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Abstract
Accurately predicting petrophysical properties in a reservoir can be a very challenging process.
Since most hydrocarbon reservoirs occur at extreme depths (> 5000 ft), very advanced tools must
be used in order to estimate the values within the reservoir. These rock and fluid properties are
predicted at one spot in the reservoir, however if there are multiple wells within the reservoir,
then there can be multiple estimates, and an interpolation between those wells can be made, but
the accuracy is likely to be compromised. Furthermore, since the downhole measurement of rock
and fluid properties in a reservoir requires a large initial investment, it may be a total bust if the
values collected prove the reservoir to be economically infeasible. This signifies the
overwhelming importance of obtaining rock and fluid properties from the surface, to achieve the
same results without such a large initial investment.
This project applies an inversion scheme to a previously created model which predicts the
absorption quality factor given the rock and fluid properties. Due to the inverse relationship
between the absorption quality factor and the attenuation associated with seismic waves, the
most important feature of the work is that it can predict these petrophysical properties from
surface measurements of attenuation after a seismic survey is performed. This process may prove
to be extremely beneficial to the oil and gas industry because it can determine rock and fluid
properties by taking a seismic survey of the area instead of drilling a well and using expensive
tools to predict these values. The proposed model is applied to a methane hydrate zone offshore
the eastern coast of the United States in Blake Ridge.

iii

Tables of Contents

List of Figures............................................................................................................................... vi
List of Tables .............................................................................................................................. viii
Acknowledgements ...................................................................................................................... ix
Chapter 1: Introduction ............................................................................................................... 1
1.1 Methane Hydrates ...................................................................................................................................... 1
1.2 Geologic Setting: Blake Ridge ................................................................................................................. 2
1.3 Seismic Surveys ........................................................................................................................................... 4
1.4 Absorption Quality Factor ....................................................................................................................... 5
1.5 Hydrate Effective Grains Model ............................................................................................................. 6
1.6 Problem Statement ................................................................................................................................... 16

Chapter 2: Methodology............................................................................................................. 16
2.1 Global Sensitivity Analysis ..................................................................................................................... 16
2.2 Markov Chain Monte Carlo (MCMC) ................................................................................................ 18
2.2.1 Metropolis-Hastings Algorithm ................................................................................................................. 18
2.3 Workflow .................................................................................................................................................... 19
2.3.1 Interactive.m ....................................................................................................................................................... 21
2.3.2 MHchains.m ........................................................................................................................................................ 22
2.3.3 Metropolis_Hastings.m .................................................................................................................................. 22
2.3.4 Likelihood.m ....................................................................................................................................................... 24
2.3.5 LogitNormal.m................................................................................................................................................... 24
2.3.6 randdraw.m ......................................................................................................................................................... 24
2.3.7 HEG_ECM.m ..................................................................................................................................................... 25
2.3.8 Wu12.m ................................................................................................................................................................. 25
2.3.9 Pore_filling_KdGd.m ...................................................................................................................................... 25
2.3.10 Grain_coating_KdGd.m .............................................................................................................................. 25
2.3.11 Load_bearing_KdGd.m .............................................................................................................................. 26
2.3.12 Hill_KGrho.m .................................................................................................................................................. 26
2.3.13 HertzMindlin_KG.m .................................................................................................................................... 26
2.4 Verification of Algorithm ....................................................................................................................... 26
2.5 OpendTect .................................................................................................................................................. 28
2.6 Attenuation Inversion .............................................................................................................................. 29

Chapter 3: Results....................................................................................................................... 30
3.1 Hydrate Saturation Testing Results ..................................................................................................... 30
3.2 Inversion Results ...................................................................................................................................... 34

Chapter 4: Discussion ................................................................................................................. 41
4.1 Testing Errors ........................................................................................................................................... 41
4.2 Spatial Distribution .................................................................................................................................. 43
4.3 Limitations ................................................................................................................................................. 43
4.4 Reservoir Characterization/Sweet Spot Identification .................................................................... 43
4.5 Uncertainty Analysis ................................................................................................................................ 44

iv

Chapter 5: Conclusion ................................................................................................................ 45
Chapter 6: Future Work ............................................................................................................ 46
Bibliography ................................................................................................................................ 47
Appendices ................................................................................................................................... 52
Appendix A: Code of Algorithm .................................................................................................................. 52
MH_Chains Function ................................................................................................................................................ 52
Metropolis_Hastings Function ............................................................................................................................... 53
Likelihood Function ................................................................................................................................................... 55
LogitNormal Function ............................................................................................................................................... 56
Randdraw Function .................................................................................................................................................... 56
Appendix B: OpendTect Images.................................................................................................................. 57

v

List of Figures
Figure 1.1: The green portion shows the Blake Ridge system, which contains the red rectangle
for which the seismic data was collected. The figure in the top right corner magnifies the area
where the data was collected, with corresponding latitude and longitude coordinates .................. 2
Figure 1.2: Showing how seismic waves are induced with an air gun in an ocean setting and the
path of travel (How does marine seismic work?) ........................................................................... 4
Figure 1.3: Cross section of Blake Ridge using geometric spreading feature in OpendTect,
depicting the quality factor ranging from 0 to 70 with a time gate of 40 milliseconds .................. 6
Figure 1.4: Brief overview of the computational path of the HEG model (from Best et al., 2013).
......................................................................................................................................................... 8
Figure 2.1: Initial sensitivity analysis for 20 variable Metropolis-Hastings algorithm ................ 17
Figure 2.2: Describing the workflow of the functions and scripts used in the algorithm ............. 20
Figure 2.3: Showing the execution of the chains in parallel, and the activity monitor in the upper
right corner depicting all four cores on the machine used to full capacity ................................... 21
Figure 2.4: Pseudo-code for the synthetic Sh test ......................................................................... 27
Figure 2.5: Cross section of Blake Ridge hydrates field from OpendTect ................................... 28
Figure 2.6: Pseudo-code for applying Metropolis-Hastings algorithm to range of absorption
quality factors................................................................................................................................ 29
Figure 3.1: Test of hydrate saturation with the actual value ......................................................... 30
Figure 3.2: Histograms showing the error for the hydrate saturation test .................................... 31
Figure 3.3: Displaying the time series for the synthetic Sh = 0.0376 test ..................................... 32
Figure 3.4: Displaying the time series for the synthetic Sh = 0.01 test ......................................... 33
Figure 3.5: Displaying the time series for the synthetic Sh = 0.345 test ....................................... 34
Figure 3.6: Displaying the time series of five variables when Q = 135 ....................................... 35
Figure 3.7: Histograms of five variables when Q = 135 ............................................................... 36
Figure 3.8: Displaying the time series of five variables when Q = 161 ....................................... 37
Figure 3.9: Histograms of five variables when Q = 161 ............................................................... 38
Figure 3.10: Displaying five variables (mean) for varying Q, in addition to acceptance ratio .... 39

vi

Figure 3.11: Color map showing the variation in hydrate saturation at a constant Z of 3900 ms
from a range of 0.18 to 0.2, where horizontal black line represents 5 km and vertical black line
represents 1 km ............................................................................................................................. 40
Figure 3.12: Color map showing the variation in inclusion saturation at a constant Z of 3900 ms
from a range of 0.42 to 0.44, where horizontal black line represents 5 km and vertical black line
represents 1 km ............................................................................................................................. 41
Figure 4.1: Autocorrelation of Hydrate Saturation for four different chains ................................ 42
Figure 4.2: Hydrate formation in pore space (before and after) (Realizing the Energy Potential
for Methane Hydrates in the United States, 2010) ........................................................................ 44
Figure C-1: OpendTect screenshot of the raw, 3-D seismic data ................................................. 57
Figure C-2: OpendTect screenshot of the geometric spreading of the stack final data with Zn = 2
....................................................................................................................................................... 58
Figure C-3: OpendTect screenshot of the absorption quality factor with time gate of 14 ms ...... 59
Figure C-4: OpendTect screenshot of the absorption quality factor with time gate of 20 ms ...... 60
Figure C-5: OpendTect screenshot of the absorption quality factor with time gate of 30 ms ...... 61
Figure C-6: OpendTect screenshot of the absorption quality factor with time gate of 40 ms ...... 62
Figure C-7: OpendTect screenshot of the absorption quality factor with time gate of 50 ms ...... 63
Figure C-8: OpendTect screenshot of the absorption quality factor with time gate of 60 ms ...... 64

vii

List of Tables
Table 1: Data collection parameters for Blake Ridge .................................................................... 3
Table 2: A list of the parameters that were used in the Hydrate Effective Grains model .............. 7
Table 3: Lower and upper bounds (a and b, respectively) of each variable for algorithm .......... 22

viii

Acknowledgements

I would like to thank my advisor, Dr. Eugene Morgan, of the Department of Energy and Mineral
Engineering. His passion for this work has allowed for the ultimate experience for the duration of
the project. Although I may have struggled with different concepts throughout the project, his
open door always allowed for my enhanced learning and I am truly thankful to have him as my
thesis advisor. Dr. Morgan allowed me to gain more insight on what it is I’m passionate about
with my research life. It is no stretch of the truth to say that he has changed my life.
I also extend my thanks to Dr. Angus Best and his fellow colleagues for donating the collection
of code that creates the Hydrate Effective Grains model in this paper. It is this model that I was
able to invert and thus predict petrophysical values in the reservoir with the quality factor. In
addition to Dr. Best, I would also say thank you to Dr. Francesca Pianosi and her fellow
colleauges from the University of Bristol for making the global sensitivity analysis toolbox
(GSAT) available to me to perform an accurate sensitivity analysis on the variables.
I am also grateful to have my father, Gary, and his unyielding support with the choice of
pursuing graduate school. Since a young age, my father has expected me to perform my best but
has given me the freedom to make my own decisions in life. I would never have known my true
potential if it was not for him and his ability to push me to work hard at what I’m doing. Another
person I would like to acknowledge is Brandon Schwartz, a close friend, for his creative
suggestions of various paths I can pursue in life.
Finally, I would like to say thank you to my best friend, and girlfriend, Kristina. She has been the
most pleasant part of my life and continues to show me I can do anything I put my mind to. We
support each other in our day to day life, and I could not imagine my life without her. Her
support during this process has been nothing short of exemplary, and this accomplishment of
getting my BS and MS in four years total would not have been possible without her. Thank you.

