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ABSTRACT
Borehole and geophysically inferred geothermal heat fluxes beneath the Greenland Ice
Sheet are in some places much higher than suggested by current knowledge of the underlying
geology, particularly at the head of the Northeast Greenland Ice Stream. Geologically rapid
changes in lithospheric loading during ice-sheet growth and decay produce large changes in the
effective stress state beneath and near the ice sheet. Cyclic loading will cause oscillating melt
volume in deep rocks, and the nonlinear increase of melt-migration velocity with melt fraction
means that extended ice-age cycling likely enhances upward melt migration over several cycles.
Computationally efficient simulations resolving flexural stresses from ice-sheet/lithosphere
interactions result in widespread occurrence of stresses sufficient to allow dike emplacement
across all reasonable ranges of parameters in this system. Modeled stresses in the shallow crust
tend to be compressive beneath an ice sheet and tensile in the forebulge, with opposite-sign
anomalies beneath. The stress patterns migrate laterally with ice-sheet growth and shrinkage, with
magnitudes that depend somewhat on the rate of ice-sheet change, as well as on the ice-sheet
thickness and on focusing from variations in bedrock topography and crustal thickness. Magma
could move upward through dike emplacement in regions of strongly tensile stresses, and the
migration of the stress pattern suggests the possibility of multi-step transport upward, thereby
transporting heat closer to the base of the ice sheet. Large shear stresses are modeled some places
extending through most of the crustal thickness; vug waves or other shear-related transport
mechanisms thus may allow magma migration from deep in the crust to near the surface.
Fracturing from flexural stresses might also increase upper-crustal permeability, promoting
groundwater flow that also moves heat upwards. These results are consistent with the hypothesis
that the regions of anomalously high geothermal flux beneath Greenland’s ice sheet arose from
ice-age cycling of the Greenland ice sheet, enhancing melt extraction from a deep source and
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emplacement near or at the base of the ice sheet, with correspondingly enhanced geothermal flux
and possibly volcanism. The pre-glacial passage of the Iceland-Jan Mayen hotspot may have
provided melt beneath Greenland, and subsequent load cycling helped move it upwards,
significantly impacting heat flow.
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Chapter 1

Introduction & Theory
Geothermal heat flux (GHF) is an important parameter affecting whether the beds of icesheets are frozen or thawed and, if thawed, how rapidly meltwater is generated [Cuffey and
Patterson, 2010]. Despite being one of the least well-constrained ice-dynamic influences, GHF
anomalies are likely to affect patterns of ice flow significantly [Pollack et al., 1993; Fahnestock
et al., 2001; Shapiro and Ritzwoller, 2004; Pollard et al., 2005; Joughin et al., 2010; Larour et
al., 2012].
Recent geophysical investigations suggest localized GHF values higher than expected
from available knowledge of regional geology for some parts of both the Greenland Ice Sheet
(GrIS) [Pollack et al., 1993; Dahl-Jensen et al., 2003; Shapiro and Ritzwoller, 2004; Greve,
2005; Braun et al., 2007; Fox-Maule et al., 2009; Petrunin et al., 2013] and the West Antarctic
Ice Sheet (WAIS) [e.g. Behrendt, 1999; Shapiro and Ritzwoller, 2004; Fox-Maule et al., 2005].
For WAIS, subglacial volcanic edifices or shallowly emplaced magma bodies associated with the
geologically recent (possibly ongoing) rifting have been implicated for observed anomalies [e.g.
Behrendt et al., 1991; Behrendt, 1999; Paulsen and Wilson, 2010; Schroeder et al., 2014]. For
GrIS, the rapid basal melting found from borehole studies at the NGRIP borehole and radar
studies near the head of the Northeast Greenland Ice Stream (NEGIS), and in surrounding regions
[Fahnestock et al., 2001; Dahl-Jensen et al., 2003] is not consistent with the geological picture of
an Archean craton. However, the track of the Iceland-Jan Mayen hot-spot crossed the island not
too far from the GHF anomalies and is likely involved [Lawver and Müller, 1994; Fahnestock et
al., 2001; Fox-Maule et al., 2005; Braun et al., 2007; Petrunin et al., 2013; Rickers et al., 2013].
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Many studies have noted that loading and unloading of the Earth associated with ice-age
cycling must affect melt volume, increasing melt fraction in partially molten rocks with
unloading. This is consistent with observations of increased volcanism in many regions during
and shortly after deglaciations [e.g. Hall, 1982; Huybers and Langmuir, 2009]. Furthermore, the
spatial variations in loading by glaciers and ice sheets produce lithospheric stresses that have been
associated with fracture and faulting, which likely increase permeability and porosity in some
regions [e.g. Wu and Hasegawa, 1996; Stewart et al., 2000; Hampel and Hetzel, 2006], and may
contribute to volcanism [see review in Huybers and Langmuir, 2009].
Here, we hypothesize that the history of loading and unloading associated with ice-age
cycling of the GrIS has contributed to the GHF anomalies observed beneath the head of NEGIS
and nearby, by creating times of especially rapid lithospheric melt percolation during unloading
and by generating large elastic bending stresses enhancing upward migration of magma as well as
deeper groundwater circulation to access hotter rock. We qualitatively summarize a possible role
for oscillating stresses from ice-age cycling in melt extraction through percolation. We then
applied computationally efficient modeling to simulate crustal stress fields during ice-age cycling
of GrIS, finding widespread stresses similar to those estimated to cause dike propagation in
magmatic systems. Together, these support our hypothesis that ice-sheet processes may have
contributed to anomalous geothermal flux, and we argue that more-targeted geophysical studies
informing modeling would be of value.
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Chapter 2

Theoretical Basis

Oscillating Load Enhancement of Melt Extraction: A Hypothesis
In partially molten rock, a pressure anomaly causes an approximately linear anomaly in
melt fraction [see e.g. McKenzie, 1984; McKenzie and Bickle, 1988; Connolly et al., 2009;
Kohlstedt and Holtzman, 2009]. The onset of glaciation over a partially molten layer would lower
its melt fraction, lowering the rate of melt extraction and any volcanism occurring. However, in at
least some systems, suppression of melt extraction and thus reduction of transported latent heat
will lead to warming, and if loading and unloading of a subglacial magmatic system continues for
a sufficiently long time, the system may become insensitive to its initial conditions. If so, then
decompression during ice-sheet decay might raise melt fraction above initial values [Huybers and
Langmuir, 2009].
If melt is assumed to be evenly distributed through a partially molten rock and sufficient
melt is present for individual melt bodies to interconnect, then increasing melt fraction will
increase the buoyant ascent velocity of melt as roughly the square of the melt fraction [e.g.
McKenzie, 1984; McKenzie and Bickle, 1988; Connolly et al., 2009; Vetere et al., 2010]. With an
approximately linear dependence of melt fraction on pressure, and a roughly squared dependence
of melt extraction velocity on melt fraction, larger oscillations should produce more-efficient melt
extraction. In turn, this may allow formation and upward motion of magma bodies for lower
initial melt fractions than would otherwise be possible in the unloaded system.
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Stress Enhanced Melt Migration through the Lithosphere
Upward magma migration, particularly through dikes, is favored when higher pressure
exists in a source region than in the overlying country rock [e.g. Cooper, 1990; Rubin, 1995a,
1995b; Phipps Morgan and Holtzman, 2005]. Pressure differentials can be attained in several
ways, including from over-pressurization of the source region, or tectonic or lithostatic stresses.
Rubin [1995a, 1995b] suggested that source-region pressure differentials of a few to tens of MPa
are sufficient to enable dike formation for the majority of magma types, including granites, by
providing sufficient driving stresses for significant dike propagation before freezing. Based upon
these works, we consider horizontal tensile glaciotectonic stresses ranging from a few to 10 MPa
would be sufficient to aid magma ascent from a partially molten source-region. Phipps Morgan
and Holtzman [2005] additionally suggested that melt may ascend in waves of melt-packets, or
vug-waves, along shear planes in response to shear stresses ranging from 0.1 to 10 MPa,
depending on an array of system parameters.
Modern ice sheets have expanded and contracted through multiple ice-age cycles over
hundreds of thousands to millions of years. Over these timescales, the lithosphere likely behaves
as two elastic components, the crust and upper-mantle lithosphere, partially decoupled from one
another by a ductile layer in the lower crust, as illustrated in Figure 2-1 [e.g. Burov and Diament,
1992, 1992; Kohlstedt et al., 1995; Klemann and Wolf, 1998]. In the following sections, we
model tensile and shear stresses generated in a cross-section of the elastic crust beneath the
Greenland ice sheet by growth and decay of the ice sheet, finding in many places the modeled
deviatoric stresses are approximately the same magnitude as those associated with magma
migration.
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Figure 2-2: Multi-layer rheologic and compositional model of continental lithosphere. The
lithosphere is broken into two compositional layers: a granitic crust and a peridotite mantle (solid
black lines). Rheologic behavior of granitic crust can be approximated by the properties of quartz,
and similarly peridotite by olivine [Kohlstedt et al., 1995]. Rheologies within these compositional
layers are broadly broken into two subsets: elastic and ductile. In the Earth, the boundaries
between these layers (dashed black lines) are dynamic and vary as a function of composition, heat
flow, strain rate and history, and stress state [Burov and Diament, 1992, 1995; Kohlstedt et al.,
1995]. In this study we assume static rheologic and compositional boundaries between all layers
in order to parameterize flexural behaviors and mechanical properties independently. These
parameters include the thickness of the elastic crust (hEC) and the flexural rigidity of the
lithosphere (Dlith), which accounts for composite flexural strength of the entire lithosphere.

