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ABSTRACT
In this thesis, a 3-D molecular dynamics (MD) simulation of an electrospray thruster
combined with a finite element method (FEM) and a finite difference method (FDM) was
developed to simulate the movements of ions or charged molecules in the electric field. This
electrostatic ion thruster is operated by a high electric field generated by an extraction ring at a
negative potential and uses liquid gallium and EMIM-BF4 as the ionic source and platinum as the
capillary wall. The aim of this project is to simulate an electrostatic ion thruster operating in a
cone-jet mode and to characterize its performance under several different operating conditions.
Liquid gallium at 320 K was modeled as the liquid metal ionic source using a modified LennardJones 12-6 potential, which takes account of the effect of electrons. The potential model was
confirmed by finding the radial distribution function that matches the experimental value. For
EMIM-BF4 the coarse-graining potential model was used instead of the all-atomic potential
model in order to lessen the computational cost. The platinum capillary was simulated by a threezone wall model with a Langevin thermostat capable of controlling the heat transfer between
liquid ionic sources and the platinum capillary. To study the effect of the wettability between
liquid ionic sources and the platinum wall, the interaction potential was approximately modeled
based on the Lennard-Jones 12-6 potential. This potential model has factors to control the
strength of the attractive and the repulsive interaction between liquid atoms and platinum atoms.
The flow rate of liquid ionic sources in the platinum capillary, the critical variable for the stable
current jet, was generated by the FPM (Fluidized Piston Method) method. To investigate the
motion of an ion jet in the long term, it is necessary to supply the platinum capillary with liquid
atoms continuously without physical violations. To do this, the creation part of the Grand
canonical ensemble (μVT) in Monte Carlo was employed. The excess chemical potential that is
necessary in this method was estimated by the Widom insertion method. Poisson’s equation was
solved using a finite element method (FEM) and a finite difference method (FDM) for the electric
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potential and the electric field between the platinum capillary and the extraction ring with and
without the space charge. This simulation was carried out under the assumptions that, since
liquid ionic source and platinum are perfect conduction materials, there is no the electric field in
the platinum capillary and that the space between the two electrodes is a vacuum where the
relative dielectric constant is unity. MD simulation showed the formation of the Taylor cone at
the tip of the platinum capillary and the motion of ions and ion clusters. The variations studied in
this research are the inner radius of the extraction ring, the operation voltage, the separation
between the two electrodes, the flow rate, the wettability, and the temperature of the platinum
capillary. The results are presented in terms of the total current and the current density and the
average velocity of liquid ions passing through the extraction ring. The comparison with Child’s
law and scaling laws shows that this simulation is valid.
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Chapter 1
Introduction
The fundamental properties of conducting liquids when a high electric field is applied to it are of
growing interest in a number of technological areas such as electrospray ionization [1],
electrospray propulsion [2], electrospray painting [3], inkjet printing [4], and fuel spraying [5] [6].
The first electrospray using liquid metal droplets as a propellant was developed by Korhn for
application in space propulsion in the 1960’s [7]. Early on, electrosprays were of little interest for
space propulsion systems due to their low thrust and the complex phenomena that accompany
electrospray thruster systems. With the help of the knowledge on the characteristics of
electrosprays gained during the last decade and developments in MEMS technology, however, the
low output thrust of a single electrospray is now seen as an advantage rather than a problem.
In a vacuum the electric field is not limited by the appearance of corona discharges and
the reduction in the velocity of particles by aerodynamic drag. That makes it possible to atomize
the high viscosity liquid, to generate a higher electric current than in air, and to produce
extremely fine droplets or atomic or polyatomic ions. These features of electrosprays in a
vacuum are benefits in an electrostatic propulsion system. In the last few years, electrospray
propulsion systems have been of increasing interest because of satellite missions requiring microand nano-satellites to operate in the form of a constellation. Rather than one large satellite,
satellites in clusters have advantages such as distribution of operations, reliability from
redundancy, and reconfigurability.

The aims of

these missions are the detection of low

frequency gravity waves (LISA mission [8]), the test of Einstein’s equivalence principle
(MICROSCOPE mission [9]), verification of various aspects in general relativity (HYPER
mission [10]), the assembly of spacecraft for ultraprecise astrometry (GAIA mission [11]) and the
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detection of earth-like planets (DARWIN mission [12]). For these missions it is essential to
operate with high precision propulsion systems capable of maneuvering a satellite’s positions
within a few nanometers because external orbit perturbations are incurred by aerodynamic drag
from the very low density atmosphere in low-earth orbit, radiation pressure from solar wind,
gravity gradients, and magnetic torque. The low thrust range from the micro- to millinewtons
with a high efficiency and exhaust velocity that electrospray thrusters can generate is thought to
be appropriate for these mission requirements. In addition, for a micro-satellite with mass of 1
~100 kg, dimension of 0.1~1 m, and power of 1~100 W, the miniaturization of the thruster
system is another critical factor to consider. Electrospray thrusters have the fewest difficulties in
the miniaturization technology because they do not make use of gas-phase ionization but directly
extract ions or charged droplets from a liquid metal ion source (LMIS) or an ionic liquid ion
source (ILIS) using very high electric fields which are of order 1 V/nm.

In practice, the

feasibility of electrospray thrusters has already been verified in the laboratory, while other
essential features such as lifetime, cathode erosion, or spacecraft contamination remain unproven.

1.1 Electric double layer
Most electrolyte solutions have a surface charge when exposed to a polar medium or an
electric potential. The surface charge in the electrolyte solution affects the distribution of nearby
ions in the solution. Ions of opposite charge to that of the electric potential contacting with the
solution surface move toward the surface, while ions of the same charge as that of the electric
potential move backward from the surface. This tendency in motions of ions creates the layer
with an electric potential that is called an electric double layer in a neutral electrolyte solution.
The electric double layer is a region close to the charged surface where counterions
exceed coions in number to neutralize the surface charge. These counterions and coions are
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rearranged in a diffusive manner. Fig. 1-1 represents the concentration of counterions and coions
and the electric potential with respect of the distance from the surface. If there is no thermal
motion there would be as many counterions in the electric double layer as needed to balance the
surface charge. Since this distribution of counterions shields other ions from the electric potential
this is termed a perfect shield. The thickness of this shield, the Debye length, and the decay of
the electric potential by this shield over distance are calculated by Eq 1.1 and Eq 1.2, respectively.

Figure 1-1. Diffusive electric double layer. The left figure shows the concentrations of
counterions and coions with distance. The right figure represents the electric potential in the
double layer with distance.
ϵo KT 1/2
�
nq 2

x = λD = �

∅ = ∅w exp �−

x
�
λD

1.1
1.2
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where ϵo is the permittivity of vacuum, K is the Boltzmann constant, T is the temperature, n is the

numbers of electrons, q is the charge of an electron, and ∅w is the electric potential on the surface

of solution. The Debye length decreases as the square root of the concentration increases because
there are more counterions per unit of depth. The higher the valence is, the shorter the Debye
length is to equilibrate the surface charge in.

1.2 Principle of electrospray
Before negative high voltage is imposed between two electrodes, i. e., a capillary and an
extraction ring, a liquid has the same amount of positive and negative charges. There are no
external forces acting on the liquid except for an electrical force induced by an electric field. The
surface tension works in such a way as to minimize the surface of the liquid. When negative high
voltage is applied between an extraction ring and a capillary, which plays a role as the positive
electrode, positive ions in the liquid move toward the surface of the liquid and negative ions
move backward until the electric potential created inside the liquid is eliminated by the
redistribution of charges. These attractive and repulsive motions lead to the formation of an
electric double layer. When an electric potential is applied higher than a certain magnitude,
positive ions near an electric double layer make the liquid surface destabilized because they are
drawn by the electric stress that is generated by the electric force on the liquid surface, yet cannot
come out of it. This electric stress elongates the liquid meniscus to form a cone called the Taylor
cone, as shown in Fig. 1-2. The Taylor cone is addressed in Chapter 2. The electric field beyond
a critical value causes a loss of stability, making the liquid issue from a capillary in the form of a
jet. The jet emits along the capillary axis or deflects from it at an angle less than 10°. At some
distance downstream this liquid jet becomes unstable and breaks up into small charged droplets
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Figure 1-2. Structure of the Taylor cone jet for Ethylene-Gylcol [26].

via a “budding” process when the surface tension is exceeded by the electric force as shown in
Fig. 1-3 [16]. The diameter of the droplets is affected by the various parameters such as the
applied voltage, liquid properties, etc. [17]. Charged droplets produced from the Taylor cone tip
shrink by ion evaporation until they reach the Rayleigh limit [18]. At the Raleigh limit the
magnitude of droplet charge is sufficient to overcome the surface tension, leading to the
disintegration of the droplet.

The droplets split evenly into two smaller droplets having

approximately equal mass and charge.

Subsequently, these smaller droplets undergo ion

evaporation until they reach the Rayleigh limit. This repeated process ultimately leads to very
small, highly charged droplets. This process is referred to as Coulomb fission. The jet breakup
by Coulomb fission falls into two categories: large primary droplet, and smaller satellite ones.
They are spatially dispersed soon after breakup due to electrostatic and inertial forces. In general,
the primary droplets experience vibration that gives rise to disruptions in which they emit a tail of
much smaller satellite droplets
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Figure 1-3. Schematic representation of droplets production in electrospray.

[19]. As the charged droplets are separated farther downstream by the Coulomb repulsive force,
the spray has two regions: an inner region of primary droplets, which accounts for 97~98% of the
total flow rate and 82~91% of the total current, and an outer region of satellite droplets
accounting for the remainder [20].

1.3 Objective of research
The objective of this research is to develop a simulation to investigate the movements of
charged particles in an electric field and by varying parameters the characteristics of electropray
thrusters under several different operating conditions such as the voltage, the separation distance,
size of the extraction ring, temperature, flow velocity, and wettability. To do this, it is necessary
to simulate ionic sources such as a liquid gallium and EMIM-BF4 in the platinum capillary. In

this process, it is important to find the potential models for each liquid. In particular, since the
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parameters in the potential model for liquid gallium are not known, the availability of the
potential models should be verified by the radial distribution function (RDF) that has been
experimentally confirmed. While nano-jet systems in a neutral condition can be modeled directly
by a molecular dynamics (MD) simulation alone, it is necessary to combine the MD simulation
with the numerical method for the calculation of the electric force acting on charged particles. In
this research, a finite element method (FEM) and a finite difference method (FDM) are employed
to solve the electric potential and field between the platinum capillary and the extraction ring.
Under several different conditions the numerical results of this simulation show similar tendency
bewtween theory and experiment. However, since there have not been theories to completetly
describe the performance of electrospray thrusters under a variety of conditions, it is hard to
verify whether or not this simulation can fully model the practical electrospray thruster systems.
Also, the simulation size of a few nanometers is too small compared to current electrospray
systems with the size of a few micrometers to millimeters that are used in experiments, and some
assumptions are made for the simplified simulation. These factors can be a limitation of this
research. Nevertheless, the comparison of the numerical results with a couple of experimental
and approximate laws is a valuable objective to validate the simulation and take closer look at the
movements of charged particles under different conditions.

1.4 Thesis overview
This thesis is organized into nine main chapters. Chapter 2 explains the theoretical
background that is helpful for understanding the operation and modes of electrosrpay thrusters.
Chapter 3 discusses the fundamental schemes of molecular dynamics (MD) simulation: a periodic
boundary condition, a truncation and shifted potential model, a long-range correction, a cell index
method, and a time-marching scheme. Chapter 4 describes how to model two types of ionic
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sources, liquid gallium and EMIM-BF4 . In that chapter, the radial distribution function (RDF) of
liquid gallium is compared with the experimental one to find the appropriate potential model for

liquid gallium. For EMIM- BF4 the coarse graining model is introduced to lower the
computational cost. Chapter 5 explains the method of wall modeling. Of several wall models, a

three-zone wall model with Lagevin thermostat is discussed in detail to simulate the platinum
capillary at a given temperature. Chapter 6 includes other numerical methods that are required to
simulate the electrospray thruster: fluidized piston method (FPM) for generating the flow velocity
in the platinum capillary, ion generation method for supplying charged particles, finite element
method (FEM), and finite difference method (FDM) for calculating electric potential and field
between the platinum capillary and the extraction ring. In Chapter 7, modeling technique for the
wettability between a liquid and a solid is briefly discussed. Chapter 8 represents the numerical
results and compares these with the theoretical values in the following terms: total current, axial
velocity at the extraction ring, number of ions passing the extraction ring, and current density.
Chapter 9 states the conclusions from this research and provides recommendations for future
work.
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Chapter 2
Theory Background

2.1 Taylor cone
When a high electric potential is applied to the surface of a liquid, its surface suffers an
electric stress, giving rise to the deformation of the liquid surface into a conical shape from which
charged particles emit. If the applied electric potential is higher than a certain magnitude, then
the cone apex of the liquid surface turns into a point, i.e., a singularity point. An axial liquid jet
projects from this pointed apex. This electric phenomenon was observed and explained by G. I.
Taylor, who in 1964 developed an analytical model of this structure through experiment with a
perfectly conducting liquid [21]. Taylor thought this conical shape resulted from the equilibrium
between two forces: the liquid’s surface tension and the electric stress on the surface of liquid.
See Fig. 2-1. The surface tension is given by
1
R1

Fst = γ(

+

1
)
R2

2.1

where γ is the surface tension coefficient of a liquid and R1 is the curvature of the normal section,

and R 2 is the second curvature. For a cone R1 = cosθ /r and R 2 →∞, which leads to
cos θ
�
r

Fst = γ �

2.2

For a perfectly conducting liquid without the effect of space charge the field solution is given by
the Laplace equation ∇2 Ø= 0. In spherical coordinates (Fig. 2-2) this Laplace’s equation is
∇2 Ø =

∂∅
1 ∂
1
∂
∂∅
1
∂2Ø
�r 2 ∂r � + 2 sin θ �sinθ � + 2 sin 2 θ 2
2
r ∂r
r
∂θ
∂θ
r
∂φ

=0

2.3
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Figure 2-1. Forces in the Taylor cone.
The electric potential which satisfies the above equation is given in terms of Legendre
polynomials.
∅ = APν (cos θ)r ν
∅ = AQ ν (cos θ)r ν
In addition to this solution there is another solution in terms of
with

1
r ν +1

2.4
1
r ν +1

instead of r ν . The solution

diverges too fast as r → 0. The Legendre polynomials indicate singularities at θ = 180°

for the Pν , and at θ = 0 for the Q ν . The solution of Q ν is chosen so that the singularity is inside
the cone. The parameter ν is determined by
En = −

1 𝜕𝜕∅
𝑟𝑟 𝜕𝜕𝜕𝜕

dQ

= 𝐴𝐴 d(cosν θ) sin θ

1
r 1−ν

2.5

The normal electric field from the electric potential equilibrates the surface tension in the case
of ν = 1/2. Thus, the complete solution is

∅ = AQ 1 (cos θ)r1/2
2

2.6
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Figure 2-2. Conical coordinate system.

In order to meet the equipotential condition at the liquid surface the potential has to be
independent of r. This condition is met for θ = 130.7099° in the range 0 < 𝜃𝜃 < 𝜋𝜋, therefore. the
semi-vertical angle, α = π − θ = 49.3°. However, the description of the Taylor cone does not

represent exactly the physics of electrosprays in cone-jet mode, since Taylor did not take into
account the effect of charged particles inside the jet in his model. The charged particles in a jet
modify the distribution of an electric potential around them, which leads to the deformation of
Taylor cone.

2.1 Modes of electrospray
When a high potential is applied the jet emits from the tip of the capillary and breaks up
into droplets in different ways depending on various parameters involved, the most important of
which are:
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- the physical properties of the liquid such as electrical conductivity, surface tension, and
viscosity
- the flow rate of the liquid
- the applied voltage between two electrodes
- the geometry of the system: shape of tip of capillary, inner and outer radii of extraction
ring
- the dielectric constant of the ambient medium

The characteristics of electrosprays depending on these parameters above were experimentally
investigated by several researchers [22] [23] [24] [25]. Because there is no specific definition of
the modes of electrosprays, the classification of modes is given by the two following criteria:
1. The geometrical shape of the liquid at the tip of the capillary - drop, spindle, jet
2. The type of disintegration of the jet into droplets
Generally, the modes of electrosprays are divided into two groups. The first group is modes in
which only fragments of liquids are emitted from the tip of capillary. The second group is modes
in which liquids issue from the tip of capillary in the form of a jet and then disintegrate into
droplets at some distance. The first group includes the dripping, micro-dripping, spindle, multispindle, and ramified-meniscus modes. The latter one contains the cone-jet, precession,
oscillating-jet, multi-jet, and ramified-jet modes.

2.2.1 Dripping mode
This mode is similar to the dripping of liquid at the tip of a capillary in the absence of an
electric field. The dripping mode is formed when the voltage and the flow are sufficiently low.
The low voltage and flow rate make the time of the drop formation much longer than the fall of
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the former drop. Due to the late drop formation the new drop generated at the capillary tip is not
affected by the former drop. The frequency and the size of the droplets are governed by the
voltage applied between the capillary and the extraction ring. As the voltage increases, the
wetting effect diminishes and finally become negligible. Thus, the emission frequency becomes
high and the droplet size reduces. In general, the diameter of droplets is greater than that of the
capillary. If the diameter of the capillary is reduced the maximum emission frequency increases
and the minimum droplet diameter decreases.

