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ABSTRACT

Developinganunderstanding of fractions is critical as a significant predictor for future
mathematical proficiency arah importantirea of emphasis thelearning progression of
advanced domains such as algelaspiteits importance, studenfacesignificant chdenges in
learning fractions because of their unique propertiesamentédifficulty in reorganizinghe
number system from whole numbers to rational numbers. In order to systematically approach
remedi ation of st ud e n tingolvingspetific pattarnks or characteristiics r e s e a
in performance of solving fractions needs to be established. The current study examined the
common error patterrommitted bymiddle school students with and without MLD when
solving fraction computati@involving addition. Based on the logic that errors refldct
meaningful misconceptions atithtindividual difficulties and flexibility of solution pathway
should be taken into consideration, errors associated in each solution stage established in a
solution algorithm were analyzed. It is especially essentiakéomine differencelsetween
students with and without MLD because the findiogs providea starting point of instruction
when teaching students in different achievement groups in inclusive setttaeover, the
findings of this studganprovide an instructional and diagnostic basis to develop practical
guidelines for researcheinsights into identifying individual difficultiesandanawareness about
what areas of concepts, sskills, or tedqiniques teachers should teach and/deaeh especially
for students with MLD. Careful consideration of errors in particular solution stages along with
solution pathway preference can maximize the efficacy of instructions involving fractions.
Future reearch directios) educational implicatics) and limitations are discussed.

Keywords fractions, error analysisjathematicdearning disabilities, solution pathway
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Chapter 1

Introduction

Fractions pl ay a mathematicatdavelopment aad in liminga betted e nt s €
life. They are a part of the rational number system, which completes the gap between discrete
whole-number units by locating continuous and infinite values. Fractions are pervasive
throughout daily lifeand knowledge about them helps students articulate a given situation more
accurately. For example, situations where we rely on fractions include recipes (e.g., 1% cups of
sugar), medical dosage (e.qg., take %2 tablet), and foot size (e.g., 5%2). From gioreduca
perspective, the National Mathematics Advisory Panel (2008) placed an emphasis on teaching
fractions by demonstrating that difficulties with fractions are a significant barrier to further
progress in mathematics.(, Algebra) and related occupaial fields. The importance of
fractions is also reflected in the national mathematics standards and principles (Common Core
State Standards Initiative [CCSSI], 2015; National Council of Teachers of Mathematics [NCTM],

2008; 2000).

According to the CCSSPQ15) and the NCTM (2008), fractions are first introduced in
third grade and taught throughout fourth and f
set from whole numbers to rational numbers within a single framework. Learning fractions is
crucialbecause the transition from whole number properties requires recognizing the substantial
differences between the two properties. When learning fractions, students need to adjust and
expand their systems to embrace infinite and continuous numbers bepaageat point their
mathematics experiences have been limited to discrete singleounting and operations
(Geary, Hoard, Byr&Craven, Nugent, & Numtee, 2007; Ni & Zhou, 2005). The primary

connection between whole numbers and rational numbergisttah ey ar e Anumber so



2
comparable magnitudes; hence teaching fractions as numbers is recommended as a means of
decreasing studentsé failure to understand fr a
Zhou, 2013; Siegler & Pyke, 2013).

Tosuppot studentsod flexibility between the tw
grade focuses heavily on developing an understanding of fractions as numbers by representing
them on a number line, comparing two fractions with equal denominators by reasooing
their size, and expressing whole numbers as fractions. Throughout fourth and fifth grade,
strategies to solve all four operations using fractions (i.e., addition, subtraction, multiplication,
and division) as well as associated conceptual unddistanf fractions properties are
introduced and developed (e.g., number deargaghen multiplying two fractionand
understanding a multiple afb as a multiple of I beingused to learn multiply a fraction by a
whole number). The operations and cqriual meanings are then applied to probkotving
tasks in the form of word problems.

Although students receive substantial instruction on fractions during this period in
elementary school (NCTM, 2008), difficulties in learning fractions are longituglipalisistent
into middle and high school and continue into adulthood (Hecht & Vagi, 2048ng &

Riccomini, 2016 Mazzocoo & Devlin, 2008Vlazzocco, Myers, Lewis, Hanich, & Murphy,
2013; Riccomini, Hughes, Morano, Hwang, & Witzel, 801The National Assssment of
Educational Progres§NAEP], 2013 2007, 2005 2003) has demonstrated that over 50% of
eighth and twelfthgrade students presented errors on fragiédeted items in mathematics
assessments (e.g., ordering fractions, converting a sum abfieitd decimal numbers, and
problem solving involving fractions) and significantly lack the conceptual understanding and
procedural knowledge for competence in fractions. Knowing that fractions are essential in
advanced mathematics domains (e.g., algegfmametry, and statistics and probability), it is not

surprising that knowledge of fractiohas been showntolee si gni fi cant predict o
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future mathematical achievement (Bailey, Hoard, Nugent, & Geary, 2012; Bailey, Siegler, &
Geary, 2014;drdan et al., 2013; Siegler et al., 2012). Moreover, the difficulties eedeagbre
and inservice teachers in that they had superficial knowledge of fraatieied concepts and
failed to explain underlying logic in fractions operations (Isik, 204@k, Cai, & Fung, 2008;
Redmond, 2009; Zembat, 2007jeacher8lack of depth of knowledgeftenresuledin students
receiving poor instructional support and lack of learning deptts difficulties in fractions will
likely remain or continue to worsen

In the global aspect, the Trends in International Mathematics and Science Study
([TIMSS], 2011; Mullis, Martin, Foy, & Arora, 2012) shathatboth fourth and eighthgrade
studentsn the United Statefell behind East Asiastudents in mathematics aetement
including reasoning and fraction knowledge. As fraction knowlélgeritical piece irthe
mathematics learning continuum, sieeesults provideandalarming indicatiorof andpoint out
theneed for educators to-tedicate educational effortisimproving proficiency in fractions. In
addition to the difficulties in learning fractions demonstrated by large numbers of U.S. students,
the severity is even greater for students with disabilities. The results of the NAEP in mathematics
in 2009, 20112013, and 2015 showelatthe percentage of students with disabilities who
scored below the basic level continuously inoeeand approadd68% in 2015 compared to
23% of students without disabilities; moreover, the performance gap between the two groups
continuously increased from 41% in 2009 to 45% in 2015. Students who have failed to
demonstrat@abasic levels of performance in mathematisually lack understanding of

arithmetic operations involving both whole numbers and rational numbers.



Complex nature of fractions

To remediate theewell-documented difficulties many students experience in fractions,
therehas beem continuous and gwong interest in learning and teaching fractions more
effectively to all students in general education classrodidsicational efforts including related
research to improvachievement in learninfgactions have been conducted in severats (e.g.,
instruction, teacher preparation, and curriculutdpwever prior to providng appropriate
instruction, there should lzesystematic approachtoremedigts t udent s owithdi f f i cul t i
fractions Based on the idea that instruction is more effective whersé&stan specific
problematic areas observed across assessments, educational researcpetsheaveffort into
identifying the root causes and other observable factors that contribute to certain patterns of
mi sconceptions pressented in studentsd solution
One of the predominant underlying factors involved in learning and understanding
fractions is the idea that fAfractions compri se
Charalambous, 2007; Kieren & Southwell, 1979; Lamon, 1999) compareddortbept of
whole numbers, which has a single constrigtctions comprise a set of interrelated-sub
constructspartwhole/partitioning, ratio, operator, quotient, and measurement (Behr, Lesh, Post,
& Silver, 1983; Kieren & Southwell, 1976; Kieren, 199Batrequire students to blend tke
numerous swoonstructs of fractions to form a deep level of understandivighout this depth
of knowledge, students develop a superficial level of understanding which causesriong
difficulties. This complex amy of subconstructs inherent in fractions causasients to have
misconceptions when trying to conceptualize fractisrisch becomes more problematic as the
mathematics content becomes more complex
Based on the idea of the multifaceted and interdlaubconstructs embedded within

fractions, Behet al.(1983) suggested a theoretical model linking theseceuabtructs to
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different problem typese(g, fraction equivalence, multiplicative operations, additive operations,
andproblem solving) The part-wholédpartitioning subconstruct is considered central for
developing understanding of the remaining four-sabstructs and linked indirectly to all the
problem typestheratio subconstruct is linked to fraction equivalentiee operator sub
congructis linkedto multiplicative operationghe measuresub-constructs linkedto additive
operations; and all the five suonstructs includinghe quotientsulconstruct are linked to
problem solving because it is an integrated proc&hsir theoreatal framework provides more
practical implications for educators because it indicates the types-obastruct embedded in
certain fraction problems and further suggests how the interpretation of fractions should be made
differently when teaching varisuractionrelated problems.

According to their model, the first sudmnstructpartwhole/partitioningis considered a
central element that affects the understanding of the remaining fogpratsucts of fractionsit
refers to a situation where a ¢imious quantity or a set of discrete objects is partitioned into
parts of equal size and requires students to understand the relationship between the parts and the
whole Theratio sub-construct is considered a comparative index rather than a numbexh&ar
1996; Charalambous, 2007), conveying the idea of a comparison between two quantities of the
same type (Charalambous, 200@mon, 1999 Students need to recognize the constant
relationship between the numerator and denominator, thus the undexgt@indactions in the
ratio subconstruct promotes the concept of fraction equivalence

Theoperatorsub-construct promotes the understanding of the multiplicative operation by

regarding fractions as functions of two discrete numbers {e.gy -) or & a combination of

two multiplicative operations consecutively (e-g., — -). This subconstruct is further

interpreted as the transformation of line segments, or number changes in a set of discrete objects

(Lamon, 1999) In thequotientsubconstruct, fractions are viewed as the result of a division



operation For example, the fractioncan be interpreted as the numerical value obtained when 3

(numerator) is divided by 8 (denominator) (Kieren, 199dpally, themeasuresub-construct

involves the meaning of a distance from one point to another in terms of a given unit interval

(e.g.Pgunitsy This requires students to understand
guantities that can be located on a number line (Siegler & Pyk8);2tence, this promotes
proficiency in additive operationdg'he notion of density of fractions (i.e., there is an infinite
number of fractions between any two fractions) should also be acknowledged

Understanding of the sudpnstructs of fractions arttle relationship with the problem
types in the domain of fractions is an essential consideration in the remediation of struggling
students Therefore, teaching and learning fraction computations should be regarded distinctively
because of their inherenttlifferent natures from other problem typdsis especially important
for additive operations (i.e., addition and subtraction) because of their unigquersihucts
(measurgthat are different from multiplicative operations (i.e., multiplication @dingsion;

operatoy.

Fraction computation

In addition to the nature of swdmnstructs, fraction coputation is crucial because this
can be achieved as a result of understanding and appidpgopertiesof fractions. By showing
that they kow that factionsarea distinctive entity where the properties of whole numbers do not
always hold true (e.g., adding across numerators and denomiaiadmensidering each number
as a single unit is not true fraction computatio)) proficiency in fraction comgation implies
student sd s ucces shenarober sai fnom ywhole numkeers f@gonhdvingrg

integrated knowledge of fractions, both in conceptual and procedural knowlddgeover,

t

h
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students who are not competent in fraction computatiorbei#ss likely to succeed in the next

steps of mathematics because it is a critical piece embedded in problem solving in later grades.
However, specific instruction on fractigrssich adraction computationis not common

in middle and high school inclusive classroom setthgsause the mathematics standards do not

reflect fractions as an instruction focus; instead, the standards are more about advanced domains

(e.g., algebrandprobatility) based on basic knowledge of fractions established in earlier grades

(CCssiI, 2015) Because of thigt is not surprising thaheachievement gap gets widep

interventions should be more focused on fraction computation for students with tigsabéiore

moving on to the next stage (e.g., problem sohanglalgebra) Regardless of its importance,

previous research in special educatiasnot pad appropriate attention to fraction computation

in terms of understanding and applyithg uniquefeatures of fractions.

Prior studies involving students with mathematics learning disabilities

The research basis for students with mathematics learning disabilities (MLD) is relatively
underdeveloped despite the severity of difficulties in learningifrasfor this particular group of
students The research to date halso not successiyladdressed thiack ofa systematic
approach to remedian of special difficultiean managing the unique features of fractions
Mazzoccoeet al.(2013) demonstratesignificantly lower performande students with MLD on
fractionrelated problems (e.g., fraction equivaleacelcomparing and ordering fractions) by
making comparisons with students withditD in different achievement level#\dditional
studieshavedemonstratethatfractions, especially computation involving fractions, are one of
the weakest areas for students with MLD (Calhoon et al., 2007; McLeod & Armstrong, 1982)
Although these researchers have clearly documented thibdisstudents with MLD experience

significant deficits with fractions, the resuliave beetimited to reporing general problematic



areadout the studies have not doneestigaion at a level of specificitypecessary téully
characterize the exact problefasg., erroneous features or misconceptions in solving fractions)

Misquitta (2011) reviewed 10 experimental studim®lving fractions publishebetween
1998 and 200&atinvolved students with MLD andtudents who were having severe difficulties
in mathematics Thesestudies demonstrateéke overall effect of interventions when solving
several types of problems involving fractions (e.g., word problanafraction computation
The recent work of Shin and Bryant (2015) expanded Mis@si{2811) review by extending
publication dates from 1975 to 20fiatincludel? intervention studiesThey provided
descriptive features afeveral aspects @faction instruction (e.g., participant, setting, instructor,
andlength of instruction), analyzeate effeds of instructiorthatconsised of identified
instructional components (e.g., concrete and visual representations, explicit instaraion,
heuristic strategies), and examirtad connections of each instruction to the CC&915) in
mathematics Both literature reviews provided insighit#to effective instructional approaeb
that could be useid improve overall fraction proficiency for students with mathematics
difficulties.

However, most of the identified interventiogisl not emphasizdirectly renediating the
deficits in understanding of fractions (e.g., fraction equivalamcrdering) and/or how to solve
fraction computatiosiby applying unique features dieir properties Insteadthe studies
focusedmore ontheoverall process of solving pblems to achieve an answesinggeneral
problemsolving skills or strategiessor exampl e, anchored instruct:i
engagement in reavorld situatiors via video instructional materials and placed more emphasis
on complex problersolvingskills (Bottge 1999; Bottge & Hasselbring, 1993; Bottge, Heinrichs,
Mehta, & Hung, 2002) and direct instruction (Gerston & Kelly, 1992; Kelly et al., 1990) or

strategy instructionsuch as a cue card strategy (Joseph & Hunter, 2001; Test & Ellis, #2Q5)
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supported an overall processfigiction computatiomather than having direct impact on certain
inherentfeatures of fractions.

For these reasons (i.e., lackaakesearch bassndless focuon understanding of
inherentproperties), theres acritical need to establish a systematic approach to dauglop
proficiency in fractiongelated contents in special educatiotrderto close the gap between
students with and without MLDThe current study flowed fromfe recognition of this need
The first step shoulthe understandinghe unique characteristics of fraction performance tugah
diagnosinghe misconceptiogand/orerrors that students with and without MLD makeéh a
focus on differences that may be evidelBkploring error patterns ispecially relevant since
misconceptioaor erroneous rules usually produce aberrant response pakégims Birenbaum,
Standiford, & Tatsuoka, 198 Tatsuoka, Birenbaum, Tatsuoka, & Bailli€©80. Analysis of
consistent error patterns of students WwithD is important andhecessaryo provide more
effective remediationinstruction is much more effective when ispgeciallydesignedo address
specific areas of deficit rather than general problem afleasther words, diagnosis of errors and
misconeptions will likely enhance and improve educabatsility to supporthe mathematical

performancef students with MLD and should be used in conjunction with instruction.

Framework for the current study: error analysis associated in the solution pathways

Two main assumptions guided this studhjrst, analysis of error patterns should be
precededy instruction of computation involving fractiongn order b systematically approach
remediabn ofs t u d e nt s Oarabeéarct biasisfispetific gattens or characteristics in
performance across achievement groups needs to be establisizecksearch basean help

teachers both in inclusive and special education settings provide and promote effective
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instructions and/or interventions tailoredthe precise difficulties students show in fraction
computation solution pathways (Cawley, 1978).

Second, flexibiliy in solving fraction computati@should be considered when analyzing
error pattens. There are often multiple ways to solve mathematioblens, andproblems
become more complicated when fractidpoperties are involvedThus errors may occur as a
consequence of the procedures students use duringsheion offraction computations (i.e.,
their solution pathway) It is not appropate to characterizan achievement growgs having
certain types of erronshile ignoringtheir processsof solution; frequency of errors should be
considered based avhere theyoccur within the solution pathwayBecause some steps may or
may not occudepending ota studends way of solvinga fractiors-relateditem, errors associated

with certain stepsonsequentlynay or may not occur.

