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ABSTRACT

Collision avoidance maneuvers to prevent orbital collisions between two
catalogued objects are typically planned multiple days in advance. If the warning time is
decreased to less than half-an-orbit in advance, the problem becomes more complex.
Typically, the maneuver (assumed to be impulsive) would be placed at perigee or apogee
and oriented in the direction that allows for a fuel-optimal maneuver to be performed well
before the predicted collision. Instead, for rapid collision avoidance scenarios, finite burn
propagation was applied to determine the thrust duration and direction required to reach a
desired minimum collision probability. Determining the thrust time and direction for a wide
range of orbits and spacecraft properties results in a semi-analytical solution to the collision
avoidance problem anywhere in Low-Earth Orbit. The speed at which this method can be
applied makes it valuable when minimal time is available to perform such a maneuver.
For many spacecraft missions, even the slightest change in the orbit of the
spacecraft may significantly affect its ability to perform to its required specifications.
With the high volume of debris in orbit, debris-creating events could occur with no
advanced notice, making rapid collision avoidance scenarios a real possibility. Care must
be taken to ensure that any potential collision is avoided while minimizing the effect of
the maneuver on the spacecraft’s mission performance. Assuming perfect knowledge of
the states of all objects and that the possible collisions occur at high relative velocities,
the required thrusting time to achieve a desired collision probability is found. Varying the
iii

desired collision probability, the resulting changes in the required thrust duration time
(and, thus, fuel use) can be observed, providing options for trading the fuel use and
likelihood of a collision. Additionally, both of these variables contribute directly to the
ability of the spacecraft to perform to the desired mission specifications. As the collision
probability threshold and required burn time increase, the mission performance decreases.
The level of robustness necessary in the mission specifications can be used to limit the
desired collision probability threshold. This is accomplished by determining the time and
fuel required to perform the collision avoidance maneuver to the desired probability level
and analyzing the effect of the time spent away from the mission orbit and the quantity of
fuel required to perform the maneuver on the mission performance. It was found that, for
notification times less than around 20 minutes, it is best to decrease the collision
probability as much as the available fuel will allow without regard for the time duration
of the maneuver. As the notification time increases past 20 minutes, more emphasis can
be placed on the time required to perform the entire maneuver and it was found that
simultaneously minimizing the maneuver time and collision probability outweighed the
slight extra fuel required for such a maneuver. Such analysis would prove significant in
real-time spacecraft operations when determining an optimal collision probability
threshold (typically a subjective variable) for rapid collision avoidance scenarios.
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Chapter 1
Introduction
In typical debris collision avoidance scenarios (COLA), the optimal maneuver is
first determined by analyzing the encounter region where the two objects are predicted to
collide. In situations where both the primary and secondary bodies can be tracked, their
positions and velocities are determined to within their associated errors in the
corresponding position covariance ellipsoids. Though not necessary for most cases with
near-circular orbits, the covariance ellipsoids may be oriented for which the velocities are
not perfectly aligned with their major principal axes. At the predicted time of collision,
the covariance data is used to determine a maximum probability of collision and miss
distance for the encounter. For any collision avoidance scenario, the goal is to reach a
desired separation distance between the two objects at the predicted time of collision by
performing a fuel-optimal maneuver.1,2
One main factor driving the planning of the maneuver is the starting and desired
orientation of the primary object. Depending on the current operating conditions, the
spacecraft may be pointed in a certain direction to best utilize its solar panels, scientific
equipment, or other directional hardware. Time must be allotted to re-orient the
spacecraft so that the main thrusters are pointed in the desired direction to perform the
maneuver. Additional time will be allotted to ensure that the thrust is applied at apogee or

perigee, the most efficient locations in orbit to change the energy of the object. With
these in mind, a maneuver is planned (assuming an impulsive burn) to reach the desired
separation distance at the predicted time of collision with the least amount of fuel. These
maneuvers can take hours, if not days, to plan and optimize.3
Unfortunately, with the uncertainty in the position of any two objects and the
inability to track objects smaller than 10 cm in diameter, not all collisions can be
avoided.4 Debris from such a collision or other debris-creating events could put other
satellites on collision courses with the newly-created debris with minimal time until the
collision (possibly even less than half-an-orbit in duration). Currently, minimal previous
work exists in avoiding collisions with such a small notification time.
When planning avoidance maneuvers for collisions between two catalogued
objects, covariance data is often known for both objects. However, when the secondary
object is newly-created, less opportunity exists to determine similar characteristics.
Therefore, in scenarios with minimal time-to-collision, the secondary object must be
considered as only a point mass and the probability must be determined with the
information known about the primary object (its covariance assumed to be oriented in the
direction of the velocity vector). In addition, it is assumed that no time is available to
rotate the spacecraft to a more desirable orientation, so the thrust is assumed to be applied
in the original orientation, and the thrust magnitude must be chosen as such.4
Collision avoidance maneuvers with less than half-an-orbit to both plan and
execute involve additional complexities not found in typical advanced notification
avoidance maneuvers due to the limited time available. For instance, finite burn analysis
must be applied instead of assuming an impulsive burn maneuver. The limited time
2

available also leads to complexity in choosing both an optimal burn direction and burn
location, which will both be covered in detail later. Working under these assumptions, a
numerical solution can be determined for a fuel-optimal avoidance maneuver.
It is the analysis of the optimal burn direction, however, that led to the discovery
of a semi-analytical solution to the problem. Assuming that the spacecraft of interest is in
Low-Earth Orbit (LEO), a semi-analytical solution to the fuel-optimal collision
avoidance maneuver is solved. This is accomplished by minimizing the finite burn time
to reach the minimum separation distance at the time of closest approach for a given
spacecraft location, thrust magnitude (assumed to be constant), thrust direction, and
remaining time until the collision (time-to-collision). Once a relationship between the
optimal burn time and the desired separation distance at the time of closest approach is
found, the separation distance can be converted into a desired collision probability
threshold, resulting in a single relationship between the spacecraft parameters, the
required burn time, and the desired collision probability threshold.
Varying the desired collision probability, the resulting changes in the required
thrust duration time (and, thus, fuel use) can be observed, providing options for trading
the fuel use and likelihood of a collision. Additionally, both the probability of collision
and the fuel use contribute directly to the ability of the spacecraft to adhere to the desired
mission specifications. As the maximum collision probability and required burn time
increase, the mission performance decreases with it. The level of robustness necessary in
the mission specifications can then be used to limit the desired maximum collision
probability. This is accomplished by determining the time and fuel required to perform
the collision avoidance maneuver to the desired probability level and analyzing the effect
3

of the time spent away from the mission orbit and the quantity of fuel required to perform
the maneuver on the mission performance. It was found that, for notification times less
than around 20 minutes, it is best to decrease the collision probability as much as the
available fuel will allow without regard for the time duration of the maneuver. As the
notification time increases past 20 minutes, more emphasis can be placed on the time
required to perform the entire maneuver and it was found that simultaneously minimizing
the maneuver time and collision probability outweighed the slight extra fuel required for
such a maneuver. These observations allow us to determine an optimal maximum
collision probability (typically a subjective variable) for rapid collision scenarios.

1.1 Current Technology
Each entity involved in the operations of spacecraft, whether government, private,
or an FFRDC (Federally Funded Research and Development Center), has its own
software for spacecraft collision avoidance. At The Aerospace Corporation5, in their
support of U.S. National Security Space Systems, the decision to perform a collision
avoidance maneuver is based on a cost–risk analysis that requires a quantifiable measure
of risk. Unlike a keep-out criterion, collision probability provides the needed
quantification of risk. The collision probability is weighed against the propellant
consumed and shortened operational life span of the spacecraft and the value of the asset
can be used to establish a collision risk threshold. In order to perform maneuvers as
efficiently as possible, a four-dimensional space is searched for the optimal solution
including the time of application, velocity magnitude, and direction (right ascension and
declination) of the applied maneuver. Computational efficiencies in propagation,
4

collision probability calculation, and optimization are required to allow sufficient time for
maneuver planning. This method, in which the collision probability prediction was made
more efficient by replacing a two-dimensional integral with a one-dimensional path
integral (increasing computational speed by a factor of 20), was applied to determine an
actual maneuver for a geostationary asset while taking into account multiple possible
conjunctions and was found to have worked as planned at reducing the collision
probability.5
Given the on-going necessity for collision avoidance maneuvers, similar tools
have also been developed for use in concurrence with Analytical Graphics Inc.’s STK
(Satellite Tool Kit).6 AGI themselves developed such a tool that can perform parametric
studies of single-axis and dual-axes maneuvers by assessing changes in the combined
object’s cross-sectional surface-area in the encounter plane and exploring candidate times
and the required change in velocity (∆V) for possible avoidance maneuvers. For the
determined time of closest approach, the tool reads the positions, velocities, covariances
and physical sizes of both objects from STK. Then, given an upper bound on ∆V and a
range of allowable maneuver times, the tool maps out collision probability contours.6
Despite the growing availability of such tools, none are currently being employed within
the industry that can solve for optimal rapid collision avoidance maneuvers in the allotted
time.