Figure 2-3. Dripping mode; different stages of drop formation in a non-wetting capillary [23].

Figure 2-4. Micro-dripping mode; different stages of drop formation in a non-wetting capillary
[23].
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2.2.2 Micro-dripping mode
When the electric force is high enough to form a stable hemispherical or ellipsoidal
meniscus the dripping mode turns into the micro-dripping mode. Although the flow rate is low
like the dripping mode, the voltage applied is slightly higher. In this mode the droplet size is
much smaller than that in the dripping mode, and the maximum emission frequency is higher as
well. Unlike in the dripping mode, the meniscus does not contract to a cone-shaped liquid surface
after the droplet detachment in the micro-dripping mode. The space charge generated by the
formerly detached droplets is too weak to affect the new droplet generation, because the droplets
fall quickly due to the electric field. An interesting characteristic observed in the microdripping
mode is that emission sometimes occurs at regular time intervals, producing droplets with a
uniform size.

2.2.3 Spindle mode
When the flow rate is sufficiently high and the electric force is stronger than that
corresponding to the dripping or micro-dripping mode, the liquid can elongate in the direction of
the electric field, detaching in the shape of a spindle filament. The characteristic time of the
liquid filled in the capillary is almost equal to or shorter than the characteristic time of the jet
formation. After detachment the meniscus contracts to a hemi-sphere by the surface tension, and
a new spindle starts to be formed. The spindle detached from the capillary disrupts into several
smaller droplets of different size that spread out around the capillary axis by the electric force.
Since the electric field, that is, the applied voltage is too low to form a long continuous jet at a
given flow rate in the spindle mode, only the spindle-like jet is emitted from the capillary. The
spindle becomes longer and less regular as the voltage increases, and as a result the main drop
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becomes greater while sibling droplets become smaller. When the voltage exceeds a certain
value the spindle mode turns into the multi-spindle mode. Furthermore, if the flow rate is also
increased, the spindle is replaced by an oscillating continuous jet, which is called oscillating jet
mode.

2.2.4 Cone-jet mode
This mode is the most interesting one of the several modes of electrospray. In cone-jet
mode the meniscus is formed in the shape of a cone called the Taylor cone and the liquid issues
from the apex of the cone. The Taylor cone is studied in detailed in Section 2.1. The length of
the jet increases as the viscosity, the resistivity, and the flow rate of the liquid increase. The end
part of the jet experiences instabilities of one of two types: varicose and kink. In the case of
varicose instabilities, as long as the charge of the jet is not too high, the break-up of the jet takes
place in the same manner as that of a neutral jet. After the break-up the jet retains its linear
position. When a higher voltage is applied kink instabilities appear. Kink instabilities make the
jet move irregularly off the axis of the capillary and break it up into fine droplets of different sizes.
In cone-jet mode the droplet size is determined by the diameter of the jet, which varies depending
on the flow rate and the conductivity of the liquid. The jet diameter decreases as the flow rate
increases and the conductivity of the liquid increases. Fernandez de la Mora and Ganan-Calvo
suggested the relationship between the diameter of the jet and the properties such as the flow rate,
the surface tension, the conductivity and so on [26-31]. Fig. 2-7 shows schematically different
configurations of electrosprays involving a capillary and an extraction ring. Vc is the critical

voltage at which the Taylor cone is formed. The cone-jet configuration can fall into three
different modes of charge emission: a pure ion emission mode, a mixed ion-droplet
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Figure 2-5. Spindle mode; different stages of drop formation in non-wetting capillary [23].

Figure 2-6. Instabilities in cone-jet mode: the left illustration is the varicose instability, and the
right illustration is the kink instability [23].
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.
Figure 2-7. Schematic cross-sectional illustration of various configurations and ejection modes of
electrosprays. The extraction voltage, V, is applied between two electrodes, a capillary and an
extraction ring. The capillary contains the conducting liquid (gallium in this study).

emission mode, and a pure charged droplet emission mode [32].

In Fig. 2-7 the top row

illustrates the configurations of electrospray under various extraction voltages. The bottom row
illustrates the different mixed modes of operation when the extraction voltage is in the vicinity of
the critical voltage, Vc . Ion emission that is illustrated by the darkly shaded area exists for the

case of a pure ion emission mode and a mixed ion-droplet emission mode. Liquid metals have
very high surface tension, which in turn cause high resistance to Coulomb fission. Consequently,
liquid metals produce pure, intense metal ion beams in an electrospray configuration with little or
no contribution from charged droplets [33]. Liquid metal ion sources do not typically form a
liquid jet, and the Taylor cone is stabilized via pure ion emission at the tip of the Taylor cone at
which the surface normal fields are highest.
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2.3 Starting potential
In order to emit the charged particle from an electrospray a certain electric field must be
induced on the surface of the liquid at the Taylor cone’s apex. This starting potential is calculated
based on an estimate of the electric field normal to the equipotential surface at a round tip [34], i.
e.,
Etip = 2�

γ
εo Rc

2.7

where ε 0 is the permittivity in a vacuum, E tip is the electric field at the tip, γ is the surface tension
in N/m, and R c is principal radius of curvature of the surface of liquid at the tip. This equation
indicates that when E > 2�σ/εo r, that is, the electric field on the surface of liquid is larger than a
threshold value, and the meniscus will become unstable and lead to a jet or a droplet. E =

2�σ/εo r is called the critical electric field. Assuming R c is much smaller than the distance
between the tip of a liquid and the collector plate the electric field at the tip is
2V/R

Etip = − ln (4L/Rc

c)

2.8

where L is the distance between the tip of the liquid and the plate. Substituting Eq. 2.8 into
Eq. 2.7, the starting potential is
γR

4L
Rc

Vc = � ε c ln � �
o

2.9

For a liquid meniscus formed at the exit of a capillary with inner radius r i we can assume that the
radius of curvature R c will be of the same order as r i . Eq. 2.9 can be written as
γr

4L
Ri

Vc = � ε i ln � �
o

2.10

This approximation ignores the effect of space charge in the space between the tip and the
extractor, which leads to reduce the electric field at the surface of liquid.
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Chapter 3
Molecular Dynamics Simulation

3.1 Non-bonded interaction energy and force
Consider first a simple system having N molecules without bonding interactions. The
potential energy is split into 1-body, 2-body, 3-body, ⋯ , and n-body terms:

U = ∑i U1 (ri ) + ∑i ∑j>𝑖𝑖 U2 �ri ∙ rj � + ∑i ∑j>𝑖𝑖 ∑k>𝑗𝑗 >𝑖𝑖 U3 �ri , rj , rk � + ⋯
3.1

The U 1 (r i ) term represents the effect of an externally applied potential field or the effect of
container walls to constrain the molecules.

It is usually canceled out for fully periodic

simulations of bulk systems. The remaining terms represent the effect of a potential between
each molecule. The second term, U 2 (r i , r 2 ), is the pair potential, which is the most critical term in
the calculation of the potential. The U 3 term is the triplet of molecules, which is significant at
liquid densities. However, this term is rarely included in MD simulations since it is very time
consuming in the course of the potential calculations [35][36]. Fortunately, the approximate
potential resulting from dropping out the third term in Eq. 3.1 remarkably describes the liquid
properties because the three body effect can be considered in part by defining an effective pair
potential. Using the definition of an effective pair potential, Eq. 3.1 can become
U ≅ ∑i U1 (ri ) + ∑i ∑j>𝑖𝑖 U2 eff (rij )

3.2

The pair potential used in MD simulations is in general an effective pair potential of this kind,
which includes all many body effects. The best known form of this potential is the LennardJones (LJ) 12-6 potential given as
σ
r ij

12

U LJ = 4ε �� �

σ
r ij

6

−� � �

3.3
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Figure 3-1. Argon pair potential. Solid line represents the BBMS pair potential for argon [37].
Dashed line represents the Lennard-Jones 12-6 effective pair potential used in a computer
simulation of liquid argon.

where σ is the distance to the zero in ULJ(r ij ) and ε is the energy at the minimum in ULJ(r ij ). This
potential form has two terms, one of which is the contribution of an attractive force in the longrange in the form of -1/r6 and the other is the contribution of a repulsive force, which increases
steeply at distance less than r~σ.

To model the potential between two different kinds of

molecules, for instance, a molecule of the wall and a molecule of the liquid, the Lorentz-Berthelot
mixing rules shown in Eq. 3.4 are used.
1

σgp = �σgg + σpp �
2

3.4

εgp = ��εgg × εpp �

However, this model does not take account of the effect of the wettability between a liquid and a
solid. The appropriate model for the wettability will be explained in Chapter 7. The forces acting
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on a molecule by other molecules can be obtained by the pair potential represented above. The
force acting on molecule i by j is given by Eq. 3.5.
�����⃗
f = −∇U(r)

3.5

Taking the Lennard-Jones potential, Eq. 3.3, for example, we can have the force acting on i
molecule by j molecule in
12

24ε
σ
���⃗
fij = 2 �2 � �
r

r ij

σ
r ij

6

− � � � ∙ ���⃗
rij

3.6

The force on molecule j by molecule i is obtained by employing Newton’s third law. See Fig. 32.

Figure 3-2. Separation vector and force between two molecules [39].
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3.2 Periodic boundary condition
Computer simulations are usually performed with a small number of particles ranging from
100 to 10,000. The number of particles used in simulations is restricted by the storage of the
computer and the execution time of the program.
proportional to N2.

The time taken to run the program is

Special techniques can reduce this time for large systems.

If we are

interested in a very small system such as a small liquid drop or microcrystal, the cohesive forces
between molecules can put themselves together in a certain potential range without a container
surface to confine them. In the case that the size of the system is larger than the potential range in
which they confine themselves the system needs a boundary condition that plays a role as a
container surface. Considering 1000 molecules making up a 10×10×10 cube, nearly half the
molecules are on the outer surface. Since these particles are out of the potential range they need a
boundary condition to put them in the simulation cube. This problem of surface effects can be
overcome by adopting periodic boundary conditions [38]. During the course of the simulation
when a molecule in which we are interested in leaves the basic simulation box, one of its images
will enter the basic simulation cube through the opposite face. There is no container surface at
the boundary and no surface molecules. A two-dimensional picture of such a periodic system is
shown in Fig. 3-3 [39]. In a three-dimensional system, molecules would be free to cross any of
the six cube faces. The number density in the simulation cube is conserved by a periodic
boundary condition in the course of simulation. It is important to make sure whether or not the
potential is short range. If the potential range is not short, for example charged ions and dipolar
molecules, special attention must be paid to deal with the long-range forces.
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Figure 3-3. A two-dimensional periodic system. Molecules can enter and leave each box across
each of the four edges.

3.3 Potential truncation
Computing the non-bonded potential energy and the forces acting on all molecules in a
MD simulation involves a large number of pair-wise calculations. Considering the potential
energy and the force between a certain molecule and every other molecule in the n-body system,
we need N-1 terms in the summation of potential energy and force. In the case that we take
account of the short-range potential energy or force, however, we can reduce the N-1 terms in the
summation of potential energy and force by making an arbitrary truncation area.

When

calculating the potential energy and forces on a molecule of interest we assume that the molecule
is located at the center of the box whose size and shape are the same as the original simulation
box (dashed box in Fig. 3-4). Then the molecule interacts with all other molecules in this box and
the closest image molecules in the periodic boundary condition. This is called the minimum
image convention. This technique, which is a natural consequence of the periodic boundary
condition, was first applied in simulations by Metropolis et al. [40]. Taking advantage of the
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1
2

minimum image convention the calculation of the potential energy reduces to N(N − 1) terms

due to pairwise-additive interactions. However, this may still be a substantial calculation for a
large system (≥ 1,000 particles). So we need to make a further approximation in order to cut the
execution time significantly. The expensive calculations can be avoided by setting the pair
potential v(r) to zero for r≥r c , where r c is the cutoff distance, because the largest contribution in
the calculation of the potential energy and of the forces results from neighboring molecules close
to molecules of interest. The cutoff is represented by the dashed circle in Fig. 3-4. In this case
molecule 2 and 4 E affect molecule 1, whereas molecule 3 E and 5c do not. In a cubic box of side
L the number of neighboring molecules is approximately reduced by a factor of 4πr c 3/3L3. The

cutoff distance should be large enough for a spherical cutoff to be a small perturbation. For the
Lennard-Jones potential model the typical radius of cutoff is r c =2.5σ. The cutoff radius must be
no longer than L/2 for consistency with the minimum image convention [39].

Figure 3-4. Minimum image convention in a two-dimensional system. The dashed circle
represents a potential cutoff.
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3.4 Shifted-force potential
The Lennard-Jones potential equation above is truncated at the cutoff radius, rc , the

properties derived by this potential energy, such as the internal energy, force, and pressure, are
affected. Sometimes this discontinuity at rc can cause the molecules separated by around this
distance to move repeatedly in and out of interaction range. The correction considering the longrange interaction (r>rc ) is made by changing the potential model slightly, i. e.,
du

, r ≤ rc
U(r) − U(rc ) − (r − rc ) � �
dr r c
U=�
0

3.7

Truncation of the potential at rc brings the similar effect of truncation in the force, which creates
small impulses on molecules when their separation distance crosses rc . As a result, we can

observe a little fluctuation in the total energy instead of constant total energy. This fluctuation
has little influence on the values at equilibrium, and this result can be negligible by expanding rc

at the expense of expensive computation time.

Figure 3-5. The Lennard-Jones pair potential and pair force for argon gas (σ = 3.41Å, ε =
1.6540 × 10−21 J). The units are r ∗ = r⁄σ, u∗ = u⁄ε, and F ∗ = Fσ�ε.
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Figure 3-6. Comparison of the full Lennard-Jones potential and the shifted-force potential for
argon gas. The shifted is applied at rc = 2.5σ.

Even though the potential model takes a long-range correction into account for better results, the
discontinuity in force F(r) is still problematic in the calculation of molecular motion. This
problem can be resolved by shifting F(r) vertically so that the force goes smoothly to zero at rc .
The shifted force F(r) is

du

du

− + � � , r ≤ rc
dr r c
F(r) = � dr
0
, r > rc

3.8
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3.5 Long-range corrections
The truncated potential energy for a low computational cost does not consider the
potential energy beyond a cutoff distance, in general, which is 2.5σ. It is useful to compensate
for the missing long-range part of the potential. The average potential of any given molecule in
three dimensions is given by
∞

1

U = ∫0 dr4πr 2 ρ(r)U(r)
2

3.9

where ρ(r) is the average number density at a distance r from a given molecule. The factor 1/2 is
used to avoid double counting. The missing long-range potential energy is from a cutoff distance,
2.5σ, to infinity.

1

∞

Ulong = ∫r dr4πr 2 ρ(r)U(r)
2
8

c

1

σ 9

3.10

σ 3

= πρεσ3 � � � − � � �
3
3 r
r
c

c

When a cutoff distance is 2.5σ the potential decays to the value which is about 1/60th of the well

depth, ε. Although this value seems to be minimal, it is actually not negligible in some cases [41]
[42] [43]. For instance, the truncated potential energy is -0.535ε at density ρσ3 . This value is

almost 10% of the total potential energy per atom at a typical liquid density.

3.6 Cell index method
As the size of the system increases, the Verlet neighbor list method requires a larger array
to store the data of neighbors and testing of every pair in the system is inefficient. An alternative
method of keeping the track of neighbors for large systems is the cell index method [44]. First,
the cubic simulation box is divided into M×M×M cells that have the same side length. Their
sides
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Figure 3-7. Algorithm of the Verlet neighbor list method.

ℓ=L/M should be greater than the cutoff radius for the potential truncation, r c . The neighbors of
any molecules in a central cell may lie in surrounding cells, including a central cell. If there is a
list array of molecules for each of those cells, then tracking the neighbors is processed rapidly.
Each cell has approximately N c =N/M3 molecules. Using the cell structure in three dimensions
we need to compute 27MN c interactions. The first step of the method is sorting all molecules
into cells. This procedure is required every time step according to the particles’ new positions.
During the sorting process each cell is assigned to two arrays. One of them is the ‘head-of-chain’
array that one element. This element has the highest identification number of the molecules
sorted into the cell. The number indicates the address of the other array, the linked-list array.
The element in the address of the linked-list array in turn indicates the second highest
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identification number in the cell, which at the same time represents the address of the element
having the third highest identification number. Through this process, we can track all molecules
in the cell until an element of the linked-list array is zero, which represents that there is no more
molecules in that cell, and we move on to the head-on-chain array for the next cell. See Fig. 3-7.