6
Chapter 3

Numerical Modeling Methods
Ice-sheet/lithosphere interactions are simulated in this study using an adaptation of the
Pennsylvania State University/University of Chicago (PSU/UofC) thermomechanical flowline
model [Parizek, 2000, 2003; Parizek and Alley, 2004b; Parizek et al., 2005]. In common with
many other ice-sheet models, this finite element model (FEM) implements the Elastic
Lithosphere, Relaxed Asthenosphere (ELRA) treatment of isostasy coupled to a verticallyintegrated (1-D) Shallow Ice Approximation (SIA) of ice-dynamics to simulate flexural response
of the lithosphere to a realistic ice-sheet load [Le Meur and Huybrechts, 1996; Parizek, 2000,
2003; Parizek et al., 2002; Parizek and Alley, 2004a, 2004b; Pollard et al., 2005]. As discussed
by other workers and illustrated in Figure 2-1, the lithosphere likely exhibits layered response to
prolonged, dynamic loading [Burov and Diament, 1992, 1995; Kohlstedt et al., 1995; Klemann
and Wolf, 1998]. Again in common with other ice-sheet modeling, we simplify by prescribing a
flexural rigidity for the full lithosphere (Dlith), and use this in calculating the deflection profile.
We explore a wide range of parameters in our sensitivity tests in section 4 to provide
informative results, despite this simplification. For example, the brittle-ductile transition depth
(elastic to ductile rheologic transition) depends in part on the strain rate of the deflecting
lithosphere. Higher strain rates from faster loading favor elastic rather than viscous deformation.
Thus, the effectively elastic regions of the crust and mantle lithosphere are thickened when
(un)loading is faster [e.g. Kohlstedt et al., 1995; Burov and Diament, 1995]. Increased elastic
thicknesses will in turn result in increased flexural rigidity. Slow loading will reduce strain rates
and tend to diminish elastic behavior in otherwise ductile zones of the lithosphere. Observations
of post-glacial rebound document the effects of relatively rapid unloading, whereas other studies
characterize the effects of slower loading. Similarly, warmed geotherms perturbed by upward
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magma migration will tend to decrease flexural rigidity nearby as warming favors viscous
deformation [see Burov and Diament, 1995; Kohlstedt et al., 1995; Burov et al., 2003]. In our
sensitivity tests in section 4, we vary our single Dlith value across a range of estimates typically
produced by various methods, and allowing for thinning by thermal effects. Future studies might
profitably implement dynamic treatment of these parameters in response to ice-sheet loading.
Crustal processes are likely to be most directly relevant to GHF beneath ice sheets. We therefore
calculate stresses in the elastic crust from its elastic thickness (hEC) and Young’s modulus (EEC),
which we estimate from a range of glaciological, geodynamic, and geomechanical studies
[Turcotte and Schubert, 1982; Wolf, 1987; Burov and Diament, 1995; Kohlstedt et al., 1995; Le
Meur and Huybrechts, 1996; Fjeldskaar, 1997; Fox-Maule et al., 2005; Braun et al., 2007]. In
this way, we provide a computationally efficient proof-of-concept model to test our hypothesis of
ice-sheet cycling providing high enough stresses to affect migration of any magma present.

Governing Equations
As noted above, our modeling here couples a vertically integrated SIA ice-flow model to
an ELRA earth model. The ELRA treatment well-approximates the surface deflection profile of
more complex full-earth models [Lliboutry, 1965; Brotchie and Silvester, 1969; Le Meur and
Huybrechts, 1996] by coupling a Kirchhoff (thin elastic plate) bending model of lithospheric
flexure with a rate equation that includes a limiting time constant that emulates the deformationretarding effect of viscous asthenospheric flow. The SIA ice-flow model is described in Parizek
[2000; 2003] and Parizek and Alley [2004b]. Flexure-induced stresses are estimated from bedrock
deflection profiles produced during modeling and parameterization of a rheologically static
elastic crust. In our experiments, ice-sheet and solid-earth dynamics are solved with a reverseEuler and forward-Euler scheme, respectively. Our FEM is formulated following the Galerkin
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method of weighted residuals, which implements uniform nodal spacing of 20 km along the
transect presented in section 3 and a time-step of 5 years (annum or a hereafter) [Parizek, 2000;
Parizek and Alley, 2004b; Parizek et al., 2005].

Elastic Lithosphere / Relaxed Asthenosphere (ELRA) Lithospheric Flexure Modeling
The elastic lithosphere component of the isostatic adjustment modeling implements
cylindrical bending for deflection of a thin elastic plate [Turcotte and Schubert, 1982; Le Meur
and Huybrechts, 1996]:

!!"#!

!! !
!! !

= ! − !! !"

(3-1)

where Dlith is the flexural rigidity of the lithosphere, x is the horizontal coordinate, w is the
downward, equilibrium deflection of the bedrock profile (the difference between the equilibrium
loaded and initial unloaded bedrock elevations), q is the applied load, !! is the density of the
asthenosphere, and g is gravitational acceleration. The term !! !" represents the upward
buoyancy force on deflected lithosphere inside the asthenosphere, which is influenced by the
isostatic response in the relaxed asthenosphere [Le Meur and Huybrechts, 1996; Parizek, 2000;
Parizek and Alley, 2004b]:
!!!
!"

= −!

!
!"#!

! − !! + !!

(3-2)

where br is the bedrock profile at time t, bo is equilibrium profile in the absence of an ice load
(allowing for topographic variation independent of the glaciated state), and !!"#! is the
characteristic response time for asthenospheric flow, which is proportional to asthenospheric
viscosity and inversely proportional to the wavelength of the load. Following the sensitivity
results of Le Meur and Huybrechts [1996] and Huybrechts [2002] we use !!"#! = 3000 yrs for all
model runs.
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Shallow Ice Approximation (SIA) Dynamic Ice-Sheet Modeling
The vertically integrated (1-D) formulation for SIA ice-dynamics [Parizek, 2000; Parizek
et al., 2005] calculates changes in ice-sheet thickness hice(x,t) as:
!!!"#
!"