5

1.2 Previous Research
While previous research has been performed in solving rapid collision avoidance
maneuvers and in determining analytical solutions for more thoroughly planned
maneuvers, none has yet to be published combining the two. One publication, reference
[7], discusses a new approach to finding the optimal collision avoidance maneuver
considering multiple possible conjunctions within a short time period by applying a
genetic algorithm. The paper demonstrates a handful of test cases of varying complexities
and appears to be a valid alternative to the analytical solution approach. Like the research
by Patera and Peterson5 mentioned above, the solution considers multiple possible
conjunctions and aims to decrease computation time but, in this case, has yet to be
verified.
Research has also been performed at the Technical University of Madrid in
formulating collision avoidance maneuvers as an eigenvalue problem.8 In doing so, the
authors created an analytical solution to minimize the maneuver cost while maximizing
the separation distance. The optimization is based on a linear relation between the b-plane
impact point displacement and the applied maneuver impulse.9 However, this research is
operating under the assumption that the applied burn is impulsive. As is demonstrated in
Chapter 5, though, the burn cannot be assumed to be impulsive for rapid response
maneuvers. Though this may be a high accuracy analytical solution, it unfortunately
cannot be applied to the research presented in this paper where finite burn analysis is
used instead.
A second paper [10] detailing an analytical collision avoidance maneuver solution
formulated as a typical optimal feedback control problem with a penalty term

6

incorporated into the performance index, and designed such that the penalty increases
sharply as two objects approach each other. A two-point boundary value problem was
formed for a standard Hamiltonian system, resulting in a near-optimal control law
represented as a truncated power series in feedback form. This algorithm was able to
generate near-optimal trajectories without any initial guess or iterative process. Though
this is an analytical solution and can be solved with minimal computational resources, its
applications to the research presented in this paper are minimal given that the optimal
control problem is unnecessary when a single optimal thrusting angle can be assumed for
rapid response maneuvers.
A final publication was found related to the research presented here in which a
method for reactive collision avoidance (RCA) is presented, which plans accelerationlimited trajectories in real-time to avoid the incoming spacecraft.11 The feasibility of
RCA-based formation path-planning was established by showing that the cost penalty of
reactive as compared to predictive collision avoidance is on the order of 50% and that
collisions in collision-unconstrained formation maneuvers are very rare. They
demonstrated that, by accepting a probabilistically minor amount of sub-optimality,
scalable formation path-planning is possible. Then, the paper continued on to present a
three-dimensional, fuel-optimal RCA algorithm. Rather than finding the globally optimal
avoidance trajectory, it was shown that a greedy RCA algorithm was both fast and
effective. Though not applicable in this scope of this paper, this application of RCA may
be useful in the future when looking to apply the research presented in this paper to realtime rapid response collision avoidance maneuvers.

7

Chapter 2
Spacecraft Maneuvers
When determining the fuel required to avoid an object in-orbit, an analysis of the
avoidance maneuver is required. To calculate the maneuver, the position and velocity of
the spacecraft is described using either orbital elements or state vectors. With the state
known, the desired type of maneuver is chosen based on the time available, the fuel
allocated for the maneuver, and the starting and desired location of the spacecraft. These
maneuvers do vary, however, based on the orbital regime that the collision is predicted to
occur in, which determines the perturbing forces acting on the spacecraft. This chapter
explains in detail the maneuvers considered in this collision avoidance research.

2.1 Orbital Elements and State Vectors
Six constants and time are required to completely describe the orbit of a satellite
in orbit about the Earth. For most propagation methods, the six components of the state
vectors r and v are sufficient. To fully understand the shape of the orbit, however, the
classic orbital elements must be determined. To describe the size and shape of the orbit,
the semimajor axis, a, and eccentricity, e, are used. The next three constants are used to
describe the orientation of the orbit plane. The first, inclination (i), is defined as the angle
between the orbit plane and the equatorial plane. The right ascension of the ascending
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node, or RAAN, is represented by Ω and is defined as the angle between the line
connecting the center of the Earth to the first point of Aries and the location of the
ascending node (where the satellite crosses the equatorial plane). The argument of
perigee, ω, is the angle between the same node and perigee (the point of the orbit closest
to the earth). This leaves one last orbital element, the true anomaly (θ), which defines the
location of the satellite in the orbit with respect to perigee. These six elements, visualized
in Fig. 2.1, completely describe the position and velocity of the satellite in its orbit.
Throughout this paper, these elements will be used to describe all orbits considered.12

Figure 2.1. The Six Classic Orbital Elements.

9

Though the orbital elements are the easiest to visualize, propagating the orbit
using them is less accurate than with the position and velocity state vectors. Fortunately,
it is possible to transform from the orbit element set to the state vectors. First, the angular
momentum, h, is
ℎ = √𝜇𝑎(1 − 𝑒 2 )

(2.1)

where μ is the standard gravitational parameter of the Earth. Now, the position and
velocity in the Earth Centered Inertial Frame (ECI) can be found from

𝒓𝑬𝑪𝑰 =

ℎ2
𝜇

cos(𝜃)
[ sin(𝜃) ]
1+𝑒𝑐𝑜𝑠𝜃
0
1

(2.2)

and

𝒗𝑬𝑪𝑰 =

−sin(𝜃)
[𝑒 + cos(𝜃)]
ℎ
0

𝜇

(2.3)

To transfer from the ECI frame to the Earth Centered Earth Fixed (ECEF) frame, a
direction cosine matrix must be used:
− sin(Ω) cos(𝑖) sin(𝜔) + cos(Ω) cos(ω) cos(Ω) cos(𝑖) sin(𝜔) + sin(Ω) cos(ω)
𝑄 = [− sin(Ω) cos(𝑖) cos(𝜔) − cos(Ω) sin(ω) cos(Ω) cos(𝑖) cos(𝜔) − sin(Ω) sin(ω)
sin(Ω) sin(i)
− cos(Ω) sin(𝑖)

sin(𝑖) sin(𝜔)
sin(𝑖) cos(𝜔)]
cos(𝑖)

(2.4)

Then, the transformation becomes
𝒓𝑬𝑪𝑬𝑭
𝒓𝑬𝑪𝑰
[𝒗
] = 𝑄′ [𝒗 ]
𝑬𝑪𝑬𝑭

𝑬𝑪𝑰

(2.5)

where ‘ denotes the transpose of Q. With the state vectors now known, the spacecraft’s
position and velocity can be found at any point in time by propagating the spacecraft’s
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location forward using MATLAB’s ordinary differential equation solver, ode45 (a fourth
and fifth order Runge Kutta solver with variable time steps).
The propagator, ode45, is based on the Dormand-Prince method and provides
fourth-order accuracy with a fifth order error control, and propagates the orbit forward in
time by integrating the equations of motion. In orbit, the acceleration of an object is
defined as13

𝒂=

𝑟𝑥
𝜇
𝑟
− ‖𝒓‖3 [ 𝑦 ]
𝑟𝑧

(2.6)

At each time step, MATLAB numerically integrates the inputted velocity vector values
and the calculated acceleration values to determine updated position and velocity state
vectors at the new location. The position and velocity of the spacecraft at the notification
time determines the location and type of maneuver necessary to successfully avoid the
debris.

2.2 Types of Maneuvers
Maneuvers can be broken down into two types: impulsive and finite burn. When
the time available to perform the maneuver is significantly greater than the required burn
duration, the burn can be assumed to be impulsive. In this research, two types of
impulsive burn maneuvers, the minimum-fuel Hohmann transfer and the minimum-time
Lambert’s problem, were considered.
The Hohmann transfer minimizes fuel by performing only two burns at the most
effective locations to do so. Departing the original orbit, the first burn is placed at perigee
11

and the second burn is placed (in the reverse direction) at apogee of the final orbit upon
arrival. The total ΔV (change in velocity) for this maneuver is calculated by summing the
difference between the orbital velocity of the original orbit and the orbital velocity of the
transfer arc at the departure point and the difference between the orbital velocity of the
final orbit and the orbital velocity of the transfer arc at the arrival point. A Hohmann
transfer involves solving for the three different angular momenta: the original orbit, the
transfer orbit, and the final orbit. These are expressed as
𝒓𝒑𝟏 ∙ 𝒓𝒂𝟏

ℎ1 = √2𝜇 √‖𝒓

𝒑𝟏 + 𝒓𝒂𝟏 ‖

𝒓𝒑𝟏 ∙ 𝒓𝒂𝟐

ℎ2 = √2𝜇 √‖𝒓

𝒑𝟏 + 𝒓𝒂𝟐 ‖

𝒓𝒑𝟐 ∙ 𝒓𝒂𝟐

ℎ1 = √2𝜇 √‖𝒓

𝒑𝟐 + 𝒓𝒂𝟐 ‖

(2.7)

(2.8)

(2.9)

where rp and ra are the perigee and apogee of the orbits, respectively, 1 denotes the
original orbit, and 2 denotes the transfer orbit.13 The orbital velocity at each
departure/arrival point for each of the three orbits can then be found simply from
𝑣 = ℎ/𝑟

(2.10)

This gives four different velocity values: departure from the original orbit, arrival on the
transfer orbit, departure from the transfer orbit, and arrival on the final orbit. The total
velocity change required is then found to be
Δ𝑉 = |𝑣𝑝2 − 𝑣𝑝1 | + |𝑣𝑎3 − 𝑣𝑎2 |

12

(2.11)

where p denotes the departure point, a denotes the arrival point, 1 denotes the original
orbit, 2 denotes the transfer orbit, and 3 denotes the final orbit. Substituting in the
velocity values and the angular momenta values gives
𝜇

1

𝑖

𝑖

Δ𝑉 = |√𝑟 − √2𝜇 (𝑟 +

1

1

)| + |√2𝜇 (𝑟 +

𝑟𝑖 +𝑟𝑓

𝑓

1
𝑟𝑖 + 𝑟𝑓

𝜇

) − √𝑟 |
𝑓

(2.12)

The time to perform this maneuver is equal to the period of the transfer orbit divided by
two:5
Δ𝑡 =

𝜋
√𝜇

𝑎3/2

(2.13)

where a is the semimajor axis of the transfer orbit.
The minimum-time solution is solved using Lambert’s problem, the transfer of a
spacecraft from one point in space to another. With the starting and ending locations (any
location in the orbit) specified, Lambert’s problem can be used to determine the range of
transfer times available to perform the maneuver, as well as the corresponding semimajor
axis value of the transfer arc. When desired, the minimum-time solution can be found.
Starting with the two locations, the angle between them is found using7
‖𝒓𝒊 𝑥 𝒓𝒇 ‖

Δ𝜃 = tan−1 (

𝒓𝒊 ∙ 𝒓𝒇

)

(2.14)

Now the chord between the two points, c, can be found using the law of cosines
2

𝑐 = √‖𝒓𝒊 ‖2 + ‖𝒓𝒇 ‖ − 2‖𝒓𝒊 ‖‖𝒓𝒇 ‖ cos(Δ𝜈)
where c and ν are defined in Fig. 2.2.

