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Abstract

This dissertation examines the fundamental challenge of optimally shaping input
trajectories to maximize parameter identifiability of control-oriented lithium-ion
battery models. Identifiability is a property from information theory that determines
the solvability of parameter estimation for mathematical models using inputoutput measurements. This dissertation creates a framework that exploits the
Fisher information metric to quantify the level of battery parameter identifiability,
optimizes this metric through input shaping, and facilitates faster and more accurate
estimation.
The popularity of lithium-ion batteries is growing significantly in the energy
storage domain, especially for stationary and transportation applications. While
these cells have excellent power and energy densities, they are plagued with safety
and lifespan concerns. These concerns are often resolved in the industry through
conservative current and voltage operating limits, which reduce the overall performance and still lack robustness in detecting catastrophic failure modes. New
advances in automotive battery management systems mitigate these challenges
through the incorporation of model-based control to increase performance, safety,
and lifespan. To achieve these goals, model-based control requires accurate parameterization of the battery model. While many groups in the literature study a
variety of methods to perform battery parameter estimation, a fundamental issue
of poor parameter identifiability remains apparent for lithium-ion battery models.
This fundamental challenge of battery identifiability is studied extensively in
the literature, and some groups are even approaching the problem of improving the
ability to estimate the model parameters. The first approach is to add additional
sensors to the battery to gain more information that is used for estimation. The
other main approach is to shape the input trajectories to increase the amount
iii

of information that can be gained from input-output measurements, and is the
approach used in this dissertation. Research in the literature studies optimal
current input shaping for high-order electrochemical battery models and focuses
on offline laboratory cycling. While this body of research highlights improvements
in identifiability through optimal input shaping, each optimal input is a function
of nominal parameters, which creates a tautology. The parameter values must be
known a priori to determine the optimal input for maximizing estimation speed and
accuracy. The system identification literature presents multiple studies containing
methods that avoid the challenges of this tautology, but these methods are absent
from the battery parameter estimation domain.
The gaps in the above literature are addressed in this dissertation through the
following five novel and unique contributions. First, this dissertation optimizes
the parameter identifiability of a thermal battery model, which Sergio Mendoza
experimentally validates through a close collaboration with this dissertation’s author. Second, this dissertation extends input-shaping optimization to a linear
and nonlinear equivalent-circuit battery model and illustrates the substantial improvements in Fisher identifiability for a periodic optimal signal when compared
against automotive benchmark cycles. Third, this dissertation presents an experimental validation study of the simulation work in the previous contribution. The
estimation study shows that the automotive benchmark cycles either converge
slower than the optimized cycle, or not at all for certain parameters. Fourth,
this dissertation examines how automotive battery packs with additional power
electronic components that dynamically route current to individual cells/modules
can be used for parameter identifiability optimization. While the user and vehicle
supervisory controller dictate the current demand for these packs, the optimized
internal allocation of current still improves identifiability. Finally, this dissertation
presents a robust Bayesian sequential input shaping optimization study to maximize
the conditional Fisher information of the battery model parameters without prior
knowledge of the nominal parameter set. This iterative algorithm only requires
knowledge of the prior parameter distributions to converge to the optimal input
trajectory.
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Chapter 1 |
Introduction

1.1 Motivation
This dissertation explores the fundamental challenge of input shaping for controloriented battery model parameter identifiability optimization. The dissertation is
motivated by the growing need for Lithium-Ion (Li-Ion) batteries in applications
such as the automotive [1], aerospace [2], and grid storage industries [3, 4]. LiIon batteries are attractive because of their excellent energy and power densities
when compared to lead-acid and nickel-metal hydride cells [1]. However, when
Li-Ion batteries are mismanaged due to excessive charging/discharging or extreme
environmental conditions, they suffer from a diverse set of issues including reduced
lifespan, increased safety risks, low energy efficiencies, and poor performance [1,5,6].
One example of a catastrophic problem with Li-ion batteries is the safety concern
commonly found in automotive and aerospace applications where thermal runaway
leads to dangerous fires, which necessitates more sophisticated management [2].
Two key examples of this safety concern occurring recently are a case in which a
Chevy Volt caught fire [7] and the Boeing 787 Dreamliner that had to be grounded
due to a battery pack fire [8].
The challenges with lithium-ion battery lifespan, safety, efficiency, and performance provide evidence that there is a need for better battery management and
control. Recent research highlights the importance of model-based control to reduce
these coupled problems associated with Li-ion battery packs [5,6]. Model-based control allows control engineers to use more than the current and voltage measurements
for determining the management strategy for the entire length of a battery’s life.
Smith et al. [9] and Moura et al. [10] both examine a reference governor approach
to maximize the pulse charge and discharge rates without reaching saturation or
depletion of Lithium concentration at the surface of each electrode. These methods
1

provide significantly more pulse power without being limited by static voltage
limitations and avoid damaging degradation [9, 10]. Smith and Wang state that
the standard static voltage limit is far too conservative, and with model-based
control they are able to improve overall power density by 22% without reducing the
performance [11]. Boovagaravan and Subramanian produce a 12% improvement
in the energy extracted during a discharge cycle when compared to a traditional
constant current profile. This result is obtained through modeling of active species
concentration in an electrode and optimization of the discharge current density [12].
By using a Single Particle Model (SPM) with a capacity fade addition, Rahimian
et al. show significant improvement in battery longevity by performing current
trajectory optimization [13]. This optimization study increases the battery lifespan
by 29% without reducing operational performance [13]. These studies emphasize
the importance of model-based control to improve power and energy extraction,
overall cell safety, and End of Life (EOL) conditions.
Successful implementation of model-based control requires that the underlying
models be properly parameterized. Lin et al. stress this point by presenting the
very large State of Charge (SOC) errors due to small errors in the estimation of
internal battery resistance and capacity [14]. There is a well-established body of
literature that presents advanced techniques to accurately estimate the State of
Health (SOH) battery model parameters. This body of research can be categorized
into two primary groups. First, there is a broad range of studies that perform online
battery parameter estimation using Extended Kalman Filters (EKFs) [15–22], or a
form of Least Squares Estimation (LSE) [23–29]. While the EKF and LSE methods
have been the most prevalent, other research groups have implemented adaptive
parameter identification methods for online battery parameter estimation [30–32].
The second main body of literature includes the offline methods that use genetic
algorithms [33,34], particle filters [35–38], generalize polynomial chaos [39], Bayesian
Monte Carlo estimation [40], and Gaussian process regression [41] to solve the
battery parameter estimation problem. This mature body of battery parameter
estimation literature offers us the opportunity to ask the following questions:
• How accurate are the battery model parameter estimates?
• How confident are the researchers in their estimates?
• How long must the test lengths be to achieve estimation convergence?
2

• What variety of input trajectories are they using for estimation?

1.2 Battery Parameter Identifiability Analysis
Another body of literature addresses the questions above and in the process highlights one reoccurring challenge that is visible throughout this literature. Lithiumion batteries generally suffer from poor parameter identifiability, in the sense that it
is difficult to determine SOH parameters quickly and accurately from input/output
data gathered during standard battery cycles. Broadly speaking, the term “identifiability” refers to the solvability of the problem of estimating a model’s parameters
from experimental input/output data. Challenges associated with identifiability
can be classified into two groups: structural challenges and numerical challenges.
When a model suffers from poor structural identifiability, this means that it is
mathematically impossible to estimate its parameters uniquely from experimental
data [42]. This can arise in electrochemical battery models if such models have
redundant parameters: a fact illustrated by Sitterly et al. [43]. In such a scenario,
it is only possible to estimate combinations of the battery model’s parameters,
rather than the parameters themselves. In contrast, when a model suffers from poor
numerical identifiability, this means that the problem of estimating the model’s
parameters from experimental data is solvable, but ill-conditioned. This can make it
very difficult to estimate the parameters quickly and accurately from experimental
data. Numerical identifiability issues can arise in higher-order battery models: a fact
illustrated by Hu et al. [44]. Such models are more likely to be over-parameterized,
to the point where the problem of estimating their parameters from experimental
data may be ill-conditioned. Numerical identifiability issues can also arise because
of poor experimental design: a fact highlighted in previous work by Sharma and
Fathy [45]. In that situation, the way that the given battery is cycled does not
excite the underlying dynamics sufficiently to enable fast and accurate parameter
estimation [46, 47]. The existence of both structural and numerical identifiability issues in lithium-ion battery models is well-documented in the literature for
a broad range of models, including single-particle models [48–51], porous quasi
2-dimensional physics-based battery models [52], and even simple equivalent-circuit
battery models [45].
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1.3 Battery Parameter Identifiability Optimization
Battery parameter identifiability can be improved through a couple of methods. One
method is to increase the fidelity of sensors to achieve more accurate measurements,
or to add additional sensors to measure quantities other than current, voltage,
and temperature. The other method, which is focused on in this dissertation is
identifiability optimization through experimental design. The literature addresses
the challenge of numerical battery identifiability using the tools of (1) optimal Design
of Experiments (DOE), to select optimal current trajectories from a predefined set,
and (2) input trajectory shaping techniques, where a single input profile is shaped
for optimization.
From the optimal DOE front, Forman et al., for instance, maximize the identifiability of parameters for a battery health degradation model by optimizing the
parameters of the constant current/constant voltage suite of tests used for parameterizing this model [53]. For electrochemical battery model parameters, Zhang et
al. optimize identifiability in a piecewise manner to maximize the identifiability
of as many parameters as possible in each “piece” of an overall experiment [33].
Similarly, Marcicki et al. partition the overall exercise of estimating a battery
model’s parameters into a sequence of experiments, each of them enabling the
accurate estimation of a subset of the overall parameter set [22]. All of the above
studies involve estimating battery parameter sets using a suite of experiments.
In contrast, Sanchez et al. use input shaping of a single trajectory to determine
the analytic optimal solution for parameter identifiability of a linear impedance
model [54]. Optimizing a battery testing experiment for parameter identifiability
often furnishes aggressive experiments that are more likely to induce battery
aging, degradation, and damage. Forman et al. address this challenge formally
by using trajectory shaping to create a Pareto front comparing electrochemical
battery parameter identifiability against the degradation caused by the identification
cycle [55].

1.4 Identified Gaps in the Literature
The above survey highlights the work already completed in input shaping optimization for battery parameter identifiability optimization, but clear gaps in this
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literature still remain. Listed below are a few of the areas that have yet to be
examined.
• Performing input shaping for identifiability optimization of thermal battery
model parameters
• Experimentally validating in the laboratory that optimizing battery parameter
identifiability results in faster and more accurate electrochemical battery
model parameters
• Restricting the input shaping identifiability optimization problem for realistic
online battery pack constraints, such as limiting the external current demand
to match the driver demand for an electric vehicle
• Applying the robust identifiability optimization techniques commonly found
in the system identification literature to battery models
This last gap in the literature relates to a challenge that Pronzato et al. and
Rojas et al. emphasize for non-battery models [56, 57]. Both of these research
groups state that for systems that are nonlinear in terms of the parameters, the
optimal trajectory to maximize the speed and accuracy of estimation will depend
on these nominal parameters [56, 57]. This means the nominal parameters must
be known a priori to achieve an optimal trajectory that maximizes the speed
and accuracy of estimating the nominal parameters. In many cases of different
battery model fidelities, the optimal trajectory becomes highly sub-optimal if
the nominal parameters are not correct [54, 58]. Work in robust optimal input
shaping has approached this problem from three main fronts. First, sequential
design algorithms alternate between experimental parameter estimation and offline
optimization in an iterative approach [59, 60]. The second main technique uses
Maximin methods to maximize the identifiability over a compact parameter space
for the “worst-case” scenario [57, 61]. Finally, the last method implements Bayesian
design where prior statistical information of the parameter set is used in the
optimization problem [62, 63]. While these methods are studied extensively in the
system identification literature, to the best of the author’s knowledge, they have
not been applied to the battery parameter identifiability optimization domain.

5

1.5 Unique Contributions to the Literature
This dissertation creates a framework for parameter identifiability optimization for
low-order battery models through input shaping. This framework is constructed to
address the gaps in the literature listed above through the following five contributions:
1. Chapter 3 designs an algorithm for periodic optimal input shaping of ambient
temperature surrounding a battery cell. This algorithm maximizes entropy
coefficient parameter identifiability for a linear thermal battery model.
2. Chapter 4 builds on the results from the thermal identifiability work by
extending input-shaping optimization to a linear and nonlinear equivalentcircuit battery model. The optimal simulation result is compared to electric
vehicle power demand cycles and finds significant improvement in parameter
identifiability.
3. Chapter 5 presents the experimental validation of the equivalent-circuit model
parameter identifiability improvements through an estimation study that
compares the speed and accuracy of parameter convergence between the
optimal cycle and benchmark cycles. The results show the benchmark cycles
either converge much slower than the optimized cycle, or not at all for voltage
transient model parameters.
4. Chapter 6 focuses on online battery system diagnostics by implementing
realistic operating constraints for an automotive battery pack optimization
study. Two different electrically reconfigurable battery pack designs are used
to achieve input shaping in the constrained optimization formulation. An
outlier detection algorithm from the literature is used to show the improvement
in parameter outlier detection from the benchmark to the optimized cycles.
5. Chapter 7 creates a robust Bayesian sequential input shaping optimization
framework to achieve battery parameter identifiability optimization without
prior knowledge of the optimal parameter estimates. This work eliminates the
tautology where the nominal parameters must be known a priori to determine
the input trajectory that optimizes the speed and accuracy of parameter
estimation.
6

The remainder of this dissertation highlights these above contributions in the
overall battery parameter identifiability optimization framework and Chapter 8
concludes the dissertation with a brief summary of the completed work.

7

Chapter 2 |
Fisher Information Identifiability Metric

2.1 Introduction
This dissertation quantifies parameter identifiability with the Fisher information
matrix and uses Fisher information to optimally shape battery model input trajectories to maximize the speed and accuracy of estimation. The mathematical
definition of Fisher information is broad, and can be applied to both linear and
nonlinear estimation problems in both the time and frequency domains [64–66].
This chapter presents (i) how to numerically approximate this identifiability metric
given a set of realistic assumptions for the battery models and the measurement
noise, (ii) the main methods to aggregate the Fisher information matrix into a scalar
objective, and (iii) which of these scalar objective methods are used throughout
this dissertation.

2.2 Numerical Approximation of Fisher Information
Suppose that the known parameters of a battery model collectively constitute a
vector, θ. Consider that this battery model is of the following general state-space
form:
ẋ = f (x(t), u(t), θ)
(2.1)

y(t) = g(x(t), u(t), θ)

(2.2)

where x(t) represents the state vector, u(t) is the model input, θ is the parameter
vector, and y(t) is the model voltage output. In this dissertation, this parameter
vector is given by θ = [θ1 . . . θk ]T where k is the total number of parameters in the
respective battery model. Given (i) a nominal value of this parameter vector, (ii)
8

an initial set of battery states, and (iii) a battery input trajectory, u(t), one may
simulate the battery model and obtain an estimate of the battery’s output voltage
trajectory, y(t). When performing a physical battery experiment, this output
voltage is sampled at discrete instants in time. The experimentally measured
output voltage values are unlikely to equal the simulated values at the sampling
instants, partly due to output voltage measurement noise. Suppose the statistics of
this measurement noise process are known, perhaps because the voltage sensors
used in the experiment have been characterized experimentally. In that situation, it
is possible to compute a likelihood function p(y(t)|θ), representing the likelihood
that the difference between the battery’s predicted and measured outputs is a
realization of the assumed measurement noise process. Suppose, for example,
that the voltage measurement error at a given moment in time, t1 , is normally
distributed with a mean µ and standard deviation σ. Furthermore, suppose that
the measured voltage output at time t1 , is ym (t1 ). Finally, suppose that simulating
the model for a nominal parameter set θ furnishes an estimated output trajectory
y(t, θ). Given these assumptions, the output prediction error at time t1 is equal
to ym (t1 ) − y(t1 , θ). The likelihood p(y(t1 )|θ) that this prediction error is merely
a realization of the voltage measurement noise is then given by the probability
density function of the normal distribution, i.e.,
p(y(t1 )|θ) = √

(ym (t1 )−y(t1 ,θ)−µ)2
1
2σ 2
e
2πσ

(2.3)

The above expression can be generalized to multiple instants of time. Suppose,
for example, that the noise process has zero mean (i.e. µ = 0). This simplifies
Eq. 2.3 to:
p(y(t1 )|θ) = √

(ym (t1 )−y(t1 ,θ))2
1
2σ 2
e
2πσ

(2.4)

Now suppose that the voltage measurement noise process is independent and
identically distributed (iid) at all instants in time. Then the joint likelihood
associated with N -discretized moments in time in the output trajectory is the
product of their corresponding likelihood functions.
p(y(t1 )|θ) =

1
√
2πσ

!N N
Y
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i=1

e

(ym (t1 )−y(t1 ,θ))2
2σ 2

(2.5)

The maximum likelihood estimate of the parameter vector θ is the estimate that
maximizes this likelihood function. In other words, it is the estimate that attempts
to make the battery voltage prediction error as close to the assumed random noise
process as possible, thereby minimizing more systematic prediction errors. To
obtain the maximum likelihood estimate, it is common in the literature to maximize
the natural logarithm of the likelihood function instead of the likelihood function
itself [64–66]. This leads to the log likelihood function below:
N
X
(ym (t1 ) − y(t1 , θ))2
1
ln p(y(t1 )|θ) = N ln √
2σ 2
2πσ i=1

!

(2.6)

The sensitivity of the log likelihood function to perturbations in each parameter
θj can now be determined as follows:
N
X
∂
(ym (t1 ) − y(t1 , θ))2 ∂y(t1 , θ)
ln p(y(t1 )|θ) = −
∂θj
2σ 2
∂θj
i=1

(2.7)

At the maximum likelihood estimate of θ, the term ym (ti ) − y(ti , θ) is equal to
the noise at time step i, which is denoted as v(ti ). Suppose that the sensitivity of
the simulated output signal to parametric variations is denoted by the sensitivity
matrix S, where Sij = ∂y(ti , θ)/∂θj . Then Eq. 2.7 can be rewritten as follows:

∂



∂θ1



 ∂

∂
ln p(y(t)|θ) = ∂θ2

∂θ





 ∂

∂θk







v(ti )


ln p(y(t)|θ)
− N


i=1 σ 2 Si1 









PN v(ti )





ln p(y(t)|θ)
− i=1 σ2 Si2 
=
..
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ln p(y(t)|θ)

P




− PN

(2.8)





v(ti )

i=1 σ 2 Sik

The above definition and sensitivity analysis of the log likelihood function is
central to Fisher identifiability analysis. Specifically, given the definition of the
likelihood function, the Fisher information matrix is defined as follows:



!T

∂
F =E
ln p(y(t)|θ)
 ∂θ



!

∂
ln p(y(t)|θ)

∂θ

(2.9)

where the symbol E denotes the expectation operator [64]. By substituting Eq. 2.8
into Eq. 2.9 and accounting for the fact that the noise process is iid, one gets the
following expression:
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F =

 P
N
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 N
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.
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..
.
PN
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P
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where σ 2 is the voltage measurement noise variance. By taking a Taylor series
expansion, neglecting higher-order terms, and assuming small perturbations, the
elements of the sensitivity matrix can be approximated by [67]:
Sij =

y(ti , θj + εj ) − y(ti , θj )
∂y(ti )
≈
∂θj
εj

(2.11)

where Sij is the element of row i and column j and the perturbation of parameter
j is εj .

2.3 Using Fisher Information to Quantify Identifiability
The importance of the Fisher information matrix in this dissertation lies in the fact
that it provides a rigorous quantification of the local identifiability of the maximum
likelihood estimate of the parameter vector θ [68]. Specifically, suppose that one
is able to construct an unbiased estimator for the vector θ, i.e., an estimator
that is capable of converging to the correct value of θ on average, over an infinite
number of repetitions of the estimator experiment. Such an estimator will not
necessarily converge to the correct parameter estimate each time the experiment is
repeated. There will be variations in the parameter estimate from experiment to
experiment. If the Fisher information matrix is invertible, the covaraince of the
parameter estimates over many repetitions of the given experiment cannot exceed
the Cramér-Rao bound below [64–66]:
cov(θ̂) ≥ F −1

(2.12)

where cov(θ̂) is the covariance matrix for the vector of parameter estimates θ̂. For
the remainder of this dissertation, the focus will be on the “best-case” covariance
matrix, which achieves this lower bound presented by the inverse of the Fisher
information matrix, given by:
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cov∗ (θ̂) = F −1

(2.13)

This equality will be used for all optimization problem statements in this
dissertation. Equation 2.13 shows that a “larger” Fisher information matrix is desirable, because it leads to more accurate best-case parameter estimation covariance
matrices.

