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Abstract

In the simulation of multiphysics systems, we often encounter large-scale linear
systems arising from the implicit time discretizations of coupled PDEs. Although it
is possible to utilize the existing solvers for each field, systematic study is necessary
in order to design fast solvers for the coupled systems.
For large-scale sparse linear systems, preconditioned Krylov subspace methods
are usually the most efficient solvers. Preconditioning techniques are the key to
ensuring that these iterative solvers perform in a robust way for various applications. In this dissertation, we study the well-posedness of linear systems, based on
which we develop robust preconditioners. By using this procedure, we study the
well-posedness of poroelasticity and fluid-structure interaction and propose robust
block preconditioners.
In addition to exploring preconditioning techniques, we also introduce a new
arbitrary Lagrangian Eulerian method for fluid-structure interaction with structure undergoing large rotation and small deformation. This technique provides
a new approach to modeling important applications such as hydroelectric power
generators and artificial heart pumps.
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Chapter

1

Introduction
For large-scale sparse linear systems from the discretization of PDEs, fast iterative solvers are needed to obtain the solutions at a reasonable computational cost.
Many Krylov subspace methods have been developed, including the conjugate gradient method (CG), the minimal residual method (MINRES), and the generalized
minimal residual method (GMRES). However, these methods all suffer from the
slow convergence when solving ill-conditioned linear systems. For CG and MINRES, convergence is usually related to the condition number [1, 2]. Thus, effective
preconditioning techniques are needed to reduce the condition number and speed
up the iterative methods.

1.1

Contribution of this dissertation

In this dissertation, we develop preconditioning techniques for two types of multiphysics systems: fluid-structure interaction and poroelasticity.
For poroelasticity, we prove the well-posedness of time-discretized systems of
two-field and three-field formulations and develop robust preconditioners. Compared with the Schur complement approaches proposed in the literature, our preconditioners provide more flexibility and are easier to apply.
For fluid-structure interaction, we also develop robust block preconditioners
for time-discretized linear systems. By discretizing the velocity of fluid and structure using a global velocity function space, we are able to split the velocity field
and pressure field and prove the well-posedness of the coupled system. Then,
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we develop block preconditioners that prove to be optimal under certain assumptions. This technique is similar to the velocity-pressure splitting in preconditioning
Navier-Stokes equations.
We also introduce a new arbitrary Lagrangian Eulerian (ALE) method for FSI
problems with a rotating structure. Our method is based on the assumption that
the structure undergoes a finite rotation but a small deformation. By decomposing
structure motion into a deformation part and a rotation part, we linearize the
structure equations and also decompose the ALE function. Further, through this
method, we need only solve the deformation part of the ALE function. This
technique has wide applications in, for example, simulating hydroelectric power
generators and artificial heart pumps.

1.2

Organization of this dissertation

In Chapter 2, we introduce basic iterative methods and preconditioning techniques.
We also introduce several approaches to prove the well-posedness of a linear system, which is closely related to the construction of robust preconditioners. In
Chapter 3, we discuss the well-posedness of two-field and three-field formulations
of poroelasticity and propose robust block preconditioners. In Chapter 4, we introduce the PDE models of fluid-structure interaction and then the discretization
in time and space. And, then, we prove the well-posedness of the linear systems.
Then, we propose the corresponding block preconditioners for the coupled FSI systems. We also discuss options to efficiently solve the velocity blocks and consider
ways to further develop preconditioners for unsymmetric systems. In Chapter 5,
we introduce a new ALE method to handle FSI with a rotating elastic structure.

Chapter

2

Iterative methods and
preconditioning techniques
Let V = RN . Consider the following linear system,
Au = f,

(2.1)

where u, f ∈ V and A ∈ RN ×N is a linear mapping from V to V.
Given f ∈ V, we want to solve for u. Given that A is an invertible matrix,
then the solution is just u = A−1 f . However, from computational point of view,
solving this problem efficiently is quite difficult. If we consider the computational
cost, the commonly used method, Gaussian elimination, costs O(N 3 ). It becomes
prohibitive when N is large.
Fortunately, most of the linear systems from the discretization of partial differential equations are sparse, which means most of the entries in these matrices are
zero. The application of direct methods like Gauss elimination is still limited since
A−1 may be dense. Iterative methods are commonly used to solve sparse linear
systems because only matrix-vector multiplication is required, which is inexpensive thanks to the sparsity of A. In this chapter, which is partly based on [15],
we will introduce linear iterative methods, Krylov subspace methods and block
preconditioning techiques.
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2.1

Linear iterative methods

A single step of linear iterative methods, which uses an old approximation, uold , of
the solution u of (2.1), to produce a new approximation, unew , usually consists of
three operations:
1. Compute rold = f − Auold ,
2. Solve Ae = rold approximately: ê = Brold ,
3. Update unew = uold + ê,
where B is a linear operator on V and can be thought of as an approximate inverse
of A.
As a result, we have the following algorithm for a linear iterative method.
Algorithm 1 Linear iterative method
Given u0 ∈ V,
for k = 0, 1, 2, · · · until convergence do
uk+1 = uk + B(f − Auk ).
We say that an iterative scheme such as Algorithm 1 converges if
lim uk = u

k→∞

for any u0 ∈ V. Another criterion for the convergence is provided in the following
lemma.
Lemma 1. Algorithm 1 converges if and only if ρ(I − BA) < 1, where ρ(A) is the
spectral radius of matrix A.
The key issue of the linear iterative methods now is an appropriate choice of
B. In order to introduce some linear iterative methods, we first split the matrix
A into a diagonal matrix D, a strictly lower triangular matrix L, and a strictly
upper triangular matrix U :



 Aij , if i = j,
 Aij , if i > j,
 Aij , if i < j,
Dij =
Lij =
Uij =
 0, otherwise,
 0, otherwise,
 0, otherwise.
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Then, A = D + L + U . By making a different choice of B, we get most of the
well-known linear iterative methods:


ωI




−1


 D
B=
ωD−1




(D − L)−1



 ω(D − ωL)−1

Richardson method
Jacobi method
Damped Jacobi method

(2.2)

Gauss-Seidel method
SOR method.

The conditions for convergence of these linear iterative methods have been
studied extensively. Here, we only show some of the conclusions for symmetric
and positive definite (SPD) A.
Theorem 1. Assume that A is SPD. Then
• Jacobi method converges if 2D − A is SPD,
• Gauss-Seidel method always converges,
• SOR method converges if 0 < ω < 2.
Although all the linear iterative methods are convergent for a wide range of
linear systems, they are all likely to suffer from slow convergence for problems that
arise from typical applications. We illustrate this phenomenon with the following
example.
Example 1. Consider the piecewise linear finite element discretization of the Poisson equation
−∆u = f
on a two-dimensional uniform grid with mesh size h, as shown in Figure 2.1. The
convergence rates are
• Jacobi method: ρ(I − D−1 A) ≤ 1 − CJ h2 ,
• Gauss-Seidel method: ρ(I − (D + L)−1 A) ≤ 1 − CGS h2 ,
• SOR method: ρ(I − ωopt (D − ωopt L)−1 A) ≤ 1 − CSOR h.

6

Figure 2.1. Two-dimensional uniform triangular grid

CJ , CGS , and CSOR are constant independent of h. The optimal choice of the
parameter ω in the SOR method, ωopt , is given by
ωopt =

2
p
.
1 + 1 − ρ(I − D−1 A)2

From Example 1, we know that the linear iterative methods usually deteriorate
as the size of the problem increases. In the next section, we introduce Krylov
subspace methods, which are more effective than linear iterative methods in solving
sparse linear systems.

2.2

Krylov subspace methods

Krylov subspace methods extract an approximate solution um from an affine subspace u0 + Km (A, r0 ), where u0 is an arbitrary initial guess at the solution and Km
is the Krylov subspace
Km (A, r0 ) = span{r0 , Ar0 , A2 r0 , · · · , Am−1 r0 };
i.e.,
um ∈ u0 + Km (A, r0 ),
where r0 = Au0 . Unless there is ambiguity, Km (A, r0 ) is denoted by Km .
The residual is
r = f − Au.

(2.3)
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So {rm }m≥0 denotes the sequence of residuals
rm = f − Aum .
Then, we have
rm ∈ r0 + span{Ar0 , A2 r0 , · · · , Am r0 }.
Different Krylov subspace methods minimize the residual rm in different norms.
For example, the conjugate gradient method minimizes the k · kA−1 whereas the
(generalized) minimal residual method minimizes the k · k norm. Based on this
fact, the convergence rate of the Krylov method can be estimated via a uniform
approach. Let k · k∗ be a specific norm. Then,
krk∗ =
=

inf

w∈u0 +Km

kf − Awk∗

inf

v∈span{Ar0 ,··· ,Am r0 }

=

inf
q(x)∈Pm , q(0)=1

kr0 + vk∗

kq(A)r0 k∗ .

Therefore, we obtain the following estimate:
krm k∗
≤
inf
kq(A)k∗ .
q(x)∈Pm , q(0)=1
kr0 k∗

(2.4)

Conjugate Gradient Method
The conjugate gradient (CG) method, developed by Hestenes and Stiefel [3], is one
of the best-known iterative techniques for solving sparse SPD linear systems. In
this section, we assume that the stiffness matrix A is SPD.
CG is the prototype of Krylov subspace methods. It is an orthogonal projection
method and satisfies a minimality condition: the error is minimal in the energy
norm or A-norm: kukA = (uT Au)1/2 .
Consider the quadratic function
1
φ(u) = uT Au − f T u.
2

(2.5)
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As A is SPD, the minimizer of φ(u) is unique and is equal to the solution of (2.1).
Moreover,
kf − Auk2A−1 = uT Au − 2f T u + f T A−1 f = 2φ(u) + f T A−1 f.
Therefore, solving (2.1) is also equivalent to minimizing kf − Auk2A−1 .
Based on the equivalence, we can minimize φ(u) in order to solve (2.1). CG
searches for the minimizer iteratively in a sequence of subspaces. In particular,
during the m-th step, we want to find um such that
um = arg minu∈u0 +Km φ(u).

(2.6)

By doing this iteratively, we can find the solution of (2.1) within N steps. (Therefore, CG is a direct method.) We now need a strategy for solving our optimization
problem.
Choose the search directions {pm } that are conjugate (A-orthogonal) to each
other; i.e., for 0 < m ≤ N − 1,
(pm )T Apj = 0,

j = 0, 1, · · · , m − 1.

It is easy to see that {pm } are linearly independent. Now, we just need to find out
the coefficients in
∗

u =

N
−1
X

ω i pi .

i=0

Suppose that um−1 =

Pm−1
i=0

ω i pi is obtained. We need to choose the parameter

ω m in
um = um−1 + ω m pm−1 and rm = rm−1 − ω m Apm−1
to simply minimize φ(um−1 + ω m pm−1 ). The minimizer is as follows
ωm =

(rm−1 )T pm−1
.
(pm−1 )T Apm−1

This is associated with the minimality of the Galerkin condition
Km−1 ⊥rm−1 ∈ Km ,

(2.7)
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which implies that {rm }N
m=0 is the orthogonal basis of KN . If we choose the conjugate search directions to be {rm }N
m=0 , we can obtain the standard CG. The detailed
algorithm is as follows:
Algorithm 2 Conjugate gradient method
r0 = f − Au0 ;
p0 = r 0 ;
for m = 0, 1, · · · , until convergence do
(rm )T rm
αm ← m T m
(p ) Ap
um+1 ← um + αm pm ,
rm+1 ← rm − αm Apm
If rm+1 is sufficiently small then exit loop
(rm+1 )T rm+1
βm ←
(rm )T rm
m+1
p
← rm+1 + βm pm
end for
The convergence rate is determined by the condition number κ(A) of the SPD
system matrix A defined as
κ(A) :=

λmax (A)
,
λmin (A)

(2.8)

where λmax (A) and λmin (A) are the largest and smallest eigenvalues of A, respectively. The convergence analysis of CG is provided by the following theorem:
Theorem 2 (Convergence of CG). Assume that um is the m-th iteration of CG
and u∗ is the exact solution. Then we have the following estimate:
ku∗ − um kA ≤ 2

!m
p
κ(A) − 1
p
ku∗ − u0 kA .
κ(A) + 1

(2.9)

Proof. Without loss of generality, we assume that u0 = 0. For an arbitrary polynomial qm−1 of degree m − 1, denote ũm = qm−1 (A)f = qm−1 (A)Au∗ = Aqm−1 (A)u∗ .
Due to (2.6), we have
(u∗ − um )T A(u∗ − um ) ≤ min(u∗ − ũm )T A(u∗ − ũm )
qm−1
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≤ min((I − Aqm−1 (A))u∗ )T A(I − Aqm−1 (A))u∗ )
qm−1

≤ min (qm (A)u∗ )T Aqm (A)u∗
qm (0)=1

≤ min max |qm (λ)|2 (u∗ )T Au∗
qm (0)=1 λ∈σ(A)

≤ min max |qm (λ)|2 (u∗ )T Au∗ .
qm (0)=1 λ∈[a,b]

Here, a = λmin (A) and b = λmax (A).
We choose
q̃m (λ) =

Tm ( b+a−2λ
)
b−a
)
Tm ( b+a
b−a

.

Here, Tm (t) is the Chebyshev polynomial of degree m given by
(
Tm (t) =

cos(m cos−1 t))

if |t| ≤ 1;

(sign(t))m cosh(m cosh

−1

t)) if |t| ≥ 1.

Notice that Tm ( b+a−2λ
) ≤ 1 for λ ∈ [a, b]. Thus,
b−a

max |q̃m (λ)| ≤ Tm

λ∈[a,b]

We set



b+a
b−a

−1
.

eσ + e−σ
b+a
= cosh σ =
.
b−a
2

By solving this equation for eσ , we have
p
κ(A) + 1
e =p
,
κ(A) − 1
σ

where κ(A) = b/a. We then obtain
emσ + e−mσ
1
1
cosh mσ =
≥ emσ =
2
2
2
Consequently,
min max |qm (λ)| ≤ 2

qm (0)=1 λ∈[a,b]

!m
p
κ(A) + 1
p
.
κ(A) − 1

!m
p
κ(A) − 1
p
.
κ(A) + 1

(2.10)
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The desired result then follows.
Even though the estimate given in the theorem above is sufficient for many
applications, in general it is not sharp. There are many ways to improve the
estimate. For example, the following improved estimate shows that the convergence
of CG depends on the distribution of the spectrum of A. It is possible that CG
will converge fast even if the condition number of A is large.
Theorem 3. Assume that σ(A) = σ0 (A) ∪ σ1 (A) and l is the number of elements
in σ0 (A). Then,
∗

m

ku − u kA ≤ 2M

!m−l
p
b/a − 1
p
ku∗ − u0 kA ,
b/a + 1

where a = minλ∈σ1 (A) λ, b = maxλ∈σ1 (A) λ, and
M = max
λ∈σ1 (A)

Y
µ∈σ0 (A)

1−

λ
.
µ

In practice, if κ(A)  1, convergence is likely to be very slow. However, preconditioning can be used to improve both the efficiency and robustness of iterative
techniques. Preconditioning is simply a means of transforming the original linear
system into another linear system with the same solution but that is likely to be
easier to solve with iterative solvers. The first step in preconditioning is to find
a preconditioning matrix B, which is usually referred to as a “preconditioner.”
B can be defined in many different ways but it must satisfy a few requirements:
First, B should be an approximation of A−1 in some sense. And, from a practical
point of view, the most important requirement for B is that it be inexpensive to
apply. This is because the preconditioned iterative solvers apply B at each step.
Once B is defined, there are three ways to apply it. The preconditioner can be
applied from the left, which leads to the preconditioned system
BAu = Bf.

(2.11)
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Alternatively, B can also be applied from the right:
ABv = f,

u = Bv.

(2.12)

Note that (2.12) amounts to making the change of variables u = Bv, and solving
the system with respect to the unknown v. The third approach is to apply a split
preconditioner on both left and right sides of the matrix A:
B1 AB2 v = B1 f,

u = B2 v,

B = B1 B2 .

(2.13)

The following convergence estimate has been proved for PCG:
ku∗ − um kA ≤ 2

!m
p
κ(BA) − 1
p
ku∗ − u0 kA .
κ(BA) + 1

(2.14)

Although it may not be SPD, BA is similar to an SPD matrix B 1/2 AB 1/2 , given
that B is SPD. Therefore, (2.8) still applies for BA.
A good preconditioner for PCG satisfies the condition that BA be much better
conditioned than A is, i.e., κ(BA)  κ(A).

Minimal residual method
The minimal residual (MINRES) method, first proposed by Paige and Saunders
[4], is an algorithm for solving indefinite symmetric linear systems. Both CG and
MINRES can be viewed as special variants of the Lanczos method, whereas CG is
for SPD systems and MINRES is for symmetric indefinite systems.
The Lanczos process with starting vector b can be used to generate the following: the N × m matrix Vm = (v 1 , v 2 , · · · , v m ) according to v 0 = 0 and β1 v 1 = f ,
and the Hessenberg tridiagonal matrix Tm such that
AVm = Vm+1 Tm
or
AVm = Vm Tm + βm+1 vm+1 eTm ,
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where Tm is m × m and tridiagonal. And, we denote

α1 β2

 β2 α2 . . .


.. ..
Tm = 
.
.


βm




βm
αm





=




Tm
βm+1 eTm

!
,

(2.15)

βm+1
where
pj = Av j ,

αj = (v j )T pj ,

and βj+1 v j+1 = pj − αj v j − βj v j−1 .

βj+1 is chosen such that v j+1 has unit length. Approximate solutions within Km
can be formed as um = Vm y m for some m-vector y m . CG and MINRES can be
derived by choosing y m appropriately at each iteration.
Based on (2.6), CG is used to minimize the quadratic form within each Krylov
subspace. (2.6) can be rewritten as
um = Vm y m ,

where y m = argminy φ(Vm y).

For a general nonsingular matrix A, φ(u) defined by (2.5) may not have any minimum value. Nevertheless, we can still minimize krm k within Km . So the characterization of MINRES is
um = Vm y m ,

where y m = argminy kb − AVm yk.

As the residual is
rm = f − AVm y = β1 v 1 − Vm+1 Tm y = Vm+1 (β1 e1 − Tm y),
the problem we need to solve is equivalent to
y m = argminy kβ1 e1 − Tm yk.

(2.16)
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This subproblem is processed by expanding the QR factorization:
Q0 = I,

Qm,m+1



Im−1


=


Qm = Qm,m+1

cm
sm
Qm−1

Qm (Tm β1 e1 ) =


sm 
,
−cm
!
I

Rm tm
0

qm

,
!
,

where cm and sm form the Householder reflector Qm,m+1 , which, in turn, annihilates
βm+1 in Tm to give the upper-tridiagonal Rm with Rm and tm unaltered in later
iterations. The solution of (2.16), therefore, satisfies Rm y m = tm . Thus, y m can
be easily obtained.
MINRES is rendered in detail as Algorithm 3.
The convergence analysis can be performed based on (2.4) with the `2 -norm
k · k2 . Note the similarity with the convergence estimate for CG: the symmetry
of the matrix ensures that the eigenvectors are orthogonal in both cases, such
that the convergence depends only on the eigenvalues. It is also apparent that for
MINRES, it is the Euclidean norm k · k2 (we will use k · k for simplicity) of the
residual rather than the A-norm that is reduced in an optimal manner. Therefore,
we have the following estimate:
krm k =

inf

kq(A)r0 k

q(λ)∈Pm ,q(0)=1

≤

inf

sup |q(λ)| kr0 k,

(2.17)

q(λ)∈Pm ,q(0)=1 λ∈σ(A)

where σ(A) is the spectrum of A. The key difference here, however, is that indefinite matrices have both positive and negative real eigenvalues. Nevertheless, a
similar estimate still holds.
Theorem 4 ([5]). Assume that σ(A) ⊂ [−a, −b] ∩ [c, d], where a > b > 0 and
d > c > 0 satisfy |b − a| = |d − c|, that is, the two intervals are of equal length.
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Algorithm 3 Minimal residual method
v 1 = f − Au0 ; v 0 = 0
β1 = kv1 k2 ; η = β1
γ1 = γ0 = 1; σ1 = σ0 = 0
ω 0 = ω −1 = 0
for m = 1, 2, · · · until convergence do
Lanczos recurrence:
v m = β1m v m αm = (v m )T Av m
v m+1 = Av m − αm v m − βm v m−1
βm+1 = kv m+1 k2
QR decomposition:
p
2
δ = γm αm − γm−1 σm βm ; ρ1 = δ 2 + βm+1
ρ2 = σm αm + γm−1 γm βm ; ρ3 = σm−1 βm
γm+1 = δ/ρ1 ; σm+1 = βm+1 /ρ1
Update the solution:
ω m = (v m − ρ3 ω k−2 − ρ2 ωm−1 )/ρ1
um = um−1 + γm+1 ηω m
krm k2 = |σm+1 |krm−1 k2
check convergence;
η = −σm+1 η
end for
Then the residuals generated by MINRES satisfy
p
p ![m/2]
|ad| − |bc|
p
p
.
|ad| + |bc|

krm k
≤2
kr0 k

(2.18)

Proof. The proof for the convergence of MINRES is similar to that of Theorem 2.
Due to (2.17), we just need to obtain an upper bound for
inf

sup |q(λ)|.

q(λ)∈Pm ,q(0)=1 λ∈σ(A)

Here, we also make use of the Chebyshev polynomials Tm (t). The quadratic
polynomial
φ(t) =

2(t + b)(t − c)
+1
bc − ad
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is a mapping from [−a, −b] ∪ [c, d] to [−1, 1]. Consider
q(λ) =

Tm (φ(t))
.
Tm (φ(0))

Then, we know that
inf

sup |q(λ)| ≤ Tm (φ(0))−1 .

q(λ)∈Pm ,q(0)=1 λ∈σ(A)

Let φ(0) = cosh(σ) and σ > 0. Then
√
√
p
ad
+
bc
√ .
eσ = φ(0) + φ(0)2 − 1 = √
ad − bc
Therefore,
Tm (φ(0))−1
=2(emσ + e−mσ )−1
≤2e−mσ
√
√ !m
ad − bc
√
=2 √
.
ad + bc
This finishes the proof.

