

Figure 2.30. The coherence length varies significantly between the selected attenuation
coefficients for an outer time of 10 ms and a variable inner time.

to a limited, central portion of the volume. The narrower support in the spatial
intensity domain leads to broader support in the spatial coherence domain.
In Figure 2.31 the coherence length is shown for the case where the inner
time is varied over 0-20 ms and the outer time is varied so that it is always set
to be 3 ms greater than the inner time. This 3 ms temporal window produces
a scattering volume that is a constant-thickness spherical shell. The coherence
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Figure 2.31. The coherence length varies significantly between the selected attenuation
coefficients when the inner and outer times are consistently separated by 3 ms.

length falls for both high and low sediment attenuations as the radius of this shell
increases. The high-attenuation sediment coherence length falls more quickly than
the low-attenuation sediment, which is similar to the result in Figure 2.30. As
stated earlier, the higher attenuation in the sediment has concentrated the bulk
of the scattered intensity to an annular regions in the upper few meters of the
sediment volume. This effect is especially clear for the 20 ms isochrone where the
scattering intensity is highest at 150 m depth, Figure 2.28(b). The losses in the
low-attenuation sediment do not offset the effect of the composite directivity. The
majority of the scattered intensity is found in the deepest portions of the volume
along the main axis of the composite directivity.
Plots of the spatial coherence surface are shown for the 20-23 ms temporal
window in Figure 2.32(a) and 2.32(b) for the low and high-attenuation sediments,
respectively. The high-attenuation sediment’s correlation coefficient oscillates about
zero with increasing receiver separation. These oscillations are caused by the
temporal windowing’s sharp truncation of the spatial distribution of the intensity.
Cross sections of the low and high-attenuation surfaces are shown in Figure 2.32(c).
The solid line in this figure is taken from the analytic expression (Equation 2.63)
derived for the “ideal” rough surface in Section 2.2. The agreement between the
analytic expression and the high-attenuation sediment is quite good. The directivity
of the sensor has slightly broadened the response for the sediment, but the spacing
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and amplitude of the oscillations are well represented.
The numerical model (Equation 2.32) for the spatial coherence of the scattered
field has been evaluated for scattering from the seafloor volume. Interface scattering
has been explicitly excluded so that the effect of volume scattering may be studied
directly. The spatial coherence was shown to be dependent on the sediment
attenuation coefficient, sensor directivity and temporal windowing. In the case of
high-attenuation sediments, the scattered field may be dominated by the upper
few meters of the sediment volume. In some conditions, the coherence length may
be approximated as scattering from an aspect independent surface. Scattering
from within the sediment volume determines the coherence length observed for lowattenuation sediments. The introduction of a non-zero inner time appears to greatly
increase the sensitivity of the coherence length to the attenuation coefficient. Finally,
the main result of this section is a repetition of the findings from the interface
scattering results. The spatial coherence of the scattered field is determined by the
spatial distribution of the scattering intensity within the seafloor.
In this chapter, the van Cittert-Zernike theorem was developed for the estimation
of the spatial coherence of the incoherent component of the scattered field. The affect
of the sensor directivity, sediment scattering strength, sediment attenuation, and
temporal windowing were studied. The central result is the link between the spatial
distribution of scattering intensity and the spatial coherence. Whatever processes
limits the spatial distribution of intensity will be the process that determines the
observed spatial coherence. In the following chapter the results from an experiment
will be compared to the models developed here.
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(a) 0.3 dB/m

(b) 1.1 dB/m

(c)

Figure 2.32. The correlation coefficient is shown for the low (a) and high (b) attenuation
sediments for the case where the inner and outer times are 20 ms and 23 ms, respectively.
A slices through these two surfaces are provided in (c) where they are compared to the
solid analytic line calculated from Equation 2.63. The high-attenuation sediment is well
approximated by an aspect independent scattering model.
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Chapter 3 |
Experimental Measurement of
Spatial Coherence
To evaluate the theory developed in Chapter 2, an experiment was conducted
during June 15-18, 2015 at Seneca Lake, New York. A sonar system, which is
described in Section 3.1, was used to collect data along a pair of tracks in Figure 3.17.
Geographical, environmental and geologic descriptions of the test area are provided
in Section 3.2. The signal processing approach used to characterize the spatial
coherence of the scattered field is described in Section 3.3. Finally, in Section 2.4.1
the spatial coherence observed in Seneca Lake is described and compared to the
theory developed in Section 3.4.

3.1 Sonar and Data Acquisition System
The sonar system used to collect the lake floor backscatter data consists of several
interconnected instruments. A high-level block diagram showing the major components is provided in Figure 3.1. The central interface is provided by a National
Instruments (NI) data acquisition system and it is responsible for:
• Interfacing with sonar control computer.
• Receiving navigation data from the navigation sensors.
• Synchronizing clocks for digital output and analog-to-digital input.
• Analog-to-digital conversion (ADC) of 48 receive channels.
• Generation of output digital waveform to send to the digital transmitter.
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GPS Antennas

GPS Antenna
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IXSEA IxBlue

GPS Receiver
Trigger for GPS Time Tag
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Unit
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NI Data Acquisition System
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Receiver Signals
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GPS Receiver and Timing
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Input/Output Sample Clocks GPS synched
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Transmit/Receive Relay

Control Lines

Projector
High Power
Transmit Signal

Digital Transmit Signal

Digital Transmitter

Figure 3.1. The notional configuration of the sonar system used to collect data at Seneca
Lake is shown in this block diagram. The sonar system consists of a data acquisition
system, two navigation sensors, preamplifiers, a digital transmitter, a 48-channel receive
array and a projector.

3.1.1 Navigation and Timing
The position and attitude of the sonar are measured by a pair of instruments. The
first is an Ashtech ADU-800 GPS receiver which utilizes three GPS antennas to
provide roll, pitch, and heading in addition to latitude, longitude, and altitude.
Position and attitude are also provided by an IxBlue PHINS inertial navigation
system. This sensor utilizes an external GPS input as well as a fiber optic gyroscope
to produce a six-degree of freedom position and attitude estimate.
GPS time is used as the reference for all data collected by this system. The
NI data acquisition utilizes a phase locked loop to discipline a 10 MHz internal
clock to a GPS one pulse per second reference received on an external antenna. A
higher rate 100 MHz clock is then used to provide synchronous sampling between
all digital output and ADC channels. Both the Ashtech and IXBLUE external
navigation sensors also utilize the reference time provided by their GPS antennas
to establish a time base for their data products. Utilizing this common time base
guarantees that all data records are easily temporally aligned.

3.1.2 Sonar Transducers and Data Acquisition
The sonar system consists of a 48 channel receive array and a single channel
projector that are mounted to a sonar frame attached to a nine meter pontoon
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Figure 3.2. The test platform for data collection is a nine meter pontoon boat. The
projector and receive array are shown here mounted in the forward portion of the boat.
These components are mounted in a rectangular frame that is lowered into the water
during testing.

boat. The boat and sonar are shown in Figure 3.2. The sonar projector and receive
array are seen mounted in a rectangular frame with several yellow cables in the
forward portion of the boat. The projector has a circular face that is 53 cm in
diameter, Figure 3.3(a), and it is mounted in the aft portion of the sonar frame.
The receive array consists of six receiver modules with eight channels per module.
The 48 hydrophones are arranged in a rectangular 6-channel by 8-channel grid with
a 9.14 cm center-to-center spacing, Figure 3.3(b). Photos of the sonar frame and
the rear of the transducers are shown in air in Figure 3.4(a) and submerged in
Figure 3.4(b). The rectangular receive array is toward the bottom of these figures
with individual yellow cables each connected to each of the six receiver modules.
The circular projector, which is mounted aft of the receive array, is seen in the
upper portion of each figure.
Once the sonar control computer has configured the data acquisition system, a
digital waveform is sent to the digital transmitter. The transmitter converts this
digital input into a high-power analog signal to drive the projector. The projector
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(a) Projector

(b) Receive Array

Figure 3.3. The projector, 3.3(a), has an active face that is circular with a diameter of
53 cm and the 48-channel hydrophone array, 3.3(b), has elements on a 9.14 cm center-tocenter spacing.

and digital transmitter were calibrated in the Acoustic Test Facility at the Applied
Research Laboratory - Penn State. The sonar system was calibrated over the full
12-24 kHz operating band used in the Seneca Lake experiments. The Transmit
Voltage Response (TVR) [123] is shown from -80 to +80 degrees in Figure 3.5. The
maximum response axis of the transducer is at an aspect angle of zero degrees,
and the TVR along this aspect is shown in Figure 3.6. Finally, the projector
beampattern, which is a peak-normalized TVR, is shown for 12 kHz, 18 kHz, 24 kHz
and averaged over 16-20 kHz in Figure 3.7.
The receive array is used to measure the scattered acoustic returns from the
lake bed. These receive elements convert the sensed pressure field into a voltage
which passes through an analog signal conditioning preamplifier prior to digitization.
This preamplifier circuit provides 20 dB of gain, a single pole high-pass filter at
2 kHz, and an eight pole low-pass filter at 80 kHz. The signals are digitized by
simultaneously sampled analog-to-digital converters operating at a sample rate of
200 kHz. The individual elements within the 48 channel receive array were each
calibrated in the Acoustic Test Facility as well. The Free Field Voltage Sensitivity
(FFVS) for a selected element within the array is shown as a function of aspect
and frequency in Figure 3.8. Again, the maximum response axis is at zero degrees
and the FFVS in this direction is shown in Figure 3.9. The peak-normalized beam
patterns for select frequencies and for the average over the 16-20 kHz band are
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(a) Sonar Frame in Air

(b) Sonar Frame Submerged

Figure 3.4. The rectangular receive array (bottom of each photo) is mounted forward
of the circular projector (top of each photo). Lowering the sonar frame submerges the
projector and receive array.

shown in Figure 3.10.
A composite pattern, where the transmit and receive response are combined,
is useful for describing the total response of the data acquisition system. The
composite sensitivity is shown in Figure 3.11. Roughly speaking, the projector is
more sensitive near the band edges of 12 kHz and 24 kHz, while the receiver is more
sensitive near the band center of 18 kHz. In the composite sensitivity the overall
response is flat to within 1 dB over the range 16-20 kHz.
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Figure 3.5. The transmit voltage response (TVR) of the projector was measured as a
function of aspect angle over the full operating band.
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Figure 3.6. The transmit voltage response (TVR) along the maximum response axis
(aspect angle = 0 degrees) of the projector was measured over the full operating band.
The TVR droops roughly 2 dB near mid-band.
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Figure 3.7. Projector beam patterns are shown at 12, 18 and 24 kHz. Additionally, the
average beampattern is calculated over the interval from 16-20 kHz.

Figure 3.8. The free field voltage response (FFVS) of the receiver was measured as a
function of aspect over the full operating band.
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Figure 3.9. The free field voltage response (FFVS) along the maximum response axis
(aspect angle = 0 degrees) of the receiver was measured over the full operating band.
The FFVS rises roughly 2 dB near mid-band.
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Figure 3.10. Receiver beam patterns are shown at 12, 18 and 24 kHz. Additionally, the
average beampattern is calculated over the interval from 16-20 kHz.
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Figure 3.11. The overall sensitivity of the transmit and receive system can be characterized by forming the composite of the TVR and FFVS. This composite shows a response
that is nearly flat over the range from 14-22 kHz.
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Figure 3.12. The overall directivity of the transmit and receive system can be characterized by forming the composite beampattern for the transmitter and receiver. The
average transmit and receiver beam patterns from 16-20 kHz are combined to form the
system composite directivity shown here. The narrow response of the transmit array is
principally responsible for the composite system directivity.
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3.1.3 Background Noise Characterization
The background-noise power spectral density, spectral coherence and spatial correlation coefficient have been characterized for the receive system. Data on the
background noise level was collected by operating the sonar platform and sonar
system in a mode identical to a standard data acquisition; however, for this test
the transmitter was inactive. The platform was under power using an outboard
motor and traveling at an average speed of 1.0 m/s.
The noise Power Spectral Density (PSD) is shown for all 48 channels in Figure 3.13. This estimate of the background noise power was calculated from a two
second record sampled at 200 kHz. This record was processed using incoherent
averaging of 1024 point Hanning windowed [124] segments. This produces a spectral
resolution of approximately 235 Hz. The hydrophone power spectra are compared
to the deep water ambient noise spectra reported by Urick [5] for the empirical
Beaufort sea-states of three and six. Within the 12-24 kHz band the root mean
square background noise level is 83 dB re µPa.
The spectral coherence and correlation coefficient of the background noise have
Noise Power Spectral Density
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Figure 3.13. The background noise power spectral density was measured over the
operating band of the sonar system with the receive array submerged and the pontoon
boat underway at the nominal speed used for data collection. These spectral levels are
compared to those expected for Sea State 3 and Sea State 6 [5].
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Figure 3.14. The magnitude of the channel-to-channel spectral coherence of the background noise is shown with channel 20 held as a reference. The noise coherence is low
across all channels with the exception of one outlier.

also been characterized. The spectral coherence, is shown in Figure 3.14, where
receiver channel 20 is held as the reference. The spectral coherence of the noise
is low across the entire band and array. Additionally, the zero-lag channel-tochannel correlation coefficient has been calculated between all possible channel
pairs. The process for this calculation is the same as that described in Section 3.3.
This calculation produces the symmetric 48-channel by 48-channel array shown in
Figure 3.15. Note that for this calculation a 12-24 kHz bandpass filter has been
used on the data in order to characterize the correlation coefficient only within the
band of interest. Along the main diagonal the autocorrelation coefficient is unity
as expected. The off-diagonal elements show a correlation coefficient less than 0.2,
which is in agreement with the spectral coherence analysis. The background noise
is incoherent from channel-to-channel. This supports a hypothesis that preamplifier
noise floor is the dominant noise source for this system. Finally, the correlation
coefficient does not appear to show any type of spatial scale or structure that would
complicate a similar analysis of lake bed backscatter data.
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Figure 3.15. The zero-lag correlation coefficient of the background noise between all
channel pairs is low. This measure of the correlation coefficient is the background against
which the spatial coherence will be estimated.

