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ABSTRACT
The defining characteristic of ferroelectric materials is their ability to be switched
between energetically equivalent polarization states. This behavior has led to an interest in
ferroelectrics for a wide range of bulk and thin film applications such as mechanical actuators and
ferroelectric random access memory devices. Ferroelectric switching depends on domain wall
motion, however, and is critically influenced by the existence of defects such as dislocations and
preexisting domains. Domain wall motion in thin film applications can be controlled by
individual local defects due to the reduced length scale of the system. This dissertation describes
the impact of preexisting ferroelastic domains and misfits dislocations in coherent (001)-oriented
Pb(Zr0.2,Ti0.8)O3 (PZT) thin films on the switching response and domain structure.
A phase field model based on the Landau-Ginzburg-Devonshire theory that accounts for
the electrostatic and mechanical interactions is used to describe domain structures in ferroelectric
PZT thin films. To solve the governing equations a semi-implicit Fourier-Spectral scheme is
developed that accommodates boundary conditions appropriate to the thin film geometry. Errors
are reduced in the solutions at the film edges through extensions to the model developed to
correct the Fourier transform around stationary discontinuities at the thin film edges. This
correction is shown to result in increased accuracy of the phase field model needed to
appropriately describe dynamic switching responses in the thin film.
Investigation of switching around preexisting ferroelastic domains showed these defects
are strong obstacles to switching in PZT thin films. Directly above the ferroelastic domain the
magnitude of the required nucleation bias underneath a tip-like electrode was found to be elevated
compared to the required bias far from the domain. Locally both the piezoelectric and dielectric
responses of the thin film were found to be suppressed, which is in agreement with previously
reported experimental results. Modeling results also showed that built in electric fields and long
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range strains around the ferroelastic domains were responsible for the observed property changes.
During switching embedded ferroelastic domains were shown to arrest 180° ferroelectric
switching by forming partially stabilized charged 90° domain walls in which the local bound
charge was accommodated by substantial broadening of the domain wall. This led to the charged
interface remaining stable over a modest range of applied biases and necessitated a larger
switching bias than required far from the ferroelastic domain. This result may explain previously
observed experimental difficulty poling PZT thin films around ferroelastic domain structures.
Ferroelastic domains were then modeled around misfit dislocations in coherent thin films
to better quantify interactions between two common types of elastic defects. Isolated misfit
dislocations relieving compressive strain in the thin film were found to locally stabilize
ferroelastic domains due to the creation of in-plane tensile stresses around the dislocations.
Ferroelastic domains in thinner films extended completely to the free surface of the thin film,
while in films with larger thicknesses only small, wedge-shaped domains were observed. The
transition between the two domain structures with film thickness is shown to be well reproduced
with transmission electron microscopy results. Calculations of the total free energy and its
derivatives in the system show the transition has the characteristics of a first order transition at the
critical thickness. These results show how dislocations may stabilize the wide range of observed
domain structures based on the local stress environment around the dislocation.
Dynamic responses of ferroelastic domains around dislocations were found to be reduced
through elastic interactions. Inclusions of dislocations near the substrate interface reduced both
the real part of the dielectric response and the loss tangent, indicating misfit dislocations are
strong pinning centers in thin films. A method to separate the domain wall and lattice
contributions to the total response is proposed and used to show that the reduction in response is
due to decreases in the domain wall mobility around the dislocations caused by the local nonuniform stress state. This provides insight into the causes of reduced responses in ferroelectric
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thin films that is then used to demonstrate a film geometry that maximizes the local dielectric
response in the system.
This work provides insight into switching in ferroelectric thin films around specific
common elastic defects and provides a basis for investigating the impact of other classes of
defects that are difficult to isolate and study experimentally. For instance, point defects such as
oxygen vacancies around moving domain walls could be more easily studied with phase field
models. Further, phase field modeling creates a method to quantitatively rank the impact of
various defect types on ferroelectric switching. By studying common defects, efforts to produce
high quality devices by minimizing defect concentration can be focused on eliminating the most
critical defects.
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Chapter 1 : Introduction

1.1 Overview
Ferroelectric ceramics have attracted considerable research interest for applications in
electronics since they were first identified due to their large, non-linear electronic and mechanical
responses to applied electrical fields. Shortly after their discovery it was determined that the
large dielectric permittivity and piezoelectric responses in these materials was due to the net
spontaneous electric dipole [1] that could be reversibly switched between stable polarization
states through the application of an electric field [1,2] or, in some ferroelectric materials, by the
application of a mechanical stress. [1,3] In recent years, ferroelectrics have been widely
employed as high density capacitors, [4,5] sensors, [1] and actuators for fine control of
displacement in mechanical systems such as SONAR devices. [5] Due to their success in these
bulk applications, ferroelectric materials have more recently been investigated for use as thin
films [6–8] in miniaturized microelectronic applications such as high density solid state memory
devices, [9,10] optical waveguides, [11] and mechanical actuators in microelectromechanical
(MEMS) devices. [12,13] These applications require reliable switching behavior of the
ferroelectric material under applied electric fields at length scales between micrometers and
nanometers to produce predictable devices. At these length scales, however, the switching of the
ferroelectric dipole may depend on interactions with a single microstructural feature. [14,15]
Surfaces, [16,17] defects [18–20] and substrate constraints [21,22] in the thin films are expected
to influence dynamic switching behavior much more significantly than in bulk applications where
the response is averaged over large volumes of microstructure. Progress developing miniaturized

2
electronic devices depends on continually improving available material properties and processing
techniques. Therefore, understanding dynamic switching behavior in ferroelectric thin film
microstructures is critical to fully developing ferroelectric thin film applications. Several
techniques, such as piezoresponse scanning force microscopy [23] and transmission electron
microscopy, [24–26] have been developed to probe ferroelectric responses in thin film systems,
but these approaches cannot fully investigate the electrical and mechanical interactions between
the applied electric field and domain structure that lead to the observed response. This
dissertation, therefore, explores the use of numerical modeling techniques to extend the current
understanding of underlying interactions between electric fields and domain microstructures that
govern ferroelectric switching behaviors at length scales present in ferroelectric thin films.

1.2 Background

1.2.1 Ferroelectric Pb(Zrx,Ti1-x)O3 Materials
Ferroelectrics are a large class of materials that develop a thermodynamically stable
electrical dipole when cooled below their Curie Temperature. [1,27] This polarization must be
able to be switched between two or more energetically equivalent states through the application
of a sufficient electric field, [5,28] resulting in a hysteretic behavior when the electric field is
cycled as shown schematically in Figure 1.1. While prepared polycrystalline samples may
possess no initial net polarization, once a net polarization is established in the material through
application of an electric field, a measurable residual polarization, called the remnant
polarization, persists in the ferroelectric material even after the applied electric field is

3

Figure 1.1 Electric Field versus Displacement Loop for Ferroelectric: Typical electric
displacement versus electric field loop characteristic of a ferroelectric material. Critically, once a
polarization is established (dashed curve) a sufficiently large applied electric field can case the
displacement to be permanently switched. Arrows indicate direction of cycling around the loop.
removed. [27,29] This polarization is only removed and switched by application of an electric
field equal to the coercive field antiparallel the net polarization. To switch the net polarization
state back to its original poled state, the electric field must be again switched, creating the
hysteresis behavior characteristic of ferroelectric behavior in materials systems. [1,30]
Ferroelectricity is observed in a wide range of materials from oxide ceramics [31,32] to
more complex materials such as organic polymers, [33] all of which share basic structural and
electrical properties to produce an electric dipole. The common structural element amongst all of
these materials is the lack of a symmetry operation in the crystal structure that destroys polar
vector properties, such as inversion. [34] For instance, in perovskite ferroelectric materials the
electric dipole moment is created through separation of the center of positive charge and the
center of negative charge in the ionic structure. The lack of an inversion center in the crystal
structure is a necessary condition for this ferroelectric crystal since inversion would require this
ionic dipole to be equal to its negative, which is only possible when the magnitude of the dipole is
zero. [5,34] Rather, in perovskites, two stable polarization states with opposite polarity are
related by inversion of the atomic positions. Other symmetry relationships may exist for other
crystals. Further, ferroelectrics are electrical insulators or wide band gap semiconductors [35]

4
since high concentrations of free charge carriers would ensure rapid compensation of the
polarization charges.
The most economically important class of ferroelectric materials are the perovskite
oxides with the chemical formula ABO3, which contain a large number of reported ferroelectric
systems. [36] Lead zirconate titanate (PZT), a random solid solution between PbTiO3 and
PbZrO3, belongs to the family of perovskite oxides. It has been widely used for a large number of
ferroelectric applications due to its large achievable polarization both in bulk and thin film
materials and the potential to fabricate devices for high temperature use due to its higher Curie
temperature. [37,38] Above the Curie temperature the paraelectric phase of PZT is primitive
cubic and has the typical ABO3 perovskite structure with symmetry

3 . [39] As the

temperature is lowered below the Curie temperature the structure undergoes a symmetry lowering
transition with the room temperature symmetry dependent on the composition of the alloy, as
shown in the phase diagram in Figure 1.2a. Systems with concentrations of PbTiO3 less than
about 48% become rhombohedral with a high temperature structure with symmetry 3

and a

low temperature structure with symmetry 3 . Compositions with more than 48% Ti, become
tetragonal with symmetry 4

when cooled below the ferroelectric to paraelectric transition

temperature. [40–43] All compositions with more than 10% PbTiO3 are ferroelectric at room
temperature. [41]
Due to the relatively simplicity of their structure, Ti-rich compositions of PZT, and in
particular Pb(Zr0.2,Ti0.8)O3 (PZT 20/80), have been heavily studied as prototypical ferroelectric
systems to understand domain structure evolution in both bulk and thin film systems. [44,45] As
a result, PZT 20/80 is an ideal candidate for modeling studies of domain switching phenomena in
thin films. Above the Curie temperature around 460°C the structure of PZT 20/80 is cubic with a
lattice parameter of 0.4017 nm as shown in Figure 1.2b. [46] Room temperature X-ray
diffraction studies of ferroelectric PZT 20/80 indicate the tetragonal structure has a and c lattice
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Figure 1.2 Structure of Pb(Zrx,Ti1-x)O3: (a) Measured phase diagram for mixtures of PbZrO3
and PbTiO3 showing that all compositions with a Ti concentration greater than about 48% are
tetragonal below the Curie temperature. (Adapted from Reference [29]) (b) High temperature
paraelectric unit cell structure of Pb(Zr0.2,Ti0.8)O3. (c) Low temperature ferroelectric unit cell
structure of Pb(Zr0.2,Ti0.8)O3. Lattice constants and atomic positions taken from Reference [47].
parameters of 0.3953 and 0.4148 nm, respectively, leading to a c/a ratio of about 1.049, which is
slightly smaller than the PbTiO3 structure. [47] The dipolar moment of 70 C cm-2 (from Ref.
[14]) in this structure along the c-axis of the unit cell is caused by displacements of the Ti/Zr and
O ions along the [001] axis of the cubic paraelectric structure of around 0.01 nm with respect to
the Pb sublattice. [47,48] The tetragonal ferroelectric structure of PZT 20/80 is shown in Figure
1.2c. Since the three <100> type axes of the cubic state are equivalent by symmetry, this
displacement may occur along any of the three axes in either direction along the axis, resulting in
six unique polar variants in the structure that are energetically equivalent.
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1.2.2 Domains in Ferroelectric Pb(Zr0.2,Ti0.8)O3
Ferroelectric materials in both bulk and thin film systems rarely possess a single
polarization state throughout the sample, but rather form myriad small regions, called domains,
each possessing a uniform polarization state. [1,29] Adjacent domains may have different
orientations of the polarization and are separated by domain walls through which the polarization
changes between domain orientations. Due to strong coupling between polarization and lattice
expansion, most domain walls are narrow and in Pb(Zr0.2,Ti0.8)O3 have been shown to be typically
less than 2 nm thick so that the transition occurs over only a few unit cells. [14,49–51] To
minimize their free energy and maintain a coherent interface, domain walls are most often
observed on lattice planes that lead to matching across the domain boundary of the mechanical
displacements caused by the ferroelectric transition and of the bound charges caused by changes
in the polarization state. [52,53] Other configurations of the domain wall generally possess a
higher free energy and are not often observed.
As discussed above, Pb(Zr0.2,Ti0.8)O3 has tetragonal symmetry that allows for six variants
of the polarization direction. In a single crystal, therefore, only 180° and 90° rotations of the
polarization are possible between any two adjacent domains, leading to the two distinct types of
domain walls shown in Figure 1.3. [54] Across 180° domain walls in PZT 20/80 the polarization
changes sign from

to –

, which have crystal structures related by an inversion symmetry

and therefore are elastically equivalent. [52,53] As a result, mechanical considerations place no
constraints on the orientation of the domain wall. Bound charges across the domain boundary are
only compensated if the polarization is in the plane of the domain wall on either side of the
boundary, however, placing a minor constrain on the domain wall orientation. Due to the strong
coupling between the polarization and the lattice distortion, the direction of the polarization
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Figure 1.3: Structure of Domain Walls in Tetragonal PZT: (a) Polarization change across a
180° domain wall in a tetragonal ferroelectric. The polarization decreases toward the domain
boundary, changes sign, and increases again back to the spontaneous polarization. The width of
the boundary is exaggerated here for clarity. (b) Polarization change across a 90° domain
boundary. To accommodate the tetragonal lattice the polarization changes by a slightly different
amount than 90° across the boundary. Also, the polarization is oriented in a head-to-tail
configuration to minimize bound charge.
changes only very slightly across the domain wall, and rather passes through zero at the center of
the domain wall. [55]
Domain walls where the polarization changes by 90°, called ferroelastic domain walls
since the adjacent domains are not elastically equivalent, are significantly more constrained.
Matching the displacement caused by the disparate elastic displacements in each domain can be
shown to require the 90° domain wall form on an 101 type plane in the system that contains
neither of the polarization vectors in the surrounding domains. [52] The additional constraint that
the lowest energy domain walls not possess a bound charge allows a 90° domain wall separating
a specific pair of polarization orientations to exist on only one 101 type plane. In (001)-
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oriented thin films these ferroelastic domain walls typically appear to be oriented at around 45°
with respect to the substrate. [54,56,57] Like 180° domain walls, the strong coupling between the
polarization and lattice results in the in the polarization component transverse to the domain wall
passing through zero at the center of the wall while the normal component remains nearly
unaffected [58] to minimize the bound charge at the boundary. Additionally, it should be noted
that the polarization rotation across a 90° domain wall is only approximate. Due to the tetragonal
distortion of the lattice, a rotation of the crystal structure across the domain wall is required to
from a coherent interface. [59,60] This leads to a misorientation of the lattice planes across the
90° domain wall in PZT 20/80 of about 2.8°. [47,60] While this rotation is small, it can lead to
significant stresses and stress gradients at 90° domain walls constrained on a rigid substrate. [59]
Ferroelectric materials with multiple polarization axes also generally have large
piezoelectric responses [34] and dielectric permittivity [39] specifically due to the possibility of
rearranging the domain structure to accommodate applied electric fields and stresses. In Pb(Zr0.2,
Ti0.8)O3 the reduced length of the [100] a-axis compared to the [001] c-axis (see above) allows a
compressive stress to be accommodated by rotating the unit cell so the c-axis is perpendicular to
the applied stress direction. This also reorients the polarization dipole in the system, resulting in
a very large piezoelectric response. Zeches, et al [61], for example showed that by applying a
compressive stress to a thin film the ferroelastic 90° domain walls readily moved to expand the
fraction of domains with polarization perpendicular to the applied stress. Critically, during this
process domains with polarization normal to the applied stress must exist (or readily form through
nucleation) and must be able to expand enough to reorient a significant portion of the polarization
when a stress is applied. Only limited responses are observed if the domains are static. [22]
Similarly, ferroelectrics possess a large dielectric permittivity due to their ability to orient the
average polarization vector parallel to an applied electric field, leading to a large change in the
electrical displacement. Like the piezoelectric coefficient, achieving a high relative permittivity
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requires that domains with polarization parallel to the applied electric field exist (or readily form)
and be mobile in the thin film. [21] Since these responses in the thin film are dependent on the
domain structure, understanding the microstructure of thin films and how these domain structures
interact with applied electric fields and defects in the thin film are critical to developing optimum
responses.

1.2.3 Microstructure in Pb(Zr0.2,Ti0.8)O3 Epitaxial Films
Ferroelectric 180° and ferroelastic 90° domain walls form complex domain structures in
epitaxial PZT 20/80 thin films. Domains form to reduce the total free energy of the system and in
stress-free single crystals one primary driving force for domain formation is reduction of surface
charge developed due to the sudden termination of the polarization dipole. [29,57] Large stresses
that develop in epitaxial PZT thin films due to lattice matching of the film with the substrate and
different thermal expansion rates of the materials during cooling from the growth temperature
provide an additional driving force for domain formation. [62] Since the ferroelectric transition
in Pb(Zr0.2,Ti0.8)O3 allows the long [001]-axis of the tetragonal unit cell to be oriented along any
of the principle axes of the cubic high temperature phase, strains imposed on the thin film by the
substrate can be partially accommodated by changes in the fraction of the film in which the [001]axis of the tetragonal unit cell is oriented in the plane of the film. [63] As shown above, the
[001]-axis of the tetragonal unit cell is longer than the [100]-axis by about 4.7%, which can
accommodate significant changes in average lattice parameter of films through domain formation.
Common cubic or pseudo-cubic substrate choices for epitaxial tetragonal PZT thin films,
such as SrTiO3, [14] have a lattice constant that is much smaller than the [001]-axis of PbTiO3,
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Figure 1.4 Domain Structures in Pb(Zr0.2,Ti0.8)O3 Thin Films: (a) Cross-hatched domain
pattern common in thin PZT films. Dark regions are a-domains with the polarization in the plane
of the image and light regions are c-domains with the polarization out of the plane of the image.
Axis labels are for the substrate. Scale bar is 1 m. (b) Cross section of domain structure in (a)
showing the alternating a- and c-domains. Scale bar is 50 nm. (c) Bundle or stripe domain
pattern common in thick PZT films. The contrast and axes labels have the same meaning as in
(a). Scale bar is 1 m. (d) Schematic representation of domain structure in (c) with arrows
representing the direction of polarization. (a) – (c) are adapted from and used by permission from
Macmillan Publishers Ltd: Nature Communications, Reference [64], copyright 2014.
but is larger than the [100] axis. [65] As a result, a domain structure develops with a minority of
a-domains with the polarization oriented in the plane of the film in a matrix of c-domains with the
polarization oriented out of the plane of the film (Figure 1.4). [66,67] This arrangement
minimizes the strain energy in the thin film. [62] In epitaxial PZT films grown thicker than about
400 nm most coherency strain developed at the growth temperature is removed through formation
of defects at the interface [68], however, and most residual stresses develop in the film during
cooling and the ferroelectric transition so that, in general,
in tensile strain while

domains formed in the film are

domains are in compressive strain. [69,70]
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Theoretical [56,71] and experimental [72,73] investigations have shown that by
carefully choosing the substrate to manipulate strain in the thin films the domain structure of the
ferroelastic a-domains can be controlled. Li, et al [63] found that films with large compressive
strains imposed by a substrate contained only a single elastic domain variant with polarization
oriented out of the plane of the film. Domains only formed to minimize surface charge and as a
result only

and

domains were observed. However, this large coherency strain is

difficult to maintain in thicker films. [68] As the coherency strain was reduced ferroelastic
domains were observed to form to reduce the strain energy in the thin film. Since cubic
substrates create coherency strain in PZT in both in-plane directions, strain relaxation is
accomplished by forming either a cross-hatched domain structure with interwoven ferroelastic
domains in both directions [74] or a bundle domain structure, [54] as shown in Figure 1.4.
Ferroelastic domains in bundle structures are parallel to one another locally and strain is relaxed
in all directions by creating several bundle structures with different orientations. Which domain
morphology forms was shown by Feigl, et al to largely depend on the thickness of the film [64].
Coherency strains in Pb(Zr0.2,Ti0.8)O3 are also reduced by formation of
dislocations. [65,75–77] During film growth well above the Curie temperature, where domain
formation does not occur, this is the primary mechanism to reduce coherency strains in the thin
film. In PZT 20/80 thin films grown on SrTiO3 substrates edge dislocations with Burgers vectors
in the plane of the film are observed to form with the extra half plane on the substrate side of the
dislocation as the primary stress relieving dislocations. [65,69] These reduce the compressive
strain imposed on cubic PZT by the SrTiO3 substrate at the growth temperature by removing
lattice planes from the thin film. [65,69] Geometric constraints lead to the conclusion that purely
stress relieving dislocations must have Burgers vectors of

100 ,

010 or

110 assuming that the [001] direction is out of the plane of the film. Dense arrays of these
dislocation types have been observed in tetragonal PbTiO3 and Pb(Zr0.2,Ti0.8)O3 films. [76]
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Additional [001] components of the Burgers vectors in interfacial dislocations have been
observed, [75,78] but do not contribute to reducing the strain applied by the substrate. Typically,
films grown on SrTiO3 substrates that are thicker than 40 – 100 nm develop an array of interfacial
dislocations to reduce the coherency strain in the thin film at the growth temperature. [14,22,68]
In films thicker than about 200 – 400 nm dislocation formation is predicted to completely remove
the coherency strain, depending on the model used to approximate dislocation formation with
film thickness. [68] Dislocations have also been observed to occur around ferroelastic domains
[79] and needle-shaped intersections between ferroelastic domains. [69], [77,80] Complex
microstructures formed by ferroelastic domains and dislocations in PZT thin films may critically
impacts piezoelectric response and dielectric permittivity in these films. Since maximizing the
remnant polarization, piezoelectric response, and dielectric permittivity in ferroelectrics is
desirable in most thin film applications, a strong interest exists in understanding the impact of the
domain and dislocations structures on these properties in thin films.

1.2.4 Effects of Ferroelastic Domain Structure on Thin Film Properties
Careful manipulation of the ferroelastic domain structure in PZT thin films have been
shown to be effective at increasing both the piezoelectric response and dielectric permittivity of
thin films. Preexisting ferroelastic domains in tetragonal PZT thin films are generally immobile
and cannot be easily removed, even with very large applied electric fields, [74,81] without
causing dielectric breakdown in the thin film. [82] Typically, 180° switching of existing
ferroelastic domains, rather than alignment of the polarization with the applied electric field
through removal of the domains, is observed during switching in PZT thin films with scanning
electrode tips due to the difficulty removing these domains. [14,74,81,83] However, aggregate
ferroelastic domain wall motion is the primary source of the linear response of the mechanical
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displacement with the applied electric field [3] and as a result, immobile ferroelastic domains
significantly reduce the measured converse piezoelectric response. [21,22,84–86] Previous
studies have suggested that this domain wall immobility may be the result of pinning by other
ferroelastic domains in complex domain structures. [80,87] In this case nucleation of new
ferroelastic domains may be an ineffective mechanism to substantially increase the piezoelectric
response since these new domains may become pinned on the existing ferroelastic domains after
moving only a short distance.
Further, complex ferroelastic domain structures have been shown to effect 180° domain
switching in bulk and thin film tetragonal ferroelectrics. Preferential nucleation of 180° domains
has been predicted at 90° ferroelastic domain walls with phase field simulations of the nucleation
bias. Ferroelastic domain walls were found in that study to create a lower barrier to switching in
thin films due to their relatively high local electrostatic energy. [88] These boundaries, however,
were also observed to inhibit further domain wall motion after the initial nucleation step. Little,
et al, for example, observed switched domain growth was completely arrested at ferroelastic
domains. [89] Subsequent observations have confirmed the ability of ferroelastic domain walls to
inhibit switched 180° domain wall motion [90] and have proposed a number of mechanisms to
explain the observation. Such difficulty completing 180° switching in the film would be
detrimental to the performance of ferroelectric thin film devices. Specifically, an inability to fully
switch the ferroelectric thin film due to limited domain wall mobility reduces the achievable
change in the electric displacement with an applied electric field, [21,22] limiting the dielectric
response in the system.
Treating the thin film to remove the ferroelastic domains or improve their mobility has
been shown to lead to enhanced piezoelectric and dielectric responses. Reducing the strain
imposed by the substrate, for example, has been shown to effectively increasing the piezoelectric
and dielectric responses in the thin film. Nagarajan, et al [22] produced larger remnant
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polarizations and higher piezoelectric responses in PZT 20/80 films by patterning the film into
discreet 1 m × 1 m islands. Keech, et al [84] produced a similar result with PMN-PT by
reducing the aspect ratio of fins on an antenna structure. Finally, Griggio et al [21] increased the
dielectric permittivity of PZT 52/48 thin film by completely removing it from the substrate,
which reduced elastic constrains on the film. Alternatively, pulse-poling of PZT thin films has
been shown to also be effective increasing the piezoelectric response in the system. [85,86] All
of these reports claimed the improved responses were the result of increased domain wall
mobility in the system, clearly indicating completely immobile ferroelastic domain walls in
ferroelectric thin films severely inhibit the switching process and, therefore, the overall response
achievable with the thin film.
These approaches employed primarily techniques that manipulated large groups of
ferroelastic domain walls at a time. However, current trends in electronic devices toward
miniaturization and higher quality films ensure the spacing between ferroelastic domains may be
on the scale of or larger than the film thickness. [64,66] In this environment ferroelastic domains
may act as if isolated and so understanding local interactions between ferroelastic domains and
applied electric fields is critical to developing reliable ferroelectric microelectronic devices.

1.2.5 Effects of Dislocation Structure on Thin Film Properties
Dislocations have also been observed to impact ferroelectric thin film properties
primarily by interacting with domain walls in the system. Alone, arrays of interfacial
dislocations have been shown to impact response by creating a dead layer in PZT 52/48 and 20/80
thin films. [91,92] This layer is formed as a consequence of the tensile strain created directly
above dislocations with a Burgers vector

100 suppressing the remnant polarization in a

thin layer directly above the substrate. In very thin films (200 nm for PZT 52/48 and 12 nm for
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PZT 20/80) the dead layer dominated the response and dramatically reduced the piezoelectric
response in the system. [91] Dislocations in thin films are thought to also reduce thin film
ferroelectric responses by reducing domain wall mobility through elastic interactions. [15,79]
Several high resolution transmission electron microscopy studies have found misfit interfacial
dislocations associated with ferroelastic domain walls. [79,80] One striking example in BaTiO3
thin films grown on SrTiO3 substrates showed that a square grid of stress relieving misfit
dislocations had the same arrangement as the cross-hatched ferroelastic domain structure of the
thin film, [93] providing significant evidence that dislocations may pin ferroelastic domains. Su,
et al [79] similarly found each ferroelastic domain wall in a PZT 20/80 film was associated with
many edge misfit dislocations. They calculated the stress distribution around the observed
dislocations and suggested that the domain wall was completely immobilized by elastic
interactions with these dislocations. In fact, micrographs produced by Kiguchi, [75] et al and
phase field simulations by Hu, et al [18] and others [94] show that misfit dislocations stabilize
ferroelastic domains in the system. Here, it was shown that attractive stress interactions between
ferroelastic domains and misfit dislocations in PZT 20/80 thin films produced a minimum energy
when the dislocations were located inside the ferroelastic domains, providing reasonable evidence
of domain pinning by dislocations.
These studies, however, did not consider an in situ electric bias to test whether local
dislocations were effective at pinning domain walls. Subsequent experimental observations of
dynamic interactions between 180° domain walls and edge dislocations in the film, however,
have clearly shown that the domain wall velocity drops to nearly zero through interactions with
the dislocation until the applied bias is increased to push the domain wall past the defect. [15]
Using a simple domain structure containing only a single 180° or 90° domain wall in BaTiO3,
phase field modeling by Kontsos and Landis [95] also showed that, indeed, dislocation arrays
pinned both types of domain walls in bulk samples, increasing the coercive field. Phase field
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modeling of switching around isolated misfit edge dislocations in BaTiO3 thin films, [94] in
contrast, showed that around the dislocation the coercive field was reduced by stabilization of
multiple ferroelastic domain variants around the dislocation, which also reduced the obtainable
out-of plane polarization component. This simulation, while showing that dislocation structures
alter the film response, considered domain structures that were relatively disordered and not
generally observed in ferroelectric thin films with tetragonal symmetry. However, disagreement
clearly exists concerning the effects of dislocations on thin film responses. These studies, while
elucidating some of the properties of dislocations in thin films also do not fully address the
impact of dislocations on ferroelastic domain wall mobility in PZT 20/80 thin films with realistic
domain and dislocation structures.