Error pattern analysis

Since the results @froup study measurssich asiormreferenced and criterien
referenced achievement testere met with skepticism and disappointnierd., they simply
provide average performance across dndteems t o ev
focus is primarily orthe percentage oforrectanswery error analysis has been suggested as an
alternative assessment tool in mathematics education (e.g., Fleishchner & Manheimer, 1997)
I nstead of interpreting studentsdé performance
provides mee indepthanditem-level descriptions of errofsom adiagnostigoint of view The
rich research base bothtire United State (e.g., Buswell & Judd, 1925) and Gerrgde.g.,
Seemann, 1929; Weimer, 1925) from 192¢hpresenshows thathe charateristics of
studentsdé errors in mathematics were found and

(e.g., errors are derived from certain difficulties in procedure oskilis), persistent across
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school years unless teachers intervene, and so fegtlatz (19791980) notedhats t udent s 6
errors are not merether e sult of i gnorance or situational a
previous experiences in education (e.g., curriculum, instructimit, e ac her ) and/ or fi me
mi s ¢ o n ¢ eEprdrsillostrate. specific areas where students failed to understand certain
concepts and/or techniques, which irapindividual difficulties Fromthis perspective,
analyzing studentso errors plays donaentral rol
guidelines for teacheendprovides insighinto identifying individual difficulties and awareness
about what areas of concepts, skills, or techniques teachers should teach andfmaeh.

Thereis agood foundationn research thatasconduded error analysis in several
mathematics domains: arithmetic including wholenber operations (e.g., Luneta & Makonye,
2010; Raghubar et al., 2009; Riccomini, 2Q@#jebraic equation solving with emphasis mostly
on procedural techniques (e.g., Hawd¥)& Seng, 2010; Zakaria, Ibrahim, & Maat, 2QHnd
word-problem solving (e.g., Kingsdorf & Krawec, 2014 theseareas, analysis of arithmetical
errors has been most actively conducted iradpect ohumerical developmenwith astrong
emphasis on whole numberalthough error analysis in fractionglated content has received
relatively less attention, theredtaeen continuous intereistembraing andexploring errors or
misconceptions while solving fraction problems (eBghr, Harel, Post, & Lesh, 1992).

Enright (1991) proposed four common errors in each of the four fraction operation types
and recommendethatteachers use these as a checklist to establish student errorspdtn
et al.(1984) and SteffeandOlive419 1) wr ot e about studentsd ¢ omme
ordering, equivalence, and parhole conceptual knowledge of fractions, but these studies were
limited in that they did not speculate about error patterns across iteraddition Brown and
Quinn (20®) classified 25 problems from researchedified fraction assessment into six
categories in order to examine specific errors within different levels and natures of problems

The six categories included algorithmic applications, applications of basiiofraconcepts in
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word problems, elementary algebraic concepts, specific arithmetic skills that are prerequisite to
algebra, and computational fluenck result oftheerror analysis was provided along with
descriptions of common errors students madeath item category.

Recently Newton, Willard,andTeufel (2014) examined errors and their patterns across
fraction computation problems solved by students with MORey found one or two common
errors per each fractions operation and demonstrated #yatvéire following predictable patterns
(i.e., systematic patterns were detectédpreover,Bottge, Ma, Gassaway, ButlemdToland
(2014) closely focused on fraction addition and subtraction operations in order to detect common
types of systemic errosgudents with MLD madeln this study, 14 addition and 6 subtraction
problems were used and 10 categories of possible errors were prophssztbmmonality of
errors was measured by frequency counts, and researchers consistently found certain types
specfic to different instructional groupsFinally, some studies have revealed differences in
performance and misconception in fractions problems across different achievement groups (e.g.,
Mazzocco & Devlin, 2008; Siegler & Pyke, 2013), but these studiesrestricted in that they
did not give iterdby-item descriptions of error pattetns

Based on the logic thatrors reflect meaningful misconceptions and individual
difficulties, theres acritical need to expand research to specifically examine all ehareccur
in the solution okach item followinghe sequential steps built in a solution algorithm using
previouslyidentified error types as a guidelinAmongthe several domains of fraction problem
this study particularly concentrated on addingtitns whichis the first challenge for students
where they musteorganize their knowledgd numbers by distinguishing betwette properties
of whole numbers and fractionMoreover, this study investigated the commonalities and
differences irsystematic error patterns across achievement grdupssespecially crucial to

explore a comparison between students with and without bdause the findingsere
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expected to serve as a starting point of instruatiben teaching and/or4teaching sidents in

different achievement groups in inclusive settings

Flexibility of solution pathway

Althoughthere may exist most efficient and elegant way solve a given problem, most
mathematics problems have various ways to achieve a correct answer\Bloter Burg, &
Klein, 2001; Star & Newton, 2009)he way of solving problem, i.e.a solution pathway,
typically gets complicated when a probsagm invo
to which method to useMathematics computatigoroblems involving fractiontend tohawe
flexibility in theirsolution pathway because of the unique features of fraéfiwmoperties when
compared tahe properties ofvhole numbersFor example, when givenraixed number +
mixed numbeitem, some stilents may disaggregate each mixed number into whole number and
afractionin orderto carryouttwo separate operations (e.g-, - - - ) while some

may decide to convert mixed numbers to improper fraciibosderto carryout one geration

(e.g., - - —=2— 2) Additionally, in the case of proper fraction + improper fraction
item, some students may convert the improper fraction to a mixed number and do two operations

(eg,- - - - - -,b<c, X>1 while others do nao theconvesionbut do

. . L 5 o
just one operation as it is given (e-g., - ).

Numerousstudiessuggesthats t u d e n t gy & théirlscdution jmathwaly should be
encouraged and promoted through instruction (e.g., Carpenter, Fennema, Franke, Levi, &
Empson, 1999; NCTM, 2014; National Research Council, 2001; Star & Seifert, 2006)of
the mathematical standards for practice statédd@CSSI (2015) advocates diverse thinking in

solution planswhichwas a characteristicthata s r eveal ed i n mat hemati cal
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work. Therefore, the logic of analyzirtge particulaerror patterns associatadth each of the
s t u d slatibrspathways starts from this orientatidn other words, to promote effective

instruction flexibility of solution pathway should be taken into consideration not only when

designing mathematics instruction but when analyiiegrror patternsnstu d ent s sol uti o

Roschelle (1993) pointed out that students migkedifferent pathways to arrive at the solution
of a problemsoerrors or misconceptions should be identified alithbt he st udent s o
pathways Severaktudiesconducted eor analysisusingqualitative methods such as interview

to avoid overlooking the possibifibf various solution pathways and to investigate conceptual

aspects behind the answer (e.g., Luneta & Makonye, 2010; Raghubar et al., 2009; Seng, 2010).

The currenstudyfully considered theolution pathway$he students presented and
detected errors in each step of the proced=mcfion computatiosby qualitatively trackinghe
solution pathways thstudentgreferred to follow Based on the previous findisfom Hwang
and Riccomini (201p occurrence of errorsdepattb n st udent s06 sol uti on
(i.e., errors may or may nbedetected depending on what solution metastudent usg and
item types Moreover, instead of evaluatimgs t ude nt 6 s pafractfomcompatatione o n
simply as correct or incorrect, this stdslgpproach providiathorough examination of types of
errors in an incorrect performance along veittin-depth item-level description ofheerrors
This methodf analysis allows teachers to detect multiple erttwais mayoccur withinthewhole
process ohfraction computationdiagnose the severity tieerrors and have an idea or
estimate of possible sourcestbbseerrors to reference as a starting péimtinstructionto
remediate the specific difficulties.

For example, say four studemfaveincorrectanswers wheadding fractions Student A
did the procedure correctly but made a mistake in calculastudent B knows how to add two
fractions (e.g., &epthe same denominator but add across the numerators) but made consistent

errorsin converting mixed numbsto improper fractios, Student C made procedural errors by

S 0|

pa:
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applyingawhole-number property by adding across numerators and denomisafamatly, and
Student D added afiumberghatappeagedin fractions with arithmetic errorsAll four students
made erras andreceivedno poinson afraction computatioitem; however Student A ha afull
understanding of fractions properties madeerrorsdue tocareless behavipBtudent B hd an
understanding of fracti@dproperties but will improve if a teacherteaclkksi how t o convert
between fractiond Student C hd anunderstandingf whole number properties but was not
successful in expaim a number set to fractionandStudent D hd a poor understanding of
whole number propertieAs can be seen from this exampeachersieed tgpay more attention
to what and why errors occur, aagdpropriaténstruction should be tailored tbesetypes of

errors.

Purpose of study

This study examined the common error patternsdbatredin each stage of different
solution pathways when solving fraction computation problems. The purpose of the study is (1)
to examine the common types of errontgats students with and without learning disabilities in
mathematics produce in their solution pathways in order to establish an instructional/diagnostic
basis to develop practical teaching and/etegching guidelines for teachers, (2) to examine
whethererror patterns in each stage of a solution pathway hold across achievement groups (i.e.,
typical achievement [TA], low achievement [LA], and mathematics learning disabilities [MLD])
in orderto be aware of different starting points of instruction for esxthievement grougthen
teachingfraction computatiofnvolving addition and (3)to examine whether item type
influences error patterns for students with MLD who have mathematics gdiadsrin
individualized education progranEf) based on the findindnat students with disabilities were

vulnerable to item type (i.e., item type was a significant moderator).
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Based on these ainthefollowing research questions guided this study:
(1) What are the common types of errors students with and without MLD madech
stage ofasolution pathway whesolving a problem involving thadditionof
fractions?
(2) How do the most common error types differ across achievement group (i.e., TA, LA,
and MLD) and solution pathway?
(3) How do item typsrelate tosolution pahways and error patterns for students with

MLD?



Chapter 2

Methodology

Participants and settings

A total of 755 middle school students in Grades 7 and 8 in Central Pennsylvania were
recruited. Of these students, 57.62% were receiving reduced or free lunch services. All students
took the tests in their regular mathematics class periods either in an inclusiveconsalied
classroom. The final group of participants for the current studyisteds148 students (59.34%)
who returned consent forms (55.8% in Grade 7 [57.3% female] and 44.2% in Grade 8 [54%
female]). The test performances of the students who did not return consent forms were not used
and analyzed for the study purposes but weeel by mathematics teachers at the school for their
information only. Among the 448 participants, 11.38% of the students had an IEP (Grade 7,
7.14%; Grade 8, 4.24%) with one or more goals in mathematics, reading, behavior, or speech;
and 9.82% of the stedits were identified as MLD having a specific IEP goal in mathematics. In
addition, three students were receiving special education servicestosglined classrooms
and the rest of the students were in inclusive nmasties classrooms (g@able2-1).

The esearcherincluded students iGrades 7 and 8 based on the expectation of mathematics
instructional contents by gradleatwas stated ithe CCSS (2015) and NCTM (2008)

According to theeprinciples and standards, fractions should be tatrgint Grade 3 through
Grade 6; thus we expected student&iades 7 and 8 to have received instruction and practice
opportunities involving fractionsncludingfraction computation Because of evidenahowing

difficulties with fractionsthat persist intaniddle school (Hecht & Vagi, 2010; Mazzocoo &
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Devlin, 2008; Mazzocco, et al., 2018)eresearchergrer € i nt er e s pegfamanceinst uden

fraction compitationafter havingraction instruction throughouhe four previougears.

Table2-1 Student Characteristics

Achievement group

TA LA MLD

(n=262 (n=142 (n=44 F p
Gender 1.37» 51
Male 117 60 23
Female 145 82 21
Grade T3 .70
7 143 80 27
8 119 62 17
Service areal/lEP goal 459.5P .00***
None 260 137 0
Math only 0 0 4
Math and reading 0 0 40
Reading only 0 4 0
Behavior 1 0 0
Speech 0 1 0
504 Plan 1 0 0
Subsidized lunch 41.6% .00***
Free 81 87 27
Reduced 30 7 4
None 151 48 13
Math achievement test:
M (SE)

1723.43 1339.94 1107.27 250.99 .00**=*
PSSAM (13.15) (17.86) (32.09)
Fraction Computation 412 1.74 .85 132.60¢ .00***
Test(Addition)d (.10) (.14) (.26)

Note.TA = Typical achieving; LA = Low achieving; MLD = Mathematics learning disabilities; IEP =
Individualized education plan. M = Mean; SE = Standard error. F8SAPennsylvania System of School
Assessment in Mathematics. *< .001.

aChi-square tesfUnivariate analysis of variance was conducted; pairwise comparisons among three achieve
groups indicated they were significantly different from each other at .05 after a Bonferroni adjustment for mt
comparison®Subsidized lunch represents threegater i es of studentsd socioec
lunch, reduced lunch, and no benefit (pay full prieBesearchedeveloped test involving fraction addition items;
total score is 6.
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Measures

Fraction achievement test

A researchedeveloped assessment was used to measure fisgotidormance The test
consists of 27 items including fraction computation 24), comparing magnitudes £ 2), and
ordering 6= 1). The fraction computatiainvolved six items for each operation (i.e., addition,
subtraction, multiplication, division), and each itemscomprise of two fractionsin
combinationwith awhole numberamixed numbera proper fraction, oanimproper fraction
For thestudypurposesperformance on six fraction addition items was investigafHue sk
items varied irtheir combination of fraction type (e.g., mixed numbermproper fractiorand
proper fraction + proper fraction) and relation between denominators (e.g., equal denaminator

andrelative prime or multiple of onenather if unequal denominators) ¢Seable2-2).

PSSAM

Participants in this study completed the Pennsylvania System of Sktsmsisments in
Mathematics (PSSM) at the end ofsrade 6 or ®Huringthe year before the completion of this
study ThePSSAM is a standardized statewide mathematics achievement test measuring
studentsd ability i n f ou tionsyegebnaic coacepst geametty,s :
and data analysis and probabilitgach construct is broken down into stdiegories associated
with specific grade and corresponding gragans It has been successfully used as a reference

forst udent sé6 overall mat hemati cs achievement
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LA. Students who scored above theét3aercentile were classifieas TA and those who scored

at or below the 3h percentile were classifieasLA. Previous studies that examined
mathematics performance by different achievement group alsahes@gth percentile as theut

off in defining low-achieving students (e.g., Gamst, Meyers, & Guarino, 2008; Mazzoccp et al.
2013) In addition totheTA and LA groups, researclstefinedthe MLD group asstudents who
were diagnosed asavingspecific learning disabilities in mathematics and hrathematics goal

in their IEP regardless difieir PSSAM scores MLD was distnguished from LA because of the
growing evidence that students with disabilities, especially in mathematics, have unique
cognitive, strategic, and academic profiles (Fuchs et al., 2005; Swanson &Baekenberger,
2004; Wilson & Swanson, 2001Yherefo e, we exami ned errorss presen
performance to explore how they iatin three different achievement groups, TA, LA, and

MLD.

Data collection

A total of 13 teachersl mathematics teacheand one special education teacher)
administered thé&action achievement teduringtheir regular mathematics class peri@he
researcher with expertise in mathematics provided instruction to teachers for administering the
test (e.g., test duratiaandrestrictiors), and two doctoral students assisted teachers while the test
wasbeing conductedTeachers were provided a written script to reduce the possibility of teacher
effect Before distributing the test to students, teachers explained its pugrabpsovided
instruction Students were provided 45 minutes to complete the fraction achievement test

Given that one of our study purposeasto detect all possible errors presented in
student so6 sowedit mobprovidspetifitdirectyons for solvingfraction

computatios (e.g., convert a mixed number before adding fractiomstead, students were
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asked to provide all the procedures or tribksy usedo solve a problem on the test, and they
were allowed to use extra sheets if mgrace vasneeded to show their warkAdditionally,

students were directed to write their answer in the simplest furch asimplifying their answer
and wriing it as a proper fraction, whole number, or mixed number (egl -, or—=-). We

gave this direction to detect errors in the simplification or transformation, stacguse without

this direction itwould bedifficult to know whetherstudents mde errors in this last stage (e.qg.,
when given- -, —isacorrect answer but students might make errors in simplifyirog

transforning it into a mixed number).

Analysis

To detect all errors students made by trackiegsolution pathwayhey presentedn
their performance, the analysimsconducted in thresteps: (1) establishent ofan algorithm of
solvingfraction computatiogsinvolving addition (2) analysis ofhesolution pathwayand (3)

error coding.

Algorithm of solving fraction problems involving addition

Toanalyzeerror;is t ud e nt s 6 wasptheleadesearcher astablishad
algorithmfor solving fractions additioproblemsbased on the common process suggested in
previous researchThis studymainly borrowed Kleinet alGs (1981) procedural network
illustrating the different algorithmused to solve different types of problemslditionally, the
leadresearcher made minor adjustments reflecting the construction of algorithms suggested in
previous research (e.g., NCII, 2014; Peck, Jencks, & Chatterley,. 1R&D) et alts (1981)

interconnected chain system providlestheoretical backgrounidr developng anunderstanding
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of the process of adding two fractioofsvarious types; moreover, it postulsgediagnostic
system to detect all possible errosasditeny t aki ng
types, which appropriately and precisely supports the purposes of the current Atadyding to
their procedural network, when given a probletudentdsolution pathway preferensare
reflected when theyecognizea problends type and maka decisioras to whichsolution method
to use(e.q., (fraction + fractiondr (whole number + whole number) + (fraction + fraction))
Depending ortheitem type anda studends solution pathway preference, subsequent stages differ
consequently.