Author
Keith E. Braun

ix

Chapter 1: Introduction
1.1 Methane Hydrates
Methane hydrates are naturally occurring ice-like substances containing methane and other
natural gases that can occur in two places: permafrost regions due to low temperature and coastal
margins deep within the ocean due to extremely high pressure. These ice-like substances are
much more ubiquitous in ocean settings than in permafrost regions, primarily because of the
level of organic matter that is deposited in ocean settings. Methane Hydrates are also referred to
as methane clathrates and from this term clathrate suggests a chemical compound that can
surround a molecule by forming a cage around it. Generation of hydrates comes from four
essential categories, being very high pressure, very low temperature, in addition to the presence
of water and methane. Extremely high pressures are generated in the sub-seabed environment
due to the tremendous overburden of the water above. Due to the shockingly high amount of
organic matter deposited on the ocean floor and many millions of years, the organic matter will
decompose and mature into natural gas. With this gas generated and migrating upward through
many layers of sediment, it will reach a zone in which the pressure is large enough and
temperature is low enough to sustain the formation of these ice-like substances. As inferred, the
corresponding geothermal gradient associated with the formation will prevent the formation of
hydrates below a certain depth (Kvenvolden, 1998). This depth is generally recognized in
seismic interpretation as the Bottom Simulating Reflector (BSR) and can be viewed in seismic
data as a negative impedance reflection, which will almost perfectly mirror the shape of the sea
floor (Hornbach et. al., 2008; Tinivella and Lodolo, 2000; Tinivella and Accaino, 2000). Areas
deeper within the formation than the BSR are always expected to have free-gas and water
whereas areas shallower than the BSR are expected to have methane hydrates (Haacke et. al.,
2007).
There are two types of structures that are recognized in the cubic lattice of gas hydrates:
Structure I and II. Structure I arranges itself in a body centered packing where molecules of
methane can arrange themselves in the center of the water clathrate. Structure I can also
accommodate other molecules of equal or marginally larger diameter, such as ethane (C2H6),
carbon dioxide (CO2), and hydrogen sulfide (H2S). The difference with Structure II packing is
that it is no longer a body-centered packing, but instead a diamond packing orientation. With this
orientation, it is possible to accommodate larger molecules, such as propane (C3H8), and isobutane (C4H10). Although they are called gas clathrates, it is most common to refer to it as
methane clathrate or a methane hydrate, since this is the most abundant in nature (Rogers, 2015).
As the methane dissociates with the hydrate, the pore pressure will be subjected to an increase
(Xu et. al., 2006).
Methane hydrates are believed by some to be so lucrative because of the sheer quantity of gas
that can be trapped within. As a general rule of thumb, 1 m3 of methane hydrate will produce
about 0.8 m3 of water and 164 m3 of gas at surface conditions. To convert this to more
appropriate units, about 35.3 ft3 of methane hydrate can lead to about 211.3 gallons of water and
5.79 MSCF of natural gas. With this knowledge of methane hydrates, the fact remains that the
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amount of methane that can be trapped within a hydrate zone is significantly higher than the
amount of methane that can occupy the same volume with just free-gas and water region. With
this understanding, methane hydrates are going to be necessary to study, not only for the
advancement of the energy industry, but also to learn more and understand more about the
stability of the ocean floor as well as potentially damaging effects to the environment (Dai et. al.,
2004; Sultan et. al., 2004; Sultan et. al., 2007). There has been significant work done to study
how methane can seep from carbonate reservoirs under these conditions (Gieskes et. al., 2005).
A study was performed to determine how the properties of the hydrate change under different
pressures and temperatures, to gain more insight on methane seepage from the free gas zone
below the hydrate stability zone (Priest et. al., 2006; Riedel et. al., 2006).

1.2 Geologic Setting: Blake Ridge

Figure 1.1: The green portion shows the Blake Ridge system, which contains the red rectangle for which
the seismic data was collected. The figure in the top right corner magnifies the area where the data was
collected, with corresponding latitude and longitude coordinates
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The Blake Ridge is a contourite drift that is part of the Blake Plateau. This plateau is located in
the Midwestern Atlantic Ocean off the southeastern coast of the United States. Blake Plateau
contacts four state coastlines, being North Carolina, South Carolina, Georgia, and Florida.
Though Blake Plateau spans over 100 miles in the latitude direction, Blake Ridge is much
smaller. The occurrence of methane hydrates in this region has dubbed Blake Ridge as one of the
most luscious and bountiful methane hydrate provinces on Earth (Holbrook et al., 1996).
The formation of Blake Ridge is controlled by a western boundary undercurrent, in which eroded
sediment from the eastern section of the ridge is redeposited on the western half. The sediment
waves vary from one another depending on the location. The northern segment is well noted for
continuity of spacing of sediment waves. Conversely, the sediment waves along the southern
border of Blake Ridge are highly probable to be caused by the complexity of ocean currents such
as the Gulf Stream in addition to the Western Boundary Undercurrent. The height and width are
greatest at the link of Blake Plateau, and both are thought to decrease in the seaward direction
(Bryan, 1970). The sea depth in the area in which the seismic data were collected ranges from
2600 m to 3400 m. Blake Ridge is the site of the first ocean drilling program (ODP) dedicated
specifically to investigating methane hydrates. Several wells were drilled in the zone to gather
coring data and other data regarding petrophysical values, and this program is partly responsible
for furthering the scientific understanding of methane hydrates (Tréhu and Flueh, 2001; Tréhu et.
al., 2003).
The stratigraphy, lithology, and tectonics of Blake Ridge are relatively simple. Despite the
simplicity of the lithology at Blake Ridge, the methane hydrates contained within the ridge and
the free gas trapped in the hydrates is complex and three-dimensional. With the conditions being
three-dimensional and complex, it is therefore necessary to model the system as dynamic. He
claims that some areas seem to be in steady state equilibrium while other areas of the system
seem to have been perturbed out of equilibrium (Holbrook, 2001). The areas that have been
perturbed from a steady equilibrium have and will continue to be influenced by currents and
depositional effects. Seismic surveying offers a relatively convenient way of imaging such
dynamic behavior of the methane hydrates field. In general, there were more high frequency
noise than low frequency noise. There was a band pass filter from 20-160 Hz despite the fact that
the dominant frequency at Blake Ridge was set to 150 Hz. The parameters involved in the actual
data collection can be found in table 1.

Inline
Crossline
Time (Z)

Range
1-95
1-1306
3400-5998 ms

Step Size
1
1
2

Size
75 meters
37.5 meters
2 ms

Table 1: Data collection parameters for Blake Ridge
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1.3 Seismic Surveys
Seismic waves involve
the way acoustic energy
is transferred from one
area to another. These
waves can be created by
many sources, one of the
most common being an
earthquake.
Another
typical cause for seismic
waves is an explosion.
Although most of the
seismic
waves
are
created naturally through
tectonic processes in the
earth, there are some
common reasons for
which
seismicity
is
induced by humans. The
measurement of the
reflection of seismic
waves is helpful in
determining
the
subsurface geology of the
area. This process is
Figure 1.2: Showing how seismic waves are induced
achievable because it
with an air gun in an ocean setting and the path of
measures the two-way
travel (How does marine seismic work?)
travel time (TWTT) of
the seismic wave and that alone is enough to make correlations and estimations on the lithology
of the zone of interest. Human induced seismicity occurs with a source and a receiver, and in this
case the source is responsible for emitting the seismic wave with a certain frequency into the
ground or ocean setting. As the seismic wave pierces the different layers of the earth, it begins to
lose energy. This loss of energy is defined as the attenuation of the wave. It is important to note
that the attenuation will vary depending on what the lithology of the layer is, what the phase of
the layer is (solid, liquid, or gas), and many other variables. As the wave travels through each
layer, it begins to reflect back to the surface, at which point the receiver can detect the wave and
then the time can be measured from when the energy was emitted to when the wave was
received.
The TWTT can be helpful for a few reasons. Although the velocity of the seismic wave can vary,
it is generally assumed to be constant. When a seismic wave is induced and the time is recorded
from when the wave is emitted to when the wave is received, the depth by which the wave
travels can then be determined. This is particularly helpful for the characterization of the
subsurface lithology because it can help identify those key details regarding layer thickness and
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depth that is particularly helpful in determining where to drill for an oil or gas well. The main
application of a rock physics model is to determine porosity, and other parameters, from seismic
data (Dvorkin and Nur, 1996).
The beauty of using seismic waves is the cost benefit of the technology. In an industry where
companies can spend millions of dollars before seeing a single speck of profit, it is inherently
obvious that the techniques which save money but do not affect the operation should be sought
out. If a company chooses to explore a certain field and is in need of some characterization data
of the field such as porosity, permeability, and other geophysical properties such as bulk and
shear modulus, it must travel to the field, and perform a core analysis. This involves obtaining an
expensive core sample, which comprises of a cylindrical core of subsurface rock up to the depth
of the region of interest. Although a great deal of useful data can be gathered physically from
these core samples, the process is extremely pricy and in the event that the well contains no
feasible amount of hydrocarbons for production, that money was just wasted. On the other side
of the spectrum, if the characterization of an oil and gas well is necessary, a non-invasive
technique would be to induce seismicity and study the wave response through the subsurface.
This process is much more cost effective and it is also non-invasive, making it much more
reasonable than performing a core analysis (Lu and McMechan, 2002; Lu and McMechan,
2004).

1.4 Absorption Quality Factor
When an acoustic wave travels through the earth, the packing of the sediments will be one of the
determining factors based on what quality factor to expect. Absorption quality factor, commonly
referred to as Q, Q factor, or quality factor, is a helpful value in that it relates to the amount of
energy lost of a wave. Generally speaking, the Q factor can be used with seismic dataset to
predict prominent features within the subsurface, such as whether or not the area is dominated by
hydrates or not. Equation 1 shows that the quality factor is a function of frequency (𝑓) and the
attenuation (𝛼).

𝑄=

𝜋∗𝑓
𝑣∗𝛼

Eq. 1

With this equation in mind, it is readily apparent to see that the two quantities are inversely
proportional. This means that as the attenuation for a particular area increases, the quality factor
will decrease, and vice-a-versa. Figure 1.3 shows a cross section of the quality factor in the
Blake Ridge system. The color scale on this figure represents a range from 0 to 70 which
encompasses the entire quality factor range. Upon analyzing this image, one will notice that the
figure seems to slope off on the right side of it, which is representing the actual ridge part of the
system. One will also notice that there are two different zones, one being noticeably darker with
yellow and less blue, which indicates a lower quality factor and therefore a higher attenuation.
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The area shaded with more blue shows that the quality factor is actually larger and therefore the
attenuation is much lower. The area shaded with more blue accents is the methane hydrate zone,
and the line separating the two is known as the bottom simulating reflector (Horozal et. al.,
2009).

Figure 1.3: Cross section of Blake Ridge using geometric spreading feature in OpendTect, depicting the
quality factor ranging from 0 to 70 with a time gate of 40 milliseconds

1.5 Hydrate Effective Grains Model
The work in this thesis aims to provide petrophysical estimates of in situ properties in methane
hydrates reservoirs by inversion of a seismic attenuation rock physics model. While there exist
competing models for this purpose (e.g. Zhang, 2008), we chose to adopt the Hydrate Effective
Grains (HEG) model of Best et. al. (2013), which allows for the frequency dependent velocity
and attenuation to be calculated as a function of several parameters. The parameters the model
requires include saturations, such as the hydrate saturation and inclusion saturation, in addition to
the hydrate morphology (load bearing, grain cementing, or pore filling). This work extends from
the theoretical work of Ecker et. al. (2000) which describes how seismic velocities will vary
depending on the morphology of the hydrate. Table 2 shows the list of parameters in the HEG
model.
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Table 1: Petrophysical Properties of Blake Ridge
Parameter
Temperature
Pore fluid pressure
Effective pressure
Quartz bulk modulus
Quartz shear modulus
Quartz density
Hydrate bulk modulus
Hydrate shear modulus
Hydrate density
Water bulk modulus
Water density
Methane bulk modulus
Methane density
Water viscosity
Porosity
Critical porosity
Grain coordination number
Grain diameter
Bulk permeability (load-bearing)
Bulk permeability (pore-filling)

Symbol
T
Pp
Peff
Kq
Gq
𝜌q
Kh
Gh
𝜌h
Kw
𝜌w
Kg
𝜌g
𝜇w
𝜑
𝜑o
n
d
klb
kpf

Value
10
15.0 x 106
5 x 105
36.5 x 109
45.0 x 109
2650
7.9 x 109
3.3 x 109
910
2.17 x 109
1006
51.858
0.1334
0.001
0.42
0.38
4
100 x 10-6
10.0 x 10-15
100.0 x 10-15

Units
C
Pa
Pa
Pa
Pa
kg.m
Pa
Pa
kg.m
Pa
kg.m
Pa
kg.m
Pa.s

Dimensionless
m
m
m

Table 2: A list of the parameters that were used in the Hydrate Effective Grains model