1.2.6 Phenomenological Modeling of Ferroelectric Films
This dissertation addresses several questions surrounding the impact of ferroelastic
domain structures and defect geometries on the domain structure in PZT 20/80 thin films by
simulating the domain and defect structures using a semi-empirical phenomenological phase field
model.

1.2.6.1 Landau Model of the Ferroelectric Transition
As discussed above, the paraelectric to ferroelectric transition in PZT proceeds via a
displace transformation in which the cubic unit cell elongates into a tetragonal structure and a
polarization dipole is developed. In his series of papers Landau proposed that this type of
symmetry lowering structural transition could be described by using an order parameter, ,
treated as an independent variable that can be freely varied within the system. [96] Assuming that

17
the system energy as a function of the magnitude of the order parameter remains relatively
smooth, the free energy, f, can be expanded with respect to order parameter with a polynomial
expansion: [2,96]
⋯.

1.

In Equation 1.1 only even powers of the order parameter are included in the expansion of
the free energy to account for the symmetry of the cubic phase with no externally applied fields,
which requires the free energy to be invariant under inversion of  such that

. The

spontaneous value of  is found by minimizing Equation 1.with respect to the order
parameter. [97] It is easy to show that if Equation 1. is truncated after the third term critical
points for the free energy exist at

. If  is greater than zero then the

0 and

second set of critical points for which | |

0 are real only if

4

, which means

either  ormust be less than zero. Quick examination of Equation 1.1, however, shows that if 
is negative

has no minimum and  is effectively unbounded. As a result,  must be less

than zero to produce a stable ferroelectric phase. At the transition temperature, T0,
triply degenerate root for the order parameter exists at

0 and a

0.

Phase transitions are described with this model by allowing some or all of the coefficients
in Equation 1.1 to be functions of temperature. The simplest case exists when only the first term
is a linear function of temperature, T, such that
1.

where T0 is the critical transformation temperature. Above T0 only the minimum at
is stable, corresponding to the high temperature cubic phase, but at lower temperatures
the additional critical points become stable so that at equilibrium | |

0. As a result,

0
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Figure 1.5 Landau Theory Energy of bulk Pb(Zr0.2,Ti0.8)O3: (a) and (b) show the Landau free
0 above and below the Curie temperature,
energy of bulk PZT cross sectioned through
respectively. Four degenerate energy minima occur below the Curie temperature, indicating four
component is included there are six energy
equivalent polarization states. When the
minima. (c) Cross sections of the Landau energy through
0 at several
temperatures around the Curie temperature. (d) Spontaneous polarization calculated by finding
the minimum energy in (c). The inset is an expanded view of the transition region showing the
sudden change in the polarization at the Curie temperature, Tc. For comparison the temperature
T0 is also shown. Between TC and T0 the paraelectric state is metastable.

with  greater than zero the order parameter transitions smoothly from the high symmetry
state to low symmetry state at the transition temperature, which corresponds to a second
order phase transition.
Many ferroelectrics, however, undergo first order transitions from a paraelectric
state to a ferroelectric state [27,98] and the Landau theory can also be used to describe
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first order transitions if is less than zero. [1,2] Now the non-zero critical points of
Equation 1.1 are real where 4
critical points at both

0 and

. This, however, results in the possibility that
may correspond to local minima in the

free energy over a small temperature range around the Curie temperature, TC. Figure 1.5
shows the free energy of a ferroelectric system with a first order phase transition at
temperatures around the transition temperature and the resulting polarization. Well above
the transition temperature the only real critical point corresponds to the case where
0. However, only slightly above the Curie temperature, clear local minima exist in the
free energy corresponding to a finite polarization in the system. At the Curie temperature
a triply degenerate state exists with all three local minima having the same energy. [2]
As the temperature is reduced further the global free energy minimum jumps abruptly to
| |

0, corresponding to the first order transition. Unlike the second order transition

case discussed above, the Curie temperature, TC, is greater than T0 so that the curvature at
the origin remains positive and the high symmetry state remains metastable over a small
temperature range below TC. Rather, the high symmetry state becomes a local maximum
only when the temperature is cooled below T0. This behavior reproduces the hysteresis in
the first order phase transition with temperature observed in many systems.
Lead Zirconate Titanate (PZT) is a classic example of a first order displacive
ferroelectric transition that can be described by the Landau theory. [99] In Ti rich
compositions the polarization is generated by extension of the cubic unit cell along one of
the principle axes as described previously. As a result, at least three order parameters,
one for unit cell extensions along each symmetry equivalent axis in the parent unit cell,
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Table 1.1 Phase field model coefficients: Coefficients used throughout this dissertation in the
phase field model as measured by Haun, et al. [2,99] All coefficients reflect the cubic symmetry
of the high temperature phase as required in the Landau model. The elastic stiffness, C, and
electrostrictive, Q, constant tensors are expressed in Voigt notation. Unlisted coefficients were
set to zero in simulations.
(108 m2 N C-2)
(107 m6 N C-4)

3.439
-3.050

(107 m8 N C-6)

-4.901
456.4

(°C)

(108 m6 N C-4)

6.320

(10-2 m4 C-2)

(107 m10 N C-6)

2.475

(10-2 m4 C-2)

(107 m10 N C-6)

9.684

(10-2 m4 C-2)

1.728

(1011 N m-2)

0.8025

(1011 N m-2)

8.142

(1011 N m-2)
(°C)
-2.446
(Curie Temperature)

6.944
459.1

6.417

are required. In addition, coupling terms between the various order parameters may
exists so that the total free energy from the Landau theory for PZT truncated as a sixth
order polynomial has the form [97]
,

,

.

1.

The necessary coefficients to reproduce the experimental ferroelectric transition have
been previously measured as a function of Ti concentration by Haun, et al [99] and are
reported here in Table 1.1. Cross sections of the free energy at several temperatures
around the Curie temperature and calculated spontaneous polarization for
Pb(Zr0.2,Ti0.8)O3 are shown in Figure 1.5. The abrupt change in the polarization at the
transition temperature indicates that the Landau polynomial of Pb(Zr0.2,Ti0.8)O3 reproduce
the primarily first order ferroelectric transition.
One important consideration for using the Landau theory to describe ferroelectric
systems is the temperature range over which the model is valid. In practice, using a
linear approximation to the temperature dependence of the free energy means that the
model can only be accurate near the transition point, T0. Far from this transition the
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temperature dependence of  may no longer be linear, resulting in errors in the model.
On the other hand, the Landau model also assumes that fluctuations in the order
parameter are small compared to the value of the order parameter, but near the phase
transition this assumption may break down. As a result, it can be said the Landau model
is only strictly valid near, but not too near, the phase transition temperature. A more
through discussion of this point can be found in Reference [2]. Values reported in Table
1.1 have been used to simulate PZT with a range of compositions over a wide range of
temperatures and have been found to agree well with both the experimentally observed
transition temperature and spontaneous polarization. At room temperature close
agreement between the experimental spontaneous polarization of Pb(Zr0.2,Ti0.8)O3 of 70
C cm-2 [14] and the model results is observed, suggesting the Landau model is at least
reasonably valid for the Pb(Zr0.2,Ti0.8) systems considered in this dissertation.

1.2.6.2 Energy of Ferroelectric Domain Walls

Domain walls in ferroelectric systems also contribute to total free energy and
must be included in any model of a ferroelectric thin film. In general, the free energy of
the system may depend not only on the local value of the order parameter, but also on its
local environment. [2] The most direct way to account for this is to assume the free
energy density depends both on the local value and gradient of the order parameters.
Following the work of Cahn and Hilliard [100] and expanding the free energy in
Equation with respect to the derivatives of the order parameter to the second order results
in an expression for the total free energy of
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,

,

,

,

,

1.
,

Constants

,

, and

⋯.

,

represent various derivatives of the free energy density

with respect to derivates in the order parameter. Like the Landau polynomial, this
expression must remain invariant under inversion due to the energy equivalence of the
polarization states. As a result, it can be shown that only even terms of the derivatives
may exist, leading to the total local energy expression
,

,

,

,

,

,

,

.

1.

Total free energy in the thin film using only the Landau energy and gradient energy is the
volume integral of Equation 1.5, which yields the expression
∭

,

,

,

.

1.

Using Gauss’s Theorem the last two terms in Equation 1.6 can be rewritten via surface
integrals [2,100]
∭

where

,

,

,

∬

,

.

1.

is the surface plane normal in the integral over the system surface. The second

term in Equation 1.7 can be safely ignored in bulk systems since a surface can be chosen
such that its value is always zero. [100] In thin films systems, however, the surface is
well defined and typically

001 . [2] The additional surface energy term has been

generalized in some studies and used to consider changes in the ferroelectric behavior
near the free surfaces of thin films. [2,101,102] For instance, systems in which the
transition temperatures at the film surface [102] or other internal interface [103] has a
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different value than the bulk ferroelectric material can be defined with appropriate
choices of the surface energy terms in Equation 1.7.
The precise behavior of the polarization at free surfaces in ferroelectric thin films,
however, remains unclear and experimental studies have produced conflicting results for
the polarization at film edges. Many authors, for instance, have suggested there may be a
dead layer with reduced polarization at the film surface. [91,104,105] However, some
HRTEM studies of the polarization distribution near the free surfaces of films appear to
show no significant decrease in the magnitude of the polarization at the free
surface, [14,25,106] suggesting that if there is any decrease in the polarization at free
surfaces it is small. As a result of the conflicting experimental observations, and to
simplify consideration of the phase field model, the possible effects of various surface
energy terms were neglected. After collecting the remaining gradient free energy
coefficients in Equation 1.7 into a common term Gijkl, the expression for the free energy
in the film is
∭

,

,

.

1.

1.2.6.3 Coupling to Mechanical and Electrical Responses

Polarization in PZT results from a distortion in the crystal lattice [107] and as a
result is strongly coupled to the electromechanical state of the system. Since the
ferroelectric thin film remains coherent without developing cracks, deformations in the
film must be accommodated by creation of elastic strains. Elastic energy associated with
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distortions can be incorporated in the model by expressing the energy as a function of the
order parameter and elastic strain. [108] This leads to the well known expression
∭

1.

for the elastic free energy in the thin film. In Equation 1.9
function of position,
system, and

is the elastic stress as a

is the total strain from both spontaneous and elastic strain in the

is the spontaneous strain induced by the ferroelastic phase transition.

In ferroelectric systems such as PZT 20/80 the transformation strain is related to the
electrostrictive property tensor, Qijkl, of the system through the expression
where the order parameter, ηi, represents the polarization, as previously described by
Devonshire. [107]
The strain in the system must be determined by solving the mechanical
equilibrium conditions [63]
,

0

1.

for the total strain in the system. In systems with homogeneous elastic stiffness tensors,
such as those considered in this dissertation, Khachaturyan [109] demonstrated that
Equation 1.10 could be solved for any arbitrary distribution of the spontaneous strain. It
will be shown in Chapter 2 that this equation is solved by transforming it into the second
order partial differential equation with respect to the displacements that can then be
directly solved. Values of the elastic stiffness and electrostrictive property tensors used
in this dissertation are shown in Table 1.1.
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Similarly, polarization dipoles in the structure interact strongly with local electric
fields and the electrostatic free energy can be expressed as a function of the local electric
fields and polarization as [110]
∭

In Equation 1.11

.

is an externally applied electric field,

is the built-in

depolarization field due to the charge distribution within the thin film,
electric field in the system and

1.

is the total

is the polarization distribution expressed as a

function of the order parameter. In this equation

is the background dielectric constant

that accounts for dielectric response of the system not due to the polarization
components, [111] such as the electronic polarization. To determine the electrostatic
energy the electric fields must be determined by solving the Poisson equation for the
electric potential distribution, , based on the bound charged distribution in the film,

,

,

and the concentration of free charge carriers, f [110]
,

,

,

.

1.

Experiments with Pb(Zr0.2,Ti0.8)O3 thin films have shown that the static
conductivity of the bulk ferroelectric thin film is negligibly small, [112] suggesting the
concentration of free charge carriers is small and can be safely neglected in Equation 1.12
However, several studies have shown that conductivity increases by orders of magnitude
at domain walls. [112–114] Theories that have been put forward to explain this behavior
include defect trap states created at the domain wall [112,115] and large electric fields
developed across the domain wall. [35,49] Both of these methods could increase the
concentration of free charge carriers in the system. Further, in ferroelectric systems
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grown at low oxygen partial pressure the concentrations of charge carriers such as
oxygen vacancies can be dramatically elevated, but can be controlled by post-annealing
steps in high oxygen partial pressures. [116] However, when the polarization domain
state is switched in these thin films the switching current is much larger in magnitude
than the domain wall conductivity [112] indicating free charge carrier conductivity likely
contributes only modestly to the switching behavior of the thin films. As a result,
possible free charges in the model are neglected throughout this dissertation. However, it
must be kept in mind that if free charges are present at the domain walls in large
concentrations they may result in screening of the wall to the applied field or may create
a drag force on the domain wall during switching. [104,117,118] In this case assuming
the effect of space charges is small may lead to an overestimation of domain wall
mobility in the ferroelectric system.

1.2.6.4 Phase Field Modeling

Including the Landau energy, gradient free energy, and mechanical and
electrostatic free energies and equating the order parameters with the three components of
the polarization, the total free energy in the system can be expressed as [97,119]
∭

,

,

1.
.

Components of the polarization in ferroelectrics are a set of non-conserved order
parameters and their evolution is described [97,108,119] by the Allen-Cahn Equation
[120]
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,

1.

.

This equation proposes that the polarization distribution evolves toward the minimum in
the system free energy at a rate proportional to the rate of change of the total free energy,
F, with respect to the polarization distribution. Determining this rate of change requires
evaluating the variation derivative in Equation 1.14 to arrive at the differential
equation [121]

1.
,

.

Solution to this problem is made tractable in the phase field model by employing a
diffuse interface model to describe the polarization distribution. [122] Rather than
employing sharp interfaces between domain boundaries, this approach assumes the
distributions of the polarization components in the thin film are continuously varying
functions that change smoothly across internal boundaries such as domain walls, as
shown in Figure 1.6. Since the functions describing the order parameter are smooth,
simple and efficient numerical methods can be used to solve Equation 1.15 and evolve
the polarization as described in References [119] and [63] and in Chapter 2.
It is worth mentioning here that the boundary conditions on the polarization
distribution at the edges of the thin film are determined by the boundary conditions for
the Poisson equation. Termination of the polarization dipoles at the free surface of the
film creates a bound charge that influences the charge distribution on the right hand side
of Equation 1.12. Boundary conditions for the Poisson equation generally require that
∙

0 with either

0 or

0. [110] The first case specifies the
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Figure 1.6 Order Parameter Profile Across Domain Boundary: The order parameters in the
phase field model change continuously and smoothly over the domain boundaries. For the
ferroelastic domain boundary shown here the out of plane polarization smoothly goes to zero
while the in-plane polarization increases to the spontaneous value. The finite transition region
thickness corresponds to the domain boundary region.

potential at the surface and corresponds to a ideal metallic electrode [110] that cannot
support a charge across its surface. As a result, the boundary conditions in Equation 1.15
must be such that

,

0. In practice this boundary condition is used in every

simulation in this dissertation. While this boundary condition does not fully constrain the
polarization, it is enforced here by applying boundary conditions
then satisfying the bound charge condition through

,

,

0,

,
,

,

0 and

at the film

surface. These particular boundary conditions are chosen for computational expediency
since the solution can be obtained with a single iteration. On the other hand if
the electrical displacement, D, is zero normal to the surface so that

0 then

∙

∙

0. In this case the electric field at the surface is fixed by the polarization, but no
specific constraint on the polarization exists. Solutions to the partial differential equation
in Equation 1.15 with both sets of boundary conditions are left to Chapter 2.
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1.3 Objectives
As discussed previously, epitaxial ferroelectric thin films are in general inhomogeneous
structures containing several unique types of defects that are nearly unavoidable during thin film
growth. Understanding the role of these defects in thin film microstructure development and
response is essential to predicting the characteristics of ferroelectric thin films. Unfortunately, asgrown epitaxial thin films contain a complex array of domains and crystalline defects such as
misfit and threading dislocations that interact with not only the microstructural development and
switching characteristics of the thin film, but also interact strongly with one another. The total
result of this is that microstructural development and domain wall motion in the film occur in a
complex energy landscape that prevents developing a clear explanation of the effects of
individual defect classes on the thin film response. [123] Such a description of individual defects,
however, would be useful to advance technological developments in ferroelectric thin film
devices since it would allow effort to be concentrated on removing the most deleterious defects
from the film. The main objective of this dissertation is therefore to explore and describe the
impact of isolated ferroelastic domain walls and interfacial misfit dislocations in epitaxial
ferroelectric films to provide a more thorough understanding of their individual effects on
response. Because of its simple domain structure, tetragonal lead zirconate titanate with a
composition of Pb(Zr0.2,Ti0.8)O3 is chosen as the model system in which to investigate these
defects.
Preexisting ferroelastic domains and misfit dislocations along with their contributions to
the dynamic response of the system and microstructural development are studied in this
dissertation with a mesoscale phase field model based on the Landau theory of the ferroelectric
phase transition as described above. This phase field model offers the unique ability to define
thin film microstructures with simplified distributions of dislocations and domains that allows the
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individual contributions to be isolated and studied, providing a complement to experimental
investigations. However, dynamic responses in ferroelectric thin films with realistic dislocations
and domain structures remain largely unexplored.
The specific objectives of this dissertation are therefore as follows. (1) Explore how
interactions with preexisting ferroelastic domains in Pb(Zr0.2,Ti0.8)O3 thin films on substrates that
introduce a compressive coherency strain in the film affect the ferroelectric switching in the
immediate vicinity of the ferroelastic domain. (2) Characterize the impact of misfit dislocation
near the interface between the film and substrate on the local development of ferroelastic domains
in these thin films. (3) Investigate the impact of local misfit dislocations on the properties of
Pb(Zr0.2,Ti0.8)O3 thin films and the mobility of ferroelastic domains to understand how
interactions between elastic defects lead to specific microstructural development.

1.4 Dissertation Structure
These objectives are addressed amongst five chapters in this dissertation. First, the
mathematical approach to solving the governing equations involved with the phase field model is
discussed in Chapter 2. A new method of removing discontinuities in the system at the thin film
edges to improve the numerical accuracy of the semi-implicit Fourier Spectral method used in the
model is developed and compared with the both the previous solution method and the finite
difference approach. This investigation is critical to the investigations presented in subsequent
chapters since the proposed correction improves the accuracy of calculated electric fields and
polarizations at the system edges that control switching dynamics.
In Chapter 3 the improved phase field model is used to investigate changes in the
nucleation bias during ferroelectric switching and the small field response around isolated
ferroelastic domains. No dislocations are included here in order to elucidate the impact of a
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single ferroelastic domain. It is shown the magnitude of the nucleation bias in the immediate
vicinity of the ferroelastic domain is increased by the inhomogeneous elastic strain fields that
develop around the domain. These same strains are shown to also reduce the piezoelectric
response and dielectric permittivity.
Complete switching through the extended ferroelastic domain is then investigated in
Chapter 4. The ferroelastic domain is shown to be a strong obstacle. Temporary arresting of
180° domain wall motion is seen to occur due to the repeated formation of charged 90° domain
walls that have a lower electrostatic energy than charged 180° domain walls. Charge on these
walls is shown to be stabilized by broadening of the domain wall and rotation of the local
polarization.
The impact of misfit dislocations on the local development of the ferroelastic domain
structure is investigated in Chapter 5. It is shown that elastic interactions between the
dislocations and ferroelastic 90° domains can explain a wide range of domain structures observed
in thin Pb(Zr0.2,Ti0.8)O3 films based on the local environment of the dislocation. Transitions
between domain structures is shown to occur based on the coherency strain and film thickness
around the dislocation and this transition is shown to be a classic first order phase transition.
In Chapter 6 changes in the dielectric permittivity of the thin film and the domain wall
mobility due to interactions between ferroelastic domains and misfit dislocations are investigated.
Dislocations are shown to dramatically reduce the overall thin film response by suppressing
domain wall mobility due to changes in the elastic state of the film caused by the dislocation.
Using this information a film geometry that maximizes the dielectric response is proposed.
Finally, general conclusions and proposals for future work on defect interactions with
domain walls during dynamic thin film response are presented in Chapter 7.

Chapter 2
Semi-Implicit Fourier Spectral Scheme for Solving Non-Linear Partial
Differential Equation in Thin Film Systems

2.1 Introduction
Mesoscale materials modeling methods, and in particular the phase field method, have
gained substantial use to simulate evolution of microstructures such as grain structure
development, [124–126] martensite formation [103,127] and ferroelectric domain
structures [128,129] Many implementations of the phase field method consider only bulk regions
of the system and ignore the explicit behavior of the system at free surfaces. Recently, however,
functional materials are increasingly used in lower dimensional thin film systems where surfaces
alter the behavior of the material. [63,130,131] Accurately modeling these systems requires
inclusion of appropriate boundary conditions on the governing equations into the model.
Typically, governing equations are variants of either the Allen-Cahn equation or the CahnHilliard equation, which are widely used to describe the evolution of to a set of non-conserved or
conserved order parameters, respectively, to a minimum in the system free energy. [120,132,133]
Accurate models of many systems also require numerical descriptions of additional behaviors
such as electric dipole interactions, [110] elastic strain interactions, [109] or diffusion of one or
more species, [134–136] complicating governing equations and boundary conditions used in the
model. Since these equations often contain non-linear driving terms and are therefore difficult to
solve analytically numerical solutions are typically sought.
Previous approaches developed to solve boundary value problems in thin film geometries
include various finite difference, [137] finite element, [138–140] and spectral approaches. [141–
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144] Common finite difference approaches using a second order central difference
approximation to the derivatives on a discrete, uniformly spaced grid are used due to their relative
simplicity, ease of implementation and good scalability. These approaches, however, are
constrained to relatively small grid spacing and temporal steps to ensure both numerical stability
and simulation accuracy, which limits simulation size and time. [143] Finite element methods
that approximate functions with non-uniform mesh arrangements to optimize accuracy are often
used to overcome this difficulty, but incur high computational costs since the non-uniform mesh
used must be recalculated periodically during the simulation. Spectral methods such the
Chebyshev collocation method developed for boundary value problems, on the other hand,
employ static meshes and achieve high accuracy solutions, but require frequently solving large
systems of equations [144,145] and, as a result, the computational cost scales rapidly with the
simulation volume, which necessitates either relatively short simulations or significant dedicated
computational resources.
Solution schemes based on the semi-implicit Fourier Spectral method have been
developed to circumvent these problems by solving the differential equations in reciprocal space.
This approach transforms the partial differential equations into linear equations by using the
relationship between the derivative of a function, f(x), and its Fourier transform [144]
2.1
where I is the imaginary unit and k is the reciprocal space vector. Due to the favorable scaling of
the computational difficultly of the Fourier transform with simulation volume [146] this
approach decreases computational time considerably compared to finite difference and finite
element approaches. High accuracy in modeling the derivatives of a smooth function, f, allows a
larger time step to be used in the simulation with little loss of accuracy in the solution. As a
result, spectral schemes based on the Fourier transform have been extensively used in phase field
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models for large systems with smooth interfaces and periodic boundary condition to achieve a
high degree of accuracy with minimal computational cost. [131,147]
Spectral approaches based on Fourier transforms, however, find only particular solutions
to the differential equations that are periodic within the simulation volume and therefore cannot
be directly used to enforce explicit boundary conditions at surfaces. Further, discontinuous
changes in functions at the film edges decreases the accuracy of approximations of functions
made with Fourier series. [141,142,144,148] In thin film configurations the material is assumed
to be much larger in lateral extent than thickness so that periodic boundary conditions can be used
in the two lateral dimensions, but explicit boundary conditions must be enforced along the
thickness of the film. Yu, et al [147] proposed errors associated with the film edges in the
Fourier-spectral method could be overcome by approximating the edges of the model at sharp
interfaces with smoothly varying boundaries. [131,147] In this approach, periodic solutions can
continue to be employed with boundary conditions implicitly enforced through the variation of
the system properties near the film edge. This is particularly useful for modeling free surfaces in
microelasticity theory where the elastic constants can be smoothly graded to zero at the free
surface to produce the correct traction-free state at film surfaces. While this approach has been
used to successfully model free standing systems such as nano-particles [131] and membrane
thin films, [147] it is not ideal for thin films on thick substrates that are assumed to be semiinfinite since the response in the thick substrate must reach some bulk-like behavior at one edge
of the simulation volume. [63] As a result, explicit, independent boundary conditions of the
Dirichlet, Neumann, Robin or mixed types must be enforceable at defined sharp interfaces, which
is incompatible with the diffuse system edge model.
Thin film solutions with sharp boundaries have been previously employed to solve
microelasticity equations in phase field models of ferroelectric PbTiO3 thin films. [63,149] These
solutions, however, were limited to specific boundary conditions that addressed only the case
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appropriate for a constrained thin film. Further, periodic solutions for the Allen-Cahn equation
were used in the solution without enforcing specific boundary conditions. This approach may
therefore limit the model accuracy and self-consistency near the edges of the thin film where
solutions may no longer be reasonably accurate.
In this chapter we propose a general numerical solution scheme for second order partial
differential equations such as the Allen-Cahn equation in a thin film geometry based on a semiimplicit Fourier spectral approach. This method is developed fully to enforce generalized
boundary conditions along the out-of-plane direction in the film. Several applications to common
physical models such as the diffusion and mechanical and electrostatic equilibrium equations
used in phase field modeling are then discussed. Finally, the accuracy and computational speed
of the proposed spectral method are discussed through two numerical examples and comparison
with finite difference and analytic solutions.

2.2 Fourier-Spectral Superposition Method Numeric Solution Approach

2.2.1 Problem Statement
The Allen-Cahn equation [120]
,

,…,

is used to describe the evolution of a set of N non-conserved order parameters,

2.2
A,toward

a

minimum in the total system free energy, F, with respect to time, t, employing a proportionality
constant array, LAB. The order parameters may represent a wide range of fields such as grain
orientation, [150–152] diffusing species concentration, [153–155] or polarization. [63,119,129]
Each of the order parameters is in general allowed to be a function of position and time in the
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solution. Free energy in Equation 2.2 is defined in phase field models with respect to the order
parameters as the volume integral of the free energy density over the simulation volume as [97]
,

,…,

,

2.3

.

