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ABSTRACT
The need for a more general means of modelling and simulating the dynamics of arbitrary robot systems has developed from the increased complexity of modern robot tasks.
Today, cooperating robots are used in unstructured environments such as hazardous waste
remediation and space-based construction. Multiple robots are now often connected in series and/or in parallel to accomplish their goal. Long-reach flexible manipulators may require bracing to reduce oscillations and increase accuracy. Dynamic simulation of such
systems is complicated by the numerous contacts made by the robots as they interact with
one another and their surroundings. Most current simulation algorithms are not well suited
to the treatment of multiple contacts and require substantial reprogramming when new system tasks or configurations occur. Even algorithms which are inherently suitable for systems with time-varying topologies are limited in the classes of contacts which they allow.
This dissertation presents the development and validation of a Modular Robot Dynamic
Simulation (MRDS) algorithm. In response to these increasing complexities exhibited by
modern, multi-robot systems, this algorithm has been developed to be as general as possible
and, as a result, is capable of handling serial, parallel, and hybrid series/parallel topologies
for both open-chain and closed-chain systems. The modularity of the approach is achieved
by decomposing complex systems into individual physical components such as robots, end
effector tools, payloads, obstacles, or other similar objects and devices. This modular nature allows the open chain dynamics of all system models to be performed independently
and simultaneously. This is true also for each module’s Forward Kinematics problem and
for the computation of several position dependent inertia matrices used to incorporate con-
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tact constraints. Consequently, the use of parallel processing is ideal for this algorithm, as
one (or more) modules may be treated per processor. This results in increased computational efficiency and real-time capability.
Contacts in the system are represented using a general joint/contact model which describes the structure of the contact force and relative motions between a pair of contacting
bodies. These contact models are used to connect modules to one another, to fixed boundaries, and to themselves in the case of a module forming or having in its design a single
closed loop. With this modelling technique, the MRDS algorithm can be used for contacts
that are either holonomic or non-holonomic. In addition, contact modes may be constant or
vary with time.
The operational space inertia matrix is used to project the dynamics of each module to
the operational frame associated with each externally contacted body. A multi-point operational space inertia matrix is also used here for the treatment of modules subject to multiple concurrent contacts. Special “relative forms” of the Jacobian matrix and various inertia
matrices are also developed and used for efficiency in treating modules which have a locally closed loop.
Special attention is paid to the connection of two (or more) modules in series, as this
ability to serially connect objects dynamically without the need to rederive and re-code new
equations or coupling terms is new in the literature on robot dynamic simulation. The algorithm effectively formats serial connections so that they can be treated no differently than
parallel connections. However, additional options available for serial connections are discussed, including special methods for Forward Kinematics and the complete elimination of
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constraint violations. For the general case, constraint violation suppression is discussed and
used successfully for both serial and parallel connections.
The MRDS algorithm is also shown to be applicable to constrained, structurally flexible
manipulators. Issues related to second order strain and kinematic effects are discussed, including appropriate linearization schemes. These linearization and second-order modelling
issues have been explored in other works for open chain systems. Here, these topics are examined for both open loop and closed loop constraints and for their place in the operational
space dynamic formulation and the MRDS algorithm.
Validation of the modular algorithm is achieved through the simulation of various
multi-module, structurally flexible systems. These include parallel cooperations, serial cooperations, base-excitation, and macro/mini formulations. Simulation predictions compare
extremely well with those of Working Model® 2D. Results from the example systems also
demonstrate the success of the constraint violation suppression system and the effect of the
chosen linearization schemes on open and closed loop operations.
With the features and capabilities described, the MRDS algorithm is especially well
suited for the constrained motion dynamic simulation of complex, multi-robot, reconfigurable systems like those used in space applications. The modular nature allows alternate
configurations of the same system components to be simulated quickly and easily without
the need to derive new dynamic equations or coupling terms. Nor is there any need to make
substantial changes to existing simulation coding. The MRDS algorithm is also computationally efficient, open-ended, and general, making it particularly valuable for the treatment
of the increasingly more complex robot systems in use today.
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Chapter 1 INTRODUCTION
In recent years, there has been a significant rise in the demand for robots to perform increasingly more complex tasks. It is now quite common for multiple robots to work cooperatively to accomplish their task. In doing so, there can be many different contact
conditions within the total robot system. Specifically, contacts can, at any time, be made or
broken between the participating robots, as well as between the robots and the surrounding
environment.
Dynamic simulation of such systems is an important, if not essential tool used for design, testing, optimization, and operator training. For example, with space-based robot systems, the need to examine design variations and alternate system configurations mandates
the use of dynamic simulation. To carry out such investigations on real systems subject to
earth’s gravity would be prohibitively costly, if not impossible. Dynamic simulation is often the only practical means of developing and enhancing these complex multi-robot systems.
Current algorithms for dynamic simulation, however, do not readily support the possibility of significant changes in system topology1. In other words, when contact conditions
between components of a complex system are altered, new equations of motion and new
simulation programming are usually required to account for the change in dynamic behavior. Most simulation programs developed for a multi-robot system of a specific topology
are of little value when the same robots are rearranged to form a new system topology.

1. System topology refers to the configuration in which multiple robots interact with one another and their
environment. These formations can include tree-structures, closed chains, hybrids of series and parallel, etc.
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2
In order to support the dynamics of reconfigurable systems and those with changing,
time-varying contact conditions, a new modular approach to dynamic simulation has been
developed and given the name MRDS (Modular Robot Dynamic Simulation). The modularity of this method stems from the decomposition of complex systems into individual subsystems. The subsystems of interest in this work are robots, but may also consist of tools,
payloads, obstacles, or other similar objects, devices, and machines. Essentially these subsystems, or modules, are any dynamically significant structures with their own equations of
motion and their own unique functions in the overall system. A single module could be as
complex as the robot arm on the space shuttle or as simple as a standard test mass2.
The modular nature of this algorithm allows an analyst to simulate alternate configurations of system components without the rederivation of the new system’s equations of motion and without the need to rewrite substantial sections of simulation coding. Most
efficient robot dynamic simulations are recursive and limited to tree-structured systems. An
alteration in the connectivity of the “branches” will typically require an entirely new simulation code with new equations of motion.
With the ever increasing speed of modern computers, it is the efficiency of the analyst
that now deserves more attention. While a computationally efficient algorithm will always
be advantageous in dynamic simulations, it is also desirable to minimize the burden on the
developer. The algorithm presented here is intended to meet both of these needs: computational efficiency and a reduced workload for the analyst when simulating alternate configurations of the same fundamental system components.
2. Although it is possible, an individual link in a serial chain would not typically be represented as an individual module.

3
While these two qualities will certainly be beneficial in the dynamic simulation of
multi-robot systems, the algorithm must be able to accommodate the wide variety of complexities encountered in such systems to be of any value. Possible complexities in multirobot systems have been broken down into the following three areas: 1) the complexity of
an individual structure, 2) the complexity of the contacts between the structures, and 3) the
complexity of the overall system topology.
The algorithm developed needs to be as general as possible in each of these three areas.
After all, a computationally efficient algorithm that can be rapidly reconfigured would be
of narrow interest if it were limited to rigid-link robots connected together by revolute
joints forming a tree structure and subject to a single holonomic constraint. Therefore, the
MRDS algorithm was developed with as much generality as possible in each of the areas
described above. Details of this generality are highlighted in the following sections.

1.1 Generality of Individual Structures
In order to maximize the range of robot dynamics which can be simulated, the MRDS
algorithm was developed to be applicable to robots with the following properties and operating conditions:
1) Serial and/or parallel chains of links
2) Rigid and/or flexible links
3) Open or closed chain motion
4) Fixed or freely moving bases
5) Multiple concurrent external contacts
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Although this is not a comprehensive list of allowable complexities, the ability to treat individual structures with any of these features will make the resultant algorithm useful for a
great many space-based and earth-bound robot systems.

1.2 Generality of Module Connections
An algorithm allowing a very wide variety of individual structures but allowing only
simple constraints between them would undermine its own usefulness. Instead, contacts between adjacent modules and between modules and environmental boundaries should be as
general as possible. Consequently, the MRDS algorithm makes use of a general joint model
[58] to specify the form and structure of both the contact force and kinematic constraints.
This model permits, but is not limited to, the following contact conditions:
1) Connections through single or multiple-degree-of-freedom joints
2) Connections through rigid grasps
3) Hard point or surface contacts (such as planar sliding) with or without friction
4) Six-degree-of-freedom “contacts” (for inertial connection to free-floating bases)
5) Holonomic and non-holonomic kinematic constraints
6) Fixed or time-varying contact modes

1.3 Applicable System Topologies
As pointed out above, most efficient Forward Dynamics algorithms are recursive, and
many are limited to tree-structured robots. However, most modern multi-robot systems are
not quite so simple. In space applications, like those described below, separate system com-
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ponents are combined in a variety of ways. Limitations on system topology would greatly
reduce the usefulness of the algorithm. Consequently, MRDS has been devised to permit
each of the following topological variations:
1) Modules connected in series (tree-structures)
2) Modules connected in parallel (closed loops)
3) Hybrid topologies of series and parallel connections (such as bracing)
4) Connections between different bodies (links) of the same module

1.4 Examples of Complexities in Multi-Robot Systems
In order to make clear the modular nature of MRDS and its inherent versatility, several
examples of multi-robot systems are described below. These examples include simple robot systems with series and/or parallel connections. Also discussed are several real world
systems containing a wide variety of the complexities outlined above. The importance and
purpose of the complexities in these systems are also described.

1.4.1 Series Connection
A series connection of robots is formed when one robot holds the base of a second robot
in its gripper, as shown in Figure 1. Robot systems consisting solely of serial connections
are said to have a tree-structured topology. This type of cooperative behavior may be used
to increase the reach of the robot system or to improve dexterity. It also has the advantage
of allowing manipulation that accomplishes the desired task while avoiding degenerate
configurations. These same advantages can also be identified for a single redundant robot.
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However, Yin and Zheng [73] point out that a series connection of two six-degree-of-freedom robots, although kinematically equivalent to a twelve-degree-of-freedom redundant
robot, has added versatility in task performance. This is a result of the modular nature of
connecting two robots. In a serial connection, the second robot (the one being held) can be
chosen to meet the requirements of the task. If the task is changed, the second robot can, if
necessary, be replaced with a more suitable robot. This feature is not feasible with the single twelve-degree-of-freedom redundant robot.

Robot 2

Robot 1

FIGURE 1. Robots Connected in Series

1.4.2 Parallel Connection
Figure 2 shows a parallel connection which is formed when two robots cooperatively
hold or manipulate a common object. Parallel robot connections result in the formation of
closed kinematic loops. Connections of this type are often used when manipulation of large
or heavy payloads is required. In addition, parallel connections add to the rigidity of a robot
system. This in turn will increase the positioning accuracy of the robots. Also contributing
to accurate positioning is the noncumulative nature of actuator errors. This is not the case
for serially connected mechanisms.
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FIGURE 2. Robots Connected in Parallel

1.4.3 Hybrid Configurations
Hybrid configurations of series and parallel connections are also possible. For instance,
Figure 3 shows a multi-legged robot system. In this example, all of the robot legs work in
parallel with one another to carry the robot body. The main manipulator of the system is
connected in series with the rest of the structure. Also note that the topology of this system
changes continuously as the legs come into and leave contact with the ground.
Another example of a hybrid connection is common in systems where bracing is necessary. In some applications, use of a structurally compliant robot may be required. In an effort to reduce oscillations and increase end effector accuracy, bracing strategies may be
employed. In such cases, the long, flexible robot is braced through contact with some fixed
surface or by the grasp from a second, less flexible robot, as illustrated in Figure 4. This
configuration results in a hybrid configuration of series and parallel link connections involving structurally compliant members [75].
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FIGURE 3. Hybrid Topology - Multi-legged Robot

Flexible robot
Rigid robot

FIGURE 4. Hybrid Topology - Bracing

1.4.4 Real World Examples
Real world examples of complex robot systems can be found in the fields of hazardous
waste remediation and space robots. At Sandia National Laboratories in Albuquerque, New
Mexico, investigations are being made into the use of robots for clean-up of hazardous
waste. A schematic of such a system is shown in Figure 5. In order to reach the bottom of
the underground waste storage tanks, the robots are typically very long and slender, and,
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therefore, flexible. To improve stability of the arm, bracing of the robot is often necessary.
As previously mentioned, this results in hybrid configurations of series and parallel robot
chains.

Long-reach flexible
robot arm

Bracing device
Waste storage tank

Tank contents

Cutting tool

FIGURE 5. Hazardous Waste Storage Tank

Hazardous waste remediation is also an application area in which external contact conditions are subject to frequent variations. The long-reach robots will be required to use several different end effector tools such as cutting shears, sensors, excavators, vacuum tools,
and drills, each of which contacts the environment in a different way. It is also possible that
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a second, more dexterous manipulator may be grasped at its base to perform a delicate task.
These examples demonstrate the complexity added to the system’s dynamic model as a result of the differing contact conditions inherent to each tool.
Another real world example of a complex robot system is found in space station assembly. As part of the International Space Station Freedom Program, the Canadian Space
Agency has developed the Space Station Remote Manipulator System (SSRMS) [45] (see
Figure 6). When performing construction or payload transfer tasks, this robot is often used
in conjunction with the Special Purpose Dexterous Manipulator (SPDM), wherein the two
robots are joined by a series connection; that is, the SSRMS grabs the SPDM by its base so
that the two robots can work together cooperatively as shown in Figure 6. The SPDM,
shown more closely in Figure 7, is composed of two arms mounted on a mobile base. When
these two arms are used in parallel during the cooperative manipulation of a payload, a hybrid configuration of series and parallel chains is formed. This system demonstrates the
complexity which can arise from a variable system topology. Specifically, the system can,
at any time, contain tree-structures and/or closed chains.
The combined SSRMS/SPDM system is also an example of a reconfigurable system in
which system topology may vary from one operation to the next. This is demonstrated by
the two configurations shown in Figure 8. These two systems contain the same basic components, however, each has a different arrangement of these components. This results in
two distinctly different system topologies. Also adding to the complexity of these spacebased systems are the presence of a free-floating base and structurally compliant members.
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FIGURE 6. SSRMS / SPDM System [45]

FIGURE 7. SPDM Mechanical Architecture [45]

12

FIGURE 8. Two Alternate System Topologies for the SSRMS / SPDM System [45]

1.5 Overview of the Modular Algorithm
The modular algorithm developed in this work is based on the constrained motion algorithm of Lilly [39][40]. It has been enhanced here in a number of ways so that all of the
generalities and complexities outlined in the previous sections can be treated with the resultant modular simulation algorithm.
With the new MRDS algorithm, each robot, payload, and end effector tool in the previous example systems can be treated as an individual module. In the dynamic model of these
modularized system components, contact with the environment or with other modules is
represented by an unknown external contact force. The structure of this contact force, as
well as that of the kinematic constraint imposed by the contact, is defined through the use
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of the general joint model of Roberson and Schwertassek [58]. The operational space dynamic formulation [30] is used in conjunction with the general joint model to incorporate
these contact forces into the dynamic model of the system components and the entire complex system.
Operational space dynamics is a means of describing the relationship between the external forces and the Cartesian motion of a manipulator’s tip (or any particular contact
point). Simply put, it is the projection of the manipulator dynamics to the point of external
contact. Details of the operational space formulation and the general joint model are discussed in Chapter 3.
In the remainder of this section, we will use the hazardous waste remediation system
shown in Figure 5 as an example to demonstrate the structure of the new modular algorithm. The braced arm in this system is connected in series with a small dexterous manipulator, which in turn contacts the material at the bottom of the tank. Employing the MRDS
approach, the system is decomposed into independent modules connected to one another
using the general joint model, as shown in Figure 9. This figure depicts the connectivity (or
topology) of the system components that comprise the global system. Each component is
represented graphically by a square, indicating that its dynamics will be analyzed as an isolated module. Circles are used to depict the contact models which describe the type and
structure of the connection existing between individual modules and between modules and
the system environment.
The steps of the new simulation algorithm are divided into two primary levels for treating the dynamics of complex robot systems, as shown in Figure 10. These levels and the
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flow of information between them are described briefly here. Full derivation and computational details of the algorithm are discussed in Chapter 5.

Floor

Ceiling

Module
5

Module
4

Module
1
(Robot)

Legend:
- Rigid environmental boundary

Module
2

- Module

Contact Model
Module 1: Long-reach flexible robot arm
Module 2: Cutting tool
Module 3: Cut object
Module 4: Bracing device
Module 5: Bracing object
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FIGURE 9. Modular Decomposition for the System Shown in Figure 5

At the modular level of the algorithm, the “modular dynamics” of each individual structure in the system are computed. Here, the structure is treated as if it is disconnected from
and acting independently of all other components in the system. This allows the preliminary
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dynamics of the module to be determined using open chain methodologies. Additional information related to the presence of the external contact is also calculated at this level, including open chain kinematics and the effective operational (Cartesian) inertia at each
contact point.
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FIGURE 10. Structure of the MRDS Algorithm

With this approach, the generalized coordinates of any one module will not appear in
the modular level calculations of any other module in the system. This stems from the fact
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that all couplings between components at the modular level are expressed simply as an unknown contact force vector and corresponding kinematic constraint. As a result, the modular dynamics can be computed in parallel with one (or more) modules per processor. This
feature can greatly enhance the computational efficiency and real-time capability of the algorithm.
When the calculations required at the modular level have been completed, the resultant
information is passed to the global level of the algorithm. At this level, information computed at the modular level is used together with the contact model descriptions to assemble
a system of linear equations for the entire system. These equations are then solved for the
unknown components of the spatial contact forces. These force terms are passed back to the
modular level where they are used to correct the open chain accelerations. The resulting
closed chain accelerations are in turn integrated to produce the next state positions and rates
for the module. Forward Kinematics can then be used to update all position and velocity
terms throughout the system, and the simulation proceeds to the next cycle.
With this modular structuring, changes in system topology can be quickly initialized in
the dynamic simulation simply by rearranging and reconnecting the system modules. Similarly, changes in contact conditions can be dealt with by implementing new or modified
contact models. In either case, it is not necessary to rederive new dynamic equations or to
reprogram large sections of simulation coding. This can be a tremendous asset to the analyst who needs to explore numerous simulations of reconfigurable and other similarly complex systems.
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1.6 Summary and Organization
The modular algorithm presented in this work is designed to emphasize computational
efficiency, while at the same time minimizing the demands on the analyst. This method is
meant to be as open and general as possible, allowing multiple robots, multiple concurrent
contacts with fixed or time-varying contact modes, structural flexibility, both holonomic
and non-holonomic constraints, parallel and/or tree-structured topologies, and enabling
rapid reconfiguration of system components to permit dynamic simulation of reconfigurable systems without significant new work by the analyst.
Prior to the presentation and derivation of this new method, a review of literature pertaining to the dynamic simulation of complex robot systems is given in Chapter 2. This includes material related to both open and closed-chain motion of mobile robots, flexible
robots, and systems of complex topology.
From this study of existing methods in constrained motion dynamic simulation, it is
found that the algorithm of Lilly [39][40] is the most suitable starting point to achieve the
modular algorithm described herein. In Chapter 3, Lilly’s algorithm is reviewed, along with
the operational space dynamic formulation and the general joint model, both of which are
key components of Lilly’s original algorithm and this new modular methodology.
In Chapter 4, Lilly’s algorithm is extended to the treatment of single contact systems
with a more comprehensive range of contact conditions and system topologies than in the
original algorithm or previous applications [6]. Full extension to treatment of multiple robots and multiple concurrent constraints is presented in Chapter 5, where new operational
space inertia matrices are presented, and the true modular nature of the MRDS algorithm is

18
derived.
Chapter 6 covers a few special topics, such as singularities, constraint violations, and
the subtleties of connecting two modules in series. Chapter 7 describes the application of
the algorithm to robots with structural flexibility. Validation of the MRDS algorithm is the
focus of Chapter 8. This was achieved using Working Model® 2D and the simulation of
several planar, flexible, multi-robot, multi-contact systems.
Finally, a summary and description of future work concludes this presentation.

Chapter 2 LITERATURE REVIEW
In the development of this modular approach, many different aspects of robot dynamics
are considered. These aspects include the treatment of mobile as well as fixed base robots,
robots modelled with rigid and/or flexible members, and robots operating in open or closed
chain configurations. In the following sections, a review of existing literature dealing with
these and other relevant issues of robot dynamics is presented.

2.1 Open Chain Dynamics
Many publications exist on the subject of the dynamics of a single, fixed-based robot
operating in an open chain formation. In [43], Luh et al. present an O(N) recursive method3
for solving the Inverse Dynamics problem using a Newton-Euler approach. Using 3 × 3 rotation matrices and position vectors instead of 4 × 4 homogenous transformation matrices,
Hollerbach [24] improves upon the standard O(N4) Lagrangian approach of [26][65],
achieving an O(N) Lagrangian method for inverse dynamics. This method, although not as
efficient as the Newton-Euler approach of Luh et al. [43], is shown by Silver [61] to be
equivalent to the Newton-Euler method when rotational kinematics are represented by angular velocities.
As a result of the increased efficiency of these Inverse Dynamics algorithms, Walker
and Orin [68] develop a solution method for the Forward Dynamics problem based on existing inverse dynamic techniques. The result is a recursive Newton-Euler algorithm that is

3. O(N) indicates an “order N” algorithm, in which the number of required floating point multiplications
and additions varies linearly with the number of degrees of freedom of the system, N.
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O(N3), where the N3 dependency arises from the effective inversion of the system mass/
inertia matrix. Featherstone [19] develops a method that does not require inversion of the
mass/inertia matrix, using the calculation of “articulated-body inertias”. This results in an
O(N) recursive method for the forward dynamics problem, however, it is less efficient than
the method of Walker and Orin for N < 12. In [8], Brandl et al. develop an O(N) recursive
method for forward dynamics which eliminates needless calculation of non-working constraint forces. In addition, this method allows any general connection or joint to be included
in the model, unlike that of Featherstone [19], which permits only revolute and prismatic
joints.
Kane and Levinson [27] develop very efficient methods for both forward and inverse
dynamics. As with the method of Brandl et al. [8], calculation of the non-working constraint forces is eliminated. This approach achieves its efficiency by formulating the kinematic and dynamic equations using carefully chosen generalized velocity coordinates.
In [70], Wang and Ravani present efficient recursive algorithms for the computation of
the end-effector position and orientation, as well as the computation of the Jacobian matrix.
In addition, a modified version of the inverse dynamics algorithm of Luh et al. [43] is developed that incorporates simultaneous calculation of the Jacobian matrix. Wang and Ravani also present a more efficient version of the Walker and Orin method for forward
dynamics. As with the inverse dynamics approach, the Jacobian matrix is calculated at the
same time with little additional computational cost. Additional O(N) methods to compute
various forms of the Jacobian matrix are presented by Orin and Schrader [54].
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2.1.1 Mobile-base Robots
When the base member of a robot is not inertially fixed, the process of modelling and
simulating the robot becomes somewhat more difficult. Disturbances in position and orientation, experienced by the mobile base due to reaction forces generated by manipulator arm
motions, must be taken into account. Mobile base robots are commonly found in spacebased applications. Existing literature on the dynamics of space robots has focused primarily on open chain configurations, and several publications are reviewed here.
To prevent changes in base attitude resulting from joint motions, Longman et al. [42]
propose the use of reaction wheels to keep the space manipulator base orientation fixed.
The reaction force and moment generated by motion of the arm are explicitly computed,
however, no attention is given to translational base control. At the other extreme, Alexander
and Cannon [1] discuss the use of jet thrusters for translational base control such that the
manipulator tip is always kept within reach of its desired location.
A novel concept for simplifying the kinematic and dynamic equations of a space robot
is proposed by Vafa and Dubowsky [67]. This method, known as the Virtual Manipulator
approach, involves modelling the space manipulator system as a fixed base manipulator
with its base located at the center of mass of the actual space robot system. The formulation
of this model stems from the conservation of linear and angular momentum, which Papadopoulos and Dubowsky [56] use to show the existence of “dynamic singularities” in a
space robot work space.
Conservation of momentum is also used by Umetani and Yoshida [66] to develop the
generalized Jacobian matrix. The generalized Jacobian relates robot tip velocity to joint
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rates while taking into account the motion of the base. Hence, this Jacobian contains “dynamic” terms based on the relative magnitude between base mass and inertia and the masses and inertias of the manipulator links. It is demonstrated that as the manipulator base
becomes more massive, the generalized Jacobian reduces to the purely “kinematic”
ground-based Jacobian matrix [66].
The generalized Jacobian is shown by Nakamura and Mukherjee [50] to be useful for
purposes of path planning of a space robot trajectory. These same authors also use the generalized Jacobian in [48] for the formulation and computation of the inverse dynamics of a
space manipulator. In addition, it is shown that the conditions of zero initial momentum and
zero external contact force are not necessary in formulating and using the generalized Jacobian matrix4.
Apart from space robots, a second class of mobile base manipulators includes multilimbed or walking robots. However, robots of this nature are almost always treated as a system of parallel chains (the legs) cooperatively moving the robot base body. Therefore, literature on this class of mobile robot is reviewed in Section 2.2.2 with the reviews of other
multi-robot literature.

2.1.2 Flexible Robots
To meet the demand for high-speed manipulation without the use of large, expensive,
high-powered actuators, today’s robots are constructed to be more lightweight than their
predecessors [33]. This results in increased flexibility of the manipulator links. In order to

4. In this instance, additional terms must be added to the dynamic formulation.
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achieve reliable performance of the robot controller, as well as accurate results from a dynamic simulation, this inherent structural compliance must be accounted for in the dynamic
model of the robot.
Methods for modelling link flexibility usually fall into one of the following three categories [37]: 1) partial differential equations [16], 2) finite element analysis [5], or 3) the assumed modes methods [7]. Partial differential equations, although affording more accuracy
in the model, are quite difficult to solve in real-time operations. Advantages of finite element approaches include the ease in modelling complex-shaped links and the simplistic application of boundary conditions. Computer methods for assembly and order-reduction,
however, are quite complicated. Clearly, in the literature, the assumed-modes method is the
most common for modelling of flexible robot dynamics.
The assumed modes method is applicable primarily to links with regular cross-sections.
However, since most flexible robots are designed with long and slender links of regular
cross-section, this is not a detrimental factor. In addition, the assumed modes method is
more easily programmed than finite element methods [33]. Difficulty comes in the selection of the mode shapes, a subject investigated by various researchers [23][51][63].
Another important issue is the effects of geometric and centrifugal stiffening, also referred to as foreshortening [3][15][25][51][55][62][63]. These stiffening effects can be inappropriately neglected when the dynamic equations for the flexible members are
linearized too soon in the derivation. This can lead to large errors or unstable behavior in a
simulation of the robot. Inclusion of these effects and several associated methods for properly linearizing the open chain dynamic equations can be found in [15][55][62]. This issue
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is discussed in greater detail in Chapter 6.
Dynamic equations for robots with flexible links are most commonly derived using
Lagrangian methods. Book [7] develops a non-linear recursive Lagrangian dynamics formulation using 4 × 4 transformation matrices for both the joint kinematics and the link deformation. As Hollerbach [24] notes, the Lagrangian formulation for rigid body
manipulators in its traditional form [26][65] results in differential equations which are computationally quite intensive and, therefore, less efficient than Newton-Euler approaches. It
is, however, a difficult task to apply Newton-Euler techniques to a structurally flexible link.
Following the example set by Silver [61], King et al. [33] reformulate the Lagrangian
approach used by Book [7], expressing rotational kinematics by angular velocities and using 3 × 3 transformation matrices and position vectors as opposed to 4 × 4 transformation
matrices. The result is a computationally efficient recursive algorithm for calculating both
Inverse and Forward Dynamics of a flexible manipulator. In fact, if the flexible modelling
is eliminated in this method, the Inverse Dynamics algorithm becomes equivalent to that of
Luh et al. [43] and the Forward Dynamics algorithm matches that of Walker and Orin [68].

2.1.3 Multiple Robots Connected in Series
Research into multi-robot systems has focused primarily on parallel connections, where
two or more robots cooperatively manipulate a common load. Far less attention has been
given to the series connection of robots. Several published works on the subject are presented here.
In [73], Yin and Zheng present a method for coordinating two serially connected robots
using a method based on consumption of the least amount of energy. Their goal is to devise
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a method for generating large Cartesian velocities of the tip while avoiding degenerate configurations. Lee and Kim [35] present the inverse kinematics of two robots connected in
series. In their study, the individual robots each have three degrees of freedom and are either serial or parallel manipulators. The connected systems include the following combinations: series-series, series-parallel, parallel-series, and parallel-parallel.
In treating the dynamics of a system involving the series connection of robots, it is common practice to model the system only in joint space. This has the effect of treating the system as one (usually redundant) robot composed of the links and joints of the originally
separate manipulators. In the method employed by Lew and Book [37], joint space dynamic
equations for two robots connected in series are constructed using a symbolic operator software (Mathematica). Special care is taken so that many of the terms developed for each robot operating individually can be used in the model of the combined system. The symbolic
development is used to generate the coupling terms needed to complete the joint space dynamic equations. These coupling terms, however, are applicable only to the series
connection of the two robots involved. New coupling terms must be derived for any change
in the topology of the components.
A few researchers [13][74][75] have applied the operational space dynamic formulation
to systems containing two serially connected robots. These works, however, focus only on
studying certain properties of the serially connected systems. For instance, Chen and Kumar [13] study the mobility and inertial characteristics of two serially connected robots, and
these measures are compared to those for a single robot. Manipulability, force transmission,
and resistance to disturbance are examined by Zheng [74], where these characteristics are
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compared for two robots connected in series and two robots connected in parallel. Finally,
in the work of Zheng and Luh [75], the operational space inertia matrix (see Section 3.1.2)
is discussed and compared for robots connected in series or in parallel.
It appears that no literature is available on the use of operational space formulations for
the dynamic simulation of serially connected robots. The work presented here makes this
application.

2.2 Constrained Motion / Closed Chain Dynamics
Constrained motion of a robot occurs when a closed kinematic loop is formed by the
robot’s own topology and/or by the robot and its environment, as shown in Figure 11. Dynamic simulation of such a system is complicated by two factors: (1) the forces exerted on/
by the robot end effector must be found concurrently with the generalized (i.e. joint) coordinate accelerations; and (2) the generalized coordinates originally defined for the unconstrained system no longer constitute an independent set due to the kinematic constraints
imposed by the external contact.

