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ABSTRACT
Multiferroics are materials that simultaneously show multiple ferroic orders, such as
ferroelectric, ferromagnetic, and ferroelastic orders. Recently multiferroics attract enormous
attentions due to the rich physics and potential applications such as information storage
memories. As two important multiferroic materials, BiFeO3 and hexagonal manganites are the
focus of the research in this dissertation.
An antiferroelectric phase is defined as an antipolar crystal with antiparallel cation
displacements of neighboring unit cells. The ferroelectricity and antiferroelectricity in Sm-doped
BiFeO3 system are described by a three-dimensional phenomenological model based on the
Ginzburg-Landau-Devonshire theory. The temperature-, pressure-, and composition-induced
ferroelectric to antiferroelectric phase transitions are discussed. The constructed temperaturecomposition and temperature-pressure phase diagrams show that compressive hydrostatic
pressure and Sm doping have similar effects on the ferroelectric and antiferroelectric phase
transitions. It is also indicated from the temperature-pressure phase diagram that the
experimentally observed phase of BiFeO3 under the hydrostatic pressure from 3GPa to 10GPa is a
PbZrO3-like antiferroelectric phase.
Besides spontaneous polarization, BiFeO3 also shows a structural instability, i.e. oxygen
octahedral tilt. Due to the rigidity of the oxygen octahedra and the corner-sharing feature of the
oxygen octahedral network, the domain wall energy of the oxygen octahedral tilt has a strong
anisotropy with respect to different wall orientations. Based on this, a rotational compatibility
condition is proposed to identify the low-energy domain walls in perovskites with oxygen
octahedral tilt instability. Applying the rotational compatibility condition to BiFeO3, the unusual
ferroelectric domain wall width and energy are successfully explained based on the GinzburgLandau-Devonshire theory.
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Vortex domains in ferroic materials refer to the flux-closure domains in which
polarization or magnetization vectors rotate around a point. It is shown that the polarization
vortex domains are induced in the BiFeO3 films grown on an electrically insulating substrate.
Based on the example, the crystallographic, electric, and strain conditions are proposed to
produce spontaneous vortex domains in a ferroelectric film or superlattice. The vortex domains in
BiFeO3 give rises to a net curl of the polarization vectors, which is shown to be reversible under
external electric fields. The vortex domains in the rhombohedral system without the oxygen
octahedral tilt are also studied, which show that the oxygen octahedral tilt has a strong effect on
the vortex wall orientations.
BiFeO3 shows a rhombohedral (R) crystal structure as bulk materials, and exhibits in Rlike phases in the films under a small epitaxial strain. However, recently a tetragonal (T)-like
phase is induced by a large compressive strain (larger than 4%). In the dissertation, a Landautheory-based potential is proposed to describe both the R-like and T-like phases in the BiFeO3
films. The common tangent construction in the phase stability analysis indicates the R/T phase
mixture. Based on phase-field simulations, the domain wall orientations of the R/T mixed phases
are determined, which are in good agreement with experimental measurements.
Different from the perovskite structures of BiFeO3, hexagonal manganites exhibit in a
layered hexagonal structure. Hexagonal manganites are a type of improper ferroelectrics with
polarization induced by a structural distortion, called trimerization. The trimerization and
polarization result in six domains in hexagonal manganites, which can cycle around a point and
form a topological defect. Taking YMnO3 as an example, the three-dimensional (3D) domain
structure and vortex evolution are studied based on the phase-field method using a
thermodynamic potential constructed from density functional theory (DFT) calculations,
demonstrating the possibility of predicting 3D complex mesoscale structural evolution starting
from DFT. The temporal evolution of domain and vortex structures allows us to fully explore the
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mesoscale mechanisms for the vortex-antivortex annihilation, and domain wall motion under
external electric fields. It is demonstrated that the vortex motion and vortex-antivortex annilation
control the coarsening dynamics of domain structure evolution.
The domain structures with topological defects in YMnO3 also show intriguing collective
behaviors, which are statistically analyzed based on the phase-field simulation results. It is found
that the domain coarsening rate agrees well with the predication of the classical XY model in two
dimensions, but shows an unexpected deviation in 3D. Our computational studies suggest that
such a deviation arises from the anisotropy in the hexagonal system. In addition, the topological
defects in YMnO3 form two types of domain networks: type-I without and type-II with electric
self-poling. The frequencies of domains with N-sides, i.e. of N-gons, in a type-I network are fitted
by a lognormal distribution, whereas those in type-II display a scale-free power-law distribution
with exponent ~2. A preferential attachment process that N-gons with a larger N have higher
probability of coalescence is responsible for the emergence of the scale-free networks. Since the
domain networks can be observed, analyzed, and manipulated at room temperature, hexagonal
manganites provide a unique opportunity to explore how the statistical distribution of a
topological defect network evolves with an external electric field.
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Chapter 1
Introduction
In this chapter, we introduce the definition of multiferroics starting from Maxwell’s
equation, and the main categories of multiferroics are discussed. Two important multiferroic
materials, BiFeO3 and hexagonal manganites are briefly reviewed. The concepts of domain and
order parameter are introduced to describe the properties of multiferroic materials. The theoretical
methods used in the dissertation, i.e. Landau theory and phase-field methods, are then discussed.
Lastly, the research objective and dissertation structure are presented.

1.1 Brief review of multiferroics

1.1.1 Maxwell equations
From the decades of James Clerk Maxwell (1831-1879), human beings have known that
electricity and magnetism are connected through the Maxwell’s equations [1,2], which underlie
modern electrical and communications technologies. The Maxwell’s equations in the differential
format can be written as


0

(1.1a)

B  0

(1.1b)

E 

E  

B
t

(1.1c)

2

  B  0 ( J   0

E
)
t

(1.1d)

where E is the electric field, B is the magnetic field, ρ is charge density, J is current density, µ0 is
the permittivity of free space, ε0 is the permeability of free space, and t is time.
Equations (1.1c) and (1.1d) describe how electric field and magnetic field are altered by
each other. Neglecting the fact that magnetic monopoles are not discovered in nature, the electric
and magnetic fields are conjugated with each other. However, since the magnetic field are
generated by currents, i.e. the flow of charges, the control of magnetic fields in nanoscale is more
difficult than that of the electric field. This motivates scientists to replace some devices relying on
the magnetic properties, e.g. hard disk drives, with multiferroic materials, so that the devices can
be smaller and more energy efficient.

1.1.2 Definition of multiferroic materials
Although the phenomenon of magnetism has been know from the ancient due to the
existence of lodestones, ferroelectricity is discovered less than one century ago [3]. In
ferroelectrics, the behaviors in external fields, anomalies near critical temperatures, and domain
structures are similar with those in ferromagnets. However, these similarities do not indicate that
ferroelectricity and magnetism have similar origin in solids: magnetism is caused by the ordering
of spins of electrons in incomplete ionic shells, whereas ferroelectricity results from relative
displacements of positive and negative ions.
A single-phase multiferroic material is one that processes more than one ferroic
properties, which include ferromagnetism, ferroelectricity and ferroelasticity. Recently
multiferroic materials attract enormous attentions due to the rich physics and potential
applications [4,5]. In multiferroics, it is possible that polarization can be controlled by magnetic
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fields, and spins by electric fields, which provides the foundations of new multifunctional
devices. This is promising since it would utilize the best aspects of ferroelectic random access
memory and magnetic data storage, by avoiding the problems associated with reading
ferroelectric polarization and generating large writing magnetic fields.

1.1.3 The coexistence of magnetic and ferroelectric orders
Due to the prospect of multiferroics, much of early work has been devoted to bring
ferromagnetism and ferroelectricity into one materials [6]. However, this is proven to be difficult
due to the contra-indication between the conventional mechanism for cation off-centering in
ferroelectrics (which requires empty d orbitals) and the origin of magnetic moment (which
usually comes from partially filled d orbitals) [7].
To make ferroelectricity and ferromagnetism coexist in one material, the off-centered
cations should be different from those that carry the magnetic moments for the above reasons.
Therefore, ferroelectricity should come from alternative mechanisms in multiferroics. In practice,
this is mainly achieved in four types of materials [5,8].
(1) Ferroelectricity from stereochemical activity of the lone pair on the large (A-site)
cation, and magnetism from the small (B-site) cation, e.g. BiFeO3 and BiMnO3.
(2) Geometrically driven ferroelectrics, e.g. hexagonal REMnO3 and REFeO3 (RE, rare
earths), and Ruddlesden-Popper Ca3Mn2O7.
(3) Magnetic ordering, e.g. orthorhombic REMnO3, CoCr2O4.
(4) Charge ordering, e.g. LuFe2O4.
In this dissertation, we focus on the first two types of multiferroics, i.e. BiFeO3 and
hexagonal REMnO3, with the interest coming from the recent renaissance of the two materials.
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1.2 Brief review of BiFeO3
BiFeO3 (BFO) is one of the multiferroics that are well studied due to its room
temperature multiferroic properties, as shown in Figure 1-1 [9]. At room temperature, BFO is an
ABO3 perovskite-type oxide with space group R3c. The polarization is along the body diagonal
directions of the pseudocubic crystal lattice with Curie temperature of ~825 oC, and it forms 71˚,
109˚, and 180˚ domain walls with the angles measuring the direction changes of polarization
vectors in neighboring domains. BFO shows a G-type antiferromagnetic order below a Néel
temperature of ~370 oC. The spins of the nearest neighbor Fe are not perfectly antiparallel due to
the local magnetoelectric coupling to the polarization, resulting in a weak canting moment.
However, a long-range superstructure consisting of an incommensurate spin cycloid is
superimposed on this canting. The cycloid superstructure cancels the macroscale magnetization
with a long-wavelength period of ~62nm [10]. Besides the ferroelectric and antiferromagnetic
orders, BFO also shows an out-of-phase oxygen octahedral tilt pattern with the rotation axis
parallel or antiparallel the polarization direction (Glazer notation a-a-a- [11]).
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Figure 1-1. Multiferroic properties of BiFeO3. The spontaneous polarization is about ~1C/m
along the [111] pseudocubic direction.
Above 825 oC, BFO shows an orthorferrite paraelectric (PE) crystal structure with space
group Pnma [9,12], and the oxygen octahedral tilt pattern changes to a-a-c+. Above 930 oC, the
cubic symmetry with space group Pm3m is proposed for BFO [13], which is difficult to confirm
due to the instability of BFO at high temperatures.

1.3 Brief review of YMnO3
Recently, hexagonal REMnO3 (RE, rare earths) demonstrate their intriguing multiferroic
behaviors with the mutually interlocked ferroelectric, structural trimerization, and
antiferromagnetic domain walls [14-16]. In contrast to conventional ferroelectrics such as
BaTiO3, where the Ti 3d-O 2p hybridization is the driving force of ferroelectricity, the
polarization in REMnO3 is induced by the structural trimerization during the transition from a
high-symmetry paraelectric state (P63/mmc) to a low-symmetry ferroelectric state (P63cm) [1720]. Note that REMnO3 can also show orthorhombic perovskite structures under different growth
conditions [21].
Hexagonal REMnO3 have similar structural phase transitions with different elements in
the RE sites [22,23], and in this dissertation YMnO3 is studied as an example. During the
transition from the paraelectric phase to the low-symmetry state, the MnO5 bipyramids tilt in a
way that some oxygen atoms move together with others moving away, as shown in Figure 1-2
[17-20]. The bipyramid tilt triples the unit cell, and there are three options for the choice of
origins (named α, β, γ). For each option, two options are available for the distortion directions,
which can be characterized by the induced polarization directions, either along along +c or –c
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directions [24,25]. Therefore, there are a total of six types of antiphase and ferroelectric domains
in YMnO3.

Figure 1-2. Atomic configurations of the hexagonal YMnO3. MnO5 forms bipyramids, whose tilt
leads to the trimerization the unit cell. The movement of the oxygen atoms displaces the yttrium
cations, with one third upwards, and two thirds downwards, which gives rise to a net polarization.
The spins in hexagonal REMnO3 order in one of the four states, as shown in Figure 1-3
[16]. This can be understood from the consideration of the hierarchy of spin interactions. The
strongest interaction is the antiferromagnetic exchange between the nearest neighboring spins.
However, the nearest neighboring spins cannot become completely antiparallel constrained by the
triangular layers of Mn ions. Instead the non-collinear 120°spin ordering is formed. The
magnetic easy-plane anisotropy confines the spins in the basal plane. The local in-plane
anisotropy also favors the 120°spin angle on neighboring Mn sites, and chooses either the radial
(as in the A2 and B1 states) or the tangential (as in A1 and B2 states) directions of spins. Finally,
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the interlayer exchange interactions give rise to either even (A phases) or odd (B phases)
symmetry [26].

Figure 1-3. The four magnetic states in hexagonal manganites with the red arrows indicating the
spin directions. The Blue and Green manganese atoms belong to different hexagonal layers.

1.4 Concepts of domain and order parameter in ferroic materials
The concept of domain starts from magnetic domains, which are defined as regions with
uniform magnetizations. The concept of domain plays a critical role in explaining many magntic
properties, e.g. hysteresis loops under external magnetic fields. In ferromagnetic materials, the
order parameter is defined as the magnetization. Now both the two concepts, i.e. domain and
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order parameter, are extended to all ferroic materials. Here we give the definition of domain as
well as order parameter in the scheme of soft mode theory, which is applied to many phase
transitions in solids. Interesting to note that paramagnetic to ferromagnetic phase transitions
evolve ordering of spins, which cannot be described by the soft mode theory.
At high temperatures, the materials are in the high-symmetry phase, and the population of
each excitation (e.g., phonon mode) is identical to that of its symmetry-equivalent modes.
Therefore, the average excitation at macroscale is zero. However, when the temperature is
lowered, it is possible that the frequency of a particular mode becomes zero. In this case, the
mode becomes “frozen”, and the pattern becomes static, which leads to a phase transition. Then
the order parameter can be defined as the amplitude of the frozen mode, which describes the
departure from the average of the high-symmetry phase. Note that the order parameter can be
multi-dimensional and negative, or even complex, and thus the order parameter can characterize
all the symmetry-equivalent modes. In this dissertation, all the order parameters are real numbers
for the convenience of Landau theory as shown in next Chapter. Furthermore, it is possible that
two symmetry-inequivalent soft modes are simultaneously frozen in the low temperature phase,
and two sets of order parameters are required to describe the low-symmetry phase. Here both
BFO and hexagonal REMnO3 show two or more sets of order parameters.
After the order parameter is defined, we can define a domain as a region with uniform
order parameters. If there exist more than one sets of order parameters, all of them are required to
be the same within a domain. The region bridges two domains are called a domain wall. If the
domains are three-dimensional (3D), the domain walls should be 2D. The domain walls can be
abstracted to be sharp or diffused in mathematical models. In the dissertation, the domain walls
are all treated as diffused ones.
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1.5 Introduction to Landau theory
Landau theory is a phenomenological theory, which does not deal with the details in the
atomic scale and chiefly concerns with symmetry changes. The idea of Landau theory is the
construction of a quantity to describe the energy of the system in the vicinity of a phase transition.
The quantity is called Landau free energy f, and can be regarded as an approximation of the
Helmholtz or Gibbs free energy per unit volume. Then the stable state of the system can be
obtained by minimizing the Landau free energy. The Landau free energy is dependent on external
conditions (composition, pressure, electric fields, magnetic fields, and so on), and thus the free
energy expansion may be rather complex. However, we can divide the Landau free energy into
two parts, f0, which is independent of the order parameters, and Δf, which is a function of the
order parameters, i.e.

f  f 0  f

(1.2)

Only Δf influences the phase transitions, and to simplify the notation, usually we do not
distinguish f and Δf. In the following of the dissertation, we just use f, and call it Landau free
energy, which indicates that the free energy of the parent phase under the same external
conditions is taken as the reference.
One assumption of the Landau theory is that the Landau free energy is analytical and can
be expressed as the form of a Taylor expansion [27] (the conventional justification is that the f is
a small quantity in the vicinity of the phase transition, which may be not true for the practical
use).

f  a1  a11 2  a111 3  a1111 4   ( 5 )

(1.3)

where  is the order parameter, and a1 , a11, a111 , and a1111 are the coefficients for the Landau
free energy. Based on the group theory, the Landau free energy is invariant by all the elements in
the symmetry group of the high symmetry phase [28]. For example, if the high symmetry phase
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has the inversion symmetry, which forbids the odd-power terms, the free energy is invariance
under the action   . This is true in most solids, and thus the odd-power terms disappear in
the free energy expansions of the dissertation.
Another assumption of the Landau theory is that all the coefficients are independent of
the temperature T, except the coefficient of the second-order terms, which is assumed to be
linearly dependent on T following the Curie’s law, i.e. a11  a0 (T T C) , where a0 is a constant,
and T C is the Curie temperature. Note that T C may be a function of composition.
When applied to the phase transitions in ferroics, Landau theory is also called GinzburgLandau-Devonshire theory, named after V. L. Ginzburg, L. Landau, and A. F. Devonshire. In the
dissertation, there are no differences between the two names.

1.6 Introduction to the phase-field method in classical ferroelectrics
The phase-field method is a mathematical tool to solve interfacial problems. Instead of
explicit treatment of the boundary conditions at the interfaces, the phase-field method evolves the
diffuse interfaces by solving the partial differential equations with respect to an auxiliary field
(the phase field). When combined with the Landau theory, the phase field is the field of the
corresponding order parameters.
In this chapter, we give a brief review of phase-field methods using classical
ferroelectrics as an example. With the phase-field method applied to ferroelectric materials, the
temporal evolution of the order parameter, i.e. polarization Pi (i  1  3) , is described by the timedependent Ginzburg-Landau (TDGL) equations, i.e.

Pi r , t 
F
 L
 , i  1  3,
t
Pi r , t 

(1.4)
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where L is the kinetic coefficient related to the domain-wall mobility. The total free energy in
equation (1.4) can include the bulk free energy, elastic energy, electrostatic energy, and gradient
energy [29,30], i.e.



F  [ f Landau  f grad  f elas  f elec ]dV

(1.5)

V

where V is the system volume, fLandau denotes the Landau free energy discussed in Section 1.3,
fgrad the gradient energy density, felas the elastic energy density, and felec the electrostatic energy
density.
The gradient energy comes from the domain wall and can be described by the gradients
of the polarization field, which is written as:
f grad 

P P
1
gijkl i k ,
2
x j xl

(1.6)

where g ijkl is the coefficients for the gradient energy, and Einstein’s summation convention is
employed. Note that g ijkl is a forth-rank tensor, and is also constrained by the symmetry of the
parent phase.
The elastic energy can be written as:
f elas 

1
cijkl ( ij   ij0 )( kl   kl0 ) ,
2

(1.7)

where cijkl is the elastic stiffness tensor,  ij is the total strain and  kl0 is the eigen strain or phase
transformation strain. The eigen strain is related to the polarization through  ij0  Qijkl Pk Pl , where

Qijkl is the electrostrictive coefficient. The mechanical equilibrium equations
 ij
x j

0,

should be satisfied to guarantee that there is no body stress within the system.

(1.8)
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The electrostatic energy is given by
1
f elec  Ei Pi -  0 b Ei Ei ,
2

where Ei is the electric field calculated by Ei  

(1.9)


with  the electrostatic potential,  0 is the
xi

permittivity of free space, and  b is the background dielectric constant [31,32].
The electrostatic equilibrium equation is given by:

 iib 0

 2 Pi

,
xi2 xi

(1.10)

Equations (1.5), (1.8) and (1.10) involve the spatial derivative. A spectral method based
on the fast Fourier transform is employed, which indicates that periodic boundary conditions are
assumed along the three dimensions. In the reciprocal space, all the derivatives transform to the
algebra of multiplication, and the differential equations becomes linear equations, which can be
solved straightforwardly. Equation (1.5) also incorporates the derivative with respect to time, and
a semi-implicit finite difference scheme is exploited to improve the stability of the numerical
methods [33].