13

(2.15)

u2

v2
2

v1

uc

u1
1

Figure 2.2. Lambert’s Problem Diagram14
Next, the semiperimeter, s, can be easily found from
𝑠=

‖𝒓𝒊 ‖+ ‖𝒓𝒇 ‖+𝑐

(2.16)

2

With the values c and s, the variables α and β can be calculated as such
𝑠

𝛼 = 2 sin−1 (√2𝑎)
𝑠−𝑐

𝛽 = ± 2 sin−1 (√ 2𝑎 )

(2.17)

(2.18)

where β is negative if Δνis greater than 180°.12 At this point, however, a, the semimajor
axis of the transfer orbit is unknown. In order to minimize the maneuver time, the process
must be iterated over increasing values a until the transfer time no longer decreases,
starting with the minimum semimajor axis value

14

𝑎𝑚 =

𝑠

(2.19)

2

Then, iterating through the values of a and the corresponding α and β values, the time-offlight is found from
𝑎3

𝑡𝑓 = √ 𝜇 {𝛼 − sin(𝛼) − [𝛽 − sin(𝛽)]}

(2.20)

Now, the required ΔV for the maneuver can be found. First, the velocity vectors at the
beginning and the end of the transfer orbit must be calculated. A set of skewed unit
vectors, as defined in Fig. 2.2, are determined to be
𝒖𝟏 =

𝒓𝟏
‖𝒓𝟏 ‖

(2.21)

𝒖𝟐 =

𝒓𝟐
‖𝒓𝟐 ‖

(2.22)

𝒖𝒄 =

𝒓𝟐 −𝒓𝟏

(2.23)

𝑐

From these vectors, the velocity vector at the beginning of the transfer can be found from
𝒗𝟏 = (𝐴 + 𝐵)𝒖𝒄 + (𝐵 − 𝐴)𝒖𝟏

(2.24)

where
𝜇

𝛼

𝜇

𝛽

𝐴 = √4𝑎 cot ( 2 )

𝐵 = √4𝑎 cot ( 2 )

(2.25)

(2.26)

Similarly, the velocity vector when departing the transfer orbit is
𝒗𝟐 = (𝐴 + 𝐵)𝒖𝒄 − (𝐵 − 𝐴)𝒖𝟐
15

(2.27)

The required ΔV for the maneuver is then calculated using12
Δ𝑉 = |𝒗𝟏 − 𝒗𝒊 | + |𝒗𝟐 − 𝒗𝒇 |

(2.28)

These two types of impulsive maneuvers have their limitations, though. A
maneuver can only be assumed to be impulsive when the time allocated to perform the
maneuver is significantly greater than the time spent thrusting. When this condition is not
met, the thrust must be modeled as a finite burn.
When modeling a finite burn, the thrust is no longer assumed to occur at a single
location, but is instead distributed throughout a finite length of time. As mentioned in the
previous section, the spacecraft’s position is propagated forward by integrating the
equation of motion using MATLAB’s ode45. When applying a finite burn, the equation
of motion is changed slightly to include the acceleration due to the thrust

𝒂=

𝑟𝑥
𝜇
− ‖𝒓‖3 [𝑟𝑦 ]
𝑟𝑧

sin(𝛼) cos(𝛽)
+ 𝑚 [cos(𝛼) cos(𝛽)]
sin(𝛽)
𝑇

(2.29)

where T is the thrust, m is the mass, and α and β, are the in-plane (α) and out-of-plane (β)
thrusting angles in the body-fixed RCN (radial-circumferential-normal) reference frame.
When integrating this equation at every time step, the mass use is determined by
𝑚̇ =

−𝑇
𝐼𝑠𝑝 𝑔

(2.30)

where Isp is the specific impulse and g is the acceleration due to Earth gravity. This means
that the total spacecraft mass, m, in Eq. 2.23 changes at each time step. Additionally, the
total ΔV added due to the thrust can be calculated using
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Δ𝑉 =

𝑇/𝑚
𝑚̇
𝑚

1+( )𝑡

(2.31)

where t is the total burn duration in seconds. This type of maneuver is used extensively in
rapid collision avoidance.15

2.3 Orbital Regimes and Perturbations
No matter the type of maneuver performed, variations occur based on the orbital
regime that the collision is predicted to occur in, which determines the perturbing forces
acting on the spacecraft. In most scenarios, collision avoidance maneuvers will be
necessary in a LEO or a Geostationary Earth Orbit (GEO). Spacecraft in LEO (altitudes
between 160 and 2000 km) will see the highest changes in acceleration due to perturbing
forces from atmospheric drag, oblateness (how non-spherical the Earth is), N-body
accelerations (from the Moon and the Sun) and solar radiation pressure. Spacecraft in
GEO (altitude of about 35,786 km), on the other hand, will primarily experience
perturbations due to N-body forces (from the Moon and the Sun) and solar radiation
pressure.
One method to apply these perturbations is through Cowell’s method, where the
acceleration due to the disturbances is added to the equations of motion during each
numerical integrations step,

𝒂=

𝑟𝑥
𝜇
𝑟
− ‖𝒓‖3 [ 𝑦 ]
𝑟𝑧
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+ 𝒂𝒑

(2.32)

where ap is the vector sum of all the perturbing accelerations to be included in the
integration.14
The perturbing acceleration must then be calculated for each perturbing force. To
find the perturbation due to the oblateness of the Earth, first the latitude of the spacecraft
is found from the ECEF position using MATLAB’s built-in ecef2lla function. Then, the
position, latitude (φ), and 70-by-70 tesseral and zonal coefficients (C, and S) and
potentials (P) are used to determine the gravitational potential (U) and its derivatives.
𝜇

𝑅

𝑅

𝐸 𝑖
𝐸 𝑖
𝑈 = ∑𝑖,𝑗 ‖𝒓‖ 𝑃𝑖,𝑗 𝑠𝑖𝑛(𝜑) (‖𝒓‖
) 𝐶𝑧 + (‖𝒓‖
) 𝑃𝑖,𝑗 (𝐶𝑡 cos(𝑗𝜑) + 𝑆𝑡 sin(𝑗𝜑))

𝜕𝑈
𝜕𝑟

𝜕𝑈
𝜕𝜑

𝜕𝑈
𝜕𝜆

𝜇

𝑅

𝐸 𝑖
= − ∑𝑖,𝑗 ‖𝒓‖2 (‖𝒓‖
) (𝑖 + 1)𝑃𝑖,𝑗 (𝐶𝑡 cos(𝑗𝜑) + 𝑆𝑡 sin(𝑗𝜑))

𝜇

(2.33)

(2.34)

𝑅

𝐸 𝑖
= ∑𝑖,𝑗 ‖𝒓‖ (‖𝒓‖
) (𝑃𝑖,𝑗 − 𝑗𝑡𝑎𝑛(𝜑)𝑃𝑖,𝑗 )(𝐶𝑡 cos(𝑗𝜑) + 𝑆𝑡 sin(𝑗𝜑)) (2.35)

𝜇

𝑅

𝐸 𝑖
= ∑𝑖,𝑗 ‖𝒓‖ (‖𝒓‖
) 𝑗𝑃𝑖,𝑗 (−𝐶𝑡 sin(𝑗𝜑) + 𝑆𝑡 cos(𝑗𝜑))

(2.36)

where RE is the radius of the Earth, St and Ct are the tesseral values of S and C,
respectively, Cz is the zonal component of C, and i and j correspond to the indices of the
70-by-70 matrices. Then, the derivatives of r, φ, and λ are found with respect to r.
𝜕𝒓
𝜕𝑟

𝜕𝝋
𝜕𝑟

𝜕𝝀
𝜕𝑟

=

=

=

𝒓
‖𝒓‖

1

(2.37)
𝒓𝒓

1

(2.38)

3

𝜕𝑟

√𝒓𝟏 2 +𝒓𝟐 2

𝜕𝑟

(− ‖𝒓‖𝟑2 + 𝜕𝑟 )

√𝒓𝟏 2 +𝒓𝟐 2

𝜕𝑟

(𝒓1 𝜕𝑟 − 𝒓2 𝜕𝑟 )

The perturbing acceleration is now found from16
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2

1

(2.39)

𝒂𝒐𝒃𝒍𝒂𝒕𝒆𝒏𝒆𝒔𝒔 =

𝜕𝑈 𝜕𝒓

𝜕𝑈 𝜕𝝋

𝜕𝑈 𝜕𝝀

+ 𝜕𝜑 𝜕𝑟 + 𝜕𝜆 𝜕𝑟
𝜕𝑟 𝜕𝑟

(2.40)

The next perturbation calculation, for drag, is much simpler. The acceleration due
to drag is found simply from17
𝒂𝒅𝒓𝒂𝒈 =

1 𝐶𝑑 𝐴
2 𝑚

𝜌‖𝒗𝒓𝒆𝒍 ‖𝒗𝒓𝒆𝒍

(2.41)

where

𝒗𝒓𝒆𝒍

𝒗𝟏
𝒗
−
= [ 𝟐 𝜔𝒓1 ]
𝒗𝟑

(2.42)

in which ω is the rotation rate of Earth in rads/sec, Cd is the coefficient of drag, A is the
cross-sectional surface area in the ram direction, and ρ is the atmospheric density.
Calculating the acceleration due to N-body gravitational forces is equally simple.
Given the position of the Sun and the Moon with respect to the Earth, the acceleration
due to each individual body can be found using
𝒂𝒏𝒃𝒐𝒅𝒚 = 𝜇𝑏𝑜𝑑𝑦

𝒓𝒃𝒐𝒅𝒚 +𝒓𝒔𝒄
‖𝒓𝒃𝒐𝒅𝒚 +𝒓𝒔𝒄 ‖

3

−

𝒓𝒃𝒐𝒅𝒚
‖𝒓𝒃𝒐𝒅𝒚 ‖

3

(2.43)

where rsc is the radius vector between the spacecraft and the Earth and all vectors are
defined in Fig. 2.3. Adding all of the accelerations due to each individual body gives the
total acceleration due to all N bodies.
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Figure 2.3. N-Body Diagram
The final perturbation, acceleration due to solar radiation pressure, can be
assumed to be constant for this application since the distance between the spacecraft and
the Earth is significantly smaller than the distance between the Sun and the Earth. The
constant acceleration can then be found from
𝐴

𝑎𝑆𝑅𝑃 = 4.65𝑥10−6 (1 − 𝛽) 𝑚

(2.44)

where β is the reflectivity of the spacecraft between 0 and 1 and A is the cross-sectional
surface area of the spacecraft in the direction of the Sun. Combining the necessary
accelerations (depending on the current altitude of the spacecraft) gives the total
acceleration due to the perturbing forces.14 Perturbative forces like these are the main
source of uncertainty in the position of spacecraft in orbit and contribute in a large way to
the collision avoidance problem.
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Chapter 3
Collision Avoidance
While the orbital elements of spacecraft in orbit are typically published as TLEs
(Two-Line Element Sets), there is always some uncertainty in each of these observations
due to not only perturbations, but limitations on the capabilities of satellite-tracking
ground stations. These uncertainties, if provided, come in the form of covariance
matrices, which describe the error ellipsoids (standard deviation of position and velocity)
of spacecraft. In collision avoidance, these standard deviation values are used to
determine the maximum collision probability and the corresponding separation distance.