!

!!

= !! ! !" + ! − !

(3-3)

where D is the effective diffusivity, s is the surface elevation (

!!
!"

the surface slope), ! is the

surface accumulation rate (positive values increase ice thickness), and ! is the basal melting rate
(positive values decrease ice thickness). All ice thickness is assumed to be glacier ice (i.e. no firn
layer) with a uniform density of 910 kg/m3. In our finite element parameterization of the SIA, D
is assumed to be an elemental constant, Do, transforming Equation 3-3 into:
!!!"#
!"

!! !

= !! !! ! + ! − !

(3-4)

The effective elemental diffusivity of ice, Do, is treated as the sum of the diffusivities from
internal deformation (Do def) and basal sliding (Do slide):

!! = !! !"#$% + !! !"#

(3-5)

These diffusivities are given by:
!" !!!

!! !"#$% = −ℎ!"# ! !!"# !ℎ!"# !"
!! !"# =

!
!

!!"# !! !!"# !

!

!" !!!
!"

!!"# !ℎ!"#

(3-6)

!!!
ℎ!"#

(3-7)

where C is the coefficient and m the exponent for basal sliding, Eice is the ice softness
enhancement factor, !! is the vertically integrated ice softness parameter, and n is the flowlaw
exponent. In this study, we use the !, !, and !! histories from model runs of Parizek and Alley
[2004b] and Parizek et al. [2005], based on the Greenland Ice Core Project (GRIP) isotopederived surface temperature record. The basal sliding coefficient C is activated as a binary switch
for sliding diffusivity, where C = 0 when ! ≤ 0, indicating basal freeze-on. The ice softness
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enhancement factor Eice is set at 15 in all runs to match thickness and ice velocity trends from
earlier works [Parizek, 2000, 2003; Parizek and Alley, 2004b]. Model parameterization values are
summarized in Table 3-1.

Flexural Stress Modeling
!
We focus primarily on horizontal deviatoric stresses (!!!
) in the crust because of their

possible role in formation of vertical dikes [Ahern and Turcotte, 1979; McKenzie, 1984;
McKenzie and Bickle, 1988; Cooper, 1990; Rubin, 1995b, 1995b]. We additionally estimate
!
vertically oriented shear stresses (!!"
), which may contribute to vug-wave migration [Phipps
!
Morgan and Holtzman, 2005]. Deviatoric stresses (!!!
) in the elastic crust are estimated from

deflection profiles as [e.g. Turcotte and Schubert, 1982]:
!
!!!
=

!!"

!! !

(!!! ! )

!! !

!−

!!"
!

− !!!,!

(3-8)

where EEC and v are Young’s modulus and Poisson’s ratio for the elastic crust, hEC is the thickness
of the elastic crust and z is depth in the crust below the base of the ice, br. The initial horizontal
stress state, !!!,! is calculated from the equilibrium bedrock profile for an unloaded lithosphere,

b o.
!
Shear stresses (!!"
) are not considered in derivation of the Kirchhoff bending theory, but

a suitable estimate can be made using the parabolic approximation [Timoshenko and WoinowskyKrieger, 1959]:
!
!!"
=

where

!!"

!! !

!(!!! ! ) !! !
!! !
!! !

!! −

!
!!"

!

− !!",!

(3-9)

is the aberrancy of the deflection profile (third-order spatial derivative), and !!",! is

the initial shear stress state calculated from the aberrancy profile of the unloaded lithosphere, bo.

11
Modeling Parameterization
Our modeling here follows the same transect of Greenland used by Parizek and Alley
[2004b] (Figure 3-1). We first assume flat bedrock coupled to an elastic crust of uniform
thickness, and explore the influence of varying the elastic parameters for the crust and flexural
rigidity of the lithosphere. We then incorporate observed initial topography, assumed to be in
equilibrium with the modern ice-sheet load [Letréguilly et al., 1991; Ekholm et al., 1995; Ritz and
Grenoble team members, 1997] and assess the effects of topography on flexural stresses. Finally,
we set the base of the elastic crust at the modern ~580oC isotherm as estimated from satellite
magnetic data [from Fox-Maule et al., 2005] (Figure 3-1B and 3-1C), following prior work [e.g.
Maggi et al., 2000; Watts, 2001; McKenzie et al., 2005] to assess the effects of crustal thickness
variation beneath central Greenland. Each ice-sheet model begins with ice-free conditions in
which topography has been restored to an estimate of the unloaded equilibrium profile by
removing the modern ice-sheet load and calculating the unloaded equilibrium bedrock profile
using the selected value of Dlith for the given model run.
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Figure 3-1: Ice and elastic-crust geometries along the 2400 km long extended “GRIP” transect.
(A) Transect across central Greenland (thick black line) from Parizek and Alley [2004b], overlain
on modern bedrock topography (colored contours, sea level in black) [from Amante and Eakins,
2009]. Transect extrapolations (dashed black lines) are included to prevent edge-effects in stress
modeling (B) Curie depths estimating the (580oC isotherm; Fox-Maule et al., 2005; colored dots)
and cubic interpolation (contours), sea-level contours are shown for reference (white contour).
The resulting depths are implemented for the elastic crustal thickness profile in section 4. (C)
Modern ice-sheet thickness profile (blue line) and topography (upper black line) along the GRIP
transect shown in A, and crustal thickness from B (lower black line).
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Flexure Model Parameterization
Estimates for lithospheric flexural rigidity implemented in past ice-sheet modeling
studies generally range from 1x1024 to 1x1025 Nm, but values as low as ~1023 Nm and as high as
~1026 Nm have been reported based on regional estimates from post-glacial response; some local
estimates may extend beyond these values [McConnell, 1968; Wolf, 1987; Stern and Ten Brink,
1989; Fjeldskaar, 1997; Parizek and Alley, 2004b; Rogozhina et al., 2012]. For Greenland, we
start with Dlith = 5x1024 Nm for our standard experiment parameterization (SEP), but also test
values of Dlith from 1x1023 Nm to 1x1026 Nm to cover a wide range of proposed flexural rigidities.
Following Kohlstedt et al. [1995], we take the dominant mineralogy controlling rheology
to be quartz, and therefore implement Young’s modulus for the elastic crust to be EEC = 60 GPa
for our SEP, but also explore the likely range of values from 40 to 80 GPa for a dominantly
granite crust [following Turcotte and Schubert, 1982; Burov and Diament, 1995; Kohlstedt et al.,
1995]. Following Burov and Diament [1995], Fox-Maule et al. [2005], and Braun et al. [2007],
we use an elastic thickness of hEC = 30 km in our SEP, but explore a wide range of thicknesses
(10-50 km; Table 3-1).