3.2 Seneca Lake Test Area
Seneca Lake is one of eleven lakes located in an area of New York State known as
the Finger Lakes region, Figure 3.16(a). Seneca Lake is the largest by volume of
these lakes with a 186 m maximum depth, a 57 km length and a 5 km width at its
widest point [125].
Acoustic testing was conducted in a central portion of the lake shown in
Figure 3.17, where three data collection tracks are shown superimposed on a
nautical chart. The depth in the central part of the lake is roughly 600 ft or 180 m.
The sonar data collected along these tracks has been processed to produce a subbottom profile showing the lake bathymetry and sub-bottom sediment structure.
The profile for track 194530, Figure 3.18, was collected on a roughly east-to-west
track across the lake shows the steep lake walls; however, it should be noted that
there is a 10:1 vertical exaggeration in this figure. The east-to-west slope in the
central part of the lake is less than 1 degree over the majority of this collection. One
region, from 1100-1200 meters along track shows a 2.5 meter change in bathymetry,
Figure 3.19. Locally this represents a 1.4 degree slope. The profile for track 192329
is shown in Figure 3.20. This track runs north-to-south and the lake floor and
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the sub-bottom layers are sloped less than 0.5 degrees. This sub-bottom profile is
reproduced in Figure 3.21 where the depth axis and dynamic range of the display
are truncated to emphasize the spatial variability of the scattering beneath the
layered sediment sequence. The profile for track 182908 is shown in Figure 3.22.
The Finger Lakes were formed through a sequential glacial erosion and sediment
infilling process during the Holocene period more than 14,000 years ago [126,
127]. The bedrock beneath the glacial ice sheet was eroded due to large scale
glacial drainage. This erosion process produced a deep V shaped erosion trough.
Subsequent to the erosion, sediment transport during deglaciation infilled the lake
creating an east-to-west profile with steep sides and a very flat lake bed. This
bathymetric profile has been observed in a number of seismic surveys [7, 9, 126] and
can be seen in Figure 3.16(b).
The two principal studies of the Seneca Lake bed sediment stratigraphy have been
conducted by Mullins, et al. [7] and Halfman and Herrick [9]. Each author described
a series of sedimentation processes responsible for the depositional sequences making
up the lake floor. The six sequences described by Mullins, et al. will be notated
M1-M6 and the four sequences of Halfman and Herrick will be notated HH1-HH4.
Mullins utilized a combination of a Uniboom seismic source to provide acoustic
reflectivity data as well as drill and piston core sediment sampling taken from
within the lake bed. The Uniboom surveys were conducted over eighty roughly
east-to-west transects covering the majority of the lake. The sediment was observed
to be thinnest at the margins of the lake where it overlays the scoured bedrock.
The sediment is thickest in the central portion of the lake reaching a maximum of
270 m in the lake’s southern half. This survey identified six primary depositional
sequences reaching to the bedrock. Our interest is in sequences M4-M6, which are
the three upper most defined in Mullins. Sequence M4, which is beneath sequences
M5 and M6, is observed to exist throughout the lake basin and features a series of
acoustically reflective small-scale layers called varves. The presence of these basin
wide strata are indicative of sedimentation in a lake formed by damming of the
melt water during deglaciation. Sequence M5 consists of fine-grained muds with
occasional lamination. Sequence M6, which forms the sediment-water interface, is
described as post-glacial, laminated mud. Four of the piston cores extracted by
Mullins were collected from the north-central lake floor at 140 m depth. These cores
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(b) Seneca Lake Bathymetry

Figure 3.16. The Finger Lakes are located in New York state. Seneca Lake is the largest by volume of the eleven lakes in this
region. The central portion of Seneca Lake has a deep and flat lake floor at more than 140 m depth. Figure 3.16(a) from [6].
Figure 3.16(b) from [7]. Both figures used with permission.

(a) Finger Lakes Region
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Figure 3.17. Three test tracks are shown overlaid on a nautical chart, where the depth is provided in feet. Track 194530 provides
a sub-bottom profile that crosses the lake from east to west. This profile shows the steep lake sides and flat central lake floor,
Figure 3.18. Testing was conduced near the central portion of Seneca Lake. Sub-bottom profiles for tracks 182908 and 192329 are
shown in Figure 3.22 and 3.20, respectively.
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Figure 3.18. This sub-bottom profile of the lake bed was collected on a east-to-west transect of the lake. The steep lake walls
are apparent as well as the flat central lake floor.
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Figure 3.19. This sub-bottom profile is a subset of that shown in Figure 3.18. It was created using a Hanning-windowed transmit
pulse. The application of this window has greatly reduced the sidelobes in the temporal ambiguity function. This helps to clearly
show the layering present in the lake floor.
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Figure 3.20. This sub-bottom profile of the lake bed was collected on a North-to-South track near the center of the lake. It was
created using a 10% Tukey windowed waveform. The temporal sidelobes of the ambiguity function are seen as a thin bit of return
leading the main interface return.
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Figure 3.21. The sub-bottom profile of Figure 3.20 is shown zoomed in on the portion of the return beneath the upper layered
interface. The dynamic range has been scaled to emphasize the spatial anisotropy of the returns.
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Figure 3.22. This sub-bottom profile of the lake bed was collected on a Northeast-to-Southwest track near the center of the lake.
It was also created using a 10% Tukey windowed waveform. The temporal sidelobes of the ambiguity function are seen as a thin
bit of return leading the main interface return.

were 4-5 m in length and sequence M6 sediments were measured to have lengths of
3 m and 5 m in two cores. This sequence exceeded the core length in the remaining
two. Unfortunately, no geotechnical or geoacoustic analysis of the extracted cores
was presented in Mullins, et al.
Halfman and Herrick conducted their survey of the lake floor from 1995 to
1996 utilizing a sub-bottom profiler. The sonar system employed did not have the
same sediment penetration capability as that used by Mullins et al. It could only
resolve lake bed features to sediment depths of 30-50 m. This range overlaps with
sequences M4-M6. Sequence HH2 aligns with sequence M4. Both describe a highly
acoustically reflective series of varves. The layers within the cores were observed to
be no more than a few centimeters thick. Sequence HH3 is due to mass-movement
of the sequence HH2 sediment from the northern end of the lake. The acoustic
character of sequence HH3 is described as a pair of nearly acoustically transparent
strata with a irregular and diffuse acoustic reflections at the boundaries between
these two strata. This sequence reaches a maximum thickness of 10 m in the northcentral deepest portion of the basin. Both acoustic and core samples indicate that
sequence HH3 is not present south of Dresden. It is hypothesized that the process
which caused the down-lake mass-movement did not disturb the sequence HH2
sediment along the lake walls in the southern portion of the lake. Sequence HH4,
which forms the sediment-water interface, has a series of low-amplitude acoustic
reflections that increase with depth and is 5-8 m thick in the deep basin. Cores
extracted from the deep basin show a laminated black mud over laying regions
of brown mud. Thus, it appears that sequence HH4 definitely includes M6 and
possibly some portions of sequence M5.
The most detailed study of the sediment properties in the upper sequence
of Seneca Lake has been conducted by Curtin, et al. [10]. This study sought to
characterize periods of enhanced precipitation over the 14,000 year formation period
for the upper sequence. Periods of elevated precipitation rates are hypothesized to
result in increased fluvial transport of coarser terrigenous material into the lake
basin and turbidity currents are responsible for the basin wide distribution of this
material. A similar process is hypothesized by Ludlam for neighboring Cayuga
Lake [128]. Ludlam proposed that sedimentation is due to land-based material
transported by tributaries, and seasonal changes in the sediment rates produce
varves. One core collected by Curtin, et al. showed that sand layers may be
present in the deep portion of the lake; however, sand beds were not obvious in all
collections. Curtin et al. extracted three piston cores (4.7-5.4 m length) from the
deep basin of Seneca Lake. The fluvial transport of terrigenous sediments near the
three core sites has been measured by Halfman as part of his study of Seneca Lake
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Sequence

HH4

M6

-

M5

HH3

-

HH2

M4

Description
Post-glacial sediments consisting of dark laminated
muds [7, 9] possibly overlaying massive brown mud [9].
Thickness observed at 3-8 m in the deepest lake basins [9].
Almost no sand present. Mean grain size 3-6 µm in upper 3 m
and coarsening downward with grain size 3.5-7 µm [10].
Laminated, fine grained, massive brown muds [7]
(Possible intersection between sequences HH4 and HH3)
Mass movement deposits of pro-glacial sediment. Two principal
deposits up to 10 m thick were identified. Deposit thins
southward and is not observed south of Dresden [9].
Highly acoustically reflective pro-glacial rhythmites or varves
Sediment type is regionally known as “pink clay”

Table 3.1. Mullins, et al. [7] and Halfman and Herrick [9] each used acoustic methods and
visual descriptions of core samples to describe the sediment stratigraphy of Seneca Lake.
Curtin, et al. [10] collected short cores within the lake that provide some geotechnical
parameters. Mullins, et al. sequence numbers are indicated with M# and Halfman and
Herrick with HH#.

water quality [125]. Halfman observed the total suspended sediment flux from a
number of fluvial sources from 2000-2011. He found that the nearby Keuka Lake
Outlet into Seneca Lake had a flux which ranged over 68-36,636 kg/day with a
mean flux of 4824 kg/day. Although the core sites are in an area with an elevated
sediment flux, Curtin, et al. found that strata were not identified through visual
inspection; however, petrographic analysis did reveal a few discrete boundaries with
increased distribution of sand. One of the three deep basin cores was reported in
detail. In this core, the sediment shows mean grain size over the range 3-7 µm.
Figures 3.19, 3.20, 3.21, and 3.22 each show a sub-bottom profile of the central
deeper portion of Seneca Lake south of Dresden, NY. The upper 10-12 m show
enhanced acoustic scattering and layering associated with the post-glacial sequences
HH4 and M6. The vertical resolution of the sonar system is approximately 8 cm,
which is too coarse to resolve the annual layering interval of 2 cm found by Ludlam
in neighboring Cayuga Lake [128]. Ludlam’s characterization of the uppermost
sequence at Cayuga found a highly laminated sediment with distinct annual couplets
2 cm in thickness. Unique, larger, basin-wide laminae were found to be associated
with regional flooding events. These major layers were frequently separated by
more than 10 cm and are likely the source of scattering for the interfaces observed
in the sub-bottom profiles. This mechanism agrees with Curtin et al.’s hypothesis
that the upper sequence material was deposited through turbidity currents during
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periods of enhanced precipitation; however, it does not agree with Curtin et al.’s
observation of limited layering in their deep basin cores.
Below the upper sequence the character of the returns are markedly different.
The distinct laminae are no longer present and the scattering level is weaker and
irregular in nature. There is a weak and diffuse interface approximately 10 meters
into this sequence of sediment. This is most clearly seen in Figure 3.21 where the
dynamic range is scaled to emphasize the variability in this sequence. The challenge
is to associate the acoustic character of the sediments observed at these depths with
the geologic interpretation in Table 3.1. The acoustic character of this sediment
does not agree with any of the observations of Mullins et al. Both M4 and M5 were
described as a series of highly-reflective varves whose composition was either clay
or mud. Halfman and Herrick described HH3 as a pair of mass-movement deposits
that produced a near-transparent and irregular acoustic return. HH3 deposits were
found to be up to 10 meters thick. This agrees very well with the observations
in the data; however, Halfman and Herrick noted that HH3 thinned southward
and was absent south of Dresden, NY. All of the data collected here was south of
Dresden. Halfman and Herrick described HH2, which is overlaid by HH4 in the
absence of HH3, as a highly reflective series of varves, which does not agree with
the character of the data. The data for this study was collected 10 km south of
the southernmost point of Halfman and Herrick’s study. Is it possible that the
sediment in question is associated with a separate mass movement event from that
observed in their study?
A profile of the acoustic returns has been formed from 200 sequential transmission
over the first 200 m of track 192329. These returns have been temporally aligned
based on the initial return and incoherently averaged to better visualize the distinct
regions and to give a scale in both time and depth. This average return, normalized
to the maximum, is shown in Figure 3.23. Three sediment sequences are identified
in this figure. Sequence 3 corresponds to the upper interval that is well described
by both Mullins et al. and Halfman and Herrick as the laminated post-glacial
sediment. Sequence 2 corresponds to the sediment layer beneath this with a spatially
irregular character. Sequence 1 is the deepest sediment observed and it is the most
acoustically homogenous.
Profiles of the water temperature versus depth have also been collected in the
lake during the test period. The water temperature was 16 ◦ C near the surface
and falling to 4 ◦ C by 50 m depth. Below this depth the lake is isothermal with a
constant sound speed near 1423 m/s.
The sediment sounds speed has been estimated in a separate experiment using
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Figure 3.23. An averaged return from track 192329 is shown as a function of depth from
the sensor and time after the first interface return. Three distinct sediment sequences are
identified. This plot is created by incoherent averaging of the first 200 pings of Track
192329.

the same data collection platform and a pair of hydrophones moored in the water
column. This technique was first described by Bryan and involves inversion of the
range migration of sub-bottom wavefronts as a function of ensonification angle for
the bulk sounds speed in the sediment [129]. This analysis resulted in a sediment
sound speed estimation of 1458 m/s [130].
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Figure 3.24. The sound speed profile in Seneca Lake is nearly constant below 50 m
depth.