3.7 Time marching scheme
There are a couple of numerical schemes to integrate the equation of motion for molecules
over time such as the Verlet scheme, the leap-frog scheme, etc. The velocity-Verlet scheme,
which stores positions, velocities, and accelerations at the same time, and which minimizes
round-off error was used [45], and may be written.
∆t 2 ∙ a(t)
r(t + ∆t) = r(t) + ∆t ∙ r(t) +
2
∆t
2

v �t + � = v(t) +

v(t + ∆t) = v �t +

∆t∙a(t)
2

3.10

∆t
∆t ∙ a(t + ∆t)
�+
2
2

The velocity-Verlet algorithm has a three-value predictor-corrector procedure, which is illustrated
in Fig. 3-8. First the new position and intermediate velocities are calculated from the first and
second equations in Eq. 3.10. The forces and accelerations created by the new position are used
in the calculation of the new velocity. In contrast to either the Verlet or the leap-frog algorithm,
the velocity-Verlet algorithm obtains the force in the middle of the calculation, not at the
beginning. The new velocity is the calculated by the new acceleration and the intermediate
velocity from the third equation in Eq. 3.11. The velocity-Verlet algorithm has the advantage
over other numerical
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Figure 3-8. Procedure of the velocity Verlet algorithm. It shows successive steps in the
implementation.

schemes because the calculation of velocity is synchronized with the update of position since the
force calculation is executed midway through the procedure.
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Chapter 4
Modeling of Ionic Source
There are two types of ionic source as a propellant used in electrospray thrusters: liquid metal
ionic sources (LMIS) and ionic liquid ion sources (ILIS). Both liquids can wet a solid metallic
capillary, form a Taylor cone when a high voltage is applied between a metallic capillary and an
extraction ring, and operate in a high vacuum. Although ionic liquids and liquid metals have
these similar characteristics, ionic liquids have a number of advantages over liquid metals. ILIS
with a relatively lower surface tension than that of LMIS can be operated at a lower operation
voltage because it is dependent on the square root of the surface tension of a liquid (Eq. 2.10).
Lower voltage operation can be attractive to space thruster systems, which have a concern over
using excessively high voltage. While LMIS needs to be heated except for a few liquid metals,
most ILIS can be used at the room temperature without additional heating. In the case that an
externally wetted emitter is used, ILIS is wetted at atmospheric pressure, on the other hand, LMIS
needs the specific conditions such high vacuum and high temperature [46] [47]. Since ILIS has
both cations and anions, it is possible to operate either in a negative mode or in a positive mode.
However, LMIS has only a positive mode in which cations emit. Relatively lower conductivities
of ionic liquids allows ILIS to have purely ionic emission at a low flow rate [48]. As shown in
Table 4-1, a few liquid metals with low melting points can be applicable to ionic sources.
However, ionic liquids can be synthesized in a variety of types corresponding to needs. In this
study, liquid gallium is simulated as a LMIS since it is in a liquid state at room temperature and
has a relatively low surface tension and viscosity compared with those of other liquid metals. Of
ILIS, 1-ethyl-3-methyl imidazolium tetrafluoroborate (EMIM-BF4 ) is selected since it has been
widely characterized as a ionic source under several different conditions studied by experiments
[48][49][50].
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Table 4-1. Physical properties of common liquid metals and ionic liquids for ion sources.
Surface tension

Melting point
(℃)

Cs

γ (N/m)
0.071

29

0.7

Au

1.145

1065

5.15

Al

0.871

660

1.38

Ga

0.711

30

1.9

In

0.556

157

1.85

Pb

0.457

328

2.55

[EMIM][BF4]

0.052

12

[C4-mim][Tf2N]

0.037

-25

12.6(50 ℃)

[C4-mim][PF6]

0.049

10

Liquid

Viscosity (cP)

69(25 ℃)

Conductivity
K (S/m)
>>1

2.3(50 ℃)

204(30 ℃)

4.1 Radial distribution function for liquid gallium
Although materials in the liquid state do not have a specific structure, there is a structural
correlation to offer information about the average molecular organization. The fundamentally
structural correlation is given by the completely general pair-distribution function,
g(r1 , r2 ) =

N a (N a −1) ∫ dr 3 ⋯r N a exp �(−U(r 1, ⋯,r N a )/k B T�
ρ 2 ∫ dr 1 ⋯r N a exp �(−U(r 1, ⋯,r N a )/k_B T�

4.1

where the integration in the denominator is the partition function, and the integration in the
numerator is the form in which r1 and r2 are removed from the lower integration. In the case of

spatially homogeneous systems, only relative separation is meaningful, which leads to the
summation of atom pairs, i. e.,
2
N

ρg(r) = 〈∑Ni ∑Nj<i δ�r − rij �〉

4.2
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Here, N is the total number of atoms, ρ=N/V is the number density, V is the volume, and the
angular bracket indicates time average. The radial distribution function (RDF) implies that
ρg(r)dr is proportional to the probability of finding two atoms separated by distance r±dr. The
RDF is critical in liquid state physics and all functions that correspond to the pair separation such
as potential energy can be expressed in the term of the integration including g(r). RDF has a
different type depending on the phase. For a solid with regular crystal lattice structure such as
FCC the RDF take the form of a sequence of delta functions since the distance between atoms is
constant. Materials in liquid or gas phase have a continuous profile. The RDF of a solid has
several irregular peaks including one high peak. Although these peaks remain over a long
distance, the amplitudes decay. The RDF of a liquid also has several peaks that appear regularly.
However, those amplitudes wane more quickly in a shorter distance than the RDF of a solid does.
The RDF of a gas has one peak, and there exist no valleys and its peak disappears instantly.

Figure 4-1. Radial distribution function.
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4.2 Ion-ion potential for liquid gallium
In general, since the Lennard-Jones 12-6 model represents the potential for ideal gases
such as argon that have no chemical or electrical reactions it is not appropriate for liquid gallium
with the conductivity provided by electrons.

Thus, the liquid gallium is modeled by the

modified Lennard-Jones 12-6 potential that accounts for the screen effect by conduction
electrons [51]. To complete this potential function it is needed to find the values of parameters,
A, a, b, and c, so that the radial distribution function (RDF) of this function is consistent with the
experimental one [52] :
A 12

U(r) = a r 12 + b

A 3 cos (2k F ∙r+c)
r3

exp(−k TF ∙ r)

4.3

N 1/3
k F = �3π �
V
2

k TF =

2q mk F
�
π
ħ

where r is the ion-ion distance, k F is the radius of the Fermi sphere, k TF is the Thomas-Fermi

wave vector, V is the volume, N is the number of electrons in the volume, m is the mass of an

atom, q is the elementary charge, and ħ is Planck’s constant divided by 2π. The fundamental

assumption of this potential formula is that the interaction of s-p polyvalent metals can consist of

the short range part including the 1/r12 term and the long-range part including the 1/r3 term. The
short-range part represents the repulsive interaction due to the overlap of the electron cores. This
was modeled using an inverse power-law dependence, whose power came from the LennardJones potential for noble gases. The long-range part was taken as the asymptotic form of the
effective ion-ion interaction, which is screened by the conduction electrons as modeled by an
almost uniform electron gas. An effective number of electrons per atom, that is, the effective
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Figure 4-2. Radial distribution function for liquid gallium at 320 K.

Figure 4-3. Modified potential for liquid gallium at 320 K (Eq. 4.3).
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Figure 4-4. Total, potential and kinetic energy over 120,000 time steps. Velocity scaling is
applied until 40,000 time steps.

ionic charge is equal to z ∗ = 2.7 , which gives the electron number density, and hence
k F and k TF . Although RDF of the simulation does not exactly correspond to the experimental

data, it is enough close to represent the property of liquid gallium since the peaks and valleys of

the simulation RDF are located approximately at those experimentally determined. Considering
that the RDF of simulation has higher peaks and lower valleys than the experimental one, it is
likely that the liquid gallium model used in this simulation has stronger atomic interaction. For
the examination of RDF at equilibrium state the simulation was carried out with the velocity
Verlet algorithm for 400,000 time steps, time step size was 2 fs, and the velocity rescaling was
applied until the 200,000th time step. The values of parameters A, B, b, k TF , and k TF that were

found by the simulation are given in Table 4-2.
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Table 4-2. Values of parameters A, a, b, and c for a liquid gallium at 320 K.
A

a

b

c

2.70 × 10−10

8.40 × 10−21

9.75 × 10−21

-0.6

4.2 Potential for EMIM-BF4.
Unlike liquid gallium with only the non-bonded potential energy, EMIM-B F4 in a

nonpolarizable atomistic model has not only the non-bonded potential energy, which is dependent

on the distance between two separate atoms, but also the bonded potential energy, which is
determined by the molecular structure.

Vbonded = ∑bond

k bond
2

Vnp = Vbonded + Vnon −bonded

(r − ro )2 + ∑angle

cos(nφ − φ0 )�

k angle
2

4-4

(θ − θo )2 + ∑dihedral k dihedral �1 +

4-5

where k bond , k bond , k bond are force constants, r, θ, φ are bond, valence angle, and dihedral

angle, respectively. And ro , θo , φo are values at the equilibrium state. In Eq. 4-5 the first term

accounts for the potential energy due to the atomic bond, the second potential is due to the
valence angle, and the last one is due to the atomic dihedral angle. In the case that the positions

Figure 4-5. A polymer chain. r is the bond length between two atoms, θ is the angle between two

bond, and φ is the torsional angle.
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and angles of atoms are the labels as shown Fig. 4-5, the bond vector between atom di and di−1 is

r��⃗i = di − di−1 , the valence angle θ is calculated from
And the dihedral angle ∅ is given by

���⃗∙r
r ��������⃗

cos(π − θ) = |r i||ri−1 |
i

cos∅ = −

4-6

i−1

(r���⃗×r
i ��������⃗)∙(r
i−1 ��������⃗×r
i−1 ��������⃗)
i−2
|r���⃗×r
i ��������⃗||r
i−1 ��������⃗×r
i−1 ��������⃗|
i−2

4-7

The forces by the valence angle and the dihedral angle potentials are given by Eq. 4-8 and Eq. 4-9,
respectively.
dv (θ )

4-8

dv (∅ )

4-9

θ i
f(θi ) = −∇r i vθ (θi ) = − � dcos
� ∇r i cosθi
θ
i

where vθ =

k angle
2

∅ i
� ∇r i cosθ∅i
f(∅i ) = −∇r i v∅ (∅i ) = − � dcos
∅

(θ − θo )2 and v∅=

k dihedral
2

i

(cosφ − cosφo )2 [32]. The non-bonded forces in

the short-range and in the long rang are contributed by a Lennard-Jones 12-6 potential and
Coulomb potential, respectively:
Vnon −bonde = VLJ+Vcoulomb
σ
r ij

12

VLJ = ∑i ∑j>𝑖𝑖 4ϵ �� �

Vcoulomb = ∑i ∑j>𝑖𝑖

σ
r ij

4-6
6

−� � �

qi qj
R ij

4-7
4-8

where ϵ is the depth of the energy minimum, σ is the minimum distance between two atoms. In
the Coulomb potential, qi is the partial charge including the permanent dipole effect. For the

cation the summation of qi should be 1, the anion has to be -1.

Since 1-ethyl-3-methyl

imidazolium tetrafluoroborate, EMIM-BF4 (C6 H11 N2 BF4 ), consists of 24 atoms it requires a high
computational cost when one calculates the forces and potential with an all-atom model.

Therefore, a coarse-graining (CG) method is adopted as an alternative model. In this method, a
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Figure 4-6. Coarse-grained structure for 1-etyl-3methylimidazolium ionic liquid.

couple of atoms with relatively few degrees of freedom are considered as one group. For the
cation, EMIM, 20 atoms can be represented by 4 sites: two methyl sites, a C H2 , and the

imidizolium site as shown in Fig. 4-6 [54]. An aromatic ring can be considered as one site
because its ring structure is nearly a rigid body. Two methyl groups can be simplified into two
CG sites because they rotate along their own principal axis symmetrically. For anion BF4 , 5

atoms can be grouped into one CG sites. This coarse-graining method reduces 24 atoms to 5
atoms, which allows to calculate 23 times faster in N2 model. The partial charge of each site is
the summation of partial charges of the atoms for each site. The bond parameters are chosen

from the all-atoms model [53] [54] and the values of ϵ and σ in Lennard-Jones 12-6 potential are
summed and averaged, respectively. Parameters used in the simulation are tabulated in Table 4-3
to 4-6 below.
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Table 4-3. Bond parameters V(r) =
Bond length
M1-IM
IM-MR
MR-M2

k bond
2

(r − ro )2 .

kbond [J]

r0 [Å]

3.0749× 10−18

3.2

9.2845× 10−18
2.4080× 10−18

Table 4-4. Valence angel parameters V(θ) =

MR-IM-M2

k angle
2

1.81

(θ − θo )2 .

kangle [J]

θo [°]

9.4836× 10−19

125.75

Valence angle
M1-MR-IM

3.2

1.5834× 10−18

180

Table 4-5. Dihedral angle parameters V(φ) = k dihedral �1 + cos(nφ − φo )�.
Dihedral angle

M1-MR-IM-M2

kdihedral [J]

φo [°]

1.3889× 10−20

0.0

2

σ
r ij

12

Table 4-6. Parameters of Lennard-Jones 12-6 model V(r) = 4ϵ �� �
Site
M1

σ [Å]

IM

2.77

MR

2.90

M2

2.90

BF4

3.05

2.90

n

σ
r ij

6

−� � �

ε [J]

1.0908× 10−21
4.4673× 10−21
9.7962× 10−21
1.0908× 10−21
2.3552× 10−21
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Figure 4-7. Temperature of EMIM-BF4 over 250,000 time steps. Velocity rescaling is off after
200,000 time steps, and the step size is 1 fs. Temperature is 340 K.

Initial velocities for all atoms of EMIM and BF4 are separately assigned by a Gaussian
distribution at 340 K. To obtain EMIM-BF4 at equilibrium, the simulation was carried out for
250,000 time steps and the velocity rescaling was applied to cations and anions respectively until
200,000 time steps.

4.3 Wall potential boundary condition
When the open condition is used at both ends in the z-direction, some atoms come out of
the platinum capillary during the simulation, which makes it impossible that the predetermined
number density remains constant when the simulation reaches the equilibrium state. In order to
prevent atoms of liquid gallium from coming out of the ends of the platinum capillary during the
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simulation, a wall boundary must be used. Of course, the actual platinum atom wall on both ends
can confine atoms in the capillary. However, this method increases the number of atoms in the
simulation, and hence the computational cost. The potential for the end wall boundary condition
is defined as follows [55]. The derivation of this equation is explained in detail in Appendix A.
1 σ

9

σ

3

Uw,i (zi ) = εw � � zw � − � zw � �
3
3

i

εw σw = 1.5376 ×
σw = 21/6 σLJ

i

4.9

1

γ2
10−21 ρ
ℓ

Figure 4-8. Location of imaginary potential wall. Dashed circles are imaginary atoms of potential
wall, green circles are atoms of real capillary wall, and blue circles are atoms of real liquid atoms.

This 9-3 model of the wall boundary is slightly different from the 10-4 model developed by
Toxvaerd for a fcc(111) Lennard-Jones solid lattice [56]. In the equations above, εw and σw are
the length and energy parameters for the wall potential, and zi is the z-component of ith atom, ρℓ

is the liquid atomic number density, and γ is the surface tension value in mN/m. In some cases,
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the value of εw in Eq. 4.9 is determined by using the values of the surface tension and bulk liquid

density from the ASHRAE tables at the desired temperature.

The surface tension can be

calculated by [57]
mN
]
m

γ = 709 − 0.066(T − 29.8℃) [

In the simulation, the surface tension γ = 0.7098 N/m and εw = 2.142 × 10−20 J

4.10
at

T=320 K. This potential wall boundary is be also employed in the fluidized piston method in

Section 6.1 to prevent atoms of liquid gallium from going beyond the end of a tube during a
simulation. In Fig. 4-8 the length of vacant gap ℓ between real liquid atoms and imaginary

atoms of potential wall is approximately given by the value of σw in the Lennard-Jones

potential (Eq. 4.9).
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Chapter 5
Wall Modeling

5.1 Lattice structure
There are three types of the lattice structure to model the wall as a system of particles as
shown in Fig. 5-1; fcc(100), fcc(110), fcc(11). Both fcc(111) and fcc(100) have a crowded
atomic structure and close distances between neighboring atoms, while fcc(110) has a relatively
sparse atomic structure compared with the other two lattices. Of these three lattice structures,
fcc(111) is the smoothest, fcc(110) is the roughest, and fcc(100) lies in between these two lattices.
Soong et al. compared the effect of these lattices for the wall on a nanotube flow [58]. They
found that fcc(111) and fcc(100), two closely packed lattice structures, have the similar density
profile qualitatively and quantitatively. The fcc(110) relatively sparse lattice structure, however,
has density peaks a little lower in magnitude at a position closer to the wall. In the fcc(110)
lattice structure, wall and fluid atoms exchange momentum and energy strongly, and the fluid
atoms reflect from the wall with less momentum and energy. This disparity in momentum and
energy makes the first density peak closer to the wall. When it comes to the fluid slippage,

Figure 5-1. Types of lattice structre; fcc(100), fcc(110), fcc(111).
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the fcc(111) has the largest fluid slip, the fcc(100) has the lowest fluid slip, and the fcc(110) lies
in between. In this simulation fcc(111) is used for the smooth interaction between the platinum
wall and the liquid gallium. Fig. 5-2 shows the top-view and the side-view of atoms in three
layers. It is assumed that each atom is connected with a spring and a damper. Spring and damper
constants are determined by a physical property and a temperature. This is explained in detail in
Section 5.3. For platinum, the distance between atoms is 2.77 Å. The green-colored interest
atom located at the center in Fig. 5-3 is linked with 12 atoms around it, 3 atoms are in the upper
layer, 3 atoms are in the lower layer, and the remaining 6 atoms in the same layer. In Fig. 5-3, the
atom at center is acted on by the spring forces of 3 atoms in the bottom layer and 3 atoms in the
top layer. The forces exerted by 6 atoms around the interest atom at the middle layer are offset by
each other.