For MINRES preconditioned by an SPD matrix M , the following estimate holds
krm kM −1 ≤

inf

sup

q(λ)∈Pm ,q(0)=1 λ∈σ(M −1 A)

|q(λ)| kr0 kM −1 .

(2.19)

The convergence rate of the preconditioned MINRES is provided by the following
theorem.
Theorem 5 ([2]). Assume that σ(M −1 A) ⊂ [−a, −b] ∩ [c, d], where a > b > 0 and
d > c > 0 satisfy |b − a| = |d − c|, that is, the two intervals are of equal length.
Then, the residuals generated by the preconditioned MINRES satisfy
krm kM −1
≤2
kr0 kM −1

p ![m/2]
|ad| − |bc|
p
p
.
|ad| + |bc|

p

(2.20)
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We can similarly introduce the condition number for the symmetric indefinite
matrix A
κ(A) :=

maxλ∈σ(A) |λ|
.
minλ∈σ(A) |λ|

(2.21)

Then, the convergence rate of the preconditioned MINRES is bounded by an
expression in terms of κ(M −1 A):
p
p
|ad| − |bc|
κ(M −1 A) − 1
p
p
.
≤
κ(M −1 A) + 1
|ad| + |bc|

Generalized Minimal Residual Method (GMRES)
Proposed by Saad and Schultz [6] as a Krylov subspace method for nonsymmetric
systems, GMRES is a generalization of the MINRES method.
Similar to MINRES, for any vector u ∈ u0 + Km , GMRES can be written as
u = u0 + Vm v where v is a vector. Define
J(y) = kf − Auk2 = kf − A(u0 + Vm v)k2 = kVm+1 (β1 e1 − H¯m v)k2 ,
where H̄m is the upper Hessenberg matrix. The orthogonal basis Vm and H̄m is
generated by the Arnold process with modified Gram-Schmidt orthogonalization.
It is an important property of GMRES that the basis for the Krylov space must
be stored as the iteration progresses. This means that in order to perform m step
GMRES iterations, m vectors of length N must be stored. For very large problems
this becomes prohibitive and the iteration is restarted when the available room for
basis vectors is exhausted. One way to implement it is to set mmax to the maximum
number m of vectors that can be stored, call GMRES, and explicitly check the
residual f −Aum and whether m = mmax . If the norm of the residual is larger than
the required residual, call GMRES again with u0 = um , the result from the previous
call. This restarted version of the algorithm is called GMRES(mmax ). There is no
general convergence theorem for the restarted algorithm and restarting will slow the
convergence down. However, when this algorithm works it can significantly reduce
the storage costs of the iteration. The whole algorithm is written as Algorithm 4.
The analysis of the convergence of GMRES is complicated. For general non-
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Algorithm 4 Generalized minimal residual method
r = f − Au0 ; u = u0
for j = 1, 2, · · · until convergence do
β = krk2 ; v 1 = r/β; b̂ = βe1 ;
for m = 1, 2, · · · , mmax do
ω = Av m
for i = 1, · · · , m do
hi,m = (v i )T ω; ω = ω − hi,m v i
end for
hm+1,m = kωk2 v m+1 = ω/hm+1,m r1,m = h1,m
for i = 2, · · · , m do
γ = ci−1 ri−1,i + si−1 hi,m ;
ri,m = −si−1 ri−1,m + ci−1 hi,m ;
ri−1,m = γ
endq
for
2
+ h2m+1,m ; cm = rm,m /δ; sm = hm+1,m /δ;
δ = rm,m
rm,m = cm rm,m + sm hm+1,m
b̂m+1 = −sm b̂m ; b̂m = cm b̂m
ρ = |b̂m+1 |(= kb − Au(j−1)mmax +m k2 )
if ρ is small enough then
nr = m,break
end if
nr = mmax ; y nr = b̂nr /rnr,nr
end for
for m = nr−1 , P
· · · , 1 do
r
m
rm,i y i )/rm,m
y = (b̂m − ni=m+1
end for P
r
u = u + ni=1
rm,i v i ;
r = f − Au
end for
singular linear systems, it is difficult to prove a simple convergence result such as
that of CG. Nevertheless, the following result is well known in the literature.
Theorem 6 ([7, 8]). Assume that
γkxk2 ≤ (x, Ax), kAxk ≤ Γkxk, ∀x ∈ Rn /{0}.
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Then the residuals {rm } of GMRES satisfy
krm k ≤ 1 − γ 2 /Γ2

m/2

kr0 k.

Proof. The GMRES iterations also satisfy (2.17). Consider qm (t) = (1 + αt)m .
inf
q(λ)∈Pm ,q(0)=1

Since

kq(A)k ≤ kqm (A)k ≤ kI + αAkm .

((I + αA)u, (I + αA)u)
u6=0
(u, u)


(Au, u)
2 (Au, Au)
+α
= max 1 + 2α
u6=0
(u, u)
(u, u)

kI + αAk2 = max

≤ 1 − 2γα + α2 Γ2
=1−

γ2
,
Γ2

where we to minimize the upper bounded by taking α = γ/Γ2 .
Therefore,

m/2
γ2
inf
kq(A)k ≤ 1 − 2
.
q(λ)∈Pm ,q(0)=1
Γ
This finishes the proof.

The convergence rate can also be estimated when A is diagonalizable, which
means there exists X such that A = XΛX −1 where Λ = diag{λ1 , · · · , λN } is the
diagonal matrix of the eigenvalues. The residual has the following bound:
krm k
≤ κ(X)
min
max |q(λi )|,
qm ∈Pm ,q(0)=1 i=1,··· ,N
kr0 k

(2.22)

where κ(X) = kXkkX −1 k. Constructing a polynomial that is small on the spectrum is sufficient for a fast convergence. In minimizing the polynomial, we are
constrained by the fact that q(0) = 1. Therefore, a polynomial that is small on
the eigenvalues close to the origin must grow rapidly to give q(0) = 1, requiring a
polynomial of sufficiently high degree. As the number of distinct eigenvalues near
the origin grows with κ(A), we expect to see higher iteration counts of GMRES
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convergence as we increase κ(A).
Clustering of eigenvalues also affects GMRES convergence. A polynomial with
one root in a cluster of eigenvalues will be small throughout the cluster. However,
to be small on all well-separated eigenvalues, the polynomial would require a root
on each of them.
As GMRES stores all the basis vectors, it is considered more stable than CG
and MINRES with respect to rounding errors. Comparatively, CG and MINRES
rely on short recurrences to generate an orthogonal basis for Krylov subspaces
and, therefore, are more vulnerable to rounding errors. That is, the basis vectors
generated by the Lanczos process may lose orthogonality and become linearly
dependent. For example, with exact arithmetic, CG is a direct method. With finite
precision arithmetic, it has been observed that the number of iterations it takes
for CG to converge usually exceeds the size of the problem. For the convergence
analysis of CG and MINRES with finite precision arithmetic, we refer to [5] for
details.

2.3

Relationship between preconditioning and wellposedness

In order to speed up the Krylov subspace methods, good preconditioners are
needed. In particular, we are interesed in an optimal preconditioner Bopt , such
that κ(Bopt A) is independent of problem size. With an optimal preconditioner,
the computational cost of CG and MINRES is proportional to problem size.
There are many basic preconditioning techniques. For example, Jacobi, Gauss
Seidel, and SOR methods, although usually referred to as iterative methods, are
also used as preconditioners. More sophisticated preconditioners are ILU-type preconditioners and approximate inverse preconditioners. The ILU method decomposes the system matrix approximately as a product of sparse triangular matrices
by dropping some of the off-diagonal entries. The approximate inverse method
directly approximates the inverse of the system matrix. For details, see [1]. Multigrid preconditioners have been proved robust for many elliptic problems, and its
algebraic variant, the algebraic multigrid (AMG), can be used as a black-box solver
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without knowledge of the discretization.
For multiphysics systems, it is usually more complicated to design preconditioners. A popular choice is the block preconditioner whereby the different fields
of multiphysics systems are separated. For example, for the incompressible fluid
problem, the velocity field and the pressure field can be split and block preconditioners can be developed by using preconditioners for each of the fields. It is also
possible to develop preconditioners without splitting fields [9, 10, 11, 12]. In this
dissertation, we focus on block preconditioning approaches. In particular, we develop block preconditioners by studying their relationship with the well-posedness
of linear systems.
We first consider the following variational problem:
Find x ∈ X, such that
L(x, y) = hg, yi,

∀y ∈ X,

(2.23)

where X is a given Hilbert space and g ∈ X0 .
The well-posedness of the variational problem (2.23) refers to the existence,
uniqueness of the solution and the stability kxkX ≤ kgkX0 . The necessary and
sufficient conditions for (2.23) to be well-posed are shown in the following theorem.
Theorem 7. ([13]) Problem (2.23) is well-posed if and only if the following conditions are satisfied:
• There exists a constant C > 0 such that L(x, y) ≤ CkxkX kykX .
• There exists a constant β > 0 such that
inf sup
x

y

L(x, y)
L(x, y)
= inf sup
= β > 0.
y
kxkX kykX
x kxkX kykX

(2.24)

Consider the operator form of (2.23):
Lx = f ∈ X0 .
Define operator P such that
(Pf , y)X = hf , yi,

f ∈ X0 , y ∈ X.

(2.25)
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Assuming the well-posedness, then the following inequalities hold
kPLkL(X,X) = sup
x,y

hLx, yi
(PLx, y)X
= sup
≤ C,
kxkX kykX
x,y kxkX kykX

k(PL)−1 k−1
L(X,X) = inf sup
x

y

(PLx, y)X
hLx, yi
= inf sup
≥ β.
x
kxkX kykX
y kxkX kykX

Therefore, the condition number of the precondtioned system is proved to be
bounded
κ(PL) := kPLkL(X,X) k(PL)−1 kL(X,X) ≤ C/β.
This type of preconditioners is usually used in the literature and is characterized
as “mapping property” in a recent review paper [14].
Let {φi } be a set of given basis of X. Consider the matrix representation of L
and vector representations of x
L(φ1 , · · · , φn ) = (φ01 , · · · , φ0n )L,

x = (φ1 , · · · , φn )x.

Assume L is symmetric and P is SPD. Denote the mass matrix of X by M , i.e.,
Mij = (φi , φj ), ∀i, j. In fact, P = M −1 . Then
kPLkL(X,X) = sup
x,y

(PLx, y)X
xT (P L)T M y
= sup T
1/2 (y T M y)1/2
kxkX kykX
x,y (x M x)

= max |λ|.
λ∈σ(P L)

Similarly,
k(PL)−1 k−1
L(X,X) = min |λ|.
λ∈σ(P L)

Therefore, κ(PK) = κ(P L).
A more general approach is via norm equivalence matrices [8]. Given an SPD
matrix H, nonsingular matrices A and B are H-norm equivalent, denoted by A ∼H
B if there are constants γ and Γ independent of the size of the matrices such that
γkBxkH ≤ kAxkH ≤ ΓkBxkH .
If A ∼H B and AB −1 is symmetric with respect to (·, ·)H , then MINRES

23
preconditioned by B −1 has the following convergence estimate [8]:
krk k
≤2
kr0 k



Γ−γ
Γ+γ

k/2
.

Consider the preconditioner P defined as the matrix representation of P in (2.25).
It is easy to see that P −1 ∼M −1 L. Note that P = M −1 .
This can help in the design of preconditioners for CG and MINRES. Preconditioning GMRES differs in that it usually depends on field of value analysis [8].

2.4

Well-posedness of linear systems

In this section, we introduce several theorems to prove the well-posedness of the
general variational problem (2.23) and consider some special cases.
We are particularly interested in the case where L(·, ·) is symmetric; i.e.,
L(x, y) = L(y, x), ∀x, y ∈ X. When L(·, ·) is symmetric, we only need to assume boundedness and one of the inf-sup conditions in (2.24). In the rest of this
chapter, we discuss some interesting special cases under the assumption that L(·, ·)
is symmetric.
In general, the symmetric bilinear form L(·, ·), is indefinite; i.e., the corresponding operator has both positive and negative eigenvalues. The following is a typical
symmetric indefinite variational problem:
Find (u, p) ∈ M × N such that ∀(φ, q) ∈ M × N, the following equations hold

 a(u, φ) + b(φ, p) =hf, φi,
 b(u, q) − c(p, q) =hg, qi.

(2.26)

Here, M and N are given Hilbert spaces with the inner products (·, ·)M and (·, ·)N ,
respectively. The corresponding norms are denoted by k · kM and k · kN .
Given b(·, ·), the following kernel spaces are important in the analysis:
Z = {u ∈ M|b(u, q) = 0, ∀q ∈ N},
K = {p ∈ N|b(φ, p) = 0, ∀φ ∈ M}.
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We consider the orthogonal decomposition of u ∈ M and p ∈ N as follows:
u = u0 + ū, u0 ∈ Z, ū ∈ Z⊥ ,

p = p0 + p̄, p0 ∈ K, p̄ ∈ K⊥ .

The well-posedness of (2.26) can be proved provided that a(·, ·), b(·, ·), and
c(·, ·) satisfy certain properties. In the first case, we assume that a(·, ·) is coercive
on M .
Theorem 8. ([15]) Assume that a(·, ·) is symmetric, c(·, ·) is symmetric positive
semi-definite, and that the following inequalities
a(u, φ) ≤ Ca kukM kφkM , ∀u, φ ∈ M

(2.27)

b(u, p) ≤ Cb kukM kpkN , ∀u ∈ M, p ∈ N

(2.28)

a(u, u) ≥ γa kuk2M , ∀u ∈ M

(2.29)

b(u, q)
≥ γb
u∈M kukM kqkN

inf sup

q∈K⊥

(2.30)

hold with the constants Ca , Cb , γa and γb independent of parameters. In addition,
assume that ∀q ∈ K\{0}, c(q, q) > 0. Then, Problem 2.26 is uniformly well-posed
with respect to parameters under the norms k · kM and k · kN+ , where kqk2N+ :=
kq̄k2N + |q|2c .
Proof. Define
L(u, p; φ, q) = a(u, φ) + b(φ, p) + b(u, q) − c(p, q).
To prove well-posedness, we just need to verify
• the boundedness of L(·; ·) with the norms k · kM and k · kN+ .
• the Babuska inf-sup condition: for any (u, p) ∈ M × N,
sup
(φ,q)∈M×N

L(u, p; φ, q)


kφk2M

+

kqk2N+

2
2
1/2
1/2 ≥ C(kukM + kpkN+ ) .

(2.31)
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Since it is straightforward to verify the boundedness of L(·; ·), we focus instead on
proving the inf-sup condition (2.31).
According to (2.30), for p̄ ∈ K⊥ , there exists w such that
b(w, p̄) ≥ γb kp̄k2N and kwkM = kp̄kN .
Let φ = u + θw, θ = γa γb /Ca2 , and q = −p. Then, we have
L(u, p; φ, q) = a(u, u + θw) + b(u + θw, p) − b(u, p) + c(p, p)
≥ γa kuk2M + θa(u, w) + θb(w, p) + c(p, p)
γa
θ2 Ca2
kuk2M −
kwk2M + γb θkp̄k2N + c(p, p)
2
2γa


γa
θCa2
2
≥ kukM + γb θ 1 −
kp̄k2N + c(p, p)
2
2γa γb
2
γa γb
γa
kp̄k2N + |p|2c .
= kuk2M +
2
2Ca2
≥ γa kuk2M −

Moreover, we have
kφk2M + kq̄k2N + |q|2c ≤ 2kuk2M + (2γa2 γb2 /Ca4 + 1)kp̄k2N + |p|2c .

Therefore, (2.31) holds.

It is also possible to only assume that a(·, ·) is elliptic in Z. Then we need to
assume that c(·, ·) is bounded under the norm k · kN .
Theorem 9. ([16]) Assume that a(·, ·) and c(·, ·) are symmetric and positive semidefinite and that (2.27), (2.28) and (2.30) hold. Moreover, assume that
a(u, u) ≥ γa kuk2M , ∀u ∈ Z,

(2.32)

c(q, q) ≥ γc kqk2N , ∀q ∈ K,

(2.33)
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c(p, q) ≤ Cc kpkN kqkN , ∀p, q ∈ N.

(2.34)

Assume that the constants Ca , Cb , Cc , γa , γb and γc are independent of the parameters. Then, Problem 2.26 is uniformly well-posed with respect to parameters with
the norms k · kM and k · kN .
We provide an alternative proof by verifying the Babuska inf-sup condition
(2.24) for
L(u, p; v, q) = a(u, v) + b(u, p) + b(v, q) − c(p, q).
Proof. First, (2.30) implies the following [17]:
sup
q∈Q

b(v, q)
≥ γb kvkM , ∀v ∈ K⊥ .
kqkQ

Introduce the semi-norms |u|a := a(u, u)1/2 and |p|c := c(p, p)1/2 . Given (u, p) ∈
M × N, let
u = u0 + u1 ,

u0 ∈ Z, u1 ∈ Z⊥ ,

p = p0 + p1 ,

p0 ∈ K, p1 ∈ K⊥ .

Due to the inf-sup conditions of b(·, ·), we can find w ∈ M and r ∈ N such that
b(w, p1 ) ≥ γb kp1 k2N , kwkM = kp1 kN ,

and b(u1 , r) ≥ γb ku1 k2M , krkN = ku1 kM .

Take v = u + θ1 w, q = −p + θ2 r. Then,
L(u, p; v, q)
=a(u, u + θ1 w) + b(u + θ1 w, p) − b(u, p − θ2 r) + c(p, p − θ2 r)
=a(u, u) + θ1 (a(u, w) + b(w, p)) − θ2 (c(p, r) − b(u, r)) + c(p, p)
≥a(u, u) + θ1 (a(u, w) + γb kp1 k2N ) + θ2 (γb ku1 k2M − c(p, r)) + c(p, p)


θ1 2
1
2
2
≥a(u, u) + θ1 γb kp1 kN −
|u| − |w|a
2θ1 a
2


1
θ2
+ θ2 γb ku1 k2M −
|p|2c − |r|2c + c(p, p)
2θ2
2




1 2 1 2
Ca θ 1
Cc θ 2
2
≥ |u|a + |p|c + θ1 γb −
kp1 kN + θ2 γb −
ku1 k2M .
2
2
2
2
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By taking θ1 = γb /Ca and θ2 = γb /Cc , we obtain
1
γ2
1
γ2
L(u, p; v, q) ≥ |u|2a + b ku1 k2M + |p|2c + b kp1 k2N .
2
2Cc
2
2Ca
And, as ∀α > 0 and β > 0, we have
α|u|2a + β|u1 |2a ≥

αβ
|u0 |2a ,
α+β

α|p|2c + β|p1 |2c ≥

αβ
|p0 |2c .
α+β

We can make use of these inequalities to obtain the following estimates:
1 2 1 2
γ2
γ2
|u|a + |p|c + b kp1 k2N + b ku1 k2M
2
2
2Ca
2Cc
2
2
γb
γ
1
γb2
γ2
1
|u1 |2a + b ku1 k2M + |p|2c +
|p1 |2c + b kp1 k2N
≥ |u|2a +
2
4Ca Cc
4Cc
2
4Ca Cc
4Ca
2
2
2
2
γ
γ
γ
γ
≥ 2 b
|u0 |2a + b ku1 k2M + 2 b
|p0 |2c + b kp1 k2N
2γb + 4Ca Cc
4Cc
2γb + 4Ca Cc
4Ca
2
2
2
γ γa
γ
γ γc
γ2
ku0 k2M + b ku1 k2M + 2 b
kp0 k2N + b kp1 k2N
≥ 2 b
2γb + 4Ca Cc
4Cc
2γb + 4Ca Cc
4Ca
≥λ1 kuk2M + λ2 kpk2N ,
where
γ2
λ1 = b min
4



γa
1
,
2
γb + 2Ca Cc 2Cc

γ2
λ2 = b min
4


,



γc
1
,
2
γb + 2Ca Cc 2Ca


.

Moreover,
kvk2M

+

kqk2N


≤

γ2
1 + b2
Cc



kuk2M



γb2
+ 1 + 2 kpk2N .
Ca

It is straightforward to verify the boundedness of L(·; ·). Therefore, we have proved
the well-posedness of (2.26).
Theorems 8 and 9 will be used to prove the well-posedness in different cases.
Note that they are sufficient conditions for the problems to be well-posed. For
weaker conditions, we refer to [18].
A very important special case of (2.26) is when c(·, ·) = 0, which is closely
related to incompressible flow discretized by stable finite element pairs. In this
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case, Brezzi’s conditions are the criteria for well-posedness.
Theorem 10. ([16]) Assume that a(·, ·) is symmetric, c(·, ·) = 0, and that (2.27),
(2.28), and (2.30) hold. Moreover, assume that K = {0} and
inf sup

u∈Z v∈Z

a(u, v)
≥ γa .
kukM kvkM

(2.35)

Assume that the constants Ca , Cb , γa , and γb are independent of the parameters.
Then, Problem 2.26 is uniformly well-posed with respect to parameters under the
norms k · kM and k · kN .
In this disseration, we are especially interested in the robustness of preconditioners with respect to varying material and discretization parameters. Thus, we
want to emphasize the dependence on these parameters in inequalities. Therefore,
∼
=

we introduce the following notations: ., & and

. Given two quantities x and

y, x . y means that there is a constant C independent of parameters such that
∼
=

x ≤ Cy. & is similarly defined. x

y if x . y and x & y.

Example 2. Consider the Stokes equations on a simply connected Lipschitz domain Ω ⊂ Rd :
Find u ∈ V ⊂ (H01 (Ω))d and p ∈ Q ⊂ L20 (Ω) such that the following equations
hold


 (µ∇u, ∇v) + (∇ · v, p) =(f, v),


(∇ · u, q) =0,

∀v ∈ V,
∀q ∈ Q.

We assume that V and Q are conforming finite element spaces, with their norms
defined as follows:
kukV := (µ∇u, ∇u)1/2 ,

kpkQ := (µ−1 p, p)1/2 .

(2.36)

In order to satisfy the inf-sup condition (2.30), the finite element pairs V– Q
satisfying the inf-sup condition (2.30) are called stable pairs or Stokes-stable pairs.
For example, in 2D, there are stable pairs such as P2-P1, P2-P0, and the MINI
element. In this example, we simply assume that V–Q is one of the stable pairs.
As (2.30) holds based on our assumption on finite element spaces, we only need
to verify the boundedness of (µ∇u, ∇v) and (∇ · v, p) and the inf-sup condition
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(2.35). The boundedness follows from the definition, and (2.35) also holds as
(µ∇u, ∇v) is coercive:
(µ∇u, ∇u) ≥ kuk2V

∀u ∈ V.