3.3 Signal Processing
The sonar system described in Section 3.1 was used to collect normal incidence
bottom reverberation in Seneca Lake, NY. Data is collected by transiting a nominally
straight track in the deep, central portion of the lake. The two collections that
will be studied are “2015 0615 182908” and “2015 0618 192329”, where the track
identification is given by the date and time of the track’s initial transmission.
These two track lines are shown over a nautical chart in Figure 3.17. The transmit
waveform for both tracks is a 10 ms linearly-frequency-modulated waveform from
12 kHz to 24 kHz. This waveform is windowed with a 10% Tukey window [124].
The sonar system transmits flights, which consists of a pairs of pulses separated by
100 ms, at an inter-flight interval of ∼850 ms. The majority of the analysis in this
work with focus on the first transmitted pulse; however, pulse-to-pulse comparisons
will be made to support an estimate of the signal-to-noise ratio.
The signals recorded for each flight are processed using a sequential series of
steps shown in Figure 3.25. After reading the recorded data, it is replica correlated
using an analytic replica of the transmit waveform. An example of the signal
after replica correlation is shown in Figure 3.26. The direct-path signal from the
transmitter to the receiver is seen at 10 ms and 110 ms, and the bottom returns
are seen at 260 ms and 360 ms. The returns from the lake floor fall back to the
background level after approximately 80 ms. A weak return is seen at 510 ms. This
is the signal which scatters from the lake floor, is then reflected by the lake surface,
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Figure 3.25. The spatial coherence of the field data is measured and characterized
through the sequence of signal processing steps shown here.

scatters from the lake floor a second time and is then received by the hydrophone.
The signals of interest are the two returns from the lake floor at 260 ms and
360 ms. The time of arrival for both pulses is estimated and two 100 ms records are
extracted or segmented for each of the 48 receive array channels. In this example
the two segmented signals span the intervals 260-360 ms and 360-460 ms. These
96 segmented pulses are shown in Figure 3.27(a), where the 48 channels for the
first pulse are shown on the left half of the figure and the 48 channels for second
pulse are on the right half. A thin white line is used to delineate the halves. The
signals shown in this figure have the full transmit waveform bandwidth (12-24 kHz).
The numerical model for spatial coherence was developed assuming a narrowband
transmit signal; consequently a 16-20 kHz bandpass filter is used to reduce the
bandwidth. A temporal window is applied so the effects of scaling inner and outer
times may be studied. An example of a temporal window is shown in Figure 3.27(b)
where a rectangular window is used to extract the response from 35-45 ms.
At this point it is now possible to begin the process of measuring the correlation
coefficient between hydrophone pairs in order to estimate the spatial coherence.
The zero-lag correlation coefficient is calculated for all the 962 channel pairs. The
details of this calculation are provided in Section A.2. It is possible to correlate
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Figure 3.26. The full time series for flight 300 is shown for track 192329. The two initial
returns are direct-path from the transmitter to the hydrophone. The bottom returns
arrive at 260 ms and 360 ms. The later return at 510 ms is the “double-bounce” or a
doubly scattered return of the transmitted signal from the lake floor.

signals between hydrophones on like pulses (1-1 or 2-2) to form the “auto-pulse”
correlation. Likewise, the “cross-pulse” correlation is formed by correlating signals
between hydrophones on separate pulses (1-2). In this work, the spatial coherence
is estimated using the pulse 1 auto-pulse correlations. The cross pulse correlation
is used to provide an estimate of the signal-to-noise ratio by a method described in
Appendix A.4.
The correlation coefficients for the windowed signals in Figure 3.27(b) are shown
in Figure 3.28. The quadrants of this figure represent the four possible pairs of
pulses to correlate. In the upper left quadrant, the 48 channels received on pulse
1 are correlated against themselves. The same is true for the lower left quadrant
and pulse 2. The upper right quadrant shows all 48 channels of pulse 1 correlated
against all 48 channels of pulse 2. The redundant correlation of pulse 2 against pulse
1 is shown in the lower left quadrant. The upper left and lower right quadrants
are the auto-pulse correlations and the upper right quadrant is the cross-pulse
correlation. The channels in each quadrant are arranged in increasing order and
channel one is correlated against itself in the upper-left corner of each quadrant and
channel 48 is correlated against itself in the lower-right corner of each quadrant.
Several qualitative observations can be made examining Figure 3.28.
• Adjacent channels are more highly correlated in the auto-pulse quadrants.
See Figure 3.29 for channel numbering.
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(a) Aligned Time Series

(b) Bandpass Filtered and Windowed

Figure 3.27. After each of the received pulses is identified, a 100 ms record is segmented
surrounding this pulse. These segmented time series are aligned and shown in (a). After
bandpass filtering these signals, a temporal window is applied. The result of this filtering
and windowing is shown in (b).

• Adjacent channels are not highly correlated in the cross-pulse quadrants.
• The physical layout of the channels makes interpretation of this figure difficult.
A better and more intuitive representation is needed.
The physical layout and numbering scheme for the 48-channel receive array is
shown in Figure 3.29. The array is arranged in a 6x8 channel layout with the 8
channels in the forward direction. The correlation of any pair of pulses produces
482 measures of the correlation coefficient. Each of these measures of correlations
has an associated spatial offset, however, these offsets are not unique. For example,
the autocorrelation produces 48 correlations coefficients at zero offset. Another
example of redundancy is pairs 1-43, 2-44, 3-45, 4-46, 5-47 and 6-48. Each of
these pairs have the same spatial offset of seven elements in the fore-aft direction.
Examination of the array layout and the repeated spatial offsets shows that for an
fully populated array with dimensions m by n there are (mn)2 correlation pairs
with (2m − 1)(2n − 1) unique spatial positions. The 6x8 channel receive array used
in this experiment produces an 11x15 array of unique spatial offsets.
The unique spatial offsets and the number of repeated pairs at each offset is
shown in Figure 3.30. The redundant correlations at any unique spatial offset
are averaged to form an 11x15 matrix of correlation coefficients. The result of
this mapping is shown for measured data in Figure 3.31. For each quadrant
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Figure 3.28. The zero lag correlation coefficient is calculated across the 482 possible
channel pairs for the two segmented pulses shown in Figure 3.27(b). The auto-pulse
correlation coefficients are shown in the upper left and lower right quadrants. The
cross-pulse correlation coefficients are shown in the upper right and lower left quadrants.

the x-axis represents forward displacement and the y-axis represents athwartship
displacement. Note that the redundant information of the lower-left quadrant has
not been computed.
This spatial representation of the data greatly aids interpretation of the measured
correlation coefficients. The cross-pulse correlation shows the effect of the sensor
translation between pulses. The offset of the peak correlation coefficient is a direct
measure of the ping-to-ping displacement of the sensor. This is the effect exploited
by correlation velocity logs for the estimation of bottom-referenced ship velocity [12].
This dissertation is focused on modeling the spatial coherence for the auto-pulse
correlation, and the analysis of this chapter will be restricted to the auto-pulse
correlation for the first pulse in the upper left quadrant. Quantifying the coherence
length and asymmetry of this surface will again be accomplished using a bivariate
normal fit similar to what was described in Equation 2.73. The measured data
includes noise that is incoherent from channel to channel, so the characterization of
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Figure 3.29. The geometric layout of the channels in the 48 channel receive array is
shown. The channels are numbered from fore to aft and then port to starboard.
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Figure 3.30. The 48 channel receive array produces an 11x15 array of unique spatial
offsets between channel pairs. Many of these spatial offsets are redundant, and the
number of redundant offsets is shown for each unique position in this figure.
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Figure 3.31. The spatially redundant correlation coefficients in Figure 3.28 have
been averaged to form this measure of the spatial coherence. Note that the redundant
information in the lower-left quadrant has not been computed.

the spatial coherence requires the surface fit to admit peak correlation coefficients
less than one. This noise will scale the measured correlation coefficient according
to Equation A.26. For evaluation of measured data, Equation 2.73 is modified to
include a leading scale factor
(

µ = µp exp

1
−
2(1 − ρ2 )



x1
σ1

2

x2
+
σ2


2

x1 x2
− 2ρ
σ1 σ2

)

,

(3.1)

where µp = SNR/1+SNR is the peak of the bivariate function that is fit to the measured
correlation coefficients. Note that the correlation coefficients measured at zero
displacement are excluded from the fit since the channel-to-channel noise is perfectly
correlated on these pairs.
The metrics used to describe the surface’s coherence lengths, orientation and
asymmetry for the measured field data are also improved relative to those described
in Equation 2.73. In Section 2.4, the simulations were selected so that the major
and minor axes of the asymmetric surface fell along the vertical and horizontal
directions. Because of this, the degree of asymmetry was captured by the ratio
σ1/σ2 . The asymmetry orientation is not constrained in this way for the measured
102

data. A complete description of the asymmetry would require both the coherence
lengths and bivariate fit correlation, ρ. Combining multiple separate measures to
describe the asymmetry is confusing and leads to a more difficult interpretation
of the results. To resolve this issue, a second set of surface widths are calculated
that are oriented along the major and minor axes of the asymmetric surface1 . The
major axis coherence length is given by σa and the minor axis coherence length is
given by σb . The orientation of these axis will be denoted by the angle θa , where
θa = 0 indicates that the major axis is aligned with the x1 axis. Therefore, if θa = 0
then σa = σ1 and σb = σ2 . Using the coherence lengths aligned to the major and
minor axes it is possible to define a single measure of the surface asymmetry
=

σb
.
σa

(3.2)

This measure of asymmetry is bounded,  ∈ (0, 1].  = 1 is the case of no asymmetry
(a circular surface), and asymmetry is maximized as  → 0.
The pulse 1 auto-pulse spatial correlation has been calculated from Figure 3.31
and is shown with the bivariate normal fit applied in Figure 3.32. The correlation
lengths, factors describing asymmetry, and estimated peak value are included in
the title of the figure. Note that the thin, white iso-line in this figure is shown at a
level equal to half of the estimated peak value.

1

The surface oriented axes are found through an eigendecomposition of the covariance matrix
for the bivariate normal surface. The resulting eigenvectors are oriented along the major and
minor axes of the surface and the eigenvalues are the square of the coherence lengths along these
axes.
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Figure 3.32. The pulse 1 auto-pulse correlation coefficients from the upper left quadrant
of Figure 3.31 are shown. The bivariate normal surface fit, Equation 3.1, is applied to
the data and the fit parameters are shown in the title. A thin white isoline is shown at
the level equal to half the estimated peak value.

3.4 Measurements of Spatial Coherence
Track 192329 and 182908 have each been processed using the steps described
in Section 3.3 to characterize the spatial coherence observed in the Seneca Lake
experiment. 1000 pings were transmitted in collecting track 192329, and 597 pings
were transmitted in track 182908. A 10 ms rectangular temporal window has been
used to analyze the impact of windowing. The onset of this window has been
scanned from an inner time of 0 ms to 40 ms in nine steps of 5 ms. The following
section analyzes the measured data by looking at the spatial coherence on a single
ping basis. In Section 3.4.2 an ensemble of measurements is formed over a track
and the median spatial coherence is compared to the modeling results developed in
Chapter 2.
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(a)

(b)

Figure 3.33. Sub-bottom profiles are shown in the area of pings 155 and 408 for track
192329. The spatial coherence surfaces for this pair of pings are shown in Figures 3.34
and 3.35, respectively

3.4.1 Variability of Spatial Coherence
The spatial coherence surfaces measured from both tracks exhibited significant
ping-to-ping variability. To illustrate this, two pings (155 and 408) have been
selected from track 192329 as examples. Segments of the sub-bottom profile in the
region of ping 155 and 408 are shown in Figures 3.33(a) and 3.33(b), respectively. At
these frequencies and ranges the Fresnel zone has a diameter of 5.4 m. Qualitatively
there are no obvious differences between these profiles. Each shows sequence 3
dominated by highly-reflective, post-glacial, layered sediments. Distinct layering
is absent in sequence 2 however the scattering is spatially anisotropic. Finally,
sequence 1 appears to be spatially isotropic. These observations are in line with
those made based on the discussion of Figure 3.23.
A spatial coherence surface for each of the nine temporal windows applied to
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ping 155 is shown in Figure 3.34. The shape of the surface is measured using
the bivariate normal fit, Equation 3.1, and the fit parameters are provided in the
title of each figure. The surface narrows with increasing inner and outer time and
the surfaces are moderately asymmetric. The upper three to four windows span
sequence 3, the post-glacial layered sediments. The coherence lengths for these
windows are relatively large. The sediment interfaces in this sequence are associated
with a fine-grained sediment that typically have low interface roughness. Scattering
from this type of interface has been shown to have wide spatial coherence (see
Figure 2.12(i)). Additionally the field scattered from these layers will include both
a coherent component and an incoherent component. Given these two effects, it is
unsurprising to see wide spatial coherence for these windows. Sequence 1 and 2 do
not have distinct layers, and are less likely to have strong coherent components or
broad spatial returns from low roughness interfaces. This results in the significantly
shorter coherence lengths observed for these later windows.
Figure 3.35 provides the same analysis for ping 408. What is interesting here is
the significant change in the asymmetry observed for each window. Figures 3.35(a) 3.35(c) show asymmetry oriented where θa > 0. The orientation abruptly changes to
θa < 0 for inner times 15 ms and greater. This change occurs as the temporal window
passes from sequence 3 to sequence 2. The orientation and degree of asymmetry
for this ping are somewhat constant for Figures 3.34(e) - 3.34(i) spanning inner
times of 20-40 ms. A 10 ms temporal window was used in the analysis of this data,
so windows with inner times of 20 ms, 30 ms, and 40 ms have no temporal overlap
and are therefore statistically independent. The consistency spatial coherence over
this range indicates that the asymmetry is not due to a random fluctuation of the
measured field but instead may be due to an environmental process that is spatially
stationary over this range of sediment depths.
To assess the ping-to-ping variability of the measured spatial coherence, the
coherence lengths are shown for every ping of track 192329 in Figure 3.36 and 3.37.
This pair of figures shows the array aligned (σ1 and σ2 ) and surface aligned (σa and
σb ) coherence lengths for three inner times selected to represent data from within
sequence 1 (35 ms), sequence 2 (20 ms), and sequence 3 (0 ms). Any data points
missing from these plots are indicative of regions where the bivariate normal fit
process failed to converge.
Several interesting observations may be made in comparing the major and minor
axis coherence lengths in Figure 3.37. First, the coherence lengths observed for the
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(e) 20 ms

(f) 25 ms
Bivariate Normal Surface Fit: Ping: 155 | Inner Time: 40 ms
Peak = 0.59 | σ 1 = 0.21 | σ 2 = 0.16 | ρ = 0.03
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Figure 3.34. The spatial coherence surface is shown for ping 155 of track 192329 for
a temporal window with a 10 ms length. The inner time for each window is shown
beneath each figure. The shape of each surface is measured using the bivariate normal
fit, Equation 3.1, and the fit parameters are provided in the title of each figure.

