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Abstract
This thesis presents two optimal periodic control algorithms and applies the algorithms to
two applications: (i) drug delivery and (ii) airborne wind energy generators. In certain so-called
“proper” applications (including the two explored in this thesis), operating a plant periodically
can be more beneficial than operating in steady state. This thesis focuses on adapting the input
trajectory of proper systems online in the presence of uncertainties.
Online strategies certainly exist in the in optimal periodic control literature, and some have
even been applied to the drug delivery problem or to airborne wind energy generators. However,
the body of literature concerning plants with uncertainties is more narrow. The first method
presented in this thesis uses a model-free extremum seeking scheme to slowly converge to the
optimal periodic input trajectory. The second method uses knowledge of the model but accounts
for a parametric uncertainty, and extremum seeking is used to search through a family of optimal
trajectories (computed offline) that correspond to discrete values of the uncertain parameter. The
specific design of each controller is novel (to the best of the author’s knowledge). It differs from
other strategies in its combined focus on uncertainties and use of extremum seeking. Extremum
seeking is particularly well-suited for this task because of its ability to adapt to uncertainties and
because of its well understood stability properties.
The first method, which is completely model-free, is applied to the drug delivery problem. The
drug delivery problem describes nicotine’s interaction with the body. Concentrations of nicotine
instigate a tolerance effect, which lowers the overall drug efficacy. By using the first model-free
method, an optimal trajectory similar to others presented in the literature is achieved, but the
convergence time is very slow (approximately 20,000 cycles).
The second method, which uses the model but accounts for a parametric uncertainty, is applied
to an airborne wind energy generator. The objective is to maximize the time-averaged power
output in uncertain wind conditions. The system’s optimal energy output often involves flying in
periodic figure-8 trajectories, but the precise optimal figure-8 shape is sensitive to environmental
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conditions, including wind speed. The presented controller is efficient in that it only searches for
the optimum trajectory over the uncertain parameter (in this paper, wind speed). Results show
that the controller converges to the optimal trajectory, provided it is initialized to a stable figure8. The speed of convergence is dependent on the difference between the initial average power
output and the optimal average power output. In certain scenarios, the controller converges in
about 100-200 cycles.
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Chapter 1
Introduction
This thesis introduces two optimal periodic control (OPC) algorithms and applies the algorithms to two applications: (i) drug delivery and (ii) airborne wind energy generators. In certain
so-called “proper” applications (including the two explored in this thesis), operating a plant
periodically can be more beneficial than operating in steady state. For example, in some drug
delivery applications, when a drug is injected in the body, a tolerance effect appears, lessening
the overall drug efficacy [1, 2]. If a constant drug injection rate is used, the tolerance causes the
drug’s efficacy to drop to an unacceptable steady-state level. If a periodic injection rate is used,
both the drug and tolerance levels have time to decrease when the injection rate is low. Then,
when the injection rate is again increased, the drug efficacy rises to the desired range, but only
for a period of time before the tolerance “catches-up.” Although the drug efficacy is unable to
stay within a desired level for all of time, the periodic injection rate can cause efficacy to reach
the desired level for a percentage of the time—an improvement over the optimal steady state
solution.
In the airborne wind energy generator (AWEG) application, periodic optimal control can be
used to increase the apparent wind speed. This paper considers a lightweight, balloon-like system
that houses a regular wind turbine. It is connected to the ground via tethers instead of a tower,
and the tethers can be used to control the AWEG’s motion. The power output of an AWEG
depends on the apparent wind speed relative to it. Higher apparent wind speeds result in much
higher power generation levels. Periodic figure-8 crosswind trajectories can increase the apparent
wind speed, consequently increasing the time-averaged power output [3].
The OPC schemes in this thesis adapt periodic input trajectories to plants with modeling
uncertainties. In the first method, the model is assumed to be completely unknown. Multiparameter extremum seeking is used to slowly adjust coefficients of a Fourier series representing
the periodic input. This first method is illustrated on the drug delivery problem. In the second
method, the model’s structure is assumed to be known, but a parametric uncertainty exists.
Single-parameter extremum seeking is used to select the periodic input trajectory from a bank
of optimal trajectories corresponding to different values of the uncertain parameter. This second
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method is illustrated on the AWEG application. The material presented in this thesis is also
presented in references [4–6].

1.1 Literature Review
This thesis builds on three closely linked bodies of literature: (i) the general OPC literature, (ii)
the drug delivery literature, and (iii) the AWEG literature.

