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Abstract

Reducing greenhouse gas emissions and improving the fuel efficiency of automobiles,
trucks, and buses can be achieved by partial and full electrification of the vehicle
sector. Lithium ion battery technology is the leading candidate for vehicle electrifica-
tion. Despite many advantages of lithium ion battery technology, over-conservative
pack design due to a lack of advanced battery management hinders its widespread
deployment in the transportation sector. This dissertation introduces a model-based
approach for safe and efficient advanced lithium ion battery management.

Low order, explicit models of lithium ion cells are critical for real-time battery
management system (BMS) applications. Li-ion cell response varies significantly
with temperature and cell temperature measurements are often available. This
study presents a 7" order, single particle model with electrolyte diffusion and
temperature dependent parameters (ESPM-T model). The impedance transfer
function coefficients are explicit in terms of the model parameters, simplifying the
implementation of temperature dependence yet providing an accurate model. The
7th order, linear, electrolyte enhanced, single particle model (ESPM) is used as
the basis for a Luenberger SOC observer for a lithium ion cell. Isothermal and
non-isothermal observer performances are compared with a commercially-available

finite volume code and the benefits of temperature measurement are shown for a
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wide range of temperature and pulse C-rates.

The ESPM is then extended to a nonlinear, electrolyte-enhanced, single particle
model (NESPM), which includes nonlinearities associated with open circuit voltage
and Butler-Volmer (B-V) kinetics. The model is validated with experimental full
charge, discharge, and HEV cycles from 4.5 Ah high power and 20 Ah high energy
graphite (gr)/LiFePOy4 (LFP) cells. The NESPM is capable of operating up to
3C' constant charge-discharge cycles and up to 25C and 10 sec charge-discharge
pulses within 35-65% state of charge (SOC) with less than 2% error for the 4.5
Ah high power cell. For the 20 Ah high energy cell, the NESPM model is capable
of operating up to 2C constant charge-discharge cycles and up to 10C and 10 sec
charge-discharge pulses within 30-90% SOC window with 3.7% maximum error.

An aging model due to solid electrolyte interphase layer growth is added to
the NESPM model. The NESPM aging model is then simplified to obtain explicit
formulas for capacity fade and impedance rise that depend on the battery parameters
and current input history. These simple aging models can be implemented in online
model based battery SOH estimation. The formulas show that aging increases with
SOC, operating temperature, time, and root mean square (RMS) current. The
formula predicts that HEV current profiles with the (i) same average SOC, (ii)
small SOC swing, (iii) same operating temperature, (iv) same cycle length, and (v)
same RMS current, will have the same cell capacity fade.

The single cell ESPM-T model is extended to a pack model with three cells in
parallel to develop thermal management strategies to extend battery life within
a desired performance window. Instead of defining battery End of Life (EOL)

as an arbitrary percent of capacity loss, it is defined as the cycle number when
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the battery voltage first hits the maximum or minimum voltage limits for a given
drive cycle. In practice, this is when the battery management system must reduce
the input current, and the desired performance can no longer be achieved. Three
thermal management strategies are simulated to show that elevated temperature
operation can significantly extend battery life/reduce battery size while maintaining
the desired performance. The effect of cell mismatch in pack performance and life is
also analyzed and thermal management strategies to mitigate the mismatch effect

are proposed.
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Chapter 1
Introduction

1.1 Research Contributions and Motivation

1.1.1 Research Contributions

This dissertation presents contributions in the area of lithium ion battery electro-
chemical and aging modeling, state of charge (SOC) and state of health (SOH)
estimation, thermal management strategies to extend battery life, with focus on
their application in advanced battery management systems of hybrid and electric

vehicles. The highlights of this dissertation are as follows:

o Development of a low order, electrolyte enhanced single particle battery models
with electrolyte diffusion dynamics and temperature dependent parameters

that can be easily implemented on advanced battery management systems.

» Development of a control oriented solid electrolyte interphase layer growth

model to identify the main battery aging parameters for HEV applications.

o Development of a pack model with three cells in parallel to develop thermal
management strategies to extend battery life within a desired performance

window for HEV applications.



1.1.2 Research Motivation

Reducing greenhouse gas emissions and improving the fuel efficiency of automobiles,
trucks, and buses can be achieved by partial and full electrification of the vehicle
sector [1]. The U.S. Corporate Average Fuel Economy (CAFE) standard will
double the conventional internal combustion engine’s fuel efficiency to 54.5 miles
per gallon [2] by 2025, saving consumers $1.7 trillion in fuel costs and reducing oil
consumption by 12 billion barrels. Most of the vehicles in the U. S. are expected to
be hybrid electric vehicles (HEVs) and plug in hybrid electric vehicles (PHEVs) by
2034 and 2045, respectively [3,/4], to meet the CAFE standard.

Li-ion batteries are the leading candidates for HEVs and PHEVSs; as they offer 40 -
50% weight reduction and 30 - 40% volume reduction along with superior coulometric
and energy efficiency compared to their closest rivals, Ni-MH batteries [5]. Lithium-
ion batteries also have a longer cycle life, low self-discharge rate and no memory
effect compared to Ni-MH batteries. Despite this better performance, the Li-ion
battery technology did not gain widespread popularity till now. There are several
reasons behind this. One of the main reasons is the over conservative pack design
to prevent premature battery life due to lack of advanced battery management in
response to different operating and usage conditions, which significantly increases
the vehicle cost. The end of life (EOL) goal of an EV and PHEV is set to 10
years and for HEV it is 15 years [6]. So it is also imperative to accurately predict
the battery degradation (capacity fade and impedance rise) over its entire life
time. Important battery control and management decisions depend on the accurate
prediction of capacity fade and impedance rise. New thermal management strategies
to increase battery life without sacrificing performance is also needed to satisfy the
stringent EOL goal.

The battery system consists of a battery pack and the battery management
system (BMS). The BMS ensures safe and efficient power utilization, estimate state
of charge (SOC) and state of health (SOH), and balance cell strings [5]. Accurate
cell electrochemical and aging models that capture the fast cell dynamics in different
operating conditions of vehicle applications are critical for high performance and
advanced BMS design. BMS are often based on equivalent circuit models |7-13] that
are relatively easy to implement but lack the important underlying physio-chemical

processes of the cell and require empirical parametrization for precise estimation.



This method is chemistry and operating condition dependent, expensive, and time
consuming. Physics-based reduced order electrochemical and aging models on the
other hand include important battery dynamics, are explicitly dependent on the
physical cell parameters, and accurately predict battery response and age [14,[15].
Physical model-based advanced battery management would enable system engineers
to design accurate SOC and SOH estimators, identify the main controlling aging
parameters, and optimally design and operate battery packs to enhance life within

a desired performance window.

1.2 Background

1.2.1 Li-ion Cell Modeling and SOC Estimation

One of the major tasks of a BMS is to estimate SOC, the percentage of maximum
available charge at the current time. SOC can not be measured directly, so the
measured voltage and current are used to estimate the SOC. Coulomb counting
through current integration is a SOC estimation method but it requires accurate
knowledge of the initial state of the cell. As with all open loop estimators, the
estimated SOC may drift away due to sensor error and model mismatch. Model-
based SOC estimation using feedback, is more reliable but requires an accurate cell
model that captures the cell dynamics under varied operating conditions over the
life of the pack. Equivalent circuit models are often used to estimate SOC [16-19]
but they lack underlying physio-chemical processes of the cell and require extensive
empirical parametrization. Plett [7-9] first introduces the use of Kalman filtering
for equivalent circuit models of Li-ion cells. Lee et al. [20] report a reduced order
extended Kalman filter based on equivalent circuit model. Hu [21] designs a
Luenberger observer based on an equivalent circuit model.

Full order, physics based, electrochemical models are often not the best can-
didates for state estimator design because they consists of non-linear, coupled,
partial differential equations (PDEs), that must be simplified and discretized to
be used for real-time estimation on-board a vehicle. Reduced order models have
been developed by many researchers that simplify the full order electrochemical
models. These reduced order models capture the dominant cell dynamics at a

specific SOC and temperature and sufficiently low C-rate. Smith et al. [15,22]



develop a 7" order isothermal model in state variable form using residue grouping
that predicts internal cell potentials, concentration gradients, and estimate SOC
from current and voltage measurements. The model does not provide explicit
relationships between the cell internal parameters and the coefficients of impedance
transfer function. Lee et al. [23] extend this work by obtaining an analytic transfer
function for solid phase potential, electrolyte phase potential, and concentration
distribution. Klein et al. [24] reduce the full electrochemical model by assuming
constant electrolyte concentration and approximating solid phase diffusion using
volume averaging. Incorporating a temperature corrective term in the energy
equation enables accurate SOC estimation at moderate C-rates (current/battery
capacity) [25].

Single particle model (SPM) based observers have also been reported in literature
[26-28]. The SPM is a simplified, physics based, fundamental model where the
current density is assumed to be uniform in each electrodes and all of the active
material particles are in parallel . The associated diffusion equations are solved
assuming average electrochemical reaction rate. The electrolyte dynamics modeled
by a diffusion resistance, assuming instantaneous Li-ion transfer across the cell
leads to significant error at high C-rates [29]. Rahimian et al. [30] derived an
isothermal SPM by polynomial approximation of electrolyte dynamics in terms of
13 differential algebraic equations which are solved by COMSOL Inc. Marcicki et
al. |31] recently proposed a SPM that includes a time-varying resistance and first
order truncated liquid diffusion dynamics.

The performance and dynamic response of a Li-ion cell is strongly dependent on
temperature and C-rate. The accuracy with which one can estimate SOC is directly
related to the accuracy of the underlying model [5]. SOC estimators drive the
voltage and SOC estimate error to zero if the model is accurate. Model mismatch
introduces phantom currents that contribute the inaccurate SOC estimate. A BMS
capable of achieving excellent model based SOC estimation at room temperature,
for example, may fail to estimate SOC accurately during cold or hot start when
large model mismatch occurs due to not incorporating the actual thermal conditions.
The temperature dependent cell physio-chemical processes must reflect through the
cell model and the model is the backbone of accurate SOC estimation. A simplified,
real-time, and physics based model that can be used in BMS to predict cell response

and estimate SOC in a wider range of cell operating conditions is in critical need.



1.2.2 Model Based Li-ion Cell Aging Prediction

Model based accurate battery life prediction is one of the demanding tasks of
an advanced BMS for pack warranty and accurately accomplish different control,
estimation, and management tasks in order to optimize battery usage and minimize
degradation. HEV current profiles are dynamic, consisting of repeated charge and
discharge pulses. The challenge is to choose the best cells for a specific application
and optimal pack size to maximize fuel economy at minimum cost, taking into
consideration the fact that batteries age and their performance degrades. It is very
important to understand usage associated with a specific application influences cell
degradation. Accurate modeling and prediction of the battery SOH is crucially
important for the BMS to efficiently and economically control, estimate, and manage
the pack to prevent unexpected performance deterioration and premature EOL.

Lithium Iron Phosphate (LFP) cathode-based Li-ion batteries possess high
temperature abuse tolerance, low cost, and an environmentally benign nature
[32,33]. LFP cathodes are extremely stable due to their olivine crystalline structure.
Continuous small scale side reactions at the solid electrolyte interphase (SEI) layer
of the negative carbonaceous graphite (gr) anode, however, is considered to be the
main cause of aging [34-36].

The intercalation/deintercalation processes in LFP is thought to occur through
a two phase process between a Li-poor Li.FePO, phase and a Li-rich Li; /FePOy
phase [37-39]. Srinivasan and Newman [37] develop a core-shell model initially
proposed by Padhi et al. [32] with a growing shell of LiFePO, (Li-rich phase) on
a shrinking FePO, (Li-poor phase) core during discharge. This core-shell model
is improved by other researchers [40-42] through tracking of multiple two-phase
boundaries for repeated charge-discharge cycles but the simulation is complicated
and computationally demanding. A relatively simplified phase-change diffusivity
model is proposed by Thorat [43]. A phase-field model, based on the Cahn-Hilliard
theory is also reported for the LFP electrode [44]. Interestingly, some recent studies
also claim that the two distinct phase processes during lithiation/delithiation in a
LFP cathode occur only at low currents. Large currents suppress the phase trans-
formation [45-47] in the LFP cathode. It is also reported that LFP active material
shows resistive reactant property which attributes in increasing cell impedance as

charge or discharge proceeds [48},/49).



Mathematical models of the cycleable lithium consumption in the negative
electrode that contributes to SEI growth are reported by many researchers [50H52].
Ramadass et al. [53] first propose a simplified control-oriented incremental aging
model of the negative electrode in conjunction with a 1D full order electrochemical
model. Randall et al. [54] further reduce this aging model and propose an iterative
approach to calculate the SEI side reaction current density to quantify cell aging.
The SEI aging process is coupled with the cell electrochemistry, so model-based
aging analysis requires an accurate electrochemical model. An accurate coupled
electrochemical aging model would allow systems engineers to identify the main
controlling battery aging parameters to develop life extending battery management

algorithms and estimate SOH more accurately.

1.2.3 Life-Extending Thermal Management for Heterogeneous

Lithium ion Battery Packs in Hybrid Electric Vehicles

HEVs are the most predominant forms of vehicle electrification in the current
market. HEV packs are relatively small and low cost but provide a significant
increase in fuel efficiency. HEVs operate in a relatively small (40-80%) SOC window
but at very high charge/discharge rates (e.g. 20C). Thus, an HEV pack contributes
more power than energy and its End of Life (EOL) occurs when the requisite
power can no longer be provided. Two factors influence the EOL of HEV packs:
Heterogeneity and temperature.

Battery packs have many cells in series and parallel to provide the desired voltage
and power. Although every effort is made to select cells that are identical, even
new packs are heterogeneous due to manufacturing and material variations between
cells. Placing cells in parallel multiplies the pack capacity and available current and
placing cells in series multiplies the voltage. Cells in a pack, however, age differently
due to initial heterogeneity and temperature and current non-uniformity across the
pack. Additionally, packs are typically divided into smaller modules that may not
be replaced at the same time. Thus, every pack has some degree of heterogeneity
with cells of different age, capacity, and/or impedance placed in parallel. The older
cells have less capacity and/or higher impedance than newer cells. Cells in parallel
have the same voltage, so weaker cells source/sink less current than stronger cells.

This increases the RMS current passing through the stronger cells and degrades



them at a faster rate. Mismatched cells in parallel may also push the pack to a
voltage limit more quickly, limiting the discharge/charge power. Thus, there are
two possible problems associated with mismatched cells in parallel: Power loss and
over-aging.

Questions of aging, over-aging, and life hinge on the definition of EOL. Accord-
ing to the U.S.-Advanced Battery Consortium (USABC), battery EOL is reached
when the capacity or peak power of a cell, module, or pack at 80% DOD reduces
to 80% of its rated capacity or peak power [55]. HEV Li-ion batteries are opti-
mized for high power and operate on charge sustaining control strategies within
a narrow SOC window [2256]. Thus, the 80% DOD is not an appropriate EOL
definition. Pack charge/discharge power typically occurs when the voltage reaches
user-defined maximum/minimum limits. An HEV battery pack at EOL cannot
provide the desired power and/or performance when the pack voltage hits the
maximum/minimum voltage limits due to increased internal impedance and/or
capacity fade.

Lithium ion battery performance and life are strongly dependent on temperature.
Increased temperature reduces reaction overpotential, reducing internal impedance
and the associated voltage swings under high current. Thus, if one increases the
temperature of a cell at EOL, then the voltage will no longer exceed the prescribed
limits and the cell’s life will be extended. Elevated temperature also increases
the aging kinetics, however, so a balance must be struck to achieve maximum
life. Determining an optimal operating temperature that maximizes EOL involves
tradeoffs between capacity fade and impedance reduction at elevated temperature.
The systems oriented and temperature dependent Li-ion battery performance and
aging models developed in this thesis are essential tools for the optimal design
of life-extending thermal management strategies. The dynamics of mismatched
cells in parallel would also determine if and how thermal control can be used to

maximize power and minimize degradation.



1.3 Overview of the Dissertation

Chapter 2 presents the development of a 7" order, electrolyte enhanced single
particle model (ESPM) with electrolyte diffusion and temperature dependent
parameters (ESPM-T). The impedance transfer function coefficients are explicit
in terms of the model parameters, simplifying the implementation of temperature
dependence. The fundamental governing charge and Li ion conservation and Butler-
Volmer equations are linearized at an operating state of charge set point and solved
using analytical techniques to produce the impedance transfer function from input
current to output voltage. The ESPM-T model is compared with a commercially
available finite volume based model and results show accurate matching of pulse
responses over a wide range of temperature and C-rates for a gr/NCM cell.

Chapter 3 uses the 7 order ESPM as the basis for a Luenberger SOC observer
for a lithium ion cell. Isothermal and non-isothermal simulations compare the
SOC from a commercially-available finite volume code and the SOC estimate for a
wide range of temperature and pulse C-rates. Arrhenius relationships between the
ESPM model parameters and the sensed temperature significantly improve SOC
estimation.

Chapter 4 derives a nonlinear, electrolyte-enhanced, single particle model (NE-
SPM). The model is validated with experimental full charge, discharge, and HEV
cycles from a 4.5 Ah high power and 20 Ah high energy graphite gr/LFP cells.
Inclusion of electrolyte dynamics, nonlinear kinetics, and nonlinear OCPs in the
conventional SPM significantly improve the models operating range.

Chapter 5 includes aging due to solid electrolyte interphase layer growth with the
previously developed NESPM model. The NESPM aging model is then simplified
to obtain explicit formulas for capacity fade and impedance rise that depend on
the battery parameters and current input history. The formulas show that aging
increases with SOC, operating temperature, time, and root mean square (RMS)
current. Single cell experimental aging tests are performed to support the model
conclusions.

Chapter 6 extends the single cell models to a pack model with three cells in
parallel to develop thermal management strategies to extend battery life without
sacrificing performance for HEV applications. Instead of defining battery EOL

as an arbitrary percent of capacity loss, the maximum cycle number is used as



EOL when the battery voltage hits 3.6V /2V (maximum/minimum) voltage limits.
This is the practical limit of operation without reduced performance. Effect of cell
mismatch on pack performance and life has also been analyzed.

Chapter 7 presents the conclusions and future work.



Chapter 2

A Temperature Dependent, Sin-
gle Particle, Lithium lon Celi
Model Including Electrolyte Dif-
fusion

2.1 Introduction

Low order, explicit models of lithium ion cells are critical for real-time battery man-
agement system (BMS) applications. This chapter presents a 7" order, electrolyte
enhanced single particle model (ESPM) with electrolyte diffusion and temperature
dependent parameters (ESPM-T). The impedance transfer function coefficients
are explicit in terms of the model parameters, simplifying the implementation of
temperature dependence. The ESPM-T model is compared with a commercially
available finite volume based model and results show accurate matching of pulse re-
sponses over a wide range of temperature (7') and C-rates (/). The voltage response
to 30 sec pulse charge-discharge current inputs is within 5% of the commercial
code for 25°C < T < 50°C at I < 12.5C and —10°C < T < 50°C at I < 1C for a
graphite/NCM lithium ion cell.
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2.2 Mathematical Modeling

Figure [2.1] shows the three domains of the 1D Li-ion cell model: Porous anode with
spherical graphite particles, porous separator, and porous cathode with spherical
active material particles (e.g. lithium nickel manganese cobalt oxide (NCM),
lithium cobalt oxide (LCO), lithium manganese oxide (LMO), or lithium iron
phosphate (LFP)). The electrolyte is typically 1.2M LiPFg in propylene carbonate
(PC)/ ethylene carbonate (EC)/ dimethyl carbonate (DMC) and saturates all three
domains. A micro porous polymer or gel polymer separator isolates the direct
electron path between the positive and negative electrodes, but allows Li-ions to
diffuse through. Aluminum (Al) and copper (Cu) foil current collectors are attached

at the ends of positive and negative electrodes, respectively.

I1>0 e
During discharge/' ‘1

Negative electrode Separator Positive electrode

Discharge =. ‘ ‘
Charge . . .

Y X
000
o000

-

Cu Current collector
000000000
000000000
000000000

S

Al Current collector

S
Electrolyte
Ly Ls LI’
L .

n 14
CS.e Cs.e

Ce
— Lt —

LixC LigxMO2

Figure 2.1. Schematic diagram of a coupled, 1D, single-particle, Li-ion cell model.

11



During discharge, Li-ions de-intercalate from the negative electrode

discharge

Li,C =" C+aLi" +ze, (2.1)

and intercalate into the positive electrode for LMO active material particles

discharge

Lig_pyMOsy + xLi* +xe” =" LiMO,, (2.2)

where M stands for a metal. The opposite reactions occur during charge.

2.2.1 Governing Equations

The electrochemical model of a Li-ion cell can be described by four governing
equations: Conservation of Li-ion (Li™) and conservation of charge (e”) in both
the solid and electrolyte phases. Conservation of Li* in a single, spherical, solid

phase particle is described by Fick’s law of diffusion:

oc _D. 0 <r2868> : (2.3)

ot r2 Or or

where ¢;(x,r,t) : (0,L) x (0, Rs) X Rt — [0, Csmaz] is the concentration of Li* in
the solid particle. The model parameters are defined in Table 2.1. The rate at which
ions exit or enter the particle equals the volumetric reaction rate at the particle

surface, j, and zero at the particle center, written as the boundary conditions,

(%f)ro =0, (2.4)

803 jLi
D= =2 2.5
( or )T R, as ! (2.5)
where j% > 0 for ion discharge and the interfacial surface area, a, = 3]% Egs. (2.3)

- (2.5)) are applied on a continuum basis across both electrodes. The solid phase
potential depends on the particle surface concentration, ¢;.(z,t) = cs(z, Ry, t).
Diffusion in Cartesian coordinates governs the conservation of Li™ in the electrolyte
phase

. =D — g 2.6
Sor Ve g TR (2:6)
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where c.(x,t) : (0,L) x BT — [0, Cemaz] is electrolyte concentration and e, and

D, are different in each domain (anode, separator and cathode). The Bruggeman

relation D¢/ = Del® accounts for the tortuous path of Li* transport through the

porous electrodes and separator. Ensuring zero flux at the current collectors and

continuity of concentration and flux through the adjoining domains within the cell,

produces the boundary conditions

(866> _o,
oz 0

Deff% — Deff%
" Ox ol  Ox x:Ln’

(L, t) = (L, t),

where
" (x,t)  for xz € (0,L,),

(x,t) for x € (L,, L, + L),
c?(x,t)  for x € (L,+ L, L).

Conservation of charge in the solid phase of each electrode is

0%, ’
O_eff §b _ le,
0x?

where solid phase potential

o7 (z,t) for x € (0, Ly,),

¢s($7t> = { ¢§ ([L’,t) forz e (Ln + stL)'

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

The fields at the current collectors are proportional to the applied current and
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zero at the separator

" 0P I
eff | Z7s _ Leff S = — 2.14
Un < 8x >a:0 Up ( ax >33L A7 ( )
(aqu) _ (%ﬁ’) — 0, (2.15)
83: x=Ln 8x r=Ln+Ls

where I > 0 indicates discharge. The effective conductivity of the solid phase o¢/f
can be calculated from 0¢// = e, where o is the reference conductivity of the active

material. The linearized electrolyte phase charge conservation equation [57-59)

et o2 be N szf 2 Ce

L= 2.1
0x? Cep 02 +J 0 (2.16)
has boundary conditions
9\ _, (2.17)
Ox =0 o '
ol acl op? ocs
eff eff — eff“ Ve eff
(50)« ()| -0 ) « (25) )L, e
¢Z(Lm t) = ¢Z(Ln7 t), (219>
et 1990\ | (err 0 | werr 9% o (ers O |
ox R P Ox Pox )],
(2.20)
O:(Lp + Ls,t) = ¢E(Ly, + Ly, t), (2.21)
<8¢§) =0, (2.22)
81; $:Ln+Ls+Lp

where

o7 (z,t)  for x € (0,L,),
Ge(,t) = ¢ @2 (2,1) for v € (L, L, + L),
P (x,t) for v € (L, + L, L).