,

In Equation 2.3 κijBD is the gradient energy tensor [100] coefficient and f is a general function that
depends only of the local values of the order parameters. Commas followed by indices indicate
derivatives with respect to those indices so that

where xi is a component of

,

the position in real space. Throughout the dissertation the Einstein summing convention for
repeated indices is used and explicit summation symbols will not be used except where needed to
add clarity. Capital Roman letter indices will be used in this chapter to indicate one of N field
parameters while lower-case Roman letter indices will be used to indicate the three real spatial
dimensions.
Expanding the variational derivative using the free energy expression in Equation 2.3 and
linearizing the temporal derivative using the forward Euler difference approximation [146] with a
time step, t, results in the partial differential equation [119,121]
,
∆

,…,

for the linearized Allen-Cahn equation. [143] Functions
the order parameters at the

time step and

2.4

,

∆

in Equation 2.5 are the solution for

are the solution for the order parameters at the
,

1 time step. Rearranging Equation 2.4 and setting

,…,

and

results in a second order partial differential equation,

∆

,

2.5

Developing numerical examples for governing equations for other physical phenomena such as
thermal diffusion, [133,145,153] incompressible fluid flow, [133,144] and elastic
equilibrium [63,156] leads to similar sets of coupled second order differential equations.
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The solution to the boundary value problem in Equation 2.5, however, is expected to be
very sensitive to the magnitude of the time step due to the explicit treatment of the differential
operators. Larger time steps have been shown to remain stable if the differential operators are
treated implicitly in the solution: [143]
∆

2.6

,

∆

As a result, we propose to solve the semi-implicit Equation 2.6 rather than the fully explicit
Equation 2.5. Generalized boundary conditions for this equation are expressed as
,

,

,

2.7

,

where wM are specified at planes perpendicular to the out-of-plane direction of the thin film at
positions, hM, in the simulation volume. Since the film geometry is assumed to be large in the
lateral directions, periodic boundary conditions are used for the in-plane directions in Equation
2.6. In Equation 2.7 subscript M indicates one of the 2N linearly independent boundary
conditions needed to create a fully constrained problem and coefficients aMD and bMD are assumed
to be constants in space.

2.2.2 Basic Solution Approach
A numeric solution for Equation 2.6 is sought that employs the Fourier-spectral method
for general expressions RA and wM. The numerical approached used here approximates the
continuously distributed functions on a discrete grid with uniformly spaced nodes in three
dimensions. The solution of the problem is separated into two parts. First, a particular solution,
, is found that satisfies the inhomogeneous problem in Equation 2.6. Using this solution the
problem is then transformed into an homogenous problem that can be directly solved to enforce
the boundary conditions. The complete solution is the linear combinations of

and the solution
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to the homogenous problem,

. This approach is similar to that proposed by Li, et al, [63] but

generalizes the problem and introduces a numerical correction to the particular solution that is
shown to improve the accuracy of the method.
First, a we look for a particular solution that satisfies Equation 2.6. This can be
accomplished by using a fast Fourier transform to transform the set of partial differential
equations into the set of linear equations that are independent in reciprocal space
̂

.

∆

2.8

where
∭

∙

2.9

is the 3D Fourier transform of the function, x = (x1,x2,x3) is the real space vector, k = (k1,k2,k3) is
the Fourier reciprocal space vector and AB is the Kronecker delta function.

2.2.3 Step Correction at Thin Film Edges
Driving terms, RA, may, however, change discontinuously at the thin film edges. Such
step changes in the function cause large oscillations near the discontinuities in functions
reconstructed from the basis functions of the Fourier transform. [142,148] These oscillations in
the interpolation function make determining both solutions to the equations and function
derivatives at the film edges problematic. Wangüemert-Pérez et al, [148] however, developed a
method that in systems with discontinuities with known positions and heights the oscillations near
the discontinuity could be largely removed by subtracting the Fourier transform of an appropriate
step function from the Fourier transform of the discontinuous function. Since both functions
converge in spectral space at high frequencies, this removes a significant portion of the error
associated with the discontinuity. Here, we propose a related technique to remove discontinuities
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in the functions, RA, using an analytic function to separate RA into a function that can be
transformed into a well-behaved function for Equation 2.8 and an analytic portion that can be
solved directly.
Discontinuities in the driving functions, RA, are first removed by defining a set of analytic
fitting functions, gA(x), such that
2.10
and functions

and their first derivatives are continuous functions within the solution

volume. Since the differential operator is linear, this divides solving for the particular problem
into solving the two independent equations
∆

,

∆

,

2.11
.

Solution of Equation 2.11 is made tractable by defining an analytic fitting function, gA(x), that
makes the equation easy to solve. For simplicity, here the cubic polynomial with respect to the
out of plane direction of the thin film, x3,
2.12
is used where coefficients m1, m2, m3 and m4 are functions of x1 and x2 and h1 and h2 are the
positions along x3 of the two edges of the film. This definition of gA(x) is the simplest function
that can be fit to the values and first derivatives of a function that has two discontinuities (i.e. a
thin film with two surfaces). Derivatives of RA(x) used to define the fitting function can be found
with a number of standard methods. Here a one sided finite difference approach is employed.
The non-analytic problem in Equation 2.11 is solved directly using Equation 2.8. To
solve the second part of Equation 2.11 a 2D Fourier transform is evaluated in the two in-plane
directions to convert the partial differential equations in Equation 2.11 into a set of independent
ordinary differential equations in x3
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,

∆

,

,

2.13

,

where
∬

,

,

,
,

and
.
Since in Equation 2.13
solution,

,

,

is a cubic polynomial with respect to variable x3, each

, is also a cubic polynomial function in x3 with complex coefficients, yi,
2.14

.
Substituting Equation 2.14 into Equation 2.13 results in N equations with 4N unknown

coefficients. An additional 3N equations are determined by relating coefficients of the powers of
x3 on either side of the equation. The resulting 4N equations can be directly solved with standard
approaches. A subsequent inverse Fourier transform along directions x1 and x2 yields the second
set of particular solutions,

. The final result for the particular solution is

.

Further discussion of the numerical accuracy improvement and computational cost of correcting
discontinuities in the forcing functions, RA(x), are reserved for the numerical examples in Section
2.4.

2.2.4 Boundary Conditions
Next, the solution to the homogeneous equation that satisfies the conditions imposed by
the general boundary conditions must be found. As stated previously, the target solution is the
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linear combination

. Subtracting

from Equation 2.6 yields the homogeneous

differential equation
2.15

0.

,

∆

Additionally, for the final solution to satisfy the boundary conditions, the general solution must
satisfy boundary conditions
,

,

2.16

,

.
Following the approach outlined by Li, et al, [63,110] and Khachaturyan, [156] we solve
Equation 2.15 by taking the 2D Fourier transform along the x1 and x2 directions to arrive at the set
of ordinary differential equations
∆

∑

∑

∑

,

2.17

0.

,

Each of these equations is independent in the 2D reciprocal space. Equation 2.17 has a well
known solution of the form
2.18
where

and qA and p are constants. Substituting Equation 2.18 into Equation 2.17

and eliminating common terms yields the quadratic eigenvalue problem
0

2.19

where
∆

∑

∑

,

∑

2.20
2.21

and
.

2.22
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In general, this problem has 2N eigenvalues and eigenvectors and several methods exist to solve
the quadratic eigenvalue problem in Equation 2.19. Here, a linearization method is used to
reduce the problem to a general eigenvalue problem that can be directly solved with widely
available algorithms. This transformation is accomplished with the substitution [157]
2.23

.
Combing Equation 2.19 and 2.23 and consolidating terms produces the general eigenvalue
problem

2.24

0
where X and Y are real square matrices of size 2N such that

2.25

,

2.26

,

and E is the N × N identity matrix. The general eigenvalue problem in Equation 2.24 is solved
for every reciprocal space vector k = (k1,k2). The full solution to Equation 2.17 is then the linear
combination of the 2N solutions in Equation 2.24 [63]
,
In Equation 2.27

,

∑

2.27

.

are the values of eigenvector Q and pQ is the eigenvalue corresponding to that

eigenvector from the generalized eigenvalue problem.
The 2N linear coefficients for the solution, rQ, are determined from fitting to the
boundary conditions (Equation 2.16). Making the substitution of Equation 2.27 into Equation
2.16 yields the system of linear equations
∑
where

,

,

2.28

is the 2D Fourier transform of the right hand side of boundary conditions in

Equation 2.16. In Equation 2.28 it should be noted that index D has N possible values while
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index M has 2N possible values. This system can be solved directly to determine values for the
linear coefficients at every point in reciprocal space. The homogeneous solution is found by
solving the inverse 2D Fourier transform of

,

,

.

A special case for the general solution exists for the reciprocal vector origin at k = (0, 0)
since matrix Y in Equation 2.24 is singular, preventing solution with the proposed method. This
problem can be resolved, however, if the reciprocal space vector magnitude, k, is assumed to be
unity so that Y is no longer singular. The problem is more difficult if 1/t is zero since both X
and Y are singular and

. Such a situation, however, modifies the differential equation in

Equation 2.17 such that
,

2.29

0.

Equation 2.29 can be solved by direct integration to obtain the solutions
2.30

0,0,
where

and

are linear coefficients that are determined by substituting Equation 2.30 into the

boundary conditions to yield the 2N linear equations
,

.

2.31

Boundary conditions defined in this way are directly evaluated with common techniques to solve
systems of linear equations and determine the general solution. Finally, the total solution to the
partial differential equation with generalized boundary conditions defined in Equation 2.6 is the
sum of the particular and general solutions,

.

The principal advantage of the Fourier spectral superposition approach proposed here
over more common Fourier spectral approaches is that it allows the equation to be solved with
sharp boundary conditions so that realistic thin films can be directly modeled without assuming
the simulation volume is some small section of the film far from free surfaces or that the
properties of the thin film smoothly grade into the surrounding phases. As a result, changes in the
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system behavior resulting from the free surface can be explicitly and more accurately considered
leading to realistic simulations, particularly in films only a few nanometers thick where surface
effects extend into the film over a substantial fraction of the film surface. The accuracy of this
solution approach is discussed with specific numerical examples in Section 2.4.

2.3. Specific Examples

2.3.1 Diffusion with Neumann Boundary Conditions
To illustrate the proposed solution method several specific examples are presented in the
following sections. If only one order parameter is considered the Allen-Cahn equation (Equation
2.2) is equivalent to the diffusion problem for the evolution of a diffusing field, u, with time and a
constant diffusion constant, Dij [158]
,

,

,

,

, .

2.32

In Equation2.32 a source term, S(x,t), is included to describe sources and sinks of the diffusing
species due to internal effects in the film such as chemical reactions. Typical examples include
diffusion of an ionic species in a thin film due to local chemical gradients or electrical
fields. [145] Generally, the source term, S(x,t), is a non-linear function of space and time and may
change with the local value of the function u(x,t). Assuming no diffusion exists through the film
edges, the flux of this diffusing field is zero at the film boundaries so that
,

,

0

,

,

0

where h1 and h2 are the bottom and top surfaces of the thin film, respectively.

2.33
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Solutions to Equations 2.32 are found by separating the problem into homogeneous and
heterogeneous contributions following the procedure described in the previous section. First, the
forward Euler difference is used to approximate the temporal derivative, resulting in the equation
∗

where

∗

∆

∗

,

2.34

.

. Again, we look for a solution to the equation that is the combination of a

particular solution to the heterogeneous equation and a general solution to the homogeneous
equation. First, the particular solution is found using the step correction method at the thin film
edges at x3 = h1 and x3 = h2 such that
∗

∗

,

2.35

.

with the boundary conditions defined in Equation 2.33

Making the substitution

leads to the homogeneous boundary value problem
∗

0

,

,

,

,

,

2.36

where uG is the general solution to the homogeneous problem. A 2-D Fourier transform is used to
transform the partial differential equations in Equation 2.36 into the set of ordinary differential
equations
∗

2

2

2

,

0
,

,

,

,

that can be solved at every k = (k1,k2). In Equation 2.37

,

2.37

,

,

,

. It can be

easily shown that the linear combination [63,159]
2.38
is a solution to Equation 2.37 where

if
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,
∗

2

and
2

.

Linear constants r1 and r2 are determined by substituting Equation 2.38 into the boundary
conditions in Equation 2.36 to get
,
,

.

2.39

While the solution to the constants of integration are exact, large or small values can easily occur
in the exponentials and result in poorly conditioned matrices for the boundary conditions.
Conditioning of the matrix is improved by modifying Equation 2.39 by pulling constant terms out
of the exponents so that the exponentials are evaluated with the origin closer to the boundary
planes hi
2.40
where
2.41

.
In Equation 2.40 hNQ is defined such that

max

. This substitution guarantees

that the argument of the exponential function is negative between the boundary value planes so
that the evaluated exponential is between zero and one. For well defined boundary value
problems the resulting matrices are well conditioned and result in stable solutions. Finally, the
solution to each iteration of the diffusion problem is

.
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2.3.2 Poisson Equation
A special case of the diffusion equation exists when the time step, t, becomes large such
that

∗

approaches zero. This case corresponds to the steady state solution for the diffusion

species and is a statement of the Poisson equation [146]
2.42

,

where

and generalized boundary conditions (Equation 2.7) can be specified. For

this problem Dij is the dielectric constant tensor of the material and

is the charge density.

Solutions to the electrostatic Poisson Equation are particularly important to determine electric
field distributions in semi-conductor and insulator thin films containing charge distributions due
to free charge carriers or bound charges created by changes in the dielectric
displacement. [97,110]
Solution to the Poisson equation differs slightly from the diffusion problem above in that
at the reciprocal space origin where vector k = (0,0,0) the solution matrix,

from

Equation 2.8 is singular. This complication can be resolved by noting that without loss of
generality the solution to the potential distribution at the reciprocal origin can be assumed to be
zero since the discrete Fourier transform, fk, of a function in real space, fn, defined on a grid of
size N1 × N2 × N3 is
∑

∑

∑

.

2.43

At the reciprocal space origin the value of the potential function is immediately seen to be the
average of the function in real space and the particular solution to Equation 2.42 remains a
solution for any additive constant. Specifically, if z(x) is assumed to be a solution to Equation
2.42, then z(x) + z0, where z0 is a constant value, must also be a solution to the differential
equation since
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,

2.44

.

,

and z(x) is defined to be a solution to Equation 2.42. As a result, the assumption that solution is
zero at the reciprocal vector origin only modifies the particular solution such that
∑

∑

∑

,

,

2.45

.

This average value, however, is determined by the boundary conditions in the problem. At other
reciprocal vector points the solution proceeds as normal. Examination of Equation 2.38 reveals
the boundary condition problems is similarly undefined at k = (0,0,0), but the solution of the
boundary conditions for this case is reserved for the following example.

2.3.3 Elastic Equilibrium
The proposed Fourier-spectral superposition method is also applicable to sets of linearly
coupled equations such as the mechanical equilibrium conditions, [109]
,

0.

2.46

Equation 2.46 is transformed into a second order differential equation with respect to a vector
quantity, ui, by making the substitution
̅
where

,

,

.

2.47

is the elastic stress, Cijkl is the spatially invariant elastic stiffness tensor, ̅ , is the

average strain, ui are the three components of the displacement tensor and

is the stress-free

eigenstrain associated with plastic deformation or phase transformations in the system. [107]
Substitution of Equation 2.47 into Equation 2.46 and noting Cijkl = Cklij results in the set of
equations
,

,

.

2.48
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Several possible boundary conditions could be considered in a thin film for Equation 2.48. [63]
As an example here, however, membrane films in which the stress normal to the top and bottom
surfaces of the thin film at

and

must equal the applied stress,

, are

considered, leading to boundary conditions for Equation 2.48 of
,

.

,

2.49

Solution to the elastic equilibrium problem with the Fourier-Spectral method for coherent thin
film was derived in previous works by Khachaturyan [156] and Li, et al. [63] The solution
presented here builds on their work by generalizing the boundary condition and specifically
discussing the solution to the problem for thin films with stresses normal to the film surface
defined at both interfaces of the thin film along the x3 direction.
Equations 2.48 and 2.49 are directly transformed into the general problem statement in
Equations 2.6 and 2.7 by noting that the order parameters,

, are the displacement components,

the coefficients tensor PijAB are the elastic stiffness constants, the inverse time step,
the driving terms, RA, are

,

∗

, is zero and

. As a result, the solution to the elastic equilibrium problem

follows the same progression described in Section 2.2.
Evaluating the driving term RA, however, requires determining derivatives of

using

the Fourier method. [63,119] Accuracy in the solution may be improved by modifying the step
correction to the particular solution so that the driving functions in Section 2.2 are defined such
that

rather than

,

and
.

This approach removes discontinuities in
to evaluate the derivates

,

and

,

2.50

and avoids the use of the Fourier transform

, which may have large oscillations near discontinuities of

.

The solution in reciprocal space to the first part of the particular solution to Equation 2.48
is then found with the Fourier transform of

as
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2.51
where

is the Fourier transform of

. Like the Poisson Equation this solution

becomes undefined at the reciprocal vector origin, k = (0,0,0), and can be specified as an arbitrary
constant without loss of generality.
Solutions to the second part of the particular solution of uk are found by first taking the
2D Fourier transform of gij(x). While also noting that the stiffness tensor has the symmetry
, this leads to the set of ordinary differential equations for Equation 2.48 of
,

2.52

,

,

where
2
2
and
.
,

Since each component,

,
,

,

, is assumed to be a cubic polynomial as before, the

, can be shown to have the form

particular solution,

where

,

and

,

,

,

,

,

.

2.53

are constants with respect to the out of plane dimension, x3. Substituting

Equations 2.53 into Equation 2.52 and equating powers of x3 on either side of the Equations 2.52
results in the set of twelve linear equations relating the coefficients
that can then be solved to find

to the fitting coefficients of

. The full particular solution to Equation 2.48 is then

.
To solve the homogeneous problem
,

with boundary conditions

0

2.54
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,

,

,

2.55

,

appropriate for a membrane thin film the 2D Fourier transform of the problem is evaluated to cast
the problem into a set of independent ordinary differential equation in x3. Substituting
and rearranging yields the polynomial eigenvalue problem
2.56

0.

, and

This eigenvalue problem is linearized and solved as before, resulting in six eigenvectors,
eigenvalues, pQ, and a solution for

in the form of Equation 2.27. The linear coefficients can

again be solved by substituting this solution into Equations 2.55 and solving the resulting set of
linear equations. At the reciprocal vector origin, however, linear coefficients for the boundary
conditions cannot be determined in this way since Equation 2.56 leads to the singular eigenvalue
problem

0. Further, assuming that

,

,

, as discussed in

Section 2.2, also results in a poorly defined problem for the boundary conditions since

drops

out of the expression in Equation 2.55 due to the derivatives in the boundary condition, indicating
the problem is over constrained. As a result, the problem can only be solved within a set of
additive constants without further information about the problem. Rather, for these Neumann
boundary conditions we note that only one derivative value can be specified independently for the
system of equations, requiring the well known conclusion that the applied normal stresses at the
surfaces of the film be equal.
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2.4. Numerical Examples and Extension of the Model

2.4.1 Numerical Examples
The Fourier-spectral superposition method is demonstrated in this section by solving a
diffusion problem with only a single diffusing field, u(x,t), considered for simplicity. To produce
a system that has an analytic solution this system is defined as
,

,

,

,

,
,

,

,0

.

0

0.4

2.57

2

Analytic solutions for this mixed boundary value problem are derived by the separation of
variables method. [158] Within the numeric model, the time derivative is approximated as
before, leading to the equation
∗

,

∗

.

2.58

The constant terms in Equations 2.57 and 2.58 are assumed to be t* = 100, k = 1.0 and u0 = 5.0.
The system is simulated over a length of l = 10.0 and approximated using 32 grid points across
the thin film. An additional eight grid points were included both above and below the thin film to
minimize interactions between the top and bottom of the thin film system. Since Equation 2.57 is
a simplified one dimensional system only the out-of plane dimension is considered. The
proposed solution approach employed to solve this problem at the 100th simulation time step is
illustrated in Figure 2.1. First, the driving term is calculated from the solution to the previous
step. Step changes in the driving term at the edges of the film are then removed by fitting a cubic
polynomial to the driving term such that the fitting polynomial has values and derivates at the
film edges that are identical to the driving terms, as shown in Figure 2.1a. In this example the
derivates at the edges of the thin film are determined using a four point one-sided finite difference
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approximation, which was found to be a stable and efficient method for finding the derivatives of
the numerical function at the system edges. Specific particular solutions, shown in Figure 2.1b,
were determined individually from the fitting function and adjusted numerical distribution as
described in Section 2.2 to obtain the complete particular solution to Equation 2.57.
The general solution to the homogeneous problem is solved with the specified boundary
conditions with the method described in Sections 2.2 and 2.3. To enforce the boundary condition
on the derivative of the solution profile, out of plane derivatives of the particular solution
components were evaluated using the Fourier transform
,

∭

∞

∙

2.59

to find the derivative of the smoothed non-analytic function and the analytic expression
,

2.60

to find the derivative of the fitting function. The general solution for this problem is shown in
Figure 2.1c. Several simulation time steps of the solution are shown in Figure 1d. As the system
evolves the solution remains stable and the boundary conditions are correctly enforced.
One new feature of the proposed solution method compared to previous Fourier spectral
methods for thin films with sharp interfaces is the inclusion of the step correction at
discontinuities in the system to improve the overall solution accuracy. However, this step
introduces additional computational complexity. As a result, here the proposed solution method
is compared to the solution obtained without the step correction procedure to assess the
improvement in accuracy. To avoid the step correction procedure we directly solved Equation
2.8 after evaluating the 3D Fourier transform of RA and then immediately proceeded to solve the
homogeneous problem to enforce boundary conditions.
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Figure 2.1 Illustration of Superposition Method: (a) An analytic function, g(x3), is fit to the
driving term, to obtain a smooth numeric function. (b) A particular solution is found for both
components of the driving term to determine the total particular solution. (c) The general solution
is found that enforces the specified boundary conditions. (d) Solution to the diffusion problem at
several example time steps.
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Figure 2.2 shows the error between the analytic solution to Equation 2.57, f, and the
spectral approach with and without the proposed correction at discontinuities. Without the step
correction procedure, clear oscillations around the analytic solution occur in the numerical
solution. These oscillations occur due to the inability of a Fourier series to reconstruct a step
change in a function with a finite number of reciprocal vector points [141,148] and are an
inherent property of the Fourier transform of discontinuous steps. By removing discontinuities in
the driving function and its derivative at the edges of the thin film these oscillations are
dramatically reduced, improving the numerical accuracy of the spectral method. Overall, the
correction applied to this problem reduced the maximum error between the numerical spectral
method and the analytic solution by a factor 69.2 near the system edge at x3 = h1. Due to the
difficulty calculating the derivatives of the function near the discontinuity the spectral method
without correction was much worse at x3 = h2 and was unable to reasonably reproduce the analytic
solution. Further, with additional simulation steps the errors introduced at the edges of the thin
film may accumulate and increase the numerical error in the solution. This point is discussed
further and quantified in the example below.

2.4.2 Three Dimensional Diffusion Problem with Driving Term
To quantify the performance of the spectral method model with respect to grid size and
time step we compared numerical results from the spectral method with and without the step
correction to an analytic solution and numerical results from a finite difference solution [146]
approach. As an example, the thermal diffusion problem with a generation term,
,

was solved using each of the solution methods with boundary conditions

,

,

,
2.61
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Figure 2.2 Error in Spectral Methods with and without Step Correction: Difference between
spectral solution method, u(x,t), with (black squares) and without (green circles) step correction
and analytic solution, f(x,t), after one simulation step. Inset shows the large error associated with
enforcing the boundary condition based on the function derivative at the right film edge using the
spectral method without a step correction.
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,

2.62

2

,0

where h1 and h2 are the positions at the top and bottom of the thin film. To produce an analytic
solution for the problem a driving term of
4
10

2

2

2

was used. This problem has a known analytical solution that can be found using separation of
variables, [158] allowing a direct assessment of the accuracy of the numerical methods. For the
numerical simulation a system size of 10.0 was used for l1, l2 ,and l3 with a film thickness,
, of 5.0. The solution for the spectral methods with and without the proposed step correction
were simulated on grids of size N × N × N and along the x3 direction, but only
used to model the system response in the thin film. An additional

/2 points were

/4 points on either side of the

film were included as buffer regions. The finite difference approach, in contrast, did not include
these additional buffer regions and the film behavior was simulated on grids of size N × N ×

/2

so that the same number of grid points were used to simulate the behavior of the thin film in all
approaches. For the simulations the diffusion constant,

, was assumed to be

1
0
0

0 0
1 0
0 1

and values 2.0, 3.0, and 1.0 were chosen for constants a, b and c, respectively. At the edge of the
thin film boundary values T1 = 3.0 and T2 = 2.0 were used.
Figure 2.3a shows a cross-section of the simulation results at fixed x1 and x2 for the three
methods after 200 simulation steps with a grid size of N = 32 and a time step of t = 0.01. All
three solution methods remained stable during the simulation, but the spectral method including
the step correction produced the most accurate solution. The finite difference method, in contrast,
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resulted in a solution that deviated modestly from the analytic solution. The worst numerical
result was obtained with the spectral solution without the step correction. While the boundary
conditions were accurately enforced through this approach, the solution inside the thin film
systematically deviated from the analytic solution due to the numerical inaccuracies of the
solution near the edge of the film as shown in Figure 2.2. Since these oscillations decrease
rapidly away from the film edges and may not integrate to zero, they introduce fictitious
generation terms into the numerical solution. This behavior is reduced when the generation term
in Equation 2.61 becomes large, but this requirement limits the usefulness of the Fourier spectral
method without correction in systems with moderate generation terms, such the diffusion in a
closed system example presented in the previous section. Evolution of the average numerical
error of the corrected spectral method and finite difference methods are compared in Figure 2.3b.
Here, error is defined at each grid point as the square of the percentage difference between the
numerical solution,

,

,

, and the analytic solution,
,

,
,

:
.