1.1.1

General Optimal Periodic Control

This section describes the history and major contributions to the OPC literature. Early evidence of the potential benefits of periodic optimal control was published in 1967 by Horn and
Lin [7]. They found that operating certain chemical processes periodically offers improvements
over steady state operation. Since then, researchers have found that periodic operation can not
only improve chemical processes [7–9], but also has applications to aircraft fuel efficiency [10–12],
economics [13], and even vampires’ bloodsucking patterns (theoretically) [14].
Initial research in the field of optimal periodic control was based on variational calculus.
Researchers developed necessary and sufficient conditions for showing the optimality of periodic
trajectories [15, 16]. Building on this, researchers began to develop strategies for determining
if a steady state process could be improved by periodic operation. The π-test was created
and modified to determine if weak variations around a steady state optimum could improve a
process [17, 18].
The field of OPC builds on the above theoretical research to develop several methods for
computing optimal trajectories offline. Some of the literature employs indirect optimization
techniques, meaning that necessary and sufficient conditions for optimality are used to find
optimal trajectories [13, 19]. Other researchers employ direct optimal control methods, where
they assume a parameterized form of the solution then optimize those parameters, often using
nonlinear programming (NLP). For example, some strategies discretize the periodic input as a
sum of sinusoids [20], a piecewise constant function [20], or a Fourier series [21]. In another
example, Varigonda et al. utilize differential flatness, a property inherent to certain systems [22].
They use a Fourier series to discretize and optimize their system’s flat output.
The above offline OPC strategies can be used to determine optimal input and state trajec-
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tories. These trajectories can be implemented online by directly applying the input trajectories
or by using a tracking controller to follow the optimized state trajectories. In contrast, online
OPC strategies do not implement a fixed orbit. Instead, they define the trajectory online, and
the optimization occurs continuously as the system is running. In order to take full advantage of
the benefits of periodic operation, online OPC methods are required.
In the recent decade, the OPC literature has seen a substantial amount of work on development of methods for online adaptation of optimal periodic control laws. Most of these online
methods enable online implementation of OPC theory for plants with accurate models, plants
with known periods, and problems where a pulsed input is optimal or near optimal [23–27].
Guay et al. achieve optimal periodic control online by using information from the plant
model [24]. They parameterize their system in the same manner as [22], by representing the
system’s flat output as a Fourier series. Then, they optimize the control parameters online
using extremum seeking (ES). They use the model to translate between the the physical system
and the optimized flat output. Similarly, Höffner et al. construct a Hamiltonian reference
model, and use backstepping control to ensure tracking of this model [25]. Optimizing the
reference model trajectories via extremum seeking leads to an online periodic suboptimal control
policy. The method is implemented using feedback control to make sure the system’s trajectory
matches the desired shape. Again, the model is involved in construction of the Hamiltonian,
the backstepping control, and the gradient-based extremum seeking method used in the paper.
Azzato and Krawczyk create an online OPC method using stochastic optimal control strategies
to develop feedback laws for plants of a certain structure [23]. Their method accounts for model
uncertainty by using a stochastic model. However, the feedback laws are developed a priori, and
the controller does not learn about the model from the system as the optimization occurs.
There exists another class of work that is more applicable to plants with model uncertainty.
Haring et al. consider nonlinear systems subjected to a periodic disturbance signal with a known
constant period [26]. They assume there is a parameterized feedback law that makes the steady
state trajectories uniformly globally asymptotically stable for any choice of the control parameter.
Then, a modified ES scheme is used to optimize the steady state performance of the stabilized
system and proofs of stability are given. Hudon et al. achieve OPC by parameterizing a pulsed
input [27]. They find the optimal switching time by using model predictive control (MPC).
In these studies, either the optimal period must be known or a pulsed input must be applied,
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which is limiting for some applications. Ghanaatpishe et al. present an OPC algorithm capable
of adapting the period and shape of a system with modeling uncertainties [4]. Their self-tuning
regulator estimates an uncertain parameter and implements the corresponding optimal trajectory
from a bank of solutions computed offline.

1.1.2

The Drug Delivery Problem

This section describes the background of the drug delivery problem and contributions related to
OPC. The drug delivery problem considered in this thesis describes the effects of nicotine on the
body. The application is based on a pharmacokinetic-pharmacodynamic compartment model of
the drug first introduced by Porchet et al. in 1988 [1]. The presence of nicotine causes the body
to build up a tolerance, which lessens the overall effect of the drug. More recently, Varigonda
et al. modified the model to make it more applicable to control studies [2]. Since publication,
Varigonda et al.’s normalized model of the drug delivery problem has been used by the controls
community to demonstrate OPC schemes.
Two research groups have studied the shape of the optimal solution in offline analysis.
Varigonda et al. study the shape of the optimal solution by discretizing the system with a
Fourier series and utilizing the problem’s differential flatness [2]. Ghanaatpishe and Fathy study
the problem offline using variational calculus [28]. They show that the optimal solution has a
bang-singular-bang structure and propose two ways to determine the solution offline. In addition
to these offline studies, several of the researchers discussed in the previous section have illustrated
their online OPC algorithms on the drug delivery problem [4, 24, 25, 27].