1.7 Research objectives
As discussed in previous sections, the renaissance of multiferroic BiFeO3 and hexagonal
REMnO3 is fueled by the rich physics and potential applications. The functional properties of the
two materials are mainly determined by the domain structures, a type of microstructures. It has
been proven that the temporal evolution of the domain structures can be successfully predicted by
the combination of the Landau theory and phase-field methods [34,35]. However, there is no
compressive phenomenological model available to describe all the phases in BiFeO3. For
hexagonal REMnO3, although a Landau theory based model has been built [16], there are no
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reports on the temporal evolution of the domain configurations and associated detailed
topological changes based on phase-field simulations.
Therefore, the main objectives of the dissertation are (1) to build several models about
different phases in multiferroic BiFeO3 based on the Landau theory, (2) to investigate the order
parameter profiles near domain walls and domain structures in BiFeO3 utilizing the phase-field
methods, and (3) to simulate the temporal evolution of the domain structures and study the
topological changes in hexagonal REMnO3 during the coarsening process and in the presence of
external electric fields.

1.8 Dissertation structure
This dissertation has eight chapters: (1) Introduction, (2) Composition- and pressureinduced ferroelectric to antiferroelectric phase transitions in Sm-doped BiFeO3 system, (3) The
effect of the oxygen octahedral tilts on the domain wall energies in BiFeO3, (4) Vortex domains
in BiFeO3 films with mixed electric boundary conditions, (5) Modeling the tetragonal-like phase
in compressive strained BiFeO3 films, (6) Phase-field simulations on the domain structures in
hexagonal REMnO3, (7) Statistical analysis on the topological changes of the domain structures
in hexagonal REMnO3, and (8) Conclusions and future work.
In Chapter 1, starting from Maxwell’s equations, the definition and categories of
multiferroics are brief introduced. The crystal structure and physical properties of BiFeO3 and
hexagonal REMnO3 are reviewed. The concepts of domain and order parameter are discussed.
Then we introduce the methods employed in the dissertation. Finally, the research objectives and
dissertation structure are presented.
In Chapter 2, a three-dimensional phenomenological model is proposed to describe both
ferroelectricity and antiferroelectricity in Sm-doped BiFeO3. Based on the thermodynamic
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stability analysis, temperature-pressure and composition pressure phase diagrams are built, which
shows that compressive hydrostatic pressure and Sm doping have similar effects on the
ferroelectric and antiferroelectric phase transitions. It is also indicated that the experimentally
observed phase of BiFeO3 under the hydrostatic pressure from 3GPa to 10GPa is a PbZrO3-like
antiferroelectric phase.
In Chapter 3, the oxygen octahedral tilt order parameters are incorporated into the
phenomenological model on BiFeO3. It is found that a strong domain energy anisotropy arise
from the rigidity and corner-sharing feature of the oxygen octahedral network. The rotational
compatibility condition is proposed to identify low-energy domain walls in perovskites with
oxygen octahedral tilt instability. The order parameter profiles near different types of domain
walls in BiFeO3 are plotted, and it is shown that 109°rather than 71°domain walls have the
lowest domain wall energy.
In Chapter 4, the domain structures in the BiFeO3 films under mixed electric boundary
conditions, i.e. short-circuit on the top surface and open-circuit on the bottom surface, are studied
base on the phase-field methods. Vortex domains are obtained in different types of domain walls
in BiFeO3, and a mechanism is proposed to produce spontaneous vortex domains in a
ferroelectric film near an electrically insulating interface. It is shown that the vortex domains are
different whether the oxygen octahedral tilt order parameters are included. The vortex domains in
BiFeO3 give rises to a net curl of the polarization vectors, which can be switched by external
electric fields.
Under a compressive strain larger than 4%, BiFeO3 films show a transition from
rhombohedral (R)-like to tetragonal (T)-like phases. In Chapter 5, a Landau-theory-based
potential is proposed to describe the R-like and T-like phases in BiFeO3 films. The common
tangent construction in phase stability analysis indicates the R/T phase mixture, similar to the two

15
phase coexistence at specific compositions. Phase-field simulations demonstrate that the
determined domain wall orientations are in good agreement with experimental measurements.
In Chapter 6, the phenomenological model on hexagonal manganites is modified to fit the
phase-field methods. Two-dimensional and three-dimensional domain structures are obtained,
and the order parameter profiles near the vortex cores are demonstrated. The evolutions of
domain structures during the coarsening process and under external electric fields are studied,
which are shown to be associated with vortex-antivortex annihilation and domain wall pair
annihilation, respectively.
In Chapter 7, the statistical distribution on the domain structures of hexagonal manganites
is analyzed. The topological defects in hexagonal manganites form two types of domain
networks: type-I without and type-II with electric self-poling. A combined phase-field
simulations and experimental study shows that the frequencies of domains with N-sides, i.e. of Ngons, in a type-I network are fitted by a lognormal distribution, whereas those in type-II display a
scale-free power-law distribution with exponent ~2. The mechanism underlying the phenomena is
revealed. Also, the phase-ordering kinetic is discussed in both two-dimensional and threedimensional situations.
Chapter 8 summarizes the dissertation, and proposes the future directions on the
phenomenological theory and phase-field simulations of the multiferroic materials.

Chapter 2

Composition- and pressure-induced ferroelectric to antiferroelectric phase
transitions in Sm-doped BiFeO3 system

2.1 Introduction
As discussed in Section 1.2, pure BiFeO3 (BFO) exists with space group R3c at room
temperature, whereas above 825 oC, it shows an orthorferrite paraelectric (PE) crystal structure
with space group Pnma [9,12,36]. When doped with Sm elements, Bi1-xSmxFeO3 is determined to
be the PbZrO3-type antiferroelectric (AFE) structure for x ranging from 0.1 to 0.16 [37-39], and
the Pnma phase for x larger than 0.16 at room temperature [39-41]. In this chapter, we will focus
on the ferroelectric (FE) to AFE phase transitions in the Sm-doped BFO system.
An AFE phase is defined as an antipolar crystal with antiparallel cation displacements of
neighboring unit cells in contrast to a polar FE phase in which the cation displacements in
neighboring unit cells are all parallel to each other [42]. When subjected to a sufficiently high
external electric field, AFE crystals may undergo an AFE to FE phase transition, and the process
is characterized by the double-hysteresis loops. Accompanying the phase transition, physical
properties, such as linear dimensions and optical properties, may change significantly, which
provide the physical foundation for engineering applications of AFE materials in digital
displacement transducers [43,44] and energy storage capacitors [45].
The very first theoretical model to describe an AFE phase was a simple two-sublattice
model by Kittel [46], proposed before the experimental confirmation of the existence of AFEs
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[47]. Cross and Okada developed a phenomenological model by writing the Gibbs free energy as
a function of two dependent FE and AFE order parameters [48,49]. Haun et al. employed a threedimensional FE-AFE model to study the antiferroelectricity in PbZrO3 by assuming an
orthorhombic symmetry [50]. E. V. Balashova and A. K. Tagansev presented a one-dimensional
(1D) phenomenological model with competing structural and FE instabilities and studied
dielectric responses under applied electric fields [51]. Recently the origin of antiferroelectricity is
discussed based on the lattice dynamics in PbZrO3 [52,53]. However, most of the current
phenomenological theories focus on the AFE to FE phase transition induced by applied electric
fields [48,49,51] rather than by hydrostatic pressure, although experimental observations showed
that the inter-AFE phase transition is very sensitive to the applied pressure [54-57]. Furthermore,
no existing models can be directly applied to determining temperature-composition as well as
temperature-pressure phase diagrams involving both FE and AFE phases of a specific system.
In this chapter, we modify Cross and Okada’s phenomenological theory by defining
independent FE and AFE order parameters. Based on the experimental data, a temperaturecomposition phase diagram is constructed for the Sm-doped BFO system. Furthermore, we
incorporate the interaction between the FE (AFE) order parameter and hydrostatic pressure. The
derived relationship between transition temperatures and pressure corresponds to the well-known
Clapeyron Equation. The calculated temperature-pressure phase diagram for pure BFO indicates
that the intermediate phase under the pressure between 3.5 and 10 GPa is the PbZrO3-like AFE
phase.

2.2 Antiferroelectric order parameter and Landau-theory based model
To describe the FE and AFE phases, the Sm-doped BFO crystal is divided into two
sublattices, a and b, associated with polarizations Pa and Pb , respectively. If Pa and Pb are
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parallel to each other, the system exhibits the FE phase as sketched in Figure 2-1 (a). On the other
hand, it is the AFE phase if Pa and Pb are antiparallel, as illustrated in Figure 2-1 (b). When Pa
and Pb are both zero, it is the PE phase.

Figure 2-1. Schematic plot of the FE and AFE phases.

The FE and AFE order parameters p and q are defined as follows,

1
1
p  ( Pa  Pb ), q  ( Pa ' Pb ' ),
2
2

(2.1)
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In equation (2.1) we use Pa ' and Pb ' , instead of Pa and Pb , for the definition of the
AFE order parameter, to emphasize that the polarizations associated with the sublattices of the
AFE phase are sometimes different from those of the FE phase. It indicates that the AFE to FE
phase transition does not only involve the flip of the polarization in one of the two sublattices, but
also the changes in the magnitude and direction of the polarizations [58]. As shown in Figures 21(c) and 2-1(d), in the Sm-doped BFO system, the spontaneous polarization is along the [111]
direction for the FE phase while it is along [110] for the AFE phase [38]. It should be noted that
here we use the conventionally dentition of AFE, i.e. an AFE phase is a PbZrO3-like phase with
quadrupled unit cells as shown in Figure 2-1(d).
The stable phases of interest in the Sm-doped BFO system are listed in Table 2-1. Note
that in the FE, AFE, and PE phases, there exist the oxygen octahedral tilt instabilities, besides the
polar and antipolar instabilities [9]. Therefore, the thermodynamic free energy that we employed
can be considered as an effective energy function by implicitly including the contributions from
oxygen octahedral tilt instabilities. In this scheme, however, the Pnma and high symmetry cubic
phases are indistinguishable. In this chapter, the Pnma to cubic phase transition is neglected, and
the PE phase is assumed to have the cubic symmetry while maintaining the same free energy and
volume with the Pnma phase, i.e. the PE phase is an imaginary phase that does not exist in reality.

Table 2-1. Order parameters of different phases in Sm-doped BiFeO3.
Phases

Order parameters

PE phase

pi  0, qi  0

FE phase

p1  p2  p3  0, qi  0

AFE phase

pi  0, q1  q2  0, q3  0
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Taking the unpolarized and unstressed PE phase at the same temperature and composition
as the reference state, the total free energy density of the Sm-doped BFO system under the stressfree boundary conditions can be expressed as

f total  0  aij pi p j  aijkl pi p j pk pl  aijklmn pi p j pk pl pm pn  bij qi q j  bijkl qi q j qk ql
 bijklmn qi q j qk ql qm qn  tijkl pi p j qk ql ,

(2.2)

where pi and qi are the ith components of the FE and AFE order parameters in the pseudocubic
coordinate system; aij , aijkl , and aijklmn are the coefficients for the Landau free energy in terms of
the FE order parameter; bij , bijkl , and bijklmn are the coefficients for the Landau free energy in
terms of the AFE order parameter; and tijkl are coupling coefficients between the FE and AFE
order parameters.   0 refers to the reference external pressure, i.e. ambient pressure. The FE
and AFE Landau free energy polynomial functions are expanded to sixth order to include the
characteristics of the first-order phase transition [9,40], and to stabilize the orthorhombic AFE
phase [59]. Among all the coefficients, only a11 and b11 are assumed to be dependent on
composition and temperature, i.e. a11  a0 [T  Tc ( x)] , and b11  b0 [T  Tq ( x)] , where a0 and b0 are
constants; x denotes the Sm composition; and Tc (x) and Tq (x) are the FE and AFE Curie
temperatures at composition x, respectively. It is assumed that both Tc (x) and Tq (x) have linear









relationships with x as Tc x   Tc 0 1  c p x and Tq x   Tq 0 1  cq x [60], where cp and cq are
constants; and Tc0 and Tq0 are the FE and AFE Curie temperatures of pure BFO, respectively. The
Landau free energy expansion coefficients of the FE and AFE phases are obtained by fitting the
free energy to the corresponding experimental results and phase diagram data [40,41,61,62]. For
simplicity, the coupling term is only expanded to forth order. In order to suppress the following
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phase, p  0, q  0 [51,63], tij is assumed to be sufficiently positive. All the coefficients needed
for the calculations are listed in Table 2-2.
Table 2-2. Coefficients of SmxBi1-xFeO3 used in the calculation (SI units).

a0

1.093105

b0

9.492104

Tc (x)

815 5.314103 x

Tq (x)

815 5.031103 x

a1111

3.500107

b1111

2.000107

a1122

 7.222  107

b1122

 9.692107

a111111

1.200  108

b111111

2.000107

a111122

1.619107

b111122

1.222108

a112233

4.934108

b112233

1.0001011

Q11  2Q12

0.011

11  212

7.641103

2.3 Phase stability analysis and phase diagrams

According to the thermodynamic stability conditions,

Ftotal
F
 0, total  0 , we obtain
pi
qi

the equilibrium values of pi and qi for all the stable and metastable phases. Substituting these
equilibrium values back into Equation (2.2), the total energies for different phases can then be
determined.
The free energies of the FE and AFE phases of pure BFO with different symmetries as a
function of temperature are plotted in Figures 2-2 (a) and 2-2 (b), respectively. It can be seen that
the rhombohedral symmetry is stable for the FE phase while the orthorhombic symmetry is stable
for the AFE phase. The comparison of the free energies for the rhombohedral FE and
orthorhombic AFE phases for different Sm compositions at room temperature is shown in Figure
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2-2 (c), which illustrates that the FE, AFE and PE phases are stable when the Sm composition is
smaller than 0.1, between 0.1 and 0.16, and larger than 0.16, respectively. The polarization
component p1 of pure BFO as a function of temperature is plotted in Figure 2-2 (d), indicating a
first-order phase transition at 825 oC. The magnitude of p1 at room temperature is about 0.6 C / m2
, and thus total polarization is pS  3 p1  1C / m2 , which is consistent with the experimentally
measured value [64].

Figure 2-2. The free energies of (a) the FE phases and (b) the AFE phases with different
symmetries of pure BFO as a function of temperature: tetragonal (T) symmetry with only one
nonzero component, orthorhombic (O) with two nonzero components, and rhombohedral (R) with
three nonzero components. (c) The free energies of the rhombohedral FE and orthorhombic AFE
phases as a function of the Sm composition at room temperature 25 °C. (d) The polarization
component (p1) of pure BFO as a function of temperature in the rhombohedral FE phase.
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Figure 2-3 (a) shows the calculated temperature-composition phase diagram of the Smdoped BFO system at ambient pressure, which is in a good agreement with experimental
observation [41]. The PE-AFE and AFE-PE phase boundaries are straight lines, which is due to
the assumption that only a11 and b11 are linearly dependent on composition, as shown in Table 22.

Figure 2-3. (a) Temperature-composition phase diagram of Sm-doped BFO at ambient pressure;
(b) temperature-pressure phase diagram of pure BFO. The FE, PE and AFE phases are denoted by
green, white and pink colors, respectively. The red dots are taken from experimental data [9,41].

The total free energy density including the elasticity contribution can be written as
f total  f total  0 

1
sijkl ij kl  Qijkl pi p j kl  ijkl qi q j kl ,
2

(2.3)

where sijkl is the compliance tensor;  ij denotes the stress tensor; and Qijkl and  ijkl are the FE
and AFE electrostrictive coefficients, respectively. The electrostrictive coefficients are obtained
from the experimentally measured lattice parameters [65-68] by assuming that the lattice
parameters are linearly dependent on pressure.
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By rearranging the free energy of the FE phase under hydrostatic pressure (

1   2   3   , 4   5   6  0 ), and following the Voigt notation, the relationship between
the FE Curie temperature and the hydrostatic pressure can be written as

Tc (x, )  Tc (x) 

1
(Q11  2Q12 ) ,
a0

(2.4)

Equation (2.4) shows that the FE Curie temperature is linearly dependent on pressure and
the linear coefficient is proportional to Q11  2Q12 . According to the infinitesimal strain theory
[69], the relative variation of the volume or dilatation can be expressed as a summation of the
normal strains, i.e.   11   22   33 . The phase transition strain is given in terms of pi and qi
[70],  ij  Qijkl pk pl  ijkl qk ql . For the FE phase ( p1  p2  p3  p, q1  q2  q3  0 ), the
dilatation relative to the PE phase during the phase transition is

 p  11   22   33  3(Q11  2Q12 ) p 2 ,

(2.5)

The entropy change ΔS per volume is given by
S 

f FE
 3a0 p 2 ,
T

(2.6)

In Equations (2.5) and (2.6), p is the magnitude of polarization just below the transition
temperature. Since all the coefficients except a11 are independent of pressure and temperature
and only the lowest-order coupling terms between polarization and stress are considered, p is a
constant for the above first-order transition (This is valid only for a small pressure range, since
pressure may change the order of the transition [71]). Therefore,  p and S are independent of
temperature and pressure based on the model. From Equations (2.4), (2.5), and (2.6), we have

p
p
Tc (x, ) Q11  2Q12



,
2

a0
dS
3a0 p

(2.7)
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For a first-order transition, the FE phase transition temperature is related to the Curie
temperature by

Tct (x, )  Tc (x, ) 

3(a1111  a1122) 2
,
4a0 (3a111111 6a111122 a112233)

(2.8)

Only Tc (x, ) is dependent on the pressure and thus we obtain

Tct (x, )  p V p / V V p



,

dS dS p / V S p

(2.9)

where V , V p and S p are the system volume, volume change, and entropy change,
respectively. Similarly, for the AFE phase transition we have

Tqt (x, )




Vq
S q

.

(2.10)

Equations (2.9) and (2.10) are essentially the well-known Clapeyron Equations. The
Clapeyron Equation indicates that for a first-order phase transition, the derivative of transition
temperature with respect to pressure is determined by the volume and enthalpy changes between
the two phases.
By minimizing the total free energy in Equation (2.3), we constructed a temperaturepressure phase diagram for pure BFO, as shown in Figure 2-3 (b). Three phases (the FE, AFE and
PE phases) are identified similarly to the temperature-composition phase diagram in Figure 2-3
(a). The AFE-PE phase boundary is a straight line as illustrated by Equation (2.10). The AFE-FE
phase boundary is also a straight line, which is similar to the AFE-FE transition in tin-modiﬁed
lead zirconate titanate (PZT) ceramics [56]. The linear dependence of transition temperatures on
pressure comes from the fact that only the lowest-order coupling terms between the order
parameters and stress are maintained, and from the assumption that all the stiffness coefficients
are independent of pressure.
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2.3 Discussion
The “chemical pressure” (replacing the cations with larger or smaller cations) may
produce a similar effect as pressure on promoting the FE and AFE phase transitions. For example,
in the PZT system, either adding zirconium or applying pressure can induce the FE R3c to AFE
Pbam phase transition for the low titanium content PZT [55,72], and the FE P4mm to PE Pm3m
phase transition for the high titanium content PZT [72,73], respectively. Here we propose a
phenomenological theory to describe the similarity between the chemical pressure and hydrostatic
pressure, as shown in Figure 2-3.
Although pure BFO is experimentally determined to exhibit the Pnma symmetry under
pressure between 10 GPa and 20 GPa [61,67,74], there are discrepancies among different studies
on the stable phases with pressure ranging from 3 GPa to 10 GPa. Possible intermediate
symmetries include C2/m [67], O1 and O2 [75], Pbam [68], and O1, O2, and O3 [61]. Based on
our calculations, the PbZrO3-like Pbam phase better reflects the similarities between the chemical
pressure and hydrostatic pressure, which is obtained from the neutron diffraction results [68]. It is
believed that the neutron diffraction result is more accurate than the X-ray, since the X-ray is less
sensitive to the oxygen ions than the Bi and Fe ions. We speculate that the different phases
observed by other groups are produced by the twin structures of R3c and Pbam phases.
Furthermore, the relationship between the FE and AFE phases in the Sm-doped BFO system
resembles that on the low titanium content side of the PZT system [39,41]. In both systems, the
FE to AFE phase transition occurs with a decrease in the tolerance factor. The tolerance factor (t)
is an indicator for the stabilities of the structural distortions in perovskites ABO3, and is given by
t  ( RA  RO ) / 2 ( RB  RO ) , where RA , RB , and RO are the ionic radii of the A, B and O

elements, respectively [41]. It should be noted that for the Sm-doped BFO, it is A-site doping,
and the tolerance factor decreases because of the smaller atom substitutions. On the other hand, in
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the PZT system, it is B-site doping, and the decrease in the tolerance factor is due to adding
bigger zirconium atoms. The similarities between the Sm-doped BFO and PZT systems serve as
indirect evidences that the BFO phase under the pressure between 3 GPa and 10 GPa is the
PbZrO3-like AFE phase.
The temperature-pressure phase diagram in Figure 2-3 (b) shows that hydrostatic pressure
can induce the FE to AFE to PE phase transitions. This can be explained by the volume
differences, i.e. VFE> VAFE >VPE. In other systems, usually VFE > VAFE and VFE>VPE are observed,
and pressure can induce the FE to PE and FE to AFE phase transitions [54-56]. However, if the
pseudocubic unit cell of the AFE phase is smaller than that of the PE phase, applying the pressure
will favor the AFE phase rather than the PE phase. For example, in the modified PZT system, it is
shown that pressure can increase the PE to AFE transition temperature because of VAFE<VPE
[54,57,76].