2.4 Methods for Maximizing the Fisher Information Matrix
In optimizing an experiment for Fisher identifiability, the goal is to make the Fisher
information matrix as “large” as possible, which can be achieved by maximizing
aggregated scalar objectives. The system identification literature has provided
many variations of scalar objectives in optimal experimental design for model
parameterization, but the most prominent are:
• A-Optimal Design
• E-Optimal Design
• D-Optimal Design
These three optimal design techniques used to reduce the Fisher information
matrix to a scalar objective have very distinct goals and these methods are related
to the shape of uncertainty or confidence ellipsoids [69, 70]. To provide an intuitive
discussion of each optimal design method, a 2-dimensional illustrative example
is provided. Figure 2.1 is taken from the body of work presented in Chapter 4
to provide a point cloud of parameter estimates. These estimates are generated
through a Monte Carlo simulation where the measurement noise is assumed to be
Gaussian and white, which is why the confidence intervals shown in Figure 2.1 are
elliptical in shape. This figure also includes the primary axes for this 2-parameter
illustration as the black arrows.
A-optimal design maximizes the trace of the Fisher information matrix to minimize the average variance of the model parameters [69, 70]. Intuitively, minimizing
the trace of the Fisher information matrix for a 2-dimensional case will decrease the
circumference of the confidence interval ellipses presented in Figure 2.1. E-optimal
12
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Figure 2.1. Illustration of a 2D Gaussian point cloud of parameter estimates, the major
axes that define the correlation between the parameters, and the 1, 2, and 3 σ confidence
interval ellipses.

design maximizes the minimum eigenvalue of the Fisher information matrix, which
is equivalent to minimizing the longest primary axis of the confidence ellipse [69,70].
To illustrate this method, assume that a circumscribing square is drawn around the
confidence ellipse in this 2D case. The method would then minimize the circumference of this circumscribing square, which in the process would decrease the length
of the longest primary axis. Finally, D-optimal design maximizes the determinant
of the Fisher information matrix, which for the 2D case, minimizes the area of the
confidence ellipse [64, 69, 70].
In Chapter 3 of this dissertation, the primary focus of identifiability optimization
is for the entropy coefficient parameter only. Therefore, the element of the Fisher
information matrix related to this parameter is used as the scalar objective function
for the optimization. D-optimal design is selected for Chapters 4, 5, and 6 because
the main objective is to maximize the identifiability of all equivalent-circuit model
parameters. Chapter 7 introduces a modified version of D-optimal design to account
for a population of multiple parameter sets sampled from a prior probability distribution instead of a single nominal parameter set. This modified D-optimal design
takes the expectation of the summation of all determinants of Fisher information
matrices multiplied by the prior probability of each parameter set contained in the
population, respectively.
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Chapter 3 |
Thermal Battery Parameter Identifiability Optimization through Periodic Input Shaping

3.1 Introduction & Literature Review
This chapter performs optimal input shaping for entropy coefficient identifiability
maximization of a thermal battery model. Accurate estimation of the entropy
coefficient is important for two primary reasons. First, this thermodynamic property
is defined as the slope of the Open-Circuit Voltage (OCV) versus temperature
curve [71]. Therefore, knowing the entropy coefficient makes it possible to model
the effect of temperature on the open-circuit voltage of the battery. Second, the
entropy coefficient is related to the reversible heat generated in a cell, which can be
a large heat component for cells with very low ohmic resistance [71, 72]. Therefore,
knowing the entropy coefficient also makes it possible to model the reversible heat
generated in the battery.
Previous research efforts have estimated the entropy coefficient by cycling
battery cells in a thermal chamber with temperature profiles that ramp up and
down over a very long test length while measuring the voltage change [73, 74]. This
potentiometric experiment is slow enough to be quasi-static and avoid thermal
transients, but the experiments can take upwards of 24 hours to estimate the
entropy coefficient. The length of this experiment is exacerbated by the fact that
these coefficients are dependent on battery cell SOC, so a different experiment must
be run for each SOC [73–76]. More recent research has substantially decreased the
length of time to achieve entropy coefficient estimation. Specifically, research by
Forgez et al. explores the possibility of measuring entropy coefficients using step
changes in temperature, instead of very slow ramps [75]. This has the disadvantage
of exciting battery thermal transients, but one advantage is that those transients
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are visible in the battery voltage step response. This allows Forgez et al. to
measure battery voltage before and after the transients associated with a step
change in ambient temperature [75]. In theory, such a step test can be terminated
once thermal transients diminish sufficiently, which can reduce the duration of
the test relative to a ramp deliberately designed to be slow enough to the point
of not exciting the transients significantly in the first place. Recent research by
Mendoza et al. reduces the time needed for entropy coefficient estimation even
further by (i) cycling battery thermal chamber temperature dynamically and (ii)
using the resulting voltage measurements for entropy coefficient estimation based
on a dynamic battery model [76]. Thermal transients can be accounted for in such
a model, and therefore also in the estimation process.
The above studies by Forgez et al. and Mendoza et al. show that the time needed
for accurate entropy coefficient estimation can be reduced significantly through
more aggressive, transient testing combined with dynamic model-based parameter
estimation [75, 76]. This raises the possibility that this testing time can be reduced
even further if the test trajectory is explicitly optimized for identifiability. The
main goal of this chapter is to present a detailed simulation-based case study on the
optimization of battery temperature cycling for entropy coefficient identifiability.
This dissertation also performs this study for (i) a range of test lengths and (ii)
an 18650 Lithium Iron Phosphate (LFP) battery cell and a scaled representation of
a coin cell. This simulation study is valuable because the optimization performed
for varying test lengths provides the Pareto front of optimal solutions to illustrate
how estimation accuracy for the entropy coefficient changes with time. Using
insights from a recent study on entropy coefficient estimation of coin cells [77], this
dissertation also examines how the thermal time constant for the coin cell and
18650-sized cell impacts how quickly the entropy coefficient can achieve accurate
estimation. The simulation results show that for cycles less than 1 to 2 hours, the
coin cell will achieve substantial increases in entropy coefficient estimation accuracy,
but for cycles longer than 2 hours the difference in estimation accuracy is minimal.
The above simulation-based optimal experimental design has been validated
through an extensive experimental study by Mendoza, in close collaboration with
this dissertation’s author. For a more detailed view of this experimental validation
please see Mendoza’s dissertation and Ref. [78]. The results show that the two hour
optimized cycle is capable of achieving comparable accuracy in estimation with
15

the 24-hour benchmark and the 15-hour state-of-the-art cycle replicated from the
literature [75].

3.2 Model & Optimization Formulation
The input shaping optimization problem formulation builds on the dynamic temperature cycling described in Refs. [75, 76]. Therefore, a thermal battery model
that accurately represents the temperature transients during cycling is presented.
This thermal model, which represents convection heat transfer in the battery cell,
is based on the energy balance presented in [79].
dT
= −hA(T − Tamb ) + Q̇rev + Q̇irrev
(3.1)
dt
where m is the mass, Cp is the effective specific heat capacity, and T is the bulk
temperature of the battery. The convection heat transfer coefficient is represented
as h, the surface area is given as A, and Tamb is the ambient temperature of the
environment. The reversible and irreversible heat generation rates are given as Q̇rev
and Q̇irrev , respectively. Both reversible and irreversible heat generation rate terms
are functions of charge/discharge current [1], and can be removed from this equation
because the cell is only cycled with temperature in this study. Equation 3.1 is now
reduced to the following:
mCp

dT
= −hA(T − Tamb )
(3.2)
dt
The entropy coefficient is estimated by measuring the change in open-circuit
voltage as the input ambient temperature is cycled. This coefficient is defined as:
mCp

∂Voc
∆S
=−
(3.3)
∂T
nF
where Voc is the open-circuit voltage, ∆S is the change in entropy, n is the number of
electrons transferred in the main battery reaction, and F is Faraday’s constant [1].
Figure 3.1 presents the combination of the thermal dynamics and the entropy
coefficient relationship between the open-circuit voltage and the cell’s internal
temperature. The thermal transients within the battery are due to the cycling of the
ambient temperature of the thermal chamber and the thermal time constant of the
battery cell. The thermal dynamics model in Equation 3.2 and the entropy coefficient
µ=

16

+
Tamb

m,
A,

V

Cp ,
µ

̅
Figure 3.1. Thermal battery model with ambient temperature as the input and terminal
voltage as the output.

relationship between voltage and temperature in Equation 3.3 are rewritten in state
space equation form as:
ẋ = λ(u − x)

(3.4)

y(t) = y(0) + µ(x − x(0))

(3.5)

where x is the averaged volume temperature of the battery, λ is the reciprocal of
the thermal time constant, and the input, u, is the ambient temperature of the
thermal chamber. The output, y, is the equilibrium-potential of the battery and µ
is the entropy coefficient.
Table 3.1. Nominal Parameter Values for 18650 Cell [76] and Coin Cell Representation

Cell Type
18650 Cell

Parameter
λ
µ

Value
3.90 × 10−3 1/s
−1.91 × 10−4 V /K

Coin Cell

λ
µ

3.33 × 10−2 1/s
−1.91 × 10−4 V /K

Table 3.1 presents the parameter values used in the numerical Fisher information
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calculation for the cost function. A separate optimization was run for the 18650sized cell with experimentally obtained parameter values and the representation of
the coin-sized cell. The thermal time constant and entropy coefficient, estimated
for a battery cell at 20% SOC, used for the 18650 cell are obtained from Ref. [76].
The thermal time constant for the coin cell representation is approximated to be
almost an order of magnitude faster than the 18650 cell due to the difference in
volume between the two cells. These cells are assumed to be of the same chemistry,
and therefore, have the same entropy coefficient. This chapter uses direct optimal
control, and discretizes the battery input temperature profile as a summation of
sine waves with a sampling rate of 1/5 Hz, given as:
u(t) =

n
X

Ai sin (ωi t + φi ) + β

(3.6)

i=1

where Ai are the amplitudes, ωi are the frequencies, φi are the phases, and β is the
offset. The indices of the specified optimization variables indicate that they apply to
each of the sine waves separately. There is a tradeoff between how many sine wave
components to have (computational complexity) and the maximum identifiability
that can be obtained. Therefore, n is selected from a range from 1 to 4, which
changes the number of optimization variables from 4 to 13 variables for amplitudes,
frequencies, phases, and an offset term.
The thermal battery model from Equations 3.4 & 3.5 has two model parameters
and the voltage measurement noise is assumed to be Gaussian and white, so the
Fisher information matrix from Equation 2.10 becomes:
 P

N
S2
1
F = 2 PN i=1 i1
σ
i=1 Si2 Si1

PN



i=1 Si1 Si2 
PN
2
i=1 Si2

(3.7)

where σ is the standard deviation of voltage measurement noise, which is assumed
to be 1 mV. Equation 2.11 is used to approximate the elements of the sensitivity
matrix and the perturbation, ε, is selected to be 0.5% of each respective nominal
parameter value. Using Equation 2.13, the best-case covariance matrix, which is
equal to the inverse of the Fisher information, is given as:
cov ∗ =



1
2
F11 F22 − F12
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F
−F12 
 22
−F12 F11

(3.8)

where each element of the Fisher information matrix is denoted as Fij . Each row
of the matrix is denoted with the subscript i and each column is denoted by the
subscript j. The first diagonal term in the matrix is the best possible variance
of the thermal time constant and the second diagonal term is the variance of the
entropy coefficient. The variance of the entropy coefficient is selected as the cost
function for this optimization problem. The optimization problem definition with
constraint functions is given as:
min

Ai ,ωi ,φi ,β

F11
f = ln
2
F11 F22 − F12


!



F11 F12 
subject to: F = 
F12 F22
F11 =

N
X

2
Si1
;

F12 =

N
X

Si1 Si2 ;

F22 =

∂y(t)
Si2 =
∂λ

;
t=i∗δt

2
Si2

i=1

i=1

i=1

∂y(t)
Si1 =
∂µ

N
X

t=i∗δt

y(t) = y(0) + µ(x − x(0))
(3.9)

ẋ = −λ(u − x)
u(t) =

n
X

Ai sin (ωi t + φi ) + β

i=1

g1 : umax − 36 ≤ 0
g2 : 6 − umin ≤ 0
g3 :

du
dt

!

−
max

1.6
du
g4 : −
−
60
dt

2
≤0
60
!

≤0
min

The cost function f is minimized with respect to the amplitudes, frequencies,
phases, and offset components of the input trajectory and the subscript i ranges
from 1 to k, where k changes for each of the 4 sine wave input trajectories described
above.
The first two inequality constraints, g1 and g2 , are selected to limit the temperature range of the experiment to match the range of the state-of-the-art benchmark
cycle replicated from the literature in Ref. [75], which is shown in Figure 3.2. This
state-of-the-art benchmark trajectory will now be referred to as Forgez’s cycle in the
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Figure 3.2. Benchmark input trajectory from the literature that lasts 15 hours [75].

remainder of this chapter. These constraints are meant to eliminate any issues that
may arise due to a possible nonlinearity in the open-circuit voltage response due
to changes in temperature. The second two inequality constraints, g3 and g4 , are
incorporated to account for the hardware limitations of the thermal chamber that
Student Version of MATLAB
is used to implement the optimal temperature trajectory. This thermal chamber
can heat the batteries with a maximum rate of 2◦ C/min and it can cool the cells
with a maximum rate of −1.6◦ C/min.

3.3 Simulation Results
A 500-point multi-start simplex optimization algorithm with penalty functions to
account for the constraints is used for this study. The multi-start initial conditions
for the optimization variables are determined with a uniform sampling random
number generator. The stopping criterion is either the algorithm reaches 3000
function evaluations, the change in the objective function is less than 1 × 10−14 , or
the change in the step size is less than 1 × 10−14 .
The bar chart in Figure 3.3 illustrates the level of convergence that is achieved by
increasing the number of sine wave components in the input trajectory. The 4-sine
wave input only produces an optimization objective value 1.7% smaller than the
3-sine wave input, but requires significantly longer computation time to achieve this
optimal result. The final optimal trajectory consists of 13 optimization variables,
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Figure 3.3. Bar chart illustrating the convergence of the identifiability with increasing
optimization variables.

4-sine waves added together with an offset term. Figure 3.4 shows both the 1-sine
wave optimal trajectory and the 4-sine wave optimal trajectory. See Appendix A for
all final values of the optimization variables for the 1-sine wave, 2-sine wave, 3-sine
Student Version of MATLAB

Figure 3.4. Optimized 1-sine wave and 4-sine wave trajectories that each have a 2-hour
test length.
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wave, and 4-sine wave input trajectories. The varying shapes of these two curves
highlight that the important dynamics to increase identifiability of the entropy
coefficient are to increase/decrease the temperature from the initial condition as
much as possible in the shortest amount of time. The reason for the cooling period
at the end of the cycle is to also maintain the identifiability of the thermal time
constant, which impacts the estimation accuracy of the entropy coefficient.
−12

10

Forgez 18650 Cell

Variance of Entropy Coefficient

Sine Wave 18650 Cell
Sine Wave Coin Cell
−13

10

−14

10

−15

10

0

5

10
Test Length [Hours]

15

Figure 3.5. Tradeoff of test length and identifiability with Forgez’s 15 hour reference
test.

The results of the simulation are compared to a standard test in the literature
to support the hypothesis of similar levels of estimation accuracy for a much shorter
test length. The following results show that using this optimal trajectory for a
2-hour test, the standard deviation of the estimates for the entropy coefficient are
only 16% larger than the estimates using Forgez’s input trajectory from [75] that
is 15 hours in length. Figure 3.5 shows a Pareto front where as the length of the
optimized sine wave trajectory is increased the level of estimation accuracy for the
entropy coefficient surpasses the values simulated using the trajectory from [75].
Figure 3.5 also includes a Pareto front comparing identifiability and test length
for the approximated coin cell to see how smaller cells with faster thermal time
22

constants might be able to achieve even faster accurate estimation of entropy
coefficients. These simulation results emphasize that the coin cell is able to achieve
significantly better variance of the entropy coefficient for a test length of 15 minutes,
but that improvement begins to disappear as the test length is increased past 2
hours.

3.4 Experimental Validation by Sergio Mendoza
Through a collaboration with Sergio Mendoza, this simulation-based work is experimentally validated in Ref. [78]. This section will only briefly highlight the methods
and results from this collaboration. The steps for this experimental validation
procedure are:
1. Thermally cycling 10 18650 Li-Ion cells using (i) a 24-hour benchmark cycle
designed by Sergio Mendoza and (ii) the optimized 2-hour trajectory designed
in this dissertation.
2. Thermally cycling a state-of-the-art 15-hour benchmark cycle from the literature [75] on one of these 18650 cells.
3. Performing linear least squares batch parameter estimation with the measured
voltage responses from the 10 cells for the 24-hour benchmark and the 2-hour
optimized cycle and the voltage response from the cell for the Forgez’s 15-hour
test from the literature.
4. Calculating the average value and the standard deviation from the 10 cells
for the 24-hour benchmark and comparing the 10 estimates for the 2-hour
optimized cycle and the estimate for Forgez’s 15-hour test.
First, 10 18650 cells are thermally cycled with 24-hour benchmark profile, shown
in Figure 3.6, at 20% SOC and the entropy coefficient estimates are used to obtain
an average truth value and a rough approximation of the standard deviation. Then
these 10 cells are thermally cycled with the 2-hour optimized profile at 20% SOC
and the entropy coefficients are estimated. Finally, Forgez’s 15-hour test from the
literature is cycled on a single battery cell and the entropy coefficient is estimated.
Figure 3.7 shows that the 10 cells cycled with the optimal trajectory produces
results that are within three standard deviations of the benchmark results. This
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Figure 3.7. Experimental validation of simulation-based identifiability optimization
20
from Ref. [78] where the green dashed line is the “true” entropy coefficient and the blue
dashed lines are 3 standard deviations from that nominal value.
10

1.5

figure also includes the entropy coefficient estimation values produced in the
0
the replication
temperature2cycle on the
2 literature by Forgez
0 et al. and0.5
1 of Forgez’s
1.5
Time [hr]
single battery cell in this experiment. These
results highlight that for a LiFePO4
(f)
18650 cell at 20% SOC, this dissertation’s 2-hour test achieves estimation accuracy
that falls within 3 standard deviations of the 24-hour benchmark potentiometric
cycle for 9 out of 10 battery cells. The results also show that the 2-hour optimized
cycle achieves comparable estimation accuracy of the 15-hour cycle from [75].
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3.5 Conclusions
This work presents a simulation-based optimal input trajectory study to maximize
the entropy coefficient parameter identifiability of a LiFePO4 battery cell. Through
a collaboration with Sergio Mendoza, the optimized 2-hour trajectory is experimentally validated to show that the entropy coefficient estimates are of similar
accuracy to the benchmark profile and profile from the literature. The optimization
study produces 2 Pareto fronts that tradeoff best-case entropy coefficient estimation
versus test length for both an 18650 cell and an approximated coin-sized cell. These
Pareto fronts show how the limitations of hardware actuation, voltage measurement
noise, and thermal time constants of each battery cell size affect the identifiability
over varying test lengths. The coin cell representation with faster time constant
shows substantial estimation accuracy improvements for test lengths under 2 hours,
but these improvements diminish quickly when the test length is increased past 2
hours.
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Chapter 4 |
Periodic Optimal Input Shaping for an EquivalentCircuit Model

4.1 Introduction
This chapter shapes the periodic cycling of a lithium-ion battery to maximize
equivalent-circuit battery model parameter identifiability. The chapter is motivated
by the need for faster and more accurate lithium-ion battery diagnostics, especially
for transportation applications [80]. The existing literature addresses the challenge
of poor battery parameter identifiability by using Fisher information to quantify
battery parameter identifiability, and showing that test trajectory optimization can
improve identifiability [54, 55]. One limitation is this literature’s focus on offline
estimation of battery model parameters from multi-cell laboratory cycling tests.
This chapter is motivated, in contrast, by online health estimation for a target
battery or cell and examines this “targeted estimation” problem for both linear
and nonlinear second-order equivalent-circuit battery models.
The chapter builds on the above battery input shaping optimization literature,
and extends it in three important ways. First, the focus of this study is on optimizing
the periodic cycling of a lithium-ion battery to maximize parameter identifiability for
online diagnostics. This represents an important extension of earlier work by Forman
et al., which focuses on multi-cell laboratory model parameterization experiments as
the target application [55]. Second, the chapter explores the identifiability problem
using simple second-order linear and nonlinear equivalent-circuit battery models.
The simplicity of these models - the linear model in particular - makes it possible to
derive analytic optimal trajectories providing physical insight into the underlying
identifiability maximization problem. Third, the chapter compares the optimized
trajectories to the battery duty cycles obtained using a standard automotive test
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protocol, for different electric vehicle configurations. Significant improvements
are observed in parameter estimation accuracy. Recognizing that these results
𝑅1
are purely simulation-based, Chapter
5 undertakes the task of experimentally
1 battery models.
validating these identifiability improvements for control-oriented
𝑢(𝑡)
𝑄
These simulation results create a strong motivation for battery pack designs that
1
+
𝑅1here,
𝐶1 refers to the
enable “targeted𝑄diagnostics”.
The 𝐶term
“targeted
𝑦(𝑡) diagnostics”,
𝑉𝑜𝑐
𝜃=
1
−
isolation of a cell suspected of being unhealthy in order to 1conduct specialized
𝐶1
cycling tests on it, different from normal operation duty cycles. 𝑅The results suggest
2
𝑅2 battery pack health monitoring.
that this may be valuable for online
Innovation
is needed to develop novel battery pack architectures capable of such targeted
diagnostics: a problem addressed in Chapter 6.

4.2 Linear Model Formulation
The linear battery model used in this study is a second-order equivalent-circuit
model with a series RC circuit to represent the internal resistance and capacitance
of the cell and a parallel RC circuit to represent voltage transients. This model is
illustrated in Figure 4.1 along with the set of system parameters.

𝑅1
𝑢(𝑡)
𝐶2

𝐶1

𝑦(𝑡)

𝑅1
𝑅
𝜃= 2
𝐶1
𝐶2

𝑅2
Figure 4.1. Series and parallel RC circuit configuration with the parameter vector.