L1 is the length between platinum atoms, L2 and L3 are

respectively. The height between two layers, h, is
and the spring constant is 4.86 N/m.

√2
L1.
2

√3
L1
6

and

2√3
L1 ,
6

For platinum, the length L1 is 2.77 Å

Figure 5-2. Top-view and side-view of fcc(111) lattice structure in three zone wall model.
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Figure 5-3. Connection between atoms at each layer: (a) top view of three zone wall mode, (b) the
bottom layer, (c) middle layer, (d) top layer.

5.2 Three-zone wall model
In order to simulate the motion of atoms in the platinum capillary, the modeling
techniques are critical. A number of researchers have studied modeling techniques using a
variety of methods. Some of these methods use a system of particles to model a wall. This kind
of modeling is the most representative of a physical system, whereas it is required that physical
constraints such as energy conservation at equilibrium or actual atom positions should be satisfied.
Although this approach has the advantage of explicitly simulating a wall, since this modeling
makes use of more atoms to represent the wall, memory utilization and CPU time should be
considered. In addition, it is essential to assign appropriate velocities to each wall atom and
control the position of atoms to maintain the shape of the wall for modeling a wall at a given
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Figure 5-4. One zone wall.

Figure 5-5. Top view and side view of one zone wall.

temperature. In the case of platinum, if atoms constituting a wall are fixed during a simulation,
the wall temperature is always 0 K because there is no kinetic energy. This means that this wall
model is not capable of taking into account the heat transfer occurring in the interaction between
the platinum wall and the liquid gallium. To control the heat generated by viscous flow and
maintain a constant temperature of a system, wall models have to contain suitable thermostats or
velocity rescaling techniques. Some research was carried out by using the velocity rescaling for
liquid atoms or molecules; however, this approach did not represent a physical system well [59]
[60] [61]. In order to maintain the desired wall temperature and consider the heat transfer
between the wall and the liquid, the Langevin method, also called
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Figure 5-6. Two zone wall.

Figure 5-7. Top view and side view of two zone wall.

the phantom molecules method, is recommended [62] [63]. There are three types in the Langevin
method depending on the number of zones. The first model is the one zone model. In this model,
all the atoms of the platinum capillary are connected with springs [64] [65] [66] [67]. The spring
plays the role of the wall temperature control and the spring constant is determined by using
physical parameters and the Debye model [68]. The forces between the platinum atoms and the
liquid atoms are calculated by the Lennard-Jones 12-6 potential. This approach was studied
under several conditions by Koplik and Banavar [69] [70]. They employed simple velocity
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Figure 5-8. Three zone wall.

Figure 5-9. Top view and side view of three zone model.

rescaling to maintain a constant temperature. At low flow velocities, this velocity rescaling was
successful. However, an alternative velocity scaling is necessary at higher flow velocities to
preserve the temperature during the simulation. The second method is the two zone model. This
model uses springs to connect the moving platinum atoms in a stochastic zone and stationary
platinum atoms in one or two outermost layers that maintain the geometry of the wall. Atoms in
the stochastic zone vibrate around their own spots and dissipate the energy transferred into the
wall atoms by the liquid atoms. The stochastic zone maintains the wall temperature by acting like
a thermal reservoir. The behavior of wall atoms is determined by the total spring force exerted
from neighboring atoms around the interest wall atom. The interaction of liquid atoms and wall
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atoms are governed by the standard 12-6 Lennard-Jones potential. This approach is appropriate
in the study of solid-fluid interaction with energy exchange. The last method is the three zone
model, which is more complicated than the former two methods. Three zones consist of a
reaction zone, a stochastic zone, and a stationary zone. Atoms in a reaction zone directly interact
with liquid atoms and atoms in a stochastic zone. The interaction with the liquid atoms is
governed by the Lennard-Jones 12-6 potential, which is determined by the Lorentz-Bertherlot
mixing rules, and the interaction with atoms in a stochastic zone is governed by a spring force and
a damper force (see Eq. 5.1). Atoms in a stochastic zone interact with atoms in a reaction zone
and in a stationary zone. This zone serves to maintain the desired wall temperature by the
Langevin Thermostat. Atoms of a stationary zone do not move and maintain the shape of the
platinum capillary. Berkowitz and McCammon have developed this wall model method to look
into a surface reaction [71]. They showed that this wall model including the Langevin thermostat
corresponds well to the actual physical system. Branam has compared three wall models
mentioned above with a diffusive reflection wall model and showed density profiles, velocity
profiles, and temperature profiles under various conditions [68]. Of these three wall models, the
three zone model is adopted in the simulation.

5.3 Langevin thermostat
The atoms of the platinum capillary have much faster motions than those of atoms of
liquid gallium at a given temperature [72]. For the simulation of the atoms’ motions in the
reaction zone and stochastic zone in the three-zone model, a time-step that is much shorter than a
usual time-step (2 fs) is required. However, this shorter time-step requires more expensive cost in
the calculation of potentials and forces. In such a case, an approximate approach may be adopted.
The 3D Langevin equation, which replaces the effect of fast motion of platinum atoms with two
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extra forces, a damping force and a random force acting on each atom in the reaction and
stochastic zones, were selected for use. The Langevin thermostat using the Langevin equation
can also control the wall temperature at any desired value. The 3D Langevin equation has the
following form [62]:
̈ = −ξmr(t)
̇ + f(t) + Fpotential (t)
mr(t)

5.1

where ξ is the damping constant representing viscous damping due to fictitious thermostat

particles, and Fpotential (t) involves the force induced by the potential energy between atoms of
the platinum wall and the spring force between atoms of the platinum wall and liquid gallium.
The random force, f(t), represents the effect of collisions with these atoms, which is sampled

from the Gaussian distribution (ρ), with zero mean value and a standard deviation given by
2mξk B T
∆t

f = ρ�

5.2

Here, ∆t is the time step size, k B is the Boltzmann constant, and T is the desired temperature
value. The damping force constant, ξ, is a function of the material properties given by Eq. 5.3
from the Debye model [73] [74].

ξ=

πω D
,
6

ωD =

kB TD
ħ

5.3

where ωD is the Debye frequency, TD is the Debye temperature, and h is Planck’s constant. The

Debye temperature for platinum is 240 K. The 3D Langevin equation is then integrated using the
following Verlet algorithm [39].
r(t + δt) = r(t) + c1 δtv(t) + c2 δt 2 a(t) + δr G

5.4

v(t + δt) = c0 v(t) + (c1 − c2 )δta(t) + c2 δta(t + δt) + δv G

The parameters, c0 , c1 , and c2 are known by the following relations.
c0 = e−ξδ t

c1 = (ξδt)−1 (1 − c0 )

5.5
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c2 = (ξδt)−1 (1 − c1 )

The values of δr G and δv G are given by a bivariate Gaussian distribution, which is expressed by

a joint probability density function
ρ�δr G , δv G � =

2
1
1
δr G
exp
��
�
�−
2
2
1/2
σr
2πσ r σ v (1−c rv )
2(1−c rv )

δv G

2

δr G

δv G

+ � σ � − 2crv � σ � � σ ���
v

r

v

5.6

with zero mean value and variance given by
σr 2 = δt 2

kB T
(ξδt)−1 (2 −
m

σv 2 =

The correlation coefficient, crv , is given by

(ξδt)−1 )(3 − 4e−ξδ t + e−2ξδ t ))

5.7

kB T
(1 − e−2ξδ t )
m

crv σr σv =

kB T
(1 − e−ξδ t )2
m

5.8

Figure 5-10. Temperatures of liquid gallium and platinum wall at equilibrium state at 320 K in
the absence of a flow rate and an electric force.
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The Langevin thermostat is advantageous over a simple thermostat that rescales velocities
periodically. Simple velocity rescaling method can cause a flow bias [75], especially in the case
of simulating a fluid in a small pore [60].
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Chapter 6
Electrospray Simulation

6.1 Fluidized piston model
The continuous fluid flow through micro-tubes in molecular dynamic simulations has
long been researched until recently with two methods. One is the gravity-fed flow [76] [77], the
other is the dual control volume grand canonical molecular dynamics (DCV-GCMD) [78].
Gravity-field flow is widely used in hydrodynamic viscous flow and involves the uniform
application of strong gravitational field that is 109 times stronger than Earth’s gravity. The

system that gravity-fed flow is applied to is a planar shape in geometry or physically uniform in
the flow direction. Although this method is simple and the computational cost is inexpensive, the
motions of particles are induced by the external field, not the interactions between particles, and

viscous heating is generated from the work done by this external field. The magnitude of the
external field was obtained with a trial and error method in a specific situation, although recently
Kassinos et al. [79] and Kotasalis et al. [80] developed a simple adaptive force algorithm. This
algorithm can directly set the streaming velocity from the beginning. This method is to replace
the pressure gradient with the external field. For that reason, the uniform field is not appropriate
for the system that is inhomogeneous in the flow direction. Also, it is not guaranteed whether the
activities of polyatomic or complex molecules under a strong gravitational field are identical to
those under an actual pressure gradient. The DCV-GCMD, on the other hand, is mainly used in
transport diffusion analysis and drives particles of fluid with a chemical potential that
corresponds to the density or pressure gradient. It is a combination of a MD algorithm and the
grand canonical Monte Carlo (GCMC) algorithm. The dynamics are solved with a MD scheme.
The necessary number of GVMC to maintain the constant prescribed chemical potential is
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determined by some trial runs. This number is large in the case of the investigation of dense fluid
systems because the probability of rejection for inserting a newly created particle becomes very
high. This situation becomes more severe for polyatomic molecular systems. As a result, the
computation of the DVC-GCMD is very expensive. Aside from gravity-field flow and DVCGCMC, there are some reports of MD simulations with other methods that drive continuous fluid
flow [81] [82] [83], but those methods are not commonly used. These methods have their own
advantages. However, these methods do not satisfy the following conditions. (1) The fluid flow
is driven by the pressure from the upstream in a dense molecular system. (2) The computational
cost is not expensive. (3) The analysis of hydrodynamic viscous flow with relatively high
streaming velocity is possible. (4) The streaming velocity can be directly assigned. The fluidized
piston model (FPM), which has been developed by Itsuo Hanasaki and Akihiro Nakatani, was
chosen for use in place of the two methods mentioned above [84].

Figure 6-1. Schematic view of FPM method. (a) is FPM region, (b) is density monitor region, (c)
is region of free dynamics, (d) is a total length of a capillary, and (e) is the position of potential
wall, which is approximately σgp .
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The FPM applies the local external field in the upstream region, named the fluidized
piston region, so that the fluid in this region acts as the fluidized piston that extrudes the
downstream fluid and drives the flow. A schematic illustration of the FPM is shown in Fig. 6-1.
Potential wall boundary condition is applied to the end of upstream in order to prevent gallium
ions from moving backward beyond the platinum capillary during the simulation. In this research
the fluidized piston region is comprised of 5 bins, its length a is 2.0 nm, the length of density
monitor region b is 0.4 nm, the length of the platinum capillary d is 10.0 nm, and the separation
between the potential wall and the capillary e is approximately σw in equation 4.4. The

integration procedure for the equation of motion for liquid atoms in the FPM method is similar to
1
2

the velocity Verlet method. Positions of atoms at t+dt and velocities at t + dt are calculated by
the standard velocity Verlet method, i. e.,

r α (t + dt) = r α (t) + dt ∙ v α (t) +
1
2

v α �t + dt� = v α (t) +

1
dt 2
2m α

∙ f α (t)

6.1

1
dt ∙ f α (t)
2m α

6.2

The newly created atoms in the FP region have the thermal velocities of the Maxwell-Boltzmann
distribution added by the inlet streaming velocity. The positions of newly created atoms in the FP
region are selected randomly by the insertion part of the grand canonical Monte Carlo method
with the condition that atoms should not be overlapped with other atoms. This particle creation
part shall be addressed in greater detail in the next chapter. The adaptive local body forces and the
velocities at t+dt are calculated with the following numerical scheme:
Utarget

Uj (t + dt) = �
ρ
min � monitor
Utarget , Utarget �
ρ
j

bj (t + dt) =

m j (t+dt )
dt
1
2

6.3

1

�Uj (t + dt) − vj (t + 2 dt)� − fj (t + dt)

v α (t + dt) = v α �t + dt� +

1
dt �f α (t +
2m α

dt) + m

mα
bj (t
j (t+dt )

+ dt)�

6.4
6.5
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Figure 6-2. Velocities of gallium ions in each component when the flow rate is set at 30 m/s.

where α is the index of an individual atom, j is the index of the bin, Uj is the target streaming

velocity in the jth bin, Utarget is the target inlet streaming velocity, bj , mj , and vj are the total body

force, total fluid mass, and average streaming velocity in the jth bin, respectively, and fj is the total

force acting on the fluid in the jth bin. By this algorithm the fluid in the FP region serves as a

fluid piston, and the flow in the downstream region is driven by the pressure that the atomic
interactions produce. Fig. 6-2 represents velocities of gallium ions in the platinum capillary when

the flow rate is set at 30 m/s. As shown in this figure it takes about 50000 time steps for the fluid
piston to work properly.
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6.2 Ion generation
There are four ensembles in the Monte Carlo method: canonical (NVT) ensemble,
isobaric-isothermal ensemble (NPT), microcanonical (NVE) ensemble, and grand canonical
ensemble (μVT) ensemble. Three ensembles, except for a grand canonical ensemble, have
constant number of particles. The grand canonical ensemble, on the other hand, has constant
chemical potential while the number of particles changes. In order to create a new particle in the
platinum capillary, therefore, the grand canonical ensemble of the Monte Carlo method is
employed. The procedure of the creation part in the Monte Carlo method is presented in Fig. 6-3
[85]. The basic expression of this method is
ρ
z

∅test
�〉
kB T

= 〈exp �−

6.6

z = exp(βμ) /∧3
β = 1/k B T

1/2

h2
∧= �
�
2πmk B T

where ρ= N/V is the number density, z is the thermodynamic activity, ∧ is the thermal de Broglie
wavelength, h is Planck constant, ∅test is the interaction energy of a test particle in N-1 particles

and < > refers to the canonical average [86]. Eq. 6.6 can be expressed in the terms of the
chemical potential by substituting the corresponding terms into the top equation:
N
∧3
V exp (βμ)

= 〈exp �−

N
V

μ = k B T �ln � � + ln �
∧3

∅test
�〉
kB T
∧3

6.7

��

∅
〈exp �− test �〉
kB T

= k B T × ln � V � + k B T〈N〉 − k B T × ln �〈exp �−
= μid + μex

6.8
∅test
�〉�
kB T
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Figure 6-3. Flow chart of the acceptance procedure. Here, β = K B T , N is the number of particles

before the creation, and μ∗ is the excess chemical potential, which is given by the Widom

insertion method [86] [87].
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Figure 6-4. Acceptance criteria for new ion.

The chemical potential consists of two terms. The first term is the ideal chemical potential, and
the second term is the excess chemical potential. To insert a new ion into N-1 other ions, the
position of a new ion is selected at random so that the position is not overlapped with ions of the
platinum wall (rgp _gp< σgp _gp). The new position is then checked if it is overlapped with other

ions of liquid gallium. (rgg _gg< σgg _gg). There are two criteria for the acceptance of the new

ion. The first criterion is that ∆Y should be less than zero (See Fig 6-3). If this criterion is
satisfied, the new ion is included in the simulation. Otherwise, it is tested that the pseudo

Boltzmann factor is less than a random number ranging from zero to one. If this second criterion
is met, the new ion is inserted. If not, a new ion is randomly selected again. This procedure is
illustrated in Fig. 6-4. The velocities of the new ion in the x- and y- directions are given by the
Maxwell-Boltzmann distribution at a given temperature, and the velocity in the z direction from
the Maxwell-Boltzmann distribution plus the flow rate.
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6.3 Electric potential
ρ
ε0

Poisson’s equation (∇2 ∅ = − ) is solved to obtain the electric force acting on the ions

of liquid gallium or EMIM-BF4 in an electric field. To this end, one needs to specify an initial

condition as well as a boundary condition in the simulation domain. The configuration of the
electrospray thruster for the MD simulation is shown in Fig. 6-5. The boundary conditions
applied to this simulation are represented in Table 6-1. The Neuman and Dirichlet boundary
conditions were used for the calculation of the electric potential and field, respectively. In this
research the voltage of the platinum voltage Vo is zero and the voltage of the extraction ring
varies depending on the case. ℓz1 is the length of the platinum capillary, 10.0 nm, ℓz2 is the

separation between the capillary and the extraction ring, ℓz3 is the length of the region beyond the

extraction ring, 30.0 nm, and ℓx and ℓy are the diameter of the extracting ring. Although this

simulation has ℓz3 of 30.0 nm in all cases to lessen the iteration for solving Poisson’s equation, it

is necessary to consider the length of the region beyond the extraction ring because the electric
potential around the extraction ring is affected by the boundary condition of area 5678 in Fig. 6-5.
Table 6-2 shows the electric potential at the center of the extraction ring depending on the inner
radius of the extraction ring and the length ℓz3 . Since the length at which the electric potential

around the extraction ring is independent of the boundary condition is determined by the voltage

and size of the extraction ring, it is required to find the length ℓz3 accordingly. Before solving

Poisson’s equation, we should first solve the Laplace equation (∇2 ∅ = 0) in which the effect of

space charge is not taken into account. There are two numerical schemes for solving a field

problem such as Laplace’s or Poisson’s equation. One is a finite difference method (FDM) and
the other is a finite element method (FEM). Because the finite element formulation has an
advantage over the finite difference formulation in representing properties of field and Neumann
boundaries, we shall focus on FEM in solving the field problem. Also, rather than using an

62

Figure 6-5. Domain for the calculation of electric potential.