Therefore, the algorithm used in this study involfres main stepsconverting
renaming operating arithmetic andsimplifying, which areoperationally definedsafollows
Converting refers to replacing mixed numbers or whole numbers with equivalent improper

fractions or vice versa (e.g; —2—, -). While converting occurs in each fraction itself,

renaming depends on the other fraction becausé¢he process of adjustment of two fractions for
the operation In this senserenaming is transforming fractions to those with equal denominators
to execute the fraction computation procediéhen two fractions have unequal denominators,
students aed to find a common denominator first and then rename each of the frastions

equivalent fractions (i.e-, - —g —g). After students havehanged théormat ofthefractions

as aresultof convertingandbr renamingoperating ocars Thisis dividedinto whole numbers
operatios and fractions operations, where mosthaprocedural errors are detected (e.g., adding
across numerators and denominators) (Bottge et al., 2014; Riccomini et @)., Rid&lly, to

extend the previougsearch findings and respond to our research quedtieasithmeticand
simplifying stages were additionally specifiedorderto examines t u d &bitity is véhole

numbers operations as@nplifying fractionsand transforming improper fractiswith mixed or

whole numbesinto the simplest form
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Solution pathways

Different slution pathwag may appear depending on item type and the way in veéhich
student plasto solve the problem, as some steps may or may not.obeyrending on which
solutionpathway students decide to follow, different algorithms appplyere are four main
solution pathwaysvhich haveemerged from 50 randomly selected samples and prior research
findings (Hwang & Riccomini, 2016; Riccomini et al., 20{$eeFigure2-1).

First, two separate operations are conducted by decomposing the mixed numiker into
whole number part and fraction part (SP$judents who prefer SP1 add whole nuratzend
fractions separatelySecond, one operation with fractions is conducted (SR2)en the item
contains a mixed number or a whole number, SP2 includes additional prior steps that involve
transforming mixed numbsto improper fractiog therebyavoiding a whole-number operatian
Previous research has also suggestedatand SP2 were common algorithires students
followed(e.qg., Klein et al., 1981)Third, fractions are transformed to decimal or percentage
values where fraction operations dmt nccur (SP3) Fourth, when researchers could not
diagnose how students solvadlitem, the solution pathway was consideredberandom (SP4)
Because of acknowledgeable limitationgextractngi nf or mat i on about studen
insufficientwork, researchers consideredd a separatategory Students who did not show

computation steps but merely wrote random numbers were also classified as SP4.
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Solution Pathway
Student decide on solution pathways to solve items, which lead to different stages afterward.

SP1 SP2 SP3 SP4
Fraction decomposition Fraction composition Decimal or percentage
. . - Random
(two operations) (one operation) operation

Solution stages

. 4 h 4

Transforming
Fraction = Decimal or
percentage value

1

Decimal operation

‘ PART1: Whole number operation |

* a based on pface value UM
and operation
‘ PART2: Fraction operation ‘ properties

Figure 2-1. Algorithm for solving fractionaddition operatiors showingsolution pathways.

C = Converting; R = Renaming; S = Simplifying; SP = Solution pathway; UM = Unknown
mechanism; Solid line solution stage occurred;aBhed line= solution stagelid not occur.
Examples are provided following routes a and b.

a— -0 p#i 1l OADDEDHOAAC ¢82 Al ATAERIACIOA OO - ©
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Error coding

Error coding was conducted for each item infthe steps First, types of errors were
extracted from pevious research and summarizda find evidence about error analysis
involving fraction additiona keyword search using thembinationfifraction*, add*, calculation,
computation, erroneous, and erwasdonein ProQuest and PsychINFO databasEse errors

described in theestudies served as a basis to guide error coding for this. sBetyond,
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identified errors were categorized intw six stages embedded in the algoritbstablished for
our analysigi.e., converting, renaming, whole numb@eaations, fractions operations,
arithmetic,andsimplifying). Third, for each stage, the researchers coded the occunethee
stage (1 = occurred; 0 = not occurraatyrrectness if occurred (1 = correct; 0 = incorremyd the
error type if incorrect All errors were coded following the algorithm of each solution pathway
(SPL - SP4) using previolis identified error types, but new errors codes were created as needed
Lastly, frequency of errors was calculated to reference their sevBetause again stage may
or may not occur depending arstudends solution pathway preference, errors associatad in
certain stage may or may not occiihus, instead of frequency of errgifse frequency othe

error occuring in the associated stagevided by thefrequencythatstage occurredas

calculated This is different from traditional frequency counfs¥ error occurrence
frequency(frequencya certain stage occurreddid notoccur)},6 which does not account for

st udent g sdettisgapriedt $olution method.

Error identified in prior studies

Errors identified in prior studies were used as a guideline to code all possible errors that
occurred during studentsdé6 frAsartduljatotaladtheeit at i on
recent studies on error analysis were identified that satisfied the given criteria (Bottge et al., 2014;
Brown & Quinn, 2006; Newton et al., 20143ome studies were excluded since they provided
error types for general fraction domains rather than fogusinthe addition operation (e.g.,

Enright, 1991), errors were not systematically analyzed (e.g., Steffe & Olive, 19¢1g, or
population who showed errors were not sckagg#d students (e.qg., Isik, 2012)
Adding across numerators and denominators haasiost frequent and representative

error when students attempted to solve fraction addition items Beige et al(2014)
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additionally found errors where students added all numerators and denominators to find a total
sum (C6), errors where studentekgd one of the denominators for the answer without finding
the equivalent fraction (R2), and general errors where students attempted to find equivalent

fractions (R1) Moreover, Brown and Quinn (2006) described an error caused by misconceptions
related o equivalent fractions (e.g., when -was given;- became— by adding 4 to the

numerator and denominator) (R2b), basic arithmetic errors (AE), and two errors in simplifying
(e.g., skipping [SO] or not completely simplifying a fraction [ST[heseerrors were categorized

in appropriate solution stages within the algorithm the researcher developed for the current study
and served as a basis to guide error coding for this study (see astefiakiei®3, Table3-4,

Table3-5, andTable3-6).

Inter -rater reliability

Four interrater reliabilities were calculated fdf) categorizing error types identified in
previous research inthe six stages in thalgorithm (2) coding occurrence and correctness for
each stagg3) coding errors using identified error typasd (4) coding errongsing newly
createckrror codes Two trained researchers independently coded 20% of the fraction measures
Initial inter-rater reliabilities for (1) and (3) were 100%, (2) was 88.91%, and (4) was 92.32%
However, we achieved 100% for both (2) and (4) after disagreements were discussed and

resolved.



Chapter 3

Results

Thelogic behind the error analysis used in the current study was that students have a
variety of sources of error with a spectrum of severity when performing fraction computation;
therefore, identifying common patterns of errors students make serves gsastitaand
instructional guideline for teachers to provide effective instructions and remedy ongoing
difficulties by targeting erroneous aredsn addition, flexibility of solution pathway was taken
into consideration in order to detect multiple errtir®tighout solution stages and, more
importantly, to avoid overepresenting errors caused by ignoring the occurrence of solution
stages The aims were to (a) identify common error types middle school students with and
without MLD make in each stage of algtion pathway, (b) examine differences in common error
patterns among achievement groups, and (c) identify specific error types to pinpoint unique error
patterns and examine how item type and solution pathway preference relate to errors for students

with MLD.

Error types in each stage of solution pathway

Prior to demonstrating common error types in each solution stage, solution pathway
preference was examined and classified into four types$&H2) in each item level (s@able
3-1). A total of 2,688 cases of item performance were analyZée mean percentages of

solution pathway preference across achievement groups were 44.72% (SP1), 44.61% (SP2),
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0.11% (SP3), and 4.84% (SP4); 5.73% of the items did not have a student response provided so

they werenot classified as any of the four type&mong 2,688 cases of item performance, only
89.33% of the cases classified as SP1 or SP2 were included for error analysis becsuset it
possible to detect errors when students did not follow a general algorithm of fraction computation
(SP3), when resechers could not recognize a mechanism of errors or students merely wrote a

random number (SP4), or when students did not respond or skipped an item

Error type

Errors were examined in 2,401 cases of item performance (89.33%), and a total of 74
types of erors were initially identified during the process of fraction computation involving
addition As the study assumed that certain errors were uniguely associated with certain stages of
a solution pathway, certain errors were only examined in the cases avbertain solution stage
occurred but was done incorrectlyhe mean percentages of errors regardless of type in an
associated solution stage and the number of error types found in each were as follows: 11.98%
and 24 types in converting, 18.27% and ®etyin renaming, 2.91% and 5 types in whulenber
operatiors, 27.39% and 29 types in fraction operagich71% and 5 types in arithmetic, and
26.99% and 2 types in simplifying stages (¥able3-2). Overall, the solution stage where
students made the most errors was fraction operfiaiowed by simplification, renaming,
converting, arithmetic, and wheltaumber operatia In addition, error types were most dise
in the fraction operation and converting stages, followed by the renaming, arithmetic, whole
number operation, and simplifying stages

Table3-3, Table3-4, Table3-5, andTable3-6 present the specific error types detected
and their descriptionsThe identified errors in each solution stage were clustered into several

upper categories based on the representative features that the three researchers agreed upon (see
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the interrater reliabilitydiscussiorin the Methods section)This process enabled completion of
a practical diagnostioasis for providing nt ui ti ve senses of students?éo
glance In the converting stage, the researchers found eight categories of errors: (1) correct
converting procedure but errors in calculation; (2) a denominator being ignoréuk ¢8jrect
denominabr but errors when finding a numerator; (4) errors in finding a denominator; (5) a
whole number part in a mixed number being inappropriately added, subtracted, multiplied, or
divided to a numerator and a denominator; (6) numbers composing a mixed nuafr@cton
being separated and added, subtracted, multiplied, or divided among each other; (7) errors in
converting a whole number to a fraction format; and (8) random edroeidition, the renaming
stage included three categories of errors: (1) coinefinding an equivalent denominator but
errors in finding appropriate numerators, (2) errors in finding an equivalent denominator, and (3)
random errors.

Moreover, the errors in operation procedure were described in two parts: whole number
operations iad fraction operationsin the wholenumber operation stage, the three main
categories of errors found were (1) choosing an inappropriate operation, (2) enwimtder
operation being ignored and skipped, and (3) random ermthe fraction operatioatage
where the greatest variety of error types was detected, errors were grouped into four categories:
(1) choosing an inappropriate operation, (2) eyemeralization of independent whalamber
strategy, (3) special error types when an item involveadcidén and a whole number, and (4)
random errorsLastly, in the arithmetic and simplifying solution stages, identified errors were

not grouped because there were less than five.
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Error pattern analysis

After all of the types of errors were identified aamthlyzed during the whole process of
fraction addition at the item level, common and unique errors associated with each solution stage
were discussed by making comparisons among three achievement groups as a function of solution
pathway preference (SP1ch8P2) in three ways: (1) percentage of solution stage occurrence, (2)
percentage of error occurrence in each solution stage regardless of type, and (3) error patterns

associated with each solution stage

Occurrence of solution stage and associated errors

The percentage of errors that occurred in each solution stage explains the percentages of
item cases that the students solved incorrectly only when they experienced a certain solution
stage In other words, these reflect the possibility of error occugdacstudents who
experienced a certain solution stagde current study compared how students in different
achievement groups performed each solution stage uniquely established in solution pathways (see
Table3-2 andFigure3-1).

Overall, the mean percentages of solution stage occurrence varied among achievement
groups while those of associated errors across and within solution stages were the lowest in TA,
followed by LA and MLD, regardless of solution pathway preferenceTabke3-2). Both the
converting and renaming stages predominantly occurred in the TA group, followed by LA and
MLD, regardless of solution pathway preferen@de mean percentages of the converting and
renaming stages were 40.27% and 44.68% (TA), 2022322.40% (LA), and 17.53% and
15.98% (MLD), respectivelyln addition, both stages occurred more frequently when students

followed SP2 than SP1 across all achievement groups, with the mean percentages of difference
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Figure 3-1. Percentage of Occurrence of Solution Stages and Associated Errors for Three
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being44.96% and 48.07% (TA), 22.97% and 16.22% (LA), and 29.20% and 11.79% (MLD),

respectively for the converting and renaming stagesong cases where the converting stage
occurred, the mean percentages of error occurrence were correspondinglyngtieiat&P2 than
SP1, with differences of 22.52% and 3.13%, respectively for LA and MLD, but the TA group had
the opposite result in that errors were 4.11% more frequent in @Bdeover, for the cases
where the renaming stage occurred, the mean percerdhgeor occurrence were greater within
SP2 than SP1 across all achievement groups, with the differences being 3.26% (TA), 12.87%
(LA), and 8.59% (MLD)

The wholenumber operation stage always and only occurred in SP1 because it is defined
as a solutiopathway carrying two operations (whalamber and fraction operations), whereas
SP2 is characterized as performing only a fraction operalibcontrast, the fraction operation

stage always occurred except for several cases which involved errors istqgies that caused a
fraction operation to be unnecessary (e.g., wheis incorrectly transformed into @)+ b in

the converting stage there are no fraction parts upon which to perform a fraction operation stage);
therefore, the mean percentagésts occurrence were above 97.88% across achievement groups
and solution pathwaysSimilar to other previous solution stages, however, the mean percentages
of errors that occurred in the fraction operation stage were greater within SP2 when compared to
SP1 across all achievement groups, with the differences being 11.11% (TA), 30.77% (LA), and
23% (MLD).

Finally, the arithmetic and simplifying stages were always established in solution
pathways that students needed to proceed to in order to get an;dhevegore, percentages of
solution stage occurrence were always 1004¢an percentages of errors were greater within
SP2 than SP1, with the differences being 1.56% and 9.49% (TA) and 0.53% and 0.31% (LA),
respectively, but students in the MLD group mad&2% and 8.27% more errors when following

SP1 instead of SP2, in the arithmetic and simplifying stagepectively.
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Error patterns across achievement groups

In addition to comparing percentages of itkavel cases that students in different
achievemengiroups solved incorrectly at each solution stage, this study investigated common and
uni que error types t ha tThisppmeessrenadged usitonexasineu dent s 0
whether students create common error patterns within and across achievemesirgeach
solution pathway they followedOverall, similar error patterns were found across all solution
stages except for the converting stage; specifically, the patterns of LA were more similar to those
of TA in some stages (e.g., the renaming stagiehin SP2) while they were more similar to
those of MLD in others (e.g., the whelember stage in SP1, the arithmetic stage in SP2¢
error patterns in each solution stage showed the error types that students in TA, LA, and MLD
had in common mosbtleast frequently, which are detailed as follows {&ae3-7, Figure3-2,
andFigure3-3).

First, when compared to other solution stages, the converting stage had less commonality
in the error patterns of the three achievement groupstm®P1 and SP2n other words,
students in each achievement group had a unique error pattern that showed that each group had
different types of difficulties In SP1, the most frequent error in TA and MLD was C1 (C1b,

75%), the two major errors in Lvere C5 (50%) and C6 (50%), and the only error type
discovered in MLD was C1 (ClaWhen compared to SP1, error types in SP2 were less
straightforward and dispersed into eight types-G7land CR) The most frequent error in TA
was C3 (55.56%) while otherror types occurred at below 20%arious error types were
detected in LA, with the percentage of C2 (30.56%) being the highest while the others mostly
stayed between-86%. Finally, for MLD, two main error types (C3 and C4, 38.89% each)

characterizedheir erroneous features
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Second, in the renaming stage, overall patterns were similar across achievement groups
and solution pathways: students made R1 the most frequently, followed by R2 akdrieRg
errors categorized in R1 (R1a, R1b, and Ric)fremuency of R1a, which describes errors in
finding numerators made by keeping them the same regardless of a new equivalent denominator,

was the highestMoreover, the percentage of R1 occurrence was slightly higher in SP2 than SP1

100 Converting J§ 1 Whol [ Fraction Operation J Arithmetic | [ simpiitying
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Figure 3-2 Error Patterns in SP1 for Three Achievement Groups.
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Figure 3-3 Error Patterns in SP2 for Three Achievement Groups.
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for TA (SP1, 66.67%; SP2, 73.58%) and LA (SP1, 3%3SP2, 76%) as opposed to MLD (SP1,

71.43%; SP2, 63.16%)The percentage of R2 occurrence was larger in SP1 than SP2 for TA
(SP1, 33.33%; SP2, 22.64%) and MLD (SP1, 36.84%; SP2, 28.57%), whereas it was larger in
SP2 than SP1 for LA (SP1, 20%; SP2, 24%)

Third, in the wholenumber operations stage, errors were examined only in the cases with
SP1 since a wholeumber operation was uniquely established in. SPte error patterns were
very similar between LA and MLD with the percentage of W2 being theda(ga, 66.67%;

MLD, 66.67%), followed by WR and W1The patterns were also similar for TA; however, the
percentages of the three error types (W1, 26.67%; W2, 40%; WR, 33.33%) were fairly
comparable with each other when compared to LA and MLD groupsewti2mwas the
representative error in this solution stage.

