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Abstract
Large (1 – 4 x 106 m3) to major (> 4 x 106 m3) dome collapses for andesitic lava domes such as
Soufriere Hills Volcano, Montserrat are observed for elevated magma discharge rates (6 – 13 m3/s). The
gas rich magma pulses lead to pressure build up in the lava dome that result in structural failure of the
over steepened canyon-like walls which may lead to rockfall or pyroclastic flow. This indicates that dome
collapse at Soufriere Hills Volcano, Montserrat is intimately related to magma extrusion rate. Variation in
magma extrusion rate for open-system magma chambers is observed to follow alternating periods of high
and low activity. Periodic behavior of magma exhibits a rich diversity in the nature of its eruptive history
due to variation in magma chamber size, total crystal content, linear crystal growth rate and magma
replenishment rate. Distinguished patterns of growth were observed at different magma flow rates ranging
from endogenous to exogenous dome growth for magma with varying strengths.
Determining the key parameters that control the transition in flow pattern of the magma during its
lava dome building eruption is the main focus of this work. This dissertation examines the mechanical
effects on the morphology of the evolving lava dome on the extrusion of magma from a central vent using
a 2D particle dynamics model. The particle dynamics model is coupled with a conduit flow model that
incorporates the kinetics of crystallization and rheological stiffening to investigate important mechanisms
during lava dome building eruptions.
Chapter I of this dissertation explores lava dome growth and failure mechanics using a twodimensional particle-dynamics model. The model follows the evolution of fractured lava, with
solidification driven by degassing induced crystallization of magma. The particle-dynamics model
emulates the natural development of dome growth and rearrangement of the lava dome which is difficult
in mesh-based analyses due to mesh entanglement effects. The deformable talus evolves naturally as a
frictional carapace that caps a ductile magma core. Extrusion rate and magma rheology together with
crystallization temperature and volatile content govern the distribution of strength in the composite
structure. This new model is calibrated against existing observational models of lava dome growth.
Results show that the shape and extent of the ductile core and the overall structure of the lava dome are
strongly controlled by the infusion rate. The effects of extrusion rate on magma rheology are sensitive to
material stiffness, which in turn is a function of volatile content and crystallinity. Material stiffness and
material strength are key model parameters which govern magma rheology and subsequently the
morphological character of the lava dome and in turn stability. Degassing induced crystallization causes
material stiffening and enhances material strength reflected in non-Newtonian magma behavior. The
increase in stiffness and strength of the injected magma causes a transition in the style of dome growth,
from endogenous expansion of a ductile core, to stiffer and stronger intruding material capable of
punching through the overlying material and resulting in the development of a spine or possibly inducing
dome collapse. Simulation results mimic development of a megaspine upon the influx of fresh magma
which leads to the re-direction of magma flow, creating a new shear zone and the switching of dome
growth from one side to the other. Our model shows similar dome growth dynamics as observed at
Soufriere Hills Volcano, Montserrat, indicating a strong correlation between extrusion rate and its
subsequent effect on mechanical properties and variations in magma rheology.
Chapter II of this dissertation explores the effects of a spectrum of different rheological regimes,
on eruptive style and morphologic evolution of lava domes, using a two-dimensional (2D) particle-
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dynamics model for a spreading viscoplastic (Bingham) fluid. We assume that the ductile magma core of
a 2-D synthetic lava dome develops finite yield strength, and that deformable frictional talus evolves from
a carapace that caps the magma core. Our new model is calibrated against an existing analytical model for
a spreading viscoplastic lava dome and is further compared against observational data of lava dome
growth. Results indicate that a degassing-induced increase in strength of the injected magma causes a
transition in the lava dome morphology from a low-relief lava dome evolving endogenously (with bulk
yield strength - 104 < τo < 106 Pa), to a Pelean lava dome with spines (τo > 105 - 106 Pa) extruded through
the dome carapace. The virtual lava dome with τo = 0.6 MPa shows good agreement with the observed
dome heights observed at the Soufriere Hills Volcano, Montserrat during a period of endogenous growth.
The calculated apparent flow viscosity (1.36 x 1011 Pa.s for τo = 0.6 MPa) is in the range of bulk viscosity
(109 to 1012 Pa.s) measured for crystal-rich lavas. Our model results indicate a strong correlation between
apparent yield strength and dome morphology, as controlled by degassing-induced crystallization and
extrusion rate.
Chapter III of this dissertation explores different lava-dome styles by developing a twodimensional particle-dynamics model. These growth patterns range from endogenous lava dome growth
comprising expansion of a ductile dome core to the exogenous extrusion of a degassed lava plug resulting
in generation of a lava spine. We couple conduit flow dynamics with surface growth of the evolving lava
dome, fueled by an open-system magma chamber undergoing continuous replenishment. The conduit
flow model accounts for the variation in rheology of ascending magma that results from degassinginduced crystallization. A period of reduced effusive flow rates promote enhanced degassing-induced
crystallization. A degassed lava plug extrudes exogenously for magmas with crystal contents (ϕ) of 78%,
yield strength >1.62 MPa, and at flow rates of <0.5 m3/s, while endogenous dome growth is predicted at
higher flow rates (Qout > 3 m3/s) for magma with lower relative yield strengths (<1 MPa). At moderately
high flow rates (Qout = 4 m3/s), the extrusion of magma with lower crystal content (62%) and low
interparticulate yield strength (0.6 MPa) results in the development of endogenous shear lobes. Our
simulations model the periodic extrusion history at Mount St. Helens (1980 – 1983). Endogenous growth
initiates in the simulated lava dome with the extrusion of low yield strength magma (ϕ = 0.63 and τ = 0.76
MPa) after the crystallized viscous plug (ϕ = 0.87 and τ = 3 MPa) at the conduit exit is forced out by the
high discharge rate pulse (2 < Qout < 12 m3/s). The size of the endogenous viscous plug and the
occurrence of exogenous growth depend on magma yield strength and the magma chamber volume,
which control the periodicity of the effusion.
Chapter IV of this dissertation explores the Variation in the extruding lava flow patterns range
from endogenous dome growth with a ductile core to the exogenous extrusion of a degassed lava plug that
results in the generation of a spine. The variations are a manifestation of the changes in the magma
rheology which is governed by magma composition and rate of decompression of the ascending magma.
We simulate using a two-dimensional particle-dynamics model, the cyclic behavior of lava dome growth
with endogenous growth at high discharge rates followed by exogenous extrusion of rheologically
stiffened lava due to degassing induced crystallization at low discharge rates. We couple conduit flow
dynamics with surface growth of the evolving lava dome which is fueled by an overpressured reservoir
undergoing constant replenishment. The periodic behavior between magma chamber pressure and
discharge rate is reproduced as a result of the temporal and spatial change in magma viscosity controlled
by crystallization kinetics. Dimensionless numbers are used to map the flow behaviors with the changing
extrusion regime. A dimensionless plot identifying the flow transition region during the growth cycle of
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an evolving lava dome in its lava dome eruptive period is presented. The plot provides a the threshold
value of a dimensionless strength parameter (π2 < 3.31 x 10-4) below which the transition in flow pattern
occurs from endogenously evolving lava dome with a ductile core to the development of a shear lobe for
short or long lived periodic episode of the extrusion of magma.
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Chapter 1 : Influence of extrusion rate and magma rheology on the growth of lava domes:
insights from particle – dynamics modeling
Abstract
Lava domes are structures that grow by the extrusion of viscous silicic or intermediate
composition magma from a central volcanic conduit. Repeated cycles of growth are punctuated by
collapse, as the structure becomes oversized for the strength of the composite magma that rheologically
stiffens and strengthens at its surface. Here we explore lava dome growth and failure mechanics using a
two-dimensional particle-dynamics model. The model follows the evolution of fractured lava, with
solidification driven by degassing induced crystallization of magma. The particle-dynamics model
emulates the natural development of dome growth and rearrangement of the lava dome which is difficult
in mesh-based analyses due to mesh entanglement effects. The deformable talus evolves naturally as a
frictional carapace that caps a ductile magma core. Extrusion rate and magma rheology together with
crystallization temperature and volatile content govern the distribution of strength in the composite
structure. This new model is calibrated against existing observational models of lava dome growth.
Results show that the shape and extent of the ductile core and the overall structure of the lava dome are
strongly controlled by the infusion rate. The effects of extrusion rate on magma rheology are sensitive to
material stiffness, which in turn is a function of volatile content and crystallinity. Material stiffness and
material strength are key model parameters which govern magma rheology and subsequently the
morphological character of the lava dome and in turn stability. Degassing induced crystallization causes
material stiffening and enhances material strength reflected in non-Newtonian magma behavior. The
increase in stiffness and strength of the injected magma causes a transition in the style of dome growth,
from endogenous expansion of a ductile core, to stiffer and stronger intruding material capable of
punching through the overlying material and resulting in the development of a spine or possibly inducing
dome collapse. Simulation results mimic development of a megaspine upon the influx of fresh magma
which leads to the re-direction of magma flow, creating a new shear zone and the switching of dome
growth from one side to the other. Our model shows similar dome growth dynamics as observed at
Soufriere Hills Volcano, Montserrat, indicating a strong correlation between extrusion rate and its
subsequent effect on mechanical properties and variations in magma rheology.

1.