Therefore, the Stokes equations are well-posed under the norms defined in (2.38).
Stokes equations have the following block matrix form:
A BT
B

!

u

0

p

!
=

f

!

0

.

Matrices A and B are the discretization of (µ∇u, ∇v) and (∇u, p), respectively.
In addition, let matrix M be the discretization of (µ−1 p, q). Then, an optimal
preconditioner based on the well-posedness is as follows:
!

A
M

.

(2.37)

In general, any preconditioner that is norm equivalent to (2.37) is also optimal.
For example, instead of inverting A exactly, we can apply the multigrid method to
approximately invert A in order to reduce the computational cost.
In the next example, we consider a slightly more complicated saddle point
problem.
Example 3. Consider on a simply connected Lipschitz domain Ω ⊂ Rd the following variational problem:
Find u ∈ V ⊂ (H01 (Ω))d and p ∈ Q ⊂ L20 (Ω) such that the following equations
hold


 (µ(u), (v)) + (∇ · v, p) =(f, v),


(∇ · u, q) − ξ(p, q) =0,

∀v ∈ V,
∀q ∈ Q,

where (u) = (∇u + (∇u)T )/2. This variational problem is very similar to the
Stokes equations, except for the term ξ(p, q). This problem results from the mixed
formulation of linear elasticity equations:
−∇ · (µ(u) + λ∇ · uI) = f,
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by introducing pressure p = λ∇ · u. The formulation can reduce the locking phenomenon in linear elasticity when λ is large [19].
Here, we also assume that V and Q are conforming finite element spaces with
their norms defined as follows:
kukV := (µ(u), (u))1/2 ,

kpkQ := ((µ−1 + ξ)p, p)1/2 .

(2.38)

By assuming that V– Q is one of the stable pairs, we prove well-posedness by
using Theorem 8. Here, we use the fact that (µ(u), (v)) is uniformly coercive on
V under the norm k·kV . In case we only have the coercivity of a(u, v) on the kernel
space K, we can use Theorem 9 for the proof.
Block preconditioners for this variational problem can be obtained in a similar
way.

2.5

Other block preconditioning techniques

There are other types of widely used preconditioners. The literature on this topic
is extensive. Here, we confine our discussion to the symmetric block matrix of the
following form:
A BT
B

!
.

0

Block diagonal preconditioners
We assume that A is an SPD n-by-n matrix and B is an m-by-n matrix of full
rank. Note that we assume m < n. For this block matrix, it is well known that
the following diagonal matrix is an optimal preconditioner [2]:
!

A
S
where S = BA−1 B T .

,
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The following eigenvalue problem
A BT
B

!

u

0

!
=λ

p

!

A

u

S

has are only three possible values of λ: {1, (1 +

√

!

p

5)/2, (1 −

√
5)/2}. Therefore,

with the block diagonal preconditioner, the preconditioned system can be solved
within a few iterations of MINRES. In practice, the diagonal blocks A and S will
be approximated by the spectrally equivalent blocks Â and Ŝ, respectively. Then
the new preconditioner is as follows:
!

Â

.

Ŝ

Â and Ŝ should be easy to invert by iterative methods.

Block triangular preconditioners
Based on the approximation of A and the Schur complement S, the following block
triangular preconditioner is also extensively studied in the literature [20, 21, 8]:
Â B T

!
.

0 −Ŝ

Another type of triangular preconditioners is based on incomplete block factorization.
As
A BT
B

!

A

=

0

0

!

I A−1 B T

B −S

0

I

!
,

by approximating A and S by Â and Ŝ, respectively, we obtain the following
preconditioner:
Â

0

B −Ŝ

!

I Â−1 B T
0

I

!
.

We refer to [22] for a detailed review of block triangular preconditioners.

Chapter

3

Poroelasticity
Poroelasticity, the study of the fluid flow in porous and elastic media, couples the
elastic deformation with the fluid flow in porous media. The Biot model has wide
applications in geoscience, biomechanics, and many other fields. Numerical simulations of poroelasticity are challenging. A notorious instability of the numerical
discretization method for the poroelasticity model is the unphysical oscillation of
the pressure under certain conditions [23]. There are many possible sources of this
instability. One of the most significant sources is the instability of the finite element approximation for the coupled systems [24, 25]. This motivates us to study
the well-posedness of the finite element discretization. However, we do not look
further into the details of the instability of the Biot model and refer interested
readers to [24, 25, 26].
Another challenge associated with the Biot model is that of developing efficient
linear solvers. Direct solvers have poor performance when the size of problems
gets large. Iterative solvers are good alternatives, as they exhibit better scalability. However, the performance of iterative solvers is very much problem-dependent
such that there is a need for robust preconditioners. For example, the multigrid
preconditioned Krylov subspace method usually has optimal convergence rate for
the Poission equation and many other symmetric positive definite problems [27, 28].
However, for poroelasticity problems, coupled systems of equations must be solved,
which are known to be indefinite and ill-conditioned [29]. Preconditioning techniques for poroelasticity problems have been the subject of considerable discussion
in the literature [25, 30, 31, 32, 33, 34, 35, 36] and most of the techniques developed

33
are based on the Schur complement approach. In [32, 33], diagonal approximation
of the Schur complement preconditioner is used to precondition two-field formulations of the Biot model. In [34, 35], Schur complement preconditioners are also
studied for two-field formulations with the algebraic multigrid (AMG) as the preconditioner for the elasticity block. In [25], Schur complement approaches for
three-field Biot models are investigated.
This chapter, which is based on [37], focuses on the stability of the linear systems after time discretization and robust preconditioners for the iterative solvers.
We analyze the well-posedness of the linear systems and propose optimal preconditioners. In particular, we consider various formulations of the poroelasticity model,
including two-field and three-field formulations [24]. By proposing optimal block
preconditioners, we convert the preconditioning of complicated coupled systems
into that of a few SPD systems on different fields.

3.1

The Biot model

The poroelastic phenomenon is usually characterized by the Biot model [38, 39].
We consider the following Biot model, which couples structure displacement u,
fluid velocity v, and fluid pressure p.
Consider a bounded and simply connected Lipschitz domain Ω ⊂ Rn (n = 2, 3)
of poroelastic material. As the deformation is assumed to be small, we assume that
the deformed configuration coincides with the undeformed reference configuration.
Let σ denote the total stress in this material. From the balance of the forces, we
first have
−∇ · σ = f,

in Ω.

In addition to the elastic stress
σe = 2µ(u) + λ(∇ · u)I,
the fluid pressure also contributes to the total stress, which results in the following
constitutive equation:
σ = σe − αpI.
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Here, µ and λ are the Lamé constants, the symmetric gradient is defined by
(u) := (∇u + ∇uT )/2, and α is the Biot-Willis constant. Therefore, we obtain
the following momentum equation
−∇ · (2µ(u) + λ(∇ · u)I − αpI) = f,

in Ω.

Let η denote the fluid content. Then, the mass conservation of the fluid phase
implies that
∂t η + ∇ · v = g

in Ω,

(3.1)

where g is the source density. The fluid content is assumed to satisfy the following
constitutive equation:
η = Sp + α∇ · u,

(3.2)

where S is the fluid storage coefficient. We also have the Biot-Willis constant α in
this equation, as this poroelastic model is assumed to be a reversible process and
the increment of work must be an exact differential [38, 40, 41].
Based on (3.1) and (3.2), the following equation holds
α∇ · u̇ + ∇ · v + S ṗ = g,

in Ω.

According to Darcy’s law, we have another equation:
k −1 v + ∇p = r,
where k is the fluid mobility and r is the body force for the fluid phase.
We consider all the parameters to be positive. The following boundary conditions are assumed:
u = uD , on ΓD,u , σn = gN , on ΓN,u ,

(3.3)

v · n = vD , on ΓD,v , p = pN , on ΓN,v ,

(3.4)

where ΓD,u ∩ ΓN,u = ∅, Γ̄D,u ∪ Γ̄N,u = ∂Ω and ΓD,v ∩ ΓN,v = ∅, Γ̄D,v ∪ Γ̄N,v = ∂Ω.
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The initial conditions are as follows:
u(x, 0) = u0 (x), p(x, 0) = p0 (x),
where u0 and p0 are given functions.
We use the backward Euler method to discretize the time derivative u̇:
u̇(tn ) ≈

u(tn ) − u(tn−1 )
,
∆t

where ∆t is the time step size. More sophisticated implicit time discretizations
result in similar linear systems. As we are focusing on the properties of the linear
systems resulting from the time discretized problem, we consider only the backward
Euler method for convenience. After the implicit time discretization, fast solvers
are needed to solve the following three-field system:


−∇ · (2µ(u) + λ(∇ · u)I) + α∇p = f,



k −1 v + ∇p = r,


α
S


∇·u+∇·v+
p = g.
∆t
∆t

(3.5)

The fluid velocity v is eliminated to obtain the following two-field system:

 −∇ · (2µ(u) + λ(∇ · u)I) + α∇p = f,


S
α
∇ · u − k∆p +
p = g.
∆t
∆t

(3.6)

In the rest of the chapter, we will use Theorem 8 and Theorem 9 to prove the
well-posedness of the different formulations of the Biot model. Then, we use the
theorems presented in Chapter 2 to propose the corresponding optimal preconditioners.

3.2

A two-field formulation

The preconditioning for the two-field system (3.6) has been studied extensively
in the literature [32, 33, 35, 34], where the Schur complement approach is usually used to develop preconditioners. However, in the present study, we propose
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preconditioners based on the well-posedness of the linear systems.
We first study the well-posedness of (3.6), beginning by changing the variable
p̃ = −αp in order to symmetrize (3.6). With an abuse of notation, we still use the
notation p for pressure after the change of variable. In order to formulate it as a
variational problem, we introduce the function space for the displacement and the
pressure. Due to the boundary conditions (3.3), we consider
1
U ⊂ HD
(Ω) := {u ∈ (H 1 (Ω))n |u = 0, on ΓD,u }

for the displacement and
Qc ⊂ HP1 (Ω) := {p ∈ H 1 (Ω)|p = 0, on ΓN,v }
for the pressure. Here, we use the subscript “c” to suggest the continuity of the
functions in Qc . We assume |ΓD,u | > 0 in the rest of this chapter so that the
elasticity operator is nonsingular on U. We also assume that |ΓN,u | > 0 such that
the divergence operator is surjective on the pressure space.
Then, we define the following bilinear forms:
for u, φ ∈ U, aI (u, φ) = (2µ(u), (φ)) + (λ∇ · u, ∇ · φ),
for u ∈ U, p ∈ Qc , bI (u, p) = (∇ · u, p),
for p, q ∈ Qc , dI (p, q) = (κ−1 ∇p, ∇q) + (ξp, q),
where κ = α2 /(∆tk) and ξ = S/α2 .
Now, we introduce the notation for the kernel spaces:
ZI = {u ∈ U|bI (u, q) = 0, ∀q ∈ Qc },

KI = {p ∈ Qc |bI (φ, p) = 0, ∀φ ∈ U}.

The variational formulation of (3.6) is as follows:
Find (u, p) ∈ U × Qc such that ∀(φ, q) ∈ U × Qc , the following equations hold

 aI (u, φ) + bI (φ, p) =(f, φ),
 bI (u, q) − dI (p, q) =(g, q).

(3.7)

The norms for these function spaces must be appropriately defined in order to
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prove the well-posedness. We define the norms as follows:
kuk2U =aI (u, u),

kqk2Qc = β −1 kqk20 + dI (q, q),

(3.8)

where β = max {µ, λ}.
This variational formulation (3.7) is proved to be well-posed with the norms
k · kU and k · kQc provided that the following inf-sup condition holds
∀p ∈ (KI )⊥ ,

sup
u∈U

b(u, p)
& kpk0 .
kuk1

(3.9)

1
(Ω), Q = L2 (Ω) and U = (H01 (Ω))n ,
It is well known that (3.9) holds for U = HD

Q = L20 (Ω) on a bounded domain Ω with Lipschitz boundary [42, 43]. Moreover,
(3.9) holds for stable Stokes FEM pairs [18].
Theorem 11. Assume that the inf-sup conditions (3.9) hold and β = max {µ, λ}.
The system (3.7) is uniformly well-posed with respect to parameters with the norms
k · kU and k · kQc defined in (3.8).
Proof. To prove the well-posedness, we just need to verify the assumptions of
Theorem 8.
As we assume that |ΓN,u | > 0, we know that KI = {0} and then (2.33) is trivial.
By definition, (2.27), (2.28), and (2.29) are straightforward to verify.
Based on (3.9), the following inf-sup condition is implied
⊥

∀p ∈ K ,

bI (u, p)
sup
& kpkQ .
u∈U kukU

(3.10)

Then (2.30) is verifed.
Therefore, the proof is finished by applying Theorem 8.

With the well-posedness of (3.7) proved, an optimal preconditioner is developed
as follows.
Matrix form of the preconditioner
We first introduce some matrix notation. Given finite element basis functions
{ui } and {pi } for U and Q, respectively, define the following stiffness matrices:
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(Au )ij := aI (ui , uj ), (Bu )ij = bI (ui , pj ), (Ap )ij = dI (pi , pj ) and (Mp )ij = (pi , pj ).
The matrix form of the system matrix and preconditioner are

S II =

Au

BuT

!
and P II =

Bu −Ap

!−1

Au
β −1 Mp + Ap

,

respectively.
Remark. In case |ΓN,u | = 0, the kernel space K contains constant functions.
We can similarly prove the well-posedness, but the norm kqkQ+ has a term kq̄kQ ,
which results in a dense matrix in the preconditioner and is impractical. In order
to avoid this term, we need an additional assumption on the parameters: βξ & 1.
∼
=

Then kqkQc

dI (q, q)1/2 . We can use dI (q, q)1/2 to find a sparse diagonal block

preconditioner for pressure. In case ξ = 0, we must exclude constant functions
from Q. Then again we have KI = {0}, and we no longer have any restriction on
parameters.
In the literature, the preconditioners for two-field formulations are mostly based
on Schur complement approaches. The exact Schur complement preconditioner of
S II , i.e.,
!

Au
T
Ap + Bu A−1
u Bu

,

T
is known to be an optimal preconditioner [2], although Bu A−1
u Bu is dense and
T
cannot be obtained. Practical approximations of Bu A−1
u Bu , such as

Bu diag(Au )−1 BuT and diag(Bu diag(Au )−1 BuT ),
have also been investigated [32, 33, 35, 34].
The two-field formulation is usually considered computationally efficient, as it
involves the fewest variables and, therefore, has smaller linear systems to solve.
However, the two-field formulation (with continuous pressure elements) exhibits
oscillations in the pressure field, and more expanded systems such as the threefield formulation, are shown to be more stable [44, 24]. Motivated by this fact, we
study a three-field formulation [24] in the rest of this chapter.
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3.3

A three-field formulation

We can write (3.5) as a symmetric problem by rescaling. Introduce
ṽ =

∆t
v,
α

p̃ = −αp.

The system can be rewritten as


−∇ · (2µ(u) + λ∇ · uI) − ∇p̃ = f,



κṽ − ∇p̃ = 0,


∆t


g.
∇ · u + ∇ · ṽ − ξ p̃ =
α

(3.11)

With an abuse of notation, we still use v to denote the scaled velocity ṽ. Then,
we introduce the spaces:
V ⊂ HD (div, Ω) := {v ∈ H(div, Ω)|v · n = 0, on ΓD,v },
W = U × V,

Q ⊂ L2 (Ω),

and bilinear forms
for (u, v), (φ, ψ) ∈ W,
for (u, v) ∈ W, p ∈ Q,

aII (u, v; φ, ψ) = aI (u, φ) + (κv, ψ),
bII (u, v; p) = bI (u, p) + (∇ · v, p),

for p, q ∈ Q, cI (p, q) = (ξp, q),

ξ > 0.

We define the corresponding kernel spaces related to bII (·; ·)
ZII = {(u, v) ∈ W|bII (u, v; q) = 0, ∀q ∈ Q},
KII = {p ∈ Q|bII (φ, ψ, p) = 0, ∀(φ, ψ) ∈ W}.
Then, the weak formulation is as follows:
Find (u, v) ∈ W and p ∈ Q such that ∀(φ, ψ) ∈ W and q ∈ Q, the following
equations hold
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 aII (u, v; φ, ψ) + bII (φ, ψ; p) =(f, φ),
 bII (u, v; q) − cI (p, q)
=(g, q).

(3.12)

The additional term cI (p, q) corresponds to different versions of the Biot models
[25].
The well-posedness of this saddle point problem can be proved with different
choices of norms for W and Q. We discuss some of these options in the following
sections.

Augmented Lagrangian preconditioners
The stability of the three-field system (3.11) is closely related to the stability of
the pair u-p and v-p. In particular, it is considered stable if u-p satisfies (3.9) and
v-p satisfies
∀p ∈ (KIv )⊥ ,

sup
v∈V

b(v, p)
& kpk0 ,
kvkH(div)

(3.13)

where Kv := {v ∈ V|(∇ · v, p) = 0, ∀p ∈ Q}. (3.13) holds for V = HD (div, Ω) and
Q = L2 (Ω) and, in discrete cases, there are many stable pairs, such as RaviartThomas elements [45].
The augmented Lagrangian (AL) method [46, 47] incorporates the constraint
into the norm. The constraint here is ∇ · (u + v) = 0. Therefore, it is natural to
consider the following norms for the AL method.
We define the norms for spaces W and Q as follows:
kvk2V =(κv, v),
k(u, v)k2W =kuk2U + kvk2V + βkPQ ∇ · (u + v)k20 ,

(3.14)

kqk2Q =β −1 kqk20 ,
where β is an undetermined parameter. In the rest of the chapter, we discuss the
different values of β and the corresponding well-posed formulations obtained.
To prove the well-posedness of (3.12), we just need to verify the assumptions
of either Theorem 8 or Theorem 9.
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Given (3.9), we have ∀q ∈ (KII )⊥ ,
sup
u,v

bII (u, v; q)
(∇ · u, q)
≥ sup
& max{µ, λ, β}−1/2 kqk0 . (3.15)
2
2 )1/2
||(u, v)||W
(||u||
+
βkP
∇
·
uk
u
Q
U

For the case in which β ≥ max{µ, λ}, the right-hand side of (3.15) is equal to
kqkQ .
Given (3.13), we can prove another inequality: ∀q ∈ (KII )⊥ ,
sup
u,v

(∇ · v, q)
bII (u, v; q)
& max{κ, β}−1/2 kqk0 .
≥ sup
2
2 )1/2
+
βkP
∇
·
vk
||(u, v)||W
(||v||
v
Q
V

(3.16)

Similarly, if we further assume that β ≥ κ, the right-hand side of (3.16) is equal
to kqkQ . Note that this approach is used in [30], where the displacement u is set
to be zero and the inf-sup condition of the v − p pair is assumed.
The boundedness of bII (·, ·) is easy to verify due to the additional term βkPQ ∇·
(u + v)k0 in the norm k · kW :
bII (u, v; q) ≤ kPQ ∇ · (u + v)k0 kqk0 ≤ k(u, v)kW kqkQ .

(3.17)

The coercivity and boundedness of aII (·, ·) is straightforward, as
∀(u, v) ∈ ZII ,

aII (u, v; u, v) ≡ k(u, v)k2W .

(3.18)

Because aII (·, ·) is uniformly coercive only on ZII , we resort to Theorem 9 to
prove the well-posedness.
Theorem 12. Assume that β = min{max{µ, λ}, κ}, ξβ is uniformly bounded,
and the inf-sup conditions (3.9) and (3.13) hold. The system (3.11) is uniformly
well-posed with respect to parameters with the norms k · kW and k · kQ defined in
(3.14).
Proof. In this case KII = {0}. Therefore, (2.33) is trivial. Consider q̄ for the
inf-sup condition of b(·, ·). Due to β = min{max{µ, λ}, κ}, the right-hand side of
(3.15) and/or (3.16) is equal to kq̄kQ . Therefore, the inf-sup condition of b(·, ·) is
proved.
In case 0 < ξ . β −1 , we can prove that cI (p, q) . kpkQ kqkQ . For q ∈ K,

42
kqk2Q = cI (q, q). Therefore, the assumptions of Theorem 9 hold. Therefore, the
proof is finished by applying Theorem 9.
It is obvious that we only need to assume either (3.9) or (3.13) to prove the
well-posedness of (3.12).
Corollary 1. Assume that β = max{µ, λ}, ξβ is uniformly bounded, and that
the inf-sup condition (3.9) holds. The system (3.11) is uniformly well-posed with
respect to parameters with the norms defined in (3.14).
Proof. The proof follows from (3.15), (3.18), (2.28), and Theorem 9.
Corollary 2. Assume that β = κ, ξβ is uniformly bounded, and the inf-sup condition (3.13) holds. The system (3.11) is uniformly well-posed with respect to
parameters with the norms defined in (3.14).
Proof. The proof follows from (3.16), (3.18), (2.28), and Theorem 9.
Remark. The assumption that both (3.9) and (3.13) hold results in a smaller
parameter β than the cases where only one of (3.9) and (3.13) holds.
Based on the well-posed formulation, we derive optimal block diagonal preconditioners.
Matrix form
We introduce some additional matrix notation. Also, we introduce the FEM basis
{vi } for V. Define the stiffness matrices (Mv )ij = (vi , vj ), (Av )ij = (κvi , vj ),
(Cp )ij = cI (pi , pj ), and (Bv )ij = (∇ · vi , pj ).
Then the system matrix of the three-field formulation is

S

III


=


Au
Av

BuT
BvT

Bu Bv −Cp



.


The block preconditioner is


P1III = 


Au + βBuT Mp−1 Bu
βBvT Mp−1 Bu

−1

βBuT Mp−1 Bv
Av + βBvT Mp−1 Bv
β −1 Mp + Cp





.
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In order to be uniformly optimal with respect to the parameters, β is chosen
as follows:
• β = max{µ, λ}, if (3.9) holds;
• β = κ, if (3.13) holds;
• β = min{max{µ, λ}, κ}, if both (3.9) and (3.13) hold.