Figure 6-6. Mesh conventions and Gaussian volume near a test point for a three-dimensional
finite-element electrostatic solution [88].
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Table 6-1. Boundary conditions for the calculation of electric potential and field.

Electric
potential
Electric
field

Area

area

area

area

area

area

1234

5678

1256

3478

2375

1486

∂∅
=0
∂z

∂∅
=0
∂z

∂∅
=0
∂y

∂∅
=0
∂y

∂∅
=0
∂x

∂∅
=0
∂x

0

0

0

0

0

0

capillary

extraction
ring

V 0 (=0)

Vf

0

0

Table 6-2. Electric potential at the center of the extraction ring in several different cases. Voltage
of the extraction ring is -90 V and the separation is 90 nm.

30 nm

Length (ℓz3 )
45 nm

90 nm

15 nm/24 nm

-84.689 V

-83.711 V

-80. 129 V

Inner radius

30 nm/39 nm

-77.701 V

-75.015 V

-68.217 V

/ outer radius

45 nm/54 nm

-68.208 V

-63.998 V

-55.470 V

60nm/69 nm

-56.362 V

-51.722 V

-43.085 V

irregular mesh, we made use of FEM with a regular mesh since in three dimensions an irregular
mesh has to store much information on the position of the mesh. Moreover, it is not easy to
generate an irregular mesh in three dimensions. Fig. 6-6 shows the mesh parameters near a point
of interest in the calculation of Poisson’s equation. Each point has six neighboring vertices that
have their own potentials, Ø xu , Ø xd , Ø yu , Ø yd , Ø zu and Ø zd . The distances to these neighboring
vertices are h xu , h xd , h yu , h yd , h zu and h zd . The values of these distance is represented in Table 6-3.
There are eight elements surrounding a test point and they have their own relative dielectric
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∅i,j,k =
Q i,j,k =

1

8ϵ0

h

W xu ∅xu +W xd ∅xd +W yu ∅yu +W yd ∅yd +W zu ∅zu +W zd ∅zd +Q i,j,k

h yu h zu ρuuu +h xd h yu h zu ρduu +h xu h yd h zu ρudu +h xd h yd h zu ρddu
xu h yu h zd ρuud +h xd h yu h zd ρdud +h xu h yd h zd ρudd +h xd h yd h zd ρddd

�+hxu

6.9

W xu +W xd +W yu +W yd +W zu +W zd

1

�

6.10

Wxu = 4h �εuuu hyu hzu + εudu hyd hzu + εuud hyu hzd + εudd hyd hzd �

6.11

xu

Wxd =

1
�ε h h + εddu hyd hzu + εdud hyu hzd + εddd hyd hzd �
4hxd duu yu zu
1

Wyu = 4h [εuuu hxu hzu + εduu hxd hzu + εuud hxu hzd + εdud hxd hzd ]
yu

1

Wyd = 4h
Wzu =
Wzd =

yd

[εudu hxu hzu + εddu hxd hzu + εudd hxu hzd + εddd hxd hzd ]

1
�ε h h + εduu hxd hyu + εudu hxu hyd + εddu hxd hyd �
4hzu uuu xu yu

1
�ε h h + εdud hxd hyu + εudd hxu hyd + εddd hxd hyd �
4hzd uud xu yu

Table 6-3. The sizes of elements in each domain region.
Region
A

hxu

1.0 nm

hxd

1.0 nm

hyu

1.0 nm

hyd

1.0 nm

hzu

1.0 nm

1.0 nm

B

1.0 nm

1.0 nm

1.0 nm

1.0 nm

3.0 nm

3.0 nm

C

1.0 nm

1.0 nm

1.0 nm

1.0 nm

3.0 nm

3.0 nm

hzd
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constant and space charge density denoted by the symbol ε udu and ρ uuu , respectively. Under the
assumption that the space between the platinum capillary and the extraction ring is in a vacuum,
the relative dielectric constant is one. For simplicity, we will not represent the notation for
relative dielectric constant from now on. Here, the index order, i, j, and k refer to the x, y, and z
directions, respectively. Taking a Gaussian surface integral over a box extending parallel to the
axes halfway to each neighbor, the space charge at a test point is given by Eq. 6-10.

As

mentioned above, the effect of space charge, the term Q, is not taken into account before reaching
the equilibrium state. The initial condition of the electrospray simulation is obtained by iterating
Laplace’s equation 1,000,000 times. We shall address the calculation of space charge in the next
section. In the calculation of the electric potential and field, it is important to determine the
appropriate size of the element used in FEM and FDM. In particular, the element size in the x
and y directions significantly affects the stability of the current jet because the high electric
potential and field are generated around the edge of the platinum capillary. In the case that the
element size in the x and y directions is greater than the thickness of the platinum capillary, the
ions or charged molecules are affected by the high electric potential and field around the edge of
the platinum capillary, generating the unstable current jet. Fig. 6-7 through Fig. 6-10 show the
stability of the current jet depending on the size of element in the x and y directions. It is
observed that the unstable current jet occurs when the size is greater than 1.0 nm, the thickness of
the platinum capillary. Therefore, the size of element in the z direction should be less than the
thickness of the platinum capillary. However, when the sizes of elements are too small, that
requires a high computational cost. To reduce the computational cost in this simulation, h xu , h xd ,
h yu , and h yd , have the same value as thickness of the platinum capillary, 1.0×10-9m, in all regions
A, B and C, whereas h zu , and h zd have different lengths in regions A and B, C. The values of h zu
and h zd in region A are 1.0×10-9 and those in regions B and C are 3.0×10-9. Fig. 6-11 and 6-12
show the electric potential in two and three dimensions in the absence of space charges.
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Figure 6-7. The size of element in the x and y directions is 0.5 nm. Flow velocity is 30 m/s,
Separation is 90 nm and voltage is -9 V. The inner and outer radii of the extraction ring are 60 nm
and 69 nm, respectively. The inner and outer radii of the capillary are 3 nm and 4 nm.

Figure 6-8. The size of element in the x and y directions is 1.0 nm. Flow velocity is 30 m/s,
Separation is 90 nm and voltage is -9 V. The inner and outer radii of the extraction ring are 60 nm
and 69 nm, respectively. The inner and outer radii of the capillary are 3 nm and 4 nm.
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Figure 6-9. The size of element in the x and y directions is 2.0 nm. Flow velocity is 30 m/s,
Separation is 90 nm and voltage is -9 V. The inner and outer radii of the extraction ring are 60 nm
and 69 nm, respectively. The inner and outer radii of the capillary are 3 nm and 4 nm.

Figure 6-10. The size of element in the x and y directions is 3.0 nm. Flow velocity is 30 m/s,
Separation is 90 nm and voltage is -9 V. The inner and outer radii of the extraction ring are 60 nm
and 69 nm, respectively. The inner and outer radii of the capillary are 3 nm and 4 nm.
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Figure 6-11. Initial electric potential without space charges in 3-D after iterating Laplace’s
equation 1,000,000 times; Voltage =-100 V, Separation=100 nm.

Figure 6-12. Initial electric potential without the space charges in 2-D after iterating Laplace’s
equation 1,000,000 times; Voltage =-100 V, Separation=100 nm.
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6.4 Space charge
In addition to the estimated value of potential at all vertices in the preceding section, it is
necessary to know how many ions of liquid each cell has for the solution of Poisson’s equation.
Cells created to calculate the potential in the previous section are used once again in the
calculation of the space charge. In order to know which cell has how many ions, the index
numbers are assigned in sequence to each cell as Fig. 6-13 shows. The index number of the cell
in which each ion is located can be given by Eq. 6.12 under the assumption that all ions emitting
from the platinum capillary would be in the simulation domain from the capillary tip to the
extraction ring.
index = 1 + int ���rx (i) +

Lx
�×
2

Nx � ×

1
�+
N x ×h x

int ���rz (i) − Lcapillary � × Nz2 � × N

int ���ry (i) +
1

z 2 ×h z 2

Ly
2

� × Ny � ×

1
�×
N y ×h y

� × Nx × Ny × Nz1 × Nx × Ny

Nx +
6.12

Figure 6-13. Assignment of particle into each cell. Region A is within the length of platinum
capillary. Therefore, region A has no particles except for inside platinum capillary.
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where Lx , Lx , and Ltube are the lengths of the domain in the x and y directions and the length of

the capillary, and N x , N y and N z are the number of cells in the x, y, and z directions, respectively.
The symbol int{A} denotes the closest integer number to the real number A. After sorting all
particles into each cell, the space charge in Poisson’s equation is easily calculated by Eq. 6.13.
ρi = q × number of gallium ions in ith cell

6.13

where q is the electron charge (q=1.6022×10-19).

6.5 Electric field
The electric field at each vertex is given by the negative gradient of the electric potential
at that vertex (Eq. 6.14).
���⃗
E = −∇∅

6.14

This equation can be solved numerically using a finite difference method with second order
accuracy, see Fig. 6-14 and Eq. 6.15. The value of the electric forces acting on ions in a certain
cell can be found by interpolation. Fig. 6-15 shows a cell in which the ion is taken into account.
The ion is located at the position of r x , r y and r z in rectangular coordinates. Assuming that both
the platinum capillary and the ionic liquid are perfectly conducting materials, there is no electric
field on and in the platinum capillary. Fig. 6-16 shows the z component of the electric field in
three dimensions when there are no space charges. Fig. 6-17 and 6-18 show the x and z
components of the electric field in two dimensions. The flow chart in Fig 6-19 shows the order of
numerical calculation in the simulation.
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Figure 6-14. 3-D retangular mesh for the calculation of an electric field.
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∅
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E
�
hzu − hzd

Figure 6-15. 3-D rectangular mesh for the interpolation of electric field.

6.15
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Figure 6-16. The z component of the initial electric field in the absence of the space charge in 3-D
after iterating Laplace’s equation 1,000,000 times; Voltage =-100 V, Separation=100 nm.
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Figure 6-17. The z component of the initial electric field in the absence of the space charge on the
x-z plane after iterating Laplace’s equation 1,000,000 times; Voltage =-100 V, Separation=100
nm.

Figure 6-18. The x component of the initial electric field in the absence of the space charge on the
x-z plane after iterating Laplace’s equation 1,000,000 times; Voltage =-100 V, Separation=100
nm.
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Figure 6-19. Flow chart for the procedure of electrospray simulation.

75

Chapter 7
Wettability
For macroscopic flow, the boundary condition of a viscous fluid at a solid wall is the “no-slip”
condition in the continuum regime, while for microscopic flow with Knudsen number greater
than 0.001 [89], velocity at the wall incurs slip. The effect of the wettability between a solid wall
and a fluid is negligible for flow in a macrochannel. However, the effect of the wettability in a
microchannel flow cannot be ignored since the molecular interaction at the interface affects the
characteristics of the flow along the wall. Menhart [90] carried out an experiment and found that
there is velocity slip in a microchannel coated with a hydrophobic monolayer, whereas a clean
hydrophilic microchannel has a “no-slip” boundary condition.

Zhu and Grankick [91]

experimentally verified that the no-slip boundary condition exists at low flow rate, and the
magnitude of the velocity slip is determined by the flow rate and the surface wettability. The
pressure drop and convective heat transfer by the surface wettability was experimentally found by
Wu and Cheng [92]. However, the mechanism of this effect has not yet been clearly explained
form the microscopic point of view.

7.1 Molecular dynamics method
In general, the interface between a solid wall and a fluid in molecular dynamics
simulation is modeled by the Lorentz-Bertherlot mixing rule. However this rule alone cannot
take the effect of the wettability into account. A modified Lennard-Jones potential with factors to
control the repulsive and attractive forces induced between a solid wall and a fluid was employed
as shown in Eq. 7-1.
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Table 7-1. Simulation cases and the values of α and β used in Eq. 7-1.
Wettability

Hydrophilic interface

Hydrophobic interface

Case

(a)

(b)

(c)

(d)

(e)

(f)

(g)

α

1.00

0.75

0.50

1.00

1.00

1.00

1.00

1.00

1.00

1.00

0.90

0.80

0.80

0.75

β

Cases (a)-(c) at β=1 imply a microchannel with hydrophilic surfaces and cases (d)-(f) at α=1
represent hydrophobic surfaces. The decrease in the value of α in case (a)-(c) makes the strength
of the hydrophilic interaction weak, while the decrease in the value of β in cases (d)-(g) makes the
strength of hydrophobic interaction weak.
To examine the interface density distribution in the vicinity of the wall, the x-y plane was
divided into 62 bins, each with width was 0.937Å (≈ 0.347σgg ). The fluid near a wall has an

oscillatory ordering of the mass in all cases. This ordering results from the Lennard-Jones
potential of the fluid itself and the interaction with the wall. The density profiles for the
hydrophilic interface are shown in Fig. 7- 1. There is distinct oscillatory distribution of density
near the wall due to a strong liquid-wall interface. This region has a solid-like structure. As the
factor of liquid-solid interface α decreases, the oscillatory density near the platinum wall decays,
while the density around the center increases. The density profiles for the hydrophobic interface
are shown in Fig 7-2. The oscillatory density distribution is weak compared to that of the
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hydrophilic interface, because the attractive force between the liquid and the wall becomes weak
by reducing β in the Eq. 7-1. The weak attractive force moves the first peak in the density profile

in the vicinity of the wall further away from the wall, leading to the increase in the density at the
center.

The velocity profile in the tube whose radius is in the nanometer range is different

depending on which regime the flow is in. The flow regime is classified by the Knudsen number,
Kn,
Kn =

λ=

λ
d

1

2
√2πd m ρ

where d is the diameter of nanotube, λ is the mean free path, dm is the diameter of the atom, and
ρ is the number density. If the flow regime is the continuum (Kn < 10−3 ), the boundary

condition is the no-slip, which implies that a fluid or gas has a zero velocity at the wall. The flow
with the Knudsen number in the range of 0.001 to 0.1 has the “slip velocity” boundary condition,
which implies that a fluid or gas velocity at a wall is greater than zero [93]. For liquid gallium
used in the simulation, the Kn number is around 0.0097 and there is no velocity slip at the wall.
The velocity profile for the hydrophilic interface is shown in Fig 7-3. Compared with the
parabolic-shaped velocity profile in the Poiseuille flow, this velocity profile is elongated further
due to the electric force in an axial direction. As the value of α increase, the velocity profile

elongates further. The strong repulsive interaction between the liquid and the wall reduces the
velocity near the wall, which leads to the increase in the velocity at the center. As seen from this
figure, the velocity at the wall is zero. Fig. 7-4 represents the velocity profile for the hydrophobic
interface. Similar to the velocity profile for the hydrophilic interface, the strong attractive
interaction makes the velocity profile elongated around the center, but the variance in the velocity
in the vicinity of the wall is minor. All cases for the hydrophobic interface also show that there is
no velocity at the wall.
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Figure 7-1. Density profile of electrospray with different hydrophilic interfaces. The Electric
field is -0.67 V/nm and the flow rate is 30 m/sec.

Figure 7-2. Density profile of electrospray with different hydrophobic interfaces. The Electric
field is -0.50 V/nm and the flow rate is 30 m/sec.
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Figure 7-3. Axial velocity profile of electrospray with different hydrophilic interfaces. The
Electric field is -0.67 V/nm and the flow rate is 30 m/sec.

Figure 7-4. Axial velocity profile of electrospray with different hydrophobic interfaces. The
Electric field is -0.50 V/nm and the flow rate is 30 m/sec.
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Chapter 8
Numerical Results
According to energy conservation and Child’s law [Appendix B], the velocity of charged particles
at the extraction electrode is determined only by the voltage, and the current density is determined
by the distance between the two electrodes as well as the voltage, is shown by equations
v(z) = �
j=

1
2q∅(z)+mv 0 �2
�
m

8.1

4ε 0 2q 1/2 ∅0 3/2
� �
9
D2
m

8.2

where m is the mass of the charged particle, ∅ is the voltage, v0 is the initial velocity at the end of

capillary, and D is the distance between the two electrodes. Since these relations are based on the
assumption that the two electrodes are semi-infinite plates, only a variation in an axial direction is
taken into account in these equations. The relation between flow rate and current is given by the
scaling law that was suggested by Fernandez de la Mora et al. [26] and Ganan-Calvo et al. [28].
See Table 8-1. Several researchers examined the effects of flow rate and liquid properties on the
characteristics of electrosprays in the terms of the droplet size, current and the minimum flow rate
[94][95][96].

Table 8-1. Comparison of the scaling laws for the liquids of high conductivity and high viscosity
suggested by Fernandez de la Mora et al. [26] and Ganan-Calvo et al. [28].

d (droplet size)
I (current)
Q min (minimum flow rate)

Fernandez de la Mora et al.