Ice-Sheet Model Parameterization
The GrIS grew during the late Cenozoic cooling, oscillated with climate forcing, and has
likely experienced a more-or-less complete deglaciation during one or more interglacial periods,
possibly including during marine isotope stage 11 around ~440 ka (see review in Alley et al.,
2010). To approximate this loading history, we start our model runs with ice-sheet growth over
70 ka from a deglaciated state (“Initial Growth” in Figure 3-4). We then follow Parizek and Alley
[2004b] and prescribe the effects of a 250 ka ice-age cycling climate history based on the GRIP
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ice-isotopic temperature proxy record, followed by repeating this for a total of 500 kyr
(“Dynamic Ice” in Figure 3-4). The climate history is tied to the published GRIP record, with
spatial variations at any time consistent with the pattern on the modern ice sheet, and includes
specification of surface accumulation rates, basal melting rates, and ice softness from Parizek and
Alley [2004b] during these 250 ka periods (Figure 3-2). Finally, we model possible future
deglaciation in response to warming from a rise to 8 times modern [CO2], again following
Parizek and Alley [2004b] (Figure 3-3). The resulting ice thickness profiles on flat and actual
bedrock topography for one repetition of the GRIP forcing are shown in Figure 3-4. Topography
influences ice-sheet surface slope, and therefore driving stresses, ice flow, and the resulting icethickness history. Additionally, we assume the zeroth-order calving criterion from Parizek and
Alley [2004b] for all models, in which the ice thickness is set to 0 m for all locations with bedrock
more than 395 m below sea level. This is applied at the same spatial locations even in runs with
flat topography to maintain comparable ice extent across all experiments presented.
Deglaciation in response to possible extreme future warming (8x[CO2]) is shown in
Figure 3-3. The thinning rates from the Parizek and Alley [2004b] warming experiment were
calculated for each grid box and time step, and smoothed with a second-order polynomial
(Figures 3-3A and B). The ice-sheet response is shown in Figures 3-3C and D for flat and actual
topography. Simulations were extended into the future for 6000 a, to twice τasth, to monitor stress
evolution. Our initial spin-up consisted of reversing this deglaciation and slowing it by 50-fold.
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Figure 3-2: Climate-based forcing over time and space, following [Parizek and Alley, 2004b]. (A)
Surface accumulation rate ! [m/a], (B) basal melting rate ! [cm/a], and (C) vertically integrated
ice softness Ao [Pa-3a-1 x10-17]. The equilibrium line (! = 0 m/a) for surface accumulation rate is
shown in A (dotted white line).
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Table 3-1: Notation and numerical values used in modeling studies. Standard experiment parameterization (SEP) values are bolded; others
are used in model sensitivity testing.
Parameter
Asthenospheric Density, ρasth
Asth. Response Time, τasth
Basal Melting Rate, !(!, !)
Basal Sliding Coefficient, C
Basal Sliding Exponent, m
Elastic Crustal Thickness, hEC
Elastic Crustal
Young's Modulus, EEC
Element Length, dx
Flowlaw Enhancement
Factor, Eice
Flowlaw Exponent, n
Gravitational Acceleration, g
Ice Density, ρi
Ice Softness Parameter, Ao(x,t)
Lithospheric Flexural
Rigidity, Dlith
Poisson's Ratio, ν
Surface Accumulation Rate,
!(!, !)
Time-Step, dt

Value(s) [units]

Source

-3

3300 [kg m ]

Turcotte and Schubert, 1982

3000 [a]

Le Meur and Huybrechts, 1996; Huybrechts et al., 2002
-1

Parizek, 2000, 2003; Parizek and Alley 2004b; Parizek et al., 2005

-2

0 / 1x10 [m s Pa ]

Parizek, 2000, 2003; Parizek and Alley 2004b; Parizek et al., 2005

2 [-]
10, 20, 30, 40, 50 [km]

Parizek, 2000, 2003; Parizek and Alley 2004b; Parizek et al., 2005
Burov and Diament, 1995; Fox-Maule et al., 2005, 2009; McKenzie
et al., 2005; Braun et al., 2005

40, 50, 60, 70, 80 [GPa]

Turcotte and Schubert, 1982; Kohlstedt et al., 1995

See Fig. 3-2B [m a ]
-8

-1

20 [km]
15 [-]
3 [-]
9.80616 [m s-2]
910 [kg m-2]

e.g. Parizek and Alley, 2004b
-3 -1

See Fig. 3-2C [Pa a ]
1x1023, 1x1024, 5x1024,
1x1025, 1x1026 [Nm]
0.25 [-]
See Fig. 3-2A [m a-1]
1 [a]

Parizek, 2000; Parizek and Alley, 2004b; Parizek et al., 2005
Glen, 1955; Parizek, 2000, 2003;

Parizek, 2000, 2003; Parizek and Alley 2004b; Parizek et al., 2005
McConnell, 1968; Wolf, 1987; Le Meur and Huybrechts, 1996;
Fjeldskarr, 1997; Parizek and Alley 2004b; Rhogozina, 2010
Turcotte and Schubert, 1982; Kohlstedt et al., 1995
Parizek, 2000, 2003; Parizek and Alley 2004b; Parizek et al., 2005
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Figure 3-3: Modeled deglaciation under extreme future warming. (A) Greenland Ice-Sheet
thinning rates (Δhice/Δt < 0) calculated from 8x[CO2] warming scenarios from Parizek and Alley
[2004b]. (B) Thinning rates at the ice-sheet margins and at the ice-sheet divide (highest ice
elevation location), shown as data points and with a second-order polynomial fit. The icethickness profiles for this deglaciation scenario are shown for (C) a flat bedrock profile and (D) a
topographic bedrock profile.
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Figure 3-4: Ice-thickness histories for the initial growth phase and one repetition of GRIP forcing
[after Parizek, 2000, 2003; Parizek and Alley, 2004b; Parizek et al., 2005], showing thickness
(color scale) against distance and time on (A) a flat bedrock profile and (B) the observed
topographic bedrock profile. (C) Ice “volume” (km3 per unit km flowline width) for the
simulations in A (dashed red) and B (solid black).
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Chapter 4

Results & Discussion
Results for stresses in the elastic crust are shown in Figures 4-1 through 4-9, with
horizontal deviatoric stresses (reported as negative values for tension and positive values for
compression) in Figures 4-1 through 4-8 and shear stresses in Figure 4-9; each of these is
discussed in more detail in the following subsections. Based on physical understanding [see
Rubin, 1995a, 1995b; Phipps Morgan and Holtzman, 2005], a horizontal deviatoric stress of -3
MPa is likely to be notably influential on any dike formation; that contour is shown in red in most
figures.
Figure 4-1 presents results from select time-slices for uniform topography, uniform
elastic crustal thickness, and our “standard experiment parameterization” (SEP). Sensitivities of
the stress estimates in Figure 4-1 to key parameters are explored in subsequent figures: Figure 4-2
for lithospheric flexural rigidity (Dlith), Figure 4-3 for Young’s modulus of the elastic lithosphere
(EEC), and Figure 4-4 for elastic crustal thickness (hEC). Sensitivity to ice loading (Δhice(x)) is
shown in Figure 4-5. Topography is introduced to the standard experiment in Figure 4-6, and
topographic influences on stress estimates are explored in Figure 4-7. We then repeat the
simulation in Figure 4-6 using geophysically estimated elastic crustal thicknesses, showing
horizontal stresses in Figure 4-8 and shear stresses in Figure 4-9 (the red contour in 4-9 is for 0.25
MPa, toward the lower end of values expected to significantly impact melt migration). The timeslices shown in Figures 4-1, 4-6, 4-8 and 4-9 correspond to: (A) the midpoint of the initial growth
phase when ice volume is ½ of the modern ice volume (c. 533 ka); (B) the end of the initial
growth phase when ice volume is equivalent to modern ice volume (c.500 ka); (C) a glacial
maximum after additional, slow ice-sheet growth (c. 400 ka); (D) following a rapid deglaciation
when ice volume is roughly equal to modern (c. 183 ka); (E) modern, after additional ice-age
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cycling and the persistence of warm conditions during the Holocene (0 ka); (F) midpoint of rapid
removal of GrIS when ice volume is ½ of modern ice volume (c. 700 a in the future); (G)
immediately after full removal of GrIS, but before full post-glacial isostatic adjustment (c. 1450 a
in the future). We have conducted full simulations for these and additional runs and movies for
select simulations are included in Appendix A. Figures show either a single ice-thickness profile
(blue) associated with a specific time-slice (e.g. Figure 4-1A-G) or two ice-thickness profiles
showing modern (solid blue) and Last Glacial Maximum (dashed blue) profiles (e.g. Figure 4-1H
& I).