Block diagonal preconditioners
We can develop a block diagonal preconditioner based on (3.9). Define the norm
for spaces W and Q:
k(u, v)k2W =kuk2U + kvk2V + βkPQ ∇ · vk20 ,

kqk2Q = β −1 kqk20 ,

(3.19)

where β = max {µ, λ}.
Theorem 13. Assume that the inf-sup conditions (3.9) hold, β = max {µ, λ} and
ξβ is uniformly bounded. The system (3.11) is uniformly well-posed with respect
to parameters under the norms k · kW and k · kQ defined in (3.19).
Proof. We need to verify the assumptions of Theorem 9 in order to finish the
proof. The inf-sup conditions of bII (·, ·) follow from (3.15) and the assumptions
that β = max{µ, λ} and ξβ ≤ 1. The boundedness of bII (·, ·) can be shown to be
uniform:
bII (u, v; p) ≤ (k∇ · uk + k∇ · vk)kpk0
.kukU β −1/2 kpk0 + kvkV β −1/2 kpk0 . k(u, v)kW kpkQ .
In the kernel ZII we have PQ ∇ · u = −PQ ∇ · v; therefore, the coercivity can
be shown as ∀(u, v) ∈ ZII
aII (u, v; u, v) & aII (u, v; u, v) + βk∇ · uk2
≥aII (u, v; u, v) + βkPQ ∇ · vk2 = k(u, v)k2W .
The boundedness of aII (·, ·) and the assumptions on cI (·, ·) are straightforward
to verify.
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Matrix form
The matrix form of the block diagonal preconditioner is as follows:


−1

Au


P2III = 


Av + βBvT Mp−1 Bv
β −1 Mp + Cp





,

where β = max{µ, λ}.
In the previous approach, we added β(∇·v, ∇·v) to the norm. This term causes
some difficulty for the block solvers when β is large. There are lots of studies on
this topic, and we may resort to Hiptmair-Xu preconditioners [48]. Here, we can
avoid this term by adding a Laplace-like term on the pressure diagonal block. This
is also used in the mixed formulation for Poisson equations.
We define the norm for spaces W and Q:

k(u, v)k2W = kuk2U + kvk2V ,

kqk2Q = β −1 kq̄k20 + kdiv∗V qk2V0 ,

(3.20)

where β = max{µ, λ} and div∗V : Q 7→ V0 is the adjoint operator of divV : V 7→ Q0 ;
i.e.,
hdiv∗V q, vi := hq, divV vi, ∀v ∈ V, q ∈ Q.
Theorem 14. Assume that the inf-sup conditions (3.9) and (3.13) hold and β =
max {µ, λ}. The system (3.11) is uniformly well-posed with respect to parameters
under the norms in (3.20).
Proof. As aII (·, ·) is coercive on W due to the fact that
aII (u, v; u, v) ≡ k(u, v)k2W , ∀(u, v) ∈ W,
we can use Theorem 8 to finish the proof.
First, we consider the inf-sup condition of b(·, ·).
Given that q ∈ Q, we have the following inequalities:
bII (u, v; q)
(∇ · u, q)
(∇ · u, q)
≥ sup
& sup 1/2
& β −1/2 kqk0 ,
||(u,
v)||
||u||
β
||u||
u
u
W
U
1
(u,v)
sup
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(∇ · v, q)
bII (u, v; q)
sup
≥ sup
= kdiv∗V qkV 0 .
||v||V
v
(u,v) ||(u, v)||W
Therefore, we have
bII (u, v; q)
& kqkQ .
(u,v) ||(u, v)||W
sup

The boundedness of b(·, ·) can be shown to be uniform:
bII (u, v; p) = (∇ · u, p) + (∇ · v, p)
1
≤kukU 1/2 kpk0 + kdiv∗ pkV kvkV . k(u, v)kW kpkQ .
β
The boundedness of aII (·, ·) and the assumptions on c(·, ·) are straightforward
to verify.

Matrix form
The block preconditioner is as follows:

P3III


=


−1

Au
Av
β −1 Mp + κ−1 Bv Mv−1 BvT + Cp





,

where β = max{µ, λ}.
Remark. Note that in the three-field formulation, the assumptions that |ΓD,u | = 0,
|ΓD,v | = 0, and ξ = 0 will make the analysis much more straightforward. Because
in this case we need to exclude constant functions from the pressure space. Then,
the kernel KII is trivial, and we no longer have restrictions on the parameters.
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Compare with Schur complement based preconditioners
In [25], block preconditioners are proposed for discretized Biot models of the following form:





BuT

Au



u





f



   
   
BvT 
 v  =  g ,
−C
p
h

Av
Bu Bv

(3.21)

where C is the pressure mass matrix Mp with constant coefficient. Block preconditioners for the case C = Mp are proposed:
• pressure Schur complement:

Pps

−1

Au


=


Av
−C − Bv Dv−1 BvT





,

where −C − Bv Dv−1 BvT is shown in [30] to be spectrally equivalent to the
T
−1 T
exact Schur complement −C − Bu A−1
u Bu − Bv Av Bv . This preconditioner

is also used in [36].
• displacement-velocity Schur complement:


Puvs = 


−1

Au + βBuT C −1 Bu

βBuT C −1 Bv

βBvT C −1 Bu

Av + βBvT C −1 Bv
−C





.

It is shown in [25] that exact solutions of the first 2-by-2 block of P1III , i.e.,
Au + βBuT Mp−1 Bu

βBuT Mp−1 Bv

βBvT Mp−1 Bu

Av + βBvT Mp−1 Bv

!−1
,

(3.22)

result in uniform preconditioners. However, effective iterative solvers must be used
for the inner iterations. In [25], two block preconditioners,
!−1

Au
Av

and

!−1

Au + βBuT Mp−1 Bu
Av + βBvT Mp−1 Bv

, (3.23)
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are used to precondition (3.22). The numerical tests in [25] show that the second
preconditioner in (3.23) results in a far fewer iterations for the inner iterative solvers
than the first one. However, this approach introduces an additional loop of iterative
solvers. In [44], (3.22) is directly approximated by the second preconditioner in
(3.23) and incomplete Cholesky factorization is used to further approximate the
preconditioner.
The preconditioners, P2III and P3III , that we proposed are provably optimal
and given their block diagonal form they are easy to implement. Further, P2III
and P3III have another advantage: they apply to the case where the diagonal block
matrix C = 0 (i.e., the fluid storage coefficient S is zero), even though P2III is
subject to the constraint ξ ≤ β −1 .

Values of ξβ for various poroelastic materials
Although some of the preconditioners we proposed depend on the assumption that
ξβ is uniformly bounded, ξβ is usually small in various poroelastic materials. In
Table 3.1, we calculate the corresponding values of ξβ based on the poroelastic
constants in [41].
Table 3.1. Values of ξβ for various poroelastic materials

Ruhr sandstone
Charcoal granite
Westerly granite
Ohio sandstone
Boise sandstone

3.4

ξβ
2.3836
6.7635
2.5972
3.5965
2.4860

Tennessee marble
Berea sandstone
Weber sandstone
Pecos sandstone

ξβ
12.1667
2.3192
2.9235
2.5322

Numerical tests

We test the preconditioners using the poroelastic footing experiment (2D) (see
[26]). The domain is Ω = (−4, 4) × (−4, 4). Define
Γ1 = {(x, y) ∈ ∂Ω, |x| ≤ 0.8, y = 4},

Γ2 = {(x, y) ∈ ∂Ω, |x| > 0.8, y = 4}.
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The boundary conditions are as follows:
(σs − pI)n = −104 , v · n = 0,

on Γ1 ,

(σs − pI)n = 0, p = 0,

on Γ2 ,

u = 0, v · n = 0,

on ∂Ω/(Γ1 ∪ Γ2 ).

The material parameters are as follows:
• Young’s modulus E = 3.0 × 104 N/m2 ,
• Poisson’s ratio ν = 0.2,
• permeability 1.0 × 10−7 m2 ,
• fluid viscosity 1.0 × 10−3 P a · s.
We assume that the fluid storage coefficient is S = 0.
We discretize the problem using FEniCS [49]. We show the robustness of the
proposed preconditioners with respect to problem sizes and varying parameters.
We discretize the problem on uniform triangular meshes. We use P2 × P1 (TaylorHood) for the two-field formulation and P2 × RT1 × P0 for the three-field formulation. Thus, the inf-sup conditions of b(·, ·) for both u-p and v-p are satisfied.
We present the number of iterations of preconditioned MINRES (PMINRES) with
the preconditioners we proposed in Tables 3.2-3.5. In addition, we also show the
condition numbers of the unpreconditioned and preconditioned systems matrices
on the coarsest mesh (16 × 16) in Tables 3.6 and 3.7.
For each of the preconditioners we proposed, the number of iterations does
not vary much with respect to the changing parameters and problem sizes. The
condition numbers of the preconditioned systems are almost constant and close to
1.
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Table 3.2. Number of iterations of PMINRES for the two-field preconditioner P II

ν=
16 × 16
32 × 32
64 × 64

E = 3 × 104
0.2 0.49 0.495
6
6
6
6
6
6
7
7
7

E = 3 × 105
0.2 0.49 0.495
5
5
5
5
5
5
5
5
5

E = 3 × 106
0.2 0.49 0.495
3
3
3
3
3
3
3
3
3

Table 3.3. Number of iterations of PMINRES for ν = 0.2 with three-field preconditioners

preconditioner
16 × 16
32 × 32
64 × 64

E = 3 × 104
P1III P2III P3III
7
28
32
7
28
34
7
30
36

E = 3 × 105
P1III P2III P3III
5
28
32
5
30
34
5
32
36

E = 3 × 106
P1III P2III P3III
4
31
32
5
32
34
6
35
36

Table 3.4. Number of iterations for PMINRES for ν = 0.49 with three-field preconditioners

preconditioner
16 × 16
32 × 32
64 × 64

E = 3 × 104
P1III P2III P3III
5
20
32
5
21
34
6
23
36

E = 3 × 105
P1III P2III P3III
5
21
32
5
23
34
6
23
36

E = 3 × 106
P1III P2III P3III
4
23
32
4
23
34
5
26
36

Table 3.5. Number of iterations for PMINRES for ν = 0.495 with three-field preconditioners

preconditioner
16 × 16
32 × 32
64 × 64

E = 3 × 104
P1III P2III P3III
5
18
37
5
20
37
5
21
37

E = 3 × 105
P1III P2III P3III
4
20
37
4
21
37
6
22
37

E = 3 × 106
P1III P2III P3III
4
21
37
5
24
37
5
24
37
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Table 3.6. Conditioned number of the unpreconditioned (N/A) and preconditioned
(with P II ) system matrices on coarsest mesh

ν
0.2
0.49
0.495

E = 3 × 104
N/A
P II
7
6.22 × 10 1.08
2.9 × 108 1.08
5.86 × 108 1.08

E = 3 × 105
N/A
P II
8
6.22 × 10 1.01
2.9 × 109 1.01
5.86 × 109 1.01

E = 3 × 106
N/A
P II
9
6.22 × 10
1.00
2.9 × 1010 1.00
5.86 × 1010 1.00

Table 3.7. Conditioned number of the unpreconditioned and preconditioned (with PiIII ,
i = 1, 2, 3) system matrices on coarsest mesh

ν
0.2
0.49
0.495

E = 3 × 104
N/A
P1III P2III
6
1.15 × 10
1.27 3.67
5.37 × 106 1.05 4.00
1.08 × 107 1.05 2.67

P3III
4.33
4.29
4.31

ν
0.2
0.49
0.495

E = 3 × 105
N/A
P1III P2III
7
1.15 × 10
1.03 3.68
7
5.36 × 10
1.01 4.00
8
1.08 × 10
1.01 2.67

P3III
4.30
4.30
4.30

ν
0.2
0.49
0.495

E = 3 × 106
N/A
P1III P2III
8
1.15 × 10
1.00 3.68
8
5.36 × 10
1.00 4.00
1.08 × 109 1.00 2.67

P3III
4.30
4.30
4.30

Chapter

4

Fluid-structure interaction
Fluid-structure interaction (FSI) is a much studied area in which researchers aim to
understand the interactions between some moving structure and fluid and how this
affects the interface between them. FSI has a wide range of applications including
hemodynamics [50, 51, 52, 53] and wind/hydro turbines [54, 55, 56, 57].
FSI problems are computationally challenging. The computational domain
of FSI consists of fluid and structure subdomains. The position of the interface
between the fluid domain and the structure domain is time-dependent. Therefore,
the shape of the fluid domain is an unknown, which increases the nonlinearity of
FSI problems.
Many numerical approaches have been proposed to tackle the interface problem
of FSI. However, the arbitrary Lagrangian–Eulerian (ALE) method is commonly
used. ALE adapts the fluid mesh to match the displacement of the structure on
the interface. Other approaches, such as the fictitious domain method [58, 59] and
the immersed boundary method [60, 61, 62], have inconsistent fluid and structure
meshes. These methods, therefore, need special treatment at the interface, such
as interpolation between different meshes.
There is a considerable body of research focused on using ALE formulation
to solve fluid-structure interaction problems numerically. These studies can be
roughly classified into partitioned approaches and monolithic approaches [63]. Partitioned approaches employ single-physics solvers to solve the fluid and structure
problems separately and then couple them by the interface conditions. Monolithic approaches solve the fluid and structure problems simultaneously. Depend-
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ing on whether the interface conditions are exactly enforced at every time step,
these approaches can also be classified into weakly and strongly coupled algorithms. Weakly coupled partitioned approaches are usually considered unstable
due to the added-mass effect [64], although some remedies have been proposed
[65, 66, 67, 68, 69, 70, 71].
A semi-implicit approach proposed in [72] can avoid the added-mass effect for
a wide range of applications. Other types of semi-implicit methods have also been
proposed [73, 74]. Strongly coupled approaches are preferred for their stability.
Although it is possible to achieve strong coupling via partitioned solvers (by fixedpoint iteration, for example), solvers of this nature usually introduce prohibitive
computational costs due to slow convergence [75]. In this chapter, we consider
monolithic approaches that strongly couple fluid variables with structure variables
and then address some solver issues.
Extensive research has been conducted in an effort to develop monolithic solvers
for FSI [76, 77, 78, 79]. In [80], a fully coupled solution strategy is proposed to
solve the FSI problem with large structure displacement. Nonlinearity is handled by Newton’s method and various approaches to solve the Jacobian system
are proposed. Block triangular preconditioners and pressure Schur complement
preconditioners are used for the preconditioned Krylov subspace solvers. However, in [76], it is shown that performing block preconditioning separately for fluid
and structure cannot resolve the coupling between fields and it is proposed that
structure degrees of freedoms on interface be eliminated in order to effectively
precondition degrees of freedom at the interface. In [79, 81, 82, 83], a NewtonKrylov-Schwarz method for FSI is developed. Additive Schwarz preconditioners
are used for Krylov subspace solvers, and two-level methods are also developed. In
[68, 84], ILU preconditioners and inexact block-LU preconditioners are proposed
to solve FSI problems.
In this chapter, we introduce stable discretization and robust preconditioners
for fluid-structure interaction. Most of the material in this chapter is based on
[47].
First, we reformulate semi-discretized systems of FSI as saddle point problems
with fluid velocity, pressure, and structure velocity as unknowns. The ALE mapping is decoupled from the solution of the velocity and pressure. Then, we carry
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Figure 4.1. Moving domains of FSI

out our theoretical analysis and design our solver under this framework. With
specific choices of norms, we prove that the saddle point problem is well-posed.
For the finite element discretization of FSI, we propose two approaches to prove
well-posedness. The first introduces a stabilization term to the fluid equations,
and the second adopts a norm of the velocity space that depends on the choice of
the pressure space. Both approaches lead to uniform well-posedness of the finite
element discretization of the FSI model under appropriate assumptions.
Based on the uniform well-posedness, we propose optimal preconditioners such
that the preconditioned linear systems have uniformly bounded condition numbers.
Then, we compare the proposed preconditioners with the augmented Lagrangian
preconditioners [46, 85, 86, 87]. These preconditioners are all block preconditioners
and using them in applications requires efficient sub-block solvers. To test the
preconditioners, we solve the linear systems that arises from the discretization of
the Turek and Hron benchmark problems [88]. The iteration counts of MINRES
with several preconditioners are compared. In order to efficiently solve the velocity
block, a specially designed multigrid is needed. Here, we include numerical tests
to demonstrate the performance of additive Schwarz smoothers on systems with
large (div,div) terms.

4.1

An FSI model

We consider a domain Ω ⊂ RN (N = 2, 3) with fluid occupying the upper half Ωf
and a solid occupying the lower half Ωs , as illustrated in Figure 4.1.
Let Γ := ∂Ωf ∩ ∂Ωs be the interface of the fluid domain and the solid domain.
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On the outer boundary of the solid ∂Ωs \Γ, the solid is clamped; that is, the
displacement of the solid is zero on ∂Ωs \Γ. We always assume that both ∂Ωs \Γ
and ∂Ωf \Γ have positive measures.
In addition, we assume that the interaction of the fluid and solid only occurs
at the interface and further that the interface Γ may move over time due to this
interaction. We assume that the outer boundary is fixed. We use Ωf (t) and Ωs (t)
to denote the domains at time t ∈ [0, T ]. The domains satisfy Ω̄ = Ω̄f (t) ∪ Ω̄s (t)
and Γ(t) = ∂Ωf (t) ∩ ∂Ωs (t).
We denote the reference domains by
Ω̂f = Ωf (0),

Ω̂s = Ωs (0)

and the domains at time t by
Ωf = Ωf (t),

Ωs = Ωs (t).

The motion in the fluid and structure can be characterized by a flow map
x(x̂, t); that is, the position of the particle x̂ at time t is x(x̂, t). Then, given
t > 0, x(·, t) is a diffeomorphism from Ω(0) to Ω(t).
For (x̂, t) ∈ Ω(0) × [0, T ], we introduce the following variables in Lagrangian
∂x
coordinates: the displacement û(x̂, t) = x(x̂, t)− x̂, the velocity v̂(x̂, t) =
(x̂, t),
∂t
∂x
the deformation tensor F (x̂, t) =
(x̂, t), and its determinant J(x̂, t) = det(F (x̂, t)).
∂ x̂
Using the relationship x = x(x̂, t), we also introduce the velocity in Eulerian coordinates: v(x, t) = v̂(x̂, t).
Let us now introduce a simple FSI model, which consists of incompressible
Navier-Stokes equations for the fluid (in Eulerian coordinates) and linear elasticity
equations for the structure (in Lagrangian coordinates).
For clarity, we start with the momentum equations for the fluid and the solid,
both in Eulerian coordinates:
ρf Dt vf − ∇ · σf = gf ,

in Ωf ,

ρs Dt vs − ∇ · σs = gs ,

in Ωs .

and
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Here, σf and σs are the Cauchy stress tensors for fluid and structure, respectively.
Dt vf and Dt vs are the material derivatives.
On the interface Γ = ∂Ωf ∩ ∂Ωs , the interface conditions are given in Eulerian
coordinates as
v f = vs

and σf n = σs n on Γ.

(4.1)

Note that we have neglected some effects such as surface tension in this model and,
as a result, the normal component of stress is continuous on the interface.
Although we keep the Eulerian description for the fluid model, we use the
Lagrangian description for the structure. Accordingly, we introduce the following
Sobolev spaces:
1
1
V := {(vf , v̂s ) ∈ HD
(Ωf (t)) × HD
(Ω̂s ) such that vf ◦ xs = v̂s , on Γ̂},

(4.2)

where
1
HD
(Ωf (t)) := {u ∈ (H 1 (Ωf (t)))N |u = 0, on ∂Ω ∩ ∂Ωf },
1
HD
(Ω̂s ) := {u ∈ (H 1 (Ω̂s ))N |u = 0, on ∂Ω ∩ ∂ Ω̂s },

and
Q := L2 (Ωf (t)).
V is defined for the fluid velocity in Eulerian coordinates and the structure velocity
in Lagrangian coordinates. The condition vf ◦xs = v̂s is used to enforce continuity
of velocity in (4.1). We will discuss the choice of norms for these spaces in the
next section.
In order to formulate the problem weakly, we use test functions defined on Ω,
With the test function φ ∈ H01 (Ω), we first write the weak form for the fluid and
structure, respectively:
Z

Z

Z
σf : (φ)dx −

ρf Dt vf φdx +
Ωf

Ωf

Z
σs : (φ)dx −

Ωs

gf φdx,

Γ

Z
ρs Dt vs φdx +

Ωs

σf nf · φds =

Ωf

Z

Z

Z
σs ns · φds =

Γ

gs φdx.
Ωs
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We add these two equations based on the interface conditions (4.1):
Z

Z

Z

ρf Dt vf φdx +
Ωf

Z

σf : (φ)dx +

ρs Dt vs φdx +
σs : (φ)dx
Ωs
Z
Z
=
gf φdx +
gs φdx.

Ωf

Ωs

Ωf

Ωs

By a change of coordinates x = x(x̂, t), the stress term of the structure part
can be written in Lagrangian coordinates:
Z

Z
σ̂s : ∇x̂ φ̂F

σs : (φ)dx =
Ωs

−1

ˆ =
Jdx̂

Z

(J σ̂s F −T ) : ∇x̂ φ̂dx̂,

Ω̂s

Ω̂s

where φ̂(x̂, t) = φ(x(x̂, t), t) and σ̂s (x̂, t) = σs (x(x̂, t), t). We also change the
coordinates for the inertial term and the body force term. Then, we obtain the
following weak form of FSI:
Z

Z

Z
ρ̂s ∂tt ûs φ̂+Ps : ∇φ̂dx̂ =

ρf Dt vf φ+σf : (φ)dx+
Ωf

Ω̂s

Z
gf φdx+

Ωf

J ĝs φdx̂,
Ω̂s

(4.3)
which holds for any φ ∈ V. Here, the density of the structure ρ̂s is defined as
ρ̂s (x̂, t) = J(x̂, t)ρs (x(x̂, t), t),
and Ps = J σ̂s F −T is the first Piola-Kirchhoff stress. By the conservation of mass,
ρ̂s is independent of t.
The variational formulation (4.3) holds for general fluid and structure models
described by the Cauchy stresses σf and σs , respectively. We now make some
specific choices for σf and σs .
For the fluid, we use the incompressible Newtonian model, which is given by
σf = 2µf (vf ) − pI

(4.4)

and
∇ · vf = 0.
For the structure, we use the linear elasticity model (for small deformations)
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Figure 4.2. Computational domains of FSI

in Lagrangian coordinates, which corresponds to the following approximation:
Ps ≈ P̃s := µs (ûs ) + λs ∇ · ûs I.