2.4 Conclusion
In summary, we proposed a modified phenomenological model to describe the
ferroelectric (FE) and antiferroelectric (AFE) phase transitions based on the Ginzburg-LandauDevonshire theory. It was applied to the Sm-doped BiFeO3 (BFO) system to study the FE and
AFE phase transitions under the Sm doping and pressure. The calculated temperaturecomposition and temperature-pressure phase diagrams show that the compressive hydrostatic
pressure and Sm doping have similar effects on the FE and AFE phase transitions. The results
also demonstrates that the intermediate phase of pure BFO under pressure between 3 GPa and
10GPa is the PbZrO3-like AFE phase, and that the sequence of phase transitions is from FE to
AFE to paraelectric with increasing pressure. Although the current study is under hydrostatic
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pressure, the model can be easily modified to study the AFE and FE phase transitions under
uniaxial and biaxial stresses. The proposed model is general and applicable to other AFE systems.

Chapter 3

The effect of oxygen octahedral tilt on the domain wall energies in BiFeO3

3.1 Introduction
Recently, more and more efforts have been dedicated to the research of domain wall
properties that are absent from its bulk counterparts, including superconductivity in insulating
materials [77,78], two dimensional electron gas at interfaces [79,80], unusual vortices near
domain wall [81], and polarization from nonpolar materials [82-85]. domain wall engineering
thus emerges as another pathway to tune the properties of ferroelectrics [86,87]. Specifically,
domain walls in BiFeO3 (BFO) are intensively studied due to the related unique properties such
as domain wall conduction and switching behaviors under electric fields [86,88,89]. BFO exhibits
both polarization and oxygen octahedral tilt order parameters with a rhombohedral crystal
structure, and it forms 71˚, 109˚, and 180˚ domain walls with the angles measuring the direction
changes of polarization vectors in neighboring domains. Intuitively, 180˚ domain walls give rise
to the largest variation of the polarization vectors and thus highest domain wall energy. However,
both computations and experiments indicated the domain wall energy sequence of
109˚<180˚<71˚, which may attribute to oxygen octahedral tilts [90,91].
Considering both polarization and oxygen octahedral tilts, three types of domain walls—
pure polarization, pure tilt, and FE + tilt domain walls—are expected. Tagantsev et al. introduced
the terminology of “easy wall” and “hard wall” to emphasize the difference of domain wall
energy when studying the pure tilt domain walls with different orientations in SrTiO3 [92].
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However, there are lack of systematical studies on the pure tilt and FE + tilt domain walls [92,93]
compared to those on pure polarization domain walls [94-98]. In this chapter, we demonstrate the
strong anisotropy of the domain wall energy involving variation of the tilts from the perspective
of crystallography, and propose a rotational compatibility condition to classify the low-energy
oxygen octahedral tilt domain walls in perovskite. Then we investigate the domain walls in BFO,
based on the Ginzburg-Landau-Devonshire theory with an anisotropic gradient energy
coefficients. The calculations show that the properties of pure tilt domain walls are quite different
from those of pure polarization domain walls, and that the anisotropy of oxygen octahedral tilt
domain wall energy makes a substantial contribution to domain wall energies in BFO.

3.2 Rotational compatibility condition to determine the low-energy domain walls in
perovskites with oxygen octahedral tilt

3.2.1 Properties of the oxygen octahedral network
Let us start from the oxygen octahedral network of the perovskite structure and choose
the Cartesian coordinate system along the crystallographic directions of the pseudocubic lattice.
Due to the corner-sharing feature and rigidity of the oxygen octahedra, the rotation of one
octahedron along the x3 direction requires the rest of octahedra within the same layer (x1-x2 plane)
to rotate accordingly, as shown in Figures 3-1 (a) and 3-1 (b). Thus, all the corner-connected
octahedra rotate in opposite directions in an alternate pattern leading to a unit-cell doubling. On
the other hand, the oxygen octahedra in the adjacent layers are free to rotate in either the same or
opposite pattern, which gives rise to the so-called in-phase tilt (Figure 3-1 b) or out-of-phase tilt
(Figure 3-1 a), respectively. In an out-of-phase tilt, the unit cell is doubled along all the three
pseudocubic axes [11]. Since all the oxygen octahedral tilts can be decomposed into tilt
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components along the three pseudocubic axes due to the rigidity of the oxygen octahedra, a
general oxygen octahedral tilt pattern can thus be expressed using the Glazer notation [11]. In the
following we will discuss the rotational compatibility condition using SrTiO3 as an example.

Figure 3-1. Demonstration of the low-energy domain walls with respective to oxygen octahedral
tilts. (a) and (b) show the oxygen octahedral tilt patterns in a0a0c- and a0a0c+ phases. (c) and (d)
demonstrate type-I walls in a0a0c- and a0a0c+ phases. Green and blue diamonds represent oxygen
octahedra rotated clockwise and counterclockwise, respectively, with the rotation axis along x3.
The balls inside the diamonds represent B atoms. Red and orange balls refer to oxygen and A
atoms, respectively. The dot-dashed lines indicate the locations of domain walls. Schematic plot
of oxygen atom displacements in (e) type-I wall in a0a0c-, (f) type-I wall in a0a0c+, (g) type-II wall
in a0a0c-, and (h) type-I wall in a0b-b-. Circles indicate oxygen atoms. Every shared oxygen atom
at the domain walls is artificially split into two virtual atoms (dotted circles) in (e), (f), (g), and
(h), in order to more clearly show the displacements of the oxygen atoms in each domain. A cross
or a dot in a circle represents an atom displacement of into or out of the plane of the page,
respectively.
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The crystal structure of the tetragonal SrTiO3, with Glazer notation a0a0c-, has only one
out-of-phase oxygen octahedral tilt component along the x3 direction. The antiphase domain walls
in SrTiO3 would normally be considered to be isotropic since both the mechanical compatibility
and electrical neutrality conditions are not applicable. To demonstrate the effect of the rotational
compatibility condition on domain walls, we focus our discussion on two distinct types of
antiphase domain walls. The type-I domain walls, as shown in Figure 3-1 (e), are perpendicular to
x3. Both the neighboring domains produce a zero displacement of the shared oxygen atoms,
resulting in almost no disruption in the oxygen positions. Therefore, they are very thin, and the
two oxygen octahedral layers across the domain walls show the in-phase tilt pattern. This type of
domain walls are also called “easy walls” with a small domain wall width and energy [92]. These
domain walls are analogies to the translational domain walls [99], related to the unit-cell doubling
induced by the oxygen octahedral tilts. The type-II domain walls are sketched in Figure 3-1 (g).
They are parallel to x3, and the neighboring domains tend to displace the shared oxygen atoms at
the domain walls in opposite directions. To connect the two domains, the tilt order parameters
near the domain walls have to rotate relative to the two domains, i.e. the oxygen octahedra tilt
around x1 or x2 axis near the domain wall. As a result, the domain walls have a much wider
thickness with a significantly higher energy comparing to the type-I domain walls. With the
assumption that the rotations of the tilt order parameters near a domain wall cost energy, we
propose the rotational compatibility condition to determine the orientations of the low-energy
oxygen octahedral tilt domain walls in perovskites [see proof in next section]:

(i  i)n j  0( j  i ) , with i  i  0 ,

(3.1)

where  i and  i are axial vectors and denote the oxygen octahedral tilt components in the two
neighboring domains, and n is the domain wall normal.
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3.2.2 Proof and discussion of the rotational compatibility condition
As shown in Figure 3-1 (a), if an oxygen octahedron rotates around the x3 axis, the four
equatorial oxygen atoms move along the x1 or x2 axis, whereas the top and bottom oxygen atoms
are not displaced. For a general oxygen octahedral tilt component  i , the oxygen atoms in the
whole lattice can be divided into two categories: oxygen atoms of Category-I are displaced in the

x j ( j  i ) direction, and those of Category-II are not displaced by the tilt component. The
Category-I oxygen atoms are all correlated and move collectively in one domain due to the
corner-connecting feature of the oxygen octahedral network, and thus displacing one oxygen
atom leads to displacements of all other Category-I oxygen atoms correspondingly. For example,
as illustrated in Figure 3-1(e), the circles with dots and crosses are Category-I oxygen atoms
which are displaced parallel or antiparallel to the x1 direction. In contrast, the category-II oxygen
atoms are not related, and they form layers parallel to the x j xk ( j, k  i ) plane. The empty circles
lying in the x1x2 layers are Category-II oxygen atoms as shown in Figure 3-1(e). This
classification is also valid when another oxygen octahedral tilt component  j ( j  i ) exists at the
same time, since different oxygen octahedral tilt components can be treated as independent of
each other due to the rigidity of the oxygen octahedral [11].
We assume that a sharp-interface domain wall lies between the two domains (

i  i  0 ) and that the domain wall is a plane containing at least three oxygen atoms
(abstracted as dots). A nonzero oxygen octahedral tilt component with different signs tends to
displace the Category-I oxygen atoms in opposite directions, and thus a low-energy domain wall
should not contain any Category-I oxygen atoms. Otherwise, since the Category-I oxygen atoms
in the domain wall plane are shared by the two domains, the rotation angles of the adjacent
oxygen octahedra near the domain walls will become almost zero and cannot reach their
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equilibrium values, which is energetically unfavorable. To avoid the discontinuity of the oxygen
atom displacements, a domain wall should contain only the Category-II oxygen atoms, and a
domain wall parallel to the x j xk ( j, k  i ) plane is the only low Miller index domain wall, as
shown in Figure 3-1 (a). Therefore, the low-energy domain walls between the two domains (

i  i  0 ) are parallel to the x j xk ( j, k  i ) plane. The rotational compatibility condition can
be expressed by Equation (3.1). Here  i can be the in-phase tilt component or out-of-phase tilt
component [100].
If the oxygen octahedral tilts only change the sign of ith component, i.e.

 j   j ( j  i ), j   j  0( j  i ) , from Equation (3.1), we obtain n j  0( j  i ) and the
value of ni is arbitrary, i.e. the wall normal is along the xi axis. The domain wall is rotationally
compatible with respect to all the changed components, and we call it a fully rotation-compatible
domain wall, usually accompanied by the lowest domain wall energy in a system. Also, an
antiphase domain wall with the sign changes of two or three oxygen octahedral tilt components,
i.e. i  i  0, j   j  0, with j  i , with the wall normal along the xi axis, is rotationally
compatible with respect to the  i component, but rotationally incompatible to other flipped
components. We call it a partially rotation-compatible domain wall, with a higher energy than a
fully rotation-compatible domain wall. The rotational compatibility condition does not apply to
an oxygen octahedral tilt component that changes to zero, i.e. i  0,i  0 .

R. Beanland developed a mathematical framework to describe the effect of the cornerconnectivity and symmetry operations, and proposed a method to predict all the symmetryallowed domain wall structures [101]. Here Equation (3.1) determines that among those allowed
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by symmetry, the domain walls maintaining corner-connectivity with reduced rotations of oxygen
octahedral tilts near the domain walls have lower energy.
By applying the rotational compatibility condition, we can readily predict the orientations
of the low-energy oxygen octahedral tilt domain walls. Examples of several popular perovskite
structures with fully rotation-compatible domain walls are listed in Table 3-1. Relative to the
Glazer notation for the two domains, there is a sign change for only one superscript for the local
structure of a domain wall, either from + to –, or vice versa. In other words, one oxygen
octahedral tilt component changes from in-phase to out-of-phase at the domain wall, or vice
versa. For example, at the low-energy domain wall of an a0b-b- structure, shown in Figure 3-1 (h),
the oxygen octahedral tilts of the two adjacent domains produce the same displacements for the
shared oxygen atoms at the domain wall, and the local domain wall structure is a0b-c+.
Table 3-1. Fully rotation-compatible domain walls in some popular perovskites. In the notation
[i jk ](ni n j nk )[i jk ] , [i jk ] and [i jk ] are the oxygen octahedral tilt order
parameters describing the oxygen octahedral tilt patters in the two neighboring domains across a
domain wall, and (ni n j nk ) is the domain wall normal. An asteroid superscript indicates an inphase tilt (otherwise, out-of-phase tilt).
Space group of
bulk phase (Glazer
notation)

P4 / mbm(a 0a 0c  )
I 4 / mcm (a 0a 0c  )
I 4 / mmm(a 0b b  )
Im ma (a 0b b  )

Low-energy domain wall (local Glazer
notation)

Examples [11,102]

[001*](001)[001*](a 0a 0c  )

NaNbO3

0 0 

[001](001)[001] (a a c )
o  

[01*1*](010)[01*1*](a b c )

[011](010)[011] (a ob  c  )

SrTiO3
___

Im 3(a  a  a  )

[1 *1 *1*](100)[1 *1 *1*](a b  b  )

La0.7Ba0.3MnO3
Ca0.25Cu0.75MnO3

R3c (a a a  )

[111](100)[111] (a bb )

BiFeO3, PbZrO3

Pnma(a a  c  )

[111*](001)[111*](a  a c  )

CaTiO3, GdFeO3

  

[111*](100)[111*](a b c )
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3.2.2 Relation between the rotational and mechanical compatibility conditions
The orientations of permissible (low-energy) domain walls are conventionally determined
using two conditions: one is the mechanical compatibility condition which requires matching of
the atomic displacements of the two adjacent domains to minimize the strain energy [103]; the
other is the electrical neutrality condition to minimize the electrostatic energy, e.g. in ferroelectric
domain walls arising from the bound charges. The electrical neutrality condition does not apply to
the oxygen octahedral tilt order parameter, which does not interact with electric fields. The
mechanical compatibility condition applies to the oxygen octahedral tilt twin walls, and yet is
insufficient to predict the orientations of the low-energy oxygen octahedral tilt domain walls as
discussed below.
The origin of the rotational compatibility condition is similar to the mechanical
compatibility condition, i.e. both of them tend to avoid the disruption of atom displacements in
the domain wall interface for a virtual sharp-interface domain wall. However, the mechanical
compatibility condition is based on the relation of the transformation strains of the two adjacent
domains, which are proportional to the square of the oxygen octahedral tilt order parameters. The
mechanical compatibility condition thus cannot reflect the displacement differences when an
oxygen octahedral tilt component flips its sign. Therefore, to determine the low-energy domain
walls in perovskites with a structural oxygen octahedral tilt phase transition, the rotational
compatibility condition is required, as a complementary to the mechanical compatibility
condition.
The orientation of a mechanically compatible domain wall can be determined from the
equation for mechanically compatible interfaces separating two domains with transformation
strain  ij0 and  'ij0 , ( ij0   'ij0 )vi v j  0 , where v(vi , v j , vk ) is a vector in the wall interfaces [103].
Einstein summation convention is employed, and the subscripts i and j run from 1 to 3,
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respectively. The mechanical compatibility equation can determine two mutually perpendicular
domain walls in the perovskites with oxygen octahedral tilt instabilities.
In the mechanical compatibility equation ( ij0   'ij0 )vi v j  0 , the transformation strain  ij0
is given by [70]
0
11
 1112  12 ( 22   32 ),
0
 22
 11 22  12 (12   32 ),
0
 33
 11 32  12 (12   22 ),
0
12
 441 2 ,

(3.2)

0
13
 441 3 ,
0
 23
 44 2 3 ,

For a fully rotation-compatible domain wall with lth component flipped, the order
parameters of two domains are i  i(i  l ),i  i(i  l ) with the wall normal along xl
direction. Then ~ij   ij0   'ij0 can be written as ~ii  0, ~ij  0(i  l , j  l ),~il  244il (i  l ) . We
obtain ~ij vi v j  0 since vi  0(i  l ) . Therefore, all fully rotation-compatible domain walls are
mechanically compatible spontaneously. A fully rotation-compatible domain wall is an antiphase
domain wall in the system with one nonzero oxygen octahedral tilt component such as SrTiO3,
and a twin wall in the system with two or three nonozero oxygen octahedral tilt components.
For the antiphase domain walls that are not fully rotation-compatible, the oxygen
octahedral tilt order parameter has two or three nonzero components and flips all components, i.e.

i  i  0, j   j  0, with j  i , in which situation the mechanical compatibility
condition does not apply. From the rotational compatibility condition, the low-energy domain
wall has its normal along the xi axis, which is rotationally compatible with respect to the  i
component, and yet rotationally incompatible with respect to other flipped components. Thus we
call it a partially rotation-compatible domain wall.
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For the twin walls that are not fully rotation-compatible, e.g.

i  i  0, j   j  0,k  k  0(i  j  k ) , it is possible that both the rotational and
mechanical compatibility conditions apply, but give different domain wall orientations. In this
situation, usually the domain wall orientation is determined by the mechanical compatibility
condition since the elastic energy cost is generally larger than the gradient energy cost. For
example, from our calculation of BiFeO3 based on the Ginzburg-Landau-Devinshire theory (for
details see Chapter 3.3), the domain wall energy of [111,111](001)[111,111] (mechanically
incompatible) is 498 mJ/m2, whereas that of [111,111](110)[111,111] (rotationally incompatible) is
124 mJ/m2.
In summary, for an antiphase domain wall, the mechanical compatibility condition does
not apply and the rotational compatibility condition determines the low-energy domain wall
orientations. For a twin wall, if the oxygen octahedral tilt order parameter only flips the sign of
one component, the mechanical compatibility condition determines two low-energy domain wall
orientations and the rotational compatibility condition further predicts that one of the two domain
walls has a lower energy. For other twin walls, the mechanical compatibility condition also
determines two low-energy domain wall orientations. Although the rotational compatibility
condition cannot determine which one is more energetically favorable, we can calculate and
compare the domain wall energies from the Ginzburg-Landau-Devinshire theory with an isotropic
gradient energy coefficients as shown in Chapter 3.3, and usually their domain wall energies and
widths are close with each other [104].
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3.2.3 Apply the rotational compatibility condition to SrTiO3
The anisotropy of the oxygen octahedral tilt domain walls in SrTiO3 can be quantitatively
analyzed within the Ginzburg-Landau-Devonshire framework. For simplicity, the stress-free
boundary condition is assumed, and the elastic energy contribution is neglected. The total free
energy of the oxygen octahedral tilt domains can then be written as the function of the oxygen
octahedral tilt order parameters,

1
 
FOT  ( iji j ijkli j kl   ijkl i k )dV ,
2
x j xl



(3.3)

where V is the system volume,  ij and  ijkl are Landau coefficients, and  ijkl are gradient energy
coefficients. Assuming that the only active oxygen octahedral tilt is along x3, type-I domain walls
(wall normal along x3) should have a much smaller domain wall energy than that of type-II
domain walls (wall normal along x2), implying  3333  11   3232   44 . From experimental
phonon dispersion data [92,93,105], 11  0.281010 J/m 3 and  44  7.111010 J/m 3 , which
agrees quite well with our prediction.
To predict the domain wall energy anisotropy with an arbitrary orientation for the
antiphase domain walls in SrTiO3, we calculate the energies and widths of the domain wall with
the normal (1, , ) in a spherical coordinate system, where  is the polar angle between the
normal and x3. With the coordinate system counterclockwise rotated about x3 by an angle  , the
axes become x'i . Then rotating the coordinate system counterclockwise about the x1 axis by an
angle  , we have axes xi . Now the x3 axis is perpendicular to the wall plane. The gradient
energy coefficient tensor in the xi coordinate system is obtained by

 'ijkl  aim a jn ako alp mnop ,
where a is the rotation matrix with the form,

(3.4)
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sin    sin 
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0

0 ,
1 

(3.5)

It is assumed that no oxygen octahedral tilt components along the x1 and x 2 axes
develop at the domain wall, and the oxygen octahedral tilts can be expressed by
(0,3 sin,3 cos ) in the xi coordinate system.