1.1.3

Airborne Wind Energy Generators

This section describes the background of AWEGs and the major contributions to the field.
AWEGs harvest the kinetic energy of the wind. They are not anchored to the ground via a
tower, and instead they are guided by tethers, a variation that allows the systems to reach higher
altitudes (and therefore higher wind speeds) [29]. An AWEG’s dynamics depend on the high
altitude wind conditions, which differ from ground-level conditions and are hard to estimate.
There is a need for adaptive algorithms that adjust the control of these AWEGs to maximize
energy in the presence of uncertainties such as wind speed.
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In general, AWEGs come in two forms: ground-level generators and airborne generators.
Ground-level generators are kite-like structures. The wind lifts the kite, which pulls on the
tethers to power a generator on the ground (see, e.g., [30] for a detailed explanation of how
kite-based systems work). This thesis considers an airborne generator system. More specifically,
it considers a lightweight, balloon-like system that houses a regular wind turbine. Although the
analysis in this thesis is performed on one particular airborne generator model, the ideas apply
to other AWEGs.
The power output of an AWEG depends on the apparent wind speed relative to it. Higher
apparent wind speeds result in much higher power generation levels. This create an opportunity
for applying control theory to shape the flight trajectories of these systems in a manner that
maximizes time-averaged power output. Often the optimal trajectory employs figure-8 crosswind
flight. A well-designed annular body can yield lift/drag ratios of 2-3, which provides strong
justification for crosswind motion [3]. Control engineers have developed AWEG models suitable
for optimal control [31–33], defined optimal trajectories based on these models [33–35], and
developed online strategies for implementing crosswind motion [3, 33, 36–42]. Several schemes
have been successfully implemented in experiments [31, 32, 39, 40, 42, 43].
One remaining challenge is to design online control strategies that take into account some
of the many uncertainties associated with these systems. The model parameters are not known
perfectly [44–46], the model structure itself differs from the true system [44–46], and there are
uncertainties with respect to the surrounding conditions, especially wind speed [39, 47]. The
optimal trajectory is often sensitive to these uncertainties.
The literature presents two main approaches for handling uncertainties in online AWEG control. The first approach, proposed by Lucia and Engell, is based on a multi-stage nonlinear
model predictive controller [44]. They discretize two of the uncertain model parameters, then
their controller uses these discrete parameter values to achieve robust optimality over the prediction horizon. The second approach employs real-time optimization (RTO). RTO can be used
to directly manipulate the parameters of the optimal online controller, as done by Zgraggen et
al. [39]. Alternatively, it can be used for the estimation of plant parameters and indirect adjustment of corresponding trajectory parameters: an approach adopted by Costello et al. [47]. In
later work, Costello et al. adjust their method to search in any “privileged” direction(s) that
impact the objective function, not just directions of parameter changes [46].
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1.2 Thesis Contributions
This thesis focuses on developing optimal periodic controllers that are able to adapt to modeling
uncertainties online. As evidenced by the “General Optimal Periodic Control” section of the
literature review (Section 1.1.1), most of the existing online OPC algorithms are unable to adapt
to modeling uncertainties [23–25]. Furthermore, the controllers that are more applicable to plants
with modeling uncertainties have other sometimes limiting properties: either the optimal period
must be known [23] or a pulsed input must be applied [27]. The methods in this thesis are most
similar to the self-tuning regulator presented in [4]. However, while Ghanaatpishe et al. use
estimation, this thesis utilizes ES.
As evidenced by the “Airborne Wind Energy Generators” section of the literature review
(Section 1.1.3), some of the controllers that are designed more specifically for AWEG applications
are applicable to plants with uncertainties in model parameters and environmental parameters,
such as wind speed. One approach within this field is to use a multi-stage nonlinear model
predictive controller that is robust to parameter uncertainties [44], and the other approach is to
use real time optimization [39, 46, 47].
The two controllers presented in this thesis both utilize extremum seeking (ES) to adapt
periodic input trajectories online. ES is a tool used for several of the general OPC methods
presented by the literature [24–26]. However, while the literature’s algorithms often use the
model to increase the convergence speed, this thesis’s methods do not. In addition, the presented
methods adapt both the shape and period of the input trajectory. Furthermore, one difference
in this thesis’s algorithms in comparison to the more AWEG-specific methods is this thesis’s
use of ES. ES’s stability properties are well understood: if the underlying plant is stable and
a time scale separation exists, the scheme will converge [48]. The relevance of this property is
highlighted in the results section of Chapter 3. Indeed, when the underlying plant is stable, the
scheme converges, and when the underlying plant is unstable, the method is ineffective.
Specifically, this thesis contributes the following items to the OPC, drug delivery, and AWEG
literature.
1. This thesis presents two novel (to the best of the author’s knowledge) OPC methods capable
of adapting the periodic input trajectory in the presence of uncertainties.
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(a) The first method uses no information about the plant. The input is parameterized as
a Fourier series, and the coefficients and period are slowly adjusted with separate ES
controllers. (Chapter 2)
(b) The second method uses some information about the plant but is able to adapt to a
parametric uncertainty. Again, the input is parameterized as a Fourier series. Optimal
solutions are tabulated offline, and single-parameter ES is used online to search for
the best trajectory of the family of tabulated trajectories. (Chapter 3)
2. The first OPC method is applied to optimize the input trajectory for a drug delivery
problem. Its results are compared to other methods used for this application. (Chapter 2)
3. The second OPC method is applied to optimize the figure-8 trajectory of an AWEG with
a known model in an environment with uncertain wind speed—a quantity that can be
difficult to measure. A periodic roll trajectory, which is implemented by a motor controller,
significantly affects the crosswind figure-8 shape. This roll trajectory is optimized a priori
for different wind speeds, and the single-parameter ES algorithm is used to pick out the
best trajectory in the uncertain wind environment. (Chapter 3)

Chapter 2
Drug Delivery

This chapter presents a controller for optimizing a periodic nicotine infusion rate profile to
maximize the drug’s efficacy. The presence of nicotine instigates a tolerance effect, and a periodic
input trajectory has the potential to raise the drug efficacy to the desired range for a higher
percentage of the time in comparison to a steady state input trajectory. The shape and period
of the optimal periodic input trajectory depend on the model structure and its parameters. This
work expands on the literature by presenting an extremum seeking based, model-free controller
that is able to slowly adapt the input trajectory. The remainder of this chapter reviews the drug
delivery problem, introduces the ES-based controller, and presents results of simulation studies.