2.63

The spectral method with the proposed step correction produces smaller numerical errors both at
short times, where the numerical error grows much more slowly than the error of the finite
difference method, and at long times, where the corrected spectral method more rapidly
converges on the final steady state solution. At long times, in fact, the finite difference approach
appears to only modestly move toward the final steady state solution, resulting in a plateau of the
calculated error. The numerical error in the spectral method, however, continues to decrease at
long times and results in greatly improved estimation of the final steady state solution.
Accuracy of all three numerical methods improved with a decrease in the grid spacing,

x. Effects of the grid spacing are considered by simulating the system using each method on
four grid sizes. Maximum numerical error obtained for each method as a function of the grid

59

Figure 2.3 Comparison of Accuracy of Spectral and Finite Difference Methods: (a) Solution
to example diffusion problem after 200 simulation steps with a time step of t = 0.01 and a grid
spacing of x = 0.313. (b) Average error for spectral method with step correction and finite
difference methods during the simulation. (c) Ratio of average numerical error of the finite
difference method and the spectral method with the step correction at selected grid spacing, x,
and (d) with time steps, t, during the simulation.
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sizes used is summarized in Table 2.1. After 200 time steps the spectral method that included the
step correction produced the solution with the smallest average error, which for the coarsest grid
size was an order of magnitude smaller than the error produced by the finite difference approach.
As the grid spacing was reduced the error for all three solution methods decreased, but the largest
decreases occurred for the corrected spectral solution. Rapid improvement in simulation
accuracy of the spectral method can be attributed to the well known exponential improvement in
solution methods employing Fourier transforms due to the inclusion of additional frequencies in
the solution. [144] Figure 2.3c shows the evolution of the ratio of average error between the
spectral method with the step correction and the finite difference approach. The spectral method
produced a more accurate solution at all simulation times regardless of the grid size. At small
grid sizes this improvement was relatively modest, but as the grid size was increased the relative
error provided by the finite difference approach increased rapidly. As a result, for a desired level
of accuracy the spectral method can be used with a much coarser grid than the finite difference
approach, which decreases the computational cost of the simulation. [143]
Next, the effect of the time step on the simulation accuracy was considered. Maximum
error after the simulation time, defined as the product of t and the number of simulation steps,
reached 2.0 is shown in Table 2.2. All solution methods employed a forward difference
approximation to the temporal derivative in the diffusion problem and with large time steps the
solution methods produced similarly large average errors as a result. As the time step was
Table 2.1 Effect of System size on Numerical Error: Maximum numerical error between the
numerical solution and analytic solution after 200 simulation time steps with at time step of t =
0.01. The largest grid size was not simulated with the finite difference method due to the failure
of the calculation to complete in a time of 20,000 s.
System Size
Spectral Method
Spectral Method
Finite Difference
with Correction
without Correction
Method
16×16×16
7.94×10-6
4.43×10-2
3.56×10-4
32×32×32
4.91×10-7
1.42×10-2
5.14×10-4
64×64×64
4.49×10-7
1.81×10-3
5.72×10-4
-7
-4
128×128×128
4.79×10
1.41×10
--

61
decreased, however, the largest improvements in accuracy were again observed for the spectral
method with the step correction. Decreasing the step size from t = 2 to t = 0.002 reduced the
average error monotonically for the spectral method with the step correction by nearly six orders
of magnitude while the average error for the finite difference method decreased by only around
two orders of magnitude. Ratios between the average error for the corrected spectral and the
finite difference methods are compared as a function of simulation time steps in Figure 2.3d. In
all cases the relative error between the two solutions changed moderately at short times, but
became significant at long times near the steady state solution.
More interesting behavior occurs for the accuracy of the spectral method with no step
correction. Using large time step sizes the accuracy of the solution improved at a similar rate to
the corrected spectral method as the time step size was decreased. As the step size further
decreased, however, the maximum numerical error of the uncorrected spectral method again
increased. This behavior was the result of the decreasing contribution from the generation term in
Equation 2.61 as the reciprocal time step, t*, increased, leading to larger oscillations at the
discontinuities in the system. This behavior suggests that in systems with several governing
equations where some solutions from the uncorrected spectral method may have high accuracy
due to an optimized time step while other solutions have low accuracy, the overall accuracy of the
simulation would not be increased simply by decreasing the simulation time step. As a result, this
Table 2.2 Effect of Time Step Size on Numerical Error: Maximum Error between numerical
and analytic solutions after the product of the time step size and number of simulation steps
reached 2.0 with a system size of 32 × 32 × 32.
Time Step
Spectral Method
Spectral Method
Finite
Size
with Correction
without Correction
Difference Method
1.75×10-2
1.75×10-2
2.36×10-2
t = 2
-3
-2
4.70×10
4.76×10
8.20×10-3
t = 1
-4
-4
1.62×10
2.78×10
1.20×10-3
t = 0.2
3.84×10-5
2.62×10-4
8.04×10-4
t = 0.1
-6
-3
1.59×10
5.35×10
5.42×10-4
t = 0.02
4.91×10-7
1.42×10-2
5.14×10-4
t = 0.01
-8
-2
2.81×10
5.51×10
4.92×10-4
t = 0.002
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method may be less useful than the spectral method with the step correction.
Finally, relative computational costs of all of the numerical methods were compared by
timing 100 simulation steps for several grid sizes. These simulations were run using the
MATLAB R2014a software on a single Intel Core i5-3475S processor and 8.00 GB of RAM
memory. Table 2.3 shows that at small grid sizes the finite difference approach was much faster
than the spectral methods. Large grid sizes, however, executed more quickly using the spectral
methods due to the improved scaling of the Fourier Transform. Typical finite difference
approaches involve solving a system of

/2 linear equations at each simulation time step,

which scales approximately with N6, [146] making the problem difficult to solve for moderate
system sizes. The spectral methods, however, use Fourier transforms to change the problem into
a set of small linear problems so that the most intensive computational step is the Fourier
Transform. This computation scales with 3
than

log

, [146] which increases much more slowly

so that with large simulation volumes the spectral methods are much faster. In fact, for

the largest system size considered the serial implementation of the finite difference method could
not complete the simulation even after 20,000 s.

Table 2.3 Computational Cost of Numerical Methods: Computational time in seconds to
complete 100 simulation steps using the spectral method with and without the proposed
correction to the step change at the film edge and the finite difference method. The largest grid
size was not simulated with the finite difference method due to the failure of the calculation to
complete in a time of 20 000 s.
Spectral Method
Spectral Method
Finite Difference
System Size
with Correction without Correction
Method
16×16×16
18.55
13.45
5.21
32×32×32
116.92
99.24
76.66
64×64×64
745.64
669.33
3 052.46
128×128×128
5 410.66
5 102.70
--
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2.4.3 Extension of the Solution Method to Higher Order Problems
Only solutions to second order differential equations have been discussed to this point.
The proposed superposition solution method, however, can be extended to solve similarly
structured higher order partial differential equations. For instance, the Cahn-Hilliard Equation
,

2.64

,…,
,

,

is typically used to describe the evolution of conserved order parameters, such as concentration
fields, [153–155] in phase field models. Substituting the expression of the general free energy
expression in Equation 2.3 into the Cahn-Hilliard Equation results in a fourth-order partial
differential equation
,

,…,

,

,

.
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,

Assuming the mobility tensor, MijAB, and gradient energy tensor, κpqBD, are constants with respect
, and linearizing the time derivative using the

to both position and the order parameters,

forward Euler approximation leads, after some rearrangement, to a linear expression [153]
∗

where

,

∗

and
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,

,
,…,

,

. In thin film applications

this boundary value problem has eight generalized boundary conditions in the out of plane
direction along x3 of
,

,

,

,

,

,

,

,

2.67

.

Along in-plane directions the solution is assumed to be periodic and values aMD, bMD, cMD and dMD
in Equation 2.67 are assumed to be constants.
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This equation is solved as before by finding a particular solution that satisfies the
inhomogeneous problem and then finding a general solution that satisfies the boundary
conditions. Determination of the particular solution is again divided into solving analytic and
numeric parts of the particular solution. First, a function that is a cubic polynomial, g(x), with
respect to the out of plane direction is fit to the driving terms RA to remove discontinuities in the
value and first derivative of RA at the film edges. The resulting smoothed function,

, is solved

through a three dimensional Fourier transform that transforms the solution of the partial
differential equations into the equation
̂

2.68

.

∆

This solution differs from the second order problem only in that it depends on the fourth order
products of the reciprocal space vector. It requires no additional computation steps once the
solution matrix is found.
The second part of the particular solution is then found by taking the 2D Fourier
transform of Equation 2.66 to produce a set of ordinary differential equations in x3 at every (k1,
k2) point,
,

,

,

,

,

,

where
∗

∑
∑

∑

∑

∑
∑

∑

,

∑

,

∑

,

∑
and
.
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Similarly to the second order problem, the solution to the analytic portion of the particular
,

problem,

,

, is a cubic polynomial function with undetermined coefficients.

Substituting these polynomials into Equation 2.69 and equating powers of x3 on either side of the
equation results in a system of equations that allow the coefficients for the solution polynomial to
be solved.
Next, the general solution to the homogenous problem,
∗

,

2.70

0,

is found by taking the 2D Fourier transform along the x1 and x2 direction of the homogenous
problem to produce a set of ordinary differential equations similar to those in Equation 2.69.
Assuming the general solution again has the same form as Equation 2.18 and making the
substitution into Equation 2.70 results in the fourth-order polynomial eigenvalue problem
0,

2.71

Equation 2.71 can be transformed into a general eigenvalue problem and directly solved by
making the substitution

. Fully transforming Equation 2.71 requires this substitution to

be made three times and results in a system with 4N eigenvalues and eigenvectors. From this
eigensystem the general solution to the homogeneous problem is
,

where

,

∑
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are the undetermined linear coefficients for the general solution. In the same way as for

the quadratic problem these boundary conditions are fit by solving the system of 4N linear
equations at each (k1, k2) point created from the boundary conditions. The final solution is then
the sum of the particular solutions and general solution. As shown by the extension of the
superposition method to fourth order problem, the proposed superposition can be applied to
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problems of an arbitrary order and as such is directly applicable to a wide number of physical
problems.

2.5 Summary
In summary, an approach combining a Fourier spectral method with analytic solutions to
apply generalized boundary conditions has been proposed for solving nonlinear partial
differential equations with one non-periodic dimension. A correction to discontinuities in the
system was proposed and shown to improve the solution accuracy while adding only modestly to
the computational cost. Testing results shown in Tables 2.1 through 2.3 showed that the spectral
method can be efficiently used in large systems to obtain improvements in both computation
accuracy and time as compared to traditional finite difference approaches. Further, since this
method employs a fixed grid that does not need to be recalculated, computationally expensive
operations to periodically adjust the grid that are required in finite element methods are avoided,
which results in significant computation speedup. Since 3D and 2D Fourier transforms can be
easily scaled using a large number of processors, additional increases in speed can be realized in a
high performance computing environment. These features make the proposed superposition
spectral method effective and efficient at accurately solving a large number of nonlinear
differential equations in large, complex thin film systems.

Chapter 3
Nucleation Behavior around an Embedded Ferroelastic Domain

3.1 Introduction
Ferroelectric thin films have attracted attention for their potential applications in
electronic devices such as non-volatile memories, [8,10], MEMS, pyroelectric sensors, and solid
state electro-caloric cooling devices. Properties of the thin film ferroelectrics, however, are
strongly related to their domain microstructures. Common ferroelectric systems such as
Pb(Zrx,Ti1-x)O3, BiFeO3, and BaTiO3 possess dense ferroelastic domain structures due to the
existence of several unique elastic and electrostatic domain variants in these systems that have
been shown to reduce ferroelectric and piezoelectric responses in thin films. [74,160] These
ferroelastic domains form in epitaxial films to accommodate a lattice mismatch between the film
and substrate [57,62,161] and are observed in the majority of films thicker than a few tens of
nanometers. [162,163] Pb(Zr0.2,Ti0.8)O3 (PZT), for example, has a tetragonal lattice structure and
90° ferroelastic domains have been observed in thin films with a domain width of around 20 – 40
nm and a separation between domains of about 100 nm. [74] Due to the small distance between
these domains, ferroelectric switching in PZT films generally involves interactions between an
applied electric field and the existing ferroelastic domains. Consequentially, understanding how
these interactions impact the ferroelectric switching process is critical to optimizing properties in
PZT films.
Previous studies investigating the effects of ferroelastic domains have shown domain
walls act as nucleation centers for heterogeneous domain nucleation by providing a lower energy
switching pathway. [89] Choudhury, et al [88] showed that in tetragonal PZT thin films this
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effect is enhanced at the intersection of several 90° ferroelastic domains due to the increased
electrostatic energy at the domain walls. Further, contributions to the piezoelectric and dielectric
constants of PZT thin films from ferroelastic domain motion have been shown to be
significant. [21,164] Koukhar, et al showed that in PZT thin films with dense

/

domain structures ferroelastic domain wall motion contributes up to half of the overall
piezoelectric response. [164] Various strategies have been developed to maximize ferroelastic
domain mobility. [22,86,165]
Ferroelastic domains in PZT thin films, however, are typically immobile [74,106] and
associated with long range stress fields in the film. [79,129] Strain fields in thin films have been
addressed by several computational and experimental studies that investigated the impact of
uniform strains imposed by a substrate on single domain ferroelectric films [72,166] and shown
that the properties of the thin films can be tailored through the applied strain. [73] Under a large
compressive strain, both measured remnant polarization and coercive electric field of the films
have been shown to increase. [167,168] While the impact on thin film properties of uniform
strains in single domain films is significant, the influence of more complex strain fields caused by
local domain structures is not well understood.
Here, the simulated nucleation bias and electrical and mechanical properties around an
extended ferroelastic domain in a Pb(Zr0.2,Ti0.8)O3 thin film obtained using a phase-field model
that incorporated both mechanical and electrostatic interactions is reported. A larger bias was
found to be required for nucleation under a small electrode tip in the vicinity of the embedded
domain than in regions far from the ferroelastic domains and that regions around the ferroelastic
domain also had reduced piezoelectric and dielectric responses. It is demonstrated that the
decrease in the local responses results from the inhomogeneous strains and built-in electric fields
introduced by the ferroelastic domain.
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3.2 Methods

3.2.1 Model Description
Phase field modeling [63,97,110] was employed to investigate nucleation behavior and
the dielectric and piezoelectric responses around an extended

ferroelastic domain in a

(001)-oriented PZT thin film. The domain structure in the thin film was described by the spatial
distribution of the three polarization components, Pi, where index i labels the three spatial
dimensions. To model an isolated ferroelastic domain we assumed an initial polarization
with an initial width of 30 nm

distribution corresponding to a domain with a polarization of
in a matrix domain with a polarization of

. This domain geometry was chosen since it

corresponds to experimentally observed ferroelastic domain structures. [74,83]
The system was allowed to relax to reach the equilibrium configuration shown in Figure
3.1a. Evolution of the domain structure to a local minimum in the free energy of the film, F, was
described by the time-dependent Ginzburg-Landau equation [169,170]
,

,

.

3.1

where L is a constant kinetic parameter related to the domain wall mobility, and ij and Ei are the
strains and electric fields in the system, respectively. In Equation 3.1 the free energy of the film,
F, consists of contributions from the free energy of bulk, unstrained PZT; the elastic strain
energy; the electrostatic energy from electric dipole interactions; and the polarization gradient
energy. Each of these functions is expressed in terms of Pi,

, ij and Ei. The sixth-order

Landau polynomial for Pb(Zr0.2,Ti0.8)O3 with fitting coefficients, , measured by Haun, et al [99]
of
3.2
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was used to model the bulk free energy of the ferroelectric strain free PZT system with respect to
the cubic paraelectric phase.
The ferroelectric transition causes a spontaneous, stress-free strain in the crystal
structure,

, of [107]
,

3.3

where Qijkl is the electrostrictive constants tensor. Elastic energy associated with this strain is
included in the model as [63]
3.4
where ij is the elastic stress in the film and

is the sum of elastic and spontaneous strains in the

system. Elastic stress and strain in the system are found by solving for the mechanical
equilibrium conditions

0 as described in References [63] and [97] using the elastic

property tensors reported by Haun, et al in Reference [99] for PZT. These equations are solved
with mixed boundary conditions of a stress free top surface of the film with

0 and no

displacement at the bottom of the simulation volume a few layers beneath the bottom of the thin
film. Including the substrate layers allows the substrate to elastically deform to accommodate the
domain structure in the ferroelectric film. At the bottom of the simulation volume the substrate is
assumed to be unperturbed and bulk-like. The substrate is modeled with the same elastic
coefficients as the thin film, but is assumed to be non-polarizable.
Electrostatic energy from the electric field, Ei, due to an applied field and the bound
charges distribution associated with polarization gradients in the film was modeled as
1
2
where κij is the background permittivity of PZT, [111]
and

1
2

3.5

is the permittivity of free space,

are the applied and depolarizing electric fields, respectively, [171] and Ei is the total local
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electric field. The electric depolarization fields in the film resulting from long-range dipole
interactions between polarization bound charges in the system was determined by solving the
Poisson equation,

, for the electrical potential, φ, and then finding the

electric field through the relationship

. Surfaces of the film in the simulation were

assumed to be in contact with ideally compensating electrodes, so that the value of the potential
was fixed at both film surfaces. At the substrate interface the potential was assumed to be zero
,

while on the film surface the potential was

. Additional surface effects in

the model, such as the formation of a dead-layer [172], were neglected and the electrodes were
assumed to fully compensate bound charges at the film surface.
Domain wall energy was included in the model via a gradient energy associated with
changes in the polarization order parameter of [63]
.

3.6

For simplicity and computational expediency, the domain wall energy was assumed to be
isotropic, reducing the gradient energy to
∑,

,

.

3.7

The gradient energy coefficient in this simulation was chosen to have a value of G1111 = 9.0x10-11
N m4 C-2, which produced a 90° domain wall width of 1 – 2 nm that was in good agreement with
experimentally measured domain wall widths for ferroelastic domains in constrained tetragonal
PZT thin films. [14,51]
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Figure 3.1 Switching Bias Around Ferroelastic Domain: (a) Phase field model of the domain
domain embedded in
structure in an epitaxial Pb(Zr0.2,Ti0.8)O3 thin film with a ferroelastic
a matrix domain with polarization P[001]. Nucleation bias was simulated along line A-B at the free
surface of the thin film. (b) Distribution of the nucleation biases near the domain. The
ferroelastic domain location is shown by the cross-hatched region indicated on the plot.
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3.2.2 Model System
The epitaxial Pb(Zr0.2,Ti0.8)O3 thin film was modeled on a regularly spaced 256

48

128 grid with a spacing between points, , of 1.0 nm. Equation 3.1 was solved using the
Fourier spectral method described in Reference [143] and a linear approximation to the time
derivative. The time step used in the solution, t = 1/(L|1|T=25° C) [110], was chosen to be 0.01 to
allow for rapid convergence of the solution. We assumed a temperature of 298 K for the
simulation and an isotropic background dielectric constant of 100. For completeness, we also
investigated thin films systems with dielectric constants between 10 and 500 and found no
qualitative changes in the behavior. Along the third dimension a film thickness of 96 nm was
used while the substrate thickness allowed to elastically relax was 14 nm. [63] The substrate was
assumed to create a coherency strain of -0.7%, representing partial relaxation of the lattice
matching strain between the SrTiO3 substrate and the PZT thin film. [69] This partial relaxation
of the strain was used since the simulated film is much thinner than the typical thickness required
for full stress relaxation. [68]

3.3 Results

3.3.1 Nucleation Bias
Switching using a small electrode tip was simulated using an applied bias modeled by a
Lorentz-like distribution of [88]
.

3.8

at the top surface of the thin film (Figure 3.1). In Equation 3.8  is the characteristic width of the
applied potential distribution, r is the distance from a point on the top of the film to the center of
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the electrode potential distribution and φ0 is the applied potential. Here, the electrode was
assumed to have a width of  = 10.0 nm in order to probe local properties of the thin film around
the embedded ferroelastic domain.
Ferroelectric switching in the film between

and

polarization states was

simulated by gradually increasing the applied bias using a step size of 0.37 mV until the
magnitude of the

component of the polarization directly beneath the tip became negative.

The resulting distribution of simulated nucleation biases along the line A-B is shown in Figure
3.1. Near the embedded ferroelastic domain the magnitude of the nucleation bias increased
towards the intersection of the domain with the free surface of the film. This gradual increase
was observed, however, only in the region above the embedded ferroelastic domain. On the other
side of the domain the nucleation bias was found to be similar to the result far from the
ferroelastic domain even close to the domain wall. Similar gradual changes in the film response
above the ferroelastic domain, but more rapid changes on the other side of the embedded
ferroelastic domain have also been observed experimentally [74] in piezoresponse force
microscopy measurements of thin film piezoelectric coefficients. These results suggest a strong
interaction between the applied electric field and the embedded ferroelastic domain.

3.3.2 Equilibrium Film State
To relate observed changes in nucleation bias to the film state around the ferroelastic
domain we plotted the local equilibrium polarization, elastic strain and depolarization electric
field with no applied electrical bias is plotted in Figure 3.2. The 90° domain walls were found to
coincide with charge neutral and elastically coherent 101 planes only near the film surface
(Figure 3.2a). Toward the substrate both domain walls tapered to form a wedge shaped domain
[173] due to the coherency strain applied by the substrate. Near the substrate the film is more
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constrained than near the stress-free surface, resulting in larger elastic strains, as shown in Figure
3.2a and Figure 3.2b. Since the difference in the in-plane lattice parameter between the substrate
and

domain [75] is larger than between the substrate and the

domain, a larger stress

magnitude is developed in the ferroelastic domain than in the surrounding matrix domain,
resulting in a decrease in the domain width near the substrate that reduces the local free energy.
Inclusion of the ferroelastic domain also led to an extended strain distribution and built-in electric
field around the domain as shown in Figure 3.2b – 3.2d. The ferroelastic domain is seen to
behave as an elastic inclusion in the thin film and leads to the formation of added compressive
strains both in the ferroelastic domain and in the immediate vicinity around the domain. Further,
the wedge shape of the domain removes the domain wall from the equilibrium 101 plane and
results in formation of bound charges at the interface and a strong depolarization field around the
ferroelastic domain. Larger in-plane compressive strains and depolarization electric fields were
observed in the region directly above the ferroelastic domain, overlapping with the region in
which the increased nucleation bias was observed. While these fields extend over a considerable
distance on the left side of the ferroelastic domain corresponding to the region with increased
nucleation bias, relatively rapid decreases to values similar to those far away from the ferroelastic
domain are observed on the right side of the domain.

3.4 Discussion

3.4.1 Calculation of the Analytic Thermodynamic Coercive Field
In order to relate the changes in the environment around the ferroelastic domains to the
changes in the simulated local nucleation bias, the theoretical thermodynamic coercive field at
each grid point around the ferroelastic domain was calculated. Here, the local thermodynamic
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Figure 3.2 Equilibrium State around Ferroelastic Domain: (a) Angular distribution of the
polarization projected onto the plane beneath the electrode tip. Arrows represent direction of
polarization. (b) In plane elastic strain 11 distribution. (c) Out of plane elastic strain 33
distribution. (d) Built-in out of plane electric field E3 with E0 = 1230 kV cm-1.
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coercive field is defined as the uniform electric field required to cause spontaneous switching of
the polarization of a hypothetical single domain thin film. In order to calculate the coercive
electric field we considered the Helmholtz free energy of a thin film with a uniform polarization.
Following References [97] and [169], the Helmholtz free energy, f, of the single domain thin film
is written as the sum of the contributions from only the Landau, electric and elastic free energies
of the film: [174]
,

,

.

3.9

In Equation 3.9 Ea is the applied out-of-plane electric field, flandau is the Landau polynomial from
Equation 3.2 and qijkl is the electrostrictive constant tensor and is related to the experimentally
measured tensor through

2

. [97] The out-of-plane strain state in this simple

thin film is determined by the mechanical boundary conditions described previously [97].
Surface charges were assumed to be completely compensated by the electrodes, eliminating the
depolarization field created by the termination of the polarization at free surfaces. For a thin film
with only a single domain the substrate was assumed to impose a coherency strain in the in-plane
x1 and x2 directions while the top surface of the thin film was assumed to be unconstrained so that
;

;

3.10

and
0.

3.11

The remaining strain components in the system were solved from the relationship
between the stress and free energy of [97]
2

.

From Equation 3.11 and the symmetries of the elastic stiffness tensor the shear stress
components, 13 and 23, are found to be

3.12
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3.13

2
for i = 1, 2, where the electrostrictive and elastic constants are expressed in Voigt notation.
Finally, the 33 component of the strain is found from the boundary condition on 33 to be
.

3.14

Substituting the thin film strains into the Helmholtz free energy in Equation 9 yields the total
energy expression for a constrained thin film.
Stability of the a polarization state to small perturbations at the local minimum is
determined from the signs of the eigenvalues of the Hessian matrix for the total free energy
defined as
,

,

.

3.15

At local minima the matrix H is positive definite, [175] and an energy barrier to polarization
switching is present in the system. Under a sufficiently large electric field the local minimum at
a polarization state P[001] disappears, and at least one eigenvalue of the Hessian matrix, H,
becomes non-positive for any polarization state with the

polar component greater than

zero. As a result, the thermodynamic coercive field is redefined simply as the minimum electric
field necessary to cause an eigenvalue of the Hessian matrix at the energy minimum around the
polarization

to become non-positive. At this applied field the polarization is not stable and

spontaneously switches. [176] For each point along the top surface of the simulated thin film the
coercive field was calculated for a single domain thin film with the local strain state and in-plane
electric field calculated for the equilibrium domain structure determined from the phase field
model. The built-in out of plane depolarization field was used to offset the coercive field since
this depolarization field must also be overcome to produce ferroelectric switching. Figure 3.3
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Figure 3.3 Electric Field and Total Strain at the Film Surface: Equilibrium state around
ferroelastic domain under the electrode center-line (a) Built-in in-plane electric field along the x1
direction (solid blue line) and out of plane electric field (dashed red line). The built-in electric
field along the x2 direction is zero everywhere. (b) Strain state 11 (solid blue line) and 33
(dashed red line). The strain state 22 is uniformly -0.7%. The reference electric field, E0, is 1230
kV cm-1.
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shows the state of the film at the top surface beneath the electrode tip used to determine the
thermodynamic coercive field.

3.4.2 Analytic Coercive Field Results
Thermodynamic coercive fields calculated along the top surface of the film from the
equilibrium domain configuration are shown in Figure 3.4. These coercive fields follow the same
trends at those found with the phase field model. Near the intersection of the ferroelastic domain
with the surface of the film the nucleation bias increased, with the gradual increase in the
magnitude of the nucleation bias observed on the left side of the ferroelastic domain and a rapid
return to biases similar to those far from the ferroelastic domain observed on the right side of the
domain. The asymmetric response is consistent both with the phase field simulations and
previously reported experimental results. [74] In order to isolate contributions to the
thermodynamic coercive field, coercive fields calculated neglecting the built-in electric field
around the domain and calculated neglecting the inhomogeneous strain field around the domain
by assuming that everywhere the strain between the substrate and cubic PZT was zero are also
plotted in Figure 3.4. For reference, without either a built-in field or non-zero compressive
coherency strain switching was found to require a local electric field of -589.3 kV cm-1 (-0.525
E0). All three curves show that the magnitude of the coercive field increases on the left side,
above the embedded ferroelastic domain. These calculations show that by only considering the
local strains the magnitude and distribution of the total thermodynamic coercive field around the
ferroelastic domain is nearly reproduced, as shown in Figure 3.4. A similar consideration of only
the depolarization field underestimates the required switching bias and does not reproduce the
observed distribution around the ferroelastic domain, indicating the compressive elastic strain
distribution around the ferroelastic domain is largely responsible for the increased nucleation
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Figure 3.4 Calculated Thermodynamic Coercive Field: Thermodynamic coercive field
calculated as described in the text. The coercive fields based on both the local strain and electric
field (solid, black line), only the strain (dashed, red line), and only the electric field (dot-dash,
blue line) are shown. The reference electric field, E0, is 1230 kV cm-1. The coercive field for the
ferroelastic domain in the cross-hatched region was not calculated.
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bias. This result indicates that 180° domain nucleation may occur most readily at ferroelastic
domain boundaries as previously reported both because of the decreased barrier to switching due
to the increased electrostatic energy at the boundary [88] and also as a result of an increased
barrier to switching near the domain due to the inhomogeneous strains introduced in the
immediate vicinity of the ferroelastic domain. Further, since large elastic strains are directly
associated with ferroelastic domains in most ferroelectric systems, this increase in nucleation bias
near ferroelastic domain walls is likely a general behavior in many ferroelectric systems.
The Helmholtz free energy profiles of the film as the function of the polarization at
various positions on the film surface with no applied electric field, plotted in Figure 3.5a and
Figure 3.5b, confirm that the additional compressive 11 strain near the ferroelastic domain
increases the nucleation bias by increasing the energy barrier to switching from

to

.