Ganan-Calvo et al.

G(ε)(Qτ)1/3

k d ε−1/6 (Qτ)1/3

γKQ 1/2
�
ε
εε0 γ
ρK

f(ε) �

γKQ 1/2
k I ε1/4 �
�
ε
ε1/2 ε0 γ
ρK
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In Table 8-1 τ is the charge relaxation time (= εε0 /K), γ is the surface tension, ρ is the liquid

density, Q is the flow rate, K is the liquid electrical conductivity, ε is the dielectric constant, and k I

and k d are 1.66 and 6.46, respectively. G(ε) and f(ε) are experimentally derived functions.

To investigate the effects of several variables on the performance of electrospray

thrusters, the following variables were varied; the distance between the platinum capillary and the
extraction ring, the voltage, the inner radius of the extraction ring, the flow rate, the wettability
between the liquid gallium and the platinum capillary, and the temperature. The simulation results
are compared with the laws mentioned above in terms of the total current, the current density, the
axial velocity at the extraction ring, and the number of ions passing the extraction ring.
The simulation was carried out under the following assumptions.
-

The ionic liquid and the platinum capillary are considered as perfectly conducting
materials. As a result, there is no electric field and electric force on ions in the platinum
capillary.

-

The simulation does not consider the propagation of the electric potential into the ionic
liquid around the exit of the platinum capillary. In reality, cations of ionic liquid move
toward the extracting ring, while anions or electrons are left around the exit of the
platinum capillary. This difference between number densities results in the ionic liquid in
the vicinity of the tip of platinum capillary having the electric potential within the Debye
length. Compared to the length of the element (hz1 = 1 nm) used in the finite element

method, however, the Debye length is too short (λD ~0.1 nm). Therefore, its effect is
negligible.

-

The space between the platinum capillary and the extraction is in a vacuum. In a vacuum,

-

the relative permittivity, ϵr , is one.

It is supposed that once gallium ions emit from the platinum capillary, they are positively
ionized and have not only the force exerted by the ion-ion potential but also the electric
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force. That is based on the fact that electrons have little influence on the motions of
gallium ions because the mass and size of electrons are quite tiny in comparison with that
of ions.
-

It is assumed that once cations pass the extraction ring, they are neutralized by electrons
or anions everywhere. Thus, cations in the region C (see Fig. 6-5) have only the force
exerted by the ion-ion potential.

All cases used the same capillary whose inner and outer radii were 3 nm and 4 nm,
respectively. The length of the capillary was 10 nm. The simulation for liquid gallium was
carried out with a time step size of 2.0 fs, and EMIM-BF4 was simulated with a time step size of
1.0 fs using the Velocity-Verlet time integration scheme. The space between the extraction ring

Figure 8-1. Illustration of electrospray with liquid gallium and Taylor cone in simulation.
and the platinum capillary was iterated for 1,000,000 time steps for the initial electric potential
and field. To avoid taking a measurement of the starting transient current jet by the fluidized
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piston method the numerical result was evaluated from the 50,000th time step to the 150,000th
time step. The cutoff radius for both liquid gallium and EMIM-BF4 was 10.5 nm, and the cell
index method was used to lower the computational cost. The atomic decomposition algorithm
was employed to expedite the calculation of forces and potential between atoms. Parallel
algorithms used in the MD simulation are described in Appendix C.

Molecular dynamics

simulation inherently has statistical errors due to sources of systematic error including sizedependence, the possible effects of random number generators, poor equilibration, etc. In order
to accurately represent the results of simulation, it is essential to estimate the statistical errors,
which can be described with the average valued and variance. The method of estimating errors
used in this research was described in Richard D. Branum’s Ph.D thesis [68]. He calculated the
average values and variance from the data by blocking averaging. The block averaging is
obtained from stored data after the simulation. The average values for each block are then used to
compute the simulation run average and standard deviation.

8.1 Liquid gallium

8.1.1 Effect of inner radius
The effect of the inner radius of the extraction ring was examined under the conditions
that the voltage was -120 V, the flow velocity was 30 m/s, and the separation was 120 nm. The
inner radius of the extraction ring was varied by 15 nm from 15 nm to 90 nm, while its width
remained 9.0 nm. The effect of the size of the extraction ring on the total current, the number of
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Figure 8-2. Total current vs. inner radius of the extraction ring for liquid gallium at an electrode
spacing of 120 nm and a voltage of -120 V.

Figure 8-3. Average axial velocity vs. inner radius of the extraction ring for liquid gallium at an
electrode spacing of 120 nm and a voltage of -120 V.
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Figure 8-4. Number of ions passing the extraction ring vs. the inner radius of the extraction ring
for liquid gallium at an electrode spacing of 120 nm and a voltage of -120 V.

ions, and the axial velocity are represented in Fig. 8-2 through 8-4. The extraction ring with the
larger inner radius produces the higher total current because of more ions passing through it.
However, the inner radius of the extraction ring greater than a certain size allows all ions to pass
through the extraction ring decreases the total current. This is because the larger inner radius
induces a weaker electric potential and field in the axial direction and, hence, slower axial
velocities. When the inner radius of the extraction is large enough that all ions pass through it,
the number of ions is decreased by the slower velocity that a larger inner radius makes. Figs. 8-3
and 8-4 show that among the sizes of the inner radius that allow all the ions to pass through it, the
inner radius of 6.0 nm has the fastest axial velocity, which generates the highest total current in
this study. The axial velocity decreases as the inner radius of the extraction ring increase due to
the weak electric force in the axial direction which it generates.
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8.1.2 Effect of voltage
In this simulation the inner and outer radii of the extraction ring were 60 nm and 69 nm,
respectively, the electrode separation distance was 120 nm, and the flow velocity was 30 m/s.
The voltage was varied by -12 V from -72 V to -240 V. As shown in Fig 8-5, the total current
increases as the voltage goes up. Since the electric force is induced by an electric field, the higher
voltage means a higher electric field, which generates stronger attractive forces acting on the ions
of gallium toward the extraction ring. Figs. 8-6 and 8-7 show the dependence of the current
density and the axial velocity on the voltage as Child’s and the energy conservation laws describe
(Eqd. 8.2 and 8.3). Like the total current, the current density and the axial velocity rise gradually
as the voltage becomes higher due to the stronger electric force in the axial direction. However,
the higher voltage has the greater discrepancy between the simulation result and Child’s law. The
difference between results is caused by the fact that Child’s law was derived under the

Figure 8-5. Effet of voltage on the total current for the liquid gallium at 320 K.
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Figure 8-6. Comparison of the simulation result and Child’s law for the current density.

Figure 8-7. Comparison of the simulation result and the maximum theoretical exhaust velocity at
the extraction ring.
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assumption that both electrodes are infinite plates with equipotential surfaces. In addition, it
assumed that all the electric potential is turned only into the axial velocity in the one-dimensional
system. However, in this electrospray thruster simulation the shapes of the electrodes are a ring
and a cylinder, respectively, and they do not have equipotential surfaces. The electric potential is
converted into velocities in three directions. It is noted that the extraction ring does not generate
the electric potential around its inner radius, which results in the negative electric field in the z
direction (Fig. 6-12). Ions of gallium experience greater deceleration at this area when a higher
voltage is applied. That makes a contribution to the difference from the result of the axial velocity
that the energy conservation law explains.

8.1.3 Effect of separation between two electrodes
The simulation was conducted under the condition that the voltage was -120 V, the flow
velocity was 30 m/s, and the inner and outer radii of the extraction ring were 60 nm and 69 nm,
respectively. The separation between the platinum capillary and the extraction ring was increased
by 12 nm from 72 nm to 168 nm. The plots of the total current, the current density, and the
average velocity versus the different distances are presented from Figs. 8-8 through 8-10. As
shown in Fig. 8-8 and 8-9, the longer distance between the two electrodes reduces both the total
current and the current density as Child’s law (Eq. 8-2) points out due to the weaker electric field
induced by the longer distance at the constant voltage.

Furthermore, as the separation is

increased, the ions disperse more because of repulsive Coloumb forces, causing a reduction in the
number of ions passing through the extraction ring as Fig. 8-11 shows. On the other hand, Fig. 810 shows that the axial velocity remains approximately contant over the distance. This result
agrees with the energry conservation law that the axial velocity is determined by the electric
potential, not the electric field. These results represent that the decreaase in the total currnet is
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Figure 8-8. Total current vs. distance between the platinum capillary and the extraction ring.

Figure 8-9. Comparison of the simulation result and Child’s law in the current density at the
extraction ring.

90

Figure 8-10. Comparison of the simulation result and the maximum exhuast velocity at the
extraction ring.

Figure 8-11. Effect of the separation between the capillary and the extraction ring on the number
of ions passing the extraction ring.
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caused by not the axial velocity, but the numner of ions pasing the extraction ring. However, it is
found that there is discrepancy between the simulation result and Child’s law (Eq. 8.2). The
shorter distance from the platinum capillary makes the radial component in the electric potential
and field more significant. Therefore, the shorter separation makes more contribution to the
greater difference in the result. This relationship is confirmed in Fig. 8-9. Like the case of the
voltage, the difference bewteen the axial velocities is made by the radial component of the elctric
potential and field.

8.1.4 Effect of flow rate
The simulation was carried out under the conditions that the voltage was -120 V, the
electrode separation was 120 nm, and the inner and outer radii of the extraction ring were 60 nm
69 nm, respectively. The flow rate was varied by 5 m/s from 10 m/s to 50 m/s. According to the
scaling law for highly conductive and viscous liquids, the total current is proportional to a square
root of the flow rate. This relationship between the flow rate and the total current is shown in Fig.
8-12. The flow rate has an influence on the stability of the jet as well. Because a slow flow rate is
not able to supply ions as fast as ejection caused by an extraction ring, after a current jet is ejected
it takes time to form a subsequent one. At a slow flow rate, thus, a current jet is created
periodically as shown Fig. 8-13. In the case of a faster flow rate, since a much larger number of
ions than that for a stable current jet are ejected at a time, they form an unstable jet. As for a slow
flow rate, a current jet is generated periodically due to the time required to offer ions. See Fig. 814. For liquid gallium, a flow rate higher than 50 m/s or lower than 20 m/s generates an unstable
current jet. According to the energy conservation law, the flow rate has an influence on the
exhaust velocity. Fig. 8-15 shows that the increase of the flow rate allows the electrospray to eject
gallium ions with the faster exhaust velocity, and hence the higher total current. However, the
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Figure 8-12. Effect of flow rate on current in a cone-jet mode.

Figure 8-13. Pictures of the current jet at the flow rate of 10 m/s. Voltage is -120 V, separation is
120 nm. The inner and outer radii of the extraction ring are 60 nm and 69 nm, respectively. The
inner and outer radii of the capillary are 3 nm and 4 nm. Electrospray thruster operates in the
pulsation mode.
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Figure 8-14. Pictures of the current jet at the flow rate of 70 m/s. Voltage is -120 V, separation is
120 nm. The inner and outer radii of the extraction ring are 60 nm and 69 nm, respectively. The
inner and outer radii of the capillary are 3 nm and 4 nm. Electropspray thuster operates in the
pulsation mode.

Figure 8-15. Comparison of the simulation result and the maximum exhuast velocity in the axial
direction.
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Figure 8-16. Current jet of electrospray thruster at different flow rates. Voltage is -120 V,
separation is 120 nm. (a) 10 m/s , (b) 30 m/s, (c) 50 m/s, (d) 70 m/s. The inner and outer radii of
the extraction ring are 60 nm and 69 nm, respectively. The inner and outer radii of the capillary
are 3 nm and 4 nm. Electropspray thuster operates in the pulsation mode.

increment is minor in the comparison to that due to the electric force. When the electric field of
1.0 V/nm is applied, in general, the axial velocity due to the electric field is of order of 105 m/s,

whereas that due to the flow rate is of order of 101 m/s. The flow rate plays a crucial role in the

stability of the jet rather than in the increase of current. According the scaling law developed by

Fernandez de la Mora and Loscertales in 1994 [26], the current jet of the liquid with a high
conductivity is proportional to the flow rate, dj ~Q1/3 , although the error of their experimental

measurement is as high as 30%. The correlation between the flow rate and the diameter of the
current jet is observed in Fig. 8-16. The higher flow rate generates the thicker and unstable
current jet.

95
8.1.5 Effect of temperature
Although no theory has described the effect of temperature of the liquid or the capillary
on the performances of electrosprays, Lozano and Martinez-Sanchez experimentally found that
temperature is an another factor affecting the current [97]. To examine their result the simulation
was implemented with the conditions that the voltage was 120 V, the flow rate was 30 m/s, the
electrode separation was -120 nm, and the inner and outer radii of the extraction ring were 8 nm
and 10 nm, respectively. The temperatures of the liquid gallium and the platinum capillary were
increased by 10 ℃ from 300 ℃ to 400 ℃. The electrospray at the higher temperature generates

the higher total current as shown in Fig. 8-17. Fig 8-18 and 8-19 show that the increase in the
total current is caused not by the exhaust velocity but by particles passing the extraction ring. In
fact, the exhaust velocity is approximately constant with the temperature. This observation is in
accordance with the energy conservation law. The relation between the total current and the
temperature is associated with the variation in the viscosity

Figure 8-17. Denpendence of current and viscosity on temperature of liquid gallium.
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Figure 8-18. Comparison of simulation result and maximum exhuast velocity in axial velocity
under different temepartures.

Figure 8-19. Relationship between the temperature and the number of liquid gallium ions passing
the extraction ring.
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depending on the temperature. In Fig 8-17, as the liquid gallium is heated up the viscosity of the
liquid gallium decreases, while the total current increases. That implies that the emission is
controlled by the viscous transport and is inversely proportional to the liquid viscosity.

8.1.6 Effect of wettability
The simulation was conducted with the extraction ring whose inner and outer radii were
60 nm and 68 nm, respectively. The voltage was -120 V, the separation between two electrodes
was 120 nm, and the flow rate was 30 m/s. The effect of the wettability on the performance of
the electrospray thruster has not been investigated theoretically and experimentally. This MD
simulation investigated how the interaction between the capillary wall and the gallium liquid
affects the total current, the axial velocity, and the number of ion passing the extraction ring.
Higher values of the parameters α and β induce the greater total current as shown in Fig 8-20.

This is because these higher parameters generate the stronger interaction to attract ions around the
wall. As a result, they travel at a slower velocity. By contrast, ions in the vicinity of the center of
the capillary leave the exit of the capillary at a higher velocity when compared to the weak
interaction. The velocity in the capillary depending on the parameter values is shown in Chapter
7. Therefore, as the values of parameters α and β increase, the number of ions passing through

the extraction ring rises. That makes a contribution to the greater total current. That is presented
in Figs. 8-20 and 8-21. However, the axial velocity at the extraction ring is independent of the
parameters α and β as shown in Fig. 8-22. This finding implies that although the terminal

velocity is affected by the initial velocity, it is greatly determined by the magnitude of the electric
field, and this result is in accordance with Eq. 8-1.
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Figure 8-20. Effect of the wettability on the total current in hydrophilic and hydrophobic
interactions.

Figure 8-21. Effect of wettability on the number of ion passing the extraction ring in hydrophilic
and hydrophobic interactions.
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Figure 8-22. Effect of the wettability on the axial velocity in hydrophilic and hydrophobic
interactions.

8.2 EMIM-BF4 ionic liquid
For liquid gallium, it is assumed that electrons have little influence on the motion of
gallium ions, since the mass of an electron is much lighter than that of an ion and its size is very
small compared to that of an ion. However, for EIMI-BF4 ionic liquid, anion BF4 is similar to
cation EMIM in size and mass. The EMIM ions are attracted by the electric force toward the
extraction ring, while the BF4 ions are resisted by it. Anions that come out of the platinum
capillary do not move back to the inside but stay around the tip of the platinum capillary. Most of
these anions are accumulated over time in front of the exit of the capillary, which blocks cations
from ejecting. This blocking of anions becomes more intensive when a higher voltage is applied.
Some of them that are out of the diameter of the capillary are pushed backward by the electric
force shown in Fig. 8-23. To prevent this clogging phenomenon by the excessive anions, they are
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arbitrary removed in the region A so that cations and anions are the same in number. The
shortage of cations and anions by ejection and removal in the region A is compensated by the ion
generation that has been addressed in Chapter 6.2. The illustration of the simulation for EMIMBF4 is presented in Fig. 8-24.

Figure 8-23. Illustration of the electrospray thruster with EMIM-BF4 ionic liquid.

Figure 8-24. Illustration of the electrospray simulation for EMIM-BF4.
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8.2.1 Effect of voltage
The simulation was carried out with the extraction ring having an inner radius of 60 nm
and an outer radius of 69 nm. The flow rate in the capillary remained at 30 m/s, and the distance
between electrodes was 120 nm. The range of the voltage was from -120 V to -240 V. Fig. 8-25
shows the total current is linearly dependent on the voltage. Like the case of liquid gallium, the
higher voltage creates a stronger electric force, leading to the higher axial velocity at the
extraction ring. This result is confirmed in Fig. 8-26. The increases in the total current and axial
velocity with increasing voltage are smaller in comparison to liquid gallium. This is because the
mass of EMIM ( = 1.849 × 10−25 kg) is heavier than that of the gallium ion (= 1.2577 ×

10−25 kg). Fig. 8-27 shows that the current density rises as the voltage increases. This result is

in agreement with Child’s law. Likewise, the increase in the current density caused by an
increase in the voltage is not as large as that of liquid gallium due to the heavier mass.

