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Abstract

A multi-scale, multi-physics computational tool for the simulation of high-performance gearbox aero-thermodynamics was developed and applied to equilibrium
and pathological loss-of-lubrication performance simulation. The physical processes at play in these systems include multiphase compressible flow of the air and
lubricant within the gearbox, meshing kinematics and tribology, as well as heat
transfer by conduction, and free and forced convection. These physics are coupled
across their representative space and time scales in the computational framework
developed in this dissertation. These scales span eight orders of magnitude, from
the thermal response of the full gearbox O (100 m, 102 s), through effects at the
tooth passage time scale O (10−2 m, 10−4 s), down to tribological effects on the
meshing gear teeth O (10−6 m, 10−6 s).
Direct numerical simulation of these coupled physics and scales is intractable.
Accordingly, a scale-segregated simulation strategy was developed by partitioning
and treating the contributing physical mechanisms as sub-problems, each with
associated space and time scales, and appropriate coupling mechanisms. These
are:
1. the long time scale thermal response of the system,
2. the multiphase (air, droplets, and film) aerodynamic flow and convective heat
transfer within the gearbox,
3. the high-frequency, time-periodic thermal effects of gear tooth heating while
in mesh and its subsequent cooling through the rest of rotation,
4. meshing effects including tribology and contact mechanics.
The overarching goal of this dissertation was to develop software and analysis
procedures for gearbox loss-of-lubrication performance. To accommodate these
four physical effects and their coupling, each is treated in the CFD code as a sub
problem. These physics modules are coupled algorithmically. Specifically, the highfrequency conduction analysis derives its local heat transfer coefficient and neariii

wall air temperature boundary conditions from a quasi-steady cyclic-symmetric
simulation of the internal flow. This high-frequency conduction solution is coupled
directly with a model for the meshing friction, developed by a collaborator, which
was adapted for use in a finite-volume CFD code. The local surface heat flux on
solid surfaces is calculated by time-averaging the heat flux in the high-frequency
analysis. This serves as a fixed-flux boundary condition in the long time scale
conduction module. The temperature distribution from this long time scale heat
transfer calculation serves as a boundary condition for the internal convection
simulation, and as the initial condition for the high-frequency heat transfer module.
Using this multi-scale model, simulations were performed for equilibrium and
loss-of-lubrication operation of the NASA Glenn Research Center test stand. Results were compared with experimental measurements.
In addition to the multi-scale model itself, several other specific contributions
were made. Eulerian models for droplets and wall-films were developed and implemented in the CFD code. A novel approach to retaining liquid film on the
solid surfaces, and strategies for its mass exchange with droplets, were developed
and verified. Models for interfacial transfer between droplets and wall-film were
implemented, and include the effects of droplet deposition, splashing, bouncing, as
well as film breakup. These models were validated against airfoil data.
To mitigate the observed slow convergence of CFD simulations of the enclosed
aerodynamic flows within gearboxes, Fourier stability analysis was applied to the
SIMPLE-C fractional-step algorithm. From this, recommendations to accelerate the convergence rate through enhanced pressure-velocity coupling were made.
These were shown to be effective.
A fast-running finite-volume reduced-order-model of the gearbox aero-thermodynamics was developed, and coupled with the tribology model to investigate the
sensitivity of loss-of-lubrication predictions to various model and physical parameters. This sensitivity study was instrumental in guiding efforts toward improving
the accuracy of the multi-scale model without undue increase in computational
cost. In addition, the reduced-order model is now used extensively by a collaborator in tribology model development and testing.
Experimental measurements of high-speed gear windage in partially and fullyshrouded configurations were performed to supplement the paucity of available
validation data. This measurement program provided measurements of windage
loss for a gear of design-relevant size and operating speed, as well as guidance for
increasing the accuracy of future measurements.
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Chapter

1

Introduction
1.1

Background

High-performance gear systems, that is, those operating at high speed and under
high load, are required in modern rotorcraft transmissions. The large reduction
ratio required between a gas turbine output shaft spinning at thousands of revolutions per minute (rpm), and the main rotor spinning at hundreds of rpm—
combined with the requirement to transmit substantial power while minimizing
size and weight—necessitates that rotorcraft transmissions operate at high speed
(pitch-line velocity) and under high load (contact force between teeth). This combination of requirements makes rotorcraft transmissions somewhat unique; in other
applications, contact force, pitch-line velocity, and size can be traded-off to avoid
simultaneously needing such high speed and contact force.
To maintain fluid-film lubrication between meshing gear teeth, and to remove
sufficient heat to maintain a safe operating temperature, cooled lubricating oil is
continuously sprayed onto the meshing surfaces of the gear teeth and circulated
through an oil cooler. In the event of loss of oil pressure, the heat removal by
the lubrication system ceases, and the tribological condition of the mesh gradually
degrades as the oil film thins due to lubricant starvation as well as viscosity decrease
with rising temperature. As the lubricant film thins, an increasing amount of the
contact load is supported by the solid contact between the meshing gear teeth
instead of by hydrodynamic pressure. Solid chemical surface films initially protect
the teeth from the severe friction of bare-metal contact, but these degrade as the
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temperature rises. Eventually, these solid chemical boundary films fail, and there is
metal-on-metal contact between gear teeth. This leads to scuffing, a mode of gear
failure where the meshing tooth surfaces weld together and are then torn apart
repeatedly. Once scuffing commences, friction and heating increase precipitously,
and the transmission rapidly fails.
The capability of continued operation until safe landing can be made is especially important for military applications, where the lubrication system might
become damaged in battle, and the helicopter may need to cover a significant distance to reach friendly territory. Since transmission failure renders a helicopter
inoperable, the U.S. Army ADS-50-PRF rotorcraft propulsion performance and
qualification requirements and guidelines [1] currently specify that U.S. military
rotorcraft transmissions must operate for thirty minutes at half power after loss of
oil. With increasing use of helicopters in distant offshore petroleum drilling, naval
search and rescue, and other military missions, a thirty minute loss-of-lubrication
survival requirement is becoming inadequate, and is evolving towards a requirement for continuous flight, with one engine inoperable, under loss-of-lubrication
[2]. This is a particularly aggressive operating condition as the load that would
normally be distributed between two pinion-gear contacts is carried by one, leading
to higher contact force and friction. Loss-of-lubrication performance requirements
for all classes of rotorcraft are likely to be increased in the near future, both in
required duration of survival, and in elimination of exemptions from these requirements [2]. Some current loss-of-lubrication performance requirements include
exemptions from the thirty-minute oil-out survival requirement if a redundant
emergency lubrication system is included, provided the probability of failure of
both simultaneously is deemed “extremely remote”. Recent incidents involving
loss-of-lubrication and subsequent malfunctioning (though perhaps not mechanical failure) of the backup systems have resulted in controlled ditching of modern
helicopters twice in the past several years [3].
Current techniques for analyzing and predicting high-performance transmission
thermal and fluid dynamics, particularly under loss-of-lubrication, rely on experiments and empirical relations. Loss-of-lubrication survival requires inclusion of
design features to retain and distribute residual oil, but there are not yet reliable
modeling techniques to predict their performance [2]. Currently, the effectiveness
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of residual oil retention and distribution schemes is measured by transmission survival time in loss-of-lubrication tests. Producing full-scale prototypes for use in
these experiments is expensive, and the prototype is often destroyed. Also, tight
clearances around the closely-shrouded gears, along with high gear tip speed, multiphase flow physics, and high temperatures, make local measurement of the thermal
and fluid dynamic state within an operating transmission difficult. With such high
cost and technical limitations on measurement, experiments are not used extensively early in the design process to explore the effects of parameters and optimize
designs for loss-of-lubrication performance.
Numerical simulation, including computational fluid dynamics (CFD) is used
extensively in all modern engineering disciplines, and has enabled quantitative
evaluation and optimization to be incorporated earlier and more often in designs.
With the cost of computational power continually decreasing, and with CFD technology becoming increasingly mature, the possibility of applying this technology
in the aero-thermodynamic design of transmissions, including design for loss-oflubrication, is appealing. However, the broad range of physical phenomena and
space and time scales precludes application of current modeling technology to simulation of gearbox aero-thermodynamics and tribology.

1.2

Overview of present contribution

The primary contribution of this dissertation is the development of a first-of-itskind approach for simulating coupled thermodynamics, fluid mechanics, and tribology in a high-performance gearbox. This tool was developed for simulating
loss-of-lubrication operation in particular, although it is applicable to all gearbox
operating conditions. The coupled nature and disparate scales of the salient physics
make direct time-marching of the problem intractable, as the need to resolve scales
spanning eight orders of magnitude would require an unacceptable number of time
steps and computational elements (cells). The technique developed here partitions
the overall problem of gearbox physics into several sub-problems with associated
scales, simulates these separately, and achieves coupling through physically-derived
inter-scale transfer mechanisms. This simulation technique is the first to accommodate all relevant physical effects, enabling simulation of loss-of-lubrication failure.

4
Internal Convection and Windage
(quasi-steady)

External Convection

High-Frequency
Thermodynamics
O(10-4 s)

Long Time-Scale Heat
Transfer O(100-102 s)

Conduction to Shaft

Tribology and Contact Mechanics O(10-5 s)

Figure 1.1: Physical phenomena and scales in a high-speed gearbox
Figure 1.1 shows the contributing physical phenomena and scales of importance in high-performance gearboxes. These are: the effects of tribology between
meshing gear teeth, the aero-thermodynamics of the confined multiphase flow of
air and lubricant around the gears, transient thermal effects associated with the
heating and cooling cycle that gear teeth experience as they heat while meshing
and cool throughout the rest of the rotation, and the long time scale thermal response of the bulk temperature of the system responding to imbalances between
heat generation and removal. For typical gear diameter O (10−1 m) and contact
pressure p ∼ O (1 GPa), the width of the contact patch between meshing gear
teeth is O (10−4 m), and the sliding velocity is O (100 − 101 m/s), giving a relevant
tribological time scale O (10−6 − 10−5 s). For the aero-thermodynamics of the multiphase flow around the gears, as well as for the transient thermal effects, the tooth
passage rate provides a relevant time scale O (10−4 − 10−3 s), and a relevant spatial
scale for the flow O (10−4 m). If transient aerodynamic effects near the meshing
teeth are ignored (e.g. cyclic-symmetric approximation), the aero-thermodynamics
of flow around the gears can be considered quasi-steady. A relevant time scale for
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the bulk thermal response of the gearbox is O (100 − 102 s).
These physical phenomena are coupled with one another across the broad range
of scales outlined above. Tribological performance depends strongly, of course, on
the quantity of lubricant on the tooth surfaces ( which is determined by multiphase
transport within the gearbox), and on the incoming tooth surface temperature
(which depends on both the bulk temperature distribution and local high-frequency
oscillation about this mean). High frequency thermal effects are characterized by
the heating of the contacting gear tooth surfaces as they mesh, conduction of some
of this heat into the body of the gear, and removal of the rest of this heat by multiphase convection within the gearbox throughout the remainder of the rotation.
The long time scale (bulk) thermal response of the system is insensitive to high frequency oscillations about the mean, and responds to the average imbalance of heat
generation by friction and windage (aerodynamic loss of high-speed gears) loss and
removal by conduction through the shafts and support structure, and convection
to the environment. Multiphase flow around the gears acts as a significant source
of loss and heat generation, dictates what portion of the heat generated through
windage loss and friction ultimately gets transferred through the gears and shaft
vs. that which is delivered to the housing and support structure, and determines
the lubricant film thickness entering mesh.
Based on the preceding breakdown of the dominant physical scales and processes, and their coupling, a segregated multi-scale simulation technique has been
developed where each mechanism and associated scale is simulated separately, and
coupling is achieved through averaged conjugate boundary and initial conditions
[4, 5]. Because the teeth only spend ∝ 1/Nteeth of each revolution in the vicinity of meshing, and because the high rate of shear and mixing of internal air
lead to fairly uniform temperature of the air/lubricant mixture within the gearbox, the aero-thermodynamics of convection within the gearbox are treated as
cyclic-symmetric. That is, the simulation of the internal aero-thermodynamics is
performed on a single tooth sector for each gear. Since the thermal capacitance of
the air is negligible in comparison to that of the steel gears and support structure,
the internal aero-thermodynamics simulation can be considered quasi-steady for a
given bulk temperature state of the gearbox.
Vigorous turbulent mixing of the enclosed air/lubricant mixture restricts the
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high-frequency temperature oscillation associated with gear teeth heating in mesh
and cooling throughout the rest of the rotation to the gears themselves, and not
to the air and housing. As such, high-frequency thermal effects are simulated as
a conduction-only problem on the gears only. Specifically, the spinning gear with
mesh heating input is modeled time-accurately. The local heat transfer coefficient
and air temperature for this are dictated by the cyclic-symmetric, quasi-steady internal convection simulation. This high-frequency conduction simulation is coupled
directly with a model for the tribology via the incoming tooth surface temperature
at mesh and the meshing friction, which acts as a moving heat source applied to
the gear tooth surfaces. The local heat flux on the surface of the gears is averaged
in time over several revolutions, and then averaged to a reference single tooth sector for each gear to remove any remaining azimuthal variation due to insufficient
decay of the initial conditions.
This average surface heat flux on the gears serves as the boundary condition
for a long time-scale transient conduction simulation of the bulk thermodynamics.
The bulk thermodynamics simulation of the housing receives its flux boundary
condition from the convection simulation. The long time-scale conduction simulation of the gears and housing provides new wall temperature boundary conditions
for the convection simulation at the next outer time-step (bulk temperature state),
as well as the initial temperature distribution for the next outer time-step’s highfrequency conduction simulation. So, in summary, each outer time-step consists of
a cyclic-symmetric, quasi-steady simulation of internal convection, a conductiononly, gears-only transient simulation of the high-frequency gear thermodynamics
coupled directly with the tribology model, and a conduction-only transient simulation of the averaged long time-scale thermal response of the entire gearbox.
As presented in chapter 4, the first generation of this multiscale tool was applied to simulation of well-lubricated equilibrium operation of the NASA Glenn
loss-of-lubrication test facility [6–8]. After these initial proof-of-concept simulations proved successful, models for the degraded tribology regimes encountered
between well-lubricated elasto-hydrodynamic lubrication (EHL) and thermal failure were added. Simulations of loss-of-lubrication operation of the same NASA
Glenn facility were then performed. Results agreed with the NASA Glenn results,
but were found to be particularly sensitive to tribology model parameters. To
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investigate the sensitivity of loss-of-lubrication simulations to various physical and
model parameters, a reduced-order model of the gearbox aero-thermodynamics was
developed and coupled to the tribology model for faster simulation turn-around
time. Using this, the sensitivity of survival time to physical and model parameters
was examined to better direct efforts toward improving the accuracy of the tool.
In addition to the gearbox aero-thermodynamics simulation tool itself, contributions of this dissertation include techniques to analyze and overcome challenges
encountered in simulating the multiphase flow within a gearbox. Accomplishing
this required application of multiphase fluid-dynamic theory and Fourier stability
analysis. Specifically, an Eulerian multi-field droplet-wall-film interaction model
was developed and validated in application for cases where experimental data is
available (droplet deposition on airfoils). A method for transporting wall-bounded
films was developed and implemented in the CFD tool. Also, a coupled Fourier
stability analysis tool was developed, which led to insights to speed the convergence
of the segregated CFD algorithm for simulation of confined flows.
As mentioned above, a major difficulty in the study of gearbox aero-thermodynamics is the difficulty in obtaining and attendant paucity of experimental data
for design and validation. Accordingly, to supplement the sparse available experimental data, an experimental investigation of high-speed gear windage loss under
partially and fully-shrouded operation was conducted. This study, presented in
chapter 5, was the first phase of an ongoing experimental effort at Penn State
to measure gear windage. It yielded useful measurements of windage loss for
partially-shrouded operation with a tight axial shroud on one side—a configuration not previously studied, and provided guidance for increasing the accuracy
of the next phase through simple changes to the mechanical design of the test
stand. With the lessons learned during this initial phase, it should be possible
to measure windage with sufficient accuracy to capture multiphase effects under
moderate lubricant mass loading in future experiments. This will provide muchneeded validation data for application of multiphase CFD methods to gearbox
aero-thermodynamics.
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Figure 1.2: Several common types of gears [9]

1.3

Gear terminology

To facilitate discussion of the physics of high-performance gearboxes, it will be
beneficial at this point to provide an overview of the terms used to describe the
geometric features of gears, as well as the sources of loss within geared power
transmission systems. As shown in figure 1.2, there are a number of different types
of gears. That is, the axes of revolution of the driving and driven gear (commonly
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called the pinion and gear respectively in reduction gearboxes) can be oriented
relative to each other in several ways, and the teeth can be either straight, as with
spur and straight bevel gears, or curved, as with single helical and spiral bevel
gears. For spur gears, as well as single and double (not shown) helical gears, the
axes of rotation are parallel, while for bevel and face gears, these axes are at an
angle (often 90◦ ). Hypoid gears are a sub-class of spiral bevel gears whose axes of
rotation do not intersect.
The process of the teeth of mating gears contacting to transmit torque is called
meshing, and the location of this contact between the gear teeth is called the
mesh. Depending on the geometric properties of the gears, the contact load may
be supported by a single pair of meshing gear teeth or by several pairs. This is
known as load sharing. The number of meshing contacts supporting the contact
load varies throughout the course of each tooth pair’s engagement as other pairs
engage and disengage. The time-average of the instantaneous number of contact
pairs sharing the meshing load is called the contact ratio, which must be at least
one, and is often close to two—or even higher for spiral bevel and helical gears.
To maintain a constant gear ratio (angular velocity ratio) throughout the duration of contact, most gear teeth have an involute surface profile. As shown in figure
1.3, the pitch diameter of each gear is the diameter of the disk that, if it rolled
without slipping, would give the same gear ratio. The involute profile is defined by
the geometric constraint that the location of the meshing contact between two gear
teeth move along a straight line, called the line of action, at constant angular velocity. At the point of contact between teeth, both tooth surfaces share a common
normal direction, which is directed along the line of action. The angle that the line
of action makes with the line connecting the two gear axes is complementary to
the pressure angle (the pressure angle is measured relative to a line perpendicular
to the line connecting the axes of rotation). The base circle diameter Db for the
involute curve and the pitch diameter Dp are related by the pressure angle φ as,
cos φ =

Db
.
Dp

(1.1)

Typically, the pressure angle is 20◦ , though 14.5◦ and 25◦ are also used to lesser
extents. Increasing the pressure angle tends to increase the number of teeth in

angles are established in connection with standard gear-tooth
proportions.

10

TOOTH PARTS

PINION
PINION

PITCH CIRCLE

LINE OF ACTION
OUTSIDE
DIA.
PRESSURE
ANGLE

TOOTH PROFILE
(INVOLUTE)

BASE CIRCLE
PITCH CIRCLE
WHOLE DEPTH

WORKING
DEPTH
CLEARANCE
DEDENDUM
CIRCULAR TOOTH
THICKNESS

CENTER
DISTANCE

ADDENDUM
ROOT (TOOTH)
FILLET

ROOT
DIA.

CIRCULAR
PITCH
GEAR
GEAR

Figure 1.3: Graphical depiction of gear geometric parameters [10]
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contact
at any given point, and so, the contact ratio, thus decreasing the contact
Gear Catalog
pressure. The portion of the gear tooth profile outside the pitch radius is called
the addendum, while that within the pitch radius is called the dedendum.
The motion of the meshing gear tooth surfaces relative to a reference frame
that moves with the contact point can be decomposed into two components. With
U0 and U1 the tangential components of the tooth surface velocities (perpendicular
to the line of action), the relative sliding velocity of the tooth surfaces is,
Us = U1 − U0 .

(1.2)

This relative sliding motion between the meshing gear tooth surfaces is the dominant source of meshing frictional loss and heat generation. The direction of the
relative motion changes as the contact passes the pitch point (point where the pitch
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circles are tangent), so that the sliding velocity at the pitch point is zero. The socalled entraining velocity (because it is related to the rate at which lubricant is
entrained into the mesh) is,
U=

1
(U0 + U1 ) .
2

(1.3)

Entrainment of lubricant and its mechanical deformation (independent of sliding)
causes some frictional loss, called the rolling loss, but this is nearly always small
relative to the sliding friction.
Within a high-performance gearbox, such as a rotorcraft main gearbox, operating at its design condition, meshing friction accounts for approximately half
of the loss. The remainder of the loss is attributable mostly to aerodynamic loss
associated with the high-speed rotation of the gears, and the strong impinging flow
seen by gear teeth. This aerodynamic loss is called windage loss. Bearing and seal
loss is also of significance, though it tends to be small relative to meshing friction
and windage loss.

1.4

Literature review

In the following literature review, the current state of high-performance gearbox
physics research is outlined. First, research efforts to understand and model the
tribology of gears, including the solid boundary films that form on gear surfaces,
and the chemistry of their formation and failure are discussed. Next, an overview of
research focused on gearbox performance and loss, particularly the fluid dynamics
of high-speed windage loss, is provided. Discussion then shifts to experimental
and theoretical progress in understanding loss-of-lubrication operation and scuffing
failure. Finally, relevant aspects of CFD methods for multiphase flow are outlined,
including the state of efforts to model polydisperse droplet-laden flows, and their
interaction with wall-films.

1.4.1

Gearbox physics, performance, and design

Since the advent of modern machinery during the Industrial Revolution of the late
1700s and 1800s, a great deal of research has been directed toward understanding
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the fundamental physics of machine components such as bearings, gears, and cams.
Notionally, these mechanical components seem simple enough, but the physical
and chemical phenomena that interact and determine the loss and load capacity
of these systems are quite complex.
The majority of the heat generation in a high-performance gearbox is due to
relative motion of film-separated (design) or in-contact (undesirable) solid surfaces,
in the presence of thin solid and liquid lubricant films, all of which can be categorized as tribo-chemistry. Under well-lubricated operation, the chemical aspects
of tribo-chemistry are of secondary importance (aside from defining the lubricant
density and viscosity as a function of temperature and pressure), but under loss-oflubrication, the chemistry of the interaction between the lubricant and gears determines the friction of boundary lubrication (solid contact without liquid lubricant
film), and plays an important role in the process of scuffing failure. Tribo-chemistry
dictates the level of loss and frictional heating in the aero-thermodynamics of the
gearbox in response to a number of variables such as tooth temperature, lubricant
film thickness, and the chemistry of lubricant breakdown and oxidation. In this
dissertation, the coupling between tribology and system aero-thermodynamics is
limited to temperature and lubricant film thickness influencing the frictional heat
generation of meshing teeth. All effects of chemistry, materials science, etc. are
confined to the tribology model. Windage loss, defined above, comprises the remainder of the loss in high-speed gearboxes, and can account for as much as half
of the total loss. The magnitude of the windage loss depends heavily on details of
the multiphase flow within the gearbox, despite a relatively low mass-loading of
lubricant. This multiphase flow of air and lubricant also determines the quantity
of lubricant present on gear tooth surfaces, which couples strongly with meshing
tribology.
In the first section of this literature review, an overview of tribology is provided,
with particular attention devoted to the theory of scuffing failure, and how this
couples with the multiphase aero-thermodynamics of a gearbox. While tribology
modeling is not a primary focus of this dissertation, loss-of-lubrication failure is the
result of scuffing, which is ultimately a failure of the tribological films to prevent
welding of the meshing gear teeth. Thus, any discussion of the coupling between
system aero-thermodynamics and meshing tribology under loss-of-lubrication must
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be grounded in an understanding of the mechanisms of scuffing failure. Next, investigations of and efforts to model the overall physics of gearbox efficiency and
windage loss are discussed, followed by a summary of experimental and computational efforts toward understanding loss-of-lubrication failure.
1.4.1.1

Tribology and scuffing failure

Tribology encapsulates the physics and chemistry associated with solid surfaces
in relative motion and their lubrication, and is the dominant source of heating
and loss in gearboxes. Hydrodynamic pressure generated by viscous flow of the
lubricant supports the meshing contact load and prevents the high friction and
wear that would be associated with dry solid contact. Viscous shear in this thin
film accounts for much or all of the sliding friction. Pinkus published a review paper
[11] providing a brief history of hydrodynamic lubrication theory starting with its
discovery in the 1880s [12–14]. Reynolds introduced the well-known equation that
bears his name:
∂
∂x
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dh
3 ∂p
3 ∂p
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(1.4)

which can be generalized to the form that is currently in widespread use:
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(1.5)

The Reynolds equation (1.4), (1.5) represents local y-integral balance of mass at
a given x, z location for flow between two surfaces separated by h(x, z) in the
y-direction. The upper surface moves in the x-direction at speed U0 , and in the
y-direction (away from the lower surface) at speed V , while the lower surface moves
in the x-direction at speed U1 . The entraining velocity is defined U = 12 (U0 + U1 ).
Because the gap h(x, z) between the surfaces is small, momentum balance reduces
to the Stokes flow equations
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with ∂p/∂y = 0, since h is small relative to the x and z length scales. The
thin layer Stokes equations (1.6–1.8) are integrated from y = 0 to y = h for a
given x, z, and substituted into the integral balance of mass to yield (1.4, 1.5).
G ≈ 1, which appears in (1.5), is a correction for turbulence effects. Reynolds
also recognized the importance of the temperature-viscosity relation in tribology:
the local temperature in a tribological contact can be much higher than ambient,
leading to substantially decreased local lubricant viscosity.
In 1949, Grubin [15] proposed that solid deformation and the relationship between pressure and viscosity couple with hydrodynamics in a centrally important
way in the tribology of concentrated contacts. Ten years later Dowson and Higgson [16, 17] developed a numerical approach to solution of the elasto-hydrodynamic
lubrication (EHL) problem for line contacts (e.g. contact between spur gears or
cylinders). Six years after this, Ranger et al. [18] and Hamrock and Dowson [19]
presented solutions to the EHL problem for point contacts (e.g. ball bearings, helical gears, and cams). Wolveridge [20] developed a semi-analytic solution for the
elasto-hydrodynamics of starved lubrication of cylinders in line contact, accounting
for lubricant starvation’s effect on film thickness and pressure generation in the
absence of solid contact.
Even with adequate lubrication, the lubricant film thickness in these concentrated EHL contacts is often of the same order of magnitude as the surface roughness of the gears, balls, and bearing races O(1 µm), so that some portion of the
contact load is supported by solid-solid contact between asperities (surface peaks).
The friction coefficient due to asperity contact is substantially higher than the EHL
friction coefficient, but is much lower than that of bare metal contact µ ∼ 1, since
several types of protective chemical films form on the solid surfaces, maintaining
local µ ∼ 0.1. Johnson et al. [21] developed a simple theory to predict the load
share of asperity contact taking into account EHL, asperity height distribution and
shape, and plastic deformation of asperities, but did not extend this to estimating
the sliding friction.
The physics and chemistry that govern the sliding friction between contacting
solid surfaces, and ultimately determine whether and when scuffing failure occurs,
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are complicated and are not fully-understood—even today. The friction coefficient
of the solid contact depends strongly on the chemical composition of the solid
films that form on the gear surfaces, and the extent of solid contact depends not
only on lubricant starvation, but also on high-temperature chemical degradation
of the lubricant, which greatly decreases viscosity. Blok [22, 23] first introduced
the idea of a very fast transient temperature rise (and immediate fall) confined to
very shallow depths on gear tooth surfaces during contact. This is known as the
flash temperature. The total temperature is the sum of the bulk temperature and
the flash temperature; it can be red hot in some circumstances. Temperature is
an important aspect of the tribo-chemistry of the solid film boundary lubrication
of starved contact. When the solid boundary films fail due to high temperature,
the bare metal of the contacting teeth repeatedly welds together and is torn apart,
resulting in rapid failure to transmit torque as the gear teeth soften and erode.
Blok proposed that scuffing failure for a given material and lubricant combination depends only on total contact temperature (bulk plus flash temperature)
[23, 24]. For gear oils without extreme-pressure (E.P.) additives, scuffing temperatures of steel gears were found to vary from about 130◦ C to about 300◦ C for
straight mineral oils with viscosity ranging from 7 cS to 150 cS at 140◦ F. Hughes
et al. [25] extended Blok’s approach to line contacts.
In the time since Blok’s introduction of the contact temperature scuffing failure criterion, total contact temperature has proven to be an inadequate predictor
of scuffing, even for additive-free mineral oil [26]. While instantaneous contact
temperature is certainly an important part of the problem, scuffing tests at higher
sliding speeds have survived contact temperatures significantly hotter than the failure temperature calculated by Blok for lower sliding speeds [27, 28]. A number of
possible causes for this variation in scuffing onset temperature have been proposed
[29–31].
The scuffing criteria of [29–31] do not consider E.P. additives, which are chemicals that react strongly with metal at high temperatures (nominally, above 200◦
C) to form non-metallic ablative films that prevent welding. These films are continually destroyed by contact friction and replenished by fast chemical reaction.
Sethuramiah et al. [32] performed scuffing experiments for several lubricants with
different E.P. additives. Two rapid transitions in friction were noted during these
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tests. The first happened at contact temperatures in the range of 300 − 400◦ C,
and were marked by a transition from relatively low friction values of ∼ 0.1 to a
higher value of ∼ 0.2 − 0.25 until a second transition. The second transition was
observed at much higher temperatures of 700 − 900◦ C and marked the onset of
welding (severe scuffing).
Several review articles have been useful in identifying the important aspects of
and open questions in tribology research. Pinkus’ 1987 review [11] serves as a good
starting point for hydrodynamic lubrication and EHL. Dowson’s 1967 publication
Elastohydrodynamics [33, 34] detail progress in EHL research. Reviews of scuffing
research have been published by Dyson [26, 35], Ludema [36], and Bowman and
Stachowiak [37], showing the variety and evolution of opinions on the cause of
scuffing inception.
For the purposes of this dissertation, the important details of tribology are:
1. Meshing friction and scuffing failure couple with just about every other aspect
of gearbox physics including aero-thermodynamics, chemistry, and material
properties.
2. Lubricant starvation and temperature-dependent viscosity decrease lead to
increased load sharing by solid contact after loss-of-lubrication.
3. Scuffing is prevented or delayed by several types of boundary films, as well
as potentially by viscosity of by-products of lubricant breakdown.
4. After a transition from primarily EHL load support to primarily boundary
lubrication load support, there are two upward jumps observed in the friction
coefficient as the contact tribology degrades.
5. The second of these friction jumps is associated with scuffing.
6. The causes of both jumps are the subjects of ongoing debate.
The simulation tool presented here represents a collaborative effort between the
author and a colleague, Qingtao Yu, who is primarily responsible for developing
the tribology module. Given the complexity of the tribology and scuffing failure
problem, the tribology model used includes important effects such as temperaturefriction coupling and a model for lubricant starvation, but future effort will be
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required to incorporate advances in tribology modeling and increase fidelity. Details of the present tribology model can be found in [38–42].
1.4.1.2

Performance and windage loss

Efforts to characterize and predict the various sources of loss within geared transmissions, rather than to simply avoid failure, increased in the 1970s and 1980s.
Anderson and Loewenthal [43, 44] developed a set of algebraic expressions for estimating the contributions of meshing sliding and rolling losses, bearing loss, and
windage (aerodynamic) loss within jet-lubricated spur gear transmissions. Churning loss (mechanical loss from splashing, etc. of gears partially submerged in a
sump) was not considered, but is not a factor in high-speed gears, as tight shrouding, high rate of fluid dynamic shear, and active lubricant scavenging prevent
pooling of lubricant. These estimates were an improvement compared to previous methods of estimating loss, which simply assumed a friction coefficient for
each gear pair in a drivetrain. A constant loss coefficient can only be accurate for
one operating condition since some sources of loss, such as meshing friction, are
load-dependent, while others, such as windage, are load-independent.
In [43, 44], the instantaneous sliding and rolling losses between gear teeth in
contact were estimated using data from EHL experiments. The contact pressure
used in calculating the rolling and sliding losses included the effect of multiple
teeth sharing load at different points in the meshing cycle. From the instantaneous
friction, the average losses were calculated using numerical integration. Windage
loss was calculated using empirical relations developed for turbine rotor wheels,
and volume-fraction corrections were applied to account for the presence of oil
via the effective density and viscosity. Empirical expressions for both the loaddependent and viscous (load-independent) loss in rolling-element support bearings
were also included.
Using these algebraic expressions for the various components of loss within the
gear system, Anderson and Loewenthal [43, 44] explored the breakdown of losses
under a variety of operating conditions. Only the meshing sliding loss was shown
to be a particularly strong function of the applied load, while the other sources of
loss were depended more strongly on operating speed than on load. These loadindependent losses are referred to as the tare loss, and are not predicted well by
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an assumed loss percentage. Beyond presenting simple algebraic relations that
could be used to predict various components of loss in transmissions, Anderson
and Loewenthal also recognized that the tare loss components—including windage
in high speed gears—can be the dominant mechanisms of loss under light loading
conditions and at high speeds.
Dawson [45, 46] carried out the first experiments to measure high-speed gear
windage loss. Dawson had been investigating a gearbox that was running much
hotter than expected, and hypothesized that the extra heat generation was due to
windage loss. His experiments in [45] were carried out mainly with large isolated
spur gears, although one single-helical gear was used to examine the phenomenological differences between flows around spur and helical gears. Within this study,
the gears had root diameters (to the base of the teeth) ranging from 0.3 to 1.16 m.
The windage loss at various speeds was determined by spinning the gears to the
desired speed, disconnecting the drive system when this speed was reached, and
measuring the deceleration.
Unlike high-speed gears in most engineering applications, which are closely
shrouded to reduce windage loss, the isolated spur gears in [45, 46] were unshrouded. In addition to simplifying the experiments, this allowed for flow visualization by holding a smoke source near various parts of the gears. It was found
that spur gears entrain air axially from both sides, and eject it radially between
teeth; while the single-helical gear tested exhibited axial and radial entrainment
of air on one side, with axial and radial ejection on the other. The effect of several combinations of axial and radial shrouding was examined on one of the spur
gears. The reduction of windage loss by shrouding was found to depend strongly
on the amount of the gear that is shrouded, and on the proximity of the shroud
to the gear. An empirical relationship between windage loss and root diameter,
face width, module, and rotational speed was also presented for use in transmission design. In assessing the accuracy of the estimated windage losses, Dawson
concluded that the largest source of inaccuracy in practice will be estimation of
the effective density and other effects associated with the multiphase air-oil flow
in real transmissions.
Diab et al. [47] conducted a series of high-speed gear windage experiments
similar to those in [45]. The hardware used in [47] enabled the use of industrial

19
parts at a wider range of angular speeds than Dawson’s experiments. Windage
loss was calculated using the same method as in [45], measuring the deceleration
of the gears after spinning them to a desired speed. In these experiments, the loss
due to the bearings and shaft calculated for each operating speed by measuring the
deceleration without the gear attached. The bearings used had sufficiently high
pre-load that the weight of the gears was not expected to change the bearing loss
appreciably.
Four gears with pitch diameters of 144 mm and 288 mm, along with a disk
with 300 mm diameter were tested with speeds from 0 to about 12,000 rpm. The
measured windage loss was compared to the empirical formulas presented by Anderson and Loewenthal [43], as well as that given by Dawson [45]. Both formulas
compared well to the largest gear, but less so for the smaller ones. Diab et al.
also developed two formulas to predict the windage loss. The first was based on
dimensional analysis, while the second was based on momentum theory, assuming that the teeth deflected a specified portion of the air. Both of these formulas
outperformed the previously presented empirical ones [43], [47], with the one from
dimensional analysis giving results nearly indistinguishable from the experimentally measured losses for the conditions studied.
Hill et al. performed a series of CFD investigations of high-speed gear windage
[48–52], first reproducing the results of Diab et al. [47], then examining the flow
physics and providing design guidance for windage loss reduction [49], and finally,
considering the effect of shrouding and multiphase (air-oil) flow [52]. CFD simulation enabled visualization of the entire flow-field, and shed light onto the physical
mechanisms causing gear windage loss. Significantly, it was found that a large
portion of the windage loss is caused by the impinging flow on the outside edge
of the advancing tooth face. These studies led to development and patenting of
some simple gear tooth modifications to divert or lessen this impinging flow, thus
reducing loss [53].
It has long been known that shrouding reduces windage loss. Examining the
effects of shroud geometry on gear windage, Kunz et al. [52] found that shrouding
reduces windage loss by confining the high-angular-momentum flow near the gear
faces, thereby reducing the relative impingement velocity (and therefore pressure)
on the approaching gear faces. The clearance between the shroud and the gears—
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especially in the radial direction—has a significant effect on the windage loss, as
does the presence of holes in the shrouding, which can greatly reduce the benefits
compared to full shrouding without holes.
Dawson [45] hypothesized that the largest source of error between his windage
loss correlation and the loss in a real gear system would be the effect of multiphase
flow—that a simple mass-loading-based correction to the effective density would
not capture all of the important effects brought about by the presence of air-oil
flow. Kunz et al. [52] performed multiphase simulations of the air-oil flow around
a gear using a non-equilibrium (i.e. different velocity fields for air and droplets)
ensemble-averaged technique. Although the droplet-film deposition model used
there did not account for droplet–wall-film mass transfer effects such as splashing,
and bouncing of droplets, and although only single-size droplets were considered
in each simulation, these multiphase flow simulations were able to show the significance of factors such as droplet size compared to that of oil mass loading alone.
Varying the droplet diameter from 2 µm to 16 µm, holding mass loading fixed had
far greater effect on the windage loss than did varying the mass loading from 4%
to 15%.
The effects of film formation and mass exchange between wall films on the gears
and shroud and the entrained droplets are important for both windage, and thermal
and tribological performance of gearboxes. First, the amount of lubricant mass
that is resident in films is not available in the flow to contribute to windage loss.
Second, the rates of mass transfer between films and droplets significantly affect
heat transfer through fling-off of hot oil/deposition of cool(er) oil to the teeth (in
addition to windage loss). For a fixed mass loading of lubricant, of which, a given
percentage is resident in wall-films, consider two possible multiphase flow regimes:
one for which the droplet-film partitioning of oil represents the equilibrium between
high rates of droplet deposition to film and film breakup into droplets, and one for
which there is little mass transfer between droplets and film. Despite having the
same lubricant mass loading, and the same percent of this mass loading resident
in wall-films, the first case will exhibit greater windage loss, as well as convective
heat transfer than the second. To date, there have been no models developed to
address this, and very little experimental data is available.
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1.4.1.3