0 ms temporal window differs significantly from the other two windows. The major
axis length for this window fluctuates somewhat randomly around a mean value
that slowly decreases over the 1000 ping interval. The minor axis length shows more
spatial structure from ping-to-ping. Over the first 400 pings, σb gradually oscillates
between 0.3 meters and 1.4 meters. From ping 600-1000, σb begins at 0.9 meters,
decreases to near 0.3 meters, and then rises back to 1.0 meters. The gradual spatial
variation is not indicative of statistical variations in estimation of the coherence
length, which would be random from ping-to-ping. Instead, this spatial structure
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(a) 0 ms

(b) 5 ms

(c) 10 ms

(d) 15 ms

(e) 20 ms

(f) 25 ms

(g) 30 ms

(h) 35 ms

(i) 40 ms

Figure 3.35. The spatial coherence surface is shown for ping 408 of track 192329 for
a temporal window with a 10 ms length. The inner time for each window is shown
beneath each figure. The shape of each surface is measured using the bivariate normal
fit, Equation 3.1, and the fit parameters are provided in the title of each figure.

it is likely due to the combination of coherent and incoherent scattering from the
interfaces and the volumes present in the sequence 3 sediments.
The major axis and minor axis coherence lengths for the 20 ms and 35 ms
temporal windows are almost always shorter than that measured for the 0 ms
window. Also, neither of these windows show the level of ping-to-ping variability
seen in for the sequence 3 sediments. For the 20 ms window, σa shows some smaller
scale (order 10 ping) ping-to-ping spatial variability where the coherence length
increases above what appears to be a consistent lower bound. For this same window,
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Figure 3.36. The bivariate normal fit parameters σ1 and σ2 in Equation 3.1 are shown
for three selected temporal windows applied to track 192329.

σb shows less ping-to-ping structure. This is the opposite of what was observed for
the 0 ms window, where the primary spatial structure was seen in σb . Finally, the
coherence lengths for the 35 ms window show the least ping-to-ping spatial structure.
This qualitatively agrees with the observation of isotropy in the sub-bottom profiles
for this data.
The nature of the ping-to-ping structure of the spatial coherence is most easily
seen in Figure 3.38. Here the surface asymmetry,  = σb/σa , is shown in the left
column of figures and the orientation, θa , shown in the right column of figures. The
upper row includes the figure pair for the 0 ms window, the middle row includes
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Figure 3.37. The surface aligned coherence lengths σa and σb are shown for three
selected temporal windows applied to track 192329.