These parameters are all needed to solve for attenuation (inverse quality factor), as well as the
frequency dependent P- and S-wave velocities. Initial assumptions regarding how attenuation
will vary depending on the presence and density of hydrates were wrong in that the assumption
was the hydrate will act to stiffen the sediments and it will have a lower attenuation (Wood et.
al., 2000). Dvorkin and Uden (2004) performed both laboratory and in situ measurements to
accurately predict the behavior of attenuation in hydrates. The results of this test proved that the
presence of hydrates in sediments will ultimately increase the attenuation. After learning this, it
is imperative to understand that the hydrate grains can be modeled as a media which can retain
an inclusion of water or gas, rather than just a solid mineral. Attenuation is an important
indicator of the state of the rock, since attenuation in saturated samples is one order of magnitude
higher than in dry rocks (Rossi et. al., 2007).
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Hydrate Effective Grains
Ellipsoidal/spherical/disk-/penny-shaped inclusions
Elastic Moduli
Kh Gh

Ki Gi

Wu (1966), Walsh (1969), Leurer (1997)

Complex, frequency-dependent hydrate elastic moduli
Kh( f )

Gh ( f )

Johnston, Toksoz, & Timur (1979)

Hydrate Morphology
Cementing hydrate, Pore-filling hydrate, Load-bearing hydrate
Ecker, Dvorkin, & Nur (1998,2000)

Complex, frequency-dependent frame/fluid moduli
Kb ( f ) Gb ( f ) Kf ( f )

Biot Poroelastic Model
Biot (1956a,b), Mavko, Mukerji & Dvorkin (1998)

Frequency-dependent P- & S-wave velocity and attenuation
Vp ( f ), Vs (f )

𝑄-./ ( f ), 𝑄0./ ( f )

Figure 1.4: Brief overview of the computational path of the HEG model (from Best et al., 2013).
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In order to model Q, Best et. al. (2013) models the hydrate effective grain moduli as both
frequency-dependent and complex. Eq. 1 shows that Q is a function of frequency, and it can
actually vary significantly over certain frequency bandwidths. The complex moduli contain
phase information in their imaginary parts. Intrinsic P-wave attenuation, and therefore absorption
quality factor, depends on the phase change between waves in the pore space and waves in
matrix of the rock. Using the correspondence principle, the frequency-dependent and complex
elastic moduli can model the inclusion material. The inclusion can vary depending on the model,
but in this case, the inclusion was modeled as either methane or water. Equations 2 and 3 show
the process of converting the elastic moduli to frequency dependent and complex.
𝐾2 𝑓 = 𝐾2 + 𝑖 ∗ 𝜔 ∗ 𝛾

Eq. 2

𝐺2 𝑓 = 𝐺2 + 𝑖 ∗ 𝜔 ∗ 𝜂

Eq. 3

In equations 2 and 3, the i subscript denotes the inclusion for the bulk and shear moduli, ω is the
angular frequency (=2πf). The equation for γ will be listed below as equation 4.

𝛾 = 𝜏 ∗ 𝐾; =

3∗𝜂
∗ 𝐾;
2 ∗ 𝜀 ? ∗ ℜ(𝐾2 )

Eq. 4

In equation 4, Kh represents the bulk modulus of the hydrate, τ represents the relaxation time of
the viscous loss mechanism, and the inclusion aspect ratio is denoted by ε. These expressions
were earlier found in Leurer and Brown (2008) which is valuable work because it incorporates
the use of the inclusion shape geometry.
Following this, there are several variables that must be defined to get the program to run
successfully, such as specifying what choice to do (pore filling, grain coating, or load bearing),
and a few density values. For the sake of this calculation, load bearing will be utilized. Other
variables that need to be defined are the occlusion bulk and shear modulus, which for the sake of
this model will define the occlusion bulk modulus equal to that of the bulk modulus of water, and
the occlusion shear modulus will be equal to 1.0 MPa. The pore fluid viscosity of the fluid in the
macropores can be found using equation 5.
𝜂 = 𝑆C ∗ 𝜂C + 1 − 𝑆C ∗ 𝜂F

Eq. 5

As seen above, this equation incorporates the properties of water and gas to calculate the pore
fluid viscosity of macropores. In the original work established by Best et. al. (2013), the function
was set up to run a loop with several frequencies. From that point, the function would calculate
9

the frequency dependent Q factor and P- & S-wave velocities. However, because it was
necessary to calculate these quantities at only one frequency of 150 Hz, then the loop was
omitted. The next equation in this function has to do with the aspect ratio of the grain packing.
That relationship is represented in equation 6. In this equation, epsilon represents the aspect
ratio, and a and c have to do with the length and width of the grain packing. Due to the vertical
pressure applied to hydrate grains, the aspect ratio is almost never 1:1, because the grains are
subjected to a much larger overburden pressure than the lateral confining pressure.
𝑎=

𝑐
𝑒𝑝𝑠𝑖𝑙𝑜𝑛

Eq. 6

What follows next in the code is the gamma value, which can be calculated using equation 7.

𝛾=

3 ∗ 𝜂OPP ∗ 𝐾;
2 ∗ 𝑒𝑝𝑠𝑖𝑙𝑜𝑛? ∗ 𝐾OPP

Eq. 7

Once gamma is found equations 8 and 9 are used to calculate the bulk and shear occlusion
moduli that also have a corresponding complex number.
𝐾OPP = 𝐾OPP + 𝑖𝜔𝛾

Eq. 8

𝐺OPP = 𝐺OPP + 𝑖𝜔𝜂OPP

Eq. 9

The next logical step in the calculation is to set an index for epsilon to correspond to disk or
spherical inclusions. This was done in a way that assumes that if the aspect ratio (epsilon) is
equal to 1, they are spherical inclusions. Of course if the aspect ratio is greater than 1, it would
mean that the grains are subjected to a larger horizontal confining pressure than the overburden
pressure, which simply is not the case.
The index is used in this entire algorithm as a way to note specifically whether the aspect ratio is
equal to 1 (spherical) or less than 1 (disk-shaped). There will be three variables needed for the
calculation prior to the actual calculation of the bulk and shear inclusion moduli. The three
variables needed for the calculation are found in equations 10, 11 and 12.

𝐴=

𝐺?
−1
𝐺/

Eq. 10
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𝐵=

1 𝐾? 𝐺?
∗
−
3 𝐾/ 𝐺/

Eq. 11

𝑅=

3 ∗ 𝐺/
3 ∗ 𝐾/ + 4 ∗ 𝐺/

Eq. 12

These variables are just simplifications to the main equations. In 1966, Wu proposed equations
13-16 to calculate the elastic moduli for two-phase material (Wu, 1966).
1
1
𝐶?
3 + 4𝑅𝐴
𝐾/ − 𝐾?
=
∗ 1+ ∗
∗
𝐾U 𝐾/
3 1 + 𝐴 + 3 − 4𝑅 𝐵
𝐾U

4
2 + 2 − 𝑅 𝐴 + 2 3 − 4𝑅 𝐵
1
1
𝐶?
2
3
=
1+
+1+
𝐺U 𝐺/
5 1+𝐴
1 + 𝐴 + 3 − 4𝑅 𝐵

1
1
𝐶?
𝐾/ − 𝐾?
=
∗ 1+
∗
4
𝐾U 𝐾/
𝐾U
1 + (1 − 𝑅)(𝐴 + 3𝐵)
3

1
1
𝐶?
=
∗ 1+
4
𝐺U 𝐺/
1+ 2+ 𝑅
3

𝐴
5

𝐺/ − 𝐺?
𝐺U

Eq. 13

𝐺/ − 𝐺?
𝐺U

Eq. 14

Eq. 15

Eq. 16

Equations 13 and 14 correspond on how to calculate the inclusion bulk modulus with disk
shaped inclusions whereas equations 15 and 16 correspond on how to calculate the inclusion
bulk modulus with spherical shaped inclusions. Despite the availability of using both disk shaped
and spherical grains, it is highly unlikely that the grains will ever be modeled as spherical, so
these equations are not totally necessary.
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Next, the function will then begin to determine what choice has been selected to compare (pore
filling, grain coating, or load bearing). The equations associated with these three options will be
described in detail in their corresponding sections below.
The function will then specify the choice, and in this case, choice = 1 corresponds to pore filling
hydrate, choice = 2 corresponds to the grain coating hydrate, and finally choice 3 corresponds to
the load bearing hydrate. As previously mentioned, the work will focus on the load bearing
hydrate. The three functions (Pore_filling_KdGd.m, Grain_coating_KdGd.m, and
Load_bearing_KdGd.m) all have the same inputs and outputs, meaning that each of the three
functions require certain values to run the computation and then they provide the output of that
value. These inputs include porosity values, frequency-dependent, complex elastic moduli, fluid
and rock properties, in addition to other elastic moduli. Once the choice variable is selected, the
function will specify the sub-routine. From that point, it will also specify the bulk density of the
fluid saturated hydrate-bearing sand using equation 17.
𝜌XYZ[ = 1 − 𝜙 ∗ 𝜌0]^ + 𝜙 ∗ 𝜌_ZY2`

Eq. 17

After establishing this relationship, which calculates the bulk density as a function of porosity
and varying density values, the function will then calculate a parameter associated with the pore
size. Hovem and Ingram (1979) proposed that since Biot’s theory proved that the function F(k) is
not highly dependent on the shape of the pores, the radius will be replaced by a pore size
parameter instead, which is listed below in equation 18. The pore size parameter is denoted by a
variable ap, whereas in the actual function, it is denoted as Sp.
𝑎- =

𝑑b
𝜙
∗
3
1−𝜙

Eq. 18

Following that, the tortuosity of spheres can be calculated by using equation 19, which
incorporates average porosity.
𝑋2 = 0.5 ∗ 1 +

1
𝜙

Eq. 19

Similar assumptions are then made for the grain coating and load bearing choice with discrete
changed in the way that they are calculated. At this point in the function, the bulk of the
computation has been accomplished. The next effort in the function is to calculate the Biot
parameters from Biot’s poroelastic model, and then after a few more calculations, the quality
factor, as well as the other parameters, can be calculated from the function. The next sequential
calculation will be a series of steps necessary to arrive at the operator Fzeta.
𝜁=

𝜔 ∗ 𝑆-? ∗

𝜌_ZY2`
𝜂

Eq. 20
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h

𝐽 1, 𝜁 ∗ 𝑒

./∗2∗

h
i

𝐽 0, 𝜁 ∗ 𝑒

./∗2∗

h
i

𝑇 𝜁 = 𝑒 (/∗2∗g∗ i ) ∗

Eq. 21

𝜁∗𝑇 𝜁

𝐹 𝜁 =

4 ∗ 1 + 2 ∗ 1𝑖 ∗

Eq. 22

𝑇 𝜁
𝜁

Equation 20 is used to calculate the zeta variable and then equation 21 is used to calculate the
variable T, which is a function of zeta. From there, equation 22 is used and is helpful in
determining the famous viscodymamic operator F. In this function, the variable F helps to
measure the deviation from Poiseuille flow friction (Biot, 1956).
Equations 23 and 24 are useful in determining the quartz Poisson’s ratio and the hydrate cement
Poisson’s ratio.
𝜈nY]o^p =

𝜈;.P. =

3 ∗ 𝐾n − 2 ∗ 𝐺n

Eq. 23

2 ∗ 3 ∗ 𝐾n + 𝐺n

3 ∗ 𝐾; − 2 ∗ 𝐺;
2 ∗ 3 ∗ 𝐾; + 𝐺;

Eq. 24

The Poisson’s ratio of the solid phase will be calculated using equation 25.
𝜈0 =

3 ∗ 𝐾0 − 2 ∗ 𝐺0
2 ∗ 3 ∗ 𝐾0 + 𝐺0

Eq. 25

From this point, the calculation of the hydrate bulk and shear dry frame moduli will be possible
using the Hertz-Mindlin theory. Equations 26 and 27 will perform this calculation.