3.1 Covariance
In describing the uncertainty of a satellite’s position and velocity, a covariance
matrix (the extent to which corresponding elements move in the same direction) provides
all of the necessary data in the form
𝜎𝑥2
𝐶 = [𝜌𝑦𝑥 𝜎𝑦 𝜎𝑥
𝜌𝑧𝑥 𝜎𝑧 𝜎𝑥

𝜌𝑥𝑦 𝜎𝑥 𝜎𝑦
𝜎𝑦2
𝜌𝑧𝑦 𝜎𝑧 𝜎𝑦

2
𝜎𝑉𝑥
𝜌𝑥𝑧 𝜎𝑥 𝜎𝑧
𝜌𝑦𝑧 𝜎𝑦 𝜎𝑧 𝜌𝑉𝑦𝑉𝑥 𝜎𝑉𝑦 𝜎𝑉𝑥
𝜎𝑧2
𝜌𝑉𝑧𝑉𝑥 𝜎𝑉𝑧 𝜎𝑉𝑥

𝜌𝑉𝑥𝑉𝑦 𝜎𝑉𝑥 𝜎𝑉𝑦
2
𝜎𝑉𝑦

𝜌𝑉𝑧𝑉𝑦 𝜎𝑉𝑧 𝜎𝑉𝑦

𝜌𝑉𝑥𝑉𝑧 𝜎𝑉𝑥 𝜎𝑉𝑧
𝜌𝑉𝑦𝑉𝑧 𝜎𝑉𝑦 𝜎𝑉𝑧 ] (3.1)
2
𝜎𝑉𝑧

where σx, σy, and σz are the position standard deviations, σVx, σVy, and σVz are the velocity
standard deviations, and 𝜌𝑥𝑦 , 𝜌𝑦𝑥 , 𝜌𝑧𝑥 , 𝜌𝑥𝑧 , 𝜌𝑦𝑧 , and 𝜌𝑧𝑦 are the correlation coefficients.
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The corresponding covariance ellipsoids resemble that of those seen in Fig. 3.1. In
hypervelocity encounters, the motion of the two ellipsoids can be assumed to be
rectilinear (move in straight lines). This is what allows for collision probability to be
solved for in conjunction (collision) scenarios.

z
y

x

Figure 3.1. Error Ellipsoids of Primary and Secondary Objects1
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3.2 Collision Probability and Separation Distance
The collision probability for any encounter is generally expressed as
𝑃 = ∭𝑉 𝑓3 (𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧

(3.2)

where
𝑓3 (𝑥, 𝑦, 𝑧) =

1 𝑇 −1
𝐶 𝑟

1
√(2𝜋)3 |𝐶|

𝑒 −2 𝑟

(3.3)

is the Gaussian probability density function (pdf), in which r is the relative position of the
primary object with respect to the secondary object and C is the combined covariance of
the two objects. Then, by considering that the primary object crosses the encounter (x,z)plane at the instant of closest approach, the pdf can be expressed in simply two
dimensions.

𝑓2 (𝑥, 𝑧) =

1
2𝜋𝜎𝑥 𝜎𝑧 √1−𝜌𝑥𝑧

𝑒
2

−[(

𝑥 2
𝑥
𝑧
𝑧 2
) −2𝜌𝑥𝑧 ( )( )+( ) ]/2(1−𝜌𝑥𝑧 2 )
𝜎𝑥
𝜎𝑥 𝜎𝑧
𝜎𝑧

(3.4)

Next, an additional assumption is introduced. The problem can be simplified further
assuming that the covariance is isotropic (σx and σz are equal – not σy). This gives a new
pdf

𝑓(𝑥, 𝑧) =

1
2𝜋𝜎2

𝑒

−

(𝑥2 +𝑧2 )
2𝜎2

(3.5)

which makes the probability function over the area of the collision plane

𝑃=

1
2𝜋𝜎2

∬𝐴𝑟𝑒𝑎 𝑒
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−

(𝑥2 +𝑧2 )
2𝜎2

𝑑𝑥𝑑𝑧

(3.6)

The lines of constant pdf are concentric circles with centers at the origin of the x-z plane
and the cross-sectional area is an offset circle of radius rA with its center at the point (xe,
0) where xe is the collision miss distance. Therefore, the probability can now be
expressed as

𝑃=

1

𝑒
∬
2𝜋𝜎2 𝐴𝑟𝑒𝑎

−

[(𝑥−𝑥𝑒 )2 +𝑧2 ]
2𝜎2

𝑑𝑥𝑑𝑧

(3.7)

so now the lines of constant pdf are concentric circles with centers at the point (xe, 0) and
the cross-sectional surface area is a circle of radius rA with its center at the origin. To
eliminate the two variables, x and z, the probability can be expressed in terms of a single
variable, r, instead as
𝑟

𝑟

𝑃 = ∫0 𝐴 𝜎2 𝑒 −(𝑟

2 +𝑥 2 )/2𝜎 2
𝑒

𝑟𝑥

𝐼𝑜 ( 𝜎2𝑒 ) 𝑑𝑟

(3.8)

where the integrand is known as the Rician pdf and I0(-) denotes the modified Bessel
function of the first kind of order zero given by the infinite series1
𝜂 𝑚

𝐼0 (√𝜂) =

( )
4
∑∞
𝑚=0 (𝑚!)2

𝜂
4

( )

= 1 + (1!)2 +

𝜂 2
4
(2!)2

( )

+

𝜂 3
4
(3!)2

( )

+⋯

(3.9)

The probability can also be written more simply as
𝑃=

1
2𝜐

𝜂

𝑒 −𝜐/2 ∫0 𝐴 𝑒 −𝜂/2𝜐 𝐼𝑜 (𝜂) 𝑑𝜂

(3.10)

where
𝑟𝑥

2

𝜂 = ( 𝜎2𝑒 ) > 0
𝜂𝐴 = (

𝑟 𝐴 𝑥𝑒 2
𝜎2

) >0
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(3.11)

(3.12)

𝑟

2

𝑥

2

𝑢 = ( 𝜎𝐴) > 0

(3.13)

𝑣 = ( 𝜎𝑒) > 0

(3.14)

If we substitute the convergent infinite series Eq. (3.9) into Eq. (3.8), we obtain
𝑃=

1

1

𝜂

𝐴 𝑚 −𝜂/2𝜐
𝑒 −𝜐/2 ∑∞
𝑑𝜂
𝑚=0 4𝑚 (𝑚!)2 ∫0 𝜂 𝑒
2𝜐

(3.15)

Defining Jm conveniently as
𝜂

𝐽𝑚 = ∫0 𝐴 𝜂𝑚 𝑒 −𝜂/2𝜐 𝑑𝜂

(3.16)

it may be shown that
𝑢

𝑢𝑘

𝐽𝑚 = 𝑚! (2𝜐)𝑚+1 (1 − 𝑒 − 2 ∑𝑚
𝑘=0 2𝑘 𝑘!)

(3.17)

which then gives

𝑃 = 𝑒 −𝜐/2

∞

𝑚

𝑚=0

𝑘=0

𝜐𝑚
𝑢𝑘
−𝑢/2
∑ 𝑚 (1 − 𝑒
∑ 𝑘 )
2 𝑚!
2 𝑘!

If only the first term in the series is used (m = 0), then we have the expression
𝑃 = 𝑒 −𝜐/2 (1 − 𝑒 −𝑢/2 )

(3.18)

which gives results to within three or four significant digits of accuracy under a wide
range of input collision parameters, including cases where σx and σz are not equal.
Inverting this equation gives the “nominal” miss distance in terms of the desired collision
probability
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2

𝑥𝑒 = 𝜎

∗√

2 ln (1 − 𝑒

𝑟
− 𝐴2
2∗𝜎

) − ln(𝑃)

(3.19)

in which

−1

2

𝜎
2
𝜎 = √𝜎𝑧′
(1 + ((𝜎𝑧′ ) − 1) 𝑐𝑜𝑠 2 𝜃)
∗

(3.20)

𝑥′

where δ is the rotational angle between the coordinate system and the principal directions
𝛿=

1
2

2𝜌

𝜎 𝜎

𝑥 𝑧
tan−1 [(𝜎 𝑥𝑧
2 −𝜎 2 )]
𝑥

(3.21)

𝑧

which, after rotation, makes the covariance matrix
𝜎𝑥′ 2
𝐶 = [
0
′

0
]
𝜎𝑧′ 2

(3.22)

where the standard deviations of the two frames are related by
𝜎 2 = 𝜎𝑥′ 𝜎𝑧′ = √1 − 𝜌𝑥𝑧 2 𝜎𝑥 𝜎𝑧

(3.23)

In the case that θ = 0 (assumed throughout the remainder of the paper), σ* becomes

𝜎𝑧 2

∗

−1

𝜎 = √𝜎𝑧2 (1 + ((𝜎 ) − 1))
𝑥

(3.24)

thus providing a relationship between the “nominal” separation distance and the desired
collision probability for both isotropic and nonisotropic probability density functions.1
This will prove useful in Chapters 4 and 5 when optimizing the avoidance maneuver for
various desired collision probabilities.
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Chapter 4
Optimizing The Maneuver
A numerical solution relating the desired collision probability and the required
thrust duration can be found by optimizing the thrusting direction and location that results
in the lowest amount of fuel to reach the desired separation distance (or maximum
collision probability). The optimization of the rapid collision avoidance maneuver relies
on the complexities that arise from applying finite burn analysis while choosing burn
locations and directions uncharacteristic of long-duration maneuvers. With these in mind
the numerical solution can be transformed into a semi-analytical solution to the problem.
First, a numerical solution must be found. This relies on the optimization of three
parameters: thrust location, coast location, and thrust direction.