Fourth, in the fractiofoperation solution stage, overall error patterns were similar across
achievement groups and solution pathwday® was the most common error, while other error
types occurretbelow 15% Although both F3 and F4 occupied a relatively smaller portion in this
solution stage, they were commonly detected in SP1 and P2 had a wider variety of error
types, and error patterns were very similar when compared toBS®#&pt for R, the most
frequent error type was F6 (TA, 6.43%; LA, 9.61%; MLD, 12.31%) while F4 (TA, 5.71%; LA,
3.93%; MLD, 4.62%) and F3 (TA, 4.29%; LA, 5.24%; MLD, 10.77%) were also considerable
In SP1 there was little variation in the occurrences of F3, F4, Rradrtong the three
achievement groups: F3 occurred the most frequently in MLD (11.90%) while FR was fairly
frequent in both TA (10.94%) and LA (5.41%)

Fifth, in the arithmetic stage, A1 occupied the largest portion among error types detected
within eachachievement group in SP1 and was the only error type detected for MLD (TA,
47.62%; LA, 65.22%; MLD, 100%)AR also occurred fairly frequent in TA (33.33%) and LA

(26.09%) In SP2, Al was still the primary error for TA (77.42%) whereas the percentadge of A
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was greater than Al for LA and MLD (LA, 51.85%; MLD, 6Q%) the simplifying stage, the

last solution stage before getting a final answer, a majority of students across achievement groups
usingSP1 and SPthade error SO, an error involving skippingnat simplifying a fraction into

the least fraction or a mixed number even though it is necessary (SP1, 87.36%; SP2, 79.33%
[TA]; SP1, 92.67%; SP2, 92.07% [LA]; SP1, 92%; SP2, 89.36 [MLB{hen students

attempted to simplify a fraction, the S1 error ocedrsimilarly in both the TA and LA groups but

less than in the MLD group (SP1, 4.60%; SP2, 1.33% [TA]; SP1, 4.67%; SP2, 4.88% [LA]; SP1,
8%; SP2, 10.64% [MLD]) Moreover, percentages of S2 and S3 were greater for TA than LA in

both SP1 and SP2

Error a nalysis for students with MLD

Based on the comparison of error patterns across achievement groups, specific error types
for students in the MLD group were examined to
fraction computation performanc®ather tharexploring an error pattern using broad categories
of errors (e.g., C1, R2), all specific errdinat fell intothose categories were analyzed in each
solution stage Furthermore, as prior studies (e.g., Hwang & Riccominig208kwton et al.,

2015) haveshown that students with MLD are vulnerable and sensitive to item type, especially
equality of denominator, the current study examined its relation to solution pathway preference,
percentage of errors in each solution stage, and consequent error psétefable2-2 for item

categorization)



40

Characteristics of eror pattern for students with MLD

Among all itemperformance cases for students with MLD, SP2 (38.6486)the most
prevalent, followed by SP1 (34.85%), SP4 (13.26%), and no response (13Né96)theless,
even though SP2 was the most popular solution pathway students with MLD followed, the mean
percentages of errors were greater in SP2 than in SP1donkerting, renaming, and fraction
operation solution stage$n other words, students were more likely to make errors in these three
stages when solving items using S additional analysis of the specific error types and their

patterns in order texamine how they differed betweeRBand SP2 follows (sédgure3-4).
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Figure 3-4 Specific Error Patterns for Students with MLD.

Among all cases of item performance where students with MLD solved with SP1, only
2.17% of the cases involved the converting stagd 50% of these cases involved error type
C2a For SP2, both the percegtaof cases involving the converting stage (31.37%) and the
percentage of errors (53.13%) were greater when compared td=8©d types were various,
with C3g being the most frequent, followed by C2a, C6a, C6b, C6d, C2b, C3d, C3e, and C7b
Although theC2a error type was commonly detected in SP1 and SP2, overall patterns of specific

error types were not the same for both pathways.
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The renaming stage had a similar situation in that both the percentage of cases involving
this solution stage and the perceye of associated errors among those cases were greater in SP2
(21.57% and 86.36%, respectively) when compared to SP1 (9.78% and 77.78%, respectively);
however, students with MLD were most likely to make errors in the renaming stage regardless of
solutionpathway preferencekError types were more various in SP2 than in SP1, where only four
main types were detected (R1a, R1lc, R2a, and. R2® errors in SP2 involved three error types
(R1a, R1c, and R2a) in common with SP1, with R1a as the primary art&PR involved four
additional error types (R1b, R2b, R2c, and RZ&yor patterns were not the same in this solution
stage as well

Moreover, a majority of item cases involved the fracoperation solution stage in both
SP1 (98.91%) and SP2 (92.18%vhich always occurred unless there were errors in the previous
stages and fraction operatfomereunnecessaryAnd among these cases, students were more
likely to make errors in SP2 (69.15%) than in SP1 (46.1584hough more error types were
deteced in SP2 than SP1, similar to the converting and renaming solution stages, both solution
pathway preferences involved F2a as the primary.emo8P1, F6a and F3c were also relatively
frequent, followed by 11 error types (F1b, Flc, F2e, F3a, F3b, BacH5a, F6b, F6g, and FR),
with 2% each In SP2, F3a was the most frequent error type followed by three other types (F3c,
F4a, and F4g¢)ktaying slightly below 3% each.

In contrast to the above three solution stages, percentages of error in the sadtition
stages, arithmetic and simplifying, were slightly greater within SP1 than SP2 for students with
MLD. Among the cases where errors occurred, only Al was identified in SP1 while AR (60%)
was additionally found in SPZS0 was found to be a majorerin both SP1 (92%) and SP2
(89.36%), followed by S1 with 8% in SP1 and 10.64% in.SR&tly, a wholenumber operation
stage occurred only within SP1, where 6.52% errors occurred; error types were W2 with 66.67%

and W1b and WR each with 16.67%
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Relation of item type with solution pathway and error

Solution pathway preferences in two item types were opposite in that SP1 (63.63%) was
more predominantly used than SP2 (17.05%) in items with equal denominators while SP2
(50.76%) was more predominant tha1920.45%) in items with unequal denominatdfer
both item clusters, the percentages of SP3 used were 0%, SP4 usage was-Ihtheadiye,
and no responses were in the18% range In addition to relation of item type to solution
pathway preferen¢@ercentages of occurrence of each solution stage and associated errors varied

by item type (se@able3-8 andFigure3-5).
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Figure 3-5 Specific Error Patterns for Items with Equal and Unequal Denominators for Students
with MLD.

In the converting stage, the mgaercentages of the solution stage occurrence and errors
were greater in items with equal denominatobéth SP1 and SP2 (s€able3-8), while error
patterns did niohold the same across either item types or solution pathvia@P1, Cla was the
only error type identified in items with equal denominators and there were none identified in
items with unequal denominatorky SP2, two error types (C3g and C6b) welentified in

common while five (C2a, C3d, C3e, C6a, and C6d) were uniquely affiliated in items with equal
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denominators and one type (C2b) in items with unequal denomin#tdise renaming stage,
mean percentages of solution stage occurrence alongssgibciated errors were greater in items
with unequal denominators in SP2, while percentages of solution stage occurrence were greater
and percentages of errors were smaller in items with unequal denominators ikcsBrlingly,
specific error types varieghd their patterns did not hold the same across item type or solution
pathway In SP1, R1c was the only error type identified in items with equal denominators while
three types (R1a, R2a, and R2e) occurred in items with unequal denomitateP2, naerror
types were identified in items with equal denominators since the renaming stage did not occur,
while seven types (R1ato R1c and R2a to R2d) were identified in items with unequal
denominators

A whole-number operation stage only and always occurré&P1 regardless of item
type W2 was the most frequent error type with 66.67% for items with both equal and unequal
denominators, but W1b was the second in items with equal denominators while WR was second
in items with unequal denominatork the fractionoperation stage, mean percentages of
solution stage occurrence and errors were greater in items with unequal denominators in both SP1
and SP2and error patterns mostly held the same across item types and solution pathways
SP1, F2a (equalenominators, 73.91%; unequal denominators, 89.47%) was the most frequent
error followed by F3a (equal denominators, 13.04%; unequal denominators, 5.26%) across item
types, while F3c and F4c were uniquely involved in items with equal denominators andd-4a w
uniquely involved in items with unequal denominators

Finally, for both arithmetic and simplifying, mean percentages of errors were greater in
items with unequal denominators when students followed SP1 but were smaller when SP2 was
used For both itens with equal and unequal denominators, error patterns in the simplifying stage
were very similar across solution pathways, with SO being the primary &irailarly, error

patterns in the arithmetic stage in SP1 were very similar to SP2, with A1 beipgrary error
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in common; however, the percentage of A1 was smaller or the same when compared to that of

AR in SP2
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Tables

Table3-3 Error Types in Converting Solution Stage

Var Error type Example Description

Cco Converting occurred@ = yes; 0= no)

CcC If RO = 1,converting occurred correctly(2 = yes; 0 =
no)

CE If RC = 0, identify with following error codes

1. Correct procedure in converting between mixed number and fractienrbrg in calculation

Cla &) ORI Correct procedure of converting mixed number to
c1 m& I fraction but incorrect calculation.
Cib ® o L0 Correct procedure of converting fraction to mixed
P wZ) number but incorrect calculation.
2. Denominator is ignored
® PP . .
C2a O Wy Correct procedure but ignored denominators
(&)
4 o~ F Correct procedure but ignored denominators and
C2b o o6 & P © butig
c2 &) incorrect calculation
W oo . .
C2c O WA Incorrect procedure and ignorddnominators
(&)
® o~ Incorrect procedure, ignored denominator, and
c2d o6 00 b proceciire, ig
) incorrect calculation

3. Correct denominator but errors in finding numeratenfusion detected in relationship amand, andc

L0 436 AR Incorrect procedure and operation sequence in oppc
C3a A —
() W manner
C3b O — ———— Incorrect procedure and incorrect calculation
() (&)
C3c mi? oo_:ﬁn Incorrect procedure
@ W
C3d mi.o ‘”_32_‘*’ Subtract from ¢3binstead of adding
C3 o W
C3e o2 OB O @ added additiona, which is needless
W (&)
C3f m&) w oo w Addeda, b,andc to make numerator
(&) (&)
C3g O R Addeda andb to make numerator
() (&)
W WA . 7
C3h O = Ignored addingp to 003w
(&)
4. Errors in findingdenominator
5 v~ Correct procedure in calculating new numerator but
LW W W . . . .
C4a WO - denominator is chosen incorrectly from numerator ir
C4 ® w mixed number
Cab L@ W Keep numerator the same and denominator is
‘*’z) JRYe 1 calculated incorrectly

5. Whole numbea in mixed number is inappropriately added or multiplied to humerator and denomine

C5

e GO ais multiplied to numerator and denominator
C5a W= ==
() W3 separately
C5b W= — ais added to numerator and denominator separately
W N W
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C5c L@ O ais multiplied to numerator and added to denominat
% ® o separately
6. Whole number operation is conducted withmbers compasd ofmixed number or fraction

A v v Add all three whole numbers composing mixed
Cb6a W= W W w
W number
C6b 2) » & Add numerator and denominator
C6 o
* ® v _
Céc - W O Subtract numerator and denominator
&)
céd el 1 Multiply numerator by denominator
&)

7. Errors in converting wholeumber to fraction format

C7a ") Whole number is converted into inverted fraction

c7

C7b i) Add numerator and denominator

A1 g&:l0°

8. Random error
CR - Random error other than specified.




47

Table3-4 Error Types in Renaming Solution Stage

Var Error code Example Description

RO Renamingoccurredq1 = yes; 0 = no)

RC If RO = 1,renamingoccurred correctly?l = yes; 0
= no)

RL If RO = 1,renamingwith LCM? (1 = yes; 0 = no)

RE If RC = 0, identify with following error codes

1. Correctin finding an equivalent denominator but errors in finding appropriate numerators

-?w—‘ i Numerators stayed the same regardless of new
o wJQ M&OQ equivalent denominator. fila  QOQQN § ,6 A
Rila = = P e "Qused as denominatomndfinumerators remained
w Q) 6 OaiQ o _
0 the sam@ it primarily falls under this category
D B oo (C1a) although it overlaps with C1b category.
R1 o . One of the numerators is incorrect
O wdQ Qw
®» € aIQ 00 Note:We are not certain if this is just simple
R1b ® .. .00Q 0'Qd calculation error or some other misprocess, so thi
re 700 ooa will not be simply categorized as calculation
(multiplication) mistake.
®w ¢ 0wdQ 0QWw .
Rlc D% oo ooa Two numerators are apparently incorrect.

2. Errors in finding an equivalent denominator (*)

2-1. Pick one of the denominators for an equivalent denominator
*If & QOQO 0 , pick one denominatatBATQOQ between two denominatodsA T "Ais
not the case for this category. This category applies only whel0Q ™ § .

5 s v Pick one of the denominators for an equivalent
R2a w C w Q, w Q . L
= = = =Ei = denominator (which is incorrect), and two
*) 0w 0w w Q "Q .
numerators remain the same.
Pick one of the denominators for an equivalent
R2b G c & Oo. 0 Q denomlnator (which is incorrect); one numerator
R2 5% 0 '(‘f)h': I—Q 0 remains the same (correct numerator) and the ott
) numerator is incorrect (this is automatically cause
by having an incorrect denominator).
G C 0 0. 0 0 Pick on.e of the d.eno_ml_nators for an equivalent
R2c = = = =lEliz = denominator (which is incorrect), and get two
0w 0w w Q "Q .
incorrect numerators.
2-2. Pick random number for an equivalent denominator.
R2d w C o Q Pick random number for an equivalent denominat
PRI 0O O and numerators remain the same.
R2e w ¢ 0 ©O Pick random number for an equivalent denominat
® C 00 and try to convert numerators in incorrect way.
RR Random error other than specified.
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Table3-5 Error Types in Procedure Solution Stages

Var Error code Example Description
PART1. Whole number part operation
Whole number operation occurred?= yes; 0 =
WO no) . .
WO = 1 only whersolution pathway type is SP1
or SP3; WO =0 when SP 2 or SP4
Whole number operation occurred correcily?
WC
=yes; 0 = no)
WE If WC = 0, identify with following error codes
1. Choos an incorrect operation
® . Q i
Wia oF o 60 b .Subtrzli(?t two whole numbers when an operatic
() Q is addition
Wib 0= QO X2 &  Multiply two whole numbers
W1 w Q
W "
o 9 g ¢ iy
Wilc W= Q- 0 Divide two whole numbers
w Q "
- w
@
Lo . Q 0w Q L. .
w2 (oz) Q@ T 0 Whole number operation ignored and skipped
WR Random error other than specified.
PART 2. Fraction part operation
FO Fraction operation occurred? (Problem solving
type P2 and P3)
Fraction operation occurred correctf{l?= yes;
FC :
0 = no or did not occur)
1. Choose an inappropriate operation
G309 Correct procedure of adding two fractions in
o) T30 530 oecpoceueoa g two fractions
Fla Z 0 590 0O subtraction problem or correct procedure of
— subtracting two fractions in addition problem.
wIQ
Fib © 9 -7—01):@ Correct procedure in multiplying two fractions
o S &0 P ping '
0w Q  oIQ e :
Filc - = — Correct procedure in dividing two fractions.
0w QY ol
w Q W) Incorrect procedure in dividing two fractions;
Fid - = e . . .
w Q wIQ flipping first fraction.
FE w Q wIQ Incorrect procedure in dividing two fractions;
Fle F -— — .
w Q o flipping both fractions.

2. Overgeneralization of independent whole number strategy

2-1. Add or subtract across numerators or denominators

w Q w Q Add across each paif denominators and
F2a - = S
w Q w Q numerators.
= Fob () 9 w Q Subtract across each pair of denominators anc
*) N o0 numerators.
0w Q w Q Add across numerators and subtract across
F2c - = - .
w Q w Q denominators.
w Q w Q Subtract acrossumerators and add across
F2d - = S .
w Q 0w Q denominators.
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F2e

When numerators are the same.

2-2. Add or subtract numerators and denominators diagonally

Add diagonal; add first denominator and secor
numerator to get denominator, and add seconi

O Q &0 . .
F3a 5% T o denominator and first numerator to get
w numeratord flip second fraction and subtract
across.
Subtract diagonal; subtract first denominator a
o) O B second numerator to get denominator, and
F3b 0 —~—§$ subtract second denominator and first numera
w to get numeratod, flip second fraction and
subtract across.
F3 Add diagonal; add first denominator and secor
& 0 o 0 numerator to get numerator, and add second
F3c - = A denominator and first numerator to get
w "Q w Q . g .
denominator flip first fraction and
add/subtract across.
Subtract diagonal; subtract first denominator a
& 0 3:) & second numerator to get numerator, and subtr
F3d 0 W second denominator and first numerator to get
gm denominator flip first fraction and subtract
across.
F3 w Q ®w Q
e - = p
w QO w &
2-3. Add orsubtract across numerators or denominators and multiply across denomin
or numerators
w Q w Q Multiply across denominators and add across
Fda o e
w Q wIQ numerators
w QO w Q Multiply across denominators and subtract
F4 w Q wJQ acrossnumerators
®w Q WX Add across denominators and multiply across
Fac = = S
W 0w Q numerators
Fad &) 0 w2 Subtract across denominators and multiply
® 0 W Q across numerators
w Q 0N Denominator remains the same (whiclcasrect
F4de - = S . .
w Q w Q whenw "Q and multiply numerators.