2.1 The Drug Delivery Model
In this section, a drug delivery problem is introduced. The drug delivery problem, as stated by
Varigonda in [2], considers the effect of the drug nicotine on the body. The presence of the drug
causes the body to build up a tolerance, which lessens the effect of the drug. A periodic injection
pattern can be more effective than the best constant injection rate, because allowing the drug
(and the tolerance) concentration time to diminish before injecting additional drug can lead to
higher efficacy in the long term.
In the model, the concentration of the drug, c, causes build up in the concentration of an
antagonist, a, which represents drug tolerance. The dynamics are modeled by
ċ = −c + u
(2.1)
ȧ = ka (c − a)
where u is the drug infusion rate and ka is a rate constant for antagonist elimination. The effect
on the body is modeled by
E(c, a) =

c
(1 + c)(1 + a/a∗ )

(2.2)

where E is the drug efficacy and a∗ is a measure of how much the antagonist diminishes the
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effect of the drug.
An indicator function is used to determine if the drug efficacy lies within a desired range,
[E1 , E2 ]. The indicator function, I, is approximately 1 when within the range and 0 when outside
the range. The indicator function is modeled by
(E/E1 )γ
(1 + (E/E1 )γ )(1 + (E/E2 )2γ )

I(E) =

(2.3)

where γ is a constant that controls the function’s steepness. The objective function, J, is the
indicator function averaged over the period, T :
Z
1 t
J(I, t) =
I(τ )dτ
T t−T

(2.4)

In this work, as in [2, 24, 25], ka = 0.1, a∗ = 1, E1 = 0.3, E2 = 0.6, and γ = 10. The input is
constrained as follows:
0 ≤ u ≤ 10

(2.5)

As shown in Fig. 2.1, using a constant drug infusion rate is ineffective. Initially, the high
drug concentration leads to high efficacy, but soon after, the antagonist builds and counteracts
the effect. As a result, the drug is not in the effective range in the long run. Optimal periodic
control is used to improve drug efficacy in an average sense: although it is impossible to stay in
the target range for all time, it is desirable to stay in the target range for as large a fraction of
time as possible.

States

6
4

0

Drug Efficacy, E

c
a

2
0

5

10

15
Time, t

20

25

30

0

5

10

15
Time, t

20

25

30

0.6
0.4
0.2
0

Figure 2.1. An example of the drug delivery dynamics using a constant infusion rate of 5.
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2.2 Extremum Seeking Controller for Complete Uncertainty
This section presents a controller for optimizing the drug delivery problem online. This controller
uses no information about the drug delivery system, except for a rough guess of an initial input
trajectory. The input is parameterized as as Fourier series. The Fourier coefficients and the
frequency of drug infusion rate are optimized simultaneously using separate ES controllers. To
handle the constraints, log-barrier functions are added as a fictitious cost to the objective function.
This soft constraint method penalizes the areas where the constraints are violated. The resulting
“augmented” objective function is defined as
φ̄(I, u, t) =I(t) + α1 log (u(t))
+ α2 log (−u(t) + 10),
Z
1 T
J¯ =
φ̄(I, u, t) dt
T 0

(2.6)

where α1 and α2 are negative real numbers denoting weights of the penalty terms.
As stated, the controller optimizes a Fourier series representation of only the input, not the
states. This is possible because of two properties discussed in greater detail in [4, 6]:
1. The system will eventually converge to initial conditions that ensure periodicity.
2. A truncated Fourier series serves as a good approximation of continuous, periodic functions.
The remainder of this section details the ES-based optimal periodic controller. Using the logbarrier constraints converts the problem into an unconstrained problem. Using the Fourier series
representation transforms the problem of optimizing a trajectory into a problem of optimizing
multiple static parameters. Separate ES controllers are used to slowly adjust each parameter.
The remainder of this section first describes the general extremum seeking algorithm and then
describes how it can be used for OPC to optimize the drug delivery problem.

2.2.1

Single-Input Single-Output Extremum Seeking

ES uses information from perturbing the system to estimate the direction in which the plant’s
objective function increases or decreases. Then, similar to gradient descent, ES follows the
gradient towards the optimum. Different variations exist, and researchers have improved earlier
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versions of the algorithm to lead to faster convergence [26,49]. However, for the sake of simplicity,
this thesis is based on the more traditional ES scheme described below. Proof of stability may
be found in [48].
The traditional ES scheme used in this work is illustrated in the bottom of Fig. 2.2. It uses
a sinusoidal dither signal with a small amplitude to perturb the system and test the objective
function’s gradient. The gradient is extracted through the high-pass filter, the multiplication,
and the low-pass filter. Then, the integrator adjusts the bulk parameter values based on the
gradient estimation. The approach relies on a time scale separation in which the slowest plant
dynamics, ωp , are much faster than the dither frequency, ωd , which is much faster than the
high and low pass filters involved in the gradient estimation, ωHP and ωLP . Mathematically,
ωp  ωd  ωHP , ωLP . For the OPC drug delivery problem, the dither frequency must be
sufficiently slower than the periodic trajectory of the plant. As shown in the results, this necessary
requirement slows down the convergence significantly, especially when many parameters are used.

2.2.2

Application to the Drug Delivery Problem

The above single-input single-output scheme, used to optimize static control parameters, is applied to the drug delivery problem for the input’s Fourier series parameters (the period and each
coefficient). For this multivariable ES optimization, we use separate controllers for each parameter, as shown in Fig. 2.2. This type of scheme has been shown to eventually converge [50,51], but
as before, adaptations exist for faster convergence [52]. Again, we choose the simpler algorithm
and focus on its application to the drug delivery problem.
Several parameters are optimized: the period and the Fourier coefficients. However, only one
output is measured: the objective function, which is associated with the percentage of time the
drug efficacy falls within the desired range. In order to allow the effect of each parameter to be
identified from the plant’s single output, the dithers for each controller have non-commensurate
frequencies.
Mathematically, the input is defined as the following Fourier series:

u = a0 +

n
X
k=1

τ = f (ω, t)

ak cos kτ + bk sin kτ
(2.7)
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Figure 2.2. The ES controller for optimizing periodic inputs. Each ES block represents the ES algorithm
for that specific parameter.

where τ represents a scaled time that is a function of the fundamental frequency of the Fourier
series, ω = 2π/T , and simulation time, t. The scaled time is necessary to ensure a consistent phase
because the period T is time-varying. This scaled time is governed by the following differential
equation:
dτ
= ω(t)
dt
τ (0) = ω(0) ∗ t0
where t0 is the simulation start time.