Loss-of-lubrication

The main rotor transmission in a helicopter is a single point of failure for the
entire vehicle; if the transmission fails to transmit torque, the helicopter can not
fly. Loss-of-lubrication generally leads to transmission failure as a result of scuffing,
thermal expansion and tooth jamming, thermal softening of gear teeth leading to
loss of structural integrity, or some combination of these. With careful engineering,
these transmissions can be designed to survive for some time after lubrication
system failure, relying on residual lubricant and multiphase flow within the gearbox
to maintain some level of lubricant film on the gear teeth. Management of this
residual lubricant has been found vital to continued operation [2]. The capability
of continued operation until safe landing can be made is especially important for
military applications, where the lubrication system might become damaged in
battle, and the helicopter may need to cover a significant distance to reach friendly
territory.
Design of transmissions for loss-of-lubrication performance typically involves
strategic placement of divots, channels, etc. to retain some lubricant and allow
the windage flow to gradually entrain and circulate this. Because the involved
physics are so complicated, design of these features is based on experience gained
in previous designs rather than on physics-based analysis, such as simulating the
polydisperse multiphase flow features that distribute residual lubricant. Such CFD
methods have not yet matured to the point that they are widely-accepted for
handling the transfer of mass, momentum, and energy associated with droplet–
wall-film interaction. Quantitative local analysis of the aero-thermodynamic and
tribological state of a gearbox could contribute greatly to gearbox design in general,
and in particular for loss-of-lubrication performance.
In addition to designing for residual lubricant management, selection of E.P.
additives and concentration is important for maintaining boundary films without
introducing too high of a rate of corrosion, as discussed above in the tribology
literature review. Eventual coupling of CFD with finite-rate chemistry models
could provide a useful analysis tool for selecting E.P. additives and concentrations.
Handschuh et al. at the NASA Glenn research center [6–8, 54, 55] have been
conducting loss-of-lubrication experiments using small (3.5 inch diameter) highspeed spur gear pairs. Compared to a full transmission, the simplified geometry
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and reduced cost of machining the test gears allows many tests to be run at comparatively low cost, and has enabled installation of thermocouples at several locations, as well as a viewing window. The facility was used to test the effectiveness
of emergency mist lubrication as well as emergency grease injection with a variety
of mist lubricants and greases. Initially, tests were performed on gears without
close axial and radial shrouding [6], but close radial and axial shrouds (0.03 inch
clearance radially and 0.06 inch clearance axially) were installed later to better
simulate an aerospace gearbox environment [7, 8]. The oil system and drainage
were also improved to ensure that the gears were not able to entrain lubricating oil
from the drainage and supply lines after the primary lubrication was turned off. In
addition to experimental results, Handschuh et al, [7] present a single-tooth finiteelement technique for analyzing gear thermodynamics including meshing friction
and convective heat transfer, which is accommodated for using boundary layer
theory.
Building from the recent progress in simulating gear windage [48–50, 52], a
computational tool for simulating high-performance gearbox aero-thermodynamics
and tribology with application to loss-of-lubrication has been under development
by the author and collaborators [4, 5, 41]. As discussed in section 1.1, gearbox aerothermodynamics and tribology are a coupled, multi-scale, multi-physics problem.
In the case of loss-of-lubrication, the coupling becomes stronger still and additional physical effects such as chemistry can become important. As discussed in
section 1.2, to circumvent the computational cost that would be associated with
spatially and temporally fully-resolved simulation, a scale segregation and coupling
technique was developed [4, 5]. This was accomplished by identification of the dominating physical mechanisms, their associated scales, and the ways in which they
couple with one another. Each of these is then simulated separately, with interscale coupling accomplished through conjugate boundary and initial conditions.
To verify the effectiveness of the multi-scale technique and coupling with the
tribology model, initial simulations were performed for thermal equilibrium operation of gears under EHL [4]. This retains the multi-scale coupling of the lossof-lubrication problem, but required modeling of fewer tribology regimes. The
simulation converged to a thermal equilibrium in several (∼ 5) outer iterations
between the sub-modules to achieve coupling, demonstrating that the scale segre-
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gation technique was capable of converging and achieved tractable computational
cost compared to fully-resolved simulation.
Having demonstrated the capability of the scale segregation technique to simulate thermal equilibrium operation of gears with reasonable computational cost,
the method was extended to enable loss-of-lubrication simulation [5, 41]. This
required development and implementation of models for all relevant lubrication
regimes, including mixed lubrication, and boundary lubrication with boundary
film failure [41]. Preliminary results were promising [5]; the loss-of-lubrication
simulation tool functioned, returning reasonable results with a turn-around time
of about 1 day after the windage simulation was initialized. The vast majority
of the computational time was spent in solving the internal convection portion
of the problem, which motivated the application of numerical stability analysis
presented in 2.3 to increase the rate of convergence for the flow solution module.
The resulting time-traces of tooth surface temperature leaving mesh phenomenologically matched those observed experimentally in [6–8], showing gradual rise in
temperature followed by sudden drastic increase in temperature and failure.
Shortly after we published our multi-scale model [4], Yazdani et al. published
a simulation technique for coupled gearbox aero-thermodynamic and tribology
simulation under thermal EHL (TEHL) [56, 57]. Their simulation approach also
required analyzing the time-scales of the problem and finding ways to segregate
them. Through scaling analysis, they chose to solve the fluid dynamics of the entire
system in a fully transient fashion, with a dynamic mesh, but at each time-step
to solve the energy equation as a steady-state problem, overcoming the response
time discrepancy between the aerodynamics and bulk heating of the gearbox. The
local energy equation was also solved using a thin layer approach on the meshing
surfaces of the gears for coupling with the TEHL model, allowing for calculation
of local variation in meshing friction along the tooth meshing surfaces.

1.4.2

Multiphase CFD and droplet-film modeling

Even with relatively simple dispersed-phase droplet modeling, the multiphase gear
windage simulation results of Kunz et al. [52] demonstrate that the fluid dynamics
and associated windage loss within a high-speed gearbox are highly sensitive to
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details of the multiphase air-oil flow inside. In particular, for a given mass loading
of oil, it was shown that varying the droplet diameter from 2 µm to 16 µm can
double the windage loss. Physically, the small droplets have a high drag-to-mass
ratio and are essentially passively transported by the mean flow—effecting only a
mean density increase. Larger droplets have a much lower drag-to-mass ratio and
are much less susceptible to changes in flow direction due to drag with the carrier
(air) field. This decreased capacity of large droplets to be dragged around obstacles
by the mean flow leads to stronger impingement and momentum transfer, which
effects an increase in windage loss.
There are a number of approaches to simulating multiphase flows such as that
of the air and oil within a gearbox. These can be divided into four main categories:
1. Fully-resolved, fully-Eulerian (sharp-interface),
2. Fully-resolved, Eulerian carrier species with Lagrangian disperse species,
3. Averaged, fully-Eulerian,
4. Averaged, Eulerian carrier species with averaged Lagrangian disperse species.
The first of these includes approaches such as level-set methods [58] and the
volume-of-fluid (VOF) approach [59]. As long as all scales of the multiphase interfaces are resolved (e.g. resolve every droplet), these sharp-interface methods are
desirable because they capture, rather than model, all inter-phase transfer. Provided that the droplets are sufficiently small that they can be modeled as nearly
spherical, with an effective aerodynamic diameter, the fully-resolved approach with
Lagrangian disperse droplets is desirable for reasons similar to sharp-interface Eulerian methods. Only the interaction of individual droplet collisions needs to be
considered, rather than some average of these. One might guess (correctly) that
the first two of these approaches are of limited applicability to many engineering
problems, as there are many situations for which it is impossible to resolve all important multiphase effects with several Eulerian grid points within or a Lagrangian
particle representing each droplet.
The latter two of these approaches apply averaging (e.g. time, volume, Boltzmann, or ensemble) to the local instantaneous formulation of the equations of
motion for immiscible material species (e.g. air and lubricant). Such an averaging
procedure renders indistinguishable material configurations that differ in fine-scale
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details, but have the same large-scale features. In the course of averaging the local
instantaneous formulation, as discussed in detail in chapter 2, terms representing
the correlation of fluctuating (i.e. fine-scale/micro-state) quantities arise. These
correlations of fluctuations are analogous to the Reynolds stress that appears in
the Reynolds-averaged Navier-Stokes (RANS) equations. In addition to Reynolds
stress-like terms, interfacial transfer terms also arise in the ensemble-averaged multiphase flow equations. It is necessary to develop models for both these average
interfacial transfer terms, and for the fluctuation correlations. A major advantage
of such averaging techniques is that it becomes possible to actually perform these
simulations, while a major disadvantage is that models must be developed for each
type of unresolved interaction (e.g. droplet drag, droplet collision, breakup, virtual mass, etc.). In general, these models have a limited range of applicability.
Note that for the last of these approaches (averaged with Eulerian carrier species
and Lagrangian droplet species, as used in LANL KIVA [60], for instance), the Lagrangian formulation is a description of the (averaged) motion, so that the discrete
Lagrangian entities do not represent individual droplets.
Relative to the scales of the mean flow, droplets with diameters O (10−6 − 10−4 m)
are quite small, even relative to the turbulence Kolmogorov micro-scale O (10−6 m).
Fully-resolving even a 1 cm3 cube with a grid spacing of 1 µ m, which is still coarse
for resolving these droplets, would require 1012 computational cells. Accordingly,
fully-resolved simulation of these polydisperse droplet-laden flows will not be feasible in the near future. Using Lagrangian particles to represent the individual
droplets would reduce grid resolution requirements to a reasonable level, but the
number of Lagrangian particles required to simulate 1 cm3 cube with 1% mass loading of 1 µm diameter droplets would still require O (109 ) Lagrangian particles if
no averaging is applied to the droplet dynamics. Thus, the only viable approaches
for multiphase high-speed gearbox simulation are those using averaged equations
of motion for the fluid species.
1.4.2.1

Averaged multiphase equations of motion

It was not until the 1960s that significant developments were made in developing equations of motion for multiphase flow. Standart [61] made one of the first
efforts to apply the rational mechanics approach of Truesdell, Toupin, Coleman,
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and Noll, [62–67] to developing multiphase/multi-material balance laws for mass,
momentum, and energy. Standart’s formulation included interfacial mass and momentum transfer. These equations of motion are known as the local instantaneous
formulation, and serve as the starting point for developing averaged equations of
motion. The differential equations of motion for the local instantaneous formulation are identical to the single-phase equations away from material interfaces,
while the interfaces and transfer across them are governed by an additional set of
jump and boundary conditions.
Given that in many systems of interest, such as boiling heat exchangers, the
scales of interaction between fluid species are too fine to resolve in simulation, and
that in nearly all cases, larger-scale averaged quantities are desired anyway (e.g.
average heat flux at a point on a heated wall with air and fine mist), it is necessary
to obtain averaged equations of motion from the local instantaneous formulation.
Stuhmiller [68] provided a review of early efforts in the rational approach to twophase flow modeling, including work in developing averaged equations of motion.
At that point (1976), the local instantaneous formulation of multiphase flow had
been established, and Ishii [69] had made progress in developing averaged equations
of motion based on both time averaging and spatial averaging.
The mathematical formalism behind derivation of the averaged multiphase
equations of motion has advanced since this initial progress in the rational approach to two-phase flow modeling. Ensemble averaging over a notional space of
equivalent micro-states corresponding to a given macro-state has been introduced
[70–73], and the Coleman-Noll procedure for constitutive model development has
been used to derive restrictions on the functional form of the closure terms that
arise [74, 75]. The ensemble averaging approach has become prominent among the
various methods of averaging (space, time, ensemble, Boltzmann, etc.), and is the
formalism adopted in this dissertation. Ultimately, the choice of averaging method
is of little consequence, as the averaged governing equations are identical up to the
physical interpretation of the interfacial transfer terms that require closure models.
Ishii and Hibiki, as well as Drew and Passman have written textbooks on multiphase flow that explain the averaging procedures and model development in detail
[76, 77].
Prior to invoking constitutive and closure relations in the averaged equations of
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motion, each material species k has an associated volume fraction αk , density ρk ,
velocity vk , Cauchy stress Tk , specific internal energy ek , etc. When the material
species are fluids, the Cauchy stress can be separated into an isotropic contribution
by pressure pk and a viscous contribution that is a function of Sym ( grad vk ). To
reduce the number of equations and eliminate the need to develop models for the
interfacial pressure pk,i that appears in the interfacial transfer terms, a singlepressure model is commonly invoked by setting pk = pk,i = p, ∀k.
It is well-known that, in the absence of viscosity and inter-species drag, the
resulting equations of motion are ill-posed in the sense that the characteristics are
complex-valued, and solutions do not depend continuously on the initial data [78].
With non-zero viscosity, the characteristic values of single-pressure formulation
become real, so that the consequences of the ill-posedness of the inviscid problem
are not observed in practice.
NPHASE-PSU [79], the finite-volume CFD code used, and modified for dropletfilm flows in this dissertation, uses a single-pressure formulation of the ensembleaveraged multiphase equations of fluid motion. The equations and discretization
used are outlined in [80, 81], although a fully segregated formulation was used here
instead of the coupled phasic exchange technique (all inter-species/inter-variable
coupling terms are treated explicitly). Chapter 2 provides a detailed discussion of
the ensemble-averaged multiple-fluid governing equations, their discretization and
linearization, and the segregated solution approach.
1.4.2.2

Droplet–wall-film interaction

Flows with a continuous gas phase carrying dispersed liquid droplets with walls
covered in a liquid film, that interacts with both the gas phase and dispersed
droplets, occur in a number of important engineering applications. Examples include the annular-mist flow regime observed in boiling heat exchangers, deposition
of liquid sprays as in paint application, collection of water droplets on the wings
and fuselage of aircraft flying through clouds, fuel injection in engines, and the
multiphase flow within high-speed, jet and mist-lubricated gearboxes. These flows
are characterized by several key mechanisms of inter-field transfer of mass, momentum, and energy. The first of these is droplet transport and their impingement on
the wall-film, in which droplets both deposit to the film and splash or rebound off
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(a) Crater with lamellar crown
shortly after impact
(b) Worthington jet formation after
crater collapse

Figure 1.4: Photographs of initial crater and splash and subsequent Worthington
jet formation after impact of a droplet on a deep liquid pool [83].
of the film back into the aerodynamic flow. The second of these is the transport
and breakup of the wall film into droplets under the action of the shearing stress
of the gaseous carrier phase. Interfacial momentum transfer physics that need to
be modeled include drag between the droplets and the continuous gas phase (e.g.
Stokes drag), and drag between the film and the continuous gas phase (shear stress
at the film-gas interface). A number of additional interactions such as droplet coalescence and breakup, virtual mass, etc. can be considered, but are generally of
secondary importance to the foregoing drag and mass transfer mechanisms.
A review of drop impact dynamics by Yarin [82] discusses the physical effects of
droplets impacting thin liquid layers, as well as dry surfaces. The result of droplet
impact on a liquid layer depend greatly on the film thickness and droplet trajectory.
For thick liquid layers and approximately normal high-speed droplet impact, the
initial impact leads to the formation of a crown-shaped lamella which breaks up
into small droplets splash, and a crater in the liquid layer, which subsequently
collapses, creating a Worthington jet, similar to what occurs after a rock is thrown
straight down into a pool of water. Figure 1.4 shows the initial crown-shaped
lamella with several ejected droplets shortly after impact of a droplet into a deep
liquid layer, as well as the vertical Worthington jet that forms as a result of crater
collapse.
When the depth of the liquid layer is insufficient to allow for such energetic
collapse of the crater, no Worthington jet forms. Upon impacting a thin liquid
layer, a droplet can still form a lamella, which for sufficiently high impact speed
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Figure 1.5: Sequence of images showing splash of a droplet impacting a thin liquid
layer over a solid wall [84].
forms an unstable crown shape and breaks up into a spray of small droplets. Yarin
[82] restricts use of the term splashing to refer to this crown breakup. The term
spreading is used to describe when the droplet impacts but does not form an
unstable crown which breaks up. As the names imply, 100% of the droplet mass
is deposited to the film with spreading, while some mass is ejected with splashing.
Figure 1.5 shows a sequence of images taken after impact of a droplet onto a wetted
wall. Note that an instability of the rim of the lamella leads to formation of radial
jets, which are themselves unstable, and break up into small droplets.
The threshold velocity for transition from spreading to splashing for a train of
monodisperse droplets normally impacting a thin film depends on surface tension,
density, impact speed, and impact frequency. For impact of a single droplet, the
splashing threshold is a function of the Weber number (the ratio of inertial and
surface tension effects), the Ohnesorge number (the ratio of viscous and surface
tension effects), and the ratio of the film thickness and droplet diameter. At high
impact speed, a rapid horizontal jet forms directed radially outward upon initial
impact. Droplet impact on dry surfaces has more possible outcomes including
deposition, prompt splash, corona splash, receding breakup, partial rebound, and
complete rebound. As the present focus is solid walls with liquid films, these are
not considered further here.
There have been many experimental and computational efforts to characterize
the physics of droplet, droplet train, and spray impact on thin films at various
speeds and angles [82–87]. The short time scales and fine spatial scales of phenomena such as the initial horizontal jet, small splashed droplets, and bubble
encapsulation present a challenge for optical experimental measurements. Direct
numerical simulation has proven useful in examining some of these fine-scale effects, especially the physics of the microscopic gas layer that forms between the
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droplet and film, and subsequent micro-bubble entrainment that occurs when the
impact takes place in a gaseous environment rather than in a vacuum [87].
Besides droplet impact dynamics, the other primary mechanism of transfer between droplets and film is the breakup of the film into droplets due to fling-off
on rotating surfaces, as well as shear instability of the liquid-gas interface. These
droplets are then entrained into the flow, and can eventually re-impact the film.
Several experimentally-calibrated models have been developed for droplet entrainment due to shear breakup of wall-films using dimensional analysis [88–90]. These
efforts were directed toward heat transfer predictions in boiling heat exchangers under annular-mist flow. Centrifugal fling-off has also been investigated, primarily for
high-speed gear lubrication applications [91–94]. Under well-lubricated operation,
fling-off is the primary means of film breakup on the rotating gears, though under
loss-of-lubrication, entrainment of droplets by shear likely plays an increasing role
in transfer from the gear wall-film to droplets. Transfer from the stationary shroud
wall-film to droplets occurs entirely from entrainment due to shear instability, as
fling-off only occurs on rotating components.
A number of computational models have been developed for droplet–wall-film
interaction. These have been aimed at application to internal combustion engines
[60, 86, 95], annular-mist flow and heat transfer in boiling heat exchangers [89],
and ice accretion on aircraft and rotorcraft [96, 97], to name a few. Most of these
use an averaged Lagrangian droplet formulation, in which each Lagrangian particle represents a collection of droplets, and transfer terms are treated statistically
over this collection [60, 86, 95, 96]. This approach works well for intrinsically
transient applications, such as internal combustion engines. Because aircraft icing
depends almost entirely on primary impingement on the leading edge, and not on
secondary impingement of splashed droplets, or a deposition-film breakup equilibrium, the Lagrangian formulation is also applicable to these simulations [96].
The Lagrangian droplet formulation is amenable to droplet–wall-film interaction,
as it is intrinsically capable of capturing the splashing effect: a distribution of new
splashed/bounced droplets of varying size and velocity can be created for each
droplet impact based on experimental correlation. For confined flows with significant secondary impingement, this approach becomes unwieldy, as there is no
good way to control the number of particles and their assignment to processors
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in a way that balances computational load. Also, the intrinsic transientness of
the Lagrangian formulation is ill-suited to simulation of equilibria that take some
time to form, such as occurs in a gearbox between droplet deposition to film and
breakup/fling-off from film to droplets. An Eulerian formulation is well-suited to
this sort of flow.
Several efforts have been made to develop Eulerian models for droplet–wallfilm interaction for annular-mist flow and aircraft icing applications [89, 97]. The
models for annular-mist flow in particular, and for boiling heat exchangers in
general, are quasi-one-dimensional and developed specifically for flow in vertical
or horizontal circular pipes, so caution must be taken in applying these to other
configurations. Honsek’s Eulerian formulation [97] was developed for aircraft icing
simulation, where only primary impingement is important, and splashing/bouncing
act only to reduce local collection efficiency. This model returned splashed mass
to the incident field of droplets, which is adequate for this sort of flow, but is
intrinsically unable to capture the true nature of the flow, in which the incident
and splashed droplets have distinct trajectories. In chapter 3 of this dissertation,
current progress in developing an Eulerian droplet–wall-film interaction model that
respects the distinct incident and splashed droplet velocities is presented.

1.5

Outline of dissertation

The rest of the dissertation is organized as follows: Chapter two provides the theoretical formulation of the pressure-based multiphase CFD method used, as well
as the Fourier stability analysis technique used to explore convergence properties
of gear windage simulations. Chapter three outlines the physical models used.
First, the tribology model is explained, followed by the scale segregation and coupling approach used in the gearbox aero-thermodynamics simulation tool. Finally,
the multiphase models developed for droplet–wall-film interaction are discussed.
Chapter four discusses results of the gearbox aero-thermodynamics simulation tool,
and makes comparison with experimentally observed results for loss-of-lubrication.
Chapter five details a preliminary experimental investigation of gear windage undertaken as part of a larger effort to bolster the paucity of validation data available
for gear aero-thermodynamics. Chapter six reviews important conclusions.

Chapter

2

Theoretical Formulation
This chapter provides derivations of the ensemble-averaged multiphase/multi-material
governing equations used in this dissertation. First, an Eulerian description of the
local instantaneous formulation for balance of mass, momentum, and energy, and
entropy imbalance is introduced in section 2.1.1. For multiphase and multi-material
problems, the local instantaneous formulation consists of a set of governing partial
differential equations, as well as jump conditions that apply at the interface between different materials. The ensemble-averaged governing equations are derived
in section 2.1.2 by multiplying the local instantaneous formulation by the indicator function for each material species, which is unity at points occupied by that
material and zero at points that are not. The product rule is applied, and each
resulting term is averaged to yield the ensemble-averaged equations, which contain
terms representing average inter-species transfer of mass, momentum, and energy,
as well as terms representing the average correlation of fluctuating quantities (e.g.
the Reynolds stress). These inter-species transfer, and fluctuation correlation terms
require modeling. Chapter 3 presents the specific forms of these implemented for
use in simulating gearbox systems.
After establishing the governing differential equation set, this chapter outlines
their discretization, linearization, and segregation as implemented in NPHASEPSU [79–81, 98, 99]. Next, Fourier (von Neumann) stability analysis is outlined and
applied to the solution approach used in NPHASE-PSU [100, 101]. This application
of Fourier stability analysis to the SIMPLE-C [98] algorithm has provided insight
into the cause of the slowed convergence rate observed for simulation of the enclosed

33
flow around high-speed gears, and has also directed efforts toward its improvement.

2.1
2.1.1

Governing equations
Local instantaneous formulation

The local instantaneous formulation of the multiphase/multi-material equations
of motion consists of field equations for the balance of mass, momentum, and
energy, as well as the Clausius-Duhem inequality, along with jump conditions for
material interfaces. Gurtin et al. [102] provide a thorough derivation of the local
instantaneous governing equations and jump conditions in the absence of surface
tension (i.e. surfaces of discontinuity do not contain energy). Standart [61] presents
a local instantaneous formulation that accounts for mass transfer due to both
volumetric and surface chemical reactions, and Delhaye [103] considers the effects
of surface energy including adsorption, surface tension, surface mass, and surface
momentum. Ishii and Hibiki [76] apply the approach of Delhaye [103] to arbitrarily
thin interfaces, so that there is no interfacial mass or momentum, but interfacial
energy and surface tension are considered.
Consider the time-evolution of a body Bt consisting of N different materials
that occupy disjoint sub-regions Bk,t ⊂ Pt , k = 1, . . . , N , which are separated
by a smooth, oriented surface of discontinuity St . It is required that Bt contain
N
G
no voids, so that Bt =
Bk,t . Figure 2.1 shows an example of a material body
k=1

Bt consisting of two material occupying separate regions B1,t and B2,t separated
by a surface of discontinuity St . The evolution of Bt must represent a continual
deformation, so that for any t0 , t1 , Bt0 and Bt1 must be diffeomorphic. This allows
selection of a reference configuration B, and the definition of the deformation
χt : B → Bt ,

(2.1)

which defines the correspondence between points in the reference configuration
XR ∈ B and points in the deformed configuration x ∈ Bt , so that
x = χt (XR ) ,

(2.2)
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Figure 2.1: Reference B and current Bt configurations of a multi-material body.
XR = χ−1
t (x) .

(2.3)

The velocity is a spatial vector given by the time rate of change of a position vector
d
χt (XR ) .
dt

v=

(2.4)

In this work, the notation convention of Gurtin et al. [102] is used for spatial
and time derivatives. Spatial derivatives in the reference configuration are either
capitalized, such as Div, or use the symbol ∇, and spatial derivatives in the deformed configuration use lower case abbreviations, such as div. The material time
derivative of a field variable φ(x, t) is
φ̇(x, t) :=

∂φ(x, t)
∂t

0

0

= φ + (grad φ) · ẋ = φ + (grad φ) · v,

(2.5)

XR

where the spatial (deformed configuration) partial time derivative is defined
0

φ (x, t) =

∂φ(x, t)
.
∂t
x

(2.6)

The deformation gradient is a mixed tensor that maps reference (tangent) vectors
to spatial (tangent) vectors
F = ∇χt ,

(2.7)
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so that its transpose maps spatial area (dual/cotangent) vectors to reference area
(dual/cotangent) vectors. F maps displacements in the reference configuration to
displacements in the deformed configuration, so that
x − y = F (XR − YR ) .

(2.8)

For the deformation to preserve orientation (not flip space inside-out), it is required
that the volumetric Jacobian satisfy
J := det F > 0.

(2.9)

If the volumetric Jacobian is equal to unity for all (x, t), the motion is called isochoric, or incompressible. Recognizing that J˙ = J divv, for a materially convecting
region Pt ⊆ Bt , so that Pt = χt (P), the Reynolds transport relation is
 Z ˙
Z
Z ˙
Z 

d
φ dv = φJdvR =
φ dv :=
φ̇ + φ divv dv.
dt
Pt
Pt
P
Pt

(2.10)

For any intensive conserved quantity φ, the balance of the extensive quantity
ΦPt can be expressed
Z ˙
Z
Z
Φ̇ = φ dv = Jφ nda + bφ dv,
Pt

∂Pt

(2.11)

Pt

where Jφ is the surface flux of φ through the boundary ∂Pt , and bφ is the volumetric
source of φ. Picking φ = ρ, the mass density, so that Φ = m, the mass, and
recognizing that there is no flux of mass through a materially convecting region or
volumetric mass source gives the integral balance of mass
Z˙
ρ = 0.

(2.12)

Pt

Substitution of the Reynolds transport relation (2.10) into (2.12) yields
Z
(ρ̇ + ρ divv) dv = 0
Pt

(2.13)
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Since (2.13) applies for arbitrary choice of Pt , the localization theorem can be applied, which states that if the integral of a quantity is zero for every arbitrary choice
of integration domain, then the argument of the integral must be zero everywhere.
Accordingly, local mass balance can be expressed
0

ρ̇ + ρ divv = ρ + div(ρv) = 0,

(2.14)

∂ρ
∂ρ
0
. An important consequence of the balance of mass
, and ρ =
∂t XR
∂t x
(2.14) is that for any scalar field φ, we have

with ρ̇ =

0

0

0

(ρφ) = ρφ + ρ φ
0

= ρφ − φ div (ρv)
0

= ρφ − div (ρφv) + ρv · grad φ
 0

= ρ φ + v · grad φ − div (ρφv)

(2.15)

= ρφ̇ − div (ρφv) ,
allowing the switch between conservative and non-conservative forms of the governing equations, since for a scalar field φ we have
0

ρφ̇ = (ρφ) + div (ρφv) ,

(2.16)

and for a vector field g, we have
0

ρġ = (ρg) + div (ρg ⊗ v) .

(2.17)

Applying the same procedure used to develop the local mass balance equation
(2.14) to the balance of linear momentum ρv yields
0

ρv̇ = (ρv) + div (ρv ⊗ v) = divT + b,

(2.18)

where T is the Cauchy stress and b is the body force (e.g. b = ρg for gravity).

Balance of angular momentum requires that T be symmetric T = TT .
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Energy balance for a materially convecting region Pt is
˙
E (Pt ) + K (Pt ) = W (Pt ) + Q (Pt ) ,

(2.19)

Z
E (Pt ) =

ρ e dv,

(2.20)

Pt

Z

1
ρ v · v dv,
Pt 2
Z
Z
W = Tn · v da + b · v dv
Pt
Z∂Pt
= [div (Tv) + b · v] dv
ZPt
= [T : D + v · divT + b · v] dv
K (Pt ) :=

(2.21)

(2.22)

Pt

Z
Q (Pt ) = −

Z
q · n da +

Z
q dv =

Pt

∂Pt

(−div q + q) dv,

(2.23)

Pt

where E and e are respectively the internal energy and specific internal energy, K
and 12 v · v are the kinetic energy and specific kinetic energy, W is the conventional

external power, D = 21 grad v + grad T v is the strain rate tensor, and Q is the
heat flow, with q the heat flux vector and q the volumetric heat source. Taking the
volume-integral form of each term in (2.19), through application of Stokes’ theorem
to the surface integrals, and applying the localization theorem, local balance of
energy can be expressed
0

ρ ė0 = (ρ e0 ) + div (ρ e0 v) = div (Tv) + b · v − div q + q,

(2.24)

where e0 = e + 21 v · v is the specific total energy. In fluid mechanics, the balance
of energy is typically expressed in terms of specific total enthalpy h0 = e0 + p/ρ,
so that if T = −p I + S, where S is the viscous stress, the total enthalpy energy
˙
equation is the result of adding ρ p/ρ to both sides of (2.24), yielding
0

0

ρ ḣ0 = (ρ h0 ) + div (ρ h0 v) = p + div (Sv) + b · v − div q + q,

(2.25)

∂p
. Using the product rule, the viscous work term can be
∂t x
divided into the viscous contribution to change in kinetic energy v · div S and the
0

recalling that p :=
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viscous dissipation S : D
div (Sv) = v · div S + S : grad v

(2.26)

= v · div S + S : D.
The final field equation required is the second law of thermodynamics (nonnegative production of entropy), which is not solved as part of the governing equation set, but provides restrictions on the form of constitutive and closure relations.
The net internal entropy is denoted S (Pt ), with corresponding specific entropy η,
so that

Z
S (Pt ) =

ρ η dv.

(2.27)

Pt

Likewise, defining the net entropy flow as J (Pt ), the entropy flux as , and the
volumetric entropy supply as ,
Z
J (Pt ) = −

Z
 · n da +

 dv.

(2.28)

Pt

∂Pt

Finally, the net entropy production is defined
˙
H (Pt ) := S (Pt ) − J (Pt ) ,

(2.29)

so that the second law of thermodynamics can be stated
H (Pt ) ≥ 0,

(2.30)

for all t, and Pt . A fundamental hypothesis of thermodynamics is the existence of
an absolute temperature ϑ > 0 that relates heat flow and entropy as
=

q
,
ϑ

=

q
.
ϑ

(2.31)

Entropy imbalance for Pt is now
Z

Z
˙
ρ η dv ≥ −

Pt

q
· n da +
∂Pt ϑ

Z

q
dv,
Pt ϑ

(2.32)

39
which can be localized to give the local inequality for entropy imbalance
ρ η̇ + div

q
ϑ

−

q
≥ 0.
ϑ

(2.33)

Subtracting the balance of mechanical energy, which is the inner product of the
velocity v and the balance of linear momentum (2.18), from the balance of total
energy (2.24), and substituting (2.33) leads to
ρ (ė − ϑη̇) − T : D +

1
q · grad ϑ ≤ 0,
ϑ

(2.34)

which, in turn, leads to the requirement that the constitutive equation for the
Cauchy stress satisfy T : D ≥ 0, and the constitutive equation for the heat flux
satisfy q = −κ grad ϑ.
This concludes the discussion of the local instantaneous formulation governing
equations at a regular point of Pt , that is, a point that is not a surface of discontinuity. The local governing equations are balance of mass (2.14), balance of linear
momentum (2.18), balance of energy (2.24), which for fluids is often re-cast in
terms of enthalpy as (2.25), and the entropy inequality (2.34). What remains now
is to establish jump conditions that must be satisfied across surfaces of discontinuity, including material interfaces. Jump conditions are essentially statements that,
having zero volume, surfaces of discontinuity do not hold any mass, or momentum.
The following discussion of jump conditions is based on Gurtin et al. [102], as well
as Ishii and Hibiki [76].
Consider a material body Bt , as depicted in figure 2.2, with a surface of discontinuity St that separates Bt into two closed regions B1,t and B2,t with St = B1,t ∩ B2,t ,
with corresponding reference configuration sets B, B1,t , B2,t , and St . The surface
S is called a discontinuity wave if the motion χt (XR ) is continuous across S, while
the velocity v = χ̇t and deformation gradient F exhibit jump discontinuities across
S, but are continuous and have well-defined one-sided limits approaching S (a material interface is a special case of a discontinuity wave). The outward normal from
Btk is denoted mk , and the spatial velocity of a point following St is denoted vi . In
the discussion that follows, it is assumed that St is infinitesimally thin, so that it
has neither mass nor momentum, but that it can have associated interfacial energy,
surface tension, and entropy.
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Figure 2.2: Current configuration of Bt consisting of two sub-regions B1,t and B2,t
separated by St , with outward normal m1 and m2 from B1,t and B2,t respectively.
St travels with local velocity vi .
Letting the subscript k denote a quantity on the k side of St , mass balance at
a discontinuity wave in the spatial configuration requires that
2
X

ρk mk (vk − vi ) = 0.

(2.35)

k=1

The local rate of mass efflux from k is
ṁk := ρk mk (vk − vi ) ,
and it follows from (2.35) that

2
X

ṁk = 0, so that the interface contains no mass

k=1

(i.e. it is infinitesimally thin). Using the notation of Ishii and Hibiki [76] for the
surface tension terms, balance of linear momentum at a discontinuity wave gives
the jump condition
2
X
k=1


[ṁk vk − Tk mk ] = − tα σAαβ ,β = σ (div m) m − grad s σ,

(2.36)
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where σ is the surface tension, Aαβ is the surface metric tensor between the surface St , parameterized by (u1 , u2 ), and the current spatial configuration B with
∂x
is the hybrid tensor, and () ,β represents the
coordinates (x1 , x2 , x3 ), tα =
∂uα
covariant surface derivative. The term grad s σ corresponds to the jump in the
tangential component of the traction of the convective and diffusive fluxes of momentum across St due to variation in σ along St , while σ (div m) m corresponds to
the jump in the normal component of this traction due to mean curvature of St .
If St separates Bj,t and Bk,t , then (div mk ) mk = (−div mj ) (−mj ) = (div mj ) mj ,
so that the jump condition is independent of the choice of m in the right-hand
side. Typically, the jump in the normal component of the traction due to mean
surface curvature is much larger than the jump in the tangential component of the
traction due to variation in surface tension.
The jump condition for specific total energy is determined by balance of energy,
2
X

[ṁk e0,k + (qk − Tk vi ) · mk ] =

k=1

=


ds ua
+ ua div vi − tα Aαβ σ · vi ,β
dt
ds ua
+ ua div vi + σ (div m) m · vi
dt
− (grad s σ) · vi − σ divs vi ,

(2.37)

where us is the density of surface energy, and the subscript s denotes that the given
derivative is a surface derivative rather than a volume one. The jump condition
for entropy imbalance is

2 
X
ds s a
qk
+ sa div vi ≥
ṁk ηk +
· mk ,
dt
ϑk
k=1

(2.38)

where ss is the density of surface entropy. The jump condition for entropy is
simply a statement that the jump in entropy flux across St is at least as large as
the current rate of entropy transfer from the volume to the surface. Once a state
equation is adopted for the interfacial energy us , the interfacial entropy can be
eliminated from (2.38).
In summary, the local instantaneous formulation consists of the local differential
forms of balance of mass (2.14), momentum (2.18), and energy (2.24) or (2.25), as
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well as entropy imbalance (2.34), and interfacial jump conditions for each of these
balance equations at a surface of discontinuity (2.35 - 2.38).

2.1.2

Ensemble-averaged equations of motion

With the instantaneous local differential model in hand, we can proceed to develop
the ensemble-averaged Eulerian representation of the system. This exposition of
the ensemble-averaged equations of motion for multiphase flow is based on what
is outlined by Drew [70], with some insights from Berry [73], and Ishii and Hibiki
[76]. First, averaging and weighted averaging are explained. Ensemble averaging is
then applied to the governing equations, and the macro-state variables are chosen
to coincide with weighted averages of primitive variables. The divergence of the
convective flux that appears in the averaged governing equations leads to terms
identical or analogous to the Reynolds stress in the Reynolds-averaged NavierStokes equations (i.e. the average of the product of fluctuating quantities).
2.1.2.1

Ensemble averaging and weighted averages

Given a collection of N equivalent micro-scale realizations of a macro-scale observable quantity, for which the observation technique is—in some sense—unable
to discern small-scale differences between states, the expected value (macro-state
value) of a (micro-state) variable φ(x, t) is
N
1 X
φ (x, t) =
φ (x, t) .
N j=1

(2.39)

The expected value φ is called the ensemble average of φ over the statistical ensemble consisting of the N indistinguishable micro-states. In the case of a field
variable such as φ (x, t), there is no reason to suppose that there are only finitely
many equivalent micro-states, so the ensemble average can be defined in terms of
a statistical density
Z
φ (x, t) =

φ(x, t; ω) dµ(ω).
Ω

(2.40)
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As a consequence, the averaging process satisfies
c1 φ + c2 ψ = c1 φ + c2 ψ

(2.41)

for constant c1 and c2 . The ensemble average of the ensemble average does not
change the expected value, so that

φ = φ,

(2.42)

φψ = φψ.