Standard Experiment Results
Simulations conducted on flat bedrock topography with uniform-thickness elastic crust
most simply show the main features of the full suite of ice-sheet modeling runs (Figure 4-1; also
see Video A-1). Ice-sheet loading depresses the central part of the lithosphere beneath the load
and forms forebulges on the periphery. The upper part of the crust beneath the ice-sheet is placed
in horizontal compression (shown by cool colors), with tension (warm colors) in the forebulges;
as expected from symmetry about the neutral axis of the uniform-thickness crust (following from
Equation 3-8). The lower part of the crust exhibits similar-magnitude but opposite-sign stress
anomalies. Horizontal stresses remain small near the mid-depth in the elastic crust. The pattern of
stresses migrates outward with ice-sheet growth and inward with ice-sheet decay; during glacial
maximum the central region of the depression flattens in response to broader ice-extent, which
exceeds the characteristic wavelength of lithospheric deflection, resulting in deformation
concentrated towards ice-sheet margins [see Turcotte and Schubert, 1982]. This results in the
split of subglacial stress extremes into two centers closer to the margins (Fig. 4-1C). Stresses are
smaller when the ice sheet is smaller, so regions experiencing multi-MPa tensile stresses in the
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forebulge do not migrate as far as the ice-sheet margins do (Figure 4-1H). The highest-magnitude
tensile stress is in excess of 10 MPa. The high-magnitude stresses do not arise primarily from
rapid ice-sheet growth and decay; rather, the regions with highest stresses also have those stresses
persist for a large fraction of the total experiment length, as shown by comparing Figures 4-1H
(maximum tensile stress amplitude) and 4-1I (duration of tensile stress amplitude larger than 3
MPa). Ice-sheet volumes are larger than modern for most of the experiment, consistent with the
relatively reduced interglacial state of the modern ice sheet, as reflected in Figures 3-4C and 41H.
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!
Figure 4-1: Flexure-induced horizontal deviatoric stresses (!!!
) using SEP with a flat bedrock
profile. For A-G, red indicates tension and blue, compression. Figures 4-1-A through 4-1-G
correspond to select time-slices: (A) the midpoint of the growth phase when ice volume is ½ of
the modern ice volume (c. 533 ka); (B) the end of the growth phase when ice volume is
equivalent to modern ice volume (c.500 ka); (C) a glacial maximum after additional, slow icesheet growth (c. 400 ka); (D) following a rapid deglaciation when ice volume is roughly equal to
modern (c. 183 ka); (E) modern, after additional ice-age cycling and the persistence of warm
conditions during the Holocene (0 ka); (F) midpoint of rapid removal of GrIS when ice volume is
½ of modern ice volume (c. 700 a in the future); (G) immediately after full removal of GrIS, but
before full post-glacial isostatic adjustment (c. 1450 a in the future). (H) Maximum tensile stress
at each point during the experiment and (I) the percent of the model run duration for which a
point had a tensile stress of larger magnitude than 3 MPa, with longer durations marked by
greater blue saturation. The slight east-west asymmetries in the figures arise from surface mass
balance patterns in the forcing (Figure 3-2).
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Standard Experiment Sensitivity Testing
We next assess the sensitivity of the results from our standard experiment (Figure 4-1) to
variations in the elastic parameters Dlith, EEC, and hEC, varying each in turn across its likely range
of values without varying other parameters from the standard experiment. We display the
maximum tensile stress amplitude reached during the experiment, as in Figure 4-1H, for: Dlith
variations between 1x1023 Nm and 1x1026 Nm (Figure 4-2), EEC between 40 GPa and 80 GPa
(Figure 4-3), and hEC between 10 km and 50 km (Figure 4-4). We then model the effects of
perturbations in ice-loading history, hice(x,t) , (Figure 4-5), where the standard experiment icethickness history hice(x,t) is modified with one of three Δhice(x) scenarios as shown in the
lower panels of Figure 4-5: uniformly thicker (or thinner) ice applied at all ice-covered locations,
modification focused at the ice-sheet margins, and modification focused at the ice divide.
Lithospheric flexural rigidity likely depends on a range of factors, including strain rate,
thermal structure, and composition of the lithosphere, and may change over time [Burov and
Diament, 1992, 1995; Kohlstedt et al., 1995; Maggi et al., 2000; McKenzie et al., 2005]. Our runs
span the range commonly used in ice-sheet modeling [e.g. Parizek and Alley, 2004b; Pollard et
al., 2005; Rogozhina et al., 2012], as well as more extreme estimates [e.g. McConnell, 1968;
Fjeldskaar, 1997]. The results are shown in Figure 4-2. Not surprisingly, increasing the
lithospheric rigidity (i.e. increasing the resistance to bending under an applied load) distributes
the flexural response over a longer distance with less curvature, and therefore results in smaller
stresses. However, even with the highest rigidity tested, the deviatoric tensile stress magnitudes
still exceed 3 MPa in some places (Figure 4-2D).
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!
Figure 4-2: Maximum tensile deviatoric stresses (!!!
< 0) attained using SEP (Fig. 4-1) with a
flat bedrock profile and uniform elastic crustal thickness, as in Figure 4-1H, but with varied
lithospheric flexural rigidity (Dlith =5x1024 Nm, normally). (A) Dlith = 1x1023 Nm, (B) Dlith =
1x1024 Nm, (C) Dlith = 1x1025 Nm, and (D) Dlith = 1x1026 Nm. Last Glacial Maximum (dashed
blue) and modern (solid blue) ice-extents are shown atop the elastic crustal profile.

Tensile stresses are calculated from the deflection and elastic properties; thus, as shown in
!
Equation 3-7, !!!
for a given deflection increases linearly with Young’s modulus, EEC (a measure

of the stiffness of an elastic material; Figure 4-3). Even for the lowest value tested, the maximum
tensile stress magnitude exceeds 3 MPa in many places. The effects of variations of hEC are
shown in Figure 4-4 for values of 10 km to 50 km.
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!
Figure 4-3: Maximum tensile deviatoric stresses (!!!
< 0) attained using SEP (Fig. 4-1) with a
flat bedrock profile as in Figure 4-1H, but with varied elastic crustal Young’s modulus (EEC = 60
GPa, normally). (A) EEC = 40 GPa, (B) EEC = 50 GPa, (C) EEC = 70 GPa, and (D) EEC = 80 GPa.
Last Glacial Maximum (dashed blue) and modern (solid blue) ice-extents are shown atop the
elastic crustal profile.

Following Equation 3-7, the tensile stress varies linearly with distance from the neutral axis, and
therefore with the thickness of the elastic crust. As in Figure 4-4A, even in the thinnest elastic
crust we tested, maximum tensile stress magnitudes attained exceed 3 MPa in several places.
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!
Figure 4-4: Maximum tensile deviatoric stresses (!!!
< 0) attained using SEP (Fig. 4-1) with a
flat bedrock profile as in Figure 4-1H, but with varied elastic crustal thickness (hEC = 30 km,
normally). (A) hEC = 10 km, (B) hEC = 20 km, (C) hEC = 40 km, and (D hEC = 50 km. Last Glacial
Maximum (dashed blue) and modern (solid blue) ice-extents are shown atop the elastic crustal
profile.