(2.8)
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2.2.3

Application Results

This section shows the results of the online OPC strategy for the drug delivery problem. The
optimal trajectory is shown in Fig. 2.3. Drug efficacy reaches the desired range for a portion of
the period. Then, the concentrations of both the drug and the antagonist are allowed to decrease
(during this time the input is near zero). When the input is reapplied during the next period,
the drug reaches the effective range again, which is possible because the antagonist concentration
was given time to decrease.
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Figure 2.3. Optimal state, input, and drug efficacy trajectories.

In the ES scheme, the entire model is treated as an unknown. An initial trajectory is chosen
that mimics a very rough guess of the optimal trajectory. The ES solution converges to this
optimal solution very slowly. Select cycles are shown in Fig. 2.4. As shown, it takes a significant
amount of time to converge as the controller needs to optimize all the control parameters. At
t = 2.5 × 105 (corresponding to 20, 000 plant cycles), the objective function reaches its final value
of J = 0.31. The slowness of the method to reach an optimum can be attributed in part to the
stability requirements of ES: the dither frequency used to probe the system must be much slower
than the plant’s dynamics. However as previously stated, more complex ES variations have the
potential to lead to faster convergence.
Figure 2.5, a phase plot, shows how the state trajectories change over time. Over the first
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Figure 2.4. Input and drug efficacy trajectories for selected cycles of the extremum seeking solution.

half of the simulation, the state trajectories change significantly. Then during the remainder
of the simulation, shown in progressively lighter colors, the state trajectories only have minor
adjustments as the parameter values are refined.
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Figure 2.5. The phase plot during the ES simulation with select cycles shown.

2.3 Discussion
The algorithm converges to a near optimal solution with an average objective function value of
J = 0.31. The value achieved in this work (without assuming an accurate model of the plant)
are comparable to values obtained elsewhere in the literature, as shown in Table 2.1. In this
work, slightly higher values of the objective function could have been achieved if more Fourier
expansion terms were used.
Although the average objective function obtained in this work is comparable to the literature,
the speed of convergence is very slow. While this slow convergence may be necessary for plants

15

Table 2.1. Different OPC Methods’ Results

Avg.
Obj. Fn.
0.31

No. of
Cycles
20,000

No. of
Parameters
10

[4]

0.33

4

10

[24]

0.35

1-2

22

[25]

0.19

4

3

[2]

0.35

—

42

[28]

0.36

—

—

[28]

0.36

—

9

Method
Extremum seeking of parameterized input
Parameter estimation and
look-up of offline solutions
Online solution using parameterization of flat output
Online solution using parameterization of Hamiltonian
system
Offline solution using parameterization of flat output
Offline solution using variational calculus based method
Offline solution using piecewise constant input

with completely unknown models, the speed of convergence may be increased if the model or
model structure is known. The slowness of this chapter’s controller motivates the controller
presented in Chapter 3. The next controller uses the model structure with only parametric
uncertainties. As shown in the following chapter, using the additional information of the model
structure allows the controller to converge significantly faster.

Chapter 3
Airborne Wind Energy
This chapter presents a controller for maximizing the time-averaged power output from an
airborne wind energy generator in uncertain wind conditions. This system’s optimal energy
output often involves flying in periodic figure-8 trajectories, but the precise optimal figure-8 shape
is sensitive to environmental conditions, including wind speed. The literature presents controllers
that are able to adapt to uncertainties, and this work expands on the current literature by using
an extremum seeking based method. The remainder of this chapter describes the model (Section
3.1), details the offline optimization and corresponding online optimal controller (Section 3.2),
and presents results (Section 3.3).

3.1 The Airborne Wind Energy Generator
This section describes the AWEG used in this work and its model. A diagram of the system is
shown in Fig. 3.1. The AWEG consists of a 2.4 kW turbine inside of a buoyant, balloon-like
shroud. Three tethers are used to control the motion of the system: one placed in the forward
position (F ), one in the aft port position (AP ), and one in the aft starboard position (AS). The
velocities of these tethers (vF , vAP , and vAS ) are controlled using winch motors at the ground
level.
Crosswind flight is achieved through tether-induced roll, as illustrated in the left portion of
Fig. 3.1. Specifically, the annular geometry is asymmetric about the longitudinal axis. That
asymmetry along with the horizontal stabilizers all contribute lift forces that exhibit sideways
components under roll, thereby inducing crosswind flight. These asymmetries that make rollinduced crosswind flight possible are exhibited, for example, in Altaeros Energies Buoyant Airborne Turbine design.
A 6 degree of freedom (DOF) model, explained in detail in [53], is used to describe the
system’s dynamics. The model considers four main forces and moments acting on the system.
1. A gravitational force acts downward in the ground coordinate frame.
2. The buoyancy of the shroud acts upward in the ground coordinate frame. Because the
center of buoyancy and center of mass are not aligned, the buoyancy induces a moment.
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Figure 3.1. A schematic of the AWEG and tethers used for control. The solid vectors represent lift,
and the dashed arrows represent its components in the vertical and horizontal directions.