3. Special typefraction and whole number operation

3-1. Denominator ignored

- . : .
- . Multiply whole number with denominator and
F5a (—f.) Q o w Py
W add numerator
- : : .
w - . Multiply whole number with denominator and
F5b 9 oM & Py
F5 W subtract numerator
® - . Multiply whole number with numerator and adc
F5c - Q o w P y
w denominator
® > - Multiply whole number with numerator and
F5d 9 om o Py .
w subtract denominator
3-2. Overgeneralized whole numbestrategy; whole number is applied to numerator
6 and/or denominator separately
F6a W w Q Add whole number to each numerator and
» o) denominator
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F6b w Q w B Subtract whole numbérom each numerator anc
o w B denominator

F6c %) 9 ,Qo’o Q Add whole number to each numerator and
» 0w Q denominator in addition to whole number
@ [Kie 0] Multiply whole humbetby numeratorand

Féd - Q —— . .
w W denominator remains the same

Fée w o (Kl 0] Multiply whole numbety numerator and add it
® o Q to denominator
w w Q Add whole number to numeratand

F6f - Q A . .
W W denominator remains the same
5 . Add numerator and denominator to make new
w Q .

F6g - Q -— denominator and place whole numbser
w w @ numerator

Feh @ o o Q Multiply whole numbeiby denominator and add
» IK%e0) it to numerator

F6i @ o ,Qd):]Q Multiply whole numbeby each numerator and
» o denominator in addition to whole number
5 Multiply numerator and denominator to make

. w Q .

F6j - Q 5 new denominator and place whole numaer
w w numerator
& & Add denominator and whole number to make

F6k - 0 5 new denominator, and place numerasnew
w ® numerator

FR

Random error other than specified.

Table3-6 Error Types in Arithmetic and Simplification Solution Stages

Var | Error type Description
Arithmetic
AC Arithmetic occurred correctly@ = yes; 0 = no)
Al Arithmetic mistake iraddition
A2 Arithmetic mistake in subtraction other than A2b
AE A3 Arithmetic error in subtraction that students subtract smaller number from bigger
*) number regardless of their alignment
A4 Arithmetic mistake in simple multiplication facts
AR Random error in Arithmetic; unable tietermine
Simplifying
SO Simplifying occurred?1 = yes; 0 = no)
Simplifying occurred correctly?
a) 1 =yessimplified correctly or did not simplfbecause it was already in the
SC reduced/simplified form
b) 0 = ng simplified incorrectly or was not simplified although it needs to be
reduced/simplified.
SE SO (*) SO=0and SC=0
S1 (%) Simplifying Type1: Error when fraction is simplified to the least fraction
s2 Simplifying Type 2: Error when propsiraction is simplified into mixed number or

whole number

S3

Errors in both S1 and S2
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Table3-7 Percentage of Specific Errors in Each Solution Stage for Three Achievement Groups

Achievement group

TA LA MLD Total

SP

type SP1 SP2 Total SP1 SP2 Total SP1 SP2 Total SP1 SP2 Total
Error

type
Cla 0.00 11.11 6.67 0.00 5.56 5.26 100.00 0.00 5.26 6.67 5.56 5.75
Clb 75.00 556 33.33 0.00 2.78 2.63 0.00 0.00 0.00 60.00 2.78 12.64
C2a 8.33 0.00 3.33 0.00 27.78 26.32 0.00 11.11 10.53 6.67 16.67 1494
C2b 0.00 0.00 0.00 0.00 2.78 2.63 0.00 5.56 5.26 0.00 2.78 2.30
C3a 0.00 27.78 16.67 0.00 2.78 2.63 0.00 0.00 0.00 0.00 8.33 6.90
C3b 0.00 5.56 3.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.39 1.15
C3c 0.00 0.00 0.00 0.00 2.78 2.63 0.00 0.00 0.00 0.00 1.39 1.15
Cc3d 0.00 0.00 0.00 0.00 5.56 5.26 0.00 5.56 5.26 0.00 4.17 3.45
C3e 0.00 0.00 0.00 0.00 0.00 0.00 0.00 5.56 5.26 0.00 1.39 1.15
C3f 0.00 5.56 3.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.39 1.15
C3g 8.33 11.11 10.00 0.00 2.78 2.63 0.00 27.78 26.32 6.67 11.11 10.34
C3h 0.00 5.56 3.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.39 1.15
Cda 0.00 0.00 0.00 0.00 2.78 2.63 0.00 0.00 0.00 0.00 1.39 1.15
C4b 0.00 0.00 0.00 0.00 5.56 5.26 0.00 0.00 0.00 0.00 2.78 2.30
Cha 0.00 0.00 0.00 0.00 5.56 5.26 0.00 0.00 0.00 0.00 2.78 2.30
C5b 0.00 0.00 0.00 50.00 0.00 2.63 0.00 0.00 0.00 6.67 0.00 1.15
C5c 0.00 0.00 0.00 0.00 2.78 2.63 0.00 0.00 0.00 0.00 1.39 1.15
Cé6a 0.00 0.00 0.00 0.00 0.00 0.00 0.00 11.11 10.53 0.00 2.78 2.30
C6b 0.00 0.00 0.00 50.00 8.33 10.53 0.00 11.11 10.53 6.67 6.94 6.90
Céc 8.33 0.00 3.33 0.00 0.00 0.00 0.00 5.56 5.26 6.67 1.39 2.30
céd 0.00 0.00 0.00 0.00 8.33 7.89 0.00 11.11 10.53 0.00 6.94 5.75
C7a 0.00 5.56 3.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.39 1.15
C7b 0.00 5.56 3.33 0.00 2.78 2.63 0.00 5.56 5.26 0.00 4.17 3.45
CR 0.00 16.67 10.00 0.00 11.11 10.53 0.00 0.00 0.00 0.00 9.72 8.05
CTotal 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Rla 58.33 4528 47.69 60.00 64.00 63.08 4286 5263 50.00 5588 54.10 54.49
R1b 8.33 22.64 20.00 6.67 8.00 7.69 0.00 5.26 3.85 5.88 13.93 12.18
Rlc 0.00 5.66 4.62 6.67 4.00 462 2857 526 1154 8.82 4.92 5.77
R2a 0.00 3.77 3.08 6.67 1400 1231 1429 1053 11.54 5.88 9.02 8.33
R2b 0.00 1.89 1.54 0.00 4.00 3.08 0.00 10.53 7.69 0.00 4.10 3.21
R2c 0.00 1.89 1.54 0.00 0.00 0.00 0.00 5.26 3.85 0.00 1.64 1.28
R2d 25.00 755 10.77 13.33 6.00 7.69 0.00 10.53 7.69 1471 7.38 8.97
R2e 8.33 7.55 7.69 0.00 0.00 0.00 14.29 0.00 3.85 5.88 3.28 3.85
RR 0.00 3.77 3.08 6.67 0.00 1.54 0.00 0.00 0.00 2.94 1.64 1.92
RTotal  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Wila 13.33 NA 13.33 0.00 NA 0.00 0.00 NA 0.00 571 NA 571
W1b 13.33 NA 13.33 7.14 NA 7.14 16.67 NA 16.67 11.43 NA 11.43
Wilc 0.00 NA 0.00 0.00 NA 0.00 0.00 NA 0.00 0.00 NA 0.00
W2 40.00 NA 40.00 78.57 NA 78,57 66.67 NA 66.67 60.00 NA 60.00
WR 33.33 NA 33.33 14.29 NA 1429 16.67 NA 16.67 22.86 NA 22.86
W Total  100.00 NA 100.00 100.00 NA 100.00 100.00 NA 100.00 100.00 NA 100.00
Fla 7.81 8.57 8.33 1.80 1.31 1.47 2.38 0.00 0.93 3.69 3.46 3.53
Flb 0.00 0.71 0.49 0.00 0.44 0.29 0.00 1.54 0.93 0.00 0.69 0.46
Flc 0.00 0.00 0.00 0.00 0.87 0.59 0.00 1.54 0.93 0.00 0.69 0.46
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Fld 1.56 1.43 1.47 3.60 0.44 1.47 0.00 0.00 0.00 2.30 0.69 1.23
Fle 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F2a 68.75 70.00 69.61 8198 7293 75.88 8095 6462 71.03 77.88 70.74 73.12
F2b 0.00 0.00 0.00 0.00 0.87 0.59 0.00 0.00 0.00 0.00 0.46 0.31
F2c 0.00 0.71 0.49 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.15
F2d 0.00 0.00 0.00 0.90 0.00 0.29 0.00 0.00 0.00 0.46 0.00 0.15
F2e 0.00 0.00 0.00 0.00 3.06 2.06 0.00 1.54 0.93 0.00 1.84 1.23
F3a 1.56 2.14 1.96 3.60 0.87 1.76 9.52 3.08 5.61 4.15 1.61 2.46
F3b 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.54 0.93 0.00 0.23 0.15
F3c 1.56 2.14 1.96 1.80 3.93 3.24 2.38 6.15 4.67 1.84 3.69 3.07
F3d 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F3e 0.00 0.00 0.00 0.00 0.44 0.29 0.00 0.00 0.00 0.00 0.23 0.15
F4a 3.13 2.86 2.94 0.00 131 0.88 2.38 3.08 2.80 1.38 2.07 1.84
Fab 0.00 0.71 0.49 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.15
F4c 1.56 2.14 1.96 0.90 2.18 1.76 2.38 0.00 0.93 1.38 1.84 1.69
Fad 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F4e 3.13 0.00 0.98 0.00 0.44 0.29 0.00 154 0.93 0.92 0.46 0.61
F5a 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.54 0.93 0.00 0.23 0.15
F5b 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F5c 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F5d 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F6a 0.00 4.29 2.94 0.00 5.68 3.82 0.00 9.23 5.61 0.00 5.76 3.84
F6b 0.00 0.00 0.00 0.00 0.44 0.29 0.00 1.54 0.93 0.00 0.46 0.31
F6c 0.00 0.71 0.49 0.00 0.44 0.29 0.00 0.00 0.00 0.00 0.46 0.31
F6d 0.00 0.71 0.49 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.15
F6e 0.00 0.00 0.00 0.00 0.44 0.29 0.00 0.00 0.00 0.00 0.23 0.15
Fo6f 0.00 0.00 0.00 0.00 131 0.88 0.00 0.00 0.00 0.00 0.69 0.46
F6g 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.54 0.93 0.00 0.23 0.15
F6h 0.00 0.00 0.00 0.00 0.44 0.29 0.00 0.00 0.00 0.00 0.23 0.15
F6i 0.00 0.71 0.49 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.15
F6j 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
F6k 0.00 0.00 0.00 0.00 0.87 0.59 0.00 0.00 0.00 0.00 0.46 0.31
FR 10.94 2.14 4.90 5.41 131 2.65 0.00 154 0.93 5.99 1.61 3.07
FTotal  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Al 47.62 77.42 6538 65.22 40.74 52.00 100.00 4000 7273 62.00 58.73 60.18
A2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A3 19.05 3.23 9.62 4.35 7.41 6.00 0.00 0.00 0.00 10.00 4.76 7.08
A4 0.00 0.00 0.00 4.35 0.00 2.00 0.00 0.00 0.00 2.00 0.00 0.88
AR 33.33 19.35 25.00 26.09 51.85 40.00 0.00 60.00 27.27 26.00 36.51 31.86
ATotal 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
SO 87.36 79.33 8228 9267 9207 9236 9200 89.36 90.72 9094 86.43 88.43
S1 4.60 1.33 2.53 4.67 4.88 4.78 8.00 10.64 9.28 5.23 4.16 4.63
S2 575 17.33 13.08 2.67 2.44 2.55 0.00 0.00 0.00 3.14 8.31 6.02
S3 2.30 2.00 211 0.00 0.61 0.32 0.00 0.00 0.00 0.70 111 0.93
STotal  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
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Table3-8 Comparison of Percentages of Solution Pathway and Associated Errors between Two
Item Types

Item format
Equal denominator Unequal denominator
SP 1 2 Total 1 2 Total
(%) 63.64 17.05 20.45 50.76
Sol.
stage Error type

CO/SP 3.57 100.00 23.94 0.00 8.96 6.38
CE/CO 50.00 73.33 70.59 NA 66.67 66.67
Cla 100.00 0.00 8.33 NA 0.00 0.00

C2a 0.00 18.18 16.67 NA 0.00 0.00

C2b 0.00 0.00 0.00 NA 25.00 25.00

C3ad 0.00 9.09 8.33 NA 0.00 0.00

c C3e 0.00 9.09 8.33 NA 0.00 0.00
C3g 0.00 27.27 25.00 NA 50.00 50.00

C6a 0.00 18.18 16.67 NA 0.00 0.00

C6b 0.00 9.09 8.33 NA 25.00 25.00

Céc 0.00 0.00 0.00 NA 0.00 0.00

ced 0.00 9.09 8.33 NA 0.00 0.00

C7b 0.00 0.00 0.00 NA 0.00 0.00

Total 100.00 100.00 100.00 100.00 100.00

RO/SP 3.57 0.00 2.82 25.93 28.36 27.66
RE/RO 100.00 NA 100.00 71.43 84.21 80.77
Rla 0.00 NA 0.00 60.00 43.75 47.62

R1b 0.00 NA 0.00 0.00 6.25 4.76

Ric 100.00 NA 100.00 0.00 6.25 4.76

R R2a 0.00 NA 0.00 20.00 12.50 14.29
R2b 0.00 NA 0.00 0.00 12.50 9.52

R2c 0.00 NA 0.00 0.00 6.25 4.76

R2d 0.00 NA 0.00 0.00 12.50 9.52

R2e 0.00 NA 0.00 20.00 0.00 4.76

Total 100.00 100.00 100.00 100.00 100.00

WO/SP 100.00 0.00 78.87 100.00 0.00 28.72
WE/WO 5.36 NA 5.36 11.11 NA 11.11
Wila 0.00 NA 0.00 0.00 NA 0.00

W Wi1b 33.33 NA 33.33 0.00 NA 0.00
Wic 0.00 NA 0.00 0.00 NA 0.00

W2 66.67 NA 66.67 66.67 NA 66.67

WR 0.00 NA 0.00 33.33 NA 33.33

Total 100.00 100.00 100.00 100.00

FO/SP 98.21 66.67 91.55 100.00 98.51 98.94
FE/CO 41.82 20.00 38.46 70.37 72.73 72.04
Fla 4.35 0.00 4.00 0.00 0.00 0.00

F Flb 0.00 0.00 0.00 0.00 2.08 1.49
Flc 0.00 0.00 0.00 0.00 2.08 1.49

F2a 73.91 50.00 72.00 89.47 77.08 80.60

F2e 0.00 0.00 0.00 0.00 2.08 1.49

F3a 13.04 0.00 12.00 5.26 2.08 2.99
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F3b 0.00 0.00 0.00 0.00 2.08 1.49
F3c 4.35 50.00 8.00 0.00 6.25 4.48
F4da 0.00 0.00 0.00 5.26 2.08 2.99
F4c 4.35 0.00 4.00 0.00 0.00 0.00
F4e 0.00 0.00 0.00 0.00 2.08 1.49
F5a 0.00 0.00 0.00 0.00 0.00 0.00
F6a 0.00 0.00 0.00 0.00 0.00 0.00
F6b 0.00 0.00 0.00 0.00 0.00 0.00
F6g 0.00 0.00 0.00 0.00 0.00 0.00
FR 0.00 0.00 0.00 0.00 2.08 1.49
Total 100.00 100.00 100.00 100.00 100.00 100.00
AE/AO 5.36 13.33 7.04 11.11 4.48 6.38
Al 100.00 50.00 80.00 100.00 33.33 66.67
AR 0.00 50.00 20.00 0.00 66.67 33.33
Total 100.00 100.00 100.00 100.00 100.00 100.00
SE/SO 57.14 66.67 59.15 66.67 53.73 57.45
SO 90.63 100.00 92.86 94.44 88.89 90.74
S1 9.38 0.00 7.14 5.56 11.11 9.26
Total 100.00 100.00 100.00 100.00 100.00 100.00




Chapter 4

Discussion

The findings suggest a direct link to practical applications that may influence educators
when teaching and/or+teachingstudents with MLD or those who struggle in mathematfidse
research findings confirmed and extended the knowledge base offered by previous research on
students with disabiliti esénordetoéddressraseasce on fr a
guestiors, the current study thoroughly (a) examined specific error tiaemiddle students
with and without MLD committed, (b) compared their patterns across three different achievement
groups, and (c) analyzed specific erroneous features for students witlaiMlL&amined how
item types relate to error occurrence in their fraction performaBiree this study fully
considered flexibility of solution pathway where solution stages are sequentially involved as in an
algorithm, the procedures for analyzing esratere different from previous studies on error
analysis Previous studies reported frequency of errors while ignoring solution stage occurrence
and solution pathway preference (e.g., Bottge et al., 2014; Brown & Quinn, 2006; Newton et al.,
2014); conseqently, errors were counted even when students did not go through certain solution
stages This process undeepresented the possibility of errors students make

Consequently, our analysis included occurrence of solution stage and solution pathway
preferance as significant factors to consider in ruling out concerns about biased réhigdtaas
a unique and accurate way to measure how likely students make errors in that errors were
examined and summarized by solution stage by following solution pathmvayder to pinpoint
possibilities of students making errors only when a certain solution stage.oectins sense,
percentages of errors refledtthe probability of students making errors only when they

experiencd a certain solution stage; and per@ges of specific error types indicatae
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probability of students making a certain error only when thegenearors in a certain solution
stage The latter was used to examine the most and least frequent error types students ma

Prior to determinig the areas that most needed remamtaturing the whole process of
fraction performance and detecting specific types of errors, solution pathway preferences were
examined Overall, the findings confirmed that SP1 (44.71%) and SP2 (44.61%) were the major
solution pathways students preferred to follow when solving fraction computations involving
addition, although there were some variations in preferences between SP1 and SP2 depending on
the items given Cases of item performance with these two solutathyays were included in
the analysis in order to detect all types of errors that were limited to fraction addition in the
st udent s Meanwhileuldss tlhan % of TA and LA students attempted to solve items
with SP3, which is not a standard alglom of fraction computation, and percentages of no
response and SP4 were the greatest in MLD (13.26% and 13.26%, respectively), followed by LA
(7.63% and 6.34%, respectively) and TA (3.44% and 0.13%, respectiVélgse are consistent
with previous findings that students with MLD are more likely to skip a question or provide a
random number than LA and TA peers (Geary, 2004; 2011; Ginsburg, 1997); however, the
current study neither considered nor labeled no response as an error based on the assumption tha
errors should be coded only when there were attempts to solve through solution stages (i.e.,
solution stage occurrence).