The state-space representation of this system is given as:
ẋ1 = u −

y=

x1
, ẋ2 = u
R1 C1

x1
x2
+
+ R2 u
C1 C2
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(4.1)

(4.2)

where x1 is the amount of charge in the parallel capacitor C1 and x2 is the amount
of charge in series capacitor C2 . Together with the parallel resistor, R1 , the parallel
capacitor provides a low-order approximation of the transport dynamics within the
battery cell. The time constant of the parallel RC pair is R1 C1 , and the cell’s series
ohmic resistance is R2 . The input to this model is current, u, and the output, y, is
battery output (i.e., terminal) voltage. The frequency domain transfer function is
found as:
V (s)
R1 R2 C1 C2 s2 + (R1 C1 + R2 C2 + R1 C2 )s + 1
=
I(s)
R1 C1 C2 s2 + C2 s

(4.3)

Substituting s = jω in this transfer function gives the following Bode frequency
response functions for the battery:
θ2 θ2 θ2 ω 2 + θ1 + θ2
V (jω)
= 1 23 2 2
I(jω)
θ1 θ3 ω + 1

(4.4)

V (jω)
(θ2 θ2 + θ2 θ3 θ4 )ω 2 + 1
= − 1 32 2 1 3
I(jω)
θ1 θ3 θ4 ω + θ4 ω

(4.5)

Re

Im

where the resistances and capacitances of the battery circuit are now denoted by
the corresponding elements of the parameter vector θ from Figure 4.1.

4.3 Fisher Information Matrix Construction
There are four unknown parameters in Equations 4.4 & 4.5. At least four pieces
of information are needed for identification. This means that a minimum of two
excitation frequencies are needed for frequency-domain parameter identification.
Each excitation frequency provides two pieces of information: a Bode magnitude
measurement and a Bode phase measurement. Let these excitation frequencies be ω1
and ω2 . Furthermore, let the corresponding magnitudes of the excitation currents
be I1 and I2 . Finally, assume for simplicity that the measurements of real and
imaginary voltage responses to these excitations are affected by four independent,
identically-distributed, and normal measurement errors with zero means. Under
these assumptions, Fisher information can be calculated as follows. One begins by
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constructing the following transpose of the sensitivity matrix:


∂Re V (jω1 )
∂θ2

∂Re V (jω1 )
∂θ3


 ∂Im V (jω1 )

∂θ1


 ∂Re V (jω2 )

∂θ1



∂Re V (jω1 )
∂θ4


∂Im V (jω1 )
∂θ2

∂Im V (jω1 )
∂θ3

∂Im V (jω1 ) 

∂θ4


∂Re V (jω2 )
∂θ2

∂Re V (jω2 )
∂θ3

∂Re V (jω2 ) 

∂θ4


∂Im V (jω2 )
∂θ2

∂Im V (jω2 )
∂θ3

∂Im V (jω2 )
∂θ4

∂Re V (jω1 )
∂θ1


ST =

∂Im V (jω2 )
∂θ1





(4.6)



where there is a column for each parameter that is being estimated, and the
rows alternate between the real and imaginary components of each frequency.
Substituting the battery’s Bode frequency response functions into the transpose of
the sensitivity matrix gives:

ST =

 I (1−ω2 θ2 θ2 )
1
1 1 3
2 2 2
 (1+ω1 θ1 θ3 )2

 −2ω1 I1 θ1 θ3
 (1+ω2 θ2 θ2 )2

1 1 3

 I2 (1−ω22 θ12 θ32 )
 (1+ω2 θ2 θ2 )2

2 1 3

−2ω2 I2 θ1 θ3
(1+ω22 θ12 θ32 )2

I1

−2ω12 I1 θ13 θ3
(1+ω12 θ12 θ32 )2

0

ω1 I1 θ12 (1−ω12 θ12 θ32 )
(1+ω12 θ12 θ32 )2

I2

−2ω22 I2 θ13 θ3
(1+ω22 θ12 θ32 )2

0

ω2 I2 θ12 (1−ω1 22 θ12 θ32 )
(1+ω22 θ12 θ32 )2

0





I1 

ω1 θ42 




(4.7)

0 

I2
ω2 θ42



The sensitivity matrix multiplied by its transpose and divided by the variance
of the voltage measurement, σ 2 , produces the following Fisher information matrix
assuming the measurement noise is Gaussian and white.
F =

1
SS T
2
σ

(4.8)

The Cramér-Rao bound presented in Equation 2.12 highlights that a “larger”
Fisher information matrix is desirable, because it leads to more accurate bestcase parameter estimation covariance matrices. In optimizing an experiment for
Fisher identifiability, therefore, one’s goal is to make the Fisher information matrix
as “large” as possible. This can be achieved by maximizing aggregated scalar
objectives such as the trace of the matrix or its determinant. This chapter adopts
the determinant of the Fisher information matrix as the optimization objective.
This is a very well established approach for identifiability optimization in the
literature called “D-optimal” experimental design [54–57, 68]. The goal of Doptimal experimental design in this chapter is to maximize the determinant of the
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Fisher information matrix, which lumps the identifiability of each of the four model
parameters together. The determinant of the above Fisher information matrix
quantifies battery parameter identifiability, and is given by:
det F =

I14 I24 θ18 θ34 (ω12 − ω22 )4
σ 4 ω12 ω22 θ44 (1 + ω12 θ12 θ32 )4 (1 + ω22 θ12 θ32 )4

(4.9)

Our goal is to maximize this determinant by varying the magnitudes (I1 ,I2 ) and
frequencies (ω1 ,ω2 ) of the overall periodic battery excitation current trajectory.

4.4 Linear Model Trajectory Optimization
The optimization problem is formulated in negative null form with three inequality
constraints.
f = − det F
min
ω1 ,ω2 ,I1 ,I2

subject to: g1 : I12 + I22 − L2 ≤ 0

(4.10)

g2 : ωmin − ω1 ≤ 0
g3 : ωmin − ω2 ≤ 0
The first constraint, g1 , applies an upper bound, L2 , to the summation of the
current magnitudes squared. This inequality constraint forces the magnitudes of
each current signal to remain feasible for the battery cell under consideration. The
second and third constraints, g2 and g3 respectively, introduce lower bounds for
the frequencies to restrict the excitation signals from having a period longer than
the predetermined 4-hour test length.
This initial optimization formulation has 4 variables and is reduced in complexity
by using monotonicity analysis [81]. This method eliminates optimization variables
by demonstrating that specific constraint equations are active. First, a monotonicity
table for the two current magnitudes is created, as shown in Table 4.1. The first
monotonicity principle indicates that the first constraint, g1 , will be active.
Table 4.1. Monotonicity Table for Current Magnitudes

f
g1

I1
+
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I2
+

The inequality constraint g1 is now active and becomes an equality, which
eliminates the first current magnitude, I1 , from the optimization function f .
I12 = L2 − I22

(4.11)

Replacing I1 in the optimization cost function yields:
f =−

(L4 − 2L2 I22 + I22 )I24 θ18 θ34 (ω12 − ω22 )4
σ 4 ω12 ω22 θ44 (1 + ω12 θ12 θ32 )4 (1 + ω22 θ12 θ32 )4

(4.12)

The partial derivative of this cost function with respect to I2 is set to zero to
find the optimal current magnitude.
(L4 − 2L3 I 2 + 2I22 )4I23 θ18 θ34 (ω12 − ω22 )4
∂f
=− 4 2 2 4 2
=0
∂I2
σ ω1 ω2 θ4 (1 + ω12 θ12 θ32 )4 (1 + ω22 θ12 θ32 )4

(4.13)

This equation is solved for the optimal magnitude, I2∗ , to find the minimum.
L
I2∗ = √
2

(4.14)

Re-evaluating Equation 4.11 with this value and solving for I1 indicates that
both current magnitudes are equal. This solution simplifies the minimization
function by having only one current magnitude, I = I1 = I2 , as shown in the
equation below.
I 8 θ18 θ34 (ω12 − ω22 )4
det F = 4 2 2 4
σ ω1 ω2 θ4 (1 + ω12 θ12 θ32 )4 (1 + ω22 θ12 θ32 )4

(4.15)

To illustrate this cost function, a contour plot, shown in Figure 4.2, is generated
for a range of values for both frequencies assuming that the current magnitude is
at a maximum with the first constraint being active.
The partial derivative of the cost function with respect to ω1 is set equal to
zero and minimized by solving for the optimal frequency.

−2I 8 θ18 θ34 (ω12 − ω22 )3 (ω14 θ12 θ32 − ω22 − ω12 (3 + 5ω22 θ12 θ32 ))
∂f
=
=0
∂ω1
σ 4 ω13 ω22 (1 + ω12 θ12 θ32 )5 (1 + ω22 θ12 θ32 )4

(4.16)

The optimal frequency, ω1∗ , presents a relation between the frequency that maximizes the identifiability of the parameters and the system parameters themselves.
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Figure 4.2. The two symmetric optimal peaks for the determinant of the Fisher
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ω1∗ =

3
θ12 θ32
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9+34ω22 θ12 θ32 +25ω24 θ14 θ34
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+

√

2

(4.17)

From Figure 4.2 above, it is apparent that the cost function decreases significantly
if either one of the two frequencies is decreased towards zero. This implies that
another inequality constraint will be active for the corresponding frequency. If the
lower bound on frequency is relaxed and set to ω2 = 0, Equation 4.17 simplifies to:
√

ω1∗

=

3
θ1 θ3

(4.18)

The optimal frequency is proportional to the RC time constant of the parallel
component of the equivalent-circuit model.
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4.5 Validation of Fisher Information through Simulation
Fisher information analysis supplies a lower bound on the parameter estimation
covariance achievable with an unbiased estimator. To validate this result, the linear
model with added noise is simulated for different excitation frequencies, and the
resulting estimation errors are compared to the theoretical limits.
To create a realistic test case to validate that the frequencies found in the
previous section are optimal, the parameters are chosen to mimic the performance
of an 18650 LiFePO4 battery cell. The parallel RC circuit represents the diffusion
dynamics of this cell and has a time constant of 1 hour. The series capacitor has a
capacitance that is found by using the open-circuit voltage versus state of charge
curve to obtain a linear fit. These parameters can be found in the Table 4.2.
Table 4.2. Parameter Values Used to Represent a Li-Ion Battery Cell

Parameter
R1
R2
C1
C2

Value
0.5 Ω
0.002 Ω
7200 F
3000 F

For this simulation test the second frequency, which is constrained by the minimum allowable frequency, is set to a value of 4 × 10−4 Hz. The current magnitudes
are set to 15 Amps because these magnitudes combined are the maximum allowable
continuous discharge rate for the 18650 Li-ion cell under consideration. By holding
ω2 constant, a slice of is taken out of Figure 4.2 to form the plot shown in Figure 4.3.
The simulation study uses the frequency that maximizes the determinant of the
Fisher information matrix (Case 1), and then compares this result to two suboptimal cases (Case 2 & Case 3) to validate that the optimal frequency produces
the best overall parameter identifiability.
The validation study assumes the simulated measurement noise is normally
distributed with zero mean and with the voltage measurement variance found as
2.5 × 10−5 V 2 for both magnitude and phase measurements. The study also assumes
that the noise for the magnitude and phase measurements is independent, and that
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the measurements at each frequency are also independent. Then using a frequency
domain least-squares optimization formulation similar to [82], the cost function is
created as:
min

X

θ̂

ω

(Reest − Rem )2 + (Imest − Imm )2

(4.19)

The real and imaginary estimated components of this equation are denoted
by Reest and Imest , respectively. The parameter vector, θ, is replaced with the
estimated parameter vector θ̂. The real and imaginary measured components
are denoted by Rem and Imm , respectively. The simulated measurement noise
described above is added to both of these equations. The validation study consists
of a Monte Carlo simulation that is repeated 1000 times. An unconstrained NelderMead simplex algorithm is used to minimize the above cost function with respect
to the estimated parameter vector in MATLAB. The initial conditions for the
optimization variables are selected by adding 20% of the parameter’s value to itself
for each parameter, respectively. The algorithm’s convergence criterion is either
the change in the objective function is less than 1 × 10−14 or the change in the step

5000
4500

ω2 = 0.000069 Hz
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4000
3500
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3000
2500
2000
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Frequency ω1 [Hz]

−2

10

Figure 4.3. Parameter identifiability simulation validation test cases.
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size is less than 1 × 10−14 .

4.6 Results from the Simulation of the Linear Model
Table 4.3 shows the results of this simulation with the normalized standard deviation
of each parameter for all three cases as well as the determinant of the Fisher
information matrix. The normalized standard deviations highlight the fact that the
optimal case does not always have the best standard deviations for each parameter,
but overall it does have the best identifiability for the full set of parameters.
Table 4.3. Comparison on Normalized Parameter Standard Deviations for the Optimal
Versus Suboptimal Cases

Parameter
R1
R2
C1
C2
det F

σ Case 1
1.03 × 10−3
2.21 × 10−1
2.35 × 10−3
8.95 × 10−5
3934

σ Case 2
1.23 × 10−3
1.71 × 10−1
5.86 × 10−3
1.69 × 10−4
100

σ Case 3
2.51 × 10−3
7.56 × 10−1
6.21 × 10−3
9.34 × 10−5
100

Figure 4.4 shows the optimal case and how closely the covariance ellipses, found
from the inverse of the Fisher information, match to the estimated parameter cases
from the Monte Carlo simulation. The ellipses for 1, 2, and 3 standard deviations
are shown on each of the subplots. There is a subplot to compare the spread of
each pair of parameters, and for 1000 realizations there is a good match between
the ellipses and the estimated parameters. Figure 4.4.a contains the two resistance
parameters, and Fig. 4.4.b contains the two capacitance parameters.

4.7 Nonlinear Model Trajectory Optimization
The frequency domain analysis highlights the fact that the optimal frequency is
proportional to the time constant of the parallel RC pair in the linear model. This
result provides the starting point for the shape of input in the nonlinear model
formulation.
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Figure 4.4. Monte Carlo parameter simulation to validate Fisher information confidence
ellipses.

The nonlinear model is almost identical to the linear model, but with the
addition of a nonlinear open-circuit voltage versus state of charge relationship. This
change in the model structure is illustrated in Figure 4.5. The model is a second
order equivalent-circuit battery model, but instead of the linear capacitor it has
the nonlinear voltage source with charge capacity Q. This model also assumes that
the voltage across the parallel capacitor is zero initially.
The state space representation of this nonlinear system is given as:
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𝑅1
1

𝑢(𝑡)
𝑄

+

𝐶1

𝑉𝑜𝑐
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𝑅2
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Figure 4.5. Nonlinear equivalent-circuit model with associated parameter vector.

ẋ1 =

1
u,
Q

ẋ2 = −

y = Voc (x1 ) +

1
x2 + u
R1 C1

(4.20)

1
x2 + R2 u
C1

(4.21)

where x1 is the battery’s state of charge and x2 is the amount of charge in the
parallel capacitor C1 . The parallel RC pair still represents the time constant of this
2nd-order model, and the series ohmic resistance is still R2 . The largest difference
𝑅
between the linear and non-linear 1models is the first element of the output equation,
which is the nonlinear relationship between the 𝑢(𝑡)
open-circuit voltage and state
𝑅
of charge of the battery cell that is experimentally measured1 in our lab using a
𝑅2
𝐶2 This curve is shown
𝐶1 in Figure
𝑦(𝑡) 4.6 and𝜃 is=experimentally
commercial cycler.
obtained
𝐶1
in Ref. [83].
𝐶2
For this nonlinear model, which
𝑅2 is simulated in the time domain and not the
frequency domain, the Fisher information matrix is calculated numerically as
explained in Chapter 2. The Fisher information matrix of this 4-parameter model
with Gaussian white measurement noise is given as:

F =

 P
N
S2
P i=1 i1
 N
S S
1 
Pi=1 i2 i1
 N
2
σ  i=1 Si3 Si1
P
N
i=1

Si4 Si1

PN

i=1 Si1 Si2
PN
2
i=1 Si2
PN
i=1 Si3 Si2
PN
i=1 Si4 Si2

PN

i=1 Si1 Si3
PN
i=1 Si2 Si3
PN
2
i=1 Si3
PN
i=1 Si4 Si3

PN



i=1 Si1 Si4 
PN

i=1 Si2 Si4 

PN

i=1 Si3 Si4 

PN
2
S
i=1 i4

(4.22)

where σ 2 is the output voltage measurement noise variance, which is assumed to be
2.5 × 10−5 V 2 and each sensitivity function is calculated using Equation 2.11. The
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Figure 4.6. Open-circuit voltage and state of charge relationship for an 18650 LiFePO4
battery cell [83].

perturbation, ε, is calculated as 0.5% of each parameter, respectively. The number
of time samples, N , is 14400 for this 4-hour test sampled at 1 Hz.

4.8 Constrained Optimization for the Nonlinear Model
The use of a nonlinear model necessitates a time-domain formulation of the Fisher
information metric in the optimization problem. The intuition gained from the linear
model trajectory optimization problem emphasizes the importance of exciting the
voltage relaxation dynamics enough to obtain good identifiability. In this case study
the minimum number of sine waves added together is chosen to uniquely identify
all of the parameters. The input trajectory, with the optimization parameters, is in
the form:
u(t) = I1 sin(ω1 t) + I1 sin(ω2 t)
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(4.23)

where the two amplitudes are I1 and I2 and the two frequencies are ω1 and ω2 . The
multi-objective optimization problem is defined as:


min

I1 ,I2 ,ω1 ,ω2



− det F 
f~ = 
ku2 k2

subject to: g1 : 0.1 − SOCmin ≤ 0

(4.24)

g2 : SOCmax − 0.9 ≤ 0
where the first optimization objective is to minimize the negative determinant of
the Fisher information matrix, and the second objective is to minimize the L2 norm
of the current signal squared. This second optimization objective ensures that the
current magnitude obtained for the identifiability optimization remains reasonable
and bounded. The two inequality constraints maintain feasible operation limits for
a Li-ion battery cell. The set of optimal solutions is obtained by using MATLAB’s
unconstrained optimizer with a Nelder-Mead simplex algorithm for this vector of
optimization objectives. The convergence criterion for the simplex algorithm is
either the change in the objective function is less than 1 × 10−14 or the change in
the step size is less than 1 × 10−14 . This problem requires the set of parameters
and their respective perturbations to calculate the sensitivity matrix numerically.
The battery parameters used in this study are determined experimentally from an
18650 battery cell in Ref. [83] and are presented in Table 4.4.
Table 4.4. Experimentally Measured Parameter Values from the 18650 Li-Ion Battery
Cell Under Consideration [83]

Parameter

Value

1
Q
1
R1 C1
1
C1

1 1
3921 C
1 1
2631 s
1
1
17327 F

R2

0.02 Ω

Because the optimization problem in Equation 4.24 has multiple objectives, its
solution generates a Pareto front. Every point on this Pareto front represents the
best achievable Fisher information determinant subject to a bound on the second
39

7

10

Pareto Front
Selected Optimal Solution
6

L2 Norm of Current Squared

10

5

10

4

10

3

10
48
10

49

10

50

10

51

det[F]

10

52

10

53

10

Figure 4.7. Pareto front of optimal solutions with the selected optimal solution highlighted.

optimization objective (namely, ku2 k2 ). Figure 4.7 shows this Pareto front for a
broad range of identifiability and the L2 norm of the current squared. One particular
optimum is selected from this Pareto front and its input current trajectory is shown
in Figure 4.8.
One important fact that the Pareto front illustrates is that to increase identifiability, the L2 norm of the current squared needs to be increased. There has
been recent work by Tanim et al. that creates a degradation equation that relates
the Root Mean Square (RMS) current squared with capacity loss in a lithium-ion
battery cell [84]. The L2 norm of current squared can be easily converted to an
RMS current squared signal and could be used to create a Pareto front that trades
off degradation against identifiability. This raises an important question: How much
do we degrade the battery just to estimation the health parameters more accurately?
This question presents a potential problem for this research, but thankfully Forman
et al. present a degradation versus identifiability Pareto front that highlights that
large improvements in identifiability are seen before large amount of degradation
occur [55]. This study highlights that this dissertation’s work is still relevant, but
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Figure 4.8. Optimal current trajectory for 4-hour test with I1 = 5.04 Amps, I2 =
1
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it would be beneficial to determine how much degradation is occurring from the
optimized cycles.

4.9 Simulation Study Comparing OptimalStudent
Solution
to Standard
Version of MATLAB
Drive Cycle Solutions
This validation study compares the optimal cycle to three benchmark duty cycles
that represent three different configurations of hybrid electric and electric vehicles
that have various battery pack sizes and performance requirements. The three
electric vehicle configurations used in this study are:
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• Plug-in Hybrid Electric Vehicle with 10-mile range (PHEV10)
• Extended-Range Electric Vehicle with 40-mile range (EREV40)

Current Trajectory [Amps]

Current Trajectory [Amps]

Current Trajectory [Amps]

• Electric Vehicle with 100-mile range (EV100)
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Figure 4.9. Benchmark current cycles from PHEV, EREV, and EV models.