Introduction

Silicic and intermediate composition volcanoes commonly generate lava domes, which are
structures that grow by the extrusion of viscous magma from a central volcanic conduit. The solidification
and rheological stiffening of magma are controlled by varying degrees of cooling and degassing-induced
crystallization. Degassing-induced crystallization is a dominant process for andesitic magma systems such
as at Soufrière Hills Volcano (SHV), Montserrat (Melnik and Sparks, 1999; Sparks, 1997) and Merapi
Volcano, Indonesia (Hammer et al., 2000; Innocenti et al., 2013b; Innocenti et al., 2013a). Degassing
results in rheological stiffening of magma, which in turn is a consequence of gas exsolution that triggers
crystallization of microlites from undercooled melt (Cashman and Blundy, 2000; Hammer and
Rutherford, 2002; Hort, 1998; Melnik and Sparks, 1999; Melnik and Sparks, 2002; Woods and Huppert,
2003). The volume fraction of melt and crystal content in the magma control its bulk viscosity (Costa,
2005; Hess and Dingwell, 1996; Melnik and Sparks, 2005b). This volume fraction changes with pressure
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and magma flow rate, and the resulting morphology of a lava dome can be affected (Melnik et al., 2005;
Watts et al., 2002).
Of fundamental importance to understanding many volcanic processes as well as mitigating
volcanic hazard is detailed knowledge of the conditions required for dome collapse (Voight and Elsworth,
1997; Voight and Elsworth, 2000). Causal mechanisms and triggers contributing to individual collapse
events include oversteepening of slopes, rainfall-driven gravitational collapse (Barclay et al., 1998; Carn
et al., 2004; Elsworth and Voight, 1992; Elsworth et al., 2004; Simmons et al., 2004) and internal forcing
and gas pressurization(Elsworth and Voight, 1995; Elsworth and Voight, 2001; Simmons et al., 2005;
Voight and Elsworth, 2000). For a more comprehensive listing of mechanisms see Voight and Elsworth
(1997) Table I.
One of the most basic influences on dome stability, the interior structure of a dome, is in general
poorly understood (e.g. Hale and Wadge, 2003). The exact mechanical response of the volcanic edifice to
magma intrusion is not clear (Annen et al., 2001) despite numerous studies to predict growth and eruption
state (Anderson and Fink, 1990; Blake, 1990; Buisson and Merle, 2004; Elsworth and Voight, 1995;
Elsworth et al., 2004; Fink and Griffiths, 1990; Fink et al., 1990; Griffiths and Fink, 1993; Griffiths and
Fink, 1997; Iverson, 1990; Swanson and Holcomb, 1990). Quantifying the extent to which parameters
such as extrusion and cooling rates and material properties including coefficient of friction, cohesional
strength and dynamically evolving magma viscosity that control the morphology is important (Blake,
1990; Griffiths and Fink, 1997; Shen, 1998). Because the collapse of lava domes can produce devastating
and deadly pyroclastic flows, a quantitative model of the internal structure of the lava dome is desired.
The focus of many previous studies was to predict the flow pattern and most importantly the
eruption state of the evolving lava dome (e.g. Anderson and Fink, 1990; Griffiths and Fink, 1997; Shen,
1998). Available data aid the development of more sophisticated models that incorporate an improved
understanding of the physics and rheology of the repeated growth and destruction of lava domes (Buisson
and Merle, 2002; Buisson and Merle, 2004; Fink and Griffiths, 1990; Griffiths, 2000; Griffiths and Fink,
1993; Hale et al., 2007; Hale and Mühlhaus, 2007; Hale and Wadge, 2008; Huppert et al., 1982; Iverson,
1990; Melnik et al., 2005; Morgan and McGovern, 2005 (a); Simmons et al., 2005). Some of the previous
models illuminate mechanisms that cause a transition from endogenous to exogenous lava dome growth.
This transition of lava dome growth from endogenous to exogenous may be critical as it often coincides
with significant changes in the extrusion rate and is a prelude to hazardous lava dome collapse events
(Watts et al., 2002).
Here we use a two-dimensional numerical model to investigate dome growth on a horizontal
surface where growth occurs about the axis of the conduit. The 2D model only considers two force
components (neglecting the out-of-plane component for the calculations using the equation of motion and
the force-displacement laws) and a moment component, unlike the case of a 3D model (3 components
each of force and moment). This model uses the discrete element method (DEM) (Cundall and Strack,
1979) to represent the injection of magma into a central fluid core that evolves on its margins into a brittle
carapace of talus. We follow the evolution of the synthetic dome, to decipher the principal mechanisms
contributing to the resulting dome morphology and potential instability. This is the first investigation of
lava domes using this powerful modeling approach; here we explore the simplest case, but in the future
more complex 2D and 3D geometries will be examined.
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2.

Model Description

We represent the lava as an aggregate of discrete particles representative of “packets of magma”
using the discrete element method (Cundall and Strack, 1979). This model is developed in the code PFC2D
which incorporates granular contact mechanics capable of mapping the stress distribution in a deforming
aggregate. The code uses soft particle dynamics to incorporate elastic deformation localized at particleparticle contacts with the interparticle contact laws playing an important role in defining the behavior of
the assemblage (Morgan and McGovern, 2005 (a); Morgan and McGovern, 2005 (b)).
The lava dome grows on a rigid horizontal substrate fed by flow through a vertical conduit. The
𝑎𝑣𝑔
magma packets are idealized as particles of arbitrary radius (1.5 m in this study). Flow velocity (𝑣3𝐷 ) of
the magma packets through the magma conduit is given as,
𝒂𝒗𝒈

𝒗𝟑𝑫 =

𝑸𝟑𝑫⁄
𝝅𝒓𝟐
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where 𝑄3𝐷 is the specified flow rate in 3D configuration and the cross-section area of the conduit of
radius r is 𝑎3𝐷 = 𝜋𝑟 2 . Dimensions of the conduit for the 2D model are given in Table 1.2.
The 2D model treats the particles as cylinders for stress calculations, where the centroids of all
the cylinders lie in the same plane. The cross-sectional area of the conduit for the 2D and 3D model are
equal. The expression for characteristic/effective width (wC) for the specified conduit length (equal to 2r)
is discussed in the Appendix (Figure 1.1c&d). Figure 1.2 represents the basic geometry of the simulation
model. The flow velocity in the 2D model is specified equal to the 3D value given by Eq. (1) for a given
3D flow rate.

Figure 1.1. a) Parallel bond depicted as a finite-sized piece of cementatious material (Itasca Consulting Group,
2004). b) Location of the linear contact bond and parallel bond in the PFC2D code. c) Conduit geometry in 2D
correlated with the 3D geometry (w is the characteristic width of the 2D geometry which correlates the 3D flow rate
to a representative value in 2D). d) Shape of the particle used in the simulation run and area perpendicular to applied
force
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Table 1.1. Notation

Symbol

Description

Unit

𝑄3𝐷

Flow rate in 3D geometry

L3T-1

𝑣3𝐷

Flow velocity of fluid for 3D
geometry

LT-1

𝑎3𝐷

Area of conduit for a 3D
geometry

L2

𝑣3𝐷

Average fluid velocity given by
Hagen – Poisseuille’s flow
equation

LT-1

𝑟

Radius of conduit

L

𝑓𝑛

Normal force applied on the
particle in contact with another in
PFC2D

MLT-2

𝑘𝑛

Normal contact bond stiffness

MT-2

𝛿𝑛

Overlap in the normal direction
between 2 contacting particle in
PFC2D

L

𝑓𝑠

Shear force applied on the
contacting particle in PFC2D

MLT-2

𝑘𝑠

Shear contact bond stiffness

MT-2

𝛿𝑠

Particle overlap in the shear
direction in PFC2D

L

𝐶

Material cohesion

ML-1T-2

𝜇

Coefficient of friction of the
material

-

𝜎𝑚𝑎𝑥

Tensile strength of the material

ML-1T-2

𝑎𝑣𝑔
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Symbol

Description

Unit

∆𝐿

Change in length on application
of normal force on the
sample/particle

L

𝐿𝑜

Original length of the
sample/particle

L

𝐷

Original diameter of the
sample/particle

L

𝐸

Young’s modulus

-

𝐸𝑐

Microscopic modulus for
particle-particle contact bond

-

𝐸𝑝

Microscopic modulus for parallel
bond

-

𝜁𝑐

Ratio of microscopic modulus to
macroscopic modulus for
particle-particle contact bond

-

𝜁𝑝

Ratio of microscopic modulus to
macroscopic modulus for parallel
bond

-

𝐺

Shear modulus

-

∆𝑥

Change in length of the
sample/particle in the shear
direction

L

ɳ

Fluid viscosity

ML-1T-1

𝑘𝑛, 𝑘 𝑠

Parallel bond normal and shear
stiffness respectively

ML-2T-2

∆𝑈 𝑠

Shear displacement for a given
time step ∆t

L

𝑉𝑖

Shear velocity for the given time
step ∆t

LT-1
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Symbol

Description

Unit

𝑦

Length of sample/particle in the
direction perpendicular to shear
displacement

L

𝑤𝐶

Characteristic width of the
conduit to represent the 3D flow
rate to its representative value for
the 2D geometry

L

Φ

Friction angle of the material

-

𝐴

Area on which force is applied

L2

𝐴𝑜

Area of sample/particle before
deformation

L2

𝜏𝑚𝑎𝑥

Shear strength of the material

ML-1T-2

|𝑉|

Numerical value of pure shear
force applied

MLT-2

𝑇𝑙𝑖𝑞,𝑠𝑜𝑙

Temperature of the magma in the
solution state

-

𝑇𝑠𝑜𝑙𝑖𝑑𝑢𝑠

Temperature of the magma
below which the magma
solidifies for a given pressure

-

𝑝

External pressure acting on the
magma during the eruption cycle

ML-1T-2

𝑎𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑏𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-
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Symbol

Description

Unit

𝑐𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑑𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

The constitutive law for particle-particle/wall-particle contacts in the aggregate is the linear
contact model, which governs the morphology of the aggregate by correlating the material stiffness with
contact stiffness. Repulsive contact force in normal (𝑓𝑛 ) and shear (𝑓𝑠 ) directions are
𝒇𝒏 = 𝒌𝒏 𝜹𝒏

2

𝒇𝒔 = 𝒌𝒔 𝜹𝒔
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where k n and k s are the contact stiffnesses in the normal and shear direction, while particle overlap in the
respective directions are represented by 𝛿𝑛 and 𝛿𝑠 in Eq. (2, 3). The normal (𝑘𝑛 ) and shear (𝑘𝑠 ) contact
stiffness are related to the material properties as
𝒌𝒏 = 𝑬(𝒘𝑪 )
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𝒌𝒔 = 𝑮(𝒘𝑪 )
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where 𝐸 is the Young’s modulus and G is the shear modulus of the particle assemblage in the absence of
a parallel bond. The characteristic width (wC) in Eq. (4, 5) is the parameter that correlates the flow rate of
the 3D geometry to its representative 2D value (see Appendix). The particle overlap is controlled by the
Young’s and shear modulii of the material. The contact shear force is limited by the Mohr-Coulomb
failure criterion and the maximum shear force (𝑓𝑠𝑚𝑎𝑥 ) is given by
𝒇𝒎𝒂𝒙
= 𝑪 + 𝝁𝒇𝒏
𝒔
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where C is the material cohesion, coefficient of friction is μ, and fn is normal contact force. Material
cohesion (C) is an important parameter and affects the simulated dome growth pattern significantly.
Cohesion is represented by parallel bond strength/rigidity in the model. A parallel bond approximates the
physical behavior of two bonded particles where torsion of the assemblage is resisted (as represented in
Figure 1.1a&b) (Delenne et al., 2004; Guo and Morgan, 2006; Itasca Consulting Group, 2004). Maximum
normal (σmax) and shear strength (τmax ) for failure of the parallel bond is given as
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𝝈𝒎𝒂𝒙 = 𝑻⁄𝑨
𝝉𝒎𝒂𝒙 =

7

|𝑽|⁄
𝑨
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where the macro-response of a parallel bond is related to that of an elastic beam of area A, subject to pure
axial (T) and pure shear loading (|𝑉|) given by Eq. (7, 8). The parallel bond breaks when the pure axial or
shear stress applied on the bond exceeds the bond strength.