For comparison, Figure 3.5c shows the corresponding energy landscape for a relaxed thin film
with no coherency strain. At larger compressive in-plane strains the energy profile around the
domain becomes deeper and more narrow, increasing the barrier to switching. In systems
with smaller biaxial strains the energy barrier to ferroelectric switching is decreased both by the
decreased depth of the minimum in the free energy around the

polarization with respect to

the cubic reference state and by the creation of a lower energy pathway for switching through a
polarization state for some value of  as seen in Figure 3.5c. This leads to switching by
successive 90° switching, in agreement with experimental results for bulk systems. [177]
However, large biaxial coherency strains increase the energy of these saddle points, reducing the
favorability of the low energy switching pathway (Figure 3.5a). At large compressive strains,
such as those in Figure 3.5a, the saddle points have nearly the same energy as the zero
polarization state and the ability of the film to find a lower energy pathway through 90° switching
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Figure 3.5 Free Energy Profiles of Film around Ferroelastic Domain: Helmholtz free energy
distribution determined from Equation 3.9 using the local strain and built-in field state at the
surface of the thin film (a) at 10 nm and (b) at 50 nm from the left edge of the ferroelastic
domain. (c) Helmholtz free energy of film with no coherency strain between cubic phase and
substrate. The energy landscape is also plotted as a contour plot below each surface. The color
bar corresponds to the vertical axis of the Figure and ranges from -0.6 to 0.25 in arbitrary energy
units.
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is reduced so that the switching path may become direct 180° switching as observed in PZT thin
films with ferroelastic domains. [14]

3.4.3 Piezoelectric Response and Dielectric Permittivity Around Ferroelastic Domains
We also investigated the effect of an isolated ferroelastic domain on the converse
piezoelectric response, d33, and the relative dielectric permittivity, r. The responses were
simulated at low biases by slowly increasing the applied electric potential and plotting the
spontaneous strain,

, and dielectric displacement

as functions of the calculated

electric field in the film directly beneath the electrode. The converse piezoelectric effect constant
and relative dielectric constant were determined from the nearly linear responses of the film in the
low bias region of the response curve. Figure 3.6a and Figure 3.6b show the response of the
system at subcritical fields for several electrode positions. Calculated results for piezoelectric and
dielectric coefficients, shown in Figure 3.6c and Figure 3.6d , agree quantitatively with the range
of piezoelectric coefficients [22,178] and dielectric constants [179] measured experimentally in
poled PZT thin films or in films with immobile ferroelastic domains.
Directly above the embedded ferroelastic domain a clear reduction in the thin film
piezoelectric and dielectric responses occurs, as shown in Figure 3.6. Decreases in the responses
are similar for both the piezoelectric effect and dielectric constant, but are asymmetric around the
embedded domain. While a gradual decrease in the film response is observed on the left side of
the domain directly above the embedded domains, the response is found to recover to values
similar to those far from the ferroelastic domain at a small distance from the domain wall on the
right side of the domain. This reduction in response around the domain can be understood from
the shape of the energy landscapes in Figure 3.5. Near the ferroelastic domain more compressive
11 strains increase the curvature of the energy landscape around the minimum corresponding to a
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Figure 3.6 Dielectric and Piezoelectric Response around Ferroelastic Domain: (a) Total
strain and (b) electrical displacement under the electrode at a series of electrode positions. The
(c) piezoelectric and (d) dielectric responses of the thin film calculated at each electrode. The
error bars in (c) and (d) represent the standard error of the linear fitting coefficients for fittings to
the low field responses in (a) and (b), respectively.
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polarization state. Moderate electric fields as a result induce a smaller change in the
polarization state here than further from the domain where the in-plane 11 strain is more tensile
(Figure 3.2b) and the curvature of the energy landscape at the local minimum is reduced. As
noted above, the strains around the ferroelastic domain decrease less rapidly in the region above
the domain than on the other side of the domain, where they approach values similar to those
away from the ferroelastic domain even near the edge of the ferroelastic domain. This results in
the asymmetry of the observed piezoelectric and dielectric permittivity responses. These results
indicate that reductions in the piezoelectric response around ferroelastic domains [74] are likely
the result of reductions in the intrinsic response around the domain.

3.5 Summary
Our results show embedded ferroelastic domains increase the nucleation bias for
switching and reduce the intrinsic piezoelectric and dielectric responses in Pb(Zr0.2,Ti0.8)O3 thin
films over a wide spatial range around the ferroelastic domain. Built-in, long-range strains
introduced by the ferroelastic domain are found to modify the local free energy by introducing
relatively compressive elastic strains and increasing the energy barrier to ferroelectric switching
in the surrounding

domain. We identified that the increased nucleation bias was

distributed asymmetrically around the ferroelastic domain with a gradual change observed in the
region above the ferroelastic domain and a more abrupt change observed on the other side of the
domain. These changes closely mirrored the strain state around the domain obtained from the
phase field model. Such strains may play an even larger role in ferroelectric thin films that
possess significant conductivity due to high carrier or defect concentrations where the electric
fields around the embedded domain may be compensated by free charges in the film. Long-range
strain fields around ferroelastic domains may also have a significant impact on the design of
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ferroelectric thin film devices such as ferroelectric random access memories or
microelectromechanical devices [180] where the changes in the local properties of the thin film
may negatively affect the performance of the devices.

Chapter 4
Phase Field Simulation of Charged Interface Formation during Ferroelectric
Switching

4.1 Introduction
Complete switching of the polarization state is critical to a number of thin film
ferroelectric applications. Reorienting the polarization in a ferroelectric crystal generally requires
significant domain wall motion and in systems with only limited domain wall mobility a reduced
switchable component of the polarization has been reported. [22] In perovskite ferroelectric thin
films domain wall motion of 180° domains has been widely reported to be inhibited by the
existence of various defects in the film such as dislocations, [15,79,181] free charge
carriers, [117,118,182] or grain boundaries [183] around the domain wall structure, which are
able to locally pin domain walls through elastic interactions or screening of applied electric fields.
With recent advancements in the quality of epitaxial thin films concentrations of these defects can
be greatly reduced in epitaxial Pb(Zr0.2,Ti0.8)O3 (PZT) thin films, but above a critical thickness of
100 nm ferroelastic domains with a polarization rotated by 90° form dense domain structures to
reduce elastic coherency strain in the film. [67,90] As a result, understanding the behavior of
domains in ferroelectric thin films is essential to the development of ferroelectrics in
microelectronic applications.
Several studies have investigated the effects of ferroelastic domain structures on the
ability to switch the polarization in epitaxial PZT thin films and have shown that these domains
play an essential role. [14,22,24,66,81,90,184,185] For example, preexisting ferroelastic domains
in epitaxial PZT films are commonly immobile in constrained thin films [74,79,186] and inhibit
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complete ferroelectric switching when the film is poled. [14,24,90] Substantial increases in the
remnant polarization and dielectric response can be achieved by increasing the mobility of these
domains [22,66,185] or removing them entirely. [85] Internal ferroelastic domains further
degrade performance of ferroelectric devices by decreasing the stability of switched domains.
Rapid back switching of written domains to the original domain configuration has been observed
to begin near ferroelastic domain walls in PZT thin films. [81]
The mechanism by which preexisting ferroelastic domains reduce the stability of written
domain structures in PZT thin films remains unclear, however. Several studies have suggested
that trapping of point defect dipoles around ferroelastic domains creates a built-in electric field
that reduces the coercive field to back switching. [85,117,187] Quenching a random dipole
structure in BiFeO3 thin films has been shown to reduce back switching of ferroelectric domain
structures. [117,185] Other studies have indicated that back switching around 90° domain
structures in tetragonal PZT is the result of depolarization fields created by incomplete switching
of preexisting ferroelastic domains. [81,188] These depolarization fields are thought to be
generated by the formation of charged 90° domain walls between switched domains and
preexisting ferroelastic domain walls. No charged domain walls, however, were directly
observed in these studies since only surface sensitive techniques were used. [81]
Gao, et al [14] used high resolution transmission electron microscopy to observe in situ
ferroelectric switching around an embedded ferroelastic domain and showed that, in contrast to
previous results, charged 90° domain walls formed during the switching process and remained
stable once the applied electric field was removed. Tan and Shang [80] showed similar charged
90° domain walls between ferroelastic domains were stabilized during in-plane switching of
PMN-PT bulk crystals through creation of partial dislocations at the charged interface. Once
stabilized by dislocations, the charged interfaces did not lead to immediate back switching in the
thin film. Switching behaviors in these films, however, appeared to be strongly influenced by the
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presence of dislocations and the switching behavior in thin films free of dislocations remains
largely unexplored.
Ferroelectric switching behavior around preexisting ferroelastic domains in thin films
free of elastic defects such as threading dislocations remains an open area for investigation. In
this chapter phase field modeling of switching around an embedded ferroelastic domain using an
inhomogeneous electric field is reported. Formation of transient charged domain walls is
observed during ferroelectric switching around an immobile ferroelastic domain in a
Pb(Zr0.2,Ti0.8)O3 epitaxial thin film. Charged domain walls are found to persist over a range of
applied biases and therefore inhibit complete switching through the thickness of the film. It is
demonstrated that the relative stability of charged 90° domain walls during switching is the result
of the reduction in electrostatic energy at the domain wall associated with broadening of the
charge distribution at the interface. This reduces the local depolarization electric field and results
in a partially stabilized domain wall. These results help explain back switching caused by
incompletely switched 90° domains [81] and have implications for the role high-energy, charged
domain interfaces have in the switching dynamics of ferroelectric thin films.

4.2 Methods

4.2.1 Phase Field Model
Evolution of the ferroelectric domain structures during switching was modeled in an
epitaxial, (001)-oriented Pb(Zr0.2,Ti0.8)O3 thin film using a phase field approach. [97,110,119]
Polar domains in the system were described using a continuous vector field representing the three
principle components of polarization in the system. Evolution of this vector field with time, t,
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during ferroelectric switching was modeled by solving the time dependent Ginzburg-Landau
equations [63,97,120]
,

4.1

which evolve the components of the polarization, Pi, toward the minimum in the free energy of
the thin film, F, with respect to the distribution of polarization in the film. In Equation 4.1 L is a
kinetic coefficient related to the domain wall mobility of the system. Ferroelectric domain
structures were modeled in a coherent thin film on a thick substrate that was allowed to relax for a
short distance beneath the thin film. [63] Allowing the substrate to partially relax is necessary to
accommodate the domain structure in the thin film. A short distance from the film interface, the
substrate was assumed to reach a bulk, unperturbed state. The system was also assumed to be
much larger in lateral extent than in thickness and as a result periodic boundary conditions were
used in the two in plane directions while specific boundary conditions were used in the out of
plane direction.
Total free energy in Equation 4.1 consisted of four contributions to the free energy
density, the bulk free energy, fbulk; the gradient energy, fgradient; the electrostatic interaction energy,
felectric; and the elastic interaction energy, felastic, integrated over the volume of the film, V:
.

4.2

The bulk free energy density was used to describe the local energy of the stress free crystal using
the sixth order Landau polynomial
4.3
with the phenomenological coefficients i, ij, and ijk measured by Haun, et al. [99] Repeated
indices in Equation 4.3 indicate summation over the repeated indices. The energy of domain
walls in the system was described by the gradient energy related to the derivates of the local
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polarization. For simplicity the gradient energy was assumed to be isotropic, [189,190] leading to
the expression for gradient energy of
4.4

.
Interactions between electric dipoles around bound charges in the system lead to the
electrostatic energy density in the system [171,191]
.

4.5

where the electric field is separated into contributions from the applied electric field,
depolarizing electric field,

, and the

, created by bound charges around the polarization distribution.

The total electric field, Ei, is the sum of both contributions. In Equation 4.5 0 is the permittivity
of free space andij is the background dielectric constant of PZT, [111] which is assumed here to
be isotropic and have a value of 100. Electric fields around bound charges caused by changes in
the simulation are determined in this model by first solving the Poisson equation,
, for the electric potential, φ, and then using the relationship

,

. For simplicity, fully

compensating electrodes with negligible screening lengths were assumed so that boundary
conditions for the Poisson equation fixed the potential at both surfaces of the film.
Elastic strain energy introduced by the spontaneous deformation associated with the
ferroelectric transition was described using the expression [63,109]
1
2
where

is the total local strain in the thin film and

4.6
is the spontaneous non-elastic strain due

to the ferroelectric transformation. The spontaneous strain is related to the electrostrictive effect
in the ferroelectric and is defined as a function of the spontaneous polarization as [107]
where

is the electrostrictive coefficient tensor. [99] Both total strain and

spontaneous strain are defined with the cubic paraelectric phase as a reference. Strain fields
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created by spontaneous deformations in the system were found by solving the mechanical
equilibrium equations

0 where

is the elastic stiffness tensor. [63,119]

To model the coherent thin film the out of plane components of the stress were assumed to be
zero at the top surface of the thin film while the mechanical displacement was assumed to be zero
at the bottom of the substrate volume included in the simulation to model. Solution of the
mechanical equilibrium problem in thin films is described in more depth in previous publications.
[63,97]

4.2.2 Model Setup
The ferroelectric thin film was modeled on a discreet grid of size 256 × 48 × 128
with a regular spacing between grid points, , of 1.0 nm. Film thickness was assumed to be 96
nm with a 14 nm thickness of substrate allowed to elastically relax. This substrate thickness has
been shown to be sufficiently large to ensure the elastic constraints on the substrate imposed by
the boundary conditions do not significantly alter the domain structure in the ferroelectric thin
film. [63] An average compressive strain of -0.7% was assumed to be applied by the substrate to
represent partial relaxation of the compressive coherency strain imposed on a PZT thin film by a
SrTiO3 substrate through misfit dislocation formation. [73] Strain fields around these
dislocations, however, were not explicitly considered in the model for simplicity.
Distributions of the polarization components in the system were evolved by solving
Equation 4.1 using the forward Euler approximation for the temporal derivative and the semiimplicit Fourier-Spectral method described in References [63,110,143] with the thin film
boundary conditions described above. For the solution the gradient energy coefficient, Gij, in
Equation 4.4 was assumed to be 9.0x10-11 N m4 C-2, which produced a 90° domain wall width of 1
– 2 nm and was in reasonable agreement with experimental observations. [14,49,51] A time step

94
of ∆ /

0.01 was used, where

| |

°

, that ensured the system remained stable,

but was large enough to allow the domain structure to quickly evolve toward equilibrium. To
simulate switching around an isolated ferroelastic domain a film with the polarization primarily
out of the plane of the film and a single ferroelastic domain with the polarization in the plane of
the film was considered. This domain structure was evolved with no applied potential until
equilibrium was reached with respect to the domain structure in the thin film. The stable domain
configuration is shown schematically in Figure 4.1a.

4.3 Results
Dynamic switching behavior around an embedded ferroelastic domain was modeled with
an applied electric field created by fixing the applied potential at the top surface of the thin film
while the potential at the bottom surface was held at zero. Here, a Lorentz-like distribution of the
applied potential,

, with the form
4.7

was used to model switching under a small electrode tip (see Figure 4.1a). In Equation 4.7 r
describes the distance between the center of the applied potential distribution and a point on the
thin film surface and  describes the width of the applied potential distribution and was assumed
to have a value of 10.0 nm. Initial stages of switching were simulated through application of a
potential at the top surface of the thin film that increased from 0 V to 3.0 V in increments of 37
mV. This small increment was chosen to ensure the potential in the system changed smoothly.
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Figure 4.1 Formation of Head-to-Head Domain Wall During Switching: Chronological series
of images showing initial stages of switching around embedded domain as the applied potential
was increased from 0 V to 3.0 V. (a) The initial domain configuration contains an embedded
domain within a
domain. The marked box indicates the regions plotted in (b) – (d).
beneath the electrode occurs at 2.5 V. (c)
(b) Nucleation and initial forward growth of a
As the potential is increased to 2.8 V the switched domain forms a charged 90° domain wall that
(d) broadens as the potential is further increased to 3.0 V.
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4.3.1 Formation of Charged 90° Domain Wall
Phase field simulations show ferroelectric switching occurs directly underneath the
electrode where the electric field is strongest (Figure 4.1), not near the ferroelastic domain wall,
which has been reported to behave as a heterogeneous nucleation site for local switching. [88]
Initial growth of the switched region occurred through elongation of the needle shaped domain
with little lateral expansion in order to minimize the bound charge around the new domain. Once
the

domain reached the stationary ferroelastic domain, however, rapid forward growth was

arrested by formation of a positively charged head-to-head domain wall with the existing
ferroelastic domain. This stationary ferroelastic domain acted as a persistent obstacle to
continued forward switching through the film and the charged domain wall was observed to be
stable over a small range of biases. Continued switching through the thickness of the thin film
either by removal of the ferroelastic domain [66,192] or 180° switching of the ferroelastic
domain [14] was not observed here at moderate biases. Rather, at moderate biases ferroelectric
switching in the thin film continued by lateral growth of the switched domain as the applied bias
was increased, expanding the interfacial area of the charged domain wall interface.

4.3.2 Polarization Structure around Charged 90° Domain Wall
Previous work has shown that a saw-tooth domain structure with interlaced fingers of
and

domains form to reduce the charge at the interface. This structure has been

reported to locally establish more nearly head-to-tail domain walls and distribute the total bound
charge in the system. [186] Here, however, the head-to-head interface appears to remain straight,
likely due to the high gradient energy that would be associated with forming a saw-tooth domain
structure. The shape and orientation of the preexisting ferroelastic domain also does not change
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significantly during the switching process and the domain wall remains oriented primarily along
the (101) plane. Restructuring of the domain wall is expected to be unlikely due to the large
elastic strain energy associated with bending the domain wall away from the (101) plane that
forms a mechanically compatible interface between the

and

domains. Lack of

relaxations in the domain structure to accommodate local electric fields, however, contrasts with
some previous simulations of BiFeO3 thin films showing domain wall twisting in ferroelectric
thin films occurred to reduce the energy associated with depolarization fields within the
film. [193]
To investigate changes to the domain wall structure around the head-to-head charged
domain wall, the magnitude of the polarization and projection of the polarization onto the plane
directly beneath the electrode were calculated and are shown in Figure 4.2. Figure 4.2a shows
that prior to formation of the head-to-head domain wall both 90° ferroelastic domain walls in the
system are sharp and the transition between the

and

domains occurs over 1 – 2 nm

with the polarization perpendicular to the domain wall plane at the center of the wall. This
transition over a small number of unit cells is consistent with experimental observations of similar
domain walls in PZT thin films. [49–51] Once the head-to-head domain wall forms, however, the
structure of the 90° ferroelastic domain wall in the simulation becomes more diffuse than the
surrounding head-to-tail ferroelastic domain walls (Figure 4.2b). Expanded views of both the
charged head-to-head and uncharged head-to-tail domain wall structures are shown in Figures
4.2c and 4.2d, respectively. The structure of the head-to-tail domain wall remains unchanged
during switching at moderate applied electric fields. In contrast, the polarization direction in the
head-to-head domain wall rotates gradually between

and

polarizations so that the

polarization at the center of the domain wall is along the unit cell body diagonal and is parallel to
the domain wall plane. This transition is also seen to occur over a diffuse domain wall region.

98

Figure 4.2 Structure of Head-to-Head Domain Wall: (a) Domain structure beneath electrode
domain growth. Polarization magnitude is indicated by the color
tip during initial stages of
and the polarization direction projected onto the image is shown by the arrow directions. (b)
Formation of the head-to-head 90° domain wall results in a broad interface. Image height in (a)
and (b) is 60 nm. (c) Expanded view of charged domain wall corresponding to the region
indicated by box 1 in (b). (d) Expanded view of uncharged domain wall corresponding to the
region indicated by box 2 in (b). Image height in (c) and (d) is 17 nm. Line traces along (e) the
line indicated in box 1 in (b) and (f) the line indicated in box 2 in (b). Shown are the projected
polarization along the (101) plane (black squares), normal to the (101) plane (green circles), and
the polarization magnitude.
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Line traces across the domain wall of the polarization components normal and transverse
to the domain wall plane show that the component of the polarization transverse to the domain
wall remains nearly constant across the charged head-to-head 90° domain wall while the normal
component changes sign across the domain boundary (Figure 4.2e). Only a slight increase in the
magnitude of the transverse polarization is also observed across the charged boundary so that the
net magnitude of the polarization decreases less dramatically at the charged domain wall than the
charge neutral domain walls, suggesting that the polarization rotated to along the body diagonal
of the unit cell is a lower energy configuration than a suppressed or randomized polarization state.
Similarly rotated polarization has been previously observed in constrained, tetragonal PZT thin
films, [82,129] clearly showing that the

state is an energetically accessible polarization in

some thin films. Transition between the domains on either side of the charged wall occurs over a
distance of 5 – 6 nm, which corresponds to approximately 10 – 12 unit cells. [48] The
polarization distribution observed at the charged 90° domain wall is considerably different than
predicted equilibrium domain structures where a constant normal polarization component is
required to produce a charge neutral domain wall. Similarly diffuse transitions regions between
domains that form charged domain walls have been reported in high resolution transmission
electron microscopy (HRTEM) of charged domain walls either in as-grown thin films [51] or
that form during ferroelastic switching. [14,186]

4.4 Discussion

4.4.1 Local Depolarizing Electric Fields
Stability of the charged domain wall to further ferroelectric switching was investigated by
calculating the induced electric fields and associated electrostatic energy around the domain
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structure both before and after formation of the charged head-to-head domain wall. Prior to
formation of the charged domain wall, large depolarization fields are present around the switched
ferroelastic domain due to the bound charges around the 180° domain wall, as shown in Figure
4.3. Figures 4.3a and 4.3c show that strong fields exist below the switched domain in the out-ofplane direction of the film and on either lateral side of the switched domain in the in-plane film
dimension. Formation of the charged head-to-head domain wall, however, reduces the internal
electric fields compared to the head-to-head 180° domain boundary, as shown in Figures 4.3b and
4.3d. The largest changes occurred in the out-of-plane depolarization fields around the bottom of
the

domain, which both decreased in magnitude after formation of the charged domain

wall and changed sign. Similar, but smaller, reductions in the magnitude of the in-plane
component of the depolarization field around the lateral side of the switched domain also
occurred, but after formation of the charged domain wall an increased depolarization field was
created in the preexisting

domain due to bound charges at the head-to-head interface. The

observed reductions in the depolarization field around the

domain structure, however, may

explain the stability of the domain structure during switching at moderate biases.
The electrostatic energy density around the switching domain structure both before and
after formation of the charged domain wall are plotted in Figures 4.3e and 4.3f, respectively.
Removal of part of the depolarizing electric field through formation of the charged domain wall
reduced the electrostatic energy density around the charged 90° domain wall compared to the
charged 180° domain wall. Large reductions in the energy density occurred where the out of
plane depolarization field was removed as described previously. In contrast, increases in the
electrostatic energy density occurred within the ferroelastic domain adjacent to the switched
domain through formation of a modest depolarization field. Investigation of the net
change in the electrostatic energy density showed, however, that the total electrostatic energy
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Figure 4.3 Electric Fields and Electrostatic Energy Density: (a),(b) In-plane electric fields
around the domain structure underneath electrode tip before and after formation of the 90°
charged domain wall, respectively. (c),(d) Out-of-plane electric fields around the domain
structures before and after formation of the 90° charged domain wall, respectively. (e),(f)
Electrostatic energy density before and after formation of the 90° charged domain wall,
respectively.
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around the domain structure decreased due to these changes in the depolarization fields.
Reductions in the energy are also partially due to the fact that formation of charged 90°
domain walls moves the charged wall plane form the (001) plane to the (101) plane [52] and
therefore reduces the total bound charge at the domain boundary. To qualitatively explain this
change we note that for the 180° domain boundary the change in the normal polarization at the
charged wall is 2

where

is the spontaneous polarization in the system. When the wall is

rotated by 45°, however, the change in the component of the polarization normal to the domain
wall is reduced to 2

, representing a large decrease in the charge at the domain wall of

0.585 . [14] Additional reductions in the electrostatic energy may also result from the
considerable broadening of the charged 90° domain wall in response to the bound charge that
distributes the charge over a wider area, contributing to the reduced depolarization fields
observed.

4.3.2 Stresses around Charged 90° Domain Wall
While the depolarization fields are accommodated at the charged 90° domain wall,
additional elastic stresses were formed at the boundary to accommodate the broadened domain
wall. Figure 4.4 shows that the in-plane and out-of-plane components of the dilatational stress
are increased at the charged domain wall compared to the uncharged 90° domain wall. The
largest increases in the in plane 11 component of the stress (Figures 4.4a and 4.4b) occurred in
the broadened domain wall where the magnitude of the polarization along the body diagonal was
largest, indicating the broadened domain wall and gradual rotation of the polarization across the
wall reduces the elastic compatibility predicted for a sharp 90° domain wall on the (101)
plane. [52] In contrast, the out of plane 33 component of the stress at the center of the
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Figure 4.4 Stress State around Domains: (a),(b) In plane stress 11 around domain structure
underneath electrode tip before and after formation of the 90° charged domain wall, respectively.
(c),(d) Out of plane stress 33 before and after formation of the 90° charged domain wall in
arbitrary units, respectively.
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charged domain boundary is reduced compared to the uncharged ferroelastic domain boundaries
as shown in Figures 4.4c and 4.4d. This stress, however, remained elevated at the edges of the
charged domain boundary. Along with the increased 11 stress, the elevated stress at the edges of
the charged domain boundary indicate that while the domain wall broadening reduced the
electrostatic energy of the system, it increased the overall local elastic energy density.
We next investigated the stability of the charged domain wall to back switching since
these charged domain walls are implicated in the instability of written domain structures in PZT
films. When the applied electric field was removed the charged domain wall gradually switched
back to the original domain configuration, as shown in Figure 4.5. As the domain structure
relaxed the switched domain was observed to shrink in lateral extent and preserve the charged
domain wall until the switched domain was nearly removed. As a result, it is concluded that the
broadened wall created during switching is intrinsically not stable without the applied electric
field. This behavior is likely due to the reduced electrostatic energy density (Figure 4.3) and
increased stresses around the charged 90° domain wall. Formation of a charged 180° domain
wall created by directly removing the charged 90° domain wall would require formation of strong
depolarizing electric fields during back switching. Rather, back switching appears to be driven
by reduction of the elastic stresses created by the broad domain wall around the switched domain.
Figure 4.5 shows the domain retreats from the edge of the charged domain wall where the stresses
11 and 33 were found to be largest (Figure 4.4), indicating elastic stress reduction is most likely
the primary driving force for polarization back switching at charged domain walls.
Persistent charged 90° domain walls that have been previously reported [14] were likely
stabilized by elastic stress fields around defects such as oxygen vacancies or internal
dislocations, [194,195] which have been shown to inhibit domain wall motion [15,79] and could
reasonably compensate for stresses around the charged domain wall. Point defects such as
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Figure 4.5 Reverse Switching of Head-to-Head Domain Wall: Chronological series of images
showing domain evolution when the applied potential is removed starting from the structure in
Figure 4.1d. (a) Initial structure. (b) – (d) Domain structure after 4 000, 7 000 and 10 000 time
steps, respectively.
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oxygen vacancies have also been reported to occur with charged domain walls and screen local
bound charges, further increasing the stability of the charged domain wall. [195] Without a
similar stabilization mechanism present in the simulation, however, back switching readily
occurred at the charged ferroelastic domain walls. This tendency for back switching without an
additional stabilizer may explain previously reported instability of written domain structures in
PZT thin films. [81]

4.4.3 Continued Switching around Ferroelastic Domain
Ferroelectric switching through the preexisting ferroelastic domain continued only at
higher applied biases via 180° switching of the ferroelastic domain, as shown in Figure 4.6.
These results show that immobile ferroelastic domain walls strongly inhibit motion of 180°
ferroelectric domain walls through the system, in agreement with previous experimental results.
[14,24,81,186] As the applied bias was increased, however, the depolarization field at the upper
edge of the charged 90° domain wall increased until local nucleation of a switched ferroelastic
domain occurred (Figure 4.6a), forming a new 180° charged domain wall that rapidly
progressed through the existing ferroelastic domain. Formation of the
removed the charged interface between the

and

domain also

domains and resulted in formation

of a narrow, charge neutral 90° domain wall typical of a mechanically and electrically compatible
90° interface. As the

domain reached the existing

domain, switching again abruptly

stopped and a new charged 90° domain wall was created (Figure 4.6b). Further switching
occurred by coupled lateral expansion of the

and

domains to the free surface of the

thin film (Figure 4.6c). This clearly shows that throughout the system ferroelastic domain
boundaries inhibit 180° domain wall motion and readily form partially stabilized charged
interfaces.
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Figure 4.6 180° Switching of Preexisting Ferroelastic Domain: Chronological series of images
showing domain evolution as the voltage is increased from 3.0 V to 7.4 V starting from the
ferroelastic domain is
structure in Figure 4.1d. (a) As the voltage is increased to 3.7 V a
nucleated. The boxed region in (a) indicates the plotted region in (b) – (d). (b) The applied
domain grows to the edge of the
potential is increased to 3.9 V and the switched
preexisting
and stops. (c) As the applied potential is increased to 4.4 V the
expands
to the free surface of the thin film. (d) When the applied potential is increased to 7.4 V a
domain is nucleated and grows.
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Figure 4.7 Structure around Switched Ferroelastic Domains: (a) Domain structure around
ferroelastic domain showing the formation of a narrow 90° domain wall.
switched
Polarization magnitude is indicated by the color and the polarization direction projected onto the
plane beneath the electrode tip is shown by the arrow directions. (b) Broad domain wall formed
and
domains during switching.
at intersection between
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Continued 180° switching through the film required nucleation of a new

domain at

a higher bias that then extended vertically through the thin film with limited lateral expansion of
the domain (Figure 4.6d). This switching sequence shows that formation of depolarizing electric
fields at the charged ferroelastic domain wall is essential to switching around preexisting
ferroelastic domain walls. Switching is not observed to occur by nucleation of

domain on

either side of the ferroelastic domain followed by 180° switching of the ferroelastic domain in the
simulation as has been previously suggested. [186]
The polarization distribution around the charged domain walls formed during 180°
switching of the

ferroelastic domain are shown in Figure 4.7. When the

forms the initial diffuse domain wall between the

and

domain

domains is replaced with a

ferroelastic domain wall similar to the unperturbed domain walls around the preexisting
ferroelastic domain. The line trace of the polarization across the domain wall shows the transition
between domains occurs abruptly here over 1 – 2 nm. As the

domain extends laterally, the

charged domain wall on the top side of the ferroelastic domain is completely replaced by the
charge neutral domain wall. At the new charged domain wall another diffuse domain wall is
formed, with the polarization again rotated along the body diagonal at the domain wall. As
observed previously, the depolarization field at the charged domain wall was reduced by
formation of the 90° domain wall with the largest depolarization field existing at the bottom edge
of the charged domain wall. Nucleation of a switched

domain occurred at this edge of the

charged domain boundary. This result indicates formation of diffuse, charged domain boundaries
that inhibit further switching at moderate applied biases is common in ferroelectric switching
with non-uniform electric fields.
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4.5 Summary
In conclusion, using a phase field model it was shown that charged 90° domain
boundaries inhibit 180° domain wall motion and readily form during ferroelectric switching
around preexisting ferroelastic domains in ferroelectric Pb(Zr0.2,Ti0.8)O3 thin films. These domain
walls are broader than charge neutral 90° domain walls, transitioning gradually in PZT thin films
between the domain states across 5 – 6 nm compared to 1 – 2 nm for uncharged 90° domain
walls. Importantly, the distribution of the bound charge across the 90° domain wall substantially
reduces depolarization fields around the switched domain and this restructuring of the
polarization distribution lowers the local electrostatic energy density of the switched domain
structure. Continued forward switching in this domain structure was arrested and required
formation of an additional 180° charged domain wall and large depolarization fields in the thin
film. Switching past the charged domain wall could be induced with a sufficiently large applied
electric field, but charged ferroelastic domain walls may form at every preexisting ferroelastic
domain boundary in the thin film, resulting in numerous barriers to switching and potentially high
writing biases around the ferroelastic domain. Typical ferroelectric thin films such as Pb(Zrx,Ti1x)O3

and BiFeO3 often contain complex ferroelastic domain structures and, as a result, may be

very difficult to uniformly pole to a single domain state since the barrier to ferroelectric switching
created by formation of charged domain walls during switching may prevent uniform formation
of switched domains at moderate applied biases. Rather, charged interfaces formed during
writing are predicted here to lead to rapid back switching of the written domain structure as the
charged domain walls transition to uncharged configurations.