End effector

Payload

FIGURE 11. A Robot Performing a Constrained Motion Task
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Research in constrained motion simulation of single closed chain robots is extensive for
fixed-base systems. In general, constrained motion simulation (i.e. Forward Dynamics) involves the determination of nc contact forces acting at the robot tip and the N joint accelerations, where nc is the number of degrees of freedom constrained by the contact, and N, as
before, is the number of single-degree-of-freedom manipulator joints. Solution methods
proposed by Featherstone [20] and Orin and McGhee [53] use kinematic contact constraints to augment the robot dynamic equations of motion. The solution of such augmented
equations requires the equivalent inversion of an ( N + n c ) × ( N + nc ) matrix. The robot
dynamic equations are also augmented by McClamroch [46] using constraint space expressions for the contact force, resulting in a singular system of differential equations. A reduction approach is used for the solution of these singular systems, but this results in a very
complicated functional form.
Brandl et al. extend their open chain simulation algorithm [8] to multi-body systems
with kinematic loops in [9]. As before, this linear recursive method allows for many types
of connections, but is not completely general. Rodriguez et al. [59] also develop a linear
recursive method for the simulation of constrained robots. In their approach, a spatial operator algebra derived from filtering and smoothing theory is used to develop a compact
form of the linear recursive equations. While technically sound, a fundamental physical interpretation of this approach is difficult.
Several algorithms for constrained motion dynamic simulation [2][29][39][40][59] take
advantage of the operational space dynamic formulation derived by Khatib [30]. In these
algorithms, the operational space inertia matrix is used to find a solution for the unknown
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contact forces acting (in most cases) at the robot tip. This requires, at most, an effective
6 × 6 matrix inversion. This matrix inversion can be reduced further by projecting the operational space equations onto a “constraint space” [2][29][39][40], which corresponds to
the Cartesian directions constrained by the closed chain contact. By using the mathematical
tools and notation of Roberson and Schwertassek [58], the reduced matrix inversion is
n c × n c , where n c ≤ 6 . Chang, et al. [12] extended the operational space formulation by developing dynamic equations which describe not only the behavior of the end effector (operational space), but also the self-motion (null space) of the robot, and the interactions
between the two.
Unfortunately, developments of this kind usually result in the same complex formulation encountered by McClamroch [46]. Careful separation of the robot dynamic equations
into constrained and unconstrained components, however, greatly reduces the complexity
of the resultant equations, as shown in Lilly [39][40]. In fact, the O(N) algorithm developed
by Lilly is the most computationally efficient closed-chain algorithm known at this time.
A dynamic model very similar to the one presented here in the context of Forward Dynamics has been used for efficient Inverse Dynamics, as well as for dynamically-decoupled
force/motion control [11][21]. The models are similar in their efficient use of the operational space framework and the projection of the system’s dynamic equations into the constrained space using a dual-basis contact model.
Chen [14] developed dynamic equations for a manipulator subjected to external contact
forces that may include friction. A Lagrange multiplier method relates these friction forces
to the contact normal force. This method then uses second order kinematic constraints im-

29
posed by the contact to determine the unknown contact normal force. In the work presented
here, friction forces are incorporated in a similar fashion, however, the second order kinematic constraints are included in the form of a dual-basis contact model.
Second order kinematic constraints are also used in [64], where the explicit dynamic
equations of motion for nonholonomically constrained mechanical systems are obtained
using an extended form of D’Alembert’s Principle. Like the Forward Dynamics algorithm
presented in this paper, this development by Udwadia et al. relies on the determination of
unconstrained dynamics with corrections resulting from the contact force.

2.2.1 Flexible Robots
Methods for incorporation and treatment of unknown external contact forces in the
closed chain modelling and simulation of flexible manipulators is, in general, no different
than those methods used for rigid body manipulators. However, as pointed out by Tadikonda and Singh [63], the problems encountered in open chain formulations, such as choosing
appropriate mode shapes and accounting for the stiffening effects, can be much more difficult for closed chain operations. For example, boundary conditions are altered when a flexible robot comes in contact with an external body and forms a closed loop. A change in
boundary conditions may diminish the accuracy of a flexible model to the point where additional or alternate mode shapes must be chosen. Similarly, errors in the link lengths that
arise from the problems associated with foreshortening will result in small constraint violations for a closed chain flexible robot. These violations, if uncorrected, will grow unbounded as a simulation progresses. Similar difficulties with constrained flexible systems
are explored by Haering [23] using a flexible beam cantilevered to a rotating table at its
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base and attached to the same table at its tip by a spring tether.
Ider and Amirouche [25] present a simulation approach based on Kane’s method [27]
which uses relative coordinates for rigid body degrees of freedom and assumed mode
shapes for the flexible modelling. Another approach based on Kane’s method is derived by
Anderson [3]. The rigid body constrained motion algorithm he develops in [2] is, here, extended to account for link flexibility. In this method, the contact forces required to enforce
the kinematic constraints are determined through the use of a constraint stabilization technique.
Lew and Book [38] develop dynamic equations for a flexible manipulator that is constrained at more than one location. These equations are then transformed into two subspaces using Singular Value Decomposition of the constraint equations. These subspaces are
described by the constrained and constraint-free directions of the contact. The transformed
equations are then used for the purposes of controlling a braced flexible manipulator. No
methods are proposed, however, for simulation of such a system.
Kim and Haug [32] extend to closed loop configurations the recursive algorithm for
open chain, tree-structured, flexible manipulators presented in [31]. In this method, a joint
in the chain is cut. Constraint equations and Lagrange multipliers representing cut joint
forces and torques are then introduced. Dynamics of the chain are recursively projected
from tip to base in a manner very similar to the approach of Featherstone [19] using articulated-body inertias. This recursive projection of the manipulator dynamics from tip to base
is opposite the convention of operational space methods wherein the dynamics are projected to the robot tip.
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2.2.2 Multiple Robots Connected in Parallel
Research into the dynamic simulation of complex, multi-robot systems has been mostly
limited to parallel connections. The two most common types of parallel robot systems in
research publications are: 1) the cooperative manipulation of a single object by two or more
robots [34][44][47][49][52][71] and 2) the walking of a multi-legged robot in which each
leg is treated as an individual robot acting in parallel with the others to maneuver the base
body [22][52].
In the first of these two cases, Luh and Zheng [44] formulate the dynamics of two cooperating manipulators individually and relate them through the dynamics of the held object. They use a leader/follower model in an effort to eliminate motion errors between the
two robots. Alternatively, Koivo and Unseren [34] obtain a joint space model of two manipulators holding a common object by combining dynamic and kinematic constraints with
the equations of motion of the manipulators. Variable transformations are then used to reduce the model so that only independent coordinates are kept.
Oh and Orin [52] present a method that is applicable to both cooperative manipulation
and walking robots. Their method is based on an extension of the constrained motion algorithm presented by Orin and McGhee [53]. Here, the constraint forces between the manipulator tips and the payload or between the legs and the ground are combined with the joint
space dynamics of the parallel robots and the motion of the payload or base body. Freeman
and Orin [22] develop a simulation algorithm for a four-legged walking robot. In this method, the closed-chain system is decoupled into a tree-structured open-chain system by using
a spring-damper model of the ground interactions at the tip of each leg. The resulting open

32
chain structure is simulated using the algorithm of Brandl et al. [8].
Several researchers [47][49][71] make use of the operational space dynamic formulation [30] when dealing with the parallel cooperation of two or more robots manipulating a
common object. Typically, in these methods, the inverse operational space inertia matrices
of each individual arm are computed and used in the model of the connected system. Wen
and Kreutz-Delgado [71] use this method for motion and force control, while McMillan et
al. [47] develop a dynamic simulation of the system, including the possibility that one or
more of the manipulators may reach a singular configuration. Murphy et al. [49] employ a
similar model in which they first develop the open chain joint space dynamic equations for
two manipulators operating on a six-degree-of-freedom platform. When the two arms cooperatively manipulate a payload, the dynamics of each arm are represented in the operational space formulation and combined with the dynamics of the payload.

2.3 Complex Combinations of Dynamic Properties
Only a handful of published works have been identified which deal with the dynamics
of a manipulator system that is flexible, contains a mobile base, and is operated in closedchain or constrained motion tasks. In [45], Ma et al. develop the joint space dynamic equations for the SSRMS / SPDM system described in Section 1.4.4. This is a space-based multiple manipulator system with a long-reach flexible manipulator, the SSRMS, connected in
series with the SPDM. Flexibility is incorporated using finite element methods and model
order reduction techniques. Closed chain operations formed by the cooperative grasp of a
common object by the two arms of the SPDM are simulated by reducing the generalized
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coordinates to an independent set. This is accomplished using the natural orthogonal complement of the matrix defining the kinematic constraints.
A constrained motion algorithm for the simulation of the robot arm on the space shuttle,
known as the Shuttle Remote Manipulator System (SRMS), was developed by Lockheed
Engineering and Sciences Company (LESC) in [41]. The dynamic model of the SRMS includes link and joint flexibility, as well as motion of the base body (the shuttle itself). For
simulation of closed chain operations, a method similar to that of Freeman and Orin [22] is
used in which a spring-damper model of the unknown external contact allows the decoupling of the system into an open chain configuration. Specification of the spring and damper parameters, however, is necessary for each different contact configuration investigated.
In an effort to eliminate the need for re-tuning the spring-damper values, Bonaventura
and Lilly [6] develop an alternative closed chain simulation algorithm based on the methods of Lilly in [39][40]. Although rigid body simulations are accurately produced, constraint violations grow unbounded when flexible modelling is included. This was deemed
the result of the simplistic Euler integration scheme used by LESC in their open-chain simulation of the SRMS. Achieving a successful application of the algorithm of Lilly to constrained flexible systems was one of the primary motivations for the work presented here.

2.4 Summary
Although a great deal of attention has been given to the dynamic simulation of robots,
no single algorithm is known to be applicable to multi-robot systems containing both serial
and parallel connections and subject to multiple concurrent, time-variable, non-holonomic
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constraints. The constrained motion algorithm of Lilly [39][40], however, is suitable for extension to meet these needs. The evolution of Lilly’s algorithm into the new Modular Robot
Dynamic Simulation (MRDS) approach is the subject of the remainder of this work.

Chapter 3 BACKGROUND THEORY AND NEW NOTATION SCHEME
Before presenting the details of the MRDS algorithm for simulating complex robot dynamics, it will be helpful to put in place a notational scheme and to review key areas of
background theory. This will include a brief description of the fundamentals of both joint
space and operational space dynamics, as well as the general joint model developed by
Roberson and Schwertassek [58]. Also in this chapter, we will review the constrained motion simulation algorithm developed by Lilly [39][40], which was the starting point for the
modular algorithm developed here.

3.1 The Constrained Motion Algorithm of Lilly
As noted in Chapter 2, Lilly’s constrained motion algorithm [39][40] is the most computationally efficient closed chain algorithm known at this time. In addition, it is also the
most suitable for the modular architecture developed here, as it is designed to utilize the
existing open chain manipulator model without the need for revision. This method incorporates the effects of the unknown constraint force into the dynamic equation of the manipulator, yet keeps terms corresponding to the unconstrained robot system grouped
separately. The algorithm was first developed for simple closed chain mechanisms5 composed solely of rigid bodies.

5. Simple closed chain mechanisms are those for which all contacts are broken by the removal of a single
body. This includes systems where several fixed-base robots cooperatively grasp a central body or where a
walking robot’s main body is transported by several parallel robot legs.
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3.1.1 Joint Space Dynamics
The development of the mathematical model begins with the joint space dynamics of a
single, rigid-body robot with N degrees of freedom. The joint space formulation can be expressed by the following equation [68]6:
T
τ = H ⋅ q·· + C + G + J ⋅ F

(1)

where τ is an N × 1 vector of joint actuator torques/forces; H is the N × N robot joint
space inertia matrix, which is positive definite and typically symmetric7; q , q· , and q·· are
N × 1 vectors of joint positions, velocities, and accelerations8; C is an N × 1 vector of Coriolis and centripetal force terms; G is an N × 1 vector of gravitational forces; J is the
6 × N Jacobian matrix for the end effector; and F is a 6 × 1 9 spatial vector of external forces/moments exerted by the robot end effector. (Note that spatial quantities, which include
both linear and angular terms, will be discussed in Section 3.2.1).
As with any dynamic simulation algorithm, the joint space coordinate accelerations, q·· ,
must be determined given the joint torques, τ , and the initial joint coordinate positions and
velocities, q and q· . Thus, Equation 1 is solved for q·· as follows:

6. Equation 1 represents a simplified manipulator that does not consider such effects as friction, motor inertia, or link flexibility. Inclusion of these additional effects will naturally increase the complexity of the
model. The added complexities of link flexibility will be addressed at length in Chapter 7.
7. The joint space inertia matrix, H, is commonly symmetric, however, it may be non-symmetric when
appearing in linearized dynamic equations for a robot with structural flexibility.
8. In this work, reference to “joint” coordinates is often used in place of “generalized” coordinates, which
would be more appropriate, as the algorithms presented apply to robot dynamic models based on any collection of independent variables. In addition, the relationship between the position and velocity coordinates is
described by the derivative for simplicity. A more general relationship in the case of non-holonomy is
accepted by the MRDS algorithm.
9. In this work, the operational space (task space) is always assumed to be six-dimensional, though the algorithms presented are suited to smaller dimensions as well.
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–1
–1
T
q·· = H ⋅ ( τ – C – G ) – ( H ⋅ J ) ⋅ F

(2)

For open chain simulations, F , the external force vector, is assumed to be zero or
known. Dynamic simulation of an open-chain robot then requires the computation of all
terms in Equation 2, solution of the joint accelerations, q·· , and numerical integration to produce the joint positions and velocities of the next state, q and q· , respectively.
For closed chain simulation, however, the force vector, F , is unknown and must be
found concurrently with the generalized coordinate accelerations. In Lilly’s constrained
motion algorithm, this process begins with an alternate form of Equation 2, as follows:

ope n
–Ψ⋅ F
q·· = q··

(3)

Note that the terms are grouped so that the unknown contact force vector, F , is isolated.
ope n
The first term on the right side of Equation 3, q··
, corresponds to the joint accelera-

tion vector of the manipulator in an unconstrained, open-chain configuration with all exterope n
nal contact forces removed. Computation of q··
can therefore make use of any suitable

open-chain simulation algorithm (e.g. [8][68][70]).
The second term represents a correction term which accounts for the closed chain contact. The N × 6 matrix, Ψ , is called the cross space inertia matrix, since it is used to map
forces in operational space to accelerations in joint space. It is a function only of the generalized coordinates, q , and is defined as:

Ψ = H ⋅J
–1

T

(4)

Given the present state of the manipulator and the input joint actuator torques/forces,
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ope n
the open chain terms, q··
and Ψ , are completely defined. The efficient computation of

Ψ is discussed in detail in [39].
To continue from Equation 3, it is necessary to account for the unknown contact force
vector. As shown in various sources [2][29][39][40][59], this is best and most efficiently
accomplished by expressing the robot dynamics using the joint space formulation in combination with the operational space formulation [30].

3.1.2 Operational Space Dynamics
Operational space equations for a robot are formed by expressing the dynamics of the
robot relative to some point in operational space (hereafter referred to as an operational
point). For this work, an operational point will be specified at any (and every) location at
which an external contact is present. In the development of operational space dynamic
equations throughout this section, however, we will choose the operational point to be the
end effector, as is usually the case in operational space dynamic formulations.
Presented by Khatib for use in manipulator control using Cartesian end effector variables, the fundamental operational space dynamic equation is given by [30]:

F eff = Λ ⋅ x·· + µ + ρ

(5)

where F eff is the 6 × 1 vector of forces/moments that the robot tip exerts on the environment (including the projected contribution of τ , the applied joint torques); Λ is the 6 × 6
operational space inertia matrix; x , x· , and x·· are the 6 × 1 spatial vectors of position10,

10. As with the joint coordinates, this relationship between spatial position and velocity is permitted to be
more complex than the simple time derivative. This notation is for simplicity in the equations.
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velocity, and acceleration of the robot end effector; µ is the 6 × 1 vector of Coriolis and
centripetal forces; and ρ is the 6 × 1 vector of gravitational forces.
As shown in Equation 5 and depicted in Figure 12, the operational space inertia matrix,
Λ , relates spatial forces exerted by the end effector to the spatial end effector acceleration.
This is in contrast to the more familiar joint space inertia matrix, H , through which joint
torques are related to joint accelerations.
F

x··

Λ
FIGURE 12. Visualization of the Operational Space Inertia Matrix

It is shown in [30] that the 6 × 6 operational space inertia matrix can be expressed as
follows:

T –1

Λ = (J ⋅ H ⋅ J )
–1

(6)

As before, J is the 6 × N Jacobian matrix, and H is the N × N joint space inertia matrix.
Given that the joint space inertia matrix is positive definite and, therefore, always invertible, the existence of the operational space inertia matrix is determined solely by the
dimension and rank of the Jacobian. Specifically, for any N-degree-of-freedom manipulator, Λ is always a 6 × 6 matrix11, however, it is only explicitly defined when N ≥ 6 . If
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N < 6 or if the manipulator is in a singular configuration, then the rank of the Jacobian is
less than six, and Λ cannot be explicitly determined12.
The inverse operational space inertia matrix, however, is defined for all N regardless
of singularity and is given by:

Λ

–1

= J⋅H ⋅J
–1

T

This matrix is typically symmetric13 and is positive semi-definite. Furthermore, Λ

(7)
–1

is

positive definite, and therefore invertible, only when the Jacobian matrix, J, is of full rank.
It is useful to note that it is Λ , not Λ , which is used in Lilly’s constrained motion algo–1

rithm. Its appearance in the algorithm comes from an alternate form of the operational
space dynamic equations as shown in the steps below.
The more useful form of the operational space dynamic equation is generated by introducing joint space dynamics into a kinematic expression for the absolute acceleration of the
contact point. This acceleration can be produced using the Jacobian matrix as follows:
x· = J ⋅ q·

(8)

x·· = J ⋅ q·· + J· ⋅ q·

(9)

Equation 2 can be substituted into this last equation to produce the following:

T
–1
–1
x·· = J ⋅ H ⋅ ( τ – C – G ) + J· ⋅ q· – ( J ⋅ H ⋅ J ) ⋅ F

(10)

11. Task space is assumed to be six-dimensional here for convenience. It can be less than or equal to six.
12. Unless the dimension of the task space is reduced accordingly.
13. It is symmetric whenever H is symmetric (see footnote 7 on page 36).
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Equation 10 may be rewritten to produce a difference expression similar to that of
Equation 3. This gives the following:

ope n
–1
x·· = x··
–Λ ⋅F

(11)

Again note that the unknown contact force has been isolated.
ope n
The first term on the right side of Equation 11, x··
, gives an expression for the accel-

eration of the robot end effector as if there were no spatial contact force acting at the robot
tip. The second term is a correction factor to account for the presence of the unknown tip
force. Described above, the 6 × 6 contact force coefficient matrix, Λ , is the inverse op–1

erational space inertia matrix and is a function only of the generalized coordinates, q . As
ope n
ope n
with q··
and Ψ , if the present state and driving actuator torques/forces are known, x··

and Λ

–1

may be computed. Details regarding the computation of the open chain terms,

ope n
ope n
–1
q··
and x··
, as well as the two force coefficient matrices, Ψ and Λ , are given in

[39][40].

3.1.3 The Simplified Contact Model and Solution of the Contact Force
In conjunction with the two dynamic formulations represented by Equations 3 and 11,
a simplified form of the contact model of Roberson and Schwertassek [58] is used. This
model specifies the structure of both the end effector acceleration and contact force vectors
using vector spaces which describe the free (unconstrained) and constrained directions of
the contact as follows:

u
u
c
c
x·· = φ ⋅ x·· + φ ⋅ x··

(12)
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u

F = φ ⋅F +φ ⋅F
u

c

c

(13)

The original, more general form of the Roberson and Schwertassek contact model will be
reviewed at the end of this chapter.
In the continuing effort to solve for the contact force vector and effectively reduce the
problem to that of an open chain system, Equations 12 and 13 are introduced into
Equation 11. Using the orthogonal properties of the contact model vector spaces (see Section 3.3.1), the resulting equations can be placed in the following compact form:

B ⋅F = y
c

c

c

c T

–1

(14)

where:

B = (φ ) ⋅ Λ ⋅ φ
c

c

c
c T
open
–1
u
u
c
y = ( φ ) ⋅ ( x··
– Λ ⋅ φ ⋅ F ) – x··

(15)

(16)

Equation 14 is a linear system of equations in the unknown components of the contact
c

force vector, F . Using a linear system solver, such as LU or Singular Value Decomposition, these forces can be determined. With Equation 13, the full contact force vector, F , can
then be constructed and used in Equation 3 to determine the closed chain/constrained joint
space coordinate accelerations of the manipulator, q·· . Numerical integration of these accelerations will give the joint rates and positions which completely describe the next state of
the constrained manipulator, and the dynamic simulation proceeds to the next time step.
The formulation of this constrained motion algorithm has several inherent limitations
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which have, until now, not been addressed in previous publications [6][39][40]. In particular, the algorithm only allows a limited class of contacts which do not vary with time. In
the following sections and in Chapter 4, we will reformulate and enhance the algorithm in
a way which enables the treatment of a more comprehensive range of contact conditions.
These changes will also serve as important steps in extending this algorithm to the treatment of general multi-robot, multi-contact systems, which will be demonstrated in Chapter
5. We begin with the establishment of a notational framework that will aid in clarifying all
required kinematic, dynamic, and contact model terms.

3.2 Notation Scheme
The objective of this dissertation is to develop an efficient constrained motion simulation algorithm for complex robot systems. In such systems, there can be multiple robots and
multiple contacts. A suitable notation scheme will be necessary to deal with the many kinematic, dynamic, and contact equations that describe the system. The following section
presents this new notation scheme, including a discussion of coordinate frames and spatial
notation. In addition, we will discuss the many forms of the contact force vector that will
play a vital role in the development of the MRDS algorithm.

3.2.1 Spatial Notation
The spatial notation of Featherstone [20] will be used extensively throughout this work,
since it allows both kinematic and dynamic equations to be expressed in a particularly concise way. In general, spatial vectors ( 6 × 1 ) and matrices ( 6 × 6 ) are defined such that the
first three elements (or rows, for a matrix) are translational quantities, and the remaining
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three are angular quantities [8][20]. For example, the spatial force, F , has the form
T
T

f n

T

, where f is a 3 × 1 vector of forces, and n is a 3 × 1 vector of moments.

3.2.2 Coordinate Frames
To clearly describe the kinematics and dynamics of a given contact, it will be helpful to
assign several specific coordinate frames as shown in Figure 13. This model may be used
for any arbitrary contact, but here it represents the contact between a robot end effector
(body E) and some payload (body P). Each body has a Cartesian coordinate frame (also denoted by E and P) attached at a convenient point, and the absolute and relative position vectors of these frames are shown. Point C represents a contact point between the two bodies,
and frame I is a fixed inertial reference frame.

E
C
r EP

r IE

P
I

rIP

FIGURE 13. Coordinate Frames for Contacting Bodies

With these coordinate frames defined, the kinematic and dynamic variables used in the
modular constrained motion algorithm will be labeled (when appropriate) with the leading
superscript I, E, or P to indicate the coordinate frame of expression. One exception is the
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contact force vector which has two leading superscripts. This exception is discussed in
greater detail in the next section.

3.2.3 Spatial Contact Force Vectors
Throughout this work, spatial contact force vectors are used in equations for joint space
dynamics, operational space dynamics, and contact modelling. Often, these vectors take
different forms. It is therefore necessary to establish a consistent means for distinguishing
between these alternate forms and to specify appropriate transformations for converting
from one form to another. For accuracy, each form of a spatial force vector should contain
the following information: (1) the direction of the force vector, (2) the coordinate frame of
expression, and (3) the torque reference point.
The subscripts of the force vector specify its direction. For example, F EP represents the
spatial contact force exerted by body E on body P. Reversing the subscript order is equivalent to a sign change, as shown below:
EP

EP

FEP = – FPE

(17)

The coordinate frame of expression is given by the leading superscript and can be
changed by pre-multiplying the spatial contact force by the appropriate 6 × 6 matrix of direction cosines, ℜ , as shown in the following example:
EP

E

FEP = ℜP ⋅

PP

FEP

(18)

Note, however, that for the contact force vector, there is more than one leading superscript. The second leading superscript specifies the torque reference point (TRP). This
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point, together with the contact point (e.g. point C in Figure 13), defines the moment arm
through which torques are generated by the linear contact forces. These torques are included in the angular components of the spatial contact force vector. An example operation for
changing the TRP is:
FEP = SEP ⋅

EE

E T

EP

FEP

(19)
E T

where the spatial rigid-body transformation matrix, SEP , is the linear operator used to
transform a spatial force acting at point P to a spatial force acting at point E. In general, S
has the following form [9][59]:

i

i

Sjk = 1 – r̃jk
0 1

(20)

where 1 is a 3 × 3 identity matrix, 0 is a 3 × 3 matrix of zeros, and

i

r̃jk

is a 3 × 3
i

rjk = x y z

0 –z y
= z 0 –x
–y x 0

(21)

skew-symmetric matrix derived from the linear position vector,
T

.

The transformations shown in Equations 17, 18, and 19 will be used to transform the
dynamic equations of the constrained motion algorithm to a standard form which is consistent with the general contact model. This standard form will be discussed in the following
section and again in Chapter 4.1.
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3.3 General Joint Model
When connecting two or more modules together in the new modular approach, or when
making a connection between a module and the environment, it will be necessary to establish an appropriate contact model. In order to maintain as much generality as possible, a
contact model is needed that can represent any body-to-body contact in which relative motion can be specified, including such examples as a revolute or prismatic joint, a multipledegree-of-freedom joint (such as universal or spherical joints), a rigid grasp, planar sliding,
a hard-point contact, or even the rolling or sliding of two surfaces. In [58], Roberson and
Schwertassek develop such a contact model and refer to it as the general joint model.
The original constrained motion algorithm of Lilly [39][40], reviewed in the previous
section, utilized a simplified version of the original general joint model. However, in the
interest of making the MRDS algorithm as general and flexible as possible, the first extension of the algorithm will be to incorporate the original form of the Roberson and Schwertassek contact model, which allows a much wider variety of contact conditions. Details of
this more general model are reviewed here for an arbitrary contact between rigid bodies E
and P. This review also allows all key terms to be specified using the new notational
scheme, eliminating any ambiguity in previous applications of the model [6][39][40].

3.3.1 Contact Kinematics
Initially, a set of generalized minimal velocity coordinates is specified which describes
the velocity of body P relative to body E. Velocity coordinates are used (rather than position
coordinates) to allow both non-holonomic and holonomic constraints [58]. These velocity
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u
coordinates are collected in the ( 6 – nc ) × 1 vector, x· , where n c ≤ 6 is the number of spa-

tial directions in which the relative velocity is subject to constraints.
Given these coordinates, the form of the contact model vector spaces is determined. Using these vector spaces, spatial expressions for the velocity and acceleration of body P relE
E
ative to body E, x·EP and x··EP , may be written, respectively, as follows [58]:

E·

u
u
c
c
xEP = φ ⋅ x· + φ ⋅ x·

(22)

u
u
c
c
·u u ·c c
xEP = φ ⋅ x·· + φ ⋅ x·· + φ ⋅ x· + φ ⋅ x·

(23)

E ··

The 6 × ( 6 – n c ) matrix, φ , resolved in frame E, has full column rank, 6 – n c . It represents
u

the free modes of the contact, and its columns make up a basis for this free vector space
(also known as the motion space of the contact). The structure of φ is determined by the
u

u
c
selection of the generalized minimal velocity coordinates, x· . The 6 × n c matrix, φ , is

chosen so that the columns of the 6 × 6 matrix, φ = φ u φ c , form a basis for all of R6.
c
The n c × 1 vector, x· , contains the coordinates describing the relative velocity in the

constrained directions of the contact. There are two types of constrained modes which may
be represented by the basis vectors in φ : locked modes and kinematically excited modes
c

[58]. In the contact directions corresponding to a locked mode, there is no relative motion
c
between the two contacting bodies. Therefore, all elements of x· corresponding to locked
c
modes are zero. For kinematically excited modes, however, the elements of x· are known

functions of time. This type of contact typically involves the prescribed motion of an actuated intermediate body (see [58] for examples).
A dual basis for R6, ψ = ψ u ψ c , is constructed from the first as follows:
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ψ = φ
T

–1

(24)

This definition leads to the following relationships:

u T

ψ φ = ( ψ ) φu φc = 1 0
c T
0 1
(ψ )
T

(25)

where 1 and 0 are identity and zero matrices of the appropriate dimensions, respectively.
The constrained modes of the contact are represented by the 6 × n c matrix ψ , the columns
c

of which form a basis for this vector space. This is referred to as the constraint space of the
contact. In the case of orthogonal modes, the vector bases φ and ψ are equivalent. However, the free modes may form a nonorthogonal basis, as in the case of a planar translation
combined with kinematic excitation, in which case φ ≠ ψ [58]. Other contact conditions,
such as a screw connection, also result in nonidentical vector bases φ and ψ , as will be
demonstrated below in Section 3.3.3.
Variable mode vectors are also supported by this model. They are typical for higher
pairs and for constraints which result from intermediate mechanisms if more than one rotational mode is free, as in the case of a universal joint. Mode vectors for all lower pairs are
constant, however, which may explain their general popularity in multibody algorithms.

3.3.2 Contact Forces
The dynamic interaction between the two contacting bodies may be described by a resultant spatial force. However, as described in the previous section, this spatial contact
force vector may be expressed in various forms depending on its direction, the coordinate
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frame of expression, and the torque reference point (TRP). From the contact model of Roberson and Schwertassek [58], the appropriate form of the contact force vector is

EP

FEP ,

which denotes the force exerted by body E on body P, expressed in the coordinates of frame
E, and using point P as the torque reference point. This force vector is resolved in the dual
basis defined above as follows:
EP

FEP = ψ ⋅ F + ψ ⋅ F
u

u

c

c

(26)

where F is the ( 6 – n c ) × 1 vector of applied or friction forces, and F is the n c × 1 vector
u

c

of constraint forces exerted by body E on body P along the constrained directions of the
contact.
The vector spaces φ and φ , as well as ψ and ψ , are used to define the type of conu

c

u

c

tact being investigated. Two classes of contacts between a pair of rigid bodies were previu

ously defined in [39]. For Class I contacts, the components of F are known and are, in
most cases, zero. However, when the contact involves an actuated joint, the components of
u

F are nonzero and must be supplied, as is true of any Forward Dynamics algorithm. Examples of Class I contacts include revolute and prismatic joints, rigid connections, hard
point contacts, and soft finger contacts with no slipping.
u

Class II contacts occur when the components of F are dependent on the components
c

of F and include such interactions as a sliding contact on a surface with a characteristic
coefficient of friction. The algorithm presented here has been developed for both Class I
and Class II contacts. However, since the calculations for the treatment of Class II contacts
are considerably more involved, developments are given in this work for Class I contacts
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only. The additional calculations required for Class II contacts are discussed in [39]. Similar work with Class II contacts is discussed by Chen in [14].

3.3.3 Contact Model Examples
To clarify the construction of the contact model vector spaces, we provide an example
contact between bodies E and P that is equivalent to a revolute joint. For this type of conu
tact, the generalized minimal velocity vector, x· , is given by the scalar joint velocity. Using

Denavit-Hartenberg [17] parameters for establishing coordinate frames, the joint angle is
denoted by θ E and is the angular position about the ẑ E unit vector. Therefore, the motion
space is:

φ = ψ = 0 0 1 0 0 0
u

u

T

(27)

while the constraint space of the joint may be written:

1
0
c
c
φ = ψ = 0
0
0
0

0
1
0
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

0
0
0
0
0
1

(28)

Note that in this case, φ and ψ are the same, as are their counterpart vector spaces, φ
u

u

c

and ψ .
c

An example of a contact in which this is not true is a screw joint, which permits interdependent sliding and turning motion between the two bodies. The joint angle, θ E , and the
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translation along the axis, d E , are coupled by ρ , the scalar pitch of the screw as follows:
dE = ρ ⋅ θE

(29)

Because the two motions are coupled, there is only one degree of freedom associated with
u
·
this joint. Either θ· E or d E may be chosen as the generalized minimal coordinate, x· . Once
u
·
again, we will choose x· = θ E .

The corresponding motion space, φ , and remaining basis vectors for R6, φ , are [58]:
u

0
0
u
φ = ρ
0
0
1

c

1
0
c
φ = 0
0
0
0

0
1
0
0
0
0

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

(30)

The constraint space and remaining dual basis vectors for R6, ψ and ψ , respectively, are:
c

1
0
c
ψ = 0
0
0
0

0
1
0
0
0
0

0
0
1
0
0
-ρ

0
0
0
1
0
0

0
0
0
0
1
0

0
0
u
ψ = 0
0
0
1

u

(31)

For additional examples of the more complex contacts, including those with powered
joints, kinematic excitation, orthogonal modes, nonorthogonal modes, constant modes, and
variable modes, see Roberson and Schwertassek [58] and Lilly [39]. For a less general version of this contact model used in dynamically-decoupled force/motion control, see Featherstone, et al. [21].

53
3.4 Summary
In this chapter, we have reviewed the original constrained motion algorithm of Lilly
[39][40], as well as the fundamentals of both the joint space and operational space formalisms. A notation scheme has been put in place that will allow precise specification of all
kinematic, dynamic, and contact model terms. The general joint model of Roberson and
Schwertassek [58] has been presented. This model allows a wider range of contacts to be
considered than the simplified form used in previous works [6][39][40].
In the next chapter, Lilly’s constrained motion algorithm will be enhanced by the use of
the new notation scheme and the more general contact model. This extension will produce
an efficient modular algorithm for the dynamic simulation of not only one robot in constrained motion, but two robot systems cooperating in parallel or in series. Full extension
to multiple contacts between multiple robots will be addressed in Chapter 5, while the extension to robots with structural flexibility will be dealt with in Chapter 7.