Table 1.2. Dimensions of the model
Conduit length

Equivalent conduit

Conduit width

Depth of

Expanse of the

(2D)

radius (3D)

(2D)

Conduit (2D)

base

30 m

15 m

23.5725 m

600 m

600 m

Figure 1.2. Basic cross-sectional setup of the PFC2D model which includes the conduit (30 m lengthwith rigid walls)
where the lava dome develops on a rigid horizontal surface (300 m long on either side of the conduit) and the red
particles of 1.5 m radius represent magma that forms the cohesion dominated core in the lava dome

Parallel bonds exist between adjacent particles (Figure 1.1a&b) and restrict particles from
rotating relative to each other – this is analogous to limiting fluid vorticity to achieve irrotational flow.
Relative motion at the particle contacts result in the development of a force and moment within the
modeled aggregate, conditioned by the parallel-bond stiffness. Parallel bonds transmit force as well as
moment between two bonded particles. Schematically, a parallel bond is a set of elastic springs defined by
normal and shear stiffnesses that support a portion of the force applied on the modeled particle structure.
Thus, the effective stiffness of the modeled aggregate depends on the parallel bond stiffness and the linear
contact stiffness. The composite Young’s modulus (E) of the aggregate in the presence of a parallel bond
is given as,
𝐸=

𝐸
𝐸𝑐
⁄𝜁 + 𝑝⁄𝜁
𝑐
𝑝
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where Ec and Ep are the Young’s modulii for the particle-particle and parallel bond contacts respectively,
while ζc and ζp are the ratio of microscopic modulus to macroscopic modulus for the particle-particle
(linear contact) and parallel bond respectively. The correlation of microscopic modulii (Ec and Ep) is
given in the Appendix. The ratios of the modulii for a particle system are calculated by initially assigning
only linear contact bonds to the particles (Ep = 0) to obtain the value of ζc. The other ratio (ζp) is obtained
by repeating this procedure and only assigning parallel bonds to the particles. In the absence of a parallel
bond, the value of the macroscopic Young’s modulus (E) for the system is equal to the microscopic
particle-particle linear contact modulus given in Eq. (4) (Itasca Consulting Group, 2004). Therefore,
addition of the parallel bond to the particle-particle assembly increases the effective stiffness of the
modeled particle aggregate (Figure 1.1b). The parallel bond breaks when the applied force exceeds the
maximum normal or shear stress (bond strength), as given by Eq. (7) and (8) which results in the
progressive reduction of the bulk elastic modulus. The material accumulates damage as parallel bonds are
broken. An increase in the ratio of parallel bond stiffness to contact stiffness increases the rate at which
damage accumulates in the material when strained (Itasca Consulting Group, 2004). The parallel bonded
material with higher parallel bond shear stiffness behaves in a manner analogous to a highly viscous fluid.
The correlation of viscosity with parallel bond shear stiffness is given in the Appendix.
The dominant mode of deformation is influenced by mechanical properties of the particle
assemblage. The coefficient of friction and cohesion manifest through the Coulomb yield criterion and
material stiffness control deformation behavior (Morgan and McGovern, 2005 (a)). The bulk composition
of the magma is strongly influenced by temperature and comprises silicate melt, crystals and volatiles the relative proportion of these fractions exerts a significant influence on material stiffness. Viscosity and
density both change due to progressive gas exsolution from the melt and subsequent gas loss during
conduit flow and extrusion. This effect may be parameterized as a function of dissolved water in the melt,
crystal content and pressure (Melnik and Sparks, 2005b). The model accounts for changes in magma
liquidus temperature which results from exsolution of water from the melt and changes in melt phase
chemical composition during crystallization. Experiments on the crystallization of plagioclase feldspar,
the major crystallizing phase during decompression of andesite magmas, provide an empirical correlation
between magma liquidus/solidus temperature (Tliq,sol) (Couch et al., 2003b; Melnik and Sparks, 2005b).
This may be parameterized as
𝑻𝒍𝒊𝒒,𝒔𝒐𝒍 = 𝒂𝑻 + 𝒃𝑻 𝒍𝒏(𝒑) + 𝒄𝑻 𝒍𝒏(𝒑)𝟐 + 𝒅𝑻 𝒍𝒏(𝒑)𝟑
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noting the dominant influence of pressure and modulated by empirical constants 𝑎 𝑇 , 𝑏𝑇 , 𝑐𝑇 and 𝑑𝑇 . A
least-squares best fit to the experimental data, defined by Eq. (10), yields the values of the constants
(𝑎𝑇 , 𝑏𝑇 , 𝑐𝑇 and 𝑑𝑇 ) given in Table 1.3. These differ for the liquid and solid states depending on the extent
of crystallization. Lava solidification is related to pressure using the solidus temperature (Tsolidus) which is
given by Eq. (10).
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Table 1.3. Constant for the empirical expression obtained for the phase behavior of magma (Melnik and
Sparks, 2005b)
Constant

Liquidus

Solidus

aT

1465.5

1252.2

bT

-31.4

-25.3

cT

-2.8

-11.9

dT

-0.41

1.17

Figure 1.3 represents the phase behavior of the ascending andesitic magma with crystal fraction
increasing with a reduction in pressure which results in the decrease of the weight percentage of dissolved
water in the magma (Blundy et al., 2006).

Figure 1.3. Modeled variation in magmatic parameters during decompression of water saturated silicic andesite.
Magma is similar in composition to Mount St. Helens and Mount Pinatubo. (a) Phase diagram for water saturated
magma at 220 MPa with crystal fraction contours. (b) Temperature variation based on linear variation between
liquidus and solidus. (c) Crystal fraction based on linear and polynomial variation for crystal free magma at 300
MPa and initial temperature of 8800C (Blundy et al., 2006)

There are two mechanisms that result in the solidification of magma : 1) cooling of the extruded
lava surface yielding a solid exterior crust, which in turn leads to rheological stiffening (Fink and
Griffiths, 1990; Iverson, 1990); and 2) gas exsolution during magma ascent increases the magma liquidus
temperature promoting crystallization and resulting in solidification (Blundy et al., 2006; Cashman and
Blundy, 2000; Couch et al., 2003b; Hort, 1998). Degassing - induced crystallization is the dominant
mechanism controlling the emplacement of intermediate composition (andesite or dacite) lavas (Hammer
et al., 2000; Sparks et al., 2000). Crystallinity and magma liquidus temperature both increase with
decreasing partial pressure of H2O (Figure 1.3a,b,c) (Blundy et al., 2006). Figure 1.4 illustrates the
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increase in the magma liquidus and solidus temperature as magma ascends isothermally to the surface
through the conduit. As decompressing magma exsolves gas, the liquidus temperature increases resulting
in increased undercooling that triggers crystallization and leads to the rheological stiffening of the
magma. Experiments conducted on rhyolitic melts with similar compositions to that of the ongoing
eruption of the Soufrière Hills volcano (SHV) suggest an undercooling of about 150 – 2000C for a melt
with dissolved water content of ~ 4% (Barclay et al., 1998). Exsolution of volatiles causes melt viscosity
to increase by several orders of magnitude (Dingwell et al., 1996). Highly crystalline magma develops
strong non-Newtonian properties and mechanical strength. Accordingly, the decompression path that the
magma experiences governs the kinetics of crystallization and thus plays an important role in controlling
the texture of the crystallizing magma. Matrix glass composition may be used to obtain the pressure at
which glass and crystal attain equilibrium and thus to track groundmass crystallinity (Blundy and
Cashman, 2001). Melt composition is used to obtain effective pressure at which crystal growth kinetics
are inhibited and the melt chemistry is considered as frozen. In some studies, this pressure is termed the
“closure pressure” and is controlled by the kinetics of crystal nucleation and growth (Cashman and
Blundy, 2000). In general, magma rheology strongly depends on the depth and time taken by the melt to
attain closure pressure (Sparks et al., 2000).
The transition of the soft core of the simulated lava dome (indicated by red particles, Figure 1.2)
from a liquid mush to a solid state (which breaks into fractured lava and is indicated by yellow particles)
is represented through the solidus/closure pressure (Simmons et al., 2005). Eq. (10) is an empirical
expression that gives liquidus and solidus pressures respectively, as depicted in Figure 1.4 (Hale, 2008;
Melnik and Sparks, 2005b). Magma ascending to the surface experiences a reduction in pressure which
results in the exsolution of volatiles. As this pressure approaches the solidus/closure pressure the liquidus
temperature rises and crystallization is promoted by magma undercooling. The crystallization history of
the magma is frozen at the solidus/closure pressure, where the magma is now completely solid. In our
model the pressure exerted on each discrete particle is tracked and if the value is equal to or below the
solidus pressure, material properties of that particle are changed to match the values of a crystallized solid
of appropriate composition. The transition from core (cohesion dominated and ductile) to solidified lava
(friction dominated) is a binary step-change in properties and is unidirectional – an increase in pressure
will not enable a return transition to a liquid state. Upon crystallization the magma develops mechanical
strength appropriate to that of lava blocks, i.e. talus. This is a simplified assumption as in some cases we
recognise that the lava may not be broken up in this fashion.The empirical expression for the solidus
pressure isobar is used to dynamically identify the interface between the viscous/cohesive core and
frictional talus in the model lava dome during its evolution – although the frictional rind may develop
thickness variations by accumulation, mixing, sliding or overplating of previously solidified particles. The
properties of the model lava dome are updated after every time step. Experiments performed on Soufrière
Hills lavas are used to constrain the variables that include pressure, temperature and water content; the
temperatures for the magma range from 8300C to 9400C (Barclay et al., 1998; Rutherford and Devine,
2003) and solidus pressure lies between 0.1 to 5 MPa as shown in Figure 1.4 (Hale, 2008).
Identification of the ductile core-solidified lava interface within the model domain allows the
material properties to be updated. Studies conducted to obtain the value of the macroscopic magnitudes of
cohesion and coefficient of friction include back analysis of failure (Simmons et al., 2005). The broad
range of pairs for cohesion and friction angle pair obtained from back analysis vary from 0 - 1.1 MPa and
0 - 450 which cover the rheologic range of viscous magma through solidified lava. This covers the
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approximate range of material strength for major collapse events that occur at slow to moderate extrusion
rates. Idealized material properties of the core and talus are given in Table 1.4. Frictional parameters of
SHV lava have been determined in the laboratory (Samuelson et al., 2008; Voight et al., 2002).
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Figure 1.4. Phase behavior of magma with variation in pressure and temperature obtained using Eq. (9) for an
experimental sample at 160 MPa and 8750C (initial pressure and temperature) with composition similar to the dome
lava obtained at Soufrière Hills Volcano, Montserrat (β indicates crystal content in the material) (Couch et al.,
2003b; Melnik and Sparks, 2005b)

3.