𝐾q.r

𝐺q.r

𝑛? ∗ 1 − 𝜙P ? ∗ 𝐺 ? ∗ 𝑃t__
=
18 ∗ 𝜋 ? ∗ 1 − 𝜈 ?

/
g

3 ∗ 𝑛? ∗ 1 − 𝜙P ? ∗ 𝐺 ? ∗ 𝑃t__
5−4∗𝜈
=
∗
5∗ 2−𝜈
2 ∗ 𝜋? ∗ 1 − 𝜈 ?

Eq. 26
/
g

Eq. 27

After this is done, if the porosity is less than the critical porosity, the lower Hashin-Shtrikman
bounds will be applied, and if the porosity is greater than the critical porosity, then the upper
Hashin-Shtrikman bounds will be applied (Helgerud et. al., 1999).
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The porosity of the sand is calculated using equation 28.
𝜙 = 𝜙 ∗ 1 − 𝑆;

Eq. 28

The Voigt-Reuss-Hill (VRH) approximation will be implemented to calculate the average grain
moduli. Equations 29 and 30 correspond to the calculation of the bulk and shear moduli for
quartz. Equation 31 will correspond to the calculation of the density of quartz. In this function,
two variables are introduced as fq and fh and they correspond to the percentage of quartz and
percentage of hydrate.
𝐾Fo]2v =

1
∗
2

𝑓n ∗ 𝐾n + 𝑓; ∗ 𝐾; +

𝐺Fo]2v =

1
∗
2

𝑓n ∗ 𝐺n + 𝑓; ∗ 𝐺; +

1
𝑓n ∗ 𝐾n + 𝑓; ∗ 𝐾;
1
𝑓n ∗ 𝐺n + 𝑓; ∗ 𝐺;

𝜌Fo]2v = 𝑓n ∗ 𝜌n + 𝑓; ∗ 𝜌;

Eq. 29

Eq. 30

Eq. 31

From here, the next set of calculation will be useful in determining some of the parameters used
to calculate the roots of the P-waves. As in the past, these equations are used to make the
subsequent equations simpler.
𝑥2 ∗ 𝜌_ZY2`
𝜙 − 1𝑖 ∗ 𝜂 ∗ 𝐹 𝜁
𝑞=
𝜔 ∗ 𝑘-tob
𝐷1 = 𝐾n ∗ 1 + 𝜙 ∗

𝐻=

𝐾` + 4 ∗

𝐾n
𝐾_ZY2` − 1

𝐺`
+ 𝐾n − 𝐾`
3
𝐷1 − 𝐾`

𝐾n?
𝑀=
𝐷1 − 𝐾`
𝐶1 =

Eq. 32

𝐾n − 𝐾` ∗ 𝐾n
𝐷1 − 𝐾`

Eq. 33

?

Eq. 34

Eq. 35

Eq. 36
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All of equations 32-36 will be used to calculate the roots of dispersion of the P-waves which will
then be used to calculate the quality factor. These variables were calculated by referencing Stoll
(1977). From this point, the only remaining calculation is to calculate the roots of dispersion
relations for the P-waves.
𝐴𝐴 = 𝐶1? − 𝑀 ∗ 𝐻

Eq. 37

𝐵𝐵 = 𝐻 ∗ 𝑞 + 𝑀 ∗ 𝜌 − 2 ∗ 𝐶1 ∗ 𝜌_ZY2`

Eq. 38

?
𝐶𝐶 = 𝜌_ZY2`
−𝜌∗𝑞

Eq. 39

𝑃}oOO^ =

−𝐵𝐵 + 𝐵𝐵? − 4 ∗ 𝐴𝐴 ∗ 𝐶𝐶
2 ∗ 𝐴𝐴

Eq. 40

𝑃.oOO^ =

−𝐵𝐵 − 𝐵𝐵? − 4 ∗ 𝐴𝐴 ∗ 𝐶𝐶
2 ∗ 𝐴𝐴

Eq. 41

Equations 37-39 are used from previously calculated parameters. Then, equations 40 and 41 use
the quadratic formula to calculate the positive and negative roots. Luckily, from this point, all of
the information needed to calculate the P- & S-wave data is available. The two P-wave velocities
are found using equations 42 and 43. The velocities of Biot’s fast and slow waves are found as
1

𝑉-/ = ℜ

𝑃}oOO^
1

𝑉-? = ℜ

𝑃.oOO^

Eq. 42

Eq. 43

respectively. The inverse quality factors for these two wave types are given as:

ℑ
./
𝑄-/
=2∗

ℜ

ℑ
./
𝑄-?
=2∗

ℜ

1

𝑃}oOO^
1

Eq. 44

𝑃}oOO^
1

𝑃.oOO^
1

Eq. 45

𝑃.oOO^
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At this point, all of the required variables have been calculated in this function. There are still
variables pertaining to the S-wave, but for this project, those values are not necessary.

1.6 Problem Statement
The overall goal of this project is to perform a detailed investigation on the distribution and
overall amount of hydrates in the Blake Ridge methane hydrate field. Since the current data used
for this project is a 3D seismic survey that encompasses only a portion of Blake Ridge, it will be
necessary to provide estimates on hydrate saturation. The first step in this project is to take the
3D seismic survey and obtain a measure of attenuation (absorption quality factor) for the zone
containing the hydrates. A typical absorption quality factor is about 40 for a zone containing
methane hydrate, and this can be verified in figure 1.3. After this value is obtained, it is
necessary to then invert a rock physics model (which was generously provided by Dr. Angus
Best) to estimate the petrophysical inputs that would produce the observed absorption quality
factor. Said differently, an inversion scheme that allows for the reverse calculation of the
petrophysical properties is applied to a preexisting rock physics model. For example, if the
standard problem is A x B = C, where C is the absorption quality factor, then my project will
allow for C/B = A, where A are the many different critical petrophysical properties associated
with the calculation. However, one major challenge in my research is that the system is highly
non-linear, as depicted in this example. The nonlinearity of the rock physics model requires more
advanced techniques for performing the inversion. In an attempt to accommodate the non
linearity, the project uses a Bayesian Inversion (via a Markov-Chain Monte Carlo algorithm) to
predict values for bulk modulus of formation water, porosity, inclusion aspect ratio, inclusion
saturation, and hydrate saturation (Morgan et. al., 2012).

Chapter 2: Methodology
2.1 Global Sensitivity Analysis
When the algorithm was initially developed, there were 20 inputs to the main function. After this
function was developed, it was necessary to run a sensitivity analysis to determine how sensitive
each of the variables are compared to one another. Pianosi et. al. (2015) created a toolbox in
MATLAB called SAFE (Sensitivity Analysis for Everyone), which is a subset of the prior GSA
toolbox (Global Sensitivity Analysis) that was created to perform sensitivity analysis on
environmental models. In the SAFE suite, it was possible to perform the analysis on the 20
variable problem and the results can be found in figure 2.1.
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Figure 2.1: Initial sensitivity analysis for 20 variable Metropolis-Hastings algorithm

The sensitivity analysis provides two boxplots for each of the 20 variables for the algorithm. One
of the boxplots correspond to the main effects of the system while the other boxplot corresponds
to the total effects. In this context, the main effect corresponds to how a small change in the
independent variable relates to the direct variable. When discussing the main effects of a system,
it is thought to hold all of the other independent variables constant and only test that independent
variable. Conversely, the total effects of a system correspond to how much changing one
independent variable will perturb the remaining independent variables in addition to the
dependent variable. In figure 2.1, most of the significant effects correspond to the total effects,
but some of the main effects are significant compared to the average.
From this point, it was easy to see that some of the variables have extremely low sensitivity to
the algorithm. Since these variables are not sensitive, any change they might experience will not
significantly alter the results of the model. In an attempt to thin the amount of data received from
the algorithm to just provide the most meaningful data, 15 of the 20 variables were eliminated
from the iterative scheme and the algorithm was reduced to just five variables. These five
variables included the bulk modulus of water, porosity, grain coordination number, saturation of
the inclusion, and saturation of the hydrate.

17

2.2 Markov Chain Monte Carlo (MCMC)
The Markov Chain Monte Carlo is a class of methods whose purpose is to randomly sample from
the posterior distribution of model parameters. It is from this posterior distribution that one can
infer point estimates (e.g. mean) and confidence intervals of each parameters. One of the
trademarks of Markov Chain Monte Carlo is that it works exceptionally well for high
dimensional problems (Au and Edoardo, 2016). For this problem, initially there were 20
variables, which we subsequently reduced to five using global sensitivity analysis. With such a
high number of variables, it was decided to adopt MCMC for the project.
The beauty of using the MCMC method for this project is that it works by random selection. In
addition to this incentive, it also has a very important distinction in regards to it being memory
less. To make a selection, the Markov chain will only use the most recent selection, and not any
selection before then. This kind of behavior is highly ideal because it will not lead to a result that
may be weighted based on the past several selections. If it does not exhibit this attribute, then it
is likely to not be described as a Markov chain process. Upon the implementation of MCMC, a
body of “walkers” will move about the bound randomly. From this point on, the walker will
continue around the area until the walker finds a higher value. This process is oftentimes
described as random walk Monte Carlo. Another way to describe it would be to blindfold a
person and place the person on flat ground with hills surrounding her. Then, tell the person to
find the top of the hill. Due to the blindfold, the person will have to wander around the flat
ground until she starts to find an increase in elevation. If she finds that the elevation increases,
she continues in that direction. In this context, the hill will be the most probable outcome for the
MCMC method and thus will lead to the final solution.
Within the random walk Monte Carlo methods, there are several algorithms that vary from one
another in terms of ability and requirements. The most widely used algorithm is the MetropolisHastings algorithm, but other methods include Gibbs sampling, Slice sampling, Multiple-try
Metropolis, and Reverse-jump. Some of these methods largely incorporate the MetropolisHastings algorithm. In this study, we find the basic Metropolis-Hastings algorithm to perform
sufficiently, but more advanced algorithms may offer improved performance (in terms of
convergence rate).
2.2.1 Metropolis-Hastings Algorithm

The work proposed in this project involves implementation of the Metropolis-Hastings
algorithm. This is a random walk Monte Carlo method and falls within the MCMC suite of
methods. This algorithm works by randomly drawing a set of model parameter values from a
user-defined prior distribution and the probability of making this draw is recorded. The
likelihood of this set of values corresponds to how well the values, when plugged into the model,
give an output in agreement with the observed data. The posterior probability is the product of
the prior probability and likelihood (in actuality, the posterior is just proportional to this product,
but this is sufficient for our purposes). The Metropolis-Hastings algorithm will accept a sample if
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it has a larger posterior probability than the sample immediately before it. However, if the
current sample has a lower posterior probability than its predecessor, it will only have a chance
of being rejected, with that chance being proportional to the degree by which the posterior
probability is lower. These proposal values or guesses are produced iteratively, and after several
thousand iterations, the algorithm will begin to narrow the search and converge to a specific
value. Ultimately, it will draw a number of samples for each parameter value proportional to the
marginal posterior probability of each value, such that a histogram of parameter values will
reflect the true posterior probability density function.
For the sake of this algorithm, there is an adaption criterion which is directly related to the
acceptance ratio of the samples. If the acceptance ratio fell outside of a specific range
surrounding 0.234, which is the ideal acceptance ratio for this algorithm and this number of
variables, then the covariance matrix would be scaled in an attempt to get a more reasonable
acceptance ratio. However, upon implementing this adaption criterion, the algorithm behaved
very poorly and undesirably. The adaption component of this algorithm was omitted because the
algorithm had no problem converging after a few thousand iterations.