4.1 Thrust Location
A primary complexity that arises from these minimal time-to-collision maneuvers
is the optimal location of the burn. When a longer time is allotted for the avoidance
maneuver, the burn will always be placed at perigee or apogee, the most efficient
locations in an elliptical orbit to perform a maneuver.13 However, when less time than
half-an-orbit is available to perform the maneuver, thrusting at perigee or apogee may not
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be an option, so a less optimal thrust location may be necessary. This results,
unfortunately, in a greater ΔV and, thus, a longer burn time to complete the maneuver.
To determine an optimal location to perform the maneuver, a “wait time”
parameter is applied. If the required burn time is less than the available time to perform
the maneuver, then some flexibility is allowed in where thrust is applied. To lower the
time spent thrusting, the “wait time” is placed at the beginning of the maneuver to ensure
that the majority of the thrusting occurs at the most efficient point in the remaining orbit
arc before the collision was predicted to occur. If perigee or apogee are between the
notification epoch and the predicted collision location, then the “wait time” is applied
such that the maneuver is centered around this optimal location.

4.2 Coast Location
Once the beginning of the thrust location is chosen based on the “wait time,” a
second non-thrusting coast period can be added after the burn occurs. If, after applying
the “wait time”, thrusting the remaining time-to-collision causes the spacecraft to exceed
the desired minimum separation distance, then a coast phase can be applied after the burn
to decrease the separation distance at the collision location. The coast location is chosen
such that the combined time of the thrust duration and the two coast periods results in the
spacecraft reaching exactly the desired separation distance at the predicted collision
location.
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4.3 Thrust Direction
The third optimization parameter is the direction in which the thrust is applied.
Luckily, the complexity of optimizing the thrust direction becomes a simplification in
this case. The angles, α and β, are the in-plane (α) and out-of-plane (β) thrusting angles in
the body-fixed RCN (radial-circumferential-normal) reference frame. This reference is
such that the radial component is aligned with the radial unit vector positive in the zenith
direction, the normal component is aligned with the osculating angular momentum vector
positive and the circumferential component is normal to the radius vector in the orbital
plane and completes the right-handed triad of unit vectors, as seen in Figure 4.1.

Figure 4.1. Left: RCN reference frame with respect to the Central-Body-Centered
inertial reference frame (IJK).
Right: α and β thrust angles with respect to the RCN reference frame.
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With the thrust location known, the optimal in-plane and out-of-plane angles can
be chosen to minimize the duration of the burn. Considering all possible thrust locations,
spacecraft parameters, and orbit orientations in Low-Earth Orbit, an optimal burn
direction was chosen for each maneuver which required the least amount of time spent
burning. It turns out that, when the burn duration is shorter than approximately 90
minutes (about the time to complete one orbit in LEO), the optimal burn duration is
always radial (90° from the velocity vector) in the in-plane axis (α) and along the velocity
vector direction in the out-of-plane axis (β). This simplification, assuming a radial
thrusting direction going forward, is what allows for the analytical solution to be formed.
Though the thrust direction is always assumed to be radial, the binary switch
between thrusting along the direction of the position vector or in the reverse direction is
determined based on the instantaneous velocity vectors of both the primary and
secondary objects. If the angle between the two vectors (determined using the law of
cosines) is between 0 and 180°, the thrust is performed along the direction of the position
vector. Otherwise, if the angle is between 180° and 360°, the thrust is performed in the
reverse direction of the position vector. This ensures that the maneuver cannot increase
the probability that a collision will occur between the two objects at a different point in
time before or after the predicted collision.
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4.4 Numerical Method Optimization
With the three optimization parameters defined, the method in which they are
chosen can be explained in further detail. This leads to the final complexity: finite burn
modeling. When rapid collision avoidance maneuvers are necessary, the time-to-collision
is not significantly greater than the time spent burning to complete the maneuver. This
means that the burn can no longer be assumed to be impulsive. Instead, finite burn
analysis must be used, where the burn is integrated (including fuel mass loss) with the
position and velocity of the spacecraft at every time step in the propagation. Comparing
the two methods, it was found that performing short duration maneuvers with the
impulsive burn assumption (performed at the notification epoch) resulted in separation
distance values over 460% greater than if a finite burn were applied for the entire time-tocollision duration (Fig. 4.2). The large difference between the two distances, and the fact
that finite burn analysis is considered to be the more accurate of the two methods, means
that the impulsive burn assumption can no longer be made.
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Impulsive Burn
Finite Burn

Figure 4.2. Separation Distance vs. Burn Duration for Impulsive and Finite Burn
Maneuvers in Low-Earth Orbit

Now that all of the assumptions are accounted for, the position and velocity of the
spacecraft can be propagated forward in the arc between the notification epoch and the
predicted collision location using finite burn modeling applied in MATLAB’s ode45.
Propagating the orbit with a variable time-step solver like ode45 allows for larger steps to
be taken when allowed and smaller time steps to be taken when required by the solution.
This ensures that the orbit propagation is as accurate as possible with relative and
absolute tolerances set to 1x10-6. In collision avoidance scenarios with larger time frames,
the fidelity of the orbit propagator would be an issue. However, with such minimal timeto-collision values, the orbit isn’t propagated long enough for any perturbations such as
drag and oblateness to affect the position and velocity of the spacecraft (see Section 4.5).
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The optimal thrusting duration is determined by propagating the spacecraft’s orbit
as such while iterating through all possible “wait time” and coast time values. The first
step in each iteration is to propagate the nominal trajectory forward for the “wait time”
duration. Subtracting the “wait time” and coast time from the time-to-collision, the thrust
duration is found to be the time remaining in the maneuver. The spacecraft’s position is
then propagated further for the thrust duration while applying the finite burn. Finally, the
position is once again propagated (without the finite burn) for the coast time. The
resulting position vector is then compared to the position of the secondary body at the
time of the collision to determine the separation distance. After iterating through all
possible wait time and coast time options, the “wait time” and coast time values can be
found that result in the desired separation distance being achieved while also minimizing
the necessary burn time to do so. This iteration process can be seen summarized in the
flowchart in Figure 4.3.

Figure 4.3. Optimization Flow Chart to the Minimal Thrust Duration That Achieves
the Desired Separation Distance

Once the minimized thrust duration and the resulting separation distance is
known, a relationship between the thrust duration and maximum collision probability can
be developed. Given the nature of the collision avoidance problem, using a desired
collision probability is typically preferred over the separation distance. Luckily, a
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relationship, originally stated in Eq. 3.19 earlier, (assuming a high relative velocity
between the two colliding objects) between the two exists:1
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which simplifies to
𝜎 ∗ = 𝜎𝑥

(5.4)

where σx and σz are the covariance in the x and z axis, rA is the combined radius of the two
bodies, and Pmax is the maximum allowed collision probability. With the separation
distance known, the corresponding maximum collision probability can be calculated from
the two-dimensional covariance of the spacecraft (as discussed in Chapter 3) and the
combined radius of the spacecraft and secondary object. This gives a relationship
between the thrust direction and the maximum collision probability, which is the desired
correlation.
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4.5 Effect of Perturbations
In propagating a spacecraft’s trajectory, whether applying thrust or not, the
acceleration due to perturbative forces must be taken into account. However, when
propagating for such short periods of time, the perturbations will have less of an effect on
the final position of the spacecraft at the predicted collision time. This was put to the test
by propagating a spacecraft’s orbit a full period prior to a predicted collision with a
desired separation distance of up to 10 km. It was found that the perturbed trajectory
varied from the unperturbed trajectory by only 0.3463%. This means that, for all rapid
collision avoidance maneuvers in Low-Earth Orbit, the perturbing forces can be assumed
to be insignificant and the trajectories can be propagated without perturbations.
Maneuvers in GEO, on the other hand, are long enough in duration that perturbations
must be included. The lack of necessity to include perturbations in LEO quick response
avoidance maneuvers is what allows for an analytical solution to be found, as described
in the coming chapter.
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Chapter 5
Analytical Method
With minimal time-to-collision, every second that goes into planning and
executing the avoidance maneuver could mean the difference between colliding with the
secondary object and avoiding it. One of the biggest hurdles in speeding up the process is
the time spent calculating the optimal maneuver. Fortunately, an analytical solution could
mean a computation time of fractions of a second for any desired rapid collision
avoidance maneuver.
With the problem simplified due to the radial thrusting assumption, the variables
were then limited to the spacecraft location and time-to-collision. It was determined that
time-to-collision values up to half-an-orbit produced linear separation distance vs.
thrusting duration curves. However, limiting the time-to-collision to between 6 and 16
minutes (assuming a constant acceleration of 0.2 km/s2) resulted in the most realistic
best-fit coefficients given the computing resources available. Using the range of values
shown in Table 5.1, a multiple linear regression technique was applied to determine an
analytic equation that can be used to solve for the required thrusting duration for any of
the sample scenarios.
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Table 5.1. Valid Range of Inputs for the Analytical Solution
Variable

Minimum Value

Maximum Value

Semimajor Axis (a)

6778.137 km

8378.137 km

Eccentricity (e)

0

0.5

True Anomaly (θ)

0

π

Time-to-Collision (tcoll)

6 minutes

16 minutes

The multiple linear regression technique19 uses the least squares method to find a
line-of-best-fit by minimizing the sum of the squares of the vertical distance from each
data point on the line. The general model for k variables is of the form
𝑦𝑖 = 𝛽0 + 𝛽1 𝑥𝑖1 + 𝛽2 𝑥𝑖2 + 𝛽3 𝑥𝑖3 + … + 𝛽𝑘 𝑥𝑖𝑘 + 𝑒𝑖 , 𝑖 = 1,2, , … . , 𝑛

(5.1)

The regression coefficients, β, can best be estimated by writing the set of equations using
matrix notation. The model then takes the form
𝑌 = 𝑋𝛽 + 𝜖

(5.2)

which can be written in matrix notation as
𝑦1
1 𝑥11
𝑦2
𝑥21
𝑦3 = [ 1
… …
…
1 𝑥𝑛1
[𝑦𝑛 ]

…
…
…
…

𝑥1𝑘
𝑥2𝑘
… ]
𝑥𝑛𝑘

𝛽1
𝛽2
𝛽3 +
…
[𝛽𝑛 ]