Parametric Sensitivities

Discrete Element Model (DEM) simulations track both spatial and temporal evolution of
idealized lava dome growth. The model is parameterized with values of mechanical properties taken as
representative of Soufrière Hills Volcano (SHV). Parametric analyses are performed to explore the
sensitivity of the patterns of lava dome growth to parameter selections. Ranges of selected values for flow
rate, material stiffness, coefficient of friction and cohesion considered appropriate for SHV are given in
Table 1.4. Specifically, these material variables represent stiffness, friction and cohesion and together
with extrusion rate influence the morphology of the evolving dome.
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Table 1.4. Input parameters for model runs in Figure 1.8 – 1.11 to obtain modeled lava dome morphology
for limiting range of values
Parameter

Figure 1.8 and Figure 1.10

Figure 1.9 and Figure 1.11

Range in the Figures

Low

High

Low

High

Flow Rate (m3/s)

0.5

0.5

10

10

Density (kg/m3)

2500

2500

2500

2500

Solidus Pressure (MPa)

0.4

0.4

0.4

0.4

Particle radius (m)

1.5

1.5

1.5

1.5

Friction angle (talus)

450

450

450

450

Friction angle (core)

0

0

0

0

Cohesion for ductile core (MPa)

0.2

10

0.2

10

Parallel Bond Stiffness (N/m3)

1 x 106

1 x 108

1 x 106

1 x 108

Linear Contact Stiffness (N/m)
(ductile core)

5 x 108

5 x 108

5 x 108

5 x 108

Linear Contact Stiffness (N/m)
(talus)

2.25 x 109

2.25 x 109

2.25 x 109

2.25 x 109

Yield strength of parallel bonded
material (MPa)

0.2

5

0.2

5

Young’s Modulus (talus without
parallel bond) (GPa)

3

3

3

3

3.1.

Material Stiffness

In these analyses, the particle radius representing discrete packets of magma is 1.5 m with the
material stiffness of the particle indicative of its compressibility. For particles representing a slightly
compressible continuum the normal (kn) and shear (ks) stiffnesses of two cylindrical particles in contact
are correlated to Young’s (E) and shear (G) modulii by Eq.(4) and Eq.(5) respectively. The dependence of
stiffness of the parallel bond to Young’s modulus (E) is expressed in Eq. (9). As discussed above, the bulk
material properties vary with temperature and pressure along the path of magma ascent. The magma
ascent rate significantly influences crystal nucleation, crystal growth rate and the exsolution of volatiles
(Blundy et al., 2006; Hort, 1998; Martel and Schmidt, 2003; Melnik and Sparks, 1999; Melnik and
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Sparks, 2005b) and compressibility of the magma is in turn affected by this volatile content (Huppert and
Woods, 2002; Woods and Huppert, 2003). A lower material stiffness at higher flow rates is a
consequence of the higher retained volatile content that in turn significantly increases magma
compressibility (Cashman and Blundy, 2000; Woods and Huppert, 2003). Magma stiffness is reasonably
well constrained and the modulus of the dome core is an order of magnitude lower than that of the talus
(see Table 1.4) (Elsworth and Voight, 2001; Hale and Wadge, 2003; Sporli and Rowland, 2006; Voight
and Elsworth, 1997; Widiwijayanti et al., 2005).
Material stiffness affects the morphology of the lava dome that evolves in our particulate model,
resisting deformation by the creation of “force chain networks” (Estep and Dufek, 2013). The force chain
network is a string of particles in contact with each other that resist deformation in a granular aggregate,
controlling macroscopic characteristics and affecting the transport capacity of granular flows. Figure 1.5
shows the effect of stiffness on the morphology of a growing endogenous lava dome. Changes in assumed
stiffness change the shape of the core as apparent in Figure 1.5. The height of the evolving dome
increases with an increase in stiffness ( lava dome height is 62 m for the stiffer magma with a linear
contact stiffness of 7.5 x 109 N/m, while for the less stiff magma with a linear contact stiffness of 2.25 x
109 N/m the height is 55 m) of the injected magma due to the enhanced resistence of the bulk material to
compression/compaction. Dome core growth concentrates above the centre of the conduit when magma
stiffness is high, whereas lateral spreading is promoted when stiffness is low (Figure 1.5). The dome
structure observed for magma of low stiffness is similar to the reported experimental results obtained for
flow of silica gel between parallel plates which directs the fluid onto a rigid horizontal base (Buisson and
Merle, 2002).

Figure 1.5. Variation in lava dome morphology due to change in material stiffness which is evolving on injection at
a constant flow rate of 5 m3/s as the lava dome evolves over a time period of ≈14 hours (Material properties given
in Table 1.3) (red particles indicate core material and solidified lava is represented by yellow particles)

The variation of material stiffness in the simulation is analogous to viscosity in the case of
endogenous growth. As viscosity increases, the growth of the core concentrates above the conduit (Hale,
2008). Similarly, in our models, where viscosity is not explicitly incorporated, a higher material stiffness (
core height is 47 m for the stiffer magma with parallel bond stiffness of 1 x 108 N/m3, while core height is
40 m for the less stiff magma with a parallel bond stiffness of 1 x 10 6 N/m3) during endogenous growth
results in a core with greater height, while models with reduced stiffness the relative lateral spreading is
increased.
3.2.

Coefficient of Friction

In general, talus surrounding the lava dome acts as a constricting particulate shell constraining the
softer material of the dome core. The force exerted between talus particles is a function of the coefficient
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of friction of the material, modulated by the local contact force. In our models, the talus naturally evolves
to enclose the soft dome core and forms an apron that surrounds the outer structure of the lava dome. The
greater the coefficient of friction, the higher the constricting force exerted on the core by the talus around
the base of the dome (lava dome height for the talus with ϕ = 300 is 52 m, while the lava dome height for
the talus with a friction angle of 450 is 55 m). Simulations using two limiting values (ϕ = 300 and 450) for
the angle of internal friction (e.g. Samuelson et al., 2008) give similar morphologies for the resulting
dome with a marginal difference in the lava dome height, although the coefficient of friction does
influence the internal structure of the core during endogenous growth. The higher the coefficient of
friction, the greater the lateral confining force, and the greater restriction to lateral spreading of the
magma core (lava dome core radius and height for ϕ = 450 is 90 m and 45 m respectively, while for ϕ =
300 the radius and height are 87 m and 40 m respectively) (Figure 1.6). The effect of friction angle is most
prominent for domes of greater height-to-radius ratio. Rationally, the angle of repose of the talus is
greater for talus with greater friction angle (e.g. Hale, 2008). In a constantly evolving lava dome the
coefficient of friction does not appear to have a significant influence on its final morphology.

Figure 1.6. Variation in lava dome morphology due to change in internal friction angle of the talus evolving from
ductile core material on injection of magma at a constant flow rate of 5 m3/s as the lava dome evolves over a time
period of ≈17.5 hours (Material properties given in Table 1.3)

3.3.

Cohesion

Degassing-induced crystallization increases the viscosity of the magma (Hammer et al., 2000)
and adds strength, reflecting non-Newtonian magma behavior (Blake, 1990; Lavallee et al., 2007; Melnik
and Sparks, 2005b; Sparks, 1997; Voight et al., 2002), when the closure/solidus pressure is approached.
Rates of strength gain for dominantly frictional material (talus) or frictional plus strongly cohesive
material (unfragmented carapace) are not well constrained. Back analyses of collapsed lava domes
provide estimates of cohesion and friction angles (Simmons et al., 2005). Estimates for bulk material
cohesion for endogenous domes range from 0.1 to 1.1 MPa, while the strength estimates for a viscous
plug in the simulation are an order of magnitude higher than that for endogenous growth. Spines are
assumed to behave as a cohesive material, and have a maximum height that is controlled by strength. In
reality this simple relationship is more complex as the bulk strength of the spine material continuously
varies with cooling, degassing, fracturing and rain-water infiltration, as a function of growth rate and
spine morphology and is heterogeneously distributed over the volume of the spine (Voight, 2000).
The rheology of degassed crystalline lava is complex and an approximation used to describe the
non-Newtonian behavior is the Bingham flow law. The apparent and actual viscosity will differ for a fluid
with finite yield strength (Blake, 1990; Caricchi et al., 2007; Griffiths, 2000; Lejeune and Richet, 1995).
The apparent viscosity of the crystal rich lava can be higher than 1013 Pa s with a yield strength of more
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than 1 MPa (Voight, 2000; Voight et al., 1999). The simulation runs for lava with a material strength
(equivalent to parallel bond strength) of 0.5 MPa and 2 MPa at a constant flow rate of 2 m3/s are
represented by points C and D in Figure 1.7. The total erupted volume for the simulation run is 212,155
m3 (t = 29.5 hours). At the start of the eruption cycle, magma with lower material strength (0.5 MPa)
extrudes for the initial 20 hours (141,500 m3). Table 1.4 gives the remaining material properties used for
the simulation. The modeled lava dome evolves endogenously during this period. Point C represents the
endogenous lava dome structure (dome height 35 m and radius 76.5 m, ductile core height 26 m and
radius 31.5 m) after the eruption of 106,100 m3 (t = 14.75 hours). At the end of the first 20 hours of
eruption, a higher material stiffness and material strength (2 MPa) is assigned to the particles assuming an
increase in crystal fraction and lower magma volatile and melt content. The material with greater strength
and therefore greater parallel bond stiffness is able to punch through the material overlying the conduit
exit resulting in exogenous growth. Point D represents the transition in flow pattern from endogenous to
exogenous dome growth of a fragmented lava lobe (t = 29.5 hours). The effect of variable material
strength on the morphology of the lava dome is discussed in detail in section 4 and represented in Figures
1.8 – 1.11.

Figure 1.7. Modeled lava dome structures for three different discharge rates (1 m3/s, 2 m3/s and 5 m3/s) for a total
volumetric eruption of 212155 m3. Material strength of the erupting lava is varied from 0.5 MPa to 2 MPa after a
volumetric eruption of 141,500 m3. The snapshots at points A, C, D are taken after a volumetric eruption of 106,100
m3 and B, D, F are the modeled lava dome structures at the end of the simulation run
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3.4.