Chapter 4 SYSTEMS WITH A SINGLE CONTACT MODEL
This chapter presents the first extension to Lilly’s original constrained motion algorithm. Our goal is to develop a standard form for introducing the general contact model
from Section 3.3 into the updated constrained motion algorithm, thereby expanding the
range of allowable contact conditions. All equations will be presented using the notation
scheme defined in Section 3.2. The result will be an accurate and useful presentation of the
constrained motion algorithm which will be efficient and effective across a broad range of
robot applications. As such, this chapter serves as the first step in achieving a constrained
motion algorithm capable of simulating the dynamics of the far more sophisticated, timevarying, multi-robot systems which appear today.
This first extension will provide the ability to simulate the dynamics of systems which
contain a single external contact such as those shown in Figure 14. Note that these systems
can contain series connections of independent robots, parallel connections, or even hybrid
cases like the bracing example. Extension to systems with multiple contacts between multiple robots will be dealt with in Chapter 5.
Throughout this work, we will denote the two interacting bodies associated with a contact model as body E and body P. Although this algorithm is applicable to general (i.e. nonrobot) structures, we assume throughout that body E belongs to a robot (also referred to as
Structure E). Body P, on the other hand, may belong to one of two possible structures: 1)
an object or device external to the robot (referred to as Structure P), or 2) one of the robot’s
own member bodies. These two contact configurations are referred to as Type A and Type
B, respectively. Figures 14a through 14d show systems with a Type A contact, while

54

55
Figure 14e gives an example of a Type B contact.

b) parallel cooperation

a) boundary contact

mobile base
c) serial cooperation

d) hybrid serial/parallel
(bracing)

e) self-contacting robot

FIGURE 14. Applicable Single Contact Systems

The enhanced constrained motion algorithm is composed of four basic steps, which
may be described as follows:
Step 1: Contact Model Specification
Step 2: Dynamics of the Individual System Structures
Step 3: Dynamics of the Combined System and Solution of Contact Forces
Step 4: Joint Accelerations and Integration to the Next State

In the sections that follow, the equations used by the enhanced algorithm will be derived
for both Type A and Type B contact configurations. At the same time, computational steps
used to implement the algorithm will be outlined in Tables 1 through 6.
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4.1 Incorporation of the General Contact Model
The enhanced algorithm begins with the incorporation of the contact model discussed
in Section 3.3. In the original algorithm, presented in [39] and [40] and applied in [6], the
simplified contact model was introduced through Equations 12 and 13. These equations,
however, apply only to a restricted class of contacts when compared with the more general
contact model defined by Equations 23 and 26.
Specifically, in Equations 12 and 13, it was assumed that the two dual bases, φ u φ c
and

u
c
ψ ψ , are equivalent (orthogonal modes). By replacing Equation 13 with

Equation 26, we allow contacts in which the dual vector spaces are not equivalent, such as
the screw connection example of Section 3.3.3. Furthermore, it was also assumed that the
contact vector spaces, φ and φ , do not vary with time. Using Equation 23 in place of
u

c

Equation 12, we remove this restriction. Contacts with variable modes include the universal joint and the rolling or sliding of two nonplanar bodies [58].
In addition to being less restrictive, Equations 23 and 26 are also more explicit than
Equations 12 and 13. For instance, in Equation 13, it is unclear which form of the contact
force vector, F , should be represented using the contact model vector spaces. A similar argument can be made about the ambiguity of x·· in Equation 12. This brings an important issue to light.
The given contact modelling technique may be used to represent pairs of force and acceleration vectors other than our choice of

EP

E
FEP and x··EP (for example

At issue is the selection of a consistent pair. An inconsistent choice (e.g.

PE

P
FPE and x··P E ).

EP

P
FEP and x··P E )

will lead to errors in the overall formulation, such as a violation of the dual base relation-
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ship given by Equations 25.
With these issues in mind, and to allow for the most comprehensive range of contacts
possible, we choose Equations 23 and 26 as the consistent pair of contact model expressions to replace Equations 12 and 13 in the constrained motion algorithm. With this “standard form” chosen, Table 1 lists components of the contact model which the user must
provide, as well as a few notes on specification procedures. Note that the labels E and P are
E
EP
omitted, as their interpretation is now always implied by our standard pair: x··EP and FEP .

This initialization process represents Step 1 in the enhanced constrained motion algorithm.

TABLE 1. Step 1: Contact Model Specification
Model Components

φ ,φ ,ψ ,ψ
u

c

u

c

Notes
See Section 3.3.1 and [58] for specification methods
c
·c
φ only needed if x· ≠ 0 )

u
c
φ· , φ·

Zero for constant modes (note:

u
x·

Supply initial values (note: only needed if

c
c
x· , x··

Zero for locked modes; known function of time for kinematically
excited modes (note:

F

u

·u
φ ≠ 0 ) (see Chapter 6)

c
·c
x· only needed if φ ≠ 0 )

Class I contacts: zero or known function of time;
Class II contacts: see [39]

4.2 Dynamics of the Individual System Structures
With the standard form of the contact model defined, we now turn our attention to the
dynamics of the individual structures present in the system of interest. We begin with a
Type A contact.
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4.2.1 Type A Contact: Contact with an External Body or Boundary
In this configuration, Structure E (the robot) and Structure P are two separate entities,
each having its own separate dynamic equations. The structures are joined only by the single contact between them. We begin with the joint space and operational space dynamic
equations of the robot (Structure E) using the notation scheme of Section 3.2. The new explicit form of Equation 1 may be written as follows14:
I T
IE
τ = H ⋅ q·· + C + G + JIE ⋅ FEP

I

(32)
I

where, aside from JIE , all terms were defined and discussed in Chapter 3. The matrix JIE
is the Jacobian matrix which relates the robot joint velocities to the spatial velocity of the
end effector (frame E) as follows:
I·

I
xIE = JIE ⋅ q·

(33)

As in Equation 2, the joint space dynamic equation is solved for the generalized acceleration coordinates:
IE
–1
–1 I T
q·· = H ⋅ ( τ – C – G ) – ( H ⋅ JIE ) ⋅ FEP

(34)

where H is positive definite and, therefore, invertible for real systems [39]. This expression
can be simplified as follows:
ope n
I
IE
q·· = q··
– ΨIE ⋅ FEP

(35)

14. Computational efficiency may be gained by representing the contact force and Jacobian matrix in frame
E. The inertial frame is used to simplify the derivation of equations.
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I

The N × 6 matrix, ΨIE , is an example of the cross space inertia matrix which maps forces
in operational space to accelerations in joint space. It is a function only of the generalized
coordinates, q , and is defined as follows:
I

I T

ΨIE = H ⋅ JIE
–1

(36)

To produce the operational space dynamic equations, a kinematic expression for the acceleration of the contact point is needed. This can be produced by differentiating
Equation 33, the result of which is:
I
I
xIE = JIE ⋅ q·· + J·IE ⋅ q·

I ··

(37)

Introducing the joint space dynamics of Equation 34 into Equation 37, the operational
space dynamic equation of the robot is:
I ··

I

xIE = JIE ⋅ H

–1

I
I
IE
–1 I T
⋅ ( τ – C – G ) + J·IE ⋅ q· – ( JIE ⋅ H ⋅ JIE ) ⋅ FEP

(38)

This expression can be grouped and rewritten to match the form of Equation 11, as follows:
I op en
I – 1 IE
xIE = x··IE – ΛEE ⋅ FEP

I ··

I

(39)

–1

The 6 × 6 contact force coefficient matrix, ΛEE , is the inverse operational space inertia matrix of the robot [30][39] and is also a function only of the generalized coordinates,
q . It is defined for all N as follows:
I

ΛEE = JIE ⋅ H ⋅ JIE
–1

I

–1

I T

I

–1

(40)

This matrix is positive semi-definite. Furthermore, ΛEE is invertible, only when the Jaco-
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I

bian matrix, JIE , is of full rank (non-singular).
For Type A contacts, Structure P may be any external object or device, such as a payload, a fixed boundary, or even a second robot. Its dynamic equations are developed in exactly the same fashion as those outlined above for the robot in Equations 32 through 40.
The key resultant equations needed in the constrained motion algorithm (verified simply by
switching labels E and P in Equations 35 and 39 above) are:
I
IP
ope n
q·· = q··
– ΨIP ⋅ FPE

I ··

I o pen
I – 1 IP
xIP = x··IP – ΛPP ⋅ FPE

(41)

(42)

A special condition worth noting occurs when body P is an inertially fixed boundary.
ope n
= 0 and
Under this condition, the equations above become trivial, since q·· = q··
I ··

I o pen
xIP = x··IP = 0 . A similar but less restrictive condition is when Structure P is consid-

ered to be too massive for its motion to be altered by the contact15. Such a condition might
arise if the robot were to make contact with some powerful piece of reciprocating machinery. In this event, the matrices ΨIP and ΛPP are assumed to be negligible, and the motion
I

I

–1

of Structure P can be computed using simple open chain methods [8][68][70] with the equaI
I o pen
ope n
tions: q·· = q··
and x··IP = x··IP .

Returning again to the general case, we note that a number of terms may be computed
in parallel for the two structures of this system, which leads to increased overall efficiency
of the algorithm. Calculation of q··

ope n

ope n
and x··
may be completed simultaneously for both

structures using any suitable open chain dynamic simulation algorithm, such as those found
15. when compared with the maximum possible magnitude of the contact force generated by the robot.
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in [8], [68], or [70]. The appropriate Ψ and Λ

–1

matrices may be calculated using

Equations 36 and 40, respectively, or the more efficient O(N) methods discussed in [39].
Table 2 summarizes these terms for easy reference. These computations, whether accomplished in parallel or serially, represent Step 2 of the enhanced constrained motion algorithm for a Type A contact configuration and demonstrate the first evidence of the
modularity of the simulation algorithm.
As noted in Table 2, the position, orientation, and spatial velocity of each operational
point (E and P) are also computed in this step. These terms are needed in Step 3 of the algorithm, where the dynamics of the combined system are developed. First, however, we
will derive Step 2 for Type B contacts.

TABLE 2. Step 2: Dynamics of the Individual System Structures (Type A Contact)
Terms
I ope n
ope n
q··
and x··IE

Structure

Notes

E

Suitable open chain algorithm (e.g. [8][68][70])

I

ΨIE and ΛEE

E

Equations 36 and 40, or see [39]

I

I
I
rIE , RE , and x·IE

E

Suitable Forward Kinematics algorithm

I ope n
ope n
q··
and x··IP

P

Suitable open chain algorithm (e.g. [8][68][70])

I

ΨIP and ΛPP

P

Equations 36 and 40 (for Structure P), or see [39]

I

I
I
rIP , RP , and x·IP

P

Suitable Forward Kinematics algorithm

I

I

–1

–1

Note: each structure’s terms can be computed in parallel for increased efficiency

4.2.2 Type B Contact: Contact with a Member Body of the Robot
The second configuration type occurs when the robot makes contact with itself (or if the
robot contains a closed loop in its structural design). Such an example was discussed in [6],
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where a dynamic simulation was developed for operation of the Shuttle Remote Manipulator System (SRMS) contacting objects in the shuttle cargo bay. For this and all configurations of Type B, the joint space dynamic equation given by Equation 32 must be modified
to account for the presence of two external contact forces: one exerted by body E and another exerted by body P. This modified form can be written as follows:
I T IP
I T
IE
τ = H ⋅ q·· + C + G + JIP ⋅ FPE + JIE ⋅ FEP

(43)

The two force terms, however, can be combined using the following force transformations
from Section 3.2.3:
FEP = ℜE ⋅ SEP ⋅

EP

(44)

FPE = – ℜE ⋅

FEP

(45)

IE

I

IP

E T

I

FEP

EP

With the force terms combined, the generalized joint acceleration equation is:
E
EP
ope n
q·· = q··
– ΨEP ⋅ FEP

(46)

where
E

E T

ΨEP = H ⋅ JEP
–1

(47)

and
JEP = ℜI ⋅ ( JIP – SEP ⋅ JIE )

E

E

I

I

I

(48)

E

The relative Jacobian matrix, JEP , describes a relationship between the robot joint rates
and a relative spatial velocity (P relative to E, in this case), as opposed to an absolute spatial
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velocity defined by a traditional Jacobian matrix. This relationship is given by the following equation:
E·

E
xEP = JEP ⋅ q·

(49)

Finally, the operational space dynamic equations corresponding to Equations 39 and 42
are derived by the same method to obtain:
I op en
I
EP
–1 E T
xIE = x··IE – ( JIE ⋅ H ⋅ JEP ) ⋅ FEP

(50)

I o pen
I
–1 E T
EP
xIP = x··IP – ( JIP ⋅ H ⋅ JEP ) ⋅ FEP

(51)

I ··

I ··

Table 3 summarizes the terms which must be calculated for a Type B contact configuration
in Step 2 of the enhanced constrained motion algorithm.

TABLE 3. Step 2: Dynamics of the Individual System Structures (Type B Contact)
Terms

Notes

ope n I ··ope n I ··ope n
q··
, xIE , xIP

Suitable open chain algorithm (e.g. [8][68][70])

E

Equations 47 and 61

E –1

ΨEP and LEP
E –1

Note: the term LEP is derived in the next section but is computed in this step for Type B

4.3 Dynamics of the Combined System
In the original constrained motion algorithm [39][40], the contact force vector is determined by combining the contact model with the operational space dynamic equation of the
robot end effector (body E). As we apply a more general form of the contact model, however, this form of the operational space dynamic equation is insufficient. Instead, we need
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an operational space dynamic equation that involves both contacting bodies (E and P).
In Section 4.2, operational space dynamic equations were developed for bodies E and
P in their isolated states (Equations 39 and 42, respectively, for Type A and Equations 50
and 51, respectively, for Type B). Each of these equations was derived by inserting the joint
space dynamics of the structure into a kinematic expression for the absolute acceleration of
the contact body. In order to produce the operational space dynamic equation for the combined system, a kinematic expression for the relative acceleration is needed.
To derive this acceleration, we begin with the relationships describing the absolute and
relative linear positions and angular velocities of the contacting bodies. Respectively, these
relationships are as follows:
rIP = rIE + RE ⋅ rEP

(52)

ωIP = ωIE + RE ⋅ ωEP

(53)

I

I

i

I

I

I

I

E

E

i

where, in general terms, rjk and ωjk are the linear position and angular velocity of frame
k relative to frame j, expressed in frame i, respectively, and R is the appropriate 3 × 3 diI·
I
I
rection cosine matrix. These equations are differentiated to produce r·IP , r··IP , and ωIP . The

resulting equations can then be cast in spatial notation to give the spatial velocities and accelerations of the contacting bodies as follows:
I·

I
I
I
E
xIP = SEP ⋅ x·IE + ℜE ⋅ x·EP

(54)

I
I
I
I
E
xIP = SEP ⋅ x··IE + ζEEP + ℜE ⋅ x··EP

(55)

I ··

where
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I
I

ζEEP =

E
I
I
E
I
I
ωIE × [ ωIE × RE ⋅ rEP ] + 2 ⋅ ωIE × RE ⋅ r·EP
I

I

(56)

E

ωIE × RE ⋅ ωEP

As before, ℜ is a spatial direction cosine matrix, and S is a spatial rigid-body transformaE
E
E
I
tion. The terms, rEP , r·EP , and ωEP in ζEEP are found from Equations 52 and 54. This

process is discussed in Chapter 6, where several options for serial connections are outlined.
E
In the final step of this kinematic derivation, Equation 55 is rearranged to obtain x··EP

as follows:
E ··

E
I
I
I
I
xEP = ℜI ⋅ ( x··IP – SEP ⋅ x··IE – ζEEP )

(57)

It is this kinematic expression for the relative acceleration of the contacting bodies that can
be converted into an operational space dynamic equation for the combined system. This is
I
I
accomplished by replacing the terms x··IE and x··IP in Equation 57 with the operational

space dynamic equations for each isolated structure developed in Section 4.2. For Type A,
these terms are replaced by Equations 39 and 42, together with the force transformations in
I
I
Equations 44 and 45. For Type B, x··IE and x··IP are replaced with Equations 50 and 51. In

both cases, this substitution results in the following common form:
E op en
E – 1 EP
xEP = x··EP + LEP ⋅ FEP

E ··

(58)

E op en
where x··EP for both Type A and Type B is given by:

E ··op en
xEP

E –1

E
I ope n
I
I op en
I
= ℜI ⋅ ( x··IP – SEP ⋅ x··IE – ζEEP )

(59)

The expression for LEP , however, is dependent on configuration type. This matrix is
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effectively the inverse operational space inertia matrix for the combined system. For a Type
A contact configuration, it is defined as follows16:
E –1
LEP

E

I

–1

I

I

–1

I T

I

= ℜI ⋅ ( ΛPP + SEP ⋅ ΛEE ⋅ SEP ) ⋅ ℜE

(60)

For a Type B contact configuration, after appropriate factoring of the contact force term,
E –1
LEP

is given by:
E –1
LEP

= JEP ⋅ H ⋅ JEP
E

–1

E T

(61)

which has the same structural form as any inverse operational space inertia matrix, but uses
the relative Jacobian in place of the traditional Jacobian. For Type B, this term would, in
fact, be calculated at the modular level in Step 2, as noted below Table 3.
Table 4 summarizes the terms which must be computed to complete the dynamics of the
combined system. These computations represent the first part of Step 3 of the enhanced
constrained motion algorithm.

TABLE 4. Step 3a: Dynamics of the Combined System
Terms
I

I

ζEEP and SEP

Notes
Equation 56 and Equation 20

E ··op en
xEP

Equation 59

E –1
LEP

Equation 60 for Type A, Equation 61 for Type B (see Table 3)

Equation 58 is the operational space dynamic equation for the combined system. Com16. Set ΛPP to zero for the special examples of Type A contact with a fixed boundary or comparatively
massive structure.
I

–1
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paring Equations 39 and 58, we see that these two expressions are very similar. Their functions, however, are quite different. In Equation 39, the inverse operational space inertia
matrix, ΛEE , is used to relate the spatial contact force to the absolute spatial acceleration
I

–1

of body E. Only the dynamics of the robot (Structure E) are involved in this term. AlternaE –1

tively, in Equation 58, the matrix, LEP , includes the dynamics of the structures on both
sides of the contact (for Type A) and relates the spatial contact force to the relative spatial
acceleration of bodies E and P. With Equation 58 describing the dynamics of the combined
system, we are now ready to introduce the new, standard form of the contact model and
complete the constrained motion algorithm.

4.4 Calculation of the Contact Forces and Joint Accelerations
Having produced the operational space dynamic equation for the combined system for
both Type A and Type B contacts, we can now apply the same solution procedure used in
Section 3.1 for Equations 11, 12, and 13 to the enhanced expressions given by
E
EP
Equations 58, 23, and 26, respectively. We begin by replacing the terms x··EP and FEP in

Equation 58 by their contact model representations in Equations 23 and 26. The result is:
E ope n
E –1
u
u
c
c
u
u
c
c
·u u ·c c
φ ⋅ x·· + φ ⋅ x·· + φ ⋅ x· + φ ⋅ x· = x··EP + LEP ⋅ ( ψ ⋅ F + ψ ⋅ F )
c T

(62)

From the properties of the dual bases given in Equation 25, we find that ( ψ ) ⋅ φ = 0
c T

u

and ( ψ ) ⋅ φ = 1 . Using these properties, the unknown acceleration components in the
c

u
unconstrained directions of the contact, x·· , can be eliminated by pre-multiplying
c T

Equation 62 by ( ψ ) . This leaves F , the components of the contact force vector in the
c

constrained directions, as the only remaining unknown term. The result is a linear system
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of equations which can be assembled in the following form:
B ⋅F = y
c

c

c

(63)

where the n c × n c matrix, B , and the n c × 1 vector, y , are defined as follows:
c

c

c T

E –1

B = ( ψ ) ⋅ LEP ⋅ ψ
c

c

c
c
c T
u
u
· u u · c c E ope n E –1
y = x·· + ( ψ ) ⋅ ( φ ⋅ x· + φ ⋅ x· – x··EP – LEP ⋅ ψ ⋅ F )

(64)

(65)

c

This system of equations is solved for F using any appropriate linear system solver.
With the constrained contact force components known, the complete force vector, F , is assembled using Equation 26, and the solution for the joint space coordinate accelerations, q·· ,
is found using Equations 35, 41, and 46, as appropriate (see Table 6). Numerical integration of q·· gives the next state joint positions and velocities, and the dynamic simulation proceeds to the next time step. Tables 5 and 6 summarize the computations for Steps 3b and 4,
which complete the enhanced constrained motion algorithm.
c

c

Several terms used in the calculation of B and y require further comment. The variE
E
E
ables rEP , r·EP , and ωEP are obtained from appropriate kinematic relationships between

operational points E and P. For serial connections, it is sometimes possible to avoid the occurrence of constraint violations through the proper calculation of these terms. The generu
alized velocity variables of the contact model, x· , are generally found from the kinematic

constraint given by Equation 22. Further details regarding these terms may be found in
Chapter 6. Other issues regarding singularities and constraint violation suppression are also
addressed in Chapter 6.
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TABLE 5. Step 3b: Solution of Contact Forces
Terms
c

B ,y
F

Notes

c

Equations 64 and 65, respectively

c

EP

Equation 63 using suitable linear system solver
Equation 26

FEP

IE

IP

Equations 44 and 45 (Type A only)

FEP , FPE

TABLE 6. Step 4: Joint Accelerations and Integration to the Next State
Terms

Structure

q··

q , q·

Notes

E (robot)

Equation 35 (Type A)
Equation 46 (Type B)

P (Type A only)

Equation 41

E and P

Integration to next state

Note: These computations can be performed in parallel for each structure

4.5 Computational Complexity
The computational complexity of Lilly’s original constrained motion algorithm is
O(N), as described in [39]. The algorithm developed here is also of O(N). This is clearly
the case for systems composed only of Type A contacts, since the O(N) methods of [39]
can be used to calculate all forms of the cross space and inverse operational space inertia
matrices ( ΨIE , ΛEE , ΨIP , and ΛPP , as appropriate).
I

I

–1

I

I

–1

E

E T

E –1

E

E T

Type B contacts lead to terms such as ΨEP = H ⋅ JEP and LEP = JEP ⋅ H ⋅ JEP ,
–1

–1

which, if computed by these direct multiplication formulas, would result in O(N3) compu–1

tational complexity (due to the explicit use of H ). However, by inserting the expression
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I

for the relative Jacobian matrix given by Equation 48, and recalling the definitions of ΨIE ,
I

–1

I

I

–1

ΛEE , ΨIP , and ΛPP , we can arrive at the following O(N) expressions:
E

I

I

I T

I

ΨEP = ( ΨIP – ΨIE ⋅ SEP ) ⋅ ℜE

(66)

and
E –1
LEP

E

I

= ℜI IΛ–1 – IΛ–1 ⋅ IST – IS ⋅ Λ – 1 + IS ⋅ Λ – 1 ⋅ IST ℜE
PP
PE
EP
EP
EP
EP
EP
EE

(67)

With these expressions, the entire algorithm developed in this chapter can be performed
with O(N) computational complexity. However, Equations 66 and 67 may be less efficient
than their direct-multiplication counterparts when N is sufficiently small17.
In light of these observations, if the direct multiplication methods are going to be used,
ope n I ·· ope n
it is beneficial to choose an open chain algorithm that will produce not only q··
, xIE ,
I ope n
I
I
–1
and x··IP , but also H and the Jacobian matrices, JIE and JIP . Although no single open

chain algorithm is known to supply all of these terms explicitly, the efficient methods of
Wang and Ravani [70] can easily be extended for this purpose. Existing O(N) methods for
calculating the Jacobian may also be found in [11] and [54].

4.6 Summary
In this chapter, the constrained motion algorithm of [39][40] has been enhanced to allow a more comprehensive range of contact conditions. Contact vector spaces may now be
time-varying (e.g. a universal joint) and/or non-orthogonal (e.g. the screw connection).

17. The exact value of N would depend on the methods chosen to compute J, H, H-1,

ope n
q··
, etc.
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Correct incorporation of the contact model has been established by choosing standard
forms of the contact force and relative acceleration vectors, removing ambiguities found in
the original version of the algorithm, while preserving its inherent efficiency. In addition,
the algorithm has now been expanded to the treatment of two robots cooperating in series.
Additional work in expanding this algorithm from its treatment of one or two robots
composed of rigid bodies to the treatment of multiple robots with flexible members is the
subject of Chapters 5 and 7.

Chapter 5 THE MRDS FOR MULTIPLE STRUCTURES AND MULTIPLE
CONTACTS
Complex systems such as the hazardous waste remediation system shown in Figure 5
or the robotic space station construction system described in [45] are complicated by many
factors. The primary complexity is simply the number and intricacy of the structures involved. Additional considerations are the environment of the operation and the tendency of
such systems to include multiple and varied interactions among the system members.
In this chapter, we will extend the constrained motion algorithm from Chapter 4 to systems that contain numerous structures subject to multiple concurrent contacts. Our goal is
to devise an algorithm that can be applied to the most varied types of mechanical systems
possible. We wish to include the widest possible set of topologies, including series connections, parallel connections, and mixed systems of series and parallel interactions, like those
presented in Chapter 1. As in Chapter 4, we also wish to include the widest range of contact
conditions possible, including time-varying and non-holonomic constraints.
The Modular Robot Dynamic Simulation (MRDS) algorithm developed in this chapter
comes from the continued extension of the constrained motion algorithm of Lilly [39][40].
It contains the same general sequence of steps as given by the first extension in Chapter 4.
In this case, however, applicable systems can contain more than just two robots and more
than just a single external contact. In addition, the major steps of the algorithm are split into
two distinct levels: a modular level and a global level. This structure is shown in Figure 15,
together with the algorithm’s four steps and the general flow of information between levels.
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Global Dynamics
Step 3: Global Dynamics and Solution of Contact Forces

I

Fk
Module 1

I

rIO i , RO i

open
xIO i , x··

I·

Λ ij

–1

Module …

Module …

Module M

Module k
Modular Dynamics
Step 2: Dynamics of Individual
Modules
Step 4: Joint Accelerations and
Integration to the Next
State

User Specifications
Step 1: Modular Decomposition and Contact Model Specification
FIGURE 15. Detailed Structure of the MRDS Algorithm

At the modular level, the dynamics of each module are computed as if that particular
structure were isolated and free of all external contacts. This allows the modular calculations to be performed on parallel processors, resulting in substantial increases in computational efficiency and real-time capability.
At the global level of the simulation, calculations from each module of the modular level are combined to form a linear system of equations in the unknown components of each
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contact force vector. It will be shown that the appropriate combination of the modular computations is based solely on the topology of the system (i.e. the connectivity between modules).
Contacts are once again represented using the modelling technique of Roberson and
Schwertassek [58], which describes the relative motion and dynamic interaction of the contacting bodies. The contact models allow the projection of the operational space dynamic
equations into the constraint space, thereby eliminating the unknown accelerations in the
unconstrained directions. This leaves the components of the contact forces in the constrained directions as the only unknown terms. They can be found using a suitable linear
system solver.
In the sections that follow, the equations used in this new algorithm are developed based
on the work from Chapter 4 and will again allow for both Type A and Type B contacts. The
modular nature of the algorithm will be demonstrated, and the computational considerations for applying the algorithm will also be discussed. The result will be a constrained
motion algorithm capable of simulating the dynamics of the far more sophisticated, timevarying systems being developed today for use in such complex applications as hazardous
waste remediation and space-based assembly.
Throughout the derivation of the equations, the example system shown below in
Figure 16 will be used to demonstrate the modularity of the algorithm. This example will
also help to clarify the methods used to identify the connectivity relationships between the
modules and to show which terms must be calculated as a result of the connectivity.
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FIGURE 16. Example of a Complex Multi-Robot System [45]

The system in Figure 16 will be represented using three modules and four contacts. One
module will represent the combination of the space station (SS) and the SSRMS. Another
will represent a payload being transferred from the space shuttle to the space station. The
final module will represent the combination of the space shuttle (orbiter), the SRMS, and
the payload it is pushing along the shuttle’s cargo bay. In actual implementation of the algorithm, this last module would perhaps be better represented by three modules. However,
a single module will be used in order to demonstrate the handling of a Type B contact in
the MRDS algorithm. The combination of these three structures into one dynamic module
is consistent with the dynamic modelling and simulation coding developed in [6].
To begin the derivation of the algorithm, we will need to increase the complexity of the
notation scheme described in Chapter 3 so that multiple contacts and multiple modules can
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be properly distinguished. In addition, new forms of the operational space inertia matrix
that arise in multi-contact operational space dynamic equations will be presented and discussed.

5.1 Modular Representation, Numbering, and Notation
Extending the constrained motion algorithm of Chapter 4 to the treatment of complex
systems composed of multiple structures and multiple interactions makes necessary the introduction of additional notation. Also required is a numbering scheme that will allow us
to keep track of all objects and all contact points in the system. These issues will be addressed throughout this section.
When applying this algorithm to a complex system, it is first necessary to create a modular representation of the system. An example of this is given in Figures 16 and 17. Using
this method, all suitable structures (e.g. robots) are represented by a square block. Each
block is considered a module. The connection between a module and itself, another module,
or an environmental boundary is represented using a circle and indicates the use of a contact
model in the simulation.
To keep track of all of these components, contact models in the system (each circle) are
numbered from 1 to C, and the index “i” (or “j”, when necessary) is used to refer to the “ith”
(or “jth”) contact. Similarly, all modules (each square) are numbered from 1 to M, and the
index “k” is used to denote the “kth” module of the system. Table 7 summarizes these conventions.
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P4

3 P1

2

1

4
E 1 E 2 P2

E4

2

1
E3

Legend:

3

P3

Modules
1 - Space shuttle, SRMS, and payload
2 - Space station and SSRMS
3 - Payload to be transferred
- Module k

k

Contact Models

i

- Contact Model i

1 - contact between cargo bay and payload
2 - contact between SRMS payload and
cargo bay
3 - docking contact
4 - contact between SSRMS tip and
payload

FIGURE 17. Modular Decomposition for the System Shown in Figure 16

TABLE 7. Numbering the System Modules and Contacts
Symbol

Description

C

the total number of contact models used in the system

M

the total number of modules used in the system

i, j

contact model indices in the range from 1 to C

k

module number index in the range from 1 to M

Each contact model requires the specification of two reference frames, one on each side
of the contact. These frames, as well as the rigid bodies to which they are attached, are again
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labeled using the letters E and P, as described in Chapter 3 (see Figure 13). Since there are
now multiple contacts, however, these labels are subscripted with the number of the corresponding contact model. In this manner, the “ith” contact model connects rigid bodies Ei
and Pi , each of which has a fixed reference frame, denoted as E i and P i , respectively. The
absolute reference frame for the system is again denoted by I, since it is considered to be
inertially fixed.
The points at the origins of frames E i and P i are again referred to as operational points.
Each of these points is used as the reference point for an operational space dynamic equation [30]. In order to present the equations of this paper as compactly as possible, the symbol O i is used in equations that apply equally to all operational points, regardless of
distinction between E i and P i . One final note regarding operational points is the use of the
function m ( O i ) , which returns the number of the module that contains body (and reference
frame) O i . These notational conventions are summarized in Table 8.
From our example system, contact model i = 4 connects point E4 on the SSRMS and
space station module to point P4 on the payload. In another example of this notation, the
function m(E4) has a value of 2 since operational point E4 belongs to a body in module 2.