Each of these vehicle configuration benchmark profiles are adapted from the
current demand corresponding to the Federal Test Procedure FTP-75 drive cycle
for a PHEV10 in Ref. [85]. The FTP-75 only lasts 1877 seconds, so to compare its
level of identifiability with the optimized cycle lastingStudent
4 hours,
it is converted to a
Version of MATLAB
benchmark test cycle of the same duration. The purpose of this study is to analyze
the full range of dynamics that these electric vehicles experience during driving
and charging, so Constant Current (CC) and Constant Current/Constant Voltage
(CCCV) charging are incorporated into these benchmarks.
The PHEV10 benchmark cycle repeats the FTP-75 cycle 3 times, re-charges
the battery at a CC rate of 1-Ampere until the initial voltage level is reached,
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and then re-charges the battery with constant voltage until the end of the 4-hour
test. The EREV benchmark cycle accounts for the fact that the EREV will have
substantially more battery pack capacity to achieve more miles of electric driving.
Therefore, the maximum charge and discharge current values of the FTP-75 cycle
for the PHEV10 are scaled accordingly. The EREV40 benchmark cycle repeats
the FTP-75 cycle 3 times, re-charges the battery at a CC rate of 0.3-Ampere for
an hour, and then repeats the FTP-75 cycle 3 more times. The EV100 requires a
similar scaling that was completed for the EREV40 cycle. The EV100 benchmark
follows a similar schedule as the EREV with 3 FTP-75 cycles repeated, charge at
a CC rate of 0.12-Ampere for an hour, then 3 more FTP-75 cycles are repeated.
All three of these benchmark cycles are illustrated in Figure 4.9 and are created to
determine how much better the parameter identifiability of the optimized trajectory
will be when compared against realistic benchmarks from the automotive industry.
The validation study for the nonlinear model also assumes the measurement
noise, v, is Gaussian and white with a variance of 2.5 × 10−5 V 2 . The least-squares
optimization formulation is given as:
min

i2

h

(y(ti ) + v) − y(ti , θ̂)

(4.25)

θ̂

where y(ti ) is the simulated voltage trajectory at every time instant from the model
containing the nominal parameter set and y(ti , θ̂) is the estimated voltage at every
time instant. The nonlinear model validation study also consists of a Monte Carlo
simulation that is repeated 1000 times. Again, MATLAB’s unconstrained optimizer
with a Nelder-Mead simplex algorithm is utilized to solve the battery parameter
estimation problem. The initial conditions for the optimization variables are
selected by adding 20% of the nominal parameter’s value to itself. The algorithm’s
convergence criterion is either the change in the objective function is less than
1 × 10−14 or the change in the step size is less than 1 × 10−14 .
Table 4.5 shows how the optimal case compared to each of the benchmark
cycles using the experimentally obtained 18650 battery cell parameters. This set of
standard deviations that are normalized for each parameter can be related to an
error percentage. This emphasizes that while the optimal cycle has less than 1%
error for all of the parameters, the PHEV10 and EREV drive cycles have extremely
low error percentages as well. The EV100 is the only drive cycle to have an error
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Table 4.5. Comparison of the Standard Deviations of each Parameter for the Optimal
and Benchmark Drive Cycles

Parameter
θ1
θ2
θ3
θ4
det F

Optimal Cycle
4.33 × 10−4
2.53 × 10−3
1.03 × 10−3
5.67 × 10−4
9.73 × 1050

PHEV10 Cycle
3.97 × 10−3
6.87 × 10−3
3.30 × 10−3
4.61 × 10−3
4.21 × 1045

EREV40 Cycle
4.51 × 10−3
9.23 × 10−3
4.13 × 10−3
5.23 × 10−3
1.26 × 1045

EV100 Cycle
1.08 × 10−2
2.36 × 10−2
1.10 × 10−2
1.40 × 10−2
3.37 × 1042

above 5%. This simulation study shows that optimal input shaping will provide
the most benefit for battery packs that contain a significant number of cells, which
are cycled at much lower C-rates than packs with fewer cells.

4.10 Conclusions
This chapter optimizes the periodic current profile to maximize parameter identifiability for (i) a linear equivalent-circuit model and (ii) a nonlinear equivalent-circuit
model of a Li-ion battery in an automotive battery pack. The chapter uses the
determinant of the Fisher information matrix, which predetermines the lumped
parameter identifiability of the 4 parameters, as the optimization metric. The
linear model optimization formulation is solved analytically and a study validates
the connection between Fisher information and estimation accuracy through the
generation of a point cloud of estimates and confidence ellipses. The nonlinear
model uses the insights from the linear model and also uses a periodic shape for the
current profile. The nonlinear model multi-objective optimization problem is solved
numerically and presents a Pareto front of solutions that tradeoff identifiability
with the L2 norm of the current signal squared. A particular optimal solution
from this Pareto front is selected and used to compare the level of identifiability
against the hybrid electric and electric vehicle current demand profiles. First, the
linear model study provides interesting insight into the issue that the optimal
trajectory depends on the parameter set that will be estimated. Second, this
chapter illustrates the improvement in online estimation accuracy of parameters
for a simplified nonlinear battery model, especially when compared to the electric
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vehicle drive cycle. By forcing the input to be in the form of a periodic signal,
the magnitudes and frequencies are constrained to be within a feasible range for
realistic battery operation in vehicle applications.
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Chapter 5 |
Experimental Validation of Periodic Optimal Input
Shaping for an Equivalent-Circuit Model

5.1 Introduction
This chapter presents an experimental study examining the extent to which input
trajectory shaping for identifiability maximization can improve parameter estimation
for an equivalent-circuit lithium-ion battery model. This chapter is meant as a
continuation of Chapter 4 to show experimentally what was only shown in simulation.
The chapter is motivated by the well-recognized challenge of parameter identifiability
in lithium-ion batteries: a challenge that often makes it difficult to estimate battery
parameters quickly and accurately from experimental data [27, 45, 52]. More
specifically, the chapter is motivated by the fundamental conjecture that the
optimal design of a battery test cycle can improve its parameter identifiability,
and therefore the speed and accuracy with which its parameters can be estimated.
Existing research in the literature supports this conjecture, mostly using simulation
studies [55]. Our goal, in contrast, is to examine this conjecture experimentally.
Specifically, we use a genetic algorithm to obtain a battery charge/discharge
trajectory that maximizes Fisher information - a parameter identifiability metric.
We restrict this optimization to periodic current trajectories, but the underlying
approach is broadly applicable to other types of trajectories. Two benchmark cycles
are used for comparison, both of them representing automotive battery utilization
scenarios. The overarching goal is to compare the parameter estimation results for
the optimized cycle vis-à-vis these benchmarks.
The main contribution of this chapter is an experimental assessment of the
degree to which optimal experimental design for identifiability can improve battery
parameter estimation. Specifically, the study shapes a periodic input current profile
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to maximize the parameter identifiability of a nonlinear second-order equivalentcircuit model of a commercial lithium iron phosphate cell. This is a non-convex
optimization problem: a challenge we address through genetic optimization. We
apply the resulting optimized test cycle to three different battery cells. Moreover,
we compare the resulting battery parameter estimates against two benchmark cycles
representing automotive battery use. The use of automotive cycles as benchmarks is
important for two reasons. First, it provides a baseline level of parameter estimation
speed and accuracy representing the limits of online parameter estimation and
diagnostics. Second, the literature already presents research where automotive
benchmark cycles are used in the laboratory for battery parameter estimation
and degradation modeling [15, 22, 39, 86, 87]. The results of this experimental
comparison are very encouraging: they show a much better cell voltage prediction
signal-to-noise ratio for the optimal cycle (compared to the benchmarks). Moreover,
only the optimized cycle is able to produce reasonable battery parameter estimates
during a 4-hour timeframe. The value of this chapter lies both in this experimental
validation and in the fact that its approach is easily generalizable to other test
cycles, models, and battery chemistries.

5.2 Optimization Problem Formulation
The 2nd-order nonlinear equivalent-circuit battery model presented in Figure 4.5 and
in Equations 4.20-4.21 of Chapter 4 has not changed for this experimental validation
study, except that the parameter vector is now defined as θ = [Q, R1 C1 , C1 , R2 ]T .
The nominal values for this parameter vector are given in Table 5.1.
Table 5.1. Experimentally Measured Parameter Values from the 18650 Li-Ion Battery
Cell [83]

Parameter
Q
R1 C1
C1
R2

Value
3921 C
2631 s
17327 F
0.02 Ω

Since the battery model still has four parameters and the voltage measurement
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noise is still assumed to be Gaussian and white, the Fisher information matrix
remains the same as Equation 4.22. Again, we restrict the battery’s input current
trajectory to equal the summation of two sine waves as presented in Equation 4.23.
While the model is not altered in this chapter, the optimization problem formulation
is updated to (i) be a single objective, (ii) have a maximum current amplitude,
and (iii) limit the maximum frequencies of the input below 1/10 of the sampling
rate. D-optimal experimental design is used again in this chapter to arrive at the
following optimization formulation:

min

ω1 ,ω2 ,I1 ,I2

− det F

subject to: F =

 P
N
S2
P i=1 i1
 N
S S
1 
Pi=1 i2 i1
 N
2
σ  i=1 Si3 Si1
P
N
i=1

∂y(t)
∂θ1
∂y(t)
Si3 =
∂θ3
1
ẋ1 = u,
Q

Si4 Si1

Si1 =

; θ1 = Q
t=i∗δt
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t=i∗δt
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∂y(t)
Si4 =
; θ4 = R2
∂θ4 t=i∗δt

Si2 =

1
x2 + u
R1 C1

(5.1)

1
x2 + R2 u
C1

u(t) = I1 sin(ω1 t) + I1 sin(ω2 t)
g1 : 0.05 − SOCmin ≤ 0
g2 : SOCmax − 0.95 ≤ 0
g3 : max u(t) − 3.5 ≤ 0
g4 : ω1 − 1/20π ≤ 0
g5 : ω2 − 1/20π ≤ 0
where the optimization variables are the magnitudes and frequencies of the sinusoidal
components of the input signal, and the first two inequality constraints, g1 and
g2 , maintain the feasible operating range of the state of charge for the battery at
every instant in time. The third inequality constraint maintains the maximum
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charging rate of the battery cells to be below the specified limit, in Amps, provided
by the manufacturer. The last two inequality constraints, g4 and g5 , ensure that
the input current signal does not oscillate too quickly, to the point of exceeding
the bandwidth of the experiment. Specifically, because the experiment involves
sampling the battery current and voltage signals every second, we constrain the
maximum excitation frequency to lie below 0.1 Hz (i.e., 1/20π rad/sec), 10 times
slower than the sampling frequency.

5.3 Optimal Input Trajectory: Determination and Fisher Analysis
The optimization problem from Section 2 is non-convex for multiple reasons,
including the non-convexity of the relationship between open-circuit voltage and
state of charge (Figure 4.6) as well as the fact that we are optimizing the determinant
of the Fisher matrix. This makes it important to perform the optimization using
an algorithm capable of avoiding local minima. For this reason, we implement a
Genetic Algorithm (GA) that involves crossover, mutation, elitism, and crowding
techniques to traverse the potentially multi-modal cost function surface. The
results from this optimization problem for a cycle lasting 4 hours are presented in
Figure 5.1.
Previous work by Sharma and Fathy shows analytically that: (i) the Fisher
identifiability of ohmic battery resistance increases with the magnitude of applied
current; and (ii) the identifiability of battery charge capacity increases as the
size of the applied SOC swings increases, especially if the battery lingers at high
and low SOCs where the slope of the OCV-SOC curve is large [45]. The optimal
cycle in Figure 5.1 is quite consistent with the above insights, even though it is
obtained for a higher-order model than the one examined by Sharma and Fathy. In
particular, the optimal current magnitude reaches the maximum constraint, which
allows for the battery to experience aggressive swings in SOC. These high C-rates
specifically increase the identifiability of the internal ohmic resistance. Moreover,
while the optimized cycle pushes the cell between high and low SOC very quickly,
it also lingers at low SOCs for a large portion of the cycle. This increases Fisher
information during the test because identifiability is much higher in the SOC region
where the OCV curve has a much steeper slope [45]. The optimal value of the
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Figure 5.1. Optimized current trajectory and simulated voltage and SOC trajectories.

multi-sine wave input variables are listed in Table 5.2.
Table 5.2. Optimization Variables for the Optimal Multi-Sine Input Trajectory

Optimization Variable Optimal Value
I1∗
2.13A
∗
I2
1.97A
1
rad
∗
ω1
745.53 s
rad
1
ω2∗
372.73 s

It is interesting to examine the degree to which the above optimal cycle improves
Fisher identifiability compared to standard benchmark cycles in simulation, as a
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precursor to experimental validation. In particular, previous work by the authors
shows that lithium-ion batteries exhibit poor parameter identifiability when cycled
based on electrified vehicle battery pack current profiles corresponding to the FTP72 drive cycle [58]. This raises an important question: how much of an improvement
in battery parameter identifiability can one expect compared to automotive battery
cycling benchmarks? To address this question, we examine the battery current
demand profile (per 18650-size LFP cell) for a plug-in hybrid electric vehicle
following an FTP-72 cycle. The current profile was generated in earlier work by
the authors [39], and is shown in Figure 5.2 below.
2
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Figure 5.2. PHEV current demand for an FTP72 drive cycle adapted from [39].

Intuitively, the above current profile suggests poor parameter identifiability: the
battery currents are relatively small, which reduces the identifiability of series ohmic
resistance. Moreover, the resulting swings in state of charge are not conducive
to the kind of deep cycling and “lingering” at high and low states of charge that
is conducive to the identifiability of charge capacity. For the purpose of a fair
comparison, the above current profile needs to be converted to a benchmark test
cycle of the same duration as the optimized cycle - namely, 4 hours. We achieve
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this in two ways, thereby obtaining two benchmark cycles. Both cycles start
at 90% state of charge. The first benchmark cycle repeats the FTP-72 current
profile 5 times, re-charges the battery using a 1-Ampere current to return to the
original 90% state of charge, then after 1 hour of rest (including the above constantcurrent re-charging), resumes the FTP-72 drive cycles until the end of the 4-hour
test. This involves approximately 4.4 repetitions of the FTP-72 cycle during the
second episode of driving. All in all, this test is intended to represent a lengthy
suburban trip including a 1-hour stop for battery recharging. In contrast, the
second benchmark cycle only involves 5 FTP-72 cycles’ worth of driving, after
which the battery is recharged to 90% SOC using a 1-Ampere constant current, then
finally the voltage reached at the end of this constant current phase is maintained
until the end of the 4-hour test. Throughout the rest of this chapter, the first and
second benchmark cycles will be referred to as the FTP-CC benchmark and the
FTP-CCCV benchmark, respectively.
Table 5.3 below lists the values of the determinant of the Fisher information
matrix corresponding to the optimal cycle as well as the two benchmarks. The
optimization process improves the determinant of the Fisher information matrix by
5 orders of magnitude in simulation.
Table 5.3. Fisher Analysis Results for Both Benchmark Cycles and the Optimal Cycle

Cycle
Determinant of Fisher Information Matrix
Optimal
2.89 × 107
FTP-CC Benchmark
83.46
FTP-CCCV Benchmark
24.90

To gain more insight into the significance of the above improvement in Fisher
information, we compute the Cramér-Rao bounds on the variances of each of the
four parameters to be estimated experimentally in Table 5.4. Please note that
this computation is performed using Fisher information matrices determined in
simulation, as a precursor to the chapter’s experimental study. The results of this
computation are very encouraging: significant improvements in the best achievable
parameter estimation variances are achieved for all 4 battery parameters. For
example, the best-achievable estimation error variance for the battery’s charge
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capacity is predicted to be 0.2298 Coulombs, whereas the two benchmark cycles
both have variances in excess of 4 Coulombs.
Table 5.4. Standard Deviation Values of the Parameters from the Inverse of the Fisher
Information Matrices

“Best-Case” Parameter
FTP-CC Cycle
Standard Deviation
σ ∗ (Q)[C]
4.13
∗
σ (R1 C1 )[s]
14.64
∗
45.93
σ (C1 )[F ]
σ ∗ (R2 )[Ω]
6.90 × 10−5

FTP-CCCV Cycle

Optimal

4.17
16.43
58.41
9.69 × 10−5

2.30 × 10−1
5.16
13.03
2.57 × 10−5

5.4 Experimental Validation
This section describes the procedure to experimentally cycle the lithium iron
phosphate cells with the optimized and benchmark trajectories. Seven 1.1 Ah,
18650 LFP cells were cycled using three trajectories: the optimized trajectory,
the FTP-CC benchmark trajectory, and the FTP-CCCV benchmark trajectory.
Figure 5.3 shows the cells connected to the battery cycler.
All cells were preconditioned to their target initial states of charge prior to
the application of the optimized and benchmark test cycles. The preconditioning
process involved constant-current, constant-voltage (CCCV) charging at a 0.1C
rate up to the voltages corresponding to the desired initial states of charge. It is
important to note, here, that the optimized and benchmark cycles start at slightly
different states of charge. The benchmark cycles start at 90% SOC: a value chosen
to reflect automotive applications where very high SOC values are often avoided
for longevity reasons. In contrast, the optimal cycle is allowed to start at 95%
SOC: a larger SOC value that contributes to the anticipated overall improvement
in parameter identifiability.
Once the above 7 battery cells were preconditioned, the benchmark and optimized cycles were applied to all of them. For each cell, preconditioning was
performed prior to each cycle (benchmark and optimized). Conservative test termination criteria were implemented in the battery cycler for safety reasons, including
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Figure 5.3. Experimental setup with battery cycler (Arbin BT 2000), 18650 battery
cells, and battery holder.

a lower voltage cutoff condition that automatically caused the shutdown of any
experiment if violated. The aggressive nature of the optimized cycle caused this
lower voltage cutoff condition to be induced 4 times out of 7 experiments. This
illustrates a very important caveat of test trajectory optimization for identifiability:
the optimized cycles are often aggressive enough to the point where safety constraint
violation is a possibility. Throughout the remainder of this chapter, we focus on
the 3 battery cells for which the parameter identification cycles did not terminate
prematurely. It is important to note that one can easily repeat the experiments in
this chapter with test protocols that hold batteries in constant-voltage (CV) mode
when lower voltage limits are reached. In that scenario, all 7 tests discussed above
would succeed. However, success would come at the expense of a modification to the
structure of the identifiability-optimizing cycle, whose design does not incorporate
a CV mode. This highlights an important tradeoff between the robustness/safety of
battery test cycles on the one hand and the degree to which these cycles optimize
identifiability on the other hand. Previous work by Forman et al. examines this
tradeoff in depth, and explores the use of Pareto optimization to address it [55].
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5.5 Nonlinear Parameter Estimation
This section presents the estimation method used to obtain the battery parameter
sets for the optimal and FTP benchmark trajectories based on the experimental
tests conducted. The parameter values from each trajectory are found using a multistart nonlinear optimizer that solves the following optimal parameter estimation
problem:
min



2

ym (ti ) − y(ti , θ̂)

θ̂

subject to: g1 : θˆ1 − 1.375 ≤ 0
g2 : 0.675 − θˆ1 ≤ 0
g3 : θˆ2 − 11, 000 ≤ 0
g4 : 90 − θˆ2 ≤ 0

(5.2)

g5 : SOC(t) − 0.95 ≤ 0
g6 : 0.05 − SOC(t) ≤ 0
where the measured voltage at every time instant is ym (ti ) and the estimated voltage
at every time instant is y(ti , θ̂). The optimization variables are the estimates of
parameter vector, θ̂, and the total number of discrete time steps in the four-hour
test is denoted by n. The summation of voltage error squared at every time step
is minimized with respect to the four parameter estimates that define the model
presented in Section 2. The optimization function restricts the capacity and time
constant parameter estimates, θˆ1 and θˆ2 , respectively, between upper and lower
bounds with the first four inequality constraints. These four inequality constraints
represent a large, but reasonable range of capacity and time constant values for
the commercial LFP cells examined here. The structure of this estimation problem
allows for a mix of nonlinear optimization and linear least squares to decrease the
computational time needed. First, the nonlinear optimizer determines the capacity
and time constant parameters. Then, a linear least squares approach determines the
capacitance and ohmic resistance parameters. We further address the computational
complexity of this problem using a multi-start approach where a Latin hypercube
is used to populate the initial parameter guesses for each optimization run. Voltage
lookup determines the initial SOC of each cell, which is valid because all of the cells
begin each cycle at rest. Batch estimations performed at increments of 30 minutes
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throughout the test determines the optimal set of parameter estimates. This allows
observation of the convergence of parameter values with respect to time.

5.6 Parameter Estimation Results
The purpose of this section is to highlight the degree to which parameter estimation
speed and accuracy are improved by the optimized test cycle compared to the
benchmarks. We perform this comparison specifically for cell #2 (out of 3), but
the results for cell #1 and cell #3 are consistent with the analysis below, as shown
in Appendix A. The batch parameter estimation study not only produces final
parameter values for each cycle, which are presented in Table 5.5, but also shows
the trajectory of convergence to these values to highlight the speed and accuracy of
estimation. This section discusses each of the four model parameters separately and
then shows the histograms of voltage error and scaled voltage error to demonstrate
the accuracy of each parameter set compared to the experimentally measured
voltage signals.
Table 5.5. Optimal Parameter Values for Cell #2 after Test Completion

Parameter
Optimal
Q[C]
3928
R1 C1 [s]
310
C1 [F ]
14049
R2 [Ω]
3.88 × 10−2

FTP-CC Cycle
3557
11000
28581
4.23 × 10−2

FTP-CCCV Cycle
2430
90
1, 522
3.21 × 10−2

Figure 5.4 presents the estimation convergence of all four parameters for each
of the three current profiles. The upper left subplot in Figure 5.4 illustrates the
batch parameter estimation values of the capacity parameter for each of the three
current profiles. This subplot supports both speed and accuracy improvements for
the optimized trajectory when compared against the benchmarks, which either fail
to converge or converge to parameter values that are clearly incorrect. For example,
the capacity of these battery cells is known with a high degree of confidence from
an earlier system identification study [83], but the system identification study for
the FTP-CC test does not converge to this correct range. Moreover, the capacity
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estimate for the FTP-CCCV test converges to a boundary value that is far outside
the reasonable range of capacity estimates for this cell.
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Figure 5.4. Estimated parameter values for batch estimation occurring every 30 minutes
for all four parameter values for battery cell #2 with each of the three current profiles.