(2.43)

The fundamental assumption of smoothness of the expected values follows from
the idea that the fine-scale filter implied by averaging precludes the possibility of
exactly “pinning down” the location of a discontinuity, effectively smoothing them
out, so that the averaging process satisfies
∂φ
∂
= φ,
∂t
∂t

(2.44)

grad φ = grad φ.

(2.45)

To define macro-state variables for each material species, as well as to apply
averaging to the local instantaneous formulation of the governing equations, it is
useful to introduce the indicator function for species k

1 :
1k (x, t) =
0 :

x ∈ B̊k,t

,

(2.46)

x 6∈ B̊k,t

where B̊k,t represents the interior of the region occupied by species k, and not those
points on the interface. The expected value of the indicator function for species k
is termed the volume fraction of species k
αk (x, t) = 1k (x, t) .

(2.47)
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Because

N
X

1k (x, t) = 1 for all (x, t) for all possible micro-states, it follows that

k=1
N
X

αk = 1.

(2.48)

k=1

The phase average of a quantity φ is defined
φk :=

1k φ
1k φ
=
⇒ αk φk = 1k φ,
αk
1k

(2.49)

and likewise, the mass average of a quantity φ is defined
1k ρ φ
1k ρ φ
φbk :=
⇒ αk ρk φbk = 1k ρ φ.
=
αk ρ k
1k ρ

(2.50)

Now, for example, we can choose the primitive variable state vector for the averaged
equations of motion to be
T

bk , eb0,k , Tk , ηbk ,
αk , ρ k , v

(2.51)

allowing the construction of averaged quantities such as the expected momentum
density of species k
bk ,
1k ρ v = αk ρk v
but requiring the addition of the average of fluctuating terms in constructing nonlinear quantities such as
bk + JFe,k ,
1k ρ e0 v = αk ρk eb0,k v

(2.52)

so that, for example, the expected value of the divergence of the convective flux of
total energy of species k is

bk + div JFe,k ,
div (1k ρ e0 v) = div(1k ρ e0 v) = div αk ρk eb0,k v

(2.53)

and JFe,k is analogous to, and—in fact—includes the Reynolds stress that arises in
the conventional RANS equations.
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2.1.2.2

Averaged balance laws

The ensemble-averaged multiphase/multi-material governing equations are derived
by multiplying the differential local instantaneous formulation by the indicator
function 1k , applying the product rule for derivatives, and ensemble-averaging the
result. Application of the product rule results in terms involving derivatives of 1k ,
which is zero everywhere except material interfaces, where it resembles an oriented
Dirac δ-distribution. The velocity of the interface vi is not necessarily equal to v,
as discussed in section 2.1.1. It can be shown that
0

1k + vi · grad 1k = 0,

(2.54)

regardless of whether there is phase change or not. This is equivalent to stating that
the value of 1k (though not well-defined at the interface), does not change following
the interface, though the interface does not necessasrily move with the material
if there is mass transfer. For balance of mass (2.14), the averaging procedure
becomes
0 = 1k [ρ0 + div (ρ v)]
0

0

= (1k ρ) + div (1k ρ v) − ρ 1k − ρ v · grad 1k
0

= 1k ρ + div 1k ρ v − [ρ (v − vi )]k · grad 1k
0

bk − [ρ (v − vi )]k · grad 1k ,
= αk ρk + div αk ρk v

(2.55)

∂1k
∂
where it is recognized that grad 1k = mk
, where
is the directional derivative
∂n
∂n
∂1k
in the normal direction, and that
= −δ(x). Recalling that the rate of mass
∂n
transfer across St out of Bk,t is ṁk = ρ (vk − vi ) · mk , the volumetric expected rate
of mass transfer from species k to species j is
Γk,j = −[ρ (v − vi )]k · grad 1k .

(2.56)

The jump condition for balance of mass dictates that Γk,j − Γj,k , giving the final
form of the averaged balance of mass for species k
αk ρ k

0

X

bk = −
+ div αk ρk v
Γk,j
j6=k

(2.57)
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In a similar fashion, the ensemble-averaged equation of momentum balance for
species k is derived from (2.18), where the averaging procedure is again applied
h
i
0
1k (ρ v) + div (ρ v ⊗ v) = 1k div T + 1k b .
| {z } |{z}
{z
}
|
B
C

(2.58)

A

Examining each term individually, we have
0
0
A = 1k ρ v + div (ρ v ⊗ v) − ρ v 1k − (ρ v ⊗ v) grad 1k
0
= 1k ρ v + div (ρ v ⊗ v) − [ρ v ⊗ (v − vi )] grad 1k
0

bk + div αk ρk v
bk ⊗ v
bk + div JFρv,k − [ρ v ⊗ (v − vi )] grad 1k ;
= αk ρ k v

B = div 1k T − T grad 1k


= div αk Tk − T grad 1k ;
C = αk b.
(2.59)
The interfacial transfer of momentum from species k to species j is
Mk,j = −[ρ v ⊗ (v − vi ) − T]k grad 1k ,

(2.60)

and the jump condition for linear momentum balance (2.36) requires that
Mk,j + Mj,k = −(tα σ Aαβ ) ,β δS(t) (x).

(2.61)

The ensemble-averaged balance of linear momentum for species k is now
bk
αk ρ k v

0


bk ⊗ v
bk
+ div αk ρk v


X
= −div JFρv,k + div αk Tk + αk bk −
Mk,j .

(2.62)

j6=k

Applying the averaging procedure to the balance of total energy (2.24) for
species k
h
i
0
1k (ρ e0 ) + div (ρ e0 v) = 1k div (Tv) + 1k b · v − 1k div q + 1k q ,
} | {z } | {z } |{z}
|
{z
} | {z
C
D
E
B
A

(2.63)
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examining each term individually yields
0

0
A = 1k ρ e0 + div 1k ρ e0 v − ρ e0 1k − ρ e0 v · grad 1k
0

= 1k ρ e0 + div 1k ρ e0 v − ρ e0 (v − vi ) · grad 1k


bk + div JFρe0 , k − ρ e0 (v − vi ) · grad 1k
= αk ρk eb0,k + div αk ρk eb0,k v

B = div 1k T v − (Tv) · grad 1k


(2.64)
bk + div JFTv,k − (Tv) · grad 1k
= div αk Tk v
bk + גFb·v,k
C = αk bk · v

D = div 1k q − q · grad 1k

= div αk qk − q · grad 1k
E = αk q k .
The resulting ensemble-averaged balance of total energy for species k is


bk
αk ρk eb0,k + div αk ρk eb0,k v


F
bk + div JFTv,k + αk bk · v
bk
= −div Jρe0 ,k + div αk Tk v
X

+ גFb·v,k − div αk qk + αk q k −
Ek,j ,

(2.65)

j6=k

where the interfacial transfer of energy from species k to species j is
Ek,j := −[ρ e0 (v − vi ) − Tv + q]k · grad 1k .

(2.66)

The jump condition for the balance of total energy (2.37) gives the restriction that

Ek,j + Ej,k =

ds ua,kj
+ ua,kj divs vi − [(tα Aαβ σ) · vi ] ,β
dt


δS(t) (x),

(2.67)

which contains terms for transfer between volumetric total energy ρ e0 density and
surface energy density ua,kj , requiring that one model the evolution of ua,kj for
each interface type (e.g. k − j, k − l, etc.), or simply ignore interfacial energy (a
model in itself).
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Finally, applying the averaging procedure to entropy imbalance (2.33), we have
q
q
0
1k (ρ η) + div (ρ η v) + 1k div
− 1k ≥ 0.
{z
} | {z ϑ } |{z}
|
ϑ
A

B

(2.68)

C

Examining each term individually yields
0

0
A = 1k ρ η + div 1k ρ η v − ρ η 1k − ρ η v · grad 1k
0

= 1k ρ η + div 1k ρ η v − ρ η (v − vi ) · grad 1k
0

bk + div JFρη,k − ρ η (v − vi ) · grad 1k
= αk ρk ηbk + div αk ρk ηbk v


q
q
B = div 1k
− · grad 1k
ϑ
ϑ
!
qk
q
= div
+ div JFq/ϑ,k − · grad 1k
ϑ
ϑk
C=

qk
ϑk

(2.69)

+ גFq/ϑ,k .

Now, the ensemble-averaged equation for entropy imbalance in species k is
0

1k ρ η + div 1k ρ η v
≥ −div JFρη,k − div

qk
ϑk

!
− div JFq/ϑ,k +

qk
ϑk

+ גFq/ϑ,k −

X

Sk,j

(2.70)

j6=k

where the interfacial transfer of entropy from species k to species j is
h
qi
Sk,j = − ρ η (v − vi ) −
· grad 1k .
ϑ

(2.71)

The jump condition for entropy (2.38) gives the restriction that

Sk,j + Sj,k ≤


ds sa,kj
+ sa,kj divs vi δS(t) (x),
dt

(2.72)

where sa,kj is the surface entropy density of the interface between species k and j.
Within this dissertation, the energy (conduction) equation is solved in regions
occupied by solid. These regions are completely filled with solid, so within them,
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volume fraction αk , etc. need not be considered. The energy equation in the solid
is coupled with the multiphase flow field through conjugate boundary conditions
on the surface of the solid components. Because conduction in an isotropic rigid
solid is a trivial extension of the energy equation for a fluid (zero all terms involving
deformation rate), the remainder of this chapter focuses on multiphase mixtures of
fluids. From now on, it is assumed that each species k is a compressible, linearly
viscous (Newtonian) fluid, so that
T = −peq (ρ, ϑ) I + S

(2.73)

= −peq (ρ, ϑ) I + 2µ (ρ, ϑ) D + λ (ρ, ϑ) (tr D) I,
where the thermodynamic pressure is the square of the density times the partial
∂ψ
derivative of the free energy with respect to density peq = ρ2 , and S is the
∂ρ
viscous contribution to the stress. The mechanical pressure is
1
p = peq − tr S.
3

(2.74)

The Stokes hypothesis is that the mechanical and thermodynamic pressures coincide, implying that

2
λ = − µ.
3

(2.75)

This is accurate for mono-atomic gases such as helium, and less so for diatomic
gases such as nitrogen and oxygen. Compressibility effects are small in this work
(M < 1), so any error introduced by invoking (2.75) will be negligible in comparison
to other sources of error.
Substituting the constitutive relation (2.73) for T into the governing equations
leads to the following set of averaged governing equations:
αk ρ k

0

X

bk = −
+ div αk ρk v
Γk,j

(2.76)

j6=k

bk
αk ρ k v

0

bk ⊗ v
bk
+ div αk ρk v





X

(2.77)
= −div JFρv,k − grad αk pk + div αk Sk + αk bk −
Mk,j ,
j6=k
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bk
αk ρk eb0,k + div αk ρk eb0,k v



bk + div αk Sk v
bk + div JFTv,k
= −div JFρe0 ,k − div αk pk v
X

bk + גFb·v,k − div αk qk + αk q k −
+ αk bk · v
Ek,j ,

(2.78)

j6=k

0

1k ρ η + div 1k ρ η v
≥

−div JFρη,k

− div

qk
ϑk

!
− div JFq/ϑ,k +

qk
ϑk

+ גFq/ϑ,k −

X

Sk,j .

(2.79)

j6=k

The interfacial pressure pk,i and interfacial viscous stress Si,k for species k represent
the pressure and viscous stress seen by species k at the interface, and require
additional closure equations for pk,i − pk and Sk,i − Sk . The interfacial momentum
transfer Mk,j is divided into the contributions due to mass transfer, interfacial
pressure, and interfacial stress as
bk,i − pk,i grad αk + Sk,i grad αk + Mdk,j ,
Mk,j = Γk,j v

Mdk,j

bk,i := −[ρ v ⊗ (v − vi )]k grad 1k ,
Γk,j v



:= pk,i − p k grad 1k + S − Sk,i grad 1k ,

(2.80)
(2.81)
(2.82)

k

bk,i represents momentum transfer due to mass transfer, and Mdk,j repwhere Γk,j v
resents various other sources of inter-species momentum transfer, such as added
mass and form drag. These terms can be important in bubbly flows, for example, but for flows where the interacting fields are separated (air-film), or of the
same density (droplets-film), or where the disperse phase density is much greater
than that of the continuous phase (droplets-air), they can be neglected, as can

pk,i − p k grad 1k . Accordingly, in this work, we retain
bk,i − pk grad αk + Sk,i grad αk
Mk,j = Γk,j v

(2.83)
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so that the species k momentum balance becomes
bk
αk ρ k v

0

bk ⊗ v
bk
+ div αk ρk v




−div JFρv,k



− αk grad pk + div αk Sk + αk bk
X
bk,i ) .
− Sk,i grad αk −
(Γk,j v
=

(2.84)

j6=k

The inter-species momentum transfer due to pressure at the interface has been
divided into three components



p grad 1k = pk + pk,i − pk + p − pk,i grad 1k


= pk grad αk + pk,i − pk grad αk + p − pk,i grad 1k .

(2.85)

The balance of total energy for species k is


bk
αk ρk eb0,k + div αk ρk eb0,k v
= −div JFρe0 ,k + div JFTv,k + גFb·v,k




bk + div αk Sk v
bk − div αk qk + αk q k
− div αk pk v



bk,i · grad αk − Sk,i v
bk,i · grad αk
+ pk,i v

+ qk,i · grad αk
X

F
bk,i + Qk,j + Ek,j
−
Γk,j eb0,k,i + Mdk,j · v
,

(2.86)

j6=k

where the interfacial total energy e0,k,i is defined to satisfy
Γk,j e0,k,i := −[ρ e0 (v − vi )]k · grad 1k ,

(2.87)

the fluctuating heat flux transfer term is
Qk,j := − q − qk,i


k

· grad 1k

(2.88)

F
and the stress work fluctuation transfer term Ek,j
is
F
bk,i )k · grad 1k − S (b
Ek,j
:= −p (v − v
vk,i − v)k · grad 1k .

(2.89)
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Finally, entropy imbalance for species k is
0

1k ρ η + div 1k ρ η v
qk

≥ −div JFρη,k − div
−

qk,i

· grad αk −

ϑk,i

!

ϑk
X

− div JFq/ϑ,k +
Γk,j ηbk,i −

j6=k

1
ϑk,j

qk
ϑk

+ גFq/ϑ,k

(2.90)
!

F
Qk,j + Sk,j

,

where the interfacial entropy is defined by the relation
Γk,j ηbk,i := −[ρ η (v − vi )]k · grad αk ,

(2.91)

and the transfer of entropy due to interfacial temperature fluctuations is
F
Sk,j
:= −

1
ϑk,i

1
−
ϑ

!
q · grad 1k .

(2.92)

It is assumed that the interface is isothermal, so that ϑk,i = ϑj,i , and it is also
generally assumed that the interfacial and average pressure for species k coincide,
so that pk,i = pk .
2.1.2.3

Single pressure formulation

The single pressure formulation, as implemented in NPHASE-PSU, is obtained by
assuming that all of the species pressures are locally equal, so that
pk = pk,i = p,

∀ k = 1, . . . , N.

(2.93)

This equal-pressure assumption necessitates that the imbalance of Mj,k and Mk,j
due to surface tension not be considered, so that
Mj,k + Mk,j = 0,

(2.94)

and all interfacial momentum transfer results from mutual forces between the
species. As shown by Delhaye [103], dropping consideration of surface tension
from interfacial transfer considerations requires that interfacial energy also not be
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considered, so that the interfacial transfer of total energy must balance
Ej,k + Ek,j = 0.

(2.95)

As a consequence, these single-pressure ensemble-averaged balance laws can not
be used to assess the thermodynamic admissibility of effects dominated by surface
tension and surface energy, such as the size distribution of splashed droplets for a
given droplet–wall-film interaction model.
To simplify the notation in the remainder of this work, the following are adopted
as the primitive state variables for each fluid species k:
αk := αk ,

bk ,
ρk := ρk , vk := v

Sk := Sk ,

bk := bk ,

e0,k := eb0,k , ϑk := ϑk ,

qk := qk ,

qk := q k ,

(2.96)

ηk := ηbk .

The net mass transfer rate from species j to species k is the difference between the
rate of transfer from j to k and the rate of transfer from k to j, so that
Γj,k := γj,k αj − γk,j αk ,

(2.97)

where γj,k αj is the rate of mass transfer from species j to species k, and γj,k αj is
the rate of mass transfer from species k to species j. Observe that this still satisfies
the mass transfer condition
Γj,k + Γk,j = γj,k αj − γk,j αk + γk,j αk − γj,k αj = 0.

(2.98)

For many segregated solution approaches—including within this dissertation—αk
is taken as one of the primitive variables, and the equation for balance of mass
in species k (2.55) is replaced by a transport equation for αk , making use of the
relation
h 0
i
h 0
i
0
(αk ρk ) + div (αk ρk vk ) = ρk αk + div (αk vk ) + αk ρk + v · grad ρk , (2.99)
and calculating ρk from the thermodynamic state equation with pk = αk p, and ϑk .
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Now, the momentum transfer rate from j to k is
bk,i + p grad αk − Sk,i grad αk .
Mj,k = Γj,k v

(2.100)

This is treated in a manner similar to the mass transfer, with
Mj,k := p grad αk + (γj,k αj vj − γk,j αk vk ) + dj,k (vj − vk ) + mij,k ,

(2.101)

where p grad αk is accounted for in the change from grad (αk p) to αk grad p in
the treatment of the pressure gradient term. The remaining terms account for
momentum transfer due to mass transfer, drag-like effects, and non-drag-like effects
(e.g. droplet dispersion) respectively, with dj,k = dk,j , and mij,k = −mik,j . The
average velocity of species k at the interface between k and j is denoted v(k,j),i .
The no-slip condition implies that v(k,j),i = v(j,k),i := vint . The rate of interfacial
transfer of total energy from species j to k is




bk,i ) · grad αk − Sk,i v
bk,i · grad αk + qk,i · grad αk
Ej,k = (p v
+ Γj,k e0,k,i + Qj,k +

(2.102)

F
Ej,k
,

which can be re-grouped in a manner analogous to what was done for mass and
momentum transfer
Ej,k := (p vint ) · grad αk + (γj,k αj e0,j − γk,j αk e0,k )
+ dj,k (vj − vk ) · vint + mij,k · vint + Hj,k [ϑint − ϑk ] ,

(2.103)

with Hj,k = Hk,j , and ϑint the same from both sides of the interface, so that
Ej,k + Ek,j = 0, and total energy is conserved in inter-phase transfer.
The ensemble-averaged single pressure governing conservation equations can
now be written in a similar form to Kunz et al. [80, 81], but using a balance law
for total enthalpy, rather than thermal energy via the static enthalpy equation.
Within this work, all of the fluid dynamics simulations are carried out in a rotating
reference frame using relative velocity, so that an additional force arises in the
balance of momentum. Assuming the reference frame rotates with angular velocity
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ω, the Coriolis and centrifugal force terms are
αk ρk bω,k = −αk ρk (ω × ω × r + 2 ω × vk ) ,

(2.104)

so that αk ρk bω,k appears in the momentum equation, and αk ρk bω,k · vk appears
in the enthalpy equation, with (ω × vk ) = 0. Now, the governing equation set is
N
X

αk = 1,

(2.105)

k



αk ∂ρk
∂αk
+ div (αk vk ) = −
+ vk · grad ρk
∂t
ρk ∂t
1 X
(γj,k αj − γk,j αk ) ,
+
ρk j6=k

(2.106)

∂ (αk ρk vk )
+ div (αk ρk vk ⊗ vk ) = −div JFρv,k − αk grad p
∂t
+ div (αk Sk ) + αk ρk bω,k
(2.107)
X
(γj,k αj vj − γk,j αk vk ) + dj,k (vj − vk ) + mij,k ,
+
j6=k

∂ (αk ρk e0,k )
+ div (αk ρk e0,k vk ) = −div JFρe0,k + div JFTv,k − div (αk p vk )
∂t
+ div (αk Sk vk ) − div (αk qk ) + αk qk
+ αk ρk vk · bω,k + (p vint ) · grad αk
X
+
[(γj,k αj e0,j − γk,j αk e0,k ) + dj,k (vj − vk ) · vint ]
j6=k

X

+
mij,k · vint + Hj,k (ϑint − ϑk ) .
j6=k

(2.108)
NPHASE-PSU uses the stagnation enthalpy equation, which is obtained by adding

1k


∂p
+ div (pv) ,
∂t
k
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to both sides of (2.108) to yield
∂ (αk p)
∂ (αk ρk h0,k )
+ div (αk ρk h0,k vk ) = −div JFρh0,k + div JFTv,k +
∂t
∂t
+ div (αk Sk vk ) − div (αk qk ) + αk qk + αk ρk vk · bω,k
X
+
[(γj,k αj h0,j − γk,j αk h0,k ) + dj,k (vj − vk ) · vint ]

(2.109)

j6=k

X

+
mij,k · vint + Hj,k (ϑint − ϑk ) .
j6=k

There are more unknowns than governing equations (2.105–2.108). Each fluid
species has a caloric state equation


1
e0,k = e0,k (ϑk , vk ) ,
e.g. e0,k = cv,k ϑk + vk · vk , or
2


1
h0,k = h0,k (ϑk , vk ) ,
e.g. h0,k = cp,k ϑk + vk · vk ,
2

(2.110)

a thermal state equation
pk = pk (ρk , ϑk , Dk ) ,
p=

N
X

(e.g. pk = ρk Rk ϑk ) ,

(2.111)

αk pk ,

(2.112)

k=1

and a mechanical constitutive equation
Tk = pk (ρk , ϑk ) I + Sk (ρk , ϑk , Dk )

(2.113)

(e.g. Tk = pk (ρk , ϑk ) I + 2µk (ρk , ϑk ) Dk + λk (ρk , ϑk ) (tr Dk ) I) .
The use of a linearly viscous model for the relation between Sk and Dk is reasonable when k is a continuous species, but may not be the best choice when k is
a dispersed species such as droplets, as they do not interact with one another to
exhibit gradient-diffusion effects.
Within this work, a high Reynolds number k − ε turbulence model [104] is
used for the Reynolds stress terms in the balance of momentum and energy in the
continuous fluid species, and no turbulence model is used for the disperse species.
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For the k −ε model, the differential equation for turbulent kinetic energy transport
is


∂ (αk ρk kk )
αk µeff,k
grad kk + Pk − αk ρk εk
+ div (αk ρk kk vk ) = div
∂t
P rkk
(2.114)
X
+
{(γj,k αj kj − γk,j αk kk ) + Fk dj,k (kj − kk )} ,
j6=k

where Pk = αk µT,k Dk : Dk is the production of turbulent kinetic energy by mean
shear in field k, εk is the specific rate of dissipation of turbulent kinetic energy in
field k, P rkk is the Prandtl number for turbulent kinetic energy in species k, and
Fk ∼ 1 the drag coefficient multiplier for turbulent kinetic energy. The differential
transport equation for the dissipation rate of turbulent kinetic energy ε is


∂ (αk ρk εk )
αk µeff,k
εk
εk
+ div (αk ρk εk vk ) = div
grad εk + C1 Pk − C2 αk ρk εk
ε
∂t
P rk
kk
kk
X
{(γj,k αj εj − γk,j αk εk ) + Fε dj,k (εj − εk )} ,
+
j6=k

(2.115)
where Fε ∼ 1 is the drag coefficient multiplier for ε. The k − ε modeling constants
are C1 = 1.44 and C2 = 1.92, and P rkε is the Prandtl number for ε in field k.
For this formulation of the multiphase equations of motion, with a turbulence
model implemented only for the carrier species, the state vector is
(αk , ρk , vk , e0,k , ϑk , k, ε, p)T ,

(2.116)

so that for N species in three spatial dimensions, there are 7N + 3 unknowns. The
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attendant number of independent scalar equations is also now 7N + 3:
Volume fraction constraint

1

Species mass balance (volume fraction transport)

N

Species momentum balance

3N

Species energy/enthalpy balance

N

Species caloric state equation

N

Species thermal state equation

N

Turbulent kinetic energy balance

1

Turbulent kinetic energy dissipation rate equation

1
= 7N + 3

Chapter 3 discusses the particular models used for the inter-species transfer terms
γj,k , dj,k , mij,k , Hj,k , vint , ϑint in the context of the air-oil multiphase flow within a
gearbox system.

2.2
2.2.1

Discretization, segregation, and linerization
Finite-volume discretization

NPHASE-PSU uses a finite-volume discretization of the equations of motion, so
that each computational volume element (cell) is treated as a control volume. The
governing partial differential equations (2.106)–(2.115) are integrated over each cell
to obtain integral balance equations for extensive quantities. Stokes’ theorem is
applied to volume integrals of divergence and gradient terms, so that for a cell R,
Z

Z
grad φ dv =

R
Z

φ n da,
Z∂R
g · n da,

div g dv =
R

(2.117)

Z∂R

Z
div G dv =
R

G n da.
∂R

A cell-centered, collocated arrangement of the primitive variables is used, so that
the face value of φ in, for instance,
Z
φ n da,
∂R

59

Figure 2.3: Example one-dimensional Cartesian grid at cell P with boundary faces
w and e between P and its neighboring cells W and E.
is obtained by interpolating φ to each cell face from its value at the adjacent cell
centers. For Laplacian terms, the resulting boundary integral is
Z

Z
div (grad φ) dv =

R

(grad φ) · n da,
∂R

and the value of grad φ on the faces of ∂R is calculated by finite-differencing of
the cell-centered values on either side of the face. Within this work, midpoint
quadrature is used on volume and surface integrals, so that
Z


φ dv = φP VP + O ∆x2 ,

(2.118)

R

Z
φ n da =
∂R

N Z
X
k=1

φ nk dak =

Sk

N
X


φk nk Ak + O ∆x2 ,

(2.119)

k=1

where φP is the value of φ at the geometric center of R, and the boundary ∂R is
divided into N planar polygonal faces Sk with outward normal nk and area Ak ,
and φk is calculated by interpolation of values at the adjacent cell centers.
Figure 2.3 shows an example one-dimensional Cartesian grid at a cell P with
west and east neighbors W and E, and corresponding faces w and e. For a generic
differential balance law for φ with convecting velocity v, diffusivity D, and volumetric source q,
∂φ
+ div (φ v) = div (D grad φ) + q,
∂t

(2.120)

the second-order approximation to the integral finite-volume balance law at P using
a collocated cell-centered variable arrangement is
∂φP
∂φ
∂φ
VP + ue φ̄e Ae − uw φ̄w Aw = De
Ae − Dw
∂t
∂x e
∂x

w

Aw + qP VP ,

(2.121)
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φE − φP
+ O ∆x2 ,
∆x
e

φE + φP
φ̄e =
+ O ∆x2 .
2

∂φ
∂x

=

The second-order central approximation for φ̄e and φ̄w is known to give oscillatory
solutions for cell Reynolds number greater than two, so in practice, it is calculated
by either upwinding, or a blend of upwind and linearly interpolated values using
a flux-limiter to determine the blending. First-order upwinding defines the face
value of φ as

φP :
φ̄e ≈
φ :
E

ue ≥ 0

+ O (∆x) .

(2.122)

ue < 0

This first-order approximation of the convective flux adds significant numerical
diffusion to the discrete equations. The time derivative of φ is calculated using
finite-differencing. In this work, this is done using first-order backward differencing,
so that the convective and diffusive fluxes are calculated implicitly at time-level
t + ∆t, and the time derivative is approximated as
∂φP
∂t

=
t+∆t

φt+∆t
− φtP
P
+ O (∆t) ,
∆t

(2.123)

resulting in an unconditionally stable discrete formulation (though segregation of
the coupled equations can introduce stability limitations, as discussed below).

2.2.2

SIMPLE-C solution algorithm

The coupling strategy implemented in NPHASE-PSU is based on the SIMPLE-C
algorithm of Van Doormaal and Raithby [98], with modifications to accommodate
compressibility and multiphase flow. For steady-state, incompressible, single-phase
flow in one dimension, the governing equations are
∂(ρuu)
∂
−
∂x
∂x



∂u
∂p
µ
=− ,
∂x
∂x

∂(ρu)
= 0.
∂x

(2.124)

(2.125)

Using second-order midpoint quadrature on the face integrals for a cell P with
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neighbors W and E and west and east faces at w and e and assuming constant
mesh spacing ∆x, ∆y, ∆z, with V = ∆x ∆y ∆z and A = ∆y ∆z, we can write the
integral balance equations for cell P




∂u
∂u
ρuuA − µ A − ρuuA − µ A
= −(pA)e + (pA)w ,
∂x
∂x
e
w
(ρuA)e − (ρuA)w = 0.

(2.126)
(2.127)

The terms (ρuA)e are the convective (mass) fluxes. Upon selection of interpolation
and differencing schemes to evaluate the face flux terms, (2.126) and (2.127) form
a fully-implicit, coupled, non-linear (quadratic due to (ρuu) terms) set of algebraic
equations.
Several strategies can be adopted to reduce (2.126) and (2.127) to a set of linear
equations. The most accurate and fastest to converge in non-linear outer iterations
is Newton linearization, which serves as the basis for a number of fully-coupled,
CFD methods. This approach requires evaluation of the (exact or approximate)
Jacobian derivative of the fluxes relative to the state variables. Another linearization strategy is the lagged-coefficient approach, in which the non-linear terms terms
are linearized as
(ρuuA)n+1
≈ (ρuA)ne un+1
,
e
e

(2.128)

where the superscript refers to outer iteration index. Upon convergence, un →
un+1 , so that the non-linear equations are satisfied. The lagged-coefficient linearization serves as a starting-point in many segregated solution approaches, such
as SIMPLE, SIMPLE-C, and PISO. Segregated solution approaches have significantly decreased computational cost per outer iteration, but exhibit slower outer
iteration convergence than fully-coupled approaches based on Newton linearization. As discussed in section 2.3, the benefits of decreased cost per outer iteration may outweigh the disadvantage of slowed convergence of the outer iterations,
making segregated solution approaches desirable for problems with relatively weak
coupling and non-linearity.
Using the lagged-coefficient approach, the implicitly-coupled linearized equa-
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tions of motion are
(ρuA)ne

un+1
e

n+1
n+1


∂u
∂u
n n+1
− µ A − (ρuA)w uw − µ A
∂x
∂x
e
w
=

−(pA)n+1
e

+

(2.129)

(pA)n+1
w ,

(ρuA)n+1
− (ρuA)n+1
= 0,
e
w

(2.130)

where the superscripts n, n + 1 refer to inner iteration index. The fully-implicit
lagged coefficient formulation (2.129), (2.130) leads to a block matrix structure,
where the diagonal blocks have the form
a11 a12
a21 a22

!
.

(2.131)

If the equations are arranged with momentum followed by continuity for each
cell, and the state variable is (u, p)T , then a22 = 0, except for any artificial dissipation terms added to the equations of motion. When central differencing is
used, the diagonal block also has a12 = a21 = 0 (except for non-uniform grid
terms). The resulting set of coupled linear equations is invertible (for a22 > 0),
but generally not particularly well-conditioned, so that iterative linear solution
techniques are slower to converge than for well-conditioned matrices. This laggedcoefficient, fully-coupled formulation (2.129), (2.130) is useful when the coupling
between mass and momentum (equivalently, pressure and velocity) is strong, so
that the non-linear effects may not be strong enough to slow convergence compared
to full Newton linearization. Under-relaxation can be applied to (2.129), (2.130) to
increase diagonal dominance, accelerating the convergence iterative linear solvers,
while slowing the convergence of the outer iterations. Darwish et al. [105] discuss
the implementation of such a numerical technique.
When coupling and non-linearity are not particularly strong, the governing
equations can be cast so that only one of the primitive variables appears implicitly
in each equation, resulting in a segregated, or fractional-step, solution technique.
The coupled block matrix for un+1 and pn+1 is reduced to a set of two scalar matrices: one for velocity (momentum balance), and one for pressure (mass balance via
the pressure Poisson equation). The influence of pressure in momentum, and the
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influence of velocity in the pressure equation appear explicitly. Coupling between
the equations, along with updating of coefficients for non-linear terms, is achieved
through outer iterations. Such a segregated solution technique is the basis for the
SIMPLE [106], SIMPLE-C [98], and PISO [107] algorithms.
Upon lagging the pressure terms in the balance of momentum (2.129), and applying under-relaxation to enhance the stability of the final segregated formulation,
the momentum predictor equation is

1 − ωu
aP u∗P + aP u∗P
ωu
 n 

X
1 − ωu
∂p
∗
=
anb unb − V
+
aP unP ,
∂x
ω
u
P
nb

aP ∗
u =
ωu P



(2.132)

which corresponds to marching in pseudo-time with

∆τ =

ωu
1 − ωu



ρV
aP


.

The coefficients aP and anb are the velocity influence coefficients for the local (P )
and neighboring (nb) cells respectively. With second-order accuracy and central
differencing, only cells immediately adjacent to P appear in the implicit computational stencil for P . To obtain spatial order of accuracy greater than second,
deferred correction can be applied, which appears as an explicit correction term.
Using cell-centered, collocated variables with upwind interpolation of ue for the
convective momentum flux and assuming that u > 0, the influence coefficients are


2µA
(ρu)ne
2µ
+
aP =
=V
+
,
∆x
∆x
∆x2


µA
(ρu)nw
µ
n
aW = (ρuA)w +
=V
+
,
∆x
∆x
∆x2
µA
µ
aE =
=V
,
∆x
∆x2
P
satisfying the Scarborough criterion that aP = anb = aW + aE .
(ρuA)ne

(2.133)

The velocity and pressure are updated with a corrector step through application of the balance of mass (2.127) and substitution into (2.129). SIMPLE and
0

SIMPLE-C use a single corrector step per outer iteration, so that un+1 = u∗ + u
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0

and pn+1 = pn + p . Recognizing that
"
#

 n 
X
ω
1
−
ω
∂p
u
u
u∗P =
+
aP unP ,
anb u∗nb − V
aP nb
∂x P
ωu
the face mass flux can be calculated
(ρuA)∗e = (ρu∗ )e A +



ρ ωu
aP


= (ρu∗ )e A +

 "
n
 n #
∂p
∂p
V
−V
A,
∂x e
∂x e
e

ρ ωu V
aP

 "
e

∂p
∂x

n


−

e

∂p
∂x

(2.134)

n #
A,
e

with the overline denoting a geometrically interpolated quantity. The second term
in the face convective flux is the pressure-weighted interpolation due to Rhie and
Chow, which adds fourth-order dissipation to the system, eliminating even-odd
pressure decoupling.
= 0, so that the mass flux
− (ρuA)n+1
Balance of mass requires that (ρuA)n+1
w
e
correction must satisfy
0

0

(ρuA)e − (ρuA)w = − (ρuA)∗e + (ρuA)∗w .

(2.135)

Recognizing that the n + 1 iteration velocity should satisfy
aP n+1 X
u
=
anb un+1
nb − V
ωu P
nb



∂p
∂x

n+1


+

P

1 − ωu
ωu



aP unP ,

and subtracting the momentum predictor (2.132), the velocity and pressure correction are related by
X
aP 0
0
uP =
anb unb − V
ωu
nb



∂p
∂x

0
.

(2.136)

P

As the iterative solution approaches convergence, the correction terms tend toward
0

zero. To avoid the need to solve an additional implicit linear system for u , the
P
0
term
anb unb is either approximated—as with SIMPLE-C, or discarded—as with
SIMPLE. Completely discarding this term results in over-prediction of the velocity
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correction, necessitating the under-relaxation of the pressure correction used in the
SIMPLE algorithm. The SIMPLE-C approach attempts to better approximate the
velocity correction by discarding a term of order O(a ∆x ∂u0 /∂x) rather than one
P
of order O(a u0 ), where a is the scale of aE , aW . Recognizing that aP =
anb ,
0

subtraction of ap uP from both sides of (2.136) results in
aP
−
ωu

!
X

The term

anb

0



uP =

nb

P

0

1 − ωu
ωu



0

aP uP =

X

0

0

anb (unb −uP )−V

nb



∂p
∂x

0
. (2.137)
P

0

anb (unb − uP ) can be seen to scale with O(a ∆x ∂u0 /∂x), and is dis-

carded, resulting in the SIMPLE-C approximation to the velocity correction, which
does not require pressure under-relaxation


1 − ωu
ωu



0



aP uP ≈ −V

∂p
∂x

0
.

(2.138)

P




aP
Letting ae =
, the mass flux correction is calculated consistent with the
ωu e
artificial dissipation as

(ρuA)e = −
0


=−

ρV
P
ae − anb

 

ρ V ωu
(1 − ωu )aP

 

e

e

∂p
∂x

0

∂p
∂x

0

A
e

(2.139)
A.

e

Recalling that mass balance requires the mass flux corrections satisfy (2.135),
substitution into (2.139) yields a Poisson equation for the pressure correction in
terms of the predicted mass fluxes (ρuA)∗
(ρuA)∗e − (ρuA)∗w






A  0
A  0
0
0
= (ρ dP V )e
pE − pP − (ρ dP V )w
pP − pW ,
∆x
∆x

(2.140)

where second order centered differencing has been used to calculate the pressure
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derivatives on the faces, and
dP =

ωu
,
(1 − ωu )aP

bP =

ωu
.
aP

(2.141)

To summarize, in one outer iteration, the under-relaxed momentum predictor
is first solved for u∗


X
aP ∗
uP =
anb u∗nb − V
ωu
nb

∂p
∂x

n


+

P

1 − ωu
ωu



aP unP ,

(2.142)

with the influence coefficients aP , aW , aE defined in (2.133). The predicted mass
fluxes are then assembled
(ρuA)∗e = (ρu∗ )e A + (ρ bP )e

"

∂p
V
∂x

n


−V

e

∂p
∂x

n #
A.

(2.143)

e

with bP defined in (2.141). These predicted mass fluxes are used to calculate a
pressure correction term in the pressure corrector Poisson equation

(ρ dP V )e

A
∆x



0

0





pE − pP − (ρ dP V )w
=

(ρuA)∗e

−

A
∆x



0

0

pP − pW


(2.144)

(ρuA)∗w ,

with dP given in (2.141). Finally, the mass flux corrections are calculated
(ρuA)n+1
e

=

(ρuA)∗e


− (ρ dP V )e

∂p
∂x

0
A,

(2.145)

e

and the cell-centered velocities are corrected
un+1
P

2.2.3

=

u∗P


− dP V

∂p
∂x

0
.

