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Abstract

Survival analysis is a well-established field in statistics. It has many applications
to biology, economics, industrial engineering, and so on. Independent censoring is
one of the crucial assumptions in survival analysis. However, this is impractical in
many medical studies. For example, in many medical studies, disease occurrence
and dependent censoring exist simultaneously, where the presence of dependent
censoring leads to the difficulty in analyzing covariate effects on disease outcomes.
Such a data structure has been termed ‘semicompeting risks data’

Much research have been performed on modeling semicompeting risks data. One
approach to handle the dependent censoring is to use semiparametric accelerated
failure time (AFT) model. This dissertation focuses on addressing restrictions on
previous methodology of the semiparametric AFT model and provide solutions.

In the first part of the dissertation, we propose a new weighted estimator for the
AFT model under dependent censoring. One of the advantages in our approach is
that these weights are optimal among all the linear combinations of the previously
mentioned two estimators. To calculate these weights, a novel resampling-based
scheme is employed. Attendant asymptotic statistical results for the estimator are
established. In addition, simulation studies, as well as an application to real data,
show the gains in efficiency for our estimator.

Goodness of fit procedures are essential tools for assessing model adequacy in
statistics. While many authors have proposed goodness of fit tests for U-statistics
of order 1, little has been developed for higher order U-statistics. In the second
part of the dissertation, we develop a general theory and approach to goodness of
fit techniques based on U-processes for the AFT model. Many of the examples will
focus on U-statistics of order 2. We propose goodness of fit tests for U-statistics
of order 2 by using theoretical results from U-process theory. For numerical
summary of hypothesis testing, a generalization of resampling approach adapted
from goodness of fit tests based on U-statistics of order 1 is developed. Simulation
studies are used to illustrate the proposed methods.

In many medical studies, estimation of treatment effects is often of primary

il



scientific interest. As mentioned before, standard methods for evaluating the
treatment effect in survival analysis typically require the assumption of independent
censoring. In semicompeting risks framework, estimating treatment effect for
the disease occurrence is difficult due to the dependent censoring. The approach
to use semiparametric AFT model to adjust the dependent censoring requires
an artificial censoring technique. However, when covariates are continuous and
have large variability, this can lead to excessive artificial censoring resulting in
numerically unstable estimates. In the third part of the dissertation, we propose
a strategy for weighted estimation of treatment effect that adjusts for covariates.
Weights are based on propensity score modeling of the treatment conditional on
confounder variables. This novel application of propensity scores avoids excess
artificial censoring caused by continuous covariates. Simulation studies and an
application to data from the Radiation Therapy Oncology Group (RTOG) are used
to illustrate the methodology.
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Chapter 1
Introduction

1.1 The Problem

Survival analysis is a well-developed field in statistics. Not only does it have many
applications in statistics, but also its theory and techniques are widely used in
biology, industrial engineering, economics, and so on. For example, in medical
studies, researchers are interested in studying death, which is the event of interest.
Due to the cost and time restriction of the study, the outcomes are not observed on
all subjects and hence are censored. Censoring is a key feature in survival analysis.
Due to this censoring, information of subject’s lifetime and event is only known
to have occurred in certain time interval. Most of the data in survival analysis is
right-censored, which implies that the event can be observed only if it occurs before
some fixed time point or during the study (Klein and Moeschberger, 2003, Chapter
3, p.64).

One of the basic assumptions in survival analysis is an independent censoring
assumption. To explain this assumption, we will introduce some notations and
a definition. Let T be the failure time of an individual and Z be covariates
corresponding to the individual. Define the failure rate \(¢;Z) as

Pt<T<t+h|T>t1Z)

A(t:2) = lim . . (1.1)

The independent censoring assumption states that the failure rates for individuals
under existence of censoring at each time is the same as the failure rates for
individuals without censoring. It implies that when we select an individual from

people who neither are censored nor have an event of interest, the failure rate is



A(t;Z). In other words,

y Pt<T<t+h|Z,T >1) i Pt<T<t+hlZT>tY(t)=1)
B0 h = s h

. (1.2)

where Y (¢) = 1 means that an individual is in the risk set, i.e, the individual neither
is censored nor has the event. Generally, a censoring is independent if for every
individual, the probability of censoring at time ¢ only depends on covariates Z and
does not depend on failure times (Kalbfleisch and Prentice, 2002, pp.12-13). This
independent censoring assumption is a very crucial assumption in the modeling in
survival analysis. If this assumption does not hold, i.e, when failure and censoring
are statistically dependent, the joint distribution of failure and censoring is not
identifiable (Tsiatis, 1975) so that statistical inference is not possible. Many models
in survival analysis are based on this assumption.

However, in many cases, the assumption that people are independently censored
may not hold. Typically, this occurs when we model multiple failure times. Accord-
ing to Ghosh (2000, Chapter 1), multiple events can be divided into two categories:
The first is events that are distinguishable. For example, as we will see in the
second example, time to HIV RNA level more than baseline quantity and time to
withdrawal of study are two different events (Albrecht et al. 2001). The second one
is recurrent events, which indicate that one event can occur several times for one
individual. Tumor recurrence from oncology studies (Byar, 1980) belongs to this
category. More specifically, censoring of subjects in the study is not statistically
independent of failure in the modeling of two distinct events or recurrent events in
the presence of a terminal event, which can be death or withdrawal of the study.

The following two examples demonstrate this situation.

Example 1 (Bone Marrow Transplantation for Leukemia) : Bone marrow trans-
plants are a typical treatment for acute leukemia. However, after the transplantation,

patients may encounter various events. These events are:
1. Developing acute or chronic graft-versus-host disease (GVHD)
2. Returning the platelet count back to normal levels (platelet recovery)

3. Returning level of granulocytes back to normal levels



4. Development of infections

Platelet recovery (recovery of platelet count recovers to greater than or equal to
40 x 10°/1) and acute GVHD typically occur within first 100 days. Patients may go
through some or all of these events after transplant, and they may die or relapse
after experiencing them. Moreover, relapse of leukemia and death from transplant
could happen directly. It is also possible that patients may not experience some
or all of stages. Figure 1.1 shows the process which the patients may experience
after bone marrow transplant. In this study, there were 137 patients. 99 of
them had acute myeloctic leukemia (AML) and the rest of patients had acute
lymphoblastic leukemia. They received treatment in four hospitals: 76 at The Ohio
State University Hospitals (OSU) in Columbus; 21 at Hahnemann University (HU)
in Philadelphia; 23 at St. Vincent’s Hospital (SVH) in Sydney, Australia; and 17 at
Alfred Hospital (AH) in Melbourne. Transplants considered in this study were ones
in these hospitals from March 1, 1984 to June 30, 1989. 42 patients experienced
relapse and 41 patients died during remission. This dataset also contains various
covariates which may be associated with death or relapse: risk groups according to
their health status at the time of transplantation, time to acute GVHD, time to
chronic GVHD, age of patient and donor, sex of patient and donor, waiting time
from diagnosis to transplantation, etc. Details about this dataset can be found in
Copelan et al. (1991) and Chapter 1 of Klein and Moeschberger (2003), pp. 3-6.

Example 2 (AIDS Study) : In AIDS Clinical Trial Group Study 364 (Albrecht et al.
2001), patients who have human immunodeficiency virus (HIV) RNA level greater
than or equal to 500 copies per milliliters are considered. The first virologic failure
is defined as the first time that HIV RNA level is greater than or equal to 2000
copies per milliliters. Treatments of interest are nelfinavir(NFV), efavirenz(EFV)
or combination of NFV and EFV in combination with two nucleoside therapies.
Total number of patients is 194, and they were randomly assigned to one of these
treatments. The main interest of the study is to analyze treatment effect to time

of the first virologic failure.

In the bone marrow transplant example, since researchers are interested in
occurring death or relapse as failure, the independent censoring mechanism works
in the modeling. However, if our interest is the relapse, then this mechanism is

not valid because the death of people might be due to deterioration of their health



Figure 1.1: Processes after a Bone Marrow Transplant (Source: Klein and
Moeschberger, 2003, p.4.)
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status from relapse or side effect of acute or chronic GVHD. In this dataset, 40
people who died had experienced relapse. Thus, it is reasonable to consider that
relapse and death are closely related. In the AIDS study, researchers analyzed the
dataset by assuming that patients were independently censored by withdrawal, i.e,
they imposed independent censoring assumption on the withdrawal and the data is
analyzed by this framework (Albrecht et al. 2001; Peng and Fine, 2006). However,
the first virologic failure and withdrawal of study are closely related. Moreover,
the side effect from treatment may cause patient dropouts from the study. The
following analysis supports this hypothesis. In this study, 101 patients experienced
virologic failure and the other 93 were censored, and 83 patients among them were
censored in administrative time C' and 10 patients dropped out from the study
before the administrative time. 9 of these 10 people received combination of NF'V

and EFV, so it may be possible that treatment affects the dropout (Peng and Fine,



2006). In these examples, the event which censored failure of interest is death or
withdrawal, but the event of interest and censoring (death or withdrawal of study)
are not statistically independent because the failure of interest affects the censoring.
The kind of censoring is called 'dependent censoring’. Modeling failure of interest
under existence of dependent censoring is very complicated because many typical

models in the survival analysis are based on the independent censoring assumption.

1.2 Background

As can be seen in the previous section, modeling time to failure of interest under
the existence of death or withdrawal of study is related to many difficult issues.
The naive way of modeling is to ignore this dependent censoring and use traditional
models by treating this possibly informative dropout as independent censoring.
However, clearly, this way of modeling is problematic. In Chapter 3, we will see
that this naive way of modeling causes the issue of bias when estimating parameters
of the model.

Now we will introduce some literatures for this dependent censoring problem.
Several researchers have proposed models of failure time in the presence of dependent
censoring. They concentrated their effort on making identifiable models of failure
time under the existence of dependent censoring. For example, Emoto and Matthews
(1990) proposed a bivariate Weibull model when failure and censoring are dependent.
In addition, Robins and Rotnitzky (1992) proposed a model by imposing weight
from characteristics of the surrogate marker data. However, these are too restrictive
in that they can be only applied under certain conditions.

Due to limitations of making identifiable models, researchers have started to
focus on joint models of the failure time and the dependent censoring. Day et al.
(1997) proposed using a biomarker for prediction of disease into frailty models. By
adapting the idea of Day et al. (1997), Fine et al. (2001) proposed semicompeting
risks data structure which contains both a single nonterminal event and terminal
event. One of the fundamental estimators in survival analysis is an estimator
for survival function. Fine et al. (2001) proposed an estimator for the bivariate
survival function for Clayton copula model on semicompeting risks data. Wang
(2003) extended an approach of Fine et al. (2001) to general copula models and

general parameterization of models used in Day et al. (1997).



These models in the previous paragraph have provided a good solution by
constructing a model incorporating both a nonterminal event and a terminal
event, which are a generalization of disease occurrence and withdrawal of the
study. However, these models have limited applications because they did not
include covariates in the model. Lin et al. (1996) proposed a bivariate accelerated
failure time (AFT) model including covariates in the semicompeting risks data
structure (although they did not use term ’semicompeting risks data’ explicitly for
the data in which they were interested, the structure they considered is equivalent
to semicompeting risks data). They also used the artificial censoring technique to
adjust the dependent censoring. Peng and Fine (2006) proposed another procedure,
which also employed the artificial censoring but their artificial censoring is different
from Lin et al. (1996). Ding et al. (2009) proposed a regression model whose
response variable is an increasing function of time instead of using the log function
as Lin et al. (1996).

It is natural to extend models in the semicompeting risks data to one containing
recurrent events under the existence of the terminal event. In this case, a main
interest is to model time to each recurrent event. Ghosh and Lin (2003) proposed
the procedure using bivariate AFT model for both recurrent events and death,
which is a generalization of one in Lin et al. (1996). Ghosh (2010) and Hsieh et al.
(2011) extended the approach of Peng and Fine (2006) to a case of recurrent events

with the dependent censoring.

1.3 Outline of Dissertation

Estimators from Lin et al. (1996) and Peng and Fine (2006) have their own
characteristics. For example, as we will see in detail in Chapter 3, the estimator
from Peng and Fine (2006) is based on U-statistics of order 2 while the estimator of
Lin et al. (1996) is based on U-statistics of order 1. In the view of efficiency, neither
of them is better than the other with respect to standard error. If we extend the
scope of estimators based on these two procedures, it is desirable to obtain the
estimator which has better efficiency than ones by Lin et al. (1996) and Peng and
Fine (2006).

In the first part of this dissertation, we propose a weighted estimator of combining

Lin et al. (1996) and Peng and Fine (2006) for semicompeting risks data. In these



estimations, our goal is to obtain the most efficient one by combining estimators
from Lin et al. (1996) and Peng and Fine (2006) by inputting weights on each
estimator with respect to standard error. The theory of the weighted estimator is
based on the argument of Wei et al. (1989).

Goodness of fit is an essential part in statistics. In survival analysis, most
estimation procedures are U-statistics of order 1 (Lin et al. 1993; Lin et al. 1996).
However, there are also U-statistics of order 2. A good example of U-statistic of
order 2 is the Wilcoxon test statistic for linear regression (Jin et al. 2001). Moreover,
the estimating function proposed by Peng and Fine (2006) is also U-statistics of
order 2. In Chapter 5, we propose the goodness of fit approach for U-statistic of
order 2.

In Lin et al. (1996) and Peng and Fine (2006), they used a technique called
an artificial censoring. The idea of artificial censoring to match uncensored times
between treatment group and control group by censoring uncensored quantities
(Lin et al. 1996). Details about the artificial censoring is explained in Chapter 3.
Artificial censoring is a key technique to adjust dependence between time to the
event of interest and time to the dependent censoring. Artificial censoring is an
increasing function of covariates. Hence when covariates have large variability, the
magnitude of the artificial censoring is large. However, a large artificial censoring
implies that a lot of uncensored observations will be censored so that in the extreme
case, there are few uncensored events after artificial censoring adjustment. This is
problematic in the observational studies. The bone marrow transplant study is a
good example for this case. Unlike the randomized studies, the existence of the
confounder variables requires to use all variables in model building.

In many medical studies, the key interest of researchers is to examine the
treatment effect for the time to disease progression or the time to death. If the
distribution of confounders is equal between the treatment group and the control
group, then it is possible to establish models using the treatment effect only. In
randomized studies, by randomization, the distribution of confounders is equal
between control group and treatment group. In the observational studies, the
usual way to make the distributions of the confounders be equal is to use the
propensity score. This covariate adjustment is useful for reducing the excessive
artificial censoring. In Chapter 6, we develop treatment effect estimation by using

covariate adjustment based on the propensity score.



The order of this dissertation is as follows. In Chapter 2, we are going to discuss
the underlying models: the AFT model for a single event and recurrent events, and
the linear transformation model under the independent censoring assumption. In
Chapter 3, previous research on dependent censoring will be discussed. In Chapter
4, we propose the weighted estimation for the bivariate AFT model in the presence
of the dependent censoring. In Chapter 5, a goodness of fit procedure for U-statistic
of order 2 for the AFT model is proposed. In Chapter 6, we show the method of
covariate adjustment based on the propensity score for reducing artificial censoring.
In Chapter 7, the future work for modeling semicompeting risks data and recurrent

events in the presence of dependent censoring will be discussed.



Chapter 2
Basic Models

2.1 Introduction

In survival analysis, perhaps the most famous model is the Cox proportional hazard
model. However, this model has several problems. First, this model assumes the
proportionality of hazard, which may not be applicable to many real datasets.
Moreover, it is difficult to find a relationship between regression coefficients and
survival time. For these reasons, alternatives of the Cox proportional hazard model
have been developed. The most well-known alternatives of this Cox model are an
accelerated failure time model and a linear transformation model. In this section,
we will briefly discuss basic of these models. We assume independent censoring in

this chapter.

2.2 Accelerated Failure Time Model

2.2.1 Single Event Case

The accelerated Failure Time Model (AFT) is a linear model for the logarithm of
the failure time. Let T" be time to an event of interest and C' be time to independent
censoring. Define Z to be p x 1 a vector of covariates. Note that due to the existence
of censoring, we can only observe T' = T A C, where a A b means minimum of a
and b. The censoring indicator is A = I(T < C') where I(-) denotes an indicator

function. The observed data consists of n independent and identically distributed



copies {1}, A;, Z;},i = 1,...,n. The model is
log(T) = Z"mo + ¢, (2.1)

where mg is p X 1 vector of regression coefficients and € is an error term. The es are
independent and identically distributed and do not depend on Z. Expression (2.1)
implies that AFT model is a linear model, so the relationship between failure time
and covariates is direct. Interpretation of coefficients is more natural than that of
the Cox proportional hazard model. Note that the equivalent formulation of the

expression (2.1) in terms of a survival function of T" given Z is
S(t|Z) = Sy(te™2"™),

where Sp(+) is a survival function of 7" when Z = 0. Thus in this model, a person’s
survival time is accelerated or decelerated according to Z7ny. The key element
in statistical inference for ng is whether we impose an assumption of parametric
or nonparametric distribution on the error term. In the parametric setting, dis-
tributions for ¢; usually include the Weibull distribution, the logistic distribution,
the normal distribution or the generalized gamma distribution. However, this
parametric assumption is sometimes too restrictive for particular datasets. For this
reason, a semiparametric model is a preferable alternative. For the semiparametric
AFT model, we usually consider rank estimation methods to estimate parameters
and perform statistical inference in the AFT model. A range of literature has
discussed this type of the rank-based estimation (Wei and Gail, 1983; Louis, 1981;
Tsiatis, 1990; Jin et al. 2003). This rank-based estimation is a generalization of
linear rank tests for right censored data (Prentice, 1978). Let us consider a single
covariate Z. By using the counting process notation, linear rank tests can be

expressed as

. > Z?:l [<T J
U(Wn):;/o Wn[zi— ST = 0 dN;(t)

where N;(t) = I(Tl < t,A; = 1) and W, is a weight function. In this case, this
function can be interpreted as the sum of differences across the event time of

observed covariates for those who have the event and the average of covariate values

10



for those who are at risk at the event time. If we replace T; to Ti(no) = Tie*”‘)Zi,
this function is a test statistic for the hypothesis Hy : n = ng. If n = 1y, this
function takes value 0, which implies that we can use this rank statistic as an
estimating function (Tsiatis, 1990). If we extend this function to a case of multiple

covariates, we can obtain the estimating function for 1y, which is given by

- XL ZI{Ti(n) = Ti(n)}

Ta——— = ) (2.2)
> H{Ti(n) > Ti(n) }

Su(m) = Y wim) |2

where w(-) is nonnegative weight functions and Tj(n) = T,e~%". We obtain a
solution by solving S,, (1) = 0. Let us denote this solution as 7. Under regularity
conditions stated in Ying (1993), 7} is strongly consistent and asymptotically normal.
Since the function in (2.2) is zero-crossing function, i.e., the function crosses the
point zero, the solution always exists theoretically.

Since the estimating function is a nonsmooth function, it is not possible to apply
numerical algorithms for smooth functions. To obtain the solution for estimating
equations, if there is a single covariate, a one-dimensional case root finding method
such as the bisection method can be employed. If the dimension of covariate is
greater than 1, the exact solution may not exist. Then we can define the estimator of
n, say 71, as a minimizer of ||S,,(n)|| (Peng and Fine, 2006). For multiple covariates,
we can use the linear programming method proposed by Jin et al. (2003) or the

Nelder-Mead algorithm (Nelder and Mead, 1965).

2.2.2 Recurrent Events Case

For modeling in the recurrent event cases, Lin et al. (1998) proposed an extension
of the AFT model from the single event case. For: =1,...,nand k =1,2,...,
let T;. be kth event time for ith subject. In this case, we do not assume any
dependence structure between events for a subject. Let N(¢) be the number of
events which ith subject has experienced until time ¢ without censoring, which can
be formulated as,

N = Y (T <)

k=1

o0
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Then the mean function of N;(t) given covariates Z; is
E{N; (t)|Z:} = poe® ™¢), (2.3)

where 19 is a p X 1 vector of unknown regression parameters. By transforming
times as in the single event case, we can transform the recurrent event times and

counting processes:

Tix(n) = Tipe? "

Ny (tm) = ) H{Tiw(m) <t}
k=1
Then (2.3) can be expressed as

E{N}(t;n0)} = po(t) (2.4)

where pio(-) is an unknown continuous function. (2.4) indicates that the effect
of covariates affects the a number of recurrences across time by accelerating or
decelerating the time of the events multiplied by factor e% ™ with respect to those
of when Z = 0. (Lin et al. 1998). Due to the existence of censoring, we observe the
censored version of N*(¢). With the right-censored data, the observable counting

processes are defined as
Ni(t;m) = Zl{ik(n) <tACi(n)},
k=1
where Ci(n) = Cye% M. Let Y;(t;n) = I(Cy(n) > t) = I(C; > te~2"). Then define

Mmm_mmm—fnmmwm»

which is equivalent to

mmmzlmmmaMmm—mw}
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From (2.4), we have E{M;(t;m0)} =0 for all i = 1,...,n. The estimating function
proposed by Lin et al. (1998) is

st = [ wen|z- 2w, @)

where W (+;n7) is a weight function. By solving S%(n) = 0, we obtain a solution 7.
In this case, proving asymptotic results is trickier than that in the single event case
because M;(t; 7o) is not a martingale unless N (¢) are non-homogeneous Poisson
processes (Anderson and Gill, 1982). By employing the modern empirical process
theory, Lin et al. (1998) showed that 7} is strongly consistent and asymptotically

normal. As the single event case, the estimator is the one that minimizes ||Sf(n)||.

2.3 Linear Transformation Model

In this section, we use the same notation as in the AFT model for single event.
Let T be the time to failure, C' be time to independent censoring and Z be p x 1
vector of covariates. The observable quantities are independent and identically
distributed replicates {Ti,Ai,Zi}?:l where T, = T, A C; and A; = (T, < Cy),
(1=1,...,n). It is assumed that 7; is independent of C; and the survival function
of C;, say G, does not depend on covariates Z;. Cheng et al. (1995) proposed a
generalized form of Cox model, which is called a linear transformation model. The

form of the linear transformation model is

g{Sz(t)} = h(t) + Z"B,

where Sz() is survival function of T' given Z, B is a p x 1 vector of regression
coefficients, h(-) is a unknown increasing function and g(-) is a known decreasing

function.The form of this transformation model is equivalent to
h(T)=-Z"B +e, (2.6)

where € is error term whose distribution is completely specified as F' =1 — g~!. If
F follows the extreme value distribution, then (2.6) is the Cox proportional hazard

model. If F' has the standard logistic distribution, then (2.6) is a proportional odds

13



model.

Since h(-) is an increasing function, there is no difference between rank of h(7T;)
and rank of 7;. Thus it is sensible to use the rank of h(7;) for statistical inference
of regression coefficients. To perform statistical inference for 8, they considered
the dichotomous variables {I(1; > T}),i # j = 1,...,n}. Then

E{I(T; =2 T})|Z;, Z;} = P{M(T;) = h(T})|Zs, Z;}
=P{ei—Z{B>¢;—Z;B} = P{ei—¢; > (Z; — Z;)" B}.

Let £(Z],8) = P{e; — €¢; > (Z; — Z;)" B}, where Z;; = Z; — Z;. Tt is desirable to
derive an unbiased estimating function for £(Z;8). Then

> T
= E(E{[(E > T;)|T;, Zi, Zj}E{M Ty, Zs, Z]}
G(T3)

1(C; = Tj)
X E{TTJ) Tjazmzj})
= E{I(T; > T))|Z;, Z;} = P{M(T;) > W(T})|Z;, Z;}

=§(Z;;B).

E{Aﬂ( i > Ty)
G2(T5)

Zi,zj} _ E(E[I(Ti > E)éi%ﬂ/)\ C; > T;}

Then by substituting G(7}) by G?(T}), which is the Kaplan-Meier estimator of
survival function for censoring variable C, an estimating function can be established
by

o AT > T
) = Y uizipzy{ =T - qap) )

=1 j=1 G*(T3)

1= 1=
where w(-) is a weight function. U() = 0 has a unique solution asymptotically
if w(-) is positive. Let denote this solution be B. Since ¢ () is smooth function,
unlike AFT model, we can use a Newton-Raphson algorithm to obtain ﬁ Let By
be true value of 8. By using a Taylor expansion of U(,é) around S, the authors
showed that estimator ,(:)’ is asymptotically normal. If the survival function of C'

depends on Z, and Z can be discretized into K distinct values, then the estimating
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function can be changed to

U8 =3 S wE G ) e

where Gz(-) is the Kaplan-Meier estimator for the survival function of the censoring
variable C' from {T;, A}, where Z; = Z(l = 1,..,n). Then the solution of
U(B) = 0, say B, is also asymptotically normal.
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Chapter 3
Review of Dependent Censor-

ing

3.1 Introduction

The semicompeting risks data structure has been studied for a while. This data
structure provides a nice way to address the dependent censoring problem. The
key feature of this framework is to deal with two distinct events simultaneously.
Methodology from this framework can be easily extended to recurrent events under
the dependent censoring. In this chapter, some literature related to semicompeting

risks and recurrent events under the dependent censoring will be reviewed.

3.2 Semicompeting Risks Data

3.2.1 Basic Concepts and Model Without Covariates

Semicompeting risks data is first proposed by Fine et al. (2001). According to
them, in the semicompeting risks data structure, there are two types of events:
a nonterminal event and a terminal event. In the medical study, a nonterminal
event can be any failure of the researcher’s interest except death while a terminal
event can be death. In this structure, a terminal event may censor the nonterminal
event, but the nonterminal event does not stop the occurrence of the terminal
event. In fact, semicomepting risks data have a different characteristic compared to

competing risks data. In competing risks data, several distinct and terminal events
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exist, and we only observe minimum of several terminal events. In semicompeting
risks data, a nonterminal event and a terminal event exist. It is possible to observe
a nonterminal event without the terminal event, the terminal event without the
nonterminal event or we can observe the both events (Ghosh, 2006). Datasets of
examples in the Chapter 1 clearly fall into this semicompeting risks structure. In
Example 1 from Chapter 1, death clearly censors relapse, but the relapse does not
stop the observance of death. In Example 2 from Chapter 1, the withdrawal stops
virologic failure, but the virologic failure does not prevent the observance of the
withdrawal.

Now we will explain the structure of semicompeting risks data. Let X be time
to a nonterminal event and and D be time to a terminal event. Let C be an
independent censoring time, which is censoring time because of random loss to
follow up and the end of study (Lin et al. 1996). It is assumed that C'is independent
of (X, D). In this setup, define V=X AD, k=1(X < D), A=1(D<C), D=
DANC, X=VANC=XADAC, (=I1(V<C)=I(XAD<C). The observed
data, which is called semi-competing risks data, consist of n independent and
identically distributed collections {X’i, Dy, G, A\, RiG .

This data structure contains many advantages. First, if failure is not statistically
independent with censoring, the joint distribution of failure time and censoring is
nonidentifiable nonparametrically (Tsiatis, 1975). However, in this semicompeting
risks setting, the joint distribution of the nonterminal event and the terminal event,
say X and D, is nonparametrically identifiable in the upper wedge when X < D.
Note that there is no assumption of specific dependence structure between the
nonterminal event and the terminal event. It is also noticeable that semicompeting
data structure can be applied not only to the medical study, but also any studies
containing a nonterminal event and a terminal event.