Figure 8-25. Relationship between voltage and the total current.
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Figure 8-26. Comparison of the simulation result and the maximum axial velocity at the
extraction ring.

Figure 8-27. Comparison of the simulation result and Child’s law.
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8.2.2 Effect of separation between two electrodes
In this simulation, the inner and outer radii of the extraction ring were 60 nm and 69 nm,
respectively, the flow rate was 30 m/s, and the voltage remained at -120 V. The separation
between the two electrodes was varied by 12 nm from 72 nm to 180 nm. Fig. 8-28 indicates that
the total current is inversely proportional to the distance between the two electrodes when the
voltage has the constant value. Compared with liquid gallium, the amount of decrease in the total
current is relatively small because of the greater mass. Although the increase of the distance at
the constant voltage means a weaker electric field, cations travel at approximately constant
velocities as shown in Fig. 8-29. The independence of the axial velocity from the separation is
consistent with the result of the energy conservation law. Therefore, the total current is reduced
by the decrease in the number of ions passing the extraction ring. Because the ions disperse
further as the distance increases, the long separation induces the reduction in the number of ions.
This relation is shown in Fig. 8-30. The current density is dependent on the distance. The
increase of the distance between the two electrodes decreases the current density. This simulation
result is compared with theoretical value from Child’s law in Fig. 8-31. The amount of decrease
in the current density for EMIM is less than that of liquid gallium since the mass of EMIM is
greater than that of the gallium ion.
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Figure 8-28. Total current vs. distance between two electrodes.

Figure 8-29. Comparison of the simulation result and the maximum axial velocity at the
extraction ring.
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Figure 8-30. Distance vs. number of molecule passing the extraction ring.

Figure 8-31. Comparison of the simulation result and Child’s law in the term of the current
density.
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Chapter 9
Conclusion and Future Work

9.1 Conclusion
The goal of this work was to study the characteristics of electrosprays under several
different conditions. To that purpose, molecular dynamics (MD) simulations were employed to
model liquids, and a finite element method (FEM) and a finite differenece method (FDM) were
used to simulate the electric potential and field between the extraction ring and the platinum
capillary. Of the many variables that affect the performance of electrosprays, this work examined
the effect of the inner radius of the extraction ring, the applied voltage, the separation between the
extraction ring and the capillary, the flow rate in the capillary, the temperature of the system, and
the wettability. Two types of ionic sources were used as a propellant; liquid gallium and EMIMBF4. Firstly, since the extraction ring serves to attract the ions, the size of the extraction ring,
especially the inner radius, had an influence on the quantity of ions passing through it, the
velocity on the extraction ring, and the total current. The extraction ring with the larger inner
radius provided a larger space through which ions pass, generating the higher total current.
However, the inner radius greater than a certain size that allowed all ions to pass the extraction
ring reduced the total current because it induced slower velocity in the axial velocity. The axial
velocity of each ion at the extraction ring was lower for the bigger inner radius extraction ring.
The bigger inner radius has lower electric potential and field in the axial direction, which leads to
the weaker attractive force on ions. Secondly, the higher voltage, that is, the higher electric field
at a constant separation means that there are stronger attractive forces acting on ions between two
electrodes. Therefore, the higher voltage allows ions to pass through the extraction ring with
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faster velocities, which created the greater total current. The current density also increases with
the voltage. This result agrees with Child’s law. The discrepancy in values from the simulation
and Child’s law is attributed to the one-dimensional assumption on which Child’s law is based.
The two electrodes, the platinum capillary, and the extraction ring are not semi-infinite plates,
and the electric potential energy has a gradient in the radial direction as well as in the axial
direction. Moreover, the hollow distribution of electric potential at the extraction ring also makes
a contribution to this discrepancy. Thirdly, the long separation between the two electrodes at the
constant voltage served to diminish the electric forces acting on ions, which generated the lower
total current. Furthermore, the longer the separation was, the lower the current density was as
Child’s law describes. On the other hand, the axial velocities of the gallium ions at the extraction
ring were constant. This result is consistent with the energy conservation law. Fourthly, the
greater flow rate produced the faster axial velocity at the extraction ring, and hence the higher
total current. The faster axial velocity is attributed to the faster initial velocity at the exit of the
capillary. This finding is in accordance with the energy conservation law. Fifthly, because the
temperature has an influence on the viscosity of the liquid gallium, the performance of an
electrospray thruster is also affected by it. The lower viscosity at the higher temperature induced
the higher total current. That was contributed by the observation that more ions passed the
extraction ring, not that ions pass it with the faster axial velocity. The axial velocity was
independent of the temperature, that is, the viscosity.
Finally, the wettability affected the total current in both hydrophilic and hydrophobic
interactions. A stronger interaction between the capillary wall and the liquid gallium increased the
axial velocities of gallium ions around the center of the capillary.

More ions passed the

extraction ring due to the higher initial velocity, which leaded to the greater total current. The
axial velocity at the extraction ring was approximately constant. in both hydrophilic and
hydrophobic interactions.
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9.2 Future work
This study was conducted under a couple of assumptions for simplicity in simulation and
less computational cost. To simulate an electrospray thruster system more accurately, it is
necessary to make improvements to this simulation. The simulation in this work was not enough
to form the Taylor cone clearly. In particular, an increase in the thickness of the platinum
capillary is needed. Because there is a much higher electric field around the tip of the capillary, it
is likely for ions to be affected by it and become unstable. This work examined the effects of the
voltage and the separation between two electrodes which are the most important factors. In the
research on EMIM-BF4, anions BF4 were removed arbitrarily around the tip of the capillary to
prevent clogging by excessive anions. However, this is not physically reasonable. It is essential
to develop a method to deal with excessive anions. This simulation did not consider the electric
potential and field near the tip of the capillary under the assumption that the liquid in the capillary
is always neutral.

In practice, there are electric potentials and fields due to the uneven

distribution of cations and anions. To make a more accurate simulation for the motions of cations
and anions at the exit of the capillary it is required to calculate the electric potential and field
around it. This simulation made use of a regular mesh for solving Laplace and Poisson’s
equations. However, that has a limitation of generating a mesh fitting the cylindrical capillary,
which consequently results in inaccurate calculation of the electric potential and field around the
exit of the capillary. It is recommended to generate an angular mesh or other type of mesh that
fits the cylindrical capillary. Although this work assumed that cations are neutralized once they
pass the extraction ring, it is important to take account of neutralization for observation of the
motions of cations behind the extraction ring.

109

References
[1] Fennm J. B., Mann, M., Meng, C. K., Wong, S. F., Whitehouse, C. M., “Electrospray
ionization for mass spectrometry of large biomolecules,” Science, 246, 64 (1989).
[2] Huberman, M. N., Rosen S. G., “Advanced high-thrust colloid sources,” J. Spacecraft and
Rockets, 11, 475 (1974).
[3] Fenn J. B., “Electrospray wings for molecular elephants,” Chem., Int. Ed. Engl., 42, 38713894 (2003).
[4] Gregory, P., “Chemistry and technology of printing and imaging systems,” Springer London
(1996).
[5] Jones A.R. and Thong K. C., “The production of charged monodispersed fuel droplets by
electrical dispersion,” Appl. Phys., 4, 1159-1168 (1971).
[6] Kelly A.J., “The electrostatic atomization of hydrocarbons,” J. Inst. Energy, 57, 312-320
(1984).
[7] Krohn V.E., “Liquid metal droplets for heavy particle propulsion,” ARS Electrostatic
Propulsion Conference, Monterey, CA, vol. 3-4 (1960).
[8] NASA Jet Propulsion Lab, Pasadena, CA, LISA homepage. http://lisa.jpl.nasa.gov/
[9]

ONERA,

Palaiseau,

France

MICROSCOPE

homepage.

http://microscope.onera.fr/mission.html
[10]

ESA,

Paris,

France,

HYPER

homepage.

http://sci.esa.int/science-

GAIA

homepage.

http://sci.esa.int/science-

e/www/area/index.cfm?fareaid=46
[11]

ESA,

Paris,

France,

e/www/area/index.cfm?fareaid=26
[12]

Rutherford

Appleton

http://www.darwin.rl.ac.uk/

Lab,

Chilton,

Didcot,

DARWIN

homepage.

110
[13] Eichmeier J. A., Thumm M., “Vacuum electronics; components and devices,” Springer
(2008).
[14] Fenn J.B., “Ion formation from charged droplets: Roles of geometry, energy, and time,” J.
Am. Soc. Mass Spectrum, 4, 524 (1993).
[15] Dole M., Hines R. L., Mack R. C., Molbley R. C., Ferguson L. D. and Alice M. B.,
“Molecular beams of macroions,” J. Chem. Phys., 49, 2240 (1968),
[16] Paul Kebarle and Liang Tang, “From ions in solution to ions in the gas phase,” Anal. Chem.,
65, 22 (1993).
[17] Wilm M. S. and Mann M., “Electrospray and Taylor Cone theory,Dole’s beam of
macromolecules at last? ,” Int. J. Mass Spectrom. Ion processes, 136, 167 (1994).
[18] Lord Rayleigh, “On the equilibrium of liquid conducting masses charged with electricity,”
Phil. Mag., 14, 184 (1882).
[19] Wenhua Gu, Philip Edward Heil, Hyungsoo Choi, and Kyekyoon Kim, “Comprehensive
model for fine Coulomb fission of liquid droplets charged to Rayleigh limit,” Applied Phys. Lett.,
91, 064104 (2007).
[20] Gomez A. and Tang K., “Charge and fission of droplets in electrostatic sprays,” Phys. Fluid,
6, 404 (1994).
[21] Taylor G.I., “Disintegration of water drops in an electric field,” Proc. R. Soc. London Ser. A,
280, 383 (1964).
[22] Clooupeau M. and Prunet-Foch B., “Electrostatic spraying of liquids: Main functioning
modes,” J. Electrostatics, 25, 165-184 (1990).
[23] Michel Cloupeau, Bernard Prunet-Foch, “Electrohydrodynamic spraying functioning modes:
a critical review,” J. Aerosol Sci., 25, 1021-1036 (1994).
[24] Jaworek A. and Krupa A., “Classification of the modes of EHD spraying,” J. Aerosol Sci.,
30, 873-893 (1999).

111
[25] Jaworek A. and Krupa A., “Jet and drops formation in electrohydrodynamic spraying of
diquids: a systematic approach,” Experimental in Fluids, 27, 43-52 (1999).
[26] Fernandez de la Mora J. and Loscertales I. G. “The current emitted by highly conducting
Taylor cones,” J. Fluid Mechanics, 260, 155 (1994).
[27] Fernandez de la Mora J., Navascues J., Fernandez F., and Rosell-Llompart J. “Generation of
submicron monodisperse aerosols in electrospray,” J. Aerosol Science, 21(suppl. 1), S673, (1990).
[28] Ganan-Calvo A. M., “The size and charge of droplets in the electrospraying of polar liquids
in cone-jet mode and the minimum droplet size,” J. Aerosol Science, 25(suppl. 1), S309, (1994).
[29] Cannan-Calvo A. M., “Cone-jet analytical extension of the Taylor’s electrostatic solution
and the asymptotic universal scaling laws in electrospraying,” Phys. Rev. Lett., 79 217, (1997).
[30] Cannan-Calvo A. M., “The surface charge in electrospraying: Its nature and its universal
scaling laws,” J. Aerosol Science, 30, 863 (1999).
[31] Canna-Calvo A. M., Vavila J., and Barrero A., “Current and droplet size in the
electrospraying of liquids. Scaling laws,” J. Aerosol Science, 28, 249 (1997).
[32] W. D. Luedtsk, et ltd., “Nanojets, electrospray, and ion field evaporation: molecular
dynamics simulation and laboratory experiments,” J. Phys. Chem. A, 112, 9628-9649 (2008).
[33] Prewett, P. D. and Mair G. L. R., “Focused ion beams from liquid metal ion sources,” Wiley,
New York (1991).
[34] Jorge A. C. Benignos, “Numerical simulation of a single emitter colloid thruster in pure
droplets cone-jet mode,” Ph. D. thesis, MIT (2005).
[35] Barker J. A., Fisher R. A., and Watts R. O., “Liquid argon: Monte Carlo and molecular
dynamics calculations,” Mol. Phys., 26, 789-792 (1973).
[36] Monson P. A., Rigby M., and Steele W. A., “Non-additive energy effects in molecular
liquids,” Mol. Phys., 49, 893-898 (1983).

112
[37] Maitland G. C. and Smith E. B., “The intermolecular pair potential of argon,” Mol. Phys., 22,
861-868 (1971).
[38] Born M. and Von Karman Th., “Uber schwingungen in raumgittern,” Physik. Z., 13, 297-309
(1912).
[39] Allen M. P., and Tidesley D. J., “Computer simulation of liquid,” Oxford University Press
(1987).
[40] Metropolis N., Rosenbluth A. W., Rosenbluth M. N., Teller A. H., and Teller E., “Equation
of state calculations by fast computing machines,” J. Chem. Phys., 21, 1087-1092 (1953).
[41] Powles J. G., “The liquid-vapour coexistence line for Lennard-Jones-type fluids,” Physica,
126A, 289-299, (1984).
[42] Smit B. and Frenkel D., “Vapour-liquid equilibria of the two dimensional Lennard-Jones
fluid(s) ,” J. Chem. Phys., 94, 5663-5668, (1991).
[43] Smit B., “Phase diagrams of Lennard-Jones fluids,” J. Chem. Phys., 96, 8683-8640, (1992)
[44] Hockey R. W. and Eastwood J. W., “Computer simulation using particles,” McGraw-Hill,
New York (1981).
[45] Swope W. C., Anderson H. C., Berens P. H., and Wilson K. P., “A computer simulation
method for the calculation of equilibrium constants for the formation of physical clusters of
molecules: application to small water clusters,” J. Chem. Phys., 76, 637-649 (1982).
[46] Lozano P. and Martinez-Sanchez M., “Ionic liquid ion sources: characterization of
externally wetted emitters,” J. colloid and interface science, 282, 415-421, (2005).
[47] Prewett P. D. and Mair G. L. R., “Focused ion beams from liquid metal ion sources,”
Research Studies Press, (1991).
[48] Romero-Sanz I., Bocanergra R. and Fernandez de la Mora J., “Source of heavy molecular
ions based on Taylor cones of ionic liquids operating in the pure ion evaporation regime,” J. Appl.
Phys.,. 94, 5, 3599-3605, September (2003).

113
[49] Sumer S., Lozano P., and Martinez-Sanchez M., “Characterization of a variables Isp ionic
liquid electrospray thruster beam,” 42nd AIAA/ASME/SAE/ASEE Joint Propulsion Conference
and Exhibit, July, (2006).
[50] Legge R. and Lozano P., “Performance of heavy ionic liquids with porous metal electrospray
emitters,” 44th Joint Propulsion Conference and Exhibition AIAA-2008-5002.
[51] Bove L.E., Sacchetti F., Petrillo C., Formisano F., Sampoli M., and Barocchi F., “Molecular
dynamics simulations of liquid gallium at 320 and970K,” Phil. Mag., 84, 13-16, 1609-1619
(2004).
[52] Bellisent-Funel M. C., Chieux P., Levesque D., and Weis J. J., “Structure factor and
effective two-body potential for liquid gallium,” Phys. Rev. A, 39, 6310 (1989).
[53] Daily John W., and Micci Michael M., “Ionic velocities in an ionic liquid under high electric
fields using all-atoms and coarse-grained force field molecular dynamics,” J. Chem. Phys., 131,
094501-094501-7, (2009).
[54] Jones de Andrade, Elvis S. Böes, and Hubert Stassen, “Computational study of room
temperature molten salts composed by 1-Alkyl-3-methylimidazolium cations force-field proposal
and validation,” J. Phys. Chem. B, 106 (51), 13344–13351, (2002).
[55] Wemhoff A. P., and Carey V. P., “Molecular dynamics exploration of thin liquid films on
solid surfaces. 1. Monotomic fluid films,” Microscale Thermophysical Engineering, 9, 331-349
(2005)
[56] Toxvaerd S., “The structure and thermodynamics of s solid-fluid interface,” J. Chem. Phys.,
74, 1998-2005 (1981).
[57] Hardy S. C., “The surface tension of liquid gallium,” J. Crystal Growth, 71, 602-606, (1985).
[58] Soong C. Y., Yen T. H., and Tzeng P. Y., “Molecular dynamic simulation of nanochannel
flows with effect of wall lattice-fluid interactions”, Phys. Rev. E, 76, 036303 (2007).