(2.146)

P

Dual-time formulation and ∆-form

NPHASE-PSU uses a dual-time formulation for time-accurate simulation. For each
physical time-step, outer iterations between the under-relaxed governing equations
are performed to achieve implicit coupling and update the coefficients for the non-
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linear terms. These iterations to couple the equations and to update the coefficients
for the non-linear terms can be viewed as marching in pseudo-time τ to steady
state, where the physical time derivative appears as a source term. With the point
and neighbor coefficients aP , aW , and aE defined as in the previous section, and not
containing any time-derivative terms, the time-implicit discrete form of a generic
unsteady convection-diffusion equation for φ with under-relaxed outer iterations
(pseudo-time-marching) is





ρP VP
1−ω
+
aP + aP φPt+∆t, n+1
∆t
ω




X
1−ω
ρP V P
t+∆t, n+1
n
anb φnb
=
+ V P bP +
aP φP +
φtP ,
ω
∆t
nb

(2.147)

where b is the volumetric source. The first super-script represents the physical timelevel, and the second super-script represents the iteration (pseudo-time) index. At
any point in the iteration process, the n + 1 level represents the best estimate
of φt+∆t , so that defining the change in φ between iterations (pseudo-time-steps)
∆φ := φn+1 − φn , (2.147) can be recast





1−ω
ρP VP
+
aP + aP (∆φP + φnP )
∆t
ω
X
X
anb φnnb + VP bP
=
anb ∆φnb +
nb

nb


+

1−ω
ω



aP φnP


+

ρP VP
∆t



φtP ,

(2.148)
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X
ρP V P
1−ω
+
aP + aP ∆φP −
anb ∆φnb
∆t
ω


 nb

1−ω
ρP VP
+
aP + aP φnP
=−
∆t
ω




X
ρP VP
1−ω
n
n
+
aP φ P +
φtP
anb φnb + VP bP +
ω
∆t

nb


X
ρP VP
ρP VP
n
n
=−
+ aP φP +
φtP
anb φnb + VP bP +
∆t
∆t
nb


X

ρP VP
n
n
φnP − φtP ,
= −aP φP +
anb φnb + VP bP −
∆t
nb
|
{z
}

(2.149)

n
−rP

with rPn = aP φnP −

X

anb φnnb − VP bp the residual at point P and pseudo-time step

nb

n, so that the ∆-form of (2.147) is





X
1−ω
ρP VP
+
aP + aP ∆φP −
anb ∆φnb
∆t
ω
nb



ρP VP
φnP − φtP − rPn .
=−
∆t

(2.150)

The ∆-form is desirable for several reasons. First, the residual can be defined
using a higher-order discretization, while the implicit right-hand side can be assembled using low-order discretization, such as upwinding for numerical stability.
As the left-hand side is invertible, when the right-hand side approaches zero, the
correction ∆φP also approaches zero. Upon convergence of the iterative procedure
(reaching steady-state in pseudo-time), the right-hand side becomes zero, so that
the physical time derivative is equal to −rPn , which is constructed using high-order
spatial discretization. This is known as deferred correction. Second, the ∆-form
simplifies implementation of implicit boundary conditions, as ∆φ = 0 must hold
∂∆φ
at a boundary where φ is specified, and
= 0 must hold at a boundary where
∂n
∂φ
is specified. This is in contrast to, say, the boundary condition for pressure
∂n
at a rotating wall, which requires a non-zero wall-normal derivative, so that the
pressure gradient offsets the centrifugal force at the wall.
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2.3

Stability analysis

During the course of this research, steady k − ε RANS simulations of the enclosed
aerodynamic flow around gears using NPHASE-PSU, which uses a pressure-based,
segregated solution strategy, were observed to converge rather slowly, requiring
tens of thousands of outer (SIMPLE-C) iterations to decrease the residual by several orders of magnitude. Using computational meshes of ∼ 3, 000, 000 elements
on 48 processors, these steady-state simulations of gear windage flow took multiple
days to converge. This is in agreement with the convergence history results shown
by Hill [49] for single tooth sector simulations of high speed gear windage. For the
multi-scale gearbox aero-thermodynamics simulation technique presented here, the
overwhelming majority (∼ 90%) of the CPU time is spent in the convection subsimulation module. Thus, any decrease in the computational cost of gear windage
simulation would greatly increase the performance of the multi-scale method presented in this dissertation. Accordingly, in this section, a Von Neumann analysis
of the SIMPLE-C method is performed, and the results are used to investigate
the causes of, and propose solutions to, the slowed convergence of simulations of
these enclosed rotating systems. These Von Neumann analysis results are the first
published for the full SIMPLE-C algorithm in three dimensions.
Figure 2.4 shows a single tooth sector of the 3.5 inch pitch-diameter, 28-tooth
spur gears (red) considered in this thesis, along with the close axial and radial
shroud (blue), and an axial plane of symmetry at the mid-plane of the gear (green).
These surfaces correspond to the boundaries of the cyclic-periodic windage simulation. Figure 2.5 shows contours of the k − ε turbulent eddy viscosity at the
mid-plane of the gear from one such single phase (air-only) simulation at 10, 000
rpm. To show level of resolution, the computational mesh is overlaid in black on
the gear surface and mid-plane. For these simulations, (Mtip ≈ 0.13), so the effect
of compressibility is quite weak. Nonetheless, the energy equation is solved, as it
dictates heat transfer by convection, as well as heat generation by viscous dissipation. This large number of governing equations, in concert with the enclosed and
rotating nature of these computations suggests a number of possible causes for the
observed slow convergence.
In an initial effort to speed the convergence rate of the steady windage simula-
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Figure 2.4: Gear and shrouding configuration for single tooth sector cyclic-periodic
simulation of flow around a 3.5 inch pitch-diameter, 28-tooth spur gear.

Figure 2.5: Contours of k − ε turbulence model eddy viscosity on the axial symmetry plane showing computational mesh resolution.
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Figure 2.6: Pressure residual histories for cyclic-periodic simulations of weakly
compressible flow around a closely-shrouded gear at 10, 000 rpm for several combinations of relaxation factors for velocity ωu and enthalpy ωh , using a k − ε turbulence model. One pressure residual history is shown for the same case, simulated
using an incompressible flow model (no energy equation) and ωu = 0.5.
tions, the effects of various combinations of velocity and enthalpy under-relaxation
factors ωu and ωh were tested, as was the effect of eliminating enthalpy by simulating the flow as incompressible. Figure 2.6 shows the convergence history of
the pressure residuals vs. SIMPLE-C outer iteration for several combinations of
ωu and ωh in compressible flow simulations, as well as one choice of ωu for incompressible flow simulation. Increasing the enthalpy relaxation factor from 0.9 to
0.95 appreciably increased the rate of convergence, but not to the level desired.
Increasing ωh further generally resulted in instability, and even selecting ωh = 0.95
was not reliably stable. Eliminating the energy equation entirely did not change
the convergence characteristics much at all: the ωu = 0.5 case with ωh = 0.9 converged about as quickly as the incompressible ωu = 0.5 case. Thus, the slow rate
of convergence is attributable to some combination of the momentum, continuity,
and turbulence model equations. It was not possible to test the effect of eliminating the turbulence model for this configuration, as the flow requires the additional
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Figure 2.7: Computational grid of two-dimensional paddle wheel simulation with
shroud diameter and root circle diameter matching that of the 3.5 inch pitchdiameter gear simulation, and reduced “tooth” height. The paddle wheel is shown
in blue, and the outer shroud is shown in red. The gap between them on the
boundary is treated as cyclic-periodic in the paddle wheel reference frame.
diffusivity to eliminate large-scale non-physical separation and vortex shedding.
To further investigate the problem, a simpler test case was devised that would
return results in minutes, rather than the days required to observe the linear
convergence rate of the three-dimensional gear test cases. Two-dimensional cyclicperiodic simulations were performed on the shrouded 28-tooth paddle wheel shown
in figure 2.7. Here, the shroud is shown in red, while the paddle wheel is shown
in blue. The shroud diameter matches that of the shroud in figure 2.4, and the
diameter of the base of the paddles corresponds to the root diameter of the gear.
In two-dimensions, there is less room for air to go around the paddles, compared to
the gear teeth, so the paddles only extend about 1/3 of the distance from the root
diameter to the shroud, while the gear teeth nearly touch the shroud. This grid
has 58 cells in the radial direction, 50 in the azimuthal direction, and 1 in the axial
direction (it is two-dimensional), for a total cell count of 2900. At low rotation
rate (100 rpm), the steady simulation (in the relative frame of reference) converges
without a turbulence model (laminar flow), allowing comparison of the effects of
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Figure 2.8: Pressure residual histories (normalized by initial residual for comparison) for paddle wheel simulations at 10, 000 rpm with ωu = 0.85, and
ωk = ωε = 0.99, and at 100 rpm with ωu = 0.85, and no turbulence model,
showing the effects of flow speed and turbulence models on convergence rate.
both turbulence models and flow speed (rotation rate) on the rate of convergence.
Figure 2.8 compares the pressure residual histories (normalized by initial residual) of incompressible simulations of the paddle wheel at 10, 000 rpm with a k − ε
turbulence model, and at 100 rpm with no turbulence model. In both cases,
ωu = 0.85, and for the 10, 000 rpm case, ωk = ωε = 0.99. We see that, with ωu the
same between these cases, the rate of convergence (slope of the log of the residual
history) is approximately the same with or without the turbulence model. Figure
2.8 is near the maximum convergence rate for the turbulent 10, 000 rpm case, with
further increase in ωu resulting in instability. For a 2900 cell test case with such a
simple flow, 1000 iterations to decrease the residual by three orders of magnitude
is still rather slow convergence. Thus, the turbulence model and Reynolds number
effects can both be eliminated as the limiting factors, as the 100 rpm laminar simulation exhibits the same convergence characteristics as the 10, 000 rpm turbulent
one.
These paddle wheel simulations (and the gear simulations) are carried out in a
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Figure 2.9: Pressure residual histories for paddle wheel simulations at 10, 000 rpm
with ωu = 0.5, and ωk = ωε = 0.7 showing the effect of removing the Coriolis force.
rotating reference frame. With the segregated solution approach used in NPHASE,
the Coriolis force is discretized explicitly, since it contains cross-coupling terms (i.e
y-velocity appears in the x momentum equation). To test whether the decreased
implicit coupling brought about by this explicit treatment was leading to slow
convergence, two paddle wheel test cases were run with identical settings at 10, 000
rpm, with ωu = 0.5, and ωk = ωε = 0.7. For one of the cases, the code that adds the
Coriolis force to the right-hand-side of the momentum equation in NPHASE was
commented out. Figure 2.9 shows the pressure residual histories for both of these,
and we see that the convergence rate is identical with and without the Coriolis
force, so that the convergence rate limitation is not associated with the treatment
of the rotating reference frame. At this point, the only remaining possibility is
that it is associated with the segregated SIMPLE-C pressure-velocity (continuitymomentum) coupling approach.
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2.3.1

Fourier stability analysis

After ruling out other causes, it was suspected that the observed slow rate of
convergence resulted from an inherent limitation of the collocated SIMPLE-C
algorithm used here for pressure-velocity coupling. The vast majority of CFD
simulations have some amount of flow through the domain with inlet and outlet
boundary conditions, allowing the error of the initial guess to be convected out of
the domain as the steady simulation marches through pseudo-time. In these gear
windage simulations, there is no flow into or out of the domain. Error that is convected out through one side of the cyclic-periodic boundaries is simply fed back in
through the other side. Thus, error leaves the computational domain only through
diffusive flux at the wall boundaries, and through the numerical damping of the
scheme itself. If the damping of the SIMPLE-C scheme is low for these configurations, it could explain the slow convergence, and point to stronger pressure-velocity
coupling as a potential solution.
Fourier stability analysis (also called linear/Von Neumann stability analysis)
is a useful technique to assess the convergence properties of a numerical scheme
independent of the boundary conditions. As the name suggests, the starting point
of Fourier analysis is a discrete Fourier series representation of the spatial solution (state) vector on a finite domain with periodic boundary conditions. In one
dimension on a domain of length 2L, the Fourier series of ψA (x) is
ψA (x) =

∞
X


ψbm exp

m=−∞

iπmx
L


.

(2.151)

If we distribute 2N + 1 uniformly spaced points in this domain, so that N ∆x = L,
the phase polynomial (trigonometric interpolating polynomial),

ψ(x) =

N
X
k=−N


ψbk exp

iπkx
L


,

(2.152)

interpolates ψA to each of the discrete points xk , and is the optimal order N
trigonometric interpolation of ψA in the sense that it minimizes the L2 error. Note
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that from (2.152), we have

ψ (xn ) =

N
X

iπkxn
L



iπkn∆x
L

k=−N

=

N
X

ψbk exp

k=−N

=

N
X




ψbk exp


(2.153)

ψbk eiφk n ,

k=−N

where φk :=

πk
πk∆x
=
is the wave-number. It follows that
L
N
ψ (xn+m ) =

N
X

ψbk eiφk (n+m)

k=−N

=

N
X

(2.154)
ψbk eiφk n eiφk m .

k=−N

Using implicit second-order central differencing, with a pseudo-time-step of ∆t,
the discrete heat equation with diffusivity ν on a uniform grid in one dimension is

n+1
n+1
− 2ψjn+1 + ψj+1
,
ψjn+1 − ψjn = Ω ψj−1

(2.155)

ν∆τ
is called the Von Neumann number. The subscript j denotes spa∆x2
tial index, and the superscript n denotes pseudo-time index. Substituting (2.154)

where Ω :=

into (2.155) yields
N
X

N
X


n+1 iφk j
iφk
−iφk
b
1+Ω 2−e −e
=
ψk e
ψbkn eiφk j ,

k=−N
N
X
k=−N

(2.156)

k=−N

e

iφk j

o
n


n+1
iφk
−iφk
n
b
b
ψk
1+Ω 2−e −e
− ψk = 0.

(2.157)
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Recognizing that eiφk j 6= 0, (2.157) can only be satisfied if each mode behaves as
ψbkn+1 =

1
ψbn .
[1 + Ω (2 − eiφk − e−iφk )] k
{z
}
|

(2.158)

G(φk )

ψbkn+1
= G (φk ) is called the amplification factor of the numerical scheme
ψbkn
for mode k.

The ratio

Defining the error ε = ψA − ψ, where ψA is the steady solution to the heat
equation, substitution into (2.157) shows that ε obeys the same equation, so that
its amplification factor is G (φk ). Thus, the numerical scheme is stable if
kG (φk )k ≤ 1,

∀ k.

(2.159)

In fact, the scheme will only converge if kG (φk ) k < 1 strictly for all k. Notice
∗
, implying G (−φ) = G∗ (φ).
that, since ψ is real, it is required that ψb−k = ψb−k
Since G is also periodic, with period 2π, only wave-numbers φk ∈ [0, π] need to
be considered to assess stability. The wave-number φ = π corresponds to a mode
with a period of 2∆x, and φ = 0 is the constant function, which is constrained out
by boundary conditions. Thus, for a domain with N cells, the lowest wave-number
π
present is φ = .
N
Figure 2.10 shows the amplification factor as a function of normalized wavenumber φ/π for the implicitly discretized heat equation (2.155) for several different
values of Von Neumann number Ω. Notice that as Ω → 0, kGk → 1 for all wavenumbers, and that as Ω → ∞, kGk → 0 for all wave-numbers except φ = 0. With
an infinite time-step, the discrete heat equation damps out all error in a single
step, while as the time-step approaches zero, there is almost no damping of error
between steps. Since Ω → 1 as φ → 0 for any finite Ω, the convergence rate of this
numerical scheme is dominated by the low-frequency modes.
The same technique can be applied to the SIMPLE-C algorithm, except that
we now have a vector equation for (u, p)T , and some manipulation must performed
in be each step of the segregated simulation approach to yield an expression of the
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Figure 2.10: Amplification factor vs. normalized wave-number for the implicitlydiscretized heat equation
form

"

u
bn+1
k
pbn+1
k

#

"
=

#" #
bnk
g11 (φk ) g12 (φk ) u

g21 (φk ) g22 (φk ) pbnk
{z
}
|

.

(2.160)

[G](φk )

With under-relaxation factor ω, density ρ, viscosity µ, velocity U , mesh spacing
∆x, ∆y, ∆z, so that V = ∆x∆y∆z and A = ∆y∆z, the point and neighbor
coefficients of the momentum predictor are (with a sign change on the neighbor
coefficients from the previous discussion, so that aP + aW + aE = 0 instead of
aP − aW − aE = 0),
2µA
aP = ρ U A +
∆x


µA
aW = − ρ U A +
(2.161)
∆x
µA
aE = −
,
∆x
where the convective flux of momentum is evaluated using first-order upwind in-
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terpolation. The pressure-weighting interpolation coefficients are
d=

ω
,
(1 − ω) aP

b=

ω
.
aP

(2.162)

The discrete Fourier transform of the momentum predictor (2.132) in one dimension is
"
 # " ∗#
aP + ω aW e−iφk + aE eiφk 0 u
bk
0
{z

|

pbnk

1

=

0

pbnk

1

|

}

[L]1

"
# " n #
−iφk
iφk
−
e
e
(1 − ω) aP − ωA
u
bk
2
{z

.

}

[R]1

(2.163)
Likewise, the Poisson equation for the pressure correction (2.144) can be manipu0

lated to calculate pn+1 instead of p , yielding
"

1

#"

0

u
b∗k

#

"

1

0

#" #
u
b∗k

= ρ A iφ


k − e−iφk
0 ρ A2 d eiφk + e−iφk − 2
pbn+1
e
χ (φk ) pbnk
k
2
|
|
{z
}
{z
}
[L]2

[R]

2


 b 2iφ

2
iφk
−iφk
−2iφk
iφk
−iφk
k
χ (φk ) := ρ A d e + e
e
− 4e − 6 − 4e
+e
−2 +
,
4
(2.164)

so that now, the velocity correction must be calculated in terms of pn+1 − pn as
"
#
u
bn+1
k
pbn+1
k

"
=

1 − A2d eiφk − e−iφk
0

# "

1
{z

|

[R]3

u
b∗k
pbn+1
k

#

"
+

0

Ad
2

eiφk − e−iφk

0
|

}

# "

u
bnk
pbnk

0
{z

#
.

}

[R]4

(2.165)
Finally, the overall SIMPLE-C iteration matrix is
"
#
u
bn+1
k
pbn+1
k

"
=


|

[R]3 [L]−1
2

[R]2 [L]−1
1
{z

[G]

[R]1 + [R]4

u
bnk

} pbnk

#
.

(2.166)

The stability requirement is now that the spectral radius satisfy ρ {[G (φ)]} < 1 for
all φ ∈ (0, π], with the understanding that we may have ρ {[G (φ)]} → 1 as φ → 0,
but that the zero wave-number is constrained out by the boundary conditions, so
kπ
, with k = 1, . . . , N . To
that stability depends only on the wave-numbers φk =
N
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avoid ambiguity, ρ {[G (φ)]} will refer to the value of the spectral radius of [G (φ)]
at a particular value of φ, and will simply be written ρ (G) from now on. For a
discretization with N cells, the spectral radius of the discrete iteration operator
over all of the applicable (physically present) wave-numbers is defined
PN (G) := max ρ {[G (φk )]} .
k=1,...,N

(2.167)

The stability of a numerical scheme requires that ρ(G) < 1, except possibly at
φ = 0, but the convergence rate of a given N -cell simulation depends on PN .
Indeed, as the simulation converges, the magnitude of the residual (and of the
error) follows the recurrence relation
krn+1 k = PN krn k,

(2.168)

as n → ∞. Equation (2.168) also provides a technique for estimating PN for
a given simulation from the residual history, provided the approximate solution
reaches the region of linear convergence around the exact solution. For reference, a
simulation that takes 10, 000 iterations to drop the residual one order of magnitude
has P = 0.9998, and a simulation that takes 100 iterations to drop the residual
one order of magnitude has P = 0.9772. Thus, a small difference in P can make
a rather large difference in the number of iterations required to meet a given
convergence criterion.

2.3.2

Fourier analysis results for SIMPLE-C

Figure 2.11 shows the dependence of amplification factor ρ(G) on the normalized
wave-number for SIMPLE-C in one dimension with several values of relaxation
factor ω. Note that ρ(G) → 0 as φ → 0, in contrast to the results for the onedimensional heat equation. Thus—at least in one dimension—the convergence
rate of SIMPLE-C is not dominated by the lowest spatial frequencies present. As
we will see soon, this result is specific to one dimension, where the momentum
and continuity equations are redundant, as the only valid solutions are u = const,
p = const. Figure 2.12 shows the spectral radius PN (G) as a function of relaxation
factor for SIMPLE-C in one dimension with several values of cell count N . As
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Figure 2.11: Amplification factor ρ(G) vs. normalized wave-number for SIMPLE-C
in one dimension with several values of relaxation factor ω
expected, there is almost no dependence of P(G) on N , since it is not dominated
by the behavior of G at low wave-numbers. We see that for any cell count, most
choices of ω give a value of PN (G) < 0.9 that would lead to rapid convergence.
Thus, the one-dimensional Fourier stability analysis does not predict the slow
convergence rates observed in gear windage simulations.
The manipulations carried out in (2.163)-(2.166) for SIMPLE-C in one dimension can be extended to two and three dimensions by using higher-dimensional
Fourier series representations of the form

u(x, y, z) =

Nx
X

Ny
X

Nz
X

ûl,m,n eiφl x eiφm y eiφn z ,

(2.169)

l=−Nx m=−Ny n=−Nz

and adding terms for v and w, so that [G] is 3 × 3 in two dimensions and 4 × 4 in
three dimensions. When the state vector is (u, v, w, p)T , the Fourier transforms of
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Figure 2.12: Spectral radius PN (G) vs. relaxation factor ω for SIMPLE-C in one
dimension with several values of cell count N
each step of the SIMPLE-C algorithm in three dimensions are
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0 0 0 1
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α = aP + ω aW e−iφl + aE eiφl + aS e−iφm + aN eiφm + aD e−iφn + aU eiφn ,
β = (1 − ω) aP ,
(2.170)
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(2.171)
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δ = ρ A2x d eiφl + e−iφl − 2

+ ρ A2y d eiφm + e−iφm − 2

+ ρ A2z d eiφn + e−iφn − 2 ,

ρ Ax iφl
e − e−iφl ,
2

ρ Ay iφm
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e
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2
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2


 b 2iφ

2
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of SIMPLE-C in three dimensions is
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(2.173)

Note that in each of the matrices [L]k , and [R]k , there are no non-zero entries in
off-diagonal velocity-velocity locations (e.g v in the x-momentum row). Such off-
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Figure 2.13: Contour plots of amplification factor vs. x and y wave-numbers φx , φy
normalized by π for collocated single-phase incompressible SIMPLE-C with (top
row) and without (bottom row) artificial dissipation in three spatial dimensions
for z wave-numbers φz → 0 and φz = π, with relaxation factor ω = 0.5. Here,
∆x = ∆y = ∆z = 0.001, U = V = W = 1, ρ = 1, and µ = 1 × 10−4 .
diagonal terms do arise in [G] (as one would expect, since u, v, and w are coupled
through continuity).
In both two and three dimensions, we do now see the expected behavior that
ρ(G) → 1 as φl , φm , φn → 0, so that convergence can be dominated by the low
frequency modes. Figure 2.13 shows contour plots of amplification factor ρ(G) as
a function of normalized x and y wave-number for SIMPLE-C in three dimensions
at φz ∼ 0, and at φz = π with ω = 0.5, U = V = W = 1, µ = 1 × 10−4 , ρ = 1, and
∆x = ∆y = ∆z = 0.001. The top row is for the collocated SIMPLE-C algorithm

85
1

1

1

1

0.9
0.8

0.9

0.8

0.8

0.8

0.7
0.6

0.7
0.6

0.5
0.4

0.6

φy / π

φy / π

0.6

0.5
0.4

0.4

0.4

0.3
0.2

0.3
0.2

0.2

0.2

0.1
0
0

0.2

0.4

φx / π

0.6

0.8

1

1

0.1
0
0

0

0.2

0.4

φx / π

0.6

0.8

1

1

1

1

0.9
0.8

0.9

0.8

0.8

0.8

0.7
0.6

0.7
0.6

0.4

0.6

φy / π

φy / π

0.6
0.5

0.5
0.4

0.4

0.4

0.3
0.2

0.3
0.2

0.2

0.2

0.1
0
0

0.2

0.4

φx / π

0.6

0.8

1

1

0.1
0
0

0

0.2

0.4

φx / π

0.6

0.8

1

1

1

0.9

0.8

0.8

0.8

0.7
0.6

0.7
0.6

0.4

0.4

0.6

φy / π

φy / π

0.6
0.5

0.5
0.4

0.4

0.3
0.2

0.2

0.3
0.2

0.2

0.1
0
0

0.2

0.4

φx / π

0.6

0.8

1

0

0

1

0.9
0.8

0

0.1
0
0

0.2

0.4

φx / π

0.6

0.8

1

0

Figure 2.14: Contour plots as in figure 2.13 at φz → 0, with artificial dissipation
for ω = 0.5, 0.6, 0.7, 0.8, 0.9, 0.95 (left to right, top to bottom).
with Rhie-Chow artificial dissipation, while the bottom row shows the effect of
removing the artificial dissipation, which is the portion of χ(φ) in (2.164) that is
multiplied by b. As is well-known, the collocated formulation has no damping of
the π wave-number in the absence of artificial dissipation, which is demonstrated
here, as ρ(G) → 1 in the corner where φx = φy = φz = π.
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Figure 2.15: Amplification factor ρ(G) vs. normalized wave-number for SIMPLEC in three dimensions along the line φx = φy = φz with several values of relaxation
factor ω.
Figure 2.14 shows contours of amplification factor ρ(G) as a function of the
normalized x and y wave-numbers at φz ∼ 0 for the same configuration as figure
2.13, but for several values of relaxation factor ω. Observe that there is always
a neighborhood of φx = φy = φz = 0 in which ρ(G) → 1, but that increasing
ω → 1 decreases the radius of this region in wave-number space (φx , φy , φz ). For
small values of ω, artificial dissipation greatly damps the high-frequency modes,
but the region of little damping near the origin is quite large. As ω increases, and
the size of the region of low damping near the origin shrinks, but the damping of
high-frequency modes becomes poor, so that there is some optimal value of the
relaxation factor ω for a given N that balances the effect of shrinking the origincentered region of low damping to within

1
N

with that of decreasing the damping

of high-frequency modes.
Figure 2.15 shows the dependence of the amplification factor ρ(G) on normalized x, y and z wave-number along the line φx = φy = φz for SIMPLE-C in three dimensions with ρ = 1, U = U = W = 1, µ = 1 × 10−4 , and ∆x = ∆y = ∆z = 0.001.
Figure 2.16 shows the spectral radius PN (G) as a function of relaxation factor for
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Figure 2.16: Spectral radius PN (G) vs. relaxation factor ω for SIMPLE-C in three
dimensions with several values of cell count Nx = Ny = Nz = N
SIMPLE-C for the same configuration as in figure 2.15, with varying cell count
Nx = Ny = Nz = N . We see now that, in three dimensions, as the number of
cells grows, the spectral radius of the iteration matrix approaches 1 quite rapidly
over the entire range of relaxation factors ω, and that the optimal value of ω approaches 1. If the damping of the numerical scheme is the primary mechanism by
which the initial condition error leaves the computational domain, we can expect
that convergence of the SIMPLE-C algorithm will by quite slow, as observed in
the shrouded gear windage simulations here and by Hill [49].
With the low damping of the SIMPLE-C algorithm in three dimensions identified as the cause of the observed slow convergence rate, we can expect to improve
the convergence rate by using a solution algorithm that is capable of achieving increased damping of low-frequency error. For fully-coupled, fully-implicit schemes,
setting the relaxation factor to unity (equivalently, setting the pseudo-time step size
to infinity) results in a (linear) amplification factor of zero for all wave-numbers, so
that the coupled solution to linear problems can be calculated to any desired level
of accuracy in a single outer iteration (not linear solver iteration). In practice,

88
the equations of motion are non-linear, and multiple outer iterations are necessary
to update the linearized coefficients of non-linear terms. Additionally, the linear
system that arises for a fully-implicit, fully-coupled formulation without underrelaxation (infinite pseudo-time step) is ill-conditioned, so that convergence of the
linear solution would be slow. As such, fully-coupled solutions are generally carried
out with at least moderate under-relaxation (ω < 1, ∆τ < ∞).
Preliminary tests using the same gear grid with the fully-coupled pressure-based
solver in StarCCM+ [108], with the pseudo-time Courant number set to Λ = 100
have shown greatly improved convergence rate compared to that of SIMPLE-C,
as well as that of the segregated pressure-based solver in StarCCM+. The fullycoupled solver required only several thousand outer iterations to drop the residual
several orders of magnitude, and quickly began to exhibit linear convergence (the
residual history becomes linear on a semi-log plot). The segregated solution required tens of thousands of outer iterations to decrease the residual magnitude
comparably, and did not exhibit linear convergence behavior until nearly ten thousand iterations. As the eventual goal is to simulate the polydisperse multiphase
flow of air, oil droplets, and film within a gearbox, it is not feasible to solve all of
the equations in a fully-coupled fashion. In the ongoing stages of this project, various strategies for improving the convergence rate—such as by coupling pressure
and mixture momentum, while segregating all other equations—will be considered.

Chapter

3

Modeling Formulation
With the governing equations and numerical solution strategy having been established in chapter 2, this chapter presents the physical models and scale coupling
approaches developed in this research. First, the multi-scale approach is presented.
The discussion of the sub-problems of the multi-scale approach covers the tribology
model, developed by a collaborator [41, 42], as well as the k − ε turbulence model
used in this work. Next, the models implemented for the inter-field mass, momentum, and energy transfer terms that appear in the multiphase governing equations
presented in 2.1.2 are discussed, including new developments in droplet–wall-film
interaction modeling, that accommodates splashing, bouncing, and the attendant
velocity discrepancy between incoming and splashed/bounced droplets.

3.1

Multi-scale gearbox simulation technique

To give an idea of the range of physical scales in a rotorcraft main gearbox, figure
3.1 shows the exterior and interior of the main gearbox of a CH-53. The three engine inputs each deliver 2, 927 kW (3, 925 shp) at 6, 023 rpm, having been geared
down by nose gearboxes attached to the General Electric T64 turboshaft engines
which spin at a nominal 13, 600 rpm. The CH-53 main gearbox shown in 3.1
has three stages, with a final main rotor output shaft speed of 185 rpm. If each
meshing gear pair has a ∼ 0.5% frictional loss under normal operating conditions
(typical), then ∼ 45 kW of heat is generated by meshing friction. To maintain
thermal equilibrium this heat must be removed from the gearbox. During normal
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(a) Exterior [109]

(b) Interior [110]

Figure 3.1: Exterior and interior of CH-53 main gearbox with man for scale.
operation, this is accomplished mostly by circulation of cooled lubricating oil. During sustained loss-of-lubrication operation, the temperature of the entire gearbox
increases until the exterior temperature of the housing becomes sufficiently hot
that the increased removal of heat by convection to the environment makes up for
the lack of cooling by oil circulation, as well as for the increased heat generation of
adverse lubrication conditions between meshing gear teeth. The thermal response
of this ∼ 12, 500 pound [111] gearbox to imbalance of heat generation and removal
takes place on a much longer time scale than any effects associated with meshing
gear teeth. However, these highly disparate scales are coupled, as the bulk thermal
response depends on the level of friction between meshing gear teeth. The meshing
friction, in turn, depends strongly on the temperature and distribution of lubricant
within the system, which have much longer time-scales than meshing effects.
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High-Frequency
Thermodynamics
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Tribology and Contact Mechanics O(10-5 s)

Figure 3.2: Physical phenomena and scales in a high-speed gearbox

3.1.1

Gearbox physics and scales

As outlined in 1.2, there are four primary physical effects that comprise highperformance gearbox aero-thermodynamics, each with associated space and time
scales. These are: the effects of tribology between meshing gear teeth, the aerothermodynamics of the confined multiphase flow of air and lubricant around the
gears, high-frequency thermal effects associated with the heating and cooling cycle
that gear teeth experience as they heat while meshing and cool throughout the rest
of the rotation, and the long time-scale thermal response of the bulk temperature of
the system responding to imbalance between heat generation and removal. Figure
1.1, reproduced in figure 3.2, shows these four effects, along with their associated
time scales.
To recall the discussion of high-performance gearbox physics and scales from
section 1.2, for a typical gear diameter O (10−1 m) and contact pressure p ∼
O (1 GPa), the width of the deformed contact patch between gear teeth is O (10−4 m).
The typical relative sliding velocity of the meshing gear tooth surfaces in highperformance gearboxes is O (100 − 101 m/s), so that a relevant tribological time
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scale is O (10−6 − 10−5 s).

Typical high-performance gears have O (101 − 102 )

teeth, with input shaft speeds of O (103 − 104 rpm), so that the tooth passage rate
defines a time scale of O (10−4 − 10−3 s). This tooth passage time scale is relevant
to both the multiphase flow around the gears and to the high-frequency thermal
effects associated with gear teeth heating as they mesh and cooling throughout
the rest of the rotation. The Kolmogorov length scale for the windage flow around
high-speed gears (in air) is O (10−6 m), while the averaged features of the flow are
O (10−4 m). This is also a representative spatial scale for features of the temperature distribution within the gears for both high-frequency and long time-scale thermal response. A relevant time scale for the long-time (bulk) thermal response of
the gearbox to average imbalance of heat generation and removal is O (100 − 102 s).
If the effects of the non-cyclic-periodic aerodynamic flow near the meshing gear
teeth on windage and convective heat transfer within the gearbox are ignored (a
reasonable assumption, since the portion of the revolution spent in the vicinity
of mesh scales with 1/Nteeth ), then the enclosed multiphase aero-thermodynamics
of the windage flow can be considered quasi-steady. Because the heat capacity of
the enclosed air and lubricant mixture is very small compared to that of the gears
and support structure, the multiphase flow within a gearbox acts to partition the
heat generated by meshing friction and windage loss between the gears and the
housing. To achieve thermal equilibrium (or near-equilibrium), heat delivered to
the gears is then removed by conduction through the shafts, and heat delivered to
the housing is removed by free convection to the environment.
Clearly, the four salient aero-thermodynamic processes within a high-performance
gearbox, meshing tribology, windage and internal convection, high-frequency thermodynamics, and long time-scale thermodynamics, are coupled with each other
across a wide range of time and space scales. The tribology of the meshing gear
teeth depends strongly on the temperature of the incoming gear tooth surfaces as
they mesh, as well as on the quantity of lubricant present on these meshing surfaces, which is determined by multiphase transport processes within the gearbox.
Meshing friction, in turn, serves as the primary mechanism of mechanical loss and
heat generation within the gearbox. High-frequency thermal effects are characterized by the rapid heating of gear tooth surfaces by meshing friction, and their
subsequent cooling throughout the remainder of the rotation by conduction to the
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gear body and by convection within the gearbox. The long time-scale thermal response of the gearbox is insensitive to these high-frequency oscillations about the
mean, and is characterized by the response of the temperature distribution to the
imbalance of heat generation by mechanical losses and heat transfer to the environment through conduction and free convection. The confined multiphase windage
flow around the gears acts as a significant source of heat generation through viscous
dissipation of flow kinetic energy. It also partitions delivery of the heat generated
within the gearbox by mechanical loss between the shafts and the housing. This
heat delivered to the gears and housing ultimately exits the gearbox by conduction
to the support structure and by free convection to the environment. Finally, this
confined multiphase windage flow also determines the lubricant film thickness on
the gear tooth surfaces entering mesh.