According to NMAP (2008) and NRC (2001), fraction computation involves a complete
set of understanding of both fraction propertied wholenumber properties that requires
students to apply skills involving these two independent sets of properties in appropriate solution
stages throughout a solution pathw@asic skills in wholenumber properties are largely
reflected in the wholaumber operation and arithmetic stages, while skills in fraction properties

are mainly reflected in the converting, renaming, fractiparation, and simplifying stages
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Among the six solution stages, our findings indicate that students were most likehrait
errors and had the widest range of errors in fraction operaifioa simplifying, converting, and
renaming stages, which require core understanding of fraction properties, also contained
considerable possibility of error occurrence, whereas ttiaraatic and wholewumber operation
stages were not major problem areas in fraction performdrteese findings indicate that middle
school students are generally proficient in whole number properties but still experience
difficulties in expanding a numbeet to rational numbers by embracing fractions

Table3-3, Table3-4, Table3-5, andTable3-6 present specific error types the researchers
identified in the six solution stages of fraction computatigvhen compared to previous research
on error analysis, where errors were generally described without erroneous details and solution
pathways being considered (e.g., Carpenter et al., 1976, Kingsdorf &&ra@14; Raghubar et
al., 2009), the error types found in this stud
difficulties. Because all types of possible errors have been categorized in their associated
solution stages, teachers can easily diagaogeces or areas of difficulty students experience by
finding error types summarized in the tabl@his also helps teachers to provide effective
remedies by concentrating on local areas of difficulty that have exact sources rather than merely
teaching ore-teaching fraction addition from a general standpoint (Cawley, 1948} is
especially important when analyzing errors made by students with MLD because many of them
have unique difficulties that require instructions that are more targeted anduiadized
(Calhoon et al., 2007; Gerston & Kelly, 1992; Test & Ellis, 2008)is study argues thaecause
error types that have been found and categorized within specific solution stages provide more

specific guidelineshey wereused as a basis to respond to the next two research guestions
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Analysis of error patterns and types

Possibility of error occurrence

Prior to examining error patterns across achievement groups and solution pathway
preferencein order to determine common and unique errors associated with specific solution
stages, percentages of solution stage occurrence and associated error occurrence regardless of
type were analyzedConsidering these two types of occurrem@s important beause errors
were detected only when certain solution stages oeduhusreferening thesehelpsto
understand error patterns more accuratélye current study compared how students in different
achievement groups performed in each solution stageielgigstablished idifferentsolution
pathways

The findings indicated that students in a higher achievement group are more likely to
attempt to convert and rename fractions but less likely to make errors regardless of solution
pathway preference (i.e.eprentages of solution stage occurrence were the greatest in TA,
followed by LA and MLD, but the ordevas the opposite for percentages of error occurrence)

For all achievement groups, percentages of errors were greater when students followed SP2 than
when they followed SP1, indicating that students following SP1 are less likely to make errors
Although the converting and renaming stages do not always need to occur, they are typically
desirable in facilitating the procedure of solving fraction computgiroblems This is

especially true when an item involves fractions with unequal denominators since adjusting two

fractions by finding a common denominator happens in the renaming stage and converting

fractions into other forms may make the procedure leingnd easier (e.g:, p- ¢-

p-H G -). Inthis respect, the results indicate that students in lower achievement groups may
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not have been strategic and efficient enough to skip the first two solution stages, and even when
they attempted to conxteor rename fractions, the possibility of errors was fairly high

The fraction operation and simplifying solution stages almost always occurred unless
they were unnecessarps anticipated, percentages of errors were the greatest in MLD, followed
by LA and TA, both in SP1 and SP2; these errors were much severer in SP2 than in SP1 in
fraction operatios, whereas no apparent differences were found between SP1 and SP2 in
simplifying. In the wholenumber operation and arithmetic stages, which are theanaas
where understanding of whole numbers is required, less than 10% of students made errors,
indicating that middle school students, including those with MLD, are proficient with whole
numbers To recap, results confirmed and replicated previous stirdibat students in lower
achievement groups are apt to commit more errors (Hwang & Riccomiii, #@kzocco et al.,
2013) and uniquely suggesitthat possibilities of error occurrencesre higher when students
chose SP2 instead of SP1 when solvingtipaccomputations involving additionTherefore, this
study suggests that teachers should consider SPadadie or even initially teach stuts,

especially those with MLD.

Common error patterns

Among the cases of item performance where a certain@oktage occurred but was
answered incorrectly, general themes of error patterns also emerged across achievement groups in
each solution pathway where specific errors were examined and com@aeall, error
patterns were similar in all solution stagesept for the converting stage, where the three
achievement groups committed different types of errors with different percenfyefindings

of this study support the idea that the patterns of specific errors in the addition operation are
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mostly simlar, which aligns with and extends previous research findings (Riccomini et &), 201
that indicated that error patterns of different item types @ddition, subtraction, multiplication,
division, and ordering) held the same across achievement groups

In the converting solution stage, the majority of TA and MLD studetitsving SP1
made C1 errors, whiolwvere simple calculation errors while converting between a mixed number
and an improper fraction, whereas the majority LA students made C5 and Galeatavere
caused by a misconception of the relation among numbers compaosing a mixed number or a
fraction More error types were detected in SP2 than in SP1 but their patterns did not hold the
same across achievement grau@@8 errors, where the corteienominatorvas found but the
numeratowas incorrectly calculated, were the most common error for both TA and MLD
students, while C6 was additionally found as a frequent error for.Mi8st LA students made
C2 errors, where a mixed numlvess successily converted to an improper fraction but the
denominatomwas ignored

This entangled error patterns in the converting stage explain the different performances
and severities of errors in the three achievement grobfastudents tended to commit less
se\ere errors sincthe errors they tended to maker wsiraple calculation mistakes during
conversion of fractionsl n contrast, the severity of LA and
higher since they had misconceptions in their basic understandiragiidns in that they
inappropriately decomposed fractions into independent whole numbeese are grounded
whole-number bias and caused by failure to understand fractions as numbers (Ni & Zhou, 2005;
Siegler et al., 2011; Siegler et al., 2013), lymymy that many LA and MLD students struggle in
distinguishing fraction properties from whole number properti@®wing that the CCSSI
(2015) placed a priority on developing understanding of fractions as numbers by using a number

line diagram, it is stnagly recommended for teachers to provide more frequent instructional
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opportunities for LA and MLD students to better develop their understanding of fractions as
numbers By providing practicen represering fractions on a number line, students will
recoquize relation of fractions with whole numbers by defining the interval from 0 to 1 and
marking a fractiorl/b, reasoning about their magnitudes, and ultimately imgamooth
transitionsfrom whole numbers to fractions.

In contrast to the converting stageror patterns in renaming were similar across
achievement groups and solution pathway preferences; the R1 error was the most frequent
followed by R2 and RRThe severity of R&vas greater than R1 because R1 indicates that
students do have knowledgefinding an equivalent denominator but only have problems finding
appropriate numerator s; however, R2 reflects s
denominator as well as an appropriate numerakhis indicategshatMLD students made more
sevee errors because they had a higher percentage of R2 errors than TA and LA students in SP2
Among R1 errors, students in all achievement groups both in SP1 and SP2 most frequently made
R1la errors, where students were successful in finding an equivalemidator but failed to find
an appropriate numerators because they kept the old numerators unchanbedR2 error
category, TA students most frequently made R2d and R2e errors, where studshtis fiid an
equivalent denominator but instead pickedincorrect random numbekA students also most
frequently made R2d errors in SPit in SP2 most frequently made R2a errors, where students
picked one of the denominators to be an equivalent denominator and kept the two numerators the
same MLD students made R2a and R2e errors in SP1 while making R2a, R2b, and R2d errors
with the same percentages in SRikewise, specific error types were more diverse in SP2 than
in SP1 for all achievement groups, indicating that there are many obstacles whets Salye

using SP2



62

In the fractioroperation solution stage, which was identified as the solution stage with
the most errors, error patterns were similar across achievement groups as well as solution
pathway preferenced-2 errors, especially F2a, arror where students agldlacross
denominators and numeratorgnathe most frequent errefor all students, which replicates
findings in previous studies (Bottge et al., 2014; Brown & Quinn, 2006; Mazzocco et al., 2013;
Riccomini et al., 20@; Star & Navton, 2009) Students who were not successful in expanding a
number set to embrace fractions tended to experience confusion between the properties of whole
numbers and fractions, thus inappropriately applying rules for whole numbers to fractions (Ni &
Zhou, 2005) These errors are described as whulenber bias, where wheleumber strategies
were inappropriately generalized so that studemt®gerations on numerators and denomirgator
across or diagonally as if they were independent whole numbers ZNRo&, 2005; Siegler et al.,
2011)

Similar to F2 errors, F3 and F4 errors are also products of misconcaitiount fractions
and overgeneralized wholaumber strategies and were commonly found in both SP1 and SP2
In these errors numerators and dematorswere added or subtracted diagonally, numerators or
denominatorsvere added or subtracted across, and/or denominators or numeratrs
multiplied across Moreover, when given an item that invotla fraction plus a whole number,

F5 and F6 errorgere also found within SPZStudents with MLD uniquely made F5 errors,

where a product of multiplication of a whole number and a denominator and a numerator
added These errorsvere also a part of ovegeneralized wholeumber strategies because
medanism of error occurreneeas similar except the denominatwas ignored in an itemF6,
especially F6a, where a whole numbes added to a numerator and a denominator, was frequent

among all studentsAlthough F2 and F6 are considered to be diffecatggories since the given
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item forms are different, theyere very similar in that ovegeneralized wholeumber strategies
were presented in these error types

In the simplifying solution stage, most of the students did not attempt to simplify a
fractionto the least or the simplest form even though it was necessary; this error was categorized
as SO Among those who tried simplifying, LA and MLD students were more likely to make
errors when simplifying a fraction into the least form (S1) while TA stigderte more likely to
commit errors when simplifying an improper fraction into a mixed number or a whole number
(S2). Lastly, in the wholenumber operation and arithmetic solution stages, which require
knowledge in whole number properties independent frastion properties, the overall error
pattern was similar across achievement groje wholenumber stage was uniquely
established in SP1 and error patterns were very similar in both LA and MLD, with W2 as the
most frequent error, indicating that séunds were apt to skip a wheheimber operation part and
solve only the fraction operatiotOther W1 and WR errors occurrence rates were below 20%
TA students also committed W2 errors most frequently; however, W1 and WR also occurred at a
similar rate, \ith percentages between 20% and 40fcthe arithmetic stage, mistakes in
addition (A1) were the most common error across achievement groups in SP1, while random
errors (AR) were also considerable in SE2ror patterns were very similar in LA and MLD in

SP2

Relation of equality of denominator with errors for students with MLD

Previous studies have found that students with MLD were vulnerable to certain item
types, and equality of denominator was one of the significant variables (Hwang & Riccomini,

2016; Star & Newton, 2009)Although itwas evident that students showed significantly lower
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performance when given items with unequal denominators than with equal denominators, the
possibilities of error occurrence in each solution stages varied withiacanss solution pathway
preferencesThe results indicate that equality of denominates related to which solution
pathway students with MLD preferred to follow: the majority of these students used SP1 when
given items with equal denominators whereaytiised SP2 when given items with unequal
denominators Furthermore, the finding examined the relation of item type to possibility of errors
in each solution stagdn SP1, the percentage of errors was greater when items involved equal
denominators in #converting and renaming stagebereas the percentage of errors was greater
when items involved unequal denominators in the whal@ber operations, fraction operations,
arithmetic, and simplifying stage$n SP2, the percentage of errors was great@rvitems
involved equal denominators in the converting, arithmetic, and simplifying stelgereas the
percentage of errors was greater when items involved unequal denominators in the renaming and
fraction operation stages

Regardless of thesariations in the possibility of error occurrence between two item
clusters throughout solution stages, their differences were below 20% except for the-fraction
operation solution stagédn the fractioroperation stage, the percentage of errors was
approxmately 40% greater in items with unequal denominators, indicating thatdbia
significant source of deficit that teachers
performance in this ared herefore, the study argues that this is the weakeat aspecially for

students with MLD, and further evidence of sigrahtly low procedural fluency.
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Educational implications

Studentsdéd errors emerge in a continuous and
and reflect meaningful misconceptiorRate r t han eval uating studentsd
or incorrect, analyzing errors enables educators to recognize specific areas of deficit in order to
design instructions by putting more emphasis on those.are#sis sense, understanding
st u d e nnos drors andrtheir patterns is the first step in providing effective instructions and
interventions, and it is especially important to know the unique errors that occur in different
achievement groups so that teachers can have an iimgighietermiimng a starting point of
instruction in inclusive settingResearch has been conducted on error analysis in several
domains in mathematics (e.g., word problems, nulidfit operations, and algebraic equations);
however, the body of research on fraction cotafion involving addition is rather small even
though it is a critical domain that can predict future mathematical performance (NMAP, 2008)

The findings of this study exclusively contribute two main instructional implications to the fields
of special edaation and mathematics educatiordatailed below

First, the error types we analyzed and summarized in the solution stages could be used as
diagnostic and instructional guidelined/hen students nka& errors, the severity of these errors
should be meased differently since their sources may differeBy knowing where (i.e., which
solution stage in a solution algorithm) students experience difficulties, teachers can effectively re
teach fractions with greater focus on certain areas

For example, whenstlents continually make errors in the wholenber operation or
arithmetic solution stages, in addition to others, it is highly likely that students have not yet
mastered wholeumber propertiesThis indicates to teachers that they need to go back and re
teach these properties, because students are less likely to succeed in fraction properties and future

achievements if preequisite skills are not masterebh addition, when students continually
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make unique errors in the fractimperations stage, esj@ty overgeneralization of whole
number strategy errgrs st udent sdé knowl edge in numb-ers may
number and fraction propertie®e therefore recommend that teachers structuteahing
instructions by concentratingonbgid ng studentso6 previnombewr under st
properties with the knowledge of fraction properties to remediate their confudmeover,
when studentsd errors occur mobobutheldnoimaket he r ena
fraction operabn errors, it is highly likely that studerttswvesuccessfully expandetie number
set to fractions but are still experiencing difficulties in learning fraction properties and skills

Second, errors should be evaluated taking into consideration th®liigwf the solution
pathway students follow in their fraction computatioBepending on which solution pathway
students choose, the solution stages they experience may differ and the types and possibilities of
making errors may differ accordinglydased on the findings of this study, the possibilities of
students making errors and the number of error types were greater when students followed SP2 as
their solution algorithm than when they followed SRlthough flexibility of solution pathway
shoudbe encouraged in order to enhance studentséd
mathematics (NCTM, 2014; Star & Seifert, 2006), teachers are encouraged to teach with SP1 for
MLD or LA students in order to reduce errors, especially when teachingpfraxtimputation

involving items with unequal denominators

Pre-service teacher education program

As frustrating mathematics outcomes for students who struggle with fractions have been
constantly reported and most of the errors this study identified le@redonsistently found in

previous studies dating back several decades, this study addresses grmeddmnovaive



67

instructions to enhanc.eOnsd thededucationdl effontsarould o n
bedirected towardpre-service teaockr education prograsn Based on the resulshowing a lack
ofdepthinpres er vi ce teachersd fraction knowledge
underlyinglogic in fractiors operations and haalsuperficial understanding of fractioelated
concepts; Isik, 2012; Mok et al., 2008; Redmond, 2009)sereice teacher education programs
need to specifically addretize features of therrars students commin solving fraction
computations in orddp better prepareeachers¢o beeffective instructa. The findings of this
studyprovidea building blockto help bothin-service teachem@ndpre-service teachensrovide
appropriate instructional support to students with mathematics difficultiesndgtvard

improved outcome

Limitation and future suggestions

There are two limitations to consider when interpreting the overall findings of this study

First, we used a small number of items and there were incomplete item combinations included in

the aralysis Given that fractions are represented in different forms (i.e., mixed numbers,
improper fractions, proper fractions, and whole numbers), the number of possible item
combinations is 16, but our study involved only 31% of these combinat@etondwe focused

on only one operation, additiotdowever, since the purpose of this study was to examine unique

characteristics and patterns of errors focusing on fraction addition performance, the researchers

believe our comprehensive and sophisticated ifigation and analysis of errors in six addition
items provides sufficient information.
Future studies could address the limitations of this study in two main Wags,

researchers could examine the performance of fraction addition in various itemn@oms in

ach

(e.
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terms of item formats and pairs of denominators and numerators comprising .afmlitem
researchers could also determine whether our findings of solution pathways are consistent and
generalizable across item types beyond the items used siutlis Second, researchers could
analyze performance of other operations (i.e., subtraction, multiplication, and division) to
examine their relationship to performance of fraction additkbmowing that subtraction follows

a solution algorithm and hasrer patterns similar to addition, it is important to examine whether
operation typeés a significantvariable in fraction performancdven when considerintpe

identified limitations, the results presented in this siatyprovide useful guidelines onhat to

consider when teaching fraction additimnstudents with MLD.