TABLE 8. Labeling the Operational Points
Symbol

Description

Ei
Pi
Oi
m ( Oi )

rigid body and coordinate frame label in the range from

E 1 to E C
rigid body and coordinate frame label in the range from P 1 to P C
generic label for an operational point (can represent E i or P i )
function which returns the number of the module containing frame and body

Oi
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5.2 New Forms of the Operational Space Inertia Matrix
The operational space dynamic formulation, and consequently, the operational space inertia matrix, both play a prominent role in the algorithm of Lilly [39][40] and in the method
of Chapter 4. The same is true in the modular algorithm presented here. Due to the presence
of multiple contacts, however, the basic operational space inertia matrix is not, by itself,
sufficient within the operational space dynamic equations for complex systems.
From its original development by Khatib [30], the operational space inertia matrix relates spatial forces at an operational point to spatial accelerations of the same point. This
function is represented pictorially in Figure 18 (Figure 12 repeated here for convenience).
For systems with multiple contacts, the operational space dynamic formulation must be
able to relate the spatial forces acting at one operational point to the spatial accelerations of
another point, as depicted in Figure 19.
In Chapter 4 (see Equation 60), the solution for the contact force vector acting between
I

–1

two separate structures involved two inverse operational space inertia matrices: ΛEE and
I

–1

ΛPP . Each of these matrices is an example of the original operational space inertia matrix

(albeit inverted). Both of these matrices can be expressed using a common form:
Λ
I

–1

= J⋅H ⋅J
–1

T

(68)

–1

where for ΛEE , the joint space inertia matrix, H, is for Structure E and the Jacobian matrix
pertains to the kinematics of operational point E.
This same general form can again be used to describe a new type of operational space
inertia matrix. In this case, however, two different Jacobians are involved in the mathemat-
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ical expression: one for the first operational point and one for the second. For any pair of
operational points, O i and O j , belonging to a common module, this new form can be given
as:
I

I T

Λ Oi O j = JIOi ⋅ H ⋅ JIOj
–1

–1

(69)

F

x··

Λ
FIGURE 18. Visualization of the Operational Space Inertia Matrix

Operational
point “i”

Fj

Fi

x·· j
x·· i

Λ

ij

Operational
point “j”

FIGURE 19. Visualization of the Multi-point Operational Space Inertia Matrix
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This expression is similar in form to Equation 68. In fact, when i and j are equal, this
formula is equivalent to that of the original operational space inertia matrix, and can therefore be used to represent Λ E i Ei and Λ P i P i . When i and j are not equal, we have the new form,
–1

–1

which we will call the multi-point operational space inertia matrix. In this instance,
Equation 69 can be used to produce Λ E i P j and Λ P i E j .
–1

–1

The multi-point operational space inertia matrix was first developed by this author in
1995 and was presented in a proposal for this work in 1996. At the same time, Khatib, the
creator of the original operational space framework, extended his work, independently arriving at the same result [60]. As with his earlier works, Khatib’s operational space dynamics and these new inertia matrices were applied to the problem of robot control. In [11], he
went on to develop an O(N) algorithm for Λ Oi Oj ( i ≠ j ) for tree-structured (branching) ma–1

nipulators. The use of Λ Oi O j here is the first known application to dynamic simulation.
–1

Although Equation 69 gives the proper form of the inverse operational space inertia matrix, it does not sufficiently distinguish one structure from another, nor does it assure existence of the matrix (notationally). A more complete formulation, which specifies the precise
joint space inertia matrix involved and is valid for all operational points in the system, is
given by the following:

–1
Λ Oi Oj

ì I
ï J ⋅ H –m1( O ) ⋅ IJTIO
i
j
= í IOi
ï
0
î

if m ( O i ) = m ( O j )
if m ( O i ) ≠ m ( O j )

(70)

Equation 70 specifies that the joint space inertia matrix indicated is the one for the structure (module) that contains both operational points O i and O j . Also, it shows that if O i and
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O j are not contained within the same structure, then the inverse operational space inertia
matrix relating the forces and accelerations associated with these two points, O i and O j , is
a zero matrix.
Yet another wrinkle in these inertia matrices is the possible occurrence of a Type B contact. As shown in Chapter 4, it is possible with Type B contacts to consolidate terms, leading to a potential increase in computational efficiency. This was achieved using the
“relative Jacobian matrix” (see Equation 48 in Section 4.2.2). The updated form of the relative Jacobian in the notation for a multi-contact system is as follows:
Ei

Ei

JE i P i =

I

I

I

ℜI ⋅ ( JIP i – SEi P i ⋅ JIE i )

(71)

Allowing for this possibility, three additional forms of the inverse operational space inertia matrix can be added to the one from Equation 70. All four cases are summarized in
Table 9. Note that the subscript R on Λ

–1

denotes the use of a relative Jacobian. Further

discussion of the terms in Table 9 is given in Section 5.5.2.

TABLE 9. New Forms of the Operational Space Inertia Matrix
Contact

if Contact Models i and j

i is Type

j is Type

are both connected to module k

A

A

Λ Oi O j = JIOi ⋅ H k ⋅ JIOj

A

B

Λ Oi Rj = JIOi ⋅ H k ⋅ JE j P j

B

A

Λ Ri Oj =

B

B

I

–1

–1

–1

ΛRiRj =
–1

I

–1

Ei

Ei

–1

I T

ΛOiOj = 0

Ej T

ΛOiRj = 0
–1

ΛRiOj = 0

Ej T

ΛRiRj = 0

JEi P i ⋅ H k ⋅ JE j P j
–1

–1

I T

JE i P i ⋅ H k ⋅ JIOj
–1

are not both
connected to module k

–1

–1
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Returning again to our example system, Table 10 shows all forms of the operational
space inertia matrix that would be computed for each module in the system. Note that relative forms can be used for all terms corresponding to contact model 2 attached at both ends
to module 1.
The inverse operational space inertia matrices given by Table 9 are computed at the
modular level and passed to the global level as shown in the flowchart of Figure 15 (represented generically by Λ ij ). These matrices are, in fact, the basic building blocks used to
–1

construct the linear system of equations in the unknown contact forces. The exact construction of that system of equations, and hence the proper use of these matrices, is based solely
on the structural topology of the system. System topology and the variables influenced by
it are discussed in the next section.

TABLE 10. Operational Space Inertia Matrices for the Example System
Module

Required Operational Space Inertia Matricesa

1

Λ E 1 E1 , Λ E 1 R 2 , Λ E1 P 3 , Λ R 2 R 2 , Λ R 2 P3 , Λ P 3 P 3

2

Λ E3 E 3 , Λ E 3 E4 , Λ E 4 E 4

3

Λ P 1 P 1 , Λ P 1 P4 , Λ P 4 P 4

–1

–1

–1

–1

–1

–1

–1

–1

–1

–1

–1

–1

a. Additional required matrices are denoted by switching the subscript
order in the matrices listed above. If the joint space inertia matrix is symmetric, these additional matrices are simply the transpose of those listed.
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5.3 System Connectivity: Functions and New Variable Structures
In Chapter 4, the constrained motion algorithm involved the projection of the operational space dynamics of the system into the constraint space, which resulted in a linear system
of equations in the unknown contact forces. The same procedure is again used here. Now,
however, there will be multiple operational space dynamic equations with one corresponding to each contact model in the system.
5.3.1 Global Variables
In order to combine dynamics of the entire system and produce a single system of linear
equations, the algorithm makes use of a number of global level variables. These variables
will be vectors and matrices composed of “block” elements. Each block element of a global
vector will be associated with one of the contact models in the system, while each block
element in a global matrix will correspond to a pair of the system’s contact models. In this
section, these global variables are presented in terms of their block structure and dimensions. To simplify the overall dimensions, we define the following total:
C

nC =

ån

ci

(72)

i=1

where n ci is the number of unknown scalar contact forces that must be determined for the
“ith” contact model. The number n C gives the total number of constrained (velocity) directions of the global system, and it is therefore the dimension of the linear system of equations
formed and solved at the global level of the algorithm.
The global variables used in the algorithm are shown in Table 11. An example of each
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variety of “block structure” is given in Figure 20. Note that global variables appear in bold.
Each of the variables shown in Table 11 will be defined specifically when it appears in the
derivation of the algorithm equations in Section 5.4.

TABLE 11. Global Variables
Global Variables

Dimension

Dimension of
Block Elements

6C × 1

6×1

nC × 1

n ci × 1

( 6C – n C ) × 1

( 6 – n ci ) × 1

6C × n C

6 × n ci

6C × ( 6C – n C )

6 × ( 6 – n ci )

6C × 6C

6×6

n C × nC

n ci × n ci

Structure

EP

E
E op en
FEP , x··EP , x··EP , y
c

c

F , x·· , y
F

c

Block Vector

u

ψ

c

ψ

u

Block Diagonal
Matrix

B
B

Block Matrix

c

Block Vector
E 1 P1

Block Diagonal Matrix

FE 1 P 1

FEP =

EjPj

…
EC PC

ψ =
c

FE j P j

ψ 1 0 ... ... 0

B 11 B 12 ... ... B 1C

0

B 21

c

…
EP

c
ψi

B =

B ij

0
0 ... ... 0 ψ C
c

FE C P C

Block Matrix

B C1 ... ...

B CC

FIGURE 20. Examples of “Block Structure” for Global Variables

5.3.2 Cross Level Variables (Modular and Global)
The variables shown below in Table 12 are the cross level variables that are used to map
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information between the global and modular levels. Each of these variables is associated
with a specific module (Module k), while the block elements of each variable correspond
to each and every contact model in the global system. The exact definition of each block
element is dependent upon the connectivity of the module, as will be shown in Section 5.4.1
and Table 15. As with the global variables, these cross level variables also appear in bold.

TABLE 12. Cross Level Variables (Modular and Global)
Mixed Variables

Structure

Dimension

Dimension of
Block Elements

Fk

Block Vector

6C × 1

6×1

6C × N k

6 × Nk

N k × 6C

Nk × 6

6 × 6C

6×6

Jk
Ψk
Λ Oi

–1

Note:

Block Matrix

N k is the number of single degree of freedom joints associated with Module k

5.3.3 Connectivity Functions
Two types of contact configurations were presented in Chapter 4. Type A contacts were
those made between the module and some external object, such as a second module or an
environmental boundary. Type B contacts were those made between two operational points
belonging to the same module, such as the case of the space shuttle robot arm contacting a
point in the cargo bay.
Given the possibility of Type A and B contacts, and the labeling of operational points
as Ei or P i , there are numerous ways in which the complex systems we wish to analyze can
be connected and labeled. However, at both the modular and global levels, these combina-
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tions can be found to fit into several categories, each of which leads to a precise form for
the block elements of the global and cross level variables presented in the previous sections.
These topological distinctions are discussed next
5.3.3.1 Modular Connectivity Function
In describing the connectivity of complex systems, four possible conditions will be recurrent in our presentation of the dynamic equations. To keep track of these possibilities,
we define a modular connectivity function, MC(k, j). The two inputs to the function are a
module number, k, and a contact model number, j. For any pair of inputs from the system,
there will be four possible outcomes, as defined in Figure 21 and Table 13.

k

k
Ej

j

Pj

MC(k, j) = E

k

j

MC(k, j) = P

Ej

k
j

j

Pj

MC(k, j) = EP

MC(k, j) = 0

FIGURE 21. Visualization of the Modular Connectivity Function
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TABLE 13. Modular Connectivity Function
MC(k, j)
Equals

when Contact Model j is
Type
joined to module k at

Mathematical Equivalent

Example
System

E

A

E j only

m ( Ej ) = k and m ( P j ) ≠ k

k=1, j=1

P

A

P j only

m ( Ej ) ≠ k and m ( P j ) = k

k=1, j=3

EP

B

E j and Pj

m ( Ej ) = k and m ( P j ) = k

k=1, j=2

m ( Ej ) ≠ k and m ( P j ) ≠ k

k=1, j=4

0

not connected to module k

Note: k = 1 to M for each module, j = 1 to C for each contact model

Table 13 shows two definitions for each outcome of the modular connectivity function:
one in a more visual sense of the system topology, the other in more mathematical terms
using the function m(Oi). The final column of Table 13 shows a module number and contact model number from the example system in Figure 17 that demonstrate the connectivity
defined by each row.
Essentially, the modular connectivity function indicates whether or not contact model j
connects to module k, and if it does, whether it connects to point Ej, Pj, or to both Ej and Pj.
The four conditions are mutually exclusive so that only one value can be returned by the
function for any input pair, k and j, in the system.
These four conditions establish mathematically the connectivity relationship between
module k and every contact model in the system. The modular connectivity function will
be useful for identifying the specific terms to be calculated at the modular level, as well as
which force transformations are necessary after the global level solution for the standard
contact force vectors. This will be shown in detail in Section 5.5.3.
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5.3.3.2 Global Connectivity Function
Where the modular connectivity function is used to define the relationship between a
module and every contact in the system, the global connectivity function, presented below
in Figure 22 and Table 14, defines the relationship between every possible pair of contact
models in the system. This function will be used to specifically determine the exact structure of the force coefficient matrix of the linear system of equations in the unknown contact
forces that is generated and solved in the global level of the algorithm.
Again there are four possible outcomes for this function based on the presence of Type
A and Type B contacts. Ultimately, it is the new forms of the operational space inertia matrices given in Table 9 of Section 5.2 that are placed in the global force coefficient matrix
according to the global connectivity function. This process stems from the derivation of the
full system dynamic equations in both joint and operational space. Section 5.4 shows the
development of these equations, which form the foundation of the MRDS algorithm.

i

j

i

GC(i, j) = AA

GC(i, j) = AB

j

i

GC(i, j) = BA

j

i

j

GC(i, j) = BB

FIGURE 22. Visualization of the Global Connectivity Function
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TABLE 14. Global Connectivity Function
GC(i, j)
Equals

if Contact “i”
is Type

and Contact
“j” is Type

AA

A

A

BA

B

A

AB

A

B

BB

B

B

Mathematical Equivalent

m ( Ei ) ≠ m ( P i ) and m ( E j ) ≠ m ( Pj )
m ( Ei ) = m ( Pi ) and m ( E j ) ≠ m ( Pj )
m ( Ei ) ≠ m ( P i ) and m ( E j ) = m ( Pj )
m ( Ei ) = m ( Pi ) and m ( E j ) = m ( P j )

Note: i = 1 to C, j = 1 to C where C is the number of contact models in the system

5.4 Development of the Algorithm Equations
In this section, the equations used in the constrained motion algorithm are developed
following the same derivation used in Chapter 4. Now, however, the equations will accommodate multiple modules (structures) subject to multiple concurrent contacts. As before,
this new algorithm uses the joint space and operational space dynamic equations of each
structure together with the contact modelling technique to project the system dynamics into
the constraint space. This allows the formation and solution of a linear system of equations
in the unknown components of all contact forces. With the contact forces determined, the
problem is effectively reduced to that of an open chain simulation. The computational steps
of the algorithm will be summarized in Section 5.5.
5.4.1 Dynamics of Each Module
The algorithm derivation requires the dynamic equations for each module in the system.
This includes both the joint space and operational space dynamic formulations. For each
module, there will be one joint space dynamic equation (of dimension N k ), as well as one
operational space dynamic equation (of dimension 6) for each operational point that the
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module contains.
5.4.1.1 Joint Space Dynamics
The development again begins with the joint space dynamic formulation. However,
with multiple structures (modules) in the system, each subject to multiple concurrent contacts, the joint space dynamic equations take on a slightly modified form. For some module
“k”, the new equations are as follows [68]:
τ k = H k ⋅ q··k + C k + G k + Jk ⋅ F k
T

(73)

Equation 73 can be solved for the joint accelerations of module k as follows:
open
q·· k = q··k – Ψ k ⋅ F k

(74)

ope n
The term, q·· k , is the generalized coordinate accelerations that would result if all external

contact forces were set to zero for the current configuration (the current timestep of the simulation). Not present in the single contact algorithm are the terms F k , J k , and Ψ k . These
cross level variables from Section 5.3.2 arise from the fact that multiple contacts, and therefore multiple contact forces, may be acting on module k.
In the single contact algorithm, only one contact model was present in the system, and
therefore, only one spatial contact force vector. In the above equations, all of the system’s
contact force vectors are included in the term Fk , including those not in direct contact with
the module. Similar to the use of spatial notation, this approach allows for a compact presentation of the dynamic equations.
The exact elements of the new terms, Fk , J k , and Ψ k , are dependent on the connectiv-
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ity of module k within the system, which is in turn expressed by the modular connectivity
function outlined in Table 13 of Section 5.3.3.1. As discussed, there are four possible connectivities for a module based on the notation and numbering choices. Table 15 shows the
exact definitions of the block elements used within Fk , J k , and Ψ k that correspond to these
choices. Once again, the system of Figure 17 is used as an example for each relationship.

TABLE 15. Terms for Modular Dynamics Dependent on Modular Connectivity
MC(k, j)

jth block element of

Contact Model j is

Jk

Equals

Type

joined to k by

E

A

Ej

I

P

A

Pj

I

EP

B

E j and Pj

0

IEj
IPj

JIP j

FE j P j

FP j E j

EjPj

JE j P j

not connected to k

Ψk

System

I

ΨIE j

k=1, j=1

I

ΨIP j

k=1, j=3

Ej

ΨE j P j

k=1, j=2

0

k=1, j=4

Fk

JIEj

Ej

Example

0

FE j P j
0

As shown in Table 15, the possible elements of the modular Jacobian, J k , include the
I

Ej

I

traditional Jacobian matrices, JIEj and JIP j , as well as the relative Jacobian matrix, JE j P j .
Elements of the modular force vector, Fk , include

IE j

FE j P j ,

IP j

FP j Ej , and

Ej Pj

FE j P j , each a dif-

ferent form of the spatial contact force vector discussed in Section 3.2.3. Lastly, the eleI

Ej

I

ments of the term, Ψ k , can include ΨIE j , ΨIP j , and ΨEj P j .
I

I

The matrices ΨIE j and ΨIP j can each be defined using the following generic expression:
I

ΨIO j = H m ( Oj ) ⋅ JIOj
–1

I T

(75)
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Ej

while ΨE j P j , which makes use of the relative Jacobian matrix, is given by:
Ej

I

E T

ΨEj P j = H m ( Ej ) ⋅ jJE j P j
–1

(76)

Ej

I

The terms, ΨIE j , ΨIP j , and ΨEj P j , are all examples of the cross space inertia matrix described in Section 4.2. Exact calculation of these terms and the associated computational
complexities are discussed in Section 5.5.2.
5.4.1.2 Operational Space Dynamics
The next task is to develop the operational space dynamic equations for all of the operational points contained by the module. This can be accomplished by inserting the joint
space dynamics of the module into a kinematic expression for the absolute acceleration of
the operational point. The necessary kinematic expression for some operational point, O i ,
can be obtained as follows:
xIOi = JIO i ⋅ q· m ( Oi )

(77)

I
I
xIOi = JIO i ⋅ q·· m ( Oi ) + J·IOi ⋅ q· m ( Oi )

(78)

I·

I

I ··

Introducing the joint space dynamics given by Equation 74 into this last expression,
where we choose the joint space equation of the module that contains point O i (module
k = m ( O i ) ), the desired operational space dynamic equation is expressed as follows:
I ··

I op en
–1
xIOi = x··IOi – Λ Oi ⋅ Fm ( Oi )

(79)

This equation applies for all operational points in the system (i = 1 to C). The open chain
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I ope n
term, x··IOi , is the spatial acceleration of frame O i that would result if all external contact

forces were removed from the module. Also note that the term, Fm ( Oi ) , is the same as F k .
For consistency, it has merely been identified in terms of the operational point and not the
module number.
Like the other cross level variables, Fk , J k , and Ψ k of Table 15, the block elements of
Λ O i can also be defined according to the modular connectivity function. However, in order
–1

for Equation 79 to apply to any operational point on any module, we express the module
number “k” that is input to the modular connectivity function in terms of the operational
point using function m ( O i ) . Consequently, the “jth” block element of Λ O i can be deter–1

mined as shown in Table 16.

TABLE 16. Operational Space Inertia Matrices Dependent on Modular Connectivity
MC( m(Oi) , j)

Contact Model j is

jth block element of

Example

Equals

Type

joined to m(Oi) by

Λ Oi

System

E

A

Ej

Λ Oi E j
–1

Oi = P3, j=1

P

A

Pj

Λ Oi P j
–1

Oi = P3, j=3

EP

B

E j and P j

Λ Oi Rj
–1

Oi = P3, j=2

0

Oi = P3, j=4

–1

not connected to module m(O i)

0

The possible block elements of Λ Oi include Λ O i E j , Λ O i P j , and Λ O i R j . The first two ma–1

–1

–1

–1

trices, Λ Oi E j and Λ Oi P j , are each defined by the generic expression of Equation 70, while
–1

–1

Λ O i R j , which makes use of the relative Jacobian matrix, is given in Table 9. All of these
–1

three terms are examples of the new forms of the inverse operational space inertia matrix
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described in Section 5.2.
Functionally, each block element of Λ Oi (one per contact model) is the inertia matrix
–1

that relates the spatial force associated with one contact model to the absolute acceleration
of frame Oi. When a contact model does not have a direct connection to the module containing frame Oi, the associated inertia (block element of Λ Oi ) is zero, as shown in Table 16
–1

for the fourth possible value of the modular connectivity function. The computation of
these inertia matrices is discussed in Section 5.5.
5.4.2 Dynamics of the Global System
Equation 79 represents the operational space dynamic equation for any operational
point in the system. It provides an expression that relates the contact forces from the entire
system to the absolute acceleration of one operational point belonging to one module. As
demonstrated in Chapter 4, however, the proper use of a contact model requires an operational space dynamic equation which includes the dynamics of the structures on both sides
of the contact and that gives the expression for the relative acceleration across the contact,
not an absolute acceleration.
The proper dynamic equation can be generated starting with the kinematic expression
for the relative acceleration across the contact. This was derived in Chapter 4 and is repeated here for some contact model “i” (i = 1 to C) using the updated notation as:
Ei

where

x··Ei Pi =

Ei

I
I
I
I
ℜI ⋅ ( x··IP i – SE i P i ⋅ x··IE i – ζE i Ei Pi )

(80)
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I
I

ζE i E i P i =

Ei
E
I
I
I
I
ωIEi × [ ωIE i × RE i ⋅ irE i P i ] + 2 ⋅ ωIE i × RE i ⋅ r·Ei P i
I

I

(81)

Ei

ωIEi × REi ⋅ ωEi P i

is again used simply to keep the equation above and those that follow as compact as possiEi
E
E
I
ble. Described in further detail in Chapter 6, the terms irE i P i , r·E i P i , and iωEi P i in ζEi Ei P i

are found from the kinematic relationships between operational points Ei and Pi and can be
specially computed to avoid constraint violations in serial connections.
To produce the operational space dynamic equation that allows proper use of the contact
I
I
model, the terms x··IE i and x··IP i in Equation 80 are each replaced using Equation 79: once

for operational point O i = Ei and again for point O i = P i . Stacking all “C” of the resulting equations into one global system of equations, we can produce the following compact
form:
E op en
EP
xEP = x··EP + B ⋅ FEP

E ··

(82)

E op en
Each block element of x··EP gives the open chain relative acceleration across contact

model i (i = 1 to C). This term is the same as that derived in Chapter 4, and it is repeated
here with updated notation:
Ei o pen
x··E i P i

=

Ei

I op en I
I ope n I
ℜI ⋅ ( x··IPi – SE i P i ⋅ x··IEi – ζEi E i P i )

(83)

The construction of the block elements of B is given in Table 17. A more in depth examination of this matrix is deferred until the completion of the algorithmic development.
Finally, it should be noted that all block elements of the global contact force vector,
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EP

FEP , are already in the “standard form”, ready for use with the contact model.

TABLE 17. Structure of B
if
GC(i, j)
Equals
AA

then
Ei

B ij , the i, j Block Element of B , is Equal to

ℜI [ Λ – 1 ] – [ Λ – 1 ⋅ IST ] – [ IS ⋅ Λ –1 ] + [ IS ⋅ Λ – 1 ⋅ IST ] ℜE j
EjPj
EiPi
Ei P i
E j Pj
PiPj
Pi E j
Ei Pj
E i Ej
I

I

I T
–1
–1
[ Λ R i P j ] – [ Λ R i E j ⋅ SE j P j ] ℜE j

BA

Ei

AB

ℜ I [ Λ – 1 ] – [ IS ⋅ Λ – 1 ]
P i Rj
EiPi
Ei Rj
ΛRiRj
–1

BB

5.4.3 Constraint Space Dynamics and Determination of the Contact Forces
Equation 82 represents the operational space dynamics of the entire system of modules
and contacts. Additionally, it is in the form that allows proper application of the contact
models, as described by the “standard form” developed in Chapter 4.1. The equations for
the standard form of the contact model, expressed in the notation of a multi-contact system,
are as follows:
Ei

Ei

u
u
c
c
x·Ei P i = φ i ⋅ x· i + φ i ⋅ x· i

(84)

u
u
c
c
·u u ·c c
x··Ei P i = φ i ⋅ x··i + φ i ⋅ x·· i + φ i ⋅ x· i + φi ⋅ x· i

(85)

EiPi

FE i P i = ψ i ⋅ F i + ψ i ⋅ F i
u

u

c

c

(86)
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Introduction of the contact models is accomplished by replacing each block element,
Ei

E
x··Ei P i , of x··EP with the contact model expression given by Equation 85. Similarly, we re-

place each block element,

Ei P i

FEi Pi , of

EP

FEP with the expression given by Equation 86.

The resulting system of equations can then be projected from the operational space into
the constraint space by taking advantage of the properties of the contact model vector spaces given by Equation 25 of Chapter 3. This is achieved by pre-multiplying each block “i”
c T

of the global system of equations by the matrix, ( ψ i ) , or equivalently by pre-multiplying
c T

the entire global system of equations by the block diagonal matrix ( ψ ) (see Table 11 and
Figure 20). This process eliminates each of the unknown relative accelerations given in
u
Equation 85 by the term x·· i .

This process results in a linear system of equations for the global system where the only
unknown terms are the components of the contact forces in the constrained directions, colc

lectively denoted by the global block vector F . This system of equations has precisely the
same form as that derived in Chapter 4, only it is of larger dimension due to the larger number of contact models. This expression is as follows:
B ⋅F = y
c

c

c

(87)

c

The global coefficient matrix, B is given by:
c T

B = (ψ ) ⋅ B ⋅ ψ
c

c

(88)

where the construction of the block elements of B was given in Table 17. The remaining
c

term, y , from Equation 87 may be expressed as follows:
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c
c
c T
u
u
y = x·· + ( ψ ) ⋅ [ y – B ⋅ ψ ⋅ F ]

(89)

where the “ith” block element of y is defined as:
· u u · c c Ei o pen
y i = φ i ⋅ x· i + φ i ⋅ x· i – x··E i P i

(90)

Examining more closely the conditions given in Table 17 for the construction of the matrix, B , we find that the terms required may be placed solely on the basis of the global connectivity function described in Section 5.3.3.2. Therefore, simply by examining the
topology of the system, all of the required terms, such as the inverse operational space inertia matrices, as well as the spatial rigid body rotation and translation matrices, can be specifically identified and their placement in the system of equations pin-pointed.
It should also be noted that many terms in the construction of B may be zero, since many
of the specified operational space inertia matrices will involve pairs of operational points
that do not belong to the same module. In fact, when a pair of contact models, i and j, have
no associated operational points belonging to the same module, the entire term, Bij, will be
a zero matrix.
Equations 87 through 90 complete the development of the equations required by the
MRDS algorithm for simulation of a complex system of multiple modules and multiple
contacts. The sequence of the computational steps used to apply the algorithm and issues
of computational complexity are discussed in the next section.

5.5 Steps of the Modular Algorithm
The computational process for this algorithm follows the same pattern as that used for
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single contact systems. This process is summarized in Figure 15, which shows both the global and modular levels of the algorithm, as well as the flow of data between these two levels. A more specific discussion of the computational process follows.
5.5.1 Step 1: Modular Decomposition and Contact Model Specification
The first step in applying this algorithm is for the analyst to supply information for initialization. This requires the analyst to decompose the system into modules (numbered
from 1 to M) and contacts (numbered from 1 to C) in a fashion similar to that shown in
Figure 17. After the specification and numbering of the modules and contact models, the
next step is to label the operational points in the system. For each contact model, a choice
must be made as to which side will be considered the “E” side and which side will be the
“P” side. For the purposes of notation, the body on the “E” side of contact “i”, as well as
the coordinate frame rigidly attached to that body, will be denoted as Ei . Similarly, the label Pi is used for the body and frame on the “P” side of contact “i”. Note that if the contact
mode vectors will be constant in one of these frames, then that side should be given the “E”
label. This will avoid the need to supply expressions for the temporal derivative of the contact mode vectors.
The procedures above address the notational issues used in identifying the topology of
the system. The next task required is to specify the exact structure of the contact models in
the system. The details of this process were discussed at length in Chapter 4. In this case,
the specifications addressed by Table 1 of Section 4.1 must be repeated for all “C” of the
contact models in the system.
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5.5.2 Step 2: Dynamics of the Individual Modules
The second step of the algorithm belongs to the modular level and is therefore required
for each module in the system. This feature makes the use of parallel computation ideal for
increased efficiency and real-time capability. In this step, the open chain dynamics of the
ope n
module are computed. The open chain generalized coordinate accelerations, q·· k , may be

found using any convenient method, such as the methods in [8], [68], or [70]. The remaining computations at the modular level then depend on the various connectivity cases.
ope n
The open chain spatial acceleration, x··
, shown in Figure 15, is a generic term used

to account for both Type A and Type B contacts. For each operational point, O i , in the
I ope n
module associated with a Type A contact, the open chain inertial acceleration, x··IOi , must

be computed, again using any convenient method (e.g. [8]). For Type B contacts, it is the
Ei o pen
relative acceleration vector, x··E i P i , that is needed. This may be found by an efficient open

chain means18 or following the formula of Equation 83, which would in turn require comI ope n
I ope n
putation of the absolute accelerations of both contact points ( x··IEi and x··IPi ).