3.1.2

Implementation

Based on the foregoing discussion of the dominant thermo-physical processes within
a high-performance gearbox and their coupling, a segregated multi-scale solution
strategy has been devised that enables time-accurate simulation of gearbox aerothermodynamics and meshing tribology with a reasonable level of computational
cost. The enclosed windage flow, high-frequency thermal response, and long timescale thermal response are solved separately using NPHASE-PSU [79], each on
its own relevant time-scale. These modules are coupled through appropriately averaged conjugate boundary conditions on the surfaces of the gears and internal
surfaces of the housing. The base temperature distribution for the high-frequency
conduction analysis is given by the long time-scale thermal response simulation,
and the high-frequency conduction analysis is coupled directly with a model for
meshing tribology through tooth surface temperature at mesh and heat generation
rate due to meshing friction. Figure 3.3 shows the sub-simulations and their coupling within a single long time-scale (outer) time-step of the multi-scale simulation
technique.
Because the teeth only spend ∝ 1/Nteeth of each revolution in the vicinity of
meshing, and because the high rate of shear and mixing of internal air lead to a
fairly uniform temperature of the air/lubricant mixture within the gearbox, the
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Figure 3.3: Flowchart of the sub-simulations and their coupling in one outer timestep of the multi-scale gearbox aero-thermodynamics simulation algorithm.
aero-thermodynamics of windage and convection within the gearbox is treated as
cyclic-periodic. The simulation of the internal aero-thermodynamics is performed
in the rotating reference frame on a single tooth sector for each gear. Since the
thermal capacitance of the air/lubricant mixture is negligible compared to that
of the gearbox, this is performed as a quasi-steady simulation for a given bulk
temperature distribution.
Turbulent mixing of the enclosed air and lubricant mixture with the gearbox
restricts the high-frequency temperature oscillations associated with gear teeth
heating in mesh and cooling throughout the rest of the rotation to the gears themselves. The air-oil mixture and housing respond primarily to average heat flux
imbalance on a longer time scale. In light of this, the high-frequency thermal
response is simulated as a conduction-only problem restricted to the gears and
coupled directly with the meshing tribology model. The meshing friction from
the tribology model acts as a moving heat source applied to the gear tooth surfaces. On the surface of the gears, convective heat transfer boundary conditions

95

Figure 3.4: Surfaces of all of the computational domains used in the subsimulations of the multi-scale approach. The shroud surface is suppressed in the
internal convection image to allow the rest of the domain to be seen.
are applied with local convection coefficient and air temperature given by the simulation of the enclosed windage flow. During the high-frequency gear conduction
simulation, the instantaneous local heat flux on the gear surface (the sum of the
heat flux due to convection and the meshing friction source) is integrated in time
for several revolutions of the gear, and then averaged to a single reference tooth
sector to average out the azimuthal azimuthal variation due to decay of the initial
conditions in this simulation.
This local average surface heat flux, provided by the high-frequency conduction
module, serves as a fixed heat flux boundary condition for the long time-scale transient conduction analysis of the bulk thermodynamics within the gear. The long
time-scale conduction simulation for the housing receives its local interior surface
heat flux boundary condition from the windage solution. The long time-scale conduction simulation of the gears and housing provides updated wall temperatures
for the windage module during the next time-step of the multi-scale tool, as well
as the initial temperature distribution for the coupled high-frequency heat transfer
and tribology module.
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Figure 3.5: Front and side views of the full gear and single-sector housing grids
showing structured surface domain boundaries with individual element visibility
suppressed. Grid is reflected about the x = 0 symmetry plane for visualization.
Figure 3.4 shows the surfaces of the computational domains of each sub-problem
of the multi-scale technique, and figure 3.5 shows the gear and housing domains
overlaid to show their relative position and the clearance between them. The red
surfaces of the gear in the full-gear high-frequency gear conduction domain, and
in the single tooth sector long time-scale gear conduction and internal convection
domains are point-matched and act as a cyclic-periodically averaged, segregated
conjugate heat transfer boundary condition between the gear and the internal
windage flow. The orange surface in the long time-scale housing conduction domain is point-matched with the outer surface of the internal convection grid, and is
also a segregated conjugate heat transfer boundary condition. The green surfaces
are treated as cyclic-periodic boundaries, and the yellow surfaces are treated as
symmetry planes (spur gears are symmetric). External convection boundary con-
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ditions are applied to the dark blue surfaces, with the heat transfer coefficient on
the shaft 100 W/ (m2 − K), accounting for rotation, and with the coefficient on the
shroud exterior taken to be 50 W/ (m2 − K). The light blue surfaces are treated
as no heat flux, and the pink surfaces have fixed temperature.
Each sub-simulation of this multi-scale gearbox simulation is run as a separate
instance of NPHASE-PSU. Communication between these modules is accomplished
by input and output files. The convection simulation writes a file containing the
local heat transfer coefficient and wall-adjacent air temperature on the gear surface,
which is read by the high-frequency conduction run, as well as a file containing
the local heat flux on the shroud surface, which is read by the long time-scale
housing conduction module. The high-frequency conduction analysis (performed
on the gears only) maps the local time-averaged surface heat flux on the full gear
to a single reference tooth sector, and writes this to an output file which is read
by the long time-scale conduction module for the gear. In turn, the long timescale gear and housing conduction runs write output files containing the solid-side
wall-adjacent temperature and local heat transfer coefficient, which is read by the
convection simulation. The long time-scale gear conduction module also provides a
file containing the current bulk temperature distribution, which serves as an initial
condition for the high-frequency heat transfer run. The outer time-loop of the
multi-scale tool is controlled by a bash shell script that manages the job flow. The
start-up and shut-down time associated with reading and writing input and restart
files for each module during each time-step of the multi-scale tool adds significant
extra computational cost. This can be eliminated in the future by, for instance,
passing information between the physics modules through a driver program that
uses memory rather than file I/O.
3.1.2.1

Meshing tribology

The loss-of-lubrication tribology model used in this dissertation is the subject of
a the Ph.D. dissertation (in-progress) of Qingtao Yu [112], a collaborator. It is
the latest of several iterations of model development. Detailed explanations of
the tribology model can be found in [4, 5, 40–42]. Though development of the
tribology model is not the focus of this dissertation, some explanation is necessary
to make sense of the model inputs, fundamental approximations, and mechanisms
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by which it couples with the rest of the multi-scale gearbox simulation.
During gearbox failure due to loss-of-lubrication, the thickness of the lubricant
film that separates the meshing gear teeth gradually decreases due to lubricant
starvation and to the decrease of lubricant viscosity with rising temperature. As the
lubricant film thins, an increasing portion of the meshing contact load is supported
by contact of asperities, which are peaks of the roughness profiles of the gear tooth
surfaces. Initially, these asperity contacts are isolated from one another, and act
to decrease the required EHL fluid film pressure to support the remainder of the
contact load, as well as to increase the rate of frictional heat generation, since their
Coulomb (solid-solid) friction is higher than the fluid film friction. As the lubricant
film thickness decreases further, these regions of asperity contact grow and coalesce,
eventually interrupting the fluid dynamic mechanisms by which the lubricant film
generates hydrodynamic pressure, further increasing the amount of contact load
supported by solid contact until a state of boundary lubrication is reached, in which
a negligible portion of the contact load is supported by hydrodynamic pressure.
At moderate temperature, the metal surfaces of the contacting surfaces under
boundary lubrication in the vicinity of mineral oil lubricant are protected by a
solid adsorbed layer of polar lubricant impurities. The friction coefficient of this
adsorbed films is relatively low (f ∼ 0.05), leading to relatively mild heat generation. At increased temperature, this film desorbs [31]. As temperature rises,
corrosive lubricant additives, called extreme-pressure (E.P.) or anti-wear (A.W.)
additives react with the exposed metal surfaces of the gears to form an oxide layer
called the reaction boundary film. Like the adsorbed boundary film, the reaction
boundary film has a reasonably low coefficient of friction (f ∼ 0.1 − 0.2) compared
to bare-metal contact (f ∼ 1), and prevents scuffing for some time. With further
temperature increase, the solid reaction film fails, and scuffing occurs. In this
work, it is assumed that the first of the two friction coefficient transitions noted
in [32] is attributable to failure (desorption) of the adsorbed boundary film, while
the second transition results from failure of the reaction film, and marks the onset
of severe scuffing.
The loss-of-lubrication tribology model developed for this project [41] discretizes the duration of contact between meshing gear teeth into a number of
discrete time-steps, during which tribological properties are assumed to be con-
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stant. For each of these steps, the coefficient of friction is calculated as
f = (1 − φ) ffluid + φ fsolid ,

(3.1)

where φ ∈ [0, 1] is the contact load share by asperities (solid contact), ffluid is the
friction coefficient of the fluid film, and fsolid is the Coulomb friction coefficient of
the asperity contact, which behaves as

fsolid




f
: T < Tadsorbed ,

 adsorbed
= freaction : Tadsorbed ≤ T < Treaction ,



f
T ≥ Treaction .
scuffing :

(3.2)

where fadsorbed , freaction , and fscuffing are the friction coefficients of the adsorbed
film, reaction film, and scuffing. Tadsorbed and Treaction are the failure temperatures
for the adsorbed and reaction films. The local surface temperature T is obtained
by integrating the energy equation along the contact (modeled as a half-plane),
where the surface temperature initial condition is given by a coupled finite-volume
simulation of the high-frequency thermodynamics. For EHL contacts, the lubricant
film thickness is approximately constant across the width of the contact, and the
pressure is equal to the Hertzian pressure. The hydrodynamic friction is
ffluid

τ0
=
sinh−1
P



µV
h τ0


(3.3)

where µ is the molecular viscosity of the lubricant, which is a function of the
hydrodynamic pressure p ∼ O (1 GPa), the local (flash) temperature, and the
shear rate, h is the lubricant film thickness, P is the applied contact pressure, τ0
is the lubricant Eyring stress (non-Newtonian model), and V is the local mesh
sliding velocity. A correction is applied to ffluid for inlet shear heating [113].
No current physics-based models exist to predict how lubricant film thickness
out of contact relates to the film thickness within the contact patch for anything
other than light mixed lubrication, which can be treated analytically. Any model
relating out-of-mesh lubricant film thickness, which could be calculated as part of
the CFD simulation, and the EHL film thickness would be empirical, but there is

100
currently no data available for calibration. In light of this, the effect of multiphase
flow on tribology is modeled as

φ = c1 1 − exp



−t
t0


,

(3.4)

where c1 ∈ [0, 1] and t0 are problem-specific parameters that account for the maximum extent to which load is supported by solid contact (the quasi-equilibrium
effect of residual lubricant circulation by the multiphase flow), and the rate at
which the lubricant initially in the system leaves in reaching this quasi-equilibrium
distribution of residual lubricant that results in the load sharing of φ = c1 .
3.1.2.2

Internal flow and convective heat transfer

The enclosed internal flow, with its associated heat generation by windage loss
and heat transfer by convection, is simulated as a cyclic-periodic, quasi-steady,
single-phase (air-only) flow in the rotating reference frame for each gear. The gear
and internal housing surface boundaries are treated as conjugate heat transfer
boundary conditions. In the windage simulation, the heat transfer coefficient and
temperature in the wall-adjacent cells within the gears and housing (representing
solid components, and not fluid) are provided by the long time-scale conduction
module, and held fixed during solution of the internal aerodynamics. In turn,
the local flow-side (air) heat transfer coefficient and temperature in gear-adjacent
computational cells calculated in the flow simulation are used by the high-frequency
thermodynamics module in the same fashion: they are held fixed as part of a
segregated conjugate heat transfer boundary condition between the gear and the
air. It is hypothesized that the temperature within the gearbox changes more
quickly than the average heat flux on the gear and housing surfaces, so the local
rate of heat transfer to the shroud—rather than the local flow-side heat transfer
coefficient and temperature—serves as a fixed heat flux boundary condition for the
long time-scale conduction in the housing.
A high Reynolds number k − ε turbulence model is used in these flow simulations. The evolution equations for turbulent kinetic energy and turbulent specific
dissipation rate were presented in equations (2.114) and (2.115). The effective
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Figure 3.6: Wall-adjacent cell P.
viscosity is calculated as
µeff = ρ Cµ

k2
,
ε

(3.5)

Cµ = 0.09,
and the Boussinesq approximation is used for the Reynolds stress
0

(ρ v) ⊗ v0 ≈


k
ρ Cµ k 2
I−
grad v + grad T v .
3
ε

(3.6)

The high Reynolds number k − ε turbulence model requires larger wall-normal
grid spacing than the low Reynolds number model, as it applies wall functions
approximating the law of the wall in calculating the shear stress and heat flux at
the wall as a function of field variables at the cell centers [104]. For a wall-adjacent
cell P , as shown in figure 3.6, with the wall outward normal directed along −y,
the wall shear stress is calculated as,
1/2

τwall

1/4

κ ρP uP kP Cµ
=
,
ln (E y + )
1/2

1/4

(3.7)

ρP yP kP Cµ
y =
,
µ
+

with E = 9.793 the empirical log law constant, and κ = 0.4187, the von Karman
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constant. Similarly, the wall heat flux is calculated
1/4

qwall

1/2

κ ρP h0,P Cµ kP
=
,
P rT ln (E y + )

(3.8)

where P rT is the turbulent Prandtl number, which is taken to be unity. The high
Reynolds number k − ε model (with wall functions) require y + ≈ 30 − 300 in walladjacent cells, and should not be used for y + less than approximately ten. As is
often done in low Mach number flows, we neglect the exchange of the mean flow
energy and turbulent kinetic energy in the mean energy equation.
Loss-of-lubrication is the initial intended application of this multi-scale simulation technique for gearbox aero-thermodynamics, so the effect of lubricant mass
loading on the windage loss and convective heat transfer within the gearbox should
be much smaller than under well-lubricated operation. Since the effect of multiphase flow (lubricant film thickness on the gear teeth) on the meshing tribology is
presently accounted for with the meshing contact load sharing parameter

φ = c1

 
t
1 − exp
,
t0

it was deemed reasonable to neglect the other effects of multiphase flow in the
windage simulation for the first-generation multi-scale tool. Now that the baseline
algorithm has been established, improved physics-based treatment of the multiphase flow and its coupling with the meshing tribology model will be incorporated
into future versions of this tool.
In previous design iterations of the multi-scale simulation tool presented here
[5], attempts to reduce computational cost by solving the windage CFD as a preprocessing step, and solving only the windage energy equation with a frozen flow
field within the multi-scale time loop were not successful, as the energy equation solution behaved unstably. Since then, the computational meshes (shown in chapter
4) used for each of the modules have been refined, so that the windage simulation
now converges to any desired tolerance, and solution of the energy equation with
a frozen flow-field behaves stably and consistently for all gear and shroud temperature boundary conditions, which are given by the long time-scale conduction
analysis. With a frozen flow field, the quasi-steady energy equation is a scalar ellip-
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tic linear partial differential equation (convection-diffusion). The linear system of
equations corresponding to the discrete energy equation can be solved once at each
outer time-step of the multi-scale tool without the need for additional iterations
to update the matrix coefficients.
Without under-relaxation, the resulting matrix is invertible (with appropriate
boundary conditions), but it is diagonally-neutral in every row that does not correspond to a boundary-adjacent cell. The convergence rate of fixed-point iterative
solvers, such as Jacobi and Gauss-Seidel, applied to this linear system is slow.
Under-relaxation adds diagonal dominance to the matrix, so that Jacobi iterations
converge rapidly for each under-relaxation iteration (a form of pseudo-time marching), but the number of under-relaxation iterations (pseudo-time-steps) required
to achieve the steady temperature distribution is unacceptably high.
NPHASE-PSU already uses Krylov subspace solvers, including conjugate gradient from PETSc [114], to solve the discrete Poisson equation for the pressure corrector, which has similar properties to the steady discrete energy equation in this
work. An additional interface with the Krylov solver class of PETSc was created
for the energy equation. To speed convergence, the BoomerAMG algebraic multigrid preconditioner [115] was used with the PETSc GMRES linear solver. For the
convection grid used in this dissertation, multigrid-preconditioned GMRES solves
the frozen flow field discrete steady energy equation (at least) hundreds of times
faster than under-relaxed Jacobi iteration with successive over-relaxation.
Treating the windage flow as an energy-only problem at each outer time-step,
and using AMG-preconditioned GMRES to solve the resulting linear system, the
computational cost of a single time-step of the multi-scale system has been reduced
by about ∼ 90% compared to what was observed in 2014 [5]. Now, the majority
of the wall-time (CPU-hours) within the multi-scale time loop is spent in the
high-frequency conduction module. The next-largest user of CPU-time during
the time loop is the initialization of each module during each outer time-step.
Pre-solving the windage flow field remains the most costly aspect of the multiscale gearbox simulation algorithm, but the pre-calculated flow field can be used
for many different runs of the same gear at the same rotation rate. Furthermore,
section 2.3 outlines plans to further decrease the computational cost of this windage
pre-calculation through application of stability analysis.
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3.1.2.3

High-frequency heat transfer

The high-frequency thermodynamics associated with the heating and cooling cycle that gear teeth undergo as they rapidly heat while they mesh, and subsequently cool throughout the rest of the rotation is simulated as a time-accurate
conduction-only problem with a moving meshing friction heat source calculated
with the directly-coupled meshing tribology model. To enable this direct coupling,
the author adapted the MATLAB implementation of the tribology model to C
code that was compiled into NPHASE-PSU. This short time-scale sub-simulation
is restricted to the gears themselves, since—as discussed above—turbulent mixing
of the enclosed flow within the gearbox leads to a comparably uniform temperature
distribution away from the gears.
The local distribution of heat transfer coefficient and air temperature on the
gear surface is given by the cyclic-periodic windage solution. This single toothsector distribution is copied cyclically onto each tooth sector of the full-gear grid
used in the high-frequency heat transfer module. The initial temperature field is
provided by the long time-scale conduction solution. The instantaneous local heat
flux on the gear surface due to convection and meshing friction is time-averaged
over several revolutions of the gear, and then cyclically-averaged to a single reference tooth sector. This average surface heat flux is used as a fixed heat flux
boundary condition in the long time-scale conduction calculation of each gear.
3.1.2.4

Long time-scale heat transfer

As they are insulated from one another, long time-scale conduction in the gears
and in the housing are modeled separately. Each is conducted as a time-accurate,
conduction-only problem with fixed heat flux boundary conditions on the interior
surfaces (gear surface, internal shafts, and shrouding), and fixed convection heat
transfer coefficient and ambient temperature on the exterior shafts and housing.
The fixed heat flux boundary conditions for the gear and internal shaft surfaces
are provided by the high-frequency conduction analysis, while the fixed heat flux
on the shrouding is provided by the windage module.
This long time-scale conduction simulation can clearly be treated as cyclicperiodic for the gears and shafts. Also, at any instant in time, the spatial tem-
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(a) Gear surface temperature distribution and temperature distribution
in air at the azimuthal center-plane

(b) Housing interior surface (shroud) temperature

Figure 3.7: Temperature distribution on gear surface, in the air on a plane perpendicular to the axis of rotation, and on the shroud for well-lubricated equilibrium
operation of the NASA Glenn [7, 8] gears. Note from the temperature scales that
the interior housing surface temperature is nearly uniform with T ∼ 337 K.
perature variation of the enclosed flow O (10 K), as well as of the shroud surface
O (1 K), is much smaller than that of the gear surface O (100 K). To demonstrate
this, figure 3.7 shows the predicted temperature distribution on the gear surface,
in the air on the azimuthal center plane, and on the interior surface of the housing
for the NASA Glenn loss-of-lubrication configuration [7, 8] under well-lubricated
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thermal equilibrium operation. Seeing this near-uniform temperature distribution
on the interior housing surface, the value of which is relatively insensitive to housing thickness for a given operating condition, it would seem that there is little to
be gained by fully capturing the three-dimensional temperature distribution in a
geometrically-faithful representation of the housing. Thus, at this point, the housing is treated as a cyclic-periodic, thick-walled, hollow cylinder with end-plates of
approximately the same mass (i.e. thermal capacitance) and external surface area
as the housing. If the need arises in the future, the housing conduction analysis
can be carried out on a more geometrically-representative housing grid. At this
time, it appears that this would increase computational cost (marginally) and grid
complexity (substantially) for little to no increase in simulation fidelity.
3.1.2.5

Summary of multi-scale algorithm

Figure 3.3 shows the flow of information between the sub-problems in one outer
time-step of the present multi-scale simulation technique for gearbox aero-thermodynamics.
After the cyclic-periodic CFD analysis of windage (coupled mass, momentum,
and energy) is solved as a pre-processing step, each outer (long time-scale) timestep of the multi-scale algorithm consists of a cyclic-periodic solution (energy-only
with frozen flow-field) of convective heat transfer and windage within the gearbox. This provides the local flow-side heat transfer coefficient and temperature for
the high-frequency conduction run of the gears, as well as the local surface heat
flux distribution on the interior of the housing for the long time-scale conduction
problem. Next, high-frequency (short time-scale) heat transfer is simulated as a
time-accurate, conduction-only problem restricted to the gears. This is coupled
directly with the meshing tribology model through the incoming tooth surface
temperature at mesh, and through the moving heat source of meshing friction.
The local heat flux due to convection and meshing friction on the gear surface is
time-averaged over several revolutions of the gear, and then cyclically averaged to
a single tooth sector. The average local surface heat flux from the high-frequency
conduction analysis is used as a boundary condition for the long time-scale thermal
response of the gear, and the average local surface heat flux from the windage and
internal convection solution is used as a boundary condition for the long time-scale
conduction simulation of the housing. The long time-scale conduction solution pro-
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vides an updated bulk temperature distribution, which serves as the solid-side heat
transfer coefficient and temperature distribution for the segregated conjugate heat
transfer boundary conditions in the next windage analysis. This bulk temperature distribution also serves as the initial condition for the next high-frequency
conduction simulation.
3.1.2.6

Physical approximations and their justification

The most significant physical approximation currently built into the gearbox lossof-lubrication simulation tool presented in this dissertation is the treatment of the
multiphase flow within the gearbox, and its coupling with the tribology model
via lubricant film thickness at mesh. Presently, all multiphase effects on the heat
source are built into the φ = c1 [1 − exp (−t/t0 )] model for the load share by asperity contact within the meshing tribology model. Under severe loss-of-lubrication,
the mass loading of lubricant droplets in the flow is necessarily low, so that the
multiphase flow is not expected to greatly affect the windage loss and heat transfer
by convection (at least compared to other current sources of uncertainty)
It is known that the continued survival of high-performance gearboxes under loss-of-lubrication depends intimately on the design of passive features in the
housing to collect and slowly return residual lubricant to the windage flow, and
consequently to the gear tooth surfaces [2]. This allows the tribological state of
the mesh to remain under light or moderate mixed contact, and in so doing, maintain a survivable level of frictional heat generation. Future generations of this
multi-scale simulation platform will incorporate multiphase flow effects into the
internal convection simulation, and couple these with the tribology model. This
will require tribology research to determine the (non-linear) relationship between
out-of-mesh lubricant film thickness, and central film thickness (or equivalently,
load sharing by asperity contact for a given surface roughness). Additionally, the
question of how lubricant leaves the tooth surfaces needs to be addressed experimentally and/or computationally. If lubricant leaves the tooth surfaces primarily
through chemical reaction (e.g. burning), then models for this need to be developed. This first physical assumption about the multiphase flow and its coupling
with meshing tribology was made to simplify development of the first-generation
gearbox loss-of-lubrication simulation tool, and will be refined in the continuing
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phases of development.
The remaining physical approximations are geometric simplifications, and can
be justified through examination of some of the present results. Their accuracy
continue to be assessed in the ongoing phases of this project, and enhancements
will be made as necessary. The most significant geometric approximation made is
the cyclic-periodic treatment of the enclosed windage flow. Treating the windage
flow as cyclic-periodic implies two assumptions. The first of these is that that the
effect of the displacement of air and lubricant from the gaps between gear teeth as
they mesh is negligible compared to the cyclic-periodic aero-thermodynamic effects.
This makes intuitive sense, since a gear tooth spends ∝ 1/Nteeth of the revolution
in the vicinity of the meshing region, so that for this effect to be significant, the
local rate of heat transfer by convection would need to vary by a factor of ∝ Nteeth ,
which seems unlikely. The second of these assumptions is that the azimuthal
variation of temperature in the windage flow and housing is negligible. Recall that
in figure 3.7 where the gear surface temperature varies radially by ∼ 100 K, the
spatial variation of air temperature is ∼ 20 K, and the spatial variation of housing
temperature is ∼ 1 K. Following a fixed point on the gear meshing surface during
the high-frequency thermodynamics sub-simulation, temperature varies O (100 K)
in the simulations of the NASA Glenn configuration [7, 8]. Certainly, one would
not expect the azimuthal temperature variation in the air and housing to be higher
than it is on the gear surface, so we can conclude that this effect is negligible.
After the cyclic-periodic approximation to the internal windage flow, the next
most significant geometric approximation is the approximation of the housing as a
hollow cylinder (radial shroud) with end plates (axial shroud) with approximately
the same mass/thermal capacitance and external surface area as the actual housing.
As discussed in section 3.1.2.4, there is almost zero spatial temperature variation
on the interior surface of the housing, and the value of this near-uniform temperature predicted in the simulations does not depend strongly on the thickness of the
approximated housing. This geometric approximation mostly simplifies grid generation, without much effect on the computational cost, but it is not expected that
a more geometrically-representative housing grid and improved physical treatment
to the external convective heat transfer would increase solution accuracy significantly.
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3.2

Multiphase modeling

At any point within a high-performance gearbox, the lubricant is in one of three
possible dynamic configurations: wall-film, droplets, and continuous fluid (as in
jet lubrication). Under loss-of-lubrication operation, the last of these is not observed since the system is lubricant-starved. Thus, under loss-of-lubrication, the
multiphase flow within such a gearbox has three dynamic classes of fluid: lubricant droplets, lubricant wall-film, and air, which serves as a carrier species for the
droplets and imposes shear stress on the wall-film. The distribution of residual
lubricant as dispersed droplets and wall-films on the gears and housing interior is
determined by the complex interfacial air-droplet and air-film dynamics, and by
the mass exchange from droplets to film (deposition) and film to droplets (splashing/bouncing, shear-induced breakup, and centrifugal fling-off).
In the following sections, a technique for retaining wall-bounded films in multiphase flow simulations is presented. This is followed by discussion of present
contributions to droplet–wall-film interaction modeling, and then of the various
pre-existing inter-species mass, momentum, and energy transfer models used in this
dissertation. The droplet-wall-film interaction model accommodates the splashing
and bouncing of droplets from wall-film, and their subsequent re-impingement.
For high-speed gearbox windage flows, there are seven primary mechanisms of
inter-field transfer of mass, momentum, and energy that must be resolved:
1. Transfer of mass from droplets to wall-films by deposition,
2. Transfer of mass and momentum from wall-films to droplets by splashing/bouncing,
3. Transfer of mass from wall-films to droplets by film breakup/fling-off,
4. Transfer of momentum between air and droplets by mutual drag,
5. Transfer of momentum between air and wall-films by mutual drag,
6. Transfer of energy between the air and droplets by interfacial heat flux,
7. Transfer of energy between the air and the wall-films by interfacial heat flux.
The last four of these have been investigated extensively in the past, particularly for application to boiling heat exchangers operating in the annular-mist flow
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regime. Provided the droplets are sufficiently small to be treated as aerodynamically spherical, and sufficiently dilute that droplet-droplet interaction effects are
small or negligible, reliable models exist for drag between the air and droplets, as
well as for energy transfer between air and droplets due to interfacial heat flux
[80, 81]. The first three of these can be classified droplet–wall-film interaction,
where the first two account for the physics of droplet impingement on wall-films.
These models are fundamental to the distribution of lubricant in the gearbox and
therefore require careful consideration in order that physically reasonable windage
loss and lubricant film thickness be modeled. Approaches and advancements to
the treatment of these is considered in the following sections.

3.2.1

Wall-film transport model

The high rotation rate of the gears causes the lubricant wall-films on the gears and
shroud to be quite thin, since the high rate of shear in the windage flow causes
film breakup by Kelvin-Helmholtz-like shear instability. Also, the large centrifugal
force on the film that rotates with the gear leads to film breakup by RayleighTaylor-like instability (fling-off). The wall-normal grid spacing required to resolve
the lubricant wall-films is much smaller than what is necessary to resolve the carrier
fluid (air) boundary layer in gearbox windage flow simulations. Even if these wallfilms were to be fully-resolved, the sharp-interface two-phase CFD techniques (e.g.
VOF [59] with Brackbill’s continuum surface tension method [116]) necessary to
capture the fully-resolved mutual drag between the carrier fluid and wall-film can
not strongly enforce the wall-boundedness of these wall-films. Numerical diffusivity
in the wall-film species volume fraction transport equation will always—no matter
the order of accuracy of discretization—cause non-physical entrainment of wall-film
into the flow if the wall-films are simulated in such a fully-resolved fashion.
ρ v2 h
When the wall-film Weber number W e =
exceeds a critical value of
σ
W ecrit = 17, the film tends to break up due to shear instability, so that wall films
are not observed with Weber number much greater than W ecrit . Typical values for
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mineral oil density, viscosity, and surface tension are

ρ ≈ 850
µ ≈ 0.02
σ ≈ 0.02


kg
,
m3

[Pa − s] ,
 
N
,
m

(3.9)

so that W e = 42, 500 v 2 h, where v is the relative velocity of the film to the wall
and h is the film thickness. If we assume a nominal gear tip speed of 50 m/s in
air with ρ = 1 kg/m3 with turbulent skin friction coefficient of cf = 0.02, the wall
shear stress estimate is
τwall ≈ 25

[Pa] ,

(3.10)

µoil v
≈ 25 Pa, and v/h ≈ 1250. Now, we have W e = 6.64 × 1010 h3 ,
h
so that the critical Weber number gives a wall-film height of h = 6 × 10−4 m
so that

with a film velocity of 0.8 m/s, so that the film Reynolds number is 20. The
temperature in an operating gearbox is elevated, so that the nominal values used
here for lubricant viscosity and surface tension, and therefore the calculated film
thickness, are overestimates.
Such a low Reynolds number implies that the wall-film behaves as a Couette
flow. That is, for any location on the wall, the shear stress in the film is constant
along the wall-normal direction, so that the velocity profile is linear. The local
behavior of such thin wall-films can be calculated analytically, and is completely
characterized by the local film thickness, diffusivity (viscosity, thermal conductivity), surface flux (stress traction, heat flux), and values at the wall (velocity,
temperature). Since the wall-film behavior can be so easily calculated from these,
which can be obtained locally from the multi-phase CFD, it is reasonable to account for wall-films by modifying the treatment of wall boundary conditions, rather
than by fully-resolving the wall-film physics using CFD. In addition to greatly decreasing the required grid resolution, this treatment can enhance the accuracy of
the results by strongly enforcing that wall-film mass remain attached to the wall.
Given that the effects of mass transfer between droplets and wall-film must be
captured, balance laws must be solved for the wall-film field mass, momentum,
and energy to ensure that they are balanced. One might envision two possible
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ways of treating the wall-film field. First, it could be treated as a volumetric field
like any other, with an associated volumetric distribution of mass density, volume
fraction, velocity, enthalpy, etc. Second, it could be treated as a surface field, with
a distribution of density, velocity, enthalpy, and film thickness associated only with
wall faces.
With the first approach, it is necessary that the wall-film species volume fraction
be non-zero throughout the entire computational domain, so that the resulting
algebraic equation set for wall-film species mass, momentum, and energy remains
well-posed. In non-wall-adjacent cells, the wall-film species volume fraction is
typically initialized to a very small, but non-zero value, and a (non-physical) model
for inter-field drag between the carrier species (air) and the wall-film species is
invoked. The drag coefficient is generally chosen to be quite large, so that the nonphysical—but very low concentration—wall-film species mass effectively follows
the carrier species trajectory away from walls.
At first glance, the second approach appears a more mathematically/physically
elegant approach to simulating wall-films, as it does not require non-physical treatment of some small but non-zero quantity of “wall-film” in the free-stream. Upon
further consideration of mass transfer between volumetric droplet fields and surface wall-film fields, especially within the context of incompressible flow, we see
that this surface-field approach would require reducing the effective volume of the
wall-adjacent cells to account for the thickness of the wall-film. When the carrier species is compressible, neglecting this reduction in effective cell volume could
still return acceptable results, but neglecting it for incompressible flow simulations
would likely cause major problems in droplet mass balance, and therefore in the
mixture pressure Poisson equation.
Accordingly, in this work, the first approach for wall-film treatment has been
selected: the wall-film species has associated volumetric fields for volume fraction,
velocity, and enthalpy in each cell. Figure 3.8 illustrates how the wall-film thickness
is calculated in a wall-adjacent cell from the volumetric field values at the cell
center. With the present approach, mass transfer between droplets and wall-film
is restricted to wall-adjacent cells. As mass is deposited to film, non-physical
diffusion of the film from wall-adjacent cells arises due to numerical diffusion and
modeling error (inability to completely account for surface tension, contact angle,

113

P
hf
Figure 3.8: Wall-adjacent cell P, with wall-film thickness hf = αf,P VP /Awall .
surface chemistry, etc. that keep films attached to walls). Therefore, a strategy
has been developed to retain the wall-film species mass in wall-adjacent cells, while
allowing flow in the wall-tangential direction.
Two possible strategies for wall-film retention are: the introduction of a constraint force in the wall-adjacent cells [117], and the manipulation of the fluxes of
wall-film mass, momentum, and energy through the faces of wall-adjacent cells, so
that the convective and diffusive fluxes are zero except through cells that connect
wall-adjacent cells to other wall-adjacent cells. Disadvantages of such body-force
approaches are that they are not capable of identically zeroing the flux of wall-film
mass from wall-adjacent cells into the rest of the domain, and that they can not
directly account for the physics that give rise to film–wall adhesion anyway (i.e. it
is physically ad hoc). In light of this, a face flux manipulation approach has been
developed here.
Figure 3.9 depicts cells with wall-film in the vicinity of the trailing edge of a
reverse wedge geometry. The cell faces of wall-adjacent cells are shown as either
open (green) or closed (red) to convective and diffusive fluxes. This allows for
the wall-film to flow along the wall without being non-physically entrained into
the rest of the domain. Special treatment is required at convex corners (e.g. the
trailing edge in figure 3.9) to ensure that excess wall-film mass flux into the last
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Figure 3.9: Cells in a notional computational grid at the trailing edge of a reverse
wedge showing which cell faces are open to wall-film convection (green), and which
have the convective and diffusive fluxes set to zero for the film field (red).
wall-adjacent cell is transferred to droplet fields. Note that the small quantity of
wall-film species mass in the rest of domain (to retain a closed system of equations)
sees the red faces as slip boundary conditions (no convective flux, no viscous stress).
Within this work, it is assumed that the molecular (dynamic) viscosity of the
wall-film is large relative to that of the carrier fluid (air), and that the wall-film
is thin relative to the carrier fluid boundary layer thickness. Thus, the velocity
difference between the wall-film in a wall-adjacent cell P and the air in cell P is
approximately equal to the velocity difference between the wall velocity and the
air velocity at P . This simplifies implementation of the wall boundary conditions
in the carrier species, as they appear the same as without the wall film. That is,
αc Sc, wall Awall = αc,P µc,P


2Awall
(uwall − uc,P ) b
ex + O ∆y 2 ,
∆y

(3.11)

for laminar flow, where the wall outward normal is in the −y direction, flow is in
the x direction, and the subscript c denotes the carrier fluid. This calculated carrier
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fluid wall stress traction then serves as an inter-species momentum transfer (drag)
term. While it is a mutual force, as it is discretized here, it is not explicitly of the
form dj,k (vj − vk ), because the approximation (vc − vf ) ≈ (vc − vwall ) has been
invoked. This approximation can—of course—be eliminated, but with a possibly
negative effect on convergence rate for little increase in accuracy.

3.2.2

Droplet deposition, splashing, and bouncing model

In a wall-adjacent cell, the rate of mass transfer from droplets to film is modeled
as


αd ρd vd · nwall Awall :
Γd,f αd =
0 : v · n
≤0
d

vd · nwall > 0

,

(3.12)

wall

so that all incident droplet mass is deposited to wall-film. When splashing and
bouncing occur, there is an associated local rate of mass transfer back from the
wall-film to droplets. We can introduce the splashed mass fraction φ ∈ [0, 1],
Γf,s αf = φ Γd,f αd ,
αd
Γf,s = φ Γd,f ,
αf

(3.13)

where s is a field representing splashed or bounced droplets.
Provided that a mutual force between the film and splashed droplet fields is
introduced to account for the change in the velocity of splashed droplets, (3.13)
can be re-cast with splashing and bouncing considered as mass transfer from the
droplet field to the splashed droplet field

(1 − φ) αd ρd vd · nwall Awall : vd · nwall > 0
Γd,f αd =
0 : v · n
d
wall ≤ 0

φ αd ρd vd · nwall Awall : vd · nwall > 0
.
Γd,s αd =
0 : v · n
≤0
d

,
(3.14)

wall

The quantity 1 − φ can be viewed as the local collection efficiency of the droplet
deposition to wall-film. Enforcing the rebound velocity of the splashed droplets
requires the addition of a mutual force between the wall-film field and the splashed

116
droplet field. Since we have selected the face-flux modification (zeroing) approach
to wall-film retention, this can be implemented simply as a force that acts locally on
the splashed field. Defining the rebound velocity (includes normal and tangential
components) of the splashed and bounced droplets, vsplash , the rate of momentum
transfer from the wall-film field to the splashed droplets field is
Mf,s = Γd,s αd vsplash .

(3.15)

Any wall-normal force on the wall-film field is constrained to induce no wall-normal
velocity in this field through the flux-modification procedure, which can be considered as applying an implicitly-defined (but not explicitly constructed) “cancelling
force” on the faces. If the effective wall stress traction is required (e.g. effective
wall pressure including momentum transfer due to splashing/bouncing), it can be
calculated from the rates of mass and momentum transfer.
The remainder of the task of implementing an Eulerian multi-field model for
droplet deposition to wall-film with splashing and bouncing falls into two categories. The first is the task of adapting the Eulerian multi-field formulation itself
to accommodate the wall-local mass, momentum, and energy transfer associated
with deposition, splashing, and bouncing, independent of the physical models for
these interfacial transfer mechanisms. The second is to implement physical models
to calculate the properties of deposition, splashing, and bouncing, (e.g. φ, vsplash ,
diameter of splashed droplets, etc.) from the local primitive variables in the Eulerian multi-field CFD simulation. As discussed below, this physical modeling has
been accomplished by adapting models developed for simulations with Lagrangian
droplet fields [96] for use in the present Eulerian framework. The former task
of adapting the Eulerian formulation to numerically accommodate wall-restricted
interfacial exchange included some nuance, is described in some detail next.
3.2.2.1

Droplet–wall-film mass transfer infrastructure

There are a number of possible configurations for mass transfer models between
droplets and wall-film that accommodate both the rate of transfer of droplet mass
to film by deposition as well as the rate of wall-film mass transfer to droplets by
splashing/bouncing and film breakup. In particular, we could choose to imple-

117
ment separate droplet fields to receive mass transferred from the film by splashing, bouncing, and film breakup, or we could choose to simply return this mass
to the same droplet fields that also transfer mass to the wall-film field by impaction/deposition. The first approach (separate receptor field) respects the distinct nature of the velocities of the impinging and rebounding droplets, but adds
significant complexity to the implementation. The second approach (return splashed
mass to the primary field) is significantly simpler to implement, especially if reimpingement needs to be accommodated, but sacrifices capturing the (potentially
large) difference between the impinging and rebounding droplet velocities.
Because the implementation is so much simpler, initial efforts toward modeling
droplet–wall-film mass transfer in this work were based on the second approach.
Honsek et al. [97] also adopted this formulation in their Eulerian approach to
droplet simulation for application to aircraft icing. The effects of droplet splashing
and bouncing were accounted for by decreasing the rate of deposition to film [increasing φ in (3.12)], with an added inter-field force to account for the momentum
transfer between film and droplets due to splashing and bouncing

Mf,d


φ αd ρd vd · nwall Awall (vsplash − vd ) :
=
0 : v · n
≤0
d

vd · nwall > 0

.