Chapter 5
First Order Morphological Transition of Ferroelastic Domains in
Ferroelectric Thin Films

5.1. Introduction
Materials in practical applications are generally structurally inhomogeneous and contain
mesoscale morphological structures such as domains, grains, or secondary phases that dictate
properties critical to optimizing performance. At small length scales and near free surfaces
mesoscale structures are known to undergo several types of morphological
transitions. [131,162,196–200] For example, in magnetic abrupt transitions between vortex
domains and single domains occur with decreasing particle size [196,197] and in thin films under
elastic stresses twin boundaries form above a critical thickness. [162,198] Similar transitions in
ferroelectric materials such as Pb(Zrx,Ti1-x)O3 are particularly interesting because of the
possibility of using these materials in miniaturized electronic devices such as non-volatile high
density random access memory. [6,10,201] Wang, et al. used a modeling approach to show that
nano-sized ferroelectric particles domain structures depend on the system size and transition from
a single domain to a more complex ferroelastic domain structure with decreasing aspect
ratio. [131]
Ferroelastic domain structures in tetragonal Pb(Zr0.2,Ti0.8)O3 PZT thin films are similarly
affected by geometric constraints. The fraction of these domains, for instance, has been reported
to decrease with film thickness [67,202] and coherency strain. [63,71,203,204]

Commonly,

ferroelastic domains in tetragonal PZT thin films on SrTiO3 (STO) substrates become pinned by
attractive elastic interactions with interfacial dislocations [78,79,205] that form during film
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growth to reduce the coherency strain. [65,75] Recently, high resolution transmission electron
microscopy (HRTEM) observations have shown the domain morphology around these interfacial
dislocations may change based on the local elastic conditions in the film. Ferroelastic domains in
very thin compressively strained films and in films with little compressive coherency strain are
observed to extend completely through the thin films. [67] This allows the 90° domain walls to lie
on {101} planes that are both elastically coherent [52] and charge neutral. Small, tapered
ferroelastic nano-domains, however, have been observed in thicker films around interfacial
dislocations. [59,67] In contrast to typical ferroelastic domains in thin films, these nano-domains
remain localized to within a few tens of nanometers of the substrate.
Ferroelastic domain configuration may have a disproportionately large impact on the thin
film switching behavior because of strong electromechanical coupling in ferroelectric thin
films. [87,206] In their investigation of the structure of static needle ferroelastic domains in bulk
PbTiO3 Novak, et al. showed the needle domains to be associated with extended stress field
distributions, [207] which would make the domain particularly active during switching. [82]
This study, however, did not account for the effect of the electric field around the needle domain.
In fact, motion of domain walls in response to an applied electric field is thought to contribute up
to 50% of the total response of a thin film [21,208,209] so that understanding their electrostatic
and stress fields along with the ferroelastic domain geometry is critical to building reliable
ferroelectric devices.
While both full ferroelastic domains extending completely to the thin film surface and
partial ferroelastic domain terminating in the thickness of the film have been observed in epitaxial
PZT thin films, the transition between the two with system geometry has not been previously
investigated. Here we use phase-field simulations and HRTEM observations to investigate the
morphology of ferroelastic domains associated with interfacial dislocations. We find the domain
geometry depends on the dimensions and elastic state of the thin film. Isolated ferroelastic
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domains are found to abruptly transition between typical full ferroelastic domains and nano-sized
partial domains with increasing film thicknesses or local coherency strain. These two domain
configurations have very different local electrostatic and elastic states. Partial domains in
particular are found to be associated with large built-in fields generated due to the inability of the
partial ferroelastic domains to form low energy boundaries with the surrounding domain. These
fields are largely absent around full domains. We also investigate the changes in the total free
energy of the system throughout the transition and show that the first derivative of the free energy
is discontinuous, demonstrating a first order morphological transition in the system. Changes in
the energy of the system between the domain configurations lead to hysteresis in the transition
thickness or strain state. Our results provide new insights into the interactions governing domain
morphologies in thin films. Large changes in the local state of the film along with the newly
observed hysteresis in the domain structure have the potential to strongly impact local switching
dynamics. Furthermore, this new understanding may illuminate the causes of other similar
ferroelastic domain structure transitions.

5.2. Methods

5.2.1 High Resolution Transmission Electron Microscopy
We prepared a thin film PZT sample to observe the structure of the ferroelastic domains
by growing a 50 nm thick epitaxial (001)-oriented PZT thin film on an STO substrate using
pulsed laser deposition at 600° C. Samples were prepared for microscopy by cross sectioning the
thin film and thinning the cross sections with mechanical polishing and argon ion milling to
electron transparency. Lattice images around ferroelastic domains in the sample were captured
using a spherical aberration (Cs) corrected FEI Titan (TEAM 0.5) microscope operating at 300kV.
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From these images specific atom positions were determined by fitting two dimensional Gaussian
peaks to an a priori perovskite unit cell for PZT. Polarization was calculated by measuring the
displacement of the Pb cations relative to the center of the surrounding Ti/Zr cation lattice. The
geometric phase analysis technique used here was performed using the free FRWRtools plug-in
for Digital Micrograph by Christopher Koch [210] based on the original work by Hytch et
al. [211,212] More details about image processing and determining polarization distributions can
be found in Reference [213] and references therein.

5.2.2 Phase Field Modeling
Phase field modeling [63,214,215]was used to characterize the morphological transition
between domain states. Equilibrium domain structures were determined by evolving the
polarization, P, through the time-dependent Ginzburg-Landau equation, [97]

,

5.1

with kinetic coefficient, L, to minimize the total free energy of the ferroelectric system, F, which
consist of contributions from the bulk free energy density, fbulk; the electric dipole interaction
energy density, felectric; the elastic strain energy density, felastic; and the polarization gradient energy
density, fgradient. Integrating over the film volume gives the total free energy as
,

,

,

,

5.2

Bulk free energy density of the system was modeled with the sixth-order Landau polynomial
developed by Haun et. al. [99] for stress free Pb(Zr0.2, Ti0.8)O3,
,
5.3
.
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In Equation 5.3 1 is the only one of the phenomenological constants dependent on the
temperature; 1depends linearly on temperature to reproduce the paraelectric to ferroelectric
transition. Specific values for the constants, , can be found in Ref. [99].
Electrostatic energy density was modeled by
,

.

5.4

In Equation 5.4 Ei represents the three components of the depolarizing electric field, 0 is the
permittivity of free space and ij represents the components of the relative background dielectric
constant, [216,217] which throughout the simulations was taken to be isotropic and have a value
of 10. For this system the only source of charge are gradients in the polarization distribution and
the electric field can be found by solving the Poisson equation,

,

,

. For simplicity,

grounded electrodes were assumed to fully compensate the bound charge on both the top and
bottom film surfaces, simulating a capacitor [110] with electrodes having a negligibly small
screening length.
Elastic energy density introduced by the non-elastic deformation of the system with
respect to the cubic parent phase, ij0, is
,

5.5

2

in Equation 5.5 Cijkl is the stiffness tensor of PZT and ij is the total strain tensor with respect to
the cubic phase. This spontaneous strain is related to the polarization through the electrostrictive
tensor, Qijkl, via
5.6
During the simulation the system was assumed to reach mechanical equilibrium quickly so that
system was in quasi-static mechanical equilibrium at every time step. As a result, the total strain
and stress, ij, were found by solving for mechanical equilibrium,

,

0, with thin film
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boundary conditions [63,97]. Biaxial coherency strain was added by imposing an average inplane strain in the film during the solution of this equation.
Dislocations were incorporated in the elastic energy framework based on their associated
non-elastic lattice distortions. Using the method described by Wang [218] and Hu [153]
eigenstrains of a dislocation loop having a Burger’s vector, b, and gliding along a plane with a
normal vector, n, was described by
,

5.7

where d0 is the spacing of the glide planes. In Equation 5.7 the eigenstrains of the dislocation are
included only on the portion of the glide plane within the dislocation loop; to model linear
interfacial dislocations the dislocation loops were extended from the dislocation core to beyond
the free surface of the film. [18] Including the eigenstrains in this way allows several dislocations
to be considered simultaneously by adding the eigenstrains associated with each to find the total
eigenstrains due to the set of dislocations,

,

∑

,

. Along with the eigenstrains due to the

spontaneous polarization (Equation 5.6), the total eigenstrains in the system are
∑

,

.
Domain wall energy in the system was included through the polarization gradient energy

density of
,

,

.

5.8

For the sake of simplicity the gradient energy coefficient tensor, Gijkl, was assumed to be
isotropic, which reduces the gradient energy expression to
,
,

,
,

,
,

,
,

,

5.9

.

For this simulation the value of G1111 value was chosen to be G1111/G110 = 0.3 in reduced units
where G110 is related to the grid spacing in the simulation, , through  = √(G110/0) where 0 =
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|1|T=25° C. For an assumed grid spacing of  = 0.5 nm, G110 = 4.1x10-11 C-2m4N. The timedependent Ginzburg Landau equation was iteratively evolved based on the total free energy of the
system with a semi-implicit Fourier spectral method. [119,143] Films were simulated on a quasitwo dimensional grid of 256 × 2 × 256 with periodic boundary conditions in the first two
dimensions and appropriate to thin films boundary conditions in the third dimension as described
above. To account for substrate deformation, a nonpolarizable layer 20 nm thick was allowed to
deform beneath the film/substrate interface. Additional vacuum buffer layers were included
above the film to prevent periodic images of the film from interacting. Since this solution method
remains stable even for relatively large time steps, a time step of t/t0 = 0.01, where t0 = 1/(0L),
was used to ensure the system reached equilibrium in a reasonable number of iterations.

5.3. Results and Discussion

5.3.1 Domain Morphology in Thin Films
Fully extended and partially extended nano-sized ferroelastic domains observed in a thin
film cross section prepared for HRTEM (Figure 5.1). In Figure 5.1a the region around the full
ferroelastic domain had been thinned to a reduced film thickness during the ion milling process.
This ferroelastic domain had a classic morphology with the domain walls parallel to {101} planes
and approximately a 90° rotation of the polarization axis across the boundary. In contrast, the
partial ferroelastic domain observed in the thicker film section (Figure 5.1b) remained localized
to within about 8 nm of the substrate and formed a tapered interface at the domain boundary.
This geometry is generally not considered an equilibrium structure, but agrees well with previous
observations of partial domains in thin film sections. [75] An interfacial dislocation was
observed near the substrate around both domain structures. Closer examination of the dislocation
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structure (Figure 5.1c) show the dislocation had a net Burgers vector of a<101> with an extra half
atomic plane near the substrate. The a<100> component of the dislocation is known to form
during growth the relieve epitaxial strain, [65,75] but the a<001> component of the dislocation
does not relieve this strain and is believed to form to accommodate the lattice rotation required to
form a coherent interface between the ferroelastic and surrounding domains due to the tetragonal
distortion of the unit cell. [14,219] The dislocation was further observed to dissociate into two
partial dislocations in the vicinity of the ferroelastic domain, each with a Burgers vector of
a/2 101 , and produce a stacking fault about 2 nm in extent along the 101 direction. This
disassociation is observed around ferroelastic domains and may occur to compensate the lattice
rotations and bound charges that develop at the domain interface.
Phase field simulations were based on these TEM observations. Two partial dislocations
near the substrate and separated by two unit cells along the [101] direction were included in the
thin film simulation with Burgers vectors along the 101 direction and glide planes parallel to
101 planes. Additional dislocations, known to form to relieve the room temperature coherency
strain, [15,57] were treated as a background strain in the simulation for simplicity, reducing the
coherency strain below that expected from the lattice mismatch between STO and PZT. The
initial polarization distribution was assumed to be either a single domain with out-of-plane
polarization along 001 or an embedded a-domain structure in which a ferroelastic domain was
assumed to extend between the substrate and film surface (e.g. Figure 5.2a). In both cases the
magnitude of the polarization was initially everywhere equal to the spontaneous polarization
(~0.757 C/m2). A series of films with thicknesses from 15 to 75 nm were used to investigate the
effect of film thickness on ferroelastic domain morphology while the background strain was held
at -1.7%. Another series of 50 nm films with background coherency strain varying from -1.3% to
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Figure 5.1 Experimental Observations of Partial Dislocations and Associated Ferroelastic
Domains: Ferroelastic domains were observed around the dislocation in thin film sections to (a)
be fully extended to the free surface of the film and in thick film sections to (b) remain localized
around the substrate. Small arrows in (a) and (b) indicate the direction of polarization. False color
corresponds to c-domains (orange), a-domains (purple), and the STO substrate (gray). (c) TEM
observations of dislocations near the interface between a PZT thin film and STO substrate with
Burger’s vectors along the 101 direction (red arrow) decomposed into partial dislocations
separated along the [101] direction.
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-1.9% were used to investigate the effect of film thickness on morphology. Phase field
simulations reproduced this transition from partial to full ferroelastic domains with either
decreasing film thickness or decreasing coherency strain (Figure 5.2). Modeling showed that with
decreasing film thickness or coherency strain partial domains became steadily larger until
abruptly increasing to full ferroelastic domains at a critical film thickness or coherency strain.
Under the conditions studied in the simulation, occurred between simulated film thicknesses of
34.0 and 34.5 nm (Figures 5.2a and 5.2b) or between compressive biaxial strains of 1.46% and
1.48% (Figures 5.2c and 5.2d). To understand the transition between partial and full domains we
examined the polarization distribution and stress and electrical fields associated with the
ferroelastic domains.

5.3.2 Polarization Rotation around Domain Walls
The orientation of the polarization for several cases is shown in Figure 5.2. Around full
ferroelastic domains polarization aligned with the 001 axis in the c-domain and with the 100
axis inside the a-domain (Figures 5.2a and 5.2c). The a/c domain interfaces were parallel to the
{101} planes in the thin film and only very small rotations in the polarization axes were observed
even close to the domain boundary. Across the domain wall the change in polarization rotation
was rapid, occurring across a single grid point, in good agreement with experimental
observations. [59] Large rotations, however, in the polarization distribution away from the
<100> polarization axes were observed around the partial domains formed in thicker films
(Figure 5.2b) and in films with larger background coherency strains (Figure 5.2d). Within partial
a-domains the calculated polarization axis rotates away from 100 direction toward the 001
direction with increasing distance from the substrate until the polarization is aligned with the
body diagonal 101 direction at the tip of the domain. Similarly, polarization directly above the
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Figure 5.2 Effect of Film Thickness on Ferroelastic Domain Structure: Equilibrium domain
structure of ferroelastic domains pinned by partial edge dislocations in (a) 34 nm and (b) 34.5 nm
thick films with -1.7% background strain and in 50 nm thick films with (c) -1.4%, and (d) -1.6%
background coherency strains. These simulations began with initially uniform polarization. The
polarization rotation angle (counterclockwise positive) away from the +x direction is plotted
between /2 (blue) and 3/2 (red). Polarization is aligned tangent to the streamlines - red
indicates polarization approximately along the 001 direction.
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partial ferroelastic domain rotates away from the 001 direction toward the [100] direction.
These rotations cause the domain boundary to become diffusion around the tapered ferroelastic
domain tip. Such rotations of the polarization axes around partial domains are energetically
unfavorable in the model due to deep energy minima at the tetragonal polarization axes in the
Landau free energy (Equation 5.3) and the large electrostrictive effect observed in PZT, but are
geometrically necessary to create a coherent interface across the domain wall. Partial ferroelastic
domains must form coherent interfaces with c-domains both adjacent to and above the domain,
but it can be seen the spontaneous deformations of the two tetragonal variants cannot be
simultaneously matched across both boundary orientations. As a result, the domain boundary on
the upper side of the partial domain is seen to be both accompanied by large polarization rotations
and inclined to an orientation between the (101) and (001) planes in the film to form a tapered
domain.
The polarization rotation required to form a coherent interface along this plane can be
found using the method of Fousek and Janovec. [52] In their technique coherent boundary planes
are determined by finding the planes for which the two variants have identical spontaneous
displacements along all directions in the plane with respect to the cubic parent phase. Therefore,
for a given difference in displacement between two variants, u, a vector in the boundary plane, r,
must satisfy
∙

5.10

where the change in displacement between the two variants along the direction r is
∙ .

5.11

The boundary plane can be determined from the locus of vectors, r, that satisfy the
equalities 5.10 and 5.11 since the boundary plane normal, g, must satisfy
∙
for every vector, r.

0

5.12
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Near the partial domain small monoclinic distortions rotate the observed local
polarizations to

= (-Ps, 0, -) and

= (, 0, -Ps), where Ps is the spontaneous

polarization, in the a- and c-domains, respectively, which leads to a change in spontaneous strain
(from Equation 5.6) of

∆

→

0
0
0

0
4

4
0

5.13

Solving for the set of vectors in the boundary plane using this spontaneous strain results in
, ,

where a and b are freely chosen constants and
.

Solving Equation 5.12 for g yields

, 0,

∓

5.14

. This solution for the domain boundary plane

has an additional degree of freedom over the solution for a rigidly tetragonal unit cell, allowing
for rotation of the boundary plane and formation of coherent interfaces in the tapered domain
structure through local rotation of the polarization as observed in Figure 5.2.

5.3.3 Stress and Strain Distributions
Equations 5.4 and 5.5 and above show changes in the polarization distribution are
strongly coupled with the stress and electric field in the system. Large elastic stress fields were
associated with the ferroelastic domains and are shown for several film thicknesses in Figures
5.3a – 5.3c and several background coherency strains in Figures 5.4a – 5.4c. Stress
concentrations around the full ferroelastic domains (Figs. 5.3a and 5.4a) remained moderate along
the domain walls away from the dislocation line due to the modest polarization distortions around
these interfaces. In contrast, stress concentrations existed along the top edge of partial
ferroelastic domains (Figures 5.3b – 5.3c and Figures 5.4b – 5.4c) where the polarization rotation
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was largest and particularly strong concentrations occurred at the partial domain tip. These stress
fields around the partial ferroelastic domains indicate that, in addition to the polarization rotation
around the domain wall, additional elastic strains developed to form the coherent interfaces. Such
elastic strains reduce the proportion of the displacement difference that must be accommodated at
the interface by polarization rotation. Additionally, boundary conditions imposed by the sample
require the polarization lie along the [001] axis far from the ferroelastic domain and result in the
formation of long range stress fields, in addition to the boundary stresses, to accommodate the
rotation around the ferroelastic domain.
Electric field distributions in the thin film also depend on the ferroelastic domain morphology as
shown for several film thicknesses (Figures 5.3d-f) and for several background strains (Figures
5.4d-f). Around the full ferroelastic domains (Figures 5.3d and 5.4d) only small out-of-plane
electric fields were associated with the ferroelastic domain, consistent with a nominally charge
neutral domain boundary. Out of plane electric field around the partial ferroelastic domains,
however, were significant around the domain tip (Figures 5.3e – 5.3f and Figs. 4e – 4f). Here
rotation of the polarization to the 101 direction creates an uncompensated bound charge leading
to the large depolarizing electric field between the domain tip and the grounded surface of the
thin film. It can be seen that the magnitude of this electric field increases with the partial domain
extent as the distance between the domain and the free surface decreases.
Interactions between ferroelastic domains and their associated stress and electric fields
help to explain the abrupt transition between domain geometries observed in the simulation. In
ferroelastic materials both applied stresses and electric fields can induce polarization switching,
and the inequality [220]
∆

∆

2

5.15
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Figure 5.3 Electric Field and Stress Distribution around Ferroelastic Domain versus Film
Thickness: Stress, 11, in (a) 34 nm, (b) 35 nm and (c) 40 nm thick films with background
coherency strains of -1.7%. Scale bar from -1.86 GPa (blue) to 1.02 GPa. Corresponding out of
plane electric field, Ez, distributions are plotted for the same (d) 34 nm, (e) 35 nm, and (f) 40 nm
thick films. Scale bar from -1.23 kV cm-1 (blue) to 1.05 kV cm-1. Initial polarization in all films
domain.
was a single
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Figure 5.4 Electric Field and Stress Distribution around Ferroelastic Domain versus
Background Strain: Stress, 11, for 50 nm thick films with background coherency strains of
(a) -1.4%, (b) -1.48%, and (c) -1.6%. Scale bar from -1.86 GPa (blue) to 1.02 GPa.
Corresponding out of plane electric field, Ez, distributions are plotted for the same films with
background coherency strains of (d) -1.4%, (e) -1.48%, and (f) -1.6%. Scale bar from -1.23 kV
domain.
cm-1 (blue) to 1.05 kV cm-1. Initial polarization in all films was a single
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is often used as a criteria for switching. [3] In Equation 5.15 ij is the change in spontaneous
strain associated with switching, Pi is the polarization change, and Ec is the coercive electric
field. Near the partial domain tip both the 11 stress and E3 electric field are elevated and become
large enough to induce polarization switching from

to

and as a result, the domain

extends further. Around ferroelastic domains that remain far from the film surface (Figures 5.3c
and 5.3f), both the stress and the potential drop between the domain tip and free surface of the
film are accommodated throughout the thickness of the film, reducing the switching potential in
front of the ferroelastic domains and causing the domain to remain more localized at the
substrate. In thinner films the increased switching potential at the domain tip causes the domain
to extend further from the substrate (Figures 5.3b and 5.3e) and in sufficiently thin films becomes
large enough to cause the domain to spontaneously grow through the remainder of the film,
leading to an abrupt transition to a full domain (Figures 5.3a and 5.3d). This transition allows the
ferroelastic domain to form with charge neutral, coherent interfaces along the (101) planes with
the surrounding c-domains.

5.3.4 Free Energy Analysis
Contributions to the total energy from the elastic and electric energies are shown in
Figure 5.5. Both show large, discontinuous changes at the critical film thickness (black symbols)
and at the critical background coherency strain (blue symbols). The transition from partial to full
ferroelastic domains with decreasing film thickness (solid symbols) at low film thickness or
background coherency strain occurs with an abrupt increase in the elastic energy associated with
the rapid expansion of the domain. This occurs because the abrupt increase in the volume
fraction of the a-domain results in a larger average lattice constant of the film [65] and lattice
mismatch with the substrate, which increases the total elastic energy of the system [63] despite
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the decrease in the local stress around the ferroelastic domain. Simulations starting from an
embedded ferroelastic domain (open symbols) show a corresponding decrease in the elastic
energy at the transition thickness or strain. This transition, however, occurs at a much larger
thickness or background strain, demonstrating a large hysteresis in the transition.
Electric energy (Figure 5.5b), in contrast, decreases at the transition from partial to full
ferroelastic domains and increases at the reverse transition due to the significant decrease in the
depolarization field associated with forming full domains. This large energy change creates a
barrier to formation of partial ferroelastic domains from full ferroelastic domains that is
insurmountable in thin films or films with lower coherency strain due to the strong dipole-dipole
interactions in ferroelectrics preventing formation of the depolarization field around partial
domains. [215] As a result, extended domains only transition when the increased elastic energy of
full ferroelastic domain in a thick film overcomes the electric energy barrier. This accounts for
the observed transition hysteresis between simulations starting from single domains and
simulations starting from fully extended ferroelastic domains.
Total free energy of the system and average in plane stress are shown in Figures 5.6a and
6b, respectively. Average in plane stress, which is related to the first derivative of the free energy
with respect to the elastic strain, ij, was calculated by
,

5.16

where V is the volume of the thin film, to characterize the morphological transition in a similar
manner to a phase transition. The transition from partial to full ferroelastic domains (solid
symbols) occurs over a nearly continuous change in the total free energy (Figure 5.6a), but a
sudden change in the derivative of the energy at the transition thickness (Figure 5.6b).
Continuous total energy, but a discontinuous first derivative characterizes a first order phase
transition occurring near equilibrium. At the transition between full and partial ferroelastic
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Figure 5.5 Elastic and Electric Components of Total Free Energy: (a) Elastic energy of fully
relaxed thin films plotted as a function of film thickness (black) and film background coherency
strain (blue) and (b) electric energy of fully relaxed thin films plotted as a function of film
thickness (black) and film background coherency strain (blue). In both plots closed symbols
represent energies of simulations starting from a single domain configuration and open symbols
indicate simulations starting from a fully extended ferroelastic domain configuration.
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Figure 5.6 Total Film Energy and Average Stress: (a)Total film energy per unit thickness in
fully relaxed thin films plotted as a function of film thickness (black) and background coherency
strain (blue) and (b) the first derivative of the energy with respect to the strain 11 in fully relaxed
thin films plotted as a function of film thickness (black) and background coherency strain (blue).
In both plots closed symbols represent energies of simulations starting from a single domain
configuration and open symbols indicate simulations starting from a fully extended ferroelastic
domain configuration.
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domains (open symbols), in contrast, both the total free energy and first derivative of the free
energy change discontinuously, which indicates the reverse transition does not occur near to
pinning of the ferroelastic domain at the free surface of the film. Hysteresis created by the
depolarization field will have an influence the ferroelectric switching characteristics around the
partial domain. A similar first order morphological transition in the domain morphology can be
produced by applying an external electric or stress field to change the local stability of the
ferroelastic domain and switch the domain between the two morphology states. The domain
structure transition removes the symmetry of forward and backwards switching, changing the
switching characteristics of the film.