Extrusion Rate

As noted previously, the solidification of lava follows two different mechanisms: cooling and
degassing. Both result in rheological stiffening that is driven by degassing-induced crystallization.
Degassing-induced crystallization is the dominant mechanism for rheological stiffening of intermediate
composition lavas, as conductive cooling penetrates too slowly to be effective on the short time-scales
(Hale, 2008; Sparks et al., 2000). The extrusion rate affects the texture of the extruded lava varying
significantly with paths of temperature and pressure. Crystallization results in large changes in viscosity,
and at threshold crystal content, magma develops non-Newtonian properties and mechanical strength
(Petford, 2003; Sparks et al., 2000). In addition, the process of gas escape affects the pressure of volcanic
flow and magma ascent rates (de Michieli Vitturi et al., 2010; Diller et al., 2006; Jaupart, 1998).
At lower extrusion rates, gas loss is promoted (Diller et al., 2006) and crystallization reaches a
critical crystal content which leads to the development of mechanical strength by crystal locking
(Innocenti et al., 2013b; Innocenti et al., 2013a). Thus, the material experiences a transition from a
viscous Newtonian to a non-Newtonian fluid with a Bingham-like yield strength. At higher extrusion
rates gas loss is diminished and the volatile content of the magma is greater, resulting in relatively low
viscosity magma. The variable properties of lava associated with variable extrusion rate and gas loss
results in distinctive variations in the morphologies and growth patterns of natural domes (Watts et al.,
2002).
Points A – F in Figure 1.7 represent the results for 3 model runs with different extrusion rates (1
m /s, 2 m3/s and 5 m3/s). The material stiffness and strength is varied from 0.5 MPa to 2 MPa after the
eruption of a simulated volume of 141,500 m3. The simulation run is stopped after a total erupted lava
volume of 212,155 m3. The other material properties are maintained as given in Table 1.4. Point E
represents the endogenous lava dome structure evolving at a constant flow rate of 5 m3/s for an erupted
volume of 106,100 m3 (t = 5.9 hours). It is observed that for the same erupted volume, the maximum
height of the dome increases for increasing extrusion rate. The maximum heights of the simulated lava
dome for the 3 different extrusion rates (1 m3/s, 2 m3/s, 5 m3/s) shown in Figure 1.7 by points A, C and E
are 35m, 36 m and 39m respectively. The increase in extrusion rate increases the pressure at the conduit
exit that balances the overburden pressure due to the lava dome height (Hale, 2008). The dome structure
at point A (t = 29.5 hours) is representative of the conceptual sketch of a mature lava dome evolving
endogenously, while point E (t = 5.9 hours) represents the conceptual shape of a juvenile dome (see
Figure 1.6d in Buisson and Merle, 2002). The dome growth for point E is dominated by vertical growth
due to higher extrusion rate, as the growth rate of dome height decreases as the modeled dome spreads
laterally and growth is gravity driven as observed at point A (Hale et al., 2007). For the lowest flow rate
(1 m3/s) the growth of the ductile core is concentrated around the conduit exit (height 24 m and radius
21.5 m) as the region of the dome at pressures above the solidus pressure is smaller (Figure 1.7 (A)). At
higher flow rates (5 m3/s) the region of the dome at pressures above the solidus is larger and therefore the
percentage volume of the ductile core is higher (height 32 m and radius 31 m) (Figure 1.7 (E)).
3

The endogenous regime of growth is mostly interrupted by the direct extrusion of lava directly to
the surface of the lava dome (Hale and Wadge, 2008). An increase in the crystallinity of the magma
results in an increase in effective viscosity with this effect accommodated in the later part of the 3 model
runs by increasing the material stiffness and strength. The material stiffness and strength of the ductile
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core is varied to 1 x 108 N/m3 and 2 MPa respectively. A solid degassed crystallized lava plug develops in
the dome close to the conduit exit at the lower flow rates (1 m3/s) as the region in the modelled dome at
pressures above solidus pressures is smaller. This stiffer solid lava plug punches to the surface as shown
at point B (total erupted volume 212,155 m3 at t = 11.8 hours). At higher flow rates (5 m3/s) the growth of
an endogenous lava lobe is observed as a larger region of the dome is at pressures above the solidus. Point
E represents the growth of the lava lobe after a total volumetric eruption of 212,155 m3 (t = 59 hours).
The simulation results represented by points A - F show that a larger ductile core develops at higher flow
rates (5 m3/s) for material with lower material stiffness and strength (0.5 MPa), while at lower flow rates
(1 m3/s) the flow pattern changes to exogenous growth for material with greater material stiffness and
strength (2 MPa). The variation in dome morphology and magma rheology is discussed in detail in the
following section for the end member values of extrusion rates (low flow rate 0.5 m3/s and high flow rate
10 m3/s) observed at Soufriere Hills Volcano, Montserrat (1995 – 1999).
4.

Models of Dome Evolution

We evaluate the variation in dome morphology and magma rheology for the range of extrusion
rates observed at Soufrière Hills Volcano, Montserrat (Sparks et al., 1998b; Wadge et al., 2010; Watts et
al., 2002). As discussed above, the extrusion rate significantly affects the material properties of the
extruded lava. The different lava dome morphologies that are observed result from this important
interplay between the extrusion rate and dome material properties. Table 1.4 illustrates the range of
material properties and flow conditions used for the various simulations. Simulations vary from relatively
low to high extrusion rates (Q = 0.5 m3/s for Figure 1.7 and 9, Q = 10 m3/s for Figure 1.8 and 1.10)
assuming material properties with variable cohesion and material stiffness.
Resulting dome morphologies for the range of parameters are given in Figures 1.8 – 1.11. The
linear contact bond stiffness and friction angle for the modeled carapace/talus material (yellow particles)
is maintained constant for all simulations, while parallel bond stiffness and bond strength are varied for
the ductile core (red particles). The total volume extruded for the simulation runs in Figure 1.8 for
material with high stiffness is ~ 114,000 m3 and for low stiffness is ~ 46,400 m3, while the extruded
volume in Figure 1.9 for high stiffness material is ~ 55,000 m3 and low stiffness is ~ 45,000 m3. The total
volume extruded in the simulations for high stiffness material in Figure 1.8 is higher as the time needed
for the more viscous magma to manifest a change in its flow pattern at the assumed low flow rate required
a higher erupted volume. Material properties assigned to the particles in simulation runs for Figure 1.10
are the same as those assigned in Figure 1.8, while the properties used in Figure 1.11 match the values
used for Figure 1.9. The simulations in Figure 1.10 and 1.11 were terminated when the modeled lava
dome grew to a radius of 100 m, yielding different total volumes in the simulations. The total volume for
simulation run in Figure 1.10 and Figure 1.11 vary for each simulation run as observed for the simulation
for high stiffness/high cohesion material. This material behaves analogous to a highly viscous magma that
tends to accumulate around the conduit exit which leads to the formation of a lava dome with a
significantly higher ratio for the height to radius of the simulated lava dome. As a result the total erupted
volume for high stiffness/high cohesion material is greater as compared to the other simulation runs
(Figure 1.10).
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Figure 1.8. Effect of parallel bond stiffness and cohesion on the simulated morphology of the modeled magma
particles for a total volume of V = 114,000 m3 for high stiffness material and V = 46,400 m3 for low stiffness
material at a constant flow rate of (Q = 0.5 m3/s or flow velocity ≈ 7.07 x 10-4 m/s in the PFC2D model)

Figure 1.9. Effect of parallel bond stiffness and cohesion on the simulated morphology of the modeled magma
particles for a total volume of V = 55,000 m3 for high stiffness material and V = 45,000 m3 for low stiffness material
at a constant flow rate (Q = 10 m3/s or flow velocity ≈ 1.414 x 10-2 m/s in the PFC2D model)
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The properties assigned to the particles for the compressional (linear contact) and parallel bonds
(Figure 1.8 – 1.11) are influenced by the extrusion rate considered for the simulation run. At lower
extrusion rates (Q = 0.5 m3/s) (Figure 1.8 and 1.10) the volume percentages of volatile and melt content
are lower, and this results in elevated material stiffnesses and reduced deformation. Higher parallel bond
stiffness and bond strength are assigned to the modeled particles in the simulations with low flow rate.
The effective Young’s modulus (E) of the modeled particle assemblage (where a parallel bond exists
between particle-particle contacts) is a function of compressional bond stiffness and parallel bond
stiffness. A parallel bond exists for all modeled ductile core particle-particle interactions. The effective
Young’s modulus (E) for the modeled ductile core and carapace (with an active parallel bond between
interacting particles) is given by Eq. (9). The effect of parallel bond stiffness on effective Young’s
modulus (E) increases as the difference between the magnitudes of kn and kn decreases (for example,
cases represented by High-High in Figures 1.8 – 1.11). The modeled carapace material breaks to form
talus at the margins of the modeled lava dome when the applied stress exceeds the bond strength which is
given by Eq. (7) and Eq. (8).
Figure 1.8 shows the effects of variation of parallel bond stiffness with cohesion at low flow rates
(Q = 0.5 m3/s) (Table 1.4). At these low flow rates blocky growth results for magma with higher bond
stiffness, while lower bond stiffness and lower bond strength results in larger deformation (visually more
ductile). The parallel bonds are broken at the higher flow rate (Figure 1.9 and Q = 10 m3/s) for material
with lower parallel bond stiffness and bond strength. This causes a slight reduction in the effective
Young’s modulus and results in relatively greater deformation/damage. Parallel bonds regulate sliding
between interacting particles. A broken parallel bond is not regenerated, which leads to an increase in
particle sliding and overall deformation. A similar trend is observed in Figure 1.10 for the material with
high parallel bond stiffness and low cohesion extruded at a constant rate (Q = 0.5 m3/s).
In all simulations (Figures 1.8 to 1.11), a lava lobe is generated at the initiation of the eruption
(defined as a minimum volume of ≈ 25000 m3 for all simulations). The growth of this lava lobe depends
on the contact bond stiffness, parallel bond stiffness and cohesion of the particles. A higher parallel bond
stiffness (kn = 1 x 108 N/m3) and greater cohesion (10 MPa) principally generates a vertical extrusion
above the conduit (Figure 1.9 and 1.11). Subsequent dome growth after the initial collapse of the
extrusion is controlled by the parallel bond stiffness and cohesion. Differences in the morphologies of
dome growth are most pronounced after a significant release of conduit magma which reveals contrasting
internal flow patterns of magma in the dome.
Flow patterns transition to endogenous growth after spine collapse in material with low stiffness
and low cohesion. This behavior is apparent in Figures 1.9 and 1.11, but is less evident in Figure 1.8 and
1.10. It is represented and discussed in more detail in section 5.1 and 5.2. The change in flow pattern of
the particle assemblage occurs upon the breakage of parallel bonds, which in turn results in the reduction
of the bulk modulus. Material stiffness at low extrusion rates (Q = 0.5 m3/s) varies from 3 to 30 GPa
(Widiwijayanti et al., 2005). Material with low parallel bond stiffness and low cohesion is not capable of
punching through the overlying material above the conduit exit (Figure 1.8 and Figure 1.10). The
observed growth of a spine occurs only at low extrusion rates and requires a material with both greater
parallel bond stiffness and high material strength (Figure 1.10 – collapsed blocky lava surrounding the
conduit exit). A lower dissolved magma volatile content implies that the bulk compressibility of the
material is low, resulting in less deformation and higher material stiffness. At lower flow rates a higher
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material stiffness and material strength is assigned to the particles as a direct result of increased crystal
fraction, lower magma volatile and melt content (Table 1.4) that results in reduced deformation. A
material with greater strength and parallel bond stiffness is able to punch through the material overlying
the conduit exit resulting in the generation and protrusion of a spine. Conversely, material with lower
stiffness and strength (which is assigned at higher flow rates) results in endogenous growth (Figure 1.10
and 1.11) and no spine.