2.3 Workflow
The work presented in this project involves one main script file and many subroutines.
MATLAB was used during the project due to the superiority this programming language has
with matrix multiplication. In order to perform multiple tasks simultaneously, the Parallel
Computing Toolbox was used for this project. Figure 2.2 has been constructed in an attempt to
describe the computing process of the algorithm and what functions are used at what points.
However, since the work presented here is representing load bearing, we will be mainly focused
on the description of the functions corresponding to those equations. The following sections will
be dedicated to explaining the purpose of the necessary scripts and functions.
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Interactive.m

MHchains.m

Metropolis_Hastings.m

Likelihood.m

LogitNormal.m

randdraw.m

nearestSPD.m

HEG_ECM.m
Wu12.m

Pore_filling_KdGd.m

Grain_coating_KdGd.m

Load_bearing_KdGd.m
Hill_KGrho.m

HertzMindlin_KG.m

Figure 2.2: Describing the workflow of the functions and scripts used in the algorithm
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2.3.1 Interactive.m
The script Interactive.m is the main run script of the entire algorithm. In this script, the user of
the algorithm can specify the two bounds for the five variables, which are denoted by variables a
and b. In this model, the five variables are bulk modulus of water, porosity, epsilon, inclusion
saturation, and hydrate saturation. The user will also specify the quality factor, and its
corresponding standard deviation, and the number of iterations desirable. This script calls a
function called MHchains.m. Although the current project is set up to run on 4 cores, it can be
adjusted to run on more or less cores, depending on what the physical capacity is of that
computing machine. When the script is executed, it will cause all four cores to perform the same
iteration. The beauty of using the Parallel Computing toolbox to do these chains is that it is
possible to specify four distinct starting values for each chain. This is very useful because it will
test the validity of the algorithm.

Figure 2.3: Showing the execution of the chains in parallel, and the activity monitor in the upper right
corner depicting all four cores on the machine used to full capacity
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2.3.2 MHchains.m
The function MHchains.m will call the five previously defined variables, including the upper
and lower bounds for the algorithm, the quality factor and its corresponding standard deviation,
and the number of desired iterations. Since the parallel cluster will incorporate four cores and
perform four calculations simultaneously, it is then necessary to calculate the starting values for
each of these four cores. The variables (val1,val2,val3,val4) will be calculated using the
following scaling equation:
𝑣𝑎𝑙2 = 𝑎 + 𝛽 ∗ 𝑏 − 𝑎

Eq. 7

In this case, each of the starting values are found by incorporating the bounds and β, which for
the purposes of this calculation, is between 0 and 1, and is preferentially closer to the lower or
upper limit. This function will incorporate the Parallel Computing toolbox in MATLAB. This
function will call an anonymous function that will then feed these starting values to each of the
cores. After all of the calculations are complete with the parallel cluster, the job will output four
variables, where each variable consists of a matrix of values corresponding to how the parameter
has changed with each iteration, and also the acceptance ratio. The remainder of this function file
is to plot graphs corresponding to the autocorrelation, the time series, and the kernel smoothed
density. In table 3, the lower and upper bounds can be found for each of the five variables.
These bounds will be the limitations of the algorithm, as to say that the algorithm is not
permitted to travel outside of the bounds. These bounds are reasonably selected values for Blake
Ridge.

a
b

Kw (GPa)

𝜑

2.00E+09
2.50E+09

0.1
0.7

𝝐
0.0001
0.0004

Si
0.1
0.6

Sh
0
0.4

Table 3: Lower and upper bounds (a and b, respectively) of each variable for algorithm

2.3.3 Metropolis_Hastings.m
The main algorithm is operated through the function Metropolis_Hastings.m. This function is
responsible for implementing the Bayesian inversion which is then credited for actually updating
the guess and providing the estimate. To accommodate the parallel computing capability of the
algorithm, it is highly desirable to make the function as simple as possible (i.e. as few function
inputs and outputs as possible). To achieve this, the function will input a single variable which
hosts a matrix of values. From there, the single variable is then sorted into the initial guess, as
well as the quality factor and the standard deviation. Since this statistical inversion problem will
implement a logistic normal distribution, it is critical to convert the variables over to logit space.
However, before converting to logit space, it is necessary to convert the values to a range from 0
to 1, by applying an equation which incorporates the initial guess, as well as the lower and upper
bound for the problem. Equation 9 is a way to scale the number from a range of 0 to 1.
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𝑃=

𝑔𝑢𝑒𝑠𝑠 − 𝑎
𝑏−𝑎

Eq. 8

Once that the values are converted over to p-space, it is now possible to calculate the logit of the
p value. This can be accomplished by using equation 9:
𝑙𝑜𝑔𝑖𝑡 𝑝 = 𝑙𝑜𝑔

𝑝
1−𝑝

Eq. 9

After arriving at the logit of p, it is then possible to calculate the likelihood of the specific event
happening. The likelihood is a standalone function which will be described later, but the main
takeaway here is that the likelihood function depends on the typical lower and upper bounds,
quality factor and its corresponding standard deviation, in addition to the initial guess, which in
the code is defined as intlogit. From this point, the function then needs to assign a reasonable
covariance. In the formulation of this algorithm, one of the biggest challenges was determining
how to structure the covariance matrix. One of the problems associated with this challenge was
ensuring that the matrix was a semi-definite positive matrix. The initial algorithm incorporated
20 variables, but after a sensitivity analysis was completed on this, it was reduced to only 5
variables. This means that the initial covariance matrix was a 20 x 20 matrix of values. After the
numerous problems associated with achieving the semi-definite positive matrix, it was decided to
just make the covariance matrix uniform being 0.01.
The next critical step is to calculate the prior probability. Since the problem is converted to logit
space, it will then be necessary to calculate the prior probability with the logit normal
distribution. This distribution will assume a normal distribution in logit space. It makes it a little
simpler to convert the parameters over to log space. By doing this, two multiplying quantities
can be added with ease. Before actually entering the large iteration of Bayesian updating in the
metropolis hastings algorithm, the very first guess of the posterior distribution needs to be
calculated. This can be done so by implementing the following equation, where L is the
likelihood of that outcome and π is the prior probability:
𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 = 𝐿 ∗ 𝜋

Eq. 10

At this point, the metropolis hastings algorithm will be implemented. The very first step of this
algorithm is to randomly choose a starting value, which is accomplished through the randdraw
function. That random starting value will then be passed to calculate the likelihood and the prior
distribution. Recalling from equation 10, once these two quantities are known, it is then possible
to calculate the posterior density. From there it is easy to calculate the term that incorporates the
prior and proposal densities, and that term is used in determining whether or not the iteration will
be accepted or not.
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There was an adaption section in this work, but it was not implemented for the project. In the
adaption section, the acceptance ratio was monitored and if it remained in a certain range, then
the covariance matrix would be reduced in an attempt to provide a more reasonable answer.
However, without the adaption component in the code, it runs perfectly.

2.3.4 Likelihood.m
The Likelihood.m function is very useful in that it uses a probability density function to
calculate the likelihood of that event happening. The function has five inputs and only one
output. The function first specifies all of the parameters used to calculate the Q factor in the HEG
function. Since the intlogit value that is called into the function is in logit space, it is necessary to
convert it back to normal space. Once this is addressed, the HEG function will then use the
values needed to calculate the Q factor. With the Q factor, the built-in lognpdf function is used to
calculate the log-normal probability density function of that Q factor with a specified mean and
standard deviation. The final step of this function is to then convert L back to log space by taking
the natural logarithm of the value calculated from the lognpdf function.
2.3.5 LogitNormal.m
LogitNormal.m is a function that incorporates the logit-normal probability density function.
Although MATLAB has a built in function which can calculate the logistic normal distribution,
it was a conflict of interest as the values that it was providing did not match up. In retaliation to
this, the multivariate logit-normal equation was hardcoded in to MATLAB and then tested to see
if the values that were computed are the expected values. It is always good practice to understand
potential failure points in any type of system. In terms of the LogitNormal function, the potential
breaking point will be if the function predicts really small values. If for some reason the function
predicts a value of –Infinity, the program will take the log of the machine epsilon value in place
of the –Infinity. This edit to the function has allowed the function to work properly.
2.3.6 randdraw.m
The randdraw.m function is very simple. This algorithm is designed to predict values for five
variables. Therefore, it is necessary to always consider multivariate additions to the simpler
univariate equations. In the randdraw function, there are two inputs to the function and one
output. The two inputs are samples and the covariance matrix, and for the sake of this problem
samples will be corresponding to the five values that the current iteration in the metropolis
hastings algorithm is on, and the covariance matrix will be constant for the entire iterative
process. This function utilized the built-in function mvnpdf in MATLAB, which stands for
multivariate probability density function. The probability density will be calculated through this
function and then will be outputted from the function as xprime. One of the conditions on xprime
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is that it must be less than 709. In the event that xprime is unconstrained, it could lead to a
+Infinity and this has proven to be problematic in the past.
2.3.7 HEG_ECM.m
Originally, Dr. Angus Best and his colleauges developed this code that would predict the the Q
factor as a function of hydrate saturation. This is a very critical component of the project as it
will be the backbones of the metropolis hastings algorithm. Instead of inputting petrophysical
properties to the algorithm and receiving the Q factor, this algorithm strives to input a Q factor
and predict the petrophysical properties. Nevertheless, this work by Dr. Best is very influential,
meaningful, and necessary for the project. The mathematical formulation of the function will be
described in detail in the appendix section. The function has many petrophysical properties as
inputs and then it can return the frequency dependent Q factor and P- & S-wave velocities.
2.3.8 Wu12.m
The Wu12.m function is one of the multiple functions necessary to make the HEG model work.
The mathematical formulation can be found in the appendix section. In general, the function’s
main purpose is to calculate the spherical inclusion moduli. The standard bulk moduli properties
will be inputs to the function, in addition to index variable, and the two outputs will be the bulk
and shear spherical inclusion moduli.

2.3.9 Pore_filling_KdGd.m
In the function Pore_filling_KdGd.m, the dry frame moduli will be calculated using the work of
Ecker et. al., 2000. This is one of the three options that can be chosen. For the work established
in this project, the work is centered around the load bearing case. In this function, the outputs
will be the dry frame elastic moduli in addition to the densities. This function incorporates the
Hashin-Shtrikman bounds when calculating the elastic moduli, which will place a bound on the
range of the elastic properties. The mathematical formulation of the equations can be found in
the appendix section.

2.3.10 Grain_coating_KdGd.m
In a similar fashion as the Pore_filling_KdGd.m function, the Grain_coating_KdGd.m
function will calculate the dry frame elastic moduli by incorporating the Hashin-Shtrikman
bounds to the input variables. The output of this function will be the same as for the pore filling
function, and likewise the load bearing function will have the same output. As previously
mentioned, the work done in this project incorporates the work of the load bearing case. It would
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be relatively simple to test how the pore filling and grain coating function behaves with this
dataset, but for this project, it incorporates only the load bearing function. The detailed
mathematical formulation of this work will be presented in the appendix section.
2.3.11 Load_bearing_KdGd.m
The Load_bearing_KdGd.m function is the function that is very important to this project, since
it is the one that all of the data corresponds to. As the previous two functions did, this function
will be responsible for calculating the dry frame elastic moduli which is necessary for the
metropolis hastings algorithm. The thing that is the same for the pore filling, grain coating, and
load bearing functions is that the inputs and outputs of the functions are all the same. All of the
functions require certain petrophysical properties to calculate the dry frame elastic moduli. The
thing that varies between each of the three functions is the steps that are taken to calculate each
of the steps. The detailed mathematical formulation of this code can be found in the appendix
section. Since this code was adopted from previous research, it is not being represented as part of
the developed algorithm, but rather the equations will be represented.
2.3.12 Hill_KGrho.m
In the function Hill_KGrho.m, the average grain moduli are calculated by using the VoigtReuss-Hill average. This function requires several inputs and outputs the average bulk and shear
grain moduli. The detailed mathematical derivation of these equations will be outlined in the
appendix section. This function is utilized by Load_bearing_KdGd.m.
2.3.13 HertzMindlin_KG.m
The function HertzMindlin_KG.m is used by the Load_bearing_KdGd.m function to
calculate the dry frame moduli at the critical porosity using the Hertz-Mindlin Theory. The
equations used in calculating these values will be displayed in the appendix section.