The second validation of identifiability improvements is shown in the upper
right subplot in Figure 5.4, which is the batch estimation for the time constant
parameter. These experimental results can only validate estimation speed improvements, because the optimal cycle converges to a much faster time constant than is
presented in Table 5.1 from system identification. The optimized cycle latches on to
a value during the first estimation step and only oscillates slightly until it flattens
out at the end of the test. Both the FTP-CC and FTP-CCCV cycles appear to
start with reasonable values of the time constant, but diverge to the upper and
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lower bounds, respectively in the second half of the test. While the optimized cycle
produces a value of the time constant that is much lower than the time constant
presented in Section 5.2 of this chapter, this is explained by the fact that batteries
have many time constants that depend of the C-rate of cycling. The aggressive
nature of the optimized cycle therefore has a fast time constant that dominates the
slower time constant that was determined for the original model.
The bottom left and right subplots of Figure 5.4 show the batch estimation
trajectories for the parallel RC capacitance and series ohmic resistance parameters,
respectively. These subplots do not show any dramatic improvements in speed or
accuracy for the optimized cycle when compared against the benchmark. This result
illustrates the important fact that by lumping the identifiability of all parameter
into a single metric, namely, the determinant of the Fisher information matrix, not
all parameters will necessarily see improvements in identifiability.
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Figure 5.5. Measured voltage output for a single cell (cell #2) compared to the
simulated voltage output using the final parameter estimates when cycling with the
optimal trajectory.

Figure 5.5 shows how well the estimated parameter set from the optimal cycle
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matches with the experimental voltage trajectory. A 2nd-order equivalent-circuit
model is expected to have voltage errors due to unmodeled higher-order dynamics,
but even with these errors the model and experimental voltages track well.
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Figure 5.6. Voltage error histogram of cell #2 for (Top) Benchmark cycle with CC
charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal cycle.

Figure 5.6 presents a histogram of voltage errors for cell #2 when using the
parameter sets obtained in Table 5.5. At first glance this figure shows the FTPbased benchmark cycles having lower voltage errors than the optimized cycle, but
these results make sense because the FTP-based cycles are less aggressive, and
therefore cause smaller and more predictable battery voltage swings. Therefore, a
method is presented to scale the voltage errors to account for the aggressive nature
of the optimized cycle. The mean value of each experimentally measured voltage
trajectory is subtracted from these trajectories to center them around zero. Then
the root mean square value of voltage variations around this mean is obtained to
determine the “aggressiveness” of cycling and how dramatic the voltage swings are
during the test. Each voltage error trajectory is then divided by the corresponding
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RMS value to scale the error values according to the range of voltage swings.
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Figure 5.7. RMS-Scaled voltage error histogram of cell #2 for (Top) Benchmark cycle
with CC charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal
cycle.

Figure 5.7 presents the set of histograms with the RMS-scaled voltage errors
for all three cycles performed on cell 2. The voltage range for the optimal cycle
was significantly larger than the FTP cycles, which is shown in Figure 5.7 by the
dramatic improvement in voltage error for this cycle. This histogram clearly shows
that the RMS-scaled voltage prediction error distribution for the optimized cycle
is tighter and much less biased than the two benchmarks: a positive result that
highlights the success of the optimized cycle at fitting battery dynamics more
accurately.
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5.7 Conclusions
This chapter highlights the degree to which input shaping for Fisher identifiability
optimization improves parameter estimation for an equivalent-circuit battery model.
The chapter achieves this objective through the following steps:
1. A genetic algorithm determines the multi-sine wave optimal input trajectory
that maximizes battery parameter identifiability
2. We cycle a set of three commercial lithium iron phosphate battery cells with
the optimal trajectory and the two benchmark trajectories separately
3. Batch parameter estimation, using the measured output voltage signals from
each experiment, provides estimates at intervals of 30 minutes throughout a
4 hour test
4. We analyze the speed and accuracy of estimation convergence for each parameter obtained from the voltage trajectories of battery cell #2
The periodic shape and simplicity of the optimal trajectory allows for basic
insights into the improved identifiability due to current magnitude and how often
different ranges of SOC are visited during a cycle. The results from the comparison
produce two compelling results. First, the cell voltage prediction signal-to-noise ratio
improves substantially when using the parameters estimated from the optimized
cycle. Second, the optimized trajectory was the only cycle to achieve reasonable
parameter estimates for the full parameter set over the course of a 4-hour test.
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Chapter 6 |
Li-Ion Battery Pack Parameter Identifiability Optimization through Internal Allocation of Demand
Current

6.1 Introduction
This chapter examines the problem of pack-level diagnostics in online lithium-ion
battery systems. The chapter is motivated by two important facts. First, a single
cell failure could lead to an entire series string of cells being unusable or in the
worst case, thermal runaway could cascade throughout the entire pack [88, 89].
Second, advanced automotive battery management systems that rely on modelbased control require accurate parameterization to improve performance [80]. The
term “diagnostics” refers to the process of (i) determining whether or not there
is a significantly unhealthy cell in the pack, and (ii) pinpointing which cell is
unhealthy. These two steps are often called the “fault detection” and “fault
isolation/identification” steps respectively [90, 91]. The focus in this chapter is
on fault isolation in lithium-ion battery packs. Specifically the overarching goal
is to develop an algorithm capable of determining which cells are “outliers”, or
significantly less healthy then the rest of the pack.
The literature already presents substantial work on lithium-ion battery diagnostics. The main focus is not only on fault detection, but also on fault isolation
through model-based diagnostics [91–96]. Offer et al. and Zheng et al. both show
that to differentiate between an internal fault (internal resistance rise) and an
external fault (contact resistance), a model-based approach is necessary [95, 96].
These two model-based fault isolation techniques demonstrate that model parameterization is a key element in properly identifying which deviations in measurable
quantities are related to specific faults [95, 96]. This chapter adopts a model-based

62

approach and relies on battery model parameter estimation as a foundation for diagnostics. Specifically, we estimate the parameters of different lithium-ion batteries
in an online pack based on input-output behavior and then insert these parameters
into an outlier detection algorithm for fault identification/isolation. The above
model-based approach to online pack-level diagnostics is limited by a significant
challenge: lithium-ion batteries have poor parameter identifiability [27, 45, 52]. This
identifiability challenge complicates the diagnostics process, and - as shown in
the chapter’s results section - jeopardizes the fidelity of outlier detection-based
diagnostics.
The literature pertaining to optimal input shaping for battery parameter identifiability maximization, which is extensively covered in Section 1.3, and the results
from Chapters 4 & 5 show a vast improvement in identifiability, but require laboratory cycling capabilities. These results are not feasible for an online automotive
battery system input constrained by a power management controller. In contrast,
this chapter incorporates identifiability optimization in an online automotive pack
by introducing electrically reconfigurable pack architectures to allow allocation of
external current demand among strings of battery cells. Some research groups in
the literature show the benefits of electrically reconfigurable battery pack architectures that actively balance cells to maximize pack lifespan [97, 98]. The work
in this chapter focuses on using these additional electric hardware components for
independent cycling of cells instead of active balancing. Two pack configurations
are selected: one that employs switching control with pulse width modulation
for distributing the external current between strings, and the other that employs
bi-directional DC-DC conversion for active charge shuttling among strings. The
two novel contributions to the battery identifiability optimization literature and
the battery diagnostics literature are:
1. A novel evolutionary algorithm designed for two electrically reconfigurable
battery pack architectures that optimizes parameter identifiability through
internal allocation of the external current demand based on the hardware
constraints.
2. A pack diagnostics simulation study that implements the optimized trajectories in a local outlier probability-based algorithm for the detection and
identification of less-healthy cells.
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The results from the diagnostics simulation study show that while the switching
control pack design has higher outlier detection accuracy than a traditional battery
pack, the DC-DC conversion pack design shows the most significant improvements
in accuracy.

6.2 Solution Framework
The primary objective of this chapter is to decrease the fundamental challenge
of battery parameter identifiability with optimal input shaping to improve the
accuracy of online battery pack diagnostics. To achieve this objective, this chapter combines three separate elements within a pack-level model-based diagnostics
framework. The first element of this framework is a max-min constrained optimization formulation structured to maximize parameter identifiability of all battery
models contained in the pack, while maintaining input current and state of charge
constraints. The second element, which is the chapter’s first novel contribution,
is an evolutionary algorithm designed to solve this optimization problem while
maintaining the constraints. Finally, the third element is the implementation of the
optimized input trajectories with the Local Outlier Probability (LoOP) algorithm,
obtained from the literature, to measure the parameter outlier detection accuracy.

6.2.1 Max-min Constrained Optimization Formulation
The constrained optimization problem is designed to allocate fractions of a predetermined external input current signal to various cells within a battery pack model
for parameter identifiability maximization. This multi-cell pack model contains six
identical copies of the equivalent-circuit model presented in Chapter 4, connected
in parallel, where each battery model represents a string of cells in the pack design.
This is possible due to the nature of the series connection of cells in each string,
which allows for model simplification to a single cell for identifiability maximization.
This string model will continue to be referred to as a single-cell model to alleviate
confusion with the subsequent outlier detection string model that is used in Section
6.2.3. The state space system for the 2nd-order equivalent-circuit battery model
outlined in Equations 4.20 & 4.21 is altered to account for the fractional input
current supplied to each cell model from the externally demanded pack-level current.
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Table 6.1. Parameter Values Experimentally Measured from the 18650 Li-Ion Battery
Cell Under Consideration [83]

Parameter

Value

1
Q
1
R1 C1
1
C1

1 1
3921 C
1 1
2631 s
1
1
17327 F

R2

0.02 Ω

This external current is scaled to account for each string being represented as a
single cell.
ẋ1,k =

ẋ2,k = −

1
uk
Q

k = 1, 2, ..., 6

1
x2,k + uk
R1 C1

yk = Voc (x1,k ) +

1
x2,k + R2 uk
C1

k = 1, 2, ..., 6

k = 1, 2, ..., 6

(6.1)

(6.2)

(6.3)

where x1,k is the state of charge of the voltage source for cell k in the pack and
x2,k is the amount of charge in the parallel capacitor C1 for cell k in the pack
model. The output for each battery cell model is yk , and the fractional input
current for each cell is uk . The four model parameters from Table 6.1 and the
open-circuit voltage vs. SOC relationship from Figure 4.6 in Chapter 4 are used for
each of the six equivalent-circuit models connected in parallel. The optimization
formulation below calculates the determinant of the Fisher information matrix
for each of the string models expressed in Equations 6.1-6.3. The objective then
determines the maximum minimum value of identifiability through shaping the
six internally allocated input trajectories. The max-min approach prohibits the
degradation of identifiability of certain strings so that other strings may improve
their identifiability. This optimization formulation is not only constrained by the
external current input profile, but also by SOC bounds and the SOC at the final
time step. The formulation is defined as:
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1
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6
X
uk (t) − uapplied (t) = 0
∀ t ∈ [0...T ]
h1 :

Si1k =

k=1

h2 : SOCk (T ) − SOCf inal = 0

k = 1, 2, ..., 6

g1 : SOCk (t) − SOCmax ≤ 0

k = 1, 2, ..., 6

g2 : SOCmin − SOCk (t) ≤ 0

k = 1, 2, ..., 6
(6.4)

where uk (t), the optimization variables, are the fractions of the external input at
time t for each of the k cells. The pre-determined external current profile at every
instance in time is defined as uapplied (t), T is defined as the final time step, and
SOCk (T ) is the final SOC value for each of the k cells. The desired final SOC
for all of the cells is SOCf inal , and the maximum SOC bound and minimum SOC
bound are given as SOCmax and SOCmin , respectively. Finally, SOCk (t) is the
state of charge of each of the cells at time t. The first equality constraint, h1 , and
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the two inequality constraints, g1 and g2 , must be held at every instance in time,
while the second equality constraint, h2 , is only maintained during the final time
step.

6.2.2 Token Swapping Evolutionary Algorithm
This subsection presents “token swapping", a simple evolutionary algorithm designed
specifically for solving the identifiability optimization problem in Eq. 6.4. The
need for this specialized optimization algorithm is twofold. First, the optimization
problem in Eq. 6.4, like many identifiability optimization problems, is nonconvex.
This nonconvexity can be explained intuitively in terms of the fact that Fisher
information generally improves with more aggressive battery cycling. Finding the
globally optimal solution to a nonconvex optimization problem is difficult, and the
use of evolutionary optimization is one means of addressing this difficulty. Second,
the optimization problem in Eq. 6.4 is also highly constrained. Two particularly
important constraints are: (i) the fact that the total current delivered by the
battery pack at every instant in time must equal the external current demand and
(ii) the desire to achieve a balanced state of charge among all strings in the pack at
the end of the cycling process.
The token swapping algorithm is an evolutionary algorithm that automatically
guarantees the satisfaction of the above two constraints. The algorithm quantizes
the amount of charge inserted into or removed from any string in a battery pack
in terms of “tokens", each token representing a fixed (and ideally small) amount
of charge (in Coulombs or Ampere-hours). Furthermore, the algorithm represents
the charge/discharge trajectory for the entire battery pack using a tabular data
structure, as shown below. In this tabular data structure, each row represents a
battery cell or string, and each column represents a discrete time interval. The
number of tokens, positive or negative, occupying each cell in the table represents the
total amount of charge removed from or inserted into a given battery cell/string over
a given time period, respectively. Assuming the battery pack is initially balanced,
the pack is guaranteed to remain balanced at the end of the charge/discharge cycle
if (and only if) the sums of the tokens in all table rows are equal. Moreover, the
battery pack is guaranteed to meet external current demand if (and only if) the
sum of the tokens in each column is commensurate with the amount of charge to be
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inserted into or removed from the full battery pack over that time interval. Thus,
the pack balancing and external current demand constrains translate directly into
row and column sum constraints in this tabular data representation.
The main idea behind the token swapping algorithm can be explained as follows:
given a valid token table (i.e., one with the correct row and column sums), one
can obtain a different valid token table through the “swapping" process sketched
below in Figure 6.1. In this process, one battery cell/string defers some of its
charging/discharging to a later moment in time, while another battery cell/string
advances an equal portion of its charging/discharging to an earlier moment in time.
As long as the number of tokens swapped forward by one battery cell/string equals
the number of tokens swapped backwards by the other battery cell/string, the token
table remains valid. It is straightforward to show, mathematically, that the entire
set of valid token tables can be generated from any member of the set through
a finite sequence of such token swaps. In other words, the entire optimization
domain is “reachable" from any feasible token table in that domain through a finite
number of token swaps. The token swap operator, as described above, is essentially
a “mutation" operator in the language of evolutionary optimization. The token
swapping algorithm performs this mutation operator randomly and repeatedly
until it converges to the optimal token swapping table. Specifically, the algorithm
proceeds as follows:
• Step 1: Select the total number of battery cells/strings in parallel, k, and the
total number of time divisions, j.
• Step 2: Select the amount of charge represented by one token, q, in Coulombs.
• Step 3: Generate N valid token tables, i.e., N token tables where, for each
table, the row sums are all equal and the column sums correspond to the total
amount of charge demanded from the battery pack over the corresponding
time division. Ensure that these token tables meet all other optimization
constraints. For example, make sure that no token table violates constraints
on cell state of charge or charge/discharge rate. Constraints on C-rates
automatically translate into bounds on the numbers of tokens in the individual
cells in a token table.
• Step 4: Evaluate the Fisher identifiability cost function for each of the N
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token tables. Select the token table that provides the maximum identifiability,
and call it the elite (i.e., best) token table. The elite token table will not be
subject to random selection: a fact that ensures monotonic convergence to
the globally optimal token table.
• Step 5: For every non-elite token table, select two time divisions, two battery
cells/strings, and a number of tokens randomly. Perform a random token
swap process h times using those two cells, for those two time divisions.
Check to see if the resulting token table satisfies all optimization constraints,
including constraints on cell SOC and C-rate. If it does, add this table to the
population. Perform this process m times per non-elite token table, thereby
adding m(N − 1) token tables to the overall population.
• Step 6: Retain the elite token table, and select population members randomly
(either with uniform likelihood or using a roulette wheel selection method)
from the non-elite members, until a new population of N members is chosen.
• Step 7: Repeat Steps 4-6 until convergence.
The above algorithm converges to a global identifiability-optimizing cycle. Convergence has been fairly slow in the authors’ experience, typically requiring 5,000
iterations with a population of 100 token tables. However, the algorithm still has
the desirable properties of achieving an identifiability-optimizing charge/discharge
solution for multiple battery strings/cells in parallel in the presence of nonconvexity and constraints. In the remainder of this chapter, we distinguish between
“positive" and “negative" versions of the token swapping algorithm. The distinction
is simple: “positive" token swapping refers to an implementation of the above
algorithms where the number of tokens in each cell must always remain positive or
zero. This corresponds to a battery pack topology where all battery cells must be
charged/discharged simultaneously, and it is never possible to charge one cell while
discharging another. This is consistent with the first, switching-based topology
examined in this work. In contrast, the “negative" token swapping algorithm allows
some cells in the token table to contain a negative number of tokens while other
cells contain positive numbers of tokens. This algorithm enables some battery cells
to charge while others discharge. This is consistent with the DC-DC converter
topology examined in this dissertation.
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Figure 6.1. Token Swapping algorithm with “tabular” design constraining row and
column sums.

6.2.3 Parameter Outlier Detection Algorithm
The maximum “worst-case” cell identifiability input trajectories from both the
positive and negative formulations of the token swapping algorithm are used for
the parameter outlier detection study and are scaled up to account for the battery
string model used in this study. This outlier detection study uses a string-level
model that has 100 battery cell models connected in series with the same input
trajectory to create a statistical distribution of parameters for probability-based
outlier detection. The string-level model incorporates the same equivalent-circuit
nonlinear model and nominal parameters outlined in Chapter 4. Classical ways of
approaching the outlier detection problem involve hypothesis testing on parameter
estimates for the cells in a battery pack [90] which assumes knowledge of not only
the healthy parameter distribution but also of their estimate distributions. To
avoid this problem this chapter uses an unsupervised anomaly detection technique
called Local Outlier Probabilities (LoOP). The LoOP method [99] is an extension
of the Local Outlier Factor (LOF) technique [100]. The LOF is a value proportional
to the sparsity of the k nearest neighborhood of a point in a data set. Typically
when the LOF is close to 1 the point is considered to be an inlier and outliers
have a higher value. One problem with the LOF is that the threshold to declare
an outlier is highly dependent on the data set. Outliers in one scenario might be
given an LOF of 2 and in another scenario might have a larger LOF of 20. The
LoOP method [99] builds upon the LOF method using local statistics. The final
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score of a point is between 0 and 1 and is akin to a probability of being an outlier.
The LoOP method also reduces sensitivity on the choice of k. Table 6.2 presents
an outline of the LoOP method. Note that erf is the standard Gaussian error
function and λ is akin to a significance value in hypothesis testing. In order to
compare the outlier detection performance of the optimized current trajectories
against benchmark cycles it is necessary to assume a battery pack model containing
both healthy and unhealthy cells. For the purposes of this outlier detection study
using the string-level model, the first 95 cells are healthy and the remaining 5 cells
are outliers. Table 6.3 explains the distribution of cell parameters in the string.
Note that each mean value, µ, of the parameter is equal to the nominal parameter
values in Table 6.1 respectively. The standard deviation, σ, for each parameter is
five percent of the mean.
A sampling from the above distribution produces a 100-element data set of
four-dimensional vectors. There are five outliers, four of which are along only one
direction and the fifth is along all four directions.

6.3 Electric Vehicle Case Study
The identifiability optimization problem formulation presented in Section 6.2 can
be applied to many battery pack applications, but the focus of this case study is on
an automotive application. An electric vehicle model and drive cycle are designed
to produce the external current demand trajectory needed for both the benchmark
study and the optimization problem. We develop electrically reconfigurable pack
models that allow for the functionality designed in the positive and negative token
swapping algorithms to be achievable in online automotive battery packs. The
Table 6.2. Summary of the LoOP Method Adapted from [99]
Given data set D and S(o) ⊆ D s.t. S(o) contains k nearest neighbors of o ∈ D
Distance Measure: d(o, m) = ko − mk2 where
r o ∈ D, m ∈ S(o)
P

Probabilistic Distance: pd(λ, o, S(o)) = λ ×
Probabilistic LOF: P LOF (o) =

m∈S(o)

d(o,m)2

|S(o)|
pd(λ,o,S(o))
−1
Em∈S(o)
 [pd(λ,m,S(m))]


The LoOP Value: LoOP (o) = max 0, erf
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P LOF (o)
√ √
2λ E[(P LOF )2 ]



Table 6.3. Distribution of Cell Parameters from Nonlinear Model in Table 6.1 for
100-Cell Series String

Healthy Distribution
Univariate Outlier #1
Univariate Outlier #2
Univariate Outlier #3
Univariate Outlier #4
Multivariate Outlier

Q
2
∼ N (µQ , σQ
)
µQ − 4σQ
µQ
µQ
µQ
µQ − 4σQ

τ = R1 C1
∼ N (µτ , στ2 )
µτ
µτ − 4στ
µτ
µτ
µτ − 4στ

C1
2
∼ N (µC1 , σC
)
1
µC1
µC1
µC1 − 4σC1
µC1
µC1 − 4σC1

R2
2
∼ N (µR2 , σR
)
2
µ R2
µR2
µR2
µR2 − 4σR2
µR2 − 4σR2

benchmark and optimized current profiles are used for the outlier detection study
to determine if the optimized cycles show improvements in the ability to accurately
detect “unhealthy” parameters.