3. Aerodynamic effects create a force and moment.
4. The tether tensions create a force in the direction they pull, thereby also creating moments
related to the AWEG’s center of mass. In the model formulation, these tensions are treated
as constraint forces, not external forces acting on the system.
The model treats the tethers as kinematic constraints that dictate three of the degrees of
freedom. The average of all tether lengths l dictates the distance from the base station to the
AWEG. The differential between the forward and aft (front and back) tethers dictates controlled
pitch θ0 . Similarly, the differential between the port and starboard (right and left) tethers dictates
controlled roll φ0 . To form the state vector Q, these controlled degrees of freedom are paired
with three other coordinates: azimuth angle Θ, zenith angle Φ, and twist angle Ψ. A schematic
showing the controlled roll φ0 and pitch θ0 angles is shown in Fig. 3.1, and a schematic showing
the azimuth angle Θ, zenith angle Φ, twist angle Ψ, and tether length l is shown in Fig. 3.2.

Q=

Θ

Φ

Ψ

l

θ0

φ0

T
(3.1)
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Figure 3.2. A schematic of the coordinates describing the position of the AWEG.

The model is structured using a Newton-Euler formulation [53]:




D (Q) Q̈ + C Q, Q̇ Q̇ + g (Q) = τ Q, Q̇, vwind , ψwind

(3.2)

where τ is a function representing the forces and moments acting on the AWEG, vwind is the
wind speed, and ψwind is the angle of the wind with respect to the AWEG.
Power is generated by the onboard turbine. Power produced is modeled as increasing with
the cube of apparent wind speed until it reaches the turbine’s rated wind speed of 15 m/s at
which the maximum generated power Pmax is capped at 2.4 kW. Mathematically, generated
power, Pgen , is described by

Pgen =





 Pmax vwind,app 3
v

if vwind,app < vrated


 Pmax

if vwind,app ≥ vrated

rated

(3.3)

where vwind,app is the apparent wind speed relative to the AWEG and vrated is the rated wind
speed of the turbine, which in this case is 15 m/s.
Power is lost in controlling the turbine. Each tether is released or contracted at a specific
velocity at a specific tension. The model for lost power considers only the mechanical power lost
in the control process, and it penalizes both spooling out and spooling in. This lost power, Ploss ,
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is modeled as
Ploss = vF TF + vAP TAP + vAS TAS

(3.4)

where vF , vAP , vAS denote the velocities dictated by the controller of the forward, aft port, and
aft starboard tethers, respectively, and TF , TAP , TAS denote the corresponding tether tensions.

3.2 The Online, Adaptive Controller
This section describes the online, adaptive controller used to adjust the trajectory of the AWEG.
The section describes (i) the controller structure, (ii) the offline optimization used to define the
family of optimal solutions, and (iii) the online optimal controller used to pinpoint the best input
trajectory from the family, given uncertainty about the wind.

3.2.1

The Controller Structure

The controller structure, shown in Fig. 3.3, relies on the principle that roll angle significantly
affects the system’s crosswind trajectory by altering the aerodynamic lift vector relative to the
ground [54, 55]. An adaptive controller based on extremum seeking dictates the desired roll setpoint trajectory. Then, a controller dictates the motor commands for each tether to achieve this
set-point using feedback information. Based on the plant’s performance, the adaptive controller
(consisting of the “Extremum Seeking” and “Bank of Offline Optimal Solutions” blocks) adjusts
the roll set-point trajectory to improve net power generation.

Figure 3.3. Overview of controller.

The motor controller, discussed in [53], adjusts tether release rates of the three tethers in order
to achieve the desired roll, pitch, and altitude set-points. It changes the differential between the
port and starboard (right and left) tethers to adjust the roll angle (rotation about the body-frame
x-axis). It changes the differential between the forward and aft (front and back) tethers to adjust
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pitch (rotation about the body-frame y-axis). All tethers are concurrently released or contracted
to adjust altitude. In this work, the pitch and altitude set-points are held constant. The periodic
roll set-point trajectory is adapted as described in the following subsections.
One limitation of the hierarchical controller is that it assumes that any crosswind trajectory
can be achieved by adjusting roll alone. In reality, augmentation of the proposed algorithm with
active pitch control could lead to better results.

3.2.2

Offline Optimization

The adaptive controller does not search along all possible roll set-point trajectories. Rather, it
limits the search to the family of optimal solutions corresponding to the uncertain parameter
(wind speed). To ease online implementation, optimal roll set-point trajectories corresponding
to discrete wind speeds are tabulated offline a priori.
The offline trajectories optimize net power, defined as the power generated by the wind turbine
minus the power required to make tether adjustments. A local search is used to adjust a finite
set of parameters describing the trajectory. In this work, the periodic roll set-point trajectory
φsp is parameterized as a Fourier series with 5 harmonics:

φsp = a0 +

5
X
k=1

2πk
2πk
ai cos
t + bi sin
t
T
T

(3.5)

where a0 , ..., a5 , b1 , ..., b5 are the Fourier coefficients and T is the period of the Fourier series.
Using higher-order harmonics (beyond 5) leads to only small improvements in the objective
function. For example, at 12 m/s wind speed, the objective function only increases by 0.03% by
using 6 harmonics instead of 5.
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The optimization problem is formally defined as

maximize
a0 ,...,a5 ,b1 ,...,b5 ,T

subj. to

J=

Z t

f 
1
Pgen (τ ) − Ploss (τ ) dτ
tf 0

combined motor controller
(3.6)

and state dynamics
5
X

φsp = a0 +

k=1

2πk
2πk
t + bi sin
t
ai cos
T
T

− 0.5 rad ≤ ai , bi ≤ 0.5 rad
where tf indicates the optimization time period and the bounds on the Fourier coefficients
were chosen to limit the maximum/minimum roll. The optimization problem was solved using
MATLAB’s fmincon function.
The resulting optimal roll set-point trajectories are shown in Fig. 3.4 for selected wind speeds.
As shown, when the wind speed is lower, the optimum set-point trajectory is more extreme in
the sense that it pushes the AWEG to higher roll angles and also has a shorter time period. This
ensures that the apparent wind speed is as close to the turbine’s rated wind speed of 15 m/s as
possible. This also makes it necessary for the online adaptive controller to adjust both the shape
and period of the roll set-point trajectory simultaneously.
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Figure 3.4. Optimal roll set-point trajectories at various wind speeds, obtained offline.