From the Euler-Lagrange Equation, one obtains

 '2323

 23
 23
sin 2    '3333
cos2   213  41133 ,








x3x3
x3x3

(3.6)

The solution to the above equation is

3  

1

tanh( - 1 x3),
2 11
 eff

(3.7)

where the effective gradient energy coefficient is  eff   '2323sin 2    '3333cos2  .
The domain wall width and energy are given by

 2 

 eff
2
, 
 13 eff .
1
311

(3.8)

The domain wall energy anisotropy depends only on  eff , whose magnitude along the
direction (, ) is plotted as a function of the radial distance in Figure 3-2 (a). The nearly
isotropic domain wall energy in the x1 x2 plane is due to the relation 12 ~  44 [92]. The maximum
value corresponds to the domain walls that have their normal lying within the x1 x2 plane. They
correspond to the high-energy domain walls, and a particular example is the type-II domain walls
discussed previously. In order to better visualize the  eff surface, a cross section along the x1 x3
plane is plotted in Figure 3-2 (b). The minimum of  eff is realized when the wall normal is along
the x3 axis, as expected. The calculated anisotropy in  eff corresponds to the domain wall energy
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anisotropy, consistent with the predictions from the rotational compatibility condition. Therefore,
the rotational compatibility condition originated from the atomistic characteristics of the oxygen
octahedral tilts can be well modeled by the continuum Ginzburg-Landau-Devonshire theory by
considering the strong anisotropy of the gradient energy coefficients.

Figure 3-2. (a) Magnitude of  eff along the direction (, ) with x3 as the polar axis. The oxygen
octahedral tilt rotates around the x3 axis. (b) Magnitude of  eff in the x1x3 plane. Also shown are
 and  44
 , the gradient coefficients in the rotated coordinate system.
the magnitudes of  11

3.3 Apply the rotational compatibility condition to BiFeO3
The oxygen octahedral tilts are not the sole order parameters that exist in BiFeO3 (BFO),
and they interact with the polarization order parameters. In this section, we will demonstrate the
influence of the oxygen octahedral tilts on the ferroelectric domain wall energy anisotropy.

42
3.3.1 Phase-field model
To describe the oxygen octahedral tilt and polarization domain walls in BFO, we adopt
the notation [ Pi Pj Pk ,i jk ](ni n j nk )[PiPjPk,i jk ] , where [ Pi Pj Pk ,i j k ] and [ PiPjPk,i j k ]
are the polarization and oxygen octahedral tilt components in two adjacent domains. In a given
rhombohedral BFO domain, the polarization and out-of-phase oxygen octahedral tilts are along
one of the eight body diagonal <111> pseudocubic directions [9]. For a particular polarization
direction, there are two possible oxygen octahedral tilts, either parallel or antiparallel to the
polarization. The two cases are illustrated with one dimensional (1D) schematic drawings of a FE
+ tilt domain wall and a pure FE domain wall in Figures 3-3 (a) and 3-3 (b), respectively.
Therefore, the total number of domain variants is 16 rather than 8. With u and v labeling the
numbers of how many components the polarization and oxygen octahedral tilts change sign
across a domain wall, their relationship can be either u  v  3 for an oxygen octahedral tilt
phase shift across the domain wall, or u  v for no phase shift [90]. Therefore, the possible pairs
for values

{u, v} are {0,3} , {1,1} , {1,2}, {2,1} , {2,2}, {3,0}, and {3,3} . {0,3} corresponds the

antiphase oxygen octahedral tilt domain walls, and here we only analyze the domain walls with
low Miller indices. For example, in [111,111](ni n j nk )[111,111] , (ni n j nk ) is (100), (110) or (111) .
(100) is partially rotation-compatible and should have the lowest domain wall energy among the
three. To satisfy the mechanical compatibility and electrical neutrality conditions, the domain
wall orientations of {1,1} , {1,2} , {2,1} , and {2,2} can be uniquely determined, and {3,0} and {3,3}
domain walls each have one low Miller index domain wall [96]. Therefore, based on the two
conventional conditions, we have a total of nine possible types of domain walls as listed in Table
3-2. Only the [111,111](100)[111,111] domain wall is fully rotation-compatible, and thus its
domain wall energy should be the lowest among the nine.
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Figure 3-3. 1D schematic plot of an (a) FE + tilt domain wall (left: P3  1,3  1 , right:
P3  1,3  1 ), and (b) pure FE domain wall (left: P3  1,3  1 , right: P3  1,3  1 ).
Oxygen octahedral tilts are represented by diamonds of different colors; a dot and a cross in a
circle indicate polarization pointing out-of and into the plane of the page, respectively.
Table 3-2. Domain wall Energies (mJ/m2) of the nine types of domain walls in BiFeO3. The
angles after the domain wall notation measure the changes of the polarization vectors in the
neighboring domains across a domain wall.
Domain wall type

Dieguez et al.[90]

From our work

[111,111](100)[111,111] (Pure tilt wall)

227

231

[111,111](110)[111,111] (Pure tilt wall)

254

293

[111,111](110)[111,111] (Pure tilt wall)

293

290

[111,111](110)[111,111] (71°)

152

124

[111,111](110)[111,111] (71°)

178

161

[111,111](100)[111,111] (109°)

62

55

44

[111,111](100)[111,111] (109°)

319

259

[111,111](110)[111,111] (180°)

74

94

[111,111](110)[111,111] (180°)

255

381

To further investigate the consequence of order parameter coupling between the oxygen
octahedral tilts and polarization on the domain wall energy anisotropy and the order parameter
profiles across the domain walls in BFO, we employ the Ginzburg-Landau-Devinshire theory and
phase-field method. We consider all the important energy contributions: bulk chemical energy,
gradient energy, elastic energy and electrostatic energy [29,30], i.e.



F  [ ij Pi Pj   ijkl Pi Pj Pk Pl   ij i j   ijkl i j k l  tijkl Pi Pj k l
V



P P 1
  k 1
1
1
g ijkl i k   ijkl i
 cijkl ( ij   ij0 )( kl   kl0 )  Ei Pi ]dV
2
x j xl 2
x j xl 2
2

,

(3.9)

where  ij and  ijkl are the Landau coefficients of polarization; tijkl are coupling coefficients
between the polarization and oxygen octahedral tilts; g ijkl are gradient energy coefficients of
0
polarization; cijkl is the elastic stiffness tensor;  ij and  kl are the total strain and eigen strain,

respectively; Ei is the electric field calculated by Ei  


with  the electrostatic potential.
xi

The eigen strain is related to the polarization and oxygen octahedral tilts through

 ij0  ijkl kl  Qijkl Pk Pl , where ijkl and Qijkl are coupling coefficients. All the coefficients can
be found in Table 3-3. It should be noted that the relation 11   44 is satisfied in describing the
energy anisotropy of the oxygen octahedral tilt domain walls.
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Table 3-3. Coefficients of BiFeO3 used in the simulation (SI units)

11

 3.580108 [a]

1111

7.8401011 [c]

1111

3.000108 [a]

1122

 5.138109 [c]

1122

1.188108 [a]

1212

4.977109 [c]

11

 5.400109 [a]

c1111

2.2801011 [d]

1111

3.4401010 [a]

c1122

1.2801011 [d]

1122

6.7991010 [a]

c1212

0.6501011 [d]

t11

4.532109 [a]

1111

0.08416 [e]

t1111

2.266109 [a]

1122

-0.09200 [e]

t1122

 4.840109 [a]

1212

0.3192 [e]

g1111

4.3351011 [b]

Q1111

0.05700 [e]

g1122

 3.4001012 [b]

Q1122

-0.02000 [e]

g1212

3.4001012 [b]

Q1212

-0.0007300 [e]

[a] Fitted from the value of the spontaneous polarization and tilt angels of oxygen
octahedra [90,106].
[b] Following the relation [95] g1111  g1212, g1122 ~  g1212 .
[c] Following the relation [93] 1111  1212, 1122 ~ 1212.
[d] From the first principle calculation [107].
[e] Fitted from the lattice parameters based on the first principle calculation [106].

The order parameter profiles across the domain walls between different pairs of domains
and the corresponding domain wall energies are obtained by numerically solving the phase-field
equations [33]. Periodic boundary conditions are imposed along all three dimensions. The system
size is 4096x 1x 1x and the grid spacing is x  0.031 nm . The coordinate system is
rotated if necessary to guarantee that the wall normal is always along the x1 direction. Due to the
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periodic boundary conditions, two domain walls exist in the system, and the system size is chosen
to be sufficiently large to avoid the interactions between the two walls.

3.3.2 Results and discussion
The domain wall energies of the nine possible types of walls obtained from the phasefield simulations are given in Table 3-2, and the first-principles calculation results are included
for comparison [90]. The agreement from our phenomenological predictions and the firstprinciples are quite reasonable, considering the fact that there are numerical and systematic errors
in both methods.
As predicted by the rotational compatibility condition, the [111,111](100)[111,111] (109o)
domain wall has the lowest energy in Table 3-2 and the [111,111](100)[111,111] (pure tilt) domain
wall has a lower energy than the other two pure tilt domain walls. It is interesting to note that the
two domain walls were also predicted by Beanland [101]. The domain walls with the second and
third lowest energies are [111,111](110)[111,111] (180o) and [111,111](110)[111,111] (71o),
respectively. The three domain walls with the lowest energies were extensively studied using
first-principles calculations [89-91,108]. As shown in Table 3-4, our results using the GinzburgLandau-Devinshire theory are consistent with three previous first-principles calculations (the
results from Lubk et al. [108] are much larger than other groups and one possible reason is the
large number of local minima in BFO energy surface [90,91]).
Table 3-4. Domain wall Energies (mJ/m2) of different domain walls
domain wall Type

Lubk et al.
[108]

Dieguez et
al. [90]

Wang et
al. [91]

Ren et
al. [89]

Our
work

[111,111](100)[111,111] (109o)

205

62

33

53

55
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[111,111](110)[111,111] (180o)

829

74

98

71

94

[111,111](110)[111,111] (71o)

363

152

128

156

124

To understand the origins of the relative magnitudes of the three lowest energies, we plot
the order parameter profiles across the three domain walls obtained from the phase-field
simulations in Figures 3-4 (a), 3-4 (b) and 3-4 (c). They are qualitatively consistent with the firstprinciples calculations and experimental measurements [91]. It should be noted that the firstprinciples calculations were performed at 0K, and the domain wall width is smaller than our
values obtained at room temperature. As shown in Figure 3-4 (a), the [111,111](100)[111,111]
(109o) domain wall satisfies the rotational compatibility condition (also listed in Table I). The
oxygen octahedral tilt pattern at the domain wall is a-a-c+, similar to that in Pnma, the space
group of the high temperature BFO [9]. This domain wall structure was also observed in Ref.
[90], and is believed to be related to the high conductivity at the domain wall [87]. The

[111,111](110)[111,111] (71o) domain wall (Figure 3-4 c), however, does not satisfy the rotational
compatibility condition since the wall normal is not along any pseudocubic axes. Therefore, the
energy and width of the 71o domain wall are much larger than those of the 109o domain wall.
Furthermore, as shown in Figure 3-4 (b), [111,111](110)[111,111] (180o) is a pure FE domain
wall without notable variations of the oxygen octahedral tilt order parameters. Due to the relative
contribution of variations of the polarization and oxygen octahedral tilts in the total free energy,
the width and energy of the 180o domain wall are between those of the 71o and 109o domain
walls.
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Figure

3-4.

Order

parameter

profiles

of

(a)

[111,111](100)[111,111]

(109°),

(b)

[111,111](110)[111,111] (180°) and (c) [111,111](110)[111,111] (71°) domain walls.

The analysis of the domain wall energies and order parameter profiles in BFO
demonstrates the substantial contribution of the oxygen octahedral tilts to the domain wall energy
anisotropy and domain wall thickness. Apparently, if the domain wall energies were dominated
by the polarization gradient energy, the sequence of relative domain wall energies should be 71o
<109o <180o, as shown in Figure 3-5 [97,98]. Comparing the energies of the nine domain walls in
Table 3-2, we found that if the oxygen octahedral tilts are parallel to the polarization, the
sequence 71o <109o <180o is valid. However, as shown in Figure 3-3 (b), due to the unit cell
doubling, it is possible that the oxygen octahedral tilts are antiparallel to the polarization, which
gives smaller domain wall energies in [111,111](100)[111,111] (109o) and
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[111,111](110)[111,111] (180o). The domain wall energy sequence in BFO is thus changed to
109o <180o <71o. Earlier experiments in BFO thin films also support this unusual sequence,
which showed that both the 109o and 180o domain walls have lower domain wall energies than
the 71o domain walls [88,109-111]. Therefore, it is not sufficient to consider the polarization
gradient alone to obtain the domain wall energy and its anisotropy in BFO.

Figure

3-5.

Order

parameter

profiles

of

(a)

[111,000](110)[111,000]

[111,000](100)[111,000] (109°), and (c) [111,000](110)[111,000] (180°) domain walls.

(71°),

(b)
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3.4 Conclusion
To conclude, the specific corner-connecting feature of the oxygen octahedral network is
shown to be responsible for the strong anisotropy of the domain wall energy in perovskites with
oxygen octahedral tilt instability. It is demonstrated that there exist universal low-energy domain
walls, the orientations of which can be determined by the proposed rotational compatibility
condition. This anisotropy can be described by the relation, 11   44 , in the gradient energy
coefficient tensor within the framework of the Ginzburg-Landau-Devonshire theory, based on
which the unusual domain wall energy hierarchy in BiFeO3 is successfully explained. The
proposed new condition can serve as guidance to domain wall engineering in perovskites, and
predict the low-energy oxygen octahedral tilt domain walls and consequently polarization domain
walls in the hybrid improper ferroelectrics, such as some Ruddlesden-Popper phases [112,113].

Chapter 4
Vortex domains in the BiFeO3 films with mixed electric boundary conditions

4.1 Introduction
BiFeO3 (BFO) possesses a rhombohedral crystal structure with a spontaneous electric
polarization of ~100 μC/cm2 along the pseudocubic body diagonal directions [9], and the possible
polarization vectors are sketched in Figure 4-1. The ferroelectric domains form 71°, 109°, and
180°walls, with the angles labeling the polarization vector changes in neighboring domains.
Besides the ferroelectric orders, BFO also shows an out-of-phase oxygen octahedral tilt pattern
with the rotation axis parallel or antiparallel the polarization direction, and the preceding chapter
has established that this tilt plays a significant role in the relative domain wall stabilities
[108,114-116].

Figure 4-1. Symmetry allowed polarization directions in BFO.

In ferroic materials, the polarization or magnetization vector may rotate around a point
and form flux-closure domains, which are so called vortex domains. Although the magnetization
vortex domains are known for a long time [117], the polarization vortex domains (PVD) are
investigated and observed quite recently [118-120]. The PVD are typically either caused by
reduced size in three dimensions, e.g. in ferroelectric nanodots or nanoislands [118,119], or
induced by applied electric fields utilizing piezoresponse force microscopy [121,122]. On the
other hand, although the spontaneous PVD in ferroelectric thin films are predicted by firstprinciples calculations in PbZrxTi1-xO3 (PZT) [123,124] and observed in PZT and BFO [125,126],
the sufficient conditions to produce PVD in a ferroelectric film or superlattice (finite size in one
dimension) are unknown. Furthermore, the rotation in the PVD are characterized by the curl of
the polarization vectors, i.e.   P . However, there is no report that the curl can be switched by
external electric fields to the best of our knowledge.
In this chapter, we demonstrate that a BFO film grown on a nonpolar and insulating
substrate will produce spontaneous PVD, based on the Ginzburg-Landau-Devonshire (GLD)
theory with the equilibrium equations solved by the phase-field method [35]. A mechanism for
spontaneous PVD in a general ferroelectric film is thus proposed. Based on the mechanism, the
overall curl of the polarization vectors in the BFO films can be switched by an in-plane electric
field. It is also shown that the oxygen octahedral tilts have a strong effect on the stability of the
PVD in the BFO films.

4.2 Phase-field model
To investigate the domain configurations in BFO films, we employ a phase-field method
incorporating both polarization, Pi , and oxygen octahedral tilt order parameters,  i [35,127,128].
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Notation P1P2 P3 ,1 23  is used to label the domains [129]. The total free energy is given by Refs.
[129-131] as



F  [ ij Pi Pj   ijkl Pi Pj Pk Pl   ij i j   ijkl i j k l  tijkl Pi Pj k l
V



P P 1
  k 1
1
1
g ijkl i k   ijkl i
 cijkl ( ij   ij0 )( kl   kl0 )  Ei Pi ]dV
2
x j xl 2
x j xl 2
2

, (4.1)

where  ij ,  ijkl , ij , ijkl , and tijkl are the coefficients for the Landau free energy function, g ijkl and

 ijkkl are the coefficients for the gradient energy terms, cijkl is the elastic stiffness tensor, and  ij
and  ij0 are the total strain and eigen strain, respectively , Ei is the electric field,  0 is the
permittivity of free space, and  b is the background dielectric constant [31,32]. Due to the
presence of the coupling term tijkl Pi Pj kl , P1P2 P3 and 1 23  tend to be parallel or antiparallel.
The eigenstrain is related to the order parameters through  ij0  ijkl kl  Qijkl Pk Pl , where ijkl
and Qijkl are coupling coefficients [70,92]. The electric field is calculated by Ei  


with 
xi

the electrostatic potential.  i is assumed to be independent of the electric field, since oxygen
octahedral tilts do not break the inversion symmetry.
As shown in Figure 4-2, the electrical boundary conditions of the top surface and bottom
interface are set as short-circuits with   0 and open-circuits with D3  P3   0 b   0 ,
x3

respectively [128]. The boundary conditions simulate the situation that the bottom interface has
uncompensated bound charges due to a nonpolar insulator substrate, whereas the top surface is
compensated by unavoidable screening charges adsorbed on the surface of the film [126,132].
The mechanical and electrostatic equilibrium conditions in the system are described in Refs.
[127,128]. All the coefficients are listed in Table 3-3 [129]. The TDGL equations as shown in
Chapter 1.6 are solved with periodic boundary conditions along the in-plane x and y directions,
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and a superposition method is used along the z direction [33,127,130]. The system size is

128 x 128 x  20x , and the grid spacing is x  0.38 nm .

Figure 4-2. Schematic of the electric boundary conditions of the BiFeO3 films.