Figure 1.10. Effect of parallel bond stiffness and cohesion on the simulated morphology of a lava dome with a
maximum external radius of 100m and developing at a constant flow rate (Q = 0.5 m3/s or flow velocity ≈ 7.07 x 104
m/s in the PFC2D model) (total volume of the simulated lava dome varies for each simulation as the height of the
evolving dome is different)

At higher extrusion rates (Q = 10 m3/s) the material contains more volatiles (high melt fraction)
resulting in higher compressibility. At extrusion rates above 2 – 3 m3/s lava dome growth is endogenous
with a cohesive core and frictional carapace. Hence, a material with low parallel bond stiffness and low
cohesion leads to endogenous growth at high flow rates (Figure 1.9 and 1.11). The range of material
cohesion for the core is in agreement with the values obtained in back calculations (Simmons et al.,
2005). Thus endogenous growth results at higher flow rates for material with low stiffness and low
material strength. The morphology of the evolving domes (Figure 1.8 to 1.11) differ significantly and this
is governed by the parallel bond stiffness, cohesion and extrusion rate considered.
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Figure 1.11. Effect of parallel bond stiffness and cohesion on the simulated morphology of a lava dome with a
maximum external radius of 100m and developing at a constant flow rate (Q = 10 m3/s or flow velocity ≈ 1.414 x
10-2 m/s in the PFC2D model) (total volume of the simulated lava dome varies for each simulation as the height of the
evolving dome is different)

5.

Mechanistic Interpretation of Dome Growth at Soufriere Hills Volcano, Montserrat

We use the granular mechanics model described above to provide insights into mechanisms of
lava dome growth and collapse. We compare observations of lava dome growth at SHV, Montserrat with
our simulations, and focus particularly on the lava dome growth period from June to July, 1996. Dome
growth during this period at SHV was dominated by the evolution of fault-bounded megaspines (Figure
12.1(a) and 12.1(b)). Megaspines comprise a lava monolith extruded along a smooth striated curving fault
and bounded on its opposing face by blocky lava (Figure 12.1(c)) (Watts et al., 2002). Emplacement of
these structures occurred over several days, subsequently followed by renewed activity localized
elsewhere in the dome. In particular the following describes necessary conditions for the extrusion of
spines and the resulting dependence of dome morphology on extrusion rate.
5.1.

Controls on Spine Evolution

We examine this behavior using the flow history of Figure 1.13. Lava dome growth during the
period (June – July, 1996) was observed to vary between 1 – 4 m3/s (Melnik and Sparks, 2002; Watts et
al., 2002). The flow-rate history assumed in our simulations was selected to represent the observed
change in flow pattern and its effect on the modeled lava dome morphology (and to minimize simulation
run time). Simulation flow-rate history is shown in Fig 13, with the corresponding evolution of the model
at specific times shown in Figure 1.14. At the start of the eruption cycle (t = 0 h) the lava extrudes
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vertically above the vertical conduit as no resistance is offered to flow in the absence of overlying
material. The extruded lava then begins to collapse (t = 2.5 h) under the weight of the overlying column
(Figure 1.14(I)). Upon this initial collapse the flow pattern changes to endogenous dome growth. Thus
our simulation of the modeled lava dome is initiated by initiating endogenous dome growth at an average
flow rate of ~3 m3/s (e.g. Figure 1.14(II) where t = 5.5 h) for the first 10 hours (Figure 1.13). The flow
rate is then reduced to ~1 m3/s for the subsequent 10 hours. Given that magma crystallization increases at
the lower flow rate, the material stiffens (Table 1.5a). The lava dome structure after ~11.4 h of simulated
eruption is given by point III in Figure 1.14. After 20 hours, we stop extrusion of lava for ~6.7 hours.
During this period of stagnation the magma in the conduit crystallizes and degasses to form a plug, with
resulting increases in strength and stiffness. The increase in material stiffness and strength of the magma
due to degassing - induced crystallization is represented by an increment in parallel bond stiffness and
material strength (cohesion) of the model particles in the conduit (Table 1.5a). During the period of
stagnation in the simulation, the modeled lava dome structure does not experience significant
gravitational relaxation due to the short time period. Thus the morphology of the lava dome remains
essentially constant. The flow of magma is re-invigorated at time IV (Figure 1.14) and the structure of the
simulated lava plug resembles the form interpreted for 30th June, 1996 and shown by Figure 1.12(a). The
crystalline degassed lava plug is then extruded by the pulse of fresh magma producing a megaspine as
shown in Figure 1.14(V, VI) and is representative of the structure observed for 13th July, 1996 shown in
Figure 1.12(b) (Watts et al., 2002).

Figure 1.12. Switching activity and emplacement of the megaspine in June and July, 1996 at Soufriere Hills
Volcano, Montserrat illustrated in a cross-sectional (X-Y) diagram. (a) Period of slow growth (30 th June, 1996) with
rockfall at the summit and formation of a solid magma plug. (b) Emplacement of the plug as a megaspine, along the
curved shear fault within the dome which occurs due to the infusion of fresh magma through the conduit (13 th July,
1996). (c) Rapid rise of hot magma along an alternative shear fault acts as an easier way for the magma to reach the
surface. The rapid rise does not allow a plug to form leading to the development of a shear lobe comprising large
blocks and stubby spines (Watts et al., 2002)
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Emplacement of a megaspine at SHV was observed to stop after a few days and eruptive activity
renewed in another localized part of the dome. Vigorous spurts of fresh lava at higher extrusion rates (>
5m3/s) were redirected along shear faults in a specific direction away from the previous growth area
(Watts et al., 2002). A similar mechanistic behavior is observed in Figures 1.13 (VIII-X), where the
buildup in resistance to movement by the emplaced megaspine triggers the re-direction of magma flow to
create a new shear fault and the dome then grows in a different direction. The injection of fresh magma
into the dome resulted in the readjustment of the simulated dome structure that caused the lateral
spreading of the blocky lava. The reinvigoration of magma flow leads to a change in the position (away
from the conduit exit) of the emplaced monolithic structure (Figure 1.13 (VI – VII)) in the simulation;
while as observed at SHV, the position of the emplaced megaspine remained constant for a year before
being bulldozed by a northward growing shear lobe. During this period the magma plug grows in almost
the opposite direction, with blocky lava developing at the topmost part of the magma plug. Similar
characteristics are also evident in the evolution of lava domes on Montserrat (Loughlin et al., 2010; Ryan
et al., 2010; Tuffen and Dingwell, 2005; Watts et al., 2002) and at Mt St. Helens during the 2004 – 2006
eruption (Cashman et al., 2008).
The transition from endogenous to exogenous growth is significantly influenced by the
crystallinity of the extruding magma. The model focuses on the effect of material strength on magma
rheology resulting in the variation of lava dome morphology. The crystallinity of the lava extruded at the
free surface of the Soufriere Hills Volcano, Montserrat is observed to be up to 90%. A comprehensive
comparison with the experimental data from Couch et al. (2003) is given by Melnik and Sparks (2005). In
the study the calculated crystal fraction content at the conduit exit varied between ~0.9 to ~0.62 for
magma ascending at a constant flow rate of 0.32 m3/s and 8.1 m3/s respectively, with initial crystal
fraction content of 0.6 at a depth of 5000 m with conduit radius of 15 m and initial volatile content of 5 wt
%. The time taken by the magma ascending at a flow rate of 0.32 m3/s and 8.1 m3/s to reach the conduit
exit is 128 days and 5 days, respectively. Results obtained from 3-D models of crystal networks suggest
that the range for maximum crystal volume fraction beyond which the magma behaves as a brittle solid
varies between 0.74 and 0.8 (Hale, 2007; Saar et al., 2001). Observational data suggest that for the
extrusion of lava structures at Soufriere Hills Volcano, Montserrat with shear surfaces that exhibit solidlike deformation requires a crystal volume fraction greater than 0.7 (Watts et al., 2002). Thus the
transition in lava dome growth pattern from endogenous growth (magma with low crystal content) to
exogenous growth (highly crystallized lava) would lie between 5 days to 128 days after the initiation of
eruptive activity. The study by Hale and Wadge (2008) with similar initial conditions graphically
represents the compatible combination of extrusion rate and magma crystallinity required for the initiation
of exogenous dome growth. Observational data from the numerical experiment in the study conducted to
simulate the eruptive activity at Soufriere Hills Volcano, Montserrat (October – December, 1996) suggest
that transition from endogenous to exogenous growth begins ~26 days after the eruptive activity initiates
(Hale and Wadge, 2008). In our simulations the time scale considered is shorter than the observational
data. Our model simulation run time is constrained by the maximum stable mechanical time step (t =
mass of particle
)
kn

√

and the number of particles in the simulation. Considering the particle as a disk with

thickness (equal to the characteristic width) in the simulation increases the time step, while the stress
calculations are not altered by the mass increment of the particle (Itasca Consulting Group, 2004). The
maximum time step in our model run is ~0.5 sec and the computational time increases with inclusion of
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additional particles. Thus, we consider a shorter time scale for the eruptive cycle to optimize the
simulation time. Our modeled lava dome is simulated in 2-D geometry and is able to exhibit the various
observed lava dome structures. The time scaling for the 2D model is accelerated over 3D that leads to a
faster growth of the synthetic lava dome in the simulations. For a one to one correlation with
observational data a 3-D DEM model is required. The development of a 3-D model is restricted by the
significantly higher simulation time required to perform computational calculations. Our model provides
a first order insight to the observed surface textures and explains some of the mechanistic behavior
required to produce the various observed lava dome morphologies.
Table 1.5a. Parameter value considered for model run for the eruption cycle given by Figure 1.13
Period of Eruption

Parallel Bond Stiffness
(N/m3)

Cohesion

Pseudo/Effective
Viscosity

(MPa)
(Pa.s)
Initiation – Point II

1 x 106

0.4

1.5 x 106

Point III

1 x 107

10

3 x 107

Point IV-X

3 x 106

10

9 x 106

Figure 1.13. Flow-rate history assumed to model a simulated lava dome eruption illustrating different growth
patterns observed at Soufriere Hills Volcano, Montserrat during June to July, 1996. Snapshots of the modeled
morphology are taken at points labelled from I-X
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Figure 1.14. Lava dome morphology variation with flow rate to replicate with reasonable approximation the
mechanistic behavior of the growth pattern observed during lava dome evolution from June – July, 1996 at Soufrière
Hills Volcano, Montserrat

5.2.