The resulting figure-8 trajectories are shown in Fig. 3.5. As shown, when the wind speeds
are lower the figure-8s are larger. Again, this is so that the apparent wind speed is increased.
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Figure 3.5. Optimal trajectory at various wind speeds, obtained offline.

3.2.3

The Extremum Seeking Implementation

The adaptive portion of the controller uses extremum seeking (ES) to adjust the roll set-point
trajectory towards the best trajectory of the tabulated solutions. The complete, detailed controller is shown in Fig. 3.6. The standard ES algorithm is used to adjust a single parameter that
indexes the family of trajectories. Then, the corresponding trajectory is implemented. However,
due to the trajectory’s changing period, a non-standard time scale variable must be introduced
to ensure a consistent phase, as in Chapter 2.

Figure 3.6. Detailed controller.

The controller does not search over all possible periodic trajectories. Such a search would
penalize convergence rates while searching in directions unlikely to lead to improvements. Instead,
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as previously stated, the search is limited to the family of optimal trajectories corresponding to
different wind speeds, the uncertain parameter. ES adjusts a single parameter that indexes
the trajectory. In Fig. 3.6, this single parameter is labeled “effective wind speed.” Assuming no
modeling uncertainties, the effective wind speed acts as an estimate of the true wind speed. As the
effective wind speed converges to the true wind speed, the roll set-point trajectory converges to its
optimum. If effective wind speed equals the true wind speed, the trajectory being implemented
matches the optimum for the given environmental conditions, and no better time-averaged power
generation can occur. The definitions of true wind speed, apparent wind speed, and effective wind
speed are defined in Table 3.1.
Table 3.1. Definitions of true wind speed, apparent wind speed, and effective wind speed.

True wind speed
Apparent wind speed
Effective wind speed

The speed of the wind relative to the ground
The speed of the wind relative to the moving AWEG
The speed estimate corresponding to the
trajectory implemented; e.g. if effective
wind speed is 9 m/s, then the optimal trajectory corresponding to 9 m/s true wind
speed is implemented

As described in Chapter 2, the standard extremum seeking algorithm works as follows. A
small sinusoidal dither is added to the effective wind speed, and the corresponding roll set-point
trajectory is implemented. This addition of a dither signal tests how the objective function reacts
to small perturbations. If the average cost function can be locally improved by using a trajectory
corresponding to a higher or lower wind speed, the effective wind speed parameter is increased
or decreased, respectively. If wind speed is the only uncertainty in the model, the effective wind
speed should converge to the true wind speed.
There are two main differences from the traditional ES algorithm in implementing the corresponding periodic trajectory. First, interpolation is used between the finite number of stored
trajectories. Second, as in Chapter 2, it is necessary to introduce a normalized time scale, τ , to
correct for the fact that the period of the optimal trajectory is adjusted online, and therefore
changes with time. The scaling ensures that the phase of the periodic signal remains consistent.
This time scaling is governed by
dτ
2π
=
dt
T

(3.7)

where τ represents scaled time, and with a fixed period, τ would equal t∗2π/T . The roll set-point
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is recreated using τ and the Fourier coefficients as

φsp = a0 +

5
X

ai cos kτ + bi sin kτ

(3.8)

k=1

3.3 Simulation Results and Discussion
This section describes simulation results. The results differ depending on the initialized trajectory
and the true wind speed. Results are presented for three different scenarios.
1. The controller is initialized to a neighborhood of the true wind speed that produces stable figure-8s, and the optimal time-averaged power is significantly higher than the power
produced with the initialized trajectory. Convergence to the optimum is relatively quick
(compared to scenario 2).
2. The controller is again initialized to a neighborhood of the true wind speed that produces
stable figure-8s, but the optimal time-averaged power is similar to the power produced with
the initialized trajectory. Convergence to the optimum is slow.
3. The controller is initialized with a trajectory that leads to unstable figure-8s.

3.3.1

Scenario 1: Stable Figure-8s and Quick Convergence

In the first scenario, the controller is initialized to a neighborhood of the true wind speed that
produces stable figure-8s, and the optimal time-averaged power is significantly higher than the
power produced with the initialized trajectory. Figure 3.7 illustrates the controller’s response.
The speed of convergence depends on the steepness of the objective function’s gradient. As shown
in Fig. 3.7, the difference between the average power produced with the initial trajectory ( 650
W) is significantly lower than the average power produced with the optimal trajectory ( 2250
W). In this scenario, the gradient is steep and the ES controller converges relatively quickly,
compared to scenario 2. The effective wind speed converges in less than two hours, and the
adaptive controller dramatically improves average power output.
This scenario highlights the value of the algorithm for scenarios where wind speed is unknown
but changes relatively slowly with time. Wind speeds fluctuate due to different phenomena, and
each phenomenon causes changes at a specific frequency range. Two hour convergence is too slow
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Figure 3.7. A stable simulation where the true wind speed is significantly lower than the initial “effective” wind speed. True wind speed is denoted with a dashed line.

to account for the fast changes due to turbulence. However, the next fastest wind changes are due
to the day/night temperature difference, which occur at frequencies of about a day [56]. Further
research is necessary to determine the effectiveness of the presented algorithm in improving timeaverage power in a more realistic wind profile.