4.3 Origin of vortex domains in a ferroelectric film
109°domain walls in the BFO films are studied as the model system to illustrate the
origin of vortex domains in a ferroelectric film, since 109°domain walls have the lowest wall
energy in BFO [108,114,129]. As shown in Figure 4-3 (a), the 109°domain walls separate two
domains, which are denoted by [111,111] and [1 1 1,1 11] . The two domains are modulated along
the [100] direction, and the depolarization field is reduced by the coexistence of the upwards and
downwards polarization components [96,133]. Due to the presence of the isolating substrate, the
depolarization field near the bottom interface tends to reduce the polarization component
perpendicular to the uncompensated interface, and the gradient of the polarization component
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gives rise to a bound charge density expressed by b    P . The upwards and downwards

polarization components result in an alternation of positive and negative bound charges, as
plotted in Figure 4-3 (b). The modulation of the bound charges further induces an in-plane
electric field alternating between +x and -x, as shown in Figure 4-3 (d). The electric field pointing
to +x lies along the same direction as the original Px , which increases the magnitude of Px . The
electric field along -x, however, points against the original Px . Consequently, small triangularshaped domains with switched Px are nucleated at one half of the domain walls, as shown in
Figure 4-3 (c). The polarization vectors show continuous rotations and form flux-closure PVD, as
shown in Figure 4-3 (e). The PVD constitutes of two 109°walls and two 71°walls, which are
different from the combination of 109°and 180°walls observed before [126].
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Figure 4-3. Origin of the vortex domains in the BiFeO3 films. (a) Configuration of the 109°
domain walls without vortex domains. (b) Distribution of the bound charges within the
rectangular region in (a). (c) Configuration of the 109°domain walls with vortex domains. (d)
Distribution of the electric fields induced by the bound charges in (b). (e) Polarization vectors
within the region noted by the rectangle in (c). The color represents the polarization component
out of the plane of the page. (a), (b), and (d) represent unstable structures, and are plotted to
explain the origin of the vortex domains in (c) and (e).

Based on the above example, a mechanism is proposed to induce PVD in a general
ferroelectric film or superlattice. Under certain compressive strains or due to symmetry
consideration, e.g. rhombohedral phases in [001] films, the out-of-plane polarization component
is unavoidable. Subjected to open-circuit boundary conditions, on either one or two interfaces, the
ferroelectric film or superlattice tends to exist in an alternative way of upwards and downwards
polarization components to reduce the overall depolarization fields, which results in an
alternation of positive and negative bound charges near the uncompensated interface. The bound
charges yield an internal in-plane electric field, which gives rise to PVD near the domain walls.
In this mechanism, two factors are the keys for the formation of the PVD in ferroelectric
films. The first one is an interface separating a ferroelectric film from a nonpolar insulator. This
can be easily realized by the well-developed film growth techniques [134]. This condition favors
the polarization components parallel to the interface due to the associated depolarization field.
The second factor is a driving force maintaining the polarization component perpendicular to the
interface. The driving force can be a compressive strain due to the mismatch between the film and
substrate, or Landau bulk free energy as in the case of rhombohedral BFO (subjected to a large
tensile strain, BFO transforms to an orthorhombic phase [135], under which condition the second
factor is not satisfied).
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4.4 Vortex domains in BiFeO3 films
It turns out that the 109°domain walls with 180°domain walls are also stable in the
phase-field simulations, as shown in Figures 4-4 (d) and 4-4 (e). Compared with the combination
of 109°and 71°domain walls in Figures 4-4 (a), the two triangular-shaped domains switch their
positions in Figure 4-4 (d), whereas the oxygen octahedral tilt vectors are almost the same due to
the large gradient energy related to the variation of the tilt vectors as shown in Figures 4-4 (c) and
4-4 (f). The combination of 109°and 180°domain walls indicates smaller interfacial energy than
that of the combination of 109°and 71°walls [114,129], whereas the energy barrier to switch the
polarization by 180°is larger than that of a 71°switching [88]. Therefore, the combination of
109°and 180°walls is thermodynamically stable, whereas the other configuration is kinetically
stable. Both the two types of PVD are stabilized in the phase-field simulations, and the
appearance of each structure depends on the initial conditions.

Figure 4-4. Vortex domains near 109° domain walls of the BiFeO3 films. (a) Domain
configurations, (b) polarization vectors, and (c) tilt vectors in the combination of 109°and 71°
walls. (d) Domain configurations, (e) polarization vectors, and (f) tilt vectors in the combination
of 109°and 180°walls. The vectors are plotted on the (010) plane. Colors represent the vector
component out of the plane of the page. The color bars for the tilt vectors in (c) and (f) are in full
scale, to emphasize the small variation of the out-of-plane tilt component (the equilibrium value
in bulk is 0.14).
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Based on the first-principles calculations and from the perspective of the crystallographic
consideration, the sequence of the domain wall energy in BFO is 109°<180°<71°, and 180°
domain walls (denoted by [1 1 1,1 1 1] and [1 1 1,1 1 1] ) have the second lowest energy
[115,116,129]. As shown in Figure 4-5 (a), the 180°domain walls are modulated along the [110]
direction [96]. The electric fields induced by the bound charges give rise to continuous
polarization rotation and triangular domains at one half of the domain walls, as shown in Figure
4-5 (c), which is consistent with the mechanism proposed above. Due to the presence of the
triangular-shaped small domains, the 180°domain walls are Néel-like near the bottom interface,
and Ising-like far away from the bottom interface. Although the polarization vectors are switched
by 180°, the tilt vectors are almost uniform, as shown in Figure 4-5 (e).

Figure 4-5. Vortex domains near 180°and 71°domain walls of the BiFeO3 films. (a) and (b)
Domain configurations in 180°and 71°domain walls, respectively. (c) and (d) Polarization vector
distributions within the regions denoted by the rectangles in (a) and (b), respectively. (e) and (f)
Oxygen octahedral tilt vectors within the regions denoted by rectangles in (a) and (b),
respectively. The polarization and tilt vectors are plotted on the (110) plane. Colors represent the
component out of the plane of the page. The color bars in (d), (e), and (f) are in full scale, to
emphasize that the small variation of out-of-plane vector component (the equilibrium value of tilt
vector component along [110] is 0.00 or 0.20 in bulk).
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Due to the anisotropy related to the variation of the oxygen octahedral tilts, 71°domain
walls ( denoted by [111,111] and [11 1,11 1 ] ) have a larger wall energy than that of the 109°and
180°walls [92,129]. For the 71°domain walls, the polarization vectors in the triangular-shaped
region switch its in-plane component, as shown in Figure 4-5 (d), and for the tilt vectors, part of
the original domain walls is shifted, as shown in Figure 4-5 (f). Due to the coupling between
polarization and tilt order parameters, the polarization vectors in Figure 4-5 (d) show an
asymmetric pattern with respect to the original domain wall.

4.5 Vortex domains in rhombohedral systems without oxygen octahedral tilt
To investigate the effect of oxygen octahedral tilts on the vortex domains, the tilt order
parameter is maintained at zero in the simulations ( i  0, i  1  3 ), which is the case for the
rhombohedral phase in the classic ferroelectrics, e.g. the rhombohedral BaTiO3. Based on firstprinciples calculations and Landau model, the sequence of domain wall energy is 71°<109°<180°
without tilt order parameters [97]. From the mechanism proposed above, in the 71°domain walls
denoted by [111,000] and [11 1,000] , an internal electric field along [ 1 1 0] is induced by the
alternation of the polarization component along +z and –z directions. The electric field tends to
rotate the original polarization vectors by 109°, to [1 1 1,000] and [1 1 1,000] , respectively.
However, both the first-principles calculations and Landau theory predict that 109°Ising and
Bloch walls have the similar wall energies [97]. The red color in Figure 4-6 (d) indicates two
intermediate domains denoted by [1 11,000] and [1 1 1,000] , which result in 109°Bloch walls or
pairs of 71°walls. The Bloch components are suppressed in the presence of the tilt order
parameters, as shown in Figure 4-5 (d).
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In the pure polarization 109°domain walls (denoted by [111,000] and [1 1 1,000] ), the
vortex domains in Figure 4-6 (e) are similar to the combination of 109°and 71°domain walls
with tilt order parameters, as shown in Figure 4-4 (b). However, for the pure polarization 109°
walls, the combination of 109°and 180°domain walls is unstable when set as initial conditions in
the phase-field simulations, and the 180°walls change to 71°walls. This demonstrates that the tilt
order parameters play a significant role in stabilizing the combination of 109°and 180°domain
walls [126].

Figure 4-6. Pure polarization vortex domains. (a)-(c) Domain configurations in 71°, 109°, and
180°domain walls, respectively. (d)-(f) Polarization vector distributions in 71°, 109°, and 180°
domain walls within the corresponding regions denoted by the rectangles in (a)-(c). The color
represents the polarization component out of the plane of the page.
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In the pure polarization 180°domain walls (denoted by [1 1 1,000] and [1 1 1,000] ), the
domain structures and polarization vectors are plotted in Figures 4-6 (c) and 4-6 (f). Néel-like
walls are induced by the bound charges near the bottom interface, similar to Figure 4-5 (c). The
polarization vectors also rotate slightly near the top surface, although the middle of the film
shows clear Ising-type walls. This is because the boundary condition of the top surface favors
Néel-like components in the simulations.

4.6 Switching of the curl of the polarization vectors
One unique property of the rhombohedral film is the net curl of the polarization vectors.
As shown in Figure 4-3 (d), the induced electric field is symmetric with respect to the original
domains. However, the resulting PVD are asymmetric, and only appear on one side of the original
domains, since the original domain structures are asymmetric with a positive Px , which
suppresses one half of the possible PVD as shown in Figure 4-7 (b). If we name clockwise PVD
as vortices, and counterclockwise PVD as anti-vortices, Figure 4-7 (b) only shows vortices, and
anti-vortices are suppressed, which result in a net curl. This is different from the situations of thin
films in tetragonal structure and of superlattices in tetragonal and rhombohedral structures, where
the vortices and anti-vortices are paired, and the net curl is zero [125,136].
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Figure 4-7. Demonstration of switching the curl of the polarization vectors. (a) Hysteresis loops
of the polarization and curl components. (b)-(d) Polarization vector distributions corresponding to
the points B, C, and D in (a), respectively. The plotted region correspond to the red rectangular in
Figure 4-3 (c), and the color represents the polarization component out of the plane of the page.

Since the survived PVD rely on the sign of Px , it is expected that the vortices can be
switched to anti-vortices if Px can be switched by adding an in-plane electric field. In the phasefield simulations, an in-plane electric field with increment Ex  6.0 106V / m is applied to the
system, and 2,000 simulation steps are given for the relaxation at a specific electric field. The
domain structures in Figure 4-7 (c) is set as the initial domain structures with the nonzero curl
component C y  (  P) y .
As shown in Figure 4-7 (a), the change of Px produces a classical P-E hysteresis loop,
and the net curl C y also form a hysteresis loop. At point B, the vortices give rise to a positive C y ,
as shown in Figure 4-7 (b). When the electric field changes from the point B to point C, Px
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decreases, whereas C y increases. This is because the net curl comes from the polarization vectors
in the triangular-shaped regions with the local Px opposite to the overall Px . Compared with
Figure 4-7 (b), Figure 4-7 (c) shows larger triangular-shaped regions, and consequently smaller
Px and larger C y . For the same reason, C y reaches its maximum before switched. In addition, if

the electric field increases to zero, i.e. at point D, the polarization vectors only shows antivortices, as shown in Figure 4-7 (d). Therefore, when Px flips its sign under alternating electric
fields along the x axis, the PVS can be switched between vortices and anti-vortices with the
locations shifted, which results in the switching of C y . Note that the PVD in Figures 4-7 (b) and
4-7 (d) are both stable after the removal of the external electric fields, and can potentially serve as
the units of information memory storage.
Intuitively, the PVD should be switched by a vortex electric field. However, it may be
challenging to generate a large vortex electric field in the nanoscale. Here, based on the fact that
the survival PVD are determined by the overall in-plane polarization component, it is proposed
that the curl can be switched by applying an irrotational in-plane electric fields. Note that usually
the coercive fields in the phase-field simulations are larger than that of the experimental
measurements (75 kV/cm using planar electrodes on constrained BFO films [137]). This is
reasonable since defects and thermal fluctuations are neglected in the model.

4.7 Conclusion
In summary, we propose a mechanism to produce vortex domains in ferroelectric films
and superlattices. The mechanism is applied to BiFeO3 films, and different vortex domains are
predicted near different types of domain walls. The effect of the oxygen octahedral tilts on the
stability of the vortex domains is demonstrated by keeping the polarization order parameter only.
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Also, it is shown that the overall curl of the polarization vectors can be switched by adding a
homogenous in-plane electric field. Due to the strong coupling between spin and polarization
[138,139], we expect unique spin structures within the triangular-shaped vortex domains.
Considering the well-developed film growth techniques, the proposed mechanism may open a
new route for the engineering of vortex domain structures in ferroelectric films and superlattices.

Chapter 5
Modelling the tetragonal-like phase in highly compressive strained BiFeO3
films

5.1 Introduction
As discussed in preceding chapters, BiFeO3 (BFO) bulk materials show space group R3c
which allows polarization and out-of-phase oxygen octahedral tilts along the [111] pseudo-cubic
axis under stress-free conditions [9]. However, in highly compressive strained BFO films, a
tetragonal-like (T-like) phase is predicted based on first-principles calculation, which shows a
large c/a ratio of ~1.25 and polarization of ~1.5 C/m2 [140]. The T-like phase is confirmed by
experiments in the BFO films with a compressive epitaxial strain lager than ~4%, grown on
substrates such as LaAlO3 [141]. Subsequent detailed crystal structure analyses show that the Tlike phase is not exactly tetragonal, but a monoclinic Mc phase, with polarization along the [u0v]
direction [59,142]. The symmetry of the T-like phase is different from that of the rhombohedrallike (R-like) phase in slightly strained (magnitude smaller than -1%) BFO films, which shows a
MA phase with its polarization along the [uuv] direction and has a much smaller c/a ratio (~1.0)
[59,143,144]. The new T-like phase is important not only because of its huge polarization, but
also due to the large electromechanical response near the morphotropic phase boundary, which
arises from the transition from the R-like to T-like phases under external electric fields [141,145].
Recently it is also demonstrated that the local transitions from the T-like to R-like phases can be
induced by applying AFM tips [146,147]. On the other hand, there is no phenomenological theory
to describe both phases in BFO films to the best of our knowledge [106], although the Landau-
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Ginzburg-Devonshire theory obtains great success in describing properties of ferroelectrics in
recent years [70,148,149].
The properties and performance of materials are determined by microstructures [150].
Usually, a single phase cannot provide an excellent combination of several properties, and twophase mixture becomes an important microstructural feature that can be manipulated for the
simultaneous appearance of desired properties, e.g. by controlling the distribution of hard
precipitates in the relatively soft matrix, both high strength and toughness can be achieved [151].
The coexistence of two phases is typically explained by the common tangent construction with
respect to the free energy curves as a function of composition [152]. Recently, with the rapid
development of thin film growth techniques, epitaxial strain becomes a tuning factor of material
structures and properties [153]. If two phases of a material have different lattice parameters and
are stable at different epitaxial strains, it is possible that the two phases coexist under certain
intermediate strains similar to the two-phase mixtures under specific compositions.
In this chapter, we propose a phenomenological potential based on the LandauGinzburg-Devonshire theory incorporating both the polarization and oxygen octahedral tilt order
parameters in BFO. An eighth order polynomial is used to describe the T-like monoclinic phase.
The phase stability analysis under thin film boundary conditions show that a compressive strain
gives rise to the transition from the R-like to T-like phases, and two-phase mixture is implied by a
common tangent construction. Phase-field methods are then employed to determine the domain
wall orientations, which are consistent with the predictions directly from the Khachatturyan's
microelasticity theory [154].
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5.2 Landau-theory based model
To describe the polarization and oxygen octahedral tilts in BFO, we use two sets of order
parameters, i.e. Pi (i  1, 2, 3) and i (i  1, 2, 3) , which are the components of spontaneous
polarization and octahedral tilt angles in the pseudocubic coordinate system, respectively. The
total free energy density includes contributions from bulk free energy and elastic energy, and can
be written as [30,155]

f single   ij Pi Pj   ijkl Pi Pj Pk Pl   ijklmn Pi Pj Pk Pl Pm Pn   ijklmnuvPi Pj Pk Pl Pm Pn Pu Pv
(5.1)

1
  iji j   ijkli j kl  tijkl Pi Pj kl  cijkl ( ij   ij0 )( kl   kl0 ),
2

where  ij ,  ijkl ,  ijklmn ,  ijklmnuv ,  ij ,  ijkl , and tijkl are the coefficients of Landau polynomial,
cijkl is the elastic stiffness tensor, and  ij and  ij0 are the total strain and eigen strain, respectively.

The eigen strain is related to the polarization and oxygen octahedral tilts through

 ij0  ijkl kl  Qijkl Pk Pl , where ijkl and Qijkl are coupling coefficients. First-principles
calculations show that the T-like monoclinic phase is metastable under stress-free conditions
[106,140]. To reproduce a stable or metastable monoclinic phase under a stress-free boundary
condition, an eighth order polynomial is necessary [59], and thus we expand the polynomial of
polarization to the eighth order. The polynomials of the oxygen octahedral tilts and coupling
terms are expanded to the lowest order, i.e. the forth order. The coefficients for the polynomial of
polarization and electrostrictive coefficients are listed in Table 5-1, which are fitted based on
experimental measurements and first-principles calculations [106,156,157]. All the other
coefficients are given in Table 3-3 [129].
Table 5-1. Coefficients of BiFeO3 used in the calculation (SI units)

a11

 3.609108

a11111122

4.400107
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a1111

2.127109

a11112222

 3.800108

a1122

 2.049109

a11112233

8.000108

a111111

 1.760109

Q1111

0.07700

a111122

8.298108

Q1122

-0.03000

a112233

1.679109

Q1212

-0.0007300

a11111111

3.920108

To confirm whether the Landau polynomial can reproduce the metastable T-like
monoclinic phase, the energy landscape is investigated under stress-free conditions, i.e.  ij   ij0 ,
which indicates that the elastic energy term has no contribution in Equation (5.1). Figure 5-1
shows the energy contours calculated by changing the values of P1 and P2, with all the other order
parameter components (P3, θ1, θ2, and θ3) optimized to minimize the total free energy. In the
middle of the contour plot, there are four energy minima, representing the stable rhombohedral
phase. Near the boundaries of Figure 5-1, there exist eight energy minima, which are the
metastable T-like phase. The polarization of the T-like phase is along the [u0v] direction,
consistent with experimental measurements [156]. Therefore, the eighth order polynomial in
Equation 5-1 not only reproduces the monoclinic phase, but also results in enough energy minima
[158], which describe both the rhombohedral and T-like phases.
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Figure 5-1. Contour plot of the total free energy as a function of P1 and P2 under stress-free
boundary conditions. All the other order parameter components are optimized to minimize the
total free energy.

5.3 Phase stability analysis under thin film boundary conditions
Since the epitaxial strain can change the relative stabilities of different phases [30,153],
the BFO system is analyzed under thin film boundary conditions, which are given by [34]

11   22   s , 12  0,

f single
13

 0,

f single
 23

 0,

f single
 33

 0,

(5.2)
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where  s is the biaxial strain from the substrate. Equation (5.2) indicates that the in-plane total
strain is fixed by the substrate, whereas the stresses related to the out-of-plane direction equal to
zero.
The results of phase stability analysis under the single-domain assumption and thin film
boundary conditions are given in Figure 5-2. As shown in Figure 5-2 (a), the R-like phase is
stable for small strain, whereas the T-like phase is stabilized by a large compressive strain. This is
because the T-like and R-like phases have different eigen strains with respect to the high
symmetry cubic phase, and a large compressive strain favors the T-like phase with a smaller inplane lattice parameters [106]. The common tangent of the two energy curves is also drawn,
which indicates the coexistence of the two phases in multi-domain structures.