𝜖1
𝜖2
𝜖3
…
[𝜖𝑛 ]

(5.3)

where each column of x values corresponds to each of the independent variables in Table
5.1. The values for β can be found by solving the least square normal equation
𝑋 𝑇 𝑋𝛽̂ = 𝑋 𝑇 𝑌
which gives
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(5.4)

𝛽̂ = (𝑋 𝑇 𝑋)−1 𝑋 𝑇 𝑌

(5.5)

Since the thrusting duration varies significantly with time-to-collision variables,
the multiple linear regression process described above was used to find best-fit equations
for sets of different values within the ranges in Table 5.1. While exploring the multiple
linear regression processes, it was found that including quadratic terms for each of the
independent variables actually produced a tighter fit from the resulting regression
equations, such as
𝑡𝑏𝑢𝑟𝑛 = −4.9719 − 7.3236𝑥10−4 𝑎 + 8.9180𝑥10−7 𝑎2 − 3.1658 𝜃 − 2.0152 𝜃 2
2
− 0.3925 𝑡𝑐𝑜𝑙𝑙 − 0.0310 𝑡𝑐𝑜𝑙𝑙
− 9.9438 𝑒 − 19.8876 𝑒 2
+ 6.6808 𝑑 + 0.0584 𝑑2

(5.6)

A second round of multiple linear regression was then used on each set of
regression coefficients to determine a single relationship, seen in Eq. (5.7), between the
inputs and the required thrust duration. The second round of multiple regression was used
in order to reduce the error between the numerically calculated thrust durations and the
analytic equation.

𝑡𝑏𝑢𝑟𝑛 = 5.3663 − 2.753𝑥10−4 𝑎 + 8.3244𝑥10−7 𝑎2 + 3.0872 𝜃 −
1.3993 𝜃 2 − 0.3469 𝑡𝑐𝑜𝑙𝑙 − 0.1382 𝑡𝑐𝑜𝑙𝑙 2 + 19.8018 𝑒𝑐𝑐 +
61.6356 𝑒𝑐𝑐 2 + 16.5308 𝑑 + 0.5159 𝑑2 + (−0.0020 − 1.3537𝑥10−7 𝑎 −
6.2518𝑥10−13 𝑎2 − 5.8562𝑥10−4 𝜃 − 3.0945𝑥10−4 𝜃 2 −
2.0311𝑥10−4 𝑡𝑐𝑜𝑙𝑙 − 2.3422𝑥10−5 𝑡𝑐𝑜𝑙𝑙 2 − 0.0037 𝑒𝑐𝑐 − 0.0130 𝑒𝑐𝑐 2 −
5.6449𝑥10−5 𝑑 + 2.7438𝑥10−5 𝑑 2 ) 𝑎 + (0.6960 + 9.1342𝑥10−5 𝑎 +
1.2078𝑥10−8 𝑎2 − 0.6966 𝜃 − 0.2217 𝜃 2 + 0.0737 𝑡𝑐𝑜𝑙𝑙 + 0.0089 𝑡𝑐𝑜𝑙𝑙 2 +
1.0310 𝑒𝑐𝑐 + 3.4434 𝑒𝑐𝑐 2 + 0.3623 𝑑 − 00350 𝑑 2 ) 𝜃 + (−0.0034 +
7.4799𝑥10−7 𝑎 + 1.4032𝑥10−10 𝑎2 − 0.0026 𝜃 − 0.0015 𝜃 2 +
0.0775 𝑡𝑐𝑜𝑙𝑙 + 0.0175 𝑡𝑐𝑜𝑙𝑙 2 − 0.0179 𝑒𝑐𝑐 − 0.0314 𝑒𝑐𝑐 2 − 0.7981 𝑑 −
0.0459 𝑑2 ) 𝑡𝑐𝑜𝑙𝑙 + (4.7952 + 6.2801𝑥10−4 𝑎 + 8.2903𝑥10−8 𝑎2 +
1.1814 𝜃 + 0.6250 𝜃 2 + 0.5191 𝑡𝑐𝑜𝑙𝑙 + 0.0640 𝑡𝑐𝑜𝑙𝑙 2 − 27.1348 𝑒𝑐𝑐 −
54.1805 𝑒𝑐𝑐 2 − 1.2987 𝑑 + 0.2203 𝑑 2 ) 𝑒𝑐𝑐
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(5.7)

Each constant in Eq. (5.7) is the regression coefficient representing the correlation
between the two independent variables in the term and their combined effect on the
necessary burn time. Then, this relationship can be expressed in terms of maximum
probability of the collision by substituting the relationship in Eq. (4.1) for each d
variable. For this expression, the covariance data for the position of the primary object
must be known. Assuming an isotropic covariance distribution as in Chapter 3, the
covariance in the z and x directions can be assumed to be equivalent. Then, the two
covariance values and the combined radii of the two objects can be used along with the
separation distance to determine a relationship for the maximum collision probability. If
the covariance of the primary object is unknown, the covariance in both directions can be
assumed to be between 1 and 10 km (in LEO) and the combined radius can be safely
taken up to 100 m.1
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Chapter 6
Trade Studies
One key component of the mission design process is the use of trade studies. A
trade study, by definition, is an objective comparison with respect to performance, cost,
schedule, risk, and all other reasonable criteria of all realistic alternative requirements;
architectures; baselines; or design, verification, manufacturing, deployment, training,
operations, support, or disposal approaches. Trade studies support requirements
development, system architecture development, system synthesis (assess the impact of
alternative performance), assessing proposed design changes, and make/buy decisions.
The whole process occurs in seven steps, as outlined in Fig. 6.1. First, the problem is
established by determining the problem statement, requirements and constraints, and the
desired level of detail in the analysis. Then, the requirements and constraints are
reviewed for completeness and conflicts while communication is established with the
customer. Third, the trade-off methodology is determined as well as the criteria and the
corresponding weighting system. Next, all alternatives are identified and the viable
candidates for the study are selected. Then, the models are developed to measure the
merit of each design and the values are assigned to each candidate. The results are then
analyzed by calculating the relative value based on the chosen methodology, evaluating
the alternatives, performing a sensitivity analysis, and selecting the preferred alternative.
Finally, the results from the study are documented.
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Figure 6.1. Seven Step Trade Study Process
Performing a trade study depends on comparing criteria for making decisions,
such as the measures of effectiveness and the measures of performance. A measure of
effectiveness is a measure of how well mission objectives are achieved, such as life cycle
cost, mission duration, technology readiness level (TRL), crew capacity, and payload
mass. A measure of performance is a quantitative measure that will help ensure that a
measure of effectiveness is met, such as mass, power consumption, specific impulse, and
propellant type. Both the measures of effectiveness and measure of performance are used
to determine the merit of a design. One must be careful to limit the number of designs
and measures under consideration, and, if possible, a baseline solution should be
established for comparison of alternatives. Though trades are usually subjective, and one
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must be careful about falling into a false sense of accuracy, trade studies are valuable in
weighing the benefits of drawbacks of various designs and choosing the preferred option.
In order to do so, a trade study decision matrix is created (as in Fig. 6.2, a matrix
example for batteries). In the far left column are the criteria, including both the measures
of effectiveness and the measures of performance. To the right of that are the two
columns used for setting the consequence of each criteria: whether or not they are
mandatory and a weighting (adding to 100% for all criteria). Each of the far right
columns is used for evaluating all possible design choices for each of the criteria,
assigning each choice a score between one and three, where three is the most preferred.
Multiplying each score by the weighting of that row and summing each column gives a
single value between 0 and 100 for each design solution. The highest value, in this case
corresponding to “Collect Experiment Data with Alternative Experiment”, is the
preferred solution.

Figure 6.2. Example Trade Study Decision Matrix
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After performing a trade study, all that is left is a reality check on the solution. It
may turn out that all requirements and constraints have not been met or that the solution
doesn’t hold up under a wide range of input values. Once these both have been verified,
and all subjective aspects of the problem have been fully addressed, the robustness of the
solution can be tested by exploring the full reasonable range of each performance
variable to understand the domain where the selected solution is appropriate. Trade
studies, as described above, will prove useful in determining the best collision avoidance
maneuver and return trajectory when considering the impact of the maneuver on mission
performance.18
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Chapter 7
Trading A Complete Trajectory
With the avoidance maneuver optimized both numerically and analytically, the
return trajectory to the nominal orbit can be solved as well. As discussed in Chapter 2,
minimum-fuel Hohmann transfers and the minimum-time Lambert’s problem were
considered for the return. A trade study can be conducted comparing the minimum-fuel
transfer, minimum-time transfer, and minimum-probability cases to determine the desired
return trajectory given the weights provided for each metric by the mission designers.