(3.16)

wall

Preliminary results of this method applied to transient simulations of collection
efficiency in airfoil icing seemed promising. When the technique was applied to
steady simulations, with a film breakup model included to allow establishment of
an equilibrium between deposition and breakup, the convergence was observed to
stall after a modest decrease in the magnitude of the residual, and the splashing and
bouncing model was found to not have as large an effect on the overall deposition
rate as it should have.
In order to explore this behavior, a two-dimensional, single-cell test case was
devised and is pictured in figure 3.10. Here, the north and west faces are treated
as fixed-velocity and fixed-volume fraction inlets with Neumann (zero face-normal
component of the gradient on the face) treatment of pressure (with velocity pointing generally south and east, but with varying angle from case-to-case). The south
face is treated as a wall with a wall-film, and the east face is a fixed-pressure outlet
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Figure 3.10: Single-cell droplet deposition model test configuration
with Neumann treatment of velocity and volume fraction.
Using a single-cell test case eliminates the effect of artificial dissipation, as
the pressure-weighted interpolation due to Rhie and Chow [99] is not applied to
boundary faces. The effects of under-relaxation and lagged coefficient linearization
can be eliminated by solving the fully non-linear system of algebraic equations
that arise from constructing the various fluxes and transfer terms from the values
of the primitive variables at P and on the boundaries. For incompressible flow
with four fields c, d, f, s representing the carrier fluid, primary droplets, wall-film,
and droplet receptor field respectively, the collocated, cell-centered finite-volume
method with first-order boundary conditions the integral form of the balance of x
and y linear momentum for each field is,
ρc Ax αc,P uc,P uc,P − ρc Ax αc,w uc,w uc,w + ρc Ay αc,n uc,n vc,n − ρc Ay αc,P uc,s vc,s
V αc,P
µc A x
=−
(pe − pP ) +
[αc,P (uc,P − uc,P ) + αc,w (uc,w − uc,P )]
∆x
∆x
µc Ay
+
[αc,n (uc,n − uc,P ) + αc,P (uc,s − uc,P )]
∆y
− Dc,d (uc,P − ud,P ) − Dc,f (uc,P − uf,P ) − Dc,s (uc,P − us,P ) ,
(3.17)
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ρc Ax αc,P vc,P uc,P − ρc Ax αc,w vc,w uc,w + ρc Ay αc,n vc,n vc,n − ρc Ay αc,P vc,s vc,s
µc A x
[αc,P (vc,P − vc,P ) + αc,w (vc,w − vc,P )]
=
∆x
µc Ay
+
[αc,n (vc,n − vc,P ) + αc,P (vc,s − vc,P )]
∆y
− Dc,d (vc,P − vd,P ) − Dc,f (vc,P − vf,P ) − Dc,s (vc,P − vs,P ) ,
ρd Ax αd,P ud,P ud,P − ρd Ax αd,w ud,w ud,w + ρd Ay αd,n ud,n vd,n − ρd Ay αd,P
V αd,P
µd Ax
=−
(pe − pP ) +
[αd,P (ud,P − ud,P ) + αd,w (ud,w − ud,P )]
∆x
∆x
µd Ay
+
[αd,n (ud,n − ud,P ) + αd,P (ud,s − ud,P )]
∆y

(3.18)
ud,s vd,s

− Γd,f αd,P ud,P − Γd,s αd,P ud,P + Dc,d (uc,P − ud,P ) ,
ρd Ax αd,P vd,P ud,P − ρd Ax αd,w vd,w ud,w + ρd Ay αd,n vd,n vd,n − ρd Ay αd,P
µd Ax
=
[αd,P (vd,P − vd,P ) + αd,w (vd,w − vd,P )]
∆x
µd Ay
+
[αd,n (vd,n − vd,P ) + αd,P (vd,s − vd,P )]
∆y

(3.19)
vd,s vd,s

− Γd,f αd,P vd,P − Γd,s αd,P vd,P + Dc,d (vc,P − vd,P ) ,
ρf Ax αf,P uf,P uf,P − ρf Ax αf,w uf,w uf,w + ρf Ay αf,n uf,n vf,n − ρf Ay αf,P
V αf,P
µf Ax
=−
(pe − pP ) +
[αf,P (uf,P − uf,P ) + αf,w (uf,w − uf,P )]
∆x
∆x
µf Ay
+
[αf,n (uf,n − uf,P ) + αf,P (uf,s − uf,P )]
∆y

(3.20)
uf,s vf,s

+ Γd,f αd,P ud,P + Dc,f (uc,P − uf,P ) − mf,s ,
ρf Ax αf,P vf,P uf,P − ρf Ax αf,w vf,w uf,w + ρf Ay αf,n vf,n vf,n − ρf Ay αf,P
µf A x
=
[αf,P (vf,P − vf,P ) + αf,w (vf,w − vf,P )]
∆x
µf A y
[αf,n (vf,n − vf,P ) + αf,P (vf,s − vf,P )]
+
∆y

(3.21)
vf,s vf,s

+ Γd,f αd,P vd,P + Dc,f (vc,P − vf,P ) − nf,s ,
(3.22)
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ρs Ax αs,P us,P us,P − ρs Ax αs,w us,w us,w + ρs Ay αs,n us,n vs,n − ρs Ay αs,P us,s vs,s
µs Ax
V αs,P
(pe − pP ) +
[αs,P (us,P − us,P ) + αs,w (us,w − us,P )]
=−
∆x
∆x
µs A y
+
[αs,n (us,n − us,P ) + αs,P (us,s − us,P )]
∆y
+ Γd,s αd,P ud,P + Dc,s (uc,P − us,P ) + mf,s ,
ρs Ax αs,P vs,P us,P − ρs Ax αs,w vs,w us,w + ρs Ay αs,n vs,n vs,n − ρs Ay αs,P
µs A x
=
[αs,P (vs,P − vs,P ) + αs,w (vs,w − vs,P )]
∆x
µs Ay
+
[αs,n (vs,n − vs,P ) + αs,P (vs,s − vs,P )]
∆y

(3.23)
vs,s vs,s

+ Γd,s αd,P vd,P + Dc,s (vc,P − vs,P ) + nf,s .
(3.24)
Similarly, the integral balance of mass for each field is,
ρc Ax αc,P uc,P − ρc Ax αc,w uc,w + ρc Ay αc,n vc,n − ρc Ay αc,P vc,s = 0,
ρd Ax αd,P ud,P − ρd Ax αd,w ud,w

(3.25)

(3.26)

+ ρd Ay αd,n vd,n − ρd Ay αd,P vd,s = −Γd,f αd,P − Γd,s αd,P ,
ρf Ax αf,P uf,P − ρf Ax αf,w uf,w

(3.27)

+ ρf Ay αf,n vf,n − ρf Ay αf,P vf,s = Γd,f αd,P ,
ρs Ax αs,P us,P − ρs Ax αs,w us,w

(3.28)

+ ρs Ay αs,n vs,n − ρs Ay αs,P vs,s = Γd,s αd,P .
Finally, the volume fraction constraint is,
αc,P + αd,P + αf,P + αs,P = 1.

(3.29)

Observe that in (3.17–3.24), the value of u, v at e are taken to be the value at P ,
so that the viscous flux on face e is zero (hence terms like uc,P − uc,P appear).
Within NPHASE-PSU, and in this analysis, a thin film approximation is invoked,
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in which the drag between the carrier species and the film field
Dc,f (uc,P − uf,P ) ,

and

Dc,f (vc,P − vf,P ) ,
is replaced with
Dc,f uc,P ,

and

Dc,f vc,P .
The mass transfer rates are

− (1 − φ) ρd vd,P Ay :
Γd,f =
0 : v ≥ 0
d,P

Γd,s


−φ ρd vd,P Ay :
=
0 : v ≥ 0

vd,P < 0

vd,P < 0

,

,

(3.30)

(3.31)

d,P

with φ an input parameter. In a full-physics simulation, φ and vsplash would be
calculated by a model for splashing. In this section, the interest is to accommodate
these in a numerically consistent fashion, rather than to develop models to calculate
them, which is discussed in the next section. The splashed velocity components
are taken to be
usplash = ud,P ,

(3.32)

vsplash = 0,
so that the film–splashed-droplet momentum transfer terms are
mf,s = 0,

(3.33)

nf,s = −Γd,s vd,P
The drag force between the droplet fields (primary and splashed) and the carrier
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fluid is calculated using the relation published by Michaelides [118]
3 αd ρ c CD V
kvc − vd k,
4 dd
6
24
√
+
CD = 0.4 +
,
Red 1 + Red
ρc kvc − vd kdd
,
Red =
µc

Dc,d =

(3.34)

where dd is the aerodynamic diameter (or simply the diameter for spheres) of the
droplet field. The drag between the carrier fluid and the wall-film species is
Dc,f =

2 µc αc,P Ay
.
∆y

(3.35)

Note that in the carrier species momentum balance, this implies that the wall
stress traction is zero because the carrier species does not contact the wall, but
only the wall-film. Thus, we eliminate
µc Ay αc,P
(uc,s − uc,P ) ,
∆x
µc Ay αc,P
(vc,s − vc,P ) ,
∆x

and

from (3.17) and (3.18) respectively. In reality, the viscous flux on face s should be
eliminated from the droplet field momentum equations, but their viscosity is zero
(or set quite close to zero), since droplets do not interact with each other, so this
is of little or no consequence.
Equations (3.17–3.29) are thirteen coupled non-linear (cubic) multivariate polynomial equations in terms of thirteen unknowns
[αc,P , αd,P , αf,P , αs,P , uc,P , vc,P , ud,P , vd,P , uf,P , vf,P , us,P , vs,P , pP ]T ,

(3.36)

and a number of parameters: φ, ∆x, ∆y, ∆z, as well as µ, ρ, αn , αw , vn , and vw for
each species, pe , dd , and ds . This algebraic equation set has been implemented in
Python for solution with the fsolve routine of SciPy [119] that acts as a front-end
for the hybrd method of MINPACK [120], which is an implementation of Powell’s
hybrid root-finding technique [121]. This root-finding technique calculates the
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∆x = ∆y = ∆z = 1
µc = 10−5
αc,n = αc,w = 0.99899999
αs,n = αs,w = 10−8

αd,n

ρc = 1
µf = 10−3
= αd,w = 5 × 10−4
dd = 10−4

ρd = ρf = ρs = 1000
µd = µs = 10−8
αf,n = αf,w = 5 × 10−4
ds = 10−7

Table 3.1: Parameters used in the single-cell mass transfer model evaluations
Jacobian numerically and requires only a function that returns the residual of
(3.17–3.29) as an argument.
This Python-based droplet–wall-film transfer model evaluation tool was used
to investigate the effect of transferring splashed and bounced droplet mass to a
separate receptor field compared to that of transferring it back to the primary
droplet fields, as well as the effect of retaining or neglecting the wall-film–splasheddroplet force nf,s . With the input parameters listed in table 3.1, cases were run
for a range of incoming flow angles from normal to the wall to parallel to the wall
with vn = vw = v∞ equal for all species (i.e. vc,∞ = vd,∞ = vf,∞ = vs,∞ ), and
with kv∞ k = 1. For each incoming flow angle, the effect of varying φ from 0 to 1
was observed by calculating the local collection efficiency defined as
β :=

Γd,f αd
,
ρd αd,∞ vd,∞ · nwall Awall

(3.37)

and comparing β with 1 − φ, which can be considered the prescribed collection
efficiency, so that we expect to observe β ≈ 1 − φ.
Figures 3.11–3.14 show β vs. 1 − φ at flow angles
kπ
+ ,
24
 = 0.01,

γk =

(3.38)

relative to the wall outward normal (−y direction), so that k = 0 corresponds to
flow approximately normal to the wall, and k = 12 corresponds to flow approximately parallel to the wall. The results in figure 3.11 were calculated with the
splashing mass transfer to the receptor field active. The observed β–φ relation
with the splashed mass receptor field active did not depend on whether nf,s was
retained or neglected. Figures 3.12–3.14 show collection efficiency results for cases
in which splashed mass was returned to the incident droplet field. Figure 3.12
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Figure 3.11: Collection efficiency β vs. 1 − φ for single-cell mass transfer model
evaluation case with splashed mass transferred to a separate receptor field.
neglects nf,s , while figure 3.13 applies this droplet–wall-film momentum transfer
term to the droplet field. Figure 3.14 compares the results in figures 3.12 and 3.13
at k = 4 to show the effect that including or neglecting nf,s has on the results.
We see in figure 3.11 that inclusion of a separate receptor field to accept droplet
mass transferred from wall-film by splashing, bouncing, and breakup leads to consistent behavior of collection efficiency for all combinations of flow angle and splashing fraction, regardless of whether nf,s is applied to the splashed droplets or not.
This is the result of not considering re-impingement of splashed droplets in the
calculation of β, which would require an additional mass transfer model for deposition of splashed droplets to film. In figures 3.12 and 3.13, the departure from
β = 1 − φ as the flow becomes increasingly normal to the wall (ignoring the special case where it is completely perpendicular) is the result of re-impingement of
splashed droplet mass that was returned to the primary droplet fields. As shown
in figure 3.14, inclusion of the splashed droplet–wall-film momentum transfer force
to set vsplash = 0 does decrease the amount of re-impingement, bring β closer to
1 − φ for a given flow angle.
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Figure 3.12: Collection efficiency β vs. 1 − φ for single-cell mass transfer model
evaluation case without splashed mass transferred to a separate receptor field, and
with nf,s = 0.
Interestingly, when nf,s was included in the cases where the splashed mass
receptor field was not used (figure 3.13), the root-finding routine [119] tended
to fail to converge at near-perpendicular k → 0 flow angles with large values of
splashed mass fraction (φ → 1), suggesting potential ill-posedness of the problem
when a separate receptor field for splashed mass is not used (recognizing that
nf,s = 0 is not a physically-valid option, despite its apparent well-posedness).
This apparent ill-posedness and failure of the non-linear root finding algorithm to
converge at near-normal flow angles with large splashed mass fraction is the cause
of the dip in the k = 1 curve at low values of 1−φ. Returning splashed mass to the
primary droplet fields as in figures 3.12–3.14 seems desirable at first glance because
it captures some of the re-impingement physics without requiring explicit inclusion
of a re-impingement model. Further consideration shows that this re-impingement
does not represent physical reality, but is a numerical artifact.
Consider now, a case with multiple cells in both the x and y directions. If
there is to be any rate of deposition of droplets to film in a cell oriented as in
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Figure 3.13: Collection efficiency β vs. 1 − φ for single-cell mass transfer model
evaluation case without splashed mass transferred to a separate receptor field, and
with nf,s as in (3.33) applied to the droplet field.
figure 3.10, we must have vd,P < 0. On the other hand, if there is to be any rate of
splashed droplet mass flux out of P across face n, we must have vd,n > 0. For any
reasonably-resolved grid, we should have vd,n ≈ vd,P , and we should certainly not
have vd,n and vd,P differ in sign. We now see that, without a separate field to accept
splashed mass, a wall-adjacent cell can not simultaneously support deposition of
droplets to wall-film and flux of splashed droplets away from the wall and into
the rest of the domain (across face n here). For simulation of any flow in which
the droplet deposition to wall-film, as well as transfer of mass from wall-film to
droplets by splashing, bouncing, and breakup are of physical significance, the mass
transferred from wall-films to droplets must be transferred to a velocity field that
is not, itself, locally transferring mass to wall-films.
To avoid closure-problems associated with modeling re-impingement, mass in
the splashed droplet receptor fields needs to be returned to the primary droplet

127
1

0.8

-

0.6

0.4

0.2
n f,s = 0
n f,s

0

0
0

0.2

0.4

0.6

0.8

1

1- ?

Figure 3.14: Collection efficiency β vs. 1 − φ for single-cell mass transfer model
evaluation case without splashed mass transferred to a separate receptor field, with
k = 4 showing the effect of including or neglecting nf,s .
fields. This mass transfer rate should scale as
Γs,d ∝

ρs
,
τs

(3.39)

where τs is the settling time of the droplets in the receptor field (a function of the
carrier fluid density and viscosity, as well as of the droplet density and diameter).
In this way, the droplets in the receptor droplet fields are transferred to the primary
droplet fields as their velocities approach one another due to carrier species drag.
Note that this transfer from receptor to primary fields is a book-keeping exercise,
in which mass is simply re-labeled, rather than a transfer processes due to physical
interactions.
In summary, it has been determined through numerical investigations using a
single-cell mass transfer model test case, that it is necessary to include additional
droplet fields to receive droplet mass that splashes from or bounces off the wallfilm, as the velocity (and therefore characteristic direction) of the splashed droplets
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differs from that of the primary incident droplets. Simply returning splashed mass
to the incident fields does not lead to what is deemed acceptable solution behavior.
In flows where re-impingement is important (such as gearbox flows), a procedure
for returning the mass in the splashed mass receptor fields to the primary droplet
fields must be invoked.
3.2.2.2

Droplet splashing and bouncing model equations

Having established a technique to accommodate droplets deposition to wall-film,
along with splashing and bouncing, in a fully-Eulerian multi-field framework, we
require models to calculate φ, vsplash , and ds in terms of the local primitive field
variables. LEWICE 3.0 [96], an icing simulation tool developed at the NASA
Glenn Research Center, uses the a modified form of the Trujillo relations to model
splashing [86]. The Trujillo model was developed for the splashing of a train of
monodisperse droplets impacting a wall-film with droplet impact frequency f . For
a spray, the droplet frequency and non-dimensional frequency are

1
3 V LWC 3
f=
,
2 dd
ρd
f dd
f∗ =
,
V

(3.40)

where V is the magnitude of the velocity of the incident droplets, dd is the diameter
of the incident droplets, ρd is the density of the droplets, and the liquid water
concentration, LWC, is the average volumetric density of the disperse droplets
in the air measured in g/m3 . Defining Vn as the wall-normal component of the
incident velocity, and Vt as the wall-tangential component, the non-dimensional
single-droplet splashing parameter is

K=

ρ3d d3d Vn5
σd2 µd

 14
.

(3.41)

For a train of droplets, the splashing parameter is
KL,n =

√
3
K (f ∗ )− 8 ,

KL,n > 17 for splash,

(3.42)
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with a critical value of KL,n = 17 corresponding to the threshold for splashing.
The ratio of the average diameter of the splashed droplets to that of the incident
droplets follows the empirical relation,
ds
= min {max [8.72 exp(−0.0281 K), 0.05] , 1} .
dd

(3.43)

Similarly, the ratio of the mass flux of splashed droplets to the mass flux of incident
droplet obeys,

ms
= 0.2 {1 − exp [0.85 (KL,n − 17)]} .
md

(3.44)

With the incoming droplet flow angle θ0 measured in degrees and defined so that
θ0 = 0◦ represents wall-tangential flow, and θ0 = 90◦ represents flow into the wall,
the ratios of the tangential and normal components of velocity between incident
and splashed droplets follow the empirical relation,
Vt,s
= 1.075 − 0.0025 θ0 ,
Vt,d
Vn,s
= 0.3 − 0.002 θ0 ,
Vn,d

(3.45)

(θ0 in degrees) .
At oblique angles of incidence, particularly for θ0 < 30, droplets that impinge
onto wall-film may remain separated from the wall-film and bounce off due to
hydrodynamic pressure generation (lubricating flow) by the carrier fluid (air) in
the small gap between the droplet and the film. The droplet bouncing model in
LEWICE 3.0 defines the non-dimensional bouncing parameter
KL =

KL,n
,
(sin θ0 )1.25

(3.46)

and the bouncing model is activated whenever the bouncing parameter exceeds a
critical value and the incident droplet flow is sufficiently oblique,
KL > 300 and θ0 < 30◦ for bouncing.

(3.47)

When the bouncing model is active, the ratio of bounced to incoming droplet mass
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is calculated as,
mb
KL − 260
=
.
md
200

(3.48)

The bouncing model is only used when the bounced mass ratio exceeds that of the
calculated splashed mass ratio. In these cases, the bouncing model is used instead
of the splashing model, and the bounced mass ratio falls into the range,
ms
mb
<
≤ 1.
md
md

(3.49)

In both the splashing and bouncing models, θ0 is the angle that the flow makes
with the wall, defined
sin θ0 =

vd · nwall
,
kvd k

◦

(3.50)

◦

(0 ≤ θ0 ≤ 90 ) .
As already mentioned, θ0 is measured in degrees for the correlations between θ0
and the ratios of incident and splashed/bounced droplet normal and tangential
Vt,s
Vn,s
velocity
and
.
Vt,d
Vn,d
The quantities appearing in the LEWICE 3.0 splashing and bouncing model
relate to those discussed in the preceding section 3.2.2.1 as
 
 
h g i
g
kg
LWC
= 1000
× ρd
× αd [1] ,
3
m
kg
m3
ms
φ=
,
md
V = kvd k,
Vn,d = vd · nwall ,

(3.51)

2
Vt,d
= V 2 − (vd · nwall )2 ,

Vn,s = vsplash · nwall ,
2
Vt,s
= kvsplash k2 − (vsplash · nwall )2 ,

and were implemented in NPHASE-PSU as such. Note that the droplet deposition,
splashing, and bouncing models are active only in wall-adjacent cells.
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3.2.3

Other pre-existing models used

In addition to the models for droplet drag, wall-film drag, and droplet deposition
to film with splashing and bouncing, NPHASE-PSU is instrumented with models
for breakup of wall-film into droplets [90], dispersion of droplets by carrier-field
turbulence [122], and deposition of droplets to wall-film by turbulent diffusion
[123]. The Schadel and Hantratty film breakup model [90] is
h
i √
p
Γf,s = 0.001 0.4 ln (150 IR W e + 1) + 1.4 IR W e u∗f ρc ρf ,
IR = 0.15 + 0.75 Γe ,


Γe = max 0, (ṁf,out − ṁf,in )cell ,

(3.52)

2

ρc kvc − vf k hf
,
σ
αf V
hf =
, (V := cell volume) ,
2 Awall
We =

and is active in wall-adjacent cells where W e > W ecritical = 17. The turbulent
dispersion model of de Bertadano [122] is
Mc,d = CT D ρc kc grad αd .

(3.53)

Finally, the Haworth model [123] gives the rate of deposition of droplets to wall-film
due to turbulent diffusion
Γd,f,diffusion =

ρc u∗c Awall
,
Sct u+
c

3 p
u∗c = Cµ4 kc ,

1
u+
ln E y + .
c =
κ

3.2.4

(3.54)

Validation of droplet–wall-film interaction model

Quantitative experimental measurements of multiphase flows in general, and of
flows with wall-films and aerodynamic droplets in particular are quite scarce. Indeed, there is no experimental data available (to the author’s knowledge) for validating multiphase flow models applied to jet or mist-lubricated high-speed gearboxes. There is data available for collection efficiency of airfoils in droplet-laden
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Diameter (dd )
10.9 µm
21.8 µm
31.8 µm
43.8 µm
69.2 µm
98.2 µm
126.7 µm
157.8 µm
196.3 µm
241.4 µm

Volume fraction (αd,∞ )
1 × 10−8
6.4 × 10−8
1.06 × 10−7
7.3 × 10−8
1.35 × 10−7
1.64 × 10−7
1.49 × 10−7
1.03 × 10−7
1.3 × 10−7
6.5 × 10−8

Table 3.2: Droplet diameter and free-stream volume fraction for the droplet bins
corresponding to MVD = 92 µm in [96].
flow measured at the NASA Glenn Icing Research Tunnel. These multiphase flows
possess many of the same physical features as occur within high-speed gearboxes
including polydisperse droplets, impaction and deposition to wall-films with splashing and bouncing, high rates of shear in the carrier fluid, and have a similar density ratio between the carrier fluid and droplets and film (air–water vs. air–oil).
A fundamental difference between the multiphase flow within gearboxes and that
observed in flows relevant to airfoil icing is that in gearboxes, re-impingement of
droplets that splash, bounce, or form from film breakup is critically important
since the flow is confined, while re-impingement is of minimal significance in the
collection efficiency physics of airfoils operating in a free-stream (or wind-tunnel).
Many experimental measurements of collection efficiency of various airfoils at
different flow speeds, angles of attack, and water droplet size distributions have
been carried out at the NASA Glenn Icing Research Tunnel [124]. LEWICE 3.0
has been validated extensively against these [96]. To validate the implementation
of the LEWICE 3.0 (uses Lagrangian droplet fields) splashing and bouncing models [96] within NPHASE-PSU (uses Eulerian droplet fields), NPHASE-PSU was
applied to simulate one of the test cases used to validate LEWICE 3.0. Figure
3.15 shows the collection efficiency calculated by NPHASE-PSU and LEWICE 3.0
with and without the splashing and bouncing models active, as well as the collection efficiency measured in the icing tunnel. This test case was of an MS(1)-317
airfoil with a three foot chord operating at 0◦ angle of attack. The droplet size
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Figure 3.15: Collection efficiency vs. non-dimensional curvilinear distance from
the leading edge for an MS(1)-317 airfoil as calculated using NPHASE-PSU as
well as LEWICE 3.0 with and without droplet splashing and bouncing models
active compared to results from the NASA Glenn Icing Research Tunnel [52].
distribution and concentration corresponded to M V D = 92 µm (MVD is the mean
volumetric diameter).
To resolve the droplet trajectory distribution that is brought about by the
strong dependency of the droplet drag on droplet diameter, ten primary droplet
fields were modeled (i.e. mass, momentum, and energy conservation equations
were solved), as was used in the LEWICE 3.0 validation simulations [96]. Each
field is defined by a specified droplet diameter and free-stream volume fraction to
correspond to an approximately Gaussian PDF of the droplet size corresponding
to the experimental mean volumetric diameter. The diameters and free-stream
volume fractions of each of these bins are tabulated in table 3.2. In addition to
these ten primary droplet bins, the film field was initialized with αf,∞ = 1 × 10−10 ,
as was a single receptor field for splashed droplet mass. The viscosity of the
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film field was set to 1 × 10−3 Pa − s, while that of all of the droplet fields was
set to 1 × 10−7 Pa − s. The remainder of the volume was occupied by air with
αc = 0.9999990009, which was treated as a calorically perfect gas with γ = 1.4 and
R = 287 J/ (kg − K) and µc = 1.7722 × 10−5 Pa − s. In this case, the free-stream
velocity is 78.2 m/s at a static pressure of 101, 325 Pa and a static temperature of
10 ◦ C. The high Reynolds number k − ε turbulence model was used in the air.
We see in figure 3.15 that the collection efficiency predicted by NPHASE-PSU
agrees quite well with the predictions of LEWICE 3.0 both with and without the
splashing and bouncing models active, and that with them active, both agree well
with the experimentally-observed collection efficiency for this test case. From the
NPHASE-PSU results (red, green, and black solid lines), we see that splashing is
the primary cause in collection efficiency reduction near the leading edge, while
bouncing becomes dominant away from the leading edge where the flow is more
oblique. This serves as validation that the LEWICE 3.0 splashing and bouncing
models have been correctly adapted for use and implemented in NPHASE-PSU.
As data becomes available, further validation efforts will be necessary to apply
these models to a wider class of multiphase flows.

3.2.5

Application to gear windage simulation

It has been long suspected that the increase in gear windage loss that results from
lubricant mass loading is substantially greater than what would be predicted by
simply correcting the single-phase results for the density increase, as lubricant
droplets do not necessarily follow the air trajectory, and will likely impinge quite
strongly on the gear tooth faces [45, 46]. To date, there is no experimental data
to quantify the dependence of windage loss on lubricant mass loading, let alone
data to quantify the relationship between operating conditions and droplet size
distribution. Even the dependence of lubricant mass resident in a gearbox on the
rate of lubricant injection (and drainage) at equilibrium has not been measured.
Despite a lack of experimental validation data specifically for multiphase flows
in gearboxes, the multiphase simulation capabilities of NPHASE-PSU were applied to gear windage simulations to examine the effects of lubricant mass loading
and droplet size on windage loss. Simulations were performed on the 72-tooth
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Figure 3.16: Configuration of shrouded 72-tooth Diab spur gear for multiphase
windage simulations [52].
gear of Diab [47], which was investigated extensively by Hill et al. [48–50, 52].
Multiphase simulations were performed using the large axial, large radial shroud
configuration used by Hill [49] in single-phase simulations. As shown in figure 3.16,
the computational domain was modified to include an inlet and outlet. Because
species mass is not exactly conserved during the pseudo-time-marching between an
initial guess and the steady state solution, it is necessary to add a small specified
amount of through-flow of droplet-laden air with a specified droplet mass loading to eliminate unconstrained meandering of lubricant mass-loading due to error
during intermediate pseudo-time-steps
Figure 3.17 shows windage results for the 72-tooth Diab gear [47, 49] from
multiphase simulations of mono-disperse droplet-laden flow with two values of
droplet diameter (2 and 16 µm) and two values of lubricant mass loading (4% and
16%). Single-phase results are included for comparison. We see in these simulations
that the windage loss appears to depend more strongly on droplet diameter than on
lubricant mass loading, suggesting that the windage loss increase results primarily
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Figure 3.17: Windage results from shrouded mono-disperse multiphase simulations
of 72-tooth Diab spur gear without wall-film treatment [52].
from non-dynamic-equilibrium effects (differing mean velocity between droplets
and carrier species) leading to regions of locally high concentration and relative
angular momentum of droplets impinging on the gears. For both the 2 µm and
16 µm droplets, the increase in windage is substantially larger than the expected
4% or 16% increase due to homogeneous density increase effects.
In these single droplet field simulations without a wall-film, droplet mass was
observed to non-physically collect on the shroud, as shown in figure 3.18. To
eliminate this non-physical collection of droplets in shroud-adjacent cells, an additional field was added to represent the wall-film, as outlined in section 3.2.1. The
Schadel and Hanratty wall-film breakup model [90] was activated to allow transfer
of wall-film back to the droplet field. Only one droplet field was used, and droplet
mass created by breakup of wall-film was transferred back to this field. While we
have established that this is not acceptable for flows with droplet splashing and
bouncing, it is most likely acceptable for film breakup, as this occurs primarily in
regions of low impingement, so that droplet mass that results from film breakup
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Figure 3.18: Volume fraction of droplets in shrouded multiphase simulation of
72-tooth Diab spur gear at 7, 162 rpm with 16 µm droplets and no wall-film field
showing non-physical accumulation of droplets in shroud-adjacent cells [52].
can leave the wall-adjacent cells. Because re-impingement is important in these
enclosed gearbox flows, and the splashing and bouncing model is not yet instrumented to handle re-impingement, the droplet splashing and bouncing model was
not used. Figure 3.19 shows the volume fraction of wall-film and droplets from
a gear windage simulation with 2 µm droplets and 4% mass loading at 7, 162 rpm
showing that lubricant mass is successfully transferred to wall-films, which are now
able to flow along the gear and shroud surfaces.

138

(b) droplet volume fraction
(a) film volume fraction

Figure 3.19: Volume fraction of droplets and film in shrouded multiphase simulation of 72-tooth Diab spur gear at 7, 162 rpm with 2 µm droplets at 4% lubricant
mass loading [52].

Chapter

4

Multi-Scale Gearbox Simulations
4.1

NASA Glenn loss-of-lubrication test stand

The coupled multi-scale aero-thermodynamics and tribology model presented in
this dissertation has been applied to well-lubricated thermal equilibrium operation
under light mixed lubrication, as well as to loss-of-lubrication operation of a highspeed gearbox. The NASA Glenn loss-of-lubrication test stand [6–8, 54, 55], shown
in figures 4.1 and 4.2 has been selected as the system for study. This test stand was
adapted from earlier application to gear contact fatigue (pitting/spalling) testing
[125], and is arranged in a four-square configuration, so that the drive system only
needs to supply enough power to overcome frictional losses. The contact force
between gear teeth is maintained using hydraulic oil pressure applied to load vanes
on the driven shaft. Thermocouples in the shrouding measure the air/oil fling-off
temperature directly out of mesh, as well as the air temperature well past the mesh
for both gears. Because the slave gears have an equal number of teeth, the test
gears in all cases are identical pairs, so that the gear ratio is unity. Handschuh
et al. [8] have continually refined the hardware configuration and experimental
techniques used in loss-of-lubrication tests, and now achieve reasonably consistent
run-to-run agreement. Since loss-of-lubrication failure is quite sensitive to details
such as surface roughness, lubricant chemistry, and perhaps even humidity, there
is still moderate spread in failure times in repeated tests with the same nominal
operating conditions.
The coupled multi-scale aero-thermodynamics and tribology model presented in
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Figure 4.1: Isometric drawing [8] of the NASA Glenn high-speed loss-of-lubrication
test stand for 3.5 inch pitch-diameter gears.
this dissertation has been applied to well-lubricated thermal equilibrium operation
under light mixed lubrication, as well as to loss-of-lubrication operation of a highspeed gearbox. The NASA Glenn loss-of-lubrication test stand [6–8, 54, 55], shown
in figures 4.1 and 4.2 has been selected as the system for study. This test stand was
adapted from earlier application to gear contact fatigue (pitting/spalling) testing
[125], and is arranged in a four-square configuration, so that the drive system only
needs to supply enough power to overcome frictional losses. The contact force
between gear teeth is maintained using hydraulic oil pressure applied to load vanes
on the driven shaft. Thermocouples in the shrouding measure the air/oil fling-off
temperature directly out of mesh, as well as the air temperature well past the mesh
for both gears. Because the slave gears have an equal number of teeth, the test
gears in all cases are identical pairs, so that the gear ratio is unity. Handschuh
et al. [8] have continually refined the hardware configuration and experimental
techniques used in loss-of-lubrication tests, and now achieve reasonably consistent
run-to-run agreement. Since loss-of-lubrication failure is quite sensitive to details
such as surface roughness, lubricant chemistry, and perhaps even humidity, there
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(a) with outer cover installed [7]

(b) without outer cover installed [8]

Figure 4.2: Front-view photographs of the NASA Glenn high-speed loss-oflubrication test stand with and without the front cover installed showing the
recently-added shrouding configuration and improved lubricant system [7, 8].
is still moderate spread in failure times in repeated tests with the same nominal
operating conditions.
A number of 3.5 inch pitch diameter gears have been tested in the NASA
Glenn loss-of-lubrication facility. These have had various properties including
tooth count, pressure angle, surface finish, and material. For the sake of simplicity
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Number of teeth
Diametral pitch
Circular pitch
Addendum
Chordal tooth thickness
Face width
Helix angle
Pressure angle
Pitch diameter
Outside diameter
Root fillet
Measurement over pins
Pin diameter
Tip relief

28 [−]
8 [1/in]
0.3927 [in]
0.125 [in]
0.191 [in]
0.25 [in]
0◦
20◦
3.5 [in]
3.75 [in]
0.04–0.06 [in]
3.7867–3.7915 [in]
0.216 [in]
0.0005–0.0007 [in]

Table 4.1: NASA Glenn 28-tooth spur gear properties
Young’s Modulus E
Poisson’s ratio ν
Hardness H
Density ρ
Specific heat cp
Thermal conductivity κ

225 [GPa]
0.3 [−]
5 [GPa]
7850 [kg/m3 ]
470 [J/ (kg − K)]
45 [W/ (m2 − K)]

Table 4.2: AISI 9310 steel material properties.
and consistency, within this dissertation, all gearbox simulations in this chapter
are carried out for pairs of identical 28-tooth spur gears with geometric properties
listed in table 4.1. They are made of AISI 9310 steel with material and thermal
properties listed in table 4.2. Most of the effects of steel and lubricant choice on
these simulations (except for density, specific heat, and conductivity) appear only
in the tribology model. The NASA Glenn experiments use Aeroshell 555 turbine
oil to lubricate the gears. Its thermal and fluid mechanical properties, which are
used in the tribology model, are listed in table 4.3. In the following simulations,
is also assumed that the root-mean-square surface roughness of the gear teeth is
urms = 1.5 × 10−7 m in all cases. Table 4.4 lists the properties of air specified in
the windage simulations.
Because the driving and driven gears are identical in the NASA Glenn loss-
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Reference density ρ
Reference viscosity µ
Reference temperature ϑref
Pressure-viscosity coefficient α
Temperature-viscosity coefficient β
Eyring stress τ0
Specific heat cp
Thermal conductivity κ

850 [kg/m3 ]
0.0268 [Pa − s]
311.15 [K]
1 × 10−8 [1/Pa]
0.026 [1/K]
5 [MPa]
2290 [J/ (kg − K)]
0.166 [W/ (m2 − K)]

Table 4.3: Aeroshell 555 turbine oil nominal properties
Gas constant R
Specific heat ratio γ
Specific heat at constant pressure cp (redundant)
Specific heat at constant volume cv (redundant)
Dynamic viscosity µ
Laminar Prandtl number P r
Turbulent Prandtl number P rT
Ambient pressure patm

287.058 [J/ (kg − K)]
1.4 [−]
1004.703 [J/ (kg − K)]
717.645 [J/ (kg − K)]
1 × 10−5 [Pa − s]
1 [−]
1 [−]
101.325 [kPa]

Table 4.4: Air properties used in convection simulation
of-lubrication tests, the distribution of temperature in them is expected to be
quite close, with differences brought about by which gear tooth face (advancing
vs. retreating) contacts the other gear. There is strong flow impingement on the
advancing gear tooth face due to axial entrainment of low-angular-momentum air
into the space between gear teeth to replace the high-angular-momentum air that
is ejected radially out of this space (windage flow). This impinging flow leads to a
higher rate of heat transfer by convection on the advancing tooth face than on the
receding one. Thus, if the hottest surfaces of the gear experience comparatively
larger convective cooling, some difference will arise between the drive and driven
gear temperature distributions. As will be seen in the next section, at least for the
NASA Glenn configuration, the entirety of the tooth is a good deal hotter than
the rest of the gear, and the variation in temperature across a tooth (advancing
to retreating side) is not particularly large. So here, the drive and driven gears
should behave quite similarly.
Lubricating oil is continually circulated through the chamber containing the
slave gears shown in figure 4.1, so that the temperature of the slave gears, and the

144

Figure 4.3: Time traces of temperature [8] at numerous thermocouple locations in
a loss-of-lubrication experiment at NASA Glenn.
entire rear section of the housing maintain approximately constant temperature
through the duration of the loss-of-lubrication tests. Figure 4.3 shows that, despite
a large increase in temperature in the test section, particularly just out of mesh,
the temperatures of the slave oil inlet and outlet, and of the ambient environment
remain approximately constant for the duration of the test. Since the slave gears
and shafts maintain such a relatively cool temperature so close to the test section,
most of the heat removal from the test gears in the NASA Glenn experiments is
achieved by conduction through the shaft. After verifying (discussed in the next
section) that the results do not depend strongly on whether the driving or driven
gear is chosen, it was decided that simulations of the NASA Glenn tests would be
performed on a single gear, with the other gear assumed to exhibit an identical
thermal history. Since it undergoes marginally decreased cooling by convection,
the driven gear is simulated, rather than the driving gear, to provide a more
conservative estimate.
The NASA Glenn loss-of-lubrication experiments are run at 10, 000 rpm, so
that the pitch-line velocity of the gears is 46.54 m/s, which is relatively low for
high-performance gears. In real high-performance gearboxes, the pitch-line velocity can be substantially higher, and the relative removal of heat through the shafts
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(b) long time-scale gear conduction
(a) high-frequency gear conduction

(c) internal convection
(d) long time-scale housing conduction

Figure 4.4: Surfaces of computational domains used in each module of the multiscale simulation of the NASA Glenn loss-of-lubrication experiments.
will be decreased compared to convection and windage. Therefore, the difference in
the thermal history of the driving and driven gears can be significant enough to require that both gears be modeled independently. In most actual high-performance
gearboxes, the driving and driven gears are not identical, so all gears would need
to be simulated anyway.
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(a) front view
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(b) side view

Figure 4.5: Front and side views of the full gear and single-sector housing grids
showing structured surface domain boundaries with individual element visibility
suppressed. Grid is reflected about the x = 0 symmetry plane for visualization.
As discussed in section, 3.1 there are four main phenomena relevant to gearbox
physics, each with associated space and time scales. Each of these has a corresponding simulation module that is run during each outer time step of the multi-scale
simulation technique. These are: calculation of the quasi-steady, cyclic-periodic
windage effects, transient conduction-only simulation of high-frequency heat transfer in the gears, long time-scale conduction-only analysis for the gears and housing,
and the tribology heating. Figure 4.4 shows the surfaces of the computational domain used in each module of the multi-scale technique. As described in section
3.1, the gear surfaces colored red in figure 4.4 constitute a scale-coupled cyclicallyaveraged conjugate heat transfer boundary condition, as does the orange interior
housing surface, which is conjugate to the outer surface (not shown) of the internal
convection grid. All green surfaces receive cyclic-periodic treatment, while yellow
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Figure 4.6: Detail view of the surface grid resolution on the gear teeth and axial
symmetry plane in the simulation of convection.
surfaces are treated as symmetry planes (axial mid-plane). Light blue surfaces
are treated as no-flux Neumann boundary conditions, while dark blue surfaces are
ascribed a fixed heat transfer coefficient and ambient temperature. Pink/purple
surfaces are treated as fixed-temperature boundaries, consistent with the circulation of lubricant through the slave side of the NASA Glenn test stand.
Figure 4.5 shows the relative positions of the housing and gear domains. The
space between the gear and housing grids corresponds to the internal convection
domain. In figure 4.5, the computational domains have been mirrored across the
axial mid-plane for visualization purposes, but only one side is modeled due to
symmetry about x = 0. To convey the level of geometric resolution used in these
grids, figure 4.6 shows a detail view of the surface grid on the gear teeth and
axial mid-plane used in the convection simulation. A previous iteration of the
computational grid used tetrahedral cells, which made grid generation easier, but
which led to “tessellated” temperature distributions on the conjugate heat transfer
boundaries, especially where the meshing heat flux was applied. To demonstrate
this, figure 4.7 shows the transient temperature difference ∆T = T − T0 in the
vicinity of the applied meshing heat source. Here, the first full tooth from the right
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Figure 4.7: Surface distribution of ∆T = T − T0 from high-frequency conduction
simulation with previously-used grids of tetrahedral elements.