Our ice-sheet model is simplified in many ways, and all of the parameters include at least
some uncertainty; although our ice-sheet results are quite similar to those of may other models,
they are not identical [e.g. Huybrechts et al., 1996; Parizek, 2000; Parizek and Alley, 2004b;
Parizek et al., 2005; Pattyn et al., 2008; Nowicki et al., 2013; Chang et al., 2014]. These
differences may affect flexural response and therefore stresses. To assess sensitivity to iceloading uncertainties, we modify the ice-thickness history from the standard experiment hice(x,t)
with three distinct perturbation experiments, as shown in the lower panels of Figure 4-5:
uniformly thicker ice is applied at all ice-covered locations, extra ice is added near the margins,
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and extra ice is added near the divide. Each perturbation is then reversed, subtracting the same
anomaly from the standard experiment.
Consistent with physical understanding, perturbing the loading profile modifies the
crustal stresses. Thickness perturbations at ice-sheet margins (Figure 4-5B, but also in 4-5A) tend
to modify stresses more significantly than similar-magnitude perturbations near the divide.
Extensive modeling and observational evidence show that ice thickness changes tend to be
relatively larger at ice-sheet margins than in their interiors, for well understood physical reasons
[e.g. Cuffey and Patterson, 2010; Nowicki et al., 2013]. Flexural deformation, and resultant stress,
is influenced in part by differential loading across a given section of the lithosphere. Near icesheet margins, perturbations in ice-thickness appreciably change the differential loading centered
about the margin, resulting in more significant changes in curvature and stresses (Figures 4-5A
and 4-5B). Ice-thickness perturbations, and therefore ice-loading, centered about the ice-divide
produce much smaller changes in differential loading as compared to margins, resulting in a
smaller perturbation of localized deformation and associated stress (Figures 4-5A and 4-5C).
Despite these differences, the overall pattern of stress distribution remains largely the same as in
the standard experiment (Fig. 4-1), suggesting that ice-thickness history uncertainties of a few
hundred meters produces relatively small changes in flexural stress distributions.
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!
Figure 4-5: (Top) Ice sheet (Center) !!!
= -3 MPa contour in SEP with a flat bedrock profile, (the
red contour in Figure 4-1H), but with varied ice thickness profiles as shown in lower panels. The
standard experiment is in red, added mass in blue, and subtracted mass in black. The ice extents
are shown for the Last Glacial Maximum, vertically exaggerated (5:1).

Incorporating actual topography (Figure 3-1) into our standard experiment produces the
results shown in Figure 4-6 (also see Video A-2). Changing topography without changing the
load will affect flexural stresses through focusing, but changing topography also affects the
thickness profile of the ice sheet and thus the applied load. To separate these effects, Figure 4-7
shows the stresses from the standard experiment on flat topography (Fig. 4-7A), the stresses
resulting from placing that ice sheet on real topography (Fig. 4-7B), and the stresses from the ice
sheet interacting with the real topography (Fig. 4-7D). The effect of the topography alone is
shown in Figure 4-7C, the difference between Figs. 4-7B and 4-7A. Magnitudes of changes are
typically less than 0.1 MPa, and so are not large compared to flexural stresses. The full effects of
the topography are shown in Figure 4-7E, the difference between Figs. 4-7D and 4-7A. Tensile
stress magnitude enhancement is as much as 5 MPa in some places, but generally less than 3
MPa, and shows the main effect of topography is to perturb the ice mass-distribution rather than
to focus stresses. We note, however, that somewhat larger but short-lived stress concentrations
are generated by the topography at certain times and places, suggesting the possibility that careful
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considerations of ice-sheet interactions with more-extreme topography might reveal interesting
effects.

Figure 4-6: Flexure-induced horizontal stresses (σ’XX) using SEP with uniform elastic crust and a
topographic bedrock profile. All panels are as in Figure 4-1.
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Figure 4-7: Comparison the effects of topographic focusing and topographic ice-mass
!
redistribution on maximum deviatoric tensile stresses (!!!
< 0 MPa) in an elastic crust with SEP
and (A) a flat bedrock topography and (B) real bedrock topography in response to identical icesheet loading histories that dynamically respond to a flat bedrock topography, and (D) an icesheet loading history that dynamically responds to a real bedrock topography. Ice thickness
profiles for the LGM (dashed blue) and modern (solid blue) are show in A, B, and D. The -3 MPa
stress contour (red) is highlighted for comparison with other simulations. The difference between
B and A is shown in C, the effect of topographic focusing. The difference between D and A is
shown in E, the full effect of the topography through focusing and influence on the ice-sheet
thickness distribution and thus load. In C and E, warm colors show more-tensile stresses with real
topography.

Greenland Experiment Results
Geophysical observations [Fox-Maule et al., 2005] suggest notable thickness variations
in the elastic crust across the study area. These thickness variations tend to produce greater
flexural stresses in thicker regions, as expected from Equation 3-8, and shown in Figure 4-8, with
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maximum tensile stresses exceeding 10 MPa. Introducing the crustal thickness variations shifts
the deep central maximum towards the thickness maximum, and also causes it to remain as a
single maximum rather than splitting into two at glacial maximum. Furthermore, interactions
between the evolving ice sheet and the spatially varying crustal thickness enhance stress
magnitudes in some regions and diminish stresses in others as compared to the previous
simulations. For example: strong but short-lived, stress maxima on the west side and the
weakened stress maxima on the east side (Figs. 4-8H & I versus Figs. 4-6H & I).

Figure 4-8: Flexure-induced horizontal stresses (σ’XX) using SEP and elastic crustal thickness
estimates from satellite magnetic data [based on Fox-Maule et al., 2005; McKenzie et al., 2005]
and a real topographic bedrock profile. All panels are as in Figure 4-1.
Shear stresses calculated from deflection and elastic properties, as shown in Equation 3-8,
increase as the square of elastic thickness. This produces strong focusing of shear stresses in the
thickest parts of the elastic crust (Figure 4-9, also see Video A-6). Shear stress also varies linearly
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with changes in deflection profile concavity (

!! !
!! !

), which will tend to be greater when the width

of the ice-load is reduced and deformation is more concentrated laterally [e.g. Turcotte and
Schubert, 1982]. This is shown by strong, but short-lived shear stresses produced when
deformation associated with smaller ice-sheets is centered over the thickest elastic crust on the
west side (Fig. 4-9A, B, E, & F). Glacial maxima distribute loads more evenly across the
transect, resulting in smaller lateral changes in concavity, and therefore smaller stresses even in
regions of thicker elastic crust (Fig. 4-9C). Lag between rapid ice-sheet decay after prolonged,
stable loading and isostatic response result in intermediate stress magnitudes seen in Figure 4-9D.
With the exception of the initial loading phase, shear stresses remain relatively low (0.1-1 MPa),
toward the lower end but within range of stresses suggested to contribute significantly to vugwave migration (0.1 to 10 MPa) [e.g. Phipps Morgan and Holtzman, 2005; Huybers and
Langmuir, 2009]. Shear stresses are also simulated for the standard experiment with flat bedrock
topography (Video A-4, parameterized as Figure 4-1) and real bedrock topography (Video A-5,
parameterized as Figure 4-6). Shear stress maxima are more mobile in these experiments, but of
similar stress magnitude.
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!
Figure 4-9: Flexure-induced vertical deviatoric shear stress magnitudes (|!!"
|) with SEP for with
elastic crustal thickness estimates from satellite magnetic data [based on Fox-Maule et al., 2005;
McKenzie et al., 2005] and a topographic bedrock profile. Warm colors indicate greater shear
stress magnitude. Panels A-H are as in Figure 4-1 and cooler colors in panel I indicate longer
durations above the target stress of 0.25 MPa.