The Bruggeman relation £/ = kel calculates the effective ionic conductivity of

individual domain. The effective diffusional conductivity

2RT ke dln f
relf — 0 _ +
KG F (1% —1) (1 + dlncg) : (2.23)
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according to concentrated solution theory. Butler-Volmer (B-V) kinetics

=i () - (7))
j a4l [exp< T exp =T )| (2.24)

couples the four conservation Eqgs. (2.3)), (2.6]), (2.13]), and (2.16)) describing the

four field variables ¢, c., ¢s and ¢.. Overpotential

n=¢s— de — UlCse), (2.25)

drives the electrochemical reaction rate. The exchange current density in Eq. (2.24))

depends on the solid particle surface, electrolyte concentrations, and temperature

io(z,t) = k(T)cS (Comaz — Cse) ™ €3¢ (2.26)

s,e*

Finally, the cell voltage is

V(t) = (L, 1)~ 6100.0) — e 1(0), (2.27)

where R, is the contact resistance. Finite difference discretization of the governing
Eqgs. - can produce hundreds of state equations, requiring expensive
computation for onboard estimation and control. To reduce the model order for
real-time computation, we use efficient discretization techniques and retain only

the most significant dynamics of the full order model.
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2.2.2 Low Order Electrolyte Enhanced Single Particle Model
(ESPM) Formulation

In a conventional isothermal SPM, current density is assumed to be uniformly
distributed across each electrode. Thus, all the active material particles are in
parallel and each electrode can be replaced by a single spherical particle with radius
R, but Li-ion storage capacity is equal to the electrode storage capacity. The
electrolyte dynamics are neglected, resulting in under predicted voltage swings and
transients. The assumptions of the ESPM are: (i) infinite solid phase conductivity
in the individual electrodes resulting no ohmic loss, (ii) uniform current distribution
in the individual electrodes, (iii) linearized conservation equations in the electrolyte
domain, and (iv) all properties are evaluated at the equilibrium point (at 50%
SOC). Assumptions (i), (ii), and (iv) are also used in SPM models.

Conservation of Li in the single electrode particle for the SPM is solved by taking
the Laplace transform of the particle diffusion Eq. and applying boundary
conditions - . The solid state diffusion impedance transfer function at

the particle surface of a spherical particle is
Coe(s) _ 1 (Rs ) tanh(f) (2.28)
JEi(s)  asF \Ds/) [tanh(8) — 5]’ '

where § = R, /3~ and the tilde indicates a small perturbation from the equi-
librium condition [60] cs(t) = €5 + Cso(t). Note that at equilibrium, 7, j, and

C. are zero so, tildes are unnecessary. Capital letters indicate a variable has been
Laplace transformed. Conservation of charge in the electrode is simplified by
integrating in each electrode domain and applying the boundary conditions -
([2.15)). The final transfer functions are

JLi(s) 1

n = 2.2

I(s) ~ AL, (229)
Jis) 1 (2.30)

I(s) AL, .

L
where the assumed uniform current distributions are defined as J'(s) = = [ J"(z,s)dx
P Ln+Ls

and JE(s) = &~ [ JY(z,s)dz, in the positive and negative electrodes, respectively.
"0
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Using Egs. (2.28) - (2.30)), the solid phase surface concentrations are

Cro(s) 1 (RN tanh(B?)

I(s)  dfFAL, (D”) [mh@p)_@o] ! (2.31)
Ci(s) 1 (Rr\[ tanh(s")

I(s)  arFAL, (Dg) [tanh(ﬁ“) - 571] ’ (2.32)

in the positive and negative electrodes, respectively. These transcendental transfer
functions are infinitely differentiable and can be discretized using a Padé ap-
proximation [61,/62]. Prasad et al. [29] experimentally validated a 3" order Padé
approximation with a 10 Hz bandwidth, sufficiently high for current EV applications.

The 3" order Padé approximations of (2.31)) and (2.32)) are

N 1 2 6007 a95[D%)”
cr (s) 21 [ai’FARELps * A FA[REL,”  aBFA[RE]’L, (2.33)
[(S) 33 + 189pD§ 32 + 3465[pD§]2 ) .
[72] []
~n 1 2 60D 495[D™)?
C?.(s) _ _21 [agFARgLnS T wFamrn s T a;}FA[Rg]E’LJ (2.34)
g
The linearized B-V Eq.({2.24]) is
n(s) _ Rt
T = o (2.35)
where the charge transfer resistance, R, = ﬁ Combining Eqgs. (2.29),
(2-30) and (2.35),
I(s) as AL, '
n R 1
77 (S) _ ct (237)

I(s)  ar AL,

Combining Eqgs. (2.25) and (2.27)) and linearizing around an equilibrium produces

the voltage deviation
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. U, U, _, R.
V<t> - np(Lv t) —nn(O, t)+¢e(L7 t) —¢e(0, t)+ 803,3 615),3<L7 t) - acs,e Cs,e(ov t) A [(t)v
(2.38)

where the negative terminal is assigned as ground. Taking the Laplace transform
of Eq. (2.38) produces the impedance transfer function

V(s)  mp(L,s)  1ma(0,s)  A¢e(L,s) AU, Ch(L,s) U, Cr(0,5) R,

I(s) — I(s) I(s) 1(s) dcse  I(s)  Ocse 1(s) A
(2.39)

and % can be evaluated at any
s,e

The open circuit potential (OCP) slopes aUp

e}
Cs,e

SOC from the empirically measured open circuit potential functions for the cathode

and anode, respectively.

oU,

The open circuit potential (OCP) slopes 5. and OUn

Ocs,e
any SOC from the empirically measured open circuit potential functions for the

cathode and anode, respectively. In Eq. (2.39), the voltage associated with

the electrolyte dynamics A‘b;((sL)’s) is calculated from the linearized Li-ion species

can be evaluated at

conservation equation assuming the reaction rate is equal to the average
volumetric reaction rates in Eqs. and . Integral method analysis
(IMA) [5,26}/63-65] is used to solve the Li-ion conservation Eq. across the
three domains of the cell. Substituting Eqs. and into Eq. for

the anode, separator and cathode,

o*Cn
5e,n30,?(3) - Dnae;S) — b1](8) =0 forxz € (O, Ln), (2.40)
x
0?Cs
€es5C2(s) — Dy 862(5) =0 forz € (L,,L,+ Ly), (2.41)
x
9*CP
€epsCP(s) — D, 862(5) +byI(s)=0 forz € (L,+ Ls, L), (2.42)
x
where b; = ;Z—t;n, by = ;;—t;p, and the superscript ‘ef f’ on diffusivity has been

removed for simplicity. In the minimal IMA, the quadratic Li-ion concentration

profiles in the individual domains are

C™M(z,8) = con(8) + cra(s)T + can(s)z® for x € (0,L,), (2.43)

18



C#(z,8) = cos(8) + c1.5(8)T + co5(s)z® for @ € (L, L, + Ly), (2.44)
CP(z,8) = cop(s) + c1p(8)x + cap(s)z® for z € (L, + L, L), (2.45)

where ¢y, Cip, ..., C2,p are the coefficients of the quadratic concentration distribu-
tions in z. Note that Egs. — are third order in time/Laplace domain.
These quadratic distributions are substituted into Egs. - , integrated
and applied the associated boundary conditions — . Solving the nine
equations for the nine unknown coefficients in Eqs. - yields the transfer

functions,

02(5) _ pZ,n(x>32 +p1,n(I)S +p0,n

) 2.46

](S> S <Q3,n32 + qo2.nS + Q1,n) ( )
Oes<8) — p275($)82 +p1’s($)8 +p0,s (2 47)
I(S) S (Q3,n52 + q2,n3 + ql,n) ’ .
CEs) _ paylr)s® + pryl)s + oy .
[(8) S (Q3,TLS2 + q2.nS + q1,n) , ‘

where the coeflicients pg ,, Py, - -, ¢sn are given in Appendix A. Now substituting

Egs. (2.29) - (2.30)) into Eq. (2.16)), the electrolyte charge conservation equations

in the three domains of the cell are

Pors) PO

Rp axQ Rd,nw + b3] == O, (249)

Poils) , POl

Kdq =0 2.50
* Ox? * D2 ’ (2:50)
O0us) . DC) y p g (2.51)
d, — 041 = .
P o2 P Oz '
1 1 H;ff ,isz H;ff
where b3 = VY by = AL, Hdn = s Kds = oo, Rdp = oo, and the conduc-

tivities are assumed constant in each domain (anode, cathode, and separator).

Equations (2.49)) - (2.51)) and their associated boundary conditions, Eqgs. (2.17) -
(2.22), are singular due to the zero flux at = 0 and « = L, + Ls+ L,. This situation

can be avoided by defining electrolyte voltage difference relative to ¢.(0, s) [5/14,22].
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We define the electrolyte phase voltage differences

APl (x,s) = ¢ (x,s) — ¢2(0,s) for z € (0,L,),
Api(x,s) = ¢i(x,s) — ¢2(0,8) for z € (Ly,, L, + L),
AL (z,s) = ¢P(x,s) — @2 (0,s) for x € (L, + Ls, L).

At this point of the derivation the electrolyte concentration profile in each individual
domain of the cell is known and expressed as Eqs. - . Integrating Eqgs.
- with respect to x in the individual cell domains and subtracting
o2 (0, s) gives

b3]$2
En AP + Kap [CH(z,8) — CI(0, s)] + 5 Cinz, (2.52)
RsRdn
ks APS + kasCo (2, 5) — - —C7(0,s) = Cysx + Cop, (2.53)
» » KpKdn ~m balz?
/i;,Agﬁe + lid,pce (l’, S) — 706 (O, 8) — = ClpJI + Cgp, (254)

Kn
where C,,...,Cy, are constants of integration. Eqs. (2.52)) - (2.54)) are solved
analytically using the associated boundary conditions (2.18)) - (2.22)). After further

simplification, the electrolyte phase potential difference is

A¢6<L, S) - R282 + R18 + Ro
I(s)  Los?2+Lys+ Lo’

(2.55)

The coefficients Ry, ..., Ly are listed in Appendix A. Equations (2.33)), (2.34),
(2.36)), (2.37), and (2.55]) are substituted into Eq. (2.39)) to produce the ESPM

impedance transfer function

V(S) — K 4 Kl + K2 bODSG + b01S5 + b0284 + b0383 + b0482 + 5058 + b06 (2 56)
I(s) s s0 4 a1 85 + ages* + ag3sd + agas? + agss + ags
where the coefficients agy, . . ., agg, boo, - - - , bog, K, K1, and Ky are explicitly given in

terms of the model parameters in Appendix B.
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Table 2.1. Model parameters of the 1.78 Ah high power gr/NCM Li-ion cell

Parameter Negative electrode Separator Positive electrode
Thickness, L (cm) 40 x 107 25 x 1074 36.55 x 10~*
Particle radius, Ry (cm) 5x 1074 5x 1074
Active material volume frac- 0.662 0.58
tion, €,

Porosity (electrolyte phase 0.3 0.4 0.3
volume fraction), e,

Maximum  solid  phase 31.08x1073 51.83x1073
concentration, Cgma, (mol

cm ™)

Stoichiometry at 0% SOC, 0.001 0.955473
X0%, Y0%

Stoichiometry at 100% SOC, 0.790813 0.359749
X100%> Y100%

Average electrolyte concen- 1.2x1073

tration, c.o (mol cm™?)

Exchange current density, 2.8x1073 2.0x107*
ioref (A cm™?)

Activation energy of ig (kJ 92 58
mol 1)

Charge transfer coefficient, 0.5, 0.5 0.5, 0.5
g, O

Li* transference number, ¢§ 0.38

Film resistance, Ry (Q cm?) 0 0
Solid phase Li diffusion coef- 1.4x10710 2.0x10°10
ficient, Ds e (cm? s71)

Electrode plate area, A 1020.41

(cm?)

Activation energy of D, (kJ 30 25
mol 1)

Contact resistance, R. (€ 6

cm?)

Up(y), (V) —10.72y* + 23.88y> — 16.77y* + 2.595y + 4.563 for y € (0,1)

Un(x), (V) 0.1493 + 0.8493 exp(—61.79x) 4 0.3824 exp(—665.82) — exp(39.42x —
41.92) — 0.03131 tan=*(25.59x — 4.099) — 0.009434 tan—'(32.49x —
15.74) forze(0.3,1)
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2.2.3 ESPM With Temperature Effect (ESPM-T)

The transfer function Eq. is converted to a state space realization using
observer canonical form [66] which produces seven ordinary differential equations
(ODEs). For isothermal ESPM simulation at a particular temperature all the
coefficients are constants and Isim in MATLAB simulates the test response. For
non-isothermal case (ESPM-T) the coefficients are updated with cell temperature

obtained from AutoLion-ST output and simulated using ode45.

x(t) = Ax(t) + Bu(t) (2.57)

y(t) = Cx(t) + Du(t) (2.58)

where x = 2 x € R7 is the state vector, u(t) = I(t) is the input vector, y(t) =

[dV (t),dSOC(t)]*, is the output vector, A ¢ R™" is the state matrix, B ¢ R"*!
is the input matrix, C ¢ R?*7 is the output matrix, and D € R?**!. The SOC =
SOC; — é J3 I(1)d7, where Q is the nominal cell capacity.

For the gr/NCM chemistry simulated in this paper, most significant temperature
dependent parameters are solid phase diffusion coefficient, exchange current den-
sity, electrolyte diffusion coefficient, electrolyte ionic conductivity, and electrolyte

diffusional ionic conductivity. Arrhenius equation

Eact P 1 1
- re :  m J 2
P = f exXp [ R <Tref T)] ( 59)

is used to calculate solid particle diffusion coefficient and exchange current den-
sity. The temperature dependent property ¥ (e.g. D?, D? and iy) depends on the
reference value and the activation energy E,u. The empirical correlations for

electrolyte properties are extracted from Val@en et al. [67]:

— 4434+ —5L —40.22c. 0
D.(T) = 10 7 (20+cc0) , (2.60)

K(T) = ceo(—10.5+0.074T —6.96 x 107°T?) + ¢, ¢(0.668 —.0178T — 2.8 x 107°T?)
+¢2(0.494 — 8.86 x 107*T%)]*, (2.61)
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2RTwT /| din fy 2RTk /|
Fag = ——— (t§ = 1) <1+ e )= (@ ~1)v(T), (262)
where x{// = k (T) e!® and subscript i denotes individual domain. The empirical
correlation

1 3
v (T) = 0.601 — 0.24c2 + 0.982 [1 — 0.0052(T — 293)] 2. (2.63)

2.3 Results and Discussion

2.3.1 Comparison of SPM and ESPM With AutoLion-ST Under

Isothermal Conditions

In this work, EC Power’s AutoLion-ST is considered to be the truth model and used
to compare the accuracy of reduced order SPM, ESPM, and ESPM-T. AutoLion-ST
is a 1D, fully non-linear, finite volume based model in MATLAB/ SIMULINK. It uses
robust numerical algorithms to simulate electrochemical and thermal interactions
of Li-ion batteries over a wide range of operating conditions [68]. Figure [2.2)(a) -
(c) compare the SPM, ESPM and AutoLion-ST voltage responses at 25°C' and 50%
initial SOC corresponding to the pulse current input in Fig. 2.2(e). The zoomed
in Fig. 2.2(a) shows that the SPM response deviates significantly from the ESPM
and AutoLion-ST voltage responses, even at lower C-rates. The ESPM voltage
response, however, closely matches AutoLion-ST, including 20C-10 sec pulses (see
zoomed view in Fig. 2.2[b)).
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Figure 2.2. Voltage response of AutoLion-ST, ESPM and SPM at 25°C' and 50% initial
SOC: (a) magnified voltage during 8.5C discharge pulse (left box in Fig. 2.2(c)), (b)
magnified voltage during 20C discharge pulse (right box in Fig. 2.2(c)), (c) voltage
response, (d) electrolyte potential difference, and (e) pulse current input.

Figure [2.2(d) shows the time response of the electrolyte potential A¢e(t) =
¢e(L,t) — ¢.(0,1) is strongly C-rate dependent. This internal variable can not be
predicted by ECMs. The ESPM, however, is based on the fundamental equations of
the cell and internal variables such as A¢.(t) can be predicted. The ESPM predicts
electrolyte potential difference accurately at low C-rates but has almost 50% (314
mV) error at high C-rates. The quadratic concentration distributions and constant
current distributions contribute into this error at higher C-rates. Although A¢.(t)
is underpredicted by the ESPM it is a significant improvement over SPM which
neglects electrolyte dynamics entirely.

One can tune the SPM contact resistance to account for the unmodeled elec-
trolyte dynamics. At higher C-rates, however, the SPM voltage response overshoots
the AutoLion-ST voltage response due to the neglect of electrolyte diffusion dy-
namics [29]. Although ESPM underpredicts A¢,(t) at higher C-rates, the ESPM’s
voltage accurately matches the AutoLion-ST’s voltage (see Fig. 2.2(b)). Overpre-
diction of overpotentials resulting from the linearization of the B-V kinetic equation
compensates for the underpredicted A¢,(t). The maximum voltage error between
the ESPM and AutoLion-ST is 3% (62 mV) for the 20C - 10 sec pulse.
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2.3.2 Performance of the ESPM Away From the Linearized
Point

To test the validity of the ESPM away from the linearization SOC, Fig. [2.3]simulates
a hybrid current cycle operating in a larger 35 - 65% SOC window. Fig. [2.3(c)
compares the voltage responses of the ESPM and AutoLion-ST for the current
input shown in Fig. [2.3{). Fig. [2.3(d) shows the corresponding SOC swing. Worst
case scenarios at the highest and lowest SOCs are presented in the zoomed in Figs.
2.3(a) and [2.3(b), with 20C - 10 sec and 15C - 15 sec pulses, respectively. The
voltage error increases with distance from the linearization point and increasing
C-rate. The increased error is caused due the B-V linearization, OCP linearization,
and constant properties assumptions (at 50% SOC) in the ESPM. Nevertheless, the
maximum error between the ESPM and AutoLion-ST voltage responses remains
less than 4.3% (137 mV) during the entire simulation.
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Figure 2.3. Voltage response of AutoLion-ST and ESPM at 25°C' and 50% initial SOC:
(a) magnified voltage during 20C pulse (left box in Fig. 2.3(c)), (b) magnified voltage
during 15C pulse (right box in Fig. 2.3(c)), (c) voltage response, (d) SOC, and (e) pulse
current input.
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2.3.3 Comparison of ESPM and ESPM-T With AutoLion-ST

Under Non-isothermal Conditions

Figure shows the influence of cell initial temperature on the voltage response
by comparing the simulation results from ESPM, ESPM-T, and AutoLion-ST.
The cell temperature, as predicted by AutoLion-ST starts at 10°C' and increases
under adiabatic conditions to a temperature limit of 25°C' over the course of the
simulation. The AutoLion-ST model includes a cooling system that prevents the
cell temperature from exceeding 25°C'. The ESPM is isothermal at 25°C" and the
ESPM-T temperature dependent physio-chemical properties are updated using the
AutoLion-ST output temperature as one could use a temperature sensor on-board
a vehicle. ESPM voltage response does not match the AutoLion-ST results at low
temperature, even at very low C-rates. The highly nonlinear current distribution
along each electrode due to sluggish reaction kinetics, reduced electrolyte diffusivity,
and ionic conductivity may attribute the voltage difference at low temperatures.
As the cell temperature approaches 25°C'; ESPM and ESPM-T produces identical
voltage responses that closely match AutoLion-ST voltage response. The magnified
Figs. 2.4(a) and 2.4(b) at 2.5C and 20C, respectively, show the relative agreement
of these simulation methods. Overall, ESPM-T matches AutoLion-ST to within
3% for the entire 10°C' - 25°C' temperature range and up to 20C rates.
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Figure 2.4. Voltage response of AutoLion-ST, ESPM-T and ESPM from 10°C' initial
temperature and 50% initial SOC : (a) magnified voltage during 2.5C discharge pulse
(left box in Fig. 2.4(c)), (b) magnified voltage during 20C discharge pulse (right box in
Fig. 2.4(c)), (c) voltage response, (d) cell temperature, and (e) pulse current input.
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2.3.4 Operating Range of ESPM-T

Figure shows that the accuracy of the ESPM-T model depends on both current
rate and temperature. In this simulation, the cell starts at 0°C' and, under adiabatic
conditions, the temperature grows to 25°C. Low temperature and low C-rate (t<200
sec) produces modest errors. Moderate C-rates at low temperatures produce large

errors and high C-rates at higher temperatures produce the least errors.
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Figure 2.5. Voltage response of AutoLion-ST and ESPM-T from 0°C and 50% initial
SOC: (a) voltage response, (b) cell temperature, and (c) pulse current input.

To identify the working range of ESPM-T, we separate the C-rate and tempera-
ture effects by simulating constant hybrid pulse cycles at different temperatures.
The temperature range is from -10°C' to 50°C for 1C, 2C, 5C, 7.5C, 10C, and 12.5C
constant hybrid 30 sec pulse cycles. Figure [2.6] shows an example case of adiabatic
simulation of 7.5C - 30 sec pulse charge-discharge cycle. As the cell temperature
increases with time, the initial voltage error between the AutoLion-ST and ESPM-T
diminishes.

Figure summarizes the maximum voltage error relative to AutoLion-ST at
different C-rates versus cell temperature. Each curve is for a different C-rate pulse
cycle as shown in Fig. (c) As the cell warms up due to cycling, the temperature
increases and the maximum voltage error for the corresponding pulse is evaluated.
The error eventually decreases with increasing temperature and decreasing C-rate,

although the error increases slightly for 7' > 25°C" due to slight asymmetry between
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Figure 2.6. Voltage response of AutoLion-ST and ESPM-T from 10°C and 50% initial
SOC: (a) voltage response, (b) cell temperature, and (¢) 7.5C hybrid pulse charge-discharge

cycle.

Table 2.2. Computation time of different Li-ion cell models

Li-ion cell model Solver Computation time (s)
AutoLion-ST ~ Non-linear solver 12.5
ESPM-T ode45 2.5
ESPM Isim 1.05
SPM Isim 1

charge and discharge voltage errors. To maintain errors less than 1% requires
T > 17°C and I < 5C. If 5% errors are acceptable then 12.5C is possible for
T > 25°C" and 1C for T' > —10°C. The green solid dot in Fig. 2.7 corresponds to
the green solid dot in Fig. [2.6(a).