In the medical study, a biological marker takes an important role when making
prognosis for a patient. Day et al. (1997) considered the recurrence of a disease and
biomarker positivity, where the biomarker positivity means that a patient is flagged
as high risk. The goal of Day et al. (1997) was to find whether the appearance of
marker can change the patient’s subsequent risk which is sufficient to trigger to use

treatment for a disease. The useful quantity to evaluate predictive power of marker
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is the predictive hazard ratio, which is defined by

A {s])
B0 = S5, o0

where for A C (0, 00), the definition of A\(¢|A) is
. d

and Tx is the recurrence time of the disease and T is the first time marked as
high risk. This predictive hazard ratio is the ratio of the recurrence hazard rate at
time t of a subject marked as high risk at s to that of a subject marked as high
risk after time s. It borrows from the gamma frailty model from Clayton (1978) in
that T and T are conditionally independent given an unobserved frailty when
this predictive hazard ratio is constant that is greater than 1. Due to the definition
of the predictive hazard ratio and the purpose of prediction, it is reasonable to
assume a constant value of the predictive hazard ratio in the area 0 < s <t < o0.
In the lower wedge, it is most likely that the conditional independence of Tk and Tx
does not hold so that it is not sensible to assume a constant value of the predictive
ratio. They shows that this assumption is sufficient to guarantee the conditional
independence of T and Tx in the gamma frailty model in the upper wedge.

For modeling semicompeting risks data, they extended the idea of Day et al.
(1997) of using bivariate frailty models for predicting the future risk of a patient
when biological marker exists. They defined a model in the area X < D without
covariates. For > 1 and 0 < s <t < o0,

F(s,t) = (F}%s) + F37%(t) — 1)/0-9), (3.1)

where F, and F} satisfy the definition of survival functions. Note that by the
identifiability issue, this model is identifiable in the area X < D only. Based on
the model, they proposed a new estimator by extending arguments of Oakes’ (1982,
1986). Define 6;; = I{(X;—X;)(D;—D;) > 0}, Xi; = X;AX;, Dij = D;AD;, Cyj =
CAC), Ay =I(X,; < Dy < Cy), Xty = Xy A Dy A Gy, and Dy, = Dy A Gy,
Due to the assumption of semicompeting risks data, d;; is only calculable when
A;; = 1. Under model (3.1), E{E(5,]|)~(;,Dj])|AU =1} =00/(1+ 6y), where 0y is
the true value of # because the predictive hazard ratio takes constant value 6, in
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the upper wedge. The estimating function for 6 is

=Y WI(X;;, DA, @—i . (3.2)
v’ 7146

1<j

The proposed estimator is

> WX, Dy A0
Zz<g W<X* D* )(1 - 61‘]')Aij’

177

0=

(3.3)

where W (a,b) is a weighted random function satisfying sup,;, |[W (a,b) — W(a,b)|
converges to 0, W (a,b) is a nonrandom function and bounded for (a,b) in the
support of (X;‘;, D;Z) They also showed that this estimator is asymptotical normal.

It is also of interest to investigate an estimator of F,. In semicomepting risks
data, the usual Kaplan-Meier estimator of F, computed from {Xi, KiG i, does
not converge to F,. Fine et al. (2001) proposed the plug-in estimator of F, and the

inference procedure of F,. They also provided asymptotic results of this estimator.

3.2.2 Model with Covariates

Although the idea of Fine et al. (2001) is pioneering and has theoretical advantage,
the model does not include effects of covariates. Moreover, their model assumes
the dependence structure between the nonterminal event and the terminal event.
Thus its application is quite limited. Lin et al. (1996) and Peng and Fine (2006)
suggested a nice solution to this issue by establishing a model incorporating effects
of covariates. They proposed bivariate AFT models for the data structure which is
the same as that of Fine et al. (2001).

We will discuss the data structure and notations used in Lin et al. (1996) and
Peng and Fine (2006). For simplicity of notations, let X be logarithm of time to
the event of interest, D be logarithm of time to the dependent censoring, C' be
logarithm of time to the independent censoring and Z be p x 1 a vector of covariates.
Define X = XADAC, D=DAC, A=1(D <C)and § = I(X < D). The
observed data are independent and identical copies (XZ-, [)i, N, 0i,Zi) i =1.....n
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The regression model is

D; =ZI'no +€P 1 3.4
X, =278, 1 X | 1=1,...,n, (3.4)

XD

Z’l

where 8y and 1y are p x 1 vectors of regression coefficients, and ¢; = (¢; ) are
independent and identically distributed error terms that are independent of Z;. In
this case, we assume that the model is identifiable only in upper wedge X < D
(Fine et al. 2001; Peng and Fine, 2006). We assume that ¢ has unknown bivariate
distribution F. The goal is to obtain an estimator of ag = (n!,0%)T without
estimating the distribution of ¢;5. We further assume that given Z, C' and (X, D)
are independent, but X and D can be dependent given Z.

Now we review the models of Lin et al. (1996) and Peng and Fine (2006).
The procedure of estimating of g is straightforward because it is only related to

independent censoring. The estimating function for nq is

=y - B BD ) DY)

Y51 I{D;(n) = Di(n)}

where D}(n) = D; — ZTn and the estimator for 7 is the solution of S, (n) = 0.

For estimation of 8y, one may want to replace D;(n) by X; — ZT'0. However,
it does not guarantee to obtain unbiased estimator of 8. We examine why this
bias can occur. Let Z be a treatment indicator, i.e, Z = 1 if a person receives
treatment and Z = 0 if a person does not receive treatment. Suppose that bz(t) is
a cause-specific hazard function for treatment group and control group. Then bz(t)
is

Pt <X —00Z <t+At|X —60yZ >t,D — 007 > t)

(0= dm At - B

Note that the distribution of D — 6yZ depends on Z unless 6y = 7, which is a
violation of the assumption. This results in by(t) # by (), and it implies that this
naive estimating function for 6, causes a bias.

To solve this problem, Lin et al. (1996) and Peng and Fine (2006) employed
artificial censoring to remove the bias of the estimator of the model in the presence

of the dependent censoring. The motivation of artificial censoring is to make
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observations have the common distribution which is independent of covariates so
that observations can be comparable (Ding et al. 2009). In the causal inference
context, Joffe (2001) showed that the estimator of the model implemented artificial
censoring technique is unbiased in the simulation study. Lin et al. (1996) and Peng
and Fine (2006) applied this idea on rank-based AFT model. We will see how this
technique is utilized numerically when we review models of Lin et al. (1996) and
Peng and Fine (2006) in detail.

Figure 3.1 and 3.2 show the mechanism of artificial censoring when the censoring
variable C'is absent. Suppose that we have only a treatment indicator Z and consider
Oy > no. Suppose that 8y = 2 and ng = 1. In Figure 3.1 and 3.2, the horizontal
axis and vertical axis are transformed times X — 6yZ and D — 192, respectively. In
these figures, the solid line and dashed line are lines of censoring when Z = 1 and
Z = 0, respectively. In Figure 3.1, when Z = 0, observable data points are located
in the area above the dashed line. However, observable data points belong to the
area above the solid line when Z = 1. Thus if randomly selected observations from
the treatment group and the control group belong to the shaded area in Figure 3.1,
they are not be comparable. The shaded area between the dashed line and the
solid line should be adjusted for the comparison. In this case, for control group,
originally uncensored observations may be censored because observations located
above the solid line are only compatible and independent of Z. Now, let us consider
the opposite situation, i.e, when 79 > 6. Suppose that 79 = 2 and 0y = 1. As
opposite to the previous case, the area of observable data when Z = 1 is wider than
that when Z = 0. Thus it is necessary to adjust the treatment group to make these
observations compatible. In this case, uncensored observations in the treatment
group may be censored. Figure 3.2 explains this phenomenon.

Lin et al. (1996) considered this simple case when Z is a treatment indicator
and provided a solution for this dependent censoring problem. Let g(f8) = 6 — n if
0 > n and g(8) = 0 otherwise. Then they defined D; — nZ; —d and C; — nZ; — d.

These two quantities provide new quantities, say X*() and 6*(a), where

X (o) = (Xs = 0Z;) NAD; —nZ; — g(B)} N Ci —nZ; — g(B)}
07 () = T{(X; — 0Z:) <{Di —nZ;i — g(8)} AN{Ci —nZi — g(B)}).
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Figure 3.1: Artificial censoring when 6y > 1y, 6y = 2 and 79 = 1

D-mZ—D-2 Z=1 Z =0

=1 - X—-0Z=X-2Z

Figure 3.2: Artificial censoring when 6y < 19, 6y = 1 and 1y = 2

D—nZ=D-2Z Z2=0

Z =1

1 X-072=X-2

22



In fact, using d leads to the transformation from uncensored observations to censored
ones, as can be seen in the mechanism. Moreover, this formulation of d exactly
coincides the mechanism, which may censor observations in the treatment group
when 1 > 6 and in the control group when 7 < # (Ghosh and Lin, 2003). As a
result, X(a) and () correct the bias caused by the dependent censoring. Then

the estimating function for 6, according to Lin et al. (1996) is

Y1 Zi{X; () > X7 ()}
i H{X () > X7 (o)}

Ub(@) =n"") " 6:(a) {Zi - . (3.7)
The proposed estimator of §y according to Lin et al. (1996) is the solution of
UL{(n,0)T} = 0, where /) is an estimator of 79. Let us denote this solution as
at = (9,0)".

For statistical inference, the key issue is calculating covariance matrix of &. To
calculate covariance matrix of &%, first it is necessary to derive covariance matrix
of UE(&F). In this case, the covariance matrix of UL (&%) can be derived using the
martingale structure of U («). However, the asymptotic covariance matrix of &% is
very difficult. Its asymptotic matrix has the form A"'BA~!, where A is a constant
matrix and B is covariance matrix of UL (ayp), where ag = (10, ap)?. Computing
A requires the estimation of density of error terms, which is not desirable in our
estimation framework (Peng and Fine, 2006).

To solve this issue, Lin et al. (1996) adapted methodology developed by Parzen
et al. (1994). Parzen et al. (1994) proposed a resampling method by solving the
estimating function iteratively. Let 8 be p x 1 vector of parameters. The goal
is to perform statistical inference of 8 by using V(8), where V() is an exactly
or asymptotically pivotal estimating function, which means that we can derive
the exact distribution or asymptotic distribution of V(8) from some vector r,
where r has a known distribution or it is possible to estimate the distribution of r
consistently. Then it is possible to construct a stochastic equation V(8) = r. Let
B be a solution of this equation. Under some regularity conditions, the conditional
distribution of (,é — B) given observed data is equal to the unconditional distribution
of (,é — Bo), where By is the true value of 3, B is a consistent estimator of By. To
obtain the distribution of B, we can generate large realizations of 8 by solving
V(B) = r sufficiently many times.

Adapting this approach of Parzen et al. (1994), Lin et al. (1996) suggested a
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resampling approach to estimate the covariance matrix of & rather than computing
A directly. Let S, (n) be an estimating function for ry. This is same as the estimating

function of (3.5) except considering a single covariate in this case. The proposed

resampling approach is to solve V. (a) = —u, where
Sn(n)
Vi) = , 3.8

and u follows normal distribution with mean 0 and covariance matrix B, where B
is covariance matrix of UL(&4%). Let solutions of the equation V.'(a) = —u be ar.
By Parzen et al. (1994), the conditional distribution of n'/?(a’ — &%) given the
data is the same as the unconditional distribution of n'/2(&% — o) asymptotically,

where &%

is an estimator proposed by Lin et al. (1996). Then statistical inference
can be performed by these realizations, say ar,...,ak%. Clearly, the arguments of
Lin et al. (1996) can be easily extended to the multiple covariates case. Then an

estimating function of Lin et al. (1996) for multiple covariates is

YL 2K () > X ()}
S X (@) = X (e)

Ul(a) = n=1/? Z 5 () {zi : (3.9)

where

g(c) = max {0,Z; (6 —n)}

K:(@) = (X — Z70) A {Ds — Z'm — 9(8)} A{Cs — Z'm — 9(8))
5:(c) = I[(X, —Z70) < {D: — Z'n — g(8)} A {Cs — Zl'm — g(B)}].

The other important contribution of Lin et al. (1996) is goodness of fit statistics.
They first established score processes based on martingale residuals. To check
behavior of the model, they constructed bootstrapped processes by generating
standard normal random variables and using realizations from resampling. From
these two processes, visual model checking can be conducted by plotting 20-30
bootstrapped processes with score processes. Empirical p-values can be calculated
from Kolmogorov-Smirnov type statistics.

Peng and Fine (2006) also considered the semicompeting risks data structure
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from Fine et al. (2001). They considered multiple covariates in their analysis. They
also applied the artificial censoring idea to the model, but used pairwise comparing
methods to reduce the degree of the artificial censoring. They argued that these
pairwise comparisons may lead to a more efficient estimator of ay than that in Lin
et al. (1996) because the amount of artificial censoring is less than that in Lin et
al. (1996) by pairwise comparisons. Estimating 7 is identical to that of Lin et al.
(1996). For estimating 6y, define

gij(@) = max {0, Z](0 — n),Z; (0 — n)}
iy (@) = (Xi = Z0) AN{D; = ZI'n — g;;(B)} NMCi — Zim — 9;5(8)}
Oy (@) = I[(X; — Z70) < {D; — Zin — g;;(B)} A {Ci — Z{n — g:5(B)}],

ij(ar) = Sz'*(j)(a)]{f(f(j)(a) < Xjp(a)} - 5;(2')(04)[{ () < X ()}

Then the estimating function for 8y according to Peng and Fine (2006) is

2n1/2

Uﬁ(a) = m

S (Zi—Zy)di(). (3.10)

1<i<j<n

The proposed estimator of 6, according to Peng and Fine (2006) is a solution of
UZ{(nT,07)T} = 0. They also estimated the covariance matrix for the estimator of
a by using Parzen et al. (1994) and proved that the estimator is strongly consistent

and asymptotically normal. For estimating the covariance matrix of their estimator

&% as Lin et al. (1996), they implemented the resampling technique by Parzen et
al. (1994).

As the estimating equation of AFT model for a single event under the in-
dependent censoring assumption, solutions of UL(a)) and U”(«) are defined as
0" = argming [[UL{(7",0")"}|| and 6" = argming |[U;{(A",67)"}||, respec-
tively (Peng and Fine, 2006). In computation, algorithms used to obtain estimators
in the AFT model in Chapter 2 can be still applied.

The estimators proposed by Lin et al. (1996) and Peng and Fine (2006) are
useful in two respects. First, their methods include effects of covariates and the
resampling method is quite easy to implement. Second, these are theoretically
well-justified. They proved that their estimators are strongly consistent and asymp-

totically normal by using martingale theory of Fleming and Harrington (2005,
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Chapter 5, pp. 201-228) and arguments in Ying (1993), and U-statistics theory in
Honoré and Powell (1994).
It is sensible to extend this result to general function of X and D. Ding et al.

(2009) proposed a generalization of the previous models. Note that the observed
data are {)N(i, D, A, 5;, Z;}" .. The model is

h(X;) =216y + €* .
<h2(Di) 7l i=1,..,n, (3.11)

where 6y and mg are p x 1 vectors of regression coefficients, and h; and h, are
monotone functions of X; and D;, respectively. h; is a known function but hs
may be known or unknown. If hy is specified, then € is unspecified. If hy is
unspecified, to avoid the nonidentifiability issue, € is specified. Let X (0) =
h(X) =270, D" (n) = hy(D) —Z"n and C*(n) = hy(C) — Z"n. Define D (n) =
DH(n) A CH(n). The estimator for nq is obtained by solving S (n) = 0, where

>0 Z;1{D¥(n) > DF (n)}
S0 I{DH(n) > DI (n)}

Si(m) =n""2) A, [Zi E . (3.12)
i=1

where D (n) are realizations of D¥(n). Denote a = (n”,07)T. In this case, since
general functions h;(t) and hy(t) are considered, in order to employ the artificial
censoring mechanism of Lin et al. (1996), a new censoring time should be defined.
They established the artificial censoring mechanism for general functions A4 (t) and
ha(t), say Ra(t), which is defined by

Ry (t) = ingf) hiohy'(t+2"0) —z"n.
z€E

Note that when hq(t) = ha(t) = log(t), Ra(t) reduces the artificial censoring scheme
by Lin et al. (1996). By using this general scheme, they defined several new

quantities to adjust the dependent censoring, where

Di"*(ex) = Ra{Dj'(n) A Cf!(m)} = Ra{D{ ()}
X[ (e0) = {lu(X;) - Z]' 0} A D" ()
0" () = I[{(X;) — 2] 6} < DI™*(e)]
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Then, similar to Lin et al (1996), the estimating function for unbiased estimator of

0, is given by

> Zi{X]" (@) > X[ (a)}

S H{X (@) > X ()} (3.13)

U () = n 23" 5 (o) [zi _
=1

Then they implemented the resampling technique which is similar to Lin et al.
(1996) for inference of their estimators and proposed a new computational method
for multiple covariates by modifying linear programming technique from Jin et al.
(2003).

Moreover, Ding et al. (2009) proposed an inference procedure if D has the linear
transformation model. The step for this inference is as follows. Let survival function
of D be Sp(t) = P(e” > t) and baseline survival function Sp(t) = P(D > t|Z = 0).

The procedure is as follows:

1. Estimate a uniformly consistent estimator of survival function Sp(t), say Sp(t).
Calculate hy(t) = S5t o Sp(t) and Ra(t) = inf.eq hy[S5{Sp(t+27n)}] —276.

2. Replace hy(t) with hy(t) and R (t) with Ra(t) in SH(n) and UH (), respec-
tively. Then we will get new estimating functions for 7 and 6 from these
quantities. Denote these new functions to be S¥(n) and UZ(«). Then by
solving S#(n) = 0 and U (a) = 0, estimators for 7 and « under the new

model can be obtained.

Considering general functions h; and hs, many combinations of two models can be
considered. The issue is to choose the best combination of the models. To choose

best models, they used p-values from goodness of fit test statistics.

3.3 Model for Recurrent Events in the Presence of

Dependent Censoring

In this section, we will discuss models of recurrent events under the existence of
dependent censoring. These models have been proposed by extending results in the
Lin et al. (1996) and Peng and Fine (2006).

Ghosh and Lin (2003) extended the approach of Lin et al. (1998) which

established AFT model in recurrent events under independent censoring. Moreover,
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this paper is a generalization of Lin et al. (1996) to the case of recurrent events.
Let N*(t) be the number of recurrent events that occur over the time interval [0, ¢]
without censoring, D be time to the terminal event, C' be time to independent
censoring and Z be p x 1 a vector of covariates. It is assumed that C'is independent
with both N*(-) and D given Z, but N*(-) and D can be dependent even given
Z. Let {N;(:), D;,C;, Z;}, be independent and identically distributed copies of
{N*(-),D,C,Z}. Given Z;, {D;e~ %™ N*(te? %)} are independent and identically
distributed, but their joint distribution is unknown, where 1y and 6, are p x 1

vectors of regression coefficients. This joint distribution is expressed as follows:

D;eZim D
SO L ) i= o, (3.14)
N (te?i %) Ny (1)

where { Dy, Nj(t)}* is a bivariate distribution and 2 means equal in distribution.
The observable data are {N;(-), D;, Ay, Z;}7,, where N;(t) = N#(t A D; ACy), D; =
D;ANC;and A; = I(D; < C;). As discussed before, 1 can be estimated by employing
the same method as the rank-based estimation approach of AFT model in Chapter
2.

Now we will discuss the estimation procedure for @ in Ghosh and Lin (2003)
As defined in Lin et al. (1998), let Tj; be the time to the kth recurrent event
(k=1,2,...) for the ith subject (i = 1,...,n). Then similar to Section 2.2.2 from
Chapter 2, a counting process for the number of events without censoring until
time ¢ is defined by N/ (t) = > 2, I(Ti < t) and a counting process for observed
number of events is N;(t) = Y oo I(Ty, < t A D) Define le(O) = Tye 200
and D;(n) = Die 2. Let a = (n7,07)T and oy = (n?,07)”. By adapting
Lin et al. (1998)’s approach and the artificial censoring approach from Lin et
al. (1996), quantities for the artificial censoring and new censoring time are,
d = max,<;<, {0, Z7 (0 — 1)} and D*(a) = D;(n)e % 1~9. The estimating function

for @y is

GL( n-1/2 Z] 1ZI{D*( ) >t} _
Ue /Z/ [ | N OED dNsi(t; ), (3.15)
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where

Noi(t; ) = f: [{Tx(0) < t A D ()}
k=1

Let the solution of equation US%(a) = 0 be &“~. By using multivariate central
limit theorem and empirical process theory, Ghosh and Lin (2003) showed that
n'2(&%" — o) is asymptotically mean zero and covariance matrix.

There are also several approaches that have made for extension of methodology
of Peng and Fine (2006) to recurrent events with the terminal event. Ghosh (2010)
and Hsieh et al. (2011) are these approaches.

Ghosh (2010) followed the same model and data structure as Ghosh and Lin
(2003) and only considered a treatment indicator for Z; as covariate. He demon-
strated the connection between dependent censoring and truncation. From this
connection, he also showed that the data structure {N;(-), D;, A;, Z;}7, is equiva-
lent to {K;, (T3, =1,..., K;), D;, A\, Z;}?_, where T;; is observable only T;; < D;.
Note that in this case, K; is an observed number of recurrent events which depends
on index of each individual. Let S, (n) be the estimating function for 7. Note that
Sn(n) is a one-dimensional version of function (3.5). By using the artificial censoring
technique that is identical to Peng and Fine (2006), Ghosh (2010) proposed the

following quantities:

gij (@) = max{0, (6 —n)Z, (0 —n)Z;}
Tigw(a) = Tiwe % A (D; A Cy)e "7 9i()
digk(@) = I{Tige " < (D A Gy)e 40y

HEOE i () IH{Tir(@) < Tian(e)} = 0ju(a) H{Tian(er) < Tigr(e)}.
The estimating function is

nl/2
US(a) = — P>z 2o (3.16)

nn—1) 4=
1<i<j<n

Let 6 = (7,0%)T be an estimator from solving U%(a) = 0. The next step is
calculating covariance matrix for &%. To calculate the covariance matrix, instead

of implementing resampling approach by Parzen et al. (1994), Ghosh (2010) used a
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resampling approach by Zeng and Lin (2008). This algorithm is faster than that in
Parzen et al. (1994) because it does not require to solve the estimating equations

iteratively. The algorithm is as follows:
1. Generate two standard normal random variables G = (G, Gy).
2. Calculate {S, (7 +n"Y2G,),US(a% + n~Y2G)}.
3. Repeat step 1 and step 2 M times.
4. Regress S,(7 +n~Y2G,) on G,,.
5. Regress US(a% + n~1/2G) on G, and G.

6. Let a; be a regression coefficient from the regression in step 4 and a, be a
regression coefficient from regression in step 5. Then it is possible to construct
A'BA~! where B is covariance matrix of [{S,(7)}7, {US(4°)}T]T and A

is a matrix such that the first row of A is @; and the second row of A is as.

&% is strongly consistent and asymptotically normal (Ghosh, 2010). Clearly, it
is possible to extend this model to a case of multivariate covariates. Another
variation of approach of Peng and Fine (2006) for recurrent events with the terminal
event is proposed by Hsieh et al. (2011). They extended model in Ding et al.
(2009) by applying the pairwise comparisons approach of Peng and Fine (2006).
The data structure is {N*(-), Ty, C, D,Z}, where T} is time to the kth recurrent
event (k= 1,2,...). The assumptions are the same as those of other models for

recurrent events mentioned in this section. The proposed model is

(hl(Tk> =7"6, + €k> (3.17)

hy(D) = ZTny + &P

where 719 and 6y are p x 1 vectors of regression coefficients, hi(-) is a known
monotone function and hs(+) is another monotone function which may be specified
or unspecified. If hy(-) is unknown, then ¢ is known and vice versa. If hy(t) =
ho(t) = log(t), the model is AFT model. If hy(:) is unknown and ¢ follows the
extreme value distribution, as discussed in Chapter 2, it is the Cox proportional
hazard model. Thus model (3.17) has high flexibility. In terms of the counting
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process, the model (3.17) is equivalent to

(N*{h;l(t - ZTOO)}> d (N;“(t)> (3.18)
ha(D) — Z g &P |

where NX(t) = 22, I(ep < t). Let {N/(-), Ty, Ci, D;, Z;}7, be independent
and identical copies of {N*(:),Ty,C,D,Z} for k =1,2,... and i = 1,...,n. The
observed process is N;(t) = N;(t A D; A C;). Define €;4(0) = hy(Ty,) — ZI'6 and
EP(m) = ha(D;) — ZTm. Then clearly, {ex(0),£P(n)} are also independent and
identically distributed. We assume that they do not depend on Z;.

Estimating ), is identical as what was done in Ding et al. (2009). To estimate
6y, the censoring mechanism is more complex than that in Peng and Fine (2006)
due to considering general functions h; and hy. In this case, €; is censored by
ef (@) = lhy ' {(&P(m) AT (n)) + Zn}] — Z]6 where €7 (n) = ho(Cy) — Zn.
As in Ding et al. (2009), the need for artificial censoring arises to deal with
this censoring mechanism. Define é(a) = Ro{P(n) A €9 (n)}, where R4(t) =
inf, hi{hs'(t + 2"n)} — 270 and o = (nT,07)T. This time is the new censoring
time to adjust dependent censoring in the model. Then the first proposed estimating

function is

o0 n_lf €§? o) >t
UnHL(O‘):/O [Z,-— ZZJEL:l E{é;(c)x;;};f} dN(t; o), (3.19)

where N (t; ) = Y00, I{en(0) <t A ¥ (a)}. If hy(t) = ho(t) = log(t), then this
function is exactly the same as the function (3.15). For the pairwise comparisons
approach, define €\ (a) = RI{EP () A&7 (n)} where RY(t) = info—y, o, b {h3 ' (t +
zTn)} —z"0. R¥(t) is an artificial censoring mechanism for pairwise comparisons
and 6%)(04) is a new censoring variable to adjust dependent censoring in pairwise
comparisons. Let & () = €i(8) A €& (a) and Sf(j)(a) = Hew(0) < &, (a)}.

Then second proposed estimating function is

nl/2
U5<a>=2—) S (2 2,)08 (), (3.20)

n(n—1) 4=
1<i<j<n
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where

o) = Z[Sf(j)(a)[{gfu)( ) < ()} — 85 (@) I{E  (a) < &by (a)}].
k
Note that in this case, the same index for recurrent events when comparing
transformed times of an individual ¢ and j while Ghosh (2010) considered different
indexes for recurrent events when comparing these transformed times. If £ = 1 and
hi(t) = hao(t) = log(t), this is equal to the function (3.10). The other estimating
function proposed by Hsieh et al. (2011) is

nl/2
UL (a) = — DI ATIC) (3.21)

n(n—1) 4=
1<i<j<n

o1 () = ) [0 (@) I{el;) () < &y (@)} — 85 (@) I{E; () < &y (e)}]:

k

In this last estimating function, &, (c) is used instead of &, (a) in ¢ (e). Tt
implies that information in new censoring time of €f"(j)(a) is included in statistical
inference for regression coefficients. In fact, this approach is adapting the method
of creating the new indicator function to adjust the dependent censoring in Lin
et al. (1996) in context of the pairwise comparisons. They used the resampling
approach from Parzen et al. (1994) to perform statistical inference. As in Ding et
al. (2009), they also proposed an estimating function for @ when D has a linear

transformation model.
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Chapter 4
Weighted Estimation of the Ac-
celerated Failure Time Model
in the Presence of Dependent
Censoring

4.1 Introduction

As can be seen in the previous chapters, semicompeting risks data have been widely
studied in the past decade. The semiparametric regression approach by Lin et
al. (1996) and Peng and Fine (2006) has a lot of advantages. The model in their
approaches is linear model. Second, for estimation of treatment effect, bias of
survival function does not occur (Varadhan et al. 2014).

However, none of these papers fully discussed optimality of the estimator. In
this case, choosing an estimator that is optimal from an efficiency viewpoint is a
major issue for consideration. Here, we adapt the idea of Wei et al. (1989), which
proposed an optimal estimator whose form is a linear combination of estimators for
multivariate failure time data. They used idea of Wei and Johnson (1985), which
proposed using combinations of dependent tests in the presence of missing values.
Idea of Wei and Johnson (1985) is to create a test which can maximize power based
on linear combination of test statistics. Approach of Wei and Johnson (1985) is
simple and flexible, so it is sensible to apply their method in our case.