6.3.1 Electric Vehicle Model & Current Profile
An important objective of this case study is to maintain the feasibility of online operating conditions found in various electric vehicle battery pack architectures. Instead
of allowing for various current trajectory shapes that are commonly implemented
using laboratory equipment, this work forces a realistic current demand profile for a
common drive cycle to be employed. An electric vehicle model generates a current
demand profile that is based on a Federal Test Procedure FTP-75 cycle. This cycle
connects two FTP-75 cycles back to back for both a morning and evening driving
component separated by 8 hours of vehicle rest to represent a daily commute to
and from work.
The model illustrated in Figure 6.2 is a generalized representation of an electric
vehicle with a 250-mile range. See Appendix C for more detail of this electric
vehicle model including, dynamic equations, controller design, all of the subsystem
block diagrams, parameter values, look-up tables, and data arrays.
The drive cycle is applied as the input to the electric vehicle model and the
output current trajectory is stored for the benchmark and optimization case studies
outlined in the rest of this chapter. This trajectory is properly scaled to account
for the six-cell model configuration. To show the validity of the optimized solutions,
benchmark cycles are created to simulate the operation of a conventional battery
pack design for the electric vehicle. The first benchmark case uses the 10-hour
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Figure 6.2. Full electric vehicle model with the vehicle speed profile as the input and
the battery pack current as the output.

current input and splits the current equally among the six cells connected in parallel.
A shorter version of this benchmark cycle is created that only uses the morning
commute driving component followed by 3 hours of vehicle rest. This 4-hour cycle
is created to further decrease the cell excitation that would assist in parameter
identification.

6.3.2 Electrically Reconfigurable Battery Packs
Two electrically reconfigurable battery pack designs are examined to determine how
varying levels of hardware complexity improve parameter identifiability. The pack
architecture diagrams in Figure 6.3 show configurations that include six battery
cells connected in parallel. Each one of these six cells is modeled as a simplified
representation of an entire string of cells. Figure 6.3.a outlines the first pack design
that incorporates MOSFET switches and adds the ability to split the pack-level
current unequally among the six cells through pulse width modulation. Figure 6.3.b
describes the second design that includes bi-directional DC-DC converters to allow
for current splitting and charge shuttling between cells even when this is no external
power demand. The cells in both Figure 6.3.a and Figure 6.3.b incorporate the
nonlinear equivalent-circuit models presented in Chapter 4.
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Figure 6.3. Electrically reconfigurable pack models, where a.) the first pack incorporates
MOSFET switches and b.) the second pack incorporates bi-directional DC-DC converters.

6.3.3 Electric Vehicle Outlier Detection Study
Distributions of parameter estimates are necessary in order to assess how well
the LoOP algorithm can work under noisy conditions. A Monte Carlo simulation
using nonlinear least-squares based parameter estimation is performed on all 100
cells using the benchmark as well as the optimized current trajectories. Since
this problem is about detecting/identifying outliers, a good way to compare LoOP
performance for different current trajectories is by generating the Receiver Operating
Curve (ROC) for each of them. The ROC plots a normalized true positive rate (i.e.
detection of an outlier that is actually an outlier) vs. the false positive rate (i.e.
detection of an outlier that is actually a healthy cell parameter inlier).

6.4 Results and Discussion
This section presents the results from both token swapping algorithm optimization
formulations as well as the results from the outlier detection study for the electric
vehicle case study outlined in Section 6.3. The results for both optimization studies
are first compared against their respective benchmark cycles to show the increase
in the Fisher information identifiability metric in Table 6.4.
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Table 6.4. Cost Function Values for Both Benchmark Cycles and Both Optimal Cycles

Determinant of Fisher
information Matrix
10-hour benchmark
1.51 × 1042
4-hour benchmark
4.44 × 1040
10-hour positive token swapping optimal
6.23 × 1043
4-hour negative token swapping optimal
3.01 × 1049
Cycle

As explained in Section 6.2, the positive Token Swapping algorithm is based on
the full 10-hour cycle while the negative token swapping algorithm is based on the
shortened 4-hour cycle. The determinant of the Fisher information matrix increases
more than an order of magnitude for the positive token swapping cycle and almost
nine orders of magnitude for the negative token swapping cycle when compared
against their respective benchmarks.
The optimized fractional input trajectories and the simulated SOC trajectories
from the positive token swapping scheme, which represents the functionality of
the MOSFET battery pack design, are shown in Figure 6.4. Figure 6.4.a shows
the optimal fractional components for each of the 6 battery cells in the pack-level
model at each time interval. During the driving components the time intervals
are 240 seconds long and there is only one time division for the rest period since
there is no external current to split between the cells. The SOC trajectories in
Figure 6.4.b are provided as another representation of how these fractional internal
currents are applied to each cell individually, but also how the final SOC constraint
is maintained.
The optimized input trajectories and the SOC trajectories from the negative
token swapping scheme, which represents the DC-DC converter battery pack design,
are shown in Figure 6.5. Figure 6.5.a illustrates the fractional amounts that the 6
battery cells experience during each time interval. The driving component has time
intervals lasting 240 seconds and the vehicle rest period has time intervals lasting
1080 seconds. This configuration allows the charge/discharge process to be reversed
for individual cells which permits the fractional amounts to be positive or negative
as long as the fractions sum to 1 and match the external current demanded from
the vehicle. During the driving component the internal current fractions sum to 1
to match external current demand and during vehicle rest they sum to 0. The SOC
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Figure 6.4. Positive token swapping optimal results for a.) cell fraction of external
current and b.) cell SOC trajectories.

trajectories show that certain cells primarily discharge so that others can charge at
Student Version of MATLAB
a much higher C-rate and vice versa. Also, by allowing charge shuttling between
cells during vehicle rest, parameter identifiability increases substantially. For this
case a simplistic constant current profile is created that originally discharges for
half of the 1080 second time division and then charges for the second half of the
time division. This profile can be flipped to first charge and then discharge so
that overall the pack current demand is still zero and the SOC constraints are
maintained.
The values of the determinant of the Fisher information matrix found in Table 6.4
do not have meaning by themselves, but when the difference between the benchmark
and optimal cases are studied, a connection becomes clear. The increase in this
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Figure 6.5. Negative token swapping optimal results for a.) cell fraction of external
current and b.) cell SOC trajectories.

cost function value is directly correlated to the decrease in the overall parameter
Student Version of MATLAB
variance for the best possible unbiased estimator, due to the Cramér-Rao lower
bound. The MOSFET pack design only has an order of magnitude improvement in
identifiability, which leads to minimal decreases in estimated parameter variance,
while the DC-DC converter pack design has nine orders of magnitude improvement
over the 4-hour benchmark cycle. The key components of the optimal signals that
increase identifiability are:
• The positive token swapping optimal solution has a single cell cycled at a
time to increase C-rate and produce large voltage transients, which improves
identifiability.
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• The negative token swapping optimal solution increases identifiability by
charging to very high SOC ranges where the open-circuit voltage versus SOC
curve became highly nonlinear.
• This second optimal solution also increases identifiability with very high
C-rates and cycling during the vehicle rest period with charge shuttling.
The outlier detection study results in Figure 6.6 show the receiver operating
curves for the true positive rate versus false positive rate of univariate outlier
detection. For this study, the 4-hour benchmark cycle was compared against the
two optimized cycles. The best possible ROC plot would show a true positive
detection value of 1 before any false positive parameter outliers are detected.
Figure 6.6.a for the univariate test with the capacity parameter, Q, as the
outlier shows the best possible ROC plot for the negative token swapping algorithm.
Therefore, to compare the other ROC plots, one must look at the area under the
curve as a measure of accuracy. Larger area corresponds to higher parameter outlier
detection accuracy. All four of these subplots show that the DC-DC converter pack
design achieves significantly better outlier detection accuracy than the MOSFET
switching pack design and the conventional pack design benchmark. Every subplot
except for the time constant parameter in Figure 6.6.b shows that the MOSFET
switching pack configuration has higher accuracy than the conventional pack design.
Figure 6.6.e shows the receiver operating curves for the true positive rate versus
false positive rate of multivariate outlier detection. Again, the optimized cycles have
improved outlier detection accuracy when compared to the conventional battery
pack design. The negative token swapping solution presents the best solution where
only true outliers are identified and none of the inlier parameter estimates are
mistaken as outliers. Figure 6.6.e highlights that the benchmark simulation is the
worst in terms of misidentifying outliers.
Each reconfigurable pack design adds functionality to more aggressively cycle
cells and even cycle cells during vehicle rest. The more complex DC-DC converter
pack design, cycled with the 4-hour test, has the largest increase in Fisher information when compared to the benchmark and also the largest increase in outlier
detection accuracy. The more simplistic MOSFET switching pack design has a
smaller improvement in Fisher information and also has a smaller improvement in
outlier detection accuracy when compared against the benchmark.
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solutions compared to the benchmark study.

6.5 Conclusions
This chapter uses the optimal trajectories created from a constrained input-shaping
problem formulation to improve the ability to accurately perform battery pack
diagnostics through parameter outlier detection. The first novel contribution of this
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chapter is the token swapping evolutionary algorithm that optimizes the fractional
input trajectories for a multi-cell equivalent-circuit battery model given an external
current demand profile from an electric vehicle. The second contribution is the
implementation of the probability-based outlier detection algorithm that illustrates
how increased parameter identifiability will lead to more accurate outlier detection.
Both electrically reconfigurable pack designs with optimized trajectories improved
the accuracy of outlier detection, or fault isolation, when compared against the
conventional battery pack design. The more complex DC-DC converter pack design
had the largest improvement in fault isolation/identification accuracy.
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Chapter 7 |
Robust Bayesian Sequential Input Shaping for Optimal Li-Ion Battery Model Parameter Identifiability

7.1 Introduction
This chapter examines the problem of maximizing Fisher information for fast and
accurate battery parameter estimation without prior knowledge of the nominal
parameter values. While chapters 4, 5, and 6 highlight the significant improvement
of battery parameter identifiability through optimal input shaping, Section 1.4
introduces an underlying challenge that has yet to be addressed in this dissertation.
This challenge originates from the fact that models that are nonlinear in the
sense of their parameters will cause the input trajectory that optimizes parameter
identifiability to be dependent on the nominal parameter set one is trying to
estimate [56, 57]. The chapter builds on the robust optimal input-shaping methods
presented in the system identification literature by combining sequential design
algorithms [59, 60] and Bayesian design algorithms [62, 63] into a general framework
that is based on Bayesian sequential optimization [101].

7.1.1 Identifiability Sensitivity to Parameter Variation
Before discussing the contribution of this chapter, it is valuable to understand
why this work is needed. An important question that addresses this challenge is:
How much will identifiability decrease if the model parameters do not accurately
represent the true battery cell? This section presents a brief discussion of how
minor variations in the nominal parameter values can dramatically change the
level of identifiability and subsequently the best-possible standard deviation of the
parameters from unbiased estimation.
Two cases are presented: 1% variation in all of the parameters and 2% variation
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in all of the parameters. The 4-parameter 2nd-order nonlinear equivalent-circuit
battery model outlined in Equations 4.20 & 4.21 along with the nominal parameter
values from Table 4.4 are used as the “truth” model. The parameter variations for
both test cases are presented in Table 7.1.
Table 7.1. Parameter Variations for the Identifiability Sensitivity Study

Parameter
Q
R1 C1
C1
R2

1% Increase
3955 C
2676 sec
17434 F
0.0202 Ω

2% Increase
3990C
2702sec
17607 F
0.0204 Ω

The values of numerical Fisher information are calculated first using the optimized input trajectory presented in Figure 5.1 for the “true” model parameters
that were used to create the optimal trajectory, then each of the parameter sets
presented in Table 7.1 are implemented with this same trajectory. The varying
levels of identifiability are compared and the change in the value of the determinant
of the Fisher information matrix show how much the lumped standard deviations of
the parameter set would change. Since the inverse of the determinant of the Fisher
information matrix is lumping 4 parameter variances together, taking the square
root of the difference between the Fisher information matrices 3 times reduces the
value to an improvement in lumped standard deviation.
For the 1% variation case, the “true” parameter determinant is 3.21 times bigger,
which leads to a lumped standard deviation increase of 16%. For the 2% parameter
variation case, the “true” parameter determinant is 7.21 times bigger, which leads
to a lumped standard deviation increase of 28%. These values of growth in standard
deviation are quite substantial for such small variations in the parameter values.
This shows that the identifiability-optimizing cycle is very dependent on the model
parameters and that if these parameter values are wrong even by small amounts,
identifiability can be decreased significantly.
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7.1.2 Unique Contribution
The previous subsection shows why it is important for the true model parameters to
be known to achieve the input trajectory that optimizes the speed and accuracy of
parameter estimation. The main contribution of this chapter alleviates this problem
through the creation of an offline input-shaping battery parameter identifiability
optimization algorithm that only needs the prior distributions of the parameters
to determine the optimal input for the true parameter values. The algorithm
is a combination of three distinct components. First, the algorithm uses the
genetic algorithm to determine an input that is optimal for a range of values for
each parameter. This GA incorporates crossover, mutation, elitism, and crowding
techniques to traverse the potentially multi-modal cost function surface that was
described in Chapter 5. Second, the robust input is applied to the equivalent-circuit
battery model with nominal parameters and added noise to simulate cycling a
battery cell experimentally. Third, the noisy output voltage measurement from
simulation is implemented in a particle filter, which supplies the parameter estimates
along with the Bayesian calculation of the posterior probability distribution. A
sampling of the parameter values with the highest probability of being accurate
and their associated posterior probabilities are returned to the genetic algorithm
from the first step. This second iteration of the GA determines the input that
is optimal for estimating the true parameters of the system. This offline robust
iterative algorithm offers significant reductions in the laboratory time needed for
accurate parameter estimation and only requires the prior knowledge of parameter
values ranges.

7.2 Battery Model Parameter Range Formulation
The range of the capacity parameter is obtained from manufacturer-supplied
data [102] and the end of life condition commonly used in the automotive industry
(80% capacity of a new cell) [103]. The other parameter ranges are determined
from the same work that the nominal parameters are obtained from in [83] and also
from work by [39]. The minimum and maximum time constants and capacitance of
the parallel RC pair are scaled to represent slow to fast dynamics from low and
high C-rate cycling. These parameter ranges are presented in Table 7.2.
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Table 7.2. Parameter Ranges Determined from Previous Experimental Cycling of 18650
Li-Ion Battery Cells [39, 83, 102].

Parameter
Q
R1 C1
C1
R2

Min Value
3168 C
300 sec
5000 F
0.01 Ω

Max Value
3960 C
6000 sec
25000 F
0.05 Ω

7.3 Robust Bayesian Sequential Input Shaping Algorithm
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Figure 7.1. Diagram of the robust Bayesian optimization algorithm’s iterative nature
with the genetic algorithm starting point.

The main objective of the robust Bayesian sequential optimization algorithm
is to determine the input trajectory that optimizes parameter identifiability for
the nonlinear equivalent-circuit battery model without knowledge of the nominal
parameter set a priori. This algorithm achieves this goal through a sequential
or iterative manner in three distinct steps. Figure 7.1 shows the iterative nature
between optimization, laboratory cycling, and particle filter estimation. This study
simulates the experimental cycling with the model outlined in Equations 4.20 &
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4.21, the nominal parameter values from Table 4.4, and Gaussian white noise added
to the voltage output signal.

7.3.1 Problem Formulation
The three distinct components of the robust Bayesian sequential optimization
algorithm are consecutively outlined below and presented in full detail in the
following three subsections. These three steps, which are illustrated in Figure 7.1,
start with the genetic algorithm.
1. The genetic algorithm is supplied with ranges for each parameter, which are
sampled based on prior information, to create varying models (parameter
sets) that are each used to calculate identifiability. The GA shapes a periodic
input to maximize a summation of these values of identifiability multiplied by
the prior probability of each parameter set (conditional Fisher information).
The algorithm uses the “worst-case” value of capacity to avoid violating SOC
constraints to obtain an input that is robust to the entire range of parameter
values. This algorithm produces the optimized input, which is simulated in
the battery model to obtain the noisy output voltage measurement.
2. The particle filter resamples the parameter space for a finer meshing of values
in accordance with the prior distribution of parameters. These particles, each
containing a parameter set, become states in an augmented state space system
where they have artificial process noise to “walk” around. The Bayesian weight
function compares the output of each particle with the simulated noisy voltage
measurement. This filter outputs the particles with their respective Bayesian
posterior probabilities.
3. The genetic algorithm samples the estimates of the parameter sets that have
the highest probability of being accurate based on the posterior probability
distribution and reruns the optimization. This second iteration of the GA
determines the optimal input trajectory for the nominal parameters of the
true system.
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7.3.2 Genetic Algorithm: 1st Iteration
The first component of the robust Bayesian sequential optimization algorithm
is the genetic algorithm. The GA determines the robust input trajectory that
maximizes the expectation of parameter identifiability, which is quantified by Fisher
information, with respect to the parameter distribution. This GA implements
crossover, mutation, and crowding techniques to avoid local optima and traverse the
multi-modal cost function surface and arrive at the global optimum. The number
of time steps, N , is defined to be 14400 and the output is sampled at 1 Hz. The
form of the periodic input remains the same from Chapters 4 and 5, and is given
as:
u(t) = I1 sin(ω1 t) + I2 sin(ω2 t)
(7.1)
where I1 and I2 are the independent amplitudes of this multi-sine wave signal and
ω1 and ω2 are the sine wave frequencies.
The cost function from Chapter 5 is expanded upon to achieve a probability
weighted function for multiple sets of parameters. This cost function is given as
the expectation with respect to the parameter distributions of the determinant of
the Fisher information matrix. When the parameter distributions are sampled,
the form of the cost function becomes a probability weighted sum of determinants
of Fisher information matrices for each sampled parameter vector. For this first
iteration of the genetic algorithm, the prior probabilities are uniform for each of
the parameter ranges. The cost function is minimized with respect to the four
optimization variables, which are the two amplitudes and two frequencies of the
multi-sine wave input signal. The derivation of the optimization problem is given
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u(t) = I1 sin(ω1 t) + I1 sin(ω2 t)
g1 : 0.01 − SOC(t) ≤ 0
g2 : SOC(t) − 0.99 ≤ 0
g3 : max u(t) − 4 ≤ 0
(7.2)
where M is the number of parameter sets, F j is the Fisher information matrix of
each parameter set j, and p(j) is the probability of parameter set j. The first two
inequality constraints, g1 and g2 , maintain the feasible operating range of the state
of charge for the battery with the “worst-case” capacity at every instance in time.
The third inequality constraint, g3 , maintains that the optimal input trajectory
at every instance in time must be less that 4 Amps. This current limitation is
introduced to stay within the recommended range of charging that is supplied by
the manufacturer. The robust input in the form of Equation 7.1 is passed to the
particle filter, which is described in the next subsection.
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7.3.3 Particle Filter Algorithm
The second sub-algorithm in the robust Bayesian optimization framework is the
particle filter, which requires the robust input from the genetic algorithm and
the simulated noisy voltage output trajectory from the true model. The particle
filter also requires a revision to the two-state battery model outlined within the
optimization problem statement in Equation 7.2 to allow the parameters to be states
in an augmented state space formulation. This model alteration is necessary to
permit joint state and parameter estimation in the particle filter framework [104,105].
The parameter states are given artificial process noise to add a random walk to
their dynamics, which is the conventional method of solving the joint estimation
problem [104]. This augmented system is given by:
ż1 =
ż3 = w1 ,

1
u,
z3

ż2 = −

ż4 = w2 ,

wi ∼ N (0, σi2 )

1
z2 + u
z4

ż5 = w3 ,

(7.3)
ż6 = w4

for i = 1, 2, 3, 4

y = Voc (z1 ) +

1
1
z2 + u
z5
z6

(7.4)
(7.5)
(7.6)

where z1 and z2 are the SOC and relaxation voltage states respectively and z3 , z4 ,
z5 , and z6 are the capacity, time constant, relaxation capacitance, and resistance
parameter states respectively. The parameter states all have their own zero mean
Gaussian process noise components to simulate random walks that are scaled for
each parameter size and range. The standard deviation values for these noise
components are presented in Table 7.3. The measurement model that is used in
the weight calculation of each particle is generated from the battery model using
the nominal parameter values from Table 4.4 in Equations 4.20 & 4.21 with a zero
mean Gaussian white noise component added to the voltage output. The particle
filter simulates the augmented state space system using a forward Euler integration
method that is discretized at 1 Hz.
The weight function, which uses Bayes’ theorem for the calculation of the
posterior probability for each of the 80,000 particles, is given as:
!

−(ymeas − yest )2
p(y|θ) = η ∗ exp
p(θ)
2σv2
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(7.7)

Table 7.3. Standard Deviation of Normal Distributions for Process Noise Added to
Each Parameter State

State
z3
z4
z5
z6

Standard Deviation
σ1
σ2
σ3
σ4

Value
3.64 × 10−1 C
5.45 × 10−1 sec
4.54 F
1.82 × 10−2 Ω

where η is the normalizing factor, ymeas is the measured voltage at time i + 1, yest is
the estimated voltage for a particular particle at time i+1. The voltage measurement
variance is given by σv2 = 2.5 × 10−5 V 2 , and p(θ) is the prior probability of that
particle’s parameter set, which is initially uniform for all parameters. This weight
function is recalculated every second. When the particle filter resamples every 3300
seconds with a low variance method the prior probabilities for the next calculation
of the posteriors are matched with the new particles. This causes Equation 7.7
above to deviate from a true calculation of Bayes’ theorem for the entire test
length. Therefore, the distribution of particles obtained at the last time step is
run through the particle filter again without any resampling to obtain the true
posterior probabilities. The posterior probability distribution is sampled to take
the 100 particles (parameter sets) with the best probabilities, and is output from
the particle filter. These parameter sets with their associated posterior probabilities
are passed on to the genetic algorithm.