The next requirement at the modular level is the computation of the force coefficient
matrices. Similar to the possibilities for the spatial accelerations just discussed, we require
Ej

I

the matrix, ΨIO i , for each operational point associated with a Type A contact, while ΨEj P j
is needed for each Type B contacts with the module. Cross space inertia matrices in the
I

form of ΨIO i may be determined using the direct multiplication method of Equation 75 or
by implementing the efficient O( N k ) algorithms presented in [39].
E

j
For the Type B form, ΨE j P j can also be computed by direct multiplication, as given by

18. such as an adapted version of the method in [8]
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Equation 76. An O( Nk ) alternative can be found by inserting the definition of the relative
Jacobian, expanding terms, and using the definition of the Type A forms of the multi-point
inertia matrix. This results in the following expression:
Ej

I

I

I T

I

ΨEj Pj = ( ΨIPi – ΨIEi ⋅ SE j Pj ) ⋅ ℜEj
I

(91)

I

where the O( N k ) methods of [39] are used to find ΨIP i and ΨIE i .
In Figure 15, Λ ij is used to represent all forms of the inverse operational space inertia
–1

matrix that are computed at the modular level and passed to the global level. There are four
possible forms of the inertia matrix, corresponding to the four values of the global connectivity function given in Section 5.3.3.2.
The operational space inertia matrices of the form Λ O i Oj are required when contacts i
–1

and j both make Type A contact with the module in question. If contact i is Type A and j is
Type B, then the matrix Λ Oi Rj is needed. Conversely, if i is Type B and j is Type A, we
–1

require Λ R i O j . Finally, if both contacts i and j are Type B contacts attached to the module
–1

in question, then Λ Ri Rj should be computed. Computation of any of these forms of the in–1

verse operational space inertia matrices can be achieved by the direct multiplication methods given by the equations in Table 9.
A more efficient order ( N k ) method for the traditional inverse operational space inertia
matrices, Λ E i E i or Λ Pi P i , can be found in [39]. A similar method has been developed for the
–1

–1

multi-point forms of the matrix, Λ Ei P j and Λ P i E j , provided the individual robot (module) is
–1

–1

a branching structure. This method can be found in [11].
O( N k ) methods for the three “relative” forms can again be obtained by inserting the for-
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mula for the relative Jacobian into the equations of Table 9 and grouping terms appropriately. This results in the following alternate formulations:

Λ O i R j = [ Λ –O1P ] – [ Λ –O1E ⋅ ISTE ] ℜEj
i j
i j
jPj
I

–1

ΛRiOj =
–1

ΛRiRj =
–1

Ei

Ei

(92)

ℜ I [ Λ – 1 ] – [ IS ⋅ Λ – 1 ]
P i Oj
Ei Pi
EiOj

(93)

I

ℜI [ Λ – 1 ] – [ Λ– 1 ⋅ IST ] – [ IS ⋅ Λ – 1 ] + [ IS ⋅ Λ – 1 ⋅ IST ] ℜEj
PiPj
P i Ej
Ej P j
Ei P i
Ei P i
EjPj
EiPj
EiEj

(94)

As in Chapter 4, the entire algorithm developed in this chapter can be performed with
O(N) computational complexity. When N k is sufficiently small, however, Equations 91
through 94 may, be less efficient than the direct-multiplication methods shown in Table 9
and Equation 76. Consequently, if the direct multiplication methods will be used, it is pruope n
ope n
dent to select an open chain algorithm that computes q·· k , the various forms of x··
,
–1

I

I

H k , and the Jacobian matrices, JIE i and JIPi . The method of Wang and Ravani [70] can
be efficiently extended to achieve these goals.
Table 18 shows in detail the calculations performed for Step 2 at the modular level for
each module in the system. All terms indicated in the table can be computed using a parallel
processor for each module without regard for the contact force, the kinematic constraints,
I

I

or the dynamics of the other modules in the system. The kinematic terms, rIO i , ROi , and
I·

xIOi , are used at the global level of the algorithm for the calculation of the open chain rel-

ative spatial accelerations for each contact.
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TABLE 18. Step 2: Dynamics of Each Individual Module Computed in Parallel
Terms

Notes

ope n
q·· k

suitable open chain algorithm (e.g.
[8][68][70])

I

if i is Type A

I
I
rIO i , RO i , and x·IOi

suitable open chain algorithm (e.g.
[8][68][70]); Equation 75 or [39]

I ··ope n I
xIOi ; ΨIO i

and j is
Type A

I

ΛO i O j

and j is
Type B

I

ΛO i R j

if i is Type B

suitable Forward Kinematic calculations

–1

Table 9 or [39] or [11]

–1

Table 9 or Equation 92

E i o pen E i
x··Ei P i , ΨEi P i

and j is
Type A

I

ΛR i O j

and j is
Type B

I

ΛR i R j

Equation 83; Equation 76 or 91

–1

Table 9 or Equation 93

–1

Table 9 or Equation 94

5.5.3 Step 3: Global Dynamics and Solution of Contact Forces
Once the required terms from each module are computed, they are passed to the global
I

I

level of the algorithm. At this level, the terms SEi Pi and ζEi Ei P i are computed for each contact. These terms depend only on the current position and velocity variables from the modules on either side of a contact and can therefore be derived using modular level kinematic
computations. A further discussion of these terms is given in Chapter 6.
c

c

Using the modular level information, the global terms B and y are computed according to Equations 88, 89, 90, and the equations found in Table 17. It should be noted that the
c

–1

matrix, B , and therefore B , is symmetric, provided H k is symmetric for each module in
the system. This is almost always the case for structures composed of rigid bodies.
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c

c

With B and y computed, the linear system of equations for the global system, given
by Equation 87, can be solved for the unknown components of each contact force vector,
c

collectively denoted as F . Solution of this equation may be accomplished using any efficient method such as LU or Singular Value Decomposition. Note that for most systems, the
global coefficient matrix is likely to be sparse, or in the case of serially connected systems,
banded. In such cases, more efficient solution methods can be employed [57].
With the components of the contact forces in the constrained directions now known,
each of the 6 × 1 spatial contact force vectors,

EiPi

FEi P i , can be reconstructed according to

Equation 86. These forces are then transformed as needed to produce the term Fk for each
module (k = 1 to M), according to the modular connectivity summarized in Table 15. This
is accomplished using the following transformations (as developed in Chapter 4):
IEi

I T

I

FE i P i = SE i P i ⋅ ℜE i ⋅
IPi

I

FP i E i = – ℜE i ⋅

EiPi

Ei Pi

FE i P i

FE i P i

(95)

(96)

The terms needed for Step 3 are summarized in Table 19.
5.5.4 Step 4: Joint Accelerations and Integration to the Next State
As shown in Figure 15, the external contact forces for each module, F k , are passed back
to the modular level, at which time the generalized coordinate accelerations of each module
may be determined according to Equation 74. The simulation cycle then concludes with integration to produce the next state variables for each module. With the next state information available, all position and velocity terms are updated at both the modular and global
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levels.

TABLE 19. Step 3: Dynamics of the Global System
Terms
I

Notes

I

ζE i Ei Pi and SE i P i

Equation 81 and Equation 20

Ei o pen
x··E i P i

Equation 83

B

Table 17
c

B ,y
F

c

Equation 88 and 89, respectively

c

Equation 87 using suitable linear system solver

Ei P i

Equation 86

FE i P i

IEi

FE i P i ,

IPi

FP i E i

Equation 95 and 96 (Type A only)

The calculations required by Step 4 are given in Table 20.

TABLE 20. Step 4: Joint Accelerations and Integration to the Next State
Terms

Notes

q··k

Equation 74

qk , q· k

Integration to next state

Note: These computations can be performed in parallel for each structure

5.6 Summary
In Chapter 4, the constrained motion algorithm of [39][40] was expanded to allow a
more comprehensive range of contact conditions than ever before. Precise application of
the contact models was established by choosing standard forms of the contact force vector
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and relative acceleration that can be represented using the contact model vector spaces. The
resulting algorithm allows the efficient simulation of one or two robots subject to one external constraint.
Here, in Chapter 5, the algorithm is again expanded to allow the dynamic simulation of
more complicated systems involving multiple robots and multiple external contacts. The
resulting algorithm is modular and allows the parallel calculation of the dynamics of each
structure (module) in the system. This modularity provides the capacity to reconfigure the
system by rearranging the modules and their connections without the need for significant
remodelling or reprogramming. Furthermore, the algorithm is computationally efficient, as
the entire set of steps can all be achieved with O(N) complexity.
A further extension of the MRDS algorithm in Chapter 7 allows the simulation of complex systems composed of flexible members. Before this extension, however, a few special
issues are discussed in Chapter 6, including singularities, constraint violations, and the subtleties involved in the serial connection of two modules.

Chapter 6 SERIES CONNECTIONS, CONSTRAINT VIOLATIONS, AND
OTHER SPECIAL TOPICS
This chapter presents a number of subtleties present in the application of the MRDS algorithm. These are related mostly to serial connections, Forward Kinematics, contact kinematics, and the suppression or possible avoidance of constraint violations. We begin with
a general discussion of the MRDS treatment of a module connected in series.

6.1 Connection of Two Modules in Series Using Base Motion Variables
Application of the MRDS algorithm requires a full set of base motion variables for any
module that, in its open chain state with all contacts removed, has no internally modelled
connection to a fixed boundary. For modules like this, base motion variables are necessary
I ope n
ope n
for computation of the open chain terms, q··
and x··IO . Without the inclusion of full six-

dimensional19 base motion variables in the generalized coordinate, rate, and acceleration
vectors ( q , q· , and q·· ), accurate computation of the module’s instantaneously free-flying
open chain behavior is not possible (without a loss of true modularity). Proper computation
of the open chain spatial accelerations is necessary for the solution of the corrective contact
force terms that determine the behavior of the constrained system.
For this reason, the MRDS algorithm is most efficient when applied to modules with
more than just a few degrees of freedom. For example, allowing a module to represent a
single revolute link of a serial chain would be an inefficient use of the MRDS approach. In

19. A size smaller than six may be appropriate for a task space of smaller size. For example, three dimensional base motion variables would be sufficient for planar systems.
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this instance, six degrees of freedom are necessary in the module describing the link when,
in total, only one additional coordinate is needed for the overall system.
Instead, the MRDS algorithm has been specifically developed for systems with multiple, cooperating, multi-degree-of-freedom, complex robots such as the space-based robots
from Chapter 1. These structures are mobile and reconfigurable by nature. For complex robot systems such as these, base motion variables are almost certainly included in the existing dynamic equations, making the requirement for these variables a triviality.
More importantly, inclusion of these terms is what gives the MRDS algorithm its modularity for serial connections. These terms make it possible to reconfigure system modules
quickly and easily. In essence, they provide a “handle” for the module so that it can be
moved or attached in new ways by the modules that contact it. A module in the MRDS environment becomes a reusable, multi-faceted dynamic model.
A “less modular” alternative to the inclusion of full base-body motion in a serially-connected module is through augmentation of the joint space dynamics. This approach was
presented by Lew and Book [37]. In this method, the joint space dynamics of two robots
connected in series are constructed from the existing joint space dynamic modelling of each
robot operating separately. Coupling terms in joint space are added to account for the interactions between the two, as opposed to the use of a general contact model. Although the
overall dimension of the resultant equations is minimized, and the constraint forces are not
needlessly obtained, this method does not have the freedom of the MRDS system.
Using the approach of Lew and Book, new coupling terms would be needed every time
a new configuration is used. For example, the swapping of the distal robot to something
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new, or the connection of the distal robot to an alternate base robot would always require
new coupling terms to be derived and introduced into the dynamic simulation code. Attachment of a complex robot via numerous possible mounting points on an equally complex
spacecraft would necessitate a unique set of coupling terms for each new case. This puts a
heavy burden on the analyst and programmer. In addition, no method is discussed by Lew
and Book for the closed-chain motion of two serially connected robots or for systems with
more than two cooperating manipulators.
With the MRDS algorithm, a one-time addition of base motion variables20 to the model
and corresponding code of a module to be used in series will allow, in subsequent simulations, the resultant module to be manipulated by any MRDS module or kinematic input.
This will give the analyst the freedom to connect the mobile robot module to nearly any
object or device, or to provide any input kinematic base excitation, without the need to derive or encode new dynamic coupling terms. Moreover, the additional computational expense of adding dependent base motion variables is offset by the ability to compute terms
for each module simultaneously on parallel processors. Ultimately, with base dynamics incorporated in the dynamic model, the module is free to be used and reused in innumerable
ways and configurations.
By including full base motion variables in any module not directly connected to the inertial boundary in its internal modelling, all so-called “series” connections can effectively
be treated no differently than parallel connections when using the MRDS algorithm. In both
cases, the algorithmic requirements are the same. The open chain joint accelerations must

20. Assuming they aren’t already present in the available model.
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be found at the modular level, along with the open chain spatial accelerations of all contact
points. It is immaterial whether the contact point is part of a tip-to-tip contact or a tip-tobase connection. Serial connections do, however, provide additional modelling options related to the Forward Kinematics problem and the treatment of numerical constraint violations. These issues are covered in the next few sections.

6.2 Computation of Contact Model Kinematics
The MRDS algorithm requires the open chain relative acceleration across each contact
Ei o pen
in the system. Given by Equation 83, this term, x··E i P i , is calculated from the absolute inI ope n
I ope n
ertial accelerations of the two operational points, x··IE i and x··IP i . Also required in the calE i o pen
culation of x··Ei P i is the term containing the Coriolis and centrifugal terms for the contact,
I

ζE i E i P i . From the definition of this term in Equation 81, we see that the current state relative

Ei
Ei
position and velocity terms are necessary. Specifically, we must know rE i P i , r·E i P i , and
Ei

ωE i P i . In addition, although not explicitly referenced by any equation,

Ei

RP i may also

prove helpful.
In a simulation, position and velocity terms are considered to be known for the current
state while trying to solve for the current accelerations. The issue here is how to compute
these relative positions and velocities when in a modular framework and adhering to the
general contact model. The MRDS procedure for this task is described here.
At the start of a simulation cycle, the generalized coordinate and velocity vectors for
each module, q and q· , have just been determined from the integration of the last cycle’s
accelerations, q·· . The first step for each module is to perform the Forward Kinematic calculations to determine the current spatial position and velocity for each contact point in the
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module. For modules connected in series, the Forward Kinematics problem does not need
to “wait” for the kinematics of the tip body connected to its base. Since the base motion
variables are included in a serially connected MRDS module, and since the current state of
the base is available from the integration of q·· , Forward Kinematics can proceed immediately and independently of all other modules in the system. This is in keeping with the modularity of the algorithm and suitability for parallel processing.
I
I
I
I
Once completed, this process will give the terms rIO i , r·IO i , RO i , and ωIOi for each

contact point of each module, where, as before, “Oi” is used to represent either an “Ei” or
“Pi” operational point. The next task for each module is the computation of the open chain
ope n
generalized coordinate accelerations, q··
, which are found using any suitable open chain

algorithm. From these accelerations, the open chain spatial accelerations of each contact
I ope n
point, x··IOi , can be found (again from Forward Kinematics). The final step at the modular
I

I

–1

level is the computation of ΨIO i for each contact point, and ΛOi O j for each pair of points21.
When the modular calculations are complete, all necessary terms are passed to the global level of the algorithm. This includes all of the operational space inertia matrices and all
I
I
I
I ope n
of the contact point kinematic terms: rIO i , ROi , x·IOi , and x··IOi . For each contact, the rel-

ative position and velocity terms can then be found from the simple kinematic relations given by Equations 52 through 54. Specifically, these solutions are as follows:
Ei

rE i Pi =

Ei

I

I

RI ⋅ ( rIP i – rIE i )

21. Note that relative forms of these terms are found for Type B contacts.

(97)
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Ei
Ei

x·E i Pi =

Ei

r·Ei P i

Ei

=

ωEi P i

I
I
I
ℜI ⋅ ( x·IP i – SEi P i ⋅ x·IEi )

(98)

If desired, the coordinate frame transformation can be found from
Ei

RP i =

Ei

T

RI ⋅ RPi = ( RE i ) ⋅ RP i
I

I

I

(99)

I

With these terms calculated, ζE i Ei Pi can be computed (see Equation 81), and together with
the open chain absolute accelerations, the open chain relative acceleration can also be obtained (see Equation 83).
The above derivation should make it clear that parallel and series connections are essentially no different in the MRDS algorithm. The inclusion of the base motion variables
for all serially connected robots makes the Forward Kinematics problem self-contained (i.e.
modular). With appropriate constraint violation suppression22, there is no need for the Forward Kinematics problem to proceed in an outward recursion across a serial connection between modules. With reference to Figure 1, the kinematics of the first robot’s tip body and
the second robot’s base body are each determined independently in their own respective,
modular kinematic calculations at the beginning of each simulation cycle.
Note also that the contact model vector spaces are not needed in this process. The constraints expressed by the contact model have already been enforced in the solution of the
contact forces, and the independently determined kinematics of each module will not violate them, assuming suitable constraint violation suppression is used when necessary. In the

22. See Section 6.4 for a definition and discussion of constraint violations and suppression techniques.
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next section, an option for eliminating constraint violations from a serial connection is discussed.

6.3 Elimination of Constraint Violations for Series Connections
In the option discussed here to eliminate constraint violations from serial connections,
the Forward Kinematics problem does extend across serial contacts, wherein the second robot’s base body kinematics will be, in part, directly dependent on the kinematics of the supporting external body. In relation to the MRDS algorithm, the use of this option results in
an additional step: “Step 5: Global Kinematics”. In this new step, the position and velocity
of a “tip body” are used in conjunction with the contact model equations to set the state of
the serially-connected base body in the constrained directions of the contact. Details of this
process are given here.
At the end of Step 4 of the MRDS algorithm, the joint accelerations of each module
have been found and integrated to the next state. As in the previous section, the Forward
Kinematics problem proceeds for all modules to produce the spatial position and velocity
of each operational point in the system. This is achieved through purely modular calculations as described above.
u
The next step is to determine the contact model velocity variables, x· i , associated with

the motion space. They can be obtained from the following equation23:
u
u
φ i ⋅ x· i =

Ei

c
c
x·Ei P i – φ i ⋅ x· i

u
23. Solution for x· i would also be necessary for any contact involving a time-variant motion space.

(100)
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u
u
c
c
Solution for x·i is possible as φ i is always of full column rank, 6 – n ci , φ i and x· i are both
Ei
known, and x·E i P i is available from the preceding Forward Kinematics calculations togeth-

er with Equation 98.
u T

One method of solving Equation 100 is to pre-multiply that equation by ( ψ i ) . From
u
the dual basis relationship given in Equation 25, this will isolate x· i and will also eliminate
c
velocity components in the constrained directions, x·i , as follows:

u
u T Ei
x· i = ( ψ i ) ⋅ x·E i P i

(101)

c
As described in Section 3.3, the term x· i is either zero for locked modes or a known

function of time for kinematically excited modes. Therefore, using the known quantities of
c
u
x· i and the values of x· i from Equation 100 or 101, the relative spatial velocity can be re-

constructed without the possibility of constraint violations, using the standard contact model expression as follows:
Ei

u
u
c
c
x·E i P i = φ i ⋅ x· i + φ i ⋅ x· i

(102)

The relative spatial velocity computed here is different than that in Equation 98. In this
case, velocity components in the constrained directions come directly from known quantities that define the kinematic constraint. In Equation 98, the components in the constrained
directions may include roundoff and integration inaccuracies, leading to a violation of the
constraint.
Using the new relative spatial velocity from Equation 102 that eliminates the possibility
of constraint violations, the absolute spatial velocity of the base body of the serially con-
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nected robot can then be found from the following24:
E
I
I
I
xIPi = SE i P i ⋅ x·IE i + ℜEi ⋅ ix·E i P i

I·

(103)

This procedure for setting the base body’s spatial velocity would also be followed to
establish the base body position and orientation. To achieve this, expressions are needed
for the relative position and orientation constraints between the two bodies that are compatible with the velocity constraints. Formal expressions are not given here, as this process
will be unique to the variables and mapping chosen in the representation of the relative orientation of the bodies for a potentially non-holonomic constraint. Further discussion of position constraints is given in Section 6.5.
In essence, the process described in this section effectively keeps the relative position
and velocity in the motion space of the constraint, but “overwrites” the base body position
and velocity variables associated with the constrained directions of the contact in a way that
eliminates any possibility of constraint violations. Noted above, the implementation of this
method effectively adds a new step to the global level of the algorithm, since the process
of mapping kinematic terms across the contact must be performed “above” the modular level.
As a reminder, it is important to recall that this method is by no means necessary. Following the procedure from the previous section in this chapter, the state of the base body
can be found purely from the modular integration of the generalized acceleration vector,
and the possible growth of constraint violations can be suppressed through a variety of
24. This equation assumes that point P belongs to the serially connected base body. If this is not the case,
the given equation can easily be recast to solve for the inertial acceleration of frame E.
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available techniques. Such techniques are discussed in the next section, along with treatment of singularities and numerical ill-conditioning.

6.4 Constraint Violations, Singularities, and Numerical Ill-conditioning
In a perfect computing system, the structure of the contact model will maintain the constrained relationship between the two contacting bodies throughout the simulation. However, on real computing systems, small accumulating errors will grow, leading to a
potentially unstable or grossly inaccurate simulation. Along with constraint violations, another numerical issue in the Forward Dynamics problem relates to singularities and numerical ill-conditioning. In this section, methods for dealing with these numerical issues are
discussed.
At the modular level of the MRDS algorithm, the solution of the open chain joint accelerations effectively requires the inversion of the joint space inertia matrix. To account for
the possibility of this matrix being singular or ill-conditioned, a sophisticated inversion
technique can be used, such as Singular Value Decomposition. This technique is quite computationally expensive as compared with an LU Decomposition, and so should be used only
when necessary. In general, singular configurations are avoided during motion planning
and may correspond to physically undesirable robot configurations.
At the global level, the solution of the linear system of equations for the unknown contact force components effectively requires that the matrix Bc is always invertible. It is possible, however, that when one or more of the constraint equations becomes linearly
dependent on the others (or nearly so), matrix Bc will become singular or poorly conditioned. In this case, the solution for the components of the contact forces may be highly in-
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accurate, which in turn leads to inaccuracy in the joint variables. In addition, constraint
violations arising from the drift associated with roundoff error inherent with solution by a
digital computer will also contribute to inaccuracies. Although these errors are small and
the drift is gradual, they can become unstable after long periods of simulation time.
Anderson discusses these two issues in great detail in [2], where he reviews three wellknown methods for controlling constraint violations. These methods include constraint stabilization strategies, penalty formulations, and stabilized penalty procedures. After addressing the strengths and weaknesses of each method, Anderson presents a new approach
which successfully limits constraint violations, while at the same time avoids the need to
invert a potentially singular contact force coefficient matrix. The use of this technique appears well suited for use with the MRDS algorithm, and its incorporation will be considered
in future applications.
Currently, however, a simple proportional and derivative (PD) control approach is used
to suppress constraint violations in the example systems presented in Chapter 8. With this
technique, the spatial contact force vectors found in the global level of the algorithm are
modified as follows:
EiPi *
FE i P i

=

EiPi

FE i P i + K v ⋅ Φ v + K p ⋅ Φ p

(104)

where Kp and Kv are the proportional and derivative gains, respectively, and Φ v and Φ p
are expression that give the amount of error in the enforcement of the velocity and position
constraints associated with the contact. With this method in place,

Ei P i *
FE i P i

replaces

EiPi

FE i P i

in all subsequent calculations leading the modular level computation of the constrained
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joint accelerations.
The error or constraint violation in the velocity terms can be given by the difference bec
tween the known value of x· i and the associated value determined from the relative spatial

velocities computed in Equation 98. Specifically, this error can be expressed as:
I
I
I
c T E
c
Φ v = [ ( ψ i ) ⋅ iℜI ⋅ ( x·IPi – SE i P i ⋅ x·IEi ) ] – x· i

(105)

As before, an expression for any position constraints will be specific to the modelling method used to describe the relative kinematics between two bodies (potentially) subject to both
holonomic and non-holonomic velocity constraints. The position error, however, would be
found in a manner similar to that for the velocity. A brief discussion of position constraints
is given in Section 6.5.
The use of this technique has the effect of adding a small amount of stiffness and damping to the contact. The purpose of these terms is to correct for deviations from the contact
constraints that arise from numerical round-off error. Since only very small errors are encountered in a single timestep, the corrective force from the stiffness and damping terms is
also very small.
For the example systems presented in Chapter 8, this technique was only required in a
handful of cases. It was particularly beneficial in the simulation of closed loop systems undergoing relatively large deflections. Adequate values for the proportional and derivative
gains were found to be Kp = 0.1 N/m and Kv = 0.2 N-s/m, respectively. Inclusion of the
suppression technique in systems that did not exhibit a growth in constraint violations
showed no numerically significant differences in the predicted results. This shows that the
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corrective terms from the constraint violation suppression did not adversely affect simulation outcomes in the cases studied. Distortion of the simulation outputs are possible when
the gains required to control violations are too large. This was not the case for any of the
example systems simulated.

6.5 Position Constraints Compatible with the Contact Model
Position constraints between two contacting structures (in this case modules) are typically expressed as follows [38][46]:
Φ p ( qm ( E i ), q m ( P i ) ) = 0

(106)

For the general contacts of the MRDS algorithm which allow kinematically excited contact
modes, this expression is more accurately given by [2][63]:
Φ p ( q m ( E i ), q m ( P i ), t ) = 0

(107)

As noted in the previous sections, expression of the position constraints must be compatible with the contact model’s holonomic velocity constraints (if any). Taking the derivative of Equation 107 with respect to time, we get the following:
∂Φ p ·
∂Φ p ·
dΦ
--------------- ⋅ q m ( Pi ) + --------------- ⋅ q m ( E i) + ---------p- = 0
∂q m ( P i )
∂q m ( Ei )
dt

(108)

As a comparison, Equation 105 is rewritten with the spatial accelerations expressed using the appropriate Jacobian matrices as follows:
I
I
I
c T E
c
Φ v = [ ( ψ i ) ⋅ iℜI ⋅ ( JIP i ⋅ q· m ( P i ) – SE i P i ⋅ JIEi ⋅ q· m ( Ei ) ) ] – x· i

(109)
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c
Recalling that x· i is a known function of time, the terms in Equations 108 and 109 can be

easily correlated as follows:
∂Φ p
I
c T E
--------------- = ( ψ i ) ⋅ iℜI ⋅ JIP i
∂q m ( P i )

(110)

∂Φ p
I
I
c T Ei
--------------- = – ( ψ i ) ⋅ ℜI ⋅ SEi P i ⋅ JIEi
∂q m ( Ei )

(111)

dΦ p
c
---------- = – x· i
dt

(112)

This exercise may shed some light on the nature of the position constraints that are compatible with any holonomic velocity constraints established by the general contact model.
It should be pointed out, however, that when non-holonomic velocity constraints are also
present, there will be additional velocity constraints aside from those produced by differentiating the position constraints. Consequently, the constraint space, ψ i , used in the equac

tions of this section is different from the constraint space defined and used throughout the
rest of this dissertation. Here, these vector space describes only the directions constrained
by holonomic constraints.
A classic example of a contact with both holonomic and non-holonomic constraints is
the rolling of a sphere on a flat surface with no slipping. In Cartesian coordinates, five variables are needed to describe the position of the sphere relative to a frame fixed in the flat
surface. These include three parameters to define the rotational position of the sphere and
two translational coordinates. The third translational coordinate is not needed due to the
single position constraint, which dictates that the center of the sphere will always be a fixed
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distance from the surface (equal to the sphere’s radius).
Differentiating this single position constraint produces a valid holonomic velocity constraint. It dictates that the relative motion in the direction normal to the surface will always
be zero. For rolling with no slipping, however, there are two additional velocity constraints
that dictate zero relative velocity at the contact point in the two in-plane directions of the
flat surface. With these two non-holonomic constraints added, there is a total of three velocity constraints. Despite the overall non-holonomic nature of this example contact, a position constraint compatible with the holonomic velocity constraint can still be found and
used in the constraint violation suppression technique from the previous section.

6.6 Overlap of Contact Motion Space and Base Motion Variables: An Example
The serial connection of a module offers one additional subtlety not yet described in
full. This issue deals with the potential overlap between the motion space of a serial contact
and the motion described by the inclusion of full base motion variables. This overlap is described by way of an example system.
Although it was stated above that the MRDS algorithm is best applied when the modules are complex, multi-degree-of-freedom structures, the example here is for the serial
connection of two modules, where each module represents a single rigid link. Despite the
lack of efficiency in applying the MRDS algorithm to such a trivial system, this example’s
simplicity helps to demonstrate the concept at hand.
For this system, consider that the first module is a single, rotating link with a fixed base.
The second module is a single link connected in series to the first by a revolute contact model. As this second module is serially connected, the generalized coordinates must contain
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full base motion. For this planar system, the generalized coordinate vector is as follows:

x
q = y
θ

(113)

Already, the overlap between the contact model and the base motion variables is evident.
The contact model contains one degree of freedom: the rotation around the joint axis. This
same degree of freedom exists in the base motion variables of the second module25.
Applying the MRDS algorithm, the first step is the modular decomposition and contact
modelling. We have already defined the bodies belonging to each module and chosen a revolute contact model as the connection between them. For the labeling of the operational
points, let us assign the “E” operational point (and frame) to the tip of the single link in the
first module and the “P” operational point (and frame) to the “base reference end” of the
link in the second module.
The modular calculations performed for Step 2 will produce the open chain accelerations for each module. This includes the joint accelerations and the spatial accelerations of
the contact points. For the first module, these accelerations stem from the joint torque applied at the base of this first link. Recall that no tip force is present in these open chain calculations.
For the second module, things are handled a bit differently. Here, the torque acting on
the link of the second module can and should be included in the contact model description

25. As this module consists of only one rigid body, the entire generalized coordinate vector consists only of
the base motion variables. In a more general case, q would have other additional coordinates.
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of the module-to-module contact force. In the equations for the contact model, this applied
torque is included as the single value in the term Fu, and it is a known function of time.
With this torque included in the contact model, the open chain calculations for this example system are left with no input forces (aside from gravity, if applicable). In the open
chain state, the contact forces are not included, and here the joint torque is considered a contact force since the contact model represents the revolute joint.
Also calculated in Step 2 at the modular level are the contact force coefficient matrices
for each module, Ψ and Λ . For the second module, the “P” coordinate frame and the base
–1

body reference frame used to define the generalized coordinates are one and the same. Consequently, the Jacobian matrix for the P operational point is simply a three by three identity
matrix. The current state kinematics of the P contact point are trivially calculated as they
are equal to the generalized coordinate and rate vectors, q and q· . The kinematics of the
contact point and the operational space inertia matrix are passed to the global level of the
algorithm, as are the corresponding quantities from the first module.
In the construction of the linear system of equations for the components of the unknown
contact force, Fc, the joint torque associated with the contact model is included in the term
Fu, as described above. Solution of the linear system of equations formed at the global level
provides the two constraint force components acting in the x and y directions of the contact.
These forces are passed back to each module for the final step of the algorithm. At this
time, the open chain joint accelerations are corrected using the contact force and the cross
space inertia matrix. The newly-found closed-chain joint accelerations are then integrated
to find the next state for each module. For the second module, this integration includes the
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base motion variables (which, as noted earlier, are the only variables in this particular module).
Unlike the earlier calculations in Step 2, where the joint torque was accounted for by
the contact model, here, the motion permitted in the motion space of the contact is actually
specified from the module’s generalized coordinates. The motion space variables of the
u
contact model, x· , and their corresponding position variables are not explicitly determined

or involved. Again, this demonstrates the overlap.
Effectively, the contact model in this example is used to solve for the unknown contact
forces and to implicitly establish the allowable relative motions. The actual movement in
this motion space, however, comes from the module’s internal calculations and not explicitly from the contact model velocity equations.
u
This lack of explicit use of the motion space variables, x· , is also true for parallel con-

tacts. For parallel contacts, this may be expected. For serial contacts, it is perhaps less intuitive. Traditionally, with a parallel connection of two modules, one would expect the
degrees of freedom in the contact motion space to be dependent coordinates in the combined system, while a subset of the generalized coordinates in each of these modules will
be the independent coordinates. For serial connections, however, one would likely expect
the degrees of freedom of the contact motion space to be independent configuration variables along with the modular generalized coordinates. In the MRDS algorithm, this is not
the case.
Instead, the inclusion of full base motion variables for a serially connected module allows the independent configuration variables to be kept within the module rather than in
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the contact model. The dependent variables are those in the motion space of the contact
model and those in the base motion variables associated with the constrained directions of
u
the contact. This explains why the motion space variables, x· , are not explicitly obtained

in order to establish the state of the system26.
In the simple example discussed above, the contact frame (frame P) and the base motion
frame were one and the same. For particularly complex serial connections, this may not be
possible or practical. In this situation, it may be beneficial to treat the base motion variables,
u
x· , as independent configuration variables for the system. This, however, would make it
u
necessary to determine the next state values of x· through the integration of the current
u
state acceleration variables, x·· . These acceleration components could be found at the glo-

bal level from the following equation (formed from Equations 82, 85, and 86):
nc

u
φi

⋅

u
x·· i

+

c
φi

⋅

c
x·· i

u
c
u
c
+ φ· i ⋅ x· i + φ· i ⋅ x· i =
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x··E i Pi
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⋅ ( ψj ⋅ Fj + ψj ⋅ Fj ) ]
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ij

u

c

c

(114)

j=1

Once the contact forces have been determined from the linear system of equations,
u
u
Equation 114 can be solved for x·· , as it is the only remaining unknown term, and φ i alu
ways has full column rank. Using the dual basis relationships from Equation 25, x·· could
u T
u
also be found by pre-multiplying Equation 114 by ( ψ ) . Integration of x·· would lead to

the next state values for relative angular velocity and position (non-holonomic constraints
would require proper mapping to produce a full set of position coordinates).

26. These variables are needed explicitly, however, in the case of time-variant modes (see Equation 90).
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6.7 Summary
The sections of this chapter are provided to offer more insight into the application of the
MRDS algorithm, particularly for the treatment of serially connected modules. As shown,
these serial connections can be treated in exactly the same manner as parallel connections.
The primary difference is the additional modelling options afforded to serial connections
with regards to constraint violations and Forward Kinematics.
Having presented the full details of the MRDS application to rigid structures, attention
is now turned to the treatment of flexible systems. Applicability of the algorithm to these
types of systems is shown in the next chapter, along with a discussion of related linearization issues. In Chapter 8, many of the issues discussed in this chapter are incorporated in
the simulation of a number of example systems, each of which is composed of serial or parallel connections of structurally flexible robot modules.