In this chapter, we propose a weighted estimator by using methodology from
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Wei et al. (1989). The weighted estimator combines those of Lin et al. (1996) and
Peng and Fine (2006). The structure of this chapter is as follows. In Section 4.2,
we describe details on our new weighted estimator. In Section 4.3, model checking
procedure is briefly discussed. In Section 4.4, results of simulation studies will be
given. Application of our method to a real data example is presented in Section
4.5. Some discussion concludes Section 4.6. In this chapter, for Lin et al. (1996)
and Peng and Fine (2006) procedures, we use the same notations as Section 3.2.2
in Chapter 3.

4.2 Weighted estimator

Given two estimation procedures as described in Section 3.2.2 in Chapter 3, it
is natural to consider their efficiencies with respect to standard error. However,
in this point of view, neither estimator is superior to the other. Moreover, these
estimators may not be optimal estimators with respect to the standard error. There
is an argument that the estimator of Peng and Fine (2006) gains more efficiency
than that of Lin et al. (1996) because pairwise comparisons lead to less artificial
censoring than that in Lin et al. (1996). However, this logic only holds when
we look at performance of estimators in the view of bias and variance across the
estimators in simulation study. Concentrating on standard error of an estimator in
a single dataset, the estimator by Peng and Fine (2006) may not provide better
estimator than that of Lin et al. (1996). This will be seen in the real data analysis
section.

The reason for this is due to estimation procedure of Peng and Fine (2006). As
discussed Ghosh (2010), for n samples, the number of comparisons of Lin et al.
(1996) for artificial censoring is of order n, while that of Peng and Fine (2006) is of
order n?. By definition of g;;(«), different degrees of artificial censoring is applied
to observations. It may lead more variation in estimation of the standard error for
the estimator of the regression parameters. Hence, standard error of the estimator
by Peng and Fine (2006) may be larger than that of Lin et al. (1996).

Having discussed our data structure and estimators from Lin et al. (1996) and
Peng and Fine (2006), we now describe the proposed estimation in this paper. Let
A = (1, ...,0)" be estimator of 1, 8% = (OF, ... GE)T be estimator of @y by Lin
et al. (1996) and 8 = (9, ... 0F)T be estimator of 6y by Peng and Fine (2006).
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6 and 6” are asymptotically unbiased estimators of 6.

We extend the scope of estimators which provide consistent estimation of 6.
The natural extension of estimators of Lin et al. (1996) and Peng and Fine (2006)
is to consider collections of estimators that are linear combination of these two
estimators with sum of weights being 1. By choosing proper weights, we can expect
that the variance of the new combined estimator is smaller than that of each
individual estimator in 6% and 6.

The goal is to find weights such that the variance of the new estimator is smaller
than the minimum of variance of the estimators by Lin et al. (1996) and Peng and
Fine (2006), which have good theoretical properties. To obtain the estimator that
yields smallest variance with these properties, we can use the idea of Wei et al.
(1989), which was applied to the problem of modeling multivariate failure times.

In Wei et al. (1989), the joint distribution of estimators 4 = {4, } is considered,
where m =1,...,kand r = 1... R. In this case, m indicates index of regression
parameters and r stands for index of the rth event. For obtaining an optimal esti-
mator, they applied arguments from Wei and Johnson (1985) which derived a linear
combination of test statistic to maximize power against every alternative hypothesis.
Let H be the covariance matrix for the estimators 4. Then we fix m and define
H,, be covariance matrix of 4, = (Am1,---,9mr)- It can be obtained from the
entire covariance matrix by selecting the part corresponding to 4 forr =1,... R
under fixed m. Now we can define Zf;l dAmr, where d = (dy,da, ..., dg) satisfies
S d, =1 (Wei et al 1989). Then d = (e"H,,'e) 'H; e is a vector of weights
which leads the best estimator among linear combinations of estimators of 4,,
where e is a vector consisting of R ones (Wei and Johnson, 1985; Wei et al. 1989).

We now apply the argument in the previous paragraph to our model by con-
sidering the joint distribution of 8 = {®7, (8%)T, (OF)T}T. Let By = (nl, 67, 61)T
and G,,(B) = [S;,(n), {Uy ()}, {U () }']" where S,,(n), Uy () and U} (ex) are
estimating functions for 8y which are introduced in Section 3.2.2 in Chapter 3. The
strong consistency and asymptotic joint distribution of three estimators, described
in following theorems, play a crucial role in our methodology.

To prove asymptotic results, several regularity conditions are required. As
stated in Ghosh (2010) and Peng and Fine (2006), define

F(a,b,c,de) = P(ef—eP < a,ef —C1 < b ef —e <c,ef—eb <d, e —Cy < e|Zy,Zy)
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Let ag = (n¢, 0%)T. Define

oF

T\(Zy,Zy) = %{912(040), —~Z1n0 — g12(), 0, 12 (), —Z2I Mo — gia(cw)}
oF

+ %{912((10)7 —Z1T"70 — g12(), 0, g12(axg), —Z2T770 — g12(ao)}

oF
+ %{912(00)7 —Z1T”70 - 912(00)7 0, 912(040), —Z2T770 - 912(040)}

oF
+ 5{912(00)7 —Z1T”70 — g12(), 0, g12( ), —Zgno — g12(ao)}

OF
. {912(010), —Z1T770 - 912(040), 0, 912(a0)7 —Zgﬂo - 912(010)}

2_
)

and

OF T .
15(Zy,Zy) = Ty (Zy, Z2)—2§{g12(040), —ZiMo—912(), 0, g12(ex), —Zy Mo—g12(cx) }
From the Appendix in Peng and Fine (2006), the additional conditions are as

follows:

1. The parameter space W is compact, and the true parameter oy is an interior

point of W.
2. Oy is the only solution of the estimating equation E{n~/2U"(n,,0)} = 0.

3. E(]|Z||*) < oo, where || - || is Euclidean norm and there exists a positive
constant K such that partial derivatives of F' are bounded by K and there
exists positive constant K* such that marginal probability density of F is

bounded by K* almost surely.

4. cov[(Zy — Zo){T1(Z1,Z2)}"/?] and cov|(Zy — Z2){Ts(Z1, Zy)}'/?] are positive
definite.

In many parts of proofs, we adapt arguments from Lin et al. (1996) and Peng and
Fine (2006).

Theorem 4.1. By conditions of C'1 — C3 in Appendix of Peng and Fine (2006)

A

and conditions in Ying (1993), 8 is (strongly) consistent.

Proof. Let B = {7, (05T, (67)T}T. Tt suffices to show that 7,0 and 8% are

strongly consistent, respectively. Let a = (n*,07)T. Note that we have compact
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region, say WV and we assume regularity conditions in Ying (1993). By Ying (1993),
there exists nonrandom function my such that sup,cx, [|n72S,(n) — my(n)|]
converges to 0 with probability 1 where Ny is a neighborhood of ng. Thus 7 is
strongly consistent. Similarly, we have another nonrandom function ms such that
SUPaen, |[n/*UL (a) — ma(a)|| converges to 0 with probability 1 where N is a
neighborhood of ag. Hence by Ying (1993), &* is strongly consistent.

For 67 , by argument in Appendix of Peng and Fine (2006), note that by the U-
statistics version of the law of large numbers, for all € W, ||n~Y/2U” (o) — v(a)||
converges to 0 in probability where v(a) = E{n"'/?U”(a)}. We can partition
our compact space as Wy, ..., W, so that W € U;?:le. Clearly, then for {a’ €
W, i =1,..,k}, max <<k |[n7V2UL (a?) — v(a?)|| converges to 0 in probability.
Then by Appendix of Peng and Fine (2006),

sup 2| U () = Uy ()|

lla—ar*||<¢

2
e Do Zi=Zj|| sup oi(@) = dyla™)|

1<i<j<n [la—a**||<E

and for all € > 0, there exists £ > 0 such that

lm (LB S Nzl s fog(e) - ég(a)] ) =0

1<i<j<n [loe—a**||<¢
Hence
lim P( sup  n 2U (a) = Uy (a™)|| 2 €) =0
T fla—arr||<€
Thus 67 is strongly consistent and clearly, B is strongly consistent. O

Theorem 4.2. Assuming certain technical conditions from Ying (1993) and Peng
and Fine (2006), n'/2(8 — B,) is asymptotically normal with mean zero vector and
covariance matrix 3y where ¥y = I'y'QI[;', where Ty is a nonsingular matrix

and € is the asymptotic covariance matrix of G,,(Bo).

Proof. As consistency, we assume the same regularity conditions as in Ying (1993).
Let Bo = (ng,65,07)" and G,(B) =[S, (n), {Uz(e)}", {U}(a)}"]". Similar to
Lin et al. (1996), let )\él)(t) be the cause-specific hazard function for the D (n)
and let )\(()2) (t) be the cause-specific hazard function for X;(a) under dependent
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censoring. Define

Mii(t) = Nu(tim) = [ 11D;(m) = w2 (w)da (4.1
Myi(t) = Nai(t; o) — / (X a0) > o (u)du (4.2)

Then My; and Msy; are martingales (Fleming and Harrington, 2005, p.26; Lin et
al. 1996). By adapting a proof in the Appendix in Lin et al. (1996), Rebdolledo’s
martingale central limit theorem (Fleming and Harrington, 2005, pp.227-228) gives

S, () =17 [ (2= 20w () + 0, (1)

where Z0(u) = limy o[, H{D;(0) > 0},)/15, H{Djm) > )] and
Z0(u) = Ty o[y K (@0) 2 0}Z,]/[S {I(X: (@) = w)}]. From the
Appendix of Peng and Fine (2006),

UP (o) =n~1/? Z 2h; (Vi, o) + 0,(1)
i=1

where 2h;(v,ap) = 2E[h(v, V3, a)]. For j = 1,....,n, M;(t) is the martin-

gale associated with €}, while My;(t) is the martingale associated with e and

h(V,,V;,a) = (Z; — Z;)¢;j(e) (Lin et al. 1996; Peng and Fine, 2006). For
7 =1,...,n, define

ag; = /_oo {Z; — ZD (u) }d My (u) aj; = /_OO{Z]- — Z® (u) Yd My (u)

Ag; = 2h1<Vj, ao).

By the Cramér-Wold theorem, G,,(8p) has an asymptotically normal distribution
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with mean zero and covariance matrix €2y, where

T T T

0181  Ap1a1;  A0132

_ T T T
Q() =F a11dy; Ara); ady

T T T
a21ay; Azdy; A214y;

Note that E{n"?U”(a)} = (). As stated in the Appendix of Peng and Fine
(2006), under conditions of N1 — N3 from Honoré and Powell (1994), there exists

an open neighborhood of ay, say Ky, such that

o 10000 — Ul (ey) — n'2(c)|
ok, T+ /2y (a]

= 0,(1) (4.3)

Using a Taylor series expansion of v(a) around ay,

v ()
on

v (x)
(m—mo) + 290

a=q

(0 —60) + o[l — o) (4.4)

a=q

(@) = v(ao) +

With these two results (4.3) and (4.4), by Appendix of Peng and Fine (2006),

0 0
Ulte) = Ul n* 5] et 2T (@0 son(tn el
a=aoy a=ag (45>
From Ying (1993), we have that
S, (1) = Su(no) +n'/*Po(n — m0) + 0,(1) (4.6)

for any m in the small neighborhood of 1y, where Py is k£ x k nonsingular matrix.
From the Appendix in Lin et al. (1996), for J;,,(a) = [SI(n), {UL(a)}T]7,

J1n(a> = Jln(ao) + nl/leo(a — ao) + Op(l) (47)

for any « in the small neighborhood of ey, where Ly, is defined as

P 0
LlO - ( ° ) ;
M, H,

a 2k x 2k nonsingular matrix, and My and Hy are k£ X k constant matrices. Define
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Jon(a) = [ST(n), {UL(a)}T]". Using the expansion from Peng and Fine (2006),

for any a in the small neighborhood of ay,

Jgn(a) = Jzn(ao) + nl/ngo(a — ao) + Op(l) (48)

P 0
Lpg=| _°
Ry Vy

where Ry = 82}(,7‘” la=ao and Vo = a'g(;‘) la=a,- Combining expansions of (4.6), (4.7)

and (4.8), we have

G (8) = Gu(Bo) +n'/*To(B — Bo) + 0,(1)

for any 3 in the small neighborhood of By, where T’y is defined as

P, 0 O
F() - MO HO 0
Ro 0 Vg

. The results from Honoré and Powell (1994) and Ying (1993), along with the
consistency of B , imply that

n'?(B = By) = —T5"'Gu(Bo) + 0,(1).

By combining the above results with Slutsky’s theorem, n'/ 2(B — Bo) has an asymp-

totically normal distribution with mean zero and covariance matrix T'y'QoTyt. O

Theorem 4.2 implies the asymptotic normality of B with the form of 3y being

X Y X3
o= | Xy X9 X3
Y31 zp a3

Let X be the estimated covariance matrix of 3. In this covariance matrix, 3 is a
k x k covariance matrix for 9, 399 is a k x k covariance matrix for 8% and X3 is a
k x k covariance matrix for 8. Moreover, 315 and X5 represent covariance terms

between 1 and 6L and between 7 and or , respectively. Define 3355 as the covariance
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matrix between O and 67, Clearly, 33, = 3T, g = f]ng and 33 = 253

The issue remains of how to obtain the matrix corresponding to IA{T_,Ll in our
context. Note that 7, 6~ and 0% are correlated with each other. The estimating
function structure implies that 6 and 67 cannot be estimated separately from 7.
Thus our matrix corresponding to }AI;L1 should include the effect of 9. To obtain the
matrix, we need to invert whole matrix and extract the submatrix corresponding
to OL and . There are two approaches to obtain the submatrix.

The first approach is to invert 3 and obtain the submatrix of £ corresponding
to é,% and éﬁ Let us denote this matrix as f]fn. Clearly, this matrix is 2 x 2 and
also positive definite. Then we can calculate €, = (ém1, ém2)” = (hTS* h)~13* h,
where h = (1,1)7. By using the form of the optimal estimator in Wei et al. (1989),

we obtain new weighted estimator for mth covariate, say 0M"WE where
AMWE _ Ao AL | A AP
9m = leem -+ szem.

We can repeat this step for the other regression coefficients. Then we obtain
OMWE — (QMWE  GMWENT Tp this first approach, weights are generated through
using k number of 2 x 2 matrices. We can refer this first approach as ‘marginal
approach’.

Sometimes it is desirable to consider entire covariates all at once when obtaining
weights. The second approach is to obtain the corresponding submatrix of 3!
for {(8%)7,(0F)T}T. We denote this matrix as 3**. This approach is different
from first one in that I',, consists of elements of the covariance matrix from 0%

and éﬁ but now 3 has elements of covariance matrix from corresponding entire
{(6%)T,(67)T}T. This approach reflects the effect of {(8X)T, (67)T}T jointly on
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our new estimator. Let E be a 2k x k matrix such that

1,0,...,0
0,1,...,0
g | 001
1,0,...,0
0,1,...,0
0,0,...,1

E is a multivariate extension of h. Note that E is concatenation of two k x k
identity matrices by row. Entries that are 1 in these two k x k identity matrices

are source of weights for 6L and 67. The next step is to construct B, which is
]j)) _ {(ETg**E)ilETﬁ**}T.

Then B has the form

Cl’l . .. Cl,k
A Ak
C271 . .. C27k
A% Ak
Clk+1),1 Clk+1),k
Ak Ak
Cor1 - Copg

This matrix is a multivariate extension of ¢,, from the first approach. This matrix

is a contrast matrix in the sense that &, ., + ¢, ,, = 1 for the mth regression
coefficient of 8 and 6%. Moreover, &  + Clpppyp =0 for p#m =1,... k. Using

a vector form, from this approach our new estimator, say 87"¥#,
NWE _ (pJWE NWENT __ (ax AL Ak NP ~x Nl Ak NP\T
0 = (03 o O )T = (01,191 + C(k+1),191 y oo 7Ck,k9k + C(2k),k8k )"

We can also refer this approach as the ‘joint approach’.

Now the key step is to obtain 31, We use the resampling approach of Parzen et
al. (1994), which was also used in Lin et al. (1996) and Peng and Fine (2006). Let
&l = {AT (01)T)T and & = {A7,(07)T}T. From Lin et al. (1996) and Peng and
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Fine (2006), we have

Wi, g, Zim HADI@) 2 ~;~j<A>A}Zj] _ 3 A 2 D))
Yo D) = i@} | X5 H{D; () = Di()}
Ny X HDi0) 2 ~;(ﬁ)}zg]
LY D) = D)} |

> X (@h) = Xy AL)}zj] _Z”:SﬂdL)l{fff(dL)
) ¢ — > H{X; (@)

and

Define

A consistent estimator of €2 is

We then solve the estimating equation

G.(B) =—n""?> WiQi, (4.9)
i=1
where @; (i = 1,...,n) represent standard normal random variables. Note

that G,(8) = [SI(n),{UL(a)}T {UP(a)}*]" is the joint estimating function
for (n, 0%, 61)T. By solving equation (4.9), we obtain many realizations of Bs, say
BE = {(7")T, (05T, (87)T}T where {(7*)7, (62%)T, (87*)T}T are solutions from
(4.9). The next theorem, combined with Theorem 4.2, justifies the resampling

approach for calculating 3.

Theorem 4.3. Based on the technical conditions in Parzen et al. (1994), the
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unconditional distribution of n'/ 2(3 — Bo) is same asymptotically as the conditional

distribution of n'/2(8% — B) where B% are realizations of B from resampling.

Proof. Recall that for any 8 in the small neighborhood of 3(, we have

G (8) = Gu(Bo) +n'/*To(B — Bo) + 0,(1) (4.10)

Note that 8% are solutions of equation (4.9). By conditioning on observed data
and using expansion (4.10) as well as by adapting arguments in Lin et al. (1996)
and Parzen et al. (1994),

A A

Gn(ﬂR) = Gn(B) + nl/QI‘O(BR = B) +o0p(1)

and hence,
nl/Q(BR _ B) _ —Faln_l/Q ZWZQZ + Op(l)
i=1
Note that n=1/23""  'W,Q; is asymptotically normal with covariance matrix 2.
Then given observed data, the distribution of n'/ Q(BR — B) is asymptotically normal
with covariance matrix I'y '3y, Hence conditional distribution of n'/2(8% — )

on observed data is asymptotically same as unconditional distribution of n'/ 2(,3 —

Bo). ]

Form=1,...kandj=1,..., M, let (7%,)9, (§%*)@ and (§2*)1) be jth realizations
of an element 7j,,, QA# and éﬁ corresponding to mth covariate, respectively. The

algorithm for the first approach is as follows.

1. By resampling, calculate the covariance matrix 33 using realizations (7%,)@, (6%*)0)
and (éﬁ*)(j), (m=1,...,kand j=1,..., M).

2. From 37!, obtain the covariance matrix corresponding to 6% and 6 say
S *
3.

3. Calculate &, = (&1, ém2)” = (W72 h)~'3* h where h = (1,1)7 and obtain

the new estimate 0MWE = ¢, 0L 4+ ¢,,0".
4. Repeat step 3 for all covariates.

The algorithm for the second approach is as follows.
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1. By resampling, calculate the covariance matrix 33 using realizations (7%,)@), (6%*)0)
and (P99 (m=1,... kand j=1,...,M).

2. Obtain 3** from 3.
3. From £* and E, obtain B.

4. Calculate the new estimate /WF = ¢ GL 4 ¢ +m, _or

m,m-m m)

where &7, be the

element of jth row and [th column of B.

By Theorem 4.1 and Theorem 4.2, our new estimators are consistent and asymp-

totically normal.

4.3 Model checking

For assessing the adequacy of the model, since our weight estimator is based on
estimators from Lin et al. (1996) and Peng and Fine (2006), it is reasonable to
consider entire processes from Lin et al. (1996) and Peng and Fine (2006). In this
case, we extend model checking technique from Lin et al. (1996). As defined in Lin
et al. (1996), Let Ny;(t;m) = AJ{D;(n) <t} and Ny(t; ) = 67 () [{ X} () < t},
where i = 1,...,n. Then Nelson-Aalen estimators for the event of interest and

dependent censoring are

/ dNu( U "7) A(2) ! E?:l szi(U; 0‘)
u;m) Z

IDmzg 0 SR @

Note that by (4.1) and (4.2), martingale residuals are defined as

t

NE(t:9) = Nults ) — / 1{D:(A) > u}dA (u, %)

t
Moyi(t; &) = Noi(t; &) — / H{X?(6) > u}dAP (u, &),

—00

where @& can be either &* = {77, (X))} or &F = {A7, (87)T}T. Then as defined
in Lin et al. (1996),

Su(sim) =n~'/? Z ZiMhi(s;n) Un(tia) =n'/? Z Z:Myi(t; o).

i=1 i=1
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Then similar to Lin et al. (1996) and Peng and Fine (2006), we can substitute 0
on S, (s;m), &* and &* on U, (t; ). [ST(s;7), {U,(t; &5)}T, {U,(t; &7)}T]7T are
called observed score processes with respect to dependent censoring and the event
of interest, respectively (Ghosh, 2010; Lin et al. 1996; Peng and Fine, 2006). We
can construct [ST(s;7*), {UL(t; &)}7T, {UP (v; &7*)}7]T (Lin et al. 1996; Peng
and Fine, 2006), where

PTP( . APx o —1/2 — [ Z?le{X;(dP)Zw}Zj y AP0,
UP(v;a™) =n~Y Z/ [Zi— SN aP) > w) ]d]\/[gi(w,a Qi

i=1 Y7 Jj=1 J

+ U, (v; dP*) — U, (v; dP),

where & = {(7*)7, (6T} and & = {(#*)T,(07*)T}T. These three pro-
cesses are called bootstrapped processes (Ghosh, 2010; Lin et al. 1996; Peng
and Fine, 2006). We can plot the observed process with bootstrapped pro-
cesses by randomly selecting 20 or 30 observations. Standard tests for good-
ness of fit can be performed by calculating Kolmogorov-Smirnov type test statis-
tics. Test statistics are then defined by supy ||S,(s;0)||,sup, ||U,(t; &%)||, and
sup, || U, (v; &7)||. To calculate the null distribution of the test statistics, first we
obtain jth realizations of bootstrap samples (7*)@, (2*)) and (97*)@. Then we
compute BS; = sup, ||S. (s (7)) ||, BSE = sup, |[UL(t; (a24)9)|| and BSF —
sup, |[UP (v; (&P*)9)||, respectively for j = 1,..., M, where (&**)9) and (&7*)0)

are jth realizations of bootstrap samples of &** and &”*. The p-values can be
defined by
M
P= g7 ;T{BSJ' 2 sup ||Sn(s; 7)1}
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M
1 A
pe= 37 2 1BS] = sup |U, (16"}
=1
1 M
ps =57 > H{BS] = sup || Un(v;&")|}-

—_

J

(Hsieh et al. 2011). If a p-value is smaller than predetermined level, we reject
the null hypothesis, which means that data does not have appropriate fit on our
bivariate model. Note that a multiple testing problem arises for testing the models
for 8. We address this by adjusting p-values based on a Bonferroni correction with

two tests.

4.4 Simulation Studies

We consider two simulation settings. In first simulation setting, the errors follow
a bivariate normal distribution with mean (0,1.2) with variance 1 and correlation
p=0,0.25. The independent censoring time C' is generated from log(U*), where U*
has uniform distribution with minimum value 0 and maximum value 20. Covariate
is Z ~ Bernoulli(0.5), where Bernoulli(0.5) is Bernoulli distribution with success
probability 0.5. We run 500 simulation runs. Within each simulation run, 500
resampling runs are tried for covariance matrix calculation. Sample sizes are
N =150 and N = 300. If there is only one covariate in the model, the first and
the second method of the weighted estimation are equivalent. Let this common
weighed estimator be ", We calculate bias (Bias), mean squared error (MSE),
mean of standard error (SEE), 95% coverage rate (Coverage). The coverage is
based on the normal approximation. Moreover, to evaluate robustness of estimators,
we also compute median of difference of the estimator from true value (Dmedian),
median of squared error of estimates (Mediansq), and median of standard errors
(Sdmedian). Results are summarized on Table 4.1 and Table 4.2.

In second simulation setting, we generate Gamma random variable v with
mean p=1 and variance o?=0 or 1, then create W = exp (¢*), which is an

1

exponential random variable with rate 4! and exp (¢”) with an exponential

random variable with rate v~1.

Then we generate time to the event of inter-
est by exp (X) = exp (01Z)exp (¢¥) and time to the dependent censoring by

exp (D) = exp (nl'Z) exp (¢”) (By notation in our paper, X, D and C' are already
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Table 4.1: Simulation result when N = 150 and N = 300, p = 0 with covariate
Bernoulli(0.5).

N =150
Bias (Dmedian') | MSE (Mediansq?) | SEE (Sdmedian®) | Coverage
or 0.018 (0.018) 0.04 (0.017) 0.204 (0.2) 0.95
07 | 0.021 (0.014) 0.036 (0.017) 0.193 (0.19) 0.96
OWE | 0.016 (0.006) 0.036 (0.015) 0.188 (0.185) 0.95
N =300
Bias (Dmedian') | MSE (Mediansq?®) | SEE (Sdmedian®) | Coverage
g% | -0.002 (-0.003) | 0.017 (0.006) 0.140 (0.140) 0.95
9 | -0.001 (0.002) 0.016 (0.007) 0.133 (0.132) 0.95
OWE | 0.004 (-0.002) |  0.016 (0.007) 0.130 (0.129) 0.94

Estimators : #~ : the estimator by Lin et al. (1996); #% : the estimator
by Peng and Fine (2006); 9" : the weighted estimator by the proposed
approach (Note that the marginal approach and the joint approach are
equal in one variable case)

! median of difference of the estimator from true value

2 median of squared error

3 median of standard error

Table 4.2: Simulation result when N = 150 and N = 300, p = 0.25 with
covariate Bernoulli(0.5).

N =150
Bias (Dmedian') | MSE (Mediansq?®) | SEE (Sdmedian®) | Coverage
oL | 0.005 (0.01) 0.036 (0.017) 0.198 (0.197) 0.95
07 | 0.006 (0.007) 0.032 (0.015) 0.189 (0.188) 0.95
0WE | -0.001 (-0.006) | 0.033 (0.016) 0.184 (0.183) 0.94
N =300
Bias (Dmedian') | MSE (Mediansq?) | SEE (Sdmedian®) | Coverage
0L | -0.003 (0.005) | 0.018 (0.008) 0.138 (0.137) 0.95
07 | 0.001 (0.007) 0.017 (0.007) 0.131 (0.131) 0.95
OWE | -0.003 (0.002) | 0.017 (0.007) 0.129 (0.128) 0.95

Estimators: % : the estimator by Lin et al. (1996); OF : the estimator
by Peng and Fine (2006); "% : the weighted estimator by the proposed
approach (Note that the marginal approach and the joint approach are
equal in one variable case)

! median of difference of the estimator from true value

2 median of squared error

3 median of standard error
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log-transformed times. Thus in this context, exp (X),exp (D) and exp (C) are
times in the original scale). The independent censoring time exp (C') has uniform
distribution with minimum value 0 and maximum value 20. True parameter val-
ues are 8y = (0.5,1)7 and 1y = (1,0.5)” and covariates are Z; ~ U(0, 1), where
U(0,1) is uniform distribution with minimum value 0 and maximum value 1 and
Zy ~ Bernoulli(0.5). We run 500 simulation runs. Within each simulation run,
500 resampling runs are tried for covariance matrix calculation. Let OMWE Ye
weighted estimators from calculating weights marginally (the first proposed method)
and let 87WE be weighted estimators from calculating weights jointly (the second
proposed method). We compute the same quantities as we did in the first stage of
the simulation study. Results are summarized on Table 4.3 and Table 4.4.