(4.5)

Initial and boundary conditions. We consider the Dirichlet boundary conditions
vf = vfD ,

on ∂Ωf ∩ ∂Ω,

ûs = 0,

on ∂Ωs ∩ ∂Ω,

and initial conditions
ûs (0) = us,0 ,

∂t ûs (0) = us,1 ,

vf (0) = vf,0 .

In the rest of this chapter, for the sake of brevity, we do not rewrite the initial
conditions in the weak formulations for brevity. Moreover, we assume that vfD = 0.
That is, there are only homogeneous Dirichlet boundary conditions for the fluid
problem.
Together with the continuity equation and interface condition, the weak formulation of FSI is as follows:
The weak formulation of FSI: Find vf , p, and ûs such that for any given
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t > 0, the following equations hold for any (φ, φ̂) ∈ V and q ∈ Q


(ρ̂s ∂tt ûs , φ̂)Ω̂s + (ρf Dt vf , φ)Ωf + (P̃s , ∇φ̂)Ω̂s + (σf , (φ))Ωf






= hJ ĝs , φ̂i + hgf , φi,


(∇ · vf , q)Ωf = 0,





vf ◦ xs = ∂t ûs , on Γ̂.

(4.6)

Remark. The solutions vf , p, and ûs are in some specific function spaces that require sufficient regularity in the time variable. As the regularity in the time variable
is not discussed here, we do not introduce these spaces in the weak formulation.

4.2

Finite element discretization based on the
ALE method

In this section, we consider both the time and space discretizations of Equations
(4.6) and discuss the well-posedness. We first discretize the time variable t with
the uniform time step size k:
tn = nk,

n = 0, 1, . . . .

And we use the finite difference method to discretize time derivatives. For the
space-time formulation of FSI, we refer to [89, 90] and references therein.
The function spaces usually depend on t; therefore, we use the superscript n to
indicate that the function space is at time tn . For example,
1
1
(Ωf (tn )) × HD
(Ω̂s ) such that vf ◦ xns = v̂s , on Γ̂}.
Vn := {(vf , v̂s ) ∈ HD

We use an ALE approach to discretize the spatial variable. In this approach,
the structure domain is discretized by a fixed mesh on the initial domain Ω̂s and
the fluid domain is discretized by a sequence of moving meshes on the moving
domain Ωf (t).
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Time discretization for structure
Without loss of generality, we consider the following simple finite difference schemes
for the time discretization of the structure variables:
− ûns
ûn+1
s
,
k
ûn+1 − 2ûns + ûsn−1
.
≡ s
k2

(∂t ûs )n+1 ≈(∂t,h ûs )n+1 ≡
n+1

(∂tt ûs )

n+1

≈(∂tt,h ûs )

(4.7)

Other popular time discretization schemes such as the Newmark method [91] can
also be used.
We need to find a mapping to move the fluid mesh such that it matches the
structure displacement on Γ̂ and remains non-degenerate in Ωf as time evolves.
This mapping is a diffeomorphism in the continuous case, and we use piecewise
polynomials to approximate it in the discrete case. For a triangular mesh, only
piecewise linear functions preserve the triangular shape of the elements in the mesh.
In the rest of this chapter, we assume that the mesh motion is piecewise linear.
We denote the image of Ω̂f under the piecewise linear map xh,f by Ωnf . And, Ωnf is
discretized by a moving mesh with respect to time, denoted by Th (Ωnf ). Note that
Ωnf is a polygonal domain in 2D and a polyhedral domain in 3D. Ωnf , which is a
result of numerical discretization, differs in general from the domain shape Ωf (tn )
in the analytic solution of (4.6).
We use the ALE method to determine the mesh motion. First introduced for
finite element discretizations of incompressible fluids in [92, 93], the ALE method
provides an approach to finding the fluid mesh that can fit the moving domain
Ωf (t).
There are two main ingredients in the ALE approach:
1. Defining how the grid is moving with respect to time such that it matches
the structure displacement at the fluid-structure interface.
2. Defining how the material derivatives are discretized on the moving grid.
Given the structure trajectory xns defined on Γ̂, the moving grid can be de-
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Figure 4.3. ALE mapping

scribed by a diffeomorphism An : Ω̂f 7→ Ωf that satisfies

 An (x̂) = x̂,

on ∂ Ω̂f ∩ ∂ Ω̂,

 An (x̂) = xn (x̂, t),

on Γ̂.

s

(4.8)

ALE mappings satisfying (4.8) are by no means unique. In the interior of Ω̂f ,
the ALE mapping can be “arbitrary.” One popular approach to uniquely determining A is to solve partial differential equations:
LA = 0,

in Ω̂f .

A popular choice for the operator L is the Laplacian, L = −∆.
To improve the quality of the fluid mesh, the following elasticity model is often
used [94]:
LA = −µ∆A − λ∇(∇ · A).
For more ways to formulate the ALE problem, we refer to [54, 93] and references
therein.
Discretization of the material derivative. With the ALE mapping A
introduced, the material derivatives can be written as follows:

Dt v = ∂t v + (v · ∇)v
= ∂t v + (∂t A · ∇)v + ((v − ∂t A) · ∇)v
= ∂t v(A(x̂, t), t)) + ((v − ∂t A) · ∇)v.
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Using the simple approximations
∂t v(A(x̂, tn+1 ), tn+1 ))
A
≈∂t,h
v|(A(x̂,tn+1 ),tn+1 ) :=

v(A(x̂, tn+1 ), tn+1 ) − v(A(x̂, tn ), tn )
k

and
(∂t A)(x̂, t) ≈ (∂t,h A)(x̂, t) :=

A(x̂, tn+1 ) − A(x̂, tn )
,
k

we obtain an approximation of material derivatives as follows:
A
(Dt v)n+1 ≈ (Dt,h v)n+1 := ∂t,h
v(x, tn+1 ) + ((v − ∂t,h A) · ∇)v(x, tn+1 ),

(4.9)

for x = A(x̂, tn+1 ).
With the aforementioned discretization of the material derivatives, we write
the momentum equation of Navier-Stokes equations as
A
ρf ∂t,h
vf + ρf ((vf − ∂t,h A) · ∇)vf − ∇ · σf = gf .

Once the time derivatives are discretized using (4.7) and (4.9), we obtain the
fully implicit scheme.
Fully implicit (FI) scheme: Find vfn+1 ∈ Vn+1
∈ V̂s , p ∈ Qn+1 , and
, ûn+1
s
f
An+1 ∈ H 1 (Ω̂f ) such that the following equations hold for any (φ, φ̂) ∈ Vn+1 and
q ∈ Qn+1


(ρ̂s (∂tt,h ûs )n+1 , φ̂)Ω̂s + (ρf (Dt,h vf )n+1 ,φ)Ωf + (σfn+1 , (φ))Ωf






, ∇φ̂)Ω̂s = hJ ĝs , φ̂i + hgf , φi,
+(P̃n+1
s






(∇ · vfn+1 , q)Ωf = 0,


vfn+1 ◦ xn+1
= (∂t,h ûs )n+1 , on Γ̂,
s





LAn+1 = 0,
in Ω̂f ,






An+1 (x̂) = x̂,
on ∂ Ω̂f ∩ ∂ Ω̂,




An+1 (x̂) = x̂ + ûn+1
,
on Γ̂.
s

(4.10)

The structure displacement ûn+1
serves as the boundary condition for the ALE
s
problem. Note that An+1 must be a homeomorphism. The fluid stress σfn+1 is
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is defined
defined by (4.4) in terms of vfn+1 and pn+1 . The structure stress P̃n+1
s
.
by (4.5) in terms of ûn+1
s
In the FI scheme, nonlinearity arises from the convection term and the dependence of the Navier-Stokes (NS) equations on the ALE mapping. To solve (4.10),
Newton’s method or fixed-point iteration can be used to linearize the problem.
Another frequently used linearization of the FI scheme is the following geometryconvective explicit scheme [53, 95, 96]:
1
Geometry-convective explicit (GCE) scheme: Find vfn+1 ∈ HD
(Ωf (tn )),
1
ûn+1
∈ HD
(Ω̂s ), p ∈ L2 (Ωf (tn )), and An+1 ∈ H 1 (Ω̂f ) such that the following
s

equations hold for any (φ, φ̂) ∈ Vn and q ∈ Qn

A

(ρf (∂t,h
vf )n+1 , φ)Ωf + (ρ̂s (∂tt,h ûs )n+1 , φ̂)Ω̂s + (σfn+1 , (φ))Ωf






+(P̃n+1
, ∇(φ̂))Ω̂s = hgf −((vfn − ∂t,h An+1 ) · ∇)vfn , φiΩf + hJ ĝs , φ̂iΩ̂s ,
s






(∇ · vfn+1 , q)Ωf = 0,


vfn+1 ◦ xnh = (∂t,h ûs )n+1 ,
on Γ̂,





LAn+1 = 0,
in Ω̂f ,






An+1 (x̂) = x̂,
on ∂ Ω̂f ∩ ∂ Ω̂,




An+1 (x̂) = x̂ + ûns (x̂) + kvfn ◦ xnh (x̂),
on Γ̂.
(4.11)
The boundary condition for An+1 is given by the structure displacement ûns ,
and the fluid velocity, vfn , from the previous time step. Thus, the solution of An+1
is decoupled from solving momentum and continuity equations. After An+1 is
solved, the mapping from Ω̂f to Ωf (tn ) is known and ∂t,h An+1 can be calculated.
In (4.11), the convection term is explicitly calculated using ∂t,h An+1 and vfn :
(vfn+1 − ∂t An+1 ) · ∇vfn+1 ≈ (vfn − ∂t,h An+1 ) · ∇vfn .

(4.12)

The GCE scheme in the literature has the following linearization of the convection term [53, 95, 96]:
(vfn+1 − ∂t An+1 ) · ∇vfn+1 ≈ (vfn − ∂t,h An+1 ) · ∇vfn+1 .

(4.13)

We take (4.12) instead of (4.13), as the former results in symmetric variational
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problems and facilitates our analysis. However, we also briefly discuss the unsymmetric cases due to (4.13) in the next section.
The solution of An+1 is decoupled from the momentum and continuity equations. Therefore, we do not rewrite the equations about A in the GCE scheme in
the rest of this chapter.
Change of variables for structure equations
Note that the discretized interface condition for the velocity is
vfn ◦ xns,h =

ûns − ûn−1
s
,
k

on Γ̂.

The velocities of the fluid and structure are assumed to be continuous on the
interface Γ̂. By introducing the structure velocity in the same fashion as in (4.7),
v̂sn =

ûns − ûsn−1
,
k

(4.14)

we obtain the interface condition
vfn ◦ xns = v̂sn ,

on Γ̂.

Therefore, the unknowns vf and v̂s are continuous on Γ with a change of
coordinates for vf and (vfn , v̂sn ) belongs to the space Vn . Instead of ûs , we take v̂s
as one of the unknowns, as it facilitates our theoretical analysis in the next section.
We change the variables in the GCE scheme and obtain the modified GCE scheme:
Modified GCE scheme: Find (vfn+1 , v̂sn+1 ) ∈ Vn and p ∈ Qn such that the
following equations hold for any (φ, φ̂) ∈ Vn and q ∈ Qn ,

1
1

(ρf vfn+1 , φ)Ωf + (ρ̂s v̂sn+1 , φ̂)Ω̂s +(σfn+1 , (φ))Ωf


k
k
+k(P̃s (v̂sn+1 ), ∇φ̂)Ω̂s = hg̃f , φiΩf + hg̃s , φ̂iΩ̂s ,




(∇ · vfn+1 , q)Ωf = 0,
where
g̃f = gf − ((vfn − ∂t,h An+1 ) · ∇)vfn + ρf vfn /k

(4.15)
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g̃s = J ĝs + ρ̂s v̂sn /k − P̃s (ûns ).
P̃s (v̂sn+1 ) is in terms of v̂sn+1 instead of ûn+1
; that is,
s
P̃s (v̂sn+1 ) = µs (v̂sn+1 ) + λs ∇ · v̂sn+1 I.

Space discretization
The structure domain Ω̂s is discretized by a fixed triangulation, denoted by Th (Ω̂s ).
The corresponding finite element space is defined as
1
V̂h,s = {û ∈ HD
(Ω̂s ) : û|τ ∈ Pm , ∀τ ∈ Th (Ω̂s )}.

The fluid domain Ωf moves over time due to the interaction. At time t = 0, we
have the initial triangulation Th (Ω̂f ) on Ω̂f . In this dissertation, we only consider
the case in which Th (Ω̂s ) and Th (Ω̂f ) match on the interface Γ̂.
For t > 0, the fluid domain Ωf (t) evolves due to the motion of interface. Therefore, we discuss the discrete interface motion first. The structure displacement us
provides the motion of the interface. Note that us is in some finite element space.
Therefore, the displacement of the interface Γ is piecewise polynomial. This approximation of the interface motion introduces an error, in addition to that of
approximating velocity in H 1 and pressure in L2 with piecewise polynomials. As
only the triangular elements are considered in this chapter, we use the piecewise
linear interface motion, which transforms one triangular element into another triangular element. If higher-order elements, such as P2, are used for the structure
displacement, interpolations must be performed in order to obtain P1 interface
motion. For example, the interface motion of the GCE scheme is approximated by
xn+1
(x̂) ≈ x̂ + Π1h (ûns + kvfn ◦ xnh )(x̂),
s

x̂ ∈ Γ̂.

Here, Π1h is an interpolation operator, the range of which is the space of the continuous and piecewise linear functions.
Discrete ALE problem. With the discrete boundary motion provided, we
solve a discrete version of the ALE equations. We only consider piecewise linear
ALE mappings to keep the mesh triangular. Once we obtain the discrete ALE
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mapping Ah , the fluid triangulation on the current configuration can be obtained.
Denote the set of grid points for the triangulation of Th (Ω̂f ) by
N̂h = {x̂i ; i = 1 : nh }.
Then, the set of grid points for the triangulation of Th (Ωnf ) is given by
Nhn = {xni = Ah (x̂i , tn )|i = 1 : nh , x̂i ∈ N̂h }.
Therefore, Th (Ωnf ) is obtained accordingly. The grid points move according to
Ah . Therefore, we know that no interpolation is needed to evaluate the material
derivative Dt v at the grid points.
The finite element spaces for the fluid velocity and pressure on the triangulation
Th (Ωnf ) are conforming and piecewise polynomial:
1
Vnh,f ⊂ {v ∈ HD
(Ωnf ) : v|τ ∈ Pm , ∀τ ∈ Th (Ωnf )},

and
Qnh ⊂ {q ∈ L2 (Ωnf ) : q|τ ∈ Pl , ∀τ ∈ Th (Ωnf )},
where m and l denote the maximum orders of finite elements. Here, we only assume
that the velocity and pressure finite element spaces are Stokes stable, i.e., that they
satisfy the inf-sup condition (2.30), without specifying the details of them. There
are many options of stable finite element pairs; see [18].
Global finite element space. We define the finite element approximation of
(4.2) as:
n+1
Vn+1
:= {(vf , v̂s ) : vf ∈ Vn+1
h,f , v̂s ∈ V̂h,s , vf ◦ xh,s = v̂s , on Γ̂}.
h

Note that the space is for both velocity unknowns and the test functions in the
variational problem. The assumption of matching interface makes the continuity
vf ◦ xn+1
h,s = v̂s possible. In general, when the interface mesh is not matching,
interpolation is necessary and the exact velocity continuity on the interface cannot
be guaranteed.
Modified GCE finite element scheme: Find (vfn+1 , v̂sn+1 ) ∈ Vnh and p ∈ Qnh
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such that the following equations hold for any (φ, φ̂) ∈ Vnh and q ∈ Qnh

1
1

(ρf vfn+1 , φ)Ωf + (ρ̂s v̂sn+1 , φ̂)Ω̂s +(σfn+1 , (φ))Ωf


k
k
+k(P̃s (v̂sn+1 ), ∇φ̂)Ω̂s = hg̃f , φiΩf + hg̃s , φ̂iΩ̂s ,




(∇ · vfn+1 , q)Ωf = 0.

(4.16)

We note that GCE can be used in fixed-point iterations to achieve strong coupling with the fluid mesh motion. GCE can also be used to construct semi-implicit
schemes, as it automatically couples fluid velocity and pressure with structure velocity. It is well-known that although fully implicit schemes are considered most
stable, semi-implicit schemes have much less computational cost and are stable for
a wide range of problems. We refer to [72, 73, 74] for discussions of the stability
issues associated with semi-implicit schemes.
Newton’s method can also be used to linearize the FI scheme [97], where shape
derivatives must be calculated. However, we do not consider this type of nonlinear
solvers in this chapter.
There are many different approaches to enforcing interface conditions. Many
of these use Lagrange multipliers [53, 98], which, however, introduce additional
degrees of freedom. One approach to avoiding Lagrange multipliers is to consider velocity and displacement in the entire domain [63, 88, 99]. The velocity in
the structure domain is naturally the time derivative of structure displacement,
whereas the displacement in the fluid domain is the mesh displacement [99]. In
[68, 73, 84], fluid velocity, pressure, and structure velocity are considered unknown.
In our approach, we also use this velocity-pressure formulation of FSI to facilitate
our analysis.
In the next section, we begin our theoretical analysis based on the formulation
in (4.15) and (4.16).

Reformulation as a saddle point problem
For the sake of brevity, we do not keep the superscript n and we use Vh and Qh
instead of Vnh and Qnh . In this section, we focus on the linear systems resulting
from (4.15) and formulate them as saddle point problems. For the space V, we
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assume that xs = xh,s ; that is, xs in the definition of V is assumed to be piecewise
linear on the triangulation Th (Ω̂s ). As a consequence, Vh is a subspace of V.
Similarly, Qh ⊂ Q. For v ∈ V, we use vf and v̂s to denote the fluid and structure
components, respectively. This convention applies to other functions in V, such as
u = (uf , ûs ) ∈ V and φ = (φf , φ̂s ) ∈ V. To guarantee the continuity of velocity
on the interface, we use polynomials of the same order for the fluid velocity and
structure velocity.
We introduce the following definition of the H 1 norm for v = (vf , v̂s ) ∈ V:
kvk21 = kvf k21,Ωf + kv̂s k21,Ω̂s .
And, we define the following bilinear forms for v = (vf , v̂s ) ∈ V, φ = (φf , φ̂s ) ∈ V
and p ∈ Q:
1
1
a(v, φ) = (ρf vf , φf )Ωf + (ρ̂s v̂s , φ̂s )Ω̂s + (µf (vf ), (φf ))Ωf
k
k
+ k(µs (v̂s ), (φ̂s ))Ω̂s + k(λs ∇ · v̂s , ∇ · φ̂s )Ω̂s
and
b(v, p) = (∇ · vf , p)Ωf .
In this chapter, we assume that the material parameters are constant within
the fluid domain and the structure domain.
With the bilinear forms defined, (4.15) can be reformulated as a saddle point
problem:
Find v ∈ V and p ∈ Q such that

 a(v, φ) + b(φ, p) =hg̃, φi, ∀φ ∈ V,
 b(v, q)
=0,
∀q ∈ Q,

(4.17)

where hg̃, φi = hg̃f , φf i + hg̃s , φ̂s i. This type of problems has various applications,
for example in Stokes equations and constrained optimization, and has been studied
extensively [16, 17].
In order to study the well-posedness of this problem, we need to carefully define
norms for V and Q as
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for all v ∈ V, kvk2V := a(v, v) + rk∇ · vf k20,Ωf ,
for all q ∈ Q, kqk2Q := r−1 kqk20 ,
where
r = max{µf , ρf k −1 , ρ̂s k −1 , kµs , kλs }.

(4.18)

Based on Theorem 10, (4.17) is well-posed if the following conditions can be
verified [17]:
•
a(·, ·) is coercive in Z := {v ∈ V|∇ · v = 0 in Ωf } and bounded,

(4.19)

•
b(·, ·) is bounded and satisfies the inf-sup condition
inf sup

p∈Q v∈V

b(v, p)
≥ β > 0.
kvkV kpkQ

(4.20)

In fact, (4.19) and (4.20) are stronger than the assumptions in Theorem 10.
Therefore, they are sufficient conditions for well-posedness. In the rest of this
chapter, we prove the boundedness and coercivity of a(·, ·) and the inf-sup condition
of b(·, ·) in order to show the well-posedness of the saddle point problem (4.17).
We would like to emphasize here that the parameter r in the norms is of critical
importance to our analysis as well as to the construction of robust preconditioners.
Without r, we cannot prove that the well-posedness is uniform. For example, for
the seemingly natural choice whereby r = 0 in the definition of k · kV and r = 1 in
the definition of k · kQ , the boundedness and inf-sup condition of b(·, ·) can still be
proved but will be parameter dependent and will not be uniform.
By definition, it is straightforward to prove the conditions on a(·, ·) since
a(v, v) = kvk2V ,

∀v ∈ Z.

(4.21)

The boundedness of b(·, ·) follows from definition:
b(v, q) ≤ k∇ · vk0,Ωf kqk0 ≤ r1/2 k∇ · vk0,Ωf r−1/2 kqk0 ≤ kvkV kqkQ .

(4.22)
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Now, we need to prove the inf-sup condition of b(·, ·). First, we have the
following lemma.
Lemma 2 ([42]). Let ∂ΩD ⊂ ∂Ω satisfy |∂ΩD | > 0 and |∂Ω \ ∂ΩD | > 0. Then
there exists a constant C such that
(∇ · v, q)
≥ Ckqk0,Ω ,
1 (Ω)
kvk1,Ω
v∈HD

for all q ∈ L2 (Ω),

sup

1
where HD
(Ω) = {v ∈ H 1 (Ω)|v(x) = 0,

for all x ∈ ∂ΩD }.