2.4 Verification of Algorithm
After the algorithm was running successfully, there needed to be some way to test that the
predicted values obtained from the algorithm corresponded well to the actual quality factors.
There is a host of several options that can be performed to ensure that this is being done. The
following sub-sections will describe some of the steps to ensure that the results were accurate.
Performing a synthetic test on one of the variables is an excellent way to monitor how the
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algorithm is responding and if it is behaving as expected. This can be done by choosing what the
input is to the main function and then using that input to predict the output, and then comparing
the output with the actual value. Figure 2.4 includes the pseudo-code for how this can be
achieved computationally. The MH_chains.m function has five inputs, being bulk modulus of
water, porosity, aspect ratio, saturation of the inclusion, and saturation of the hydrate. To
perform this test ideally, four of the five variables would be a set value (i.e. they do not fall
within a range of possible values). However, a way around this is to place extremely tight bounds
on four of the five variables. Since it was previously discovered in figure 2.1 that saturation of
the hydrate is among the most sensitive variables and is also of most importance to petroleum
engineering, it was decided that the test be performed on the hydrate saturation. After placing
extremely tight bounds on all of the variables except for the hydrate saturation, a linearly-spaced
array of hydrate saturations was created between 0.01 and 0.4, consisting of 100 values. These
100 values were then fed into the HEG_ECM.m function, and since that function has 20 inputs,
the other 19 variables were held constant. Since the main output of the HEG_ECM.m function is
./
./
𝑄-/
, this process will then generate 100 𝑄-/
values. Then from this point, the process will then
./
involve feeding those 100 𝑄-/ values, which are inverted to become 𝑄-/ , into the MH_chains.m
function, which will in turn then create 100 parallel processing jobs. If the testing performs as
expected, we would notice a similarity between the initial hydrate saturation and the hydrate
saturation that the MH_chains.m function output converges to. This can be validated by two
ways: 1. Confirming that the initial hydrate saturation coincides with the convergence value
reached by the algorithm or 2. Measuring the error between the mean of the samples of hydrate
saturation and the initial guess. The results of this test will be discussed in the results in chapter
3.

1.
2.
3.
4.
5.
6.

Set n = 50000
Set 𝐾C = 2.25 GPa, 𝜙 = 0.4, 𝜖 = 2e-2, and 𝑆2 = 0.35
Set 𝑆; = 100 values from 0 to 0.4
Set a = (2.25 GPa, 0.4, 2e-4, 0.35, 0)
Set b = (2.25 GPa, 0.4, 2e-4, 0.35, 0.4)
For j = 1:length(𝑆; )
a. Q = HEG( 𝐾C , 𝜙, 𝜖, 𝑆2 , 𝑆;,‰ )
Œ𝒉 = MH_chains(Q, a, b, n)
b. 𝑺
Œ𝒉 )
c. Errormean, j = 𝑆;,‰ - mean(𝑺
Œ𝒉 )
d. Errormedian, j = 𝑆;,‰ - median(𝑺
Œ𝒉 )
e. Errormode, j = 𝑆;,‰ - mode(𝑺
7. End for
Figure 2.4: Pseudo-code for the synthetic Sh test
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2.5 OpendTect
In 2003, a seismic interpretation program called OpendTect was provided publically. Over the
course of the next several years, OpendTect gained a large popularity among the users in the
field. This program is especially useful to those in the area of geophysics as it allows users to
visualize the subsurface features after a seismic image has been collected. Once the data is
collected for this program, the user can input the data into this program, which allows the user to
perform a number of various techniques to the dataset. The data is usually inputted as a
rectangular set of data, as indicated by the red rectangle in figure 1.1. Although the data is
collected as a three dimensional volume, of which the three dimensions are latitude, longitude,
and time, when viewing the dataset in the program it is only possible to view two dimensions at
once. Since the user might choose to investigate certain aspects of the data, it is possible to
choose the viewing area by selecting the crossline and inline of the data. These two lines
correspond to the latitude and longitude coordinates of the dataset. OpendTect has many helpful
features throughout the program, including filtering, horizon tracking, well-tie analysis, timedepth conversion, and many more. Despite all of these features, this program is particularly
important to this project because of the way it can calculate the absorption quality factor of a
data set. This factor can relate to how much energy is lost as a wave travels through a solid.
Next, it will be necessary to define the appropriate frequency for the model. Hornbach et. al.
(2008) suggests that the dominant frequency at Blake Ridge is 150 Hz, so based on that the
frequency used in the model will be set to 150 Hz.

Figure 2.5: Cross section of Blake Ridge hydrates field from OpendTect
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2.6 Attenuation Inversion
An additional way to test the algorithm is by inputting a wide range of reasonable absorption
quality factors into the MH_chains.m function and seeing what the results look like. These
results will be discussed in detail in chapter 3. An important aspect of reservoir characterization
is ensuring that all possible values are covered. Likewise, it is important to determine what a
reasonable range of values would be. Using OpendTect, it was possible to obtain a sample
volume from the data. In order to sample the absorption quality factor from the hydrate bearing
zone, the bottom simulating reflector was used as a marker and the sample volume in OpendTect
was created above the BSR and below the seafloor horizons. By taking a volume in this region, it
was 100 percent guaranteed that the zone would be primarily hydrate bearing. In this particular
seismic interpretation software, it is possible to extract attribute data for the entire sample subvolume. By extracting a small sub-volume of data, it was then possible to create an Excel file of
the absorption quality factor with the corresponding X, Y, and Z coordinates. By taking only a
small sub-volume of data in the program, it yielded a very large Excel file, culminating into more
than 100,000 rows of data. After taking the minimum and maximum value and then rounding it
to the nearest integer value, it was determined that the minimum quality factor is 4 and the
maximum quality factor is 162. With such a large range of values, it is desirable to determine
how the algorithm changes with each quality factor. Figure 2.6 depicts the pseudo-code for the
testing in the variation of quality factors.
1.
2.
3.
4.
5.

Set n = 50000
Set Q = (4, 5, 6, … , 162)
Set a = (2.0 GPa, 0.1, 1e-4, 0.1, 0)
Set b = (2.5 GPa, 0.7, 4e-4, 0.6, 0.4)
For j = 1:length(Q)
a. (𝑲𝒘 , 𝝓, 𝝐, 𝑺𝒊 , 𝑺𝒉 ) = MH_chains(Qj, a, b, n)
b. Find mean of each 𝑲𝒘 , 𝝓, 𝝐, 𝑺𝒊 , 𝑺𝒉
6. End for
Figure 2.6: Pseudo-code for applying Metropolis-Hastings algorithm to range of absorption quality
factors
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Chapter 3: Results
3.1 Hydrate Saturation Testing Results
In order to test that the hydrate saturation was behaving as expected, it was decided to track the
progress of the algorithm. Figure 3.1 was created in an attempt to show where the hydrate
saturation was expected to be and where it actually ended up being. In this figure, the dashed line
represents the expected value of Sh (i.e. the value that was assigned initially to calculate the
quality factor), while the blue line represents the mean of the hydrate saturation and the red line
represents the median of the hydrate saturation. After observing how the overall trend behaves
and is in agreement with the expected value, the outliers can be disregarded because it is likely
that by random chance, the algorithm sampled from the extreme end of the range and it just
caused it to shift. The verification of the algorithm is in fact possible because of the overall trend
of the data.

Figure 3.1: Test of hydrate saturation with the actual value
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The next graphical representation would be to show the histogram of the errors of the mean,
median, and mode. This of course stems off of figure 3.1, however it just represents it in a
histogram form. The error is simply the subtraction of the respective mean, median, or mode and
the actual value that was expected. Most of the results were as expected and after viewing figure
3.2, it seems as though the mean provides the most reasonable information when trying to draw
conclusions. The histogram representing the mean of the saturation appears to be a very well
centered normal distribution, where there are some tails associated with the median, and for the
mode, there is not much of a distribution at all. Due to the behavior of the mean of the hydrate
saturation, it is fair to say that the algorithm is behaving reasonably. The largest errors in the
mean of hydrate saturation is only about 0.15 or less, and it is likely that this is occurring simply
because of the randomness of the algorithm.

Figure 3.2: Histograms showing the error for the hydrate saturation test

The final method to determine whether or not the algorithm is running as expected is a follow up
analysis to that done in figure 3.2. To represent graphically how the chains are behaving and
whether or not they are calculating the value that is expected, it can be monitored by viewing the
iterative time series of how the algorithm adjusts over the iterations. If this is behaving as
expected, it would be easy to notice that when the algorithm initially sets a certain hydrate
saturation value, then the quality factor will be calculated from that saturation value, and then the
quality factor will be fed into the algorithm to determine whether or not it predicts the saturation
value as expected by the initial value. Figure 3.3 represents one of the tests that exhibit good
behavior. In this test, one will notice that there are four distinct chains. Each of the chains have
random starting values. However, after a few thousand iterations, the chains have completely
converged, and have reached a value of about Sh = 0.0376. Since this was the initial value given
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to the algorithm to calculate the quality factor from, it is expected. Thus, this test proves that the
algorithm is behaving as expected.

Figure 3.3: Displaying the time series for the synthetic Sh = 0.0376 test

The behavior of the algorithm in figure 3.3 was idealistic. However, there were a few cases
where the behavior of the algorithm did not yield results that were ultimately expected. For
example, in figure 3.4, the initial Sh that was fed to the algorithm was Sh = 0.01. Each of the
chains started at distinct starting values, selected by random from the algorithm. Nevertheless,
one will quickly notice that in this figure, the chains all seem to converge on a value of about Sh
= 0.17. Since this deviates from the initial value by such a large value, further investigation will
be necessary to determine what the problem was for this test. It is highly likely that the algorithm
faced difficulty since it was at the starting bound of the range for hydrate saturation.
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Figure 3.4: Displaying the time series for the synthetic Sh = 0.01 test

Finally, an important feature should be highlighted for this test. The initial value of Sh = 0.345
was set for figure 3.5. The test in this case is more or less accurate as the chains have quickly
converged on the value of about Sh = 0.35. The important feature to mention is that the chains
can be spotted to drop down to extremely low values of hydrate saturation. This is due to the
random sampling of the algorithm and of MCMC in totality. This is an iterative protocol and
with the increasing number of iterations, it is expected that the chains will converge on a value.
Although it seems to deviate significantly many times during the iterative process, it still is able
to converge on a value of Sh = 0.35.
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Figure 3.5: Displaying the time series for the synthetic Sh = 0.345 test

3.2 Inversion Results
The second test that would be performed is to track how the change in quality factor relates to
the change in data. As verified in figure 1.3, the quality factor changes in this reservoir with
respect to the location and the zone of interest. In figure 1.3, the range for the 40 ms quality
factors, as indicated by the color bar, is from 0 to 70. In an attempt to try to encompass a broader
range of possibilities for the quality factor, the time gate was varied over a range from 14 ms up
to 90 ms. However, it was decided to use 40 ms as the time gate because it is the clearest image.
After gathering this information and extracting data from sub volume within OpendTect, the
minimum quality factor was determined to be 4 and the maximum quality factor was determined
to be 162.
With this range in place, it was possible to adjust the code to run a continuous loop where it
would calculate the chains for the five variables with the specific quality factor as the only
varying input. In figure 3.6, one can easily see how the time series behaves as expected for a Q
of 135.
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Figure 3.6: Displaying the time series of five variables when Q = 135