Controls on Dome Morphology

With a first-order understanding of the influence on material behavior exerted by extrusion rate, a
simulation flow cycle is assumed (Figure 1.15). The flow cycle follows a typical sequence of flow rates
observed at Soufriere Hills Volcano. The assumed flow cycle initiates with a low extrusion rate (Q~0.5
m3/s) which then increases to ~4.0 m3/s before falling abruptly to a renewed declining background rate of
1.5 to 0.5 m3/s before once again spiking to ~4.5 m3/s. This is followed by a rapid decline over ~4 h to ~1
m3/s. The full cycle occurs over 55 h with the full flow history shown in Figure 1.15. This sequence of
flow rates produces distinctive growth patterns that reflect the variations in extrusion rate and
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corresponding changes in the mechanical properties of the material. Dome morphologies resulting from
these simulations are in turn compared with those observed for dome growth at SHV (Figure 1.17);(Watts
et al., 2002). The effusion history of Figure 1.15 (labeled points A – H) is linked to snapshots of dome
morphology in Figure 1.16. The various simulated dome morphologies reflect evolving magma
rheologies, and thus comparisons can be made directly with field observations linked to observed
extrusion rates (Figure 1.17).

Figure 1.15. Flow-rate history of the lava dome eruption cycle for the simulated run to represent lava dome growth
with change in flow rate as represented by Watts, et al. 2002. Snapshots of the modeled morphology are taken at
points labelled from A-H

To accommodate the effects of degassing-induced stiffening due to variation in the flow rate
history of magma, the material stiffness and strength were varied during the eruption cycle (Table 1.4b).
Point A in Figure 1.16 shows lava dome growth after 4½ hours of eruptive activity with flow rates of 0.5
to 0.2 m3/s. Low extrusion rates (Q ≤ 0.5 m3/s) encourage magma degassing that leads to material
stiffening and strength enhancement due to degassing induced crystallization (higher values of parallel
bond stiffness and strength). The parallel bond stiffness of the material at low flow rates (Q ≤ 0.5 m3/s) is
fixed at a high value (parallel bond stiffness = 108 N/m3), as the bulk modulus considered for extruded
degassed material is high. The stiffer degassed lava extrudes as a spine at the conduit exit at the low flow
rate.
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Figure 1.16. Variation of magma rheology with change in flow rate as represented by the flow history of the
eruption cycle given by Figure 1.14

Table 1.5b. Parameter value considered for model run for the eruption cycle given by Figure 1.15
Period of Eruption
Parallel Bond Stiffness
Cohesion
Pseudo/Effective
3
(N/m )
(MPa)
Viscosity
(Pa.s)
Initiation – Point A
1 x 108
0.1
3 x 108
Point B – Point C
4 x 105
0.4
1.2 x 106
5
Point C – Point D
8 x 10
0.8
2.4 x 106
Point D – Point E
2.5 x 107
10
7.5 x 107
Point E – Point F
1 x 108
10
3 x 108
6
Point F – Point G
1 x 10
0.4
3 x 106
Point G – Point H
1 x 106
0.4
3 x 106
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A sudden influx of fresh magma into the conduit increases the average flow rate. The increase in
high volatile content of the fresh magma pulse (low material stiffness at higher flow rate) results in the
breakage of the parallel bonds of the old modeled lava particles in the dome. The breakage of the parallel
bond reduces the effective bulk modulus for the material (Eq. (9)). Damage to the parallel bonds due to an
increase in magma flow rate accumulates deformation at the base of the spine which in turn leads to
collapse. At point B (t = 4.9 hours) the deformation at the base of the spine increases significantly
resulting in collapse.
A fresh pulse of volatile rich magma degasses and solidifies and is assumed to form blocky lava
(yellow particles) at the outer surface in the simulation. The rate of talus formation is controlled by the
solidus pressure of the material (Eq. (10) and Figure 1.4), which for andesitic lava is between 0.2 to 1
MPa (assumed here as 0.4 MPa) (Hale, 2008). Point B indicates the influx of a pulse of low-viscosity
magma (low parallel bond stiffness and strength) which culminates in the collapse of the spine. This
period (B to C) in the simulation represents the shear lobe type 1 growth pattern observed for volatile rich
low viscosity magma for flow rates between 2 to 5 m3/s given in Figure 1.17 (Watts et al., 2002). The
field type is marked by broad spines observed at SHV developed over weeks to months, with intermittent
exogenous and endogenous phases. While our simulation evolves over only a few hours (volume of the
simulated lava dome is much smaller than the erupted volume at SHV), the observed morphology is
consistent with field observations at SHV.

Figure 1.17. Variation in the type of structure emplaced in relation to the average discharge rate, and the role of
degassing-induced crystallization and cooling (Watts et al., 2002)
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Point D represents flow at a diminished rate averaging about 1.3 m3/s. The resulting magma
viscosity (interpreted via parallel bond stiffness and strength) at Point D (lower flow rate) is higher than
the viscosity of the magma infused at Point C (higher flow rate) into the dome core during endogenous
growth, but much lower viscosity than a degassed plug. A structure similar to a whale-back is inferred by
shallow red particles (on left of the conduit).
At points E - F (t~38 to 45 h) a degassed lava plug begins to punch through the softer core
material at a lower flow rate (Q ≈ 0.5 m3/s). At low flow rates, the magma extruded at the conduit exit is
highly crystallized with a low volatile content and greater stiffness. The crystallized lava plug with high
stiffness (with greater parallel bond strength) is able to punch its way through the softer core advancing in
the direction of the created talus. Higher parallel bond stiffness is analogous to a material with greater
viscosity, consistent with a degassed lava plug. Height of the resulting spine depends mainly on the flow
duration, conditioned by material strength and increased stresses near the base of the spine (Voight,
2000). On re-invigoration of the extrusion rate, the small section of the degassed lava plug is lifted by the
pulse of fresh magma. The stiff lava plug punches through the overlying material and then collapses. The
height and shape of the spine is a function of the magma flux and flow duration, and distribution of
material strength and stiffness of the spine (cf. Voight, 2000 Figure 1.12). Consequently the height of the
spine at point G and its collapse by point H is affected by the evolving strength and stiffness. The lava
dome grows endogenously in H for a short time span as the flow drops as a consequence of assumed
diminishing magma chamber overpressures.
The foregoing follows different growth patterns from spine generation to endogenous growth as a
result of greater material stiffness at lower flow rates and reduced material stiffness at higher flow rates
respectively. A first order understanding of the interplay of fundamental parameters (extrusion rate with
material strength and stiffness) provides insight into the origin of various dome growth patterns and their
dependency on antecedent effusive history.
6.

Conclusions

Extrusion rate and magma rheology are known to exert significant control on patterns of cyclic
growth and collapse of lava domes. Magma rheology is a strong function of temperature, pressure,
composition, volatile content and crystal content. Thus magma ascent rates and decompression paths
control magma texture which in turn governs magma rheology and contributes to the evolving
morphology of the resulting lava dome. We present a model that incorporates the principal features of this
evolution of strength and rheology into the spatial and temporal growth of a volcanic pile. This model
provides a first order understanding of the effect of individual parameters on the mechanical strength and
stiffness of the magma during the eruptive cycle. Material strength and stiffness of the magma comprising
the soft dome core influences dome morphology more significantly than the frictional strength of the
evolving talus comprising the carapace. The morphology of the lava dome is sensitive to mechanical
strength and stiffness – a small change in these parameters exerts a large influence on the pattern of
growth. Transition from endogenous growth at high flow rates (Q ≈ 3 to 7 m3/s) to exogenous growth at
lower flow rates (Q ≈ 1 to 0.5 m3/s) is shown to occur when ductile viscous material transforms to a
stiffer rock due to degassing-induced crystallization that increases material stiffness and enhances
strength. Material stiffness of the softer core is poorly constrained and the match between model and
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observations for the evolution of whale-back structures at SHV is currently more qualitative than
quantitative.
Material stiffness and material strength are key control parameters which govern magma rheology
and subsequently lava dome morphology. Our simulations mimic to a reasonable approximation the
mechanistic behavior of different growth patterns observed at Soufriere Hills Volcano, Montserrat during
the period June to July 1996, and thus provide insight and improved understanding of the interplay
between material stiffness and material strength which is influenced by extrusion rate. Degassing-induced
crystallization as observed at Soufriere Hills Volcano, Montserrat causes material stiffening and enhances
material strength. The evolution of strength and stiffness in the material causes the ductile viscous
material (core) to transform to a stiffer rock and is represented by increasing the parallel bond stiffness
and strength. The increase in material stiffness and strength results in the transition of the rheology, from
a soft ductile core growing endogenously to a stiffer and stronger material capable of punching through
the overlying material at the conduit exit and generating a spine. The observed growth of spines occurs at
low extrusion rate (Q ≈ 0.5 m3/s) for a material with high stiffness and greater material strength (Figure
1.10). Simulation results in Section 5.1 (Figures 1.13 (VI-X)) represent the collapse of a stiff magma plug
onto the talus on the influx of a pulse of volatile rich low viscosity magma. The resistance created by the
overlying magma plug leads to the necessary formation of a new shear fault by the re-direction of magma
flow along a new pathway. The structure of the simulated dome resembles the form interpreted for 27th
July, 1996 at Soufriere Hills Volcano, Montserrat and shown by Figure 1.12(c) (Watts et al., 2002).
The simulation results discussed in Section 5.2 indicate a strong correlation between extrusion
rate and the subsequent effect on mechanical properties (material stiffness and strength) that lead to the
variation in rheology which represents lava dome morphologies as observed at Soufriere Hills Volcano
(Watts et al., 2002). Low viscosity magma flowing at relatively high flow rates (Q ≈ 3 to 7 m3/s) is
incapable of punching through the overlying stiffer lava of the dome, thus resulting in endogenous dome
growth evolving into the exogenous formation of blocky lava and represented by the simulation period
from point B to C (Figure 1.16) in Section 5.2. Low viscosity magma flowing at high flow rates is less
stiff and is assigned lower bond stiffness and bond strength that causes breakage of parallel bond. This
reduces the effective bulk modulus and results in relatively greater deformation of the ductile core
material. Improved estimates of the mechanical properties of the core material will enhance the fidelity of
the simulations. Our model may be improved to simulate endogenous growth and interior textures by
including rheological models capable of tracking the development of mechanical properties with change
in temperature, pressure and magma composition.
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Appendix
I.