7.1 Return Trajectories
In the case of the Hohmann transfer, the spacecraft would remain on its postcollision orbit until it reaches perigee and then would commence a Hohmann transfer to
arrive on the original orbit at apogee. While this transfer will always require the least
amount of fuel to perform, it also takes significantly longer than the minimum-time
Lambert’s problem. As is to be expected, solving for a perigee-to-apogee (180°)
Lambert’s problem transfer gives the same required ΔV and time-of-flight as the
Hohmann transfer. This means that all possible transfers, despite the desired optimization
parameter(s), can be solved for using Lambert’s problem by varying the time-of-flight.
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In order to explore all possible return trajectory options, Lambert’s problem is
solved for all possible departure locations (where after the predicted collision location the
spacecraft departs from the post-collision orbit), all arrival locations on the nominal orbit,
and all return maneuver durations (up to one orbital period in duration). The required ΔV
for all possible transfers was found for all combinations of departure location, arrival
location, and maneuver duration values. However, as demonstrated in Chapter 4, the
impulsive maneuver assumption made for Lambert’s problem is not valid for the majority
of the minimum-time transfer options. This requires two adjustments to be made in order
to ensure accurate ΔV values and realistic return trajectory options.
First, the initial avoidance maneuver is recreated assuming an impulsive
Lambert’s problem burn for all possible maneuver durations up to one orbital period in
length. These values are then divided into the actual required ΔV values for the avoidance
maneuver to get a relationship between the impulsive and finite burn values. This
relationship is then used to determine the actual required ΔV for the possible return
trajectories. The second adjustment is to ensure that the ΔV required can actually be
accomplished in the allotted maneuver duration. Given the relationship between the burn
duration and the ΔV of the avoidance maneuver, it can be determined how long it takes to
impart the required ΔV into the return trajectory. If the calculated burn duration is greater
than the allotted maneuver duration, then that trajectory is considered to no longer be a
valid option. The remaining trajectories are then compared for their corresponding ΔV
values and maneuver durations, and the process is repeated for each desired separation
distance/ collision probability value. The resulting relationship between maximum
allowed collision probability, ΔV, and maneuver duration are the basis for the trade study.
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7.2 Trade Study Metrics and Weights
When designing a satellite mission, many factors are considered related to the
health of the spacecraft, the cost of launching it and its fuel reserves into space, and the
sensitivity of the nominal orbit to perturbations and course corrections. In Low-Earth
Orbit, for example, the orientation and location of the spacecraft can have a significant
impact on its ability to meet the prescribed mission requirements. In addition, in order to
minimize the launch mass of the spacecraft, only a minimal amount of extra fuel is
included for unplanned maneuvers. This means that any avoidance maneuver must be
carefully considered given the likelihood of collision (a measure of effectiveness), the
time spent away from the nominal orbit (a measure of performance), and the amount of
fuel (proportional to the ΔV) required to perform the maneuver (a measure of
performance). These three values are used as metrics when weighing the avoidance
maneuver and return trajectory options and deciding on a preferred course of action.
With thousands of options available to return the spacecraft to the nominal orbit, a
trade study is necessary to narrow down and compare the possibilities. In narrowing
down the options to be compared, a maximum of three options were considered at one
time: the minimum fuel case, the minimum time case, and/or the minimum collision
probability case. Given that the weighting applied to each of these, as discussed in
Chapter 6, is largely dependent on the design of the mission, the availability of fuel
onboard the spacecraft, and the imminence of the predicted collision, multiple trade
studies must be conducted in order to determine the best course of action under various
conditions. In comparing the trade studies, patterns can be noted, such as the effect of the
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notification time on the feasibility of the maneuvers. Patterns such as this can be used to
make suggestions to the mission designers in the preliminary design stage. As collisions
are predicted to occur, engineers involved in the operation of the spacecraft can use the
same trade studies with their own desired weights and limitations applied to the metrics
to determine the ideal course of action to avoid – or risk colliding with – the approaching
object. The results of these trade studies and subsequent recommendations for use in
future collision avoidance operations are summarized in the following chapter.
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Chapter 8
Results

8.1 The Analytical Solution
With a single relationship between the desired collision probability (or desired
separation distance) and required thrust duration, the semi-analytical solution can now be
compared to the numerical solution presented earlier. For all data in Table 5.1 used to
generate the semi-analytical solution, the required thrust duration to reach the desired
separation distance was calculated.
Comparing these results to those of the numerical solution used to produce the
semi-analytical equation, the average error was found to be less than 30%. Significantly
lower errors are possible, though, under two conditions. First, a limited number of cases
from Table 5.1 were used to produce the best-fit coefficients. Including more data would
produce much closer fits with less error between the numerical and analytical solutions.
In addition, with a priori knowledge of the mission such as valid ranges of semimajor
axis and eccentricity values, even tighter fits could be produced, down to significantly
less than a 5% error, so 30% is easily a worst case scenario. Knowing and accounting for
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the maximum error when calculating the required thrust duration can ensure that all
collisions are successfully avoided as necessary.
Now, the solution can be narrowed down to a generic test case to demonstrate the
accuracy of the analytical solution compared to the numerical solution. Assuming a
spacecraft with a mass of 1000 kg and a thrust of 200 N in a 700 km circular orbit
inclined at 0°, the thrust duration can be found for a time-to-collision of 6 minutes. Using
the analytical expression from Eq. (5.7), a plot demonstrating the relationship between
the optimal thrust duration and the desired separation distance (Fig. 8.1) can be generated
comparing the numerical and analytical solutions. At the desired separation distance of
five kilometers, the error for this case is found to be 13.01%.
Given the analytical relationship between the thrust duration and separation
distance, the maximum collision probability can be calculated with only additional
knowledge on the size of the two objects and the uncertainty in the position of the
primary object. For this generic test case, with no real covariance data, the covariance in
both the x and z directions is assumed to be 5 km, with a combined radii of 10 m.
Plugging these values into Eq. (4.1) gives a single relationship between the separation
distance and the maximum collision probability. This can then be used, in combination
with the analytical relationship from Eq. (5.7), to give a single relationship between the
maximum collision probability and the optimal burn duration. Using this relationship for
the generic test case gives the relationship between the two variables, as seen in Fig. 8.2
comparing the numerical and analytical results.
Comparing Figures 8.1 and 8.2, it can be observed that, although the relationship
between thrust duration and the desired separation distance is linear for the cases tested,
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this can be used to determine a non-linear solution calculating the fuel-optimal thrust
duration from the desired maximum collision probability. Given the variation in the
position and velocity of both objects due to errors in object observations, the level of
accuracy to which the thrust duration can be determined from the collision probability is
well within the necessary levels for this application.

Figure 8.1. Thrust Duration vs Separation Distance, Numerical and Analytical
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Figure 8.2. Thrust Duration vs Collision Probability, Numerical and Analytical

8.2 Trade Study Comparisons
In solving for the avoidance maneuver, the optimum burn duration was
determined for various ranges of separation distance and maximum collision probability
values. When determining, operationally, the desired collision probability, there is rarely
a “correct answer.” This is where trade studies become useful. The spacecraft operators
can choose weights for the three metrics (maximum collision probability, total maneuver
duration, and total required ΔV) which allows them to narrow down the possible
maneuver choices, if they elect to perform one at all.
For a 2000 kg, 180 N spacecraft in a circular 700 km orbit inclined to 50°,
notification times of 8 minutes, 15 minutes, 20 minutes, and 30 minutes were considered
and used for the trade studies. In addition, the covariance data is assumed to be
equivalent to that used in Section 8.1. For all scenarios, the total ΔV available for the
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maneuver is assumed to be limited to less than 1 km/s in order to realistically trade the
possible options. Increasing or decreasing this limitation would have a negligible effect
on the results of this study.
When considering only an 8-minute notification time, this limitation on the total
ΔV significantly decreases our available maneuver options. Table 8.1 below shows the
total required ΔV and maneuver time for the minimum fuel and minimum time cases for
each separation distance/collision probability value. The values in red denote those that
exceed the 1 km/s limitation and those highlighted denote the options being traded. In
this case, the minimum fuel case at a 0.1 km separation distance is being compared to the
minimum fuel case at a 0.4 km separation distance.
Table 8.1 Maneuver Options for 8-Minute Notification Time

Separation Distance (km)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Probability
4.00E-12
3.99E-12
3.98E-12
3.97E-12
3.96E-12
3.94E-12
3.92E-12
3.90E-12
3.87E-12

Min Fuel
Min Time
ΔV (km/s) Time (min) ΔV (km/s) Time (min)
0.120
106.8
66.57
39.67
0.551
106.8
66.92
39.67
0.733
106.2
67.10
39.67
0.917
97.50
67.27
39.67
1.101
91.83
69.42
39.67
1.285
85.83
69.59
39.67
1.470
79.83
69.77
39.67
1.654
78.83
69.95
39.67
1.840
73.50
70.12
39.67

To begin the trade study, since avoiding the collision is the main priority, the
collision probability metric is given a weighting of 0.5 out of the total available 1.0. It is
useful to note that the actual magnitude of the collision probability is not significant since
the default covariance values used to find the maximum collision probability from the

52

desired separation distance is just assumed to be generic values. The significance is how
the probability varies with the separation distance and required burn duration, which is
unaffected by the relative magnitudes. The weights for the fuel use and maneuver time
metrics are then both set to 0.25 to begin with (see Table 8.2). Because all ΔV values for
the minimum time cases exceed 1 km/s, no minimum time option is included in the trade.
Instead, only the two minimum fuel options, one at the minimum collision probability,
are compared. Because the minimum probability case also takes the least amount of time,
the minimum probability case easily out-scores the minimum fuel case, and is highlighted
in the trade study matrix.

Table 8.2 Minimum Fuel Trade Studies for 8-Minute Notification Time, Equal Fuel
and Time Weights

Criteria
Probability
Fuel
Time
Total

Weight
0.5
0.25
0.25

Options
Min Fuel Min Probability
1
5
5
1
1
5
2
4

The question now is what possible weighting schemes would make the minimum
fuel solution more preferable. It was found that even weighing the fuel use at 4 times
more significant than the maneuver time still does not overcome the 100% difference
between the two total metric values. Table 8.3 shows that this trade still results in the
minimum probability case dominating.
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Table 8.3 Minimum Fuel Trade Studies for 8-Minute Notification Time, Unequal
Fuel and Time Weights

Criteria
Probability
Fuel
Time
Total

Weight
0.5
0.4
0.1

Options
Min Fuel Min Probability
1
5
5
1
1
5
2.6
3.4

It was found, actually, that only by decreasing the collision probability weight to
0.25 and increasing the fuel use weight to 0.5 do the two options become equivalent (seen
in Table 8.4). This means that, for notification times around 8 minutes, choosing a
maneuver that minimizes the collision probability would be the most logical choice
unless there is a significant constraint on the fuel available for the maneuver.
Table 8.4 Minimum Fuel Trade Studies for 8-Minute Notification Time, Unequal
Fuel and Time Weights, Decreased Probability Weight

Criteria
Probability
Fuel
Time
Total

Weight
0.25
0.5
0.25

Options
Min Fuel Min Probability
1
5
5
1
1
5
3
3

Next, the same process can be repeated for a notification time of 15 minutes. As
seen in Table 8.5, nearly doubling the notification time decreases the total ΔV required
for the minimum time cases, but not enough to fall beneath the 1 km/s limit. The
available probability range widens for the minimum fuel case, however, for nearly the