7.3.4 Genetic Algorithm: 2nd Iteration
The third and final sub-algorithm is the 2nd iteration of the genetic algorithm that
incorporates the results from the particle filter. The genetic algorithm samples the
parameter sets with the highest probability of being accurate and their associated
posterior probabilities determined from the particle filter and runs them through
the same formulation described in Section 7.3.2. The cost function that is derived in
Equation 7.2 incorporates the posterior probabilities of each parameter set, which
are non-uniform. This function determines the optimal input that is dependent on
the parameter estimates and posterior probabilities obtained from particle filter.
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The SOC inequality constraints are updated to include the new “worst-case” value
of capacity from the sampled parameter sets. The results from each one of these
three sub-algorithms that comprise the robust Bayesian sequential input shaping
algorithm are presented in the next section.

7.4 Results
The robust Bayesian optimization algorithm introduced in previous section is
simulated to produce (i) an optimized input trajectory that is robust to parameter
uncertainty, (ii) a “measured” output voltage trajectory using this optimized input,
which is just the true model simulated with added measurement noise, (iii) a set of
parameter estimates with associated posterior probabilities, and (iv) an optimized
input trajectory that is optimal for the true parameter identifiability. The final
optimal values for the multi-sine wave input trajectories are presented in Table 7.4
for the 1st iteration of the GA and Table 7.6 for the 2nd iteration of the GA.
Table 7.4. Optimization Variables for the Optimal Multi-Sine Input Trajectory From
1st GA Iteration

Optimization Variable Optimal Value
1.27A
I1∗
I2∗
3.03A
1
rad
∗
ω1
254.37 s
rad
1
ω2∗
509.64 s

Table 7.5. Comparison of the Optimization Cost Function Values

Iteration of GA
1st Iteration
2nd Iteration

Cost Function Value
4.48 × 1050
6.36 × 1053

The results from this simulation study produce three central observations. First,
the SOC inequality constraint is a primary limit on the level of identifiability
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Figure 7.2. Robust input for the entire range of parameters using constraints for the
“worst-case” capacity.
Table 7.6. Optimization Variables for the Optimal Multi-Sine Input Trajectory from
2nd GA Iteration
Student Version of MATLAB

Optimization Variable Optimal Value
I1∗
2.20A
∗
I2
2.28A
rad
1
∗
ω1
375.26 s
1
rad
ω2∗
749.75 s
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Figure 7.3. Best estimates at every instant in time for each parameter along with a
reference line at the true value for each parameter.

achievable through optimization. For example, Table 7.5, which presents the two
cost function values for the optimized input trajectories from both iterations of the
GA, shows a 3 order of magnitude difference. Sharma and Fathy discuss that the
2nd-order nonlinear equivalent circuit model will have high Fisher identifiability
when the battery is cycled with large C-rates and the OCV-SOC curve’s slope
is large [45]. The top subplot in both Figure 7.2 and Figure 7.4 show that the
maximum C-rates are comparable, but the bottom subplot in these two figures
show the SOC range is much different. The bottom subplot in Figure 7.4 also
shows the SOC lingering in low SOC region, which for this LFP battery cell has
a very high slope. The SOC subplot in Figure 7.2 is limited by the “worst-case”
capacity parameter sampled from the original parameter range and SOC subplot
in Figure 7.4 is limited by the updated “worst-case” capacity parameter sampled
from the particle filter distribution.
Second, the particle filter struggles to converge for the capacity parameter due to
the SOC limitation from the “worst-case” capacity parameter. Figure 7.3 shows the
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Figure 7.4. Optimal input for the parameter set with the highest probability obtained
in the particle filter.
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line at the true parameter value. The top left subplotStudent
of this
figure
illustrates the
Version
of MATLAB
difficulty of convergence for the capacity parameter, as the best estimate continues
to oscillate around the true value at the end of the simulation. The optimized
input for parameter robustness only discharges the true cell from 99% to 20% SOC,
which does not spend significant time in the regions of the OCV-SOC curve with
high slope for this LFP cell.
Third, the optimized input from the 2nd iteration of GA achieves the input
trajectory that optimizes parameter identifiability for the nominal or true parameter
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set. This observation is possible because the measurement model is represented by
the true model presented in Chapter 4 with added simulated noise. For example, the
top subplot for the optimized input from this 2nd iteration in Figure 7.4 matches
the shape of the optimized input from Chapter 5 in Figure 5.1 where the nominal
parameter set was used for the optimization.

7.5 Conclusions
This chapter develops a robust Bayesian sequential algorithm that uses inputshaping to maximize the model parameter identifiability of an equivalent-circuit
lithium-ion battery model assuming only prior knowledge of parameter distributions.
The algorithm has three main sub-algorithms that consist of:
1. A genetic algorithm that determines an input that is robust to parameter
uncertainties by using an average determinant of Fisher information over the
parameter space.
2. A particle filter that produces sets of parameter estimates along with their
Bayesian posterior probabilities.
3. A genetic algorithm that re-optimizes the weighted cost function with the
estimated parameter sets that have the highest probability of being accurate
and their posterior probabilities.
These three sub-algorithms are run iteratively until the parameter estimates converge
to the truth values and the input trajectory optimized for Fisher identifiability
is produced. The output from the first genetic algorithm is simulated with the
battery model to represent an experimental measurement, which is passed on to
the particle filter. A simulation study shows that the iterative algorithm converges
quickly to the truth values of the parameters and the optimal input trajectory.
This chapter describes a sequential algorithm that achieves the optimal input for
battery parameter identifiability without knowledge of the nominal parameter set
a priori. This algorithm presents a framework to reduce experimental time needed
for accurate parameterization and trajectory optimization for identifiability.
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Chapter 8 |
Conclusions

Altogether, this dissertation presents a framework for battery parameter identifiability optimization through input shaping covering both thermal and electrochemical
models as well as systems with both offline and online constraints. Each chapter of
this dissertation is summarized in the follow list.
1. Chapter 1 presents the background motivation of this work and the literature
review that emphasizes the importance of this dissertation. More specifically,
the work in this dissertation builds on the literature that highlights the
fundamental challenge of poor battery parameter identifiability, outlined in
Section 1.2, and the work on optimally shaping input trajectories to improve
this challenge discussed in Section 1.3.
2. Chapter 2 introduces the Fisher information metric used to quantify the
identifiability of the battery model parameters and describes how Fisher
information connects to the best-case estimation covariance matrix through
the Cramér-Rao bound. This chapter also covers the main methods for
reducing the Fisher information matrix to a scalar optimization objective
presented in the system identification literature, as well as the methods used
throughout this dissertation.
3. Chapter 3 motivates the opportunity to achieve faster and more accurate
entropy coefficient estimates for a thermal battery model through input shaping. This chapter optimizes linear thermal battery parameter identifiability
through periodic input shaping to achieve accurate estimation of the entropy
coefficient in a fraction of the time when compared against experiments presented in the literature. The simulation-based results presented in this chapter
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are validated through an experimental study that proves this connection by
Sergio Mendoza in close collaboration with this dissertation’s author.
4. Chapter 4 extends input shaping identifiability optimization to controloriented equivalent-circuit battery models and studies both linear and nonlinear formulations of this model. This chapter highlights the fact that the
optimal frequency for the linear battery model is proportional to the model
parameters. The chapter also optimizes nonlinear equivalent-circuit battery
parameter identifiability through periodic input shaping and achieves more
accurate estimation of model parameters when compared against standard
electric vehicle benchmark cycles. This result emphasizes that electric vehicle
applications would benefit the most from this optimization technique.
5. Chapter 5 experimentally validates the simulation-based results presented in
Chapter 4 through a batch parameter estimation study that highlights the
improvements in speed and accuracy of parameter estimation of the optimized
cycle when compared against the automotive benchmark cycles. The results
from Chapters 4 & 5 suggest that the improvements in parameter identifiability
seen from the periodic optimal input might be beneficial for online battery pack
health monitoring. This targeted diagnostics test would require novel battery
pack architectures capable of isolating a cell and conducting specialized tests
that are different from normal operating conditions.
6. Chapter 6 addresses this problem of requiring novel battery pack architectures for targeted diagnostics. The chapter optimizes parameter identifiability
through the internal allocation of an electric vehicle battery pack’s pre-defined
external current demand for a battery pack with MOSFET switching capabilities and a pack with bi-directional DC/DC converters. This chapter
implements the optimized cycles in an outlier-detection study to show how
identifiability improvements can increase the accuracy of health diagnostics.
The outlier-detection study shows that the two optimized cycles are able
to more accurately detect outlier (less-healthy) parameters when compared
against the conventional pack design.
7. Throughout this dissertation, a common question continues to surface. How
can we determine the input that optimizes parameter identifiability if the
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trajectory is proportional to the parameters that are to be estimated? The
final body of work contained in Chapter 7 presents a combination of methods
from the system identification literature on robust identifiability optimization
to solve this problem in the battery domain for the first time. This chapter
achieves optimal parameter identifiability through periodic input shaping with
only prior knowledge of parameter distributions through robust Bayesian
sequential optimization. This method combines the genetic optimization algorithm with a particle filter using Bayes’ theorem to iterate the optimized input
while updating from prior to posterior information of parameter distributions.
All of the contributions within this dissertation combine to form a broad battery
parameter identifiability optimization framework that approaches thermal and
electrochemical battery models, operating constraints of online systems, and the
need for prior knowledge of parameter values to achieve the optimal input trajectory.
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Appendix A|
Optimal Values of Multi-Sine Wave Components
for Thermal Battery Model Parameter Identifiability
Maximization

In Section 3.3, this dissertation presents an input shaping optimization problem
for maximizing the parameter identifiability of entropy coefficients. The input
temperature trajectory is of the form:
u(t) =

n
X

Ai sin (ωi t + φi ) + β

(A.1)

i=1

where Ai are the amplitudes, ωi are the frequencies, φi are the phases, and β is the
offset. The indices of the specified optimization variables indicates that they apply
to each of the sine waves separately.
In the process of determining the tradeoff between maximum identifiability and
computational complexity of the optimization algorithm, this dissertation showed
results ranging from a single sine wave to a multi-sine wave that has 4 components.
This appendix contains the optimal values for the amplitudes, frequencies, phases,
and offsets from each case of this optimization study in the four tables below.
Table A.1. Optimization Variables for the Optimal n=1 Sine Wave Input Trajectory

Optimization Variable
Optimal Value
∗
A1
30 ◦ C
∗
ω1
3.7070 ∗ 10−4 rad
s
φ∗1
−4.0836 ∗ 10−5 rad
β∗
6 ◦C
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Table A.2. Optimization Variables for the Optimal n=2 Sine Wave Input Trajectory

Optimization Variable Optimal Value
A∗1
12.8816 ◦ C
9.5293 ∗ 10−4 rad
ω1∗
s
φ∗1
1.0383 rad
45.0000 ◦ C
A∗2
4.5299 ∗ 10−4 rad
ω2∗
s
φ∗2
−0.1757 rad
β∗
2.7680 ◦ C

Table A.3. Optimization Variables for the Optimal n=3 Sine Wave Input Trajectory

Optimization Variable Optimal Value
A∗1
20.0273 ◦ C
ω1∗
1.1713 ∗ 10−3 rad
s
φ∗1
−3.1415 rad
A∗2
55.0000 ◦ C
∗
ω2
5.9785 ∗ 10−4 rad
s
φ∗2
−0.8046 rad
A∗3
49.5216 ◦ C
ω3∗
9.7977 ∗ 10−4 rad
s
φ∗3
0.7946 rad
β∗
10.2929 ◦ C

99

Table A.4. Optimization Variables for the Optimal n=4 Sine Wave Input Trajectory

Optimization Variable Optimal Value
29.4455 ◦ C
A∗1
∗
1.1428 ∗ 10−3 rad
ω1
s
0.3820 rad
φ∗1
A∗2
9.1887 ◦ C
7.8759 ∗ 10−4 rad
ω2∗
s
∗
φ2
3.0584 rad
6.0228 ◦ C
A∗3
ω3∗
1.6591 ∗ 10−3 rad
s
1.5307 rad
φ∗3
A∗4
38.0174 ◦ C
8.1439 ∗ 10−4 rad
ω4∗
s
φ∗4
−1.2785 rad
β∗
24.6471 ◦ C
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Appendix B|
Experimental Parameter Estimation Results from
Additional Battery Cells

Figure B.1 presents the estimation convergence of each of the four model parameters
using the optimal and two benchmark cycles for battery cell #1 from the experiment.
All of the parameters have similar convergence trajectories when compared against
cell #2, except for the capacity parameter for the FTP-CC cycle. This parameter
for the FTP-CC benchmark cycle converges to the correct value during the last
batch estimations step.
Figure B.2 presents the estimation convergence of each of the four model
parameters using the optimal and two benchmark cycles for battery cell #3 from
the experiment. The capacity and capacitance parameters have similar convergence
trajectories, while the time constant and resistance parameters are different from
the case with cell #2. The time constant for FTP-CCCV cycle seems to converge
to a correct value and both benchmarks converge to similar values for the series
ohmic resistance. In the case of resistance, both of the benchmark cycle values are
higher than the nominal parameter from the model. Table B.1 presents the final
estimation values for all four parameters over all three input cycles for battery cells
#1 & #3 from the experiment.
Figure B.3 and Figure B.4 present the voltage error histogram and the RMSscaled voltage error histogram for cell #1, respectively. Both of these figures present
similar results as from the case with cell #2, except that they both have larger bias
for the optimal cycle due to the larger experimental voltage drop.
Figure B.5 and Figure B.6 present the voltage error histogram and the RMSscaled voltage error histogram for cell #3, respectively. Again, both of these figures
present similar results as from the case with cell #2, except that they both have
larger bias for the optimal cycle due to the larger experimental voltage drop.

101

Capacity Parameter

Time Constant Parameter

1.4

12000

1.3

10000

1.2
8000
R1C1 [s]

Q [A.h]

1.1
1
Opt
0.9

CCCV
CC

4000

CCCV

0.8

Opt
6000

CC
2000

0.7

0
0

50

4

100
150
Test Time [min]

200

250

0

Capacitance Parameter

x 10

50

100
150
Test Time [min]

200

250

Series Ohmic Resistance Parameter

3

0.045

2.5

0.04

2
R [Ω]

1.5

2

C1 [F]

0.035

0.03

Opt

1

Opt
CCCV
CCCV

0.025

CC

0.5

CC

0

0.02
0

50

100
150
Test Time [min]

200

250

0

50

100
150
Test Time [min]

200

250

Figure B.1. Estimated parameter values for batch estimation occurring every 30 minutes
for all four parameter values for battery cell #1.
Table B.1. Optimal Parameter Values for Cells #1 & #3 After Test Completion

Parameters
Q[C]
R1 C1 [s]
C1 [F ]
R2 [Ω]

Optimal
3881
405.618
16, 759
0.0385

Cell 1
FTP-CC
3902
11, 000
25, 606
0.0411

FTP-CCCV
2430
90
1, 528
0.0325
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Cell 3
Optimal
3917
323.15
14, 536
0.0634

FTP-CC
4183
11, 000
24, 491
0.0407

FTP-CCCV
2430
2031
2, 031
0.0421

Capacity Parameter

Time Constant Parameter

1.4

12000

1.3

10000

1.2
8000
Opt
R1C1 [s]

Q [A.h]

1.1
1
Opt
0.9

CCCV

CCCV

6000

CC
4000

CC

0.8

2000

0.7

0
0

50

4

100
150
Test Time [min]

200

250

0

Capacitance Parameter

x 10

50

100
150
Test Time [min]

200

250

Series Ohmic Resistance Parameter

3

0.08

2.5

0.07

2

0.06
R2 [Ω]

1

C [F]

Opt
1.5

1

CC
0.04

Opt
CCCV

0.5

CCCV

0.05

0.03

CC
0

0.02
0

50

100
150
Test Time [min]

200

250

0

50

100
150
Test Time [min]

200

250

Figure B.2. Estimated parameter values for batch estimation occurring every 30 minutes
for all four parameter values for battery cell #3.
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Figure B.3. Voltage error histogram of cell #1 for (Top) Benchmark cycle with CC
charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal cycle.
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Figure B.4. RMS-Scaled voltage error histogram of cell #1 for (Top) Benchmark cycle
with CC charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal
cycle.
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Figure B.5. Voltage error histogram of cell #3 for (Top) Benchmark cycle with CC
charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal cycle.
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with CC charging, (Middle) Benchmark cycle with CCCV charging, (Bottom) Optimal
cycle.
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Appendix C|
Electric Vehicle Simulink Model

C.1 Description of Electric Vehicle Model with Dynamic Equations
The input to electric vehicle model presented in Figure 6.2 is the FTP-based drive
cycle, which is a vehicle speed as a function of time trajectory. This trajectory
is passed into the driver block in Figure 6.2 where a proportional integral (PI)
controller translates this vehicle speed profile to a throttle command profile. The
throttle command is passed into the control scheme block where it is either passed
to the electric motor torque-speed map or the electric generator torque-speed map.
These two maps represent the varying levels of torque demand based on the motor
speed and throttle command. The torque demanded from the motor and generator
is passed to the vehicle dynamics block where the vehicle speed is determined.
There is one state equation to govern the vehicle dynamics, which is given as:
1
(Froad − Froll − Fdrag )
(C.1)
m
where U is the speed of the vehicle, m is vehicle mass, and Froad is the force from
the electric motor applied through the wheels to the road. The rolling resistance
force is Froll and the aerodynamic drag force is Fdrag .
The motor torque is also used to determine the power demand from the battery
pack. The torque and motor speed are used to determine the motor efficiency from
the map found in [106]. This efficiency is used to determine the power demand from
the battery pack and is scaled to cell-level power demand. The cell-level power is
divided by the instantaneous open-circuit voltage, which is a function of battery
cell SOC, to obtain the instantaneous current. This value is compared against
the following equation to determine which component of the quadratic solution to
U̇ =
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implement based on which value is closer to the true current.

I=

−VOC ±

q

2
+ 4P Rcell
VOC

2Rcell

(C.2)

where VOC is the open-circuit voltage, P is the power demand passed into the
equation, and Rcell is the ohmic resistance of the battery cell. The true current
profile found to be closest to the approximate current from the two quadratic
solutions is designated as I. This current profile is used as the external current
demand presented in Section 6.2. The current is used to solve for the battery state
of charge with the follow equation.
˙ =
SOC

I
Qcell

(C.3)

where Qcell is the charge capacity of the battery cell. SOC is the state of charge
of the cell at any instance in time. This value is passed back to the control scheme
block in the Figure 6.2 and used for the rest of the simulation.

C.2 Subsystems Contained within the EV Simulink Block Diagram
Figures C.1-C.5 present the internal block diagrams for all of the subsystem blocks
presented in Figure 6.2 in Chapter 6. These block diagrams illustrate all of the
internal dynamics and controllers for the electric vehicle model.

Figure C.1. EV model Driver subsystem.
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Figure C.2. EV model Control Scheme subsystem.

Figure C.3. EV model MG Efficiency subsystem within Control Scheme subsystem.
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Figure C.4. EV model Battery Pack subsystem.

Figure C.5. EV model Vehicle Dynamics subsystem.