In figure 3.6, the time series for bulk modulus of water, porosity, aspect ratio, inclusion
saturation and hydrate saturation exhibits idealistic behavior in that each of the chains seem to
converge on the same value. Although the convergence range might be narrower for some of the
variables – especially for the inclusion saturation – it is satisfactory in that it reaches a suitable
convergence. Figure 3.7 displays histograms of the five variables to verify that the results are
normally distributed and there are no extreme outliers. One can easily notice that the distribution
of each of the five variables seem to be somewhat normally distributed.
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Figure 3.7: Histograms of five variables when Q = 135

Unfortunately, some of the results from the quality factor testing were unsatisfactory. For
whatever reason, when the testing of quality factor would hit certain values, it would cause the
chain to not randomly select new points during the iterative protocol and instead would just
converge to a single value. Of course it is extremely unwanted to see a chain converge to just one
value. This implies that there is no randomly sampling of the variable and therefore it eliminates
the need for MCMC. In figure 3.8, the time series is displayed of the five variables for a quality
factor value that caused the chain to misbehave. During this test, one of the chains remains
constant for all five of the variables, and it can be verified visually in the figure.
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Figure 3.8: Displaying the time series of five variables when Q = 161

Again, to visualize what values are most common for these time series, figure 3.9 has been
provided. In this figure, the histograms of the five variables is displayed. As compared to figure
3.7, figure 3.9 displays a much different behavior. It can be observed that there is increased
sampling at the bounds of the algorithm. The most poorly behaved variables are the bulk
modulus of water, porosity, and the inclusion saturation. This problem will need to be addressed
in future efforts. Luckily, this is only an apparent problem for a few of the quality factors within
the range of 4-162.
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Figure 3.9: Histograms of five variables when Q = 161

Thus far, a few scenarios have been represented, but it has not been made clear how the five
variables vary over a range of quality factor values. In order to accomplish this, figure 3.10 has
been created. In this figure, the arithmetic mean has been recorded for each of the five variables,
and plotted against each distinct quality factor. Some of the variables seem less dependent on the
changing quality factor, but the hydrate saturation variable does experience that as the quality
factor increases, the hydrate saturation increases as well. This behavior is verified with previous
findings from experimental lab work that was conducted by Dewangan et. al. (2014). The spikes
in these figures are likely to be areas where the likelihood function allowed it to sample too close
to the bounds and it was never able to change direction from there.
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Figure 3.10: Displaying five variables (mean) for varying Q, in addition to acceptance ratio

Quantification of the methane hydrates is a common difficulty in this particular area of research.
The problem arises when the Frenkel-Gassmann equations are implemented. These equations
suffer due to difficulty in specifying the saturation of each fluid phase within the system
(Zillmer, 2006). With that in mind, the overall goal is to provide some form of quantification for
the amount of methane hydrates that exists within the Blake Ridge system. This can be done by
creating a constant Z (TWTT) map within OpendTect. To elaborate more on this process, first it
was important to determine what form of the hydrate saturation data was of most relevance to
this project. Figure 3.2 shows the relative error associated with the algorithm and whether the
mean, median, or mode provide the most insightful information. After carefully considering all
of the possibilities, it was determined to use the mean hydrate saturation for this calculation. In
figure 3.10, the relationship of mean hydrate saturation as a function of quality factor is shown.
This is a very powerful graph because it provides the ability to convert from quality factor space
to the suggested hydrate saturation.
In OpendTect, the ability to export attribute data can be widely applicable to this task. By
selecting the absorption quality factor with a time gate of 40 ms that accounts for geometrical
spreading, it is then possible to export a sub volume of the attribute data of specific quality
factors for each distinct location. After the data is collected, it was then converted from quality
factor to the respective saturation. Although the task of exporting data into OpendTect is useful,
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the ability to import data and view it with regard to other attributes is priceless. After converting
from quality factors to hydrate saturations, figure 3.11 was created.

Figure 3.11: Color map showing the variation in hydrate saturation at a constant Z of 3900 ms from a
range of 0.18 to 0.2, where horizontal black line represents 5 km and vertical black line represents 1 km

The results conveyed in figure 3.11 pictorially represent the hydrate saturation throughout the
reservoir. In this case, this is a constant Z slice in OpendTect, which means the depth of this
plane is held constant at 3900 ms. This depth was chosen because it encompasses the area above
the BSR which in turn then ensures that it is a hydrate-bearing zone. In figure 3.12, a similar
surface map shows the inclusion saturation throughout the reservoir. Figure 3.12 represents a
constant Z slice as did figure 3.11. In this figure, it looks as though most of the values are
trending towards or around 0.43, whereas for the hydrate saturation, it looks like most of the
values are trending towards or around 0.193.
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Figure 3.12: Color map showing the variation in inclusion saturation at a constant Z of 3900 ms from a
range of 0.42 to 0.44, where horizontal black line represents 5 km and vertical black line represents 1 km

Chapter 4: Discussion
4.1 Testing Errors
Inference testing depends on deducing properties of a given distribution by analyzing a given set
of data. In general, an expected distribution is determined and then from that, data can be
collected from that distribution. For all of the work presented in this project, the primary focus
has been using a log-normal distribution. This type of distribution is not spread normally across
the range. Rather, it is designed in a way where its natural logarithm is spread normally across
the range.
In this project, one of the things that could be described as problematic was the covariance of the
variables. In statistics, covariance is thought of as a way to measure how much two variables
change with one another. For the reduced algorithm of this project with only five variables, this
means that the covariance would be a matrix with dimensions of 5 X 5. Due to complications
with the adaption component of this algorithm, the covariance was designed in a way in which it
would decay with time and then once half of the iterations were complete, the covariance would
be held constant. It is important to note that if the adaption component of this algorithm was
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running successfully, it would have not been necessary to do such a thing where the covariance
matrix is adjusted manually. To avoid allowing the distribution to converge on the incorrect
distribution with an adaptive algorithm, it is usually important to distinguish two phases in the
adaption criteria. In Bayesian Data Analysis by Gelman et. al., the first phase is the adaptive
phase, where the parameters of the algorithm can be tuned with each iteration depending on the
performance of the previous iteration, in an attempt to increase the efficiency of the simulation
and reduce the computational effort for the algorithm. The second phase is a fixed phase, where
the simulation can run for a long enough period of time to achieve approximate convergence.
From this, it is imperative to note that only simulation data from the second phase is desirable,
and in addition to filtering just the second half of the simulation data, another way to sample
appropriate data is by thinning the second half of the data. For example, if the algorithm was run
for 50,000 iterations, it would be desirable to only view data from the second half of the
simulations (i.e. 25,000 to 50,000 iterations), and then thin it by only viewing every ith piece of
data (i.e. every 10th piece of data).
The ith number was determined by performing an autocorrelation test. Autocorrelation, otherwise
known as serial correlation or cross-correlation, is a test to determine how much each
observation point depends on the last several observation points. Figure 4.1 shows how the
autocorrelation decreases exponentially with the lag length. In this case, lag length stands for the
number of observations between the current observation and the observation it is comparing it to.
The ordinate axis represents the autocorrelation, which is a unit less definition of how much the
two variables relate to each other. Due to such nice behavior with these autocorrelations, it is
easy to see that the assigning a lag length of 10 is appropriate for this problem.

Figure 4.1: Autocorrelation of Hydrate Saturation for four different chains
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4.2 Spatial Distribution
This algorithm is designed in a way that a single quality factor can serve as the input to the
function and it will predict what the five variables of the system is. In OpendTect, there was a
sizeable excel file that was created with quality factors and corresponding locations, just from a
relatively small sub-volume. Although it can be suggested that by running the algorithm over
such a large range of quality factors can account for any differences in the hydrate bearing layer,
it is also correct to assume that the properties in the hydrates reservoir are spatially distributed.
The algorithm assumes that the properties in entire reservoir are identical, which for argument
sake, could be invalid. Spatial distribution refers to how the properties of a feature will change
over a range of area. For example, because the hydrates field that is being studied in this project
was part of a previous rift, it would not be reasonable to assume that the values associated with
one location in the hydrate bearing zone are identical to the properties in a neighboring hydrate
bearing zone. To approach this discrepancy properly, it would require full reservoir
discretization. After dividing the reservoir up into equally spaced control volumes, the properties
can be assigned in matrix form where the properties will not be identical to each other. Once the
system is created into several thousand or even million grid blocks, then the quality factor can be
assigned to each grid block, and the algorithm can be executed on every grid block.
By assuming that the properties are uniform throughout the entire reservoir, it reduced
complexity in the problem and allows for a more generic answer. However, if one were to fully
investigate the Blake Ridge hydrates field properly, he would conduct a full simulation study
after discretizing the reservoir and accounting for spatial distribution of the properties.

4.3 Limitations
As was previous alluded to in section 4.2, the algorithm does have a few limitations. One of the
primary limitations is it assumes uniform properties over the entire field. This is not a fair
assumption because it does not consider how the properties in one grid block have a small
dependency on the properties in the neighboring grid blocks. However, despite this, there are
other limitations of the algorithm too. The work proposed in this project corresponds to only a
load bearing case. There are still two other cases that would be interesting to see the results and
how those results compare to the results provided in this model.

4.4 Reservoir Characterization/Sweet Spot Identification
Reservoir characterization is the process of characterizing a very large volume by breaking it up
into several smaller sub-volumes. Performing this process is helpful because it allows for more
accuracy when trying to identify if a reservoir should be exploited or not. In this context,
providing an estimate on reserves in place could be done by determining what the saturation of
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hydrate is at each point in the reservoir. Once the saturation of hydrate is known in the reservoir
at several small sub-volumes, the amount of methane can be calculated by applying a volumetric
equation. According to Bangs et. al. (1993), hydrate occupies only 18% or less of the pore space.
In general, a surface map of where the hydrate saturation is largest is the most desirable piece of
information for this analysis. In areas where the hydrate saturation is the largest, the most profit
will be obtained from extracting there. Conversely, if the hydrate saturation is very low in one
given region, it would not be desirable to perform recovery attempts in that region.

Figure 4.2: Hydrate formation in pore space (before and after) (Realizing the Energy Potential for
Methane Hydrates in the United States, 2010)

Figure 4.2 shows how the methane hydrates can fill up the pore space, where the grains of the
system are the orange structures. In the photo on the left, one will notice large blue areas in the
area in between each of the grains. On the other hand, in the photo on the right, one will notice
that hydrate has occupied the pore space. This can be problematic because once the pore space
freezes, the permeability is limited significantly and may prevent fluids from entering or leaving
(Realizing the Energy Potential for Methane Hydrates in the United States, 2010).