5.4. Summary
In conclusion, the morphology of a ferroelastic domain pinned by two partial misfit
dislocations has been shown to abruptly transition between partially and fully extended domains
with decreasing film thickness or decreasing substrate strain through a first order transition. The
transition occurred at a critical thickness or substrate strain and resulted from competing elastic
and electrostatic energies associated with interactions between the stress and bound charge
around the ferroelastic domain walls with the free surface of the film. While the transition was
found to readily occur from partial to full domains, an electrostatic energy barrier hindered the
reverse transition. This behavior resulted in hysteresis in the transition and indicated an entirely
new mechanism by which the observed response of a thin film may depend upon previous
switching history. While only isolated domains were studied, ferroelastic domain structure may
also depend on interactions with other domain features that change the local stress state around a
ferroelastic domain, such as 180° domain walls, and influence the transition. This discovery of
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first-order morphological transitions may shed light on the dynamics of ferroelastic domain
switching in ferroelectric thin films.

Chapter 6
Domain Wall Clamping by Long Range Stress Fields in Lead Zirconate
Titanate Thin Films

6.1 Introduction
Large dielectric permittivity responses in bulk and thin film ferroelectric materials
requires motion of domain walls in response to applied electric fields to quickly reorient internal
polar dipoles. [1] Typically, motion of existing domain walls in a ferroelectric ceramic readily
occur under an applied electric field and can contribute more than half of the total permittivity or
piezoelectric response observed in ferroelectric films. [164,209,221–223] Extensive domain wall
motion has been indicated as a primary cause of the high responses observed in ferroelectric
systems such as BiScO3-PbTiO3 [224] and Pb(Zrx,Ti1-x)O3 [208] thin films close to the
morphotropic phase boundaries as well as in poly-crystalline films. [225] Dielectric and
piezoelectric responses in single domain regions of thin films, in contrast, can be particularly low
due to limited or no domain wall motion in the film. [164] Similarly, low dielectric permittivity
is often reported in coherent thin films where ferroelastic domain wall mobility is reduced due to
domain wall pinning by substrate clamping and defects , [14,81,188,226] which limit the ability
of the polar dipoles to reorient within the film. Domain wall mobility in these thin films at
subcoercive electric fields is governed by the distribution of defects that act as domain wall
pinning centers. [77,227–229] Therefore, understanding how defects interact with domain walls
to inhibit domain wall motion is critical to designing ferroelectric films that maximize the
dielectric and piezoelectric responses.
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Multi-axial ferroelectrics such as Pb(Zrx,Ti1-x)O3 and BiFeO3 are commonly observed to
have elastically strained ferroelastic domains where the polarization undergoes a non-180°
rotation between adjoining domains. Strong interactions are thought to exist between these
ferroelastic domains and long-range stress fields created by defects, including interfacial misfit
and threading dislocations, that are often unavoidable during film growth. [79] Such dislocations
have been observed with high resolution transmission electron microscopy (HRTEM) to be
associated with ferroelastic domain walls near the substrate interface, [69,78,129,205,230] and
often occur directly at domain walls. [20,79] In tetragonal PZT thin films, dislocations have been
theorized to compensate the local strain for domains with in-plane polarization on compressive
substrates where out-of-plane polarization is theoretically preferred and therefore interact strongly
with ferroelastic domains in the film. [69,231] Additionally, dislocations at domain boundaries
have been observed to partially accommodate lattice rotations between domain variants, [69,80]
which further increases the strength of interaction between domain walls and dislocations. These
observations indicate both long-range and local elastic interactions between ferroelastic domains
and dislocations affect measurable behaviors in PZT films.
Piezoelectric response is further reduced by constraints in ferroelectric thin films. By
altering the elastic coherency strain associated with the substrate through film patterning it has
been shown that the response could be increased in PZT. [66,84] For instance, Griggio, et al, [21]
showed the piezoelectric response was increased in PZT thin films detached from the substrate
due to the removal of this substrate strain. Similarly, Nagarajan, et al [22] showed that patterning
PZT films into ferroelectric islands, but not completely removing them from the substrate,
resulted in a similar increase in the piezoelectric response of the thin film. These results suggest
local stress fields imposed by the substrate also limit domain wall motion and lead to reduced
dielectric permittivity. Large increases in the converse piezoelectric effect after patterning or
lifting-off the film have been interpreted as resulting from increased ferroelastic domain wall
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mobility, [21,22,66] but the primary use of surface characterization techniques, such as
piezoelectric force microscopy, have prevented direct observation of increased domain wall
mobility in these thin films.
The Preisach model provides a framework for investigating defect pinning strength where
the average ferroelectric behavior is modeled as an array of dipoles that switch polarization at
specified positive and negative electrical fields [206,232–234] resulting from the distribution of
defect interactions with the ferroelectric domain structure. [228] This analysis technique [235]
can accurately describe the macroscopic behavior of the thin film, but cannot be used to directly
correlate the ferroelectric response and distribution of dipole switching fields to the observed
defect distributions due to difficulties in studying the pinning strength of individual defects.
Rather, this approach is used to describe domain walls moving in a complex energy landscape
caused by a general array of pinning centers. [123,233,236] A complete understanding of this
relationship is essential to optimizing the dielectric permittivity of ferroelectric thin films, but the
effects of specific interactions between defects and ferroelectric domain structures remains an
open area of investigation.
This work investigates interactions between long range stress fields and ferroelastic
domain walls in Pb(Zr0.2,Ti0.8)O3 using numerical simulations. It is shown that these stress fields
lead to decreased domain wall mobility in ferroelectric thin films. Specific interactions between
ferroelastic domains and individual elastic defects in coherent thin films are isolated using phase
field modeling based on the Landau theory that incorporates both electrostatic and mechanical
interaction in the film. Here, the effects of elastic defects on the out-of-plane dielectric
permittivity, 33, are investigated by simulating the dielectric displacement in response to a
cyclical subcoercive electric field. Elastic fields caused by interfacial dislocations and substrate
clamping, thought to result in low domain wall mobility, [79] are shown to be effective at
reducing the thin film response. To understand the pinning mechanism we investigated the local
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elastic stress fields and global energy minimization that lead to reduced dielectric responses in
thin films with elastic pinning.

6.2. Methods

6.2.1 Phase field method
Phase field modeling was employed to simulate a [001]-oriented PZT 20/80 epitaxial thin
film on a thick substrate as described in previous publications. [63,97,110,129] Below the Curie
temperature the polarization of the thin film is described by the continuous distributions of the
three components of the polarization. Evolution of the polar distribution with time, t, toward a
minimum in the system free energy, F, is determined by solving the time-dependent Ginzburg
Landau equation, [119,149]
,

6.1

for the polarization, Pi. The kinetic coefficient, L, in Equation 6.1 is related to the domain wall
mobility of the system and assumed in this simulation to have a value of 1. Total free energy in
the model consisted of contributions from the bulk free energy of PZT 20/80, the gradient energy
associated with the domain wall energy, and long range electrostatic and elastic interactions in the
system.
Bulk free energy was described with a sixth-order Landau polynomial
,

,

6.2

where i, ij, and ijk are phenomenological coefficients of the system measured by Haun, et al
[99] for stress free PZT. Domain wall energy was added via the gradient energy
,

,

.

6.3
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For the sake of simplicity we assumed the gradient domain wall energy was isotropic, which
reduced Equation 6.3 to
,

,

,

,

,

,

,

,

,

,

6.4

where G is the gradient energy coefficient assumed to have a value of G = 9.7×10-11 N m4 C-2.
This assumption resulted in a domain wall width of around 1 nm, which is in reasonable
agreement with experimental observations of 90° domain walls in PZT thin films. [14,49–51]
Long range electrostatic interactions associated with charge distributions created by
bound polarization charges were included through the electric interaction energy, [110]
,

6.5

where ij is the isotropic background dielectric constant assumed to have a value of 10 [111] and
0 is the permittivity of free space. In Equation 6.5
depolarizing electric field and

is the applied electric field,

is the

is the total electric field. The components of the depolarizing

electric field were found by solving the Poisson equation,

,

potential, φ, which is related to the depolarizing electric field through

,

,

, for the electrical
,

. For simplicity

the system was assumed to be an ideal insulator, allowing free charge carriers to be neglected in
the simulation. A capacitor arrangement with ideally compensating electrodes on the top and
bottom surfaces of the ferroelectric film was assumed. [110] This allowed the electrode geometry
to be simulated using boundary conditions along the out-of-plane dimensions for the Poisson
equation in which the value of the electrical potential at the top and bottom surfaces of the thin
film was fixed. Under no applied bias the electrodes were assumed to be grounded and applied
electric fields were simulated by changing the electric potential in the boundary condition at the
top surface of the thin film only. [88]
The structural ferroelectric transition in PZT introduces a spontaneous, stress free strain,
ij0 , with respect to the cubic paraelectric reference state of [107]
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,
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where Qijkl are the electrostrictive constants measured by Haun et al for the PZT system. [99]
Elastic stress,

, in thin film was assumed to evolve much more quickly than the domain

structure so that the film remained in quasi-static mechanical equilibrium with a stress state
described by the mechanical equilibrium equations
,

0.

6.7

The elastic energy is [63]
.

6.8

In Equation 6.8 Cijkl is the elastic stiffness tensor and kl is the total strain in the system that
includes both the spontaneous and elastic strains.
Appropriate boundary conditions for mechanical equilibrium were chosen to model three
thin film mechanical constraints considered in this study: coherent thin films, constrained
membrane films, and free standing membrane films. In the first case the film was assumed to be
fully coherent, for which the top surface of the thin film was traction free while mechanical
displacement at the bottom of the simulation volume was held at zero. Several layers of nonpolarizable substrate were included in the model to allow the top layers of the substrate to relax in
response to thin film stresses. [63,97] The average in-plane strains in the system were set equal
to the biaxial coherency strain imposed by the cubic substrate. In the second case both the top
and bottom surfaces of the thin film were assumed to be traction free to model a membrane not
constrained by a coherent substrate. The average strain, however, remained equal to the biaxial
coherency strain to model a diaphragm thin film that was locally removed from the substrate but
still constrained by surrounding material. The third case considered a thin film completely
released from the substrate. Like the previous membrane case, the top and bottom surfaces of the
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thin film were assumed be traction free, but the average stress in the thin film was also assumed
to be fully relaxed.

6.2.2 Dislocations
Dislocation loops were treated in the phase field model as inclusions using the model
proposed by Hu, et al [153] and Wang, et al. [218] Dislocations cause a plastic strain, 0Dij,
within the dislocation loop dependent on the Burger’s vector, b, and loop plane normal, n, of
6.9

2

where d0 is the spacing between dislocation planes. To improve the numerical behavior of the
simulation, the eigenstrains were distributed around the dislocation loop using a Gaussian
distribution for the Burger’s vector of, [18]
,

6.10

where  and r are the distribution width and the distance to the dislocation loop, respectively, and
b0 is the magnitude of the Burgers vector. A range of dislocation magnitudes were considered in
this study to investigate effects of dislocation pinning on thin film response. To ensure
numerically stability  was assumed to have a value of two. Dislocations were extended parallel
to the substrate to produced straight dislocation lines near the substrate interface. One side of the
loop was extended to beyond the surface of the free film to produce a single dislocation near the
substrate with the missing half-plane of atoms extending to the free surface of the film. [153]
Recent HRTEM results have indicated two classes of common interfacial misfit
dislocations at the substrate/film interface in PZT thin films on SrTiO3 substrates. Stemmer, et al.
[65] reported stress relieving dislocations with a Burger’s vector along the [100] direction
parallel to the substrate 2 – 4 nm from the substrate interface in c-domain regions of the thin film.
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Around ferroelastic a-domains, however, interfacial dislocations are commonly observed to have
Burger’s vectors along the 101 direction. The additional 001 component of the vector has
been reported to develop below the ferroelectric transition temperature to accommodate the 3.1°
lattice rotation between c- and a-domains. These dislocations further dissociate into partial
dislocations with Burger’s vectors of ½a[10 1 ] separated along the [101] direction. [69,129]

6.2.3 Model and Simulation Setup
Simulations used a grid of 256 × 1 × 100 for the thin film with the out of plane
direction along the third dimension. A quasi-2D volume was employed for computational
expediency and to limit interactions between domain walls in the heavily twinned domain
structure typically observed in tetragonal PZT thin films. [62,83,237] A grid spacing, , of 0.5
nm was used to produce a sampling of 2 - 3 grid points across the ferroelastic domain wall. The
system of equations defined in Equations 6.1 – 6.8 were solved on the grid using the semiimplicit Fourier spectral method [143] and thin film boundary conditions for the equation were
enforced along the x3 dimension. [63] Along directions x1 and x2 the simulation volume was
assumed to be periodic to model the film that was much larger in lateral extent than thickness.
Film thickness was assumed to be 30 nm and the non-polarizable substrate thickness was
assumed to be 10 nm. A time step of t/t0 = 0.01, where t0 = 1/(0L), was used that was large
enough to ensure the system rapidly reached equilibrium, but that was small enough to ensure the
simulation remained stable. 
Initially, the polarization distribution was assumed to consist of an array of ferroelastic
90° domains embedded in a film consisting primarily of domains with a polarization out of the
plane of the film as shown schematically in Figure 6.1a. Dielectric permittivity and ferroelastic
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domain wall motion was investigated with five types of elastic constraints: epitaxial thin films
without dislocations, epitaxial thin films with four regularly spaced b0[100] type dislocations,
epitaxial thin films with four pairs of regularly spaced ½ b0[10 1 ] type dislocations, constrained
thin film membranes without dislocations and stress-free thin film membranes without
dislocations. We first allowed each system to relax under the various elastic constraints until
equilibrium was reached.
Once equilibrium was reached the out of plane component of the dielectric constant, 33,
was calculated by applying a cyclical uniform electric potential across the top surface of the film
with a period of 10,000 time steps. The amplitude of the applied potential was increased every
four cycles from 6.15 mV to 61.5 mV to investigate domain wall motion in the thin films leading
to applied electric fields between 2.05 and 20.5 kV cm-1, which were well below the typical
coercive field of tetragonal PZT thin films. [186,222] Finally, the real and imaginary parts of the
dielectric constant were determined from the ratio between the amplitude of the applied electric
field and the amplitude of the in-phase and out-of-phase components of the simulated out-ofplane electric displacement at the film surface, respectively.

6.3Results

6.3.1 Equilibrium Domain Structures
Representative equilibrium domain structures are shown in Figure 6.1 for the thin film
structures considered. In all coherent films the initial domain structure consisting of alternating
a-domains with in-plane polarization and c-domains with out-of-plane polarization remained
stable as shown in Figures 6.1b – 6.1d. Domain structures for the membrane cases were nearly
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Figure 6.1 Initial domain structures: Initial PZT films consisted of four ferroelastic domains
embedded in a region with out of plane polarization as indicated by the arrows and is shown
schematically (a). Equilibrium domain structures in films without dislocations (b), with arrays of
partial dislocations with Burgers vectors of ½b0[101] (c) and arrays of dislocations with Burgers
vectors of b0[100] (d) are shown. Dislocation cores in the figures are indicated with “x” marks
and the dislocation lines are indicated with dotted lines. Colors indicated polarization direction.
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identical to the coherent thin film domain structure in Figure 6.1b. Both dislocation array types
reached an equilibrium configuration with the dislocations within ferroelastic domains, indicating
attractive elastic interactions between the ferroelastic domains and interfacial dislocations, as
shown in Figures 6.1c and 6.1d.
Figure 6.2 shows the electric displacement response with electric field typical of the thin films.
Simulated electric displacement loops, shown in Figure 6.2a for the case of a coherent thin film
with no misfit dislocations, showed no change in shape or orientation at subcritical fields as the
amplitude of the applied field increased , indicating all electrical displacements in the system
were completely reversible. Simulations were found to quickly return to their initial
configurations once the applied potential was removed. Figure 6.2b shows dielectric permittivity
calculated from the electric displacement as a function of applied electric field amplitude
remained nearly constant in each film over the range of electrical field amplitudes investigated
and decreased only with increasing magnitude, b0, of the dislocation Burger’s vector. In contrast,
experimental measurements of the dielectric constant show the dielectric permittivity typically
increases linearly with applied electric field amplitude over an intermediate voltage range as a
result of interactions between the domain walls in the system and randomly distributed pinning
centers. [235,238] Lack of an increasing dielectric response with the applied electric field in the
simulations indicates that ferroelastic domain walls do not overcome small energy barriers to
domain wall motion, but remain in their local energy wells during cycling. [123] As a result, this
work is able to investigate interactions between domains walls and individual dislocations rather
than statistical distributions of defects.
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Figure 6.2 Electrical Thin Film Response: (a) Electric displacement loops under a subcritical
electric field at 2.05, 6.15, 10.3, 14.4 and 18.5 kV cm-1 in a film with no misfit dislocations. (b)
Calculated relative dielectric permittivity versus electric field in films with misfit dislocations
with increasing Burgers vector magnitude, b0.
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6.3.2 Dielectric Response around Dislocations in Ferroelectric Thin Films
Calculated dielectric permittivity and loss tangents are shown as functions of dislocation
pinning strength, b0, in Figure 6.3. Because only small changes in the dielectric constant of each
simulation were observed with increasing electric field amplitude, each reported value of
dielectric permittivity indicates the average permittivity of the film across all applied field
strengths and one standard deviation around the average is indicated by vertical error bars on the
plot. Values of the dielectric permittivity in epitaxial thin films reported here are in reasonable
agreement with the range of measured zero-field values reported for tetragonal Pb(Zrx,Ti1-x)O3
and PbTiO3 thin film systems [178,238].
Both types of dislocation arrays reduced the relative dielectric permittivity and loss tangent of the
film proportionally to the pinning strength of the dislocations as shown in Figure 6.3. Overall,
decreases in the real part of the relative dielectric constant between films without dislocation and
with the strongest dislocation pinning centers considered were 18.1% and 11.7% in films with
dislocations of type ½ b0[101] and b0[100], respectively. Similarly, the loss tangent was reduced
by 35.4% and 18.9% in films with dislocations of type ½ b0[101] and b0[100], respectively.
Larger decreases in the relative dielectric constant in films with dislocations of type ½ b0[101] are
likely a consequence of an increased interaction strength with the ferroelastic domains through
accommodation of lattice rotation between the ferroelastic a-domain and background c-domain
by the dislocations due to the additional b0[001] component of the Burger’s vector as previously
reported by Kiguchi, et al [69]. Increased elastic clamping is expected to more strongly
immobilize the ferroelastic domain walls during the simulation, which results in a smaller
contribution to the overall dielectric permittivity from ferroelastic domain walls.
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Figure 6.3 Electrical Characterization of Thin Films: Calculated (a) dielectric permittivity and
(b) loss tangent in thin films with arrays of misfit dislocations. Square symbols indicate
101 and circular symbols indicate dislocations
dislocations with Burgers vectors of type
100 . Data points indicate the average values at all applied electric
with a Burgers vector of
field amplitudes and errors indicate the standard deviations of the averages.
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To isolate the effects of dislocations on the local mobility of domain walls in the model,
we separated the domain wall contribution to the permittivity from the lattice contribution
independent of domain wall motion to the permittivity. The lattice contribution at the top surface
of the thin film was calculated using the Landau theory for single domain thin films. At each grid
point along the top surface of the film the local free energy of a hypothetical single domain with
the same in-plane elastic strain state as the local thin film was determined using the free energy
from Section 6.2 without the gradient free energy. For this approximation coherent thin film
elastic boundary conditions as described in Ref. [97] were used. Polarization within the single
domain was determined by numerically minimizing the free energy with respect to the
polarization from an initial polarization equal to that observed in the phase field simulation. The
expected contribution to the dielectric constant from the lattice polarization was then found by
finding the polarization state after applying a small electric field of 1.23 kV cm-1 small enough to
avoid removing the local free energy minimum for most polar states considered. Calculated
lattice response at the free surface of two films with different dislocation types are shown in
Figure 6.4a. Values of the relative dielectric constant are around 80 and 180 for the c-type and atype ferroelectric domains in the system, in reasonable agreement with previously reported values
for the domain types. [209]
Within individual domains, comparisons between the approximated dielectric constant
and the measured dielectric constant show the single domain approximation reasonably predicts
the lattice dielectric permittivity away from the domain walls. Near domain boundaries, however,
neglecting the gradient energy contribution to the free energy produced an unreasonably large
approximation to the lattice response. Near the domain boundary the local stress state causes the
energy minimum around
to

to become very shallow so that the polarization readily switches

when even a small electric field is applied, creating the large observed response.
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Figure 6.4 Separation of Lattice and Domain Wall Responses: (a) Specific contributions to
the intrinsic lattice permittivity shown for dislocations with Burgers vectors of type b0[100] (top)
and ½ b0[101] (bottom). (b) Average calculated intrinsic lattice contribution to the permittivity.
(c) Dielectric permittivity from domain wall. (d) Domain fraction of domains with polarization
of the plane of the film. In Figures (b) – (d) black squares indicate films with Burgers vectors of
type
101 and blue circles indicate films with Burgers vectors of type
100 .
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Typically, an unreasonably large response was calculated over a distance of 1.0 nm
around the domain boundary and the three corresponding near-boundary points were excluded
when finding the mean lattice response base one the remaining, non-boundary, grid points. The
real component of the domain wall response, DW, was inferred from the calculated average lattice
response, L, and the simulated total real dielectric permittivity of the system, r, as

.

6.11

in the above equation, fDW and fL are the fraction of grid points in the domain wall regions and in
the lattice, respectively. Dividing grid points into the domain boundaries, as described above,
indicates that 9.4% of grid points are in domain boundaries.
Average lattice and domain wall responses of the thin films are shown in Figures 6.4b
and 6.4c, respectively, as a function of dislocation pinning strength. Both dislocation types
resulted in decreased domain wall response with dislocation pinning strength but increased lattice
response. Over the range of dislocation pinning strengths simulated the domain wall response
decreased by 31.2% around the array of partial dislocation pairs and by 21.3% around the purely
stress relieving dislocations. Since domain wall motions in the simulation contributed up to 59%
of the total response, the sharp reduction in response at the domain wall lead to the drop in overall
permittivity (Figure 6.3). In contrast, the lattice response depended on the overall phase fraction
of c-domains in the thin film. Figure 6.4d shows the fraction of these domains decreased as the
dislocation pinning strength increased to compensate in-plane tensile stress above the array of
misfit dislocations by re-orienting the long axis of the unit cell. [69] Since the c-domains have a
smaller dielectric response, this leads to the observed increase in the average lattice response.

150
6.3.3 Dielectric Response in strained Ferroelectric Thin Films
We further considered the effect of average biaxial coherency strain on the out-of-plane
dielectric permittivity in the thin film. In these films the magnitude of the pinning strength of the
dislocations was fixed at b0 = 0.07, but average compressive biaxial strain was varied between
0.0% and 0.5%. Calculated values of the dielectric permittivity and loss tangent decreased
rapidly with increasing biaxial strain in systems both with and without dislocations are shown in
Figure 6.5. Figures 6.5a-c show the largest decreases were observed in films without dislocations
while the smallest decreases were observed in films with arrays of partial dislocations.
Separating the dielectric response of these systems into contributions from the lattice and domain
wall responses shows large decreases in the contribution to the permittivity from the domain wall
response occurred, similar to that observed for increasing dislocation pinning strength. Over the
range of biaxial strains considered the domain wall response was observed to decrease by
between 26.8% and 19.1% in films with no dislocations and with dislocations with Burger’s
vectors of type ½ b0[101], respectively, as shown in Figures 6.5d – 6.5f. The lattice response,
however, decreased with compressive strain as a result of the increase in the fraction of cdomains in the thin film needed to accommodate the coherent strain. Since both the lattice and
domain wall responses decreased, increasing biaxial strain was observed to more strongly limit
the total dielectric response of the thin films than increasing dislocation pinning strength.
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Figure 6.5 Changes Thin Film Responses with Compressive Strain: Calculated dielectric
permittivity and loss tangent as a function of compressive biaxial strain for films (a) without
100 and (c) with
101 .
dislocations and (b) with dislocations with Burgers vectors of
Calculated intrinsic lattice contribution to the permittivity and domain wall contribution to the
permittivity for films (d) without dislocations and (e) with dislocations with Burgers vectors of
b0[100] and (f) with ½ b0[101]. In films with dislocations the magnitude of the Burgers vector,
b0/x, was 0.07.
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6.4 Discussion

6.4.1 Elastic Interactions in Thin Film
Changes in stress state around dislocation cores create an attractive elastic interaction
with ferroelastic a-domains in the thin film so that a minimum in the free energy exists when the
dislocation core is associated with a ferroelastic domain. [18] Since interfacial dislocations are
nearly immobile in PZT thin films at room temperature, this reduces the mobility of the domain
walls in the simulations. We quantified the depth of the energy well around the dislocation by
simulating the change in energy of the system as dislocations were displaced from their
equilibrium positions. Dislocations were moved with respect to the polarization distribution and
the free energy was recalculated based on the previously determined equilibrium domain
configuration without allowing further relaxation of the system. Large increases in the total
system free energy with displacement were observed for both dislocation types as shown in
Figure 6.6, indicating an energy penalty for displacing the dislocation array with respect to the
domain walls. The depth of the energy well for the equilibrium dislocation position increased
more quickly with the dislocation pinning strength for partial dislocation arrays, showing that
these dislocations create a stronger elastic attraction to domain walls. As a result, partial
dislocations arrays at the interface between the film and substrate are stronger pinning centers and
are expected to locally reduce domain wall response by limiting domain wall mobility more
effectively, in good agreement with results shown in Figure 6.4.
Elastic constraints in thin films introduced by either misfit dislocations or coherency
strain modify the local environment in which the domain walls moved by altering the background
stress state of the thin film. Figure 6.7 shows the in-plane elastic 11 stress around the ferroelastic
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Figure 6.6 Calculated Depth of Energy Well for Domain Wall Position: (a) Dislocations with
100 . Depth of the energy well decreased with Burgers
101 and (b)
Burgers vectors of
vector magnitude. The top curve shows the well for a Burgers vector magnitude, b0/x, of 0.1
and the bottom curve represents a Burgers vector magnitude of 0.01.
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Figure 6.7 In-plane stress, 11, around Ferroelastic Domains: (a) Films with no dislocations,
(b) with dislocations with Burgers vectors of b0[100] and (c) with Burgers vectors of ½ b0[101].
In films with dislocations the Burgers vector magnitude, b0/x, of 0.07 is shown. (d) Average inplane stress, 11, in thin films as a function of Burgers vector magnitude. Square symbols (black)
indicate dislocations with Burgers vectors of type
101 and circular symbols (blue) indicate
dislocations with a Burgers vector of
100 .
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a-domains . Without dislocations (Figure 6.7a) the 11 stress at the substrate alternates between
regions of tensile (positive) and compressive (negative) stress around the ferroelastic a-domains.
Both types of dislocations, however, concentrate the stress and effectively increase the
compressive biaxial strain around the ferroelastic domains, as shown in Figures 6.7b and 6.7c.
Dislocation arrays at the substrate interface also increased the average compressive stress as
plotted in Figure 6.7d. Increases in the average compressive stress localizes the a-domain to the
tensile stress at misfit dislocations and increase the electric field required to switch polarization
states to move the ferroelastic domain walls. As a result, the mobility of the domain walls and
dielectric permittivity are reduced in thin films with misfit dislocations.

6.4.2 Sharp Interface Model of Dielectric Response
While both dislocations and increased average compressive strain reduced the
permittivity by limiting domain wall mobility, the importance of the non-uniform strain fields
imposed by the substrate on the observed changes in response remain unclear. To both validate
the phase field modeling approach to separating dielectric response contributions and separate the
effects of the non-uniform strain fields, the dielectric response was analytically calculated with a
simplified, sharp-interface model for the dielectric permittivity: [164,209,223]
∑

∑

.