The following lemma is the key ingredient in proving the well-posedness of
(4.17). In this case, the fluid domain is deformed due to the motion of the structure.
In the GCE scheme, xs is treated explicitly and the inf-sup constant depends on
xs .
Lemma 3. Assume that
xs ∈ W 1,∞ (Ω̂s ) and

inf det(∇xs (x̂)) > 0.
x̂∈Ω̂s

Then the following inf-sup condition holds
inf sup

q∈Q v∈V

1
b(v, q)
& N/2+1 ,
kvk1 kqk0
d1
d0

where
(

)

d0 = max sup k∇xs (x̂)k2 , 1 ,
x̂∈Γ̂

)

d1 = max sup det(∇xs (x̂))−1 , 1 . (4.23)
(

x̂∈Γ̂

Note that N = 2, 3 is the dimension of the FSI problem, and k∇xs k2 is the
induced matrix 2-norm.
Proof. Based on Lemma 2, we know that given q ∈ Q = L2 (Ωf ), we can find
1
vf ∈ HD
(Ωf ) = {v ∈ H 1 (Ωf ) and v|∂Ωf ∩∂Ω = 0}

such that
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(∇ · vf , q)Ωf
& 1.
kvf k1,Ωf kqk0,Ωf
1
Then, we take v̂s ∈ HD
(Ω̂s ) satisfying vf ◦ xs = v̂s on Γ̂ and

Z
∇v̂s : ∇φ = 0,

for all φ ∈ (H01 (Ω̂s ))N .

(4.24)

Ω̂s

Then, we know that v := (vf , v̂s ) ∈ V and kv̂s k1,Ω̂s . kv̂s k1/2,∂ Ω̂s .
The structure flow map xs maps from Γ̂ to Γ. xs is a diffeomorphism and we
denote its inverse mapping by x̂ = x̂s (x). By Nanson’s formula [54], the following
inequality about surface elements ds and dŝ holds
dŝ(x̂s (x)) ≤ det(∇x̂s (x))k(∇x̂s (x))−1 k2 ds(x)
= det(∇xs )−1 |x̂=x̂s (x) k∇xs |x̂=x̂s (x) k2 ds(x).
Given x, y ∈ Γ, |x − y| denotes the distance between x and y on Γ. It is easy
to verify that
|xs (x̂) − xs (ŷ)| ≤ sup k∇xs (ẑ)k2 |x̂ − ŷ| ≤ d0 |x̂ − ŷ|
ẑ∈Γ

and, accordingly,
dist(xs (x̂), Γ) = inf |xs (x̂)−y| = inf |xs (x̂)−xs (ŷ)| ≤ d0 inf |x̂− ŷ| = d0 dist(x̂, Γ̂).
y∈Γ

ŷ∈Γ̂

ŷ∈Γ̂
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The integral on the interface Γ̂ can be estimated as
|vf ◦ xs |2H 1/2 (Γ̂)
00
Z Z
Z
|vf ◦ xs (x̂) − vf ◦ xs (ŷ)|2
|vf ◦ xs (x̂)|2
dŝ(x̂)
=
dŝ(x̂)dŝ(ŷ)
+
|x̂ − ŷ|N
Γ̂ Γ̂
Γ̂ dist(x̂, ∂ Γ̂)
Z Z
|vf ◦ xs (x̂) − vf ◦ xs (ŷ)|2 |xs (x̂) − xs (ŷ)|N
=
dŝ(x̂)ds(ŷ)
|xs (x̂) − xs (ŷ)|N
|x̂ − ŷ|N
Γ̂ Γ̂
Z
|vf ◦ xs (x̂)|2 dist(xs (x̂), ∂Γ)
+
dŝ(x̂)
dist(x̂, ∂ Γ̂)
Γ̂ dist(xs (x̂), ∂Γ)
Z Z
Z
|vf ◦ xs (x̂) − vf ◦ xs (ŷ)|2
|vf ◦ xs (x̂)|2
N
≤d0
dŝ(x̂)dŝ(ŷ)
+
d
dŝ(x̂)
0
|xs (x̂) − xs (ŷ)|N
Γ̂ Γ̂
Γ̂ dist(xs (x̂), ∂Γ)
Z Z
|vf (x) − vf (y)|2
N
det(∇xs )−2 k∇xs k22 ds(x)ds(y)
≤d0
N
|x
−
y|
Γ Γ
Z
|vf (x)|2
+ d0
det(∇xs )−1 k∇xs k2 ds(x)
dist(x,
∂Γ)
Γ
Z
Z Z
|vf (x) − vf (y)|2
|vf (x)|2
2
N +2 2
ds(x)ds(y)
+
d
d
ds(x)
≤d0 d1
0 1
|x − y|N
Γ dist(x, ∂Γ)
Γ Γ
and that
kvf ◦ xs k2L2 (Γ̂) ≤ d0 d1 kvf k2L2 (Γ) .
Therefore,
+2 2
kvf ◦ xs k2H 1/2 (Γ̂) ≤ dN
d1 kvf k2H 1/2 (Γ) .
0
00

00

Based on the intrinsic definition of the semi norm
Z Z
Z
|vf (x) − vf (y)|2
|vf |2
2
|vf |H 1/2 (Γ) =
ds(x)ds(y)
+
ds(x),
|x − y|N
00
Γ Γ
Γ dist(x, ∂Γ)
we know that [100]
= |v̂s |1/2,∂ Ω̂s .
|vf ◦ xs |1/2,∂ Ω̂f =
1/2
∼ |vf ◦ xs |H00
(Γ̂) ∼
Then,
+2 2
+2 2
kv̂s k21,Ω̂s . kv̂s k21/2,∂ Ω̂s . kvf ◦ xs k2H 1/2 (Γ̂) . dN
d1 kvf k21/2,∂Ωf . dN
d1 kvf k21,Ωf .
0
0
00
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Therefore, we have
+2 2
d1 kvf k21,Ωf
kvk21 . dN
0

and
(∇ · vf , q)Ωf
1
& N/2+1 .
kvk1 kqk0
d0
d1
This finishes the proof.
With the inf-sup condition of b(·, ·) proved, the well-posedness of (4.17) is
shown.
Theorem 15. Assume that at a given time step tn , there exist positive constants
C0 and C1 such that
sup k∇xs (x̂)k2 ≤ C0 ,


sup det(∇xs (x̂))−1 ≤ C1 ,

x̂∈Γ̂

x̂∈Γ̂

and the positive constants C0 and C1 are independent of material parameters and
time step sizes. Then, under the norms k · kV and k · kQ , the variational problem
(4.17) is uniformly well-posed with respect to the material parameters and time
step sizes.
Proof. We prove this theorem by verifying Brezzi’s conditions (4.19) and (4.20).
The boundedness and coercivity of a(·, ·) are shown by (4.21), and the boundedness of b(·, ·) is shown by (4.22). Therefore, we only need to prove the inf-sup
condition of b(·, ·).
Due to the choice of the parameter r, the following inequality holds:
kvkV . r1/2 kvk1,Ω ,

∀v ∈ V.

(4.25)

Based on Lemma 3, (4.25) indicates that
inf sup

q∈Q v∈V

(∇ · v, q)Ωf
1
& N/2+1 .
kvkV kqkQ
d0
d1

As d0 ≤ max{C0 , 1}, d1 ≤ max{C1 , 1}, and C0 and C1 are independent of material
parameters and time step sizes, the inf-sup constant is uniformly bounded below.
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Therefore, we have shown that (4.17) is uniformly well-posed with respect to the
material parameters ρf , ρ̂s , µf , µs and λs and time step size k.
In the next section, we consider the well-posedness of the finite element problem
(4.16).

Well-posedness of finite element discretization
As we have already assumed that Vh ⊂ V and Qh ⊂ Q, (4.16) can be formulated
as follows:
Find vh ∈ Vh and ph ∈ Qh such that the following equations hold

 a(vh , φh ) + b(φh , ph ) =hg̃, φh i, ∀φh ∈ Vh ,
 b(vh , qh )
=0,
∀qh ∈ Qh .

(4.26)

The well-posedness of this finite element problem can be proved with some
additional assumptions.
The discrete kernel space is
Zh := {vh = (vh,f , v̂h,s ) ∈ Vh |(∇ · vh,f , qh )Ωf = 0, for all qh ∈ Qh }.
As pointed out in [101], for finite element spaces that do not satisfy Zh ⊂ Z,
the uniform coercivity of a(·, ·) in Zh cannot be guaranteed. In fact, if
r(∇ · vf , ∇ · vf )Ωf ≤ a(v, v),

for all v ∈ Zh

holds uniformly with respect to r, then this implies that ∇ · vf = 0 in Ωf ; i.e.,
v ∈ Z. However, most commonly used finite element pairs do not satisfy Zh ⊂ Z.
Although there are exceptions such as P4-P3 in 2D, the choice is very restricted.
We propose two remedies for this issue: the first is to add a stabilization term to
a(u, v), and the second is to introduce a new norm for V.
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Remedy 1: Stabilized formulation for finite elements
The first remedy we propose is to add the stabilization term proposed in [101]:
ã(u, v) = a(u, v) + r(∇ · uf , ∇ · vf )Ωf .
Then, ã(u, v) is uniformly coercive in Vh , as
ã(u, u) ≡ kuk2V ,

∀u ∈ Vh .

(4.27)

The stabilization term r(∇ · uf , ∇ · vf )Ωf is one of the key ingredients in our
formulation. This term is used in [102] to stabilize Stokes equations, and the effects
of this term on the discretization error and preconditioning of the linear system are
discussed. Another type of stabilization technique, the orthogonal subgrid scales
technique, is applied to FSI in [68, 84] to stabilize the Navier-Stokes equations with
equal-order velocity-pressure pairs, such as P1-P1. The stabilization parameters
of this technique are determined by Fourier analysis in [103].
The new FEM problem is as follows:
Find vh ∈ Vh and ph ∈ Qh such that the following equations hold

 ã(vh , φh ) + b(φh , ph ) =hg̃, φh i, ∀φh ∈ Vh ,
 b(vh , qh )
=0,
∀qh ∈ Qh .

(4.28)

For this new formulation, we just need to prove the inf-sup conditions of b(·, ·) in
order to show that it is well-posed. Similar to Theorem 15, the inf-sup conditions
of b(·, ·) also depend on xs . Note that xs is the solid trajectory and that it is
calculated based on the solid velocity calculated at previous time steps. Moreover,
xs corresponds to the mesh motion; therefore, we assume that xs is piecewise linear
on the triangulation.
Corollary 3. Assume that xs is continuous and satisfies
xs |τ ∈ P1 , ∀τ ∈ Th (Ω̂s )

and inf det(∇xs ) > 0,
x̂∈Ω̂s
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and that the finite element pair (Vh,f , Qh ) for the fluid variables satisfies that
inf

sup

q∈Qh vf ∈Vh,f

(∇ · vf , q)Ωf
& 1.
kvf k1 kqk0

(4.29)

Then, the following inf-sup condition holds
inf sup

q∈Qh v∈Vh

b(v, q)
1
& N/2+1 .
kvk1 kqk0
d0
d1

(4.30)

Note that d0 and d1 are defined in (4.23).
Proof. Based on (4.29), we know that given any q h ∈ Qh , we can find vfh ∈ Vh,f
such that

(∇ · vfh , q h )Ωf
& kq h k0 .
kvfh k1

We take v̂sh such that v̂sh = vfh ◦ xhs on Γ̂ and
Z

∇v̂sh : ∇φh = 0,

∀φh ∈ V0h,s ,

Ω̂s

where V0h,s := {v ∈ Vh,s |v = 0, on ∂ Ω̂}. This discrete harmonic extension v̂sh still
satisfies
kv̂sh k1,Ω̂s . kv̂sh k1/2,∂ Ω̂s ,
as v̂sh is the projection of the continuous harmonic extension (see (4.24)) under the
inner product (∇u, ∇v).
Then, take vh = (vfh , v̂sh ) ∈ Vh . We know that
+2 2
kvh k21 . dN
d1 kvfh k21
0

and, therefore, the following inequality holds
(∇ · vh , q h )Ωf
kq h k0
&
.
N/2+1
kvh k1
d0
d1
This finishes the proof.
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With the inf-sup condition of b(·, ·) proved, the well-posedness of (4.26) follows.
Theorem 16. Assume that the assumptions in Corollary 3 hold and that at a
given time step tn , there exist constants C0 and C1 such that
sup k∇xs (x̂)k2 ≤ C0 ,


sup det(∇xs (x̂))−1 ≤ C1 .

x̂∈Γ̂

x̂∈Γ̂

Moreover, assume that C0 and C1 are independent of material and discretization
parameters. Then, under the norms k · kV and k · kQ , the stabilized variational
problem (4.28) is uniformly well-posed with respect to material and discretization
parameters.
Proof. To prove this theorem, we also verify Brezzi’s conditions.
The boundedness and coercivity of ã(·, ·) is obvious due to (4.27). The boundedness of b(·, ·) can be similarly proved by (4.22). Corollary 3 proves
inf sup

q∈Qh v∈Vh

b(v, q)
1
& N/2+1 .
kvk1 kqk0
d1
d0

As (4.25) still holds for v ∈ Vh , the following inf-sup condition is proved:
inf sup

q∈Qh v∈Vh

b(v, q)
1
& N/2+1 .
kvkV kqkQ
d1
d0
−N/2−1 −1
d1

Moreover, the inf-sup constant d0

is uniformly bounded below due to

d0 ≤ max{C0 , 1} and d1 ≤ max{C1 , 1} . We have, therefore, verified all of Brezzi’s
conditions and all of the inequalities hold uniformly with respect to material parameters ρf , ρ̂s , µf , µs , and λs , time step size k, and mesh size. Therefore, (4.26) is
uniformly well-posed with respect to material and discretization parameters.
Remedy 2: A new norm for V
We can also define the norm of V as follows:
for all u ∈ V, kuk2VQ := a(u, u) + rkPQ ∇ · uf k20,Ωf ,
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where PQ is the L2 projection from L2 (Ωf ) to Q. This norm is used in [86] to
study the well-posedness of linearized Navier-Stokes equations.
Note that this norm depends on the choice of space Q, and we use the subscript
VQ to emphasize this fact. For Q = L2 (Ωf ), we have kukV = kukVQ , ∀u ∈ V.
With this new norm, we prove the well-posedness of the original finite element
discretization (4.26) without adding the stabilization term r(∇ · uf , ∇ · vf )Ωf .
Theorem 17. Assume that the assumptions in Theorem 16 hold. Then, under
the norms k · kVQ and k · kQ , the original variational problem (4.26) is uniformly
well-posed with respect to material and discretization parameters.
Proof. Note that under the new norm k · kVQ , a(·, ·) is uniformly coercive in Zh .
In fact,
for all u ∈ Zh , a(u, u) = kuk2VQ .
The boundedness of a(·, ·) is obvious. The boundedness of b(·, ·) is also easy to
show:
b(vf , p) = (∇ · vf , p)Ωf ≤ kpk0,Ωf sup

q∈Qh

(∇ · vf , q)Ωf
≤ kpkQ kvkVQ .
kqk0,Ωf

As
kvkVQ . r1/2 kvk1,Ω
is still valid, the inf-sup conditions of b(·, ·) can be proved using Corollary 3. This
finishes the proof.
We have provided two remedies in order to obtain uniformly well-posed finite
element discretizations. In the next section, we show how these stable formulations
can help us find optimal preconditioners.

An alternative formulation
The alternative formulation presented in this section is often used in the FSI literature. This approach can use fluid solvers and structure solvers in a modular
fashion.
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Introduce the Lagrange multiplier on the interface Γ̂: λ̂, ξˆ ∈ H −1/2 (Γ̂). We use
this Lagrange multiplier to enforce velocity continuity on interface Γ. We denote
by λ the Lagrange multiplier in the current configuration; i.e., λ ◦ xs = λ̂, on Γ̂.
An alternative formulation of FSI: Find vf , p and ûs such that for any
given t > 0, the following equations hold for any (φ, φ̂) ∈ Vf × V̂s and q ∈ Q


(ρf Dt vf , φf )Ωf + (σf , (φf ))Ωf + hλ, φf i = hgf , φf i,






(∇ · vf , q)Ωf = 0,


(ρ̂s ∂tt ûs , φ̂s )Ω̂s + (P̃s , ∇φ̂s )Ω̂s − hλ, φs i = hJ ĝs , φ̂s i,





hvf − ∂t ûs ◦ x−1
on Γ̂.
s , ξi = 0,

(4.31)

Note that for this formulation, we do not require the velocity continuity on
the interface in the velocity function space. Instead, the continuity is enforced by
Lagrange multipliers. For the sake of brevity, we do not present the discretization
of this formulation as it is very similar to the previous formulation we introduced.
However, we discuss preconditioning this alternative formulation in the next section.

4.3

Preconditioning the linear systems

Two optimal preconditioners for FSI
In the previous section, we introduced two stable finite element formulations, each
of which provides an optimal preconditioner. To facilitate our discussion, we first
introduce the block matrices Ah , Dh , Bh , defined by
(Ah ūh , v̄h ) = a(uh , vh ),
(Bh ūh , p̄h ) = b(uh , qh ),
(Dh ūh , v̄h ) = (∇ · uh,f , ∇ · vh,f )Ωf ,
for any uh , vh ∈ Vh , and ph ∈ Qh . ūh , v̄h , and p̄h are the corresponding vector
representations with given bases for Vh and Qh . We also introduce the pressure
mass matrix Mp .
Now, we introduce two optimal preconditioning strategies (M1) and (M2)
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based on the uniformly well-posed formulations introduced in the previous section.
Note that these two preconditioners are applied to (4.28) and (4.26), respectively.
• Formulation 1 (M1): With the stabilization term added, (4.28) is uniformly
well-posed under the norms k · kV and k · kQ . In this case, we first define
K 1 (x, y) = ã(v, φ) + b(φ, p) + b(v, q),
where x = (v, p) and y = (φ, q). The FSI problem has the variational form
K 1 (x, y) = hg̃, yi,

∀y ∈ Xh ,

and the operator form
Kh1 x = g̃.
The optimal preconditioner Bh1 in this case has the following matrix form:
!−1

Ah + rDh

0

0

1
Mp
r

.

(4.32)

Corollary 4. Assume that the assumptions in Theorem 16 hold. Then, κ(Bh1 Kh1 )
is uniformly bounded with respect to material and discretization parameters.
Proof. The proof follows from Theorem 16 and the standard argument in [14].
• Formulation 2 (M2): With the new norm k · kVQ introduced, (4.26) is uniformly well-posed under the norms k · kVQ and k · kQ . We first define
K 2 (x, y) = a(v, φ) + b(φ, p) + b(v, q),
where x = (v, p) and y = (φ, q). The FSI problem in this case has the
variational form
K 2 (x, y) = hg̃, yi,
and the operator form
Kh2 x = g̃.

∀y ∈ Xh ,
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With the given basis of Vh and Qh , denote by v̄h and p̄h the vector representation of vh and ph , respectively. Given that ph ∈ Qh and vh ∈ Vh satisfy
ph = PQh (∇ · vh ), we know that
Mp p̄h = Bh v̄h .
Therefore,
kph k20,Ωf = p̄Th Mp p̄h = v̄hT BhT Mp−1 Bh v̄h .
Then, we know that the corresponding optimal preconditioner Bh2 in this case
has the following block form:
Ah + rDhQ

0

0

1
Mp
r

!−1
,

(4.33)

where DhQ := BhT Mp−1 Bh .
Corollary 5. Assume that the assumptions in Theorem 17 hold. Then, κ(Bh2 Kh2 )
is uniformly bounded with respect to the material and discretization parameters.
Proof. The proof follows from Theorem 17 and the standard argument in [14].

Comparing Bh1 , Bh2 , and the augmented Lagrangian (AL) preconditioner
The AL preconditioner is proposed for Oseen problems in [46] and extended to the
Navier-Stokes equations in [85, 86]. The AL preconditioner is designed for saddle
point problems of the following form:
A BT
B

!

u

0

!

f

=

p

!
.

0

(4.34)

The AL preconditioner is applied to the modified saddle point problem
A + γB T W −1 B B T
B

0

!

u
p

!
=

f
0

!
,

(4.35)
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and the ideal form of the AL preconditioner is

Pγ =

Aγ

BT

0

1
W
ν+γ

!−1
,

(4.36)

where Aγ = A + γB T W −1 B, ν is the kinematic viscosity, and the ideal choice of
W is the pressure mass matrix Mp . Note that (4.34) and (4.35) have the same
solution.
Practical choices for the preconditioner Pγ are discussed extensively in the
literature; therefore, we do not discuss this issue here. For the application to
the Oseen problem [46], eigenvalue analysis shows that all the eigenvalues of the
preconditioned matrix approach 1 as γ approaches ∞. In the application to the
linearized Navier-Stokes problem [86], it is shown that for certain choices of the
parameter γ, the convergence rate of AL-preconditioned GMRES is independent of
discretization and material parameters. Note that in these applications, convection
terms are considered and, therefore, the linear systems are not symmetric.
The AL preconditioning technique can also be applied to our FSI problem. By
simply adding the term r(PQh ∇ · uf , ∇ · vf )Ωf to the first equation of (4.26), we
obtain the following variational problem:
Find vh ∈ Vh and ph ∈ Qh such that the following equations hold

 a(vh , φh ) + r(PQ ∇ · uf , ∇ · vf )Ω + b(φh , ph ) =hg̃, φh i, ∀φh ∈ Vh ,
h
f
(4.37)
 b(vh , qh )
=0,
∀qh ∈ Qh .
Based on this variational problem, we propose a third optimal preconditioning
strategy (M3), which is very similar to the AL preconditioner.
• Formulation 3 (M3): We define the following bilinear form for the saddle
point problem (4.37)
K 3 (x, y) = a(v, φ) + r(PQh ∇ · vf , ∇ · φf )Ωf + b(φ, p) + b(v, q),
where x = (v, p) and y = (φ, q). The FSI problem for M3 has the variational
form
K 3 (x, y) = hg̃, yi,

∀y ∈ Xh ,
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and the operator form
Kh3 x = g̃.
The optimal preconditioner in this case is also Bh2 .
Corollary 6. Assume that the assumptions in Theorem 17 hold. Then κ(Bh2 Kh3 )
is uniformly bounded with respect to material and discretization parameters.
Proof. We only need to prove that (4.37) is uniformly well-posed. The rest of the
proof follows from the standard argument in [14].
As
a(u, u) + r(PQh ∇ · uf , ∇ · uf )Ωf = kuk2VQ , ∀u ∈ Vh ,
we know that a(u, u) + r(PQh ∇ · uf , ∇ · uf )Ωf is uniformly bounded and coercive.
The boundedness and the inf-sup condition of b(·, ·) still hold according to Theorem
17. Therefore, the uniform well-posedness of (4.37) is proved.