Computation time of a 20 min simulation at 1 Hz sampling rate on an Intel?
Core™ 2 Quad 2.4 GHz desktop computer of AutoLion-ST and other reduced
order models are shown in Table 2.2. ESPM and ESPM-T models are respectively
11.9 and 5 times faster than AutoLion-ST in this case.
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Figure 2.7. ESPM-T error relative to AutoLion-ST for different C-rate pulse cycles (see

Fig. 2.6(c)) versus cell temperature. The green solid dot corresponds to the dot in Fig.
2.6(a).

2.4 Conclusions

The traditional SPM neglects electrolyte diffusion only provides satisfactory per-
formance over narrow C-rate and temperature ranges. Using only seven states,
the ESPM developed in this paper includes an IMA model of electrolyte diffusion
and matches the AutoLion-ST pulse response up to 20C at room temperature
with 3% (62 mV) error. The ESPM linearized at 50% SOC, has slightly higher
voltage error (4.3%/137 mV) for wider SOC swing (35 - 65%). The ESPM-T model
updates the ESPM parameters with temperature, maintaining the voltage response
to pulse charge-discharge current inputs to within 5% of the AutoLion-ST for
25°C' < T < 50°C at 12.5C and —10°C' < T < 50°C" at 1C.
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Chapter 3

State of Charge Estimation of
a Lithium lon Cell Based on A
Temperature Dependent, Elec-
trolyte Enhanced, Single Parti-

cle Model

3.1 Introduction

State of charge (SOC) estimation provides critical information to system engineers
and end users of consumer electronics to electric vehicles. The accuracy of model-
based SOC estimation depends on the accuracy of the underlying model, including
temperature effects that greatly influence cell dynamics. This chapter uses a 7%
order, linear, electrolyte enhanced, single particle model (ESPM) as the basis for
a Luenberger SOC observer for a lithium ion cell. Isothermal and non-isothermal
simulations compare the SOC from a commercially-available finite volume code and
the SOC estimate for a wide range of temperature (0<7'<50 °C') and pulse C-rates
(|{] < 15C). Arrhenius relationships between the ESPM model parameters and
the sensed temperature improve SOC estimation. At low temperature (7'<10°C)
and low C-rates, temperature measurement reduces the RMS SOC estimation error
by up to ten times. At high temperature 7>40°C and high C-rates (|I] < 15C),

temperature measurement decreases SOC estimation error by more than three
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times.

3.2 Model-Based Luenberger State Estimator Design

Figure [3.1| shows a block diagram of a Luenberger observer for cell state estimation.
The cell dynamics are represented in state-variable form (Egs. - ([2.59)). V(t)
is the measured cell voltage from an actual battery pack. For the present study,
AutoLion-ST provides the voltage, current, and temperature data in place of an

actual cell.

AutoLion-ST v .,
1(t) . |
or Noise
Battery pack T() V(t) x. Noise
() +
_ \}/ ESPM-T —’CB‘—
Noise ¥ Noise model-based
+ > observer

Figure 3.1. Block diagram of the Luenberger SOC estimator

The state estimator equations are
x(t) = A(T)X(t) + B(T)u(t) + 1(y - 9), (3.1)

y(t) = C(T)x(t) + D(T)u(t), (3.2)

where % is the state estimate, the observer gain matrix is 1 e R™!, and error
e(t) = x(t) — x(t). The feedback term, l(y — y) in the estimator equations
compensate for model mismatch and noise. When the actual and estimated outputs

differ due to different initial conditions, sensor noise, and model mismatch, then
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there is a correction term and the estimator tends to reduce the error.

If the estimator and the cell have the same dynamics, initial conditions, and
input, then the estimated state (and voltage) will perfectly track the actual state.
The convergence is guaranteed if the model and the experimental system are
identical, there is no sensor noise, and the gain matrix 1 is chosen to place the poles
of (A —1CT) in the left half of the complex plane.

3.3 Results and Discussion

HEVs require high C-rate charge-discharge pulses to assist a vehicle within a strict
SOC window [56]. Considering that, a 1020 sec hybrid pulse current input with a
maximum C-rate of £20C is simulated for a high power 1.78 Ah Li-ion cell. The
ESPM and ESPM-T-based observer’s performance are compared with AutoLion-
ST. The accurate estimation ranges of ESPM and ESPM-T-based observers are
identified in terms of temperature and C-rates.

The AutoLion-ST outputs are current, voltage, and temperature. ESPM and
ESPM-T-based observers use these voltage and current (and temperature for ESPM-
T) measurements to estimate the SOC. The hybrid current pulse profile in Fig.
3-2(g) is charge conserving and operating around 50% SOC. Current and voltage
noise of 100 mA and 10 mV, respectively, are added. The observer gain matrix,
1 = [ly, 1, 13,14, 15,16,17]7 is tuned manually to obtain a reasonably fast transient
decay and low steady state SOC error and the same for all the simulations in this

study.

3.3.1 Isothermal Simulation

Figure compares the voltage and SOC estimates of the ESPM-based Luenberger
observer with AutoLion-ST response at a representative temperature of 25°C. The
magnified views of the voltage response in Figs. [3.2a) and [3.2(b) at low and high
C-rates, respectively, show very good agreement between the observer response and
the AutoLion-ST voltage response. The insertion of electrolyte dynamics in the
ESPM model significantly improves the performance relative to the traditional SPM
that considers the electrolyte as a static resistor, resulting in voltage overshoots at
higher C-rates [29]. The zoomed in Figs. 3.2|(c) and [3.2[(d) of the SOC plot (Fig.
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3.2((f)) show the initial transient and steady state performance, respectively. The
SOC error diminishes quickly < 2.0% within 200 sec from an initial estimator SOC
error of 25%. During the most aggressive part (700 sec to 950 sec) of the hybrid

cycle, the maximum SOC error is < 3.1%.
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Figure 3.2. Isothermal ESPM-based observer response (red-dashed) and AutoLion-ST
simulation (blue-solid) from a 25% initial SOC error at 25°C' temperature: (a) magnified
voltage during 3.5C pulse (left box in Fig. [3.2(e)), (b) magnified voltage during 20C pulse
(right box in Fig. [3.2fe)), (c) magnified observer SOC transients (left box in Fig. 3.2(f)),
(d) magnified observer SOC at steady state (right box in Fig. [3.2(f)), (e) estimated
voltage response, (f) estimated SOC, and (g) pulse current input.
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3.3.2 Non-isothermal Simulation

Figure compares the ESPM-based observer, ESPM-T-based observer, and
AutoLion-ST voltage and SOC response for an adiabatic simulation of the hybrid
cycle starting from 0°C' to 50°C'. An external cooling loop in AutoLion-ST regulates
the cell temperature at 50°C' for t>700 sec. The temperature output of the AutoLion-
ST is fed into the ESPM-T-based observer to update the state matrices. The ESPM
estimator has constant state matrices corresponding to 25°C'.

The ESPM-based estimator’s voltage response significantly undershoots and
overshoots at low and high temperatures as shown in Figs. [3.3(a) and [3.3|b),
respectively. Thus, the ESPM-based SOC estimate is poor at temperatures away
from the set point of 25°C'. ESPM-T updates the temperature dependent battery
parameters and is much more accurate through out the temperature range for low
C-rates at the beginning of the cycle. At high C-rates and low temperature (100-350
sec), however, the ESPM-T estimated voltage overshoots the actual voltage. This is
due to the unmodeled distributed current within the electrodes and sluggish reaction
kinetics at low temperature and high C-rates. The ESPM-T-based estimator’s
initial transients decay within 200 sec. Once the battery warms up due to self
heating, the ESPM-T-based observer estimates the AutoLion-ST’s voltage response
very well up to 50°C' and tracks the actual SOC (Figs. 3.3|(c) and [3.3|(d)) within
a maximum error of 2.7% during that most aggressive part of the hybrid cycle.

The ESPM observer, however, fails to provide accurate SOC estimate at higher
temperature as shown in Figs. [3.3|(b) and 3.3|(d).
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Figure 3.3. ESPM estimates (green-dot-dashed), ESPM-T estimates (red-dashed),
and adiabatic AutoLion-ST simulation (blue-solid) from a 25% initial SOC error: (a)
magnified voltage during 3.5C pulse (left box in Fig. [3.3(e)), (b) magnified voltage during
20C pulse (right box in Fig. [3.3(e)), (c) magnified observer SOC transients (left box in
Fig. [3.3((f)), (d) magnified observer SOC at steady state (right box in Fig. [3.3(f)), (e)
voltage, (f) SOC, (g)temperature, and (h) pulse current input.

3.3.3 Accurate Estimation Ranges

The previous simulations show that estimation accuracy depends on C-rate and
temperature. To further study these effects, we simulate a constant hybrid pulse
cycle at different temperatures with zero initial estimator error and calculate the
root-mean squares (RMS) error. The RMS error gives a good measure of the steady
state error of the estimator. The temperature ranges from 0°C' to 50°C' for 1C to
15C constant 20 sec pulses are considered. Fig. [3.4] shows an example 1200 sec
long, 20sec-10C pulse charge-discharge cycle used to develop Figs. and The
cell is power limited at low temperatures and high C-rates so those cases are not

included.
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Figure 3.4. Hybrid pulse charge-discharge cycle used to create Figs. and
(10C-rate)

Figure|3.5/shows the RMS error contour plot for the ESPM-based SOC estimator.
The ESPM-based estimator operates at a constant 25°C' whereas the AutoLion-ST’s
temperature is changing due to adiabatic operation. The highly accurate region
with less than 1% error is at low C-rate and near room temperature (25°C"). If
battery operates further away from 25°C" and higher C-rate’s, significant SOC
estimation error is introduced.

Figure [3.6) shows the ESPM-T SOC estimation error contour plot versus bat-
tery temperature and C-rate. Besides voltage, ESPM-T-based estimator also uses
battery temperature (see Fig. to correct the model mismatch which reduces
the estimation error. Unlike ESPM-based estimator (Fig. , the highly accurate
region in Fig. [3.6] grows considerably for ESPM-T-based estimator. High tem-
perature performance is specially very good, staying less than 3% for the entire
high temperature range and C-rates. Cold temperature remain a problem at high
C-rates. Overall, the ESPM-T estimator outperforms the ESPM estimator at low
temperatures and C-rates by up to ten times. At high temperatures, the ESPM-T

estimator is more than three times accurate.
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3.4 Conclusions

The ESPM-based observer is capable of estimating only room temperature battery
SOC for aggressive HEV current inputs. Inclusion of the temperature effect in the
ESPM-T model is shown to be crucially important for accurate SOC estimation
in scenarios where cell temperature varies during usage. Temperature updating
of the estimator state matrices provides improved SOC estimation over a wide
range of temperature and C-rates. At low temperature (< 10°C') and low C-rate
(<0.5C), temperature measurement reduces the RMS SOC estimation error by up
to ten times. For T>40°C and |I] < 15C, temperature measurement decreases

SOC estimation error by more than three times.
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Chapter 4
A Nonlinear Electrolyte Enhanced
Single Particle Model

4.1 Introduction

Electric Vehicle (EV) current profiles are dynamic, consisting of repeated charge
and discharge pulses, and swing between a wider SOC window (95-20%). Accurate
prediction of the battery response to these inputs requires models with open
circuit voltage and Butler-Volmer (B-V) kinetic nonlinearities. This chapter derives
a nonlinear, electrolyte-enhanced, single particle model (NESPM).The model is
validated with experimental full charge, discharge, and HEV cycle from a 4.5 Ah
high power and 20 Ah high energy graphite/LiFePOy cells. The NESPM is capable
of operating up to 3C' constant charge-discharge cycles and up to 25C and 10sec
charge-discharge pulses within 35-65% state of charge (SOC) with less than 2%
error for the 4.5 Ah high power cell. For the 20 Ah high energy cell the NESPM
model is capable of operating up to 2C' constant charge-discharge cycles and up
to 10C and 10 sec charge-discharge pulses within 30-90% SOC window with 3.7%

maximum error.
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4.2 Nonlinear Single Particle Model with Electrolyte
Diffusion Effect (NESPM) for a Graphite/LiFePO,
Cell

Lithium Iron Phosphate (LFP) cathode-based Li-ion batteries possess high tem-
perature abuse tolerance, low cost, and an environmentally benign nature [32,33].
LFP cathodes are extremely stable due to their olivine crystalline structure.

The intercalation/deintercalation processes in LFP is thought to occur through
a two phase process between a Li-poor Li.FePO, phase and a Li-rich Li; /FePOy
phase [37H39]. Srinivasan and Newman [37] develop a core-shell model initially
proposed by Padhi et al. [32] with a growing shell of LiFePO, (Li-rich phase) on
a shrinking FePO, (Li-poor phase) core during discharge. This core-shell model
is improved by other researchers [40-42] through tracking of multiple two-phase
boundaries for repeated charge-discharge cycles but the simulation is complicated
and computationally demanding. A relatively simplified phase-change diffusivity
model is proposed by Thorat [43]. A phase-field model, based on the Cahn-Hilliard
theory is also reported for the LFP electrode [44]. Interestingly, some recent studies
also claim that the two distinct phase processes during lithiation/delithiation in a
LFP cathode occur only at low currents. Large currents suppress the phase trans-
formation [45-47] in the LFP cathode. It is also reported that LFP active material
shows resistive reactant property which attributes in increasing cell impedance as
charge or discharge proceeds [48},/49).

Motivated by the need of fast and accurate physics based model for offline
analysis and online BMS application, this chapter extends the previous electrolyte
enhanced SPM (ESPM) by incorporating non-linearities arising from the B-V
kinetics and open circuit potential (OCP) of the individual electrode. The NESPM
is validated against experimental constant C-rate charge-discharge and hybrid
current profiles. A 4.5 Ah high power and a 20 Ah high energy gr/LFP cells
are selected to conduct the experimental validations. A validated NESPM is a

prerequisite of an aging model which will be discussed in chapter 5.
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Table 4.1. Governing equations of a pseudo 2D Li-ion cell model.

Equations Boundary conditions
i i*insolid: 2% =DPs0 (1 20¢ o\ _ acs I
Conservation of Li* insolid: == = == (r ar) (4.2) (6r)r—o =0, (Ds 6r)r=R ==
Conservation of charge in solid: ~ o®/f % = jLi @42 _ <0eff %) _ (o.eff %) _I
* 0x /x—g 0x /)y A
(6¢s) _ (6¢s) —0
0X /x=1, 0% /x=pp+Lg
Conservation of Li* in electrolyte : se% = D:fficj + ﬂj” (4.3) (%) =0 (%) =0
at ax F Ix x=0 4 Ix Y=L
Conservation of charge in electrolyte: x¢/f Z%e 4 &ff 26 4 jui (%) =0 (%) -0
ax ax ax x=0 ’ ax %=L
(4.9)
Butler-Volmer (B-V) kinetics: M = agi [exp (“;;’7) —exp (%CTF")] (4.5)
Overpotential: n=¢s— P — U(cse) (4.6)
Cell voltage: V(£) = (L t) — bs(0,£) — LI (t) 4.7

4.3 Electrochemical Model

The fundamental governing equations of a Li-ion cell are listed in Table 4.1. Con-
servation of Li-ion (L:*) and conservation of charge (e~) in both the solid and
electrolyte phases (Eq. (4.1)- Eq. (4.4)) govern the electrochemical dynamics of
a Li-ion cell. The nonlinear B-V kinetic Eq. (4.5) couples the four field variables
Cse, Ce, ¢s and ¢, representing solid particle surface concentration, electrolyte
concentration, solid phase potential, and electrolyte phase potential, respectively.
Overpotential in Eq. (4.6) drives the electrochemical reaction rate. Finally, the cell

voltage can be evaluated from Eq. (4.7).
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4.4 Derivation of the Reduced Order NESPM

The assumptions to derive the NESPM are: (i) infinite solid phase conductivity in
the individual electrodes resulting in no ohmic loss in the solid electrode matrix,
(ii) uniform current distribution in the individual electrode, (iii) the active material
particles within each electrode are assumed to be in parallel and thus a single
particle in each electrode is used to solve the associated solid phase diffusion
equations, and (iv) all properties are evaluated at average electrolyte concentration
at 50% SOC. Assuming infinite solid phase conductivity, Eq. (4.2) simplifies by

integrating in each electrode domain to obtain the uniform current distributions

JLi 1
n_ 4.
I(s) A,L, (48)
Jy 1
P_— _ 4.9
I(s) Apr’ (4.9)

where JLi(s) = Lin zfn JV(x,s)dz and JV(s) = L%’L -jfL JLi(z, s)dz. Subscripts/su-
perscripts ‘n’, ‘s’, and ‘p’ represent negative, separator, and positive electrodes,
respectively. Capital letters indicate Laplace transformed variables.

Taking the Laplace transformation of Eq. (4.1) and applying the associated
boundary conditions provides a transcendental transfer function [60] of solid particle
surface Li concentration ¢, . in both electrodes. This transcendental transfer function

is discretized using a 3" order Padé approximation [61] to produce

" N s? 60D7s 495[D")?
Cs’e(s) - 21 [a?FAnRQLn a?FAn[R?]P Ly, + a;‘FAn[RQ]5Ln:| (4 10)
I o 3, 189D7 o | 3465[D7]? ’ )
(5) S T 8 T R
21 52 60D% s 495[[)5]2
C? (s) asFARILy o pa,[RE)L,  aZFA[RE]L,
: = 5 , (4.11)
I(s) 3465] DY ]

53+ —l[if”f 52 +
3e

where a, = 2= is specific interfacial area, F' is Faraday constant, and the other

i

parameters are given in Table 4.2 and Table 4.3 for the high power and high energy

cells, respectively.
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Table 4.2. Model parameters of the commercial 4.5 Ah high power gr/LFP Li-ion

cell [67,/69]
Parameter Neg. electrode  Separator Pos. electrode
Thickness, L (cm) 340 x 107%  250x 1073 7.0x 1073
Particle radius, Ry (cm) 3.5 x 1071 3.65 x 107°
Active material volume fraction, 0.55 0.41
Es
Porosity (electrolyte phase volume 0.332 0.4 0.33
fraction), e,
Maximum solid phase concentra-  31.07x1073 22.806x 1073
tion, Csmaz (Mol cm™)
Stoichiometry at 0% SOC, xqy, 0 0.76
Yo%
Stoichiometry at 100% SOC, 0.80 0.03
X100%> Y100%
Average electrolyte concentration, 1.2x1073
Ce.avg (MOl cm ™)
Exchange current density, ig ..y (A *1.85 x 107* *8.18 x 107
cm™?)
Activation energy of iy (kJ mol™) *40 *25
Charge transfer coefficient, oy, a. 0.5, 0.5 0.5, 0.5
Li* transference number, t7 0.38
Solid phase Li diffusion coefficient, **5.29x 10~ 1.18x10~ 1
Dsyey (cm? s71)
Activation energy of D, (klJ 4 20
mol ™)
Area, A (cm?) 3580 3487
Contact resistance, R. (Q cm?) 6

* Tuned,* Estimated

Assuming symmetric anodic and cathodic reaction charge transfer coefficients

(g = @), the nonlinear B-V Eq. (4.5) is inverted to obtain

= o I 2amg
RT B jLi
= inh~! [ =2
e a,F S <2a§z’g

The cell voltage

T -1
Ginh-! (J
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Table 4.3. Model parameters of the commercial 20 Ah high energy gr/LFP Li-ion cell

Parameter Neg. electrode  Separator  Pos. electrode
Thickness, L (cm) 391 x 107  250x 107  8.05x 107
Particle radius, R, (cm) 10.15 x 1074 10.5 x 1076
Active material volume fraction, 0.57 0.43
€s
Porosity (electrolyte phase volume 0.332 0.4 0.33
fraction), e,
Maximum solid phase concentra-  31.07x1073 22.806x 1073
tion, ¢ max (mol cm™?)
Stoichiometry at 0% SOC, xqy, 0 0.76
Yo%
Stoichiometry at 100% SOC, 0.80 0.03
X100%> Y100%
Average electrolyte concentration, 1.2x1073
Ce.ang (Mol cm ™)
Exchange current density, ig rr (A *2.05 x 107 *8.73 x 1075
cm™?)
Activation energy of iy (kJ mol™?) *40 *25
Charge transfer coefficient, oy, . 0.5, 0.5 0.5, 0.5
Li* transference number, tg 0.38
Solid phase Li diffusion coefficient, — *24.0x 107! *3x 1071
Ds ey (cm? s71)
Activation energy of D, (kJ 4 20
mol 1)
Area, A (cm?) 13762 13048
Contact resistance, R, (£ cm?) 5.25
* Tuned

RC
V(t) - 7717(L7t> - nn(07t) + Aqbe(Lvt) + UP<C§,6) - Un(deie) - Z](t)a (414)

where R, (Qcm?) is the contact resistance. U, and U, are the open circuit potentials

(OCPs) of the positive and negative electrodes, respectively, and can be found from

the empirically measured OCP [69]. Electrolyte dynamics is solved using the IMA

approximation method and discussed in detail in chapter 2.
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4.5 Results and Discussion

Commercial 4.5 Ah high power cylindrical cells and 20 Ah high energy pouch
cells were selected to carry out the experimental validations of the NESPM. Arbin
BT-2000 battery cycler (£200A/20V) is used to conduct the standard capacity
and hybrid current tests. The capacity at 1C' rate was measured in four steps: (1)
charging to 3.6V at 1C constant current; (2) holding a constant voltage at 3.6V
until the current dropped to C/20; (3) resting for 30 mins; (4) discharging at 1C'
rate to a cut-off voltage of 2.0V; (5) resting for 30 mins. The steps followed to
conduct the hybrid current tests are : (1) charging to 3.6V at 1C constant current;
(2) holding a constant voltage at 3.6V until the current dropped to C/20; (3) resting
for 30 mins; (4) discharging at 1C' rate to the desired SOC;(5) resting for 1hr; (6)
starting the hybrid current test.

4.5.1 Experimental Validation With Constant Charge and Dis-

charge Currents

Figures (4.1) and (4.2) compare the voltage responses of the experiments and
NESPM simulations at 22°C' ambient temperature with constant current charge-
discharge at 0.1C to 3C for the 4.5 Ah and 20 Ah gr/LFP cells. The conventional
SPM without electrolyte dynamics performs well up to 1C rate for high power
cells and up to 0.5C rate for high energy cells [70]. Adding the IMA approximated
electrolyte dynamics, non-linear B-V kinetics and OCPs with the SPM extends the
NESPM’s operating range up to constant 3C charge-discharge currents for the 4.5
Ah high power cell. The voltage response with the NESPM for the high energy
20 Ah cell matches very well up to 2C charge-discharge rates. NESPM matches
the experimental voltage response very well during the mid SOC operating range.
The experimental voltage responses at the end of charge and discharge cycles do
not match the NESPM as well, possibly due to the simplifying assumptions in the
NESPM model. Operating the battery at very high/low SOC is usually avoided in

vehicle applications due to the sharp voltage changes.
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Figure 4.1. Experimental and NESPM voltage responses of a 4.5 Ah gr/LFP cell at
22°C ambient temperature: (a) discharge, (b) charge. Vertical dotted line in Figure 4.1(a)
is showing 80% of nominal capacity (3.6 Ah) line.
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Figure 4.2. Experimental and NESPM voltage responses of a 20 Ah high energy gr/LFP

cell at 22°C' ambient temperature: (a) discharge, (b) charge. Vertical dotted line in
Figure 4.2(a) is showing 80% of nominal capacity (16 Ah) line.
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4.5.2 Experimental Validation With Hybrid Current Profile

Figures 4.3(a)-(c) compare the conventional SPM without electrolyte dynamics,
NESPM, and experimental voltage responses of the high power 4.5 Ah cell cor-
responding to the charge sustaining hybrid current input profile in Fig. 4.3(e).
The hybrid pulse train contains up to 25C and 10 sec charge and discharge pulses
and swings between 35-65% SOC (see Fig. 4.3(c)), typical of HEV applications.
The cell rested for 1 hr to reach electrochemical and thermal equilibrium at an
ambient 22°C' before starting the pulse current test. The cell surface temperature
increases to 33°C' at the end of the hybrid cycle due to self heating. The SPM
and NESPM models are, however, simulated at an average 30°C'. The zoomed in
Fig. 4.3(a) shows that the SPM response deviates significantly from the NESPM
and experimental voltage responses, even at lower C-rates (£7.5C). One can tune
the contact resistance in the SPM to obtain a good voltage match at low C-rates
but that would introduce significant voltage overshoot at higher C-rates [29]. An
aging model based on the SPM will therefore be relatively inaccurate. The IMA
approximated electrolyte dynamics significantly improve the NESPM’s performance
at low and high C-rates (see zoomed in view in Fig. 4.3(b)). The maximum voltage
error of the NESPM remains less than 2% at the beginning of the hybrid cycle due
to the lower initial cell temperature which, however, decreases as the cell warms
up. A maximum error of 2% is observed during the most aggressive 25C and 10
sec charge-discharge pulses in the hybrid cycle.