114
[59] Jabbarazadeh A., Atkinson J.D., and Tanner R.I., “Nanorheology of Molecularly thin films
of n-hexadecane in Couette shear flow by molecular dynamics simulation”, J. Non-Newt. Fl.
Mech., 77, 53-78 (1998).
[60] Heinbuch U. and Fischer J., “Liquid flow in pores: slip, no-slip, or multilayer sticking,” Phys.
Rev. A, 40, 1144 (1989).
[61] Thompson P.A. and Robbins M. O., “Shear flow near solids: epitaxial order and flow
boundary conditions,” Phys. Rev. A, 41, 12, 6830-6837 (1990).
[62] Yi Pan, Poulikakos D., Walther J., and Yadigaroglu G., “Molecular dynamics simulation of
vaporization of an ultra-thin liquid argon layer on a surface,” Int. J. Heat and Mass transfer, 45,
2087-2100 (2002).
[63] Maruyama S., “Molecular dynamics method for microscale heat transfer,” Advances in
numerical heat transfer, vol. 2, ed. W. J. Minkowycz and E. M. Sparrow, Taylor&Francis, 189226, (2000).
[64] Fan X., Phan-Thien N., Yong N.T., and Diao X., “Molecular dynamics simulation of a liquid
in a complex nano channel flow,” Phys. of Fluids, 14, 3, 1146-1153 (2002).
[65] Jabbarazadeh A., Atkinson J. D., and Tanner R. I., “Nanorheology of molecularly thin films
of n-hexadecane in Couette shear flow by molecular dynamics simulation,” J. Non-Newt. Fl.
Mech., 77, 53-78, (1998).
[66] Travis K. P., Todd B. D., and Evans D. J., “Departure from Navier-Stokes hydrodynamics in
confined liquids,” Phys. Rev. E, 55, 4, 4288-4295 (1997).
[67] Travis K. P. and Gubbins K. E., “Poiseuille Flow of Lennard-Jones fluids in narrow slit
pores,” J. Chem. Phys., 112, 4, 1984-1994 (2000).
[68] Richard D. Branum, “Molecular dynamics simulation of supercritical fluids,” Ph. D. thesis,
Pennsylvania State University (2005).

115
[69] Koplik J and Banavar J. R., “Corner flow in the sliding plate problem,” Phys. Fluids, 7(12),
3118-3125 (1995).
[70] Koplik J. and Banavar J.R., “Reentrant corner flows of newtonian and non-newtonian fluids,”
J. Rheol., 41(3), 787-805 (1997).
[71] Berkowitz M. and McCammon A., “Molecular dynamics with stochastic boundary
condition,” Chem. Phys. Lett., 90, 3, 215-7 (1982.)
[72] Chandrasekhar S., “Stochastic problems in physics and astronomy,” Rev. Mod. Phys., 15, 1,
(1943).
[73] Adelman S. A. and Doll J. D., “Generalized Langevin equation approach for atom/solidsurface scattering: collinear atom/harmonic chain model,” J. Chem. Phys., 61, 10, 4242-4245
(1974).
[74] Garrison B. J. and Adelman S. A., “Generalized Langevin theory for gas-solid processes:
inelastic scattering studies,” Surf. Sci., 66, 253-271 (1977).
[75] Evans D. J. and Morriss G. P., “Shear thickening and turbulence in simple fluids,” Phys. Rev.
Lett., 56, 2172 (1986).
[76] Koplik J., Banavar J. R. and Willemsen J. F., “Molecular dynamics of Poiseuille flow and
moving contact lines,” Phys. Rve. Lett., 60, 1282-5 (1998).
[77] Sokhan V. P., Nicholson D. and Quirke N., “Fluid flow in nanopores: Accurate boundary
conditions for carbon nanotubes,” J. Chem. Phys., 117, 8531-9 (2002).
[78] Heffelfinger G. S. and van Swol F., “Diffusion in Lennard-Jones fluids using dual control
volume grand canonical molecular dynamics simulation (DCV-GCMD),” J. Chem. Phys., 100,
7548-52 (1994).
[79] Kassins S. C., Walther J. H., Kotsalis E. and Koumoutsakos P. ( Lecture Notes in Computer
Science vol 39) (2004).

116
[80] Kotsalis E. M., Walter J. H., and Koumoutsakos P., “Multiphase water flow inside carbon
nanotubes,” Int. J. Multiphase Flow, 30, 995-1010 (2004).
[81] Sun M. and Ebner C., “Molecular-dynamics simulation of compressible fluid flow in twodimensional channels,” Phys. Rev. A, 46, 4813-18 (1992).
[82] Li J., Liao D. and Yip S., “Coupling continuum to molecular-dynamics simulation:
Reflecting particle method and the field estimator,” Phys. Rev. E, 57, 7259-67 (1998).
[83] Moseler M. and Landman U., “Formation, stability, and breakup of nanojets,” Science, 289,
1165-9 (2000).
[84] Itsuo Hanasaki an Akihiro Nakatani, “Fluidized piston model for molecular dynamics
simulations of hydrodynamic flow,” Modelling Simul. Mater. Sci. Eng., 14, S9-S20 (2006).
[85] Richard J. Sadus, “Molecular simulation of fluids: theory, algorithm and object-Orientation,”
Elsevier (1999).
[86] Roel P.A. Dullens, et al., “The Widom insertion method and ordering in small hard-sphere
system,” Mol. Phys., 103, 21-23, 3195-3200 (2005).
[87] Adams D. J., “Chemical potential of hard-sphere fluids by Monte Carlo methods,” Mol.
Phys., 28, 5, 1241-1252 (1974).
[88] Stanley Humphries, Jr., “Field Solutions on Computers,” CRC Press (1998).
[89] Gad-el-Hak M., “The fluid mechanics of microdevies-The Freeman Scholar lecture,” J.
Fluid Eng., 121, 5-32 (1999).
[90] Tretheway D. C. and Menhart C. D., “Apparent fluid slip at hydrophobic microchannel
walls,” Phys. Fluids, 14(3), L9 (2001).
[91] Y. Zhu, S. Granick, “Rate-dependent slip of Newtonian liquid at smooth surfaces,” Phys.
Rev. Lett., 87, 096105 (2001).

117
[92] WE H.Y. and Cheng P., “An experimental study of convective heat transfer in silicon
microchannel with different surface conditions,” Int. J. Heat Mass Transfer, 46, 2547-2556
(2003).
[93] John, J. E. A., “Gas dynamics,” Allyn and Bacon, Inc., 2nd Edition, Boston (1984).
[94] Chen, Da-Ren and Pui, David Y. H., “Experimental investigation of scaling laws for
electrospraying: dielectric constant effect,” Aerosol Science and Technology, 27, 367-380 (2009).
[95] Bon Ki Ku, Sang Soo Kim, “Electrospray characteristics of highly viscous liquids,” Aerosol
Science, 33, 1361-1378 (2002).
[96] Higuera F. J., “Current/flow rate characteristic of an electrospray with a small meniscus,” J.
Fluid Mech., 513, 239-246 (2004).
[97] Lozano P. and Martinez Sanchez M., “Ionic liquid ion sources: characterization of externally
wetted emitters,” J. Colloid and Interface Science, 292, 415-412 (2005).
[98] Jacob Israelachvili, “Intermolecular and surface forces,” Academic press, 2nd (1991).
[99] Rober G. Jahn, “Physics of electric propulsion,” Dover publication (1996).
[100] Nadia Sellami, “Molecular dynamics simulations of N injection based on the force
decomposition method,” MS. Thesis, Pennsylvania State University (2005).
[101] Plimpton S. J., “Fast parallel algorithms for short range molecular dynamics,” J. Comput.
Phys., 117(1), 1-19 (1995).

118

Appendix A
Potential Wall
The general form of the pair potential between two molecules is of the form
∅=±

C
rn

A-1

where C is an unknown constant, and a positive and a negative sign indicate a repulsive potential
and an attractive potential, respectively. Like the Lennard-Jones 12-6 model, in general, a
repulsive potential has n=12, and an attractive potential has n=6. The total potential between two
molecules is the summation of the repulsive and the attractive potential. Therefore, the general
form of the pair potential can be written as
U(r) = UR + UA
=

CR
r 12

=−

A-2

CA
r6

The potential of the molecule located at distance zi from the wall can be calculated with the
assumption that the net interaction energy of the molecule and the semi-infinite planar surface of

a solid is the summation of it interactions with all molecules of a wall [98]. As shown in Fig. 1-1
for molecules in a circular ring of cross-sectional area dxdz radius x, the ring volume
is dv＝２πxdxdz. The number of molecules in this ring is 2πρw dxdz, where ρw the number

density of molecules in a wall. Therefore, the net interaction potential for a molecule at distance
zi away from the wall is
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Figure A-1. Integration of the interation energy between an atom or an ion and atoms in
condensed phase such as a solid [98].

The potential well is located at zi = σ, so the derivative of the net potential should be zero at that

location:

dU
�
dz i z =σ
i

=−

１
πρw CR zi −10
5

1
2

+ πρw CA zi −4 = 0

This equation gives the relation between constants CR and CA :
Substituting Eq. A-5 into Eq. A-3 yields
U=
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To find parameters ε and σ, it is needed to make use of the definition of the Hamaker constant:
AMF = π2 CA ρℓ ρw

A-7
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where ρℓ is the liquid density, and the subscript MF denotes a metal and a fluid, respectively.

The value of this constant can be also determined by the combination rule:
AMF = �AMM AFF

A-8

where the subscript MM and FF denotes a metal-metal interaction and a fluid-fluid interaction.
The combination of these equations yields the relation of ε, σ and the Hamaker constants:
π2 �

6εσ3
� ρℓ ρw
πρw

= �AMM AFF

ε=

A-9

�A MM A FF
6πσ3 ρℓ

A-10

Generally, the value of the Hamaker constant for a metal-metal interaction is approximately 4.0 ×
10−19 J. The value for a fluid-fluid interaction is approximated by the relation 2.1 × 10−21 γJ,

where the surface tension γ is in mN/m. Substituting these values into Eq. A-13 yields the
expression in the term of σ.
�γ
3
ℓσ

ε ≅ 1.537 × 10−21 ρ

A-11

where the value of σ is equivalent to the separation distance of the Lennard-Jones 12-6 potential
well, σ = 21/6 σwall −liquid

∴ U(z) = 1.537 × 10−21

�γ 1 σ 9
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ρℓ σ3 3 z i

σ 3
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z
i
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Appendix B
Child-Langmuir Law
In the case of that the ion source and the extraction electrode are parallel planes of
infinite extent the interrelation of the electrical and dynamical parameters in an ion thruster can
be expressed by a function of the position z between two planes. At z=0 the ion source has the
potential V=0, and at z=D the extraction electrode has the potential V = −∅0 (Fig. B-1). The

potential V, the electric field E = −(dV⁄dz), the ion density N, and the ion velocity υ are all

function of z. In the steady sate, the current density, j = Nqυ, is a constant over z by charge

conservation. The ion velocity at any position can be found from the conservation of energy [99]:
1
mv 2 (z)
2

= q∅(z)

v(z) = �

1
2q∅(z) �2
�
m

B-1
B-2

where m is the ion mass, and q is the ion charge. For simplicity, it is assumed that ions are at rest
at ion source plate. The profile of the potential distribution, ∅(z), is determined by Poisson’s

equation as a function of ion density, N(z).

Figure B-1. Schematic illustration of electrostatic thruster
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Eq. 3 is integrated after multiplying both sides by 2
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where the integration constant K is found by the boundary condition of the ion source potential,
d∅ 2
dz z=0

∅(z) = 0. The term � �

is the square of the electric field at the ion source E0 . If the ions are

emitted with negligible velocity, E0 cannot be negative. Rather, this electric field has any value in

the following range.

0 < E0 <

∅0
D

B-5

The upper limit is the pure electric field in the absence of any space charge, which is constant
over the one-dimensional gap. The lower limit is approached as ions are emitted from the ion
source. In the presence of any space charge they modify the pure electric field due to their charge;
eventually the modified electric field by more ions is canceled at the surface of ion source. This
case of zero-electric field at the ion source surface is referred to as space-charge limited emission
in the sense that the accelerating electric field has just been neutralized at the source plane by all
the distributed space charge (Fig. B-2). In space-charge limited emission case, if we set the term
d∅ 2
dz z=0

� �

to zero and take the square root of Eq. 5, we can integrate to find the potential in this

space-charge limited gap:
∅(z) =

4/3
3 j 1/2 m 1/4
�2 �ε � �2q � z�
0

+K

B-6

where the integration constant K is zero by the boundary condition that the potential is zero at
z=0.
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Figure B-2. One-dimensional profile for potential V, electric field E, velocity v, and charge
density, N. Solid line(—) and dashed line(---) represent negligible charge density and sapcechaged limit, respectively [99].

We can find the current density for space-charge limited emission when applying the condition
that the potential is ∅0 at z=D:

j=

4ε0 2q 1/2 ∅0 3/2
� �
9
D2
m

B-7

This relation is called Child Langmuir law, originally derived for electron current in a vacuum
diode, and specify the limited current that can be generated by a given gap and potential.
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Appendix C
Parallel Algorithms
MD programs require a very high computational cost in the calculation of forces and
potential between atoms.

This computational load can be alleviated by the parallel algorithms

using the MPI subroutines. However, parallelizing a program is accompanied by communication
cost.

Communications between processors are necessary to send and receive essential

information from other processors. It is not complicated to parallelize the MD program due to the
fact that the calculation of forces and potential is based on Newton’s third law for pairwise
interaction. The reciprocity of Newton’s third law makes the force computation matrix skewsymmetric as shown Fig. C-1. This matrix is sparse when the cutoff distance is applied to shorten
the computation time.

Figure C-1. Skew-symmetric matrix for the calculation of forces.

There are three types of the parallelization used widely in MD program: Atomic Decomposition,
Spatial Decomposition, and Force Decomposition. Each method has different computation,
communication, and memory costs [100].
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C.1 Atomic decomposition algorithm
This method is based on the distribution of the same number of atoms on the processors
as shown Fig. C-2. Assuming the number of processors is P, the number of atoms is N, each
processor calculates the forces of N/P atoms. In this figure the force matrix.

Figure C-2. Atomic decomposition of the force matrix.

For example, if processor 2 is assigned to the atom group named X 2 with N/P atoms, processor 2

will calculate the forces, potential, velocities and positions for atoms in X 2 during simulation no
matter where they are in the simulation domain. However, at every time-step each processor has
to store the positions of every atom to calculate forces on atoms in X 2 . To this end, each

processor has to receive updated atoms positions from all the other processors through the
procedure called all-to-all communication. This global communication scales as N, independent
of P. This parallelization method is very simple and appropriate for a small system, while it is
disadvantageous for large system due to the communication cost.
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C.2 Spatial decomposition algorithm
This decomposition method is based on the geometrical distribution. The simulation
domain is subdivided into equal-sized sub-domains as shown in Fig. C-3. Each sub-domain is
assigned to one processor.

Figure C-3. Decomposition of the physical domain.
Processors compute forces on and update the positions and velocities atoms in spatial volume
corresponding to each processor. Each processor has the different number of atoms during
simulation according to the positions of atoms in the physical domain. The spatial decomposition
algorithm has two kinds of communication between neighbor processors. These are called oneto-one communication. One is transfer of positions and velocities of atoms in the vicinity of the
sub-domain border. This is because atoms located near the adjacent domains interact with atoms
in the adjacent domains as well as atoms in their own domain. The other is required due to the
atoms crossing the border of their previous domain. In this case, the positions and velocities of
the atoms should be sent to the neighbor processor. Since the number of escaped or entered
atoms is much less than the number of atoms in the vicinity of the sub-domain border, this
communication does not account for the significant amount in the communication. Compared to
the atomic decomposition method, the spatial decomposition method can reduce the
communication between processors drastically. Especially, this method is advantageous in the
case of a longitudinal atomic system like a jet.
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C.3 Force decomposition algorithm
The force decomposition method makes use of a block decomposition of the force matrix
instead of a row-wise decomposition in the atomic decomposition method. Contrary to the spatial
and atomic decompositions that have the limit on the number of atoms, the force decomposition is
limited by the number of interactions. Although the number of interactions is much greater than
the number of atoms, this method has a great benefit in short-range simulation using a cutoff
distance. The force matrix is divided into the P blocks which compute and update the positions
and the velocities of N/P atoms. However, each processor has to compute the forces on N/√P
particles.

Figure C-4. Block decomposition of force matrix
Taking the force matrix in Fig C-4 as an example, processor 6 computes and updates the positions
and the velocities of N/P assigned to it, while processor 6 computes the forces on N/√P particles

in the group X 2 exerted by N/√P particles in the group X 3 . To do this, processor 6 has to know

the positions of the particles in the group X 2 and X 3 . In order for processor 6 to get the total

forces on N/√P particles in the group X 2 exerted by particles in other groups, it has to receive the

forces by N/√P particles in each other group from processors 4, 5 and 7. This communication
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process has to be implemented at every time step. The three types of the communication are
necessary to complete the calculation of positions, velocities, and forces at each time step [101]:
-

The processors in the same row should receive and send the positions of their own
particles.

-

The processors in the same column should receive and send the position of their own
particles.

-

The processor in the same row should receive the forces exerted by particles in other
groups to compute the total force on particles in their own group.

These three methods have different memory, communication and computation scaling depending
on the way of decomposition. Plimpton studied and compared these thee method [103] and his
result is presented in Table C-1.
Table C-1. Scaling properties of three parallel algorithm as a function of system size N and
number of processor P (rs = cutoff radius).
Algorithm

Atomic decomposition
Force decomposition
Spatial decomposition

Computation
N
+N
P
N N
+
P P

N
N 2/3
+ 6rs � �
2P
P

Communication

memory

N

N

3N
P

3N
P

N 2/3
6rs � �
P

N
N 2/3
+ 6rs � �
P
P
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