3.3.2

Scenario 2: Stable Figure-8s and Slow Convergence

Like the first scenario, the second scenario’s controller is initialized with a stable trajectory,
but unlike the first scenario, the optimal time-average power is similar to the power produced
with the initialized trajectory. Figure 3.8 illustrates the controller’s response. Because the timeaveraged power produced initially ( 2340 W) is so close to the optimum ( 2370 W), the objective
function’s gradient is very shallow, and the ES controller takes significantly longer to converge
(approximately six hours).
At first glance, it may seem like this slow convergence is problematic. However, the energy
produced during the convergence is similar to the energy produced at the optimum. The performance during the slow convergence process is very near-optimal. One metric to consider is
the energy that was missed out on by using an inaccurate initial estimate of wind speed. In the
first simulation, pictured in Fig. 3.7, the AWEG could have produced 7.6 additional MJ in the
two hours if it would have been initialized properly. In the second simulation, pictured in Fig.
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speed, but the time-averaged power outputs with the initial and optimal trajectories are similar. True
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3.8, this metric falls to 0.4 MJ for the first six hours. Although scenario 2 takes a long time to
converge, implementing the “wrong” trajectory only slightly affects the energy output.

3.3.3

Scenario 3: Unstable Figure-8s

In the third scenario, the controller is initialized with a trajectory that leads to unstable figure8s. This can happen if the initial trajectory corresponds to an effective wind speed that is much
lower than the true wind speed. At low wind speeds, the optimal trajectories need to be more
aggressive to increase the apparent wind speed above the environment’s speed. If these aggressive
trajectories are implemented in high wind speed environments, the motor controller is unable to
achieve the desired trajectory.
Figure 3.9 acts as a reference. It shows what happens when the optimal roll set-point trajectory for 9 m/s is implemented in a 9 m/s wind speed environment. After the first figure-8 cycle,
the motor controller tracks the roll and pitch set-points well. The twist angle Ψ (the twisting of
the tethers about themselves) remains bounded.
In comparison, Fig. 3.10 shows what happens when the optimal roll set-point trajectory for
9 m/s is implemented in an 11.5 m/s wind speed environment. The motor controller is unable
to track the roll and pitch angles. The twist angle decreases rapidly, meaning that the tethers

27

Roll, φ (deg)

50
Actual
Set−point

0

−50

0

50

100
time, t (s)

150

200

0

50

100
time, t (s)

150

200

0

50

100
time, t (s)

150

200

Pitch, θ (deg)

50

0

Twist Angle Ψ (deg)

−50

100
0
−100

Figure 3.9. The roll and pitch trajectories and set-points and the twist angle of the AWEG in a 9 m/s
environment when the 9 m/s optimal roll trajectory is applied.

are twisting and the AWEG is spinning out of control. The controller cannot perform as desired
in the high wind speed environment.
ES works if the underlying plant (in this case the combined plant and motor controller) is
stable [48]. Because the plant is unstable for the given conditions and given trajectory, the scheme
does not work in this scenario. Scenario 3 illustrates the limitations of the controller: it must be
initialized with a trajectory close enough to the optimum that it produces stable figure-8s.

3.4 Discussion
This chapter presents an ES-based algorithm for optimizing the trajectory of an AWEG online
under uncertain wind conditions. ES was achieved by searching along a family of optimal trajectories corresponding to discrete wind speeds. The controller is efficient in the sense that it
only searches along the uncertainty. The optimization results show that when the wind speed is
lower, the optimal trajectory is more aggressive and the figure-8 is larger. These larger figure-8s
help increase the apparent wind speed by a greater margin. When these aggressive profiles are
applied to environments with high wind speeds, the motor controller is unable to achieve the
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desired shape. Following ES’s known stability properties, the optimization does not converge in
situations like this (where the combined plant and motor controller are unstable). However if
the controller is initialized with a trajectory that leads to stable figure-8s, the system converges
to the optimal trajectory. The speed of this convergence is proportional to the gradient of the
cost function. If the AWEG has the potential to produce much more energy each cycle than the
energy produced with the initial trajectory, the controller converges more quickly. However, if the
AWEG’s initial trajectory produces an amount of energy each cycle that is close to the optimum,
the controller converges more slowly, but in this case, converging to the “true” optimum is less
important.

Chapter 4
Discussion & Conclusions
The two controllers presented in this thesis are similar in structure but differ dramatically in
their properties. The first controller is model free and its convergence time is very long (about
20,000 cycles). The second controller uses the model but accounts for a parametric uncertainty,
and its convergence time is more reasonable (about 100-200 cycles for some scenarios). Although
it is desirable to be both robust to modeling uncertainties and converge quickly, clearly there is
a trade-off between the two goals. Furthermore, while the second controller converges relatively
faster, there is a need in some applications for even faster OPC methods capable of adapting to
modeling uncertainties.
The first method, applied to the drug delivery problem, did converge to an objective function
comparable to other schemes in the literature. And although its convergence time is significantly
longer than other methods applied to the drug delivery problem, the objective function continuously improves (in an average sense) during the optimization. A better initial trajectory leads
to better performance.
The second method, applied to an AWEG, is efficient in the sense that it only searches along
the uncertainty. Its efficiency leads to faster convergence (compared to the first method), and
it converges in some scenarios in about 2 hours. While this is too slow to account for the fast
changes due to turbulence, it could potentially be fast enough to track the slower frequencies of
wind speed changes. The controller follows ES’s stability properties. When the the controller is
initialized with an unstable trajectory, the method is ineffective. When the controller is initialized
with a trajectory that leads to stable figure-8s, the system converges to the optimal trajectory.
Furthermore, the speed of this convergence is proportional to the gradient of the cost function.
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