Figures 4.4(a)-(c) compare the conventional SPM without electrolyte dynamics,
NESPM, and experimental voltage responses of the high energy 20 Ah cell corre-
sponding to charge sustaining pulse current inputs profile in Fig. 4.4(d) at three
representative SOCs e.g. 90%, 60%, and 30%. NESPM’s maximum voltage error
remains within 1.3% for the 7.5C-10sec charge-discharge pulses at 90% and 60%
SOCs, but increased to 3.6% at 30% SOC. The maximum voltage error for the
10C-10sec charge-discharge pulses are 2.19%, 1.24%, and 3.7% at 90%, 60%, and
30% SOCs, respectively.
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Figure 4.4. Experimental, NESPM, SPM voltage responses of the 20 Ah cell at 25°C"
(a) 90% SOC, (b) 60% SOC, (c) 30% SOC, and (d) pulse current input.
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4.6 Conclusion

Inclusion of electrolyte dynamics, nonlinear kinetics, and nonlinear OCPs in the
conventional SPM significantly improve the models operating range. Comparison
with experimental voltage responses of the high power 4.5 Ah cell shows that the
NESPM model is capable of operating up to 3C' constant charge-discharge cycles
and up to 25C and 10sec charge-discharge pulses within 35-65% SOC with 2%
maximum error. For the 20 Ah high energy cell, the NESPM model is capable
of operating up to 2C' constant charge-discharge cycles and up to 10C and 10 sec
charge-discharge pulses within 30-90% SOC window with 3.7% maximum error.
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Chapter 5

Aging Formula for Lithium lon
Batteries with Solid Electrolyte
Interphase Layer Growth

5.1 Introduction

Hybrid Electric Vehicle (HEV) current profiles are dynamic, consisting of repeated
charge and discharge pulses. Accurate prediction of the battery response to these
inputs requires models with open circuit voltage and Butler-Volmer kinetic nonlin-
earities. This chapter includes aging due to solid electrolyte interphase layer growth
with the previously developed NESPM model. The NESPM aging model is then
simplified to obtain explicit formulas for capacity fade and impedance rise that
depend on the battery parameters and current input history. The formulas show
that aging increases with SOC, operating temperature, time, and root mean square
(RMS) current. The formula predicts that HEV current profiles with the (i) same
average SOC, (ii) small SOC swing, (iii) same operating temperature, (iv) same

cycle length, and (v) same RMS current, will have the same cell capacity fade.
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5.2 Model-Based Lithium lon Battery Aging Predic-
tion

Lithium ion (Li-ion) batteries are well suited for electric vehicles (EVs), PHEVs,
and HEVs [5]. The challenge is to choose the best cells for a specific application
and optimal pack size to maximize fuel economy at minimum cost, taking into
consideration the fact that batteries age and their performance degrades. It is very
important to understand usage associated with a specific application influences
cell degradation. Accurate modeling and prediction of the battery State of Health
(SOH) is crucially important for the battery management system (BMS) to perform
efficiently and economically control, manage, and estimate the pack to prevent
unexpected performance deterioration and premature battery end of life (EOL).

A typical HEV current profile is complex, consisting of repeated charge and
discharge pulses, operating around a narrow SOC window [5,56]. Sharp edged,
sloped, and smooth current pulses are possible. HEV pulse trains have different
timings, shapes, and polarities. A clear understanding of the controlling parameters
for cell aging associated with different HEV current profiles would enable system
engineers to optimally design and operate HEV battery packs to enhance life within
a desired performance window.

Mathematical models of the cycleable lithium consumption in the negative
electrode that contributes to solid electrolyte interphase (SEI) growth are reported
by many researchers [50-52]. Ramadass et al. [53] first propose a simplified control-
oriented incremental aging model of the negative electrode in conjunction with a
1D full order electrochemical model. Randall et al. [54] further reduce this aging
model and propose an iterative approach to calculate the SEI side reaction current
density to quantify cell aging.

In this study, the control-oriented anode SEI aging model in [53] is coupled with
the nonlinear electrochemical model developed in chapter 4 for gr/LFP cells. More
specifically, this study (i) couples the SEI aging model of the negative electrode with
the NESPM, (ii) further simplifies the NESPM aging model to an analytic aging
formula to identify the controlling parameters of cell aging for HEV applications,
(iii) compares the NESPM aging and aging formula for two different HEV current

profiles, and (iv) experimentally validates the aging predictions. Commercially
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available 4.5 Ah gr/LFP cylindrical cells are used in the experimental studies.

5.2.1 SEI Aging Model of a Gr/LFP Cell

A Li-ion battery degrades/ages with time through capacity and power fade. Capacity
fade is associated with the loss of cycleable Li-ions and power fade is associated
with the increase in cell impedance. The SEI aging model used for the present
study is based on [53] and [54]. In this study, we coupled the SEI aging model
with the NESPM, assuming aging during both charge and discharge conditions as
dictated by a side reaction Tafel equation.

Ethylene carbonate (EC) is widely used as the main organic solvent of the Li-ion

batteries and the EC reduction reaction is
S+2Li" +2e” — P, (5.1)

where S refers to the solvent and P is the product which is a mixture of organic
and inorganic Li-ion based compounds. This side reaction is assumed to be
irreversible. Table 5.1 lists the SEI aging model’s governing equations coupled with

the intercalation model.
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Table 5.1. Governing equations of the SEI growth model coupled with the electrochemical
model

Total volumetric current density of the negative jE = I 4 jset (5.2)
electrode:
. . . .sei . nF
Cathodic Tafel equation of the SEI reaction: Jaft = —atiosei€xp (— O;_Tnsei) (5.3)
. . . _ an ref Jj&

Side reaction overpotential: Nsei = @5' = be = Ugei: — G Rse (5.4)
N . . . _ RT .\ _q(_Jh

B-V kinetics for intercalation reaction: T =% sinh (zagig) (5.5)

Li

Intercalation reaction overpotential: M = $F — P — Up(ce) — %Rsei (5.6)
- 9QLoss Ln .sei

Capacity loss: Qa;t =- fo JRetApdx (5.7)

08sei Msei  .sei
Impedance rise: ot = Tt (5.8)

The total volumetric current density of the negative electrode is the sum of
intercalation current (j!) and side reaction current (j2¢) densities represented by
Eq. (5.2). Cathodic Tafel approximation Eq. (5.3) describes the irreversible side
reaction current density ;¢ driven by the side reaction overpotential 7,; in Eq.
(5.4). B-V kinetics for the intercalation reaction is represented by the nonlinear
Eq. (5.5) governed by the overpotential in Eq. (5.6). Finally, capacity loss and
impedance rise are calculated from Egs. (5.7) and (5.8), respectively.

From Eqgs. (5.4) and (5.6) we can see the coupled nature of the SEI aging and

electrochemical intercalation models. To predict aging, one must calculate
Nsei = T + UTL(C?,e) - Ug:if7 (5'9)

which depends on the overpotential and surface concentration in the negative
electrode. Table 5.2 lists the aging model parameters. ;¢ is assumed to be zero at
the first time step to avoid the time consuming iterative scheme employed in [54].

sset

This approximation is valid as j3¢ is very small compared to jZ.
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5.2.2 Aging Formula Derivation

Linearizing the B-V kinetic Eq. (4.5) at an equilibrium we get

M (3) R
= 5.10
e @ (510
where R}, = ﬁ, R=universal gas constant, and T'=temperature. Linearizing
0 (&a c
Eq. (5.9),
Nsei = ﬁsei + ﬁsei = U U;neezf + Tn + ﬁn (511>

The average SEI overpotential 7,.; = U, — U’/ at equilibrium and combining Eq.
(5.10) and Eq. (5.11) produces
ou,

e (t 5.12
e Thell) (512)

Ry
= %]nl(t) +

ﬁsei =Mn + Un

where ¢, = ¢, — ¢¢, with ¢, = average concentration at equilibrium SOC. Tilde
indicates a small perturbation from the equilibrium condition. A 1% order Padé
approximation of the transcendental equation of the negative electrode particle
diffusion Eq. (4.1) is

Che =g / THOREEAHON (5.13)

I(t
Fhoan R"a" and g, = < DiFan As jI >> js¢i we approximate j! = jLi An(L)n

in Eqgs. (5.12)-(5.13). Substituting Eq. (5.13) into (5.12) and simplifying,

where g; =

oot = CLI(t) + s [ I(0)at (5.14)
where Cy = anijan + gg”e ASQLJ and Cp = 57— chn Rewriting Eq. (5.3)
o I o I
5 = —ali sei sei _L’vsei . 5.15
T eXp[ T ]eXp{ RT" } (515)

Substituting Eq. (5.14) into Eq. (5.15), we obtain

-set

nl
I = —alio sei exp[ O;%T nm] Xp{ O;%T (C’l +02/I dTﬂ. (5.16)

Substituting Eq. (5.16) into Eq. (5.7) gives the capacity fade for a given cycle,
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Table 5.2. Aging parameters of the commercial 4.5 Ah gr/LFP Li-ion cell [52}53]

Parameter Value
Side reaction equilibrium potential, U7 (V) 0.4
Side reaction exchange current density , g s (A cm™2) *4.5 x 10712
SEI layer Molar mass, M,; (kg mol™) 0.162
SEI layer density, pse; (kg cm™3) 1690x10~°
SEI ionic conductivity, ke (S cm™!) 0.0575
Side reaction activation energy, E, s; (J mol™!) 6x10%
*Tuned

F ¢ ' t
CQLoss - a?io,seiAnLn exXp |:_O;;71nsei] /0 exp |:—C;%j1 (01[<T> + CQ/O I(T)d’?’()J Cli;';

where, t is the HEV current profile’s cycle time. In a charge conserving cycle,
[y I(7)dr = 0 simplifies to

. ok’ t a, F'C
QLoss = aZZO,seiAnLn €xXp [_mwnsei:| /0 €xp [_ RT 11(7—)] dr. (518)

Taylor expanding the exponential in Eq. (5.18) up to 37 order, using [ I(7)dr = 0

for a charge conserving cycle, and simplifying produces the capacity fade formula,

anF Lrms]?
0ss — o seiAnLnt _L_sei 1 S ) 5.19
Qross = agio, eXp[ RT" H +[ L. } } (5.19)

where the RMS current, I,,,, = \/1 {fg [1(r))? dT} in Amps and [, = [ﬁRT] in

anFCq
Amps. Similarly, the impedance rise due to the SEI layer growth is

6S€i
Rsei = Rsei,O + ; (520>
Rsei
where SEI layer thickness
M ‘ig it anF' Irms 2
Oses = — o [—” } 1 [ } . 5.21
pif OV RT { 2 (5:21)

and Ry is the initial film resistance. The aging formula (Eq. (5.19)) predicts
several well-known features of Li-ion cell aging. First, aging occurs even for batteries

at rest (/=0) (calendar aging) and follows a linearly with time. Sarasketa-Zabala
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et al. |71], Prada et al. [72], Safari et al. 73], and Broussely et al. |[74] also observe
a linear calendar aging with time, except a short break of period at the beginning.
Ploehn et al. [51], however, propose a one dimensional solvent diffusion model with
one adjustable parameter which predicts that calendar aging increases with the
square root of time. According to the aging formula, aging rate increases with
increasing OCV/SOC through 7,.; and increasing g s;. Exchange current density
follows Arrhenius behavior with temperature so higher temperature produces faster
aging.

Battery usage aging also increases linearly with time which agrees well with
literature [72}/73,75H77] except at the very beginning of life. Battery usage increases
aging proportional to the square of the RMS current. Thus, I,,,s is a metric for
the aggressiveness of HEV current profiles with respect to battery aging. The
aging formula (5.19) shows that the sensitivity to usage aging depends on the aging

. . . . _ 30v2A,L,D?RTeig Uy,
current, I,. Substitutions simplify [, = Rr (DRI Ry 20y where g < 0. So
s s 70 dcs,e ’

the aging current is proportional to the negative electrodes volume, porosity, and
exchange current density. Large particles have a smaller I,. The maximum /, (and
minimum usage aging) occurs when the slope of the OCP curve is small (near 50%
SOC). As shown in Fig. 5.1 at a fixed temperature, I, increases linearly with SOC,
peaks near 50% SOC, and then decreases. Thus, cells are more sensitive to usage
aging at high and low SOCs. Figure 5.1 also shows that cells are less sensitive to
usage aging at higher temperatures as I, increases with temperature at a specific
SOC. Total aging as shown in Eq. (5.19), however, increases at higher temperatures

due to strong Arrhenius type temperature dependance of i s;.
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Figure 5.1. Aging current I, versus SOC at 15°C (solid), 30°C' (dashed), and 45°C
(dotted).

5.3 Aging Model Validation

Commercial 4.5 Ah gr/LFP cylindrical cells were cycled at 22°C' ambient tempera-
ture with aggressive HEV current profiles consisting of +25C' pulses in an Arbin
BT-2000 battery cycler (£200A/20V). The cycling was interrupted at specific
intervals for characterization tests (capacity and electrochemical impedance spec-
troscopy (EIS)). The capacity at 1C rate was measured in four steps: (1) charging
to 3.6V at 1C constant current; (2) holding a constant voltage at 3.6V until the
current dropped to C/20; (3) resting for 30 mins; (4) discharging at 1C' rate to a
cut-off voltage of 2.0V; (5) resting for 30 mins. A Solartron SI 1287 electrochemical
interface and Solartron SI 1255B frequency response analyzer (FRA) were coupled
for EIS measurements. The EIS was carried out at 70% SOC with an AC voltage
amplitude of 5 mV over a frequency range of 50000 to 0.005 Hz (10 points per
decade of frequency), after removing 30% of the full capacity at 1C' rate and resting
the cell for 1 hour.

A charge sustaining 4180 sec long HEV current profile (Baseline profile) was
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cycled for about 4 months at 22°C' ambient temperature to tune the NESPM aging
model. The side reaction exchange current density, 7o s; and SEI layer conductivity,
kse; are obtained from experimental fitting of this data. The Baseline profile has
an RMS value of 6C, swings between 38-48% SOC with maximum 21C discharge
and 13.5C charge pulses, and throughput 11 Ah.

A second profile is created by combining rectangular and triangular pulses
(Modified profile). The average consecutive discharge rate equals the Baseline
profile average discharge rate to ensure the same cell surface temperature during
cycling. The Modified profile is more aggressive with maximum 26C charging rate
but average discharge rate, SOC swing, RMS current, cycle time, and average
SOC are the same as as the Baseline profile. Figure 5.2 compares the SOCs of the
Baseline and Modified profiles.
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Figure 5.3 compares the experimentally measured and theoretically predicted
cell capacity versus number of cycles for the Baseline and Modified profiles. The
cell capacities are normalized with the initial, fresh cell capacity. The Baseline
experimental data is used to tune the model parameters to obtain a good fit between
the theoretical aging curve and the experiment. Other than a short break of periods
at the beginning, the experimental data shows a fairly linear degradation trend,
matching the theory with less than 1% error. The cell capacity faded 5.1% during
the four months of cycling with the Baseline HEV current profile.

The charge transfer resistance and solid particle diffusion resistance are obtained
from EIS testing [73]. The resistances changed less than 1 mf2, indicating a non-
resistive SEI layer formation. This insignificant change in cell internal resistance is
also observed in the time response. Safari et al. |[73] also observed fairly constant

impedance for room temperature cycling of gr/LFP cells.

(@) () T

0-35 400 500 600 035 2100 2200 2300 035 3700 3800

0 500 1000 1500 rzroo[O]' 2500 3000 3500 4000
t]s

Figure 5.2. Comparison of Baseline (solid) and Modified (dotted) SOCs: (a) magnified
view at the beginning (left box in Fig. 5.2(d)), (b) magnified view in the middle (middle
box in Fig. 5.2(d)), (¢) magnified view at the end (right box in Fig. 5.2(d)), and (d)
complete cycles.

Figure 5.3 also shows that the normalized capacities versus cycles for the
Modified profile. Despite the Modified cycle’s very different profile, the cycling test
follows the same trend as the Baseline and the NESPM aging models predictions,

with less than 1% error. Unlike the Baseline profile test, the capacities during
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Figure 5.3. Comparison of experimental and model predicted normalized capacities
characterized at 1C and at 22 °C.

the Modified profile test does not show any initial break in capacity fade. This
may be due to the fact that the test cell for the Modified HEV profile test was
four months older than the Baseline test cell when the test began. The linear
decreasing trend in capacity is more noticeable with the Modified HEV current
profile. Capacities from both cycling tests follow the theoretically predicted slope.
The average cell surface temperature in the modified cycle test was 33.2°C', very
close to the baseline cycling test’s average temperature which was 33°C'. The closely
matched experimental results with the NESPM aging model’s predictions provide
significant proof that for cycles satisfying five conditions (e.g. (i) same average
operating SOC, (ii) small SOC swing, (iii) same temperature, (iv) same cycle time,
and (v) same RMS current (I,,,5)), then cell aging will be independent of HEV

current profile.
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the aging formula with 3% (solid) and 5% (dashed) capacity fade errors.
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5.4 Accuracy of the Aging Formula

Figure 5.4(a) plots the normalized capacity fades predicted by the NESPM aging
model and aging formula (Eq. (5.19)) versus If at two different average SOCs
for the Baseline profile. Capacity is normalized by the capacity fade at 40% SOC
and I,,,, = 0. This is also the calendar capacity fade at 40% SOC. The NESPM
aging model and aging formula match well at low I,,,,. Both predict that the
calendar capacity fade is much larger than the usage capacity fade for I,,,s < I,.
Both models also predict higher degradation at higher SOC operation. The aging
formula overpredicts the NESPM aging model when I}—*:S > 0.35 due to the limits
of linearization. For the example cells cycled in this study, I, ~ 9C' so current
profiles with I,.,,s = 3C will be accurately predicted with the aging formula.

The ratio % decreases at higher temperatures and near 50% SOC due to
increased value of I, (see Fig. 5.1) allowing the aging formula to be less sensitive
to I, currents. Figure 5.4(b) summarizes the I,,,s currents at which the aging
formula predicts capacity fade with 3% and 5% errors relative to the NESPM aging

model.

5.5 Conclusion

The anode SEI growth aging model coupled with the NESPM successfully predicts
the experimental capacity fade within 1.3% error resulting from four months of
cycling with two HEV current profiles. A simple explicit aging formula derived
in this study follows the NESPM aging model’s predicted capacity fade for less
aggressive HEV current profiles. The aging formula provides insight into the main
controlling parameters of cell aging for HEV applications. Accurate operating range
of the aging formula at different temperature and SOC is determined.

Analysis conducted by both aging models on the two HEV current profiles
showed that calendar life capacity fade significantly dominates the total capacity
fade compared to usage capacity. Cell aging is shown to be independent of HEV
current profiles satisfying the following five conditions: (i) same average operating
SOC, (ii) small SOC swing, (iii) same operating temperature, (iv) same cycle length,

and (v) same RMS current.
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Chapter 6

Life-Extending Thermal Manage-
ment for Heterogeneous Lithium
ion Battery Packs in Hybrid Elec-
tric Vehicles

6.1 Introduction

A pack model with three cells in parallel is developed in this chapter to investigate
the effects of pack mismatch and elevated temperature on pack performance and
life for HEV applications. The pack model predicts the voltage, individual cell
current, and degradation for an input pack current with different capacity and/or
impedance cells operating at different temperatures and SOC set points. The cell
level ESPM-T is experimentally validated with the 4.5 Ah graphite/LiFePOy cell
which shows a maximum voltage error of 1% up to 25C and 10 sec charge-discharge
pulses within a 35-65% SOC window and 25°C' to 40°C' temperature range. The SEI
aging model is experimentally validated with an aggressive HEV cycle running for 4
months with less than 1% error. Battery End of Life (EOL) is defined as the cycle
number when the battery voltage hits 3.6V /2V (maximum/minimum) voltage limits.
Simulations show that operating cells at 35°C' increases their life by 45% compared
to room temperature operation. If the cell temperature is increased stepwise, then
battery life is increased 85% more with a 50°C' (max) cell temperature at EOL.

Pack mismatch shown to reduce pack life and is more severe at lower temperatures.
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A heterogeneous temperature management strategy reduces pack mismatch at EOL
but also results in reduced pack life.

This study (i) linearizes and couples the control-oriented anode SEI aging model
in [53] with the ESPM-T model derived in chapter 2. The model uses measured
temperature data to adjust the model parameters using Arrhenius-type relations
but does not predict the cell temperature, (ii) extends the cell model to a pack
model with three cells in parallel. Pack voltage limits are implemented that limit
the current and prevents over and undercharge in the simulation. The pack model
simulates the individual cell performance and aging for a specific current input
to the pack. The individual cells can have different capacity and/or impedance,
different temperature, and SOC set point. The pack model is analyzed for different
combinations of cooling conditions and cell capacities, (iii) simulates the pack
with uniform cells (baseline case) to find an optimum operating temperature that
maximizes EOL for an aggressive HEV cycle. Simulates the pack with different
levels of capacity mismatch and compares the results with the baseline case to
identify the effect of cell mismatch on pack performance and life, and, (iv) develops
thermal management strategies to increase pack life without sacrificing performance

for both uniform and mismatch packs.