Figure 5-2. Phase stability analysis under the single-domain assumption and thin film boundary
conditions. (a) Total free energy of the R-like and T-like phases as a function of the biaxial strain.
Common tangent of the two curves is also plotted, and the strain values of the two tangent points
are -1.0% and -7.2%. (b) Order parameter components as a function of the biaxial strain. The
units of the order parameters are SI units, i.e. C/m2 and rad for Pi and θi, respectively.

To investigate the order parameter evolution under different strains, the components of
the order parameters are also calculated. As plotted in Figure 5-2 (b), for a biaxial strain with
magnitude smaller than 4%, the out-of-plane component of polarization (P3) increases, whereas
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the in-plane components (P1 and P2) decrease with an increasing strain. The tilt order parameters
have similar behaviors with an increasing θ3 and decreasing θ 1 and θ 2. In this strain range, P3 is
less than 1 C/m2, and P1 and P2 are equal, which indicates that it is the R-like MA phase. When the
strain is larger than 4%, there is a big jump of P3, from 0.7 to 1.4 C/m2, which implies the
transition from the R-like to T-like phases. After the transition, one of the in-plane polarization
components vanishes, and the other component has a small jump. The tilt order parameters are
suppressed by the polarization and only one in-plane component survives. This is consistent with
 0 0

the first-principles calculations, which show that the T-like phase have the tilt pattern of a b c
based on Glazer’s noations [11,159].

5.4 Domain wall orientations directly determined from Khachatturyan's microelasticity
theory
Based on Khachatturyan's microelasticity theory [154], the energetically favorable
domain wall orientation can be obtained by minimizing the expression
B(n)  cijkl ~ij0~kl0  ni~ij0 jk~kl0 nl ,

(5.3)

where n is the normal of the domain wall, ~ij0 is the difference of the eigen strain in two
neighboring domains, ~ij0 is the eigen stress given by ~ij0  cijkl ~kl0 , and  jk is a second rank
tensor calculated by  jk  (cijkl nk nl ) 1 .
The notation [ P1 , P2 , P3 ;1 , 2 ,3 ] is used to denote the order parameters in a domain in this
section. Substitute the eigen strain of a R-like domain [0.45, 0.45, 0.67; 0.10, 0.10, 0.21] and a Tlike domain [0.4, 0.0, 1.4; 0.0, 0.10, 0.0] into Equation (5.3), we obtain two solutions, i.e. [0.09,
0.58, 0.81] and [0.23, 0.63, -0.74].
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Equation (5.3) considers the elastic energy minimization, and another condition to
determine the domain wall orientations in ferroelectrics is the electric neutrality condition to
reduce the bound charges at the domain wall plane [96]. The differences of the polarization
vectors is Pdiff =[0.05, 0.45, -0.73], and thus the electric neutrality condition cannot be strictly
satisfied. However, from the surface bound chage b  Pdiff  n , we know that the domain wall
normal [0.09, 0.58, 0.81] is less charged, and thus has the lower electrostatic energy, which is
plotted in Figure 5-3.

Figure 5-3. Domain wall plane directly determined from Khachatturyan's microelasticity theory
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5.5 Domain structures from phase-field simulations and experiments
The coexistence of the two phases is demonstrated by the phase-field method. In the
phase-field approach, the gradient energy and electrostatic energy are added to the total free
energy, and thus the total free energy is given by



F  [ f single 

1
P Pk 1
i  k 1
gijkl i
  ijkl
 Ei Pi ]dV .
2
x j xl 2
x j xl
2

(5.4)

where g ijkl and  ijkl are gradient energy coefficients of polarization and oxygen octahedral tilts,

Ei is the electric field calculated by Ei    with  the electrostatic potential, and V is the
xi

system volume. The gradient energy coefficients take the values in Table 3-3 [129]. Periodic
boundary conditions are assumed in the in-plane directions, and a superposition method is used
for the out-of-plane direction [127]. Short circuit electric boundary conditions are assumed at the
top and bottom surfaces. To simplify the problem, only nuclei of three phase variants are included
in the initial conditions, as denoted in Figure 5-4. The details about how to solve the elastic
equilibrium equations and Poisson equations under the short circuit boundary conditions can be
found in Ref. [127,128].
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Figure 5-4. Domain structures from (a) and (b) phase-field simulations and (c) and (d)
piezoresponse force microscopy (PFM) measurements. (a) Three-dimensional domain structures.
(b) Domain structures in the x1x2 plane. The color is assigned based on polarization vectors. (c)
Topography of a mixed-phase BFO film with stripe-like features. (d) In-plane PFM image
corresponding to the same region in (c). (c) and (d) are unpublished results, provided by Prof. JinXing Zhang at Beijing Normal University.
The domain structures of the BFO films are studied by phase-field simulations under a
compressive biaxial strain of -3.5% with the strain value chosen according to the common tangent
line in Figure 5-2 (a). As shown in Figure 5-4(a), the domains tend to form R/T mixed structures,
in good agreement with experimental observations [141,147]. The domain wall orientation agrees
well with the prediction based on Khachatturyan's microelasticity theory in Figure 5-3.
As shown in Figure 5-4(b), most of the domain walls in the x1x2 plane form angles of
about 8°with the pseudocubic axis to minimize the elastic energy, and those along the
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pseudocubic axis are caused by grid effects, one type of numerical error. The deviation of about
8°is also observed in piezoresponse force microscopy (PFM) measurements as shown in Figures
5-4 (c) and 5-4 (d) and earlier reports [160].
Physically, the unique property of BFO is related to the simultaneous existence of
polarization and oxygen octahedral tilt instabilities at ambitious conditions. The two kinds of soft
modes typically compete with each other, and it is rare that they occur simultaneously in one
material (among the popular materials, the two modes can only coexist in the R3c space group,
e.g. LiNbO3 and LiTaO3) [161,162]. In this case, if a compressive strain transforms BFO into the
T-like phase and the oxygen octahedral tilts are suppressed, it is reasonable to see a jump of the
total polarization. In classic ferroelectric materials, e.g. BaTiO3, with polarization as the only
structural order parameter, it is unlike to see such a huge jump when increasing the epitaxial
strain [163]. Phenomenologically, the key features of the specific energy landscape with a stable
R phase and metastable T-like phase can be described by the eighth order polynomial in terms of
polarization in Equation (5.1).
Although eighth order Landau polynomials have been fitted for other perovskites, e.g.
BaTiO3 [164], the eighth order Landau polynomial here has unique property, i.e. the simultaneous
rhombohedral and T-like energy minima under stress-free conditions. For the complex system
BFO which simultaneously shows ferroelectric, antiferroelectric, antiferrodistortive, and
antiferromagenic properties [9,165], the ideal strategy to obtain a Landau-theory-based potential
is extensive first-principles calculations by changing the magnitude of different soft modes.
However, there are numerous low-energy phases in BFO [106], and it may be impractical to
obtain a comprehensive phenomenological potential that can reproduce all the properties
incorporating the effect of strain and chemical doping. An alternative strategy is to fit potentials
by focusing on some properties, and the goal of the potential here is the strain induced R-like to
T-like phase transition at room temperature.
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5.6 Conclusion
In summary, a phenomenological potential is proposed for the compressively strained
BiFeO3 films based on the Landau-Ginzburg-Devonshire theory. Phase stability analysis under
thin film boundary conditions shows that the energy curves of the rhombohedral-like and
tetragonal-like phases process a common tangent, which indicates the coexistence of the two
phases. The domain wall orientations determined from the phase-field simulations are consistent
with experiments. The two-phase mixture intermediated by epitaxial strains paves a new way for
the engineering of material properties.

Chapter 6
Phase-field simulations on the domain structures in hexagonal manganites

6.1 Introduction
As mentioned in Chapter 1.3, the structural trimerization gives rise to three types of
antiphase domains (α, β, γ) with each exhibiting two possible directions of induced ferroelectric
polarization (+, -) along the c axis [24,25]. Therefore, in hexagonal manganites, there are totally
six types of domains, the co-existence of which leads to the formation of topological defects, i.e.
vortex lines in three dimensions or vortices/anti-vortices along the basal plane (the vortices and
antivortices are categorized based on the cycling sequence of the six domains around the cores)
[14,15,166].
Topological defects are solutions of partial differential equations that are topologically
distinct from the uniform or trivial solution [167,168]. A topological defect is insensitive to small
perturbations, and cannot be de-tangled, i.e. no continuous transformations can change a
topological defect to the uniform solution. However, two topological defects tangled in opposite
ways can annihilate together, in an analogy to the situation of electrons and positrons. At high
temperatures, the vortex cores in REMnO3 are mobile, and the vortices and anti-vortices
annihilate to reduce the total interfacial energy [22,23,169]. At room temperature, the vortex
cores are pinned by lattice, and under external electric fields, a Z2 symmetry breaking is caused
by creation and annihilation of domain wall pairs [15,170]. Although REMnO3 has been
experimentally studied extensively [14,166,170,171], there are few theoretical investigations on
the details of the domain evolution during the annihilation of vortex-antivortex pairs and domain
wall pairs.
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In this chapter, the domain structures and dynamics in REMnO3 are investigated with the
phase-field method. The phase-field simulations show that the topological defects in REMnO3 are
real vortex, with six domains converging to one point. The magnitude of the order parameters
(the structural trimerization and polarization) at the vortex cores approaches to zero, indicating
the high-symmetry paraelectric phase. The detailed topological changes during the vortexantivortex annihilation and domain wall pair annihilation are also demonstrated.

6.2 Phase-field model
Hexagonal REMnO3 have the same type of topological defects with different elements in
the RE sites [22,23], and here YMnO3 is studied as an example. In YMnO3, the structural
trimerization, as the primary order parameter, is caused by the in-plane displacements of related
oxygen atoms, and can be described by the magnitude Q and azimuthal angle  [16]. In the
phase-field simulations, we transform the polar coordinates Q and  into Cartesian coordinates
(Qx , Qy ) , with Qx  Q cos , Qy  Q sin  . As an improper ferroelectrics, YMnO3 also exhibits

an induced polarization Pz . According to the hexagonal symmetry, the total free energy density is
expressed by [16,149,172]
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where a, b, c, c, g , g, and aP are coefficients for the Landau free energy function, sQ , sQ , sP , and

sPz are coefficients for the gradient energy terms,  0 is the vacuum permittivity,  b is the
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background dielectric constant [31,32], and E z is the electric field calculated by Ez  


with
z

 the electrostatic potential. The coefficients for the Landau free energy and gradient energy are
obtained from first-principles calculations [16], except that s Px is changed from -8.88 eV to 8.88
eV for the purpose of simplifying the numerical simulations. Since polarization is a secondary
order parameter, the modification will not change the results in the dissertation as validated
below. The background dielectric constant  b is assumed to take the typical value of 50 [173].

6.2.1 Validation of the modification of the gradient coefficient sPx

To validate that the change of sPx from -8.88 eV to 8.88 eV does not make significant
changes, we did 1D simulations with a system size of 4096x 1x 1x and grid spacing of

x  0.030 nm under the two coefficient settings. Due to the periodic boundary conditions, if we
have two domains in the system, there are two domain walls. The initial conditions are preset
with two domains of the size 2048x 1x 1x to guarantee that the two domain walls are
separated far away enough and there is no interaction between them.
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Figure 6-1. Order parameter profiles with different gradient coefficients. sPx  0 indicates that
sPx  8.88 eV , t Px  73.56 eV Å2 , which is from the reference [16], and sPx  0 represents that
sPx  8.88 eV , t Px  0.0 eV Å2 , which is used in the phase-field simulations. The inset shows
enlarged curves to demonstrate the bump resulting from the negative stiffness.

As shown in Figure 6-1, the modification of the gradient coefficients makes negligible
difference on the order parameter profiles, especially for the structural order parameters. For
polarization, the positive stiffness results in the classical tanh function, whereas the negative
stiffness gives rise to a small bump near the domain wall as shown in the inset, which is also
observed in the direct first-principles calculation [174]. However, this will not affect the results
and conclusions in the dissertation.

6.2.2 Evolving equations and parameter settings
The dynamical system is evolved by solving the time-dependent Ginzburg-Landau
(TDGL) equations

f Qy
f
Pz
f Qx
,
,
 LQ
,
 LQ
 LP
Qx t
Qy
t
Pz t

(6.2)

where LP and LQ are the kinetic coefficients related to the domain wall mobility. The TDGL
equations are solved based on a semi-implicit spectral method [33], and it is assumed that
LP  LQ  0.05 arb. unit in the simulations. The gradient energy coefficients are normalized

based on sQ*z  sQ*z / g 0 , sQ*x  sQ*x / g0 , s*Pz  s*Pz / g0 , and s*Px  s*Px / g0 , where g 0  a(x) 2 .
Thus the normalized gradient energy coefficients are dependent on the grid spacing. For the
coarsening process, the initial conditions are small random noise for the order parameter
components, which indicates that the system is quenched from high temperatures. For the
electric-field-induced transition, the initial conditions are domain structures obtained after 50,000
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simulation steps in the coarsening simulation. Periodic boundary conditions are applied along
three directions.

6.3 Domain patterns from phase-field simulations

6.3.1 Two-dimensional domain patterns in the basal plane
The phase-field simulations produce domain structures in the basal plane (xy plane) as
plotted in Figure 6-2, in good agreement with those observed in experimental measurements
[15,166,169]. Six domains meet together at the vortex and anti-vortex cores, which are
topological defects [14].
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Figure 6-2. Domain patterns of the hexagonal YMnO3 from a phase-field simulation. For better
visualization, only 1/4 of the 4096 4096 system is shown. Different domains are denoted by
different colors. The color wheel at lower right corner displays the arrangement of the six types
of domains around a vortex.

6.3.2 Vortex core size in the basal plane
With the gradient energy coefficients obtained from first-principles calculations, the
phase-field models can be employed to estimate the core sizes of the topological defects. As
shown in Figures 6-3 (a) and 6-3 (b), six domains converge to a point in the basal plane, with a
decreasing magnitude of the structural order parameter, which is consistent with the claim of a
real vortex in earlier experimental reports [166].

Figure 6-3. Demonstration of the vortex core structures. (a) and (b) Distribution of the structural
trimerization magnitude Q near a vortex core and an anti-vortex core, respectively. The domain
structures are from 2D simulations on the basal plane with grid spacing of x  0.020 nm , and
the height represents the value of Q with the equilibrium bulk value of 9.5×10-2 nm. (c) and (d)
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The corresponding atomic structures near a vortex core and an anti-vortex core, respectively. The
vortex cores have a size of ~ one unit cell, and show the paraelectric phase with Q ~ 0. The red
arrows in (c) and (d) represent the displacement directions of the oxygen atoms.

To quantify the vortex core size in the basal plane, we first provide analytical estimations
with some simplifications. The polarization order parameter and the sixth order term for the
Landau polynomial are neglected, and thus the system degenerates into the classical XY model
with the azimuthal angle  a continuous variable. If there is an isolated vortex in an infinite
space, and a polar coordinate system (  , ) is built with the center of the vortex core as the
origin, the magnitude of structural order parameter Q is only dependent on  , and the azimuthal
angle  is a function of  . Therefore, the free energy density in the polar coordinate system
becomes
x
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2
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(6.3)

From the Euler-Lagrange Equation with respect to Q, one obtains

 2Q
s
 aQ  bQ 3 ,

x
Q

(6.4)

The solution to the above equation is

Q



a
a
tanh( - x  ),
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2 sQ

(6.5)

Similar to the definition of domain wall width in the phase-field models [175], the vortex
core diameter d can be expressed by

d 2 

2 sQx
a

,
(6.6)

Substitute the coefficients from first-principles calculation into equation (6.6), we have
the estimated value of the vortex core diameter
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d  0.40 nm ,

(6.7)

Next, the vortex core size is calculated based on the results from the phase-field
simulations incorporating the polarization and higher order terms in the Landau expansion. As
shown in Figure 6-4, the numerical data is well fitted by a tanh function, and the vortex core
diameter is

d  2r  0.49 nm ,

(6.8)

The numerical value from the phase-field simulations is larger than the analytical value
due to the coupling between Q and the polarization order parameter. The vortex core diameter of
~ 0.49 nm is different the experimental claim of four unit cells, which is limited by the resolution
of the aberration-corrected scanning transmission electron microscopy [166].

Figure 6-4. Vortex core size calculated based on the results from the phase-field simulations. The
blue squares are data from the phase-field simulations, and the pink curve is a fitted function
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given by 0.956tanh[0.407(t  0.0186)] . The orange lines show the construction of the core radius
calculation, which are   0, Q  0.956, and the tangent of the pink curve at the origin.

Thus, the phase-field simulations indicate that the vortex cores are in the high-symmetry
paraelectric phase with Q ~ 0 and P ~ 0 , and the physical implication is demonstrated in Figures
6-3 (c) and 6-3 (d), which is also discussed based on first-principles calculations [174]. The core
structures of the structural topological defects, with reduced magnitude of Q, are different from
those of spin vortices, e.g. magnetic skyrmions, where the spins maintain the magnitude as a
constant [176].

6.3.3 Three-dimensional domain patterns
The three-dimensional domain structures in Figure 6-5 exhibit an anisotropic property,
i.e. the xy plane shows more vortex cores than the xz and yz planes. The anisotropy is specific to
the hexagonal system, whose property within the basal plane is typically different from that along
the z axis, and the anisotropy is reflected by the anisotropic gradient energy coefficients in
equation (6.1) with sQz  sQx [16]. Furthermore, since the polarization is along the z axis, a domain
wall perpendicular to the z axis has a head-to-head or tail-to-tail configuration, which is
energetically unfavorable. Thus the domain structures in Figure 6-5 can reduce both the
interfacial energy and electrostatic energy, by avoiding domain walls perpendicular to the z axis.
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Figure 6-5. Three-dimensional domain structures from a phase-field simulation with a system size
of 128 x 128 x 128x and grid spacing of x  0.30 nm .

6.3.4 Distribution of three-dimensional vortex lines
In three-dimensional spaces, the topological defects form vortex lines, and the vortex
lines corresponding to the domain structures in Figure 6-5 are given in Figure 6-6. Some vortex
lines form loops insides the sample, whereas others go through the sample due to the periodic
boundary conditions [23,177]. The vortex lines in Figure 6-6 tend to be parallel to the z direction,
which are consistent with the anisotropic domain structures in Figure 6-5 [178,179].
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Figure 6-6. Vortex lines and loops in three-dimensional spaces corresponding to the domain
structures in Figure 6-5.

6.4 Vortex-antivortex annihilation
The vortices, anti-vortices, and domain walls form a domain network in two dimensions,
which can be analyzed using the graph theory, a mathematical tool for analyzing the nature of
connectivity [15,180]. In the graph theory, the vortex and anti-vortex cores are described as
nodes, the domain walls as edges, and the domains as faces/regions. In the intriguing domain
networks of YMnO3, all the nodes have six edges connected to them, and a domain is surrounded
by N (an even integer) nodes/edges and thus called an N-gon.
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A pair of vortex and anti-vortex can annihilate. In the language of the graph theory, this
indicates that the two nodes can approach to each other and disappear together. The annihilation
process can be categorized into two types. (1) The two nodes surround one domain. In this
situation, an N-gon becomes an (N-2)-gon. In Chapter 6.4.1, the transition from 2-gons to 0-gons
is demonstrated by the phase-field simulations. (2) The two nodes belong to two domains. In this
situation, an N-gon and an M-gon coalesce to an (M+N-2)-gon. In Chapter 6.4.2, the coalescence
of two 2-gons is shown, in comparison with experimental measurements.

6.4.1 Residual bubble-like domains from vortex-antivortex annihilation
When the annihilated two nodes belong to a 2-gon, the annihilation process creates an
isolated 0-gon as shown in Figure 6-7. The isolated domains exist as inclusions embedded in


another domain, e.g.   within  domains, which are also observed in experiments [15]. The
presence of the isolated domains reflects the six degenerate energy minima in the free energy
landscape, in contrast to the continuous symmetry in the XY model [169].