In these simulation results, we can see that our weighted estimators have good
results. In both cases, bias and mean squared error of our new estimator has
similar performance compared to the estimators by Lin et al. (1996) and Peng and
Fine (2006). Mean of standard errors and median of standard errors are smaller
than the estimators by Lin et al. (1996) and Peng and Fine (2006). Moreover,
computation results for the median of difference of the estimators from true value
and the median of squared error imply that our proposed estimator is comparable
with the estimators from the original methods.

In the first simulation setting, the difference of standard error between our
proposed estimator and oL is bigger than the one between 0P and the proposed
estimator. In the second simulation setting, the phenomenon is the opposite.
Furthermore, in the first simulation setting, 6" has lower standard error on average
than one of 8% while @~ have better efficiency (with respect to standard error) than
ones by 6" in the second simulation setting. This simulation result verifies our
claim, which means that neither estimator is better than another. Our proposed
estimator takes advantage of smaller standard error with achieving small bias and
correct coverage except N = 150 with 02 = 1 in the second simulation setting.
In this scenario, empirical coverage of proposed estimators is lower than nominal
95% coverage. This is due to low coverage of 6~. Since we combine 8~ and 67 , if
one of them has low coverage, it is highly likely that the coverage of the weighted

estimator may also be below the nominal coverage.
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4.5 Real data analysis

We applied our method to data from the AIDS Clinical Trial Group (ACTG)
Study 364 (Albrecht et al. 2001), which was used in Peng and Fine (2006). This
multicenter randomized study investigated patients whose plasma RNA level is
at least 500 copies per ml. Subjects were assigned to three treatments, nelfinavir
(NFV), efavirenz (EFV), and combination of nelfinavir and efavirenz (NFV + EFV).
Details about this study can be found in Albrecht et al. (2001).

The two failure times are time to HIV RNA level greater than 2000 copies
per ml and time to withdrawal of study. Let X be the first time when HIV RNA
level is greater than 2000 copies per ml and D be time to withdrawal of study.
We considered four covariates and 194 observations. Z; takes value 1 if a patient
receives EFV and 0 otherwise. Z, takes value 1 if a patient receives NFV + EFV
and 0 otherwise. Z3 is New3TC, which takes value 1 if lamivudine is given as a
new nucleoside analogue therapy to a patient and 0 otherwise. Zj is logarithm of
RNA level at the start of the study.

Table 4.5 and Table 4.6 show the point estimates and standard errors of 7, éL,
or , OMWE and /"E. Our method works well for the models with and without
New3TC on all covariates. Some variables are seen to be statistically significant
based on the weighted estimator while they are not by Lin et al. (1996) or Peng
and Fine (2006). For example, let us consider the effect of EF'V on the time to first
virologic failure. By Table 4.6, the estimated effect by using approach of Lin et
al. (1996) is 0.475 and its standard error is 0.250. From the approach of Peng and
Fine (2006), an estimate is 0.464 and its standard error is 0.281. Based on the fact
that estimators are asymptotically normal, from Wald test using Lin et al. (1996)
and Peng and Fine (2006), EFV is not a statistically significant variable at the 5%
significance level. On the other hand, a weighted estimate using first approach is
0.471 and its standard error is 0.222. In this case, EFV is a statistically significant
variable at the 5% significance level.

Observed score process with bootstrapped processes for withdrawal of study
with respect to Z; is shown in Figure 4.1. Figure 4.2 and Figure 4.3 show observed
score processes and bootstrapped processes of the first virologic failure using &, &”
with respect to Z;. These three plots are based on the model without New3TC.

They are fluctuating around zero, so it seems that there is no graphical evidence for
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Table 4.5: Point estimates with standard errors of covariates in AIDS study for model without
New3TC (Standard errors are shown in parenthesis).

Covariates n B 6r OMWE 6/WE
EFVT | 0.753 (0.339) | 0.115 (0.219) | 0.375 (0.269) | 0.168 (0.206) | 0.2 (0.205)
NFVZ+ EFV | 0.674 (0.255) | 1.128 (0.239) | 1.091 (0.309) | 1.120 (0.222) | 1.114 (0.222)
log(RNA)? | -0.544 (0.154) | -0.464 (0.215) | -0.531 (0.169) | -0.507 (0.163) | -0.511 (0.162)

I efavirenz
2 nelfinavir

3 logarithm of RNA at the start of the study

Table 4.6: Point estimates with standard errors of covariates in AIDS study for model with
New3TC (Standard errors are shown in parenthesis).

Covariates n B 6r QMWE G’VE
EFVT | 0.770 (0.278) | 0.475 (0.250) | 0.464 (0.281) | 0.471 (0.222) | 0.471 (0.222)
NFVZ+ EFV | 0.650 (0.260) | 1.353 (0.277) | 1.246 (0.338) | 1.333 (0.263) | 1.317 (0.261)
New3TC? | 0.927 (0.355) | 1.449 (0.296) | 1.374 (0.328) | 1.431 (0.267) | 1.420 (0.261)
log(RNA)! | -0.631 (0.183) | -0.654 (0.289) | -0.661 (0.218) | -0.659 (0.216) | -0.660 (0.215)

L efavirenz

2 nelfinavir

3 lamivudine as new nucleoside analogue therapy
4 Jogarithm of RNA at the start of the study

lack of fit. The p-value for the lack of fit tests of withdrawal is 0.952 and the first
virologic failure using &* and & are 0.918 and 0.959 respectively. With graphical
checking, the p-value indicates that there is no evidence for violation of the model
assumption.

For purposes of interpretation, since D represents a standard survival time, the
interpretation of 7 is in terms of covariate effect for survival time. However, since
the observed time for X depends on D, interpretation of @ is difficult. One way to
interpret 0 is to assume that D does not exist and interpret the effect of 6 on X
only. This approach is possible if there exists a reasonable extrapolation mechanism
for X (Prentice et al. 1978). However, considering the estimation structure for 6,
it is difficult to separate the effect of 0 on X from effect of non D.
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Figure 4.1: Plot of observed score process and bootstrapped processes of time to
withdrawal of study with respect to Z;. The thick line is the observed process and
the dashed lines are the bootstrapped processes.
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Figure 4.2: Plot of observed score process and bootstrapped processes of time to
first virologic failure using &* with respect to Z;. The thick line is the observed
process and the dashed lines are the bootstrapped processes.
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4.6 Discussion

In this paper, we have proposed optimal estimators using combinations of the two
estimators from Lin et al. (1996) and Peng and Fine (2006). Our methodology
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Figure 4.3: Plot of observed score process and bootstrapped processes of time to
first virologic failure using & with respect to Z;. The thick line is the observed
process and the dashed lines are the bootstrapped processes.
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can be extended to a case of recurrent event with dependent censoring, which is
extensively studied (Ghosh and Lin, 2003; Ghosh, 2010; Hsieh et al. 2011). We are
currently working on this extension.

Optimality of the estimator has been discussed in other contexts. Recently,
Lindsay et al. (2011) proposed optimal additive functions based on score functions.
The main point of their method is to combine unbiased estimating functions. In
our case, this would be combining estimating functions and new solution can be
obtained by this estimating function. Comparing performance of this solution and
our proposed estimator is of interest. This will be left open to future research.

Another way of achieving optimality is to use generalized method of moment
estimator (Hansen, 1982). This estimator is a linear combination of estimating
functions (Qu et al. 2000). In this case, the estimating functions have a greater
dimension than the dimension of the parameter vector. The optimality is achieved by
the linear combination. It is shown that the estimator from this linear combination
of estimating functions is consistent and asymptotically normal (Hansen, 1982). In
the literature of statistics, this idea is applied to generalized estimating equations
(Qu et al. 2000). The estimating functions proposed by Qu et al. (2000) are called
quadratic inference function. Recently, Xue et al. (2010) applied the quadratic
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inference function to Cox model.

Hansen (1982) and Qu et al. (2000) derived new estimating functions, while we
combined two estimators directly. This idea of the generalized method of moments
is very appealing, but the estimating functions of Lin et al. (1996) and Peng and
Fine (2006) are nonsmooth. Finding derivative for the linear combination of the
estimating functions, which is a key in the generalized method of moments, is
challenging for our work because we cannot find the derivatives in the estimating
functions proposed by Lin et al. (1996) and Peng and Fine (2006). Applying the
idea of Hansen (1982) to AFT model will be interesting future research.

Our estimating functions to obtain estimators involve nonsmooth functions of
n and . Many literatures used a linear programming approach for estimating
0 (Ding et al. 2009; Jin et al. 2003). However, this linear programming method
is very slow for computing estimators of 8. Thus this approach is very inefficient
when implementing to solve (4.9) for estimation of 3. Recently, an approach
called a derivative free-spectral algorithm for nonlinear equations (DF-SANE) was
proposed (La Cruz et al. 2006), and there is a publication that showed that this
algorithm is better than the linear programming method using an example of
estimating parameters of AFT models under independent censoring (Varadhan and
Gilbert, 2009). However, under dependent censoring, the artificial censoring term
leads to numerical instability in estimating parameters and calculating resampled
estimators. Moreover, this algorithm does not converge well under default tolerance
settings using DF-SANE (Varadhan and Gilbert, 2009). Thus using this algorithm
requires changing the tolerance level. Developing efficient numerical algorithms for

estimating parameters is an important topic for future research.
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Chapter 5
Goodness of Fit

5.1 Introduction

Goodness of fit is fundamental for assessing the appropriateness of a model. Method-
ology for model checking for parametric regression has been well developed (Lin
et al. 2002; Klein and Moeschberger, 2003, Chapter 12, pp. 409-423). Assessing
adequacy in parametric models is based on studying residuals, which capture the
difference between observed and predicted part from a model (Lin et al. 2002).
Residuals are an important element in model checking. They enable statisticians
to perform graphical and numerical summaries for assessing model fit.

The model considered in this paper is the accelerated failure time (AFT) model,
which is given by

T=17"n +e.

where T is time to event of interest, Z is p X 1 vector of covariates, 1 is p X 1 vector
of regression coefficients and € is an error term. Note that for simplicity of notations,
all times are log-transformed. Moreover, the distribution of € is unspecified, so to
estimate mg, nonparametric methods are used.

U-statistics, initially proposed by Hoeffding (1948), occupy an important role in
the theory of statistics. For parameter vector @ and sample X1, ... X, a U-statistic
of order K is defined as

Un(e):(;;)_l S (X, Xy,

1<y i <n
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where h(-) is called the kernel. h(-) is usually symmetric on (Xj,,...X;,.). U-
statistics are a critical element in semiparametric models. Denote Y =T A C and
A = [(T < (). The observed data are n i.i.d copies of (Y,A,Z), i=1,...,n.
One estimating equation for ) is (Tsiatis, 1990) given by

imdenr Lxm n [, 2 Heim) > em)}Z;]
KRCEPPWES o o U

where ¢;(n) = Y; — ZI'n. Another rank estimator, proposed by Fygenson and Ritov
(1994), for the AFT model is given by the solution for the following estimating

equation:

1 n n

UL ) = ooy 22 D (% = Z)Aud {es(m) > exlm)} = 0,

i=1 j=1
which can be expressed as

1

U, f(n) = ontn 1)

> (2= Zy)[Aid{es(n) > ei(m)} — Ay H{ei(n) > e;(n)}] = 0.
i#]
(5.2)
Note that (5.1) is a U-statistic of order 1, i.e., U-statistic with K =1 and (5.2) is U-
statistic order of 2, i.e., U-statistic with K = 2. Let V; = (¢;,C;, ZNT, i =
> H{ej(n) > ei(n)}Z;
> Hej(n) > ei(n)}

1
h(Vi, V) = 5(Zi = Z;)|Ail{e;(n) > ei(n)} — Ajl{e(n) > e;(m)}].
Model checking techniques for censored data have been studied in many settings.

1,...,n. For (5.1), h(Vyn) = Z;, —

and for (5.2),

Therneau et al. (1990) developed a graphical approach of checking the Cox model
by using martingale residuals. Lin et al. (1993) proposed model checking based on
cumulative sums of martingale residuals for the Cox proportional hazard model.
Lin et al. (1996) proposed model checking procedures for the accelerated failure
time (AFT) model in overall fit. Recently, Le6n and Cai (2012) proposed checking
form of covariates using ‘robust residuals’ based on model from Ledn et al. (2009).
They argued that when a random variable of interest and other covariates have
high correlation, in the uncensored case, the approach of Lin et al. (2002) clearly
fails to detect misspecification because of the high correlation.

However, the above-mentioned methodology for goodness of fit is based on
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U-statistics of order 1. Many rank-based estimators arise from U-statistics of
order 2. Clearly, UF'®(n) is U-statistic of order 2. In this case, performing model
checking based on U-statistic of order 1 may lead to bias. In this paper, we propose
methodology for goodness of fit for U-statistic order 2 principles using the AFT
model. Theoretical justification is based on U-process theory from Nolan and Pol-
lard (1987) and Nolan and Pollard (1988). In Section 5.2, method of goodness of fit
for U-statistic of order 2. Proofs of theoretical results are provided in Section 5.2.2.
Section 5.3 outlines the results of some simulation studies, while an application to
data from an HIV clinical trial is given in Section 5.4. Some discussion concludes
Section 5.5.

5.2 Checking overall fit of model

5.2.1 Independent censoring

As mentioned in the introduction, the AFT model is
T=7Z"n+e (5.3)

In this subsection, it is assumed that failure times are independently censored. As
can be seen in (5.2), estimating equation proposed by Fygenson and Ritov (1994) is
a U-statistic of order 2. Let V; = (¢;,C;,ZF')T,i =1,...,n and i be parameter of
interest and 7y be true value. General U-statistics of order 2 with standardization

to estimate 7 in (5.3) have the form

nl/2

U,(n) = nn—1) Zh(Vi,Vjan),
i#]

where h(-, -, 1) is a kernel function such that E{n=1/2U,(n)} = 0. Note that the

1
kernel of the estimating equation in (5.2) is h(V;,V;,n) = §(Z’ —Z,)[Ail{ej(n) >
ei(m)} — Ajl{ei(n) > ¢;(m)}].

Under mild conditions, the estimator 7, the solution of U, (n) = 0, is strongly

consistent and asymptotically normal (Jin et al. 2001; Honoré and Powell, 1994).
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Using the assumptions from Honoré and Powell (1994),

U,.(n) = Uu(no) +n'2To(n — n9) + 0,(1 +n'2||n — nol]), (5.4)

where W is the derivative of E{n~"/?U,(n)} evaluated at n = 1,. To assess the
overall fit of the model, let

nl/2

nn—1) > h(Vi, V) I{g(Vi,V;.m) < t},

U,(t;n) = n(n oy
where ¢ is a function that belongs to the Euclidian class (Nolan and Pollard, 1988).
One natural choice of ¢ is maximum function. For example, in the AFT model,
9(Vi, V;,m) =ei(n) Vej(n), where a V b denotes maximum of @ and b. Then (5.2)
leads to the following expansion (Lin et al. 1996) :

U.(t:m) = Un(t;mo) + 0! 2@ (t) (1 —m0) + 0p(1+n'2lln —moll),  (5.5)

where Wy (t) is the slope matrix of U, (¢;19) at time t. Note that when t = oo,
(5.5) is equal to (5.4). Since the solution of the estimating equation U, (n) =0 is

strongly consistent, it is established that
U, (t;9) = Uyn(t;10) + 120 (6) (9 — m0) + 0(1).

If the model is correct, then U,(¢;7) fluctuates around 0. U,(¢t;n) contains
information on the model behavior, analogous to the martingale residuals in Lin et
al. (1996) and Lin et al. (1993).

In this case, the key issue is to show that the process U, (t; 7)) converges to a
Gaussian process. In this case, it is not possible to use the empirical process results
from Lin et al. (1993) and Lin et al. (1996), because a sum of independent and
identically distributed random variables in the estimating function does not exist
(Nolan and Pollard, 1987). However, by using the U-process theory of Nolan and
Pollard (1987) and Nolan and Pollard (1988), the following result can be obtained.

Theorem 5.1. Assuming that the model (5.3) is true, U, (¢;7) converges to a

zero-mean Gaussian process.

The next issue is to find the null distribution of U, (¢; 7). Since the structure of
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process h(V;, V;,n)1{g(V;, V;,n) <t} is unknown, it is very difficult to tackle the
process directly. One way to solve this problem is to approximate the process by a
known distribution (Lin et al. 1993). Since U, (¢;n) is nonsmooth, approximation
through Taylor expansion does not work. To find an expression for the approximate
distribution of n'/2(f) — 1), a resampling approach (Parzen et al. 1994) is used.
Resampling has been used in a variety of covariance matrix estimation settings for

rank regression estimators (e.g. Parzen et al. 1994; Lin et al. 1996; Peng and Fine
2006; Jin et al. 2001). In this approach,

U,(n) = —u,, (5.6)

with u, simulated from a normal distribution whose mean is 0 and covariance
matrix is 3, where 3 is estimated covariance matrix of U, (n). Let the solution of
(5.6) be m*. Under mild conditions, given observed data, n'/?(n* — 7)) has the same
asymptotic distribution as n'/?(f) — 1) (Parzen et al. 1994). Define Q1,...,Q, to

be standard normal random variables.
Theorem 5.2. Assuming that the model (5.3) is true,

R nl/2

U, (t;m") = Py > (Vi Vi ) {g(Vi, Vi) < 83Qi+ Uy(tm*) — Un(t; )

i#]
converges weakly to the same Gaussian Process limit as U, (t; 7).

These processes, which are called bootstrapped processes, are fundamental for
checking the overall fit of the model. It is possible to adopt the approach of Lin et
al. (1996) for graphical and numerical summaries. For a graphical summary, 20
or 30 observations from U, (-) are randomly chosen and plotted with the observed
process. Lack of fit can be checked by examining the behavior of the observed
process and observations from the resampling processes graphically. In addition to
the graphical approach, we can perform a formal test as in the case of U-statistics
of order one. Similar to assessing proportional hazards (Wei, 1984; Lin et al. 1993),

the test statistic for evaluating overall fit is
D = sup [[Un(t; )|

Larger values of D indicate stronger evidence for lack of fit. Let ™ be ith value
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from resampling and suppose that there are M resampling values. It is possible to

compute a p-value by (Hsieh et al. 2011)

M
1 2 1%
= S Hsup [[Un(t:n™)l| 2 D}
=1

According to the approach above, for the estimating equation (5.2), the test statistic
is sup, || U, 7(¢; 7)]|, where

nl/2
U, (tim) = - > (Zi = Zy)[Aid{e;(n) > ei(m)} — AjT{es(n) > e;(n)}]

i#]
xI(ei(n) Ve;(n) <1).

Now it is necessary to find the null distribution of UXR(¢; ). By arguments in
Ferguson and Ritov (1994), n'/2(f — ny) has an asymptotically normal distribution
with mean 0 and covariance matrix I'; QOI‘O , where I'y is nonsingular and €2
is an asymptotic covariance matrix of UL®(ny). They proposed to use numerical
derivatives for estimating I'g, but these numerical derivatives involved unknown
hazard functions of the event of the interest and can be numerically unstable.

We instead use the approach from Parzen et al. (1994). The empirical influence

function for the asymptotic distribution of UL%(n,) is given by

n

Vi= i 1 Z(Zi = Zj)[Ail{ej(n) > ei(n)} — Ajl{ei(n) > e;(n)}].

Then we can construct
UM (q n~'/? Z v:Q;. (5.7)

Let the solution of the equation (5.7) be n*. By Parzen et al. (1994), the
unconditional distribution of n'/2(f) — 1) has the same limiting distribution as

the conditional distribution of n'/ 2(n* — 7). Then the bootstrapped processes are

62



given by

1/2

> (Zi - Z;)[Ail{ej(n) > ei(m)} — AjI{ei(n) > ¢;(n)}]
i#j

xI(ei(n) vV ej(n) < 1)Q; + UM (tsn") — UL (t: ).

These bootstrapped processes are random processes whose asymptotic distribution
is identical to UER(t; 7). As described before, the graphical test can be performed
by plotting 20 or 30 realized values of UFF(-;.) with the observed process ULR(t; 7).
A p-value can be computed by replications of n*.

Now it is important to show that the proposed test procedure is consistent. A
consistent test is one whose power approaches 1 when sample size goes to infinity.
Since the power is closely related to rejecting the misspecified model, the estimator
under a misspecified model should converge to some constant value (Struthers and
Kalbfleisch, 1986; Lin and Wei, 1989). Before proving consistency of the proposed
test, it is necessary to prove the consistency of estimator under a misspecified model.
Let T be the time to failure and C be independent censoring. Let Y = T A C,
A = I(T < C) and covariates be W = (Z*, Z*T)T. The observed data are n i.i.d
replicates of (Y, A, W). As before, all times are log-transformed. Assume that the
true model is

T=WTn +e

where € is an i.i.d error term. Suppose that model is fitted using Z only, i.e., there
is misspecification on model fitting. We need next theorem before proving the

consistency of the test.

AMNLS

Theorem 5.3. Let 7™ be the estimator from the misspecified model. Then 7)

is a consistent estimator of ™, which is a solution of

1 o _
N(n) = 5F {(Zl - Z2)/ G(t+ Winy— Z{n|Z)G(t + Wino — Z3n|Z,)
0
x {F(t+Wing — ZIn|Zs) f(t + Wi — Z7n|Z,)

— F(t+ By Wi — Z{n|Zy) f(t + Wino — Z3n|Zs)}dt|.

where f is an error density, F' is survival function of error and G is survival function
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of C'— WT'I’]().

Now the following theorem shows that the proposed test is consistent.

Theorem 5.4. The test D = sup, ||U,(t;7)|| is consistent against the alternative

hypothesis that 1 depends on time.

5.2.2 Proofs

Before proving main results, the following assumptions are made.

1.

The parameter space © is compact and the true parameter 7 is the interior

point of ©.

. Let || - || be Euclidean norm. The functions h(-,-,n) and

u('>'7n7w): sup Hh(va)_h(aan>H

[lT—nl|<w

are measurable functions of V;, and V;, for 1 <i; # iy < n in some open
neighborhood of ©.

Let A(n) = E{n~Y2UFR(n)}. Then A(1n,) = 0 and A(n) is differentiable at

1o with nonsingular derivative at 7.

For 1 < i; # iy < n, there exist positive constant ag, by and ¢y such that
E{u(V;,,Vy,n,r)} <aerand E{u(V;,, V,,,n,7)*} < byr for all r < ¢ and
all m in an open neighborhood of 7.

There exists K > 0 such that ||Z|| < K, i.e., Z is uniformly bounded by

constant K.

The error distribution has finite Fisher information and the distribution of Z

given A = 1 is not concentrated on a proper hyperplane on RP.

The information bound (Bickel et al. 1993, Chapter 2, p23) for estimating n

is finite and invertible.

In the proofs, results for the estimating function in Fygenson and Ritov (1994) are

proved only. We first prove tightness of UL (t; 7).
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Lemma 5.1. UFE(¢: 7)) is tight.

Proof. Let Ny be an open neighborhood of 1y. By Lemma 2 of Honoré and Powell
(1994),
102" (n) — Uy " (m0) — n'2A(n)|
sup 72
neNo L4+ n2[A(n)]|

= 0,(1).

Then by Taylor expansion and consistency of 1,
UL (t0) = UL (tmo) + n'*To(t) () — mo) + 0,(1),

where T'y(t) is slope matrix of UL (t: ). We will start by showing UL (t: )
is tight. Clearly, n'/?(f) — 1) converges in distribution, so it is tight. Note
that g(V;, V,,m0) = e;i(no) V ej(no) for the AFT model assuming independent
censoring. For each ¢, a class of functions g,{e;(n0),e;(m0)} = ei(no) V e;(no) — t is
a polynomial class by Lemma 18 of Nolan and Pollard (1987) (Note that for each ¢,
ei(1o) Ve;(ny)—t is an element of a finite dimensional vector space of real functions).
Then by argument of Nolan and Pollard (1987), a class of functions g;{e;(10), €;(10) }
is Euclidean with envelope 1. Let h(V;, V;,n,t) = %(Zl — Z;)[Ail{ej(no) >
ei(mo)} — Ajl{ei(no) > ej(mo) }]1{ei(mo) V ej(mo) < t}. By assumption, [|Z;[| < K
for all ¢. Since Z;s and [A;I{e;j(no) > e;(no)} — A;I{ei(no) > e;(no)}] are bounded,
by Lemma 22 in Nolan and Pollard (1987), h(V;, V;,mo, ) is also Euclidean with
some positive constant envelope M.

Let G be Euclidean class for envelope G and the metric dg , ¢ which is defined

on G is
Q(MP)

where () is a measure on space X ® X which satisfies 0 < Q(GP) < co. Define

1/p
dQ7P7G(fvg>: |: :| f,gEQ

Ju(5, 0,6, G) = / “log Na(z, 0, G, G)da,

0

where Ny(z, @), G, G) is the covering number N(x,dg2¢g) (Nolan and Pollard, 1987).
Then

sup £10,(5.0,6,6)) =swp B{ [ 10w Motz 0,6, G}
n n 0

Let vy, ...y2, be a sample from measure P. Define T}, to be the measure which

assigns mass one at each of the 4n(n — 1) pairs of y,, y,, in function g;; for u € G,
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where

gij = U(ym, yzj) - u(y%, y2j71) - U(Z/ziq, yzj) + u<y2i717 Z/2j71)>

Now we will apply argument in previous paragraph to complete the proof. Let
F be function space for h(V;, V;,m,t) and F' be the envelope of F. Then F is
a class of function in £%(C' x [0, a]), where a is a positive constant. By previous

argument, the envelope F' is constant M. The metric for F is

T.|f* = g*)?

1/2
.00 } Y9 eF

dTn,Q,M<f*a g) = [

Let PF be the class of functions of E{h(v,V,nq,t)}. Clearly, PF' = M. Moreover,
E{h(v,V,no,t)} is also bounded for all v. By Corollary 21 in Nolan and Pollard
(1987), PF is also Euclidean with envelope M. By Nolan and Pollard (1987),
Ny(e, T, F, M) is the smallest cardinality for a subclass F* of F such that

HJI__i*nTn’f - f*’2 < ‘EQTn(M2)7
for each function in F. Clearly, T,,(M?) = M?n(n — 1). Hence,
II]l__i*IlTn|f — f*? < EM?n(n —1).

Note that 0 < T,,(F) = T,,(M?) = n(n — 1)M? < co. By argument in Nolan and
Pollard (1987) about Euclidean class, there exists positive constant A; and By,

1 1
/ log No(z, T, F, M)dx S/ (log Ay + By log4 — 2B logy)dy
0 0

=log A + Bilog4 — 2By (ylogy — y)|s = log Ay + By log4 + 2B; < 0o

Clearly, sup,, E{J,,(1,T,,, F, M)}? < co. Let P, be an empirical measure on sample
Vi,...,V,. Thus 0 < Pn(M2) < 00. Since PF is also Euclidean, by using similar

arguments as the previous paragraph,

sup E{J(1, P,, PF,M)}* < cc.
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Similarly,
J1,P® P,F,M) < c©.

Thus it is enough to show that for every ¢ > 0 and 6 > 0, we can find v > 0 such
that
limsup E{J(v, P,, PF, M) > (} <. (5.8)

n—oo

Since PF is also Euclidean, clearly 0 < P, M < oo,

J(v,P,,PF, M) = / log Ny(z, P,, PF, M)dz < 1.
0

For ( > 0, by taking v to be the solution of
/ log No(x, P,, PF, M)dzx = (.
0

Thus (5.8) holds. Hence by Theorem 5 of Nolan and Pollard (1988), UL (¢;n) is
tight. Hence ULE(¢; 7)) is also tight.
0

Now we will prove Theorem 5.1.

1
Proof of Theorem 5.1. Let h(V,;, V,,1m) = §(Z’ — Z;)[Ail{ej(no) > ei(no)} —
Ajf{ei(no) > €j(’r]0)}]. Define

2hl (Va To, t) - ZE{h(Vv V27 Mo, t)}

where h(V, V2a Mo, t) = h(V, V2a UO)[{Q(W V27 T’O) < t} and 2hl (V7 770) = 2E{h(V7 V27 ,’70)}
By arguments in the Appendix of Lin et al. (1996) and the Appendix of Peng and
Fine (2006),

U, () = U, (timo) — T(0TG U, " (o) + 0,(1)

— L2 Z Hz(t) . I‘<t)]:‘61n—1/2 Z H; + Op(1)7
=1 =1

where

H;(t) = 2h;(Vi,mo,t) H; = 2hy(Vy,mp).