6.2 A Three Cell Performance, Thermal, and Aging
(PTA) Model

From Eq. (2.56), the ESPM impedance of a single cell is

Vi(s Kii+ Kipo bros® + by 185 + bos® + by 3s + bpys® + bpss + b
7, — ():Kk+ k1 k,2+ k,0 k,1 k.2 k.3 k4 k.5 k.6

)
I;(s) s $8 + ap18° + agost + ag3s® + apas® + agss + age
(6.1)

where i=cell number, 1,2,3, and k=:-1. The individual cells can have different

capacity and/or impedance, temperature, and SOC set point. The impedance of

the three cell pack in parallel is

7 . = ‘/pack _ 21Z2Z3 (6 2)
pae Lok  Z1Zy+ 2125+ ZyZs’ '
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where f/pack is the pack voltage (f/pack =V, =V, = ‘73) and I, is the pack
input current. Combining Egs. (6.1)) and (6.2]) in MuPAD provides the 21 order
impedance transfer function

‘~/pack Foos®' + Eqs® + ...+ Eys + Fo

Lack = = , 6.3
pack [pack S (320 + A01819 + ...+ A19$ + Ago) ( )

where the coefficients FEy ... Ay are given in Appendix C. The individual cell

currents are calculated from the 27" order impedance

]i . Zpack . Mk,0827 + Mk71826 +...+ Mk’QGS + Mk’27

H; = - -
Ipack’ Zz (527 + Nk71826 + ...+ Nk’QGS + Nk727)

where the co-efficients My ... N2 o7 are also given in Appendix C.
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6.3 SEI Aging Model
From chapter 5, the SEI layer overpotential,
Nsei = T + UN<CZ,e> - U;eez‘f7 (6.5)

depends on the overpotential and surface concentration in the negative electrode of
a cell. Linearizing Eq. (6.5)),

Nsei = ﬁsei + ﬁsei = Un - U;:if + 1 + ﬁn (66)

The average SEI overpotential at equilibrium provides

The volumetric current density at the negative electrode

Ja(s) 1
e = AL (6.8)

The linearized B-V kinetic equation at the negative electrode

77n<5) . Ry,
) " @ 09

s

where R}, = ﬁ. Combining Eqgs. , (6.7) and produces
0 a c

- R ou,
ﬁsei =T1n + Un = itjnl(t) + &ﬂ (t)v (61())

s,e
am 0cs.e

where €] () is calculated from the 37 order Padé approximated transfer function

~ 1 9 60D7 495[D7)?

Cre(s) . _21 [a?FAnR?LnS + al FAn R Ln t azFAn[Rz}‘”’Ln] (6.11)
Ji o 3 , 189D? o | 3465[D7]? ’ ’
(5) STF T 57 T T ay

with ¢§, = ¢§,—c5, with ¢, = average concentration and 7, = 7, at an equilibrium

SOC. As jl >> js¢ we approximate jl = jlt = AIn(tL)n in Eq. (6.10). The Tafel
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Figure 6.1. Effect of temperature on performance (charge transfer resistance) and life
(side reaction current density) of Li-ion batteries with respect to 25°C.

equation,

-set __ n;
In = —Ag%0,sei €XP {_

a, F }
RT /’7861 9
evaluates the side reaction volumetric current using Eqgs. (6.7]), (6.10)), and (6.11]).

Jie is assumed to be zero at the first time step to avoid the time consuming iterative

(6.12)

scheme employed in [54]. The aging model parameters are listed in Table 5.2. The

capacity loss
QLOSS - A L / jsesz (613)

and SEI layer thickness
Jou = ———51 / i 6.14
a"pm prsy el AR (6.14)

where t is the cycle time. The impedance rise due to the SEI layer growth

5867,

sei

Rsei = Rsez ,0 +

(6.15)

where R, is the initial SEI resistance.
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Figure [6.1] shows the effect of temperature on performance and aging of Li-ion
cells with respect to a reference 25°C'. R, is inversely proportional to exchange

current densities ig ( Ry = —2L——) and capacity fade and impedance rise are
to(agtac)F

proportional to ig . (Eqgs. , , and ) Exchange current densi-
ties 7y and 7g s; follow Arrhenius behavior so higher temperature reduces charge
transfer resistance R (due to increased iy) which improves performance. Higher
temperature also increases g s, accelerating capacity fade and impedance rise.
Figure [6.2(a) compares the voltages of a fresh cell with nominal capacity
(Q = 4.5Ah) at 25°C, a 20% aged cell at 25°C, and a 20% aged cell at 35°C' in
response to the pulse current profile in Fig. m(b) The fresh cell’s voltage at 25°C'
remains below the upper voltage limit (3.6V7). The aged cell at 25°C" hits the upper
voltage limit, and cannot deliver the desired performance, so it has exceeded its
EOL. Operating the aged cell at 35°C', however, provides the desired performance
without hitting the voltage limit due to reduced cell impedance. Thus elevating

the cell temperature has extended the life of this cell.
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Figure 6.2. Effect of temperature on cell performance of lithium ion batteries at 50%
SOC: (a) voltage response and (b) pulse current input.

6.4 Results and Discussions

Commercially available automotive grade 4.5 Ah gr/LFP cylindrical cells are chosen
for the simulation studies. The cell level electrochemical and aging models are
validated with these cells. Heterogeneous cells in parallel are simulated to predict
current distribution, including temperature effects. Then, thermal control strategies
are developed to maximize the power output of mismatched cells in parallel without
causing over-aging. The outputs of the proposed study include: A novel temperature
actuated control algorithm that maximizes power and minimizes degradation in
mismatched parallel packs, and a new thermal management methodology that can

be used in other applications and with different cell chemistry.
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6.4.1 Improved Voltage Prediction by Using Measured Cell Sur-
face Temperature in the ESPM-T Model

Figure [6.3(d) compares the voltage responses of the isothermal ESPM and non-
isothermal ESPM-T models with the experimental voltage response of an aggressive
5100 sec long HEV current profile in Fig. (g) The ESPM model is simulated
at an isothermal 25°C' whereas the measured cell surface temperature updates the
internal cell physio-chemical parameters at every time step in the ESPM-T model.
The maximum cell surface temperature reaches to 38°C' from 25°C' during the test
as shown in Fig. [6.3|(f) and the SOC swing remains within 35-65% shown in Fig.
6.3(e). Zoomed in Figs. [6.3|(a), [6.3|(b), and [6.3|(c) show a voltage error of 1.15%,
2.1%, and 4.5% with the isothermal ESPM model at +6C', £22C, and +25C' pulses,
respectively. ESPM-T, however, is able to reduce the voltage error to 1.1%, 0.1%,
and 1% for the same pulses. This test underscores the limitations of isothermal
models prediction capabilities where cell temperature is not tightly controlled.
Comparisons of ESPM and ESPM-T in wider temperature zones (-10°C' to 50°C'
) are presented in chapter 2 with a pseudo 2D full order model. The on-board
measured cell surface temperature can easily be fed back into the ESPM-T to

improve the model’s performance in a wider temperature zone.

6.4.2 Aging Model Tuning

A charge sustaining 4180 sec long HEV current profile was cycled for 4 months at
22°C ambient temperature to tune the aging model. The profile swings between 38-
48% SOC with maximum 21C discharge and 13.5C charge pulses and throughputs
11 Ah/cycle. The steady state average cell surface temperature reached 33°C
during the test. The side reaction exchange current density, i s; is obtained from
experimental fitting of this data.

Figure|6.4) compares the experimentally measured and theoretically predicted cell
capacity versus number of cycles. The cell capacities are normalized by the initial,
fresh cell capacity. The experimental data is used to tune the model parameters to
obtain a good fit between the theoretical aging curve and the experiment. Other
than a short period of time at the beginning, the experimental data shows a fairly
linear degradation trend, matching the theory with less than 1% error. The cell

capacity faded 5.1% during the four months of cycling with the HEV current profile.
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The charge transfer resistance and solid particle diffusion resistance are obtained
from EIS testing [73]. The resistances changed less than 1 mf2, indicating a non-
resistive SEI layer formation. This insignificant change in cell internal resistance is
also observed in the time response. Insignificant increase in resistance due to SEI
formation has also been observed in experiments conducted by [71,[73}/77,/78| for
gr/LFP cells. The substantially open structure of the SEI layer is attributed to the
negligible increase in SEI resistance. Thus, the impedance rise is dominated by the

capacity fade and not by an interfacial resistance.

6.5 Thermal Management Strategies for Li-ion Bat-

teries that Optimize Life and Performance

In this section, three thermal management strategies are simulated using the PTA
pack model. A 4280 sec charge sustaining Urban Dynamometer Driving Schedule
(UDDS) initialized at 56% SOC for an hybrid electric mid-size passenger car is
used for the simulation study [22]. In Strategy I, the pack is cycled at an elevated
temperature until the voltage exceeds either its upper 3.6V limit or lower 2V limit.
Effect of cell mismatch within the pack is analyzed by introducing different levels
of capacity mismatch e.g. 4%, 6%, and 10%. In Strategy II, the pack (both
uniform and mismatched) operating temperature is increase by 2.5°C' when the
battery exceeds a voltage limit. In Strategy III, the pack (mismatched) operating
temperature is increase by 2.5°C' when the battery exceeds a voltage limit but the
weaker cell is kept at 2.5°C' lower than the stronger cells. Impedance rise due to
SEI layer growth is not included in this study as explained in section 6.4.2. Thus,

capacity fade is the sole contributor of increased impedance.

6.5.1 Strategy I: Optimum Battery Operating Temperature

Figure [6.5 shows the normalized capacity of an uniform pack with respect to cycle
number at different operating temperatures. Every cell in the pack experiences
the same aging due to cell uniformity. A pack operating at 25°C' reaches its
EOL before reaching 80% of its initial capacity, USABC defined battery EOL.
Increased pack temperature causes faster aging (steeper slope) but also improves

the reaction kinetics, resulting in an extended EOL. The pack can provide the
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desired performance at higher temperatures even after reaching USABC defined
EOL of 80% capacity fade. The optimum cell temperature is around 35°C' which
increases battery EOL by 45% compared to 25°C' isothermal operation.

Figure shows the effect of capacity mismatch on pack EOL. The simulations
are performed by introducing one mismatched cell with 4%, 6%, and 10% reduced
capacity in the three cell pack. Battery life under Strategy I increases with
temperature, maximizes around 35°C', and then reduces. Introducing mismatch in
the pack reduces pack life compared to uniform pack but follows the same trend
as the uniform case. Increased mismatch shortens pack life and is more severe at
lower temperatures. A 10% mismatch reduces the battery life by 24% at 25°C' but
only 9.5% at 35°C.

6.5.2 Strategy Il: Adaptive Temperature Set Point

Figure 6.5 also shows that a stepwise increase in battery temperature whenever
the voltage limits are exceeded can further increase the battery life. In Strategy
I, the pack temperature is increased by 2.5°C' whenever the voltage limits are
reached. Figure shows the normalized capacity and cell temperature plots of
the uniform pack. The slope of the normalized capacity plot becomes steeper with
increasing temperature due to increased aging rate. The reduced impedance caused
by increased temperature in Strategy I, however, significantly increases EOL.
Figure compares Strategy I and Strategy II in terms of cycle number for
different levels of mismatch. The step wise temperature increase in Strategy 11
further extends battery life for both uniform and mismatched packs. The uniform
pack life can be increased by 43% with a maximum temperature of 35°C' compared
to isothermal operation at 35°C. If the cell temperature is allowed to increase up to
50°C', an 85% life extension is possible compared to isothermal operation at 35°C.

As in Strategy I, a mismatched pack has a shorter life and increasing mismatch
accelerates aging (see Fig. [6.8)).

6.5.3 Strategy Ill: Adaptive Temperature Set Point with Het-

erogeneous Temperature Management

The goal of Strategy III is to homogenize an initially heterogeneous pack through

differential temperature set points. This is achieved by reducing the relative
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temperature of the weak cell so it has higher impedance, lower current throughput,
and slower aging. In Strategy III, the weak cell’s temperature is kept 2.5°C' lower
than the strong cells and the pack temperature is increased stepwise by 2.5°C' every
time the pack hits the voltage limit. This is essentially Strategy II with the weaker
cells at a lower temperature than the stronger cells in the pack.

Figure compares Strategy II and Strategy III in terms of cycle number
for different levels of mismatch. Operating the weaker cell at lower temperature
increases its internal resistance. This degrades the pack performance and the EOL
voltage limit is reached earlier which reflects in terms of shorter life compared to
Strategy II as shown in Fig. [6.9] Life shortens slightly more at lower temperature
than higher temperature. Figure [6.10] compares the capacity difference between
the strong and weak cells in Strategy II and Strategy III over the life of the pack.
The capacity difference remains the same in Strategy II, indicating a same rate
of capacity fade of each cell in the pack. The capacity difference in Strategy III
reduces significantly with usage. The weaker cell operates at low temperature
(higher internal resistance) and shares less current which reduces its aging rate.
The stronger cells share more current and experience faster aging. Thus, faster
aging of the stronger cells and slower aging of the weaker cell eventually reduces
the capacity mismatch at a faster rate in Strategy III. If a relatively uniform pack
is the goal at the EOL for secondary applications, Strategy III is a viable option
with the expense of slightly reduced life.
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Figure 6.11. Schematic of the experimental setup.

6.6 Experimental Validation

Figure shows the schematic view of the experimental setup to validate the
proposed thermal management strategies. The setup includes a three cell pack with
a pack holder, thermal chamber, and an Arbin BT-2000 battery cycler. Current
sensors and thermocouples monitor individual cell current and skin temperatures,
respectively. Figure m(a) shows the battery holder design with current sensors
installed and Fig. m(b) shows the battery pack placed inside the thermal chamber.
Commercially available automotive grade 4.5 Ah gr/LFP cells are selected to conduct
the experimental validations.

Aging tests are time consuming and expensive. For example, only 5.1% capacity
fade of the single cell is observed after four months of continuous cycling at 33°C
(see Fig. Validation of all three thermal management strategies for all the
simulated conditions will take years of experimentation which is beyond the project
time and budget. To reduce the experimental time, two tests are proposed as shown
in In Test 1, the three cell pack with one 10% capacity mismatched cell is
cycled isothermally at 42.5°C' up to 1500 cycles. Characterization tests e.g. static
capacity, PPC and EIS will be conducted at regular cycle intervals. Simulation
predicts insignificant change in capacity reduction within the pack at this cycling

condition (see Fig. [6.10). The maximum/minimum voltage at 1500 cycles will be
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Figure 6.12. Experimental set up: (a) battery holder with current sensors installed and
(b) pack placed in the thermal chamber.

defined as the EOL voltage instead of 3.6V /2V to reduce total test time. Next, the
pack temperature will be increase stepwise by 2.5°C up to 50°C every time the
pack voltage reaches the EOL voltage defined at 1500 cycles. Additional number of
cycles without hitting the EOL voltage will quantify percentage increase of pack
life due to elevated temperature operation.

In Test 2, the 10% capacity mismatched cell in the pack will be kept at a
relatively lower temperature e.g. AT 5°C' and will be cycled until the EOL is

reached defined in Test 1. Temperature will be increased stepwise by 2.5°C' up

81



Test 1

Test 2

Three cell pack with one
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temperature and continue up
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increase by 2.5°C until EOL
is reached at each set
temperature and continue
up to 50°C with AT=5°C.

Figure 6.13. Design of planned experiments.

to 50°C' as performed in the Test 1. Simulation predicts that the heterogeneous
temperature management will have reduced pack life compared to isothermal

operation in Test 1 but capacity mismatch within the pack will reduce much faster
at the EOL.

6.7 Conclusion

Including cell surface temperature effects in a ESPM increases the voltage response
fidelity, enabling more reliable model based battery management and control. The
control oriented linearized SEI growth model can be implemented in online battery
management systems to estimate battery SOH for HEV applications.

A maximum/minimum voltage based battery EOL definition for HEV appli-
cations and three thermal management strategies are simulated which show that
elevated temperature operation can significantly extend battery life/reduce battery
size without sacrificing performance. Cell mismatch in a parallel connected pack

significantly reduces pack life. Heterogeneous temperature management of a mis-
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matched pack reduces pack life compared to isothermal temperature management
but significantly reduces the mismatch at the EOL, resulting a more uniform pack
at the EOL which can be used in secondary applications.

We are currently working on extending these temperature set point strategies

for dynamic HEV current profiles along with experimental validations.
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Chapter 7
Conclusions and Future Work

7.1 Conclusions

o The traditional SPM neglects electrolyte diffusion only provides satisfactory
performance over narrow C-rate and temperature range. Using only seven
states, the ESPM developed in chapter 2 includes an IMA model of electrolyte
diffusion and matches the commercially available finite volume based gr/NCM
lithium ion battery model’s (AutoLion-ST) pulse response up to 20C-10
sec at room temperature with 3% error. The ESPM linearized at 50%
SOC, has slightly higher voltage error (4.3%) for wider SOC swing (35 -
65%). The ESPM-T model updates the ESPM parameters with temperature,
maintaining the voltage response to 30 sec pulse charge-discharge current
inputs to within 5% of the AutoLion-ST for 25°C' < T' < 50°C' at 12.5C and
—10°C < T < 50°C at 1C.

o The ESPM-based observer is capable of estimating only room temperature
battery SOC for aggressive HEV current inputs. Inclusion of the temperature
effect in the ESPM-T model is shown to be crucially important in chapter
3 for accurate SOC estimation in scenarios where cell temperature varies
during usage. Temperature updating of the estimator state matrices provides
improved SOC estimation over a wide range of temperature and C-rates. At
low temperature (< 10°C') and low C-rate (<0.5C), temperature measurement
reduces the RMS SOC estimation error by up to ten times. For T>40°C
and |I] < 15C, temperature measurement decreases SOC estimation error by

more than three times.
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A nonlinear, electrolyte-enhanced, single particle model (NESPM) is derived
in chapter 4 by including nonlinearities associated with open circuit voltage
and Butler-Volmer kinetics. The model is validated with experimental full
charge, discharge, and HEV cycle from a 4.5 Ah high power and 20 Ah
high energy graphite gr/LFP cells. Comparison with experimental voltage
responses of the high power 4.5 Ah cell shows that the NESPM model is
capable of operating up to 3C' constant charge-discharge cycles and up to 25C
and 10 sec charge-discharge pulses within 35-65% SOC with 2% maximum
error. For the 20 Ah high energy cell the NESPM model is capable of
operating up to 2C' constant charge-discharge cycles and up to 10C and 10
sec charge-discharge pulses within 30-90% SOC window with 3.7% maximum

error.

e An aging model due to SEI layer growth has been included with the NESPM
model in chapter 5. The NESPM aging model is then simplified to obtain
explicit formulas for capacity fade and impedance rise that depend on the
battery parameters and current input history. The anode SEI growth aging
model coupled with the NESPM successfully predicts the experimental capac-
ity fade within 1.3% error resulting from four months of cycling with two HEV
current profiles. A simple explicit aging formula is also derived which follows
the NESPM aging model’s predicted capacity fade for less aggressive HEV
current profiles. The aging formula provides insight into the main controlling
parameters of cell aging for HEV applications. Accurate operating range of
the aging formula at different temperature and SOC is determined. Analysis
conducted by both aging models on the two HEV current profiles showed
that calendar life capacity fade significantly dominates the total capacity
fade compared to usage capacity. Cell aging is shown to be independent of
HEV current profiles satisfying the following five conditions: (i) same average
operating SOC, (ii) small SOC swing, (iii) same operating temperature, (iv)

same cycle length, and (v) same RMS current.

o The single cell ESPM-T and aging models have been extended to a pack
model with three cells in parallel in chapter 6 to develop thermal management
strategies to extend battery life within a desired performance window. Battery
End of Life (EOL) is defined as the cycle number when the battery voltage
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hits 3.6V/2V (maximum/minimum) voltage limits. The pack model simulates
different combination of cells with different capacity operating at different
temperature and SOC set points. So, effect of cell mismatch, temperature

mismatch, and SOC mismatch can be easily analyzed.

The ESPM-T and aging models are experimentally validated with 4.5 Ah
high power gr/LFP cell test data to obtain reliable pack model predictions.
Experimental validation shows that the ESPM-T is capable of simulating up
to 25C and 10 sec charge-discharge pulses within a 35-65% SOC window and
25°C' to 40°C temperature range with less than 1% voltage error. The SEI
aging model is tuned with 4 months of test data with an aggressive HEV
cycle at 33°C'. The Arrhenius temperature dependence on aging at higher

temperatures which extends up to 50°C' is simulated using literature data.

The optimum pack temperature is shown to be around 35°C' which increases
battery EOL by 45% compared to 25°C' isothermal operation for the UDDS
current profile investigated. If the cell temperature is increased stepwise,
then battery life is increased 85% more with a 50°C' cell temperature at EOL.
Introducing mismatch in the pack reduces pack life compared to uniform
pack but follows the same trend as the uniform case. The effect of mismatch
on life reduction is more severe at lower temperatures compared to higher
temperatures. A 10% mismatch reduces the battery life by 24% at 25°C
but only 9.5% at 35°C. Heterogeneous temperature management by keeping
the weaker cell at a lower temperature within the mismatched pack reduces
pack life compared to isothermal temperature management. Heterogeneous
temperature management, however, reduces the pack mismatch at the EOL,
resulting a more uniform pack at the EOL which can be used in secondary

applications.

Pack level experimental test setup with the three cells in parallel has been
built. Two tests (Test 1 and Test 2) have been finalized to validate the thermal
management strategies developed in chapter 6. Test 1 has been started on

July, 2015. It is expected to take 12 months to complete the tests.
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7.2 Future Work

e Develop a real-time battery thermal management algorithm based

on dynamic HEV current profile

The thermal management strategies developed in chapter 6 is based on a
specific current profile (assuming a vehicle is driving around a fixed route e.g.
a commuter bus). It is necessary to generalized these strategies for all HEV
applications and all load conditions. The battery load will vary depending
on the types of vehicles (small/medium/large), driving style, commuters on-
board, etc. The pack voltage might hit the limit and increase the temperature
set point which does not necessarily mean EOL of the pack. A real-time
pack thermal management algorithm based on a dynamic HEV current profile
must avoid these scenarios by increasing the temperature during higher
power demand as well as reducing the pack temperature during lower /normal
operating conditions. Moving average of the maximum and minimum voltages
of dynamic HEV current profiles can be used to decide the temperature set
point in the real-time thermal management strategies. The pack model will
be an important tool to develop, virtual implement, and test these thermal

management strategies.

This study does not calculate the battery heating load required to warm
up and maintain the battery up to a specific temperature. Battery heating
load depends on ambient temperature, current profile, battery chemistry,
pack design, and cooling and/or heating conditions and is highly variable
depending on the type of HEV. Additional heat may come from the internal
combusion engine, dedicated heaters, and regen during braking. A complete
heat and energy balance of the whole system is necessary before practical

implementation of the thermal management strategies proposed in this study.

« Experimental validations of the thermal management strategies

The ESPM-T model is experimentally validated up to 25C and 10 sec charge-
discharge pulses within a 35-65% SOC window and 25°C' to 40°C' temperature
range with less than 1% voltage error. The aging model is tuned with
experimental test data of 4 month’s of aging test at 33°C'. The Arrhenius

temperature dependence on aging at higher temperatures which extends up
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to 50°C' is simulated using literature data. So it is very important to test the
simulation results proposed in chapter 6. Results obtained from the proposed
tests described in Section 6.6 should also be used to tune the aging model

parameters at higher temperatures.

Case studies to identify the best or mixed strategy between tem-

perature and current control in a parallel connected battery pack

Case studies can be simulated where individual cell/string current in a
mismatch pack will be controlled to optimize life and performance in parallel
packs. The pack model can be simulated along with pulse width modulated
individual cell current controllers. Individual string current control along
with thermal control will give more control to manage the pack to satisfy

desired performance and life goals.