4.5 Uncertainty Analysis
Due to the randomness of this algorithm (i.e. Monte Carlo), it can be argued that the final
estimates for the critical properties are only a guess. In a sense, this is true. However, any
concern for the inaccuracy of these numbers can be mitigated by increasing the number of
iterations. When performing a sampling technique with 50,000 iterations, the potential of any
inaccurate results is very low.
In addition to the statistical uncertainty with the algorithm, there are other forms of uncertainty.
One potential form of uncertainty lies with the gathering of the seismic data. In particular, there
is a +/- 0.5 percent error that may be associated with the velocity measurements. This is so
because of the spacing of the two generator-injector (GI) guns and the measured time of flight
for the acoustic wave to travel (Chand et. al., 2006).
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Chapter 5: Conclusion
Methane hydrates could very easily be the future for the energy industry, if a safe extraction
technique is discovered and said technique is economically feasible. The abundance of natural
gas contained within methane hydrates is not only enormous, but since natural gas contacts much
less carbon than other hydrocarbons, it could easily lessen the carbon emissions every year,
which is essential to reducing global warming. Currently, the problem with consumption of
methane hydrates’ hydrocarbons lies with the extraction techniques. There is a growing concern
that if they are recovered, it could weaken the seafloor stability and in turn it could cause trapped
free gas below the hydrate bearing zone to escape.
The ability to predict petrophysical properties at extreme depths non-invasively is a special and
well sought after skill. Previous efforts would require invasive techniques to collect rock and
fluid properties. With the proposed work, the estimation of a few critical properties within a
methane hydrates reservoir can be determined via collection of 3-D seismic data. The noninvasivity of the collection of 3-D seismic data can help oil and gas operators mitigate risk
associated with exploration by using a cheaper technique that will still provide estimates.
Dr. Angus Best and his fellow colleagues developed a model called the Hydrate Effective Grains
which can calculate the frequency dependent velocity and absorption quality factor. The work
proposed for this project inverts the HEG model and allows a user to input a absorption quality
factor and in turn, the model will predict a few critical petrophysical properties. The model is
specific to Blake Ridge, which is one of the largest fields of methane hydrates in the world. In
addition to inputting a absorption quality factor, the user will also be required to enter lower and
upper bounds for the five variables that will be tested for the model. Upon using the HEG model,
the load bearing function was implemented due to the highest significance to Blake Ridge.
In the work, Markov-Chain Monte Carlo was implemented during the inversion of the HEG
model. Due to the iterative nature of this protocol, it was necessary to perform the algorithm over
several thousand iterations. To ensure that the algorithm had enough computational time to
predict the values, 50,000 iterations were performed on the algorithm, which took about 30
seconds. A sensitivity analysis was performed in this project to determine which variables had
the highest sensitivity to the model itself, which is displayed in figure 2.3. The initial model
consisted of 20 variables, which gave proper reasoning for choosing the Metropolis Hastings
algorithm. However, after performing the sensitivity analysis found in figure 2.3, the model was
simplified to only five variables. In addition to reducing the computational effort involved in the
algorithm with 20 variables, reducing the number of variables to five allowed for a much more
accurate prediction of the properties. In other words, when only five variables are being tested as
opposed to 20, the MH algorithm can provide a more precise estimate with less time (i.e. fewer
number of iterations).
One of the most desirable components of this project is the generated time series diagnostic
plots. These plots represent how the algorithm randomly samples possible choices for the five
variables. These diagnostic plots can be found as figures 3.3, 3.4, 3.5, 3.6, and 3.6. In the
diagnostic plots, there are four distinct lines or “chains” in each plot. Each chain represents one
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of the cores on the computing machine. A parallel processing technique was utilized in this
project as a way to obtain more data with the same duration of computation. This technique
allows for each chain to start at a random value, determined by latin hypercube sampling (LHS),
while imposing the same bounds on each chain. As the iterative protocol advances forward, the
chains will converge to an average value and this in turn will be the prediction for that distinct
absorption quality factor.
It was discovered in this work that the inclusion saturation converges to a narrow range while the
remaining four variables converge to a somewhat wider range. This can be verified in figure 3.6.
Despite this, the histograms in figure 3.7 represents statistically the likelihood of possible values
for the five variables. With the proposed results displayed in this project, it is anticipative that the
scientific community benefits from this knowledge.

Chapter 6: Future Work
There are several areas to further investigate in the future. One of the first concerns is to develop
the program into a user-friendly package where the user is able to choose what variables to
perform the algorithm on. The user would be able to select the bounds for the algorithm in
addition to the number of iterations. Then ideally, the user would be able to specify what data he
would like to display. Providing a user-friendly package not only increases the usage of the
algorithm but it also helps to spread the knowledge of the Blake Ridge hydrates system.
Another primary area of investigation is to perform similar analyses on the pore filling and grain
coating models. The model used in this work was the load bearing and it would be beneficial to
compare the results of the other models.
Performing the inversion scheme on a methane hydrates field has allowed for the extension to
apply this work to a shale reservoir. In the future, the model will be developed for shale gas
reservoirs which would eliminate invasive techniques to determine the saturation of gas within
the reservoir. This is a monumental concept because it will save oil and gas operators
tremendous overhead costs associated with drilling a well to collect the data.
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Appendices
Appendix A: Code of Algorithm
MH_Chains Function
function [otp1,otp2,otp3,otp4] = MH_chains(Q,a,b,number)
% This function randomly samples from the bounds of the distribution. Then
% it utilizes the Parallel Processing Toolbox. From this point, four
% matricies are created with the calculated variables, and the acceptance
% ratio.
% Keith Braun and Eugene Morgan, 2016
rndsamp=lhsdesign(4,5);
val1
val2
val3
val4

=
=
=
=

a+(b-a).*rndsamp(1,:);
a+(b-a).*rndsamp(2,:);
a+(b-a).*rndsamp(3,:);
a+(b-a).*rndsamp(4,:);

val1=[val1,number,Q,a,b];
val2=[val2,number,Q,a,b];
val3=[val3,number,Q,a,b];
val4=[val4,number,Q,a,b];
c=parcluster();
j=createJob(c);
f=createTask(j,@Metropolis_Hastings,1,{{val1},{val2},{val3},{val4}});
submit(j);
wait(j);
taskoutput=fetchOutputs(j); %4x1 cell
otp1=[taskoutput{1,1}];
otp2=[taskoutput{2,1}];
otp3=[taskoutput{3,1}];
otp4=[taskoutput{4,1}];
end
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Metropolis_Hastings Function
function [matrix] = Metropolis_Hastings(xvarg)
intval=[xvarg(1),xvarg(2),xvarg(3),xvarg(4),xvarg(5)];
number=xvarg(6);
Q=xvarg(7);
a = xvarg(8:12);
b = xvarg(13:17);
%% Set likelihood parameters
stdQ = 25;
meanQ = log(Q./sqrt(1 + ( stdQ.^2 )./( Q.^2 )));
stdQ0 = sqrt(log(1 + ( stdQ.^2 )./( Q.^2 )));
%% Average Values
average=(a+b)/2;
intp = (intval - a)./(b-a);
intlogit = log(intp./(1-intp));
avep = (average - a)./(b-a);
avelogit = log(avep./(1-avep));
%% Calculating the likelihood
[L] = Likelihood(intlogit, meanQ, stdQ0, a, b);
space

% intval is in HEG parameter

%% Calculate covariance matrix in proportion space
scaled=2.4/((length(a))^0.5);
covmatp = 0.05.*diag(ones(1,numel(a)));
[pie] = LogitNormal(intlogit,avelogit,covmatp);
covmatpi = covmatp; % save initial covmatp

%% Metropolis Hastings: pre-allocation
samples = repmat(intlogit,number,1);
postdist = ones(1,number).*NaN;
group_term = postdist;
ai = postdist;
postdist(1) = L+pie;
counter=0;
%% Metropolis Hastings 'for' loop
for i = 2:number

%% Randomly draw sample
[xprime] = randdraw(samples(i-1,:),covmatp);

% xprime is now logit

%% Calculating the posterior distribution (consider find log
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probabilities)
if i < number./2
stdQ = stdQ0.*exp(-3.*i./(number./2));
covmatpi = covmatp.*exp(-3.*i./(number./2));
end
[L] = Likelihood(xprime, meanQ, stdQ, a, b);
% likelihood
[pie] = LogitNormal(xprime,avelogit,covmatpi); % prior
postdist(i)=L.*pie;
% (proportional to)
posterior
lvector(i)=L;
pievector(i)=pie;
%% Calculating the density function for proposal distribution
[piedprop] = LogitNormal(xprime,samples(i-1,:),covmatp);
[piedprev] = LogitNormal(samples(i-1,:),xprime,covmatp);
priors(i)=piedprev;
group_term(i)=(postdist(i).*piedprev)./(postdist(i-1).*piedprop);
u=rand;
if u <= group_term(i)
samples(i,:)=xprime;
ai(i)=1;
else
samples(i,:)=samples(i-1,:);
ai(i)=0;
end
end
logitsamples = samples;
samples = exp(samples)./(exp(samples)+1);
bx = repmat(b, size(samples, 1), 1);
ax = repmat(a, size(samples, 1), 1);
samples = samples.*(bx - ax) + ax;
matrix=[samples,ai'];
end
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Likelihood Function
function [L] = Likelihood(intlogit, mu, sigma, a, b)
Kq=37.0e9;%Pa, quartz bulk modulus.
Gq=45e9;%Pa, quartz shear modulus.
rhoq=2650;%kg/m3, quartz density.
Kh=8.78e9;%Pa, hydrate bulk modulus.
Gh=3.52e9;%Pa, hydrate shear modulus.
rhoh=900;%kg/m3, hydrate density.
Pp=3.29e7;%Pa, pore fluid pressure.
Peff=2.97e7;%Pa, effective pressure.
T=10.02; %degC, temperature.
Kb=2.17e9;%Pa, brine bulk modulus.
Kg=52;%Pa, methane bulk modulus.
rhob=1025;%kg/m3. brine density.
rhog=0.656;%kg/m3, gas density.
etaw=1.5e-4;%Pa.s, water viscosity.
etag=0.003;%Pa.s, methane viscosity - made up value
n=3;%Grain pack coordination number. Adust to fit velocities.
d=100e-6;%m, grain diameter.
Sw=1;%Water saturation
intp = exp(intlogit)./(exp(intlogit)+1);
intval = intp.*(b - a) + a;
Kw=intval(1);
phi=intval(2);
epsilon=intval(3);
Socc=intval(4);
Sh=intval(5);
%% Default
if nargin < 3
sigma = mu/5;
end
if nargin < 2
mu = 60;
sigma = mu/5;
end
%% Calculate 1/Qp with HEG model
format long
[~,~,~,~,Qp1invk,~]=HEG_ECM(Kq,Gq,rhoq,Kh,Gh,rhoh,Pp,Peff,T,Kw,Kg,rhob,etaw,e
tag,phi,d,Sw,epsilon,Socc,Sh);
%% Find likelihood
L=lognpdf((1/Qp1invk),mu,sigma);
end

55

LogitNormal Function
function [pie] = LogitNormal(intlogit,avelogit,covmatp)
% Programmed equation of multivariate logit normal distribution
intlogit = reshape(intlogit, 1, []);
avelogit = reshape(avelogit, 1, []);
explog = exp(intlogit);
denom=1+sum(explog);
num = [explog, 1];
X = num./denom;
B=prod(X);
A=1./(det(2.*pi.*covmatp).^0.5);
X_D = X(1:(numel(X)-1));
XD = X(numel(X));
curly = log(X_D./XD) - avelogit;
I=curly*inv(covmatp)*curly';
pie=A.*1./B*exp(-0.5*I);
end

Randdraw Function

function [xprime] = randdraw(samples,cov_mat)
xprime=mvnrnd(samples,cov_mat);
xprime(xprime > 709) = 709;
end
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Appendix B: OpendTect Images

Figure C-1: OpendTect screenshot of the raw, 3-D seismic data
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Figure C-2: OpendTect screenshot of the geometric spreading of the stack final data with Zn = 2
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Figure C-3: OpendTect screenshot of the absorption quality factor with time gate of 14 ms
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Figure C-4: OpendTect screenshot of the absorption quality factor with time gate of 20 ms
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Figure C-5: OpendTect screenshot of the absorption quality factor with time gate of 30 ms
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Figure C-6: OpendTect screenshot of the absorption quality factor with time gate of 40 ms
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Figure C-7: OpendTect screenshot of the absorption quality factor with time gate of 50 ms
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Figure C-8: OpendTect screenshot of the absorption quality factor with time gate of 60 ms
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