Let UIR*(t;m) = n=/25°" {H,(t) — T(t)Ty'H,}. By the tightness of ULR(¢; 7)),
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UZLE*(t:my) converges to a Gaussian process with mean zero and covariance matrix
E[{Hy(t) - T(t)Ty "Hi }H{H, (¢) - T()T 'Hi}']. (5.10)

Thus Theorem 5.1 is proved. O
Proof of Theorem 5.2. We only prove the Fygenson and Ritov (1994) case. Note
that

nl/2
T 1Y Z h Vw V], n)I{g(Vw VJ7 ) < t}Qz

n(n - @#J

—T(t)n'(n" =) + o,(1)

Ul () =

nl/2
— w1 Zh (Vi, V;,mI{g(Vi, V1) < t}Q;
i#£]
. nl/2
— ()T, n(n——l Zh Vi, Vi, 1)Q; + 0,(1).

i#j

It is clear that given the observed data, ﬂf R(t;m*) is also a Gaussian process. It is
only necessary to show that the limiting covariance matrix of ﬂf R(t;m*) is same as
that of UI'*(t;m,). By the U-statistic strong law of large numbers (Serfling, 1980,
Chapter 5, p190),

2
Zh B Vi) =n? Y ——h(V;, V;, 7) 23 2E{h; (Vy,m0)}
)% 1<icj<n '
W=D Zh & Vi I{g(Vi, V;,0) < t}
1#]
2 a.s.
n VY (Ve V) H{g(Vi Vi) < 55 2B (Vo 1)}
1<i<j<n

where 3 denotes almost sure convergence. Hence the asymptotic covariance
function of ULE(t;n*) is E(LL”), where

L = 2h,(Vy,mo,t) — D(¢)T5 '2hy (Vy, m0).

The limiting covariance matrix of UFE(t;n*) conditional on the observed data is
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the same as that of UL®*(¢; 7). This concludes the proof.

Proof of Theorem 5.5. Let e (n) = Y; — ZI'n. Then the estimating equation is

‘ 1/2
UL () = S

= S D) o B A6 ) > el ()= T{ei () > ()] = 0.

i#]
(5.11)
By Theorem 2.1(i) in Fygenson and Ritov (1994), the solution of equation (5.11)

exists. Denote this solution by /™*. By the strong law of large numbers,
R H2UERT () = (1) + o(1).

Assume that A\*(n) has a unique solution n™*. Without loss of generality, it is

assumed that g = 0. If n — ™ by Fygenson and Ritov (1994),

1 o . _ .
N(n) = §E (Zy — Z5)(Zy — Zy)" X / —G(t — Zin™|Z2))G(t — Zyn™"*|Zs)
X f(t —Zin™) f(t — Zyn™)dt + (Zy — Zo) / G(t — Zin™"|Z,)G(t — Z3n™"*|Z,)

XAZy F(t — Zin™) f'(t — Zyn™*) — Z1 F(t — Zyn™)x
fi(t = Z?fn"“'s)}} (m—n™) +o(n—n™).
By Fygenson and Ritov (1994)’s argument, it is linear in a neighborhood of 7™.

Moreover, since UEE™M () and \*(n) are monotone with respect to n, H™* is a

consistent estimator of n™. O
Now we will prove consistency of the test.

Proof of Theorem 5.4. Let T" be time to the event of interest, C' be time to the
independent censoring and Z be a vector of covariates. As before, these times are
log-transformed. Suppose that the observed data are n i.i.d replicates of (Y, A, Z),
where Y =T A C and A = I(T < C) and the alternative hypothesis is that n in
the AFT model depends on time, i.e.,

T =7Z"n(s) +e (5.12)
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Let ™ be estimator of i assuming AFT model that has time independent pa-
rameters while in the true model parameters actually depend on time. Then by
applying similar arguments for the misspecified AFT model, 7™ converges almost
surely to constant vector, say ™. To show consistency of test, it suffices to show
that n~Y/2ULE(¢; ™) converges to nonzero limit (Lin et al. 1993; Arbogast and
Lin, 2004) against the alternative hypothesis. Under the alternative hypothesis,
by strong law of large number of U-statistics, n="/2UFR(¢; ™) converges almost

surely to

LE[(Zy — Z) %

ElI{er(n™) V ea(n™) < t}(ArI{ea(n™) > ex(n™)} — Aol{er(n™) > ea(n™

IDZy, Zs).
(5.13)
")

Then given e1(n™)Vea(n™) < t, the inner expectation of (5.12) is P[A;1{ez(n™) >

e1(n™)} — Aal{er(n™) > ea(n™)}]. Then,

PlA I{ea(n™) > er(n™)} — Agl{er(n™) > ea(n™)}]

= P{(Th = Z{n™) < (To = Zim™) A (Ch = Z{n™) A (Co — Zim™)}

—P{(Ty = Z5n™) < (T1 = Z{n™) A (C1 — Zin™) A (Cy — Z5n™)}

= P{{as +Z{ (n(s) —=n™)} < [e2+ Z3(n(s) — ™) A (C1 = Z{n™) A (Cy — Z5m™))]

—Pl{ez + Z3(n(s) —m™)} < {er + Z1 (n(s) —n™)} A (Cr = Zin™) A (Co — Z3n™))].
(5.14)

Since 7(+) depends on time and covariates, e;+Z71 (n(s)—n™) and eo+Z (n(s)—n™)
do not have same distribution, thus the probability in expression (5.13) is not 0.
For the expression in (5.13) to be 0, the distribution of €; + ZT(n(s) — ™) and
€s + Z1T(n(s) — n™) should be same. Thus for the function in (5.13) to be 0,

n(s) =n"". O

5.2.3 Dependent Censoring

In the previous section, independent censoring was assumed. However, in semicom-
peting risks data structure, this independent censoring assumption is violated. We
will briefly review the model and the procedure of Peng and Fine (2006) in Chapter 3.
Let X be the time to event of interest, D be time to dependent censoring, C' be time
to independent censoring and Z be p x 1 vector of covariates. As the previous section
all times are logarithm scale. Define X = X ADAC,D=DAC, (=1(D < C),
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§ = I(X < D AC). The observed data is (X;, D;,&,6,2;),i = 1,...,n. Now the
model is a bivariate AFT model (Lin et al. 1996; Peng and Fine, 2006):

(Xi =776, + 6;X> _
1=1...n,

Dy =Zfmno+ ¢

where vy = (nd, 81)T is 2p x 1 vector of true value v = (n?, 87)T and ¢; = (X, eP)T
are independent and identically distributed with unspecified survival function F.
Let S, () = n'/2U™M4eP() in (5.1). Since D only depends on independent censoring,
from approach by Tsiatis (1990), estimator for 7g is obtained by solving S, (n) = 0.
For the event of the interest, it is necessary to adjust for the effect of dependent
censoring to remove bias. To adjust for it, Peng and Fine (2006) used an artificial

censoring technique. Define

dij(y) = max{0, Z{ (6 —n),Z; (6 —n)},
Xin(r) = ( i = Z{0) A (D; — Z{n — dij(7)) A (Ci = Zim — di;()),
2!0) < (D; — Z{n — dij(v)) A (Ci — Z{n — di;(7))},
bij(v) = 03 ( )I{X* V(1) < X5 (N} = 50 (MI{X 0 (v) < X (1)}

The estimating function proposed by Peng and Fine (2006) is

nl/2
Uf('v):Z—) S (2 - 2.

nn—1) 4=
1<i<j<n

According to the discussion in previous chapters, Peng and Fine (2006) also used a
martingale approach to check model fit although their estimating function is also
U-statistic of order 2. However, the estimating function of Peng and Fine (2006)
does not have a martingale structure. Moreover, the artificial censoring applied in
the assessment of model fit is one by Lin et al. (1996), which differs from that in
Peng and Fine (2006). Thus applying a model assessment method using the Lin
et al. (1996) approach for U”(v) is problematic. By using a similar approach to
Fygenson and Ritov (1994), the score process is

= =T 2o %~ Z)vs (X () v K (7) < 1),
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To derive a p-value, as in the previous section, a resampling approach is used
to derive the null distribution. Let U%(5) = [{S,.(n)}T, {UF(4)}T]T. Let 4 be
estimator of «p. Then by Theorem 2 in Peng and Fine (2006), n'/?(4 — ~,) has an
asymptotically normal distribution with mean 0 and covariance matrix Y 'Zo Y, "
where Y is nonsingular matrix and Eq is covariance matrix of lim,,_,o, U%(~).
By Peng and Fine (2006), the empirical influence function for the asymptotic
distribution of U () is

X[Z,_ 1 1{D; () Dgﬁ(n)}zj]
L XL D) = D)}y |
30 = 2N 2 - 2,)04(%)

Let J; = [{IJMT {IPNTIT . To apply the resampling approach of Parzen et al.
(1994), perturbed terms need to be generated. The perturbed term is generated
by constructing linear combinations of J;s and );s. v* can be obtained by solving
equations
Su(n) = —n""231, 317,
(Uﬁ(v) = P30, JE”@@-) |

Then n'/2(4 — ~) has the same asymptotic distribution as n'/2(y* —4) (Parzen
et al. 1994). By using a similar approach as in Section 5.2.1 on this chapter,
we can show that joint process [{S,(t;7)},{UZ(s;4)}T]? is approximated by
[{Sn(w; )}, {UF (s;97)}"]", where

170 _ H{D;(7) > v}Z, » . .
S, (i) =n/ Z/ [ ) Sy | R S 8.6
. nl/? .
025 87) = iy S (2 = 2wy (i () ¥ K5 (3) < s+ UE(ss') = UF (5 3)
i#]

Both [S, (1 )7, {U (s;9)}7]7 and [S,(u;77)7, {UP (s9*)}7]T converge weakly to
the same bivariate Gaussian process. The testing procedure based on this bivariate

process is the same as for the case of independent censoring.
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Remark. As can be seen in this section, unlike modeling in the independent
censoring, joint modeling of failure of interest and dependent censoring is required
when there exists dependence between failure of interest and censoring. This
leads derivation of joint processes of failure of interest and dependent censoring
for evaluation of the model fit. However, numerical summaries (test statistic
and p-value) can be computed for failure of interest and dependent censoring,

respectively.

5.3 Simulation Studies

We first considered simulation studies using the estimating function from Fygenson
and Ritov (1994). The error term is distributed as e ~ N(0,1). For covariates, We
first generated (A;, A2)” from a bivariate normal distribution with mean (0,0)”
1 025
0.25 1
Next, we define Z) = Ay and Zy = > jASI(b[j — 1] < A2 < B[j]),5 = 1,...21,
where b[j] is 5(j — 1)% quantile of Wy. b[1] is minimum of b[-] and b[21] is maximum

and covariance matrix

of b[-]. Let b[0] = —oo. Censoring variable is uniformly distributed with minimum
value 0 and maximum value 150. True regression coefficient values are By = (0.2,1)7.
We run 400 simulations with sample size n = 50, 100 and 200. In each simulation
run, 200 resampling runs are performed. We fit the model by using only Z;. For
comparison, the new testing procedure is compared to that of Lin et al. (1996).
The proportion of rejections from the proposed method is higher than that from
the Lin et al. (1996) method. Figures 5.1 and 5.2 show the power corresponding to
threshold values of p-value. The plot shows that the proposed method performs
better than the Lin et al. (1996)’s method. Table 5.1 shows power comparison
between the new method and the Lin et al. (1996) method. Numerical results
indicate that the proposed approach has higher power than that of Lin et al. (1996).
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Table 5.1: Power comparison between the new method and that of Lin et al. (1996)
for the independent censoring case

p-values Cutoft values
n =50 0.05 0.10 0.15 0.2
Lin et al. (1996) | 0.0475 | 0.11 0.18 | 0.2425
Proposed method | 0.1375 | 0.28 0.37 0.48
p-values Cutoft values
n = 100 0.05 0.10 0.15 0.2
Lin et al. (1996) | 0.2925 | 0.37 | 0.445 | 0.4925
Proposed method | 0.34 0.485 | 0.6125 | 0.68
p-values Cutoft values
n = 200 0.05 0.10 0.15 0.2
Lin et al. (1996) | 0.5425 | 0.6475 | 0.71 | 0.7525
Proposed method | 0.595 0.71 | 0.8025 | 0.845

Figure 5.1: Plot of proportion of rejection according to threshold p-values when
n = 50 (left) and n = 100 (right) for the independent censoring case
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Next, we applied the proposed method to the dependent censoring case. Steps

for data generation are shown below:

0 1 025
1. Generate W = (W, Wy)T ~ N{ , }
0 025 1
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Figure 5.2: Plot of proportion of rejection according to threshold p-values when
n = 200 for the independent censoring case
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where b[j] is 5(j — 1)% quantile of W5. b[1] is minimum of b[-] and b[21] is

maximum of b[-]. Let b[0] = —o0.

0 1 025
3. Generate € = (¥,€P) ~ N{ ) }
1.2 0.25 1

4. Set 8y = (1,0.5) and my = (0.5,1) and generate X = R76y + ¢ and
D =RTny + €, where R = (Ry, Ry)T.

Independent censoring time C' is uniformly distributed with minimum value 0
and maximum value 100. We fit the misspecified model from Section 5.2.2 of
this chapter, which only employs R;, and compute the statistical power using the
method of Lin et al. (1996) and the proposed method for the model of the event
of interest X. In each simulation run, 200 resampling runs are tried. Table 5.2
shows the results when n = 50 based on 400 simulation runs and for n = 100 based
on 200 simulation runs. Figure 5.3 shows a plot of proportion of rejection when
n = 50 and n = 100. The plots in Figure 5.3 and numerical summaries from Table
5.2 lead to the same conclusion as the independent censoring case. The proposed
method performs better than that of the Lin et al. (1996).
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Figure 5.3: Plot of proportion of rejection according to threshold p-values when
n = 50 (left) and n = 100 (right) for the model of the event of interest in the
presence of dependent censoring
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Table 5.2: Power comparison between the new method and Lin et al. (1996)’s
method for the model of the event of interest in the presence of the dependent
censoring

p-values Cutoff values
n = 50 0.05 | 0.10 | 0.15 0.2
Lin et al. (1996) | 0.0225 | 0.095 | 0.17 | 0.2325
Proposed method | 0.125 | 0.245 | 0.315 | 0.375
p-values Cutoff values
n = 100 0.05 | 0.10 | 0.15 0.2
Lin et al. (1996) | 0.095 | 0.205 | 0.31 | 0.385
Proposed method 0.25 |0.385 | 0.455 | 0.53

5.4 Real Data Analysis

We applied the proposed method to data from AIDS Clinical Trial Study 364
(Albrecht et al. 2001), which was previously analyzed by Peng and Fine (2006) and
Chapter 4. As can be seen in Chapter 1 and Chapter 4, in this study, the plasma

RNA level of every patient is at least 500 copies per ml. The event of interest is
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time to first viologic failure, which is defined as the first time to HIV level> 2000.
Patients will leave the study due to deterioration of heath status as time progresses
(Peng and Fine, 2006). Hence dependence between failure of interest and censoring
(withdrawal) exists.

In this dataset, 3 levels of treatment are considered : nelfinavir (NFV), efavirenz
(EFV), and combination of nelfinavir and efavirenz (NFV + EFV). We consider
three covariates. Z; takes value 1 if treatment assignment of a patient is EF'V and
0 otherwise. Z, takes value 1 if treatment assignment of a patient is NFV + EFV
and 0 otherwise and Z3 is log(RNA) level. In Chapter 4, the dependent censoring
and the event of interest were analyzed using the Lin et al. (1996) and Peng and
Fine (2006) approaches jointly. The approach based on Lin et al. (1996) for both
the Lin et al. (1996) estimator and the Peng and Fine (2006) estimator is used for
the model checking.

Figure 5.4 shows a goodness of fit plot of 20 bootstrapped processes along with
the observed process. The observed process is moving around zero and bootstrapped
processes suggest that there is no substantial deviation of model fit.

The p-value from the analysis in the Chapter 4 is 0.959. The p-value using the
new approach is 0.51. Although both p-values show that there is no evidence of
lack of fit for the model, substantial decrease is made on the proposed method,

suggestive of higher power.

5.5 Discussion

In this chapter, we have developed a new goodness of fit approach. Using U-process
theory by Nolan and Pollard (1987) and Nolan and Pollard (1988), we adapt the
resampling approach from Parzen et al. (1994) and Lin et al. (1996) to derive
numerical summaries and graphical tests. The new approach can be applied to
estimating functions based on U-statistics of order two.

In this chapter, our attention has been on checking the overall fit of the model.
Other goodness of fit techniques which can be considered are checking functional
form of covariates and linearity of the model. Lin et al. (1993) proposed method
for these scenarios based on the Cox model. However, direct application of Lin
et al. (1993)’s approach to the semiparametric AFT model is impossible because

the estimating function is nonsmooth. By mimicking the approach in this paper
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Figure 5.4: Observed process (bold line) and bootstrapped processes (dashed lines)
for the first virologic failure
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and Lin et al. (1993), for the procedure of Fygenson and Ritov (1994), one may

consider the observed process

1/2
Usi(z;m) = n(z—/—l) ; I(Zyi N Zyj < 2)(Zi — Zj)[Ail{e;(n) > ei(m)} — Ajl{ei(n) > e;(n)}]
i#j

to check the form of covariates. Developing details about checking the functional
form of covariates and the linearity of the model will be communicated in separate
reports.

It is also worthwhile to apply the idea of Leén and Cai (2012) on checking overall
fit in the U-statistics of order 2 case under observational studies. For U-statistics
of order 2, however, there is no concept of residuals. Thus developing a tool similar
to ‘robust residuals’ can be important. This will be also communicated in separate

reports.
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Chapter 6

Covariate adjustment using propen-
sity scores for dependent cen-
soring problems

6.1 Introduction

As can be seen in Chapter 3, an artificial censoring is an important element in the
marginal regression method by Lin et al. (1996) and Peng and Fine (2006). The
advantage to the use of the artificial censoring is that one can estimate regression
parameters based on modified estimating equations without assuming a parametric
structure between the event of interest and the dependent censoring. However,
excessive artificial censoring may censor many observations and thus may lead
to unstable estimation when continuous covariates are included in the model.
Estimators have very small variability due to excessive artificial censoring. It seems
that small variability of the estimators from model using all covariates may be
desirable, but it implies that the variabilities of the estimators are not properly
estimated because of the excessive artificial censoring. As can be seen in the
simulation studies in this chapter, excessive artificial censoring leads to incorrect
coverage.

For some situations, estimation of the treatment effect might be of interest in
observational studies. With semicompeting risks data, estimation of the treatment
effect in observational studies is especially problematic because one must adjust

for confounders. Even in randomized studies, when researchers are interested in

79



subgroups, then it is highly likely that secondary factors that define subgroups
are not randomized. Thus these secondary factors, which are covariates, can be
confounders. Although it is not necessary to adjust confounders if we are interested
in evaluating treatment effects on different subgroups, it may be still worthwhile to
adjust the imbalances between treatment and control groups (VanderWeele and
Knol, 2011). The similar logic can be applied to evaluate the treatment effect within
the subgroups. The subgroup analysis of RTOG 9413 (Radiation Therapy Oncology
Group) study is a good example. RTOG 9413 was a multicenter randomized phase
IIT trial for clinically localized intermediate-risk and/or high-risk prostate cancer
patients. One of the primary hypotheses was to compare combined androgen
suppression (CAS) and whole pelvic radiotherapy (WPRT) followed by a boost
to the prostate with CAS and prostate only radiotherapy (PORT). The protocol
primary endpoint was progression-free survival, defined as time from randomization
to the first occurrence of local progression, regional/nodal failure, distant failure,
biochemical failure or death from any cause. While the initial reporting did not
find that WPRT improves PFS, a subgroup analysis suggested WPRT may prolong
PFS among intermediate risk patients (determined by the prostate specific antigen
(PSA) and Gleason score (GS) at randomization)(Roach et al. 2003). Given the
nature of subgroup analysis and the fact that progression was dependently censored
by death, it is of great interest to obtain an unbiased treatment effect estimate
for the time to the first occurrence of any disease failure (local, regional, distant,
biochemical) within the semi-competing risks framework. In addition to initial
PSA (ng/ml) and Gleason score, other potential prognostic variables include tumor
size, T stage and age. The data being analyzed are based on the updated reporting
(Roach et al. 2013).

Our approach to the problem involves propensity scores, proposed by Rosenbaum
and Rubin (1983). While their use has been of interest in causal inference, they
also satisfy a balancing property that corresponds to the distribution of covariates
being equal for both treatment group and control group given the propensity score
(Williamson et al. 2014). Thus, the propensity score can provide enough information
to balance the covariates between treatment group and control group. This can
be an important tool for reducing the artificial censoring needed for estimating a
treatment effect.

In this chapter, we propose methodology for estimation of treatment effects
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adjusting for covariates using the propensity score. The chapter is organized as
follows. In Section 6.2, we introduce the data structure and modeling assumption.
Section 6.3 shows the methodology for estimation of treatment effect. Theoretical
results and details about inference using the proposed method are demonstrated in
Section 6.4 and Section 6.5. In Section 6.6, we apply the proposed methodology to
the ACTG 364 study and the RTOG 9413 study. Simulation studies are shown in

Section 6.7. Concluding remarks and discussion are in Section 6.8.

6.2 Preliminaries

6.2.1 Data and Model

Let X be time to the event of interest, D be time to the dependent censoring, and
C' be time to the independent censoring. Denote by I(A) the indicator function for
the event A, and let a A b be the minimum of @ and b. Define W = (VT , ZT)T to
be a vector of k£ variables, where V is a collection of confounder variables and Z is

a binary treatment variable. Define
X=XADAC, D=DAC §=I(X<D), ¢=I(D<C).

All these times are log-transformed. The data consist of n independent observations
(X, Di, W;,6:,&), i = 1,...,n.The model is

, t=1,...,n,

where By = (61, nl)7 is a 2k x 1 vector and € = (¢X,€”) is error with unknown
bivariate distribution F. Let 8y = {02, (/YT and no = {nir, (n/)T}T, where
0" and ny" are the subcomponents of 8y and 1y corresponding to Z. Similarly, Ggf d
and ngf 4 are the components of 6y and 1o corresponding to V. We can rewrite the
model as
X, =057+ (85)TV; + X

< Di =i Zi + (g ") Vi + €/ )
We assume that the model is identifiable only in the upper wedge where X < D
and C' is independent with (X, D) given W but X and D can be dependent given
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W (Fine et al. 2001; Peng and Fine, 2006).

6.3 Proposed Methodology

Using artificial censoring techniques, Lin et al. (1996) and Peng and Fine (2006)
proposed two different estimating functions. Lin et al. (1996) used a single
comparison of each residual time and Peng and Fine (2006) compared different
pairs of residual times for the artificial censoring. In Lin et al. (1996) approach, the
same degree of the artificial censoring is applied to every residual time so that the
estimator from this approach may be inefficient when many covariates are included
in the model. The method of Peng and Fine (2006) is clearly better than that in
Lin et al. (1996) in the sense that their artificial censoring is smaller than that in
Lin et al. (1996), but including continuous covariates with large variabilities may
still cause the excessive artificial censoring in their method.

We now propose an estimation procedure to avoid excessive artificial censoring
by using the propensity scores. In this case, our goal is to estimate the treatment
effect. Although the effect of confounders is not estimated, the propensity score
provides rich information for estimation of treatment effect, so obtaining unbiased
treatment effect is still possible.

Assume that the model constructed by logistic regression with parameter @ =
(ay,...,ay) for binary treatment is the true model. Let H; = (1,V.I)T i =1,... n.

Define the propensity score to be

exp (a® H;)
()= P(Z = 1|H,) = ‘
() = Pz = ) = PR

The weight is defined by

w;(a) = ex0) + o)’ (6.1)

This weight takes value 1/e;(a) if Z; = 1 and 1/(1 —e;(ax)) otherwise. In the causal
inference literature, the typical technique is to apply weight w;(a) to estimate the
average treatment effect (Lunceford and Davidian, 2004; Williamson et al. 2014;
Zhu, 2013 ; Zhu et al., 2014). In our case, this weight is incorporated into estimating

functions. Let n" and 0" be the treatment effect parameters with respect to D and
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X, respectively. By using the weight, the proposed estimating function for 5" is

(0" yw;(@)Z;
(') jw;(e)

S a) = n1/2 2”: Ew;(a) |:Zi - Zj:l I{D;‘(n )=z
i=1

S (D7) = D } (6:2)

where D¥(n'") = D; —n'" Z;. Let 3" = (5", 6")". The proposed estimating function
for 5 using Lin et al. (1996) is

n 5 [ X* tr w (o Z
U#(ﬁh”a):n—l/QZ(S;«(ﬁtr)wi(a)[Zi_Z { (6 )— <* )} ]( ) J},

23:1 [{X;(ﬁﬁ) Xz (87) fw;(ex)
(6.3)

where
d(B") = maxi<i<, {0, (0" — ') Z;}
XF(B") = (Xi =07 Z) N{(Di AN Cy) =" Z; — d(B)}
07(B") = I[(X; — 0" Z;) < {(D; A Cy) — 0" Z; — d(B™)].

Similarly, the proposed estimating function based on Peng and Fine (2006) is

Uy (8", a) = Y (Zi— Zywileyws(e)di(57), (6.4)

where

d;; (") = max {0, (6" — ') Z;, (0" —n'")Z;}
X*( y(BT) = (Xi =07 Z) N{(Di NCy) =" Z; — dig(B™)}
05,y (B") = I[(X; = 0" Z;) < {(Di A Ci) = 0" Z; — di(B™)]
G (B7) = 07 (B, (B7) < X3y (B7)} = 85 (BMI{X 5, (87) < Xy (B™)}-

Let G, (a) be the score function for a, where
n TH)
e gl,  ew(el H
" ; z{ " 1+exp(aTH;)

Let v = (a,n'", 6™, 6"")T. We solve

Qn(7) = [GZ(O{), 55(77”» a)’ {Urf(ﬁtra a)}T7 {Uf(ﬁtr7 a)}T]T =0, (65)
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to obtain estimators of the true value v = (a, ni, 65, 04)". Solutions for ~ can

be obtained by solving the estimating equations sequentially. First we estimate
the propensity score for all samples, denoted as {e;(&)}! ,, where & is the root of
G, (a) = 0. Next step is to solve S, (1", &) = 0 by including the estimated weights.
Denote the estimator of 5§ be as 7°". Incorporating 7°*" and the estimated
weights, the two estimators of 0% are obtained through solving UL (6" A< &) =0
and UL (0 7= &) = 0. These solutions are denoted by 65" and P<'" for the
Lin et al. (1996) and Peng and Fine (2006) approaches, respectively.

This methodology works because the propensity score adjusts the distribution
of confounders between treatment group and control group. Although only the
treatment variable is utilized in construction of the estimating functions, the
proposed weights contain information on confounders so that they correct bias
of not using them. By using the balancing property of the propensity score, it
is expected to obtain unbiased estimators of the treatment effect on the times
to the event of interest and to the dependent censoring. The joint distribution
of (X; —0§Z,,D; —nlyZ;),i = 1,...,n have a common distribution not depend
on Z; given the propensity score since the distribution of confounder is same for
both treatment group and control group given the same propensity score value.
Moreover, since only the treatment variable is utilized in the estimation procedure,
it is expected to have very small artificial censoring compared to original estimation
procedures which employ all variables. This point is seen in the numerical study in
Section 6.7.

Another advantage of the proposed method is ease of computation. Numerically,
this involves solving a one-dimensional equation, which is much faster and easier to

do than the multidimensional case.