Chapter 7 SYSTEMS WITH STRUCTURAL FLEXIBILITY
Sophisticated robot systems like those used in space applications or a hazardous waste
storage tank can seldom be adequately modelled with rigid-body members alone. Space robots, like the Shuttle Remote Manipulator System and Space Station Remote Manipulator
System of Chapter 1 are designed to be long reach, slender, and lightweight, and consequently, are quite compliant. The MRDS algorithm of Chapter 5 has, to this point, not been
shown to include structurally flexible robots. In this chapter, this added complexity is examined and incorporated into the algorithm.
Fundamentally, there is no difference at all in the application of the algorithm when
dealing with flexible robots. The use of joint space dynamics, operational space dynamics,
and contact modelling all still apply. However, as is the case with any method for dynamic
simulation, the treatment of flexible structures involves numerous additional difficulties
not present in the simulation of only rigid bodies. A sample of such difficulties includes the
following:
•

the choice in modelling method (e.g. finite element, assumed modes, or lumped
parameter methods)

•

selection and enforcement of boundary conditions

•

possible inclusion of second order strain or kinematic relationships that lead to
first order dynamic effects (e.g. “spin stiffening” effects)

•

the heightened difficulties of stability and accuracy, often requiring more sophisticated numerical procedures (integration scheme, matrix inversion, etc.)
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Furthermore, the difficulties listed above are made more so for constrained flexible structures due to the change in boundary conditions and the enforcement of closed-loop kinematic constraints.
While all the issues listed above are important, they are not unique to the use of the
MRDS algorithm. Any chosen method of dynamic simulation would require careful attention to these points. As such, this work will not address each and every possible difficulty
that may be encountered. Instead, the purpose of this chapter is to demonstrate the general
applicability of the MRDS algorithm to the treatment of structurally flexible systems.

7.1 Applicability of the MRDS Algorithm
The ability to apply the MRDS algorithm to structurally flexible systems is shown in
two ways. In this chapter, the governing dynamic equations of such a system are shown to
be of the same basic form as those encountered in the derivations of Chapters 4 and 5. Certain limitations and special considerations are also discussed. In Chapter 8, applicability is
demonstrated through the results from numerous simulations of various structurally flexible systems.
7.1.1 Joint Space Dynamics
As always, the MRDS equations begin with the expression for the joint space dynamics
of the module, which in this case, is a structurally flexible robot or device. Using finite element, assumed modes, or lumped parameter methods, these various derivation methods
typically lead to the following form of the joint space dynamic equations of motion
[36][38][41][45][51][63]27:
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T
τ = H ⋅ q·· + C + G + K ⋅ q + J ⋅ F

(115)

where the term, K , which was not present in the rigid-body formulations of Chapters 4 and
5, is a stiffness matrix. It should be noted that some methods of modelling constrained flexible manipulators may not explicitly produce an equation of exactly this form. This is typical of recursive methods [3][32][33]. However, any method employed will result in a
formulation that is equivalent in kinematic and dynamic content and can, therefore, be
adapted or augmented to provide all terms necessary in the MRDS algorithm.
In general, the generalized coordinate vector, q, can be separated into an N θ × 1 vector,
q θ , for the rigid coordinates, and an N f × 1 vector, q f , of the flexible coordinates, where
N θ + N f = N . This same grouping can be applied throughout Equation 115 as follows:

τθ
τf

=

H θθ H θf
H fθ H ff

⋅

T
q·· θ
C
G
q
J
0 0
+ θ + θ +
⋅ θ + θ ⋅F
T
0 Kff
Cf
Gf
qf
q··f
Jf

(116)

where K ff is the N f × N f component of the stiffness matrix for the flexible coordinates.
All other terms have the same fundamental function and definitions as in previous forms of
the joint space dynamic equation (see Equation 1), but here, each term has been subscripted
to show their relationship to the rigid and flexible coordinates of the system. It should be
noted that all terms, with the exception of the external force vector, F, now have some component corresponding to the flexible degrees of freedom of the system.
Again, the joint space dynamic equation is recast in the following form:

27. Generic notation and a single contact force vector are used for simplicity. These equations could easily
be extended to multiple contacts following the developments in Chapter 5.
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–1
–1
T
q·· = H ⋅ ( τ – C – G – K ⋅ q ) – ( H ⋅ J ) ⋅ F

ope n
= q··
–Ψ⋅F

(117)

(118)

where:

–1

Ψ = H ⋅J =
–1

T

H θθ H θf
H fθ H ff

⋅

T

Jθ

(119)

T

Jf

The expression of Equation 118 demonstrates that for the MRDS algorithm, there is no real
difference in the usage of the joint space dynamic equations when applied to flexible robots. The open chain joint accelerations are calculated according to any suitable algorithm.
These values are then corrected by the contribution from the external force, F. The only difference, at least in terms of the MRDS governing equations, is the presence of the additional modelling to account for the compliant nature of the module.
7.1.2 Operational Space Dynamics
The operational space dynamic formulation can also be expressed in the same general
form as seen in the previous chapters. This dynamic equation can be derived in the same
manner, starting with the kinematic expression for the spatial acceleration of the contact
point. The sequence of equations is as follows:
q·
x· = J ⋅ q· = J θ J f ⋅ θ
q· f

(120)

x·· = J ⋅ q·· + J· ⋅ q·

(121)
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Inserting the solution for the joint accelerations, q·· , from Equation 118, we obtain the now
familiar form of the operational space dynamics as follows28:

ope n
–1
x·· = x··
–Λ ⋅F

(122)

where:

–1

Λ

–1

= J ⋅ H ⋅ J = Jθ J f ⋅
–1

T

H θθ Hθf
T

H θf H ff

⋅

T

Jθ

(123)

T
Jf

As above, the additional modelling necessary for structural flexibility does not prevent
expression of the operational space dynamics in terms of an open chain acceleration and
correction for the contribution of the external contact force. Again, the notable difference
is the inclusion of flexible components in all key terms.
7.1.3 Kinematics of the Contact Bodies
The final aspect of the MRDS algorithm is the contact model, which is incorporated in
conjunction with the operational space dynamics of each module, and the expression of the
relative spatial acceleration between the two contacting bodies. Deferring to the derivation
in Chapter 4, ultimately the kinematic expression required is for the open chain relative acceleration between the two contacting bodies, which is again given by:
E ··op en
xEP

E
I ope n I
I op en I
= ℜI ⋅ ( x··IP – SEP ⋅ x··IE – ζEEP )

(124)

28. Again the derivation here is given for single contact systems, but can be extended to multiple contact
systems by the same means given in Chapter 5.

133
I ope n
I ope n
Absolute open chain accelerations, x··IE , and x··IP , as before, are computed at the

modular level. Calculation of these terms will naturally require consideration of the flexible
motions of the structure. Modelled deflections and deflection rates must be used in the calculation of these terms, however, this typically poses little greater computational challenge
than the equivalent rigid-body kinematic terms.
7.1.4 Limitations and Future Enhancements
As demonstrated in the preceding discussion, the steps of the MRDS algorithm are unchanged when applied to flexible structures, provided the additional modelling is included
in all of the traditional terms. Two aspects of this application require special consideration
and additional future research. These issues relate to the nature of the contact model and
the computational complexity of the algorithm.
7.1.4.1 The Contact Model
As noted in its first presentation in Chapter 3, the contact model is used to describe the
kinematic and dynamic relationships for the contact between two rigid bodies. Although
the modular algorithm can be applied to structures containing flexible members, moduleto-module and module-to-boundary contacts must currently be between two rigid-body
components of the structures involved. Until revised contact modelling relationships are
developed that allow general contact to a flexible member, this limitation should not be
overlooked.
One very useful exception to this limitation is described here. If a contact model is to
be used to represent contact to a flexible body, the coordinate frame for that body (“E” or
“P”, as the case may be) must be defined at the contact point or surface. By way of expla-
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nation, consider that the contact model is used to express the free and constrained directions
of the relative motion and contact force. The motion of a frame interior to the body is different than a frame at the contact surface. For a deformable body, the relationship between
them cannot, of course, be described using the rigid-body translation matrix, S . The directions of the motion space of the contact cannot be related purely by a kinematic expression
when expressed in a frame internal to the flexible body. The deformation of the body
caused by the contact force must be considered. These problems are avoided if the “E” and
“P” coordinate frames are attached at the contacting surfaces when the bodies in contact are
not rigid. This exception is used in the example simulations in the next chapter to allow application of the general joint model between flexible links.
7.1.4.2 Computational Complexity
The second aspect of the MRDS algorithm in need of further enhancement is the calculation of the contact force coefficient matrices, Ψ and Λ . O(N) methods for the calcula–1

tion of these matrices are given in [39] and [11] for Type A contacts. O(N) expressions for
Type B were identified in Equations 91 through 94. These methods, however, have only
been specified for rigid-body manipulators. Consequently, until these O(N) procedures can
be extended to the treatment of structurally flexible manipulators, the direct multiplication
methods of Equations 119 and 123 must be used.

7.2 Non-linear Effects and Linearization Methods
As outlined at the beginning of this chapter, the presence of structural flexibility will
increase the complexity in achieving an accurate and stable dynamic simulation, especially
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under constrained motion. One of those listed difficulties that deserves special attention
deals with non-linear strain or kinematic effects. This subject has been well covered in the
literature for unconstrained motion [15][28][51][55][62], but has received little attention
for constrained systems [10][63]. As the MRDS is specifically intended for systems with
multiple concurrent constraints, this issue is discussed in detail here. Moreover, the linearization issue may be, in fact, of greater impact in the MRDS algorithm, due to the combination of the joint space and operational space dynamics formulations.
7.2.1 Review of Existing Linearization Schemes
In the typical derivation of the dynamic equations of motion for a structurally flexible
manipulator, terms that are second order and higher in the flexible coordinates ( q f , q· f , and
q·· f ) are neglected as part of the linearization process for systems modelled using the assumption of small deflections. However, as shown by numerous researchers
[3][25][36][51][63], terms that are of first order importance in the dynamic equations may
stem from kinematic or strain relations that are of second order. Premature linearization of
these underlying relationships will result in equations of motion that are inaccurate for certain operations.
The linearization issue was most notably brought to light by Kane et al. [28], where the
dynamics of a cantilevered beam attached to a moving base are discussed at length. This
work demonstrated that traditional methods, including many commercially available modelling packages, implement these prematurely linearized equations, resulting in inaccurate
dynamic behavior during high speed rigid-body motions of the beam’s mobile base. Such
methods are said to lack the “spin stiffening” effects.
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Padilla and von Flotow [55], explore the suitability of various linearization schemes29
for both one and two-link planar flexible robots. In their work, non-linear strain relations
are used in the derivation of equations of motion to ensure the inclusion of these stiffening
effects. The authors then identify three different linearization schemes with respect to the
order of terms involving the flexible generalized coordinates and rates, q f and q· f . These
schemes are named the “consistent”, “inconsistent”, and “ruthless” models based on their
approach to linearization. This terminology has been used by other researchers
[15][36][62] and will be adopted here as well.
To facilitate the discussion of these linearization schemes, we will use the joint space
dynamic equations of a single rotating unconstrained Bernoulli-Euler30 beam. For such a
system, the term K ff ⋅ q f from Equation 116 can be expressed in the following form:
·2
K ff ⋅ qf = [ K E + θ ⋅ ( K G – H ff ) ] ⋅ q f

(125)

where q· θ = θ· is the scalar angular velocity describing the rigid-body rotation rate at the
base of the flexible link; q f is the vector of flexible coordinates; KE is the component of
the stiffness matrix related to the beam’s bending inertia; K G is often referred to as the geometric stiffness; and H ff is a component of the joint space inertia matrix (see
Equation 116).
Derivation of the dynamic equations using the consistent model, as defined by Padilla

29. The term “linearization” is widely used in existing literature and is used here, as well. It should be noted,
however, that some of these “linearization schemes” are achieved simply by neglecting troublesome or computationally expensive terms. A strict mathematical linearization process is not always implied by the term.
30. Links are assumed to have a small cross section compared to their length, and the effects of shear and
rotary inertia are not considered.
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and von Flotow [55], requires the use of second order strain relationships at the outset to
assure that all first order terms in the flexible coordinates and their rates are present in the
final equations. The inconsistently linearized model is akin to the aforementioned “traditional” methods, in which the entire derivation is formed using only linear strain relationships. With the inconsistent model, the geometric stiffness matrix, K G , is lost, as this term
derives from the higher order strain relationships used in the consistent method. This prematurely linearized model produces an illogical and incorrect formulation that predicts a
softening of the beam stiffness for higher rotational speeds. Consequently, the results in
[55] show the failure of the inconsistent model under high-speed rotation, supporting the
observation of Kane et al. [28]. The results of the consistent model, however, correctly predict a stiffening of the beam for high-speed operations.
The ruthless model is one in which all terms that are non-linear in the flexible coordinates are eliminated. This includes terms in the dynamic equations that are first order in the
flexible coordinates but contain the product of a flexible and rigid body coordinate. In this
case, both K G and H ff are eliminated from the model, as they are part of a term containing
·2
the non-linear product, θ ⋅ q f . This model predicts neither stiffening nor softening as the
beam rotates at a greater speed.
It is the assertion of Padilla and von Flotow that for motions where the rigid-body rates
are lower than ten percent of the lowest modal frequency of the system, the ruthless model
is of acceptable accuracy and lower computational cost than the consistent model31. The
inconsistent model is never recommended by Padilla and von Flotow under any circum31. Similar limits are said to exist for the magnitude of translational accelerations when using the ruthless
model for a beam on a fully mobile base, though no exact threshold is given.
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stances.
For a two-link planar robot, first order terms that derive from the non-linear strain relations are present in the joint space inertia matrix and Coriolis terms, as well as the stiffness
matrix. Consequently, with the consistent model, terms such as H θθ and H θf in
Equation 116 can contain terms of first order in the flexible coordinates. The terms H fθ and
H ff , however, cannot, as they form a product with the flexible acceleration coordinates, q·· f .
In the ruthless model, first order terms in the flexible coordinates are removed from H θθ
and H θf due to the non-linear product with q·· θ . Consequently, with the ruthless model, the
entire joint space inertia matrix of the two-link robot is solely a function of the rigid-body
coordinates. Again, the “widespread use” of the ruthless model is recommended by Padilla
and von Flotow for cases where the rigid body rotational rates and translational accelerations are acceptably small.
Support of the ruthless model is contradicted by Damaren and Sharf [15], where again
different levels of linearization are compared. In their work, a three-dimensional manipulator similar to the Shuttle Remote Manipulator System (SRMS) is examined. Four different linearization schemes are used, including the consistent, inconsistent, and ruthless
approaches. The fourth model deals with the linearization used when expressing rotational
kinematics of a body in three dimensions. These results show that the ruthless model is, in
fact, insufficient in the three-dimensional case even at rigid-body rates below the “ten percent” guideline. In [62], the analysis from [15] is extended to include material damping effects. In this instance, their findings suggest that the non-linear stiffening effects and the
problems associated with them are much less significant with the presence of material
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damping in the model.
7.2.2 Inclusion of Second Order Kinematic Effects via Foreshortening
The stiffening effects accounted for by the use of non-linear strain relations in [55] can
also be incorporated through the use of second order kinematic relationships [10]. This is
the approach taken in the application of the MRDS algorithm to the example systems discussed in the next chapter. For this reason, these second order kinematic expressions are
discussed here.
Using first order kinematics to describe a beam in bending, the tip of a deformed link is
modelled with only transverse deflection. The tip deflects by a small amount in a direction
perpendicular to the undeformed axis of the beam. This simplistic relationship dictates that
the distance from one end of the link to the other along the undeformed longitudinal axis
always remains the same. Second order kinematic expressions account for the curling of
the beam, which brings the tip slightly inward toward the base when deformed. In this case,
the arc length of the deformed beam remains constant at all times, but its projection against
the undeformed axis is slightly less than the beam’s undeformed length, as shown in
Figure 23. This second order kinematic phenomenon is widely referred to as foreshortening.
For finite element or assumed modes modelling of Bernoulli-Euler beams, the transverse deflection of a point on link “i”, denoted by w i , can be expressed as follows:
ni

w i ( x, t ) =

å σ (x) ⋅ q
ij

j=1

f ij ( t )

(126)
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where the “x” coordinate is measured along the undeformed axis32; “t” is the time coordinate; σ ij is the jth shape function (finite element methods) or mode shape (for assumed
modes methods) of the ith link; q f ij is the associated time-varying coordinate; and n fi is the
number of shape functions or mode shapes used to model the flexibility of the ith link. This
displacement is shown in Figure 23, where Li is the length of the undeformed link.
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FIGURE 23. Foreshortening of a Link Associated with Transverse Deflection

The slope of the deformed link at any point along the undeformed axis is given by the
following equation:
ni

w' i ( x, t ) =

å σ' ( x ) ⋅ q
ij

f ij ( t )

(127)

j=1

where the ' indicates a spatial derivative with respect to the x coordinate. Quantities evaluated at the tip of a link are indicated by the use of the “overbar”. Specifically, the tip deflection and slope are given by

32. An alternative method [10] that also incorporates the second order kinematic effects uses the “arclength” measurement for the spatial coordinate, rather than the longitudinal coordinate.
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w i = w i ( Li, t ) and w' i = w' i ( L i, t ) ,

(128)

respectively.
Finally, the second order kinematic expression of foreshortening associated with a
transverse deflection is denoted as u i , which can be expressed as:
x

ò

1
2
u i ( x, t ) = – --- ⋅ ( w' i ( x, t ) ) ⋅ dx
2

(129)

0

Note that this term is always negative, as any point in the beam will always deflect closer
to the base regardless of the direction of the transverse bending. Note also that this axial
deflection is entirely a function of the transverse bending. It does not in any way relate to
axial deformations from tension or compression of the beam.
Incorporation of the second order kinematic term given by Equation 129 is the method
used in this work to account for the spin stiffening effects in the example systems used to
validate the MRDS algorithm. However, unlike the works referenced above which dealt
with open chain formulations, the MRDS algorithm is designed for constrained motion and
makes use of both the joint space and operational space dynamic formulations. Choosing
an appropriate linearization method becomes somewhat more unclear when combining
these formulations. This is the topic of the next section.

7.3 Linearization in the MRDS Algorithm
As shown in Section 7.1, the joint space dynamic equation of a structurally flexible manipulator can be used in the MRDS algorithm without revision of the algorithm steps. In
light of the discussion of linearization, however, we examine here the effect of these issues
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in relation to constrained motion and to the use of the operational space dynamic formulation.
As described, implementation of the consistently linearized model will permit terms in
the joint space dynamic equations that are first order in the flexible coordinates but can also
be non-linear due to the possible combination with rigid-body coordinates or rates. As in
the example above, H θθ and H θf can include dependence on the flexible coordinates despite the product with the rigid-body accelerations, q·· θ . The point to be made here is that
the linearization applies not to the matrix H by itself, but to the product H ⋅ q·· .
The question that arises for constrained motion, then, is how to consistently linearize
T
the term J ⋅ F . Just as H is not to be linearized without regard for its product with q·· , so
T

too should J not be linearized without regard for its product with F. However, the structure
of F is not given as functions of the rigid and flexible coordinates and their rates. What level
T

of linearization is then appropriate for J ? Should first order terms be allowed throughout,
in J θ only (as they are in H θθ and H θf ), or removed entirely?
Consider also that the Jacobian matrix serves a dual purpose, appearing in the joint
space dynamics and implicitly in the operational space dynamics (see Equations 120
through 123). Moreover, if the direct multiplication method is used to determine Ψ and
Λ , then the Jacobian is required explicitly for both formalisms. Is the level of lineariza–1

tion appropriate for the Jacobian in the joint space dynamic equations necessarily appropriate for the operational space dynamics?
Inclusion of higher order terms when not needed for accuracy is not only a waste of
computation time, but it can also make integration of the acceleration variables more diffi-
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cult and more costly. As shown in the works discussed earlier for open chain systems
[15][55][62], the best linearization scheme is usually dependent on the system (i.e. planar
vs. three-dimensional, damped vs. undamped) and the particular operation (higher vs. lower speeds and accelerations). The same case-dependent nature is likely true for constrained
flexible systems, regardless of the simulation algorithm used.
For the MRDS algorithm, the terms required from the modular level calculations are:
ope n
the open chain joint accelerations for the module, q··
; the open chain spatial acceleration
I ope n
I
and cross point inertia matrix for each contact point, x··IO and ΨIO , respectively; the in-

verse multi-point operational space inertia matrix, ΛOi Oj , for every pair of operational
I

–1

points in the module, and, as discussed in Chapter 6, the kinematic terms for every contact
I
I
I
ope n
point, rIO i , ROi , and x·IOi . For the example systems used in Chapter 8, solution for q··

was always found using the consistently linearized approach. Using the direct multiplicaI

I

–1

tion methods, the linearization for the terms ΨIO and ΛOi Oj relates directly to that chosen
for the Jacobian matrix. For flexible systems, the kinematic terms for each contact point can
also be of higher order or linearized to first order.
Given these observations, three choices were examined in relation to the linearization
of the Jacobian (and hence, the force coefficient matrices) and the contact point kinematic
terms. In one set of simulations, these terms were linearized to remove all second order
terms, as well as the first order terms in J θ stemming from second order kinematics. Simulations were then repeated with linearization to first order, but this time allowing the first
order terms derived from second order kinematics to be retained in J θ . In the last set of simulations, full second order terms were used in all kinematic expressions and throughout the
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construction of the Jacobian.
The results, to be described in full detail in Chapter 8, indicate the need for retaining the
second order terms in systems containing closed loops and subject to relatively large deflections and internal forces. Open loop systems and those closed loop systems with smaller
deflections and internal forces did not require the second order kinematics.
While this study of the linearization schemes applicable to the structure of the MRDS
algorithm is informative, a more comprehensive examination of the effect of linearization
schemes on constrained flexible systems is needed. Following the lead set in [15], [55], and
[62] for unconstrained systems, an excellent approach for studying this problem further
would be to apply a set of differently linearized models to the constrained motion of both
planar and three-dimensional structurally flexible robots both with and without material
damping in the model. Simulation experiments of high and low speed maneuvers and higher and lower internal forces would potentially lead to guidelines about the required linearization scheme in conjunction with constrained motion. As this is beyond the scope of this
work, it is left as a future exercise.

7.4 Summary
Regardless of the linearization issues, the discussion of Section 7.1 shows that the
MRDS algorithm can be applied to structurally flexible systems without revision of the fundamental steps of the algorithm. Certainly, the analyst using the MRDS algorithm needs to
be careful in many aspects of the simulation. This includes the choice of modelling method
(finite element or assumed modes, for example), the establishment and enforcement of
boundary conditions, the inclusion of higher order effects and the choice of a linearization
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scheme, etc., just as he or she would need to do for any constrained motion simulation of
flexible bodies.
Further evidence of the suitability of the MRDS algorithm for structurally flexible systems is given in the next chapter where simulation results for a number of multi-module,
multi-contact systems with structural flexibility are presented.

Chapter 8 ALGORITHM CODING AND VALIDATION
To test and validate the MRDS algorithm, simulation code was developed for the dynamic simulation of several structurally flexible robot systems. These systems were created
from modular building blocks and featured a variety of system topologies and operational
conditions. This chapter presents the results of these system simulations and shows the effectiveness and applicability of the MRDS algorithm.

8.1 Modelling and Dynamic Equations of Example Systems
Three robot modules were used in the creation of the flexible robot systems considered
in the testing of the MRDS algorithm. A general description of each of these three modules
is as follows:
•

A planar two-link robot with two revolute joints and a fixed base

•

A planar one-link robot with one revolute joint and a fixed base

•

A planar one-link robot with a freely mobile base

The dynamic equations of motion were derived using Extended Hamilton’s Principle and
are included in Appendix A. Modelling of link deflections was accomplished using the assumed modes method with cantilevered mode shapes used for all flexible links. The links
used in the modules were long and slender and, hence, Bernoulli-Euler beam theory was
applied. Consequently, the effects of shear and rotary inertia were ignored, and the magnitude of elastic deflections and rates were assumed to be small.
Transverse deflections of the links were given by Equation 126, and second order kinematics describing the shortening effects were used throughout the derivation of all kinemat146
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ic and dynamic equations (see Equation 129). The consistent linearization scheme, an
approach described in Section 7.2, was used for the open chain joint space dynamic equations.
Three different levels of linearization were explored for the computation of the contact
point kinematics and the Jacobian matrix (and therefore, for the contact force coefficient
matrices, as well). In the first case, second order kinematics and all first order terms derived
from the second order terms were eliminated in the linearization process (similar to the “inconsistent” method in [55]). In the next method, first order terms derived from second order
kinematics were allowed to remain in the Jacobian matrix, while all other kinematic terms
were linearized to first order. This case is essentially an extension of the consistent model
applied to the operational space dynamics. In the last case, all second order kinematic terms
were allowed to remain in both the contact point kinematics and in the Jacobian, including
subsequent first order terms. This case goes beyond all previously identified methods from
[55] and Section 7.2, as those cases never contained any second order terms in the final
equations.
The generalized coordinates for the two-link planar revolute robot, shown in Figure 24,
were chosen as follows:
θ1

q1
q =

q2
q ( 2 + i)
q ( 2 + nf 1 + i )

= θ 2 + w' 1
q f1
r

(130)

q f2

where w' 1 is the elastic slope at the tip of link 1 (see Equations 127 and 128), q fi is the
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nf i × 1 vector of modal coordinates for the bending of link i, nfi is the number of mode
shapes used for link i, and θ2 is the relative angle between the tip of the first link and the
r

base of the second. Note that the absolute rotation angle for the second link, θ 2 , which is
a

used in the simulation output plots, is given by:
θ 2 = θ 1 + w'1 + θ 2 = q 1 + q 2
a

r

(131)

x2
w2
w' 2

y1
θ2
r

yI

w1

y2
x1

w'1
θ1

xI

FIGURE 24. Coordinate Frames and Parameters for the Two-link Flexible Robot Module

The dynamic equations of the fixed-base one-link robot are the same as for the two-link
robot with all terms pertaining to the second link removed. In this case, the generalized coordinates were chosen as follows:
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q =

q1

=

q( 1 + i)

θ1

(132)

q f1

For the one-link robot with the mobile base shown in Figure 25, the generalized coordinates included the position of the proximal end of the link expressed in the inertial coordinate frame. The elements of q are as follows:

q1
q =

q2

xI
=

yI

q3

θ1

q( 3 + i)

q f1

(133)

Although for the sake of efficiency, the mobile, one-link robot would not typically be designated as its own module, as pointed out in Section 6.1, this approach was used here so
that the ability to achieve series connections could be demonstrated fairly simply. As shown
in the preceding equation, base motion variables have been included in the generalized coordinates to allow proper computation of the open chain dynamic behavior.

w1
y1

x1

w' 1
θ1

yI
Inertial frame

xI

FIGURE 25. Coordinate Frames and Parameters for the Free-flying One-link Flexible Robot Module
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8.2 Simulation Coding
The user interface of the simulation code is shown below in Figure 26. With this interface, all relevant inputs for construction and operation of the various robot systems considered can be set, including the following:
•

the number of modules and number of contacts in the system

•

length, mass per unit length, and bending properties (EI) of each link

•

the number of mode shapes (0, 1, 2, or 3) used per flexible link

•

the initial positions of each revolute joint and the base of any mobile base robots

•

the contact point labels (assignment of “E” and “P”)

•

the location of the contact on each module (the fixed base robots allow tip contact
and the mobile base robots allow either base or tip contact)

•

the torque coefficients for a sinusoidal torque command at all joints and contact
points (for contact models with actuation)

•

the simulation step size and total duration

With this code, connections between the robots or between the robot and fixed environmental boundary can be chosen from a list of six available contact models. These predefined contact models included rigid grasp, revolute joint, translation in the x-direction
with no tip rotation, translation in the x-direction with free rotation, translation in the y-direction with no tip rotation, and translation in the y-direction with free rotation.
Also possible from the interface screen is the option to choose a predefined system con-
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figuration, for which the modules and contacts have already been configured. This prevents
the need to constantly assemble and connect the modules with every simulation, while still
allowing new configurations to be created from scratch or by modifying one of these existing formations.

FIGURE 26. MRDS Interface for Systems of One and Two-Link Flexible Robots

Predefined systems included the simulation of each of the three module types listed at
the beginning of Section 8.1 acting in a purely open chain manner. This allowed testing and
validation of the fundamental dynamics of each module, prior to using them in cooperative
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tasks. Other more simple cases included the use of a one-link fixed robot module joined in
series by a revolute contact module to the mobile-link robot module. By comparing this
with the open chain simulation of the two-link module, the MRDS’s ability to simulate two
modules in series was tested very easily.
A similar example came from two more predefined systems. In the first, the two-link
robot module was constrained to slide in the x-direction at a fixed tip location in the y-direction with the tip free to rotate. Then, the same fundamental system was built using the
fixed one-link robot in series with the mobile one-link robot and the same sliding contact
model attached to the tip of the mobile robot. This comparison allowed the first testing of
a multiple concurrent contact, since in this latter form, the second module had two contact
models attached with one at the base and one at the tip.
Additional cases included the parallel cooperation of two, two-link robots joined at the
tip, and a four-link robot which was formed by the series connection of the two-link module, the mobile one-link model, and another mobile one-link module.
Simulation coding employs a fourth order Runge-Kutta integration scheme with a fixed
stepsize. Inversion of the joint space inertia matrices was achieved using the LU Decomposition algorithm from [57]. The same routine was also used for solving the linear system
of equations in the unknown components of the contact force vectors. Singular Value Decomposition [57] was also used for matrix inversion and linear system solution as a means
to study troublesome simulations.

8.3 Validation of the MRDS
Simulations generated from the coding of the MRDS algorithm were validated by com-
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parison with simulation results from a commercially available product called Working
Model® 2D (version 5.2) [72]. As shown in Figure 27, the approach used in Working Model to model link flexibility is to break the link into a user-specified number of rigid segments of equal length. These segments are connected by rotational springs, where the
spring constant is established based on the bending stiffness (EI) entered by the user and
the aforementioned number of segments. Resultant spring constants can then be further
modified by the user if desired. A description of some of the difficulties encountered with
Working Model is included in Appendix B.

FIGURE 27. Model of a Four-link Flexible Robot Created with Working Model

Using the coded version of the MRDS algorithm described above, numerous dynamic
simulations were performed and compared with similar simulations from Working Model.
This section shows a collection of these simulated systems, the results, and describes the
successes and limitations observed. In total, six basic systems are discussed, each showcasing a specific system topology. Several systems were examined under different operating
conditions. For each system, some (usually all) of the links are modelled with flexibility.
These systems are as follows:
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1) One rotating link
2) Two-link robot with revolute joints
3) Kinematic base-excitation of a two-link robot
4) A Macro/Mini four-link robot
5) Four-link robot with all links of equal magnitude
6) Parallel cooperation of two, two-link robots
In all cases, compared outputs typically include the following: joint angles, inertial tip
position in the x and y directions, transverse tip deflections of all flexible links, joint velocities, and constraint violations (for cases involving one or more contact models). As most
readers can visualize angle measurements in degrees better than radians, plots of joint angles are given in degrees. By contrast, joint velocities are given in radians per second to facilitate comparison to system natural frequencies. This comparison is suggested by Padilla
and von Flotow [55], as their results for one and two-link flexible robot simulations indicate
certain difficulties in generating results for cases where the joint velocity is greater than ten
percent of the system’s lowest natural frequency. System natural frequencies are shown in
Table 21 for Systems 1, 2a, and 2b, which are described in detail in the sections below.