Novel hybrid battery systems

The pack model can be extended to a novel hybrid battery systems in which
cells with different chemistry and strengths can be integrated. Control and
management strategies of such hybrid packs can be developed to enhance
performance, lifetime, and cost of the pack utilizing the unique features of

different electrochemistry.

Adding other aging mechanisms

This study assumed that SEI layer growth is the main aging mechanism of
gr/LFP Li-ion battery. Gr/LFP chemistry has a stable olivine crystalline
cathode and operates at a lower operating voltage compared to other Li-ion
chemistry. Resistance increase due to SEI layer growth is negligible and
capacity fade is the main cause of impedance increase of gr/LFP chemistry.
These assumptions might not be true for other Li-ion chemistry e.g. gr/LCO,
gr/LMO, gr/NCM, and gr/NCA where a passive layer can also be formed on
the positive electrode particle surface and increase the cell impedance [79]. It
is important to test the proposed thermal management strategies for other Li-
ion battery chemistry with experimental validation. Other aging mechanisms
such as coupled mechanical chemical degradation of electrodes [80,81] can

also be incorporated along with SEI aging.
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Appendix A
Sub-Model Coefficients

A.1 Coefficients of the electrolyte concentration profile in Eqs. ([2.46) - (2.48)
in = 36DHDPD§ (5nLn + 58Ls + gpr)’

(o = 12D, D?L2e, (Lye, + Lyes) +12D2D, L2e,(Lyes + Lye,) + 12D, D, D, L%,
(Lnen + Lypep) + 36Dy DyDyeneyp Lo LLy,

Gsn = LnLsLyencse, [3DnDpL§ +4D*L,L, +4D,L, (D, L, + Dan)} :
Pon = Po,s = Pop = 36DNDPD§(Lnb1 - Lpb2)7

i = 12Dy DyLoLybiz, (DyL, + 3D, L,) + 12D, D, L2, (Luby + Lybs) +
[18D2D,by (Lses + Lyey) + 6D2D, Lyboe,] (L2 — 2?),

pon = LyLye,[DuLnLibic, (4D,L, + 3D,L,) + 6Dybie, (DsL, + D,Ly) (L2 — 22)]
+D,DLboe,, (32> — L?),

p1.s = 6D4[3D, D, Lybies (L2 — 2*) + 6D, D, L2b1es (Ls — x) + Dy Dy Lybocs
(L2 — 322) + 2D, D, Lybie, (Ly — 3x) + 3Dy Dy Ly Lyboc, (22 — L)
2D, D, L2 Lybsey + 6D, DyLnLy (b + bic,) (Lo — )
+2Dy Ly Lybie, (DyLy + 3D, Ly )],

Pas = LnLye[3D, Dy Libie, (L2 + 322) 4+ 6D, D, (L, — ) (L2bie, — L2bye,,)
+3 (L2 + 22) (2D, Dy Lybie, — 2D, Dy Lybse, — 3D, Dy Libse,)
—{12D,,D,Lybie, (Ls + Ly) + 18D, D, L, Ly (bye,, + bie,)}
+2D, D, Lnbsey, (6Lnx + L2) + Dybiey{4DsLyLy (3L, + Ly) + 9D, L2 L},
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Prp = 18D2L, L, (D, Lybie, — DyLybse,) — 6D, Dy DLy, Ly(by Lyes + 6L,boe,)
+18D, D?(2by (Ly, — x) (LnLype, + L2e,) + 2 (L, — x)
(L2boe,, + L2b1ey + Ly Lybies + LgLyboe,) + 2L, Liby (L, — )
(en +&s) + Ly (bagy, + bigy) (L2 + 22) + Lsbaes (baey, + big,) (L2 + 22)
+L, Ls (Lpboes + Lsboey, + Libiey)],

Pap = LnLyes[3Dy Libsen (2D, L2 — D,L,L,) + 2D, Ly, L bye,, (3D, L, — 2D, L,)
—DypDyLibig, (202 + 3L2) + 6D, DLy (2Lpbogy — Libigy) (Lo — )
+6D, D, Ly (2Lnboe, — Lpbie,) (Ls — ) + (12D2L2bye,, 4+ 12D2L, Libse,,
+12D, D, L?bye,, — 6D, DL, L) (Ly — &) + 12D2Lybyey, (LnyLy — L)
+(L2 + %) (6D2L,baey, — 3D, DsLsbiey) + 6D, D Liboc, (L? + %))

A.2 Coefficients of electrolyte phase potential difference in Eq. (2.55)
Lo = 72D, D,D?kpkiptis (Lnen + Lses + Lyep),

Ly = 24Dk kpks[Dy Dy €, L2 (€,Ly, + €5Ls) + Dnenep Ly Ly (DsLy, + 3D, L)
+DyepesLyLy (DsLy + DyL,) + Dy Dyepes L, L2,

Ly = 2L, Ly Lye e o phinkipkis(3D, Dy L% + 4D Ly L, + 4D, D, L, L, + 4D, D, L, L,),

Ry = 36D, D,D?L2bskptis (Lnen + Lses 4 Lyep) — 36D, Dy D2 L2bsk K2,
(Lnen + Lees + Lyep) 4+ 36D, DI Lok phinkis (Lnen + L)
+36D,D? L2b1 kg nkpks (Lpep + Lses)
+36D2 L, Lyks (DyLybagnkantky + DpLybiepkiapkn)
+36D,,D,DsL2eskg stintip(br L, + ba L)
—79(DyDyD? Ly Lybak? iy + DypDyD? Ly Lybstinkipkis) (Lnen + Lycs + Lye,)
+72D,Dy,DsL,, L, Lskg skinkp(bocn + bigy),

Ry = 12D, D2 L2k, (L2bsk, — L2bakin) (Lpep + Lags) + 12D, D2 L2k,
(L2bstipen — L2baking, ) (Lpey + Locs)
+12D, D, D, L2 ki (L2bsky — L2bakin) (Lngn + Lyey)
—24D§LnLI2)b45n5p,<p (Lskn + Lyks) (D, L, + D, Ly,)
~24D, Dy L, L2bse ety (Lukis + Ltin) (DyLy + D, Ly)
—24D,Ds L, L,Libsenestiy (Lnks + Lskin) (DsLy, + Dy Ly)
—72D, Dy DL, L Libsenepkip (Lskin 4 Lnkis)
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12D, Ly Ly L2 g stintip (DyL,bon + DuLybie, )
+12D§LiLSL§58nS (bg{-fnl{nlidm + blﬁplidynl{p)
+36D,, D DL Lyenephis (L2bsrin — L2bariy)
+6D,D, Ly L, L3¢ kg stinky (baen + biey)
+6DnDsLnL§L§ES/€d7pKJnI{S (2b9e,, — bigy)
—6DpDSL%LpLzbzenesﬁdm/ipms,

Ry = — Ly LyLsenesep|(—bskiphis L7 + 2bshkipkishkin Ly Ly + bykiskip L2
+2bukyk2 Ly L,) (3D, Dy L2 + ADL, L,
44D, DyLy Ly + 4D, Dy Lo Ly)].
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Appendix B
ESPM Impedance Transfer Func-
tion Derivation

Substituting Eqgs. (2.33), (2.34), (2.35), (2.36), and (2.37) into Eq. (2.39) we

obtain,

14 (s) _ +R282 + Rys+Ry a8 + 60aiass + 4950, a5 G152 4 6081 Bas + 49503, 33
I(s) Los? + Lys+Lg 83+ 189as? + 3465a2s 5% + 1893952 + 3465335
(B.1)
where,
_ RY, Rf, 1 R
K= — 3 5- + S+ &,
cr =212
cn =210
cr
a1 TFARIL,
Qo = [1?’5 2

Simplifying Eq. (B.1)

‘7 (S) o K 4 E052 + ElS + EQ A282 —f- AlS + AO 0282 —I— ClS + C() (B 2)
I(s) 2+ Fis+ F, s(s2 4+ Bas+ By)  s(s®+ Dys+ Dy)’ ’
where,
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EO:@

Ty
By =,
o

F=

By =1,

Ay = 495003,
A = 60a; s,
Ay = ay,

By = 3465032,
By = 189as,
Coy = 4955, 32,
C1 = 6003,
Cy = i,

D, = 346543,
Dy = 1895,.

Factoring out one integrator, Eq. (B.2) can be written as:

V(S) —K+ K1+K2 E052+E18+E2 g183+g282+g35+g4
I(s) s 2+ Fis+ Fy st 4+ hys3 + hos? + hys + hy’

(B.3)

g1 = e+ [i,

go = e+ e1Dy+ fo+ f1Bo,

g3 = €Dy + e1 Dy + foBy + f1Bu,
g1 = egD1 + fyB1,

hy = By + Dy,

hy = By + By Dy + Dy,
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hs = B1Dy + By Dy,
h4 = BlDl.

After further manipulation of Eq. (B.3), the final equation suitable for state space

realization can be written as follows:

‘7 (S) K Kl + Kg b0086 -+ 190185 -+ b0284 + b0353 -+ b0482 + b058 + b06 (B 4)
I(s) S 0 + ag15° + ages* + ao3s® + aoss® + agss + ags
where,
bOO = E07

bor = E1+ g1 + Eohu,

bo2 = Ey + g2 + Eohe + Evhy + Fig,

bos = g3 + Eohs + E1hy + Eahy + Figa + Fag,
bos = g4 + Eohy + Erhg + Ezhy + Figs + Faga,
bos = E1hy + Eohs + F1gs + Fags,

bos = Eahy + Faga,

a1 = F1 + hy,

agy = Fy + hy + Fihy,

ao3 = hz + Fihs + Fahy,

ags = hy + Frhg + Fyho,

aps = Fihy + Fyhs,

aos = Fohy.
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Appendix C
Pack Model Coefficients

Considering first two cells in parallel, the equivalent impedance transfer function is

. Z1Z2 . 000814 + 001813 + ...+ 0135 -+ 014
Zl + Z2 S (D00813 + D01812 + ...+ D12$ -+ D13)7

Gy (C.1)

The impedance transfer function of the pack model with three cells in parallel is

_ Voack AL Gz
Zpack = = = . (C.2)
Lok  Z1Zo+ ZhZs+ ZaZs  Gh1+ Zs
The final pack model impedance transfer function is
Zpack _ E00821 + E01820 4+ ...+ EQ()S —+ Egl (03)

S (820 + A01819 + ...+ A198 + Ago) ’

The individual cell current is calculated from the 27" order impedance transfer
function solved in MuPAD:

H - I; _ Zpack _ Mk,0527 + Mk,1526 + ...+ My o6s + My o7

, C4
Tpack Z; (827 4+ Nj15% + ... 4 Ni26S + Ny27) (€4

where i=cell number, 1,2,3, and k=i-1. The coefficients of Eqs. (C.1))-(C.4)) are

given below:
Coo = Kabgy + Kibo1 + boobio + K1 Ko,

Co1 = Kabor + Kb + Koi1bio + Ki1boo + Ko2010 + Ki2boo + boobi1 + bo1bio +
KoKy + KoKog + K1 K1 + K1 Ko + K1 Kaaor + K1 Ksan + Kyagibio + Kaaq1bgo,
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Coz = Kbz + Kibia + Koib1y + Ki1bor + Koabii + Ki2bor + boobia + borbir +
bo2010 + Ko1 K11 + Ko1 K12 + Koo K11 + Koa K12 + K1 Kaage + K1 Kaa2 + Ky Korao +
Ky Koaor + K1 Ki1ao1 + K1 Kiaa01 + Ko Koran1 + Ko Kopar1 + Ky Kyan + Ky Kppan +
Kiagibyy + Kiaoabio + Kaai1bor + Kaai2boo + Korao1bio + Koz2ao1b10 + Ki1a11boo +
Kiaa11boo + K1 Kaagian,

Coz = Kaboz+ K1b13+ Ko1bia + K11bo2 + Koabi2 + K202 + boob13 + bo1b12 + bo2bi1 +
bozbio + K1Ksap3 + K1 Kaa13 + KaKpjage + KaKpoage + K1 Kijage + K1 Kipaee +
KoKoaro+ Ky Kpaio+ Ky Kiia12+ K1 Kiza12+ Koy Ki1agr + Koy Ki2ao1 + Koa K101+
Koo K12a01+ Ko1 Ki1a11+ Ko1 Ki2a11+ Koo K11a11+ Ko Ki2a11 + Ky ag1bia+ K1 agaby +
Kiagsbio + Kaai1boe + Kaaiabor + Kaaizboo + Koraoibin + Koraoabio + Ko2aoibin +
Ko2a02b10+K11a11001 +K11012b00+ K12011 001+ K12012000+ K1 Koa01a12+ K1 Kaaga11+
Ky Korap a1 + KaKozagran + K1 Kpagran + K1 Kia1a11,

Cos = Kabos + K1biy + Koibis + Ki1bos + Koabiz + Ki2bos + boobia + borbiz +
bo2012 + bo3b11 + bosbro + K1 Kaaos + Ky Kaa14 + Ko Koyaes + K2 Kogaes + Ky Kq1ao3 +
Ky Kipa03+ Ko Kora13+ Ko Koga13+ Ky Kyyai3+ Ky Kypa13+ Koy K1 aee + Koy Ki2a02 +
Koo K1a02 + KoaKi2a02 + Ko Ki1a12 + Koy Ki2a12 + Ko Kpia1o + KoaKiza10 +
Kiagibiz + Kiagebia + Kiaosby + Kiagsbio + Kaaiiboz + Kaaiobee + Kaazbor +
Kaa14boo + Korao1b12 + Koraozbi + Ko1aozbio + Ko2a01012 + Ko2a02011 + Kozao3bio +
Ki1a11bo2 + K11a12b01 + K11a13000 + K12a11 002 + K'12a12b01 + K12013000 + K1 K2a01013+
Ky Kyagpa12+ K1 Kaapza11+ Ko Koyagrara+ Ko Koyagear + Ky Koxagiaa+ Ko Kopagzar1+
K1 Kyiag1a19+ K1 Ky1apean+ Ky Kiaap1a12+ K1 Ki2a02a11+ Kot K11a01011+ Koy Ki2a01 011+

KpKnagian + Ko Ki2a01a11,

Cos = Kabos + K1bis + Koibis + Ki1bos + Koobia + Ki2bos + boobis + borbis +
bo2013 + bozbi2 + boab11 + bosbio + K1 Kaaes + Ky Kaars + KoKorags + Ko Kogaes +
Ky Kiaps+ K1 Kipa0s+ Ko Kora1a+ Ko Kogars + Ky Ky1a14+ Ky Kysays + Koy Kiyaes +
Ko Ki2a03 + KoaK11a03 + Koo K12a03 + Koyt K11a13 + Kot Ki2a13 + Koa Kyiai3 +
Koy Kyza13 + Kragibiy + Kiagebiz + Kiagsbia + Kiaesbir + Kiagsbio + Kaai1bos +
Kaa12b03 + Kaa13boa + Kaa14bor + Kaa15b00 + Korao1b1z + Korao2b12 + Ko1aosbi +
Ko1a04b10 + Ko2a01013 + Ko2a02012 + Ko2a03b11 + Ko2a04b10 + K11011003 + K11012002 +
K11a13b01 + K11014b00 + K12011 003 + K12a12002 + K12a13001 + K12a14b00 + K1 Kaag1a14+
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Ky Kyapa13+ K1 Kaapza12+ Ky Kaapsa11+ Ko Koragia13+ Ko Koyageaio+ Ko Koyagzar +

Ky Kopap a3+ Ko Koapaaio+ Ko Koagzar + K1 Kiagia3+ K1 Kiyageao+ K Kiagga +
Ky Kipa1a13+ K1 Ki2ap2a12+ K1 Kiaa03011+ Koy Kiyag aio+ Koy Ki1agear1 + Ko Kpap1a12+
Ko Kipa02a11 + Ko Kq1ap1a12 + Kop Ki1a02a11 + Koo K2a01a12 + Koo K2a02a11,

Co = Kabos+ K1b16+ Ko1b15+ K11bo5 + Ko2bis + K205 +boob16 +bo1b15 + boabia +
bozb1z + boabi2 + bosbi1 + bosbio + K1Kaaps + K1 Kzai6 + KaKoraos + KaKogaos +
K1 Kyya05+ K1 Ki2a05+ Ky Korais + Ko Kogas + Ky K a1+ Ky Kygays + Koy Kypaos +
Ko Ki2a04 + KooK11a0s + Koo K12a04 + Kot K11a14 + Koi Ki2a14 + KoaKy1ais +
Ko K12a14 + K1a01015 + Kiapebis + Kiagsbis + Kiagabia + Kiagsbir + Kiaosbio +
Ksa11bos + Kza12b04 + Kaa13b03 + Kaai4boe + Kaaisbor + Kaaieboo + Koraoibis +
Ko1ag2b13 + Koraoszbia + Ko1aosbri + Koraosbio + Kozao1b14 + Ko2a02013 + Kogaesbia +
Ko2a04b11 + Ko2a05010 + K11a11004 + K11012003 + K11013b02 + K11014b01 + K11015000 +
Ki2a11boa+K12a12003+ K12a13b02+ K12a14001 + K12015000+ K1 Koao1a15+ K1 Kaag2a14+
Ky Ksapzaiz+ Ky Keapgain+ Ky Keagsar + Ko Koyagr a4+ Ko Korageai3+ Ko Koragzain+
Ky Korapsa11+ Ko Kogag1a14+ Ko Kopapaa13+ Ko Koaaoz a2+ Ko Koaagaar + K1 Kyyag aya+
Ky Kyyapa13+ K1 Ki1ap3a12+ Ky Ki1apsan + K1 Kigap1a14+ K1 Ki2a02a13+ Ky Ki2a03a12+
Ky Kipapaa11 + Kot Kyrapiais + Koy Kragai2 + Kot Kiiagzann + KorKisapaiz +
Ko Ki2a02a12 + Ko1 Kiza03a11 + KoaKi1a01013 + Koo K11a02a12 + Koa Ki1a03a11 +

Ky Kisapia13 + Ko Ki2a02a12 + Koo Ki2a03a11,

Cor = Ko1bi6+ K11bos + Ko2b16 + K12b06 +bo1b16 +bo2015 +bo3b1a + bosbiz + bosbiz +
bosb11 + Ko Korags + Ko Kozaos + K1 Ki1aos + K1 Ki2a06 + KaKoraie + Ko Kozaie +
K1 Kya16+ K1 Ky2a16+ Ko K11ao5+ Ko Ki2a05+ Ko2 K11 605+ Ko Ki2a05+ Ko1 K1a15+
Ko Ki2a15 + Koo Ky1a15 + Koa Ki2a15 + K1ao1b16 + K1ao2015 + Kragsbia + Kragabis +
Kiagsbiz + Kiagebi: + Kaa11bos + Kaaizbos + Kaaizbos + Kaaiabos + Kaaisboy +
Kaai6bo1 + Korao1b15 + Ko1ao2b14 + Ko1aosbiz + Koiaoabi2 + Koiaosbir + Koiaosbio +
Ko2a01b15 + Ko2a02014 + Ko2a03013 + Ko2004b12 + Ko2a05b11 + Ko2aosb1o + K11a11bo5 +
Ki1a12bos + K11a13003 + K11a14002 + K11015001 + K11016b00 + K12011005 + K12012004 +
Ki2a13bo3+K12a14b02+ K12a15001+ K12a16000+ K1 K2ao1a16+ K1 Koagea1s+ K1 Kaagzars+
Ky Kyapsar3+ K1 Kaagsaia+ Ky Kaageain+ Ko Koragrars+ Kz Koragaa14+ Ko Koy agzars+
Ky Koiapsa1+ Ko Korapsar+ Ko Koaapra15+ Ko Koaa14+ Ko Kozagzai3+ Ko Kpaagsaia+
Ky Kozapsa11+ K1 Kiyao1a15+ Ky Ki1ageaia+ K1 Kiiagza13+ K1 Kiyagaaio+ Ky Kypagsan +
Ky Kyzapa15+ K1 Ki2a02a14+ Ky Ki2a03a13+ K1 Ki2a04a12+ K1 Ki2a05a11+ Ko Ki1a01014+
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Ko Kii1ana13 + KoiKiia3a12 + KoiK1apaa11 + KoiK2a01014 + Ko K2a02a13 +
Koi1 Ki2a03a12 + Koi Ki2a04011 + KoeKi1a01a14 + KoaKi1a02a13 + Koe Ki1a03a12 +
Ky Kiapsan + Koo Ki2a01a14 + Koa Ki2a02a13 + Koo K 12003012 + K2 Ki2a04a11,

Cog = bozbis + bozbis + boabia + bosbiz + bobiz + Koi Ki1a06 + KoiKi2a06 +
Koo K1a06 + KoaK12a06 + Kot K11a16 + Koy Ki2a16 + Koo K11a16 + KoaKi2a16 +
Kiagabis + Kiagsbis + Kiaosbiy + Kiapsbis + Kiagebiz + Kaaiabos + Kaaizbos +
Kaa14bos + Kaa15b03 + Kaa16bo2 + Korao1bis + Korao2bis + Koraozbia + Koragsbiz +
Ko1agsb12 + Ko1aosbi1 + Ko2a01016 + Koaao2bis + Kozaozbia + Ko2a04b13 + Koaaosbia +
Koaageb11 + K11a11bos + K11a12005 + K11a13004 + K11014003 + K11015b02 + K11016b01 +
Ki2a11bo6 + K12a12b05 + K12a13004 + K12014b03 + K12a15b02 + K12016b01 + K1 Kaa02016 +
K Kpagzars+ Ky Kaapsa14+ Ky Kaapsa13+ K1 Kaagsar2+ Ko Korao1a16+ K2 Koragears+
Ky Ko1apza14+ K2 Korapsai3+ Ko Koyagsarz+ Ko Koy agear1+ K2 Kozagr a6+ Ko Kogaooas+
K3 Kozap3a14+ Ko Koaapaa13+ Ko Kogagsa12+ Kz Kogags a1+ K1 Kiagrare+ K1 Ki1apgas+
Ky Kiapza14+ K1 Kyiapgai3+ Ky Kiagsan+ Ky Kiagear + K1 Kizag1a16+ K1 Kiaap2a15+
K1 Kypa03a14+ K1 Ki2a04a13+ K1 K12a05012+ K1 Ki2a06a11+ Kot K11ao1a1s+ Koy K11a02a14+
Ko Kiagzais + Ko Kiiapsaiz + KoiKiiapsann + Ko Ki2ae1a1s + Kot Ki2a02a14 +
Koi1 Ky2a03a13 + Kor Ki2a0sa12 + Koyr Ki2apsa11 + Ko K11ap1a15 + Koa K11a02a14 +
Koo K1ya03a13 + Koa Ki1apsa12 + KoaKi1ap5a11 + Koo Ki2a01a15 + Koa Ki2a02a14 +