Figure 6-7. Annihilation of vortex-antivortex pairs from the phase-field simulations. The brown
and deep blue domains are two isolated 0-gons resulting from the annihilation.
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6.4.2 Coalescence of two domains during vortex-antivortex annihilation
Figures 6-8 (a)-(c) shows the coalescence of two domains during the vortex-antivortex
annihilation process on the basal plane from the phase-field simulations. Figure 6-8 (d) is an
experimental optical microscope image, which demonstrates good agreement with Figure 6-8 (c).
This indicates that the vortex-antivortex annihilation occurs at high temperatures, whereas the
vortex cores are frozen at room temperature due to lattice pinning [23].

Figure 6-8. Annihilation of two domains during the vortex-antivortex annihilation process on the
basal plane. (a)-(c) Domain patterns at three different simulation time steps. The annihilated
vortex-antivortex pair is circled out. (d) Optical microscope image on a chemically etched
ErMnO3 crystal. The shapes of the domains circled out in (c) and (d) demonstrate the good
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agreement between the phase-field simulations and experiments. The experimental figure (d) is
from Prof. Sang-Wook Cheong at Rutgers University.

6.4.3 Evolution of the vortex core structures during vortex-antivortex annihilation
The temporal evolution of the order parameter profiles during the vortex-antivortex
annihilation can also be demonstrated by the phase-field simulations. As shown in Figures 6-9 (a)
and 6-9 (b), firstly the vortex and anti-vortex cores approach to each other, and the magnitude of
the structural order parameter between the cores is decreased. The vortex and anti-vortex cores
then coalesce to one point, as illustrated in Figure 6-9 (c), which is in the critical state, i.e.
transient state between two topological defects and zero topological defects. The point is no
longer topologically protected, since the six domains around it belong to four types of domains
variants, rather than six types of domains. Therefore, the shape of deep valley disappears and
striped domains are formed, as shown in Figure 6-9 (d).

Figure 6-9. Evolution of the vortex core structures during the vortex-antivortex annihilation. (a)(d) Vortex core structures at different simulation time steps. The simulation is on the basal plane
and the height represents the magnitude of the structural order parameter Q. In (c) the two red
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domains are connected by a point with Q~0, and the point separates the two light blue domains as
well.

6.5 Domain structure evolution in the presence of external electric fields
The unique properties of the topological defects in REMnO3 include not only the six-fold
energy degeneracy, but also the associated upwards and downwards polarizations, which can be
controlled by applying an external electric field along the z axis. To reveal the evolution of
domain structures, we performed phase-field simulations under an applied electric field of 1200
kV·cm-1 (the magnitude of the electric field in the simulation is larger than the experimental
saturation field of ~400 kV·cm-1 in P-E loops [171]). During the domain structure evolution under
an applied electric field, it is assumed that the vortex cores are pinned by lattice and have zero
mobility. It should be noted that the mobility of the vortex and anti-vortex cores are temperaturedependent, although all the coefficients in equation (6.1) are assumed to be independent of
temperature. At high temperatures, the vortex and anti-vortex cores are expected to be mobile,
which is the case of Figure 6-9. However, at room temperature, according to experimental
observations, the mobility of the vortex and anti-vortex cores is very low [170,171].

6.5.1 Evolution of the domain structures in the presence of external electric fields
The domain structures at different simulation time steps are shown in Figure 6-10.
Compared with the initial domain structures in Figure 6-10 (a), the pink, red, and brown regions (

  ,   , and   domains, which are unfavored by the applied electric field) in Figures 6-10 (b) and
6-10 (c) shrink, and eventually become narrow 2-gons in Figure 6-10 (d).
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Figure 6-10. Domain structure evolution under an electric field of 1200 kV·
cm-1. (a) Initial domain
patterns; (b), (c) and (d) Domain patterns at three different simulation time steps. The inset of (c)
shows an enlarged area, where the dashed line is the initial domain wall position in (a).

With the vortex cores fixed, the domain configuration changes are caused by the
annihilation and creation of domain wall pairs [170]. As shown in Figure 6-11, when a domain
wall pair is annihilated, a corresponding domain wall pair is created, resulting in the equal
numbers of annihilated and created domain wall pairs. Interestingly, the gradient energy may
increase due to the increase of the domain wall length, which gives rise to an energy barrier for
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the transition. For example, as shown in the inset of Figure 6-10 (c), the total length of the
octopus-shaped domain walls (boundaries of the red domain) is longer than that of the initial
domain walls indicated by dashed lines. The energy barrier may impede the annihilation of some
domain wall pairs, giving rise to a coercive electric field.

Figure 6-11. Schematics of annihilation and creation of domain wall pairs. The wall-pair V1V2 and
V3V4 in (a) is replaced by the wall-pair V1V4 and V2V3 in (b), accompanied by the splitting of a red
N-gon and coalescing of two deep blue N-gons.

6.5.2 Dependence of the coercive electric field on the vortex core density
For simplicity, we use a 4-gon with a square shape to illustrate the dependence of the
coercive electric fields on the vortex core density. As shown in Figure 6-12, dots A, B, C, and D
are four vortex cores, which are fixed during the switching process. The solid lines represent the
domain walls between   and   domains, which are moved by an electric field favoring  
domains. We assume that the domain walls are arcs with the central angel 2 and origins O and
O . The square ABCD has side length l. During the switching process, O and O move from

infinity to the midpoint of AB, and the central angel 2 changes from 0 to  / 2 .
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Figure 6-12. Schematic plot of the switching process under an external electric field with the
direction out of the plane of the page. Dots A, B, C, and D represent four vortex cores. Green
domains are favored by the electric field and are growing. Pink domains are shrinking. Dots O
and O' are the virtual origins of the boundaries between the green and pink domains, i.e. arc AB
and CD, and the radius is R.

Under an electric field along the -z direction E z , the   domain (denoted by pink color)
shrinks and the   domain (denoted by green color) expands. The total free energy of the square
can be estimated by
Fsqu  l 2 f   2l


sin 

f wall  (

l 2
l 2 cot

)  2 Ez  Pz
2
2 sin 2 

(6.9)

where f  is the energy density of a single   domain, f wall is the domain wall energy density
per length and Pz is the spontaneous polarization. Take the derivative of Fsqu with respect to  ,
we obtain
Fsqu
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When E z 
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f wall Fsqu
 0 . Therefore, the total
,
is always less than 0, since
sin 

lPz

free energy monotonically decreases with an increasing  , and there are no energy barriers.
When E z 

f wall Fsqu
E Pl
,
 0 when   arcsin z z . At this situation, the annihilation of

lPz
f wall

the domain-wall pair cannot be completed due to the energy barrier induced by the increase of
domain wall energy.
Therefore, we obtain a coercive electric field E z 

f wall
, which is dependent on the
lPz

magnitude of l , and consequently the vortex core density. The electric field with the magnitude
smaller than the coercive field cannot change all the electric-field-unfavored domains into two 2gons.
It should be noted that the origin of the energy barrier is the topological deformation due
to the domain wall movement, which is distinct from the conventional energy barrier during
phase transitions.

6.5.3 Evolution of the vortex core structures in the presence of an external electric field
In this section, we illustrate the evolution of the order parameters near vortex cores when
an external electric field is applied. Figure 6-13 (a) demonstrates the domain structures without
electric fields, with almost equal population of upwards and downward polarizations. After
applying electric fields along the -z direction, a red domain becomes narrow between the vortex
and anti-vortex cores, and then splits into two domains with the creation of a pair of domain
walls, as illustrated in Figures 6-13 (b) and 6-13 (c). Two blue domains, at the same time,
coalesce into one blue domain, with the annihilation of a pair of domain walls. Note that the
electric-field-unfavored domains eventually become narrow line-shaped domains as shown in
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Figure 6-13 (d), rather than completely disappear as in classical ferroelectrics [170]. This is
because two domains with downwards polarization cannot attach each other directly in the
hexagonal YMnO3. As shown in Figures 6-3 (c) and 6-3 (d), the difference of the oxygen atom
displacement directions between two downwards polarization (denoted by – superscript) is 120°,
and it is reasonable that the displacement vector rotates through a 60°direction, i.e. two domains
with downwards polarizations are intermediated by a domain with upwards polarization. The
rotation of the structural order parameter is also reflected in the energy landscape described by
equation (6.1) [16]. Therefore, in the presence of external electric fields, the topological vortices
are still surrounded by six domains with three of them dominant in the system.

Figure 6-13. Evolution of the vortex core structures in the presence of an external electric field.
(a)-(d) Domain patterns at different simulation time steps. The simulation is on the twodimensional basal plane and the third dimension corresponds to the magnitude of the structural
trimerization. The applied electric field favors the domain with downward polarization, i.e. the
domains denoted by green, cyan, and light blue colors.
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6.6 Conclusion

In summary, the domain structures with topological defects in hexagonal
manganites are investigated by the phase-field simulations with parameters obtained from
first-principles calculations. It is shown that the magnitude of the order parameters
approaches to zero near the vortex cores, which indicates the high-symmetry paraelectric
phase. The coarsening process and electric-field-induced transition in the basal plane are
demonstrated by the phase-field simulations, which are associated with vortex-antivortex
annihilation and domain wall pair annihilation, respectively. The three-dimensional
domain structures tend to be homogenous along the z axis due to the anisotropy of the
hexagonal system.

Chapter 7
Statistical analysis on the topological changes in the domain structures of
hexagonal manganites
In Chapter 6, we focus on the local behaviors in the domain structures of hexagonal
YMnO3, e.g. the order parameter profiles near the vortex cores and the domain structure
evolution during vortex-antivortex annihilation process and in the presence of external electric
fields. The domain structures with topological defects also show intriguing collective behaviors,
which will be discussed in this chapter. In Chapter 7.1, the frequencies of N-gons as a function of
N is statistically analyzed before and after applying external electric fields. In Chapter 7.2, the
phase ordering kinetics, i.e. average vortex density as a function of simulation time steps, is
discussed.

7.1 Evolution of the frequencies of N-gons under external electric fields

7.1.1 Introduction
As discussed in Chapter 6.4, the vortices, anti-vortices, and domain walls in hexagonal
YMnO3 can be analyzed using the graph theory, which are abstracted as nodes, edges, and faces,
respectively. The domain network of vortices can be categorized into two types: type-I networks
with statistically equal fractions of the six types of domains, and type-II networks with a preferred
electric polarization direction either along the positive (+c) or negative (-c) [15]. Type-II
networks result from poling by external electric fields as discussed in Chapter 6.5, or from selfpoling induced by chemical gradients, e.g. the concentration gradients of chemical defects [181].
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The domain network in hexagonal YMnO3 is a type of complex networks. A complex
network is a network with non-trivial topological features, which are absent in simple networks
such as regular lattices and classical random graphs [182-184]. The great majority of real-world
networks, including World Wide Web, the Internet, movie actor collaboration networks, neural
networks and many others, are complex networks [183,185,186]. Some complex networks
demonstrate a scale-free power-law distribution of connections (degrees), which attract enormous
attention due to the notable characteristics such as relative commonness of nodes with a degree
that significantly exceeds the average and a small average distance (a small number of hops)
between two nodes [186,187].
Another related concept in the graph theory is the dual graph [180]. The dual graph of a
graph is a graph that has a node corresponding to a face of the original graph, and an edge joining
two neighboring faces of the original graph. As shown in Figure 7-1, in the dual graph of a type-I
network, all the faces are 6-gons. When a node has N connections to other nodes, it is also called
that the node has a degree of N [180], and the frequencies of different degrees are called degree
distributions of the network.
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Figure 7-1. Dual graph of large-range domain patterns from the phase-field simulations. In the
dual graph, all the faces are 6-gons, and all the nodes have the degree of N (an even integer).

In Chapter 7.1, we will show the statistical analysis of the N-gon distributions in the
domain networks of hexagonal manganites. Both the phase-field simulations and experiments
show that type-I networks are fitted by a lognormal N-gon distribution with the logarithms of its
numbers normally distributed, in contrast to the scale-free power-law distribution in type-II
networks. Detailed analysis based on the simulation results demonstrates that a preferential
attachment process, i.e. a process that the N-gons with a larger N have higher probability to
coalesce with other N-gons during the transition from type-I to type-II networks, is responsible
for the appearance of the power-law behavior.
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7.1.2 Statistical analysis based on model selection techniques
Firstly we give a brief introduction to the basic concept about model selection techniques.
The details can be found in statistical text books such as Ref. [188]. In statistics, if a model M
have  parameters   { j } , likelihood is used to describe the probability of certain value  j
given a sequence of outcome. For example, if we have statistical data {x1 , x2 ,..., xn } , the
likelihood of a statistical model M is the probability that the model M produces the data

{x1 , x2 ,..., xn } , and is given by
L( M ) 

n

 P( x M )
i

(7.1)

i 1

where P( xi M ) is the probability distribution function. Taking logarithms on both sides yields the
log-likelihood

lk( M ) 

n

 log(P( x M ))
i

(7.2)

i 1

By maximizing equation (7.2), we can estimate the value of  j , which is so called
“maximum likelihood estimates”. These values of  j make the observed data more likely to
occur than any other parameters.
Based on the maximum likelihood estimates, we can not only obtain the unknown
parameters, but also determine how much better one model is at explaining the observed data than
another model. Here we employ the Akaike information criterion (AIC), which is defined as

AICk  2( lk( M k )  k )

(7.3)

where  k is the number of parameters in model k. The model with the lowest AIC is chosen as the
best model, which minimizes the information loss. The quantity exp[(AICmin  AICk ) / 2] is the
relative likelihood of model k. If the difference of the AIC of two models is larger than 10, we
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can omit the model AICk with larger AIC, since exp[-5]=0.007, which means that the model k is
0.007 times as probable as the model with AICmin to minimize the information loss.
To obtain the frequencies of different N-gons, experimentally we performed N-gon
analysis on three REMnO3 samples, all grown using the standard flux method with the details
given in earlier reports [15,22]. Also, we performed phase-field simulations with a system size of
4096×4096 and did the N-gon analysis of the predicted domain patterns generated with or
without an applied electric field of 1200 kV·cm-1 (the magnitude of the electric field in the
simulation is larger than the experimental saturation field of ~400 kV·cm-1 in P-E loops [171]).
To have better statistics, the average of nine parallel simulations starting different random noises
is used for the analysis.
Following earlier statistical analysis on degree distributions of networks [189,190], we
choose six models: exponential ( exp[N ] ), Gamma distribution ( N   exp[N ] ), Poisson
distribution ( exp[  ] N / N! ), Stretched exponential ( N  1 exp[

(

N



] ), lognormal distribution

exp[(ln N   ) 2 / 2 2 ]
), and power-law ( N  ). Table 7-1 lists the log-likelihood values for the
N 2

six models calculated using mathematica software. To do the maximum likelihood estimates of
the simulation results, we round the average to the nearest integers.
Table 7-1. Maximum log-likelihoods for the six degree distributions as discussed in the text for
different sets of data. The log-likelihoods with the lowest AIC are indicated in bold. The
maximum log-likelihoods for experiments and simulation type-II networks correspond to powerlaw ( N 1.92 ) and ( N 2.22 ), respectively. The values in the brackets are log-likelihoods for powerlaw ( N 2.00 ).

Model
Experiments
type-I (Bright)
(Bright)
Experiments
type-I (Dark)

Exponential

Gamma Poisson

Stretched
Exponential

Lognormal

PowerLaw

-1513

-1136

-1487

-1286

-969

-983

-1552

-1166

-1548

-1342

-966

-978
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Experiments
type-II
Simulations
type-I
Simulations
type-II

-4671

-4571

-5978

-4658

-4073

-3946
(-3952)

-2600

-1894

-2505

-2141

-1655

-1771

-1999

-1956

-2564

-1996

-1682

-1500
(-1502)

As shown in Table 7-1, the lognormal distribution has the largest log-likelihood, i.e. the
lowest AIC, for type-I networks, whereas the power-law distribution has the lowest AIC for typeII networks. The differences between the largest and second largest log-likelihood is larger than
10, and the differences between the lowest and second lowest AIC is larger than 20, which
indicates that we can omit all the models except the one with the largest log-likelihoods. For the
power-laws in type-II networks, the exponents are close to 2, and the log-likelihoods of the
power-law with exponents 2 are a little smaller than the maximum log-likelihoods, and much
larger than those of other models. We claim that the exponent of the power-laws is 2, for the
beauty and simplicity of physics.
Table 7-1 also shows that the AICs of the lognormal and power-law distributions are
lower than those of other four distributions for all the cases. Figure 7-2 shows the fitted curves of
the two models with the data of experimental and simulation results. The fittings based on
maximum likelihood estimates look not so good in Figures 7-2 (a) and 7-2 (c). This is because the
lognormal distribution is a continuous distribution, whereas here N of N-gons is integers. Usually
a discrete distribution can be well fitted by a continuous distribution when N is large, which is not
the case here.
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Figure 7-2. Statistical analysis of N-gon frequencies based on maximum likelihood estimates. (a)
Experimental type-I networks, (b) experimental type-II networks, (c) simulation type-I networks,
and (d) simulation type-II networks. The fitted curves according to the lognormal (blue) and
power-law (purple) distributions are shown in each figure.
Usually a discrete distribution and the corresponding continuous one differ on the
normalized constant, whereas their basic function forms are the same. Instead of developing new
discrete lognormal distributions, we fit the curves based on the least-square methods in the loglog scale. Note that in the log-log scale, the power-law is a straight line, whereas the lognormal
distribution becomes a parabola. Thus the lognormal fitting has an extra parameter. As shown in
Figure 7-3, type-I networks are better fitted by the lognormal distributions, whereas type-II
networks can be fitted by either lognormal or power-law distributions. Note that the curves of the
lognormal distributions look like a straight line, overlapping with those of the power-law
distributions. We claim that the type-II networks follow the power-law distributions because the
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power-law fits better in the maximum likelihood estimates even though the least-square methods
cannot distinguish.

Figure 7-3. Statistical analysis of N-gon frequencies based on least-square methods. (a)
Experimental type-I networks, (b) experimental type-II networks, (c) simulation type-I networks,
and (d) simulation type-II networks. The fitted curves according to the lognormal (blue) and
power-law (purple) distributions are shown in each figure. In (b) and (d), the lognormal and
power-law fittings overlap with each other, and dashed lines are used for better visualization. The
slopes of the power-laws in (b) and (d) are 2.02, and 2.05, respectively.
In this work, we choose two out of six models based on the maximum likelihood
estimates, and fit the parameters of the lognormal distributions based on the least-square methods.
Comparing the lognormal and power-law distributions, both the maximum likelihood estimates
and least-square methods show that type-I networks can be fitted by the lognormal distributions,
whereas type-II networks follow the power-law distributions.
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Figure 7-4. N-gon statistical analysis of the experimental and phase-field simulation results. (a) A
lognormal distribution within a type-I network in YbMnO3. (b) An intermediate network in an
ErMnO3 crystal. (c) A power-law behavior within a type-II network in YMnO3. (d) A lognormal
distribution of the type-I network without an electric field. (e) The N-gon distribution of the
domain structures at an intermediate simulation time under an electric field. (f) A power-law
distribution of the type-II network under an electric field. The data in (d), (e), and (f) are average
of nine parallel simulations with different random noises, and the error bars indicate the standard
deviations.