54

same fuel cost as the 8-minute notification scenario. The notable change between the two
is the separation distance values of the minimum fuel cases. When increasing the
notification time to 15 minutes, the lowest separation distance no longer requires the least
amount of fuel. Instead, a 0.2 km separation distance now minimizes the total ΔV. This
leads to a slight, but insignificant change in the trade studies compared to the 8-minute
notification scenario. Once again, setting the probability weighting to 0.25, the fuel use
weighting to 0.5, and the maneuver time weighting to 0.25 leads to the minimum fuel
scenario only slightly beating out the minimum probability scenario. For both 8- and 15minute notification times, choosing a maneuver that minimizes the collision probability
would be the most logical choice unless there is a significant constraint on the fuel
available for the maneuver.
Table 8.5 Maneuver Options for 15-Minute Notification Time

Separation Distance (km)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Probability
4.00E-12
3.99E-12
3.98E-12
3.97E-12
3.96E-12
3.94E-12
3.92E-12
3.90E-12
3.87E-12
3.84E-12

Min Fuel
Min Time
ΔV (km/s) Time (min) ΔV (km/s) Time (min)
0.203
128.8
13.20
46.50
0.120
128.8
13.18
46.50
0.374
128.8
13.33
46.50
0.373
128.8
13.31
46.50
0.557
128.8
13.46
46.50
0.558
128.8
13.44
46.50
0.743
128.8
13.59
46.50
0.746
128.8
13.57
46.50
0.931
127.17
13.73
46.50
0.934
122.83
13.70
46.50

Increasing the notification time just an additional 5 minutes changes the scenario
rather significantly. Table 8.6 shows the same separation distance ranges as the 15minute notification case, but the additional available time decreases the required ΔV so
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much so that the minimum time solution now falls beneath the 1 km/s limit. As noted in
the 15-minute notification scenario, the minimum separation distance value no longer
results in the lowest ΔV, and that holds true in this scenario as well. This time, the
minimum ΔV occurs at a separation distance of 0.3 km. It can also be noticed that the
maneuver time between each minimum fuel and each minimum time case does not vary
at these separation distances. Therefore, only the minimum fuel and minimum time
options were chosen to be explored for the following trade study.
Table 8.6 Maneuver Options for 20-Minute Notification Time

Separation Distance (km)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Probability
4.00E-12
3.99E-12
3.98E-12
3.97E-12
3.96E-12
3.94E-12
3.92E-12
3.90E-12
3.87E-12
3.84E-12

Min Fuel
ΔV (km/s) Time (min)
0.208
118.8
0.203
118.8
0.199
118.8
0.376
118.8
0.377
118.8
0.378
118.8
0.564
118.8
0.566
118.8
0.569
118.8
0.757
118.8

Min Time
ΔV (km/s) Time (min)
0.347
50.83
0.339
50.83
0.330
50.83
0.502
50.83
0.495
50.83
0.487
50.83
0.664
50.83
0.660
50.83
0.656
50.83
0.840
50.83

Starting with the same initial weighting system (0.5 for probability, 0.25 for fuel
use, and 0.25 for maneuver time), an identical trade study (Table 8.7) to that found in
Table 8.2 was performed, except this occasion with the minimum time case instead of the
minimum probability case. This time, with both cases having a higher collision
probability and the fuel required for the minimum time case being only slightly higher
than the minimum fuel case, the minimum time case results in the highest overall metric.
This was found to hold true for all scenarios except when the fuel minimization metric is
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chosen to be at least four times greater than the time minimization metric (Table 8.8).
From this, it appears that at notification times of around 20 minutes and greater, the
minimum time case becomes more ideal as the required total ΔV for the maneuver is not
significantly greater than that of the minimum fuel case.
Table 8.7 Minimum Fuel, Minimum Time Trade Studies for 20-Minute Notification
Time, Equal Fuel and Time Weights

Criteria
Probability
Fuel
Time
Total

Weight
0.5
0.25
0.25

Options
Min Fuel
Min Time
1.35
1.00
5.00
4.08
1.00
5.00
2.18
2.77

Table 8.8 Minimum Fuel, Minimum Time Trade Studies for 20-Minute Notification
Time, Unequal Fuel and Time Weights

Criteria
Probability
Fuel
Time
Total

Options
Min Fuel
Min Time
1.35
1
5
4.08
1
5
2.78
2.63

Weight
0.5
0.4
0.1

The difference between the total ΔV required for the minimum fuel and minimum
time cases becomes even smaller for a 30-minute notification time scenario. Just as was
noted in the previous scenarios, the maximum separation distance achievable increased
between the two cases, as did the separation distance value corresponding to the lowest
ΔV possible to complete the maneuver. In this trade study, in addition to the same
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minimum fuel and minimum time cases, an additional minimum time case was chosen
such that the maneuver time is equivalent, the separation distance is near the maximum
achievable, and the ΔV required is equivalent to that of the minimum fuel transfer for the
same separation distance value.
Table 8.9 Maneuver Options for 30-Minute Notification Time

Separation Distance (km)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
2

Probability
4.00E-12
3.99E-12
3.98E-12
3.97E-12
3.96E-12
3.94E-12
3.92E-12
3.90E-12
3.87E-12
3.84E-12
3.41E-12

Min Fuel
ΔV (km/s) Time (min)
0.228
128.8
0.220
128.8
0.212
128.8
0.206
128.8
0.201
128.8
0.390
128.8
0.392
128.8
0.394
128.8
0.395
67.83
0.393
67.83
0.768
67.83

Min Time
ΔV (km/s)
Time (min)
0.237
58.17
0.234
58.17
0.230
58.17
0.227
58.17
0.224
58.17
0.402
58.17
0.399
58.17
0.397
58.17
0.395
58.17
0.393
58.17
0.768
58.00

Like in the previous trade studies, the same initial weighting system (0.5 for
probability, 0.25 for fuel use, and 0.25 for maneuver time) was chosen. The three cases
can be seen compared in Table 8.10. As the minimum probability case out performs the
other cases in the collision probability metric, has an equivalent timing metric value to
the minimum time case, and does not perform poorly in fuel consumption despite having
the highest ΔV of the three cases, it just barely wins out over the minimum time case.
Only when the fuel weighting is increased to four times the time weighting do the results
change (Table 8.11). Despite the emphasis placed on minimizing the fuel usage, the
minimum time case now stands out because, despite the slight increase in the required
ΔV, it significantly out performs the minimum fuel case with regards to the maneuver
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time. It was found that only when increasing the fuel metric weighting to nearly 0.9 does
the minimum fuel case dominate over the minimum time case.
Table 8.10 Minimum Fuel, Minimum Time, Min Probability Trade Studies for 30Minute Notification Time, Equal Fuel and Time Weights

Criteria
Probability
Fuel
Time
Total

Weight
0.5
0.25
0.25

Min Fuel
1.27
5
1
2.14

Options
Min Time
1
4.75
4.99
2.93

Min Probability
1.87
3.64
4.99
3.09

Table 8.11 Minimum Fuel, Minimum Time, Min Probability Trade Studies for 30Minute Notification Time, Unequal Fuel and Time Weights

Criteria
Probability
Fuel
Time
Total

Weight
0.5
0.4
0.1

Min Fuel
1.27
5
1
2.74

Options
Min Time
1
4.75
4.99
2.90

Min Probability
1.87
3.64
4.99
2.89

When comparing all four trade studies side-by-side, a few conclusions can be
made for use in future satellite mission design and operations. First, and most notable, is
that choosing to avoid the collision at a higher probability threshold does not always
guarantee the lowest required fuel use or time for the maneuver. The higher the
notification time, the more the required fuel can be minimized by choosing a lower
collision probability threshold. In addition, for collision avoidance maneuvers with
notification times less than about 20 minutes, the most logical choice would be the
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maneuver that minimizes the collision probability unless significant emphasis is placed
on fuel savings. For collision avoidance maneuvers with notification times greater than
20 minutes and less than one orbital period, the minimum time solution becomes the most
logical option while also minimizing the collision probability as much as the onboard fuel
supply will allow. Fortunately, as the notification time increases, the required ΔV values
increase less with decreasing collision probability thresholds. This means that, with only
basic constraints on the fuel available for the maneuver, it is still possible to minimize
both the collision probability threshold and total maneuver time with the preferred
solution. These observations would allow for an optimal collision probability threshold to
be chosen in future missions given the weights of each metric and the available fuel at the
time of the maneuver.
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Chapter 9
Conclusions
Currently, on-orbit assets are susceptible to unpredicted debris-creating events. As
discussed, satellite collision avoidance maneuvers for such events become more complex
(such as the necessity for finite burn analysis) since the time-to-collision is minimal. This
short amount of time available to both plan and execute the maneuver means that the
speed at which the burn time for the maneuver can be determined is significant. In the
case that such a scenario is encountered, a technique was devised in order to find a semianalytical solution that could be calculated at a moment’s notice given only the
parameters of the spacecraft and the location of the collision. This resulted in a solution
for the majority of the necessary quick response collision avoidance maneuvers in LowEarth Orbit, assuming only that the covariance of the debris cloud is oriented along its
velocity vector. Such an analytical solution could be provided as onboard software for
both current and future satellites and would result in nearly-autonomous collision
avoidance when it is needed the most.
In many cases, it is desirable to optimize the whole maneuver to include the return
trajectory as well in order to ensure that decreasing the collision probability is worth the
effect of the maneuver on the mission operations. Whether limitations are placed on the
maneuver by the amount of fuel available onboard or restrictions on the orbital position
of the spacecraft, all three metrics must be considered through the use of a trade study to
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determine the best course of action. While, in some cases, the best action may be not to
move the spacecraft at all, the assumption was made that a maneuver was necessary when
performing the trade studies. It was found that, for notification times less than around 20
minutes, it is best to decrease the collision probability as much as the available fuel will
allow. As the notification time increases past 20 minutes, more emphasis can be placed
on the time required to perform the entire maneuver and it was found that simultaneously
minimizing the maneuver time and collision probability outweighed the slight extra fuel
required for such a maneuver. While the mission requirements and satellite characteristics
will vary widely between collision scenarios, this information can be considered by
mission designers when allocating onboard fuel for such maneuvers and by satellite
operators when determining the best course of action to avoid an impeding collision. In
rapid collision avoidance maneuvers, not much time can be spent determining the optimal
collision probability threshold. With this work, just by knowing the desired weighting for
the metrics and basic covariance data, an optimal collision probability threshold can be
chosen for the maneuver and used to calculate the necessary burn duration from the
generated analytical equation.
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