Summary of Experimental Results
Ice-sheet growth and decay cause large changes in surface loading, which cause elastic
and viscous response in the Earth beneath and nearby. Using a simple but well-characterized iceflow model, forced to generate ice-age cycling, and coupled to an elastic lithosphere and viscous
asthenosphere for a flowline across Greenland, we have quantified the elastic deformation of the
crust. Stresses resulting from crustal deformation are calculated for the range of parameters
representing likely conditions.
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All of our simulations generate elastic tensile stresses of a similar magnitude as those
associated with dike propagation in magma migration [Cooper, 1990; Rubin, 1995a, 1995b]. The
largest tensile stresses develop in the upper elastic crust in the forebulges around the ice sheet,
and in the lower elastic crust beneath the central part of the ice sheet. Topographic features cause
some stress focusing directly, but more so through their effect on ice-sheet thickness. Crustalthickness variations also cause large stress focusing.
These stress patterns migrate with ice-sheet growth and decay. Ice growth causes
forebulges and associated shallow stress maxima to migrate outward, and causes the deep central
maximum to widen and even split into two in some situations. The largest time-variations are
produced by ice-sheet growth from an ice-free condition and by complete deglaciation; however,
ice-age cycling between glacial maxima volumes, and minima volumes similar to today, is
sufficient to generate large stress changes. Stresses are strongly tensile in large regions for more
than 10% of an ice age cycle.
Migration of these stress patterns notably lags faster ice-volume changes because of the
flow resistance from asthenospheric viscosity, most notably during glacial decay. The details of
stress-state evolution thus depend on the rate of ice-sheet change, although the size and thickness
of the ice sheet are generally more important than the rate of growth or decay in controlling the
tensile and shear stresses that can impact magma migration or shallow fracture of crustal rocks.
Consistent with the underlying flexural physics, modeled tensile stresses remain small at
mid-depth in the elastic crust. However, significant vertical shear stresses are simulated in some
regions extending through most of the crustal thickness, with large enough amplitudes that they
may enhance the ability of melt to migrate upward by vug-waves or other mechanisms.
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Chapter 5

Discussion
Ice-sheet oscillations over ice-age cycles cause large changes in elastic lithospheric
stresses. For comparison, the melting of a 3 km ice sheet over 10 ka, a typical rate for a
deglaciation [e.g. Shackleton et al., 1984; Alley et al., 2010], changes loading at about the same
rate as unloading of crustal rock at 10 cm/a over a continental-scale area. Numerous studies over
decades have shown that the direct effects of loading, and the resulting flexure, significantly
affect brittle crustal processes and volcanism [e.g. Wu and Hasegawa, 1996; Stewart et al., 2000;
Hampel and Hetzel, 2006; Llubes et al., 2006; Huybers and Langmuir, 2009].
Unexpectedly high geothermal heat flux has been observed beneath some ice-sheet
regions. This suggested the hypothesis that ice-age cycling has contributed to enhanced heat
transfer, by increasing the efficiency of melt extraction to form magma bodies, melt migration to
move those bodies shallower in the crust (or completely through it), or deep groundwater flow to
access hot rocks and transport the heat shallower.
Looking first at extraction of distributed, grain-scale melt to form larger magma bodies,
we note that the onset of glaciation must initially suppress melt volume by raising the pressure
melting point. However, under some circumstances, a sufficiently long interval of ice-age cycling
may cause the system to become insensitive to conditions before the initial glaciation. If so, then
because the loading and unloading of ice-age cycles causes roughly linear increase and decrease
in melt volume, and extraction efficiency increases with approximately the square of the melt
volume [e.g. McKenzie, 1984], larger variations in load will increase the ability of melt to
migrate, potentially allowing formation of magma bodies that otherwise would not form. Local
conditions of upwelling, geothermal flux, etc. are likely to be quite important. We have not
explored this possibility further.

36
Buoyant melt moves upwards through the crust by many processes, but is clearly aided
by emplacement of more-or-less vertical dikes in many cases [e.g. Rubin, 1995a, 1995b]. The
stresses for dike opening can arise from tectonic processes, overpressure in the magma body, or
in other ways. Our modeling shows that the ice-age cycling of Greenland’s ice sheet has
generated tensile stresses in the elastic crust of similar magnitude to those required for dike
propagation. The pattern and magnitude of stresses change in response to ice-sheet evolution,
increasing the likelihood that a preexisting magma body beneath or near Greenland would
encounter favorable conditions for upward migration. Our simulations do not show conditions
that would favor single-step migration of melt from beneath or within the lower elastic crust to
the surface, as mid-depth regions of the elastic crust do not develop large tensile stresses.
However, relatively large shear stresses do develop extending across the mid-depth crust,
suggesting the possibility that shear processes could enhance upward migration in a multi-step
process[Phipps Morgan and Holtzman, 2005].
The glaciotectonic stresses likely also aid in breakage of surface rocks [see review in
Stewart et al., 2000]. If the enhancement of permeability from this exceeds the loss by glacially
increased erosion of near-surface rocks, then ice-age cycling might aid in the enhancement of
penetration depth and efficiency of hydrothermal systems, thereby enhancing heat flux to icesheet beds [Clark and Pollard, 1998; Llubes et al., 2006; Huybers and Langmuir, 2009].
A large gap exists between these considerations and any quantitative test of the
hypothesis that the inferred geothermal anomalies in Greenland arose in part from the influence
of the ice sheet growing and shrinking over climatic cycles. Nonetheless, the Iceland-Jan Mayen
hot spot did pass beneath Greenland, suggesting the possibility of a source of magma at depth
[e.g. Lawver and Müller, 1994; Braun et al., 2007, and references therein]. Shallow tensile
stresses from the ice sheet must affect the elastic crust, and if buoyant melt is present beneath,
this must affect the likelihood or rate of upward migration. Movement of the stress pattern over
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time in response to the evolving ice sheet has produced multiple opportunities for migration of
melt in some regions, and multi-step migration is possible. Shear stresses might even have
somewhat enhanced the ability for melt to move from the lower to upper elastic crust.
Combining these results with the possibility of enhanced extraction of distributed small
melt bodies to make magma chambers, and of deeper groundwater flow enhancing upward heat
flux in the shallow crust, we consider it likely that ice-age cycling under appropriate conditions
does increase the heat flux to some portions of ice sheets. In turn, this suggests that some longterm changes in ice-sheet size and behavior result from interactions with the lithosphere, and thus
that climatic history of ice-age cycling has been affecting geologic processes [Clark and Pollard,
1998; Huybers and Langmuir, 2009].
Indeed, additional work is required to test the hypotheses presented here. This likely
includes three-dimensional modeling, more sophisticated treatments of geologic processes, and
targeted geophysical studies over the GHF anomalies of Greenland. We further suggest that these
processes could be as important, or more important, in West Antarctica and perhaps elsewhere
[Llubes et al., 2006; Huybers and Langmuir, 2009; Paulsen and Wilson, 2010; Schroeder et al.,
2014]
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Chapter 6