6.4 Theoretical Results and Inference

It is of interest whether the estimated treatment has good theoretical justification.
In this case, since the propensity score provides enough information to balance
distribution of covariates between treatment group and control group, given the true
propensity score, we have martingale structure for Lin et al. (1996) type estimating
function. For Peng and Fine (2006) type estimating function, given the propensity
score, we have the same setup as the proof of Appendix of Peng and Fine (2006).
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In Appendix, we show that E{Q, (7o)} = 0. In this proof, the assumption that
propensity model is true enables us to construct martingale structure of estimating
equations for " and B in Lin et al. (1996). For estimating equation based on
Peng and Fine (2006), the similar technique is used in Appendix of Peng and Fine
(2006).

Without the propensity score, using arguments similar to partial likelihood case,
one may argue that the estimated treatment effect converges to constant value
in probability (Boyd et al. 2012; Struthers and Kalbfleisch, 1986; Lin and Wei,
1989). However, in our case, due to the balancing property of the propensity score
and strong consistency of &, the proposed estimator converges to the true value of
parameters almost surely.

Let 4 = (&7, 7t gleatr gPeatr)T he g solution of Q,(y) = 0. Then it is
important to investigate asymptotic properties of 4. Proofs of the following

theorems are in the Appendix.

Theorem 6.1. Assuming the regularity conditions in Ying (1993), Peng and Fine
(2006) and Theorem 17 of Ferguson (1996), 4 is strongly consistent.

Theorem 6.2. Under the regularity conditions by Ying (1993) and Peng and Fine
(2006) and by Theorem 1, n'/?(4 — 7) has an asymptotic normal distribution with
mean 0 and covariance matrix Ay €A, ", where Ay is a nonsingular matrix, and

Q is the limiting covariance matrix of Q, (7o)

Note that convergence in joint distribution of (&, /", §Leatr gPeatr\T ig proved.
AT scatr APcatr\T
N

T peatr JLeatr\T 2P
car’e car) and’y :(a 1)

It is also possible to consider 4% = (&%,

separately, but this separation causes problems in statistical inference for & and

~catr

n
consistent and asymptotically normal. The price for proving the joint convergence

. This unified convergence result also implies that 4* and 4% are strongly

is additional assumptions. These assumptions are specified in the Appendix.

For inference, estimation of the asymptotic covariance matrix is crucial. In
practice, it may be more convenient to use the data bootstrap to avoid the possibly
over-complicated numerical issues.

In this data bootstrap approach, first step is to bootstrap the data, then solve
estimating equations in (6.5) using the bootstrapped data. In this case, the weight
based on propensity score should be also updated from the bootstrap. From large

number of solutions by the bootstrap, the covariance matrix can be estimated.
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Another way to estimate covariance matrix is to extend Parzen et al’s (1994)
approach. In this case, the first step is to estimate €. Let fLeatr = (peatr {Leatr)
and fPeatr — (peatr gPeatr) - Adapting the work of Lin et al. (1996) and Peng and

Fine (2006), we now propose weighted empirical influence functions of Q,, (7).

ATH
TH;)

1+exp(&
L \ > D5 (7) = Dy () hwy (&) Z
véi) wi(a)(fi[Zi— Z I{D*( i) > D () by (&) }
y (@S 2 Dit)
= i wi(@){D; (7 C““") > Dy (=)}
([~ Sl 2 D ey
>y H{Dj; (et > Dy (et hawy (&)
~(2 AN [ Fx ¢ ALcatr Z [{X (8 Lcatr) > ~z*( Lcatr)}w (&)Z J
o :wi<a>( F(gn) 2 - = 5 ) }
" wy(&)8F (BLeatr) [{ X#(Fleatr) > X*(/@Lcatr)}
— S w(é )]{X;(ﬁLcatr) ZXI*(ﬁLcatr)}
. [Zi - Z I{X*(chatr) > X*(BLcatr)}w,(&) })
S I{X*(BLcatr) > X*(ﬁLcatr)}w (&)

0¥ = 2 S wi(@)wy(&)(Z — Z;)éi (370,

Let &y = {85, 82 8{7 and &; = (87, 67)7. The estimator of € is

R
Q:_E:AiA.T. 6.6
ni:lva (6:6)

It is important to consider the variability arising from the propensity score modeling.
In nonrandomized studies, the true propensity score adjusts for imbalance between
confounders. However, the estimated propensity score is indeed a random variable,
so the variability from propensity score modeling always exists. Since the empirical
influence functions contain weights based on the estimated propensity score, the
weights impact the variance of (7er, gLeatr §Peatr)T Tonoring these weights results

in inflation of variance of the estimators of interest (e, Leatr gPeatr)T hecause
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if the propensity score is treated as known, it leads to a decrease in precision for

~catr ALcatr APcatr\T
(Heetr 6 .0 ).

Now let us consider estimation of covariance matrix of 4. In this case, the
main issue is estimation of Ag. As discussed in Lin et al. (1996) and Peng
and Fine (2006), direct estimation of A, involves estimation of unknown hazard
function of error terms, which is numerically unstable. Although the estimating
functions are continuous with respect to «, the derivatives of estimating func-
tions with respect to a have a very complicated form. The resampling approach
from Parzen et al. (1994) is an appealing approach to estimate the covariance
matrix. Their approach is to solve a stochastic equation in a large number of
times and to use the solutions to estimate the covariance matrix. This approach
does not require estimation of asymptotic slope matrix Ay, so it is a suitable
approach for nonsmooth estimating equations. We extended Parzen et al. (1994)’s
approach to estimate the covariance of 4. As discussed before, it is important to

include the effect of & in the variability of (fer, §Leatr §Peatr)T i this approach.

Let U,(v) = [SE(n', ), {UE(B", a)}T, {UF (8", @)}T]T. Given the data, the

following stochastic equations are solved.

G,(a) = —nl/QZﬁnAi
i—1

n , (6.7)
U,(v) = _nl/QZ'ﬁ%Ai
i=1
where A;,7 = 1,...,n are standard normal random variables. Then the covariance

matrix is estimated from solutions of equations in (6.7). The first step is to
obtain a*, the solution of the first equation in (6.7), then obtain solutions of

cat’/‘*’ eLcatr*, ePca,tr*}T by computing new

the second equation in (6.7), say 7" = {n

catrs glLeatrs gPeatrs gre individual solutions

weight w;(a*),i = 1,...,n, where
from the second equation in (6.7) corresponding to U,(7), respectively. Let
~v* = {(a")T, (7*)T}T. By repeating these two steps sufficiently large number of
times, the covariance matrix can be estimated. Note that in this procedure, the
only random part is A; while the observed data is treated as fixed (Lin et al. 1996).
Moreover, the variability of & is included to the estimators of interest through new
weights.

The question is whether given data, the solution from the stochastic equation
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has the same asymptotic distribution as the one we want, which is n'/2(§ — o).
The following theorem demonstrates theoretical justification of proposed procedure
for covariance matrix estimation. The proof of the following theorem is also in

Appendix.

Theorem 6.3. By the regularity conditions from Ying (1993) and Peng and Fine
(2006), conditional on observed data, the asymptotic distribution of n'/2(~* —4) is

same as the unconditional distribution of n'/2(4 — ~y).

6.5 Goodness of fit

Checking the overall fit of a model is one crucial part in model diagnostics. In
this section, we suggest a goodness of fit procedure for the estimator from the
proposed procedure. Let \jg and Ay be the true baseline hazard function for the
transformed time of dependent censoring and transformed time of the event of
interest by the artificial censoring. As denoted in Appendix, martingales for the

dependent censoring and the event of interest are defined by (Lin et al. 1996)

My(t; g, co) = wilex 9)[@'[{[7?( )<t} — [ H{D;(n) > uldio(u)du].
Maoi(t; B, ao) = wi(x)[07 (B I{X; (BY) <t} — [* H{X;(BY) > uthao(u)du],

Let Ny;(t:0'") = &I{Dx(n") < t} and Ny (t; B) = 6*(B")I{X;(8") < t}. More-
over, let Ny;(t; 0", o) = wy(@)&I{ D (n') < t} and Ny (t; 87, o) = w;(a)or (B I{ X} (B") <
t}. Then estimated martingales are defined by

Mlz( ~catr d) — wz( )[N12< . Acat'l’) _ / I{D*(AcatT) > u}dAl()( catr )du]

—00

t
— le( ~catr d) _/ ( )I{D (Acat'r) > U}dA10< catr7&)du

—00

t

Mo (£ 5, &) = w;( &) [Na (t; 57) —/ I{X; (B = uydhagg(u; 5, &) du]

—00
t

Nt B, &) — / w(@)T{X(5) > uydao(u; 5, &)du

— 00
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where 3" is either S or gFeatr and

: >y wi(e)dNy (0" > ANu(t 0", o)

A r

(e / zjzle I){D* ") ? u) / > iwj I{(D*(t tr>)>u}

A llwl ANy (T 5r lldN2l 5T
wlti” o / Z] | wi(a ]{X* Bir) > u} / Z] y wj(a ]{X*(ﬁtr) > u}

Y

Here, Ayo(t; 777, &) and Agg(t; 2" &) are weighted Nelson-Aalen estimators for
the dependent censoring and the event of interest. Our interest is to evaluate the

overall fit of the model across time. Define

\Ili(a)_Hi[Zi— exp (o Hy) }

1+ exp(a’H;) |
We define

Gn(a) =n""? 30, @(a);
Sn(t; 77”, a) =n~1/2 Z?zl Zz‘Mu(t; 77”7 a) Un(u; ﬁtr, a) =n~1/2 Z?zl ZiMQi(u; 5”7 a).

In this case, S, (t;7°", &) is the observed process for the dependent censoring
and U, (u . 3Leatr &) and U, (v; [3Peatr &) are the observed processes for the event
of interest (Lin et al. 1996). Note that G, (&)=0 is included in the observed
processes. As discussed in Lin et al. (1996), the null distribution of Q,,(s,t,u;4) =
{GT(&), Sp (57 &), Uy (t; Lt &), Uy (u; 57" &)}T can be approximated by

A

G, _”71/2271‘1’( JAi + 07230 Wi(a
* ( seatr
g _n_l/zz/ {Z B [{D( ) = wiZjw;(é }
I{D*( fjeatr) >w}wJ (&)

_|_S ( catr* a*) S (S ncatr A

]{X*(BLatr)>w}Zw( ) . A
=n 12 . . pLcatr A A
=n Z/ |i I{X*(BLcatr) > w}w]( ) :|dM2z(w7 705) i
+ ( BLcatr* a*) ( ﬁLcat d)
[{X*(ﬁPatr) > ’LU}Z W (

_ n—1/2

=nNn Z/ |: [{X*(BPcatr) > ’LU}’LUJ(
—l—Un(u, BPcatr*, a*) n(u; BPcat &)

cat'r d)AZ

\_/Q>
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These processes {GT, S, (t), UL (u),UP(v)}T are called bootstrapped processes
(Peng and Fine, 2006). Since our interest is to examine model behavior using the
testing procedure, Sy (t), U (u) and UF (v) are crucial elements. However, as the ob-
served processes, G, should be included in the bootstrapped processes because esti-
mators of the treatment effect depends on propensity score (In fact, G, = 0). As Lin
et al. (1996) and Peng and Fine (2006), we can simulate A1, ... A, and compute the
test statistic sup, |S,(s; 7%, &)|, sup, |Un(¢; L0 &)| and sup, |Un (u; 4799, é&)].

Then by using realizations from resampling, say (a®*, neatr+ gheatr gPeatr<)T

, We
can compute p-value as Hsieh et al. (2011). For a graphical description, it is

suggested to plot 20 or 30 bootstrapped processes with the observed processes.

6.6 Real Data Analysis

We analyzed two datasets alluded to in the Introduction: the RTOG (Radiation
Therapy Oncology Group) 9413 dataset and the HIV dataset (Albrecht et al.
2001; Peng and Fine, 2006). In the RTOG study, the key interest is to compare
Whole Pelvic Radiotherapy (WPRT) and Prostate Only Radiotherapy (PORT) in
the intermediate risk patients. In addition to treatment assignment (RT), there
are several variables which potentially affected survival and progression : age,
Karnofsky performance status (KPS), pretreatment prostate specific antigen (ipsa),
pretreatment Gleason Score (igs), pretreatment tumor size (itsize) and T stage
status (Stage). For data analysis, categorical variables are coded numerically.
Treatment was coded 1 for PORT and 0 otherwise. Stage was coded as two dummy
variables. After cleaning the dataset, 677 observations are used in the analysis. 200
times of resampling and bootstrap runs are tried.

We first consider two conventional methods: fitting the model employing all
covariates and fitting the model using treatment variable only using original Lin
et al. (1996) and Peng and Fine (2006) approach. In the model employing all
covariates, for time to death, a treatment estimate is 0.076 with standard error
0.019. For time to first occurrence of disease progression (time to first occurrence
of local failure, distant failure or biochemical failure), the Lin et al. (1996) and
Peng and Fine (2006) methods give estimates of -0.059 and -0.062 with standard
errors 0.004 and 0.011, respectively. In 200 resampling runs, 69 resampling runs

give nonconvergence, which implies that the original Lin et al. (1996) and Peng
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and Fine (2006) approaches are not stable.

We also only consider the treatment variable only without propensity score in
the estimation procedure. Without the propensity score adjustment, the treatment
effect for death is 0.076 with standard error 0.065. For progression, Lin et al. (1996)
and Peng and Fine (2006) method give estimates of -0.05 (0.119) and -0.091 (0.101),
respectively where numbers in parenthesis are standard errors for the corresponding
estimates.

Table 6.1 shows the proposed method. For our proposed method, all 200
resampling runs are employed. We computed the standard error of estimators in
three methods : the resampling method which ignores variability of the propensity
score (Naive), the bootstrap method (Bootstrap) and the resampling method
incorporating variability of the propensity score (Resamp). The proposed method is
more stable than the original Lin et al. (1996) and Peng and Fine (2006) approach.
For the coefficients in the logistic regression model, we compare standard errors by
data bootstrap method and the proposed resampling method (including variability
of the propensity score) with standard errors by using R command glm. The
standard errors by R command glm are shown in SE (glm) of Table 6.1. Results in
Table 6.1 indicate that the standard errors by our proposed method are similar to
ones by R command glm.

To examine how many observations are artificially censored, We computed
artificial censoring rate. Let C'Rp be the censoring rate subject to independent
censoring, which is defined as 1 — """ | &;/n and C'Ry be the censoring rate subject
to the dependent censoring, which is defined as 1 — 2?21 d;/n. Let ACRpL be
the artificial censoring rate from Lin et al. (1996) approach and ACRpp be the
one from Peng and Fine (2006) approach considering all covariates. Let BF L and
BFP are estimators by Lin et al. (1996) and Peng and Fine (2006) approach from
including all covariates in the model. Using arguments in Hsieh et al. (2011),
mathematical definitions of these quantities are

> 6 (B
ACRpp =1 ST,
S X0y (B
(n—=1)>0 6

ACRpp =1 —
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Table 6.1: Point estimates and standard error (SE) in RTOG data analysis
using proposed method

Point estimates | SE (Naive) | SE (Bootstrap) | SE (Resamp)
featr 0.064 0.062 0.055 0.059
freatr -0.077 0.119 0.11 0.115
fPeatr -0.112 0.101 0.096 0.097

Propensity score model

Point estimates | SE (glm) | SE (Bootstrap) | SE (Resamp)
Intercept 0.812 1.677 1.754 1.644
age -0.003 0.012 0.012 0.012
KPS! 0.0008 0.012 0.014 0.013
ipsa? -0.008 0.006 0.006 0.006
igs? -0.071 0.094 0.099 0.093
itsize? -0.002 0.008 0.008 0.008
Stagec;® -0.079 0.289 0.302 0.304
Stagees’ -0.112 0.258 0.275 0.258

Estimators - 7°®" : the proposed estimator of the dependent censoring ;

fLeatr . the proposed estimator by Lin et al. (1996); 8¢9 . the proposed
estimator by Peng and Fine (2006)

! Karnofsky performance status

2 pretreatment prostate specific antigen

3 pretreatment Gleason Score

4 pretreatment tumor size

> If T stage of a patient is (T1c,T2a), then Stage.;=1 otherwise 0

6 If T stage of a patient is (T2c-T4), Stages=1 otherwise 0

where ng s and 5{0(1;;[* are artificial censoring indicators using all covariates from
Lin et al. (1996) and Peng and Fine (2006) approach, respectively. Let ACR 4, be
the artificial censoring rate from proposed method from Lin et al. (1996) approach
and ACRp be the one from the proposed method of Peng and Fine (2006). Then

Zﬁ—l g* (BLCCLtT)
ACRy =1 ==L
Zz’:l 0;
D i1 Do Oy (BTT)

(n—1)3 6

Based on quantities mentioned in previous paragraphs, artificial censoring rates
of full model by Lin et al. (1996) and Peng and Fine (2006) are 0.806 and 0.196,

ACRsp =1 —
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respectively. Artificial censoring rates from the proposed approaches in the Section
6.3 are 0.034 and 0.048, which uses more uncensored observations than the full
model approach.

Next, we apply the goodness of fit procedure described in Section 6.4. Figure 6.1,
Figure 6.2 and Figure 6.3 show the observed process with 20 simulated bootstrap
processes. P-values for model fit of (&, /"), model fit of (&, 7", #L<at) and
model fit of (&, 7%, §F<tr) is 0.7, 0.61 and 0.97, respectively. Both the graphical
and numerical results show that proposed model is adequate for the data.

Although the HIV dataset is from a randomized study, including covariates

Figure 6.1: Observed and bootstrapped processes of time to progression using
(d’ Acat'r’ eLcatr) for RT
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increases precision of treatment effect. Thus including covariates may result in
better efficiency than model with the treatment only. In the HIV study, there are
two continuous covariates, log(RNA) and CD4 count. Variation of CD4 count is
very large. Thus if one analyzes the dataset including the CD4 count, excessive
artificial censoring occurs. For estimating treatment effect including this covariate,
our proposed method is useful.

The treatment group in the dataset has three levels: NF'V only, EFV only, and
NFV+EFV. Baseline treatment is NFV. In this case, we merged EFV only and
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Figure 6.2: Observed and bootstrapped processes of time to progression using
(&, feetr @Peatr) (vight) for RT
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Figure 6.3: Observed and bootstrapped processes of time to death for RT
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NEFV-+EFV into one group to apply the proposed methodology. One observed value

is removed because it has CD4 count 0.

Table 6.2 shows the analysis by using proposed approach. Ignoring variability

Table 6.2: Point estimates and standard error (SE) in RTOG data analysis
using proposed method

Point estimate | SE (Naive) | SE (Bootstrap) | SE (Resamp)
Heatr 0.745 0.15 0.149 0.148
freotr 0.936 0.241 0.221 0.228
freatr 0.766 0.239 0.217 0.225
Propensity score
Point estimate | SE(glm) | SE(Bootstrap) | SE (Resamp)
Intercept 1.145 0.97 1.066 0.975
log(RNA) 0.133 0.208 0.227 0.207
CD4 count 0.00008 0.0008 0.0009 0.0008
Estimators : 7°“" : the proposed estimator of the dependent censoring ;
fLeatr - the proposed estimator by Lin et al. (1996); #F<*" : the proposed

estimator by Peng and Fine (2006)

of the propensity score results greater standard error than that in data bootstrap
method. Moreover, incorporating variability of the propensity score provides lower
standard error than that in ignoring it. As with the RTOG data analysis, the
standard errors for the logistic regression coefficients are similar to ones by the
proposed method.

Next, we compared the standard errors when employing treatment variable only.
When we analyze data using treatment variable only, the treatment effect of time
to withdrawal is 0.749 with the standard error 0.151. The treatment effect of time
to the first virologic failure by the original Lin et al. (1996) is 1.021 with standard
error 0.24. The treatment effect by the original Peng and Fine (2006) method
provides 0.818 with standard error 0.237. We can see that the standard errors by
ignoring variability of the propensity score are almost same as ones when employing
the treatment variable only. Moreover, when comparing standard errors from the
proposed method in Table 6.2 and fitting model using the treatment variable only,
it can be seen that the use of the propensity score model increases the precision of
treatment effect.

By considering all covariates, the estimator of 1y corresponding to Z is 0.782

with standard error 0.016. In this case, estimators of 6y corresponding to Z by

95



Lin et al. (1996) and Peng and Fine (2006) are 1.101 and 1.174. However, the
standard errors of these estimators are 0 due to excessive artificial censoring. The
artificial censoring rates by using all covariates are 1 for both the original Lin et
al. (1996) and Peng and Fine (2006) method. On the other hand, the artificial
censoring rates by using the proposed method is 0.069 for the approach based on
Lin et al. (1996) and 0.013 for Peng and Fine (2006) based approach.

6.7 Simulation Studies

Next, we performed some simulations to explore the finite-sample properties
of the proposed methodology. We generated a confounder V' ~ N(0,4) and
simulated treatment variable Z as Bernoulli random variable with probability
exp (al H)[1 + exp (al H)]™!, where H = (1, VT)T and o = (o, 0) = (0,0.5)7.
Then error variable € is bivariate normal with mean (0, 1.2)7 and covariance matrix
(1 '(1) , where p = 0,0.25,0.5. Independent censoring times are simulated as

p
C ~log(U), where U has uniform distribution on (0,200). True values of param-

eters are 6y = (1,0.5)” and my = (0.5,1)7. 500 datasets are simulated and with
each simulated dataset, 500 bootstrap runs and 500 resampling runs mentioned in
the previous section are tried.

We calculated bias, empirical standard deviation (EMPSD), mean of standard
error (SEE) and 95% coverage probability (CP) of estimators from considering all
covariates and proposed estimator. In this case, the coverage probability is based
on the empirical distribution based on resampling runs or bootstrap runs. As the
real data analysis case, in the proposed method, we calculated the standard error of
the estimators in three ways : the resampling method which ignores variability of
the propensity score (Naive), the bootstrap method (Bootstrap) and the resampling
method incorporating variability of the propensity score (Resamp).

Tables 6.3 and 6.4 show the numerical results considering entire covariates and
the proposed methodology. Henceforth the procedure considering entire covariates
is denoted as “the full covariates procedure'. The estimators from utilizing all
covariates for the dependent censoring and the event of interest by Lin et al. (1996)
and Peng and Fine (2006) are denoted as A, @LF and @FF | respectively. Since the
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Table 6.3: Bias, empirical standard deviation (EMPSD), mean of standard error
(SEE) and 95% coverage (CP) for estimators including all covariates when N = 250
and N = 500

N =250
Bias EMPSD SEE CP
V Z V Z V A V A

p=0 | A | 0.0001 | 0.001 | 0.042 | 0.152 | 0.039 | 0.154 | 0.938 | 0.946
OLF | 0.019 | 0.007 | 0.078 | 0.187 | 0.089 | 0.132 | 0.899 | 0.833

OFF | 0.0004 | -0.01 | 0.04 | 0.149 | 0.042 | 0.154 | 0.944 | 0.957
p=0.25] 9 | 0.002 | 0.004 | 0.041 [ 0.159 | 0.04 | 0.155 | 0.95 | 0.961
OLF | 0.044 | -0.01 | 0.113|0.199 | 0.094 | 0.122 | 0.817 | 0.753

OFF | -0.001 | 0.001 | 0.04 | 0.153 | 0.041 | 0.151 | 0.943 | 0.938

p=05 | B | 0.002 |-0.001|0.043 | 0.167 | 0.04 | 0.156 | 0.93 | 0.962
OLF | 0.055 | -0.021 | 0.105 | 0.192 | 0.097 | 0.109 | 0.727 | 0.702

OFF | -0.003 | 0.004 | 0.04 | 0.149 | 0.041 | 0.15 | 0.944 | 0.952

N = 500
Bias EMPSD SEE CP

1% Z 1% Z 1% Z 1% Z

p=0 | A | 0.002 | -0.008 | 0.028 | 0.131 | 0.028 | 0.109 | 0.941 | 0.952
OLF | 0.013 | 0.012 | 0.057 | 0.135 | 0.079 | 0.125 | 0.924 | 0.891

OFF | 0.0003 | 0.002 | 0.028 | 0.104 | 0.029 | 0.109 | 0.963 | 0.961

p=0.25 ﬁF 0.003 -0.006 | 0.029 | 0.126 | 0.028 | 0.11 | 0.943 | 0.967
oLF 0.037 -0.008 | 0.093 | 0.145 | 0.087 | 0.118 | 0.872 | 0.875
O | 0.00009 | 0.002 | 0.027 | 0.101 | 0.029 | 0.107 | 0.955 | 0.965
p=0.5 ﬁF 0.002 -0.011 | 0.028 | 0.123 | 0.028 | 0.11 | 0.928 | 0.958
oLr 0.063 -0.035 | 0.121 | 0.153 | 0.091 | 0.108 | 0.744 | 0.834
OTF | -0.0001 | 0.0008 | 0.028 | 0.105 | 0.028 | 0.105 | 0.952 | 0.952
éLF

Estimators - 7 : the estimator of dependent censoring in the full model ;
. the estimator by Lin et al. (1996) in the full model; 8F : the estimator by
Peng and Fine (2006) in the full model

simulation results are based on the joint distributions of estimators for dependent
censoring, and the event of interest by Lin et al. (1996) and Peng and Fine (2006)
approach, simulation runs are removed if the standard errors of any one of these
estimators in the simulation runs are 0. When N = 250, for p = 0,0.25 and 0.5, 34,
62 and 127 results from simulation runs are removed because the standard errors
of the estimators by Lin et al. (1996) for either confounder or treatment are 0.

Similarly, when N = 500, 40, 77 and 168 results are omitted. This noncovergence
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problem is serious especially p = 0.5 and N = 500, 33.6% of entire simulation runs
are abandoned, which is relatively large. However, for the proposed method, all
500 runs for the estimation of the treatment effect converge.

If simulation runs corresponding to only " and OFF are considered, there are
no noncovergence runs. it can be seen that the method of Lin et al. (1996) is
problematic in this case. This is due to the excessive artificial censoring, as we
illustrate in computing artificial censoring part.

The numerical results show that the proposed method works well. The mean of
the standard errors when considering estimated propensity score as true is high so
that coverage probability is conservative. However, the bootstrap and resampling
approaches provide desired coverage. The proposed approach has better coverage
relative to the full covariates procedure. Moreover, we compare the estimated
standard error using the bootstrap and resampling approaches with the standard
errors from R command glm. When N = 250, the mean of standard errors for
&1 and &p from glm are 0.14 and 0.084, respectively. For N = 500, the mean of
standard errors for &; and &y from glm are 0.099 and 0.059, respectively. Results
of &; and &9 show that the bootstrap and resampling approaches for &; and &,
provide the correct estimate of the standard error.

Table 6.5 shows the artificial censoring proportion. To examine the effect of the
artificial censoring, entire simulation runs are included in this calculation. When
considering all covariates, the artificial censoring rate by the original Lin et al.
(1996) approach is high. However, the artificial censoring rate of the proposed
method based on Lin et al. (1996) is small, which implies that loss of observations
for the proposed methodology is much smaller than that in the full covariates
procedure.