Figure 4.8: Surface distribution of ∆T = T − T0 from high-frequency conduction
simulation using improved block-structured grids (with hexahedral elements).
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Sub-Domain
Long time-scale gear
High-frequency gear
Internal convection
Long time-scale housing

Cell Count (hex)
168,814
4,726,792
1,918,958
1,033,008

Cell Count (tet)
107,748
3,016,944
511,920
110,203

Table 4.5: Cell counts for improved block-structured and previous unstructured
tetrahedral sub-domain grids.
is entering the mesh, and the meshing friction is being applied to the surface of
the next tooth to the left. Observe that, as a result of the intrinsic non-uniformity
of the wall-normal distance (equivalently, the ratio of wall-adjacent cell volume to
wall face area) in tetrahedral meshes, the surface temperature distribution on the
faces where large heat flux is applied is quite noisy. This effect was also manifest in
the boundary conditions for the internal convection module, and led to numerical
stability issues, especially when attempting to solve the energy equation with a
frozen flow field.
To achieve better accuracy and stability, the unstructured grids shown in figure 4.7 were replaced with block-structured (hexahedral elements) grids of comparable near-wall resolution, as pictured in 4.6 and 4.8. Both the unstructured
and improved block-structured grids were formulated for a target y + of 30 in the
wall-normal direction, as is appropriate for the application of the high Reynolds
number k − ε turbulence model with wall functions [104, 126] outlined in section
3.1.2.2. Observe in figure 4.8, which shows the transient temperature difference
∆T = T − T0 in the vicinity of the applied meshing heat source, that the surface temperature distribution is now smooth. The improved structured grids do a
much better job of resolving heat flux and flow features without greatly increasing
element count. Table 4.5 lists the cell counts for the long and short time-scale
sub-models for the unstructured and improved block-structured grids (used in the
following simulations).

4.2

Thermal-equilibrium operation

To verify that the multi-scale gearbox aero-thermodynamics simulation technique
developed in this dissertation provides reasonable results, as well as to provide

150
∆touter
Tambient
hhousing, exterior
hshaft
Tshaft, end
ωgear
Pinput
c
fadsorbed
freaction
fscuffing
Tadsorbed
Treaction

1000 [s]
311.15 [K]
50 [W/ (m2 − K)]
100 [W/ (m2 − K)]
311.15 [K]
10, 000 [rpm]
100 [hp]
0 [1/s]
0.08 [−]
0.13 [−]
1 [−]
573.15 [K]
973.15 [K]

Table 4.6: Operating conditions and tribology model parameters for thermal equilibrium operation simulation
temperature distributions for the initial conditions in loss-of-lubrication calculations, well-lubricated equilibrium operation of the NASA Glenn loss-of-lubrication
test stand was modeled. This serves as an appropriate initial condition for lossof-lubrication runs, as the gears in the experiments are first run in under full
equilibrium lubrication for at least one hour at 50% torque and full speed 10, 000
rpm, and then for several more hours at full torque and speed prior to shutting
off the lubrication [8]. As mentioned in chapter 3, the multi-scale technique does
not currently include multiphase flow effects in the internal convection module,
since the necessary physical models are still under development and have not been
calibrated. Running these thermal equilibrium calculations without the effects of
multiphase flow on heat transfer within the system leads to a higher well-lubricated
equilibrium temperature than observed in the NASA tests. Once the oil supply is
turned off in the experiments, the system temperature quickly adjusts in response
to the lack of cooling by lubricant circulation (see the black “out of mesh” time
trace of temperature in figure 4.3). It is hypothesized that the temperature distribution in the experiments shortly after the lubricant supply is switched off is close
to what the multi-scale technique predicts as the equilibrium operating condition
when the effects of lubricant starvation are turned off in the tribology model, so
that the tribology model remains in the light-mixed lubrication regime.
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Figure 4.9: Convergence history of meshing friction vs. outer iteration (outer
time-step) in a well-lubricated thermal equilibrium run.
In order to simulate thermal equilibrium operation, the outer time step size
(long time-scale conduction module) is set to a large value (1000 seconds here),
and the decay constant c in the asperity contact load share relation of the tribology
model φ = 1 − exp (−c t), is set to zero, so that lubricant starvation effects are
absent. The full-film asperity contact load share is still calculated in the tribology
model, so that the gears operate under light mixed lubrication at thermal equilibrium, as is the case in a real high-performance gearbox. To avoid triggering the
loss-of-lubrication thermal instability, the failure temperatures of the adsorbed and
reaction films in the tribology model are set to high values, so that the boundary
film failure model is not activated, and the asperity contact friction coefficient is
set to that of the adsorbed film. Table 4.6 lists the tribology model parameters
and operating conditions used in calculating the thermal equilibrium conditions
shown in this section. Tambient is used along with hhousing, exterior and hshaft to specify the external convection boundary conditions on the exterior of the housing and
shaft, and the temperature at shaft end (pink/purple surfaces in figure 4.4) is set
to Tshaft, end .
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Figure 4.10: Convergence history of tooth surface temperature entering mesh vs.
outer iteration (outer time-step) in a well-lubricated thermal equilibrium run.
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Figure 4.11: Convergence history of tooth surface temperature difference across
mesh (exiting minus entering) vs. outer iteration (outer time-step) in a welllubricated thermal equilibrium run.
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Figure 4.12: Contour plot of temperature on axial and azimuthal mid-plane slices
of the housing and gear grids at well-lubricated thermal equilibrium.
Figures 4.9–4.11 show the convergence history of the calculated meshing friction, the tooth surface temperature entering mesh, and temperature difference
across mesh (all from the high-frequency conduction module) for thermal equilibrium simulation of the NASA Glenn 28-tooth gears. Here, each outer iteration
corresponds to an outer time-step of 1000 seconds (from table 4.6). By the fifth
outer iteration, the multi-scale technique has converged to thermal equilibrium
conditions, demonstrating that the multi-scale model returns equilibrium operation rapidly, i.e. it does not require many outer iterations to achieve coupled
convergence.
Figures 4.12–4.14 provide contour plots of temperature in the gear and housing,
and in the enclosed flow around the gear under well-lubricated thermal equilibrium
conditions. We see in figure 4.12 that the predicted temperature in the housing is
nearly uniform. Also, the radial temperature gradient in the gear is large relative
to the surface-normal temperature gradient in the gear, showing that there is a
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Figure 4.13: Near-mesh gear surface contour plot of ∆T = T − T0 at one instant
in the high-frequency conduction module at well-lubricated thermal equilibrium.

Figure 4.14: Contour plot of temperature on the gear surface, as well as on the
axial and azimuthal mid-planes from the convection simulation at well-lubricated
thermal equilibrium.
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significantly higher rate of heat removal by conduction through the shaft than by
convection to the housing. Figure 4.13 shows the difference between current and
initial temperature at one instant in the high-frequency module run under welllubricated thermal equilibrium. If the high-frequency thermodynamic processes
are viewed as zero-mean oscillations about the current mean values, then we see
that these high-frequency processes are—at least for equilibrium operation of the
NASA Glenn test gears—confined to a particularly shallow region around the tooth
meshing surfaces. In this case, the magnitude of these high-frequency temperature
oscillations is quite small relative to the variation of temperature within a tooth,
and indeed throughout the gear. This suggests that the high-frequency conduction
module could be neglected, and the tribology model coupled with the long timescale heat transfer model without much decrease in accuracy. Because the highfrequency conduction analysis is not very computationally expensive, and because
the high-frequency effects are expected to be greater under loss-of-lubrication operation, and in full-scale gearboxes with larger gear teeth and/or lower tooth passage
rates (longer meshing residence time), this portion of the multi-scale simulation
model is retained throughout this work.
The predicted gear surface temperature of 458 K and housing temperature of
336 K agrees in magnitude with what is observed in the NASA Glenn experiments
during well-lubricated operation. In figure 4.3, we see that immediately after the
lubricant supply was shut off, the measured out-of-mesh fling-off temperature in
the flow was ≈ 180 ◦ C = 453.15 K, which is quite close to the 458 K tooth surface
temperature predicted here. Because there is initially lubricant fling-off from the
gear teeth in the experiments, it is expected that the measured out-of-mesh flingoff temperature ought to be closer to the predicted tooth surface temperature
than to the predicted temperature in the simulated (single phase) flow around the
gear. The meshing friction of 394 W is about 0.5% of the 100 hp transmitted by
the meshing gears, which is in agreement with the baseline meshing friction loss
percentage assumed in preliminary design of gearboxes. Across mesh, the gear
tooth surface temperature increases by 3 K, which agrees in scale with what is
expected at these conditions. The agreement of these values of temperature and
loss with expectations give us confidence that the method will extend consistently
to loss-of-lubrication simulation.
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Property:
c [1/s]
Tadsorbed [K]
Treaction [K]
Pinput [hp]

Run 1:
0.003
600
850
118

Run 2:
0.005
600
750
118

Table 4.7: Tribology model parameters for the two calculations in figure 4.16.
To verify that the choice to consider only the driven gear was valid, the same
thermal equilibrium case was run in reverse (drive gear instead of driven gear).
This led to a 0.188 K decrease in the average temperature of the gear tooth surface
entering mesh at thermal equilibrium (458.081 K vs. 457.893 K) and a 0.097 W
decrease in predicted meshing friction. Since this difference is so small, there is
little or no expected benefit from considering both gears instead of just one for the
current NASA Glenn configuration. In most practical applications, the gears are
not identical, making it necessary to model all gears individually.

4.3

Loss-of-lubrication operation

Loss-of-lubrication operation of the NASA Glenn facility is simulated using the
well-lubricated thermal equilibrium conditions calculated in the previous section
as the initial condition. The failure temperatures for the adsorbed and reaction
boundary films (Tadsorbed and Treaction ) are set to values that are in a nominally
realistic range. Presently, there is little data available for high-performance gearrelevant contacts to define reasonable ranges for these values. Values for the first
critical temperature (Tadsorbed here) have been reported as low as 215 ◦ C, and as
high as 360 ◦ C, and values for the second critical temperature (Treaction here), with
E.P. additives, have been recorded as low as 692 ◦ C and as high as 810 ◦ C [32].
Without E.P. additives, scuffing typically occurs before 250 ◦ C. The load share
decay (c) is also set to a non-zero value, though choice of c is ad hoc at this point.
To resolve the time-evolution of the loss-of-lubrication failure process, ∆touter is
given an appropriately small value of 10 seconds.
Figure 4.16 shows time traces of temperature from two 10, 000 rpm loss-oflubrication runs of the multi-scale technique, with the tribology model parameters
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Tooth surface temperature

(a) Tooth surface temperature probe

Air temperature probe
(circumferential average)

(b) Air temperature probe

(c) NGRC facility without outer cover installed [8]

Figure 4.15: Temperature probe locations for time traces from loss-of-lubrication
simulations and from NASA Glenn experiments.
for each run specified in table 4.7. One time trace of temperature from a NASA
Glenn loss-of-lubrication experiment [8] at 118 hp is included for comparison. The
locations of the tooth surface temperature and air temperature probes in the simulations, as well as of the out-of-mesh temperature measurements from the NASA
Glenn experiment are shown in figure 4.15. The solid lines are time traces of the
predicted average tooth surface temperature entering mesh (recall that the difference across mesh is O (1 K), so entering vs. exiting is of little consequence here),
while the dashed lines are the predicted average flow temperature along a circular
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Figure 4.16: Time traces of temperature on the tooth surfaces entering mesh and
average temperature in flow 1/4 of the way from the tooth tip to the shroud for
two loss-of-lubrication runs of the multi-scale tool started from thermal equilibrium
conditions. A time trace of temperature measured by the NASA Glenn out-of-mesh
thermocouple [8] is included for comparison.
arc at the axial mid-plane, 1/4 of the way from the gear tooth tip radius to the
shroud radius, as shown in figure 4.15.
From the thermal equilibrium simulation results, the temperature distribution in the cyclic-periodic internal flow is reasonably uniform and notably cooler
than the surface temperature of the meshing gear teeth. Because the out-of-mesh
thermocouple is located in a region where the flow is likely not approximately
cyclic-periodic, the mixture of air and some lubricant flinging off of the hot tooth
surfaces and impinging on this thermocouple is most likely somewhere in between
the average internal flow temperature and the average tooth surface temperature,
so that the NASA Glenn experiment temperature time trace should lie somewhere
between the air and average tooth surface temperature traces from the simulations. In the simulations, the difference between the tooth surface and air probe
temperature at a given time is a function of the specified shaft end temperature,
the specified ambient environment temperature, and of the meshing friction, which
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Figure 4.17: Time trace of flow temperature during loss-of-lubrication.
is a function of a number of parameters, such as boundary film friction coefficient
and fluid–solid contact load share. Presently, there are not very many temperature measurement locations throughout the test stand, and the heat generation
rate (meshing friction) is not measured, so manipulating parameters to cause the
simulation results to more-closely match the experimental temperature time trace
would not imply increased physical accuracy. As it is, the run-to-run differences
in the experimental results are similar in scale to the differences between the simulation and experimental results in figure 4.16.
The time traces of temperature in both NASA Glenn loss-of-lubrication experiments and these loss-of-lubrication predictions exhibit similar features. Figure
4.17 shows a time trace of flow temperature (sampled from the internal convection
module) from a loss-of-lubrication run. We see that it consists of three near-linear
segments with rapid transitions in the T vs. t slope between them. Here, these
transitions happen at flow temperatures TA ∼ 410 K, and TB ∼ 460 K and times
tA ∼ 125 s and tB ∼ 240 s. The first of these (TA , tA ) is associated with increased
meshing friction due to the failure of the adsorbed boundary film, while the second
(TB , tB ) is the result of failure of the reaction boundary film and the onset of scuff-
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ing. The slope of the segment prior to tA depends strongly on the load share decay
constant c, and on the adsorbed film friction coefficient while the slope between tA
and tB depends most strongly on c and the reaction film friction coefficient. The
temperatures TA and TB are related to (but not equal to) the failure temperatures
of the adsorbed and reaction boundary films respectively. The thermal properties
of the system are also of significance, as they determine the rate of increase of
temperature in response to imbalance between heat generation and removal, as
well as the difference between, for example, the local tooth meshing surface temperature (which could not be measured in an experiment) and the temperature of
the enclosed flow (which could).
Although the many thermal, material, and tribology model parameters of these
multi-scale gearbox simulations could certainly be permuted until the predicted
time history of air temperature matches what is measured in the experiments, the
benefit of such an exercise would be minimal as the effects of some of the parameters overlap. Now that the first-generation multi-scale gearbox loss-of-lubrication
simulation techinque has been developed and demonstrated, future efforts will be
directed toward calibrating its models and parameters. In future collaborations
with NASA Glenn, as well as with the Penn State Gear Research Institute (which
now has a similar loss-of-lubrication test stand), the local temperature at several
locations throughout the housing, windage flow, gears, and shafts will be measured,
and it may be possible to directly measure the meshing friction and heat removal
by lubricant under well-lubricated equilibrium operation. The configuration of the
computational domains, as well as the external heat transfer boundary conditions
applied on its external boundary can be tuned using these experimentally-measured
values. Once the temperature distribution at several points in the gears, shafts,
and housing matches what is observed in reality for a given level of net heat generation in the system, the tribology model parameters can be better calibrated for
loss-of-lubrication. Nevertheless, it is of benefit now to explore how the various
model parameters behave in the model, i.e. their relative importance in terms of
sensitivity of the predicted temperature history, and their interaction.
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Figure 4.18: Configuration of the reduced-order gearbox thermodynamics model.

4.4

Reduced-order model and sensitivity study

To enable investigation of the sensitivity of gearbox loss-of-lubrication results
to properties of the materials, enclosed windage flow, and meshing tribology, a
reduced-order model of the aero-thermodynamics of the NASA Glenn loss-oflubrication test stand was developed. This reduced-order model (when coupled
with the tribology model) returns time-accurate results for a loss-of-lubrication
run in a matter of minutes rather than hours, and ∼ 99% of the time is spent in
the tribology model calculation for each time-step. To achieve similar transient
thermal response with decreased run time, the gear is approximated as a disk with
the same thickness and (pitch) radius of the NASA Glenn gears. Figure 4.18 shows
the geometric configuration of the disk and shroud in the reduced-order model. The
temperature of the shaft, as well as that of the housing interior is prescribed, and
the enclosed flow temperature is taken to be a θ-weighted average of the average
temperature of the gear (disk) surface and of the (prescribed) shroud temperature
Tair = θ Tshroud + (1 − θ) T gear .

(4.1)
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Figure 4.19: Time traces of disk periphery temperature showing dependence of
reduced-order model results on convection parameters hconv [W/ (m2 − K)] and θ,
with Tadsorbed = 423.15 K, Treaction = 673.15 K, fadsorbed = 0.08, and freaction = 0.13.
A uniform heat transfer coefficient hconv is applied to the gear (disk) surface, with
the value of hconv taken to be characteristic of what is observed on the gear teeth
h ∼ 200 W/ (m2 − K) instead of what would be observed on such a disk h ∼ 20
W/ (m2 − K). The effect of high-frequency heat transfer is neglected (recall from
section 4.2 that the once-per-revolution temperature variation is small relative to
the overall variation in temperature on these gears). The average meshing friction
from the tribology model is applied to the disk periphery, and the incoming tooth
surface temperature at mesh is taken to be the average disk periphery temperature.
In this way, the reduced-order model is carried out as an axi-symmetric conduction
analysis using a finite-volume discretization. The reduced-order model has been
implemented in both MATLAB and in C with the linear system of equations
solved using the GMRES solver of PETSc [114]. This dual-implementation allows
for verification that the tribology model functions properly after conversion from
MATLAB to C code. The C-version runs much faster, especially in the tribology
module, which is the slowest portion of the reduced-order model.
Figures 4.19 and 4.20 provide time traces of temperature for several runs of
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Figure 4.20: Time traces of disk periphery temperature showing dependence of
reduced-order model results on tribology parameters fadsorbed , freaction , and c [1/s],
with hconv = 200 W/ (m2 − K), and θ = 0.5.
the reduced order model with varying convection and tribology model parameters.
The gear geometric properties, steel material properties used for the disk and the
lubricant properties are taken from tables 4.1, 4.2 and 4.3 respectively. Figure
4.19 shows the dependence of the model on hconv and θ for fixed values of the
tribology model parameters, while figure 4.20 does the same for dependence on
the tribology model parameters fadsorbed , freaction , and c [1/s] for fixed values of
hconv and θ. We see that varying hconv and θ through what is essentially their
entire range of reasonable values has a much smaller effect on survival time than
varying the two boundary film friction coefficients fadsorbed and freaction , as well as
the tribology model load share decay constant c.
From this application of the reduced-order model to examine the sensitivity of
loss-of-lubrication performance on several thermal and tribological system parameters, it has been determined that future efforts should be directed primarily toward
evolving the tribology model physics (e.g. fadsorbed , freaction , Tadsorbed , Treaction ), as
well as toward physically accounting for the effect of multiphase flow–tribology
coupling. The latter of these would replace the current exponential decay load
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share model
φ = 1 − exp (−c t) ,
with a physics-based model relating details of the multiphase flow calculated in the
internal convection module to the central film thickness in the tribology model.

Chapter

5

Windage Experiments
To supplement the sparse experimental data available for gear aerodynamics, an existing rotating machinery test stand at The Pennsylvania State University Applied
Research Laboratory was adapted for application to experimental measurement of
gear windage loss. This low-cost experimental study was aimed at developing a
laboratory capability for windage loss measurements for isolated gears of designrelevant size and operating speed in shrouded and unshrouded configurations. The
aerodynamic shrouding used was designed to seal completely, so that results for
the effect of lubricant mass loading could be obtained. Because the test stand
hardware was available for a limited time, these first-generation results do not yet
include the effects of multiphase flow (lubricant mass loading). Nonetheless, this
exploratory study has yielded single-phase windage loss measurements with a reasonable level of uncertainty for partially-shrouded operation of a spur gear, and
has provided much guidance for design of the second-generation test stand and
data collection technique.
The aerodynamics of the multiphase flow in high-speed gearboxes play an important role in the thermal performance of these systems. Specifically, the flow
within the gearbox gives rise to significant convective heat transfer between the
gears and the housing components, comprising one of the two significant paths of
heat transfer to the environment (the other being conduction through the shafts,
bearings, and housing). Also, windage losses give rise to significant additional heat
generation in high speed systems (nominally, those with tip speeds greater than 60
m/s [45]). Gearbox flows are very complex geometrically, and are complicated by
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(a) Oblique front view without gear and shrouding
installed (gear attaches to visible splined end of shaft)

(b) Front view with gear and (c) Side view with gear and shroudshrouding installed
ing installed

Figure 5.1: High-speed gear windage test stand with and without 11 inch pitch
diameter spur gear and aerodynamic shrouding
the fluid dynamics of highly swirling and separated turbulence, multiphase droplet
and film constituents, and compressibility (Mtip ∼ 0.75 in some of these systems).
For these reasons, modern CFD methods have only recently been brought to bear
in these systems [48–50, 52, 53]. There is also a paucity of existing validationquality experimental data for these aerodynamic flows, especially for multiphase
systems.
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Figure 5.2: Dimensioned section view of 11 inch pitch diameter (11.49 inch outer
diameter) 44-tooth spur gear with 1.12 inch axial tooth width
The goal of this first phase of the effort has been to develop a procedure for
acquiring repeatable windage measurements and for realistically estimating the
uncertainty of measured data, as well as to provide data against which to validate
CFD results for partially and fully shrouded operation, as most available experimental gear windage data is for unshrouded gears (e.g. [47]). Because the original
test stand was available only for a short time, the focus of this study was limited
to single-phase operation of a single spur gear at various speeds with and without full aerodynamic shrouding. This phase of the experimental effort has yielded
windage loss measurements with a reasonable level of realistically-calculated uncertainty for partially shrouded (one-sided backing plate) operation of a spur gear
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gear used in these measurements, and Figure 5.3 is a dimensioned section view of
the aerodynamic shroud designed for use with this gear. The radial gap between
the gear teeth and the shroud is
and shroud is

1
4

1
8

inch (3.1 mm), and the axial gap between teeth

inch (6.2 mm).

Recognizing that the gear in Figure 5.1 has an outer diameter of 11.5 inches, one
could surmise that the test stand is mechanically over-designed for this application,
as only the weight of a single gear and shaft must be supported, and the power
transmitted need only be large enough to offset the aerodynamic, bearing, and seal
losses. Indeed, the shaft diameter is 2.25 inches and it weighs 40.5 pounds, and the
shaft is supported by a matched pair of high-precision angular contact bearings
with balls approximately 1 inch in diameter and a cylindrical roller bearing with
rollers about

1
2

inch in diameter. While necessary for the original application of

the test stand, this mechanical over-design—and especially the use of contacting
shaft seals on the bearing housings around a large-diameter shaft—led to high
bearing and seal loss. As presented in detail section 5.4, this introduced significant
uncertainty for the shrouded case. Using insights gained during phase one, a
mechanical redesign for phase two will greatly improve accuracy and repeatability,
as well as decrease hardware cost.

5.1

Test stand configuration

The configuration of power transmission components and sensors in the high-speed
gear windage test stand is shown in Figure 5.4. Two electric motors arranged in
series provide power to the system through a 1:3 step-up gearbox, all of which
are coupled rigidly. Speed is controlled manually with a potentiometer setting the
voltage delivered to the motors. A flexible Lovejoy coupling connects the gearbox
to a Honeywell Model 1804-2000 enhanced accuracy rotary torque sensor rated to
27,000 rpm and 2,000 lb-in. This torque sensor is mounted to the table holding
the test stand, and connected by a rigid coupling to the drive shaft with a 11 inch
pitch diameter spur gear attached to the splined end by an axial locknut. The drive
shaft is supported by a roller bearing and by a matched pair of angular contact
bearings, both of which are in housings filled with lubricating oil and sealed with
spring-loaded nitrile rubber lip seals (shown in red). There is an additional lip
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seal on the shaft (shown in red) between the angular contact bearing pair and
the gear to prevent lubricant inside the gear’s aerodynamic shrouding (not shown)
from entering the bearing housing. Shaft rotation rate is measured using a piece
of reflective tape on the shaft and an optical sensor to count rotations. Both the
optical sensor and torque sensor are connected to a National Instruments digital
data acquisition chassis, which is connected to a computer running LabView.

Figure 5.4: Power transmission diagram for high-speed gear windage test stand
(not to scale).
To calculate the windage loss, consider the balance of angular momentum (5.1)
for the portion of the rig within the dashed box,
d
(Jω) = τloss + τsensor ⇒ J ω̇ = τloss + τsensor .
dt

(5.1)

Here, ω represents the rotation rate, J the moment of inertia of the rotating
components (i.e. drive shaft, rigid coupling, gear, lock nut, and spacers), τsensor
the torque applied to the drive shaft by the output shaft of the torque sensor, and
τloss all of the loss-associated torques. We can consider three separate components
of τloss :
τloss = τbearing + τseal + τwindage .

(5.2)

Since the bearings are lubricated with oil and support essentially constant load (the
weight of the drive shaft and gear), the bearing loss can be considered a function of
only rotation rate and lubricant viscosity, which is itself a function of only bearing
temperature, so that
τbearing = τbearing (ω, Tbearing ) .

(5.3)
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Because the film of lubricant between the lip seals and the shaft is either nonexistent or quite thin, there is contact between the seals and shaft, so that wear
occurs. Thus, the seal loss is not only a function of rotation rate and bearing
temperature—through both lubricant viscosity and thermal softening of the nitrile
rubber lip—but it is also a function of time as the seals wear and eventually fail,
so that
τseal = τseal (ω, Tbearing , t) .

(5.4)

Finally, the windage loss is a function of rotation rate and of air temperature
through density and viscosity
τwindage = τwindage (ω, Tair ) .

(5.5)

Choosing the reference area Sref, gear = rgear wgear with rgear the gear radius and
wgear the axial thickness, the overall torque coefficient Cτ is defined
τwindage =

1
1
2
3
Cτ ρ ω 2 rgear
Sref, gear = Cτ ρ ω 2 rgear
wgear ;
2
2

(5.6)

for single-phase flow, the torque coefficient for a given gear depends only on
Reynolds and Mach number
τ = ρ ω 2 R 4 Cτ ,

(5.7)

Cτ = Cτ (Re, M ).

5.2

Sources of uncertainty

We can broadly categorize the sources of uncertainty for windage loss measurements into those having to do with the measurement equipment and sampling
technique (e.g. electronic noise, sensor bias, sampling rate, etc.), and those having
to do with the physical system (e.g. temperature variation, seal wear, lubricant
condition, etc.). In this study, the changes due to physical sources of variation—
particularly seal wear and temperature effects—are large relative to those due to
measurement technique. The physical sources of uncertainty expected to be significant are:
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1. Rotational inertia effect on measured torque with rotation speed fluctuation
(as discussed in 5.3.1),
2. Temperature effect on bearing and seal loss through lubricant viscosity,
3. Temperature effect on seal loss through softening,
4. Wear effect on seal loss,
5. Air temperature effect on windage loss through density and viscosity change.
Figures 5.5 and 5.6 show the extent to which the bearing and seal loss varies over
the course of several consecutive runs through various test speeds as the system
heats to thermal equilibrium. These runs were performed without the gear or
shrouding, though the gear and shrouding do not significantly affect the bearing
and seal loss. By the third and fourth runs through the test speeds, the measured
torque and power loss are observed to be close from run to run, while the measured
loss during the first run is far from the thermal equilibrium value. This difference,
as will be seen, is large relative to the windage loss we wish to measure, especially
for shrouded operation.
In addition to the physical sources listed above, all of which can be identified
with changes in the various terms of (5.1), the instrumentation and data reduction
strategy have associated sources of uncertainty. Of these, we expect the following
to be most significant:
1. Downward bias of measured rotation rate (miscount due to vibration),
2. Bias due to time-averaging correlated quantities τ and ω,
3. Electronic noise and/or room vibration appearing in torque signal,
4. Variation of torque cell zero with angular position,
5. Uncertainty due to ω mismatch in subtracting tare loss from total.
In phase one, none of these turned out to be large enough in magnitude to
matter relative to physical variation due to temperature and wear. Nonetheless,
they are addressed here as the relative magnitudes of the sources of uncertainty
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were not known a priori, and mechanical redesign in phase two could reduce the
magnitude of the physical sources of uncertainty to a point that these become
relevant. Of these, 1, 2, and 5 can be eliminated with a precise speed sensing and
control system (e.g. shaft encoder and feedback control), as ω variation over a
measurement can be made negligibly small. Of the remaining two, both can be
made negligibly small for a given time-averaged sample by taking a longer sample
(provided the sampling frequency is not an integer multiple of the shaft frequency).
Furthermore, both of these can be mitigated by averaging over multiple samples.

5.3

Data collection and reduction strategy

This phase of the experimental study has been a proof-of-concept effort accomplished on a small budget using many components of a test stand from a different
study for which windage loss measurements were not a primary concern. Budget constraints, along with time constraints from needing to return much of the
test stand, precluded any significant modification to the power transmission and
instrumentation already in place. Rotation rate was measured optically with the
existing revolution counter without any additional information about angular position. Total torque delivered to the drive shaft was measured with the existing
torque sensor. Speed was controlled by the operator with a potentiometer and digital multi-meter displaying the rotation speed. Inertial effects were estimated and
corrected using time traces of rotation speed and torque for each time-averaged
data point. Though there were no temperature sensors, a consistent test procedure
was used to bring the system to thermal equilibrium, which is expected to have
been consistent from day-to-day, barring very large changes in room temperature.

5.3.1

Averaging correlated variables

The windage, bearing, and seal losses all depend strongly on rotation rate, and that
rotation rate varies somewhat over the duration of a time-averaged data point’s
sample time. Each time-averaged data point has a corresponding average speed
and average measure of loss. The error in associating a time-averaged loss with a
time-averaged speed can be influenced by the choice of variable used to represent
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loss (torque, power, torque coefficient, etc.). Knowing the expected behavior of
the various sources of loss with changing rotation rate, we can choose to consider
quantities that do not vary much with rotation rate in order to minimize the error
associated with time-averaging.
To see how time-averaging a fluctuating rotation rate and torque can lead to
error, and how to minimize this error, consider a system for which torque obeys
τ (ω) = c ω 2 .

(5.8)

Suppose that ω(t) is statistically stationary and stochastic. We can decompose
ω(t) into mean and fluctuating components,
0

ω(t) = ω̄ + ω (t),

(5.9)
0

so that the expected value of ω is ω̄ and the expected value of ω is zero. The
0

following limits hold for time integrals of ω(t) and ω (t):

Z t1
1
lim
ω(t) dt = ω̄,
∆t→∞ ∆t t
0


Z t1
1
0
ω (t) dt = 0.
lim
∆t→∞ ∆t t
0


(5.10)

The time-averaged torque is now
1
τ̄ =
∆t

Z

t1

t0

1
τ (ω) dt =
∆t

Z

t1

c ω 2 (t) dt = c ω̄ 2 + 2c ω̄ω 0 + c ω 0 ω 0

(5.11)

t0

so that the error (bias in the measured τ -ω relation) caused by ω fluctuations with
time averaging performed in this manner is
τ (ω̄) − τ̄ = −2cω̄ω 0 − c ω 0 ω 0 6= 0.