the figure pair for the 20 ms window, and the bottom row shows the figure pair
for the 35 ms window. The ping-to-ping spatial structure for the asymmetry is
apparent in Figure 3.38(a). Through the first 400 pings the asymmetry oscillates
from  = 0.3 to  = 0.9, and over pings 600-1000 the asymmetry slowly declines
from  = 0.7 to  = 0.3 before rising back to  = 0.7. A visual comparison of the
surface asymmetry and its associated orientation (Figure 3.38(a) and 3.38(b)) show
that these two properties are correlated. This is especially true in the 700-900 ping
interval where the asymmetry and orientation both vary slowly. The asymmetry
and orientation for the 20 ms window also shows ping-to-ping spatial structure;
however, the spatial fluctuations occur over shorter ping intervals. The surface
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Figure 3.38. The surface asymmetry parameters  and θa are shown for three selected
temporal windows applied to track 192329.  is shown in the left column of figures and
θa in the right. The upper row includes the figure pair for the 0 ms window, the middle
row includes the figure pair for the 20 ms window, and the bottom row shows the figure
pair for the 35 ms window. Note that the ping-to-ping structure of the spatial coherence
is strongly dependent on the inner time of the temporal window.
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orientation for this window is nearly random. Finally, the 35 ms window exhibits
ping-to-ping random fluctuations in both the orientation and asymmetry of the
spatial coherence surface.
The bivariate fit parameters have also been calculated for the 597 pings of track
182908. σ1 , σ2 , σa and σb are shown in Figure 3.39. The surface asymmetry and
orientation as characterized by  and θa are shown in Figure 3.40. The spatial
coherence and its asymmetry are similar between track 182908 and track 192329.
The uppermost sequence shows the broadest spatial coherence and the asymmetry
observed in that sequence exhibits the most significant ping-to-ping spatial structure.
The 20 ms window shows ping-to-ping spatial structure in the measured coherence
that extends for 10-20 pings. For the 35 ms window, the spatial coherence surface
asymmetry fluctuates randomly with a random orientation.
Some general observations may be made across all the data presented in Figures 3.36-3.40. The 0 ms window has the longest coherence length as well as the most
asymmetry in the coherence lengths. The asymmetry in this window varies somewhat slowly from ping-to-ping. This indicates that the measured spatial coherence
asymmetry is determined in part by environmental effects that are persistent across
sequential pings. The 20 ms window has a significantly shorter coherence length
than the 0 ms window. The surfaces generated for this window are less asymmetric.
While ping-to-ping spatial structure exists for this window’s asymmetry, it is present
only over intervals of 10-20 pings. It is hypothesized that the moderate spatial
anisotropy seen in Figure 3.33 from 15-35 ms has led to ping-to-ping coherence
length variability of the 20 ms window. The spatial coherence length for the 35 ms
window is slightly narrower than that observed for the 20 ms window. The surface
asymmetry for this window varies randomly from ping-to-ping and the orientation
of the surface is random as well.
Figure 3.41 provides a summary of the variability of the coherence length and
asymmetry for each of the nine inner times processed for tracks 192329 and 182908.
In these plots, the median coherence length or asymmetry are shown as a function
of the window inner time, and the error bars in indicate the 80% interval.
The median values for σ1 and σ2 are shown in Figures 3.41(a) and 3.41(b).
Inner times spanning 0-15 ms (sequence 3 sediments) show the largest spatial
coherence and the highest variability. Also, the median of σ1 and σ2 over these
three windows are not equal. This indicates that the underlying asymmetric surface
has a preferential orientation over the ensemble used in calculating this median
value. This preferred orientation is apparent in Figures 3.38(b) and 3.40(b). The
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Figure 3.39. The bivariate normal fit parameters σ1 and σ2 and the surface aligned coherence lengths σa and σb are shown for
three selected temporal windows applied to track 182908.
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Figure 3.40. The surface asymmetry parameters  and θa are shown for three selected
temporal windows applied to track 182908.  is shown in the left column of figures and
θa in the right. The upper row includes the figure pair for the 0 ms window, the middle
row includes the figure pair for the 20 ms window, and the bottom row shows the figure
pair for the 35 ms window. Note that the ping-to-ping structure of the spatial coherence
is strongly dependent on the inner time of the temporal window.
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Figure 3.41. The median values of the coherence length estimates are shown as a
function of temporal window inner time. The error bars represent the 80% interval of the
measured data.
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median of σ1 and σ2 for the windows with inner times spanning 20-40 ms are equal;
consequently, the underlying asymmetry must have a random orientation over the
ensemble.
The median of the surface aligned correlation lengths are shown in Figure 3.41(c)
and 3.41(d). In each of these plots the asymmetry is greatest for the inner times
spanning 0-15 ms. This is seen directly in the plots of the median asymmetry for
both tracks, Figures 3.41(e) and 3.41(f). The uppermost sequence 3 sediments show
a median asymmetry of  ≈ 0.5 while the sequence 1 and 2 sediments have median
asymmetry of  ≈ 0.75.
In this section it was found that the ping-to-ping spatial coherence measured in
Seneca Lake showed significant variability. The variability of the single ping spatial
coherence surface is of interest to some communities, such as those concerned
with modeling correlation velocity log performance. Some component of the
variability is certainly due to statistical estimation uncertainty associated with the
measurement of the correlation coefficient. Additionally, there is some component
due to environmental effects, and this variability appears to be linked to the
complexity and anisotropy of the associated lake floor sub-bottom profiles. In the
upper, post-glacial sequence 3 sediments the discrete strata between varves will
form smooth interfaces. These scattering interfaces will have both an incoherent
component and a coherent component. The level and received wavefield direction
will be due to the specific geometry of the layer sequence. Small tilts in the
orientation could produce a coherent plane-wave whose direction is not normal
to the receive array. This directionality of a coherent source will strongly affect
the measured coherence. Additionally, the variability could be due to a number
of processes that impact the coherent and incoherent components of the scattered
field. Small scale curvature of the strata that match the wavefront curvature of
the incident sound field can have a focusing effect. This has been observed for
radio scattering from the Antarctic Ice Sheet [131] and has been attributed to
enhanced scattering levels in geophysical surveys [132]. Discrete scattering objects
may be present in the lake bed. This could be due to small collections of natural
inhomogeneous material. The Seneca Lake area is also popular for recreational
boating, so discrete scattering clutter may be due to manmade refuse that has
been discarded in the lake. A more detailed study of the single ping spatial
coherence is warranted, and this is discussed as a potential avenue for future work
in Section 4.2.2.
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3.4.2 Spatial Coherence Model-Data Comparison
The numerical model for the spatial coherence developed in Chapter 2 predicts the
average or ensemble spatial coherence for a given geometry and environment. It
is possible to compare this model to the data collected for a track by forming an
ensemble across a spatially stationary set of sequential pings. In the prior section, it
has been shown that this assumption may be invalid, especially for the sequence 3
sediments. Additionally, modeling the sequence 3 sediments is made difficult by the
highly complex nature of the sediment structure. This sequence has a large number
of closely spaced discrete interfaces, and the sediment and roughness properties
of these interfaces are unknown and likely spatially variable. Acoustic inversion
of normal-incidence backscatter data for sediment properties is challenging for
simple sediment-water interfaces, and it is not possible for the lake floor seen in this
data. One way to approach this problem would be a parametric study where layer
properties are hypothesized and modeled. This would result in an under-constrained
problem where the model may match the data but without building confidence
in (or uniqueness to) the solution. Therefore, the complexity of the layering
present in the field data for the sequence 3 sediments precludes a meaningful modeldata comparison utilizing the interface scattering model components developed in
Section 2.4.3. The sequence 1 and 2 sediments are dominated by volume scattering;
consequently, the field data for each temporal window will be compared to the
model developed for isotropic volume scattering described in Section 2.4.4.
An example of this analysis applied to track 192329 is found in Figure 3.42. A
portion of the sub-bottom profile is shown in Figure 3.42(a), where a white bracket
is overlaid to show the spatial/temporal extent of the 10 ms rectangular window
applied to the receive time series. The spatial coherence surface is calculated
across all pings in this track. The median value of the correlation coefficient is at
each spatial offset calculated over this ensemble, and it is shown in Figure 3.42(b).
Vertical and horizontal slices through the peak of the surface are shown as “Axis 1”
and “Axis 2” in Figure 3.42(c). These median values include error bars representing
the 80% interval of the measured data. Figure 3.42(c) also includes results from the
numerical model for spatial coherence of scattering from an isotropic volume. This
model has been evaluated for this sensor and geometry as a function of sediment
attenuation with values ranging from 0-1.1 dB/m. The model output must be scaled
by Equation A.26, which requires a local estimate of the signal-to-noise ratio. A
discussion of the process of estimating the signal-to-noise ratio is described in
Appendix A.4.
The model-data agreement for sequence 3 is poor, Figures 3.42 - 3.45. The
strongly layered interface is poorly approximated as a spatially stationary, isotropic
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scattering volume since the boundaries between interfaces are likely to produce
both a coherent and incoherent scattered field. Additionally, strong the asymmetry
of the coherence lengths seen in the earlier analysis is present here in this ensemble.
The median spatial coherence is estimated over a non-stationary ensemble and
compared to an inappropriate model. Therefore, it is unsurprising to have poor
model-data agreement.
The model-data agreement for sequence 2 is fair, Figures 3.46 - 3.48. For a
reasonable range of sediment attenuations, the numerical model predicts a coherence
length that is smaller than what is observed in the data. One hypothesis investigated
was whether the increased width of the spatial coherence could be introduced by
small coherent scatterers such as gas pockets, small rocks, man-made clutter or
focusing effects due to non-planar unresolved sediment strata. The addition of a
coherent field component to the partially coherent scattered field would increase the
measured correlation coefficient according to Equation A.12, and this would have
the effect of broadening the spatial coherence surface. The measured data in these
figures shows a near uniform bias between the measured and modeled correlation
coefficients. This scaling does not follow that described in Equation A.12, so it is
not what would be observed if a small coherent field was added to the underlying
incoherent component of the scattered field. In Figure 3.38(c), the ping-to-ping
coherence length for sequence 2 was shown to be non-stationary. It is hypothesized
that this is due to spatial anisotropy in the scattering. The ping-to-ping coherence
lengths σ1 and σ2 for this track showed spatial regions with larger coherence lengths.
It is possible that these spatially non-stationary outliers have biased the measured
coherence.
The model data agreement for sequence 1 is quite good, Figures 3.49 - 3.50. This
sequence is visually the most isotropic and the ping-to-ping measured coherence
lengths also suggest this is the most spatially stationary of the sequences observed.
The ensemble averaged spatial coherence surface is symmetric and its shape agrees
well with the numerical model for an isotropic volume with very low attenuation.
These low sediment attenuations are supported by the measurements of Holland
and Dosso for attenuation coefficients of fine-grained sediments [76].
The spatial coherence of the normal incidence scattered field has been measured
at Seneca Lake, New York. Through processing a sequence of pings it is possible to
form an ensemble so that the median spatial coherence may be measured. This
ensemble was formed from a single track of data consisting of 1000 pings. The
sub-bottom profile for this data set was segmented into three distinct sediment
sequences. Temporal windowing was used to isolate scattering from within the
lake bed, and the temporal windows selected could roughly be aligned to specific
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sediment sequences. The ensemble averaged spatial coherence was compared to
the numerical model for the spatial coherence of the incoherent component of
the scattered field developed in Section 2.4.4. The sequence 3 sediments showed
poor agreement due to the complexity of the scattering processes. The sequence 2
sediments showed fair agreement with the model, and the model-data mismatch
is attributed to the spatial anisotropy of the scattering in this sequence. Finally,
the field scattered from the sequence 1 sediments, which have the greatest spatial
isotropy, were shown to give good model-data agreement.
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Figure 3.42. Model-data comparison is shown for track 192329 for the 0-10 ms temporal window. A portion of the sub-bottom
profile is shown in (a), where a white bracket is overlaid to show the spatial/temporal extent of the applied window. In this case,
the window is within the upper most sequence 3 sediments. The scattering from this temporal window will consist of both coherent
and incoherent components from multiple interfaces as well as volume scattering from the material between these interfaces. The
median value of the correlation coefficient is at each spatial offset calculated over this ensemble, and it is shown in (b). Vertical
and horizontal slices through the peak of the surface are shown as “Axis 1” and “Axis 2” in (c). These median values include error
bars representing the 80% interval of the measured data. (c) also includes results from the numerical model for spatial coherence
of scattering from an isotropic volume. This model has been evaluated for this sensor and geometry as a function of sediment
attenuation with values ranging from 0-1.1 dB/m.
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Figure 3.43. Model-data comparison is shown for track 192329 for the 5-15 ms temporal window. This window is within the
layered sequence 3 sediments (see the white bracket in (a)) where the scattered field will consist of coherent and incoherent
components from multiple interfaces as well as volume scattering from the material between these interfaces.
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Figure 3.44. Model-data comparison is shown for track 192329 for the 10-20 ms temporal window. This window straddles layered
sequence 3 sediments and the sequence 2 sediments (see the white bracket in (a)). The scattered field for this window will consist
of coherent and incoherent components from multiple interfaces as well as volume scattering from the material between these
interfaces and below the sequence 3 sediments.
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Figure 3.45. Model-data comparison is shown for track 192329 for the 15-25 ms temporal window. This window is almost
completely within the sequence 2 sediments (see the white bracket in (a)) where the scattered field will consist primarily of
incoherent volume scattering. The model data agreement in (c) is improved for this sequence. It is hypothesized that the
model-data mismatch is due to spatial anisotropy of the scattering from this sequence. The coherence lengths σ1 and σ2 in
Figure 3.36 for this track showed small but contiguous sequences of pings with longer coherence lengths. It is possible that these
spatially non-stationary outliers have biased the measured coherence.
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Figure 3.46. Model-data comparison is shown for track 192329 for the 20-30 ms temporal window. This window is within the
sequence 2 sediments (see the white bracket in (a)) where the scattered field will consist primarily of incoherent volume scattering.
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Figure 3.47. Model-data comparison is shown for track 192329 for the 25-35 ms temporal window. This window is within the
sequence 2 sediments (see the white bracket in (a)) where the scattered field will consist primarily of incoherent volume scattering.
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Figure 3.48. Model-data comparison is shown for track 192329 for the 30-40 ms temporal window. This window straddles
sequence 2 sediments and sequence 1 sediments (see the white bracket in (a)) where the scattered field will consist primarily of
incoherent volume scattering.
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Figure 3.49. Model-data comparison is shown for track 192329 for the 35-45 ms temporal window. This window is within the
isotropic sequence 1 sediments (see the white bracket in (a)) where the scattered field will consist primarily of incoherent volume
scattering. This sequence is visually the most isotropic and the ping-to-ping measured coherence lengths (Figure 3.36) also suggest
this is the most spatially stationary of the sequences observed. The ensemble averaged spatial coherence surface is symmetric and
its shape agrees well with the numerical model for an isotropic volume with very low attenuation.
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Figure 3.50. Model-data comparison is shown for track 192329 for the 40-50 ms temporal window. This window is within the
isotropic sequence 1 sediments (see the white bracket in (a)) where the scattered field will consist primarily of incoherent volume
scattering.
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Chapter 4 |
Summary and Future Work
4.1 Summary of Results
This dissertation presents a study of the spatial coherence of the incoherent component of the field scattered from the seafloor. The study is motivated by applications
to topics such as characterization of seafloor sediments, modeling of correlation
velocity log performance, and improving understanding of synthetic aperture sonar
imagery.
The technical approach for studying the spatial coherence has been motivated
by the van Cittert-Zernike theorem of statistical optics. This relatively simple
theorem was reviewed in Section 2.1 and was shown in Equation 2.1. The discussion
in that section was intended to build two key points of intuition for the reader.
They are:
• The spatial coherence of the scattered field is determined by the spatial
distribution of the intensity on the scattering surface or in the scattering
volume. Therefore, the physical processes that determine the spatial intensity
distribution also determine the spatial coherence.
• In the far-field of the scattering surface, the spatial distribution of the intensity
and the spatial coherence are Fourier pairs. Broad support in one domain
leads to narrow support in the other by the Fourier uncertainty principle.
The simple form and intuitive nature of the van Cittert-Zernike theorem provided
the impetus for the derivation of an equivalent expression suitable for an active
sonar. This derivation was presented in Section 2.2. Using this approach, it is
possible to model the impact of a number of sensor and environmental parameters
on the spatial coherence. This model was used to study the spatial coherence for four
different seafloor geometries. These geometries were selected to be representative
of a number of conditions that may be observed by a sensor. They are:
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1. Planar Interface Scattering
The seafloor is assumed to be isotropic, rough, infinite half-space that is
parallel to the sonar array.
2. Sloped Planar Interface Scattering
Except for the sloped interface, the seafloor is assumed to have the same
properties as the “Planar Interface Scattering” case.
3. Layered Planar Interface
The seafloor is assumed two planar interfaces separated by a variable distance.
4. Volume Scattering
The seafloor is assumed to consist of an isotropic volume without interface
scattering.
In studying these cases, it is possible to explore the impact of a nearly limitless
set of environmental, sensor, and temporal windowing parameter combinations on
the observed coherence. For each geometry, a subset of the possible combinations
was selected to illustrate the impact of the parameters on the observed coherence.
The goal in selecting the cases presented in this dissertation was to provide the
reader with the ability to compare results between cases to build an understanding
of the physical principles that govern the spatial coherence. It is important to note
that the sensor, environmental and temporal windowing parameters used here were
not studied in isolation as has been done in past research. The cases are specifically
designed to introduce interaction between the effects. These models represent many
realistic scenarios, and it was found that the mean spatial coherence observed was
frequently due to a complex interaction between multiple parameters.
While the spatial coherence observed in the modeling effort was typically due
to an interaction between of two or more parameters, it is possible to make some
general observations regarding the influence of certain parameters (subject to the
assumptions used in developing the model).
Sediment Roughness Coherence length was found to be inversely related to
sediment interface roughness. (Addressed in Section 2.4.2)
Seafloor Slope The introduction of a seafloor slope produced asymmetry in the
spatial coherence. This asymmetry was sensitive to temporal windowing.
(Addressed in Section 2.4.2)
Interface Layering The spatial coherence is sensitive to layer separation and
the sediment attenuation coefficient of the overlaid sediment. (Addressed in
Section 2.4.3)
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Surface and Volume Scattering For equivalent temporal windows, the coherence length of surface scattering is less than that for volume scattering.
Additionally, the spatial coherence may be sensitive to sediment attenuation
especially for temporal windows with non-zero inner time. (Addressed in
Sections 2.3, 2.4.2, and 2.4.4)
Temporal Windowing For constant inner time, increasing the outer time reduces
the correlation length. For constant outer time, increasing inner time reduces
the correlation length. A non-zero inner time has a significant effect on the
spatial coherence. In this case, the coherence length is significantly reduced
and spatial oscillations related to the Gibbs phenomenon are introduced.
(Addressed in all sections modeling the spatial coherence)
In addition to the numerical analysis of spatial coherence, experimental measurements were collected at Seneca Lake, New York. There, a multichannel sonar
system was used to measure the normal incidence scattered field in a band centered
at 18 kHz. Analysis of the sonar data found that scattering was present from the
sediment interface as well as the sub-bottom. The sub-bottom exhibited three
distinct sediment sequences in the upper 30 meters. Two linear tracks of data that
were collected in the central part of the lake were analyzed in detail. For each ping
within a track, the spatial coherence was measured by calculating the correlation
coefficient among all of the array’s possible channel pairs. These measured correlation coefficients were then grouped geometrically to form a two-dimensional
measure of the spatial coherence surface.
A bivariate normal fit was applied to the measured spatial coherence surface
to provide a numerical measure of the coherence length and any asymmetry. The
coherence length is measured along a pair of axes defined by the sonar array as
well as a pair of axes oriented relative to the asymmetric surface. The eccentricity
of the surface was then given by the ratio of the coherence lengths measured along
the axes oriented to the major and minor axis of the asymmetric spatial coherence
surface.
The variability of the coherence lengths and eccentricity is sensitive to the
temporal window applied and the corresponding sediment sequence. The uppermost
sequence, which is spatially anisotropic and includes significant layering, exhibited
the highest variance in the measured coherence lengths and eccentricity. The
ping-to-ping variability of the spatial coherence is of particular importance to
the operation of correlation velocity log sensors, because variability in the spatial
coherence surface will lead to variability in the accuracy of these sensors.
An ensemble of the measured spatial coherence surfaces was formed across all
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of the pings collected on one of the linear tracks. For each of the nine temporal
windows investigated, the median and 80% intervals of the spatial coherence were
calculated along the forward and athwartship axes of the receive array. These
measures of the spatial coherence were compared to the volume scattering model for
a physically plausible range of sediment attenuations. In the uppermost sequence,
the model-data agreement was poor. This was attributed the presence of both
incoherent and coherent scattering from sub-bottom interfaces. The model-data
agreement for the central sequence was fair. Disagreements were attributed to a
lack of stationarity of the scattering properties of the sediment volume over the
ensemble. Finally, for the deepest sediment sequence the shape of the median spatial
coherence surface agrees well with the numerical model for an isotropic volume with
very low attenuation. These low sediment attenuations are physically plausible
and are supported by the measurements of Holland and Dosso for attenuation
coefficients in fine-grained sediments [76].
Finally, two appendices are provided. The first provides an overview of the
estimation of coherence and the errors associated with this estimation process. In
the second, the performance of a correlation velocity log is modeled by extending
an approach first described by Atkins and Smith. A simplified, two-channel model
of a correlation velocity log is used and the covariance is assumed to follow a
bivariate normal distribution. The correlation velocity log displacement error is
shown to be a function of the spatial coherence length of the scattered field, the
signal-to-noise ratio, and the number of independent samples used to form the
covariance estimate. The modeling and measurement of the spatial coherence
length presented in Chapters 2 and 3 are directly applicable to this model.
This research into the modeling and the measurement of the spatial coherence
of the incoherent component of the scattered field has led to a pair of important
contributions. They are:
1. A detailed examination of the interaction between a number of key parameters
that determine the spatial coherence for the incoherent component of scattered
field. In particular, the effect of temporal windowing is modeled and described
for a range of environmental configurations. While the influence of the
temporal window has not been discussed in the existing literature, it was
found that this is a key parameter that strongly impacts the observed spatial
coherence.
2. Experimental measurement of the two-dimensional spatial coherence found
significant ping-to-ping variability. This is the first observation and documentation of single ping variability of spatial coherence for seafloor scattering.
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4.2 Future Work
It is usually found that in seeking to answer a question that a number of other
questions come to light. This has certainly been the case for this research. There
are two immediate topics that would advance the work presented here and two
potential application that would be interesting to study.