In practice, it is difficult to check for the adequacy of the propensity score
model. Thus another simulation study is performed to explore the robustness
of the proposed procedure. In this simulation study, it is not assumed that the
propensity model relating confounder and treatment variable is true. We generate

J = (J1, J2)T from a bivariate normal distribution with mean (0, 0)” and covariance

4 a
matrix ok where a = 0, 1. In other words, J; has normal distribution with
a

mean ( and variance 4 marginally and J; has normal distribution with mean 0 and

variance 1 marginally. When a = 1, J; and J; have correlation 0.5. Then we set
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Table 6.4: Bias, empirical standard deviation (EMPSD), mean of standard error (SEE) and 95%
coverage (CP) for the proposed estimator when N = 250 and N = 500

N = 250
. SEE CP
Bias | EMPSD Naive | Bootstrap | Resamp | Naive | Bootstrap | Resamp
p=0 net | 0.006 0.196 0.249 0.191 0.192 0.98 0.924 0.934
gLeatr | _0.011 0.242 0.406 0.241 0.25 1 0.946 0.94
gPeatr | _0.015 0.192 0.382 0.197 0.219 1 0.954 0.94
a1 0.01 0.144 0.142 0.142 0.936 0.934
Qo 0.004 0.079 0.086 0.087 0.954 0.954
p=025| n | 0.014 0.187 0.25 0.191 0.192 0.98 0.944 0.946
gLeatr | (.009 0.241 0.405 0.238 0.247 1 0.936 0.938
gPeatr | _(.0004 0.19 0.381 0.194 0.216 | 0.998 0.956 0.956
a1 0.01 0.144 0.142 0.142 0.94 0.932
Qo 0.004 0.079 0.086 0.087 0.954 0.958
p=0.5 | 7 | 0.015 0.187 0.25 0.191 0.193 0.98 0.944 0.948
fLeatr | 0.014 0.237 | 0.402 0.235 0.245 1 0.94 0.944
gFPeatr | 0.003 0.182 0.377 0.188 0.211 | 0.998 0.95 0.952
a1 0.01 0.144 0.142 0.142 0.938 0.936
Qo 0.004 0.079 0.086 0.087 0.956 0.948
N =500
. SSE CP
Bias | EMPSD Naive | Bootstrap | Resamp | Naive | Bootstrap | Resamp
p=0 netr 1 0.013 0.137 | 0.176 0.134 0.134 | 0.986 0.95 0.952
fLeatr | 0.008 0.17 0.284 0.166 0.168 | 0.998 0.934 0.942
gPeatr | _0.002 0.126 0.27 0.134 0.14 1 0.966 0.956
a -0.001 0.096 0.099 0.099 0.958 0.968
Qo 0.001 0.058 0.06 0.06 0.938 0.928
p=0.25] Heatr 0.02 0.135 0.175 0.133 0.133 | 0.988 0.934 0.934
fLeatr | 0.017 0.166 0.282 0.163 0.164 | 0.996 0.94 0.928
gPeatr | 0.001 0.131 0.268 0.131 0.136 1 0.956 0.948
a -0.001 0.096 0.099 0.1 0.964 0.962
Qo 0.001 0.058 0.06 0.06 0.938 0.938
p=05 | 7 | 0.018 0.134 0.175 0.133 0.133 | 0.988 0.944 0.946
fLeatr | 0.016 0.165 0.281 0.161 0.163 | 0.994 0.936 0.95
GPeatr | 0.002 0.127 | 0.266 0.127 0.133 1 0.942 0.94
a1 -0.001 0.096 0.1 0.099 0.96 0.954
Qo 0.001 0.058 0.06 0.06 0.932 0.928

Estimators : 7°" : the proposed estimator of the dependent censoring ; Leatr . the proposed
estimator using Lin et al. (1996) approach; §7¢" : the proposed estimator using Peng and Fine
(2006) approach; &; : the estimator of ay; as : E;zghe estimator of as



Table 6.5: Artificial censoring proportions assuming true propensity
score model

N =250
CRD1 ORX2 ACRFL3 ACRFP4 ACRAL5 ACRAP6
p= 0.09 | 0.214 | 0.779 0.148 0.066 0.065

p=0251] 009 |[0.195| 0.843 0.144 0.064 0.064
p=05 1] 0.09 | 0.167 | 0.906 0.133 0.065 0.066
N =500
CRpl CRX2 ACRFL3 ACRFP4 AORAL5 ACRAP6
p=0 10.088|0.215| 0.823 0.148 0.064 0.065
p=0.2510.089 | 0.193 | 0.883 0.142 0.066 0.068
p=0.>5 ]0.088|0.166 | 0.941 0.133 0.066 0.068

! the censoring rate subject to the independent censoring

2 the censoring rate subject to the dependent censoring

3 the artificial censoring rate from Lin et al. (1996) approach
considering all covariates

4 the artificial censoring rate from Peng and Fine (2006) approach
considering all covariates

® the artificial censoring rate from proposed method of Lin et al.
(1996) approach

6 the artificial censoring rate from the proposed method of Peng
and Fine (2006) approach

V =Jyand Z = I(Jy > 0). Other parameter settings are same as before except
p=0,0.25.

Three scenarios are considered :
(1) Dependent censoring with confounder (a = 1 and p = 0.25)
(2) Independent censoring with confounder (a =1 and p = 0)
(3) Dependent censoring with randomized study (a = 0 and p = 0.25)

Table 6.6 and Table 6.7 show results from using the entire covariates in the model
and from the proposed model. 54 runs, 43 runs, and 96 runs are removed for case
1, case 2 and case 3, respectively when N = 250. For N = 500, 83 runs, 32 runs
and 107 runs are removed for case 1, case 2 and case 3, respectively.

Numerical results indicate that the proposed method works well. In this case,

as for the true propensity model case, 3 ways of standard error calculation are used.
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Table 6.6: Bias, empirical standard deviation (EMPSD), mean of standard error
(SEE) and 95% coverage (CP) for using all covariates when N = 250 and N = 500

N =250
Bias EMPSD SEE CP
V A V Z V Z V A
Case 1 | f¥ | 0.001 |-0.001 | 0.041 | 0.166 | 0.039 | 0.153 | 0.944 | 0.951
6LF | 0.04 0.003 | 0.108 | 0.203 | 0.095 | 0.123 | 0.827 | 0.78
6FF | -0.005 | 0.011 | 0.041 | 0.151 | 0.041 | 0.151 | 0.944 | 0.953
Case 2 | f'" | 0.0002 | -0.002 | 0.043 | 0.187 | 0.039 | 0.153 | 0.941 | 0.95
6YF | 0.018 | 0.025 | 0.083 | 0.189 | 0.093 | 0.137 | 0.897 | 0.84
6FF | -0.003 | 0.011 | 0.041 | 0.155 | 0.042 | 0.154 | 0.939 | 0.937
Case 3 | f* | 0.001 |-0.037 | 0.036 | 0.269 | 0.036 | 0.143 | 0.946 | 0.941
OLF | 0.041 |-0.005 | 0.095 | 0.204 | 0.1 | 0.125 | 0.837 | 0.787
OFF | -0.005 | -0.002 | 0.038 | 0.144 | 0.038 | 0.14 | 0.953 | 0.931
N =500
Bias EMPSD SEE CP
V A V Z V Z Vv A

Case 1 | #% | 0.002 |-0.009 | 0.029 | 0.124 | 0.028 | 0.109 | 0.933 | 0.945
O-F | 0.031 | 0.002 | 0.087 | 0.148 | 0.087 | 0.118 | 0.851 | 0.894
67 | -0.001 | -0.003 | 0.028 | 0.098 | 0.029 | 0.106 | 0.952 | 0.966
Case 2 | #¥ | 0.001 |-0.012|0.031 | 0.162 | 0.028 | 0.11 | 0.947 | 0.949
0L | 0.015 | 0.013 | 0.065 | 0.145 | 0.079 | 0.123 | 0.908 | 0.885
67F | -0.0004 | 0.003 | 0.029 | 0.102 | 0.029 | 0.108 | 0.955 | 0.968
Case 3| ¥ | 0.001 |-0.026 | 0.026 | 0.194 | 0.026 | 0.101 | 0.926 | 0.959
OLF | 0.037 | 0.001 | 0.088 | 0.145 | 0.089 | 0.116 | 0.804 | 0.883
67F | -0.001 | -0.007 | 0.026 | 0.096 | 0.027 | 0.098 | 0.947 | 0.952
Estimators - " : the estimator of the dependent censoring in the full model;

OLF : the estimator by Lin et al. (1996) in the full model; 87 : the estimator
by Peng and Fine (2006) in the full model

The coverage probability is based on empirical distribution based on resampling
runs or bootstrap runs. f¥, 6" and OF are estimators from full model. As in
the simulation scenario in the main paper, treating estimated propensity score
as true results in large standard error of estimators (fer, gLeatr gPeatr)T T
data bootstrap and new resampling approach reflected variation of estimated

propensity score into (feeir, gleatr greatr)

T Our methodology even works well for
the randomized study. One interesting is that more simulation runs are lost in

randomized study than those in observational study. Even though our primary

101



Table 6.7: Bias, empirical standard deviation (EMPSD), mean of standard error (SEE) and 95%
coverage (CP) for proposed estimator when N = 250 and N = 500

N = 250
. SSE CP
Bias | EMPSD naive | Bootstrap | Resamp | Naive | Bootstrap | Resamp
Case 1 | A% | 0.027 0.183 0.242 0.186 0.186 | 0.986 0.958 0.958
gLeatr | 0.033 0.232 0.388 0.227 0.234 | 0.992 0.94 0.948
GPeatr | 0.025 0.19 0.373 0.191 0.21 1 0.968 0.974
Case 2 | n° | 0.025 0.191 0.242 0.186 0.187 0.98 0.936 0.94
fLeatr | (.027 0.243 0.391 0.229 0.238 | 0.998 0.93 0.94
GPeatr | 0.017 0.204 0.374 0.194 0.213 1 0.944 0.95
Case 3 | 7° | 0.009 0.152 0.201 0.154 0.154 | 0.984 0.952 0.958
fLeatr | ().004 0.189 0.313 0.18 0.181 | 0.998 0.94 0.934
GPeatr | 0.012 0.161 0.302 0.157 0.157 1 0.946 0.94
N =500
. SSE CP
Bias | EMPSD Naive | Bootstrap | Resamp | Naive | Bootstrap | Resamp
Case 1 | 7° | 0.007 0.133 0.173 0.132 0.131 | 0.978 0.934 0.93
fLeatr | (.02 0.159 0.277 0.16 0.161 1 0.948 0.948
gPeatr | 0.008 0.118 0.261 0.126 0.131 1 0.952 0.97
Case 2 | #°“ | 0.012 0.134 0.173 0.132 0.132 | 0.988 0.936 0.94
fLeatr | (.022 0.158 0.277 0.162 0.162 1 0.956 0.962
gPeatr | 0.009 0.122 0.262 0.13 0.134 1 0.966 0.966
Case 3 | #°“" | -0.0001 0.1 0.141 0.109 0.109 | 0.994 0.972 0.97
gLeatr | _0.002 0.121 0.221 0.128 0.127 | 0.998 0.96 0.958
gPeatr | _0.002 0.108 0.211 0.11 0.11 1 0.958 0.956
Estimators - 7°®" : the proposed estimator of the dependent censoring ; gLeatr . the proposed

estimator using Lin et al. (1996) approach; gPeatr . the proposed estimator using Peng and Fine
(2006) approach

goal is to estimate treatment effect in observational study including continuous

covariates which have large variations, it also works well for randomized study

including continuous covariates with large variance.

As for the simulation study assuming true logistic regression model, we compute

the artificial censoring rate using entire 500 simulation runs.

As can be seen

the Table 6.8, the artificial censoring proportion from the proposed method is

significantly lower than that of the full model case.
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Table 6.8: Artificial censoring proportions not assuming propensity
score model

N =250
CRpl CRX2 ACRFL3 ACRFP4 ACRALS ACRAP6
Case 1 | 0.088 | 0.194 | 0.839 0.143 0.062 0.064
Case 2 | 0.088 | 0.215 | 0.783 0.149 0.062 0.064
Case 3 | 0.078 | 0.2 0.887 0.158 0.054 0.053
N =500
CRpl CR)(Q ACRFL3 ACRFP4 ACRAL5 ACRAP6
Case 1 | 0.088 | 0.193 | 0.877 0.143 0.062 0.064
Case 2 | 0.087 | 0.215 | 0.818 0.147 0.062 0.063
Case 3 | 0.077 | 0.2 0.917 0.157 0.053 0.053

! the censoring rate subject to the independent censoring

2 the censoring rate subject to the dependent censoring

3 the artificial censoring rate from Lin et al. (1996) approach
considering all covariates

* the artificial censoring rate from Peng and Fine (2006) approach
considering all covariates

® the artificial censoring rate from proposed method of Lin et al.
(1996) approach

6 the artificial censoring rate from the proposed method of Peng
and Fine (2006) approach

The proposed method works well although the propensity score model is mis-
specified. Note that even for the randomized study, the proposed method has the
advantage compared to the full covariates approach in terms of numerical stability.
The artificial censoring rates not assuming the true propensity model are also
shown in Table 6.8. As in the previous case, the artificial censoring in the proposed
approach is smaller than that in the full covariates procedure.

In these simulation studies, the original Peng and Fine (2006) method is better
than the original Lin et al. (1996) method. However, if the variability of covariates
is large, even the original Peng and Fine (2006) method does not provide correct
coverage. We perform a simulation study using the HIV dataset. First, by using es-
timates from real data analysis, the time to event of interest and time to dependent

censoring are generated

X =1.10083Z — 0.739872V; — 0.000008V4 + €
D = 0.781576Z — 0.537557V; — 0.000849V, + € |’
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where Z indicates the bivariate treatment defined in the real data analysis, V; is
logarithm of RNA value, and V; is CD4 count. Let L* = (1, V{F,V,[)T. In this

exp (al'L*)
1+exp (ol L*)

regression coefficients (1.145059, —0.13313,0.000083)7 from real data study. Based

on residual values, we generate error values from bivariate normal distribution with

1.02 0.42
mean (7.88,8.2)7 and covariance matrix 042 042 Independent censoring

time C has uniform distribution with minimum value 3 and maximum value 10.

case, Z is generated by Bernoulli(p), where p = and oy are logistic

In each simulation run, 150 observations (without replacement) are selected in
observations. 500 times of resampling and bootstrap runs are tried.

As in the real data study, including all covariates results in excessive artificial
censoring. Only 22 runs of Lin et al. (1996) estimators give nonzero standard errors
and any simulation run of Peng and Fine (2006) estimators does not provide nonzero
standard errors for all covariates. Table 6.9 shows the result of the simulation
study using proposed method. Standard errors are computed in three ways as
other simulation studies. The proposed methodology works well except in terms
of coverage for as, the logistic regression coefficient corresponding to V5. As can
be seen in Table 6.10, the artificial censoring rate of the full model for Lin et al.
(1996) and Peng and Fine (2006) approach is 0.988 and 1, respectively. Compared
to the artificial censoring rates in the full model, the artificial censoring rates by the
proposed method based on Lin et al. (1996) and Peng and Fine (2006) are 0.071
and 0.048, respectively. In this study, the original Peng and Fine (2006) method
does not provide the correct coverage for the estimate. The result of the simulation
study shows the effectiveness of our approach when the variability of confounders

is extremely large.

6.8 Discussion

In this chapter, we have proposed methodology for estimating treatment effects
under a semicompeting risks data structure in the context of an observational study.
In semicompeting risks data, only one nonterminal event is the event of interest.
In medical study, it is common that the event of interest occurs several times.
This type of events is called recurrent events. Recurrent events in the presence

of dependent censoring have been extensively studied by Ghosh and Lin (2003),
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Table 6.9: Bias, empirical standard deviation (EMPSD), mean of standard error (SEE) and 95% coverage
(CP) for simulation study by using HIV dataset

Bias | EMPSD | SEE SEE SEE CP CP CP
(Naive) | (Bootstrap) | (Resamp) | (Naive) | (Bootstrap) | (Resamp)

Haer -0.001 0.166 0.182 0.169 0.174 0.964 0.954 0.946
gLatr -0.006 0.23 0.261 0.236 0.239 0.96 0.948 0.946
gPatr -0.007 0.216 0.251 0.224 0.224 0.976 0.944 0.934
Intercept | 0.065 1.232 1.235 1.208 0.942 0.934
i -0.015 0.254 0.259 0.255 0.938 0.936
Va 0.00003 | 0.001 0.001 0.001 0.918 0.892

Estimators - 7°*" : the proposed estimator of the dependent censoring ; fLeatr . the proposed estimator

éPcatr

using Lin et al. (1996) approach; : the proposed estimator using Peng and Fine (2006) approach

Table 6.10: Artificial censoring proportions for simulation
study using HIV dataset

CRp'| CRx* ACRpr? ACRpp*| ACRAr’| ACRAP®
0.466 | 0.497 | 0.988 1 0.071 0.048

! the censoring rate subject to the independent censoring

2 the censoring rate subject to the dependent censoring

3 the artificial censoring rate from Lin et al. (1996)
approach considering all covariates

4 the artificial censoring rate from Peng and Fine (2006)
approach considering all covariates

® the artificial censoring rate from proposed method of
Lin et al. (1996) approach

6 the artificial censoring rate from the proposed method
of Peng and Fine (2006) approach

Ghosh (2010), and Hsieh et al. (2011). Our methodology could be applied to this
situation. Currently, this extension is under investigation.

In this chapter, the propensity score is modeled by using logistic regression model.
However, there are other ways to construct propensity score by nonparametric
method, such as boosting (Breiman et al. 1984). Recently, Zhu (2013) and Zhu
et al. (2014) proposed combining propensity scores from logistic regression and
nonparametric learning method for causal inference. It can be also interesting topic

to compare performance between parametric modeling and nonparametric method,
and methodology of Zhu (2013) and Zhu et al. (2014).
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In this paper, ideas from causal inference framework were used to motivate
the estimation procedure. One may wish to give a causal interpretation as usual
sense from casual inference literature. However, it is important to note that it is

impossible to make any causal interpretation. This is nicely explained in Ghosh

(2012).
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Chapter 7
Future Work

7.1 Introduction

In this thesis, we addressed restrictions of the marginal regression by Lin et al.
(1996) and Peng and Fine (2006) and provide solutions for the restrictions. Lin et
al. (1996) and Peng and Fine (2006) proposed the estimation procedure for the
time to event of interest in the presence of the dependent censoring. However, they
did not study the efficiency with standard errors in detail and the key technique
which Lin et al. (1996) and Peng and Fine (2006) employed, the artificial censoring
technique, may cause an unstable estimation of covariate effects for the time to
the event of the interest when the covariates have a large variability. Moreover,
the goodness of fit method which Peng and Fine (2006) used does not match their
U-statistic of order 2 estimating function. In Chapter 4, we proposed the weighted
estimator based on resampling. In Chapter 5, the goodness of fit for U-statistics of
order 2 is proposed. This new goodness of fit method provides higher power than
the case of incorrect use of U-statistic of order 1 method for U-statistics of order
2 estimating functions. In Chapter 6, the covariate adjustment by the propensity
score is developed. This adjustment provides for stable estimation of the treatment
effect and significantly reduces the degree of artificial censoring.

With semicompeting risks data, a linear transformation model has high flexibility
in terms of modeling, thus this model in the semicompeting risks data setting also
can generate a rich set of models. In this chapter, we will briefly present ideas of
the linear transformation model and variable selection in the semicompeting risks

data as future work.
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7.2 Semicompeting Risks Data in the Linear Trans-

formation Model

The linear transformation models are a very interesting class of models in survival
analysis. It includes broad a range of models, including the proportional hazard
model and the proportional odds model. Its high flexibility enables statisticians
to construct an appropriate model. Fine et al. (1998) modified this model to
guarantee the consistency of estimators when censoring proportion of subjects is
high. Cai et al. (2000) suggested this model for clustered failure time data and
Cai et al. (2002) proposed a semiparametric mixture effect transformation model.
The aforementioned models assume that the censoring variable is independent of
covariates. Chen et al. (2002) suggested the linear transformation model which
relaxes this assumption.

However, all these models assume that subjects are censored by the independent
censoring mechanism. It is reasonable to consider the linear transformation model
in the context of semicompeting risks data. Let X be time to the event of interest,
D be the time to dependent censoring, C' be the time to independent censoring and
Z be a p x 1 vector of covariates. Note that the semicompeting risks data structure
is independent and identical replicates {X;, D;, 8;, &, Z; Y7, of (X, D, d,¢,Z), where
X=XADAC, D=DAC, §=I(X < D)and ¢ = I(D < C). Tt is assumed that
C' is independent with (X, D,Z). It is also assumed that the censoring proportion
subject to C' is not extreme. Then it is sensible to build the transformation model

for semicompeting risks data as

hi(D;) = —Z]no + € .
i=1,...,n,
hg(XZ) = —ereo —|— ElX

where hy(-) and hs(-) are unknown but nondecreasing functions and 71y and 6,

are p X 1 vectors of regression coefficients. Moreover, ¢; = (¢”,¢eX),i =1,...,n are

R )

independent and identically distributed and unlike the assumption of the AFT
model in the previous chapters, they are completely specified. Recall that the
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estimating function under independent censoring in the transformation model is

ZZ w(Zin)Z {% C(Z”n)} (7.1)

=1 j=1

where G is the Kaplan-Meier estimate for variable C', Z;; = Z; — Z; and ¢ (Z]m) =
P{eP — P > (Z; — Z;)Tn}. As the AFT model case, the simple replacement of D
to X does not provide an unbiased estimation of 6y because X is censored by D.
As can be seen on the proof of obtaining the unbiased estimator of ((Zj;n)
in Cheng et al. (1995), the most important fact that is used in the proof is
independence of D and C. To apply the logic similar to Cheng et al. (1995) in
semicompeting risks data, independence of X and D is required. However, imposing
this assumption can be a very strong assumption. More details should be studied

to derive the unbiased estimating equation for 6.

7.3 Variable selection

Variable selection has been well studied in past decades. The basic idea is to select
variables which contribute substantially to the response. Stepwise regression and
subset selection are the conventions to use to select variables for applied statistics,
but they are not systematic and contains errors by the selection procedure (Johnson
et al. 2008). To cure this problem, several methods have been developed : the least
absolute shrinkage operator (LASSO)(Tibshirani 1996), ridge regression, smoothly
clipped absolute deviation (SCAD)(Fan and Li, 2001) and so on.

Originally, these methods were developed based on linear regression. Many
researchers have extended these methods to various models, such as the generalized
linear model and estimating functions. Johnson et al. (2008) proposed variable
selection using general estimating functions. They applied the variable selection
method on censored data and missing data. For censored data, their model is a
semiparametric linear regression model by the Buckley-James estimator, which is
the extension of least square estimator to censored regression model (Lai and Ying,
1991).

For semicompeting risks data, the variable selection in the marginal regression

method can be useful because of the artificial censoring. As can be seen in Chapter

109



6, the excessive artificial censoring causes unstable estimation of covariate effects.
To reduce the excessive artificial censoring, selecting variables which can truly affect
to the time to the event of interest is important.

The methods by Johnson (2008) and Johnson et al. (2008) are sensible to apply
the bivariate AFT model. However, one may be careful on applying Johnson et al.
(2008) because of the existence of the dependent censoring. Moreover, Theorem
1 in Johnson et al. (2008) shows root-n consistency which is the convergence in
the probability. However, based on Ying (1993)’s argument, the solution of the
penalized estimating equations would converge in almost surely to the nonzero

coefficients. This is left as the future work.
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Appendix
Appendix for Chapter 4 and Chap-
ter 6

1 Mathematical Proofs (Chapter 6)

(a) Proof of E{S,(nt", a)} =0, E{UE(BY, )} = 0 and E{UF (B, ag)} = 0
In this part, we W111 prove E{S,(nfr ao)} = 0, E{UE(BE" ao)} = 0 and
E{UF (Bt , a9)} = 0. Let H; = (1,V;),i =1,...,n. Denote

ei(ar) = exp (a’H;)
' 1+ exp (a™H;)
wiia) = 7 12,

 eia) + 1—e()

" " I{D*(n'") > D (") }w; () Z;
Sn(ntr’a) = n_l/QZSiwi(a) |:ZZ - Zj_nl { {(*77 t) — ~E<n t)} ]( ) J:|
4 2 i HD; (') = Dy () ywy(e)
where D} (n'") = D A C' — " Z;. The new estimating function based on Lin
et al. (1996) is

) S X () = X (B hwi(@) Z;
L qtr n-1/2 ” ==l ) - :
Uy (67, 2‘5 (57) [ S X (B) = X (5) hwi(a) 1

where

Bt'r — (ntr’ 6)157“)
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d(p™) = max {0, (0" —n")Z:}
X7 (B7) = (Xi = 0" Z)) N{(D; A Cy) — 0" Z; — d(B")}
0F(B") = 1[(X; — 0" Z;) <{(Di ANCi) — 0" Zy — d(B™)].

The new estimating function based on Peng and Fine (2006) is

o2nl/?

n(n —1)

Uy (6", a) = > (Zi— Zywi(e)w; ()i (B7),

1<i<j<n

where

dij(B") = max {0, (0" —n'") Z;, (0" —n'") Z;}
;) (B7) = (Xi = 0" Z:) N{(Di A Ci) — 0" Z; — dig(B™)}
7y (B") = TN(X; = 0" Z)) <{(Di A Ci) =" Zi — dig(B™))
¢33 (B™) = 055 (B I{X 1y (B™) < Xy (BM)} — 6500y (B I{X 5 (B) = Xy (B™) .

Let oy be true regression coefficient of logistic regression. We assume the

following:

1. Given covariates, common density of ¢;s is uniformly bounded. Moreover,
let f(-) be common density of D;s. Assume that (Ghosh, 2000, Chapter
6)

where f(t) = ;l‘i

2. The solutions of G, () = 0, S, (7', @) = 0, UE(0" i, ag) and UL (6, i, o) =
0 are unique.

3. Fori=1,...,n, there exists s > 0 and 7 > 0 such that 0 < s < w;(ax) <

r < oo for all a.

4. Denote filtration as F, = { Ny;(u; 0", atg), Nog(u; 0™, atg), Yii(u;n'", aeg), Yai(u; 7, arg),
Zipi=1,...,n;0 <u <t} where

Nyt @) = wi(o)I{D;(n) < t,& = 1} = w;i(a)&I{D; (n'") < t}
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Noi(t; 87, o) = wi () I{X; (B™) < t,6; () = 1} = w;(e)67 (BT I{X;(8") < t}
Yi(t;n'™, a) = wi(a)I{D}(n") > t}
Yoi(u; B, a) = w;(ee) [{X](B") > t}.

Fori=1,...,n, define
L0 () — 7, — 2z DI0) 2 whus ()2,
Z > (D5 (n6") = w)w;(ew)
L () = 7 — 21 X o) = U}wj(QO)Zj.
' > KX (85) = upw;(an)

Then L"V(-) and LI¥(-) are F~ predictable.
5. Existence of limiting quantities : For every u > 0, there exist 2V (-) > 0

and z?(-) > 0 such that

4 i HD () 2 whwy(en)Z;

zZW(u) = lim — ———

nee Zj:l I{Dj (ng") > utw;(a)
n x [ Qtr . .
5(2)(u) — lim Zj? I{Xg;(* 0 t)r > upw; (O‘O)ZJ'
oo 3 i HXG(B") = upw;(a)

6. Let A(8", ) = E{n~V2UP (8", cx)}. Assume that A\(3"", @) is differen-
5\ tr 5\ tr

tiable at 5", and both M and —@ (5", @)
ant'/' ﬁtr:ﬁ6r7a:a0 80t7'

Bir=p{" ,a=ao

are nonsingular.
Moreover, we need assumptions dealing with the logistic regression model for

propensity scores. These assumptions are from Ferguson (1996, Chapter 17,

pl14), Zhu (2013) and Zhu et al. (2014). Let
TH)
H=(1,V")" _ Pl

(a) The parameter a belongs to a compact subset of I'. The likelihood
f(z.a) = e(a)*(1 = e(e))' 7,
is measurable in z for every a in I'. Moreover, f is continuous in a for
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every z.

(b) For all z and «,

f(z, aH) )
log | ——== | < h(z2),
() <9
where h(z) is a function satisfying E,,|h(2)] < oo.