Conclusion

The current studihasexplored possible errors middle school students with and without
MLD committed in different solution stages that had been established in a solution algorithm
Based on the identified errors, the percentagecofirrence in eacdolution stage and the
probability of students makingertainerrors ina particularsolution stage were determined, and
error patterns across three different achievement groups as a function of solution pathway were
examined Furthermore, this study analyzed specific erronecaisifes for students with MLD
and examined how item types relate to solution pathway and error occurrence in their fraction
performance As understanding of common and unique error patterns is critical to diagnosing
deficit areas more precisely and prowglieffective instructions, the findings of this study provide
an instructional and diagnostic basis to develop practical guidelines for teachers when teaching

and/or reteaching students with diverse achievement levels, especially students with MLD
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Carefu consideration of errors in particular solution stages along with solution pathways can

maximize the efficacy of instructions involving fractions.
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Appendix

A Systematic Analysis of Experimental Studies Targeting Fractions for Studenisith
Mathematics Difficulties

Jiwon Hwang and Paul J. Riccomini, Ph.D.

The Pennsylvania State University, University P&&nnsylvania

Developinggnunder st anding of fraction is one of
numerical development and at the same time plays a predominant role in learning mathematics.
Many studies demonstrate the importance of learning fraction in theoretical and educational
contexts. In the continuum of numerical development, fraction is theoretically important as they
represent the first intermediary rational number property between real number from whole
number (Geary, 2006; Siegler, Thompson, & Schneider, 2011). Fraetjoites a deeper
understanding of number than whole number because of the unique properties of fraction that do
not generalize from whole number (e.g., Ni & Zhou, 2005; Siegler, Fazio, Bailey, & 2B43;

Siegler & Pyke, 2013).

Based on tis theoretichimportance, it is also essential to develop knowledge of fraction
in aneducational contex@he National Mathematics Advisory Panel (NMAR008) and other
researchers (Bailey, Hoard, Nugent, & Geary, 2012; Booth & Newton, 2012) reported that
knowledgeof fraction is a strong predictéor future mathematics achievements; in other words,
students who failed to gain fraction proficierdiyringelementary schoar theearlier gradesf
middle school tend to struggle more in later grades as fraction isdel@th in advanced

mathematics domains (e.g., algebra, geometry, and statistics). Additionally, fraction knowledge
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hasaposi ti ve i mp actsbecausdsattiandspravalentthrdughdueevesylay lifel
and help students communicate within\geg situation more fluently and precisely (e.g., recipes,
medical dosagg and shoesize). Although research in cognitive psychology about numerical
development had focad heavily on whole number (Geary, 2006; Siegler et al., 2013; Wynn,
2002), recent agcational efforts and attention have extended to effective practices to emphasize
learning fraction in schools. These are reflected in the national mathematics standards and
principles (Common Core State Standards Initiative [CCSSI], 2015; National Cotifiedchers

of Mathematics [NCTM], 2014; 2008).

Despitethe crucial role of fraction knowledge, fractioreisotoriously and continuously
difficult area for U.S. students across grade and achievement levels (Bottge et al., 2015; Hecht &
Vagi, 2010; Mazoaco & Devlin, 2008; Mazzocco, Myers, Lewis, Hanich, & Murphy, 2013).
Educational trialhave been undertaken that have attempted enhance studentsdé f
achievement by providing general evidethesed instructional approaches in mathematics (e.qg.,
explicit instruction and graphic organizer) and other instructions developed by researchers;
however, studentsdéd growth was not | ongitudinal
decreased. According to the National Assessment of Educational Prgd¢@é¢d?) from 2003 to
2015, students demonstrated a lack of proficiency in computation skills and understanding of
fraction conceptsand these difficulties were persistently displayed in middle andsaighol
students. More than 50% of the students presemtedsen fractiorrelated items in mathematics
assessments (e.g., ordering fractions, converting a sum of fractions to decimal numbers, and
problem solving involving fraction).

Moreover,the NAEP(2009; 2011; 2013; 2015howed thathe situatiorwaseven worse
for students who strugglen mathematicsncluding those with disabilities. The report

demonstrated thalhe percentage of students with disabilities who scored below the basic level
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increagd continuously and approaeti68% in 2015, compared 23% of students without
disabilities.Students with disabilitieended to have lack of understanding of arithmetic
operations involving both whole number and fraction. In addition, some studies (Bottge et al.,
2015; Mazzoco & Devlin, 2008; Mazzoccet al., 2013; Newton, Willard, & Teufel, 2014) also

provided evidence that students with disabilitiasl lowerachievement in fraction when

compared to students without disabilities.

problematic area oféction and founthatovergeneralization of whole number strategies (e.qg.,
addng or subtradhg across numerators and across denominators) and errors in conceptual
understanding (e.g., orderiagdcomparing) were the most common (Bottge et al., 20i&GyB

& Quinn, 2008; Hwang & Riccomini, 2016).

Therefore, theetrendsinst udent sd poor fraction achi
(NMAP, 2015) along with the difficulties that Vabeen continuously addressed by previous
research raise concerns gmaint out theneed to diagnosehetherclassroom instruction
conducted in the previous studies have successfully and effectively guided improvement in
student achievement. Given the inherently complex nature of fraction, it is very natural that

students eperience challenges in learning fractisimce they are required to-oeganize the

The

evem

knowledge of number; however, we argue thatthéee ducat or s6 responsi bilidt

access and effective instructional scaffolds to improve their undenmsgaaid proficiencyn

fraction.Fromthis perspective, instruction and intervention should target fraction more robustly

andinstruction shouldjo beyond standard and typical ways of teaching where instruction is
generally deliveredia at e a ¢ h e r fos/demongirhtiambased on textbooks asthndard

curriculum. As students who severely struggle in mathematidsding those with disabilities

are more sensitive to instruction, instruction should be designed to address their special needs and

targded to intervene and remediatey difficulties appropriately.
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Previous Studies on Fraction

Despite the increasing emphasis on learning fraction and theowesdediag
difficulties in orderto close the gap among students with diverse achievemelt, laeresearch
basisfor fraction instruction for students with mathematics difficulties is very limited. Instead of
specifically focusing on the fraction domains, studiagefocused on general mathematics
domains (e.g., Cheung & Slavin, 2013; Ger&tal., 2009; Kroesbergen & Van Luit, 2003;
Swanson & Jerman, 2006), other studiageaddressed word problems (e.g., Zheng, Flynn, &
Swanson, 2013; Fuches et al., 2011), and some shulrefocused on basic fact fluency (e.qg.,
Codding, Burns, & Lukito2011). Theréhave beemnly two syntheses conducted to addtess
overall effects of instruction designed to enhance fraction achievement and examine effective
instruction types for students with mathematics difficulties. Misquitta (2011) reviewed 10
experimental studiepublished between 1998 and 2GA8t examinedraction instruction for
students who struggle in mathematics. Although the included studies demonkeaféetcts of
interventions for the targeted population, effect sizes (ESs) weegggated and compared
across intervention typgand students with disabilities and those with Emhievement were not
di fferentiated. The recent wor k sq2011)SMorkbby and Br
providing descriptive features of seveagpects ofraction instruction (e.g., participant, setting,
instructor,andlength of instruction), analyzingpe effects of instruction consisting of identified
instructional components (e.g., concrete and visual representations, explicit instaraion,
heuristic strategies) and examining connections of each instruction to the standards of CCSS
(2012) in mathentzs.
Operationalized Definition

For this studyinstructionis operationally defined as any instructional trials and attempts

conductedina |l assroom to enhance ,mdudingstantdasdiypiéar act i on
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instruction.Interventionis considered a subset of instruction and defined as instruction designed
withas peci al remedy or approach bandisdssacim, r esear c
distinguishable from standard/typical instruction. Given these operationalized definitittns,
interventionbeingspecial types of instruction devised to facilitate student achievement
therdore hypothesizedhatlarger effects shodlbeexpectedor intervention when compared to
standard/typical instruction. Furthermore, we particularly concentratstiidants with
mathematic difficultieswhere we operationally combined students with disabilities and students
with low achievementri mathematics; because both groups generally sinaghievement level
that isnegative two standard deviatidnslowan averag@n a normreferenced test (Hwang &
Riccomini, 2016; Mazzocco et al., 2012).
Purpose of the Study

The purpose obur systemdt synthesis ofheliteraturewas to expanan previous
literature reviews (Misquitta, 2011; Shin & Bryant, 2015) by makimgeunique commitments.
Our first was tamnalyza | | possible types of c¢classroom inst
mathenatical achievement in fractiofrelated contents (e.g., computation, orderarmgjword
problens involving fractions). We examindtie overall efficacy of fraction instructiotihathas
been conductedith students with diverse achievement levels tarfdrther demonstratehether
the ESs varied by or relatéo instruction type, achievement level, grade, and measurement type.
Our second was tdentify whetherstudents received appropriate educational benefits by
analyzingthe efficacy of fraction intervemn when compared to standard/typical instruction. By
testing our hypothesis that intervention should have significantly greater effects than
standard/typical instruction, this study provides a diagnostic view of the catatsifU.S.
mathematics edutian in the area of fractionQur third was texplore the intervention effects

specificallyfor students with mathematical difficulties (i.e., students withdohievement and
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those with disabilities) in order to evaluathetherintervention satisfietheir unique needand
yieldedsignificant growth in fraction achievement by making a comparison with standard/typical
instruction. We also examined the differentiated effects between students wiabHmwvement

and students with disabilities.

This stuly aims toprovide insightdor future directions about fraction instruction,
particularly focusing on students with disabilities. Thereftirefollowing research questions
guided this study:

1. Does a linear function of four grouping variables (i.e., instruction type, achievement
group, grade, and measurement type) explain the variation in ESs in fraction
instruction inthe five domains of dependent measures in fraction achievement
(conceptual uderstanding, procedural skills, word problems, contextualized
problems, and mixture)RIso, do ESs for fraction instruction vary across levels of
each grouping variable?

2. Are outcomes of fraction intervention more effective than standard/typical instructio
in thefive domains of dependent measures in fraction achievement?

3. How do the ES differences between fraction intervention and standard/typical
instruction relate to students with mathematical difficulfigsich includesthose
with disabilitieg, graddevels, and measurement type?

Methods
Study Identification

We conducted a systematic literature search to examineggewed experimental
intervention studies targeting fraction for all schagked students (i.e., elementary, middle, and
high school sidents). The search was completed in three steps to identify potential studies. First,

three electronic databases, ERIC, PsychINFO, and ProQuest were used with combinations of
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following descriptors: fraction, math*, computation, equival*, ordering, comgaproblem?*,
learn*, teach*, instruct*, intervention*, disabilit*, struggl*-ask, difficult*, low-achiev*, low
perform*. Second, references in relevant stuthasincluded aliterature review (Misquitta,
2008; Shin & Bryant, 2015) were examineddentify studies satisfying our inclusion criteria.
Third, a hand search of the major journals in the areas of mathematics education and special
education was conducted (elgducation and Treatment of Children, Exceptional Children,
Learning DisabilitiesQuarterly, Journal of Learning Disabilities, Journal of Special Education,
Remedial and Special Education, and Journal of Research in Mathematics Edudstian
result, we identified 35 studies for potenfiaither evaluation to be included for this tese
analysis. The range of publication date was not restricted for the skeawnawver studieswere
found to bepublishedbetween 199@nd thepresentwhich may reflect recent tresdnd
standards suggestin the National Council of Teachers of MatherostfNCTM, 2000).

Inclusion criteria. The potential studies were thoroughly examined based on the
following inclusion criteria. Firstwe chosestudieshat wereconducted using agxperimental
group design. Noexperimental studies such as longitudinal(eMazzocco et al., 2013; Saxe,
Gearhart, & Nasir, 2001), concept/theory (e.g., Hecht & Vagi, 2012; Pitsolantis & Osana, 2013;
Siegler & Pyke, 2013), or castudy(e.g., Lewis, 2010; Newton, Willard, & Teufel, 2014) types
were excluded. Our initial cetia focused on experimental studies including both group design
and singlecase research design; however, we restricted our inclusion to group studies involving
randomized, quasi, and independent group studiesawimparison group. When considering
thenature of calculating ESs, studies with group and sicgée designs should be analyzed and
compared differently (Cooper, Hedges, & Valentine, 2009). But since only two studies (Joseph &

Hunter, 2001; Test & Elli, 2005) satisfying the resthecriteria used asinglecase design, there
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were limitationsin summariing and generaling findings; theréore, this study included group
studies only.

Secondthestudieschoserfocusdon fraction as instructional content and incldide
classroom mathematigsstructiondesigned o enhance studentsowdractio
chose studiethatthe participantsvereelementary, middle, and high school students. In general,
fractions are first introduced in elementary gradamde 3 or 4) and taugtitroughout middle
school (CCSS, 2015; NCTM, 2008000),indicatingthatfractions are one of the critical topics
students learn during these period. We additionally included high school students because
fractionrelated contens embedded in advanced imamatics domains (e.g., problemiving
with knowledge of fraction properties) and fraction is an instructional target for high school
students whdave great difficultyn mathematicsincluding those with disabilities. We excluded
studies if participanta/ere pre or in-service teachers (e.g., Gersten & Kelly, 1992; Lewis, 2014).
Lastly, studiesvere chosen thatrovided sufficient quantitative information to calculate ESs. For
some studies without quantitative statistics directly provided, we used Gca@aftware to
extract graphical data (Burtler, Miller, Crehan, Battitt, & Pierce, 2003) or calculated the estimates
of prerequisite information from provided statistics in order to calculate appropriate ESs for this
metaanalysis (Courey, Balogh, Sikek,Paik, 2012). As a result, a total of 22 studies satisfied all
the criteria above andereincluded in the analysis.

Coding Procedure

After a thorough examination for final inclusion, performed a twephasecodng of
four aspects ofach of the?2 stuies First, participant characteristics (gratelachievement
level), instruction characteristics (instruction type, instructional comporaemmathematics
domain), dependeimheasure characteristics (measure tygredomain), and other additional

study characteristics (research des@gmisample size) were initially coded with specific
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information provided in the studies. Secofudt,each of hypothesized moderators for this study
(i.e., grade, achievement group, measurement type, instruction type@ermtient measure), we
re-coded the information witthe new categories wieaddetermined and operationally defined in
order to classify information for ease of analysis and orgwf practical implicatios.