The results from experimental measurements are summarized in Figures 7-4 (a) to 7-4
(c). As shown in Figure 7-4 (a), the type-I networks can be approximated by a lognormal
distribution. The lognormal distribution of the N-gons in type-I networks indicates that the
corresponding dual graph shows a lognormal degree distribution, which is also observed in other
networks such as protein interaction networks [189]. On the other hand, a type-II network is
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better approximated by a power-law distribution ( 1 / N 2 ), as shown in Figure 7-4 (c). Note that
the average side of the N-gons following a power-law N
N 





N 2



N



N 1 /





distribution is given by

 N  , which is convergent with   2 and divergent with 1    2 , since


N 2

is convergent with   1 and divergent with   1 . Therefore,   2 is the critical

N 2

exponent below which N is divergent. The underlying mechanism of the critical behavior needs
further investigation.
Since there exists a self-poling effect near the surfaces of REMnO3 crystals due to the
concentration gradient of oxygen content, the surfaces often show type-II networks with type-I
networks inside [15,170]. The surfaces of REMnO3 crystals annealed to ensure uniform oxygen
content throughout the crystals tend to exhibit type-I patterns. However, we have infrequently
observed an intermediate state between type-I and type-II networks, as shown in Figure 7-4 (b).
The results from N-gon analysis of the domain structures predicted by the phase-field
simulations are shown in Figures 7-4 (d) to 7-4 (f). The dependence of the frequencies of the Ngons versus N agrees well with that obtained from experiments shown in Figures 7-4 (a) to 7-4
(c). A type-I network from the phase-field simulations without electric fields exhibits a lognormal
distribution, as shown in Figure 7-4 (d). Under the electric field, the slope of the curve
corresponding to the electric-field-favored domains becomes smaller, whereas that corresponding
to the electric-field-unfavored domains becomes larger, as shown in Figure 7-4 (e). Finally a
type-II network is obtained, and the N-gon distribution of the three types of domains favored by
the electric field exhibits a power-law distribution as shown in Figure 7-4 (f). The phase-field
simulations on YMnO3 show the same statistical behaviors with the three REMnO3 samples with
different elements in the RE sites and different system sizes. This indicates that the statistical
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behavior of the connected networks is intrinsic and universal for all REMnO3 systems and is
independent of the specific details of a system.

7.1.3 Discussion about the mechanism of the statistical distribution evolution
As discussed in Chapter 6.5.1, the topological change of the domain network under
external electric fields is caused by the annihilation and creation of domain wall pairs.
Accompanied with the annihilation of a domain wall pair are two processes related to the N-gons:
(1) an electric-field-favored p-gon and q-gon coalesce into a (p+q)-gon, and (2) an electric-fieldunfavored t-gon splits into a m-gon and k-gon with t  m  k , m  2, k  2 , as shown in Figure 611. The two processes keep repeating until equilibrium is reached. Note that the coalescence
processes only happen among the same type of domains.
Since the vortex cores surrounding an electric-field-favored N-gon in type-I networks are
subsets of those surrounding the corresponding N-gon in type-II networks, the occurrence of
coalescence can be easily abstracted from the simulation results. Figure 7-5 shows that the
average coalescence occurrence is linearly dependent on N of N-gons. This indicates that the Ngons with a larger N have higher probability to grow, similar to a preferential attachment process.
A preferential attachment process is a process that during the growth (adding nodes and
corresponding connections to the network) of a network, the probability that an existing node
builds connection with the new nodes is dependent on the degree of the existing node. It is shown
that growth and preferential attachments are two fundamental mechanisms responsible for the
scale-free feature in a complex network [191]. However, during the procedure described above,
N-gons coalesce and split in the original graph, with the corresponding nodes merging and
splitting in the dual graph, which are different operations from the network growth. Here we
demonstrate that a coalescing and splitting process of N-gons with preferential attachments leads
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to a transition from lognormal to scale-free networks in the domain networks of hexagonal
manganites.

Figure 7-5. Average coalescence occurrence of the domains favored by the electric field as a
function of N of N-gons. The red dots are averages of 5 parallel simulations starting different
random noises, and the dashed line is drawn as a guide to the eye.

The large variance of large N in Figure 7-5 is due to the small numbers of corresponding
N-gons, which indicates that N is not the only factor that affects the coalescence of a specific Ngon. Since an N-gon can only coalesce with the same type of N-gons (proper N-gons), the
environment, i.e. the number of proper N-gons that are topologically close to it, determines the
evolution of the N-gon. Other descriptors about the environment may be needed to determine the
fate of a specific N-gon. However, statistically more proper N-gons are potentially close to an Ngon with a larger N, and the value of N is a critical factor for the coalescence process.
To study the statistical behavior during the coalescing and splitting of the N-gons, we
further design a simplified simulation for the transition from type-I to type-II networks. It is
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assumed that the initial N-gons are free and separated, and the specific topological information
about the connections of the N-gons is ignored. Among those separated N-gons, we randomly
select one electric-field-unfavored N-gon and two electric-field-favored N-gons, and execute
Process (1) and (2) as noted above. Always selecting corresponding N-gons among the resulting
N-gons from the last procedure, the above procedure is repeated for S times to split all the
electric-field-unfavored N-gons into 2-gons, and S is given by S 

1 Max
( N  2) FN , where FN is
2 N 2



the number of the initial electric-field-unfavored N-gons and Max is the largest number of N with
a nonzero FN . Then one simulation is completed, and the N-gons in a type-I network change into
N-gons in a type-II network. With the initial N-gon statistical distribution of a type-I network, we
perform the above simplified simulations for 100 times with different random selecting
sequences, and take the average of the 100 simulations.
The resulting electric-field-favored N-gons show different statistical behaviors based on
how the N-gons are selected. If all the N-gons are selected with equal possibility, the statistics
maintains as a lognormal distribution, plotted as open squares in Figure 7-6 (we performed
similar model selection process as in Chapter 7.1.2, and all the other models can be omitted). On
the other hand, the statistics shows the observed power-law distribution, as shown by the filled
triangles in Figure 7-6, if the N-gons are selected with the probability proportional to N.
Therefore, a process with preferential attachments results in the power-law distribution, whereas
that without preferential attachments maintains the lognormal distribution.
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Figure 7-6. Simplified simulations of the N-gon coalescing and splitting process. The N-gon
distributions take into account only the domains favored by the electric field. The red filled
circles correspond to the N-gon distribution of the initial domain structure in a type-I network.
The open squares and filled triangles are the final N-gon distributions when the N-gons are
selected with equal possibility, and with preferential attachments, respectively.

As shown in Figure 7-7, the area of an N-gon has a linear relation with N. Therefore,
whether the “area” or “N” of an N-gon is responsible for the preferential attachments does not
make any differences. We believe that N has a direct relation with the preferential attachments,
since N determines the number of neighbors. The more neighbors an N-gon has, the higher the
probability that the N-gon coalesces with other N-gons is.
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Figure 7-7. Average area of an N-gon as a function of N for the domain patterns from the phasefield simulations. The linear function fits well with the data, which indicates that the area of an Ngon increases linearly with respect to N.

Preferential attachment processes are similar to “proportionate growth”, and some natural
processes following proportionate growth results in a lognormal distribution, so called “Gibrat's
law” [192]. In general, a process following Gibrat’s law gives rise to a lognormal or power-law
distribution, depending on more specific details about the stochastic growth process [193,194]. In
the situation of domain networks in hexagonal manganites, the lognormal distribution in type-I
networks implies that preferential attachments may also exist in the coarsening process without
electric fields.
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7.2 Coarsening dynamics of the domain structure evolution
In Chapter 7.2, we will focus on the coarsening dynamics during the vortex-antivortex
annihilation process. One classical model that shows topological defects is the XY model with
two-dimensional (2D) unit-length vectors, which are energy-degenerate with the vector pointing
to any direction within the 2D plane [167]. The 2D vectors can be in 2D and 3D spaces, which
correspond to 2D and 3D XY models, respectively. It is demonstrated that the isotropic 3D XY
model shows a power-law ordering kinetics, i.e. the vortex density ρ is a function of simulation
steps t as:  ~ 1/ t , whereas the 2D XY model exhibits the power-law with a logarithmic
correction, i.e.  ln  ~ 1/ t [195,196]. This is because the 2D XY model shows slower
coarsening dynamics, which origins from the scale-dependent friction constant [195,197,198].
In the 2D simulation of YMnO3 on the basal plane, the average area of the domains A,
with A ~ 1 /  , is calculated as a function of simulation steps, i.e. time t. As shown in Figure 7-8
(a), the exponent of the average area A with respect to time t is about 0.87, which is close to the
numerical results of 0.91 in the 2D XY model [196], and quite different from the exponent of
1.00 in the 3D XY model and grain growth models [199]. After considering the logarithmic
correction, the exponent is about 0.96, which is consistent with the 2D XY model [195,196]. This
indicates that the 2D simulation results agree with the analytical predictions, and the 6-fold
degeneracy does not significantly change the coarsening behavior, relative to the continuous XY
model.
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Figure 7-8. Coarsening dynamics from the phase-field simulations. (a) Average domain area as a
function of simulation steps in the 2D basal plane. The blue squares and red circles correspond to
the raw data and the data with the logarithmic correction, respectively. The blue and pink lines
are fitted based on the formula: a  t b . (b) Total vortex line length as a function of simulation
steps in 3D simulations. The red circles are results from the phase-field simulations using
isotropic gradient coefficients as the control experiments, which are fitted by a pink line. The blue
squares correspond to the simulations with anisotropic gradient coefficients in the hexagonal
YMnO3. (a) is the average of five parallel simulation results with a system size of
2048 x  2048 x 1x and grid spacing of x  0.30 nm , and (b) is the average of three
parallel simulations with a system size of 512x  512 x  512x and grid spacing of
x  0.30 nm .

The results of the 3D simulations on YMnO3 are plotted in Figure 7-8 (b), and a pink line
is drawn as the reference. The simulation data for YMnO3 are parallel to the pink line at small
simulation steps, whereas deviate from the pink line for large simulation steps. To reveal the
origin of the deviation, we run the simulations using the isotropic gradient energy coefficients (

sQz  sQx ) with all the other simulation conditions unchanged, and the results are well fitted by the
pink line, as shown in Figure 7-8 (b). It demonstrates that the simulation results with isotropic
gradient energy coefficients are consistent with the prediction of the 3D XY model, and the
deviation of YMnO3 arises from the anisotropic gradient energy coefficients ( sQ  sQ ). At large
z

x

simulation steps, most domains are homogeneous along the z axis as shown in Figure 6-5, and the
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coarsening process becomes 2D-like with the exponent of -0.87 (a 2D system can be regarded as
z
homogeneous along the z axis with sQ   ). Therefore, due to the anisotropy intrinsic to the

hexagonal system, the coarsening dynamics shows a crossover from 3D-like to 2D-like behaviors.
The coarsening dynamics here is different from the Kibble–Zurek mechanism reported
earlier [23]. The Kibble–Zurek mechanism applies to the situation of slow cooling with different
cooling rates, and is based on the critical scaling analysis above the critical point [200-202]. The
coarsening dynamics, on the other hand, corresponds to the phase-ordering dynamics at a specific
temperature, after an infinitely rapid quench from high temperatures [195,201]. The Kibble-Zurek
mechanism predicts that the vortex density follows a power-law with the exponent of ~0.57 with
respect to different cooling rates [23], whereas the coarsening dynamics here gives rise to a curve
with the slope ranging from -0.87 to -1.00 in the log-log plot, as shown in Figure 7-8 (b).

7.3 Conclusion
Firstly, we investigate the evolution of the statistical distribution of the N-gons in the
domain networks of hexagonal manganites with electric fields using the phase-field simulations,
compared with experimental measurements. Lognormal and power-law distributions are fitted for
two types of domain networks, respectively. Preferential attachments (behaviors that the N-gons
with a larger N have higher probability to coalesce with other N-gons) are shown to be
responsible for the emergence of the power-law distribution. Then, the two-dimensional (2D)
simulations on the basal plane reveal that the average domain area with respect to the simulation
steps exhibits a power-law with the logarithmic correction, consistent with the prediction of the
classical 2D XY model. However, for the 3D cases, the coarsening rate deviates from the
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prediction of the 3D XY model, and it is demonstrated that the deviation results from the
anisotropy of the hexagonal system.

Chapter 8
Conclusions and future work

8.1 Conclusions
In the dissertation, we developed the Landau theory and phase-field methods to
investigate the phase transitions and domain structures in multiferroic BiFeO3 and hexagonal
manganites. In all the chapters from 2 to 7, two sets of ferroic order parameters are considered,
and thus all the models can be called “multiferroic models”. The main contributions of the
dissertation include:
(1) The Landau theory is modified to incorporate the antiferroelectric phase in Sm-doped
BiFeO3. In this system, the ferroelectric and antiferroelectric order parameters compete with
each other, and only one set of order parameter is nonzero, i.e. only one phase exists at a
position. It is shown that the ferroelectric to antiferrolectric phase transitions can be induced
by temperature, composition and hydrostatic pressure. The constructed temperaturecomposition and temperature-pressure phase diagrams show that compressive hydrostatic
pressure and Sm doping have similar effects on the ferroelectric and antiferroelectric phase
transitions. It is also indicated from the temperature-pressure phase diagram that the
experimentally observed phase of BiFeO3 under the hydrostatic pressure from 3GPa to
10GPa is a PbZrO3-like antiferroelectric phase.
(2) The structural order parameter, i.e. oxygen octahedral tilt, is incorporated to the
phenomenological potential of BiFeO3. Different from the antiferroelectric order parameter,
the nonzero tilt order parameter coexists with the nonzero polarization order parameter. The
tilt order parameter and polarization are parallel or antiparallel, which indicates that the
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rotation axis of the oxygen octahedra lies along the same direction with polarization. This is
the reason why the tilt order parameter is neglected in earlier phenomenological description
of BiFeO3. However, due to the strong anisotropy of the domain wall energy related to the
variation of the tilt order parameter, the tilt order parameter has a strong effect on the relative
domain wall instabilities in BiFeO3. Also, it is shown that the tilt order parameter has a
significant effect on the formation of the vortex domains in the BiFeO3 films under mixed
electric boundary conditions.
(3) To describe the tetragonal-like phase in the compressively strained BiFeO3 films, an eighth
order Landau polynomial in terms of polarization is constructed. The rhombohedral-like and
tetragonal-like phases are stabilized under different epitaxial strains, and an intermediate
strain favors a two-phase mixture. Based on the phase-field simulations, the domain wall
orientations and domain structures are demonstrated, which are in good agreement with
experimental observations.
(4) In Chapter 6, the vortex structures and domain structures in hexagonal manganites are
investigated by the phase-field simulations with coefficients obtained from first-principles
calculations. It is found that the order parameters approach to zero near the vortex cores,
which indicates that the vortex cores are in the high-symmetry paraelectric phase. The
coarsening process and electric-field-induced transition in the basal plane are shown, which
are caused by vortex-antivortex annihilation and domain wall pair annihilation, respectively.
(5) In Chapter 7, the collective behaviors in the domain structures of hexagonal manganites are
statistically analyzed. For the N-gon distributions in the two types of domain networks,
lognormal and power-law distributions are fitted, respectively. Preferential attachments
(behaviors that the N-gons with a larger N have higher probability to coalesce with other Ngons) result in the transition from lognormal to power-law distributions. The domains also
show intriguing coarsening dynamics in two and three dimensions. The average domain area
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exhibits a power-law with the logarithmic correction with respect to the simulation steps, in
agreement with the prediction of the classical two dimensional XY model. However, for the
three dimensional cases, the coarsening rate deviates from the solution of the three
dimensional XY model, and it is demonstrated that the deviation results from the anisotropy
of the hexagonal system.

8.2 Future work

8.2.1 Domain structures of the antiferroelectric phase and the phase transitions induced by
external electric fields
Theoretically the aniferroelectric (AFE) phase can also form domain structures. To find
the low-energy AFE domain wall, the mechanical compatibility equation ( ij0   'ij0 )vi v j  0 should
be satisfied as discussed in Chapter 3.2.2. Also, although the AFE phase does not show
macroscale polarization, the local polarization still requires that the electric neutrality condition is
satisfied to avoid the bound charges. Based on the two conditions, the possible AFE domain walls
are plotted in Figure 8-1. The AFE phase also shows oxygen octahedral tilt. First-principles
calculation can be employed to determine the corresponding domain wall energies, and after the
related coefficients are obtained, the phase-field method will be used to produce the domain
structures.

120

Figure 8-1. Set of mechanically compatible and electrically neutral domain walls in the
orthorhombic antiferroeletric phase. An arrow represents the polarization of a single unit cell.
Note that (b) is a single domain, which is plotted as the reference of (a), (c), and (d). The O60
domain wall in (h) is noncrystallographic wall, and for simplicity we only plot two arrows in each
domain to indicate the polarization directions.
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Practically the characterization of the AFE domains may be difficult since they have no
macroscale detectable polarization. However, we can use high solution TEM to observe the AFE
domain walls. In fact, the domain wall in Figure 8-1 (a) has been reported [203].
From the definition of AFEs, the AFE phase changes to ferroelectric phases under
external electric fields [148], which provides the physical foundation for engineering applications
such as digital displacement transducers [43,44] and energy storage capacitors [45]. Therefore,
the future work can be to investigate the switching behaviors of the AFE domains under external
electric fields based on the phase-field simulations.

8.2.2 Apply the rotational compatibility condition to the domain structures in the hybrid
improper (Ca,Sr)3Ti2O7 system
Recently, Fennie and his colleagues predicted that two types of oxygen octahedral tilt
modes can induce ferroelectricity and weak ferromagnetism in layered perovskites, so called
hybrid improper ferroelectrics [112]. It is afterwards experimentally confirmed that RuddlesdenPopper compound (Ca,Sr)3Ti2O7 shows a switchable polarization and intriguing domain patterns
with planar polarization [204]. (Ca,Sr)3Ti2O7 consists of perovskite layers and rock-salt layers.
The perovskite layers show two kinds of nonpolar distortions, i.e. out-of-phase oxygen octahedral
tilt along [110] pseudocubic axis and in-phase oxygen octahedral rotation along [001]
pseudocubic axis. The simultaneous presence of the tilt and rotation modes leads to a polarization
along the [110] direction, based on the scenario of hybrid improper ferroelectrics.
As discussed in Chapter 3.2, the domain wall energy exhibits a strong anisotropy due to
the corner-sharing feature of the oxygen octahedral network. In the structure of (Ca,Sr)3Ti2O7,
where the oxygen octahedral tilt and rotation are the primary order parameters, we expect that the
anisotropy plays a key role in the domain wall orientations. Figure 8-2 shows the preliminary
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result from the phase-field simulations, in comparison with experimental measurements [204].
The future directions can be to analyze the domain structures (two dimensional and three
dimensional) in detail, and to study the switching behaviors under electric fields.

Figure 8-2. Domain structures in (Ca,Sr)3Ti2O7. (a) Experimental in plane PFM measurements
with the figure provided by Prof. Sang-Wook Cheong at Rutgers University [204]. (b)
Preliminary result from the phase-field simulation with the coefficients provided by Prof. James
Rondinelli at Northwest University. Pi is the polarization component, and θi is the oxygen
octahedral tilt component. The oxygen octahedral rotation order parameter is not shown.

8.2.3 Phase transitions between the rhombohedral-like and tetragonal-like phases under
external electric fields
It is shown that the huge electromechanical response is due to the unique transition
behavior of the tetragonal-like and rhombohedral-like phase mixture under external electric fields
[145]. The future work can be to investigate how the rhombohedral-like phase transforms to the
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tetragonal-like phase under electric fields, and vice versa. Thus the origin of the enhanced
electromechanical response will be revealed in detail.

8.2.4 Incorporating the magnetic order parameter in BiFeO3
As reviewed in Chapter 1.2, below the Neel temperature of ~370 oC, BiFeO3 shows a Gtype antiferromagnetic order. The spins on the nearest Fe neighbors are not exactly antiparallel to
each other due to the weak canting moment caused by the local magnetoelectric coupling to the
polarization [12]. This leads to a long-range superstructure with a period of about 62~64nm, as
shown in Figure 8-3 [139]. The future work could be to modify the phenomenological potential
by including the magnetic order parameters, and to study the magnetoelectric behaviors based on
the phase-field method.
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Figure 8-3. Vector plot of the antiferromagetic order parameter. The antiferromagnetic order
1
parameter is defined similar to the antiferroelectric order parameter, i.e. Li  ( M1i  M 2i ) ,
2
where M 1i and M 2i are the magnetization component of two sublattices. The labeled directions
are the pseudocubic directions.
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