4.2.1 Additional Experimentation and Modeling
Additional support for the validity of the model developed in Chapter 2 could be
provided by additional modeling or experimentation. The utility of the Seneca Lake
experiment for model validation was controlled by the complexity of the lake bed
and the lack of ground truth for the sediment properties. A tank based experiment is
warranted to provide measured data collected in a well-controlled environment. Such
an experiment would require a significant scaling of the experimental geometry.
A significant increase in the sediment attenuation would be required to limit
penetration to the tens of centimeters that would be reasonable for tank experiments.
Fortunately, there is no fundamental aspect of the van Cittert-Zernike theorem that
would prohibit scaling to higher frequencies so that higher sediment attenuations
could be found. This is evident in the work presented by Mallart and Fink
who studied the application of the van Cittert-Zernike theorem to pulsed-echo
ultrasound [106].
A rigorous independent numerical modeling approach could also provide additional support for the model. The coherent simulation of representative time
series for the incoherent component of the field scattered from the seafloor may
be approached using a number of simulation techniques. All properties of the
scattered field can be achieved if a realization of a rough surface is generated,
and the field computed using a numerical solution of the appropriate integral
equation governing the boundary value problem. This type of approach yields a
simulation of the full scattered field (coherent and incoherent components). A
temporal window would be applied to this data to exclude all scattering from the
first Fresnel zone in order to make a comparison to the models for the incoherent
component of the field developed here. This approach can be implemented using
the boundary element method and is accurate given a fine enough resolution to
achieve a specified tolerance. However, this accuracy is associated with significant
memory and computational requirements. Approximations to the integral equation
can be made, enabling considerable simplification. Pouliquen et al. develop such a
technique using the Kirchhoff approximation [133]. Their approach is accurate so
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long as the rough surface is sampled finely enough (a discretized element should
have a maximum linear dimension of λ/8), and the geometry and roughness statistics
satisfy the assumptions used in the approximate model.
Even more simplification can be obtained through use of a point-based scattering
model [134]. This type of model generates a representative scattered field that
has properties equivalent to the scattered field due to some realization of a rough
interface. This approach has a different philosophy than the realization based
approaches detailed above. The point-based scattering model uses an approximation
for the random draws on the scattered field, which allows greater flexibility in the
selection of scattering models and roughness statistics without increasing the model
complexity. Point scattering models have been used by a number of authors to
numerically study the spatial coherence of the field scattered from random rough
surfaces [64, 86–89].

4.2.2 Detailed Study of Ping-to-Ping Variability
One of the more interesting results of the Seneca Lake experiment was a description
of the variability of the spatial coherence surface. The processes that lead to this
ping-to-ping variability should be studied and modeled. This variability will be due
to a combination of environmental effects and variance in the estimation process.
The separation of the statistical uncertainty present in the measurement process
from the environmental effects will be key to this work.
The variance seen due to statistical fluctuations in the measured coherence may
be characterized through numerical study. One approach would be to conduct a
series of simulations utilizing the point scattering approach described above. This
modeling approach would permit the formation of an independent and identically
distributed ensemble of realizations of the scattered field. This simulated data set
could then be characterized to quantify the variance inherent to the estimation
process.
Another numerical approach would be to generate statistical realizations of the
correlation output. If the signals measured by the hydrophone array are assumed
to be zero-mean and normally distributed then it can be shown that the covariance
is distributed according to the Wishart distribution [135, 136]. The parameters of
this distribution may be calculated from standard sonar equation modeling and
the models for the spatial coherence presented in this dissertation. Given the
distribution parameters, realizations of the measured correlation could be generated
to support a study of the ping-to-ping variability of the spatial coherence surface.
Finally, the variability could be explored through additional experimentation.
If a series of tanks tests are conducted to provide additional support for the model
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validity, then it would be reasonable to include a series of tests to assess ping-toping variability. The sediment beds prepared for the tank should be made to be
sufficiently large that a reasonable ensemble of statistically independent pings may
be formed. For an isotropic sediment, the variability observed in this test should
agree well with the numerical studies described above. Spatial anisotropy could
then be introduced to the sediment scattering strength either through layering or
the inclusion of small regions of a dissimilar material. The variability due to these
inhomogeneities could then be characterized.

4.2.3 Applications of the Model
There are two additional applications of the work described here that go beyond
addressing the issues related to improved model-data agreement and developing
models for ping-to-ping variability. Tang and Frisk [66] suggested that measurement
of the spatial coherence of the scattered field could be used as a tool for sediment
property inversion. I agree with this assertion; however, the environment under
study would have to be sufficiently simple to constitute a well posed problem. This
is because the presence of significant coherent scattering throughout the volume or
the presence of a strongly anisotropic scattering strength are not well characterized
to date. Parameter inversion will be non-unique in the presence of significant
environmental complexity.
Finally, the approach developed here has addressed modeling the real zero-lag
correlation coefficient. This approach is easily extended to model estimation of the
complex covariance or complex correlation coefficient so that non-zero lags may be
described. This extension would provide a mathematical framework to describe the
three-dimensional spatial coherence of the scattered field. Such a model could have
an impact on the fidelity of motion estimation for synthetic aperture sonar systems
or correlation velocity logs. The current state-of-practice for these two systems is
to separate the motion estimation process into a pair of independent stages. In the
first stage, the phase (or temporal delay) measured on overlapping phase centers is
inverted to provide a partial estimate of the motion solution. This stage provides
an estimate of the vertical motion for a correlation velocity log and it provides both
a cross-track and a vertical motion estimate for a synthetic aperture sonar. The
second stage uses the magnitude of the complex correlation coefficient to complete
the motion estimate. The proposed extended model, where the magnitude and
phase of the correlation coefficient are described in three dimensions, would permit
a unified estimation of the full motion solution for sonar navigation systems. Such
an approach should yield improved motion estimates.
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Appendix A|
Estimation of Field Coherence
The term coherence is used frequently throughout this dissertation and it is worth
specificity in the definition of this term since there are two common technical uses
of the word. The term coherence function, or magnitude-squared coherence, is used
to describe a measure of the spectral similarity between to signals. It is defined as
Cxy (f ) =

|Gxy (f )|2
,
Gxx (f )Gyy (f )

(A.1)

where Gxy (f ) is the single-sided cross-spectral density and Gxx (f ) and Gyy (f ) are
the auto-spectral densities [137]. In this dissertation, the coherence function has
been used as part of the spectral characterization of the ambient noise observed by
the receive array, Figure 3.14. The second common usage of the term coherence
refers to a measure of the temporal similarity of two signals. Born and Wolf describe
the coherence as the similarity of the “fluctuations” of the observed field [105].
In the field of optics, Zernike defined the “degree of coherence” as a normalized
cross-covariance of a pair of observed optical fields [100]. It is this usage that is
prevalent throughout this dissertation. The estimator of coherence is the normalized
cross-covariance or correlation coefficient. In the following section formal definitions
for the covariance and correlation coefficient are provided. The estimation of
correlation coefficient is discussed in Section A.2. Some useful relationships are
developed in Section A.3. Finally, a link between the peak correlation coefficient
and the signal-to-noise ratio will be provided in Section A.4.
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A.1 Definitions
For a pair of real, zero-mean signals s1 (t) and s2 (t) the population covariance at a
lag or delay of τ is defined as
Γij (τ ) = hsi (t)sj (t + τ )i =

Z

si (t)sj (t + τ ) dt.

(A.2)

The calculation of the population covariance requires an infinite temporal interval,
and in practice a finite length signal is used to form an estimate of the population
covariance. This finite length estimate is called the sample covariance. For a signal
of length T it is




1
T

(T −|τ |)/2

R

Γ̂ij (τ ) =  −(T −|τ |)/2


0,

si (t)sj (t + τ ) dt, 0 ≤ τ ≤ T

(A.3)

|τ | > T.

Evaluation of the sample covariance at zero-lag gives
T/2
1 Z
γ̂ij = Γ̂ij (τ = 0) = hvi vj i =
vi (t)vj (t) dt.
T

(A.4)

−T/2

Normalization of the cross-covariance by the product of the component signal
auto-covariances gives the sample coefficient
µ̂12 = √

γ̂12
.
γ̂11 γ̂22

(A.5)

A.2 Estimation of Correlation Coefficient
The sample correlation coefficient is an estimate of the temporal coherence between
a pair of signals, and this estimate is formed using a sequence of finite length T .
The statistics of this estimate and its associated uncertainty are captured in the
probability density function (PDF) of the sample correlation coefficient. For a pair
of real, normally distributed signals, the PDF is
1
1
n−2
p(µ̂; µ, n) = √
(1 − µ2 ) 2 (n−1) (1 − µ̂2 ) 2 (n−4)
1
1
2(n − 1)B( 2 , n − 2 )


3
1 1
1 1
−n
2
(1 − µµ̂)
, ; n − ; (1 + µµ̂) , (A.6)
2 F1
2 2
2 2

137

where n is the number of independent samples used to form the estimate, B is the
beta function and 2 F1 is the Gauss hypergeometric function [136]. Note that the
number of independent samples is not simply the product of the temporal interval
and the sampling rate because oversampling removes the statistical independence
between samples. Instead, for a rectangular temporal window n = Bw T , where Bw
is the signal bandwidth.
The PDF of the sample correlation coefficient, Equation A.6, is shown in
Figure A.1(a) evaluated over the interval µ̂12 ∈ [−1, 1] for several values of µ12 and
n. The biasqof this estimator, hµ̂12 i − µ12 , is shown in Figure A.1(b). The standard
deviation, hµ̂212 i − hµ̂12 i2 , is shown in Figure A.1(c). Both the bias and standard
deviation of this estimator improve with increasing n. The estimator is unbiased
for correlated, anti-correlated and uncorrelated signals. The standard deviation is
greatest for uncorrelated signals.
It is also common to see the magnitude correlation coefficient reported, |µ̂12 | ∈
[0, 1]. For real signals, the PDF of the magnitude of the correlation coefficient is
again calculated using Equation A.6 where the density for positive and negative
values of µ̂12 are simply combined. The resulting PDF is shown in Figure A.2(a).
The estimator bias is provided in Figure A.2(b). The bias of this estimator may be
low over a the majority of the domain; however, there exists significant bias for low
values of |µ12 | and low n. The standard deviation of this estimator is provided in
Figure A.2(c).
The pair of estimators for the correlation coefficient discussed to this point have
operated on real-valued signals. In practice it may be desired to use a complex
or analytic signal representation, where the signal is given as real (in phase)
and imaginary (quadrature) components. In this case, the measure of the signal
coherence is the magnitude of the complex correlation coefficient. It is important
to note that the statistical distribution of the magnitude of the complex correlation
coefficient is different than that for real signals. The PDF of the magnitude of the
complex correlation coefficient for zero-mean circular-Gaussian signals is provided
in a number of references [138–140] and it is




p(|µ̂|; |µ|, n) = 2(n − 1)|µ̂|(1 − |µ|2 )n (1 − |µ̂|2 )n−2 2 F1 n, n; 1; |µ|2 |µ̂|2 .

(A.7)

This PDF is shown in Figure A.3(a) with the bias and standard deviation of the
estimator provided in Figures A.3(b) and A.3(c), respectively. A curious fact
about this estimator is that for arbitrarily small population correlation coefficient
the probability of estimating a magnitude near zero is very low. This effect
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(a)

(b)

(c)

Figure A.1. The statistical estimation error associated with µ̂12 is described by the
probability density function in Equation A.6. This PDF is shown graphically for a range
of values for n and µ in (a). The estimator bias is shown in (b) and the standard deviation
in (c). Both are minimized with increasing n.

is observed Boltryk et al.’s work on the development of correlation velocity log
sonar systems [141–144]. The sonar system studied in these papers measures the
magnitude of the complex spatial correlation coefficient and through a signing
ˆ12 | ∈ [−1, 1]. In [142, Figure 5] the measured
process extends this data so that |µ̃
data are shown. It is apparent in this figure that there is an absence of values
ˆ12 | = 0. This is due to the biased nature of the magnitude of the complex
near |µ̃
correlation coefficient for uncorrelated signals.