(5.12)

Because the time averages are calculated over a finite time interval, we do not have
ω 0 = 0 identically, but its magnitude should scale with 1/∆t as ∆t → ∞.
If, instead of torque τ , time averaging is performed on the ratio τ /ω 2 (a
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weighted average), we have
1
c̄ =
∆t

Z

t1

τ (ω)
dt = c,
ω 2 (t)

t0

(5.13)

and the time-averaged torque weighted by 1/ω 2 has no error:
τ 
τ̂ :=
ω̄ 2 = c ω̄ 2 = τ (ω̄).
2
ω

(5.14)

This example is, of course, overly optimistic; it used the exact functional form for
τ (ω). Now, let us examine the effects of weighting the time average by different
powers of ω. Defining
τ 
τ̂k :=
ω̄ k ,
k
ω

εk := τ (ω̄) − τ̂k

(5.15)

and recognizing that the previously defined averages are of this form with τ̄ = τ̂0
and τ̂ = τ̂2 , the weighted averages for k = 1, 3, 4 are
τ 

ω̄
τ̂1 :=
ω̄ =
ω
∆t

Z

t1

c ω dt = c ω̄ 2 + c ω̄ω 0 ,

(5.16)

t0

Z
τ 
ω̄ 3 t1 c
3
τ̂3 :=
ω̄ =
dt = c ω̄ 2 − c ω̄ω 0 ,
3
ω
∆t t0 ω
Z
τ 
ω̄ 4 t1 c
4
τ̂4 :=
dt = c ω̄ 2 − 2c ω̄ω 0 + c ω 0 ω 0 ,
ω̄
=
ω4
∆t t0 ω 2

(5.17)
(5.18)

and the corresponding errors due to the averaging for k = 0, 1, 2, 3, 4 are
ε0 = −2c ω̄ω 0 − c ω 0 ω 0 ,
ε1 = −c ω̄ω 0 ,
ε2 = 0,

(5.19)

ε3 = c ω̄ω 0 ,
ε4 = 2c ω̄ω 0 − c ω 0 ω 0 .
In general, if τ (ω) obeys a power law (5.20) (requiring ω > 0), then the weighted
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average is (5.21)
τ (ω) = c ω α ,


(α−β) 


ω0
α

c ω̄
:
1 + ω̄





τ 
ω̄ β =
τ̂β :=

ωβ





α
c ω̄
1−


ω0
ω̄

(β−α)

(5.20)
α > β,
(5.21)


:

α ≤ β.
0

0

Letting γ := |α − β|, expanding (5.21) in Taylor series in ω /ω̄ about ω /ω̄ = 0,
and carrying out the time integral on each term yields

h
i
ω0
ω0 ω0
ω0 ω0 ω0
1
1
α

1
+
γ
c
ω̄
+
(γ
−
1)γ
+
(γ
−
2)(γ
−
1)γ
+
.
.
.
: α > β,

ω̄
2
ω̄ 2
6
ω̄ 3



τ 
τ̂β :=
ω̄ β =

ωβ
i
h


c ω̄ α 1 − γ ω0 + 1 (γ − 1)γ ω0 ω0 − 1 (γ − 2)(γ − 1)γ ω0 ω0 ω0 + . . . : α ≤ β,
ω̄
2
ω̄ 2
6
ω̄ 3
(5.22)

h
i
0 0
0 0 0
0

−c ω̄ α γ ωω̄ + 12 (γ − 1)γ ωω̄ω2 + 61 (γ − 2)(γ − 1)γ ω ω̄ω3ω + . . . : α > β,



εβ =

h
i


−c ω̄ α −γ ω0 + 1 (γ − 1)γ ω0 ω0 − 1 (γ − 2)(γ − 1)γ ω0 ω0 ω0 + . . . : α ≤ β.
ω̄
2
ω̄ 2
6
ω̄ 3
(5.23)
Thus, if the exponent α in the power law for τ (5.20) can be determined with
sufficient accuracy, γ = |α − β| can be made small enough to effectively eliminate
the error (5.23) induced by time-averaging two fluctuating quantities. Despite
thermal effects leading to an underestimate of ∂τloss /∂ω, it should suffice to obtain
an a posteriori estimate of α from the experimentally measured results.
The goal of the preceding analysis in this section was to devise a technique
to correct measurement error (non-symmetric bias in the measured τ –ω relation)
resulting from rotation speed fluctuation over the course of each time sample.
As is shown in section 5.4.3, this effect was found to be very small relative to
the random uncertainty in the measurements, and so, is not used in the final
results presented here. Since future design iterations of the windage test stand will
have substantially decreased random uncertainty, this analysis is included here for
potential application to future measurements.
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5.3.2

Calculating the average acceleration

The total loss τloss for the system in Figure 5.4, which obeys (5.1), is simply the
difference between the rate of change of angular momentum J ω̇ and the torque at
the sensor τsensor . To reduce the error introduced by time-averaging the torque,
angular acceleration, and rotation rate, we can use weighted averaging as in 5.3.1,
dividing by ω̄ β and taking the average so that
ˆβ
ˆ β τ̂β, sensor
J ω̇
τ̂β, sensor τ̂β, loss
τ̂β, loss
J ω̇
=
+
⇒
=
−
.
ω̄ β
ω̄ β
ω̄ β
ω̄ β
ω̄ β
ω̄ β

(5.24)

From the preceding discussion in 5.3.1, it is straightforward to obtain τ̂sensor /ω̄ β , but
it is not immediately obvious how the weighted average of the angular acceleration
ˆ β /ω̄ β should be computed. Expressing the weighted averaging in integral form
ω̇
and integrating in time by parts yields
ˆβ
1
J ω̇
=
β
ω̄
∆t

Z

t1

J ω̇ω

−β

t0

1
Jωω −β
dt =
∆t

t1

t0

1
−
∆t

t1

Z

t1


Jω −βω −β−1 ω̇dt

t0

Z t1
1
β
J ω̇ω −β dt =
Jω 1−β
+
∆t t0
∆t
t0

t1


Jω 1−β


: β 6= 1,


 ∆t (1 − β) t

0
ˆβ 
J ω̇
=

ω̄ β

t1



J ln |ω|


: β = 1,

 ∆t

1
=
Jω 1−β
∆t

t1

+β
t0

ˆβ
J ω̇
ω̄ β

(5.25)

t0

which reduces to J∆ω/∆t when β = 0, as one would expect. Note that if (5.25)
is applied to each sub-interval of a time sample and the overall average obtained
ˆβ
by averaging these, the contributions of the interior points all cancel, so that ω̇
depends only on the initial and final values of ω, making the estimate sensitive to
noise in ω, as it would not be averaged out in time.
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5.3.3

Calculating the windage

Because it is not possible to place the torque cell between the gear and the closest seal and measure windage directly, it is necessary to estimate the loss in the
bearings and seals, and subtract this from the measured overall loss to calculate
the windage loss. With the current design, the bearing and seal loss—particularly
the seal losses—are large relative to the windage, especially when aerodynamic
shrouding is used. Accounting for the dependence of the bearing and seal losses on
operating temperature is paramount in estimating the combined bearing and seal
loss curve. For the rotation speeds tested, the differences in bearing and seal loss
between cold and hot operation are comparable to or larger than the windage loss.
This variation in losses due to operating temperature change, while large, can be
controlled by running the system to thermal equilibrium before taking data. The
seal loss varies from run to run due to wear, which leads to uncertainty that can
not be easily mitigated.
Without a precise speed controller, difficulty arises in subtracting the measured
tare (bearing and seal) loss from the measured overall loss. Because the loss depends strongly on rotation rate, and the average rotation rates of any two samples
(e.g. a tare test and a test with the gear) can not be expected to coincide, it
could be necessary to apply some curve-fitting technique to represent the tare loss.
The choice of variable used to represent the losses in this could affect the error
substantially. One would expect to introduce less error in subtracting the bearing
and seal loss from the overall loss by representing these losses with variables that
do not depend strongly on rotation rate. For instance, if the overall torque scales
roughly with ω, then the weighted average τ̂1 /ω̄ should be fairly constant with
ω, and a better variable choice than torque. In these of experiments, despite the
lack of a speed controller, the time-averaged rotation rate of each test condition
happened to be sufficiently close to the target rotation rate that this effect was
negligible, and the unweighted measured tare torque could be subtracted directly
from the measured total torque.
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5.3.4

Test procedure

Ideally, tare and total loss measurements at all operating speeds would be acquired
by setting the system to run at a given speed for sufficiently long to reach thermal
steady-state at that speed. After taking data, the system would be allowed to cool
to ambient temperature, and the process would be repeated in a random order
with each operating condition measured numerous times. The unanticipated large
bearing and seal loss magnitude precluded this possibility, as the loss was so high
that the steady operating temperature would melt the lip seals. Additionally, the
need to transmit so much power caused a level of friction in the 1:3 step-up gearbox
that would have led to its thermal demise under long-term continued operation.
A test plan was needed that would reach a consistent operating temperature for
each operating speed without leading to thermal failure.
To reach consistent thermal equilibrium, torque and rotation rate were measured at each operating speed for five seconds. After each measurement, the system
was allowed to cool for one minute before the next data point was taken. Operating speeds were traversed in increasing order, and multiple runs through all speeds
were made in this fashion until the measured torque ceased to vary significantly
from run to run. Even with this low duty cycle: ∼ 20%, as it took up to about 10
seconds to reach the desired rotation speed and 5 seconds of data were recorded,
the bearing housings became sufficiently hot to be unsafe to touch, even briefly,
and the gearbox required cooling with ∼ 0.5 gallon bag of ice, which would melt
completely after less than one hour of operation. Variation in the time taken to
manually bring the system to the desired operating temperature likely resulted in
an important portion of the observed spread in bearing and seal loss, as several
seconds difference here is a large fraction of the total time of heat generation for a
given sample point.

5.4

Uncertainty estimation

Estimation of the uncertainty of the windage loss measurements follows the method
outlined by Coleman and Steele [127]. Time constraints necessitated that the
overall process not take place in the ideal order:
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1. Design experiment,
2. Estimate uncertainty, debug, and refine experiment design accordingly,
3. Take measurements,
4. Process data,
which includes estimation of uncertainty before measurements are taken and allows
for design changes to remove important sources of uncertainty. Instead, the actual
process followed for phase one was:
1. Design experiment,
2. Take measurements,
3. Estimate uncertainty,
4. Process data.
Considering this phase is a proof-of-concept for what will hopefully be a continued
experimental effort along these lines, it can be considered part of step two in the
ideal process outlined above. In that light, it has been quite successful in revealing
the uncertainty magnitude of the original design, pointing to cost-effective measures to drastically reduce the dominant uncertainty sources, and giving a headstart on anticipating and addressing the uncertainty sources that will dominate
after the current top contributors are eliminated.
Coleman and Steele group sources of uncertainty of a quantity r into two categories: systematic (bias) uncertainty, br and random uncertainty, sr . Those effects
that vary over the course of a meaurement, and can ultimately be removed by increasing sample size are considered the random uncertainty, while those that do not
vary during a measurement or from measurement-to-measurement are considered
systematic. Errors in calibrating or zeroing instruments are examples of systematic
uncertainty, while electronic noise or perturbations from mean flow quantities in a
stationary turbulent flow are examples of random uncertainty.
The relative simplicity of this data acquisition system (optical rotation counter
and slip-ring torque cell connected to a National Instruments chassis with a precision oscillator for timing) does not suggest many possible sources of measurement
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bias. Since the torque cell was calibrated and the measured zero varied incredibly
little O (10−10 N − m) there should not be any significant discrepancy between the
measured and actual total torque. Additionally, since the windage loss is calculated as the difference between the total measured loss and the tare measured loss,
any constant offset or speed-dependent bias should cancel. Because the gear is
supported by a preloaded matched pair of angular contact bearings, the bearing
loss is not expected to change any appreciable amount in response to the added
weight of the gear. The conceivable sources of bias that could affect the windage
measurement are
1. Torque cell calibration error leading to incorrect slope of voltage-torque relation
2. Defective oscillator leading to incorrect values of rotation rate
The first item could be important, though we have no current way of calculating
the likely spread of the voltage-torque relation. Given the observed magnitude of
the random uncertainty, this is most likely negligible in comparison. The second
item can be eliminated, as speed was also monitored using a digital multi-meter.
The values observed on this matched the values measured by the data acquisition
system. As such, the remaining uncertainty estimation focuses on the random
uncertainty, and on the magnitude of the its various sources. Now, after a brief
introduction of the notation used and review of statistics, let us consider the previously mentioned relevant sources of uncertainty in this experimental effort and
devise ways of estimating their importance using the data that was collected.

5.4.1

Statistics, confidence intervals, and notation

The notation used in this chapter follows closely that used in [127]. A point is
made to make clear when standard deviations (uncertainties) are estimates of a
population parameter or sample mean statistic (e.g. population standard deviation
vs. standard deviation of the sample mean). The mean and standard deviation of
a parent population from which samples Xi are drawn are respectively
N
1 X
µ = lim
Xi ,
N →∞ N
i=1

(5.26)
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σ = lim

N →∞

1
(Xi − µ)2
N

 12
.

(5.27)

A bar over a quantity is used to denote the mean of a finite sample,
N
1 X
X=
Xi .
N i=1

(5.28)

The corrected sample standard deviation is the square root of the unbiased estimator of population variance from a finite sample
N

s2X

2
1 X
Xi − X .
=
N − 1 i=1

(5.29)

If the parent population is Gaussian with mean µ and standard deviation σ, then
the sample means for samples of length N are themselves normally distributed
with mean µ and standard deviation of the mean
σ
σX = √ .
N

(5.30)

In practice, we are trying to estimate µ and σ, so clearly they are unknown. If the
sample standard deviation sX is used as an estimate for the population standard
deviation σ, then the sample standard deviation of the mean is
sX
sX = √ .
N

(5.31)

Xi − µ
X −µ
√ do not follow a Gaussian distribution, but
, and
sX
sX / N
rather follow a t-distribution with ν = N − 1 degrees of freedom. As N → ∞,
The quantities

the t-distribution approaches the Gaussian distribution. Using the t-distribution,
t-values corresponding to a level of confidence can be calculated satisfying

Prob −t95

Prob −t95

Xi − µ
≤
≤ t95
sX



X −µ
√ ≤ t95
≤
sX / N

= 0.95,

(5.32)

= 0.95,

(5.33)
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so that the corresponding confidence intervals for the estimate of the population
mean µ from samples are
Prob (Xi − t95 sX ≤ µ ≤ Xi + t95 sX ) = 0.95,

(5.34)


Prob X − t95 sX ≤ µ ≤ X + t95 sX = 0.95.

(5.35)

Using (5.35) to construct a confidence interval requires that sX and sX capture
the variability of all relevant sources of uncertainty. Above, it was mentioned that
the sources of uncertainty are grouped into two categories: the standard random
uncertainty sX , and the bias uncertainty bX . Since the bias uncertainty is unknown
and can not be estimated from the measurements, some other technique must be
used to estimate the uncertainty associated with the various sources of bias to
estimate the true value of the sample standard deviation of the mean (standard
uncertainty of the mean)
2
2
uX
= b2X + sX
,

(5.36)

b2X = b2X,1 + b2X,2 + . . . + b2X,k ,

(5.37)

where k is the number of bias sources considered. Note that since the bias uncertainty does not vary from run-to-run, bX = bX , and we can not hope to reduce bX
by increasing the sample size. Now, uX can be used in the place of sX in (5.35) to
calculate measurement confidence intervals.
When a quantity is a function of multiple (say, k) experimentally measured
variables
r = r(X1 , X2 , . . . , Xk ),

(5.38)

the Taylor series method for propagation of uncertainty can be used to estimate
the standard deviation and standard uncertainy of the mean r as
"

u2r

# " k 
#
2
k 
X
X ∂r 2
∂r
2
2
=
bXi +
sXi = b2r + s2r ,
∂Xi
∂Xi
i=1
i=1

# " k 
#
2
k 
X
X ∂r 2
∂r
2
ur2 =
b2Xi +
sX
= b2r + s2r .
i
∂X
∂X
i
i
i=1
i=1

(5.39)

"

(5.40)

As the bias estimates will be associated with the measured quantites, the Taylor
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series method, or another technique such as Monte Carlo simulation, must be used
to propagate the biases bXi into ur and ur . On the other hand, the standard
random uncertainty sr and sr should be calculated directly from the distribution
of estimates of r when multiple samples of r are available. This accounts for
correlation effects between the Xi that would otherwise not be accommodated.
The difference between the directly and indirectly calculated random uncertainty
values can give an idea of the extent to which correlation effects are affecting the
measurement of r.

5.4.2

Angular variation of measured torque

At the beginning of each experimental session (running through the range of operating speeds repeatedly, taking measurements until equilibrium was achieved),
a measurement was made to calibrate the zero of the torque sensor (and trivially,
the rotation rate sensor). As with all time samples collected, the zero data was
sampled at 100 Hz for 5.2 seconds, so that 520 data points were measured. The
mean value of the twelve measured torque zeroes was −3.913 × 10−11 N-m, and the
standard deviation of these was 5.605 × 10−10 N-m. There is no reason to suspect
that the gear somehow happened to be in the exact same angular position each
time, so we can conclude that uncertainty associated with angular variation in
measured torque, even combined with a badly chosen sampling rate (integer multiple of shaft rate), would not lead to any appreciable change in the time-averaged
torque. The aforementioned mean and standard deviation of the zeroes are small
enough to cause suspicion, so further investigation in phase two may be wise. As it
is, there is currently no data to suspect it has any meaningful contribution to uncertainty and it is not considered further. It is worth noting that measurements of
zero torque repeatability needed to be taken long after the system stops running,
as there is residual Coulomb friction in the seals and bearings that must settle
out. A number of zero repeatability measurements were taken immediately after
running at high speed, and consistently registered ∼ 0.1 N-m of residual torque.
As this residual static friction is not present while the apparatus is spinning, these
results are not considered in estimating the torque measurement uncertainty.
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Figure 5.7: 100 Hz oversampling the 10 Hz rotation rate sensor signal

5.4.3

Uncertainty of time-averaged measurements

A computer running LabView was used to collect data from the National Instruments digital data acquisition chassis. Time samples were taken at 100 Hz with
results averaged over 5.2 seconds, so that each time-trace of rotation rate and
torque had 520 corresponding measurement points. Rotation rate was calculated
by the NI chassis by counting the rotations for 0.1 second, so that the rotation
rate sensor response was 10 Hz, and the signal was over-sampled, as shown in figure 5.7. To avoid underestimating the uncertainty of the measured rotation rate,
Matlab’s decimate function was used in post-processing to apply an order 30 finite
impulse response low-pass filter to the rotation rate signal prior to downsampling
by a factor of ten, as shown in figure 5.8. This filtering and downsampling is also
important in estimating the average acceleration and its uncertainty to calculate
the average torque loss and its uncertainty.
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Figure 5.8: Comparison of original oversampled time signal of rotation rate with
low-pass filtered and downsampled signal
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A persistent environmental noise with frequency f ∼ 23.5 Hz and amplitude
∼ 0.2 N-m was observed in all time traces of the torque, including when the
rotation rate was zero. Figures 5.9 and 5.10 respectively show a time trace of
the torque signal at zero rotation rate and its Fourier transform demonstrating
this. With a sampling rate of 100 Hz, any noise associated with electrical grid
60 Hz alternating current would alias down to 40 Hz, and not to 23.5 Hz, and no
peak is observed at 40 Hz. Because a similar noise has been observed in different
experiments throughout the facility, it is suspected to either be caused by building
vibration or feedback of some equipment into the building power. As such, it can
be safely filtered out. In order to apply the weighted time averaging outlined in
5.3.1, the same low-pass filter and downsampling procedure applied to the rotation
rate signal above was applied to the torque signal. Figure 5.11 shows the original
and filtered/downsampled torque signals overlaid. This procedure did not change
the mean torque or rotation rate for any data point by any significant amount.
On the other hand, the reduction in torque standard deviation was often great
enough to offset the reduction in N from 520 to 52 and decrease the estimated
sample uncertainty of the mean for torque. Decimation always increased the sample
uncertainty of the mean for rotation rate, as it should have for oversampled data.
Figure 5.12 shows 99% confidence intervals for time-averaged torque and rotation
rate through a single run of all test speeds. Observe that the horizontal intervals
are nearly imperceptibly narrow, and the vertical intervals are quite narrow at all
but high speeds where they are still not large.
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Figure 5.9: Time trace of torque signal at zero rotation rate sampled at 100 Hz
showing persistent background noise peak at f ≈ 23.5 Hz
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Figure 5.10: Fourier transform of torque signal at zero rotation rate sampled at
100 Hz showing persistent background noise peak at f ≈ 23.5 Hz
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Figure 5.12: 99% Confidence intervals for time-averages from one run of test points
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Figure 5.13: Percent change in measured time-average of torque from changing
ω-weighting power β from 0 to 1 for one run of all test speeds
In the hope of reducing directional bias (not bias uncertainty, but tendency
to weight departures from the mean asymmetrically due to correlation effects) in
the time-averaged torque vs. rotation rate relation, the effect of the weightedaveraging procedure outlined in 5.3.1 was investigated. From Figure 5.12, we see
that torque appears more or less proportional to rotation rate, with a constant
offset from zero (likely dry friction). The relation tapers off at high speeds due
to viscosity decrease with temperature increase, since the seal and bearing loss is
large at high speeds. As such, β = 1 seems an appropriate choice for the power law
weighted averaging. The changes in measured averages and sample uncertainty of
the mean were examined between β choices of 0 (straight time-average of torque)
and 1 (torque weighted by 1/ω for average). Figure 5.13 shows the percent change
in average torque in changing β from 0 to 1 for the same points as in figure 5.12,
and figure 5.14 shows the percent change in sample standard deviation of the mean.
It is clear from figure 5.13 that the percent change in the time average of
torque brought about by 1/ω β -weighting is negligibly small over all speeds tested,
and smaller still at higher speeds where windage begins to become large. Figure
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Figure 5.14: Percent change in the sample standard deviation of the time-averaged
mean of torque from changing ω-weighting power β from 0 to 1 for one run of all
test speeds
5.14 shows that except at low speeds, where the sample standard deviation of the
mean of torque is quite small, the weighting also has a quite small, but non-zero
effect on the standard deviation estimate. Figure 5.15 examines the change in
the standard deviation estimate for both the torque time average and the inertia
correction average. We see that the standard deviation of the inertia correction
mean is quite insensitive to the weighting (though its mean value presumably
is), while the weighting does have some effect on the standard deviation of the
mean of the time trace of torque, though without any definite trend. At any rate,
the changes in measured torque and time-sample uncertainty associated with the
1/ω β -weighted averaging are not large enough here to warrant use in this study.
From the lack of sensitivity to 1/ω β -weighted averaging, we can deduce that
one or both of the following is true:
1. The change in ω is so small over the course of the time averages that the
resulting bias in the τ -ω relation is negligible,
2. The change in torque is uncorrelated with change in ω.
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Figure 5.15: Percent change in standard error of both measured time-average of
torque signal without inertia correction and inertia correction due to changing
ω-weighting power β from 0 to 1 for one run of test points
The width of the horizontal uncertainty bars in figure 5.12 lends credence to the
first of the above two explanations. Physically, there must be some correlation
between rotation rate and loss fluctuations due to rate-dependent (e.g. viscous)
friction. In this case, the changes in torque due to other factors, such as large
temperature change leading to lubricant viscosity change over the 5.2 second time
sample, simply far outweigh this correlation.
Having seen that the 1/ω β -weighting of the torque time average did not have
much effect on the measured torque or associated uncertainty for the current experimental design, let us now examine the relative magnitude of the correction for
inertia with changing rotation rate. Figure 5.16 shows the ratio of the inertial correction to the measured time-averaged torque as a percent for some runs with the
gear installed (higher moment of inertia than without). Since the bearing and seal
loss is already large relative to the windage loss with the current design, this ∼ 1%
change in the overall loss torque can be large relative to the windage torque, and
so, we should consider inertia in calculating the windage. Figure 5.17 shows the
percentage of the sample standard deviation of the mean of torque that is caused
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Figure 5.16: Inertia correction to torque time-average vs. rotation rate for several
runs through all test speeds with gear installed
by standard deviation of the inertia correction for these same test points. Observe
that at high speeds, the uncertainty in measured torque here is almost entirely due
to inertial effects despite the relatively small variation in rotation rate over a time
sample.
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Figure 5.17: Ratio of sample standard deviation of the mean of inertia correction to sample standard deviation of the mean of inertia-corrected average torque
expressed as a percent for the same points as in Figure 5.16

196

5.4.4

Uncertainty of the windage loss

Examining the uncertainty sources and their relative magnitudes for the timeaveraged measurements of rotation rate and torque has given a picture of what
effects are important to this experimental effort—such as correcting for inertia—
and which can be ignored for now—such as torque and rotation rate correlation
bias. In so doing, it also provides direction for future efforts to reduce overall
uncertainty in the measurements for future phases of this effort. Ultimately, the
mean rotation rate and torque (ω, τ ) at each test speed are calculated as averages
from multiple time samples, so that their random standard uncertainty (sω , sτ )
should be estimated directly using (5.31), rather than by propagation of the timesample random standard uncertainty using the Taylor series method.
Windage loss is calcuated by subtracting the mean tare loss from the mean
total loss at each rotation rate. Initially, it was suspected that some τ vs. ω curve
fit on the tare loss would be necessary due to the lack of a precise speed controller.
In practice, the spread in ω from run-to-run for a given target speed was small
enough that the curve fit would have introduced more error than simply ignoring
any discrepancy in ω and directly subtracting the point-wise average tare loss from
the average total loss at each target speed. The random standard uncertainty of
the torque must be calculated from the random standard uncertainty of the tare
and total loss using the Taylor series method. Here, the sensitivity coefficients are
∂τwindage
=1⇒
∂τtotal



∂τwindage
= −1 ⇒
∂τtare

∂τwindage
∂τtotal



2

∂τwindage
∂τtare

= 1,

(5.41)

2
= 1,

(5.42)

so that the random standard uncertainty of the windage is simply
sτ windage

q
= s2τ total + s2τ tare ,

(5.43)

and since we have not identified any sources of bias and also suspect that most
possible sources of bias would cancel in calculating τ windage = τ total − τ tare anyway,
we can take the combined standard uncertainty uτ windage to simply be equal to
the random standard uncertainty sτ windage in calculating confidence intervals for
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windage measurements. The width of the confidence intervals is t99 uτ windage , where
t99 is calculating using the t-distribution with N − 1 degrees of freedom, where N
is the lesser of the number of sample averages for the total and tare losses at each
rotation target rate.
To show the relative magnitudes of the total, tare, and windage (difference
between the two) loss, along with the spread in measured loss between samples,
figures 5.18, 5.19, and 5.20 show time averages of measured torque and rotation
rate for several runs of tare and total loss measurements. Figures 5.21, 5.22, 5.23
show the average torque and rotation rate over all samples with 99% confidence
intervals on the torque measurement. Horizontal rotation rate confidence intervals
are not shown as they are imperceptibly narrow when printed. Figures 5.18 and
5.21 are for the unshrouded configuration at test speeds of 600 through 7200 rpm
with data taken every 600 rpm, and figures 5.19 and 5.22 are for the fully-shrouded
configuration at the same speeds.
For unshrouded operation, we see that while the difference between the total
and tare points is only perhaps 30% of the tare loss magnitude at the highest
speeds, this difference is still resolved well relative to the spread between samples.
On the other hand, in figures 5.19 and 5.22, the aerodynamic shrouding clearly
reduced the windage loss to the extent that it was small relative to the tare loss
variation between samples. As the windage torque loss should be proportional to
ω 2 , while the bearing and seal loss should be proportional to ω, measurements were
taken of the shrouded total and tare loss at higher rotation speeds, in the hope of
resolving the windage loss. Figures 5.20 and 5.23 respectively show several samples
of total and tare losses, and the average total and tare loss over all samples along
with 99% confidence intervals. Target speeds ranged from 5400 to 9000 rpm, again
separated by 600 rpm. The target point at 8400 rpm was skipped, as it turned out
to be a resonant frequency of the system. While the speed increase did increase
the windage loss to the point that its presence can be resolved, its magnitude is
still visibly similar to the spread in measured torque between samples.
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Figure 5.18: Comparison of total and tare loss measurements from several unshrouded tests
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Figure 5.19: Comparison of total and tare loss measurements from several fullyshrouded tests
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Figure 5.20: Comparison of total and tare loss measurements from several highspeed fully-shrouded tests
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Figure 5.21: Comparison of average total and tare loss measurements over all
samples for unshrouded configuration showing 99% confidence intervals
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Figure 5.22: Comparison of average total and tare loss measurements over all
samples for fully-shrouded configuration showing 99% confidence intervals
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Figure 5.23: Comparison of average total and tare loss measurements over all samples for high-speed tests of fully-shrouded configuration showing 99% confidence
intervals
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5.5

Results

Measured windage loss torque and power for unshrouded operation of the 11 inch
pitch diameter spur gear are shown in figure 5.24. 99% confidence intervals for
windage loss are shown, calculated as outlined in 5.4. At the higher windagerelevant speeds, the 99% uncertainty corresponds to a spread of ± ∼ 10% of the
measured windage loss. For this proof-of-concept phase of the experimental effort,
this is acceptable, but certainly needs to be reduced substantially to be useful for
CFD validation and other precision applications.
Diab et al. derived two formulas for windage loss on completely unshrouded
high-speed gears [47]. The first of these was based on dimensional analysis, and
was shown to better match measured results than the second, which was based on
simplified fluid flow analysis. The dimensional analysis-based model is:
P = Cl ρω 3 R5 ,

(5.44)

" 
 γ
 ψ #
ψ
b
h
h2
1
Cl = αReβ
Zδ
+
,
R
R
R

(5.45)

with experimentally-determined nondimensional coefficients and exponents listed
in table 5.1. The length parameter b is the tooth face width, R is the pitch radius,
α
60

β
−0.25

γ
0.8

δ
−0.4

ψ
0.56

Table 5.1: Coefficients for Diab dimensional analysis windage model [47]
h1 and h2 are defined
1

h1,2 = 0.5 ψ R,

(5.46)

Z is the tooth count, and the Reynolds number is defined
Re =

ρωR2
,
µ

(5.47)

with ω in radians per second. The loss predicted by the Diab model is plotted as a
solid red line in figure 5.24. Because the Diab model is for completely unshrouded
operation, and the present configuration has a backing plate with 0.25 inch clear-
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ance, some reduction in loss is expected. The Diab prediction with an assumed
30% reduction due to the effect of the backing plate is shown with a dashed red
line, and appears to agree well with the measured results. Dawson [45] investigated
the windage loss reduction of several combinations of shrouding, finding that twosided axial shrouding with clearance of about 1 inch resulted in a 19% reduction
in windage loss, while adding axial shroud with 0.3 inch clearance around just the
teeth reduced windage by 21%. The ∼ 30% reduction observed here due to the
close back plate agrees in scale with Dawson’s results.
As in figure 5.24, measured torque and power windage loss are shown in figure
5.25 with 99% confidence intervals for fully-shrouded operation of the same 11
inch pitch diameter spur gear. Note that shrouding reduced the measured windage
loss to about 10% of what was observed with only the backing plate. While the
uncertainty magnitude is not notably different than in figure 5.24, the magnitude of
the windage loss is now small relative to this. Indeed, the 99% confidence interval
around measured loss contains zero for more or less every point measured. Clearly,
the present arrangement does not have an acceptably low level of uncertainty to
measure windage loss for fully-shrouded gears in this size and speed range.
In an effort to obtain measurements of windage loss for the shrouded configuration, additional fully-shrouded tests were run at higher speeds, up to 9000 rpm.
Figure 5.26 shows the measured windage loss torque and power along with 99%
confidence intervals for these cases. The increased operating speed was sufficient
to increase the windage loss to the point that it is distinguishable from zero, but
still not large enough relative to the measurement uncertainty for practical use. As
discussed in the next section, substantial reduction in the magnitude of the bearing and seal loss is certainly possible with mechanical re-design of the test stand,
and should allow sufficient accuracy in windage measurements for fully-shrouded
operation.
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Figure 5.24: Average measured windage torque and power loss showing 99% confidence intervals for unshrouded 11 inch spur gear. The loss predicted by the
dimensional analysis model of Diab et al. [47] for unshrouded operation is shown
with a solid red line for comparison, along with a 30% reduction of the Diab model
loss in dashed red representative of the effect of the backing plate.
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5.6

Design changes for phase two

From what was learned in this first phase of an experimental windage measurement
effort, a number of important design guidelines and goals have been developed that
will greatly enhance the accuracy, and perhaps operating envelope, of the next
phase measurements. The design guidelines and goals are meant to achieve two
primary goals. First, the bearing and seal loss must be reduced to a level that
a variation in this tare loss by several percent does not lead to an unacceptably
large change in the measured windage. Second, the mechanical design must focus
on mitigation of vibration to enable high-speed measurements without danger of
failure due to excessive vibration.
The bearing and seal loss magnitude can be reduced drastically by a reduction
in shaft diameter. For windage measurements, the bearings and shaft need only to
support the weight of the shaft and ∼ 20 pound gear, and the shaft only needs to
transmit the windage loss torque plus the bearing and seal loss. Since the windage
loss is on the order of several Newton meters, it can be quite small. Reduction in
shaft diameter from 2.25 inches to, say 1 inch would drastically reduce the bearing
and seal loss by:
1. Reducing the circumference of the region where friction occurs,
2. Reducing the moment arm of the applied friction force,
3. Reducing the sliding velocity.
Given that the circumference, sliding velocity, and moment arm all scale with shaft
radius, the expected behavior of bearing and seal loss can be reasonably expected
to scale with the cube of shaft radius. Halving the radius without making any other
design change ought to reduce the bearing and seal loss by a factor of approximately
8. Beyond shaft radius reduction, the shaft seals should be replaced with noncontacting labyrinth seals. This should yield a significant further reduction of loss
and eliminate the effect of wear on the variation of tare loss between samples.
Monitoring of the bearing temperature should lead to more consistent results as
well; in the absence of wear, temperature should be the only meaningful cause of
change in bearing and seal loss between samples.
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Vibration can be mitigated in two primary ways. First, the shaft connecting the
gear to the torque cell should be shortened substantially. The long, unsupported
section of shaft leads to an unnecessarily low first resonant frequency, so that a
shaft rate of 8400 rpm excites it. Halving the length of this unsupported section
would increase the resonant frequency by a factor of four, though reduction in shaft
diameter for tare loss reduction will decrease this to some extent. Second, the entire
rig needs to be designed with a strategy for precision alignment of each component
in mind. The previous design did not allow for installation of couplings after
alignment without moving components and compromising the alignment precision.
Once the one-piece rigid couplings were in place, and the system was moved back
to where it had been after alignment, there was no way to measure misalignment.
Another useful design change would be to use a rotary shaft encoder instead
of an optical rotation counter. This would allow for much better precision in
measuring the correction for inertia, and could also be used in conjunction with
a precise speed controller to eliminate any possible need for inertia correction or
weighted time-averaging as outlined in 5.3.1. Finally, it could be beneficial to
replace the 1:3 step-up gearbox with a more robust model, or to install a better
cooling system to allow continued operation without overheating. On the other
hand, a tenfold reduction in bearing and seal loss might reduce the required power
transmission to a level that does not result in overheating of this component.

Chapter

6

Conclusions and Future Work
A multi-scale, multi-physics computational tool for the simulation of high-performance
gearbox aero-thermodynamics has been developed and applied to both equilibrium
and loss-of-lubrication operation. The physical processes acting in these systems
include multiphase compressible flow of the air and lubricant within the gearbox,
meshing kinematics and tribology, as well as heat transfer by conduction, and free
and forced convection. Relevant space and time scales for these effects span eight
orders of magnitude, from the thermal response of the full gearbox O (100 m, 102 s),
through effects at the tooth passage time scale O (10−2 m, 10−4 s), down to tribological effects of the meshing gear teeth O (10−6 m, 10−6 s).
As their scales span so many orders of magnitude, direct simulation of these coupled physics is intractable. To overcome this, a scale-segregated solution strategy
was developed by partitioning the contributing physical mechanisms, and treating
each as a sub-problem with associated space and time scales. These are:
1. the long time scale thermal response of the system,
2. the multiphase (air, droplets, and film) aerodynamic flow and convective heat
transfer within the gearbox,
3. the time-periodic thermal effects of gear tooth heating while in mesh and its
subsequent cooling through the rest of rotation,
4. meshing effects including tribology and contact mechanics.
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The first three of these are simulated using a version of the NPHASE-PSU CFD
code modified by the author to accommodate the requirements of gearbox loss-oflubrication analysis. A new model for loss-of-lubrication–relevant meshing tribology, spanning all lubrication regimes from well-lubricated through severe starvation
and scuffing has been developed within a collaborator’s dissertation research. This
model was converted to C code, modified to accommodate a time-accurate CFD
based surface flux formulation, and compiled directly into NPHASE-PSU. Coupling of these four sub-problems was achieved through physically-derived coupling
mechanisms. Specifically, a scale-spanning conjugate heat transfer boundary condition has been developed to couple the enclosed multiphase aero-thermodynamics
with both long time-scale and high-frequency heat transfer within the solid components. The gearbox thermodynamics and tribology model are coupled through the
meshing friction and the local tooth surface temperature entering mesh. The long
time scale problem derives time-averaged local heat flux boundary conditions from
the high frequency module, while the temperature distribution given by the long
time-scale module serves as the initial condition in the high-frequency analysis.
Each sub-problem in this multi-scale gearbox aero-thermodynamics simulation
framework presented challenges that were addressed in this dissertation. Accordingly, in addition to the multi-scale modeling strategy itself, specific additional
contributions and conclusions include:
1. Eulerian models for droplets and films were developed and implemented into
the CFD code. The droplet-film kinematics and dynamics models include
the effects of deposition, splashing, bouncing, and film breakup, and are
validated against airfoil data. A novel approach to retaining liquid film on
the solid surfaces, and strategies for its mass exchange with droplets, were
developed and verified.
2. It was found that in modeling droplet deposition to wall-film with splashing
and bouncing, separate fields must be used for the incident and splashed
droplets in order to respect the distinct trajectories that they follow.
3. The CFD code was instrumented to accommodate the multiphase flow inside the gearbox and conduction within structural components, where: a.)
The time-periodic conduction simulation derives its heat transfer coefficient
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and air temperature boundary conditions from quasi-steady cyclic-symmetric
simulation of the internal flow. b.) The long time scale conduction simulation
heat flux boundary conditions are calculated by averaging the time-periodic
heat flux. c.) The long time scale conduction simulation provides temperature boundary conditions for the convection simulation.
4. Simulations were performed for equilibrium and loss-of-lubrication operation
of the NASA Glenn Research Center test stand, and results were compared
with experimental measurements.
5. To mitigate slow convergence of CFD simulation of the enclosed aerodynamic
flow within the gearbox, Fourier stability analysis was used to investigate and
determine its cause, and recommendations to accelerate convergence rate
through enhanced pressure-velocity coupling were made. These were shown
to be effective.
6. A fast-running finite-volume reduced-order-model of the gearbox was developed and coupled with the tribology model to investigate the sensitivity
of results to various material and tribology model parameters. This showed
that gearbox performance under loss-of-lubrication depends quite strongly on
meshing tribology—particularly its dependence on the lubricant film thickness in mesh, which is dictated by the multiphase interaction of air, lubricant
droplets, and lubricant wall-films.
7. Experimental measurements of high-speed gear windage in partially and
fully-shrouded configurations were performed to supplement the paucity of
available validation data. It was found that minimizing and accurately measuring the tare loss in these experiments is important, as is measuring environmental properties such as air temperature, in order to obtain adequate
measurements of windage, particularly in fully-shrouded configurations.
Ongoing work toward understanding and predicting the physics of gearbox
aero-thermodynamics should be directed in the following areas:
1. Ongoing improvements to the models for the multiphase flow of air and
lubricant within the system and its coupling with meshing tribology will be
pursued.
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2. As the multi-field Eulerian formulation for droplet–wall-film interaction presented in this dissertation is matured, experimental data will be needed to
validate its performance in application to the confined, rotating, high-shearrate flows that arise in these systems. Toward this end, a second-generation
windage test facility is under development as a collaboration between The
Pennsylvania State University and The NASA Glenn Research Center. This
facility will provide first-of-its-kind data for windage loss in a canonical geometry (single gear with full axi-symmetric shrouding) with a specified mass
loading of lubricant (multiphase flow).
3. In the next phases of this project, to be executed by the author and another graduate researcher, the relationship between out-of-mesh lubricant
film thickness and meshing contact load share and friction will be explored
theoretically and experimentally in a collaborative effort with the U.S. Army
Research Laboratory and the NASA Glenn Research Center. These experimental and theoretical efforts will improve the physical accuracy of the gearbox model presented in this dissertation, ultimately enabling it to predict
rather than parameterize the effects of some details of the multiphase flow.
4. The geometric pedigree of the model can/should be improved to accommodate more complex, real-world gearbox systems. Specifically, each gear in
mesh will need to be modeled independently, the housing, shafts, and shrouds
will require accurate geometric representation and heat transfer modeling,
and the external free-convection heat transfer to the environment will need
to be modeled using single-phase CFD.
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