TABLE 21. Natural Frequencies of Basic Example Systems
Example System

Link 1 (rad/s)

Link 2 (rad/s)

System 1

ω11 = 10.2

ω12 = 63.6

N/A

N/A

System 2a with link 2 at 90 degrees

ω11 = 5.83

ω12 = 49.6

ω21 = 40.6

ω22 = 254

System 2b with link 2 at 90 degrees

ω11 = 3.68

ω12 = 47.0

ω21 = 12.8

ω22 = 187
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The material properties of the links in all six systems were the same. Specifically, the
links were modelled with rectangular cross sections and made of aluminum. Table 22
shows the cross-sectional dimensions, mass per unit length, and bending properties for all
links. For all systems, link lengths were specified as one meter, one-half meter, or one-tenth
meter, depending on the specific case as described below.
Torque commands for all joints in all systems were given the following sinusoidal format:
τ i = A i ⋅ sin ( 2 ⋅ π ⋅ t ⁄ T i )

(134)

where i is the joint number, t is the time variable, Ai is a user-specified amplitude, and Ti
is a user-specified period. This format was selected for its simplicity in the development of
simulations in Working Model. For the example systems of this chapter, specific values for
amplitude and period were chosen for each operation so that all links experienced significant motion and generated adequate excitation of lower flexible modes.

TABLE 22. Material Properties Used for All Links in All Example Systems
Property

Value

Width

0.08 meters

Height

0.002 meters

Mass per unit length

0.448 kg/m

Young’s Modulus (E)

70e9 N/m2

Inertia (I)

5.3333e-11 m4

Bending Stiffness (EI)

3.7333 N/m2

In the following sections, key simulation results are featured. A full presentation of all
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results for each system is given in Appendix C.
8.3.1 System 1: One Rotating Flexible Link
This simple case is included to demonstrate the ability and accuracy of the Working
Model approach to modelling structural flexibility in a rotating link. Figure C-1 (see Appendix C) shows the comparison of MRDS and Working Model outputs for this maneuver.
In this case, the link is one meter in length, and the amplitude and period for the torque command given by Equation 134 are shown in Table 23. These values drive the equivalent rigid
link from rest to rest through an angle of 180 degrees. As shown in Figure C-1, the results
for the joint angle are indistinguishable (the maximum error is less than 9.61e-2 degrees).

TABLE 23. Torque Parameters for System 1
i=1

(Nm)
Ti (s)

Ai

0.02948
10

Figure 28 shows a comparison of the predicted tip deflection as determined with the
MRDS code and with four separate cases of Working Model, each using a different number
of segments per link to model the flexibility. The progression from four segments per link
to ten segments per link shows improving accuracy33 between Working Model and MRDS
with regard to the magnitude and frequency of the higher frequency response. Although the

33. For all examples in this chapter, increasing agreement between Working Model and MRDS simulation
results was obtained by increasing the number of segments per link in Working Model. Note, however, that
convergence of the two methods as the number of segments and mode shapes approach infinity is not guaranteed. This is due to modelling differences, where Bernoulli-Euler beam theory was chosen for the MRDS
coding, while Working Model’s rigid segments allow large deformations and the inclusion of shear and
rotary inertia effects.
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case with eight segments per link shows a slightly lower overall deflection, the higher frequency is clearly better predicted than in the cases of four or six segments per link. Better
agreement in the overall deflection could be obtained by retuning the spring constant. However, the spring constant used here is the value found to be “best” for a variety of loadings
and operations (see Appendix B).

FIGURE 28. Improving Agreement with Increasing Segments Per Link in Working Model

8.3.2 System 2: Two-Link Flexible Robot
This system was created using the fixed-base, two-link module with the first link having
a length of one meter and the second link being one half meter long. Three different cases
were analyzed. The first case involved the simple open chain operation of the robot. The
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second case was also open chain, but included a large, concentrated mass at the tip of the
second robot. The final case modelled a closed chain operation, where the tip was constrained to slide in the x-direction only. Results from all cases are compared and contrasted
below.
8.3.2.1 System 2a: Simple Open Chain
In this operation, the torque command parameters for the format given by Equation 134
are shown in Table 24. Figure C-2 shows the results for all of the standard outputs. As before, joint angles are in near perfect agreement, as are predictions for tip position (maximum errors of 0.0874 degrees and 4.678e-4 meters, respectively). Slight variations can be
found between the predictions of tip deflection, as is expected given the differing methodologies for modelling link flexibility.

TABLE 24. Torque Parameters for System 2a

Ai (Nm)
Ti (s)

i=1

i=2

0.105

0.011

10

10

8.3.2.2 System 2b: Open Chain with Concentrated Tip Mass
This case is similar to System 2a, but contains a 0.5 kg point mass at the tip of the second link. Figure C-3 shows the comparison of the standard outputs. As shown, peak joint
velocities in this case are nearly the same as in System 2a, but this constitutes a higher percentage of the system’s lowest natural frequency due to the presence of the tip mass. Not
surprisingly, tip deflections of the links are considerably higher than for System 2a. Torque
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signals for this system are based on the parameters in Table 25.

TABLE 25. Torque Parameters for System 2b

Ai (Nm)
Ti (s)

i=1

i=2

0.315

0.111

10

10

In addition to larger deflections, this system also shows a more complex behavior of the
flexible links than in the previous systems. Note that the sudden changes in tip deflections
are well matched, and as before, the joint angle and tip position outputs are virtually indistinguishable. Improved agreement is again achieved as more segments are used in the
lumped parameter model of Working Model. Figure 29 shows the predictions of the tip deflection of the first link for values of six and eight segments per link in Working Model.
Clearly, the results from the eight segment-per-link case are superior to that of the six segment case.

FIGURE 29. Another Example of Better Agreement with More Segments in Working Model
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8.3.2.3 System 2c: Tip Constrained to Slide
In this case, the two-link robot has its tip constrained to slide in the x-direction at a fixed
value of 0.6 meters in the y-direction. The sliding surface is modelled as frictionless, and
tip rotation is unconstrained during the operation. The torque commands for this operation
use the values shown in Table 26. Figures C-4 and C-5 show the output variables for this
system, including in this case, the magnitude of the contact force at the tip constraint.

TABLE 26. Torque Parameters for System 2c

Ai (Nm)
Ti (s)

i=1

i=2

0.0531

0.0

10

10

As this system is the first to employ a contact model, these results are also the first to
show a plot of constraint violations. In a perfect simulation, the y-coordinate of the robot
tip should hold exactly at 0.6 meters throughout the entirety of the simulation. As shown in
Figure C-4, the Working Model simulation does deviate slightly, however, this amount is
directly related to the accuracy settings set by the user. The MRDS results holds much more
closely to the constrained y value, however, as shown in Figure C-5, the amount of deviation does begin to grow linearly towards the end of the simulation. Note that this occurs at
the end of the simulation, where joint velocity reaches its highest values. Also note that
these results were generated without any means of constraint violation suppression. Results
using the constraint violation suppression technique from Section 6.4 are discussed in
greater detail for later systems.
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8.3.3 System 3: Kinematic Base Excitation of a Two-Link Robot
In this system, the two-link robot from System 2 is mounted on a mobile base that is
constrained to move back and forth in the x-direction with the following translational velocity:
x· = 0.1 ⋅ sin ( 2 ⋅ π ⋅ t ⁄ 5 )

(135)

At the same time, the two joints are driven with sinusoidal torque commands with the values of amplitude and period given in Table 27.

TABLE 27. Torque Parameters for System 3

Ai (Nm)
Ti (s)

i=1

i=2

0.105

0.011

10

10

The MRDS system model for this case uses two modules, each of which corresponds to
a free-floating flexible link. Two contact models are used: 1) a revolute contact between the
tip of the proximal module and the base of the distal module, and 2) a revolute contact between the base of the proximal module and the kinematically excited base of the system.
Incorporation of the base excitation in the MRDS model was exceedingly simple, as the inclusion of the base kinematics can be achieved simply by specifying the open chain spatial
acceleration of the moving base. This is simply the temporal derivative of Equation 135,
which specified the translational base velocity. Consequently, no model of the physical paI ope n
rameters of the base are needed. It is simply a matter of setting x··IE equal to the temporal
E op en
derivative of Equation 135 in the calculation of term x··EP .
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Figures C-6 and C-7 show the results for this case, where again, joint and tip agreement
is excellent. Figure C-7 also shows the constraint violation associated with the revolute
contact between the two links (modules). The violation is exceedingly small and oscillatory
due, in part, to the flexibility in the system. Also, as shown, it remains bounded throughout
the simulation. Again, no means of suppressing the constraint violations were used in the
generations of these results.
Constraint violation of the contact between the moving base and the first link (module)
is given by the difference between the x position of the proximal end of the first link and
the kinematically established position corresponding to the input base velocity of
Equation 135. Oddly enough, this violation is found to grow throughout the simulation by
a peculiar amount. At exactly five seconds (equivalent to one full cycle of the base excitation), the violation was found to be exactly equal to π/10000 (i.e. 3.14159e-4). Similarly,
at the end of the simulation, when exactly two full cycles have been completed, the error is
twice the previous amount. It is believed that this is a numerical inaccuracy related to the
integration of the sinusoidal base excitation function in Visual Basic. As discussed in Section 6.3, this constraint violation could be removed completely by passing the kinematic
excitation directly to the module representing the first link. By setting the x position of the
base directly from the kinematic excitation, rather than integrating the calculated x direction acceleration of the base of the first link, no violation would occur.
8.3.4 System 4: Macro/Mini Four-Link Robot
A four-link open chain robot was modelled, where the first two links each had a length
of one meter. The two end links, having the same mass density and cross-section as the first
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two links, were each given lengths of 0.1 meters. Structural flexibility was included for the
two longer links, while the shorter links were modelled as rigid members.
Each of the four torque commands used the same sinusoidal input format given by
Equation 134. The coefficients for each of joint were set as shown in Table 28.

TABLE 28. Torque Parameters for System 4
i=1

i=2

i=3

i=4

Ai (Nm)

0.01

0.001

-0.0002

-0.00001

(s)

80

80

10

10

Ti

Figures C-8 and C-9 show the comparison between MRDS and Working Model predictions. The MRDS model was achieved using three modules. The first represented the fixedbase two-link robot. This module was connected in series by a revolute contact model to
the second module, which represented a single free-floating flexible link. The final module
also represented a free-floating link, and was connected by its base through a revolute contact to the tip of the previous link (module). Constraint violations for each of these contact
models are also given in Figure C-9, where again, the values are seen to be extremely small
and remain bounded throughout the simulation, despite the lack of any constraint violation
suppression.
8.3.5 System 5: A Four-Link Planar Flexible Robot
As in the previous case of the Macro/Mini four-link robot, three modules were used to
create the examples in this four-link system configuration. Here, however, all four links of
the robot were set to be one meter in length, and all were modelled with structural flexibil-
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ity. Three operations are presented here. The first and second are considered slow and fast
operations, respectively, while the third case exhibited large inertial loading.
8.3.5.1 System 5a: Slow Speed Operation
Coefficients for the four torque commands having the same form given by
Equation 134 are shown in Table 29. Figures C-10 and C-11 show the results for this case.
Again, constraint violations are small and bounded.

TABLE 29. Torque Parameters for System 5a
i=1

i=2

i=3

i=4

Ai (Nm)

0.01

0.002

-0.002

-0.0015

(s)

20

15

20

15

Ti

8.3.5.2 System 5b: High Speed Operation
The robot from System 5a was operated with higher joint torques, as shown in Table 30.
Figures C-12 and C-13 show the predicted behavior. Note that the peak velocities of the
first three joints are approximately ten times larger than in System 5a, and that of the fourth
is nearly 20 times greater. Naturally, peak tip deflections are also much larger in this case.

TABLE 30. Torque Parameters for System 5b
i=1

i=2

i=3

i=4

Ai (Nm)

-0.01

0.04

-0.04

-0.02

(s)

40

15

15

30

Ti

For this system, again with no means of suppression in place, constraint violations are
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no longer bounded and begin to grow linearly from five seconds into the simulation until
the end of the twenty-second simulation.
8.3.5.3 System 5c: Large Inertial Loading
In this system, inertial loading is maximized by commanding the robot to rotate with all
links fully extended. Torque coefficients for this operation are given in Table 31, while results are shown in Figures C-14 and C-15.

TABLE 31. Torque Parameters for System 5c
i=1

i=2

i=3

i=4

Ai (Nm)

0.25

0.15

0.05

0.01

(s)

80

80

40

40

Ti

This operation was the most problematic of all the example systems discussed in this
chapter. Numerous variations of the model were explored in the attempt to produce a stable
and accurate simulation. The fundamental model, developed using two cantilevered mode
shapes for each link, became unstable and ultimately crashed approximately seven seconds
into the 13-second operation. Using only one cantilevered mode shape for each link, the
simulation again became unstable. In this case, the crash occurred approximately 12 seconds into the 13-second maneuver.
Other variations of the model included combinations of the following: 1) the use of second order kinematic terms, 2) implementation of the constraint violation suppression technique, 3) the use of substantially smaller timesteps, and 4) the use of Singular Value
Decomposition routines in place of the LU Decompositions used for matrix inversions and
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linear system solutions. None of these variations succeeded in producing a stable simulation.
Ultimately, an accurate and stable simulation was produced using the MRDS algorithm.
This was achieved by including three cantilevered mode shapes for the first link of the fourlink robot, and two cantilevered mode shapes for each of the remaining links. Although a
full analysis of this result is still needed, it is theorized that the frequencies associated with
the second bending modes of one or more of the distal links are actually higher than the
third modal frequency of the first link. Consequently, the inclusion of an equal number of
mode shapes for all four links results in the “skipping” of a lower system modal frequency.
To capture this mode, which is apparently necessary to ensure stability, the first link must
be modelled with one more mode shape than is used to model the three other links. This
theory was further supported by the stable and accurate simulation achieved using two cantilevered mode shapes for the first link and a single cantilevered mode shape for the other
three.
The difficulty in achieving a stable simulation of this operation is similar to a case discussed by Padilla and von Flotow [55]. As in their case, the difficulty here is attributed, at
least in part, to the inappropriateness of the cantilevered mode shapes for this operation.
The large inertia loading and larger motor torques exhibited here add significant tip forces
and moments on each of the four flexible links (especially on the first link).
One possible improvement would be the use of the “CLTI” mode shapes employed in
[51] and [36]. These mode shapes are based on a cantilevered beam with a tip inertia and
would better incorporate the effect of the large inertial loading present on the tip of the first
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link. Another examination of improved mode shapes is given by Haering in [23], where the
accuracy of beam stress is examined using three different modelling approaches.
8.3.6 System 6: Parallel Cooperation of Two, Two-Link Flexible Robots
For this system, an un-powered revolute contact was used to connect two, two-link robots in parallel. In the MRDS model, two modules were used, each representing a two link
flexible robot. Two examples are presented for this configuration. The first operation uses
very small input torques. The second uses much higher torques and consequently generates
significantly larger internal forces and deflections as the links pull against one another.
8.3.6.1 System 6a: Small Torque Input
Table 32 shows the sinusoidal torque coefficients used for this operation. For this system, all links were one meter long. Results are given in Figures C-16 and C-17. Also shown
is the constraint violation of the single contact, which grows steadily from 2.58 seconds into
the 30-second simulation. Using the constraint violation suppression technique described
in Section 6.4, this growing violation is successfully kept in check for the duration of the
simulation. This is shown in the last graph of Figure C-17.

TABLE 32. Torque Parameters for System 6a
i = 1 Left

i = 2 Left

i = 1 Right

i = 2 Right

Ai (Nm)

0.02

0

0.02

0

(s)

10

10

10

10

Ti
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8.3.6.2 System 6b: Higher Torque Input with Higher Tensile Forces
System 6b was operated with larger input torque commands as given by Table 33 and
with the second link of each robot reduced to 0.5 meters. As with System 5c, discussed
above, the MRDS code was (initially) unable to complete the simulation of this system.

TABLE 33. Torque Parameters for System 6b
i = 1 Left

i = 2 Left

i = 1 Right

i = 2 Right

Ai (Nm)

0.195

-0.125

0.45

0.001

(s)

10

10

10

10

Ti

In this case, the difficulty is not attributable to high inertial loading, but rather to the
sizeable error in the neglect of the foreshortening effects. In this system, a closed loop is
formed through the cooperation of the two robots. Position constraints must be very precisely satisfied to complete loop closure. With the high torque commands applied to this
system, transverse deflections are very large for this case. In fact, for the first link of each
robot, transverse deflections are nearly 10% of the length of the links. This is the upper limit
of validity for the simple Bernoulli-Euler beam assumptions.
With transverse deflections of this size, the magnitude of foreshortening will also be
larger than in previous simulation results. Omission of the second order kinematics in this
case contributes to a significant violation of the loop closure.
For this system, second order kinematics are necessary to achieve accurate and stable
simulation results. With the inclusion of these higher order kinematic terms, excellent
agreement with Working Model results as exhibited in the responses shown in Figures C-
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18 and C-19.
The importance of second order kinematics in certain closed-loop systems is also reported in [63]. It is reported that the exactness in loop closure necessitates the inclusion of
the foreshortening effects. Failure to include them produces a position error that is at least
as significant as a constraint violation. This problem is not as prevalent with open chain systems, where position accuracy in loop closure is not an issue. The same holds true for the
MRDS algorithm. Despite the use of contact modelling and kinematic constraints in serial
connections between modules, the need for second order kinematics seems limited to only
those systems with a kinematic closed loop and higher internal forces leading to large deflections.

8.4 Summary
The results described in this chapter show the success of the MRDS algorithm in solving the Forward Dynamics problem for a system of interacting dynamic modules. The results for these example systems show the ability to treat systems with serial and parallel
cooperation, macro/mini systems, and systems with kinematic base excitation. The successful implementation of a simple constraint violation suppression technique is also demonstrated.
Structural flexibility was included in all systems, and response predictions were well
matched by results from Working Model. The need to carefully select mode shapes in the
modelling is demonstrated by the difficulty encountered with the four-link robot simulation
when subjected to large inertial forces using simple cantilevered mode shapes. Similarly,
the need to use full second order kinematics is shown for cases of closed-loop operations
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subject to large internal forces. These areas of added caution are, of course, not unique to
the MRDS approach, but are problematic for nearly any method of constrained motion flexible body modelling. Overall, the success of this modular approach to dynamic simulation
is clearly demonstrated.

Chapter 9 SUMMARY AND FUTURE DEVELOPMENT
This dissertation presents a Modular Robot Dynamic Simulation (MRDS) algorithm
that is applicable to multiple cooperating, structurally flexible robots with reconfigurable
topology. The algorithm is designed to be applicable to numerous complexities found in
modern robot systems. It is also intended to be both computationally efficient and efficient
with regard to the analyst’s time and effort in generating new simulations from existing dynamic building blocks.
The MRDS algorithm has its roots in the constrained motion algorithm of Lilly
[39][40], which was originally developed for the dynamic simulation of simple closed
chain mechanisms composed of rigid bodies. The work presented here extends this algorithm in a number of ways, ultimately evolving into a modular algorithm capable of simulating the dynamics of modules connected in series, in parallel, or hybrid configurations.
The general joint model of Roberson and Schwertassek [58] is incorporated into the
MRDS algorithm, allowing joints and general contacts between pairs of rigid bodies. The
model uses a dual basis to describe the structure of the spatial contact force and relative velocity between the contacting bodies. Precise notation is implemented, and a “standard
pair” of the force and velocity vectors is established to ensure consistent application of the
model. Use of this model allows the treatment of holonomic and non-holonomic constraints, as well as constant and time-varying contact modes.
The first full algorithm presented in the dissertation makes use of the new notation and
upgraded contact model to achieve dynamic simulation of “single contact systems”. These
systems include the cooperation of two robots in parallel or in series and the closed-loop
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motion of a single robot formed by contact with an environmental boundary or with one of
its own internal member bodies. This latter example, denoted as a Type B contact, is shown
to make use of a relative Jacobian matrix associated with the relative kinematics between
the two contacting points within the same robot module. The resulting algorithm is shown
to be O(N) for both Type A (external) and Type B (internal closed-loop) contacts.
The full modular algorithm is then developed for the dynamic simulation of multiple
robots (or other dynamically significant objects/devices) subject to multiple concurrent
contacts. New forms of the operational space inertia matrix are presented, which are used
to relate spatial contact forces from one contact point (operational point) to spatial accelerations at a second contact point. These matrices are used in the generation of a linear system
of equations in the system-wide unknown contact force components. The exact structure of
the coefficient matrix of this equation is shown to depend solely on the topology of the system.
The algorithm’s modularity allows all calculations pertaining to a single module to be
performed without any knowledge or interaction from other modules in the system. This
feature makes possible the use of parallel processing on multiple processors. Specifically,
one processor can be assigned to calculate the open chain dynamics of one module in the
multi-module system. This architecture provides the potential to greatly enhance the computational efficiency and real-time capability associated with the simulation of complex
systems.
A great deal of attention is given to the subtleties involved in a serial connection of
modules. Specifically, two methods are given for the calculation of the Forward Kinemat-
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ics in the system. In the first method, these calculations are purely modular, and with the
use of constraint violation suppression, base-body kinematics in a serially connected module need not “wait” for the kinematics of the supporting contact body. In the second method, constraint violations in serial connections are completely eliminated by setting the basebody kinematics associated with the constrained directions of the contact directly from the
combination of the tip body kinematics and the contact constraints.
The MRDS algorithm is also shown to be applicable to systems composed of structurally flexible bodies. Included in this demonstration is a discussion of the second order strain
and kinematic effects often neglected in dynamic modelling due to the premature linearization of the dynamic equations. Several linearization schemes from available literature on
open chain manipulators are reviewed, and their incorporation into the MRDS algorithm is
discussed. Special attention is given to the linearization process with regards to constrained
motion dynamics and the use of the operational space dynamic formulation.
Validation of the MRDS algorithm is achieved through the simulation of numerous example systems and the subsequent comparison to simulation results obtained from Working
Model® 2D. The simulations of several one and two-link, structurally flexible robots show
the increasing correlation between Working Model and the MRDS algorithm as a greater
number of segments per link are used in the lumped parameter models of Working Model.
More complex systems are built from three basic modular building blocks, which include a two-link, fixed base robot; a one-link, fixed base robot; and a one-link robot with a
free-flying base. All modules include structural flexibility using the Bernoulli-Euler beam
assumptions and the assumed modes method with zero, one, two, or three cantilevered
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mode shapes per link. Second order kinematic relationships were used in the derivation of
all kinematic and dynamic equations for each module, and several linearization schemes
were examined.
Example systems included the base excitation of the two-link module, the serial cooperation of three modules to form a four-link robot with all links of equal magnitude, and the
latter example repeated, but with a Macro/Mini construction. Excellent correlation between
Working Model and the MRDS results is shown in a multitude of predicted responses. Simulation results showed that cases involving closed-loops and large internal forces require
the inclusion of all second order kinematic terms, including the associated first order dynamic effects. This was not the case for open-loop maneuvers and closed-loop operations
with lower interbody forces.
A constraint violation suppression system is shown to be successful at limiting the
growth of violations in the few cases exhibiting any such growth. This method involves a
proportional and derivative control applied to the solution for the contact forces, where the
gains are applied to the position and velocity constraint violations, respectively. No adverse
effect on the response predictions is observed from the inclusion of the constraint violation
suppression due to the small gains used and the very small errors observed at each timestep.

9.1 Advantages, Achievements, and Impact
Dynamic simulation of multi-robot systems with complex and time-varying topologies
has always been a difficult task. With the achievements and capabilities of the MRDS algorithm, this task is made significantly easier. Specific impact of this work in the field of
robot dynamic simulation is outlined here.
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MRDS is the only known Forward Dynamics algorithm applicable to multiple robots
with multiple constraints, constrained flexible systems, topologies composed of series and/
or parallel connections, holonomic and non-holonomic contacts, and both constant and
time-varying contact modes. The algorithm also allows efficient handling of modules that
form a single internal closed loop.
The MRDS algorithm makes use of the operational space dynamic formulation, which
has been shown by many researchers to be efficient in the simulation of multiple robots cooperating in parallel and single robots performing constrained motion tasks. Application of
the operational space dynamic formulation to the simulation of a series connection of multiple robots is new to the field and is an integral part in achieving the modularity of the algorithm. Another new contribution is the incorporation of the recently developed multipoint operational space dynamic formulation into the simulation of robots subject to multiple concurrent contacts.
Application of the operational space formulation to constrained flexible systems is also
a recent achievement in existing simulation algorithms. This work addresses the issue of
second order strain and kinematic effects and explores the requirements and ramifications
associated with different linearization schemes. Prior to this work, the investigation of suitable linearization schemes and their impact on non-linear dynamic effects has been focused
almost entirely on open-chain, single robot systems.
A prominent feature of this algorithm is that its modular construction allows increased
computational potential by allowing modular level terms to be computed simultaneously
on parallel processors. In addition, efficient O(N) methods may be employed for all mod-
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ular calculations, with the exception of the force coefficient matrices for flexible systems.
It is expected, however, that these matrices can also be found by O(N) means, and this will
be the subject of further research.
The MRDS algorithm is focused not only on computational efficiency, but also on the
efficiency with respect to the analyst’s time and effort. The modular nature of the algorithm
makes it ideal for the simulation of complex reconfigurable systems, such as those used in
space applications. New simulations of alternate topologies of the same basic modules can
be generated simply by redefining the modular connectivity. The analyst is not burdened
with the derivation of new equations or coupling terms and is spared from making significant revisions to existing simulation coding. This is a new achievement for serial connections of robots.

9.2 Current Limitations and Future Work
Throughout the development of this algorithm, a small number of limitations have been
noted. These limitations are aspects of the algorithm in need of further research in the effort
to provide the most efficient, general, and useful constrained dynamic simulation algorithm
possible.
One such limitation is the current lack of an O(N) method for the computation of the
I

various inertia matrices ( Λ Oi Oj and ΨIO i ) required by the algorithm for structurally flexible
–1

modules. At this time, O(N) methods are only available for rigid body manipulators. In the
case of flexible bodies, the direct multiplication methods must be used. It is expected, however, that O(N) methods can be found with further research. In that event, the entire algorithm will be achievable in O(N) computational complexity.
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Another limitation is the requirement that the general joint model be applied to contacts
between two rigid bodies. Although the algorithm is applicable to structurally flexible systems, modular interactions that make use of the contact model cannot currently be applied
to deformable bodies. A very useful exception to this is when the operational frames (E and
P) can be assigned at the contact point or contact surface, rather than an internal location
within the deformable body. This exception is exploited in the example systems presented
in the dissertation, where external contacts between flexible links were described in frames
associated with the tip or base of the interacting links.
Another area of future work deals with the efficiency of the global algorithm. The algorithm currently requires the inversion of a potentially large matrix in the global solution for
the unknown contact force components. It is expected, however, that this process could be
broken down into smaller inversions based on the topology of the system. This process
could lead to a series of six-by-six or smaller inversions, as opposed to inversion of the entire global coefficient matrix. Until this recursive solution is explored further, the current
method can make use of more computationally efficient inversion processes whenever this
coefficient matrix is found to be sparse or banded. This will be dictated by the topology of
the total system.
As suggested in Chapter 7, further investigation is needed in relation to the effect of linearization on constrained flexible systems. As has been the case with other researchers for
open chain flexible models, the effect of various levels of linearization needs to be explored. The so-called “ruthless”, “consistent”, “inconsistent”, and fully non-linear models
should be developed and compared for two-dimensional and three-dimensional constrained
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flexible robots. Insightful but conflicting conclusions have been reached by researchers for
open chain systems. The preliminary investigation put forth here suggests that systems containing a closed kinematic loop are more likely to require full second order kinematics. Linearized kinematics seem to be acceptable for modules cooperating in an open-loop
formation.
Future developments of the MRDS system will also deal with more “user friendly” aspects, such as the inclusion of a graphical interface for building the modular topology and
the development of module and contact model libraries. The graphical interface would allow the user to establish the modular topology of the system using drag and drop routines
to layout squares and circles (modules and contact models). Each of these elements could
then be correlated to a selection from the library of existing modules and contacts. A utility
to import new models from existing or newly established code would be available. Other
user-friendly enhancements beyond the realm of the Forward Dynamics problem would be
the development of modular approaches to Trajectory Planning, Inverse Kinematics, and
Inverse Dynamics.
To minimize the need for contact point dependent programming or repeated reprogramming, module coding would be constructed in a standard form. Simulation coding for the
ope n
open chain generalized coordinate accelerations ( q··
) would be developed for the mod-

ule regardless of contact locations. Coding for the kinematic and inertial quantities that are
specific to the location of the contact point, however, would need to be open-ended. For
this purpose, the code should be able to compute these quantities for any point on any link
on demand.
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With an open-ended ability to compute terms specific to the contact location within a
module, the MRDS system would begin to approach “plug-and-play” dynamic simulation.
Obviously, this is a simplification of the effort it takes to achieve an efficient, accurate, stable dynamic simulation. However, the architecture of the MRDS algorithm has the potential for this kind of use in the hands of a careful analyst. In this proposed environment, the
analyst would still be responsible for “tuning” the system to achieve proper results. This
includes the handling of the integration scheme (method used, step size, accuracy controller, etc.), the inclusion or exclusion of appropriate terms, adjusting of mode shapes for
changing boundary conditions, suppression of constraint violations, etc.
In conclusion, it is clear that there are an endless number of avenues that could be explored in extending the MRDS system. This includes investigations into the handling of
flexible joints, actuator dynamics, impact dynamics, friction, material damping, and many
other similar features. With this in mind, the MRDS algorithm has been purposefully constructed to have a very wide range of applicability and to be both open-ended and inclusive.
In this dissertation, the fundamental architecture of the MRDS algorithm has been developed and presented. The system, in its current form, has been shown to already be applicable to many systems with a variety of complexities. In time, and with the further
research and enhancements suggested here, the MRDS algorithm should continue to support more and more complex features found in the multi-robot systems of today and in
those to come.

Appendix A DYNAMIC EQUATIONS OF EXAMPLE SYSTEMS
As described in Chapter 8, three modules were developed for validation of the MRDS
algorithm. The first of these modules represents a two-link planar flexible robot with two
revolute joints and a fixed base. The second represents a single rotating flexible link, and
the dynamic equations for this module can be formed from those of the two-link robot by
removing all terms and variables pertaining to that robot’s second link. The final module
represents a free-flying, planar, flexible link.
In all cases, the dynamic equations were derived using Extended Hamilton’s Principle,
the Bernoulli-Euler assumptions for link flexibility, the assumed modes method with cantilevered mode shapes, and a second order kinematic description of link bending (i.e. the
inclusion of foreshortening effects). The sections that follow give the full kinematic and dynamic equations derived and used in the simulation coding.