Ky Ki2a3a13 + Koo K12a04a12 + Koo Ki2a05a11,

Cog = bozb16+bo4b15+bosb1a+bosb13 + K1ao3bis + K1ao0ab1s + Kiaosbia+ Kiagsbiz +
Ksai13bo6 + Kaa14bos + Kaaisbos + Kaaiebos + Koiaoebis + Koraosbis + Koiaoabia +
Ko1a05013 + Ko1ao6b12 + Ko2a02b16 + Ko2a03015 + Ko2aoab14 + Kozaosb1z + Ko2aosbi2 +
Ki1a12bo6 + K11a13005 + K11a14004 + K11015003 + K11016b02 + K12012b06 + K12013b05 +
Ki2a14bos + Ki2a15b03 + Ki2a16bo + K1Kzag3a16 + Ki1Kzapsa1s + K1 Kaagsa14 +
K1 Kyagear3+ Ko Korapeaie+ Ko Koyapzais+ Ko Koiagaara+ Ko Koragsa13+ Ko Koy ageaia+
K3 Kozap2a16+ Ko Ko2a3a15+ K2 Ko2aoaa14+ K2 Kogagsa13+ Ko Koaageaia+ K1 Kiapgaie+
Ky Kiapzar5+ K1 Kyyaggas+ Ky Kiagsaiz+ Ky K agearz+ K1 Kizapa16+ K1 Ki2a03a15+
K1 Kypa04a14+ K1 K12a05a13+ K1 K2a06a12+ Koy K11a1a16+ Ko K11 002015+ Ko1 K11003014+
Ko Kiapsai3 + Ko Kiiagsaiz + KoiKiiagean + Ko Ki2ao1a16 + Kot Ki2a02a15 +
Ko Ki2ap3a14 + Koyt Ki2ap4a13 + Ko1 K12a05a12 + Ko1 Ki2a06a11 + KoaKi1a01a16 +
Koo K1y1a02a15 + KoaKy1azais + KoaKi1a04a13 + Koo K11a05a12 + Koa Ki1a06a11 +
Koo Ki2a01a16 + Ko2K12a02a15 + Koo Ki2a03014 + Ko K12a04a13 + Koa Ki2a05012 +
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Ky Ki2a06a11,

Cro = boabis + bosbis + bosbra + Kiaosbis + Kiapsbis + Kiaoebis + Kaaiabos +
Ksai5b05 + Kaa16bos + Ko1aozbie + Ko1aoabis + Koraosbia + Koraoebis + Koz2aozbis +
Ko2a04b15 + Ko2aosb14 + Ko2a06013 + K11013b06 + K11014b05 + K11015004 + K11016b03 +
Ki2a13bo6+K12a14b05+ K12a15004+ K12a16003+ K1 Kaapsa16+ K1 Kaagsa15+ K1 Kaagears+
Ky Korapzai6+ Ko Koraoaa15+ Ko Koragsa1a+ Ko Koragsa13+ Ko Ko2aosai6+ K2 Kozaosar5+
K3 Kozap5a14+ Ko Kogageai3+ Ky Ki1agzaie+ K1 Ki1ao4a15+ K1 Kiagsas+ Ky Kypagsais+
Ky Kypap3a16+ K1 K12a04a15+ K1 K12a05014+ K1 Ki2a06013+ Ko1 K11a02a16+Ko1 K11a03a15+
Ko Ki1a0sa14 + KorKniapsa1z + Kot Ki1aeea12 + Koi Ki2a02a16 + Koi1 Ki2a03a15 +
Ko Ki2a04a14 + Ko1 Ki2a05a13 + Ko1 Ki2a06a12 + Ko K11002a16 + Koa K11a03015 +
Koo K1i1a0aa14 + Ko Ki1aosa13 + Koa Ki1a06a12 + Ko K12a02a16 + Koa Ki2a03015 +

Ko Ki2a04014 + Koo Ki2a05013 + Koa K12a06012,

C11 = bosbie + boebis + K1aos016 + Kiagebis + Kaaisbos + Kaa16bos + Koiaoabis +
Koraosb1s + Ko1aosb14 + Ko2a04b16 + Ko2005015 + Ko2a06b14 + K11014b06 + K11015005 +
Ky1a16b04+ K12014b06+ K 12015005+ K 12016004+ K1 Koapsa16+ K1 Kaaos 15+ Ko Ko apaai6+
Ky Koiagsars+Ka Korageaia+ Ko Kogaosar6+ Ko Ko2aosa15+ K2 Kogagea14+ K1 Ki1a0sa16+
K1 Ky1apsa15+ K1 Kiyapea14+ Ky Ki2a04a16+ K1 Ki2a05015+ K1 K12a06a14+ Ko1 K11003016+
Ko Kiapsars + Ko Kiiagsars + KoiKiiaosais + Koy Ki2a03a16 + Kot Ki2a04a15 +
Ko Ki2a05a14 + Koyt Ki2apsa13 + Koa K11a03a16 + Koa K11a0aa15 + Koo Ki1a05a014 +
Koo K11ag6a13 + Ko2 K12a03a16 + Ko2 K12a04a15 + Koo K12a05014 + Ko2 K12006013,

Crz = bogbis + Ki1aosbie + Kaai6bos + Koraosbis + Koraosbis + Kozaosbis +
Ko2ap6b15+K11a15006+ K 11016005+ K12015006 + K 12016005+ K1 Kaa06a16+ K2 Ko1aosa16+
Ky Korapsa15+Ka Kogaosa16+ K2 Ko2aosa15+ K1 Ki1ap5a16+ K1 K11a06a15+ K1 Ki2a05016+
K1 Kysap6a15 + KoiKiiaoaie + KoiKi1ao5a15 + Kot Ki1agsais + KoiKi2a04a16 +
Ko Ki2a0s5a15 + Koi Ki2a06a14 + Koa Ki1a04a16 + Ko K11a05a15 + Koa Ki1a06014 +
Koz Ki2a04a16 + Koo Ki2a05a15 + Ko K12a06014,

Ci3 = Koi1aosbis+Ko2aosbis+K11a16b0s+ K 12016006+ K2 K1 a6+ K2 Ko2a06a16+

K1 Kiiapsa16+ K1 K2a06a16+ K01 K11a05a16+Ko1 K11 a06015+ K01 Ki2005016+ K01 K 12006015+
Ky Kiapsais + Koo Ki1aosa1s + Koo Ki2a05a16 + Ko Ki2a06015,
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Ciy = Koi K1apsa16 + Kor Ki2ao6a16 + Koo K11a06a16 + Koo K 12a06016-

Dyy = K1 + Ky 4 bgo + byo,

Dy = Ko1 + Koz + K11 + Kig + boy + b1y + Kiao + Keapr + Kiaqy + Kaaqg +

ap1b1o + a11bgo,

Doy = bog + bi2 + Kiape + Kaage + Kia12 + Keaiz + Koraor + Kozaor + Korain +
Kiag + Kopeain + Kigagr + Kian + Kiga11 + agibin + ag2bio + a11bor + a12bgo +

Kiapnan + Keapaq,

Do3 = bog + b1z + Kqaos + Kaaos + Kqai3 + Kaais + Koiage + Kogaoe + Koraiz +
Kiiape + Ko2ai2 + Kiaage + Ki1a12 + Kioai2 + agibia 4 ag2bin + agsbio + a11bo2 +
a12b01 +ai13bo0 + Kqap1a12+ K apar + Kaapiaio + Koapar + Koragian + Koaprar; +

Kiiap1a11 + Ki2a01011,

Doy = bos + b1a + Kyaos + Kaaos + Kya14 + Kaa14 + Koraos + Kogaos + Ko1a13 +
Kiia03 + Ko2a1z + Ki2ap3 + Ki1a13 + Ki2a13 + ao1b13 + o212 + apsbir + agabio +
a11boz + ai2boz + ai3bor + a1aboo + Kiapiaiz + Kiagaaiz + Kiagzain + Kaapiais +
Kaapzaiz + Kaagzarr + Koraoar2 + Koragean + Koaaoraiz + Koaaoza11 + Ki1ag1a12 +

Kiiapaai1 + Ki2ap1a12 + Ki2a02011,

Dos = bos + b1s + Kraos + Kaaos + Krais + Kaars + Koraos + Kozaos + Koraig +
Kiia0s + Koga14 + Ki2a04 + Ki1a14 + Ki2a14 + a01014 + 02013 + ap3bia + agabiy +
05010 + a11bo4 + a12b03 + a13bo2 + a14bo1 + a15b00 + Kraoia14 + Kragaa1z + Krapzarz +
Kyagsarr + Kaapra14 + Kaagaa13 + Koagzaiz + Kaapsar + Koragraiz + Koragzaiz +
Korap3a11 + Ko2a01013 + Ko2a02a12 + Kozaozar1 + Kiiagraiz + Ki1ageais + Kiyagzan +

Kizapia13 + Ki2a02a12 + Ki2a03a11,

Dog = bos + b1s + K1a06 + Kaaos + Kra16 + Kaa16 + Koraos + Kozaos + Korais +
Kiyags + Kogais + Kizaes + Kiia1s + Ki2a1s5 + ao1bis + ag2bia + aosbiz + aoabiz +
aosb11 + apsbio + a11bos + ai2bos + a13boz + araboz + ai1sbor + aieboo + Kiapiays +
Kiapais + Kyagzais + Kiagsarz + Kiagsan + Kaaprais + Kaapoa14 + Kaagzars +

Kaapsai2 + Koagsar1 + Koragiaia + Korageais + Koragzaiz + Koy apaar + Koaao1a14 +
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Kooap2a13+ Koaapzai2 + Koaaoaa11 + Kii1ap1a14+ Kiiapeais + Ki1apsaie + Kiapaar; +

Kisapa14 + Kigap2a13 + Ki2ap3a12 + Ki2a04011,

Do7 = Koraps + Ko2a06 + Ko1a16 + K11a06 + Koza16 + Ki2a06 + K11a16 + K12a16 +
ao1b16 + ao2015 + ap3bia + agabiz + agsbiz + aosbi1 + a11bos + a12bos + a13bos + a14bo3 +
a15bo2 + a16bo1 + Krao1a16 + Kyapears + Kiapzais + Kiapsa3 + Kiagsar + Kiagsar: +
Ksagiai6 + Kaapaais + Koapzars + Kaapsai3 + Koapsaiz + Koeagear + Koragiars +
Koiap2a14+ Koragzai3+ Koraoaai2 + Koyagsai + Ko2aprais + Koaao2014 + Koza3013 +
Kopapsa12 + Kozagsary + Kiiagiais + Kiyageais + Kiyagzais + Kyiapsar2 + Kiagsa +

Kisapia1s5 + Kiaapea14 + Kizaoza13 + Ki2a04a12 + Ki2a05a11,

Dog = apabis + apsbis + aoabis + aosbiz + aosbiz + a12bos + a13bos + ai4bos +
a15b03 + a16bo2 + K1apea16 + Kiapzars + Kiapsa1s + Kiagsa13 + Ky agearz + Kaagpais +
Ksapzais + Kaagaais + Koapsa13 + Keaosaiz + Koraoiais + Koiaogzars + Koiagzas +
Koiapsai3+ Korapsaiz+ Koragsarn + Ko2ao1a16 + Koaap2a15 + Kopapzais + Kopaosar3 +
Kopapsa12 + Kozaosar1 + Kiragiaie+ Kiyageais + Kiiapzais+ Ki1apsa13+ Ki1agsa12 +

Kiiapsai + Kiza01a16 + Ki12a002a15 + Ki2a03a14 + Ki2004a13 + K12005012 + Ki2006011,

Doy = apsbis + apsbis + agsbia + apsbiz + aizbos + a14bos + aisbos + ai6boz +
Kiapzaie + Kiapsars + Kiagsas + Kiagsaiz + Keaozais + Kaapsars + Kaagpsa14 +
Krapsai3 + Korageai6 + Koi1aozars + Koyaoaais + Koraosa3 + Koragsaiz + Ko2aoeai6 +
Kopap3a15+ Koza4a14 + Kopaosai13+ Kozaosai2 + Ki1ap2a16 + K11a03015 + K11004014 +

Kiiapsa13+ Ki1apsa12 + K12a02a16 + Ki2a03015 + Ki2004014 + K 12005013 + Ki2006012,

D1 = apsbig + apsbis + aoebia + ai1abos + aisbos + a16bos + Kiapsais + Kiagsas +
Kiapsaia + Koapsai6 + Koapsars + Kaageaia + Koragzais + Korapaars + Koraosaia +
Koiapsaiz+ Korap3ais + Koaaoaars + Kooaos a1 + Koaapsaiz + Ki1ap3a16 + Ki1a04a15 +

Kiapsais + Kijagsars + Ki2ap3a16 + Ki2ap4a15 + Kiaagsais + Ki2a06a13,

D11 = agsbigtaosbis+aisbos+ai16bos +K1apsa16+K1aosa15+Koaosa16+Koapsa15+
Korapaais+ Koraosais+ Koiapsald+ Kopaosai+ Ko2a05a15 + Ko2aosa14+ Ki1a04a16+
Kiiapsa15 + Ki1apsai4 + Ki2apaa16 + Ki2a0sa15 + Ki2006014,

D19 = agebis+aisbos+ Ki1aosa16 + Kaaosais+ Koiaosars + Ko aosais + Koaapsa16+
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Kogapsais + Ki1apsa16 + Ki1aosa1s + Ki2ao5a16 + Ki2a06a15,
Dy3 = Kojageais + Ko2ao6a16 + K11006a16 + K12006016,
Dy =0.

Eoo = (Coobao + CooK3)/(Coo + Doobao + DooK3),

Eo1 = (Coobar + Corbag + Cor K3+ Coo K1 + Coo Ko + CooK3a91) / (Coo + Doobao +
Dy K3),

Epy = (Coobaz + Co1bar + Cogbag + Coa K5 + Co1Ko1 + Con Koy + CooKzaz +
Co1K3a21 + CooKara91 + CooKazas)/(Coo + Doobao + DooK3),

Eos = (Coobas + Co1baz + Cozbar + Cosbag + Cos K3+ Coa Ko + Coa Koo + Coo K3a23 +
Co1K3a29 + CoaKsa9 + CooKa1ae + Cor Korag + CogKagase + Co1 Kazaa)/(Coo +
Doobag + DooK3),

Eos = (Coobag + Co1b232 4 Coabaz + Cozbar + Coabag + Coa K5 4+ Co3 Koy + Coz Koo +
CooK3a24 4 Co1 K3a23 4+ Coa K3a92 + Cos K3a91 + Coo K a1 a3 + Co1 Ka1a92 + Coa Koy ag1 +
CooKaa93 + Co1 Kasags + CoaKaza21)/(Coo + Doobaog + Do K3),

Eos = (Coobas + Corbag + Cozbas + Cozbas + Coabar + Cosbag + Cos K3 + Cos Ko1 +
CosKaz + Coo K3az5 + Co1 K3zaq4 + Coa K3ags + Coz K3zags + CosK3a21 + CooKa1a24 +
Co1K21a23+Cog K21a20+Coz K1 021 +Coo Ka2a24+Co1 Koza93+Con Koz aoa+Cos Kazaon ) /(Coo+
Doobao + Do K3),

Eos = (Coobas + Corbas + Cogbay + Cozbaz + Coabaa + Cosbar + Cogbao + Cos K3 +
Cos K21 + Cos Koz + CooKzags + CorKzags + CoaK3zagy + CozKzags + CosKzaz +
Cos K3a21+Coo Ka1a95+Co1 Ko1a24+Coo Koy a23+Coz Koy aga+Cos Koy a1 +Coo K025+
Co1K22a24 + Coa Kaa23 + Coz Kaags + 004K22a21)/(000 + Doobao + DooKs),

Eor = (Corbag + Coabas + Cosbag + Coabas + Cosbaa + Cogbar + Corbag + Cor K5 +
Coc K1 + Cos Koo + Coi Kzags + CoaKzas + CosKszaza + CoaKsags + Cos Ksag +
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Co6K3a214Coo K21a26+Co1 Ka1a95+Coa Koy ag4+Coz Ko1a93+Coa Koy a2 +Cos Koy asi +
CooKaa96 + Cor Kosass + CoaKosasy + Coz Kasasg + CosKagase + Cos Kanaay) /(Coo +
Doobag + DooK3),

Eog = (Cozbas + Cosbas + Cosbay + Cosbaz + Cogbaz + Corbay + Coghao + Cos K3 +
Cor K1 + CorKas + CoaKza + CozKzass + CoaK3zazy + Cos Kzags + CogKzaz +
CorK3a21+Co1 Karags+Cop K1 a5+ Coz Ko ags+Coy Koy a3+ Cos Karaz+Cos Koy a1 +
Cor1K a6 + Coa K95 + Coz Kozaos 4+ CosKaoazs + Cos Kazags + CosKazas) /(Coo +
Doobao + Do K33),

FEog = (Cozbas + Coabas + Cosbas + Cogbas + Corbaz + Cogbar + Cogbao + Cog K3 +
Cos K21 + Cog Koz + CozKzags + CoaK3zass + Cos Kzagy + CogKzazs + CorKzag +
Cos K3a21+Co2 K21a26+Co3 Ka1a25+Coa K21024+Cos K1 a23+Cog K 21002+ Cor Ko ag +
CoaKa26 + CozKozags + CosKaas + Cos Kaaags + Cos Kazag + CorKazas /(Coo +
Doobao + Do K3),

E1g = (Coabas + Cosbas + Cogbas + Corbas 4 Cosbaa 4 Cogbar + Crobag + CroKs +
Coo K21 + Cog Koz + CoaKzags + Cos Kzags + CogKzazs + CorKzags + CogKzag +
Coo K3a21+Co3Ka1a96+Coa Ko1a25+Cos Kot a24+Cos Ka1az3+Cor Koy a0 +Cog Ko a1+
CosKaa26 + CosKaaas + Cos Kozaos + Cos Kaoazs + Cor Kazans + CogKazaor) /(Coo +
Dogbzo + Do K33),

Ey1 = (Cosbas + Cosbas + Carbay + Cogbaz + Cogbaa + Crobay + Cribog + C11 K3 +
CroK21 + CroKa + Cos Kzags + CogK3zags + CorKzagy + CosKzags + CooKzaz +
CroK3a21+Coa Ka1a96+Cos Ka1a25+Cos Ko1a24+Cor Koy agz+Cog Koy asn+Cog Koy a1+
CoaKaza36 + Cos K225 + Cos Kazas + CorKaoazs + CogKazagg + CogKaaa1) /(Coo +
Doobao + Do K3),

E1y = (Cosbas + Corbas + Cogbas + Cogbas + Clrobaa + Cribar + Crabyg + CraKs +
Ci11Ky + Ci1 Ko + CosKzags + CorK3ass + CogKzazy + CogKzazs + CroK3zaz +
Cr1K3a91+Cos Ka1a96+Co6 K21 a25+Cor Ko1a24+Cog Ka1agsz+Cog Koy age+Cro Ko a1+
Cos Kaza26 + Cos K 22025 + Cor Kazans + Cog Kooz + Cog Kazagg + CroKa2a21) /(Coo +
Doobao + Do K3),
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E13 = (Corbas + Cogbas + Cogas + Crobaz + Cribag + Crabay + Crsbog + Ci3 K3 +
Cr2K9 + Cr1aKay + CorKsags + CogK3ags + CogKzazy + CroKzazs + CriK3zag +
CraK3a21+Cog Ka1azs+Cor K1 a5 +Cog Kot a4+ Cog K1 a93+Cho Kata+Chi Koyag +
CosKaza6 + Cor K25 + Cog Kazans + Cog Kooz + CroKazagg + Cr1K32a91)/(Coo +
Doobao + Do K3),

By = (Cogbas + Cogbas + Crobas + Cr1bas + Clabaa + Chabyr + Crabyy + CraKs +
Ci13Ky + Ci13Ka + CogKzags + CogK3ass + CroK3azy + CriKzags + CraK3zag +
C13K3a21+Cor Ka1a96+Cos Ka1a25+Cog Ko1a24+Cro Ka1 a3 +Chi1 Koy ase+Cra Koy az +
CorKazas6 + Cog K25 + CogKazans + CroKaa23 + Cr11 Kazagy + CraKaaa91) /(Coo +
Doobao + Do K33),

Ey5 = (Cogbgs + Crobas + Cr1bag + Crabag + Chabag 4 Crybgy + CraKoy + Cra Koy +
CooK3a26 + CroK3ass + Cr1 K3az4 + CraK3as3 + C13K3a92 + C14K3a91 + Cog Koy ass +
Cog Ka1a25+C1oKo1a24+C11 Kp1a93+C12 K1 a90+C13Ka1a21+Cog Koa26+Cog Kaoass+
CroKnag, + Cr1 Kasags + Cr1aKasags + Ci13K92a91)/(Coo + Doobzo + DooK3),

Eig = (Crobas + Cribas + Chrobay + Cizbag + Ciaboy + CroKzags + CriKsags +
CraK3a24+C13K3a23+ C14 K302+ Cog Ko1a96+Cro Ko 025+ C11 Karags + Cra Koy ass +
C13 K102+ C14 Ko1a91+Cog Kaoa26+C1o Kazaas +C11 Kooy +Chra Kasaz+C13 Koag+
CraK2a51)/(Coo + Doobao + DooK3),

Ey7 = (Cribas + Chabos + Cizbag + Crabas + Cr1 Kzags + CraKzass + Ci13Kzags +
CraK3a93+CroKaraze+C11 Ko1a05+Cra Koragy+C11 Kooz +CraKoas+Co Kaoas+
Cr1Kpags + CraKozagy + C13Ks2as3 + C14K22092) /(Coo + Doobzo + DooK3),

Eg = (Ciabgs + C13bas + Clrabog + Cra K396 + C13K3a05 4+ C14 K394+ Cr1 Koy agg +
CraK21a25+C13K21a24+C14 K91 023+C11 K96 +C12 Koza5+Cr3 Kopaos+CraKaass) /(Coo+
Doobao + Do K3),

Eig = (Cisbys + Crabas + C13K3a96 + CraKza9s + CraKojass + Ci3Karags +
CraKo1a94 + CraKooags + Cr3Kagags + CraKasasy)/(Coo + Doobao + DooK3),

Ey = (Crabae+ChaK3a26+C13 K21 a06+CraK o105+ Ch3K92096+C14Kaoa25) / (Coo+
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Doobay + Do K3),
Ey = (CraKa1a96 + C14K92a96) /(Coo + Doobao + DooK3),

AOO = 17

AOl = (001+000a21_|_D00b21—|—D01b20—|—D01K3—|—D00K21—|—D00K22+D00K3(121)/(000+
Doobag + Do K3),

Aps = (Coz + Copaza + Coras + Dogbaa + Do1bay + Doabag + D2 K5 + Doy Koy +
Doy Ko + DooK3a2 + Doy K3a21 + Do Ka1a21 + DogKagasr ) /(Coo + Doobao + Do K3),

Aps = (Coz + Cooags + Corasa + Cozazr + Doobas + Dorbag + Doabar + Dogbag +
Do3s Kz + Do Ko1 + DoaKag + DogKszags + Doy Ksage + DoaKsas + DogKarazs +
Doy Kora91 + DogKasas + Doy Kasasr ) /(Coo + Doobao + DooK3),

Aps = (Cos+Cooaga+Corazs+Cozans+Cozaz 4 Doobaa-+Do1bag+ Dorbaa+Dogbar +
Dosbao+ Dos K3+ Doz Ka1 + Doz Koz + Doo K3a24 + Do1 K3a23+ Doa Kzaz + Doz Kzaz +
Do Ka1a23 4+ Do1 Ko1a20 + Dog Koy ag1 + Do K223 + Dot Kaoags + Doa Kozas ) /(Coo +
Doobao + Do K3),