By using Bh2 in an upper triangular fashion, the corresponding preconditoner
becomes quite similar to the AL preconditioner. Therefore, our analysis also provides justification for the AL-type preconditioner for FSI in the absence of the
convection term. Note that the parameters (in terms of r) in (4.33) differ from
those used in AL precondtioners in the literature.
We compare the preconditioning techniques (M1), (M2), and (M3) in Table
4.1. All three preconditioners are similar to the velocity Schur complement preconditioners. For comparison, we also include a pressure Schur complement (SC)
preconditioner in Table 4.1.
Note that in the pressure Schur complement preconditioner (SC), we use the
inverse of the diagonal part of Ah to approximate A−1
h .
We would like to make the following clarifications in regard to these preconditioning techniques:
1. Adding the term r(∇·uf , ∇·vf )Ωf to the continuous problem (4.17) does not
change the solution. But adding it may change the solution of finite element
discretized problems. Thus, (4.26) and (4.28) may have different solutions,
especially when r is large. In comparison, M2 and M3 do not change the
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Table 4.1. Compare M1, M2, M3 and SC

preconditioner
−1
Ah + rDh
0
1
Mp
0
r

−1
Q
Ah + rDh
0
1
0
Mp
r

−1
Q
0
Ah + rDh
1
0
Mp
r
−1

Ah
0
T
0 −Bh A−1
h Bh


M1
M2
M3
SC

stiffness matrix

Ah + rDh BhT
Bh
0


T
Ah Bh
Bh 0


Ah + rDhQ BhT
B
0

 h
T
Ah Bh
Bh 0


Figure 4.4. FSI benchmark problem

solutions of finite element problems. In particular, M2 solves exactly the
original linear systems without any stabilization.
2. For M2 and M3, the preconditioners are the same but the discretization
schemes are different.
3. M1, M2, and M3 are all proven to be optimal for FSI based on our analysis.

Numerical Examples
In this section, we present some numerical experiments in order to verify our
analysis. Preconditioning techniques M1, M2, M3, and the SC preconditioner
are tested.
We use the data from the FSI benchmark problem in [88]. Note that this is
a 2D problem. The FSI code is implemented in the framework of FEniCS [49].
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The computational domain is shown in Figure 4.4. We have an elastic beam in
a channel where the inflow comes from the left end of the domain. We prescribe
zero Dirichlet boundary conditions on the top and bottom of the channel. On the
right end, we use the stress-free boundary condition. We use P2-P0 as the finite
element spaces in our numerical experiments, but we expect other stable elements
to lead to similar numerical performance.
We use three meshes of different sizes. The number of degrees of freedom for
each of these meshes is shown in Table 4.2.
Table 4.2. DoFs of the meshes

DoF

mesh 1
14,698

mesh 2
39,836

mesh 3
158,488

The values of the parameter r in M1, M2, and M3 are the same and are
calculated by (4.18). Preconditioned MINRES is used to solve the linear systems.
M1, M2, and M3 are all block diagonal preconditioners. Each of the diagonal
blocks is solved exactly. The iteration of MINRES stops when the relative residual
has a magnitude of less than 10−8 .
In Table 4.3, we test the preconditioners for different meshes and time step
sizes. In Table 4.4, we show the test results for different meshes and density ratios.
Table 4.3.
Number of iterations for preconditioned MINRES for different time step sizes
preconditioner
mesh 1
mesh 2
mesh 3

M1
9
9
9

k = 0.01
M2 M3
6
11
6
11
6
11

SC
37
59
132

M1
9
9
8

k = 0.001
M2 M3
6
11
7
11
7
11

SC
25
28
48

M1
8
7
9

k = 0.0001
M2 M3
7
11
7
11
5
12

SC
23
23
29

From the data, we see that the convergence of preconditioned MINRES for M1,
M2, and M3 is almost uniform and quite robust for different mesh sizes, time step
sizes, and density ratios. The case with SC shows dependence on mesh size — a
dependence that becomes more significant when the time step size k grows.
For practical implementation, the performance of these preconditioners also
depends on the efficiency with which the diagonal blocks, such as Ah + rDh and
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Table 4.4. Number of iterations for preconditioned MINRES for varying density ratios

preconditioner
mesh 1
mesh 2
mesh 3

M1
15
14
13

ρ̂s = ρf
M2 M3
8
15
8
15
8
15

SC
43
68
132

M1
9
9
9

ρ̂s = 10ρf
M2 M3
6
11
6
11
6
11

SC
37
59
132

M1
7
7
8

ρ̂s = 100ρf
M2 M3
5
9
6
9
6
9

SC
35
58
117

Mp , are inverted. The mass matrix Mp is easy to invert by iterative methods. The
velocity block Ah is symmetric positive definite for the FSI problem, and the Krylov
subspace method preconditioned by multigrid is usually one of the most efficient
solvers. There are, however, still some difficulties that need special consideration.
The first issue is the discontinuity in the coefficients. The different scales of
the fluid and structure problems result in large jumps in coefficients. For example,
the material parameters µs and µf can differ greatly in magnitude. This leads to
the following general jump-coefficient problem:
Find u ∈ H01 (Ω) such that a(u, v) = hf, vi for all v ∈ H01 (Ω),
where a(u, v) = (α(x)(u), (v)) + (β(x)∇ · u, ∇ · v) + (γ(x)u, v). The domain
Ω̄ = Ω̄1 ∪ Ω̄2 is illustrated in Figure 4.5.

Ω2

Ω1

Figure 4.5. Domain for the jump-coefficient problem

The coefficients α(x), β(x), and γ(x) are piecewise positive constants on Ωi
(i = 1, 2). The question is how to design solvers that are robust with respect to
the jumps of α(x), β(x) and γ(x). There is a large body of research on solving
jump-coefficient problems. We refer to [104, 105] and the references therein for
related discussions. In particular, in a recent study [105], second-order linear
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reaction-diffusion equations with piecewise-constant coefficients are considered.
In the next section, we emphasize the other major difficulty, i.e. the large
(div,div) term.

Additive Schwarz smoothers for systems with large (div,div)
terms
The stabilization term r(∇ · u, ∇ · v)Ωf contributes to the block Ah + rDh . The
singular term rDh becomes dominant if k is small. For Ah + rDhQ , the situation
is similar. Special techniques must be used to deal with this type of problem. We
refer to [46, 106, 107, 108] for related discussions. In particular, nearly singular
problems of the following form are studied in [108]:
Find u, s.t.

Au = (A0 + A1 )u = b.

Here, A0 is a positive semi-definite matrix and A1 is a positive definite matrix.
As  → 0, the problem becomes nearly singular. The subspace correction method
P
proposed in [108] suggests that if the space decomposition V = Jj=1 Vj satisfies
J
X
N (A0 ) =
[Vj ∩ N (A0 )],
j=1

then the subspace correction method converges uniformly with respect to . This
observation provides the motivation to find solver-friendly discretization for which
the near-null space can be easily identified and locally resolved.

Figure 4.6. Locally supported basis of weakly div-free P2-P0 functions in 2D
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Figure 4.7. Locally supported basis of weakly div-free P2-P1 functions in 2D

It is well-known that the discrete kernels of the divergence operator associated
with stable Stokes elements usually have a locally supported basis [16, 109, 107,
110, 46]. For example, in 2D, P2-P0 (Figure 4.6) and P2-P1 (Figure 4.7) have this
property. As a result, robust preconditioners based on appropriate overlapping
Schwarz methods can be developed (see [107]).
In this section, we show some numerical tests for linear systems with large
(div,div) terms. We consider two types of equations: the first one is linear elasticity
equations with large λ; the other one is times-discretized FSI equations with large
(div,div) stabilization terms.

Linear elasticity with large (div,div) terms
We consider the linear elasticity equation
−∇ · (µ(u) + λ∇ · uI) = f.
As µ → 0, the (div, div) term dominates. We compare the number of CG iterations
when no preconditioner is used and when an additive Schwarz preconditioner with
different overlapping sizes is used. The stopping criterion is relative residual in l2
norm less than 10−8 .
P2 FEM is used to discretize the elasticity equation in 2D and 3D with a
reduced integration. The results are compared with those when unpreconditioned
CG is used. Sixteen subdomains are used with an overlapping size of 1, 2, and 3.
On each subdomain, the equation is solved by direct methods. The results for the
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2D and 3D cases are shown in Table 4.5 and Table 4.6, respectively.
Table 4.5. 2D: P2 FEM, 32 × 32 uniform triangulation, 16 subdomains

λ
CG
overlap = 1
overlap = 2
overlap = 3

1
309
57
43
33

10
473
75
54
41

102
103 +
130
79
56

103
103 +
235
91
58

104
103 +
214
84
60

105
103 +
225
86
58

106
103 +
212
87
60

107
103 +
225
91
56

Table 4.6. 3D: P2 FEM, 8 × 8 × 8 uniform triangulation, 16 subdomains

λ
CG
overlap = 1
overlap = 2
overlap = 3

1
92
33
27
19

10
163
38
28
21

102
424
55
30
23

103
103 +
70
31
22

104
103 +
68
31
23

105
103 +
71
31
22

106
103 +
63
29
21

107
103 +
69
31
22

FSI with large (div,div) terms
For the FSI problem, P2-P0 discretization is used and the problem is divided
into 16 subdomains. As the additive Schwarz preconditioner only speeds up the
iterative method significantly during the first few iterations, the stopping criterion
is set as 10−6 . Table 4.7 shows the results for the symmetric FSI problem, and
Table 4.8 shows the results for unsymmetric problems (due to convection). In
both tables, the number of CG iterations stops growing after λ reaches a certain
magnitude.
Table 4.7. 2D: P2-P0 FEM, Turek Benchmark problem with no convection terms; using
CG as the iterative solver (tol = 10−6 )

λ
overlap = 1
overlap = 2

105
111
82

106 107 108 109 1010
159 196 186 173 175
113 113 116 106 119
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Table 4.8. 2D: P2-P0 FEM, Turek Benchmark problem with convection terms; using
GMRES as the iterative solver

λ
restart= 100,
restart= 200,
restart= 100,
restart= 200,

overlap= 1
overlap= 1
overlap= 2
overlap= 2

105
98
98
79
79

106
197
138
137
108

107
279
154
127
109

108
201
141
124
103

109 1010
199 214
135 149
128 187
103 106

In both tables, the number of CG iterations stops growing after λ reaches a certain magnitude. These numerical tests show that the additive Schwarz smoothers
are robust with respect to large (div,div) terms and, therefore, can be used to
improve the robustness of multigrid preconditioners.

Further development for unsymmetric systems
In the GCE scheme that we are considering, convection terms are treated explicitly using (4.12). A more stable discretization is to linearize convection terms by
Newton’s method. This adds unsymmetric terms to the variational problem
Z

Z

ρf (uf · ∇)z · vf ,

ρf (w · ∇)uf · vf +

c(u, v) =

Ωf

Ωf

where w and z are functions obtained from previous iteration steps.
With the new term c(v, φ) added, the following variational problem is also
well-posed under certain assumptions.
Find v ∈ V and p ∈ Q such that

 a(v, φ) + c(v, φ) + b(φ, p) =hf˜, φi, ∀φ ∈ V,
 b(v, q)
=0,
∀q ∈ Q.

(4.38)

The well-posedness of (4.38) requires the boundedness and coercivity of a(u, v)+
c(u, v).
First, we have


Z
ρf (w · ∇)uf · vf ≤ C
Ωf

kρf
µf

1/2
kwk∞ kukV kvkV
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and

Z
ρf (uf · ∇)z · vf ≤ kk∇zk∞ kukV kvkV .
Ωf

Then,


c(u, v) ≤ C (kρf /µf )1/2 kwk∞ + kk∇zk∞ kukV kvkV .

(4.39)

Assume k is small enough such that
C (kρf /µf )1/2 kwk∞ + kk∇zk∞ ≤ c0 < 1,
where 0 < c0 < 1 is a constant.
Then, we have the boundedness and coercivity of a(u, v) + c(u, v):
a(u, u) + c(u, u) ≥(1 − c0 )kuk2V ,

∀u ∈ Z,

a(u, v) + c(u, v) ≤(1 + c0 )kukV kvkV ,

(4.40)

∀u, v ∈ V.

Neither the boundedness nor the inf-sup condition of b(·, ·) are affected by c(·, ·).
Therefore, the well-posedness of the variational problem (4.38) follows based on
standard arguments. (See Corollary 4.1 in [17].) However, we do not provide the
details here for the sake of brevity.
We can also employ the well-developed preconditioners for unsymmetric fluid
problems and apply them to FSI.

4.4

Preconditioning other formulations of FSI

For the alternative formulation (4.31), we have the following block form


Fii

FiΓ





 FΓi FΓΓ

I






Sii SiΓ




S
S
−I
Γi
ΓΓ


I
−I

vi





 

vΓ 
 
 
vi  = 
 

vΓ 
 
λ

gf i




gf Γ 


gsi  ,

gsΓ 

0

(4.41)

For this formulation, we can use the well-developed fluid solvers and structure
solvers, which means that we can avoid implementing an FSI solver from scratch.
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For details, we refer to the literature for related discussion [53].
It is also possible to avoid the solving Lagrange multiplier part by some algebraic manipulation [65, 68]:


Fii

FiΓ


 FΓi FΓΓ SΓi SΓΓ


Sii SiΓ

I
−I



vi





gf i


 
  vΓ   gf Γ

 
 v  =  g
  i   si
vΓ
gsΓ




.



(4.42)

Notice that if we further eliminate the redundant velocity degrees of freedoms
on the interface, we can recover the monolithic formulation that we introduced
previously:


Fii

FiΓ


 FΓi FΓΓ + SΓΓ SΓi

SiΓ
Sii



vf i





gf i




 

  v Γ  =  gΓ  .

 

gsi
vsi

(4.43)

By using the formulations introduced above, it is possible to use existing preconditioners for fluid and structure to precondition the coupled systems.

Three-field formulation of FSI
The preconditioning strategy considered in this chapter so far is for the coupled
fluid and structure equations. We have mentioned that the mesh motion is not
included in the linear systems to be preconditioned. In fact, the three-field formulation, where fluid, structure, and mesh motion are all included, has been extensively
studied in the literature [97, 76, 53].
Here we briefly introduce this formulation. We introduce the mesh displacement
d in the coupled system. In (4.44), the block G is the discretization of the ellliptic
equation that d satisfies. DΓ , Ci , and CΓ are coupling blocks. DΓ is due to
the fact that the mesh motion on the fluid-structure interface matches structure
displacement. The blocks Ci and CΓ depends on the linearization. For example, by
using exact Jacobian, Ci and CΓ are the Fréchet derivatives of the fluid equation
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with respect to mesh motion [97].


Fii

FiΓ

Ci



vf i



 FΓi FΓΓ + SΓΓ SΓi CΓ   vΓ



 v
S
S
iΓ
ii

  si
DΓ
G
d





gf i

 
  gΓ
=
  g
  si
gd




.



(4.44)

Most of the block preconditioners proposed in the literature for (4.44) are block
Gauss-Seidel preconditioners [76, 53]. We will explore this topic in future work.

Chapter

5

Modeling of FSI with rotating
elastic structures
Researchers have conducted various studies on certain types of FSI problems such
as fluid-rigid body interaction problems [111, 112, 113, 114, 115], fluid with nonrotational structure [116, 117, 118, 119, 120, 47], FSI with stationary fluid domain
[121, 122, 123, 124]). However, there is a dearth of practical models on FSI problems with a rotational and deformable structure. Further, we continue to lack
corresponding mathematical models. However, developing models for large-scale
advanced FSI simulation with rotational structures is critical and can be used to
greatly benefit and guide the development and prediction of hydro turbines (Figures 5.1 and 5.2), the design of the engine, and the evaluation and prediction of
the artificial heart pump (Figure 5.3). Therefore, we have developed an efficient
mathematical model and discretization to handle the fluid-structure interaction
with a rotational structure motion.
The difficulties associated with simulating FSI stem from the fact that FSI relies on the coupling of two distinct descriptions: the Lagrangian description for the
solid and the Eulerian description for the fluid. The arbitrary Lagrangian Eulerian
(ALE) methods [116, 92, 125, 126, 127] cope with this difficulty by adapting the
fluid mesh along the deformations of the solid medium through the interface motion. The ALE methods automatically satisfy the interfacial kinematic condition,
as they allow for accurate accounting of the continuity of stresses and velocities at
the interface. This is important because it is at the interface that the body-fitted
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Figure 5.1. Schematic diagram of a hydro-plant.

Figure 5.2. Realistic 3D turbine

Figure 5.3. Artificial heart pump

conforming mesh is used, and the surface mesh is accommodated so that it can
be shared between the fluid and solid. However, the ALE methods have a serious
drawback: when the structure has a large displacement, the fluid mesh may be
distorted. Even the most advanced and best-tuned ALE-based scheme may not
perform well without remeshing, which is an extremely time-consuming process.
Therefore, it is difficult to directly apply ALE methods to FSI problems with a
rotational structure.
Many approaches have been proposed to deal with rotational structure in FSI
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problems. Several of these approaches model the wind turbine rotator [55, 56, 128,
129, 130] by coupling the finite element method (FEM) for fluid dynamics and the
isogeometric analysis (IGA) for structure mechanics. A circular or cylindrical fluid
domain surrounding the structure is set to be a rotating buffer zone, within which
the fluid mesh rotates with the structure. Outside the rotational fluid domain,
the fluid mesh stays stationary. This results in non-matching discretization at the
stationary-rotational fluid interface. The shear-slip method [128, 131, 132] was
introduced to locally reconnect the mesh in order to retain the mesh quality when
the structure is undergoing translation or rotation.
In this chapter, we introduce a new ALE method for the simulation of FSI with
rotating structure. This chapter is based on [133]. Our approach is similar to the
shear-slip method in that an artificial buffer zone that rotates with the structure
is also used. The difference is that we develop an ALE method to reconnect
the mesh of the stationary and rotational fluid domains. We also rewrite the
structure constitutive model in terms of the rotation part and deformation part of
the displacement and we present the weak formulation of elasticity equations.

5.1

FSI with a large rotational elastic structure

In this section, we focus on the structure equations to provide a formulation for
structures with a large rotation. Based on the constitutive law of St. VenantKirchhoff (STVK) material [54], we write the structure equation in the Lagrangian
description as
ρs ∂tt ûs = ∇ · (λs (trE)F + 2µs FE),

(5.1)

with the following boundary condition:
x = R(θ)(x̂ − x̂0 ) + x̂0 ,

on Γin .

R(θ) is the rotation matrix, which depends on θ(t), the angle of rotation. θ(t) is a
given function. We specify a case in which the axis of rotation is z-axis, resulting
in
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cos θ − sin θ 0



R(θ) =  sin θ
cos θ 0 
.
0
0 1

(5.2)

We consider the hyperelastic structure for which the rotation can be large but
for which the strain and deformation are small. Then, we want to decompose the
structure motion into a rotation part and a deformation part. This approach has
been used in the literature for various applications [134].
Suppose that x̂0 is on the rotation axis of the structure. In 2D, x̂0 is just the
rotation axis. In 3D, x̂0 is any point on the rotation axis. We decompose the
structure displacement as [135]:
x − x̂0 = R(θ)(x̂ + ûd − x̂0 ),

(5.3)

where ûd is the deformation displacement in the reference configuration. Hence,
the total structure displacement, ûs , can be decomposed as
ûs = x − x̂ = (R − I)(x̂ − x̂0 ) + Rûd = ûθ + Rûd ,

(5.4)

where ûθ = (R − I)(x̂ − x̂0 ) is referred to as the rotation part of the structure
displacement.
From (5.3), we obtain the deformation gradient tensor F = R(I+H), where H =
∇ûd .

Then, the Green-Lagrangian finite strain tensor E = (FT F − I)/2 =

(H + HT + HT H)/2 is obtained.
Thus, the first Piola-Kirchhoff stress in (5.1), Ps = F(λs (trE)I + 2µs E), leads
to a function of H as follows:


λs
T
T
T
T
Ps (H) = R(I + H)
tr(H + H + H H)I + µs (H + H + H H) .
2
As we only consider a small deformation, i.e., H ≈ 0, we conduct a linear approximation for the above equation by a Taylor expansion around the undeformed
configuration H = 0. It follows that
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1
Ps ≈ λs R((trH)I + (trHT )I) + µs R(H + HT )
2
=R(λs tr(ε(ûd ))I + 2µs ε(ûd )),

(5.5)

where ε(ûd ) = (∇ûd + (∇ûd )T )/2 is the linear approximation of E(ûd ). Therefore,
we obtain the linear approximation for the stress tensor in the Lagrangian description σ̂s = P ≈ R(λs tr(ε(ûd ))I + 2µs ε(ûd )), or, equivalently, σ̂s = RD(ûd ), where
Dijkl = 2µs δik δjl + λs δij δkl is a fourth-order tensor and D(ûd ) is the contraction
P
of D and (ûd ), i.e., (D(ûd ))ij = kl Dijkl ((ûd ))kl .
Thus, (5.1) is approximated by
ρs ∂tt ûs = ∇ · (RD(ûd )),

(5.6)

which is what we define as a rotational linear elasticity model in this chapter. Note
that the right-hand side of (5.6) is linear with respect to ûd .
Due to (5.4), we have Rûd = ûs − ûθ . Thus, (ûd ) = (RT ûs ) − (RT ûθ ). Note
that ûθ = (R − I)(x̂ − x̂0 ), then D(RT ûθ ) = D((I − RT )(x̂ − x̂0 )). Then, we
obtain the following equations in terms of ûs :
ρs ∂tt ûs − ∇ · (RD(RT ûs )) = −∇ · (RD((RT − I)(x̂0 − x̂))).