Categorization of coding variablesOur hypohesized moderators were categorically re
coded and aggregated as folko\il) Grade(n = 3): Grades 1 to 4(elementary, Grades5 to 8
(middle), andGrades 9 to 12(high); (2) Achievement groufn = 5): highachieving students (H)
typicalachieving students (Thow-achieving students including-esk of disabilities (L)
students with disabilities including students having IEP goals or receiving special servjces (D)
andamixture of achievement leveis inclusive settindl). Students were coded with the five
achievement group categories based on information provided in the shudigs study was
conducted in an inclusive classroom without st
considered this populatidn bemixed aclevement level(3) Measurement typg = 2):
researchedeveloped measure (RD) and nerafierenced/standardized measure (NR).
Meanwhile, instruction types and domains of dependent measures werealdedevith
categorical variables using operationalBfined categories as follew

Instruction type.In response to our research question examining whether fraction
interventions proposed in previous studies are more effective than standard/typical instruction, we
considered traditional or businessusua instruction conducted in control groups as one type of
instruction. Because intervention is a special type of instruction devised with instructional
scaffolds (e.g., teaching sequeiacelistrategy) the wordinstructionin this study indicates an
upper ategory of coding variabld¢lat includesntervention as well as standard/typical
instruction. We identified five instruction types (i.e., four interventions and standard/typical

instruction) for this study, under which all of the specific type of initsa¢chatemerged irthe
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Summary of Instruction Coding
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Study

Instruction Category

Intervention

instr
InstructionType 1

instr
2

instr
3

instr
4

instr
5

Bottge (1999)

Bottge & Hasselbring
(1993)

Bottgeet al. (2014)
Bottge et al. (2010)
Bottge et al. (2010)
Bottge et al. (2002)
Bottge et al. (2006)
Bottge et al. (2007)
Bottge et al. (2007)

Cl

Cl

EAI

EAI

EAI + El + Software
EAI

EAI

EAI

EAI

Onu et al. (2012)
Sidney & Alibali (2015)

Meta-cognitive strategy
Cognitive strategy to link to prior
knowledge

Butler et al. (2003)
Courey et al. (2012)

de Castro (2008)

Gabriel et al(2012)
Jordan et al. (1999)
Kurumeh & Achor (2008)
Moyer-Packenham & Suh
(2012)

Osana & Pitsolantis
(2013)

Flores & Kaylor (2007)

Kelly et al. (1990)

CRA + RA

CRA in music context
RA + Cognitive model
CRA + Card game
CRA

CA (Cuisenaire rods)

CA (Physical manipulatives)

CRA (link conceptual and procedural
using multiplerepresentation)
Cognitive and metaognitive strategy
in direct instruction

Instructional design curriculum

Kellman et al. (2008)
Kellman et al. (2008)

Moyer-Packenham & Suh
(2012)

Reimer & Moyer (2005)
Roschelle et al. (2010)

Perceptual learning modules with
visual representation
Perceptual learning modules with
visual representation

Computerbased virtual manipulatives
Computerbased virtual manipulatives
TechPALS1

Roschelle et al. (2010) iSucceed
Bottge (1999) BAU
Bottge & Hasselbring

(1993) BAU
Bottge et al. (2014) BAU
Bottge et al. (2002) BAU
Courey et al. (2012) BAU
Gabriel et al. (2012) BAU
Osana& Pitsolantis

(2013) BAU

NOTE CI = Contextualized instruction; EAl = Enhanced anchored instruction; CRA = Concrete
RepresentationaAbstract multiple representation learning sequence; RA = Representaiiustedct;
CA = ConcreteAbstract;TechPALS1 = Technology mediated Peer Assisted Learning; BAU = Busi

as unusual.



89

22 studies were categorizexs shown in Table 1. The five instruction types were (a) videsed
anchored instructiorir(strl), (b) cognitive and metaognitive strategies instructiomstr2), (c)
multiple representation instructiom$tr3), (d) computetbased instruction with use of visual
representationirfstr4), and (e) standard/typical instructiangtr5).

Dependent measurseAll of the studies evaluated student outcsrfie., solution
accuracy) as a product of achievements reflecting efficacy of instruction but with various types of
measures assessing different mathematics domains. We identified five mathematics domains
within fractions as follow: (a) conceptual undaending (b) procedural skill(c) word problem
(d) contextualized problenand (e) mixture (overall proficiency in fractions). Although
considerable debates exadiout the definition ofonceptual knowledge and procedural
knowledge in mathematics, weearationally defined types of fraction problems associated in
each of these domains based on the previous research (e.g., Shin & Bryan, 2015) and theoretical
framework provided in the work of Bebt al.(1983). Based on the idea that fractions comprise
multifaceted and interrelated sgbnstructs (e.g., pawhole/partitioning, ratio, operator,
guotient, and measuremesg&eBrousseau et al., 2004; Charalambous, 2(B&hy et al.
suggested a model linking these suamstructs to different problem type

First, dependent measurdscoonc e pt u a l understanding refl ec
understanding of fractions as numbdraction equivalence and orderinglationship between
numerator and denominat@omparing and judging the magnitudes of fractiemsl part
whole/partitioning of fractions (NMAP, 2008). For this study, problem types primarily measuring
conceptual understanding of fraction invalfanding the part or findng the whole (e.g.apart
whole modelwas shown andtudents werasked to pvideafraction for the shaded area or

asked to shadenappropriate portion adhearea for a given fraction), comparing fractions by
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reasoning their magnitudes, explaining fractions using writing or dgsyiand finding unit
fraction.

Second, dependenteasures categorizedpr ocedur al ski | | refl ect
carrying a sequential procedure during a solution process and proficiency of computation using
abstract notations (Miller & Hudson, 2007). Among the five-soibstructs of fractiorproblems
underpinninghe operator construct primarily measure fraction computation skills with four basic
operations (addition, subtraction, multiplication, and division). In this study, problem types for
the procedural skill domain included fraction comt@ation where fraction is presented
symbolically either vertically or horizontally, finding missing vadtie make equivalence
fractions, and discrimination between algorithmsheffour operations (Kelly, Gersten, &

Carnine, 1990).

Third, boththeword problem and contextualized problem categories are commsely
to measue mathematical probleraolving ability using fractions teolve problens anchored in
reatlife situatiors, which requiresan integrated set oiathematicaknowledge. However,
dependat measuresfdhese two domains are categorized separately because problem
presentatios aredifferent in that word problesaregiven with text while contextualized
problens aregiven with video clig. For these reasons, some studies evaluhése two
measures separately (e.g., Bottge, 1999). Lastly, measures that involve various types of problems
rather than focusing amspecific domairwereconsidered aa mixture of problems evaluating
overall proficiency in fraction.

Inter-rater reliability. Inter-rater reliability (IRR) was calculated by dividing the number
of agreements by the number of agreements and disagreements then multiplying by 100. Three
researchers independently coded study information for reliability in two parts: (a) gvate |

(elementary, middleandhigh), achievement group (H, T, L, Bndl), and measure type (Rénhd
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NR) and (b) instruction typenstrl, instr2, instr3, instr4, andinstr5) and dependent measure
domain (C, P, WP, CRndM). Because coding of the threanables in the first part is
completely based on the information provided in the studies, we randomly s@&ectieof 22
studies (36.36%) to calculate reliability via data coding. For the second part of ¢bdigee
researchers independently coddlidbf the included studies aftbeinggiven an explanation of
each category we defined for this stwythalRR could becalculated via data categorization as
well as data coding. As a result, we achieved 100% mean IRR for the first part and 8984 for th
second part; we reached 100% after researchers dis¢heslkistrepancies that occurred in data
categorization and were able to come to agreements on all of them.
Data Analysis

ES calculation.H e d g gferéhe22 experimental studies was calculatethin ways.
First, when a study reported mean and standard deviation for repeated measures, ES was
calculated a&Sc = (XpostT Xpre)/ Sore, WhereXqostandXpre Were unadjusted prand postest
means ané,. wastheunadjusted preest standard deviation. Knowing that one of our purposes
of the analysisvas to compare the efficacy of intervention to standard/typical instruction, we
consideredhe control group as one type of independent treatment group; thereforeeESs
calculated separately as if there were two treatment groups without a control group. Second, when

astudy did not providamean or standard deviation but repofffedr t-statistics instead, ES was

calculated ag&Sc = — ,or= —

ESs forthefive domains of dependent measures were calculated separately, but ESs were
aggregated if a study reported more than one outcome under the same domaima gtugly if

reporedoutcomes in two contextualizgmoblem tests, two corsponding ESs were aggregated).

In addition all of the ESs were adjusted by multiplying —— and weighted byhe
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inverse otheconditional variance of, (, = ), in order to achieve an

unbiased estimato correct small sample bias (Hedges & Olkin, 1985).

Statistical analysis.The identified studies reported effects of multiple outcomes (i.e.,
dependent measures) as well as multiple factors;ftreyeve employed multifactor ANOVA
separately for eadthependent measure. This analysis allowed us to examine variability in ESs for
each dependent measias a function of five grouping variablésit we hypothesized as
moderators (instruction type, achievement group, grade level, and measurement typeyhAltho
we categorized fraction problems into five domains, we separated anélgaishadependent
measure and produced five models rather than including dependent measure as a factor in a
model and analyzing simultaneously (multivariate analysis) for foigweasons.

First, therawere concerngboutviolating independence among multiple ESs of
dependent measures sirthefive domains of dependent measwurere not distinctly independent
based on the nature of mathematics (Ritdanson, Siegler, & Alibal2001). Additionallythe
five dependent measure domains cannot be integrated bélcaassticallythey are highly
correlated and mingled with each other; for example, researchers have argued that development
of conceptual knowledge and procedural knalgke areaniterative process which cannot be
separated in mathematics (Ritlehnson &Alibali, 1999; RittleJohnson et al2001), overall
fraction proficiency involvea mixture of four domains of dependent measure (Kellptaa.,

2008), and both word problesand contextualized problemequire problersolving ability in
common (BottgeRueda, Grant, Stephens, & Laroque, 2010). Second, even if we can remediate
the violations, there auldstill be alack of information towun a multivariate analysis (e.g.,
coefficientr between dependent measuaesistandard deviations of mean differenttegt

includes dependent measure as a factor in a model. Therefore, direct comparesoestricted to
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being conductetietween multipld&eSs across domains of dependent measure. The five separate
models with different set of factors used for our analysis are presented asfollow

a. Conceptual knowledgen = bio + bia(instr) + bix(ach)+ bis(gr) + e

b. Procedural knowledgg» = bao + bai(instr) + bas(ach)+ bos(gr) + ba(mt) + e

c. Word problemys = bso + baa(instr) + bsx(ach)+ bsx(gr) + bzs(mt) + €3

d. Contextualized problenys = b + bai(instr) + bax(ach)+ bas(gr) + es

e. Mixture: ys = bso+ bsi(instr) + bsy(ach)+ bss(gr) + e

For each domain of dependent measure, we determinetherall of the ESs were
estimating the same population mean (i.e., if ESs were consistent across studies) by calculating a

homogeneity statistiQ (Hedges & Olkin, 1985). Th@ statisticwas weightedsums ofthe

B

square, represented@s=B 0 O"Y ————, wherewindicated weight 0 ~— and

ESwas H e dgg@wsaddistributed as ckiquare withk-1 degrees of freedom, whekevas the
number of ESs (Lipsey & Wilson, 2001). A significapindicated thatvariability across ESs
exceed what would be expected based on sampling error, justifitfgrther analysisvas
needed to find variables that modeddtas variation (Cooper et al., 2009). Furthermore, we
conducted specific comparisons among the levels of variables of interest in dodenuitate
responsgto the research questions. Planned contrast was used when variables or combinations of
variableg(i.e., interactions) were found to be moderators, having signifi@amteerand Qnteraction,
respectively. In some cases wh@=were not significant, poebc multiple comparison with
Bonferroni correction was employed in order to determine specpiwori differencethat the
test might not have been powerful enough to detect (Cooper et al., 2009).
Results
A total of 22 experimental studies involving fraction intervention for elementary to high

school students were identified. Publication dates ranged from 1990 to 2015, which may reflect
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recent trends and standards in mathematics (CCSSI, 2015; NCTM, 2h&éd4ample size used
for theanalysis was 8,313, approximately twaslargeas theoriginal size, since we separated
out a control group and considered it as one type of treatment gmdepns ofoverall sample
characteristics, grade level spanned fibird to twelfth with slightly over 70% of our sample
beingmiddle school student{§&radess-8), followed by elementargGrades 15) and high school
student{Grades912) . St udent sdé achi ev e mefinetgrolipswitied2%
of studers beingin amixture of achievement levels and 29% of studeetagin thedisability
group.

We initially identified 18 types of interventions with some variations in instructional
components (e.g., explicit instruction, guided practice, feedbacigraphic organizerfhat were
thencategorized into four main types (anchored instructiastifl], cognitive and metaognitive

strategyinstruction[instr2], multiple representatioimstruction[instr3], and computebased

wer e

instruction [nstr4]) after researchers discussbdmbased on common instructional components

provided in the studies (see intater reliability in Method section). As our interest is to
comparetheoverall efficacy of interventions witthe efficacy ofstandard/typicainstruction
(instr5), instruction conducted in busineasusual conditioawas considered as one type of
instruction; thereforgive instruction types were usefdur different intervention typesnd

standard/typical instruction. Furthermore, we catizgordependent measures used in the

included studies into five domains (conceptual knowledge [C], procedural knowledge [P], word

problem [WP], contextualized problem [CP], and mixture [M]). Among the dependent measures,

33% measwad procedural knowledge dfactions which wasthe greatest portion among five
domainsand 90% were research#eveloped measure type

Moderator Analysis
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Table 2 shows the weighted means and standard errors for ESs for each domain of
dependent measure. A total of 330 ESs watlly calculated but after we aggregated them by
levels in each grouping variable, 53 mean ESs were identified with standard errors (see Table 2
for ESs for each domain of dependent measure). In the current study, we eragiogdaffect
model regardiss of significanQuininS (0 < .05) identified in all of the five domains becauase
fixed-effect model is more appropriate gmbvides a bettezxplanationthana randomeffect
model in the contextf limited sample size (Cooper et al., 2009). For tlheasons, we assumed
thatthe ESs varied from each other due to sampling errorslugatounexplained heterogeneity.
We also founds in all of the five domains were significantpat .05 (C,Q = 36.13; PQ=
812.79; WPQ = 76.61; CPQ = 165.02;andM, Q = 41.69), indicatinghata linear function of
grouping variables explained the variation in ESs. This further sugghsatéide ESs neestito
be disaggregated by appropriate grouping variables, which jusiifiedeed of moderator
analysis.

Therebre, we analyzedhetherour grouping variables (instruction tygadgtr],
achievement groumgH|, grade level §r], measurement typenf]) createl heterogeneous
distributions of the ESs; in other words, if the ESs$edhaicross levels of each groupingiadble.
Table 2 present® components for each grouping variable along with the mean ESs and
significance for each levelTheinstr was a significant moderator in three domainsQG, 9.79;
P,Q=100.86;and CPQ = 32.42) achandmtin two domains (PQach= 78.42,Qm:= 23.11; WP,
Qach = 12.11,Qm: = 17.23) andgr in two domains (PQgr = 60.32; CPQq = 30.6). This indicates
thatthe grouping variables did not coherently moderate across the different domains of dependent
measure; however, similartpans of ESs were identified across some domains (i.e., ESs of
levels of grouping variables showed similar patterns in some dependent measure déomnains).

instr, instrl, instr3, andinstr5 were significantly effective for all dhe five domainsvith ESs
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Table 2

Weighted ESs, SEs, and homogeneity Q as a function of grouping variables on five dome
dependent measure

DV
measures \V} K ES SE Q
Total 12 36.13***
instr 9.79**
instr2 1 0.17 0.21
o instr3 6 0.88%** 0.1
S w instr4 1 0.31 0.33
ER instr5 4 0.6*** 0.1
W ach 0.003
°3 D i 0.4 737
S o L 1 1.02%* 0.41
T [ 10 0.66%** 0.07
o ar 1.21
E 5 0.78%* 0.1
M 6 0.57** 0.09
H 1 1.02% 0.41
Total 31 812.79%*
instr 100.86***
instl 12 0.96%* 0.07
inst2 1 0.28 0.21
inst3 8 0.75%** 0.09
inst4 1 0.08 0.32
< inst5 9 0.93%** 0.07
30 ach 78.42%
aa D 11 1.12%% 0.06
0= L 4 1.23% 0.27
oz T 2 0.01 0.2
o2 [ 14 0.6% 0.06
A gr 60.32"
E 4 0.83%** 0.11
M 23 0.87%* 0.05
H 4 0.7%* 0.21
mt 23.11%*
NR 5 0.93%** 0.08
RD 26 0.83** 0.05
Total 20 76.61**
instr 4.33
instl 12 0.72%* 0.06
inst3 1 0.49** 0.19
inst5 7 0.46%** 0.07
Qg ach 12.11%*
o D 11 0.65%** 0.05
=m L 4 0.56%** 0.21
yo T 2 0.42% 0.2
o [ 3 0.1 0.2
ar 1.23
M 17 0.61%* 0.05
H 3 0.4* 0.21
mt 17.23%

NR 5 0.42%** 0.07