139

(a)

(b)

(c)

Figure A.2. The statistical estimation error associated with |µ̂12 | is described by the
probability density function in Equation A.6, where the values for negative and positive
values of µ̂12 are combined. This PDF is shown graphically for a range of values for n
and µ in (a). The estimator bias is shown in (b) and the standard deviation in (c). Both
are minimized with increasing n.
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(a)

(b)

(c)

ˆ12 | is described by the
Figure A.3. The statistical estimation error associated with |µ̃
probability density function in Equation A.7. This PDF is shown graphically for a range
of values for n and µ in (a). The estimator bias is shown in (b) and the standard deviation
in (c). Both are minimized with increasing n. Note that the estimator is highly biased
for low values of µ̃12
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A.3 Useful Relationships
A.3.1 Addition of Coherent Noise
Assume two zero-mean signals, s1 and s2 , have a population covariance given by
γ12 = hs1 s2 i. If each signal is combined with a common zero-mean signal, s0 , then
s01 = s1 + s0

(A.8)

s02

(A.9)

= s2 + s0

and
0
γ12
= hs0 s0 i + hs1 s2 i,

(A.10)

where the cross terms are dropped because s0 is assumed to be incoherent with s1
and s2 . The population correlation coefficient is
hs0 s0 i + hs1 s2 i
µ012 = q
.
(hs0 s0 i + hs1 s1 i)(hs0 s0 i + hs2 s2 i)

(A.11)

Assuming the mean square level in s1 and s2 are equal then hs1 s1 i = hs2 s2 i.
The coherent interference to signal reverberation ratio can then be defined as
ξ = hs0 s0 i/hs1 s1 i. The modified correlation coefficient is then given by
µ12 + ξ
,
1+ξ

(A.12)

µ012 − µ12
.
1 − µ012

(A.13)

µ012 =
and conversely
ξ=

Equation A.12 is plotted for several values of µ12 across a range of ξ in Figure A.4.
The addition of coherent noise serves to scale the domain of µ012 . For ξ = 1 the
domain the correlation coefficient is scaled so that µ012 ∈ [0, 1] and for ξ = 3 the
domain is scaled to µ012 ∈ [0.5, 1].

142

Figure A.4. The influence of a coherent noise source on the measured correlation
coefficient is shown as a function of ξ, the coherent interference to signal reverberation
ratio. The addition of a coherent noise source scales the domain of the correlation
coefficient so that the peak value is unchanged and lower values are scaled upward.

A.3.2 Addition of Incoherent Noise
Assume two zero-mean signals, s1 and s2 , have a population covariance given
by γ12 = hs1 s2 i. If both signals are combined with independent and identically
distributed zero-mean noise then
s01 = s1 + n1

(A.14)

s02

(A.15)

= s 2 + n2 .

The cross-covariance and auto-covariances are given by
0
γ12
= hs1 s2 i

(A.16)

0
γ11
= hs1 s1 i + hn1 n1 i
0
γ22 = hs2 s2 i + hn2 n2 i.

(A.17)

The correlation coefficient is
µ012 = q
µ12 = r

(A.18)

0
γ12

(A.19)

0
0
γ11
γ22

hs1 s2 i




hs1 s1 i + hn1 n1 i hs2 s2 i + hn2 n2 i
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(A.20)

If the mean square level for the signal components are assumed to be equal then
hs1 s1 i = hs2 s2 i = σs . A similar assumption for the noise gives hn1 n1 i = hn2 n2 i = σn
and
µ012 = q
µ012

hs1 s2 i

(A.21)

σs4 + 2σs2 σn2 + σn4

hs1 s2 i
2
1
=
1+
+
2
σs
SNR SNR2


hs1 s2 i
SNR
0
µ12 =
,
σs2
1 + SNR


− 1
2

(A.22)
(A.23)

where the signal-to-noise ratio (SNR) is given by
SNR =

σs2
.
σn2

(A.24)

For the case where σn = 0
µ012 (σn

= 0) = µ12

hs1 s∗2 i
=
,
σs2

(A.25)

and the impact of the addition of incoherent noise to a pair of partially correlated
signals is to scale the measured correlation coefficient according to
µ012



= µ12

SNR
1 + SNR



(A.26)

Equation A.26 is plotted for several values of µ12 across a range of SNRs in
Figure A.5. Visually, it is shown that decreasing SNR serves to “compress” the
domain of µ012 around µ012 = 0. For example, at 0 dB SNR, where the coherent
signal power and incoherent noise power are equal, the domain the correlation
coefficient is scaled so that µ012 ∈ [−.5, .5].
Equation A.26 provides a means to develop another useful expression. If s1
and s2 are assumed to be perfectly coherent then µ12 = 1. Under this assumption,
Equation A.26 then relates the peak correlation coefficient measured for a pair of
noisy signals to the signal-to-noise ratio [145]. This pair of relations is
ρ = max(µ012 )|µ12 =1 =
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SNR
1 + SNR

(A.27)

Figure A.5. The influence of an incoherent noise source on the measured correlation
coefficient is shown as a function of the signal to noise ratio. The addition of an incoherent
source scales the domain of the correlation coefficient so that a signal with correlation
coefficient of zero is unchanged. Positive and negative values are each scaled toward zero
for decreasing SNR.

and
SNR =

ρ
1−ρ

(A.28)

A.4 Signal-to-noise Ratio Estimation
In this dissertation, the spatial coherence of the scattered field is characterized
through the auto-pulse correlation coefficient. The field data measurements of
bottom reverberation are combined with uncorrelated ambient noise that reduces
the measured correlation coefficient according to Equation A.26. This scaling
due to the signal-to-noise ratio impacts all of the spatial offsets in the auto-pulse
correlation coefficient except for the peak at zero spatial separation. This is because
the zero spatial separation measurement of the auto-pulse correlation coefficient is
calculated from the autocorrelation of the time series from a single hydrophone.
This effect is seen in Figure 3.28 where all values along the main diagonal are
identically one.
The peak of the cross-pulse correlation coefficient is used to provide an estimate
of the peak of the auto-pulse correlation coefficient. Figure 3.31, which shows
the auto-pulse and cross-pulse spatial coherence surfaces, is reproduced here in
Figure A.6. The cross-pulse correlation coefficient is measured from a pair of pulses
that are separated in time by 100 ms so the noise at all spatial offsets is uncorrelated.
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Figure A.6. The cross-pulse peak correlation coefficient is used as an estimate of the
signal-to-noise ratio.

The assumption is that the peak value measured in the upper right quadrant is
equal to the peak value that would be measured in the upper left quadrant if
the noise was uncorrelated at zero spatial separation. Note that the peak of the
cross-pulse correlation coefficient is not guaranteed to fall on a discrete spatial lag,
and this leads to a downward bias in the estimate. This magnitude of this bias
is dependent on the shape of the spatial coherence surface. Visual inspection of
the measured coherence surfaces indicates that the spacing of the hydrophones,
and therefore the spacing of the spatial offsets, provides adequate sampling of the
surface to minimize this bias.
The cross-pulse peak correlation coefficient has been measured for all pulse
pairs in track 192329 and they are shown in Figure A.7(a). These correlation
coefficients are converted to an estimate of the signal to noise ratio which are shown
in Figure A.7(b).
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(a)

(b)

Figure A.7. The peak correlation coefficient is estimated by the maximum of the
cross-pulse correlation coefficient and transformed into the SNR through Equation A.28.

147

Appendix B|
Modeling Correlation Velocity
Log Performance
B.1 Background
A correlation velocity log (CVL) is a type of sonar system that estimates ground
referenced velocity through the measurement of spatial coherence of the scattered
field. The CVL was first proposed by Dickey and Edward in 1978, and was based
on their early work on the estimation of airplane velocity through measurement
of the spatial coherence of radar returns [12]. There are very few models for the
performance of these sensors in documented literature, and those that do exist are
summarized here.
Zhu et al. [35] have presented a model for the estimation of the mean and
variance of a moving ocean current where the current is constrained to move in a
plane parallel the plane defined by the CVL receive array. The authors describe the
spatial coherence of the field and develop an expression for the Fisher information
matrix for the measured spatial coherence function. The authors state that the
variance of the desired parameters, which are the components of the velocity, is
given by the diagonal of the inverse of this matrix. The authors neither provide
this inversion nor compare the results to data.
Brock [33], describes the bias errors associated with a type of CVL known as
a temporal correlation log. These biases are modeled correctly; however, they
arise because of limitations related to the specific CVL system modeled. This
analysis addresses only these systematic errors and not the random errors in the
measurement of displacement. The author does note that the coherence of the
field scattered from a smooth seafloor has greater spatial support than the field
scattered from a rough seafloor; however, no quantitative analysis of this statement
is provided.
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In 1998, Doisy [34] provided an analysis of motion estimation using the coherence
of seafloor reverberation. This model was developed assuming an aspect independent
scattering strength seafloor and a sonar system whose receiver is a continuous,
circular, plane array. The assumption of a continuous plane array excludes modeling
the errors associated with discrete hydrophone arrays.
Atkins and Smith [32], developed a model for CVL velocity estimation accuracy
by determining the probability of the covariance from a misaligned pair of phase
centers exceeding the covariance of a collocated pair. By using a very simple
geometry, the authors were able to produce an intuitive model based on a few
simple parameters. Due to the simplicity of the receive array considered, this model
does not permit analysis of alternative receive array geometries or modeling of the
related peak estimation errors. The scattered field is modeled assuming a planar
sea floor with aspect independent scattering strength.
Finally, the earliest paper to describe a CVL and propose a model for estimating
velocity accuracy was published by Dickey and Edward [12]. As the original paper
on the subject of CVL operation, this is the most widely cited model in the CVL
literature. In this paper, Dickey and Edward described the “principle of waveform
invariance”. This principle stipulates that under far-field conditions any two pulses
whose transmit and receive positions share a common midpoint will produce signals
that are almost completely coherent. The principle of waveform invariance is
equivalent to the phase center approximation. The conditions for the validity of
the phase center approximation are discussed in Section B.2. Dickey and Edward
develop an analytic model for the spatial coherence of the scattered field from a
planar sea floor. The aspect dependence of the bottom scattering is referenced
but not explicitly modeled. Using their expression for the spatial coherence, an
expression for the velocity estimation accuracy
1 v0 W
√
σv = √
4 πL N

s

1+

1
,
SNR

(B.1)

where W is the physical transducer width, SNR is the signal to noise ratio and N
is the number of independent samples is then stated without proof.
In each of these error models, the field scattered from the sea floor is assumed
to come from the sediment-water interface and in most of these models the aspect
dependence of the scattering strength is omitted. A literature review has identified
no references on CVL performance modeling addressing the impact of sediment
volume scattering.
In the following section, the phase center approximation, which is central to
CVL operation, is reviewed. In Section B.3 the principals concepts of how a CVL
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operates are reviewed. In Section B.4 an analytic displacement model is developed
by extending the initial approach proposed by Atkins and Smith. The goal of this
section is to describe an analytic model for CVL displacement estimation error that
is linked the predictions of the coherence length provided by the numerical model
developed in Chapter 2. Finally, a simple set of results from this CVL error model
are discussed in Section B.5.

B.2 Phase Center Approximation
A sonar system consisting of a single transmitter, T , and receiver, R, as shown in
Fig. B.1 will generate the time series given by
V (t) =

1 Z∞
sT (t − χ)F (χ) dχ,
rT rR −∞

(B.2)

where F is the impulse response of the scatterers, sT is the transmitted waveform
and V is the received waveform. The scatterers located within a ellipsoidal shell of
thickness cτ/2 will contribute to the return at some time t, where τ is the transmit
pulse length. This ellipsoid will have foci at the transmitter and receiver positions.
Assuming the transmitter and receiver lie along the x axis and the origin is
2c
R'
T

R
T'

rT

rR

Figure B.1. In the far-field, phase-center approximation the field scattered from the
isochronous ellipsoid of revolution, σ, will be identical for any pair of receivers and
transmitters that share a common midpoint. This midpoint is called the phase center.
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defined as the midpoint of the line joining the transmitter and receiver, the 2-D
ellipse is described by
x2
y2
+
=1
a2 a2 − d2
y2
2
x2 +
2 = a ,
1 − ad2

(B.3)
(B.4)

where a = rT +rR/2. In the far field a  d and the ellipsoidal shell is well approximated as a spherical shell with a radius a. Therefore, in the far field limit, the
scattered returns of a bistatic sensor can be well approximated by a monostatic
sensor located at the midpoint between the transmitter and receiver. This is known
as the phase center approximation, and it can be shown to hold when r is larger
than the Fraunhofer distance r  2d2/λ, where λ is the wavelength [42]. Therefore,
combinations of transmitter and receiver positions can be approximated by a monostatic sensor with a common midpoint when in the far field of the scattering
volume. In Fig. B.1 the transmitter and receivers are shown displaced to the T 0
and R0 positions respectively. The geometric center of the displaced positions O0 is
co-located with O, and the waveforms received with these two geometries will be
fully coherent.
This approximation is used extensively in synthetic aperture sonar literature,
where a number of motion estimation techniques have been developed around the
Displaced Phase Center approach [41–47].