Ags = (Cos+Cooazs+Co1aza+Cozazz+Cozaza+Cosaa +Dogbas + Do1bas+ Dogbas +
Do3baz + Doabar + Dosbag + Dos K3 + Dog Ko + Dos Koz + DooK3a25 + Doy Kzagy +
Do K3zags+ Doz Kzaga+ Dos Kzag1+ Doo Ka1a24+ Dot Ko1a23+ D2 Ko1 G20+ Doz Ko1 a1+
Doo K224 4 Do1 Kosaos + Doa Kasass + Doz Kg2a91)/(Coo + Doobzo + DooK3),

Ags = (Cos+Cooazs+Co1azs+Corazs+Cozags+Cosaza+Cosaz +Dogbas + Do bas +
Do2b2s+ Dozbas + Doabaa + Dosbar + Dogbao + Dos K3 + Dos K a1 + Dos Koz + Dog K3a26 +
Doy K3ags+ Doa Kzagq+ Doz Kzags + Dog K3a20+ Dos K3a21 + Doo K21a25+ Dot Ko1a24+
Doa Ko1a93+ Doz Ka1a20+Dos Ko1a21+ Do Kaaaos+ Doy Kaoaas+ Dog Kozaz3+ Doz Kazaoe+
Doy K2a51)/(Coo + Doobao + DooK3),

A7 = (Cor+Corage+Coza25+Coszass+Cosass+Cosaaa+Cosazr + Do1bag+ Doabes +
Dy3b2s + Dosbaz 4 Dosbaz 4+ Dogbai + Dorbag + Do K3 4+ Dog K21 + Dog K o2 + D1 K3a96 +

Doo Ksags+ Doz Kzags+ Dos Kgaz3+ Dos K3a29 + Dog Kzaai + Dog K o1 a26 + Doy Ko a25 +
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Do Koy a94+Do3 Koy agz+Dos Ko a2+ Dos Koy ag1 +Dog Koo+ Dot Kaaaos+Dog Kaoaa+
D3 Kagass + DosKaags + Dos Kazaa1)/(Coo + Doobag + Do K3),

Apg = (Cog+Co2a26+Co3a25+Cosaas+Cosaz3+Cosanz+Coraz + Dozbas + Dosbas +
Doabas+ Dosbas + Dogbaa + Dozba1 + Dogbao + Dos K3+ Do7 Ka1 + Dor Koz + Dog K3az6 +
D3 K3ags+ Dos Kzaz4+ Dos Kzazs3+ Dog K3a22 + Do7 K3a21 + Do1 K21a26 + Do2 Ko1a25 +
Doz Ka1a24+ Dos Ko1a23+ Dos Ko1 a2+ Do Ko1 a1+ Doy Kaoaa6+ Dog Koza25+ Doz Kozaos+
Doy Kaaas3 + Dos Koz + Dos K22a21)/(Coo + Doobao + DooK3),

Ay = (Cog+Cozass+Cosazs+Cosaza+Cosazs+Corans+Cogazr + Dozbas + Dosbas +
Dosbas+ Dogbas + Dozbaa + Dogbar + Dogbao + Dog K3 + Dog K1 + Dog K2 + Doz K3az6 +
Doy K3ags+ Dos Kzags+ Dog K3a23+ Do7 Kzaza + Dog K3a21 + Dog K21a26 + Doz Ka1a25 +
Doy Ka1a24+Dos K21a23+ Dog K 21a20+ Do7 Ko1a21+ Do Kaaaos+ Doz Kaoa25+ Dog Ka2a24+
Dos Kaza03 + Dog Kazaz2 + DorKa2as1)/(Coo + Doobzo + DooK3),

Ao = (Cro+Cosans+Cosans +Cosans+Corans+Cogany+Cogaar + Doabag+ Dosbas +
Dogbas + Dorbas + Dogbaz + Dogbai + D1obao + D10 K3+ Dog K o1 + Dog Koo + Dos Kza6 +
Dos K3zags+ Dog Kzag4+ Do7 Kzags + Dog Kzaga + Dog K3a21 + Doz K21a26 + Dos K1 025+
Dos Ka1a24+Dog K21a23+Do7 Koy age+Dog Koy g1+ Doz Kaoaas+ Dog Ka2a25+ Dos Kaoa4+
DosKaza23 + Dor Kazags + DogKaaas1)/(Coo + Doobzo + DooK3),

A = (Cr1+Cosags+Cosazs +Coraga+Cogazs+Cooaa+Croaz1 +Dosbas +Dogbas +
Dy7b2s+ Dogbas + Dogbaa + D1oba1 + D11bag + D11 K3+ Do Ka1 + Do Koz + Dos Kzag6 +
Do Kzaz5+ Do7 K3a24+ Dog K3a23 + Dog K3a22+ D10 K3a01 + Doy K21 026 + Dos Ko a5+
Dog K21024+ Do7 Ka1a23+Dog Ko1a22+Dog K1 a1+ Dog K a6+ Dos Kaza25+ Dog Ka2a24+
D7 K203 + Dos K209 + DogK2a21)/(Coo + Doobzo + Doo K3),

Ayp = (Cra+Cosas+Corazs+Cogaos+Cooazz+Croass+Cr1a21+ Dogbas +Dorbas +
Dogbas + Dogbas + D1gbaz + D11b21 + D12bog + D12 K3+ D11 Koy + D11 Koo + Dog Kzaz6 +
Do7 K3ags+ Dog Kzagq+ Dog K3ag3+ D1gK3a20+ D11 K3a21 + Dos K21a26 + Do Ko1025 +
Do7 Ka1a24+Dog K21a93+ Dog Ka1a20+ D19 K1 021+ Dos Kagaze+ Dog Ka2a25+ Dor Kaaas+
Dog K023 4+ DogKasags + D19 Kazas1)/(Coo + Doobao + Do K3),

Ay = (Ci3+Corags+Cosass+Cogazs+Croass+Criasa+Chaas +Dorbag+ Dogbas +
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Dogbas + D10bas + D11b2a + D12bo1 + D13bag + D13 K3+ D12 Koy + Do Kop + Dog Kzag6 +
Dog K3aa5+ Dog K3aa4+ D1o K3a3+ D11 Kzagn + D12 Kza1 + Dog Ka1a26+ Do K215+
Dog Ko1a24+Dog K21a93+ D10 Ka1aza+ D11 Koy agr+Doe Kaaa6+ Dor Koaz2a25+ Dog Kaoa4+
Doy K203 + D10 K209 + D11K320a21)/(Coo + Doobzo + Do K3),

Ay = (Cra+Cogags+Cooazs +Croazs+Cr1a23+Craass+Ci3a21 + Dogbas +Dogbas +
D1gbay + D11bag + Digbag + Disbor + D13 Koy + D13Koy + DogK3azs + DogKzags +
D1oKsagq+ D11 K3a23+ Do Kzaga+ D13 K3a21 + Doy Koy age+ Dog Koy g5+ Dog K1 a4+
D1oKayag3+D11 Kayage+ D12 Koyag + Dor Kaaage+ Dog Kagaas+ Dog Kaza24+ D1 Ka2a03+
D11 K9 4+ D19 Kasas1)/(Coo + Doobag + Do K3),

Ays = (Cogage + Chroags + Criagy + Craags + Crzags + Craa21 + Dogbag + Digbas +
D11b24+ D12bo3+ D13bag + Dog K3a26+ D19 K3a95+ D11 K3a04+ D12 K3a23+ D13 K3a:+
Dog Ka1a26+Dog K105+ D10 Ko1az4+ D11 Koyagz+ D12 Koraga+ D13 Koy agi+Dog Kaoags+
Doy K095 + D19Ka24 + D11 Kpzags + DiaKozagy + Di3Kazas)/(Coo + Doobzo +
Dy K3),

Ag = (Croags + Criags + Craazy + Chzass + Clraags + Digbag + Di1bas + Digbog +
D13baz + D1gK3age + D11 Ksags + Dia Kzagy + D13 K3as + Dog K106 + Do Ko1ags +
D11 Kaya4+ D12 Koyags+ D13 Kayage+Dog Kaaags+ D10 Ko2aas+ D11 Kozaas+ D1 Kaoags+
D13K53a9)/(Coo + Doobao + DooK3),

Ay7r = (Criags+ Craags + Cizagy + Chraass + Di1bog + Digbos + Dysbas + D1y Ksags +
Do Ksags+D13Kzags+D10Koa96+D11 Koyags+Dio Koyass+Di3 Ko ags+DigKoass+
D11 Kosass + DiaKosasy + Di3sKasass)/(Coo + Doobao + DooK3),

Ajg = (Chraags + Ciszags + Craagy + Diobag + Digbes + D1aKsass + D13 Ksass +
D11 Koras6 + DiaKorass + D13 Korasy + D11 Kosass + D1 Kosass + D13 Kosass) /(Coo +
Doobag + Do K3),

Ayg = (Ci3a96+C14a95+D13bas+ D13 K 5006+ D19 Koy ase+ D13 Koy a5+ D1a Kosags+
Dy3Kg9a95)/(Coo + Doobao + Do K3),
Ay = (Chraass + D13Ko1a26 + D13Ka2a26)/(Coo + Doobao + DooK3),
A21 — O.
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My.0 = Eoo/(Ki + bro),

M1 = (Eo1 + Eooary)/ (K + bro),

My.o = (Eo2 + Eooare + Eorag:)/(K; + bio),

My 3 = (Eos + Eooars + Enrare + Eoeakr)/(K; + bio),

Mya = (Eos + Egoars + Eorars + Egaare + Eosakr)/ (K + bro),

My 5 = (Eos + Eooars + Eoraks + Egaars + Eozare + Eosakr)/(K; + bio),

M6 = (Eos + Eooars + Eorars + Eo2arka + Eosars + Eosare + Eosakt)/ (K + bro),

M7 = (Eor + Eorars + Eo2ars + Eosars + Eosars + Eosare + Eosart) /(K + bro),
( /(K + bro)
( /(K + bro)

Y

My s = (Eos + Eosars + Eosars + Eosars + Eosars + Eosarz + Eorar)
My = (Eog + Eosars + Eosars + Eosars + Eosars + Eorage + Eosag)

Ergars + Errars + Eigars + Ergars + Eapars + Earag:)/(Ki + bro),
Eyzars + Ergags + Ergars + Eypags + Earare) /(K + bro),

Ergars + Ergars + Eaoars + Earags)/(K; + bro),

Egags + Exoars + Earars) /(K + bro),

Eaoars + Enags)/ (K + bro),

Esvage)/(Ki 4 bro).

SSEEEE,
I I R O O CRE )
S o K w N =
| | |

My,10 = (B + Eosars + Eosars + Eosars + Eorags + Eogare + Eogar1) /(K + bro),
Mi11 = (Evi + Eosare + Eosars + Eoraga + Eosars + Egoar + Eroag)/ (K + bro),
My 12 = (Era + Eogars + Eorars + Eogars + Eggars + Eroars + Eriar) /(K + bro),
M1 = (Evs + Eorars + Eosars + Fogara + Evoars + Ernake + Ersag )/ (K + bro),
My 14 = (Evg + Eosare + Eooars + Eroags + Eviags + Eraars + Erzag )/ (K + bro),
My15 = (Evs + Eogare + Eroaks + Eviags + Eraars + Evsare + Evgag) /(K + bio),
My16 = (Eve + Evoars + Ernnars + Eroags + Ervsags + Eraars + Ersagn) /(K + bro),
Mya7 = (Ervr + Enage + Eroars + Ergags + Ersars + Eisare + Ergarn) /(K + bro),
My1s = (Ers + Ersare + Erzars + Ervaags + Ersars + Evgare + Evrag) /(K + bro),
My 19 = (Evg + Ersare + Ersais + Ersags + Evgars + Errars + Ersag )/ (K + bro),
My 20 = (Eg0 + Erars + Ersars + Eiears + Errags + Eigags + Ergary) /(K + bro),

= (Ey + Ersars + Ersars + Errags + Eigas + Ergare + Esoar) /(K + bro),

= (

= (

= (

= (

= (

(

My 27 =
Nio =1,

Nia = (K1 + Koz + botr + Aorboo + Kiaor + Ag1 K1) /(K1 =+ boo),

Nio = (bra+Ak1bika + Ao2bro+ Kiake + Ky agr + Kioai + Apo K+ Aot K + A Ko +
Ao1 Kiag) /(K + bro),

Nig = (bs+ Aorbro + Ao2br1 + Aosbro + Kiars + Kiiars + Kroare + Aoz K+ Ao K1 +
A Ko + Aot Kiary + Ao Kiart + Aot Kirar + Aot Kioagr )/ (Ki + bro),
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Ni.a = (bga + Ao1brs + Ao2bra + Aosbrr + Aoabro + Kiaga + Ky ags + Kroars + Aos K +
Aps K1 + Aos Ko + Aot Kiars + Aoe Kiaks + AosKiaks + Aon Kiiags + Ape Kriak +
A1 Kioars + AvaKoak1) /(K + bio),

Nis = (brs+Ao1bra+ Ao2brs + Aosbra+ Aoabrr +Aosbro+ Kiars + Ky aga+ Kioaga+
Aos K+ Apa K1 + Aoa Ko+ A1 K aga+ A Kiags + Ao Kapa+ Aoa K ap + Aot Ky ags +
A Kraks + ApsKriar + Aot Kioaks + Aka Kioako + Aoz Ki2ak1) /(K + bro),

Nis = (bre + Aorbrs + Ao2bra + Aosbrs + Aoabro + Agsbir + Aosbro + Kiake +
Kiiars + Kioags + Aos K + Aos Ky + Aos Ko + Aot Kiars + Aop Kiags + Aoz Kiags +
Aos Kiapo+Aos Kiagr+ Aot Ky ara+Aoa K arz+ Aoz Kirago+Aoa Ky art + Aot Koaga+
Apx Kroars + Aoz Kraar + AoaKpoar1)/ (K + bro),

Ni7 = (Ao1bre + Ao2brs + Aosbra + Aoabrs + Aosbra + Aosbrr + Aorbro + Kiiake +
Kyoars + Aot Ki + Aoe K1 + Ao Kpa + Aot Kiags + Ao Kiags + Ao Kiara + Aoa Kiars +
Aps Kiapo+Aos Ksag1+ Aot Kprars+Ao2 K1 apa+ Aoz K ags+Aoa Ky aro+Aos K agr +
Aot Kraars + A2 Kpoars + Aoz Kroars + AoaKiaare + Aos Kizart )/ (Ki + bro),

Nig = (Ao2brs + Aozbrs + Aoabra + Aosbrs + Aosbrz + Aorber + Aogbro + Aos K +
Aot K1 + Aot Ko + Ao Kiars + AosKiars + AoaKiars + Aos Kiars + AosKiare +
Aor Kiap+ Ao Kriare+Aog Ky ags+ Aoz K1 ara+Aoa K ags+Aos Kir ara+ Aos K g +
Ao1 Kraars + A2 Kroars + Aoz Kroars + AosKroars + Aos Kiaare + Aos Kizar1) /(K +
bro),

Nyi.o = (Aosbos + Aoabrs + Aosbos + Aosbrs + Aorbra + Aosbrr + Aoobrko + Ao K; +
A K1 + Ao Ko + AosKiars + AoaKiars + AosKiara + AosKiarsz + Aot Kiare +
Apg Kiap1+ Ao Krrare+ Aoz K1 ars+Aoa Ky ara+Aos Ky ags+Aos K1 ara+Aor Ky ar +
Av2 Kroars + Aoz Kroars + AoaKroars + Aos Kroars + Aos Kraare + Aor Kioar: ) /(K +
bro),

Ni10 = (Aoabrs + Aosbis + Aosbra + Aorbrs + Aosbrz + Aogbr1 + A1obko + Ar0 K +
A K1 + Aog Ko + AoaKiare + Aos Kiars + AosKiara + AorKiarz + AosKiare +
Agg Kiap1+ Aoz Krrare+Aoa K1 ars+Aos Ky ara+Aos Krrags+Aor Ky aga+Aog Ky ara +
Aoz Kraars + AoaKroars + Aos Kroara + Aos Kroars + Aot Kiaare + Aog Kioart ) /(K +
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ka)a

Ni11 = (Aosbre + Aosbrs + Aorbra + Aosbrs + Aogbra + A1obrr + A11bko + A K +
A K1 + A1oKie + AosKiars + AosKiars + AorKiara + AosKiarsz + AogKiare +
Ao Kiapi+Aos Krrare+Aos K1 ars+Aos K ara+Aor Ky ags+Aog K ara+Aog Ky ara +
AosKaars + Aos Kroars + Aos Kroara + Aot Kroars + Ao Kraare + Aog Kioart ) /(K +
bro),

Ni12 = (Aosbre + Aorbis + Aosbra + Aoobrs + A1obra + A11bg1 + Avobro + A KK +
An K + An Ko + AssKiars + AorKiags + AogKars + AgoKiars + AroKiare +
A Kiagi+Aos Krrare+Aos K1 ars+ Aoy Ky ara+ Aog K ags+Aog K ara+ Ao Ky ar +
Aos Kraars + Aos Kraars + Aot Kroara + Aog Kroars + Avg Kraare + Aro Kioart) /(K +
bro),

N3 = (Aorbre + Aogbis + Aoobra + A1obrs + A11bko + A12bg + Avsbio + A3 K +
A Ky + ApKio + AorKiars + ApgKiars + Ao Ksars + Ao Kiars + A Kiags +
A Kiagi+Aos Koy are+Aor Koy ars +Aos K1 aga+Aog K axz+Aro Koy aoe+ A1 Ky aga +
Ao Kraars + Aoz Kpaars + Aog Kpoara + Ao Kroars + A1o Kraare + A1y Kipag: ) /(K +
bro);

Niaa = (Aosbre + Aoobis + A10bka + A11bis + Ar2bke + A13bk + Arabro + A4 K +
Az Ky + AzKpe + AoKiags + AvgKiars + AroKiars + AnKiags + A1 Kiar +
A Kiap+Aor Ky +Aog K1 ags+Aog K1 ara+ Aro K ars+ A Ky ago+ A1 K g +
Aot Kaags + Aos Kpaars + Ao Kpops + Apy Kiaars + A1 Kigags + A1o Kisag ) /(K +
bro),

Ni1s = (Aoobre + A1obs + A11bka + A1abis + A1sbre + A14bg + Arsbeo + A5 K +
A1 Ky + A1 Ko + AggKiare + AroKiags + AnKagps + ApKiags + AzKiags +
A Kiap+Aog Kprare+Aog K ars+A10 Kprara+ A1 Kprags+ A1 K apo+ A1z K ag +
Ao Kraars + Ao Kroars + Ao Kroars + A1 Kroars + A1 Kiaare + A1sKipag: ) /(K +
bro);

Nii6 = (A1obke + A11bgs + A12bka + A13brs + A1abko + A1sbrr + Arebro + A6 K +
A5 K + Ais Ko + AvoKiare + A Kiags + Ao Kiars + Az Kiags + AuKars +
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A5 K +Aog K are+A10 K1 aos+ A1 Kk apa+A12 Kk ags+A13 Ky ago+A1a Ky agr +
AggKroare + AroKpaars + A1 Koty + A1o Kioars + A3 Kpaage + A1 Kioar ) /(K +
bk0)7

Niar = (A11bke + A12bys + A13bea + A1abis + A1sbee + A16bia + Arrbio + A7 K +
A K1 + A K + AnKiare + ApKags + AizKags + AuKiags + Az Kiags +
A Kiapi+ Ao Kriare+ A1 Kiiags+A1o Ky apa+ A3 Kprags+ A1 K apo+ Ars K ag +
Ao Koars + A1 Kpoars + A1a Kpoars + A1z Kroars + A1y Kioare + A1s Kipag: ) /(K +
bro),

Niis = (A12bke + A1sbrs + A14bra + A1sbrs + Ar6bra + Av7bgr + Arsbro + A1s K +
A Ky + Air Ko + AKiars + AisKiars + AuuKiars + AisKiars + AigKiare +
A Kiap+An Kpare+ A1 Kpiags+A13 Ky apa+ Ara K ags+Ars K ago+Arg Ky ara +
An Kioars + Ao Kpoars + A13Kroars + A1y Kroars + A1s Kipare + A1e Kioag1 ) /(K +
bro),

Ni19 = (A13bike + A14bis + A15bka + Ar6brs + A17bra + A1sbir + Aok + Ao KK +
A K + AigKra + AisKiare + AuuKiars + AisKiaps + AigKiay, + A7 Kjary +
AgKiapi+ A1 Kpyare+A13 K1 ags+A1a Ky apat+Ars Ky ags+Are K apo+ Arr Ky aga +
A Kioags + A13Kpoars + A1aKpoars + A1s Kroars + A1 Kioaro + A17 Kipag: ) /(K +
bro),

Nyi20 = (A14bie + A15bks + A16bra + A17bgs + A1gbra + A1gbir + Aosobro + Ago KK +
A Ky + A1gKipo + AnuKiars + AisKiags + A Kiaps + ArrKiags + A1gKiags +
Ao Kiapi+ A3 Kpars+A1a Kpraps+A1s Ky aga+ A1 Ky aps+ Arr K ago+ A1 Ky agr +
A3 Koars + A1aKpoaps + A1s Kpoara + Are Kroars + A1 Kpoare + A1g Kipagt ) /(K +
bro),

Nio1 = (A1sbre + A16brs + A17bga + Avgbrs + A19bra + Agobra + Asg Kt + Agg Ko +
Ars Kiaps + Are Ksaps + A1r Kiags + A1gKiags + Arg Kiags + Aso Kiagy + A1aKpare +
Ars Krrars+A16 K apat+Arr Kpags+A1g Ky aro+A1g K agy + A4 Ko are + A1s Ko ags +
A1 Kipara + A7 Kpoars + A1g Kroar + Arg Kioag1 ) /(K + bro),

Ny22 = (A16bre + A17bks + A1sbra + Arobis + Asobra + A16 K are + Ar7 K aks +
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AigKiapa+A19Kiags+ Ao Kage+ A1s Ky ke + A1 K1 ks + A7 Ky s+ Ars K ags +
A9 K1 ago+ Az Ky ap+A1s Kioare+A16 Kpoars+A17 Kpoaka+ A1 Kpoags+A19 Kpoago+
Ao Kioar) /(K + bro),

Ni 23 = (A17bke + A1sbis + A19bia + Aoobys + A7 Kiakes + A1s K aks + A9 Kiag +
Ao Kiaps+A16 K1 are+A17 Ky ars+A18 Ky aga+ A9 Ky ags+ A Ky ago+ A6 Ko+
A Kyoays + A1 Kot + Ao Kioaks + AsoKroake)/(Ki + bro),
Ny24 = (A1sbre+A19bgs+ Aoobra+ A1s Kiake+ A9 Kiags + Aoo Kiapa+ A1 Ky age +
As Kraps+A19 K1 aga+Aso Ky aps+A17 Kioare+Ars Ko s +A19 Kpoaga+Aso Kaags) / (I +
bk0)7

N5 = (A19bke + Asobis + Ao Kiars + AsoKiags + A1sKyiags + A1gKpiags +
A Kiraps + ArsKioars + Ao Kioaks + AsoKioaka) /(K + bro),

Ni26 = (Aobre+ A2 K6+ A1g Ky age+ Ao Ky ars+A19 Koare+Ago Kpoars ) / (Ki+-
ka)a

Ni o7 = (AsoKk1aks + AsoKpoags) /(K + bio)-
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