A.1 Motion Equations for the Two-Link Module
See Figure 24 and Section 8.1 for a description of the geometry and coordinates associated with the two-link module.
T
τ = H ⋅ q·· + C + K ⋅ q + J ⋅ F

τ1
τ =

τ2
τ f1

= the generalized joint torque/force vector

τ f2
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H 1, 1 H 1, 2 H 1, f1 H 1, f2
H =

H 2, 1 H 2, 2 H 2, f1 H 2, f2

= the joint space inertia matrix

H f1, 1 H f1, 2 H f1, f1 H f1, f2
H f2, 1 H f2, 2 H f2, f1 H f2, f2
C1
C =

C2

= the vector of generalized Coriolis and centrifugal force terms

C f1
C f2
0 0 0
0
0 0 0
0
K =
= the stiffness matrix (including geometric and centrifugal)
0 0 K f1, f1 K f1, f2
0 0 K f2, f1 K f2, f2
J x, 1 J x, 2 J x, f1 J x, f2
J = J y, 1 J y, 2 J y, f1 J y, f2 = the Jacobian matrix for the tip of the second link
J θ, 1 J θ, 2 J θ, f1 J θ, f2
θ1

q1
q =

q2
q f1
q f2

= θ 2 + w' 1 = the generalized coordinate vector
q f1
r

q f2

Generalized coordinates, q1 and q2 are scalar quantities, while the term qf1 is NF1 × 1
and qf2 is NF2 × 1 . NF1 and NF2 are the number of cantilevered mode shapes used to
model the structural flexibility of links 1 and 2, respectively. The scalar joint torque components τ 1 and τ 2 are the supplied joint torques for joints 1 and 2, respectively, while τf1
is NF1 × 1 , and τ f2 is NF2 × 1 . These latter terms are expressed as follows:
τ f1 ( i ) = –σ' 1 ( i ) ⋅ τ 2
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τ f2 ( i ) = 0
The dimension of all other terms in this section can be determined by compatibility with
the dimensions of the four terms in the generalized coordinate vector, q, and those in the
generalized joint torque vector, τ.
Transverse tip deflection, deflection rate, and slope, are given, respectively, by the following three equations for link m (m = 1 or 2).
NFm

åσ

wm =

m(j)

⋅ q fm ( j )

m(j)

⋅ q· fm ( j )

j=1

NFm

·
wm =

åσ

j=1
NFm

w' m =

å σ'

m(j)

⋅ q fm ( j )

j=1

where the ' indicates a spatial derivative with respect to the x coordinate (defining the location along the undeformed longitudinal axis of the link) and quantities evaluated at the
tip of a link are indicated by the use of the “overbar”.
Link foreshortening, foreshortening rate, and foreshortening acceleration are given, respectively, by the following three equations for link 1.
NF1

1
u 1 = – --- ⋅
2

NF1

å åa

13 ( i,

j ) ⋅ q f1 ( j ) ⋅ q f1 ( i )

i=1 j=1
NF1 NF1

u· 1 = –

å åa

i=1
NF1

u·· 1 = –

13 ( i,

j=1
NF1

å å (a

i=1

j ) ⋅ q· f1 ( j ) ⋅ q f1 ( i )

j=1

13 ( i,

j ) ⋅ ( q··f1 ( j ) ⋅ q f1 ( i ) + q· f1 ( j ) ⋅ q· f1 ( i ) ) )
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The same quantities for link 2 are given, respectively, by the following three equations.
NF2

1
u 2 = – --- ⋅
2

NF2

å åb

23 ( i,

j ) ⋅ q f2 ( j ) ⋅ q f2 ( i )

i=1 j=1
NF2 NF2

u· 2 = –

å åb

i=1
NF2

u·· 2 = –

23 ( i,

j=1
NF2

å å (b

i=1

j ) ⋅ q· f2 ( j ) ⋅ q f2 ( i )

23 ( i,

j ) ⋅ ( q·· f2 ( j ) ⋅ qf2 ( i ) + q· f2 ( j ) ⋅ q· f2 ( i ) ) )

j=1

The first three cantilevered mode shapes and their spatial derivatives have the following
boundary values at the tip of link m (m = 1 or 2):
σm ( 1 ) = 2
σ m ( 2 ) = -2
σm ( 3 ) = 2
σ' m ( 1 ) = 2.75301096934507 / L m
σ' m ( 2 ) = -9.56155682042328 / Lm
σ' m ( 3 ) = 15.6973320929786 / L m
where L m is the length of link m. Other material properties appearing in the equations of
this Appendix are as follows (again for link m, where m = 1 or 2):
ρ m = mass per unit length of link m
EI m = bending inertia of link m
M = mass concentrated at tip of link 2
Terms from the dynamic equation, shown above are as follows:
H 1, 1 = P 1 + P 2 + P 4 + 2 ⋅ A 1
H 1, 2 = P 2 + A 1
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H 1, f1 ( j ) = a 12 ( j ) + ( P 3 + A 6 ) ⋅ σ 1 ( j )
H 1, f2 ( j ) = A 27 ( j )
H 2, 1 = H 1, 2
H 2, 2 = P 2
H 2, f1 ( j ) = A 6 ⋅ σ 1 ( j )
H 2, f2 ( j ) = z 5 ( j )
H f1, 1 ( i ) = H 1, f1 ( i ) + A 19 ( i ) ⋅ s 2
H f1, 2 ( i ) = H 2, f1 ( i ) + A 19 ( i ) ⋅ s 2
H f1, f1 ( i, j ) = a 14 ( i, j ) + P 5 ( i, j )
H f1, f2 ( i, j ) = z 4 ( j ) ⋅ c 2 ⋅ σ 1 ( i )
H f2, 1 ( i ) = H 1, f2 ( i ) + A 210 ( i ) ⋅ s 2
H f2, 2 ( i ) = H 2, f2 ( i )
H f2, f1 ( i, j ) = H f1, f2 ( j, i )
H f2, f2 ( i, j ) = z 6 ( i, j )
C 1 = A 2 ⋅ q· 1 + A 5 ⋅ L 1 ⋅ T2 – A 4 ⋅ T1
C 2 = q· 1 ⋅ ( A 2 + A 4 ⋅ q· 1 )
2
C f1 ( i ) = T3 ⋅ A 110 ( i ) + A 5 ⋅ σ 1 ( i ) ⋅ T 2 – q·1 ⋅ A 18 ( i )

C f2 ( i ) = q· 1 ⋅ ( A 29 ( i ) + q· 1 ⋅ A 28 ( i ) )
2
K f1, f1 ( i, j ) = a 16 ( i, j ) + T 3 ⋅ A 6 ⋅ a 13 ( i, j ) + q· 1 ⋅ ( a 15 ( i, j ) – a 14 ( i, j ) + P 3 ⋅ a 13 ( i, j ) )

K f1, f2 ( i, j ) = – T3 ⋅ σ 1 ( i ) ⋅ c 2 ⋅ z 4 ( j )
K f2, f1 ( i, j ) = – q·1 ⋅ c 2 ⋅ z 4 ( i ) ⋅ σ 1 ( j )
2

2
K f2, f2 ( i, j ) = a 26 ( i, j ) + T 3 ⋅ y 3 ( i, j ) + q· 1 ⋅ c 2 ⋅ L1 ⋅ y4 ( i, j )
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J x, 1 = – ( L 1 + u1 ) ⋅ s 1 – w1 ⋅ c 1 – ( L2 + u 2 ) ⋅ s 12 – w 2 ⋅ c 12
J x, 2 = –( L2 + u 2 ) ⋅ s 12 – w 2 ⋅ c 12
J x, f1 ( j ) = – s 1 ⋅ σ 1 ( j ) –d 13 ( j ) ⋅ c 1
J x, f2 ( j ) = – s 12 ⋅ σ 2 ( j ) – e 23 ( j ) ⋅ c 12
J y, 1 = ( L1 + u 1 ) ⋅ c 1 – w 1 ⋅ s 1 + ( L 2 + u 2 ) ⋅ c 12 – w 2 ⋅ s 12
J y, 2 = ( L2 + u 2 ) ⋅ c 12 – w 2 ⋅ s 12
J y, f1 ( j ) = c 1 ⋅ σ 1 ( j ) –d 13 ( j ) ⋅ s 1
J y, f2 ( j ) = c 12 ⋅ σ 2 ( j ) – e 23 ( j ) ⋅ s 12
J θ, 1 = 1
J θ, 2 = 1
J θ, f1 ( j ) = 0
J θ, f2 ( j ) = σ' 2 ( j )
Trigonometric terms:
c 1 = cos ( q 1 )
s 1 = sin ( q 1 )
c 2 = cos ( q 2 )
s 2 = sin ( q 2 )
c 12 = cos ( q 1 + q 2 )
s 12 = sin ( q 1 + q 2 )
Constant terms:
z1 = ρ2 ⋅ L2 + M
z2 = ρ2 ⋅ L2 ⁄ 2 + M
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z3 = ρ2 ⋅ L2 ⁄ 3 + M
z 4 ( i ) = ρ 2 ⋅ a 21 ( i ) + M ⋅ σ 2 ( i )
z 5 ( i ) = ρ 2 ⋅ a 22 ( i ) + M ⋅ L2 ⋅ σ 2 ( i )
z 6 ( i, j ) = ρ 2 ⋅ a 24 ( i, j ) + M ⋅ σ 2 ( i ) ⋅ σ 2 ( j )
P 1 = ρ1 ⋅ L 1 ⁄ 3
3

P 2 = z3 ⋅ L2
2

P 3 = z1 ⋅ L1
P 4 = z1 ⋅ L1
2

P 5 ( i, j ) = z 1 ⋅ σ 1 ( i ) ⋅ σ 1 ( j )
Terms that vary with time:
T 1 = ( 2 ⋅ q·1 + q· 2 ) ⋅ q· 2
T 2 = q· 1 + q· 2
2
T 3 = ( q·1 + q· 2 )

A 1 = z2 ⋅ ( L 1 ⋅ L2 ⋅ c 2 + w 1 ⋅ L2 ⋅ s2 ) – y 1 ⋅ L 1 ⋅ s2
A 2 = 2 ⋅ z 2 ⋅ L2 ⋅ s 2 ⋅ w· 1
A 4 = z2 ⋅ ( L 1 ⋅ L2 ⋅ s 2 – w 1 ⋅ L2 ⋅ c2 ) + y 1 ⋅ L 1 ⋅ c2
A5 = –2 ⋅ y2 ⋅ s 2
A6 = z2 ⋅ L 2 ⋅ c2
A 18 ( i ) = z 1 ⋅ w 1 ⋅ σ 1 ( i )
A 19 ( i ) = z 2 ⋅ d 13 ( i ) ⋅ L2 – y 1 ⋅ σ 1 ( i )
A 110 ( i ) = – z 2 ⋅ L2 ⋅ s 2 ⋅ σ 1 ( i )
A 27 ( i ) = z 4 ( i ) ⋅ L 1 ⋅ c 2 + z 5 ( i )
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A 28 ( i ) = z 4 ( i ) ⋅ L1 ⋅ s 2
·
A 29 ( i ) = 2 ⋅ z 4 ( i ) ⋅ w 1 ⋅ s 2
A 210 ( i ) = z 4 ( i ) ⋅ w 1 – y5 ( i ) ⋅ L1
y 1 = ρ 2 ⋅ d 21 + M ⋅ w 2
NF2

y2 =

å [(ρ

2

⋅ a 21 ( j ) + M ⋅ σ 2 ( j ) ) ⋅ q· f2 ( j ) ]

j=1

y 3 ( i, j ) = 0.5 ⋅ ρ 2 ⋅ a 25 ( i, j ) + M ⋅ L2 ⋅ b23 ( i, j ) – ( ρ 2 ⋅ a 24 ( i, j ) + M ⋅ σ 2 ( i ) ⋅ σ2 ( j ) )
y 4 ( i, j ) = ρ2 ⋅ a 23 ( i, j ) + M ⋅ b 23 ( i, j )
NF2

y5 ( i ) =

å y ( i, j ) ⋅ q
4

f2 ( j )

j=1

NF1

åa

d 13 ( i ) =

13 ( i,

j ) ⋅ qf1 ( j )

j=1
NF2

d 21 =

åa

21 ( j )

⋅ q f2 ( j )

j=1

NF2

e 23 ( i ) =

åb

23 ( i,

j ) ⋅ qf2 ( j )

j=1

Constant functions of the mode shapes:
L1

a 12 ( i ) = ρ 1 ⋅

òx

1

⋅ σ 1 ( i ) ⋅ dx 1

0

a 12 ( 1 ) = ρ 1 ⋅ L 1 · 0.568825743709911
2

a 12 ( 2 ) = ρ 1 ⋅ L 1 · 0.090766786886387
2
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a 12 ( 3 ) = ρ 1 ⋅ L 1 · 3.24163743697444E-02
2

L1

a 13 ( i, j ) =

ò σ' ( i ) ⋅ σ' ( j ) ⋅ dx
1

1

1

0

a 13 ( 1, 1 ) = 4.64777831867864 / L1
a 13 ( 1, 2 ) = a 13 ( 2, 1 ) = -7.37987526966198 / L1
a 13 ( 1, 3 ) = a 13 ( 3, 1 ) = 3.9415154871266 / L 1
a 13 ( 2, 2 ) = 32.417399027969 / L1
a 13 ( 2, 3 ) = a 13 ( 3, 2 ) = -22.3524444398869 / L1
a 13 ( 3, 3 ) = 77.2988908022961 / L1
L1

a 14 ( i, j ) = ρ 1 ⋅

ò σ ( i ) ⋅ σ ( j ) ⋅ dx
1

1

1

0

a 14 ( 1, 1 ) = a 14 ( 2, 2 ) = a 14 ( 3, 3 ) = ρ 1 ⋅ L 1
a 14 ( 1, 2 ) = a 14 ( 1, 3 ) = a 14 ( 2, 1 ) = 0
a 14 ( 2, 3 ) = a 14 ( 3, 1 ) = a 14 ( 3, 2 ) = 0
L1

1
a 15 ( i, j ) = --- ⋅ ρ 1 ⋅
2

ò (L

2
1

– x 1 ) ⋅ σ' 1 ( i ) ⋅ σ' 1 ( j ) ⋅ dx 1
2

0

1
a 15 ( 1, 1 ) = --- ⋅ ρ 1 ⋅ L1 · 2.38667274821651
2
1
a 15 ( 1, 2 ) = a 15 ( 2, 1 ) = --- ⋅ ρ 1 ⋅ L1 · -1.37171056689486
2
1
a 15 ( 1, 3 ) = a 15 ( 3, 1 ) = --- ⋅ ρ 1 ⋅ L1 · -1.58475844061916
2
1
a 15 ( 2, 2 ) = --- ⋅ ρ 1 ⋅ L1 · 12.9564497281511
2
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1
a 15 ( 2, 3 ) = a 15 ( 3, 2 ) = --- ⋅ ρ 1 ⋅ L1 · 0.338815769523045
2
1--a 15 ( 3, 3 ) = ⋅ ρ 1 ⋅ L1 · 35.7190397578695
2
L1

a 16 ( i, j ) = EI 1 ⋅

ò σ'' ( i ) ⋅ σ'' ( j ) ⋅ dx
1

1

1

0

a 16 ( 1, 1 ) = EI 1 · 12.3623633683262 / L 1
3

a 16 ( 2, 2 ) = EI 1 · 485.518818513371 / L 1
3

a 16 ( 3, 3 ) = EI 1 · 3806.54626639145 / L 1
3

a 16 ( 1, 2 ) = a 16 ( 1, 3 ) = a 16 ( 2, 1 ) = 0
a 16 ( 2, 3 ) = a 16 ( 3, 1 ) = a 16 ( 3, 2 ) = 0
L2

a 21 ( i ) =

ò σ ( i ) ⋅ dx
2

2

0

a 21 ( 1 ) = L2 · 0.782991756039626
a 21 ( 2 ) = L2 · 0.433935895110719
a 21 ( 3 ) = L2 · 0.254425296866106
L2

a 22 ( i ) =

òx

2

⋅ σ 2 ( i ) ⋅ dx 2

0

a 22 ( 1 ) = L2 · 0.568825743709911
2

a 22 ( 2 ) = L2 · 0.090766786886387
2

a 22 ( 3 ) = L2 · 3.24163743697444E-02
2
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L2

a 23 ( i, j ) =

ò (L

2

– x 2 ) ⋅ σ' 2 ( i ) ⋅ σ' 2 ( j ) ⋅ dx 2

0

a 23 ( 1, 1 ) = 1.57087818999425
a 23 ( 1, 2 ) = a 23 ( 2, 1 ) = -0.422320389109118
a 23 ( 1, 3 ) = a 23 ( 3, 1 ) = -1.07208483410593
a 23 ( 2, 2 ) = 8.64714269356121
a 23 ( 2, 3 ) = a 23 ( 3, 2 ) = 1.89005470803216
a 23 ( 3, 3 ) = 24.9521133081691
L2

a 24 ( i, j ) =

ò σ ( i ) ⋅ σ ( j ) ⋅ dx
2

2

2

0

a 24 ( 1, 1 ) = a 24 ( 2, 2 ) = a 24 ( 3, 3 ) = L2
a 24 ( 1, 2 ) = a 24 ( 1, 3 ) = a 24 ( 2, 1 ) = 0
a 24 ( 2, 3 ) = a 24 ( 3, 1 ) = a 24 ( 3, 2 ) = 0
L2

a 25 ( i, j ) =

ò (L

2
2

– x 2 ) ⋅ σ' 2 ( i ) ⋅ σ' 2 ( j ) ⋅ dx 2
2

0

a 25 ( 1, 1 ) = L2 · 2.38667274821651
a 25 ( 1, 2 ) = a 25 ( 2, 1 ) = L2 · -1.37171056689486
a 25 ( 1, 3 ) = a 25 ( 3, 1 ) = L2 · -1.58475844061916
a 25 ( 2, 2 ) = L2 · 12.9564497281511
a 25 ( 2, 3 ) = a 25 ( 3, 2 ) = L2 · 0.338815769523045
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a 25 ( 3, 3 ) = L2 · 35.7190397578695
L1

a 26 ( i, j ) = EI 2 ⋅

ò σ'' ( i ) ⋅ σ'' ( j ) ⋅ dx
2

2

2

0

a 26 ( 1, 1 ) = EI 2 · 12.3623633683262 / L 2
3

a 26 ( 2, 2 ) = EI 2 · 485.518818513371 / L 2
3

a 26 ( 3, 3 ) = EI 2 · 3806.54626639145 / L 2
3

a 26 ( 1, 2 ) = a 26 ( 1, 3 ) = a 26 ( 2, 1 ) = 0
a 26 ( 2, 3 ) = a 26 ( 3, 1 ) = a 26 ( 3, 2 ) = 0
L2

b 23 ( i, j ) =

ò σ' ( i ) ⋅ σ' ( j ) ⋅ dx
2

2

2

0

b 23 ( 1, 1 ) = 4.64777831867864 / L 2
b 23 ( 1, 2 ) = b 23 ( 2, 1 ) = -7.37987526966198 / L 2
b 23 ( 1, 3 ) = b 23 ( 3, 1 ) = 3.9415154871266 / L2
b 23 ( 2, 2 ) = 32.417399027969 / L2
b 23 ( 2, 3 ) = b 23 ( 3, 2 ) = -22.3524444398869 / L 2
b 23 ( 3, 3 ) = 77.2988908022961 / L 2
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A.2 Motion Equations for the Mobile-Link Module
See Figure 25 and Section 8.1 for a description of the geometry and coordinates associated with the one-link module.
τ = H ⋅ q·· + C + K ⋅ q + J TIP ⋅ F TIP + J BASE ⋅ FBASE
T

T

τx
τ =

τy

= the generalized joint torque/force vector

τθ
τ f1

H x, x H x, y H x, θ H x, f1
H =

H y, x H y, y H y, θ H y, f1

= the joint space inertia matrix

H θ, x H θ, y H θ, θ H θ, f1
H f1, x H f1, y H f1, θ H f1, f1
Cx
C =

Cy

= the generalized vector of Coriolis and centrifugal forces

Cθ
C f1
0
0
K =
0
0

0
0
0
0

0 0
0 0
= the stiffness matrix (including geometric and centrifugal)
0 0
0 K f1, f1

J x, x J x, y J x, θ J x, f1
J TIP = J y, x J y, y J y, θ J y, f1 = the Jacobian matrix for the tip of the link
J θ, x J θ, y J θ, θ J θ, f1

10 0 0
J BASE = 0 1 0 0 = the Jacobian matrix for the base of the link
00 1 0
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qx
q =

qy

xI
=

yI

qθ

θ1

q f1

q f1

= the generalized coordinate vector

Generalized coordinates, qx, qy, and qz are scalar quantities, while the term qf1 is
NF1 × 1 . NF1 is the number of cantilevered mode shapes used to model the structural flexibility of link 1. The terms τ x and τ y are the known forces acting on the base of the link in
the xI and yI directions. They are both scalar values. τ θ , also a scalar value, is the known
torque applied to the base of the link. τf1 is NF1 × 1 and can be expressed as follows:
τ f1 ( i ) = 0
The dimension of all other terms in this section can be determined by compatibility with
the dimensions of the four terms in the generalized coordinate vector, q, and those in the
generalized joint torque vector, τ.
New terms for this module are shown below. The definitions for terms a12, a13, a14, a15,
and a16 are the same as in the previous section, as are all incarnations of “w” and “u” terms
for link 1.
Terms from the joint space dynamic equation shown above:
H x, x = ρ 1 ⋅ L 1
H x, y = 0
H x, θ = – ( s 3 ⋅ ρ 1 ⋅ L1 ⁄ 2 + h21 ⋅ c 3 )
2

H x, f1 ( j ) = – n 21 ( j ) ⋅ s 3
H y, x = 0
H y, y = ρ 1 ⋅ L 1
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H y, θ = c 3 ⋅ ρ 1 ⋅ L1 ⁄ 2 – h 21 ⋅ s 3
2

H y, f1 ( j ) = n 21 ( j ) ⋅ c 3
H θ, x = H x, θ
H θ, y = H y, θ
H θ, θ = ρ 1 ⋅ L 1 ⁄ 3
3

H θ, f1 ( j ) = a 12 ( j )
H f1, x ( i ) = H x, f1 ( i ) – h 23 ( i ) ⋅ c 3
H f1, y ( i ) = H y, f1 ( i ) + h 23 ( i ) ⋅ s 3
H f1, θ ( i ) = H θ, f1 ( i )
H f1, f1 ( i, j ) = a 14 ( i, j )
2
2
2
C x = – ρ 1 ⋅ L1 ⁄ 2 ⋅ q· 3 ⋅ c 3 – 2 ⋅ q· 3 ⋅ g 21 ⋅ c 3 + h 21 ⋅ q· 3 ⋅ s 3
2
2
2
C y = – ρ 1 ⋅ L1 ⁄ 2 ⋅ q· 3 ⋅ s 3 – 2 ⋅ q· 3 ⋅ g 21 ⋅ s 3 – h21 ⋅ q· 3 ⋅ c 3

Cθ = 0
C f1 ( j ) = 0
2
K f1, f1 ( i, j ) = a 16 ( i, j ) + q· 3 ⋅ ( a 15 ( i, j ) – a 14 ( i, j ) )

J x, x = 1
J x, y = 0
J x, θ = – ( L 1 + u 1 ) ⋅ s 3 – w 1 ⋅ c 3
J x, f1 ( j ) = – s 3 ⋅ σ 1 ( j ) –h 13 ( j ) ⋅ c 3
J y, x = 0
J y, y = 1
J y, θ = ( L 1 + u 1 ) ⋅ c 3 – w 1 ⋅ s 3
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J y, f1 ( j ) = c 3 ⋅ σ 1 ( j ) –h 13 ( j ) ⋅ s 3
J θ, x = 0
J θ, y = 0
J θ, θ = 1
J θ, f1 ( j ) = σ' 1 ( j )
Trigonometric terms:
c 3 = cos ( q 3 ) = cos ( θ )
s 3 = sin ( q 3 ) = sin ( θ )
Terms that vary with time:
NF1

g 21 =

ån

21 ( j )

⋅ q· f1 ( j )

j=1

NF1

h 13 ( i ) =

åa

13 ( i,

j ) ⋅ qf1 ( j )

j=1
NF1

h 21 =

ån

21 ( j )

⋅ q f1 ( j )

j=1
NF1

h 23 ( i ) =

ån

23 ( i,

j ) ⋅ q f1 ( j )

j=1

Constant functions of the mode shapes:
L1

n 21 ( i ) = ρ 1 ⋅

ò σ ( i ) ⋅ dx
1

1

0

n 21 ( 1 ) = ρ 1 · L 1 · 0.782991756039626
n 21 ( 2 ) = ρ 1 · L 1 · 0.433935895110719
n 21 ( 3 ) = ρ 1 · L 1 · 0.254425296866106
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L1

n 23 ( i, j ) = ρ 1 ⋅

ò (L

1

– x 1 ) ⋅ σ' 1 ( i ) ⋅ σ' 1 ( j ) ⋅ dx 1

0

n 23 ( 1, 1 ) = ρ 1 · 1.57087818999425
n 23 ( 1, 2 ) = n 23 ( 2, 1 ) = ρ 1 · -0.422320389109118
n 23 ( 1, 3 ) = n 23 ( 3, 1 ) = ρ 1 · -1.07208483410593
n 23 ( 2, 2 ) = ρ 1 · 8.64714269356121
n 23 ( 2, 3 ) = n 23 ( 3, 2 ) = ρ 1 · 1.89005470803216
n 23 ( 3, 3 ) = ρ 1 · 24.9521133081691

Appendix B WORKING MODEL® 2D
The simulations achieved using the MRDS algorithm for the systems described in
Chapter 8 were validated using the commercially available product Working Model® 2D
(version 5.2) [72]. As shown in Figure 27, Working Model’s approach to modelling structural flexibility is a lumped parameter method, where each flexible link is broken down into
a user-specified number of rigid segments of equal length. The segments are connected to
one another by rotational springs, where the spring constant is (initially) based on the bending stiffness (EI) entered by the user and the aforementioned number of segments. Resultant spring constants can be further modified by the user, if desired.
Working Model allows the integration scheme to be selected by the user. The choices
include Euler integration or Kutta-Merson with either a fixed or variable timestep. For the
validations of the MRDS results, the fixed timestep Kutta-Merson method was used.
A number of limitations were encountered when using Working Model to validate results from the MRDS coding. Acceptable accuracy was only obtained with six or more segments per link, with Working Model predictions steadily approaching MRDS results as
more segments were used. However, for a system with a total of four links, like the one in
Figure 27, a limitation in the number of objects (segments, springs, points, constraints, motors, etc.) allowed by Working Model made it impossible to use more than six segments per
link. It is therefore likely, based on the results from simpler cases where eight or ten segments per link was attainable, that results from the more complex systems would show even
greater agreement if more than six segments per link could have been used34.
34. See footnote 33 on page 156
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Another issue was the need to scale the automatically-generated spring constants. The
formula used by Working Model to determine the rotational spring constant can be expressed as follows:
⋅ nk wm = EI
-----------L

(136)

where EI is the link’s bending stiffness, n is the chosen number of segments per link, and
L is the link length. This equation, however, is only accurate when the number of segments
approaches infinity. For attainable numbers35, however, significant errors exist when compared with theoretical predictions of standard beam bending problems. To explore this issue, several beam bending problems were simulated in Working Model, including the
following: tip-loading of a cantilevered beam, deflection of a cantilevered beam under its
own weight, and the rigid-body rotation of a single flexible beam.
As cantilevered mode shapes were selected for use in the MRDS coding, the spring constants established by Working Model’s formula were scaled to produce better accuracy
with theoretical formulas for cantilevered beam bending. Following basic theory in the deflection of a tip-loaded cantilevered beam, the “exact” formula for rotational springs used
to model the flexibility of a segmented beam is as follows:
n–1

k exa ct

3 ⋅ EI2
= -----------⋅
i
2
n ⋅L i=1

å

(137)

Comparing the two expressions of rotational spring constant, the following relationship can

35. Due to Working Model’s limitation on the number of objects allowed, only six to ten segments per link
were attainable in the example systems simulated for this work.
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be found:
n–1

k exa ct

æ3
2ö
= ç -----3 ⋅
i ÷ ⋅ k wm
èn i = 1 ø

å

(138)

where the expression in the parenthesis is the “scale factor” that should be used to adjust
the Working Model constant to that for which tip deflections match tip-loaded cantilevered
beam theory. Note that as the number of segments, n, approaches infinity, the scale factor
approaches a value of one.
Although no single scale factor (for a specific number of segments) is appropriate to all
operations (e.g. a single tip-loaded or gravitationally-loaded cantilevered beam, a single rotating beam, or multiple rotating beams), a representative value was chosen that produced
that best accuracy across all types of systems. Table 34 shows the “best” scale factors used
in simulations discussed in Chapter 8.

TABLE 34. Spring Constant Scale Factors Used in Working Model
Number of Segments Per
Link

Scale Factor

4

0.60

6

0.72

8

0.81

10

0.83

One final limitation with Working Model was the trade-off between stability and total
simulation time. For complex systems, such as the four flexible-link model, stability problems could only be avoided with a timestep of five milliseconds or smaller. However, any
simulation in Working Model having greater than 20,000 timesteps was impossible to com-
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plete due to limitations in available RAM. Therefore, the total duration of several simulations was limited by the timestep necessary for stability (and accuracy) and the need to end
all simulations at or prior to 20,000 cycles.

Appendix C SIMULATION RESULTS FOR ALL EXAMPLE SYSTEMS
This appendix contains graphical comparisons of the results generated with the MRDS
algorithm and Working Model® 2D for each of the example systems discussed in Chapter
8.
All graphical results show predictions of a specific variable over time. Consequently, in
all graphs, the x-axis represents time and is measured in seconds. The y-axis gives the measure of a specific output. The possible outputs are shown below, where “i” represents the
number of the joint, joint rate, or deflection. Numbers are assigned starting at the base of
the system and proceeding toward the tip. For the systems with parallel robots, “L” and “R”
are used to distinguish the left and right robots.
•

“Angle i” = angle measured from the inertial reference frame for joint i

•

“Angular Velocity i” = rotational speed of joint i around the z-axis of the inertial
frame

•

“(X/Y) Tip Position” = the tip position of the last link in a serial chain

•

“Deflection i” = the transverse tip deflection, w i = w i ( Li, t ) of link i

•

“CV i” = the ith constraint violation. For serial connections, this is the magnitude
of the position difference between the contacting tip and base. For a parallel connection, it is the magnitude of the position difference between the two contacting
tips. Constraint violations are only shown for MRDS results. None are available
from Working Model.
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The label “WM8” in the legend indicates that the results shown were generated using
eight segments per link for each flexible link in Working Model. A label of “WM6” indicates six segments per link. Results labeled as “MRDS” were obtained using two cantilevered mode shapes per link with the exception of System 5c which used three cantilevered
mode shapes for the first link and two for the remaining links. The term “CVS” stands for
“Constraint Violation Suppression” and is used to identify results generated with or without
the use of the suppression technique.
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C.1 System 1: One Rotating Flexible Link
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FIGURE C-1. System 1: One Rotating Flexible Link
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C.2 System 2a:Two Flexible Links - Simple Open Chain Rotation
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FIGURE C-2. System 2a: Two Rotating Flexible Links
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C.3 System 2b: Two-Link Flexible Robot with Concentrated Tip Mass
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FIGURE C-3. System 2b: Two Rotating Flexible Links with Tip Mass
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C.4 System 2c: Two-Link Flexible Robot - Tip Constrained to Slide
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FIGURE C-4. System 2c: Two Rotating Flexible Links Constrained to Slide
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FIGURE C-5. System 2c: Two Rotating Flexible Links Constrained to Slide (cont.)
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C.5 System 3: Two-Link Robot with Base Excitation
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FIGURE C-6. System 3: Two Rotating Flexible Links with Base Excitation

214

FIGURE C-7. System 3: Two Rotating Flexible Links with Base Excitation (cont.)
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C.6 System 4: Four-Link Macro/Mini Robot
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FIGURE C-8. System 4: Macro/Mini Four-link Robot
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FIGURE C-9. System 4: Macro/Mini Four-link Robot (cont.)
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C.7 System 5a: Four-Link Flexible Robot - Slow
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FIGURE C-10. System 5a: Four-link Flexible Robot - Slow
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FIGURE C-11. System 5a: Four-link Flexible Robot - Slow (cont.)
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C.8 System 5b: Four-Link Flexible Robot - Fast

222

FIGURE C-12. System 5b: Four-Link Flexible Robot - Fast
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FIGURE C-13. System 5b: Four-link Flexible Robot - Fast (cont.)

224
C.9 System 5c: Four-Link Flexible Robot - Large Inertial Load
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FIGURE C-14. System 5c: Four-link Flexible Robots - Large Inertial Load
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FIGURE C-15. System 5c: Four-link Flexible Robots - Large Inertial Load (cont.)
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C.10 System 6a: Two Parallel Two-Link Flexible Robots - Small Deflections

228

FIGURE C-16. System 6a: Two Parallel Two-link Flexible Robots - Low Forces
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FIGURE C-17. System 6a: Two Parallel Two-link Flexible Robots - Low Forces (cont.)
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C.11 System 6b: Two Parallel Two-Link Flexible Robots - Large Deflections

231

FIGURE C-18. System 6b: Two Parallel Two-link Flexible Robots - High Forces
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FIGURE C-19. System 6b: Two Parallel Two-link Flexible Robots - High Forces (cont.)
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