B.3 Correlation Velocity Log Concept
A typical CVL collection geometry is shown in Figure B.2, where the horizontal
scale is on the order of meters and the vertical scale may be greater than a kilometer.
Two transmissions are shown with a horizontal advance of L, the vertical offset
is shown only for clarity in the diagram. The receive array element positions are
Rn and Rn0 with element spacing 2δ, and the transmitter positions are T and T 0 .
Phase centers are shown at the midway points between the transmitter and receive
elements at positions Pn and Pn0 with spacing δ. The phase center approximation
provides a useful abstraction over the distinct transmitters and receivers. The
remainder of this appendix will discuss the position of the phase center array unless
otherwise explicitly stated.
The ping-to-ping displacement of the sonar system is estimated by correlating
each of the signals received from the initial transmission with each of the signals
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T
T�

L

�2

Receive Array
R�

�3

���

�2�

�3�

R2
R��

R3
R2�

R3�

2�

�

Sea�oor
Figure B.2. Transmitter, receiver and phase center locations for a pair of sequential
transmissions of notional one-dimensional CVL. The horizontal and vertical scales are
exaggerated to better illustrate the geometry. All pairs of receivers are correlated between
the two transmissions to estimate the advance length L.

received from the subsequent transmission. The three channel receive array in
Figure B.2 produces nine distinct covariance measurements γ̂mn where m, n ∈
{1, 2, 3}. The covariance measurements for Figure B.2 are shown in Figure B.3,
where covariance is plotted against phase center displacement. This array geometry
produces spatially redundant covariance samples at spacings of −δ, 0, δ. In this
figure, the peak of the coherence function is at the true displacement, L, of the sonar
system. The ping-to-ping displacement may be coarsely estimated by finding the
covariance measurement where γ̂mn is a maximum (γ̂21 and γ̂32 , in this case). Further
refinement of the displacement estimate is achieved by interpolating the measured
covariances to find the displacement that would yield a maximum γ̂mn . This method
is analogous to techniques used for along-track motion estimation for synthetic
aperture sonar systems [43, 44]. The importance of the receive array geometry and
interpolation techniques has been described by Boltryk et. al [141, 142, 144] in their
work on developing peak estimation routines and by Griffiths et al. [30] in their
analysis of the errors affecting correlation based current profilers.
The velocity calculated by a CVL is given by the ratio of the measured advance
length and the ping timing interval
v=

L+u
,
τ
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(B.5)

Covariance

γ13
−2δ

γ12
γ23

γ21
γ32

γ11
γ22
γ33

γ31

0
−δ
δ L
Phase Center Displacement

2δ

Figure B.3. A notional measured spatial covariance is shown for the geometry of the
array in Figure B.2. The receiver geometry determines the sampling of the spatial
coherence function. Velocity estimation accuracy is proportional to peak estimation
accuracy.

where L is the target advance length between pings and u is the advance length
error. The ideal ping timing interval, τ , is given by,
τ=

L
,
v0

(B.6)

where v0 is the platform velocity. It can be shown that the standard deviation of
the measured velocity is given by,
σv =

v
u
u
t

N
σu
1 X
(vi − v0 )2 = v0 ,
N i=1
L

(B.7)

where N is the number of observations and σu is the standard deviation of the
displacement measured. Comparing Equation B.1 and Equation B.7 shows that
Dickey and Edward’s model used
1 W
σu = √ √
4 π N

s

1+

1
SNR

(B.8)

From Equation B.7, it can be seen that the fidelity with which the system can
estimate velocity is dependent on three parameters. Two of these parameters, the
platform velocity, v0 , and the advance length between pings, L, are determined
by the system configuration. The CVL’s displacement estimation error, σu , is
dependent on the sonar system design, the velocity estimation algorithms and
the environment. This parameter must be calculated using either an analytic or
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numerical model. In the next section a simple analytic model is developed to
predict this value.

B.4 Analytic Displacement Model
Accurate velocity estimation requires accurate estimation of the peak of the spatial
coherence function. The analytic model developed here restricts analysis to a sonar
system that consists of a pair of measured covariances. The geometry for this model
is shown in Figure B.4. One of the pair of sample covariances, γ̂13 , is collected
with zero displacement between the phase centers. The other sample covariance,
γ̂12 , is collected with one phase center collocated with those used for γ̂13 and with
one phase center separated by some distance u. In this model, if γ̂13 > γ̂12 the
displacement will be correctly estimated. If, however, γ̂12 > γ̂13 the peak will
be misestimated. A model for displacement error follows from a calculation of
the probability P (γ̂12 > γ̂13 ). This method is an extension of an approach first
presented by Atkins and Smith [32].
For each pair of phase centers the sample covariance, Γ̂ij , for the time series
vi (t) and vj (t) can be written as

Γ̂ij (τ ) =





1
T

(T −|τ |)/2

R

vi (t)vj (t + τ ) dt, 0 ≤ τ ≤ T




0,

|τ | > T,

Covariance

Phase Center Positions
Ping �:

��

Ping 2:

��

(B.9)

−(T −|τ |)/2

�^�3

�3
�2

�^�2
u


0
L
Phase Center Displacement

Sea�oor

Figure B.4. The simplified analytic model measurement geometry only considers a pair
of transmission for a pair of channels. If γ̂13 > γ̂12 the displacement will be correctly
estimated. If γ̂12 > γ̂13 the peak will be misestimated and there will be an associated
displacement estimation error.
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where hvi i = hvj i = 0 and τ is the lag between the signals. In the typical
CVL operating geometry, the signals arrive on the hydrophone channels nearly
simultaneously and the peak covariance is at a lag of zero
T/2
1 Z
γ̂ij = Γ̂ij (τ = 0) =
vi (t)vj (t) dt.
T

(B.10)

−T/2

Adopting the usual assumption of zero mean normally distributed time series
results in sample covariances that are described by the Wishart distribution. This
distribution can be approximated as normal when T is sufficiently large [136, pg.
578]. The PDF of the sample covariances is then


"

exp −

γ̂12 −γ12
σ12

f (γ̂12 , γ̂13 ) =

2

−



2ργ (γ̂12 −γ12 )(γ̂13 −γ13 )
+
σ12 σ13
2(1−ρ2γ )

γ̂13 −γ13
σ13

2 #

.

q

2πσ12 σ13 1 − ρ2γ

(B.11)

2
where γmn is the population covariance, σmn
is the variance of the sample covariance
and ργ is the correlation coefficient between the variates. By defining

µ̃(γ̂12 ) = γ13 + ργ

σ13
(γ̂12 − γ12 )
σ12

q

σ̃ = σ13 1 − ρ2γ ,

(B.12)

the bivariate normal distribution can be written as the product of a pair of normal
distributions [146, pg. 193]
1
−1
e 2
f (γ̂12 , γ̂13 ) = √
2πσ12



γ̂12 −γ12
σ12

2

1
−1
√
e 2
2πσ̃



γ̂13 −µ̃(γ̂12 )
σ̃

2

.

(B.13)

The probability of a displacement estimation error is given by integrating this
bivariate density over the range where γ̂12 > γ̂13 .
P (γ̂12 > γ̂13 ) =

Z∞ Z∞

f (γ̂12 , γ̂13 ) dγ̂13 dγ̂12

(B.14)

−∞ γ̂12

This inner integral can be evaluated to give the product of a normal PDF and a
normal CDF, and the outer integral can be evaluated using Owen [147, eq. 10010.8]
to give


P (γ̂12 > γ̂13 ) = 1 − Φ q

γ13 − γ12
Var[γ̂13 ] + Var[γ̂12 ] − 2 Cov[γ̂12 , γ̂13 ]
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,

(B.15)

where Φ is the normal cumulative density function. Expressions must be developed
for each of the arguments of the CDF in order to proceed with evaluation of
P (γ̂12 > γ̂13 ). Section B.4.1 develops expressions for γ12 and γ13 . Section B.4.2
develops expressions for Var[γ̂12 ], Var[γ̂13 ] and Cov[γ̂12 , γ̂13 ]. Finally, in B.4.3 all of
these terms are combined and a displacement estimation error is formed.

B.4.1 Population Covariance - γmn
The dependence of the population covariance on the phase center displacement is
described by the numerical model developed in Chapter 2. The modeled spatial
coherence surfaces in that chapter were fit to a bivariate normal. Here, a one
dimensional slice through the peak of this two dimensional shape will be assumed
to describe the population covariance


γ(u) = exp −

u2
,
2σb2


(B.16)

where σb describes the coherence length for a given sensor, environment, and
temporal window configuration.
The development of this analytic model has reduced all possible environmental
and sensor complexity down to a single parameter, σb . In some cases, this is an
obviously gross oversimplification; however, it does permit the development of a
model for displacement estimation with environmental dependency based on a
principled physical model. In this way, it is an improvement over the existing
models in CVL literature.

B.4.2 Variance and Covariance of Covariance - Cov[γ̂ln , γ̂mn ]
Equation B.15 requires an expression for the variance and covariance of the two
sample covariances. A general expression for the covariance of the sample covariance
is provided by Jenkins and Watts [148]. This expression can be reduced for this
case to give
T


1 Z
|r|
Cov[γ̂12 , γ̂13 ] =
Γ11 (r)Γ23 (r) + Γ13 (r)Γ12 (r) 1 −
dr.
T
T

(B.17)

−T

Assuming each of the time series, v1 (t), v2 (t), and v3 (t), are band limited and
distributed vn (t) ∼ N (0, σ 2 ) then
Γmn (r) = γmn sinc(πBw r).
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(B.18)

Combining Equation B.17 and Equation B.18 gives
T
 T

2(γ11 γ23 + γ13 γ12 ) Z
1Z
2
2
Cov[γ̂12 , γ̂13 ] =
sinc (πBw r) dr −
r sinc (πBw r) dr
T
T
0
0
(B.19)
Evaluation of Equation B.19 requires the following pair of integrals. The first can
be evaluated by parts to give

Zx
0

2x

Z
sin2 t
sin a
sin2 x
sin2 x
da
−
=
Si
(2x)
−
,
dt
=
t2
a
x
x

(B.20)

0

where Si(x) is the sine integral. The second is evaluated using [149, Equation 5.2.2]
to give
Zx
Z2x
β + log 2x − Ci (2x)
sin2 t
1 − cos x
dt =
dx =
,
(B.21)
t
2x
2
0

0

where β is the Euler’s constant and Ci (x) is the cosine integral. Using these
expressions gives
Cov[γ̂12 , γ̂13 ] = (γ11 γ23 + γ13 γ12 )Λ,
(B.22)
where
2
2 h 2
log (2πN ) + β − Ci (2πN ) i
Λ=
Si (2πN ) −
sin
(πN
)
+
πN
(πN )2
2




(B.23)

Similarly the variances can be written as
2
2
Var[γ̂mn ] = (γmm
+ γmn
)Λ

(B.24)

B.4.3 Displacement Estimation
The results from Section B.4.1 and Section B.4.2 provide all of the components
necessary to complete Equation B.15. Since γ̂13 is estimated at the peak of the
spatial coherence function we can, without loss of generality, specify γ13 = 1.
Additionally, the displacement between phase centers 2 and 3 is equal and opposite
to that between 1 and 2; consequently γ23 = γ12 . Combining these results with
Equations B.15, B.16, B.22, and B.24


1 − γ12



, (B.25)
P (γ̂12 > γ̂13 ) = 1 − Φ q
2
2
2
2
(γ11
+ 1)Λ + (γ11
+ γ12
)Λ − 2(γ11 γ12 + γ12
)Λ
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The normal CDF can be approximated to first order as [149]
1
z
1 + erf √
2
2


Φ (z) =





≈

1
1
+ √ z.
2
2π

(B.26)

If it is assumed that the displacement errors are normally distributed the standard
deviation of displacement can be found by solving for the displacement where
P (γ̂12 > γ̂13 ) ≈ 1/3. Solving
√
2π
q
=
2
2
2
2
6
)Λ
)Λ − 2(γ11 γ12 + γ12
+ γ12
+ 1)Λ + (γ11
(γ11
1 − γ12

(B.27)

for γ12 gives the value of γ12 at the phase center offset that corresponds to the
standard deviation of displacement. This can be written as
γ12 =

1 − γ11 η
1+η

v
u
u 1 − γ11 η 2
−t

1+η

−

2
1 − η − 2γ11
η
,
1+η

(B.28)

π
where η = 18
Λ. The displacement error can then be written by combining Equation B.16 and Equation B.28 and recognizing u = σu to give

σu =

v
u
u

u
1 − γ11 η
t
σb −2 log

1+η

v
u
u 1 − γ11 η 2
−t

1+η

2
1 − η − 2γ11
η
−
.
1+η



(B.29)

Finally, γ11 , which is the peak covariance for two co-located phase centers from a
pair of transmissions, is given by γ11 = 1 + 1/SNR.

B.5 Model Results
The displacement estimation error model presented in Equation B.29 has been
evaluated for three sediments (gravel, medium sand, and silty clay) studied in
section on planar interface scattering, Section 2.4.2. The coherence widths from
Figure 2.15, where the inner time is held fixed at 0 ms and the outer time is
varied, will be used for σb . The displacement estimation error is calculated as a
function of the signal-to-noise ratio for each of the sediment types, and this is shown
in Figure B.5. As the signal-to-noise ratio increases the variance of covariance
decreases and it is possible to more accurately estimate the displacement for all
sediment types.
The spatial coherence length also plays a role in the displacement estimation
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Figure B.5. The displacement estimation error is reduced as the SNR of the received
signals increases. The coherence length, σb , is determined assuming an inner time of
0 ms and an outer time of 10 ms from the modeling presented for the planar interface in
Section 2.4.2.

accuracy. A small correlation length increases the separation between γ11 and
γ13 so that random fluctuations due to estimation error present in γ̂11 and γ̂13
are less likely to give an error in the estimation of the displacement. Due to the
relatively high surface roughness, the gravel seafloor has the narrowest coherence
length and it is shown to have the lowest error at all values of the signal-to-noise
ratio. Additionally, as the outer time is increased the displacement estimation
error falls for all sediment types, Figure B.6. This effect is due to the combination
of narrowing of the coherence length and increasing the number of independent
samples used to form the covariance estimate.
The performance of a correlation velocity log is modeled here by extending an
approach first described by Atkins and Smith. A simplified model of a CVL is used
and the covariance is assumed to follow a bivariate normal distribution. The CVL
displacement error is shown to be a function of the spatial coherence length of the
scattered field, the signal-to-noise ratio, and the number of independent samples
used to form the covariance estimate.
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Figure B.6. The displacement estimation error falls for increasing outer time when the
inner time is held at 0 ms. This occurs because as the outer time increases the spatial
coherence length is shortened. Displacement estimation error is less likely for a narrow
spatial coherence surface. The coherence length, σb , is determined from the variable outer
time modeling presented for the planar interface in Section 2.4.2.
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