(5.7)

It is assumed that the structure only has rotation on the inner boundary Γin .
Then, with a given angular displacement θ(t), the admissible solution set for ûs is
defined as
HR1 (Ω̂s ) = {u ∈ (H 1 (Ω̂s ))d |u(x̂) = (R(θ(t)) − I)(x̂ − x̂0 ), x̂ ∈ Γin }.
We also define the following test function space:
1
HD
(Ω̂s ) = {u ∈ (H 1 (Ω̂s ))d |u(x̂) = 0, x̂ ∈ Γin }.

By (5.4), u ∈ HR1 (Ω̂s ) can be decomposed into a rotation part R(θ) and a
deformation part ud ∈ H01 (Ω̂s ), such that
u = R(ud + x̂ − x̂0 ) + x̂0 − x.

(5.8)
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It is obvious that given any u ∈ HR1 (Ω̂s ), there exists a unique ud ∈ H01 (Ω̂s )
such that (5.8) holds.
Assume that R(θ(t)) is given for t ∈ [0, T ]. Then, the weak formulation of (5.7)
can be defined as follows:
1
For any t ∈ [0, T ], find ûs (t) ∈ HR1 (Ω̂s ) such that ∀φ ∈ HD
(Ω̂s ) the following

equation holds

T

T

T

T

Z

(ρs ∂tt ûs , φ) + (D(R ûs ), (R φ)) = (D((I − R )(x̂ − x̂0 )), (R φ)) +

gs φ ds.
∂Ωs

(5.9)
The stiffness term on the L.H.S. is symmetric positive definite. And, gs in the
R.H.S. is the interface force from fluid, which is canceled in the weak form of FSI
due to the continuity of normal stress.
Remark. Although we assume the deformation is small and linearize the stress
term, in fact this assumption is difficult to guarantee since fluid-structure interaction is a complicated system. It is difficult to know under which circumstance the
interaction of fluid and solid will result in only small deformation in solid. This
is a research topic that requires lots of further studies.
Note that this weak formulation can also be derived based on the linear elasticity equation on the rotated configuration. Let Ω̂ be the reference configuration
of elasticity. Suppose the material undergoes a large rotation along with a small
deformation. At time t, the rotation matrix is given as R(t). For the sake of
brevity, we just use R. Define
Ω̂R := {x̂R = Rx̂, x̂ ∈ Ω̂},
which is the rotated configuration. It is known that when formulating the equation
on Ω̂R , we can just use linear elasticity. When formulating the equation on Ω̂,
however, the linearization is more complicated. Now we want to show that we can
obtain the same equation by formulating it in different configurations.
Recall the decomposition of displacement in Ω̂:
us = (R − I)x̂ + Rud = uθ + Rud .
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For the linear elasticity equations defined in Ω̂R , the unknown is uR := Rud .
Note that we use subscript R for the displacement and its derivatives in Ω̂R and no
subscript for those defined in Ω̂. To simplify the notation, we do not distinguish
between f (x̂) and f (Rx̂).
First, we look at the stress term in the weak form:
(2µs R (uR ) + λtr(R (uR ))I, ∇R φ)Ω̂R

= µs (∇R uR + (∇R uR )T ) + λtr(∇R uR + (∇R uR )T )I/2, ∇R φ Ω̂

R

T

T T

T

T T

= µs (∇uR R + (∇uR R ) ) + λtr(∇uR R + (∇uR R ) )I/2, ∇φRT

= µs (∇uR + R(∇uR )T R) + λtr(RT ∇uR + (RT ∇uR )T )R/2, ∇φ Ω̂


Ω̂


= R[µs (∇(RT uR ) + (∇(RT uR ))T ) + λtr(∇(RT uR ) + (∇(RT uR ))T )I/2], ∇φ Ω̂
= (R[2µ(ud ) + λtr((ud ))I], ∇φ)Ω̂ .
This stress term is the same as that shown in (5.5).
Meanwhile, we have the following inertia term in the rotated configuration:
(ρs ∂tt uR , φ)ΩR .
Note that as the rotated configuration is a non-inertial reference frame, the following centrifugal force is added to the equation:
(ρs ∂tt uθ , φ)ΩR .
Then, we can recover the inertia term in (5.9) given that
(ρs ∂tt uR , φ)ΩR + (ρs ∂tt uθ , φ)ΩR = (ρs ∂tt us , φ)Ω̂ .
We have, therefore, shown that it is equivalent to derive the equation based on
the linear elasticity equations in the rotated configuration.
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Figure 5.4. Computational domain of the FSI with rotational structure

5.2

Modified ALE approach for a rotational structure immersed in a stationary fluid domain

In this section, we introduce a modified ALE approach to deal with a rotational
structure immersed in the stationary fluid domain. Roughly speaking, we follow
the idea presented in [136]. That is, we introduce an artificial buffer zone Ωrf in the
fluid domain, which contains the rotational structure domain Ωs and rotates with
it on the same axis of rotation and in the same angular velocity. We take care of
the relative motion between this buffer zone, or the rotational fluid subdomain Ωrf ,
and the stationary fluid subdomain Ωsf , where Ωf = Ωsf ∪ Ωrf . Thus, Ωrf must be
updated at each time step in the numerical computation in order to conform from
the inside to the rotational Ωs through the interface of Ωrf and Ωs , and from the
outside to the stationary Ωsf through the interface of Ωrf and Ωsf (Figure 5.4).
For the sake of brevity, we use a 2D example to show how to use the ALE
approach to deal with the rotational fluid buffer zone Ωrf . Unlike the traditional
ALE approach, this new ALE method only moves the mesh of the rotating fluid
buffer zone Ωrf . We use the same idea concerning the rotation of structure and
decompose the mesh motion of fluid in a similar fashion. In particular, we decompose A, the displacement of the rotational fluid mesh defined on Ω̂rf , into two
parts: the rotational part ûθ and the deformation part AD , i.e., A = ûθ + AD .
We choose ûθ to be the given rotation on the inner boundary Γin . In addition to
addressing the rotation of the fluid mesh, we also need the mesh to conform to the
structure mesh from inside and the stationary fluid mesh from outside. The deformation part Aθ serves this purpose by moving the mesh according to the structure
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deformation displacement ûs − ûθ on the inner interface Γ̂ and by locally adjusting
the mesh nodes to match the stationary fluid mesh nodes on the outer interface
Γ̂rs := ∂ Ω̂rf ∩ ∂ Ω̂sf . Thus, AD can be computed by the following ALE mapping:


−∆AD = 0,



in Ω̂rf ,





on Γ̂rs ,

AD = ûs − ûθ ,
AD = ûm ,

on Γ̂,

(5.10)

where ûm must be defined such that each mesh node on the rotating fluid domain
matches a mesh node from the stationary fluid domain. Now, we illustrate how to
find such a small displacement um in a 2D case.

r
Nm−1
c
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pppp

pp
cp p p p st

pppp
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pppp

p
pcp p p st
N

pppp

pppp

K

Figure 5.5. Local shift of interface nodes
st m−1
Let {Nir }m−1
i=0 be coordinates of boundary nodes from inside Ωrf and let {Ni }i=0

be the counterpart from Ωsf . We assume that after Ωsf is rotated, N0r falls in best
tween NK−1
and NKst , as is illustrated in Figure 5.5. Then, we have a mapping

between the nodes:
st
Nir 7→ N[K+i]
.
m

And um can be correspondingly defined on {Nir }:
st
um (x) = N[K+i]
− Nir ,
m

if x = Nir ,

(5.11)

where [K + i]m is K + i modulo m.
As um (x) is a piecewise linear function, its values in Γ̂rs are determined by its
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nodal values. Each boundary node from Ωrf is matched by a nearby node from
Ωsf ; therefore, the magnitude of um is bounded by the diameter of the mesh. For
this reason, this algorithm is unlikely to cause any problems for ALE. Note that
st
, instead of (5.11).
we can also match Nir with N[K+i−1]
m

By this approach, we can ensure that the ALE mapping produces a “good” fluid
mesh in Ωrf and still conforms with the fixed fluid mesh in Ωsf on Γrs without
introducing extra shear-slip mesh layer [128, 131, 132] between Ωsf and Ωrf . The
shear-slip method only moves the mesh within the shear-slip layer. However, our
proposed ALE method moves the mesh in the whole rotating fluid domain to
accommodate the displacement of the mesh on the interface.
Remark. We cannot let each of the nodes from ∂Ωrf find their nearest match
from ∂Ωsf , as it might cause hanging nodes and degenerated elements. Instead, we
must move all the interface nodes either clockwise uniformly or counterclockwise
uniformly.
Remark. In 3D, the treatment needed for the rotating fluid mesh is much more
sophisticated than for the 2D case. In order to allow the fluid buffer zone to rotate,
we may set the exterior boundary of buffer zone to be cylindrical. On the top
and bottom of this cylindric fluid rotating domain, radially symmetric meshes are
natural extensions of the 2D case. However, radially symmetric meshes result in
high aspect ratios of the meshes near the center. Without radial symmetry, it may
be difficult for the meshes to match on the interface. This dilemma is addressed in
[132].

5.3

Numerical discretization

In the section, we introduce the discretization in space and time. We discretize
the time interval [0, T ] by
0 = t0 < t1 < ... < tN = T.
In the space dimension, we use finite element discretization. We denote by Vh and
Qh the finite element spaces of velocity and pressure, respectively.
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Suppose that all the necessary solution data from the last time step are known:
vfn−1 ,

v̂sn−1 , ûn−1
, Rn−1 , wn−1 , An−1 . And, assume the following also: the mesh
s

n−1
on the last time step, Tn−1
= Tsf,h ∪ Trf,h
∪ T̂s,h , where T̂s,h is the Lagrangian
h

structure mesh in Ω̂s which is always fixed; Tsf,h is the mesh in the stationary fluid
domain Ωsf , which is also fixed; and Trf,h is the mesh in the rotational fluid domain
Ωrf , which must be computed at every time step. In addition, we discretize
v̂s = ∂t ûs , or , ûs =

û0s

Z
+

t

v̂s (τ )dτ

(5.12)

0

in the time interval [tn , tn+1 ] with the trapezoidal quadrature rule, as
ûns = ûn−1
+
s

∆t n
(v̂ + v̂sn−1 ).
2 s

(5.13)

Then a monolithic mixed finite element discretization for both fluid and structure
equations can be defined as follows:
n−1
Let wn,0 = wn−1 , An,0 = An−1 , Rn,0 = Rn−1 , and Tn,0
f,h = Tf,h .

(vfn,j , v̂sn,j )

Find

∈ Vh and pn,j ∈ Qh such that the following equations hold for any

(φ, ψ) ∈ Vh , q ∈ Qh
 



vfn,j −vfn−1

n,j
n,j
n,j
n,j−1


ρ
,
ψ
+
ρ
(v
−
w
)
·
∇v
,
ψ
+
µ
ε(v
),
ε(ψ)
− (pn,j , ∇ · ψ)
f
f
f

f
f
f
∆t


 n,j n−1 




s
 + ρs v̂s −v̂
, φ + ∆t
D((Rn,j−1 )T v̂sn,j ), ((Rn,j−1 )T φ) =
∆t
2


− ∆t
D((Rn,j−1 )T v̂sn−1 ), ((Rn,j−1 )T φ) − D((Rn,j−1 )T ûn−1
), ((Rn,j−1 )T φ)

s

2



n,j−1 T
n,j−1 T


+
D((I
−
(R
)
)(x̂
−
x̂
)),
((R
)
φ)
,
0



 ∇ · vn,j , q  + δh2 (∇pn,j , ∇q) = 0,
f
(5.14)
where the fluid mesh moving velocity is
wn,j−1 =

∂An,j−1
An,j−1 − An−1
≈
,
∂t
∆t

and the fluid mesh displacement, A, is computed by solving (5.10). Based on the
experiences from practical implementation, a linear anisotropic elasticity equation
can produce more shape-regular mesh than (5.10) can, as we can increase the
stiffness of small elements to prevent them from becoming distorted [137]. Rn,j−1
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is the given rotation of the inner boundary Γin .
The only nonlinear term in (5.14) is the convection term (ρf vfn,j · ∇vfn,j , ψ),
which can be linearized using Newton’s method as
(ρf vfn,j · ∇vfn,j , ψ) = (ρf vfn,j,k−1 · ∇vfn,j,k , ψ) + (ρf vfn,j,k · ∇vfn,j,k−1 , ψ)
−(ρf vfn,j,k−1 · ∇vfn,j,k−1 , ψ), for k = 1, 2, · · · .
The pressure stabilization term, δh2 (∇pn,j , ∇q), which was originally derived
from the Galerkin/least-square scheme [138, 139, 140], is added in order to obtain
a stable solution of velocity and pressure for the P1P1-type mixed finite element.
The stabilization parameter δh2 can be chosen as δ0 h2 /µf , and 0 < δ0 < 1 is an
appropriately tuned parameter. Compared to other stable mixed elements such as
the P2P1 (Taylor-Hood) element, the P1P1 mixed element can save a considerable
computational cost, especially in the practical 3D simulation of FSI.
In addition, if the Reynolds number of the fluid is large, i.e., the convection
term in the fluid momentum equation is dominant, the streamline-upwind/PetrovGalerkin scheme [141] can help to achieve a stable solution. In this case, an extra
term is added to the momentum equation as follows:

kvfn,j


δ1 h
ρf (vfn,j − wn,j−1 ) · ∇vfn,j , (vfn,j − wn,j−1 ) · ∇ψ
− wn,j−1 k∞

with an appropriate user-chosen constant δ1 .

5.4

Algorithm description

In this section, we define a monolithic relaxed fixed point iterative scheme for
the FSI simulation at the current n-th time step. First, we iteratively solve the
implicit nonlinear momentum equations of both the fluid and the structure on a
known fluid mesh Tf,h obtained from the previous step and the fixed structure
mesh T̂s,h . After this inner iteration converges, we compute a new fluid mesh
Tf,h based on the newly obtained structure velocity, and then start another inner
iteration to solve the momentum equations on the new fluid mesh. We continue
this fixed-point iteration until the fluid mesh motion converges. Then, we proceed
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to the next time step. Details are shown in Algorithm 5.
Algorithm 5 ALE method for FSI with an immersed rotational elastic structure
n−1
On the n-th time step, let wn,0 = wn−1 , Rn,0 = Rn−1 , Tn,0
f,h = Tf,h .
for j = 1, 2, · · · until convergence do
1. Solve (5.14) for (vfn,j , pn,j , v̂sn,j );
compute ûn,j
s with (5.13);
n,j
2. Compute ûn,j
− I)(x̂ − x̂0 ) with Rn,j from boundary conditions;
θ = (R
n,j
find ûm on Γrs by the searching scheme shown in Section 5.2;

3. Update the displacements on the interface:
n,j−1
ûn,j
+ ω ûn,j
s,∗ = (1 − ω)ûs
s ,

on Γ̂,

ûn,j
θ,∗

on Γ̂,

= (1 −

ω)ûn,j−1
θ

+

ω ûn,j
θ ,

where ω ∈ (0, 1] is the relaxation number.
n,j
n,j
4. Solve ALE mapping equation (5.10) for An,j with ûn,j
s,∗ − ûθ,∗ and ûm as the
Dirichlet boundary condition on Γ̂ and Γ̂rs , respectively.
n,j
5. Calculate the total fluid mesh displacement ûn,j
with ûn,j
= ûn,j
f
f
θ,∗ + A ,
with which Tn,j
rf,h is updated.

6. Update the fluid mesh velocity wn,j by wn,j =

n−1
un,j
f −uf
.
∆t

The most time-consuming part of this algorithm is the solution of (5.14). There
is an extensive literature on fast solvers for this coupled FSI system. We refer to
[47, 68, 76, 77, 78, 79, 80, 81, 82, 83, 84] for details. In particular, the block preconditioners proposed in [47] are based on the same monolithic formulation where
continuity of velocity on the fluid-structure interface is enforced in the function
space.

5.5

Numerical experiments

To test our model and numerical method, we define a simplified 3D hydro turbine
model, which is an elastic curving cross immersed in the fully developed laminar
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Figure 5.6. Computational domain decomposition: Ω = Ωs + Ωf and Ωf = Ωsf + Ωrf

flow in a straight channel. The cross is located close to the inlet and its axis of
rotation is fixed, as shown in Figure 5.6.
The cross should rotate about its axis of rotation due to the impact of the
incoming flow. The geometrical and physical parameters are given in Table 5.1.
Table 5.1. Geometrical and physical parameters

P arameters/properties
Symbol
Modeling domain dimensions
Channel length
Lchannel
Channel width
Wchannel
Cross length
Lcross
Cross thickness
Lcross
Horizontal position of the cross center Xaxis
Vertical position of the cross center
Yaxis
Physical and transport parameters
Viscosity of fluid
µf
Density of fluid
ρf
Density of structure
ρs
Young’s modulus
E
Poisson’s ratio
ν

V alue

U nit

1.5
0.41
0.1
0.02
0.2
0.2

m
m
m
m
m
m

1.0
1000
10000
1.4 × 106
0.4

kg/(m·s)
kg/m3
kg/m3
Pa

By carrying out Algorithm 1 with the mixed finite element method, we obtain
the following numerical results, as shown in Figures 5.7 and 5.8. Under some
circumstances with soft material, thin structure, or high Reynolds number, etc.,
the hydro turbine blades exhibit a large deformation while rotating. Note that in
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this case the assumptions we made, such as that the deformation of structure is
small, are no longer valid. Therefore, it requires further studies in order to justify
this discretization in presence of a large deformation.

Figure 5.7. FSI with a simplified hydro turbine: streamline field (left); velocity field
(right)

Next, we apply our monolithic ALE-FSI method to a realistic three-dimensional
hydro turbine, that was built for a hydropower plant under construction in China,
as shown in Figures 5.1 and 5.2 at the beginning of this chapter. Prelimilary
numerical results are shown in Figures 5.9 and 5.10.

Figure 5.8. Magnitude of velocity on the Y-Z plane: hard and thick structure (left);
soft and thin structure (right)

Figure 5.9. Velocity magnitude on the X-Z plane (left); streamline (right)
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Figure 5.10. Velocity field (left); velocity magnitude on the central cross-section (right)

By using the techniques proposed, we are able to simulate the application
problems that arises from hydroelectric power generator. More detailed validation,
including a comparison with experiment data, is still in progress.

Chapter

6

Conclusions and future work
6.1

Conclusions

In this dissertation, we began by studying the preconditioning techniques for fluidstructure interaction and poroelasticity.
We developed optimal preconditioners for two-field and three-field formulations
of the Biot model. For the three-field formulation, the preconditioners P2III and
P3III have a block diagonal form. Thus, we only need efficient iterative solvers
for each block. Numerical experiments have demonstrated the robustness of the
preconditioners. Although the blocks are inverted using a direct method, we expect that replacing direct solvers with preconditioned iterative solvers (such as
the multigrid preconditioned MINRES) for the blocks will result in similar performance.
We formulated the FSI discretized system as saddle point problems. Under
mild assumptions, the uniform well-posedness of saddle point problems is shown.
By adding a stabilization term or adopting a new norm for velocity, we also proved
the finite element discretization of the FSI problem to be uniformly well-posed.
Two optimal preconditioners are proposed based on the well-posed formulations.
Our theoretical framework also provides an alternative justification for the AL-type
preconditioners in the absence of the convection term. In the numerical examples—
in which direct solvers for the sub-blocks are used—we show the robustness of
these preconditioners. Direct solvers are used for the sub-blocks. Effective preconditioners for the sub-blocks must be robust with respect to discontinuity in the
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coefficients and the magnitude of (div,div) terms. We also studied the performance
of additive Schwarz preconditioners for nearly singular problems (with large (div,
div) terms).
In addition, we built an Eulerian-Lagrangian model for the fluid-structure interaction problem with the rotating elastic body based on the arbitrary LagrangianEulerian approach. By decomposing the rotation and deformation of the structure
displacement, we developed elasticity equations that fit the assumption of a large
rotation and a small deformation of the structure. Based on this decomposition,
we developed an ALE method to move the fluid mesh in the buffer zone and to
preserve the good quality of the mesh. Our well-developed iterative algorithms
demonstrate a satisfactory numerical result for a rotating and deforming simplified hydro turbine model that is immersed in the fluid. Thus, we demonstrated
that our model and numerical techniques are efficient for exploring the interactions
between fluid and a rotational elastic structure.

6.2

Future work

The preconditioners for poroelasticity have been developed for two-field and threefield formulations with homogeneous coefficients. Further studies of the cases with
inhomogeneous coefficients, which are often encountered in applications, must be
conducted in order to make these preconditioning techniques applicable. In this
dissertation, these preconditioners are only tested on a square 2D domain with
uniform triangular meshes. More complicated tests with general 3D domains and
non-uniform meshes will further validate the preconditioning techniques proposed.
For preconditioning FSI, there are several aspects in which we can further
develop the preconditioners.
• The block preconditioners proposed are only tested with direct solvers for
each sub-block. More comprehensive numerical tests with iterative solvers
for the sub-blocks are needed in order to show the performance of these preconditioners in terms of simulating real-world problems. In particular, we
need the sub-block solvers to be robust with respect to discontinuous coefficients and large (div,div) terms. Moreover, the preconditioners must also be
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adapted for unsymmetric linear systems (due to linearized convection terms).
One possible approach is to adopt the preconditioners designed for the unsymmetric systems arising from fluid dynamics and use them to precondition
coupled FSI problems.
• A main feature of the FSI discretization we considered is that the degrees
of freedom on the fluid-structure interface are not duplicated. Therefore,
modular implementation is not applicable. Namely, it need extra work to
make use of existing fluid dynamics code and structure dynamics code for
FSI simulation. On the contrary, the Lagrange multiplier formulation (4.41)
is more friendly with regards to legacy code. Therefore, it is worth studying whether the preconditioners we developed can be used to improve the
Lagrange multiplier formulation of FSI (4.41).
• The robust preconditioners for the coupled fluid-structure equations will also
facilitate the design of preconditioners for three-field FSI formulations, where
the mesh motion is included in the linear systems. Further studies may lead
to more effective block preconditioners than the block Gauss-Seidel preconditioners that have already been considered.
For our new ALE method designed for rotating structures, more validation is
needed to justify the model and discretization numerically. This method requires
knowledge of the angular velocity of the structure. It will be necessary to study
more general cases, where the angular velocity is unknown and depends on the
interaction, in order to make this method applicable for simulating fluid interacting
with a freely rotating structure.
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