Under the logistic regression model assumption for treatment,

S, 1Dy (") > Dy Lk
35 (D5 (0) = D7)y (o)
4~ Zia 5 (87) = K1 (0w (@) 2, |
) X (37) = X (37 o (a)

Su(n”, ag) = n~? Z&‘wi(ao) |:Zi -
i=1

Ur(8", ) =n~ 23 " 67 (B Ywi(exp)

- (A1)
Note that (A.1) is equivalent to
o [{D*( ) > utw;(aw)Z; ot
Su(n'", exg) =" Z/ [ _ H{ D) > uhwy(en) }dN”(u’n o)
11{X*( BT) = ubw;(ow)Z;

L gtr _n1/2 o ] i (u: BT ).
Ui e 3 [ S s ey |t a0
Then by algebra,

I{D*( ') > utw;(on)Z; o

>[5 D) = whfe Joit .
L D () = whwy(ew)Z; e o
—Z/ [ S D) > whu(a) Jos

S D) = uhwi(en) 2] -
' ;/_"O e [Zi S KD ) > uhw(ex) }]{D () = uthio(u)du,

where

Mii(u; '™, o) = wiw)[GI{D; (n'™) < u} — /u I{D;(n') > t}Aio(t)dt].
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and Ajp(+) is the baseline hazard function for time to death. Then

> [ wao)ZHDi) = ubhalu)du— [ S wilen) D) = ubdun(w)

S KD () = whw;(aw)Z;
S KD () = ubw;( )

=3 [ e 2B ) 2 wphatedu~ 3 [ o) 2D ) 2wl

:0’

Hence

n o) ” [ D* tr > ) Z
Sn(”(t)r, aO) = n71/2 Z / wz(aO) |:Zz_ ijl { 15770 t)r — u}w] (a0) d :| th(u, ’T]ér, OL()).
i=1 Y~ Zj:l I{Dj (n6") = upw; ()

Similarly,

s [ [, S ) 2w (a0,
L ptr _-1)2 L J (. ALT
00 =" | {8 S i | A

Mo (u; B, 0g) = w;i(0) [67 (B ) I{ X[ (B7) < u} — /_u I{X7(B") > t}hgo(t)dl]

where A\y(+) is the baseline hazard function for time to the event of interest.

By taking expectations,

E{Sn(nér7 aO)}

—n /2 E{ i /_ b E{ [ZZ- — Zgiﬁ?é;gé)Z;i;v;ic(z)o)zj

:|dMli(u§ ', )

o)}

i=1 o0

" I{D*(ntr) > wlwi(ag) Z;
Given ¢;(ay), LW = Z; — Zafl { 1(770)_ Jw;j(ew)Z;

' S KD () > ubwi(ew)
Fi-predictable. Hence given e;(ay),

is bounded and

En: / N {Zi X HD; () 2 upwi(en)Z

=~ dMZ 7 tr’a )
S D () = uhw,(ex) } wlus e o)
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is a martingale and F{S,(n5, ap)} = 0 (Boyd et al. 2012; Theorem 2.5.4
in Fleming and Harrington, 2005, p.77). Similarly, UX(8L, ap) is also a
martingale and E{UL(B" ag)} = 0.

Let 8y = (67, (057)T)T and ny = (& ,(ngfd) )T. Note that 85/¢ is the true
value of @, corresponding to V and ’r)o % is the true value of ny corresponding

V. Under the true value of 8§ and a,

E{UL(BY, c0)} = E[(Zy — Za)wi () wa(axg) x {P(ef + (057)V,

< {el + (') "V1 — dia(BY)} A {65( (067" Vol e + (g7 ) Vo — dua(

NCy =15 Zy — dia(B) } A Co — — di2(65) e (), ea(a), Z1, Z5)
— P& + (85)"Vy < {€] + (ﬂéfd)TV2 — di(B)} A+ (057 V)
Nl + (i D)TVL = di2(B0)} ACy— il Z1 — dis(BY)}

N Cy =y Zy — dia(Bg") e (), e2(e), Z1, Z2)}].

Since C' L (X, D)|W, it is clear that C' L (eX,e”)[W. By using the fact that
{X,, D;,0;,&, W; iJ(i=1,...,n) are i.i.d copies and the propensity score is a

balancing score,

P+ (057) " Vi < {ef’ + (n§!)"'Vi — dia(B))} A& + (867 Va}
Aes + D Vo — dia(B5)} A{CL— il Zy — dia(BY)}

N Co — 15" Zy — dia(67) Her (), ea(evo), Z1, Z2)

= P(& + (65')"Vay < {el + (n Cfd)Tvz dia(B5)} A el + (057 V1)
Aer +(n Cfd)Tvl dia(By)} AMC =y 21 — daa(By7)}

ANCs — — dia(By") e (ew), 62(00) 21, Zs).

Thus E{UF (8", ap)} = 0.
Proof of Theorem 6.1
The next step is to prove consistency of the estimator. Since the propensity

model is true, by Ferguson (1996, Chapter 17, pl114), & converges to «y
almost surely. Assume the regularity conditions in Ying (1993) and the
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Appendix of Peng and Fine (2006). Define

(0" o) ZN“ (0", ) Ni(t;n'", a) = ZZz‘Nu(t;ﬂtr,Ol)
i=1

Lt a) = Z {D;(n'") > thwj(@)Z; Qu(t;n'", ) = Z I{D;(n'") > thw;(a)

Qi(tin", @) = Blwi(e)Zu{Di(n") 2 t}]  Qu(t;n", @) = Elwi(e)I{D;(n"") = t}]

Nultn”, @) = wi(@)I{D;(n") 2 1.6 =1} Ni(t:n". szhtn @)
t77 ) ZNhtn a)

Then let

Sa(t;n", ) =n 1/22/ { i — anu—na)}d]vli(u;ﬁtrya)

an Uu; 77” Oé)

S

Note that the proposed estimating function for ' is S,(co; 7', a). Ying
(1993) argues that the expansion holds if W is treated as random. In
his case, the full covariates are used for residual terms. In our case, only
treatment variable is subtracted from original time to death or original time
to the event of interest. Since treatment and confounder are independent
given propensity score (Rosenbaum and Rubin, 1983) and the expectation of
estimating equations of Lin et al. (1996) under the true value of parameters
is equal to 0, arguments from Ying (1993) can still be applied to our case.
Let L(t;n'", ) be any one of the empirical processes N, N*, nQ%,,, nQ1n, Ny
and Nf. Take 0 < ( < 1,Cf > 0,K > 0,w > 0. Since we assume that the
propensity model is true, by Ferguson (1996, Chapter 17, p114),

n

Y D (") = tywy(@) Z) % BU{D} (") = thwn(ew) Z)]

J=1
n

n! Z[I{D}f(ntr) > thw;(&)] =5 EI{Di (") > thun(ew)].
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Moreover, by the strong law of large numbers,

n Z[I{D;*(n”) > thwj(e)Z,) =% E[I{Di(n") > thwi(a)Z1]  (A.2)
n™t Yy [H{D; (") = thw;(e)] =5 E[I{D} (") > thwi(ev)]. (A.3)

j=1

Then using Theorem 3 from Ying (1993),

Sup |L(t;n'", &) — B{L(t;n"", ) }| = O(n(l_O/““’)_
Intr|[<CF,EL(tn'" ,00) <Kn'—¢

By Ying (1993), under certain regularity conditions, for ¢* > 0

sup [n=28, (0", &) —mi (0", )| = o(n” ),
Intri<C;

where m(n'", ag) = my(00; 0", ag). Similarly, we define

Q3(t: 5", @) = BI{X{(5") = thwi () 2]
Qa(t; 87, @) = BI{X(8") = thwi(ev)].

Similarly to the independent censoring case, there exist nonrandom functions

mQ(’ Btr’ a)a where

e

Let ma (B8, @) = mo(00; B, ). By Ferguson (1996, Chapter 17, p114),

n

n! Z[I{Xf(ﬁtr) > thw;(&) Z;] 3 EII{X{(8") > thwi(ow) 2]

j=1

n

n! Z[I{X}‘(B”) > thw;(&)] =5 BI{X](8) = thun(ew)].
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Moreover, by the strong law of large numbers,

n! ZU{X}‘(B") > thwj(@) Zj] =¥ BII{X{(57) 2 thun(@)Z1]  (A4)

nt Yy X (6") = thw;(e)] =5 E[I{X{ (") > thwi(ev)]. (A.5)

j=1

For some positive constant C5 and for ¢** > 0,

sup [T PU(E"6) = ma(87, )| = o(n /)
™ S 5

Note that due to the strong consistency of & and uniqueness of ay, for any
neighborhood of " and 5, say Ny and N, respectively, by Ying (1993),

sup |n’1/25n(77“”, &) —mi(n', o) 20
'I?tTeNO

sup |n’1/2U7f(ﬂ“", &) — mo (B, ay)| 2.
B”EJ\/&

Moreover, by (A.2) - (A.5), it is also true that if a belongs on any neigh-
borhood of ayg, say B, then any fixed n'" € Ny, n=Y25,(n"", a) can be

approximated by m(n'", ). Hence,

sup |n’1/25n(77”, a) —mi(n'", a) 20
aeBntreNy

Similarly, for any 8 € N} and a € B,

sup ]n’l/QUqf(ﬁt", a) — my(B7, o) 0.
acB,BtreN

Thus 7°" and §F<!" are strongly consistent. Now we want to show strong con-
sistency of GP<tr  Tet W be a compact set of parameter 57 and h(Z;, Z;, V;, V;, 7, o) =
w;(ew)w; (o) (Z; — Z;)¢ij(6™). From the U-statistics law of large numbers,

In"2UL (B o) — A(B, ewg)| 2 0.

for all 3" € W. By decomposing the compact set W into several finite subsets
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Wi, ..., W,, such that W € U™, W;, for (B'")" € W},

max |~ Y2UP((B7), ap) — M(B7)Y, ag)| 2 0.

1<i<m

Since w;(ay),i = 1...n are bounded, by Appendix of Peng and Fine (2006),

_ 2 .

—-1/2 UP tr’ . UP tr’ <= Zz o Zj Kij tr’ ’

L U7 (8" ) = UT(B", @)l < Sy [1g;gn| |Kii(B",v)]

where

LY (B, v) = wilao)w;(o)I[{B" + |87 — B"| < v, Xi;)(B7) = Xy (B)} # 0]

L(2 (8", v) = wi(aw)w; () I[{B: |8 = B[ < v,6;,,(B) # 65,y (B™)} # 0]
Ki(B",v) = {L (3", v) + LY (B, v) + L} (B, v)}.

Let Hyj (B, v) = | Z;—Z;|Kj (8", v) and H(B",v) = 3" i ooy | Zi— Zj| Kij (B, v).
By Hoeffding decomposition,

H(3",v) = E{H(B",v)} = > Bi(B",v) + Y _ By(5",v
=1 1<j

where

Bi(B”,v) =Y [E{Hy(B8",v)|Zi ei( )} — E{Hy (5", v)}]

i
Bi;(B",v) = Hyj (8", v) — E{H;;(B" . v)|Z;, ei(cw0)} — E{Hy;(B",v)|Z;j, e;(cx0)}
+ E{H;(3",v)}.

To complete the proof of consistency, we need the following lemma.

Lemma A1l. There exists constants by and ¢q such that E{Hij(B“", v)} < bov
and E{H (", v)} < coun?

Proof. We can use arguments as in Peng and Fine (2006) and the Appendix
of Hsieh et al. (2011). Note that the set

{||Btr - BtTH <v, ~;'k(j)(ﬁtr) 7é 8:@)(5”)} € Dl(Btrv V) U DQ(BtTv V)v
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where

Dy(B",v) ={|IB" = B"|| < v, X; — 0" Z; = [D; + 0" (Z; — Z;)) — 0" Z;}
DQ(BtT, V) = {Hﬁtr — BtTH < v, XZ — QtTZZ- = [Cz + T]tr(Zj — Zl)] — Qtij}

Then

Dy(B",v)

={||g" - 8" < v, Xi + 6" (Z; — Z;) = D; + 0" (Z; — Z;)}

= {187 = B"|| < v, €X + OTW, + 6"(Z; — Z) = €2 + i W, + 0" (Z; — Z)}
= {187 = B"|| < v, &S + O W, + [0 — (6" — 0")|(Z; — Z)

= ¢+ Wi+ [ = (7" = 0")(Z; = Z:)}

C{llg" — € + (80 —mo) "W, + (0" — ") (Z; — Zi)|| < 2v|Z; — Zi|}.

Thus there exists dy > 0 such that w; (c)w; (o) P{Dy1 (3", v)|es(cw), ej(ew), Zi, Z;} <

2w;(a)w;(eg)do| Z; — Z;|v by assumption. Similarly,
wi( e )w; (o) P{Ds (5", v)|ei(exo), ej(exo), Zi, Z;} < 2wi(exo)w;( )| Z;—Zilv.

Hence, E{L?(@”,y)} < 2doE{w;(c)wj(ew)|Z; — Z;|}v. Similarly, there
exists dj > 0 such that E{L$ (57, v)} < 2d5E{w;(cw)w;(cw)|Z; — Z;|}v and
there exists f; > 0 and P{L{(57,v)} < 2f5 E{w;(cw)w;(ew)|Z; — Zi|}v.
Since w;(a) are bounded, there exists Ky, > 0 and K; > 0 such that
E{K;(B",v)} < Kov and E{K2(5",v)} < Kv. By the Cauchy-Schwarz

inequality,

E{H,(3",v)} < \| E{K2(B" . v)}E|Z — Z,[* < Kw\[ E|Z — Z,[2

Hence there exists by > 0 such that E{H;;(6",v)} < bov. Finally, E{H (5", v)} <
Kibon?. Thus there exists ¢, > 0 such that E{H (", v)} < corn?. O

Then by Lemma A1 above, E{H,;(5",v)} < bov and E{H (5", v)} < covn?.

Note that B; and B;; are uncorrelated. Hence there exist v > 0 and vy > 0
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such that

Var{H(B" v)} = Z Var{B;(5", 1/)}—1—2 Var{ By (3", v)} < vign®*+uyn?® = O(n?).
i=1

1<j

Take € > 0 and let 0 < v < €/(3by). Then by Markov inequality,

P{ln(n— 1)]"H(5",v) > €} < P{[n(n — V)] 7' [H(B",v) — E{H(B",v)]} > ¢/3}

IWVar{H(F",v)}
< n(n — 122 — 0.

Hence
sup  n VUL (B, ap) — UP (B, ap)| 2 0. (A.6)
||Btr—Btr||<v
Note that for any v* > 0,
sup T VRUE (7, ) — UP (3", a)
llae—exo||<v*,| |8t —Btr||<v
< sup W U2UR (87, @) - UP (87, &)
|18t =Bt || <v||a—ao||<v*
+ sup n T Y2UP (BT &) — UL (B, ao)|
|8t =Bt || <v,[|a—eao||<v*
+ sup nil/ZyUf(ﬁtra OC(]) - Uf(étr’ aO)’
|8t —Btr||<v||a—aol|[<v*
For fixed 3", by Taylor expansion,
—1/2\77P( ptr A P atr -1/2| (A 9 P gtr
n= U, (B, 6)=U, (8", an)| = n (a—ao)%Un (8", ) +0p(1).
a=og

Then for fixed 5, n= 22U (8", ) O(1) and & %% ay, we have

a=ap

_sup nV2|\UP (B, &) — UP (B, ap)| 2 0. (A7)
1847 || <[ |ov—axo | <v*

Then for a € B, due to uniqueness of ay,

sup
aeB,ftrew

InTV2UR (BT, @) — MB™, a)| 2 0.
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By strong consistency of &, we have

sup |nV2UP (B, &) — MB™, a)| 2 0.
Btrew

Hence

sup In~V2UP(B" o) — nTVPUT (BT, &) B 0. (A.8)

187 =Bt || <v)||la—aol[<v*

Combining (A.6), (A.7) and (A.8) yields,

sup n2UL (BT, o) = UL (B, )| 5 0.

la—ao||<v* || Bt =Bt || <v

Moreover,

sup nTPUT (57, ) = U (57, &) 0.

lloc—ail| o1t =3 | <v

geatr is proved.

Thus the consistency of
Remark. In this case, the key important element is strong consistency of
é. Given strong consistency of é&, the random function n='/25, (5", &) and
n~2UE(n' | &) converge to deterministic function. Moreover, to prove strong
consistency of or calr we apply arguments from Peng and Fine (2006) given a
and use strong consistency of &. Then we can approximate n~/25, (0", a)

and n~Y2UL(n'" ) to nonrandom function with respect to c.

Proof of Theorem 6.2
Let G, (ax) be given by

exp (a’H;)
1+ exp (a"H;)

!

Gu(a) =n""?Y Hi[Z; —
=1

exp (o' H;)

" 1+ exp (aTHy)
martingale central limit theorem (Theorem 5.3.5 in Fleming and Harrington,

Let ¥;(a) = Hy[Z; ]. Then G,,(a) =n~ V23" U,(e). By
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2005, pp.227-228) and U-statistic theory,
a1l ) = 2 Z/ {Z; = 2O () yd My (u; i, o) + 0,(1)
i=1 Y 7
UL, o) = 23 / (2 — 2O () ydMos (s B, o) + 0, (1)
i=1 7=

UL (B o) =n~ 2 " 20 (Zi, B, ) + 0,(1)

i=1

Gnlag) =n"2) " Wy(ay),

i=1

where h1(2767a0) - E{h(z, Z27V17V2767 ao)} Let T = (ntrjetr’etT)T and
U, (1,a0) = [ST(n", o), {UL(B", ctg)}, {UL (B, ) }T]F. By standard

asymptotic theory of maximum likelihood estimator and by Cramér-Wold

vivl vivl
)
vovl  vovl

theorem,
0

CGalao) ) o N<
Un(’T(), ao) 0

Vi = ‘111(040) Vo = ("U21,1122,U23)T
Vo1 —/ {Z; —z w) yd My (u;ny , o) 1)22—/ {Z; — 3 (u)}dMgi(u;ﬁé’",ao)

Va3 = 2h1(Z4, B, avo).

D

where

Then we have following lemma.

Lemma A2. If k, converges to 0 in probability,

1Qn () — Qulvo) — A0n1/2(7 — )|

sup — o,(1)
[lv="0ll<kn 1 —|—n1/2|h/ _'70H D
where
Ly 0 0 O
L, Fy 0 0
Ay = 2 1
L3 E2 E3 0

L, £, 0 Es
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8\111 (a)
da

L1:E|:

a:a0:|

= / E [i{Zl — Z(l*)(t; 0", o) }dNy (¢ 0", a)}

—00

— /oo E{—{Zl — 2@t T, )}dN21(t;5traa)}

)\ tr7

—nt —
Titr—ﬁoTva—OCO

Bir=p§" a=ao

Bt'r Bt'ra oo

- [wxaoﬂw (m) = 1}{Z: - )(t)}%f(t)dt}

Bom [ B[ 25 s 7,0

Bir=p§" a=ag

— / [agtr{z1 — 2 (t; B ) Yd Ny (t; B, a)}
Btr=6§" a=ag

ONB, ) _OMPT, @)
b= on'r Btr=6§" a=ag 5 oo™ Brr=pg" a=a
and
5 ) — i Do D10 2 ()2,
n—>oo Z] 1[{_D*( tr) > t}wj(a)
s ) — i o LK) 2 (@),

o, S H{X(B7) > thwj(a)

If k,, converges to 0 almost surely,

n - n _A 1/2 -
sup 1Qn(v) - Q (’ZC;Z o (v =)l _ o(1)
=0l <kn 1+ n'2||y — o]

Proof. We will follow the approach of Ghosh (2000, Chapter 6). Let

n(a) Gn(a()) Gn(a) - Gn(a0)
Sn(ntra a) = S (776T7 aO) + Sn(ntr7 a) S (n(tJr? aO)
U?%(ﬁtr> a) UL( 0 7a0) Ui(ﬁtr> ) UL( 0 ?O‘O)
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Clearly,

Gun(@) = Galaw) = Gu(aw) (e — ) + 0p(n'?[|ex — )

where G, () = [0G,,/00)q=a,- Let

,Ysubl — (aT7 ntr)T ,ysubg — (aT’ ntr’ etr)T
%" = (e, ng)" " = (e, 05"
By Ying (1993),
Su(n'" s e) = Su(ng’, o) = n'*{ Lo = ew) + Er(n" = 1)} + 0p(1+ 02|y — 45" |])
UL(B™, a) — UE(BY, ) = n'*{Ls(a — o) + Eo (" — 0y ) + E3(0™ — 05}
+op(1 + n!/2 ||yt — Agutz)).

By Lemma 2 of Honoré and Powell (1994),

Uy (B, o) — Uy (B, o) — n'/2A(B", o)
Sup 1/2 tr
BireN; aeh L+n'2A(B", o

= 0p(1),

where N is a neighborhood of §f". By Taylor series expansion of (5%, )

at 8" and avp,

INBY, )
[9Je" a—an
8)\(5157"’ aO)
tr _ tr - 7 _ tr __ tr tr __ potr
)\(6 7a) - )‘( 0 7a0) + 8771‘7" B”:,Bff <a Qo 7] 7]0 8 00 )
a)\(ﬁtr’ ao)
89t1” ﬂt'r:B(t)r

+ o]y — g ).

Extending arguments in the Appendix of Peng and Fine (2006),

UL(B™, ")y = UL (B, o) +n'/*{La(c — o) + Eu(n™ — ni) + E5(0™ — 6})}
o, (1 + n! /2|y — A5e2])).
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Hence,

sup 11Qn () — Qulv0) — Aon*2 (v — o)||
v —ol|<kn L+ nt/2||y — ¥l

= 010(1)7

when k,, converges in probability to zero. The second result of Lemma 2
easily follows from the result that the sequence of random variable converges
in probability if and only if each subsequence of the sequence of random

variables contains further subsequence which converges almost surely. O
By using Lemma A2 above,
Qu(7) = Qu(v0) + 12 Ao(y = 70) + 0p(1 + 0[]y = o],
for v € V, where V is any neighborhood of «y. Then
Qu(9) = Qu(y0) +n'*Ao(¥ = 0) + (1),
and by consistency of 4 and Lemma A2, we get
n'2(3 =) = —Ag ' Qu(0) + 0,(1)
Then by Slusky’s theorem,
(5 =) 5 N0, Ay ' SoAg ),

where ¥ is

Proof of Theorem 6.3

To justify resampling approach in Parzen et al. (1994), two conditions A(1-1)
and A(1-2) in Parzen et al. (1994) should be verified. The condition A(1-1)
follows from Lemma 2 directly. The condition A(1-2) implies that the root of

estimating equation should be unique. This condition is also easily satisfied
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by the assumption. Let +* be solution of
Qu(y) ="' Jid;,
i=1

where J; are natural sample estimates of v = (v, vI)T and A; are standard

normal samples. From the previous section, we showed that

Q..(7) = Qu(70) + 12 Ao(y — 7o) + 0,(1 + 02| |y — ¥ol])-

Then

Q.(7") = Qu(F) + n'PAo(v" = 4) + 0,(1)

n1/2('y* — ’3/) = —Aaln_l/Q Z JZAZ + Op(l).

i=1

Since the observed data are independent and identically distributed, given

1/2(7* — %) is normal dis-

observed data, the asymptotic distribution of n
tribution with zero mean vector and covariance matrix A;'3oA;". Hence
the conditional distribution of n'/?(y* — 4) is asymptotically equal to the

unconditional distribution of n/2(4 — ~).

2 Goodness of Fit (Chapter 4)

The goodness of fit structure proposed by Lin et al. (1996) is follows. We use

notations in the Chapter 4. Let 7 be the estimator for the time to the dependent
censoring, &% be Lin et al. (1996) estimator and & be Peng and Fine (2006)
estimator. Define Ny;(t;n) = AJJ{D?(n) < t} and Ny(t; o) = 6 () { X} () < t}.

D;(n) = Di = Zin
9(B) = max{0,Z7 (6 —n)}

X+(a) = (X, — 270) A{D; — Z'n — 9(8)} ACs — 20 — g(8)}
05 () = I[(X; — 270) < {D; — ZI'm — g(B)} N {Ci — Z]m — 9(B)}].
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Then

t

Mii(tim) = Nuttim) = [ H{D;(m0) = ubdofu)d

—00
t

Mo;(t; avg) = Noi(t; ) — / I{X} () > u}tho(u)du
are martingales where \g(u) and ho(u) are baseline hazard functions for the depen-
dent censoring and the event of interest, respectively. We can define Mli(t; 1) and
My;(t; &) ,where

t

Whu(t) = Nutti) = [ 1) = wpdho(w)

—0o0

Vhoi(t: ) = Na(t: &) — / (X (&) > u}dTo(u)
/ BLATUR O e PRIt
Z I{D* n) > u} oo Z?Zl I{X*(&) > u}

Then observed processes are defined as

i=1 i=1

Note that by stochastic integral,

t I{D:(R) > D;(9)}A
[ 1Di 2 maium = 3 S }({f;;h 3

()<t
_ i AJ{D; (1) < H{D; () = Di (%)}
— > i H{D3(n) = Di(0)}

Hence

' NI{D;(7) < t}I{D:(n) > Dj (A
My(t;h) = AI{D;(n) <t} — Z l{z( )[{Di({)z(?g?(_ﬁ)}(n)}
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Similarly,

o . 5r(&)I{X7 (&) < HI{X;(a) > X;(a)}
K Z S I{X (@) > X; ()}

Then similar to Lin et al. (1996) and Peng and Fine (2006), we can substitute 7
on S,(s;m), &* and &” on U, (t; ). By arguing as Lin et al. (1996) and Peng and
Fine (2006), we can construct [ST(s), {UL)YT, {UF (v)}T]", where

A S0 > i,
Z/ [Z D7) > w)

dMu(w; N)Qi+Sn(s;7")—Sn(s; 1)

—n*”Z / [Z - ]fX(‘(")) % f ALy (w; &) QA U, (1 67) U (; &)
& " L X (67) > wz, o P &F
) =n"Y Z/ [ 1I{X;‘(A P) ) ]dMgz(w &")Qi+U, (v; &)U, (v; &
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For view of calculation,

=1 Z?:l ]{D;k<n) Z D;(

n~1/? i ZiMli(S; n) = n~1/? i Z, |:N1i(t§ n) — i Al[{Dl* () < t}]{[);‘(n) (Z Dl*(n)}}
n-1/2 zn: ZZ'MQZ'(S; @) = n 12 zn: A {N%(t; o) — zn: Sz*(a)[{)z’l*(a) < t}[;{)@*(?ﬂ > X’l*(a)}}

i=1 i=1 =1 Z?:l I{Xj*(a
A _1/9 a 3 Z?:l [{D](A) > w}Z; . ' o ”
S,(s) =n"Y ZZI/_OO [Zz 2?21 [{D;(ﬁ) S dMy;(w; N)Q; + Sn(s;M7") — Sp(s; 7))
v . S I{D;(7) > D;(n)}Z,
Y (aurtbrm <3 |2~ S, 1{D;(7) = Di(A)}

_ 5~ Ad{Di () < s} HD; () > Di) [
~ X5 HD;() = Di(9))
+Su(s;M") — Suls; M)

. "t S I{Xr
Uﬁ(t):n—WZ/ [Zi— Zjnl T
[e%¢} j=1

i=1 Y~ F(a )Zw}
1N (e AL g el AL Z?:l I{X;(&h) > X;(ar }Z,
—n ZZI <5Z. (&M I{X;(&a") <t} [Zi - > X (@b > X (@h) ]

(@M (@h) <
,Z:; > H{X; (&

+ U, (t; &™) — U, (t; &%)

. not " X&) > wiZ ] . b s b

UP(t) = n—1/2Z/ [Zi _ Zz]:; Ij{XE(dI):>>> u}}} ] dMsi(w;&)Q; + Uy (t; &) — Uy (t; &

—1/2 & Sx/ AP ¥/ AP Z?:l I{Xz*(dp> Z :(dp)}zj

=n"V ; (51‘ (@")I{X7(a") <t} [Zi - Z?:l I{Xi*(d[,) > X*(dL)} ]

N~ H@NIX(6F) < I{Xi(6F) > K@)y |, X XK@ > Xz*<dp>}zj] |
,Zl Yo H{X;(@r) > Xp(ah)} [ZZ Yo X7 (&P) > Xp(ah)) )Qz

+ U, (t; dP*) —U,(¢; dP)

~— |~
—
(o)
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