C.3 Model Variables
This section presents the variables, look-up tables, and data arrays needed to
simulate the electric vehicle model presented in Chapter 6.
% 250-Mile Range EV Simulation Initialization
% Mike Rothenberger
% 1/17/14
% Constants
R_cell = 0.02;
cells = 224;
FDR = 9.73;
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Q_batt = 0.9181;
string = 96;
% 2D Lookup table values for the engine torque
engine_RPM=[0 700 800 1000 1500 2000 2500 3000 3300 3800 4300];
engine_rad=[0 73.30 83.78 104.72 157.08 209.44 261.80 314.16...
345.58 397.94 450.30];
mdot=[0 0.025 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4];
throttle=[-0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 -0.025 0];
ES_dem = [0; 83.78; 83.78; 83.78; 157.08; 209.44; 209.44;
209.44; 209.44; 209.44];
T_dem = [0; 7.65; 40.16; 98.13; 154.44; 212.10; 268.78; 322.93;
374.57; 423.70];
% Rows are MG speed values and Columns are Torque values
MGS_old = [0; 52.36; 104.72; 157.08; 209.44; 261.80; 314.16;
366.52; 418.88; 471.24; 523.60; 575.96; 628.32;
680.68; 733.04; 785.40];
MGS = [0; 111.7; 223.4; 335.1; 446.8; 558.51; 670.21; 781.91;
893.61; 1005.31; 1117.01; 1228.71; 1340.41; 1452.11;
1563.82; 1675.52];
MT_old = [-765 -700 -600 -500 -400 -300 -200 -100 0 100 200...
300 400 500 600 700 765];
MT = [-600 -525 -450 -375 -300 -225 -150 -75 0 75 150 225...
300 375 450 525 600];
% Efficiency values for electric motor/generator
% [Suh Dissertation - Ref. 103]
Eff = zeros(16,17);
Eff(:,1) = [65; 65; 70; 75; 82; 0; 0; 0; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,2) = [65; 65; 70; 75; 82; 86; 0; 0; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,3) = [65; 65; 70; 75; 86; 86; 86; 0; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,4) = [65; 65; 75; 82; 86; 90; 90; 86; 0; 0; 0; 0;
0; 0; 0; 0];
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Eff(:,5) = [70; 70; 78; 82; 90; 92; 92; 92; 86; 86; 0;
0; 0; 0; 0; 0];
Eff(:,6) = [70; 70; 75; 86; 90; 94; 94; 94; 94; 92; 90;
86; 86; 86; 0; 0];
Eff(:,7) = [70; 70; 75; 86; 90; 94; 94; 96; 96; 96; 96;
94; 92; 90; 86; 86];
Eff(:,8) = [70; 70; 70; 75; 75; 75; 75; 75; 75; 75; 75;
75; 75; 75; 75; 78];
Eff(:,9) = [50; 50; 50; 50; 50; 50; 50; 50; 50; 50; 50;
50; 50; 50; 50; 50];
Eff(:,10) = [70; 70; 70; 75; 75; 75; 75; 75; 75; 75; 75;
75; 75; 75; 75; 75];
Eff(:,11) = [70; 70; 75; 86; 90; 94; 94; 96; 96; 96; 96;
94; 92; 90; 86; 86];
Eff(:,12) = [70; 70; 75; 86; 90; 94; 94; 94; 94; 92; 90;
86; 86; 86; 0; 0];
Eff(:,13) = [70; 70; 75; 82; 90; 92; 92; 92; 86; 86; 0;
0; 0; 0; 0; 0];
Eff(:,14) = [65; 65; 75; 82; 86; 90; 90; 86; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,15) = [65; 65; 70; 75; 86; 86; 86; 0; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,16) = [65; 65; 70; 75; 82; 86; 0; 0; 0; 0; 0; 0;
0; 0; 0; 0];
Eff(:,17) = [65; 65; 70; 75; 82; 0; 0; 0; 0; 0; 0; 0; 0;
0; 0; 0];
% Open Circuit Voltage as
V = [2.000; 2.760; 2.885;
3.163; 3.188; 3.209;
3.250; 3.256; 3.262;
3.292; 3.295; 3.299;
3.318; 3.320; 3.321;
3.325; 3.325; 3.325;
3.329; 3.329; 3.330;
3.335; 3.336; 3.337;
3.344; 3.345; 3.347;
3.356; 3.358; 3.359;
3.365; 3.365; 3.366;
3.370; 3.371; 3.373;
3.405; 3.423; 3.453;

function of SOC - A123 18650 cell
2.963; 3.020; 3.066; 3.103; 3.136;
3.225; 3.233; 3.237; 3.241; 3.245;
3.268; 3.273; 3.279; 3.284; 3.288;
3.303; 3.306; 3.310; 3.313; 3.315;
3.323; 3.323; 3.324; 3.324; 3.324;
3.326; 3.326; 3.327; 3.327; 3.328;
3.330; 3.331; 3.332; 3.333; 3.334;
3.338; 3.339; 3.340; 3.341; 3.343;
3.348; 3.350; 3.351; 3.353; 3.355;
3.361; 3.362; 3.363; 3.364; 3.364;
3.366; 3.367; 3.367; 3.368; 3.369;
3.375; 3.378; 3.381; 3.386; 3.394;
3.505; 3.600];
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SOC = 1:1:101;
Torq_old = [0
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20
0 20

100
200
100
50
50
50
50
50
50
50
50
50
50
50
50
50

200
400
400
200
200
100
100
100
100
100
100
100
100
100
100
100

500
765
600
400
300
200
200
200
200
200
100
100
100
100
100
100

765
765
765
765
400
300
300
300
200
200
200
200
100
100
100
100

765
765
765
765
765
500
400
300
300
300
300
200
200
200
200
200

765
765
765
765
765
700
600
500
400
400
300
300
300
200
200
200

765
765
765
765
765
700
600
500
400
400
300
300
300
300
200
200

765 765;
765;
765;
765;
765;
700;
600;
500;
400;
400;
300;
300;
300;
300;
200;
200];

Torq = [0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

157
157
78
39
39
39
39
39
39
39
39
39
39
39
39
39

392
314
314
157
157
78
78
78
78
78
78
78
78
78
78
78

600
600
471
314
235
157
157
157
157
157
78
78
78
78
78
78

600
600
600
600
314
235
235
235
157
157
157
157
78
78
78
78

600
600
600
600
600
392
314
235
235
235
235
157
157
157
157
157

600
600
600
600
600
549
471
392
314
314
235
235
235
157
157
157

600
600
600
600
600
549
471
392
314
314
235
235
235
235
157
157

600;
600;
600;
600;
600;
549;
471;
392;
314;
314;
235;
235;
235;
235;
157;
157];

78
17
17
17
17
17
17
17
17
17
17
17
17
17
17
17

Regen = [-600
-600
-600
-600

-600
-600
-600
-600

-600
-600
-600
-600

-600
-600
-600
-600

-600
-600
-600
-600

-600
-600
-471
-314
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-392
-314
-314
-157

-157
-157
-78
-39

-78
-17
-17
-17

0;
0;
0;
0;

-600
-549
-471
-392
-314
-314
-235
-235
-235
-235
-157
-157

-600
-549
-471
-392
-314
-314
-235
-235
-235
-235
-157
-157

-600
-549
-471
-392
-314
-314
-235
-235
-235
-157
-157
-157

-600
-392
-314
-235
-235
-235
-235
-157
-157
-157
-157
-157

-314
-235
-235
-235
-157
-157
-157
-157
-78
-78
-78
-78

-235
-157
-157
-157
-157
-157
-78
-78
-78
-78
-78
-78

-157
-78
-78
-78
-78
-78
-78
-78
-78
-78
-78
-78

-39
-39
-39
-39
-39
-39
-39
-39
-39
-39
-39
-39

-17
-17
-17
-17
-17
-17
-17
-17
-17
-17
-17
-17

0;
0;
0;
0;
0;
0;
0;
0;
0;
0;
0;
0];

time = 0:1:1877;
ftp75=[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1.34,2.64,...
3.84,5.14,6.39,7.55,7.73,8.09,9.25,9.70,10.01,10.06,...
9.88,9.61,9.34,9.12,8.85,7.60,6.66,6.66,6.80,6.93,...
7.15,7.64,8.54,9.43,10.15,10.24,10.15,10.1,9.52,8.49,...
7.64,7.06,7.06,7.91,8.85,9.66,10.37,10.82,11,11.13,...
11.18,11,10.95,11.04,11.09,11.04,11,11,11.22,11.44,...
11.49,11.35,11.13,11.18,11.35,11.62,11.62,11.49,11.67,...
11.94,12.29,12.79,13.1,13.32,13.46,13.59,13.72,13.72,...
13.63,13.59,13.55,13.59,13.77,13.59,13.37,13.19,13.32,...
13.55,13.72,13.81,13.86,13.81,13.59,13.32,13.37,13.5,...
13.72,13.95,14.22,14.39,14.48,14.39,14.17,12.79,11.31,...
9.83,8.36,6.88,5.41,3.93,2.46,0.980,0,0,0,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0,1.48,2.95,4.43,5.90,7.38,8.85,9.92,10.86,11.53,...
11.8,11.49,11.22,11.04,11.18,11.27,11.35,11.53,12.16,...
11.85,10.73,10.15,8.67,7.91,7.69,8.09,8.31,8.94,9.92,...
10.95,12.2,13.63,14.98,16.18,16.67,17.57,18.11,18.82,...
19.45,20.16,20.56,20.92,21.23,21.23,21.14,21.1,21.01,...
21.01,21.01,21.01,21.01,21.1,21.19,21.41,21.68,21.95,...
22.13,22.35,22.62,22.8,23.02,23.34,23.78,24.18,24.41,...
24.54,24.59,24.54,24.41,24.41,24.5,24.63,24.81,24.9,...
25.08,25.17,25.3,25.35,25.35,25.26,25.26,25.26,25.26,...
25.26,25.26,25.21,25.08,24.94,24.63,24.41,24.23,24.14,...
24.01,23.96,24.1,24.14,24.18,24.18,24.05,23.87,23.69,...
23.51,23.29,23.42,23.25,23.2,23.11,23.02,23.07,23.16,...
23.29,23.47,23.69,23.92,24.14,24.54,24.77,24.86,25.03,...
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25.03,24.94,24.68,24.36,23.96,23.47,23.02,23.02,23.02,...
22.84,22.4,22.35,22.4,22.35,22.17,22.13,22.13,22.13,...
21.95,21.73,21.5,21.1,20.61,20.12,19.58,19.04,18.55,...
18.02,17.21,16.54,15.74,15.11,14.53,14.08,13.68,13.63,...
13.41,12.96,12.29,11.09,9.61,8.99,8.54,8.27,7.60,6.93,...
5.59,4.83,3.58,2.10,0.630,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0.45,1.92,3.40,4.87,6.35,7.73,8.94,10.06,10.59,11.27,...
11.89,12.56,13.41,13.77,14.13,14.35,14.66,15.02,15.42,...
15.47,15.6,15.56,15.42,15.51,15.87,16.09,16.09,16.09,...
16.09,16.09,16.09,16.14,16.27,16.32,16.27,16.09,15.69,...
15.24,14.98,14.04,12.96,11.49,10.28,9.07,7.82,6.48,...
5.36,3.89,2.41,0.940,0,0,0,0,0,0,1.16,2.64,4.11,5.59,...
7.06,8.54,10.01,11.18,11.44,12.29,12.96,13.41,13.46,...
13.41,13.28,13.1,12.87,12.52,11.18,9.70,8.23,6.75,...
5.28,3.80,2.32,0.850,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0,1.48,2.95,4.43,5.90,7.38,8.85,10.33,11.8,12.43,...
13.01,14.08,14.75,15.02,15.56,15.69,15.91,16.14,16.09,...
16.14,16.18,16.09,15.96,16.09,16.09,15.91,15.87,15.83,...
15.74,15.74,15.74,15.74,15.74,15.74,15.65,15.69,15.74,...
15.87,15.74,15.65,15.65,15.65,15.56,15.47,15.42,14.98,...
14.31,13.46,12.52,11.4,10.06,8.85,7.38,5.90,4.60,3.22,...
1.79,0.450,0,0,0,0,0,0,0.540,1.56,2.46,2.91,3.80,4.29,...
4.69,5.32,6.26,7.15,7.91,8.49,8.99,9.39,9.83,10.28,...
10.64,10.95,11.13,11.18,11.18,11.18,11.18,11.18,11.18,...
11.44,11.53,11.62,11.44,11.27,11.18,11.18,11.18,10.91,...
10.33,8.85,7.38,5.90,4.43,2.95,1.48,0,0,0,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,1.48,2.95,4.43,5.81,6.53,7.15,7.60,...
7.60,7.60,7.82,7.91,7.91,7.82,7.60,7.55,7.42,7.60,7.64,...
7.60,7.42,7.38,7.38,7.42,7.60,7.87,8.27,8.58,9.03,9.39,...
9.43,9.48,9.66,9.83,10.01,10.06,10.06,10.06,10.15,10.59,...
11.22,11.62,11.85,12.07,11.67,10.19,8.72,7.24,5.77,4.29,...
2.82,1.34,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0,0.890,2.01,3.49,4.56,5.59,6.26,6.84,7.82,8.76,...
9.39,9.92,10.42,10.95,11.31,11.44,11.62,11.67,11.71,...
11.71,11.8,11.85,11.85,11.62,11.4,10.55,9.57,8.27,7.33,...
6.48,5.19,3.89,2.59,1.56,0.890,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0.630,1.48,1.97,2.91,4.11,5.05,6.04,6.53,7.33,7.47,...
7.38,7.38,8.14,8.58,8.99,9.61,10.06,10.06,9.88,10.15,...
10.42,10.51,10.06,9.66,9.16,8.05,6.71,5.36,4.02,2.77,...
2.01,1.34,0.940,0.220,0.220,1.43,2.91,4.29,5.59,6.26,...
7.15,8.05,8.76,9.61,10.33,10.95,11.4,11.85,12.11,12.34,...
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12.47,12.65,12.79,12.79,12.65,12.61,12.52,12.29,11.98,...
11.4,10.51,9.61,8.49,7.38,6.66,5.59,4.20,2.77,1.34,...
0.67,0.67,0.22,0,1.34,2.82,4.29,5.77,7.06,7.82,8.23,...
8.72,9.25,9.83,10.37,11.18,11.85,12.29,12.52,12.65,...
12.92,12.92,12.92,12.87,12.74,12.65,12.65,12.65,12.61,...
12.34,12.29,12.29,12.29,12.29,12.29,12.29,12.34,12.52,...
12.74,13.41,13.86,14.31,14.75,14.75,15.02,15.2,15.33,...
15.29,15.2,15.2,15.15,15.02,14.8,14.75,14.53,14.31,...
14.26,14.13,14.08,13.68,13.41,13.37,13.37,13.37,13.37,...
13.23,13.19,13.19,13.1,12.92,12.61,12.38,12.07,11.4,...
10.59,9.83,9.16,8.58,8.58,8.99,9.34,9.57,9.83,10.1,...
10.37,10.73,11.18,11.62,11.89,11.89,11.98,12.07,12.16,...
12.43,12.56,12.87,12.92,12.96,13.01,12.96,12.56,12.29,...
12.07,11.53,11.18,10.95,11.09,11.22,11.4,11.49,11.71,...
12.03,12.29,12.43,12.7,12.96,13.05,13.01,12.96,12.92,...
12.74,12.56,12.52,12.52,12.34,12.16,11.89,12.07,12.29,...
12.43,12.52,12.43,12.52,12.52,12.52,12.38,12.25,12.03,...
11.89,11.85,11.85,11.85,11.76,11.71,11.71,11.58,11.44,...
11.44,11.58,11.53,11.4,11,10.51,9.92,9.66,9.66,9.70,...
10.1,10.46,10.73,10.82,10.91,11.13,11.22,11.27,11.31,...
11.4,11.27,11.18,11.18,11.18,11.04,10.95,10.86,10.86,...
10.95,11.18,11.18,11,11,10.77,10.95,11.22,11.44,11.22,...
10.73,9.83,8.99,7.55,6.08,4.60,3.13,1.65,0.180,0,0,0,...
0.890,2.37,3.84,5.32,6.80,7.82,8.31,8.94,9.43,9.83,...
10.28,10.95,11.76,12.29,12.56,12.7,12.74,12.74,12.74,...
12.38,12.29,12.16,11.98,11.85,11.62,11.49,11.27,10.73,...
9.83,9.61,9.61,9.75,10.06,10.28,10.19,10.19,10.28,...
10.15,10.15,10.15,10.51,10.73,11,11.09,11.22,11.4,...
11.44,11.4,11.18,10.77,10.59,10.37,10.24,10.06,9.83,...
9.66,9.16,7.82,6.35,4.87,3.40,1.92,0.450,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0.540,...
1.79,3.26,4.74,6.21,7.60,8.27,8.94,9.75,10.28,10.73,...
11.09,11.44,11.85,11.98,12.25,12.47,12.65,12.52,12.29,...
12.07,12.07,11.76,10.95,10.06,9.61,9.21,8.05,6.71,5.50,...
4.96,4.74,4.47,4.25,4.07,3.89,3.84,3.93,4.02,3.89,3.84,...
3.58,3.13,2.24,1.88,1.16,0.450,0,0.0400,0.270,0.720,...
1.61,3.08,4.47,5.72,6.26,6.48,7.15,8.09,8.94,9.39,9.48,...
9.52,9.57,9.70,10.06,10.28,10.64,10.95,11.18,11.13,...
11.09,11.18,11.35,11.53,11.62,11.8,11.89,12.03,12.07,...
12.07,12.07,12.03,11.98,11.98,11.85,11.8,11.62,11.4,11,...
10.51,9.61,8.94,7.82,7.15,6.26,4.78,3.31,1.83,0.360,0,...
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0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0.940,2.41,3.89,5.36,6.84,...
8.31,9.43,10.28,10.51,10.28,10.06,8.94,7.47,5.99,4.52,...
3.04,1.56,0.0900,0,0,0,0,0,0,0,0,0,0,0.0900,0.670,1.56,...
2.91,4.38,5.36,5.77,5.81,5.63,5.72,5.86,5.86,6.26,6.93,...
7.60,8.31,8.81,9.39,9.61,9.75,9.75,9.61,9.48,9.61,9.75,...
9.83,9.79,9.70,9.61,9.61,9.57,8.99,8.72,8.58,8.76,8.85,...
8.94,8.72,7.82,6.93,5.81,4.47,3.58,2.68,1.79,1.12,0.310,...
0,0,0,0,0,0,0,0,0.450,0.450,0.450,0.450,0.450,0.720,...
1.34,1.79,2.24,2.82,3.58,4.47,4.69,4.25,3.80,3.40,3.93,...
4.92,6.26,7.60,8.72,9.39,9.75,9.92,10.28,10.55,10.77,...
10.95,10.95,10.73,10.51,10.51,10.51,10.51,10.51,10.51,...
10.73,10.77,10.95,11.04,11.18,11.35,11.44,11.49,11.62,...
11.71,12.07,12.43,12.65,12.96,13.01,12.96,12.52,11.04,...
9.57,8.09,6.62,5.14,3.67,2.19,0.720,0,0,0,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0.670,2.15,3.62,5.10,...
5.90,6.75,7.51,8.18,8.72,9.07,9.52,9.79,9.88,10.01,...
9.83,9.66,9.43,9.16,8.94,8.76,8.27,7.82,7.38,6.93,6.26,...
4.92,3.58,2.32,1.12,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0,0,1.34,2.64,3.84,5.14,6.39,7.55,7.73,8.09,9.25,...
9.70,10.01,10.06,9.88,9.61,9.34,9.12,8.85,7.60,6.66,...
6.66,6.80,6.93,7.15,7.64,8.54,9.43,10.15,10.24,10.15,...
10.1,9.52,8.49,7.64,7.06,7.06,7.91,8.85,9.66,10.37,...
10.82,11,11.13,11.18,11,10.95,11.04,11.09,11.04,11,11,...
11.22,11.44,11.49,11.35,11.13,11.18,11.35,11.62,11.62,...
11.49,11.67,11.94,12.29,12.79,13.1,13.32,13.46,13.59,...
13.72,13.72,13.63,13.59,13.55,13.59,13.77,13.59,13.37,...
13.19,13.32,13.55,13.72,13.81,13.86,13.81,13.59,13.32,...
13.37,13.5,13.72,13.95,14.22,14.39,14.48,14.39,14.17,...
12.79,11.31,9.83,8.36,6.88,5.41,3.93,2.46,0.980,0,0,0,...
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0,1.48,2.95,4.43,5.90,7.38,8.85,9.92,...
10.86,11.53,11.8,11.49,11.22,11.04,11.18,11.27,11.35,...
11.53,12.16,11.85,10.73,10.15,8.67,7.91,7.69,8.09,8.31,...
8.94,9.92,10.95,12.2,13.63,14.98,16.18,16.67,17.57,...
18.11,18.82,19.45,20.16,20.56,20.92,21.23,21.23,21.14,...
21.1,21.01,21.01,21.01,21.01,21.01,21.1,21.19,21.41,...
21.68,21.95,22.13,22.35,22.62,22.8,23.02,23.34,23.78,...
24.18,24.41,24.54,24.59,24.54,24.41,24.41,24.5,24.63,...
24.81,24.9,25.08,25.17,25.3,25.35,25.35,25.26,25.26,...
25.26,25.26,25.26,25.26,25.21,25.08,24.94,24.63,24.41,...
24.23,24.14,24.01,23.96,24.1,24.14,24.18,24.18,24.05,...
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23.87,23.69,23.51,23.29,23.42,23.25,23.2,23.11,23.02,...
23.07,23.16,23.29,23.47,23.69,23.92,24.14,24.54,24.77,...
24.86,25.03,25.03,24.94,24.68,24.36,23.96,23.47,23.02,...
23.02,23.02,22.84,22.4,22.35,22.4,22.35,22.17,22.13,...
22.13,22.13,21.95,21.73,21.5,21.1,20.61,20.12,19.58,...
19.04,18.55,18.02,17.21,16.54,15.74,15.11,14.53,14.08,...
13.68,13.63,13.41,12.96,12.29,11.09,9.61,8.99,8.54,...
8.27,7.60,6.93,5.59,4.83,3.58,2.10,0.630,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0.450,1.92,3.40,4.87,6.35,7.73,8.94,...
10.06,10.59,11.27,11.89,12.56,13.41,13.77,14.13,...
14.35,14.66,15.02,15.42,15.47,15.6,15.56,15.42,15.51,...
15.87,16.09,16.09,16.09,16.09,16.09,16.09,16.14,...
16.27,16.32,16.27,16.09,15.69,15.24,14.98,14.04,12.96,...
11.49,10.28,9.07,7.82,6.48,5.36,3.89,2.41,0.940,0,0,0,...
0,0,0,1.16,2.64,4.11,5.59,7.06,8.54,10.01,11.18,11.44,...
12.29,12.96,13.41,13.46,13.41,13.28,13.1,12.87,12.52,...
11.18,9.70,8.23,6.75,5.28,3.80,2.32,0.850,0,0,0,0,0,0,...
0,0,0,0,0,0,0,0,0,0,0,0,0,1.48,2.95,4.43,5.90,7.38,...
8.85,10.33,11.8,12.43,13.01,14.08,14.75,15.02,15.56,...
15.69,15.91,16.14,16.09,16.14,16.18,16.09,15.96,16.09,...
16.09,15.91,15.87,15.83,15.74,15.74,15.74,15.74,15.74,...
15.74,15.65,15.69,15.74,15.87,15.74,15.65,15.65,15.65,...
15.56,15.47,15.42,14.98,14.31,13.46,12.52,11.4,10.06,...
8.85,7.38,5.90,4.60,3.22,1.79,0.450,0,0,0,0,0,0];
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