6.12

In this model i is the phase fraction of the ith domain type in the thin film and 33i and P3i are the
intrinsic lattice permittivity and the out of plane component of the polarization of that domain
type, respectively. For dense domain structures far from free surfaces this model approximates
the total permittivity in coherently strained thin films from contributions from the lattice
responses and changes in the domain fraction caused by domain wall motion. Throughout the
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model uniform strains and electric fields are present in each domain type, removing contribution
from the inhomogeneous strain to the overall response. [164,223,239]
In this analytic approach we again assumed that the total energy of the system was
described by contributions from the Landau, elastic, and electric contributions to the free energy
of the system. In this treatment the polarization within the domains was assumed to be constant
and the domain walls were assumed to be sharp, which eliminated contributions to the free energy
from the gradient energy considered in the phase field model. The total Helmholtz free energy of
the model is then [97]
,

,
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where ij is the Kronecker delta function.
Free energy in thin films with two types of ferroelectric domains was described in the
model by the sum of the contributions from individual domains as [164,223]
,

,

1

,

,
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In this equation, φ is the phase fraction of ferroelastic a-domains and Pi, i, and Ei are values of
the polarization, strain, and electric field states in the ith domain, respectively. Equilibrium in the
system was found by minimizing the free energy in Equation 6.14 with respect to the three
components of polarization, six components of strain and three components of electric field in
each domain and the domain fraction. Several of the variables in the system can be eliminated to
simplify the problem, however, by considering the boundary conditions on the thin film. [223]
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On a rigid substrate the average in plane strains in the thin film are fixed by the biaxial strain, s,
applied by the substrate so that
̅



1

6.15

where  and  range between 1 and 2. Since the free surface of the thin film is also traction free,
the average out of plane stresses in the two domains are related by
1

0.
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The stresses used in Equation 6.16 are found from the Helmholtz free energy through
. Additionally, components of the average electric field must equal the applied electric
0 and

field so that

where Ea is the electric field applied along the out of plane

film direction.
An additional nine conditions on the system are found by considering compatibility
across the domain wall interface. [164] Analysis of these conditions is simplified by rotating the
coordinate system 45° so that the new x3* axis is along the normal to the ferroelastic domain wall,
as indicated in the inset schematic in Figure 6.8. In this coordinate system mechanical
compatibility requires that the strains at the interface are
∗

∗

In this equation

∗

0.
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indicates a strain in the rotate coordinate system. Similarly, stresses at the

boundary must satisfy
∗

∗

0.
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Finally, the electrical displacement across the domain wall must be constant, which requires
∗

∗

0

6.19

and
∗

∗

∗

∗

0.
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The imposed constraints can be used to eliminate variables to simplify Equation 6.14, resulting in
an expression depending on the domain fraction and polarization components in the domains.
From this expression the polarization components and phase fractions were found by minimizing
the free energy. Contributions to the dielectric constant were then found from Equation 6.12.
The intrinsic contribution was determined by finding the change in out-of-plane polarization of
each domain at a constant phase fraction with small applied electric field while the extrinsic
contribution was determined by finding the change in the phase fraction with small applied
electric field while the polarization components were held constant.
Calculations from the analytic, sharp interface model, shown in Figure 6.8, indicate the
dielectric permittivity decreased with increasing biaxial strain, which was in good agreement with
the phase field model results. Reasonable quantitative agreement for both the total permittivity of
the ferroelastic domain structure and the individual contributions to the permittivity was found
between the models at low compressive strains. Reductions in the permittivity with increasing
biaxial strain occurred in both models due to decreases in both the intrinsic lattice and extrinsic
domain wall contributions to the dielectric permittivity. Particularly good agreement was
observed between the lattice response determined from the phase field model with no misfit
dislocations and the sharp interface model for all biaxial strains considered, which validates the
method used to determine the intrinsic lattice response from the phase field model. As in the
phase field model the reduction in the average lattice response in the sharp interface model
resulted from reduction in both the phase fraction of ferroelastic domains that have a larger
permittivity.
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Figure 6.8 Calculated Dielectric Permittivity from Sharp Interface Model: Contributions to
the permittivity are shown as functions of compressive biaxial strains in films with no misfit
dislocations. Inset shows the rotated reference frame used to calculated microscopic
compatibility conditions at the domain wall described in the text.
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Changes in the extrinsic contribution to the permittivity from domain wall motion,
however, were much smaller for the sharp interface model than for the phase field model. In
Figure 6.8 it can be seen that the extrinsic domain wall response in the sharp interface model is
nearly independent of the coherency strain applied. This is likely due to the ability of the sharp
interface system to adjust the domain fraction to maintain a constant stress state in the film. [223]
In fact, in-plane stress is expected to be completely relieved in this model by domain formation so
that domain boundaries typically have similar elastic driving force to return to the equilibrium
domain fraction regardless of the magnitude of biaxial strain, resulting in the small changes in the
extrinsic permittivity with biaxial strain. The lack of any significant decrease in permittivity in
the sharp interface model indicates that the large reduction in permittivity in the phase field
model is due to the diffuse domain boundaries interacting strongly with the non-uniform stress
fields around the ferroelastic domains imposed by the substrate and film surfaces. In thin films
where the domain spacing is on the order of the film thickness [164] these diffuse interfaces are
particularly important and cannot be neglected to accurately model the system behavior. In thin
films with no misfit dislocations these stress fields are tensile, which decreases the energy barrier
to ferroelastic switching and increases the extrinsic contributions to the dielectric permittivity.
Compressive biaxial coherency strain imposed by the substrate, however, decreases the stress
around the ferroelastic domains and leads to a reduction in the dielectric permittivity. Similarly,
adding dislocations sharply decreased the local stresses both at the substrate and around the
ferroelastic domain walls. Based on the comparison between the strained thin film and analytic
model, large decreases in stresses near the substrate interface due to concentration of the stress in
the dislocations cores most likely accounted for the majority of the reduction in extrinsic response
of the thin films with misfit dislocations.
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6.4.3 Maximizing Dielectric Response in Membrane Thin Films
We also investigated the possibility of maximizing the dielectric response by reducing or
removing elastic thin film constraints by modeling the permittivity of membrane thin films
without dislocations. Membranes with either fixed elastic strain similar to thin diaphragms
constrained at the film edges or with fixed elastic stress similar to a free standing thin film were
considered. In films with fixed elastic stress, the average strain in the film was not specified.
Both membrane types were assumed to have ferroelastic domain structures, similar to the
coherent thin films shown in Figure 6.1a, which remained stable when the domain structure in the
membranes was allowed to relax. Simulated stress states around the ferroelastic domains and the
electric displacement loops for both systems are shown in Figure 6.9. In both systems the large
stresses at the substrate interface were removed, but compressive stress concentrations persisted
near the intersection of ferroelastic domain walls and the free surfaces of the thin film. Both
average compressive in-plane stresses and stress concentrations near ferroelastic domain walls
were larger in the constrained membrane than the free standing membrane, as shown in Figures
6.9a and 6.9b. Dielectric displacement loops (Figure 6.9c) show the free standing membrane had
a significantly larger dielectric permittivity and loss tangent than the constrained thin film.
Simulated dielectric permittivity as a function of applied field amplitude in the membrane
films is shown in Figure 6.10. Only small changes in the dielectric permittivity as a function of
applied field amplitude occurred in constrained membrane systems (Figure 6.10a), but free
standing membranes, in contrast, displayed large changes in the dielectric permittivity even at
low electric field amplitudes. Upon investigation, these changes were seen to be driven by
consolidation of the ferroelastic domains during cycling due to high domain wall mobility to
lower the total system free energy. At moderate electric fields the ferroelastic domains combined
during cycling to reduce the number of ferroelastic domains in the system while at larger field
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Figure 6.9 Membrane Films: Calculated in-plane stress state, 11, of (a) constrained and (b)
stress-free membrane thin films. (c) Electric displacement loops for constrained (green) and
stress free (purple) membrane thin films at 2.05 kV cm-1.
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amplitudes the ferroelastic domains were removed. Consolidation of the ferroelastic domain
structure reduced both the fraction of a-type ferroelastic domains and the domain boundaries in
the system that contribute to a high dielectric permittivity, leading to the observed reduced
permittivity. While single domain ferroelectric thin films have a lower energy, poly-domain
structures are readily predicted in low-dimensional free-standing tetragonal ferroelectric systems
[131,240] and, as a result, to accurately investigate responses of free standing membrane thin
film with a/c domain structures, the dielectric response of the free standing membrane at only the
lowest applied electric field amplitude, for which the ferroelastic domain structure similar to the
initial domain structure remained stable, was reported in Figures 6.10b – 6.10d.
Removing elastic constraints on the thin film enhanced the total dielectric response in the
system as shown in Figure 6.10b. The dielectric permittivity of the free standing membrane was
found to be up to 73.5% larger than a constrained membrane thin film over the range of
compressive strains considered. Dividing the response into contributions from the lattice and
domain wall responses, as in Figures 6.10c and 6.10d, show the increased response in the free
standing membrane is entirely due to a larger domain wall contribution. Figure 6.10c shows that,
in fact, the lattice response in the free standing membrane was considerably reduced compared to
the constrained membrane. A separate analysis of the intrinsic response in both membranes
shows that while the lattice response in the c-domains was nearly the same in both membranes,
the lattice response in the a-domains of the free standing film were lower than in the constrained
thin film. This change is believed to result from the decreased compressive strain in the a-type
domains in the free standing film leading to the reduced 33 response in these domains. [164]
High domain wall mobility in free standing membranes can be expected from the sharp
interface model discussed above. In the free standing membrane no equilibrium phase fraction of
ferroelastic domains exist due to the average stress free boundary condition so that any domain
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Figure 6.10 Membrane Thin Film Dielectric Responses: (a) Calculated dielectric permittivity
as a function of applied electric field amplitude in constrained (triangles) and stress-free
(diamonds) thin films. (b) Calculated dielectric permittivity as a function of biaxial strain in
constrained and stress-free thin films. The response averaged over the applied field amplitudes
are reported for the constrained thin films while the response in the free standing membrane is the
value calculated at an applied electric field of 2.05 kV cm-1. The coherency strain is applied only
to the constrained membrane. Contributions to the permittivity from the (c) intrinsic lattice
response and (d) domain wall motion.
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fraction may be stable based solely on elastic constraints. As a result, no elastic restoring force
exists to return the domain structure to the initial configuration so that the domain walls have a
higher mobility in the membrane system. This greatly increases the extrinsic contribution to
Equation 6.13. In fact, the contribution to the dielectric permittivity from the domain walls is
between 78.5% and 121.7% larger in the free standing membrane than in the constrained
membrane, as shown in Figure 6.10d.
Increases in domain wall mobility resulting from reducing the elastic constraints in
ferroelectric thin film systems indicate a method to maximize the dielectric permittivity or
piezoelectric response in thin film systems. Eliminating elastic constraints in the system by
removing the film from the substrate or using a more compliant substrate may effectively increase
the usable permittivity or piezoelectric response. Similarly, limiting the formation of dislocations
by using substrates with a closely matched lattice constant for coherent thin films may increase
permittivity in the system by maximizing the extrinsic permittivity.

6.5 Summary
Elastic constraints in Pb(Zr0.2, Ti0.8)O3 thin films have been shown here to reduce the
dielectric permittivity primarily by limiting the domain wall mobility in the system. Maximum
dielectric permittivity occurred in free standing ferroelastic membranes due to the flexibility of
the domain structure and the resulting high domain wall mobility. Dielectric permittivity in
typical thin film geometries was reduced due to limitations on the domain wall mobility and
flexibility of the overall domain structure. Further reductions in the domain wall mobility were
observed around interfacial dislocations where stress concentration at the substrate interface
elastically pinned the domain walls to the immobile dislocations. Elastic interactions with
dislocations reduced the domain wall mobility in thin films by nearly a third compared to a

166
defect-free, coherent thin film. Additional defects throughout the thickness of the film likely
further reduce domain wall mobility in the film and may account for the complete immobility of
ferroelastic domains that has been observed. [79]
Elastic constraints common in ferroelectrics have been found to play an outsized role in
the dielectric permittivity observed experimentally. This work provides insight into the effect of
long range stress fields in ferroelectric thin films on the various contributions to the total
ferroelectric response in the thin films systems. A similar approach could be used to study
additional sources of long range stress fields on domain wall mobility in thin films such as ionic
defects such as oxygen vacancies and grain boundaries. The phase field method proposed can be
used as the basis for studying these interactions which are difficult to observe and control
experimentally.

Chapter 7
Conclusions

7.1 General Summary and Conclusions
Throughout this dissertation phase field modeling has been used to model dynamic and
static behavior of domains in Pb(Zr0.2,Ti0.8)O3 thin films. Particular interest was given to the
specific effects that preexisting domain walls and dislocations have on local responses in the film
since understanding these effects is critically important for thin film microelectronic devices
regardless of the intended applications. Primarily, individual features were considered because
films only a few tens to a few hundreds of nanometers thick are observed to have domain
boundaries that are spaced at a distance comparable to, or greater than, the film thickness. As a
result, switching in these films with these feature geometries may depend on interactions between
the applied electric field, switched ferroelectric domains and isolated preexisting domain
boundaries. Preexisting domains may also interact strongly with other lattice defects present in
the film such as misfit and threading dislocations introduced through defective film growth or to
reduce the coherency strain between the substrate and the film. These interactions were shown to
be important for understanding the local switching behavior, the piezoelectric response and the
dielectric permittivity in the thin films. Since the majority of devices make use of at least one of
these three responses in the ferroelectric, focusing on these three was considered a reasonable
approach. Many PZT 20/80 thin film grown on SrTiO3 substrates contain large arrays of defects
in complex arrangements that preclude simple understanding of the effects of individual defects
on the response. This dissertation addressed this difficulty that occurs with experimental methods
by studying individual domains and defects through phase field simulations that isolated and
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probed contributions from individual ferroelastic domains and dislocations as well as the
interactions between these two defect classes.
Domain equilibrium structures and switching in thin films are sensitive to the presence of
electric fields, strains and surfaces. To ensure the model correctly dealt with these parameters the
work presented here began by developing a numerical correction to the phase field model.
Specifically, a step correction to discontinuities at the system edges was incorporated into the
Fourier-spectral superposition method used to solve the governing equations present in the phase
field model. Testing of this solution method demonstrated a significant improvement in
numerical accuracy over both the previous spectral technique and a finite difference numerical
technique with respect to both the time step and grid spacing used. The results throughout the
remainder of this dissertation depended on the accuracy gained through this correction since it
leads to much better approximations of the electric field and strain distributions in the system that
control domain structure and response. Perhaps most importantly for the phase field model,
however, this approach developed a method to describe the boundary conditions for the
polarization distribution at the edges of the thin film, which had not been previously explicitly
considered. Together, the improvements to the model from this approach lend accuracy and
credibility to subsequent simulations.
Next, small field responses around an isolated ferroelastic domain that extended through
the thin film were considered. Here, simulation of nucleation of a switched domain was impeded
in the immediate vicinity of the ferroelastic domain. Previously, [88] it had been shown that
nucleation required the smallest applied electric field at the ferroelastic domain boundary in this
system. That conclusion was extended here to demonstrate that the existence of ferroelastic
domains actually inhibited domain switching in the immediate vicinity of the ferroelastic domain
when nucleation is not directly on the domain wall. Combined with previous results, this creates
a compelling reason for the observed switching at the domain wall since the barrier to switching
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is both lowered at the boundary and increased everywhere else in the local vicinity. Modeling
suggested that this result was a consequence of long range strain and depolarization fields around
the ferroelastic domain.
Nucleation phenomena were also investigated here with an analytic model to determine
the position dependent coercive electric field in the thin film. The analytic model allowed
separation of the perturbations in the coercive field due to the electric field and elastic strain
around the domain and it was determined that the long range relatively compressive strain fields
introduced by the domain were the primary cause of the increased coercive field. This may
impact the understanding of a wide number of elastic defects on the overall system response. For
instance, a larger substitutional cation in the system may modestly increase the nucleation bias by
introducing a compressive stress. Finally, simulation of the piezoelectric response and dielectric
permittivity showed both responses were degraded in the immediate vicinity of the ferroelastic
domain.
Continued switching around an isolated ferroelastic domain was addressed in Chapter 4.
After nucleation forward growth of the new domain beneath the electrode was found to be
arrested by the preexisting ferroelastic domain. The principle mechanism preventing further
growth was found to be the formation of a charged 90° ferroelastic domain boundary at the
intersection of the switched domain and existing ferroelastic domain. A larger bias was then
required to induce further switching in the film, which occurred through 180° switching of the
ferroelastic domain. Temporary stability to the structure was induced by a lowering of the total
electrostatic energy of the charged 90° interface vis-à-vis the charged 180° domain wall formed
during forward growth of the domain. Surprisingly, the charged 90° domain wall was stabilized
by a large increase in the width of the domain wall compared to an uncharged wall. Rather than
occurring sharply over 1 – 2 nm, the charged domain wall showed a broad transition region over
5 – 6 nm that distributed the bound charge at the interface and reduced the electrostatic free
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energy. Since this behavior is associated with reducing large charges at head-to-head 180°
domain walls during switching, it is likely general to all of the commercially relevant ferroelectric
materials such as BaTiO3 and BiFeO3, that possess several elastic domain variants. In these
systems ferroelastic domains are likely acting as moderate to strong obstacles to ferroelectric
domain switching. [24]
Next, isolated misfit dislocations near the substrate were investigated with the phase field
model in Chapter 5. These are especially hard to study experimentally since defects cannot
typically be introduced into an otherwise ideal structure. The phase field model, however, was
used to show that individual defects can stabilize the majority of the ferroelastic domain
morphologies observed in PZT 20/80 thin films. Above the edge dislocations studied here
ferroelastic domains were stabilized through interactions with the in-plane tensile strains
associated with the missing half-plane. In good agreement with experimental observations, both
small, wedge-shaped domains and classic ferroelastic domains were observed around dislocations
in the simulation. While only modest depolarization electric fields and elastic strains were
associated with the classic ferroelastic domains, wedge shaped ferroelastic domains were found to
induce large rotations in the local polarization, leading to significant depolarization and strain
fields around the domain. Follow up work has indicated that this structure makes the wedge
domains very mobile [82] and further discussion on this point is presented in Section 7.2. The
equilibrium geometry in the phase field simulation was shown to depend on the local elastic
environment of the dislocation. In thin films, or films with small coherency strains, the classic
ferroelastic domains prevailed, but in more elastically constrained films the wedge shaped
domains prevailed. It was concluded that a first-order phase transition occurred between these
two domain structures as the film thickness changed. This works provides a clear explanation for
how arrays of misfit dislocations present in most thin films may stabilize the particular complex
domain structures observed.
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Finally, the impact on the small field dielectric permittivity due the interactions between
the ferroelastic domains and misfit dislocations was considered in Chapter 6. Here, the dielectric
response to a sub-coercive electric field was simulated for a dense a/c/a/c domain structure in a
PZT 20/80 thin film. In thin films with no dislocations dielectric responses commensurate with
experimental observations were reproduced. [238] However, with the inclusion of dislocations
the response was dramatically decreased due to strong elastic interactions. A method to separate
the domain wall and lattice contributions indicated this reduction was due to the inflexibility of
the ferroelastic domain fraction in the vicinity of the dislocation and the associated limited
domain wall mobility. Surprisingly, pinning through strain fields around the dislocations was
found to be dependent on the inhomogeneity of the strain field created by the dislocation.
Comparing phase field simulation results to results from an analytic model for a dense domain
structure in a bulk-like system that assumed uniform strain fields within each domain showed that
additional uniform compressive strains did not significantly change the domain wall mobility in
the system. This leads to the conclusion that inhomogeneous strain fields created by a dislocation
(or free surface) are essential to modify the response of the system. Finally, it was shown that by
minimizing elastic constraints on ferroelastic domains by moving the system to a stress-free
membrane the overall dielectric permittivity could be maximized.
Based on these results, this dissertation extends the understanding of the effects of elastic
defects on thin film ferroelectric responses. It is shown that elastic perturbations due to
ferroelastic domains in constrained films reduce responses in the surrounding film structure and
that this effect is worsened if the ferroelastic domains are also pinned around misfit dislocations.
This may have implications for the future design of ferroelectric thin film devices since it
indicates that avoiding ferroelastic domains and dislocations are both critical to optimizing the
thin film response and that having both types of elastic defects may be ruinous for
microelectronic applications. Further, this work provides a framework to investigate the effects
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of other classes of common thin film defects such as grain boundaries and point defects like
oxygen vacancies on the thin film response.

7.2 Directions for Future Research
The phase field model discussed throughout this dissertation provides a solid framework
to investigate switching and response to an applied electric field in ferroelectric thin films.
However, additional physical phenomena or defect structures could be incorporated into the
model to further advance the experimental understanding of these film systems. Several possible
extension of this research are discussed below. Most of the following proposals for future work
attempt to address switching in thin films with simple extensions of the phase field model or
domain structure.

7.2.1 Switching around Partial Ferroelastic Domains
Recently, wedge shaped domains extending only part way through a PZT 20/80 thin film
that do not terminate on another domain wall or obvious dislocation have been observed.
Unconstrained, these wedge shaped domains are exceptionally mobile due to the high
electrostatic and mechanical energy associated with the tips of the wedge shaped domains. Joint
TEM and phase field investigations [82] have shown that wedge shaped domains expand and
contract quickly when an electric field or mechanical stress is applied at the surface of the thin
film, demonstrating that this structure is not static. Results of this study are shown in the figures
in Reference [82]. In contrast, classic ferroelastic domains are nearly always immobile.
Interestingly, the ferroelastic domains could not be erased with an applied electric field, showing
the domains are stable. Hysteresis associated with the first order phase transition between these
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two domain structures, however, suggests that the structure of the ferroelastic domain could be
switched between metastable morphologies through application of an appropriate electric field.
Since domain walls at the film surface were shown to have a particularly large dielectric
permittivity response (Chapter 6), it is possible that a film could be switched with an electric field
between high response and low response states simply by switching it between domains with a
stable wedge morphology and domains with a metastable, fully extended morphology. By fully
understanding the effects that the morphological transition has on the ability of the thin film
response to be tuned additional pathways toward engineering microelectronic devices may be
created.

7.2.2 Impact of Electronic Conduction on the Domain Switching Process
Throughout this dissertation the intrinsic static conductivity of both the homogeneous
ferroelectric thin film and of domains walls in the thin film was entirely neglected, as explained
in Chapter 1. However, mounting evidence indicates that this is not likely a fully accurate
description of the film. Rather, in nearly every ferroelectric system domain walls are increasingly
found to be conductive in static arrangements. [112,113,241] While this behavior creates new
methods toward engineering rewritable electronic devices, it means that the thin film responses
may not be well approximated in some systems by the simple ferroelectric phase field model used
here. For instance, theoretical investigations of accumulation of free charges in the system that
might occur during static conduction show that screening charges may reduce the mobility of
domain walls under an applied electric field. Inclusion of explicit conductivity due to, for
example, free charge carriers created by ionic defects or electronic band bending around domain
boundaries may produce new behaviors in the modeled thin film response and when included in
the simulation may produce better agreement with experimental results. Both to more accurately
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reflect the physics of ferroelectric systems and to keep the phase field model abreast of current
experimental trends, including static conductivity may be an excellent extension of the model.
However, this would require explicit consideration of at least the conduction and valance
electronic bands in the system along with descriptions of how they are evolved around changes in
the crystal symmetry in the system (i.e. at domain boundaries). A full discussion of electronic
bands in the system is far beyond the scope here and for further reading the reader is directed to
electronics textbooks such as Reference [242].

7.2.3 Domain Structures and Switching around Grain Boundaries
Grain boundaries present another interesting internal interface that will strongly affect
ferroelectric switching. [183] Grain boundaries contain two critical features from a modeling
perspective: a rotation of the lattice orientation across the domain boundary and a disordered
region that may exist at the boundary. Recently, ferroelectric domain structures around a single
grain boundary in a bicrystal have been investigated experimentally using electric measurements
of the permittivity and the grain boundary was found to impact both the ability of the system to be
poled and the response of the domain structure to an applied electric field. [243] Phase field
modeling would be useful to better understand how ferroelastic domains interact with the grain
boundary.
Methods currently exist to model and solve the governing equations for the phase field
model in a polycrystalline system. Primarily, this involves rotating the property tensors in each
grain over a finite width grain boundary and solving the inhomogeneous system with iterative
techniques. [131,147] Preliminary results, however, indicate that only modest success is obtained
when modeling grain boundary domain structures in this way. As shown in Figure 7.1
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Figure 7.1 Example Phase Field Simulation of Polycrystalline Film: (a) Initial domain
configuration for thin film with two parallel grain boundaries, which occur where the two colors
of ferroelastic domains with in-plane polarization intersect. The directions of polarization inplane are indicated by arrows. The circle indicates the matrix domain has polarization out of the
plane of the film. (b) Domain structure after system was allowed to relax for 14,000 time steps.
In this system the electrostatic energy was neglected. (c) In-plane stresses around the domains in
(a) with 11 = 93.1 MPa. (d) Associated elastic energy in reduced units around the domain
structure. Notice the elevated elastic energy of the domain edges at the boundary that makes the
domain structure unstable.
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head-to-head ferroelastic domain boundaries at the grain boundary are not stable in the phase
field model, even when electric dipole interactions are neglected, despite the fact that similar
boundaries are observed experimentally. Likely, this is due to creation of pinning centers at the
boundary due to the crystalline rearrangement of the structure at the grain boundary.
Development of an accurate model for polycrystalline films, which constitute the majority of
reported films, that includes the possible crystalline disorder at the grain boundary would allow
these systems to be better addressed with the phase field modeling approach.

7.2.4 Inclusion of Surface Effects in the Thin Film Model
As discussed in Chapter 1 the phase field model used in this dissertation neglected effects
arising from the polarization gradient at the surface (Equation 1.) simply because no clear
experimental trend exists. Additional surface effects present in other governing equations such as
surface tension [244] (part of the elastic problem) and adsorbed charges on the film free surface
(electric problem) could also significantly impact the equilibrium domain structure and response
in the thin film systems. For instance, adsorbed charges may be one possible reason many PZT
20/80 films contain very large regions where all out of plane polarization is oriented along the
same direction. Finally, the largest surface effect may be the creation of heterointerfaces and
Schottky barriers with substrates and electrodes at the edges of the thin film. These create
significant inhomogeneous built-in electric fields that govern the stable domain configuration and
alter film responses, particularly nucleation, to an applied electric field. [201] Inclusion of
surface effects appears to be critical for better modeling of actual electronic devices using the
phase field method.
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7.2.5 Inclusion of a Lattice Pinning Stress
Domain boundary motion in the phase field model has no energy barrier if it is sampled
infinitely finely in the numerical model since this is a continuum model with a flat energy profile
with respect to the domain wall position. However, domain boundaries do not move through
uniform potentials in PZT crystals. Rather, discreet lattice planes exist, which create energy
peaks and valleys for the domain wall position. Detailed density functional theory calculations
have been performed by Beckman, et al [245] have shown that this causes a distinct energy
barrier to domain wall motion. As a result, the phase field model overestimates the mobility of
domain walls in the system, which limits its ability to be compared to experimental dynamic
studies of domain wall motion though ferroelectric crystals. Adding a lattice pinning stress to the
domain wall, potentially by creating a spatially dependent penalty for polarization gradients,
could help resolve this discrepancy.

Several possible extensions to dynamic simulations and the phase field model in general
have been presented above. All of these additional paths of investigation are important to keep
the ability of the phase field model to accurately reflect ferroelectric switching in thin films up to
date with current experimental interests, which is critical for keeping the method relevant to
future research endeavors.
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