Conclusions
We hypothesize that localized, anomalously high geothermal heat flux beneath the
Greenland ice sheet, as characterized by other workers [e.g. Fahnestock et al., 2001; Dahl-Jensen
et al., 2003], may be explained by a shallowly emplaced magma body and/or an exceptionally
efficient hydrothermal system that were enabled by flexure-induced stresses in the lithosphere
from cyclic ice-sheet loading. Based upon melt extraction theory, we suggest that oscillatory icesheet loading may enhance melt extraction from deep rocks that are already melt-rich over several
glacial-interglacial periods. Ice modeling presented here shows that dynamic ice-sheet loading
can create differential stresses upwards of several MPa in the Earth’s crust, that at times and
places will enhance faster-than-buoyant ascent processes atop buoyant magma bodies [Cooper,
1990; Kohlstedt et al., 1995; Rubin, 1995a, 1995b; Phipps Morgan and Holtzman, 2005;
Connolly et al., 2009; Huybers and Langmuir, 2009]. Stress maxima migrate in response to iceage cycling, providing broad opportunities for upward melt migration. In our 2-D simulations, the
strongest tensile stresses persist in the deep crust beneath central ice-sheet regions, likely aiding
dike-style migration, and the strongest shear stresses modeled extend across the mid-depth of the
elastic crust at several points, likely aiding vug-wave-style migration. These processes possibly
favor upward migration of melt into the upper curst beneath the central ice sheet from a deep
source, such as the track of the Iceland-Jan Mayen hot spot [Braun et al., 2007, and references
therein]. We also find large tensile stresses migrating with the forebulges around the ice sheet,
which would favor volcanism if appropriate sources existed, as suggested by prior workers [e.g.
Hall, 1982; Huybers and Langmuir, 2009, and references therein]. Our modeling thus supports
the hypothesis that ice-age cycling will increase subglacial geothermal flux and perhaps
volcanism, specifically for Greenland and more generally for other ice sheets with a source of
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magma at depth. In turn, this supports the hypothesis that some long-term ice-sheet evolution may
arise from geological interactions rather than purely climatic forcing. We believe that these
findings motivate additional modeling as well as targeted geophysical studies.
Examination of model dynamics suggests that tensile stresses directly beneath a
simulated GrIS load are relatively static and persist at magnitudes of several MPa throughout the
duration of an ice-age. These persistent stress fields are consistent with the hypothesis of eased
magma ascent beneath the central regions of ice-sheets resulting in localized geothermal heat flux
anomalies. Conversely, shallow stresses associated with flexural forebulges are highly dynamic
and respond to ice-extent changes on asthenospheric flow timescales. Meaningful vertical shear
stresses are modeled at mid-depths in the elastic crust and respond dynamically as well, but are
strongly influenced by variations in elastic crustal thickness. These dynamics may point to multistage magma ascent leading to extrusive volcanism in some systems. Simulations presented here
additionally suggest that while lithospheric flexural rigidity, load distribution as affected by icedynamic response to topography, and elastic crustal thickness are some of the most important
controls on flexural-stress distributions, the elastic parameterization of the crust and topographic
stress focusing also contribute.
This proof-of-concept work supports the hypothesis that ice-sheet loading affects
magmatism on the periphery of ice-sheets, as suggested by other workers [e.g. Hall, 1982;
Huybers and Langmuir, 2009], and that oscillatory ice-sheet loading may enhance melt extraction
in deep lithospheric rocks and aid magma ascent beneath ice sheets. While lithospheric dynamics
are simplified in this study, we have implemented a range of model parameterizations that
address much of the expected dynamic behavior. Based upon our findings we recommend
targeted geophysical studies on possible anomalous magmatism beneath the Greenland ice sheet,
to account for observed geothermal heat flux anomalies and inform future modeling.

Appendix A

Flexural Stress Simulation Videos
Videos A-1, A-2, A-4, and A-5 implement the “standard experiment parameterization”
(SEP) for the presented earth-model, where EEC = 60 GPa, ν = 0.25, Dlith = 5x1024 Nm, and hEC =
30 km. Videos A-3 and A-6 implement SEP, but with an elastic crustal thickness profile in Figure
3-1C [Maggi et al., 2000; Watts, 2001; from Fox-Maule et al., 2005; McKenzie et al., 2005].
!
!
Maximum stress amplitudes for !!!
= -3 MPa (Videos A-1 through A-3) and |!!"
| = 0.25 MPa

(Videos A-4 through A-6) are tracked by magenta contours through these simulations to compare
to maximum stress amplitudes presented in section 4.

Appended: “Video A-1.avi”
!
Video A-1: Flexure-induced horizontal deviatoric stresses (!!!
) using SEP with a uniform
thickness elastic crust and flat bedrock topography in response to dynamic ice-sheet load. Video
time-steps are 750 years and stresses are resolved at 200 evenly spaced levels (Δz = 150m).

Appended: “Video A-2.avi”
!
Video A-2: Flexure-induced horizontal deviatoric stresses (!!!
) using SEP with a uniform
thickness elastic crust and real bedrock topography in response to dynamic ice-sheet load. Video
time-steps are 750 years and stresses are resolved at 200 evenly spaced levels (Δz = 150m).

Appended: “Video A-3.avi”
!
Video A-3: Flexure-induced horizontal deviatoric stresses (!!!
) using SEP elastic crustal
thickness estimates from Figure 3-1C [after Fox-Maule et al., 2005] and real bedrock topography
in response to dynamic ice-sheet load. Video time-steps are 750 years and stresses are resolved at
200 evenly spaced levels (Δz = 150m).

Appended: “Video A-4.avi"
!
Video A-4: Flexure-induced vertical shear stress magnitudes (|!!"
|) using SEP with a flat
bedrock profile and uniform thickness elastic crust in response to dynamic ice-sheet load. Video
time-steps are 750 years and stresses are resolved at 200 evenly spaced levels (Δz = 150m).
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Appended: “Video A-5.avi”
!
Video A-5: Flexure-induced vertical deviatoric shear stress magnitudes (|!!"
|) using SEP with a
uniform thickness elastic crust and real bedrock topography in response to dynamic ice-sheet
load. Video time-steps are 750 years and stresses are resolved at 200 evenly spaced levels (Δz =
150m).

Appended: “Video A-6.avi”
!
Figure A-6: Flexure-induced vertical deviatoric shear stress magnitudes (|!!"
|) using SEP elastic
crustal thickness estimates from Figure 3-1C [after Fox-Maule et al., 2005] and real bedrock
topography in response to dynamic ice-sheet load. Video time-steps are 750 years and stresses are
resolved at 200 evenly spaced levels (Δz = 150m).
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Appendix B

Nomenclature
Symbol

Parameter

Units

!(x,t)

Surface Accumulation Rate

[m a-1]

Ao(x,t)

Vertically Integrated Ice Softness Parameter

[Pa-3a-1]

! (x,t)

Basal Melting Rate

[m a-1]

br(x,t)

Bedrock Profile

[m]

bro(x)

Unloaded Bedrock Profile

[m]

C

Basal Sliding Coefficient

[m s-1Pa-2]

Dlith

Lithospheric Flexural Rigidity

[Nm]

D

Effective Ice Diffusivity

[m2s-1]

Do

Elemental Effective Ice Diffusivity

[m2s-1]

Do def

Elemental Effective Ice Diffusivity, Deformation Component

[m2s-1]

Do slide

Elemental Effective Ice Diffusivity, Sliding Component

[m2s-1]

dt

Time-Step (FEM)

[a]

dx

Element Length (FEM)

[km]

EEC

Elastic Crustal Young's Modulus

[Pa]

Eice

Flowlaw Enhancement Factor

[-]

g

Gravitational Acceleration

[m s-2]

hEC

Elastic Crustal Thickness

[m]

hice(x,t)

Ice Thickness Profile

[m]

m

Basal Sliding Exponent

[-]

n

Flowlaw Exponent

[-]

q(x,t)

Ice Load Profile

[kg]

s(x,t)

Ice Surface Elevation Profile

[m]

t

Time

[a]

w(x,t)

Surface Deflection Profile

[m]

x

Horizontal Location

[km]

z

Depth Below Ice-Sheet Bed

[km]

Δhice(x)

Ice Thickness Perturbation Profile

[m]

Ice Surface Slope Profile

[m m-1]

Ice Surface Concavity Profile

[m-1]

Deflection Concavity Profile

[m-1]

Deflection Aberrance Profile

[m-2]

!"
!"
!!!
!! !
!!!
!! !
!!!
!! !
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!!!
!! !

4th Spatial Derivative of Deflection

[m-3]

ν

Poisson's Ratio

[-]

ρasth

Asthenospheric Density

[kg m-3]

ρice

Ice Density

[kg m-3]

σxx,o

Initial Calculated Horizontal Stress

[Pa]

σ'xx

Differential Horizontal Stress

[Pa]

τasth

Asthenospheric Characteristic Response Time

[a]

τxz,o

Initial Calculated Vertical Shear Stress

[Pa]

τ'xz

Differential Vertical Shear Stress

[Pa]
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