Correlation of Normal Stiffness (k n ) with Young’s Modulus

Force – Displacement equation is given by Eq. (11) as –
𝒇𝒏 = −𝒌𝒏 𝜹𝒏

11

Young’s modulus and deformation are related by Eq. (12) –
𝒇𝒏 = −

𝑬𝑨𝒐 ∆𝑳
⁄𝑳
𝒐

12

Area perpendicular to the applied force is given by Eq. (13) (Figure 1.1d) –
𝐀𝐨 = 𝐃. (𝐰𝐂 )

13

Thus, stiffness is given by Eq. (14) –
𝒌𝒏 =

𝑬𝑫(𝒘𝑪 )
⁄𝑳
𝒐

14

From Figure 1.1d original length of sample is obtained and is given by Eq. (15) –

𝑳𝒐 = 𝑫

15

𝒌𝒏 = 𝑬(𝒘𝑪 )

16

Therefore, stiffness is given Eq. (16) –

II.

Correlation of Shear Stiffness (𝒌𝒏 ) with Shear Modulus

The Force-Displacement equation is given by Eq. (17) –
𝒇𝒔 = − 𝒌𝒔 𝜹𝒔

17

The expression for shear modulus is given by Eq. (18) –
𝒇𝒔 = − 𝑮𝑨∆𝒙⁄𝑳

𝒐

18

Hence the correlation between shear stiffness and shear modulus is given by Eq. (19) –
𝒌𝒔 = 𝑮(𝒘𝑪 )
III.

19

Correlation of 2D flow rate with actual 3D values
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Average velocity of a fluid flowing through a pipe can be expressed by Hagen – Poisseuille’s flow and is
given by Eq. (20) –
𝒗𝟑𝑫 =

𝑸𝟑𝑫⁄
𝒂𝟑𝑫

20

If the flow velocity in the 2D model (specified in the simulation run) is maintained equal to the 3D value
(Eq. (20)), then to correlate the flow rate in the 2 cases, an equivalent characteristic length/width is
calculated. Characteristic length as shown in Figure 1.1c is the width of the 2D model (which for most
models is considered as unit thickness). The correlation is given by Eq. (21) and Eq. (22) –

IV.

𝝅𝒓𝟐 = 𝑳 (𝒘𝑪 )

21

𝟐
𝒘𝑪 = 𝝅𝒓 ⁄𝑳

22

Correlation of Parallel Bond Stiffness with Viscosity

The ductile core material is treated as a non-Newtonian fluid (Bingham fluid). The material flow initiates
on the application of stress greater than the material yield stress (τmax ). The correlation of constant plastic
viscosity with applied stress (τ) is given by
∆𝜏 = 𝜏 − 𝜏𝑚𝑎𝑥 = −ɳ 𝑑𝑉⁄𝑑𝑦

23

If the change in shear stress (∆τ) is positive, then flow initiates and is affected by the parallel bond shear
stiffness. Change in shear force for a given time step (∆t) on the particle due to parallel bond shear
stiffness is given by Eq. (24) –
∆𝒇𝒔 = −𝒌𝒔 𝑨∆𝑼𝒔

24

Change in shear displacement for a given time step in PFC2D is given by Eq. (25) –
∆𝑼𝒔 = 𝑽𝒊 ∆𝒕

25

Change in shear stress due to parallel bond shear stiffness is given by Eq. (26) –
∆𝝉 = −𝒌𝒔 𝑽𝒊 ∆𝒕

26

−𝒌𝒔 𝑽𝒊 ∆𝒕 = −ɳ𝒅𝑽/𝒅𝒚

27

Equating Eq. (23) and Eq. (26) –

Dividing both sides by length of the same (y) results in Eq. (28) –
−𝒌𝒔 ∆𝒕 𝒚 𝑽𝒊 /𝒚 = −ɳ𝒅𝑽/𝒅𝒚
In Eq. (28), the term

𝑉𝑖
𝑦
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𝑑𝑉

and 𝑑𝑦 is the shear velocity per unit length of the material/fluid. Thus viscosity is

related to parallel bond shear stiffness by Eq. (29) –
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ɳ = 𝒌𝒔 ∆𝒕 𝒚

29

Hence parallel bond stiffness acts as the plastic viscosity term in the modeling of the bonded material.
The effective plastic viscosity in the model is influenced by the time step value which is a function of the
mass of the particle and the linear contact stiffness. Thus a change in the size of the time step affects the
plastic viscosity of the modeled particle assemblage.
V.
Correlation of microscopic modulus for particle-particle contact with contact stiffness
Using Eq. (16), the microscopic modulus of a particle-particle contact bond (in the absence of a parallel
bond) is given by Eq. (30) –
𝐸𝑐 = 𝑘𝑛 (𝑤𝐶 )
30
VI.
Correlation of microscopic modulus for parallel bond with parallel bond stiffness
Parallel bond stiffness is expressed in units of stiffness per unit area and is given by Eq. (31) –
𝑘 𝑛 = 𝐸𝑝 /𝐿0
31
The original length of the particle system is expressed in Eq. (15). The microscopic modulus for parallel
bond is given by Eq. (32) –
𝐸𝑝 = 𝑘 𝑛 𝐷
32
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Chapter 2 : Lava flow emplacement mechanisms and varying morphologies of an evolving
dome on the extrusion of finite yield strength magma
Abstract
Degassing-induced crystallization in volatile rich intermediate composition magmas, results in
material stiffening and strengthening that prior to solidification is reflected in non-Newtonian rheology.
We explore the effects of a spectrum of such rheological regimes, on eruptive style and morphologic
evolution of lava domes, using a two-dimensional (2D) particle-dynamics model for a spreading
viscoplastic (Bingham) fluid. We assume that the ductile magma core of a 2-D synthetic lava dome
develops finite yield strength, and that deformable frictional talus evolves from a carapace that caps the
magma core. Our new model is calibrated against an existing analytical model for a spreading viscoplastic
lava dome and is further compared against observational data of lava dome growth. Results indicate that a
degassing-induced increase in strength of the injected magma causes a transition in the lava dome
morphology from a low-relief lava dome evolving endogenously (with bulk yield strength - 104 < τo < 106
Pa), to a Pelean lava dome with spines (τo > 105 - 106 Pa) extruded through the dome carapace. The virtual
lava dome with τo = 0.6 MPa shows good agreement with the observed dome heights observed at the
Soufriere Hills Volcano, Montserrat during a period of endogenous growth. The calculated apparent flow
viscosity (1.36 x 1011 Pa.s for τo = 0.6 MPa) is in the range of bulk viscosity (109 to 1012 Pa.s) measured
for crystal-rich lavas. Our model results indicate a strong correlation between apparent yield strength and
dome morphology, as controlled by degassing-induced crystallization and extrusion rate.
1.

Introduction
Magma rheology is affected by pressure, temperature, volatile content, and crystallization, with

these parameters varying throughout the magmatic plumbing systems with a strong feedback on dome
evolution (Stasiuk and Jaupart, 1997). Changes in magma rheology are manifested in effusion rate and
lava dome morphology. Observations at such volcanoes as Merapi in Java, and Soufriere Hills Volcano
on Montserrat, indicate changes in effusion rate and rheology that are directly reflected in transitions
between exogenous to endogenous growth styles (Hale and Wadge, 2008; Voight et al., 2000; Watts et
al., 2002).
Degassing-induced crystallization is the dominant process of stiffening in intermediatecomposition magmas, such at Soufrière Hills Volcano (Sparks, 1997; Sparks et al., 2000) and at Merapi
(Hammer and Rutherford, 2002; Innocenti et al., 2013a, 2013b), although cooling may also play some
role. Volatile exsolution from the magma triggers crystallization of microlites from undercooled melt that
results in rheological stiffening. The extent of rheological stiffening controls the gain in mechanical
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strength, which in turn affects flow patterns within a lava dome (Lavallée et al., 2007). Degassed magma
forms a richly crystalline lava that may evolve into spines, while volatile-rich magma is more ductile and
promotes low-amplitude domes and lava lobes.
Different growth patterns are observed for varying surface cooling rates, rate of degassing and
magma extrusion rate (Fink and Griffiths, 1990; Watts et al., 2002). Previous models of lava dome
morphology considered a rigid outer shell (Hale and Wadge, 2003; Iverson, 1990), and growth controlled
by internal magma yield strength (Blake, 1990), the formation of a carapace or talus may be neglected
(Balmforth and Craster, 2000; Hale et al., 2007). Non-Newtonian behavior of the magma (including yield
strength) affects flow geometry and thus lava dome morphology canbe proxy for extrusion rate (Tallarico
and Dragoni, 2000; Watts et al., 2002). At low extrusion rates (less than ~1 m3/s) highly crystalline
magma (85% to 95% solid fraction) on Soufriere Hills Volcano, Montserrat is observed to predominantly
extrude exogenously and to produce spines (Sparks et al., 2000). Both scale models and continuum
mechanical models have improved understanding (Blake, 1990; Fink and Griffiths, 1990). More recently,
dynamic discrete element models have been used to follow gravitational deformations of aggregates of
granular particles that evolve self-similarly (Morgan and McGovern, 2005a, 2005b), and this approach
has been used to study lava dome morphologies that reflect rheological stiffening (Husain et al., 2014).
Here we extend the latter approach to further develop a 2D model to represent growth of a lava
dome above a horizontal foundation, where the dome grows about the axis of a vertical conduit. The 2D
model only considers two force components (neglecting the out-of-plane component for the calculations
using the equation of motion and the force-displacement laws) and a moment component, unlike the case
of a 3D model (3 components each of force and moment). The model uses the discrete element method
(DEM) (Cundall and Strack, 1979) to represent the injection of volatile rich magma into a central ductile
core that evolves on its margins into a brittle carapace of talus (Husain et al., 2014). This model is used to
examine the evolution of a synthetic dome, and further to decipher its resulting internal and external
structure. The model illustrates the mechanics of the transition from endogenous to exogenous dome
growth. A magma flux with assumed composition and initial volatile content is specified as inputs to the
system, and the model develops the effects of infusion rate, system-generated variations in magma
viscosity and yield strength, and frictional strength of the talus, on the resulting dome morphology. In
section 3.1 we investigate the effect of magma yield strength on lava dome morphology and its transition
from endogenous to exogenous growth. In section 3.2 we compare the results of the numerical
simulations for an endogenously evolving lava dome with an analytical model and laboratory
observations of a spreading viscoplastic material on a rigid horizontal surface (Blake, 1990; Griffiths and
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Fink, 1997). The model is then extended to the lava dome growth observed at SHV, Montserrat for the
period of October, 1996 during which the dome evolved endogenously.

2.

Model Description
We represent the lava dome as an aggregate of discrete particles representing “packets of magma”

(Cundall and Strack, 1979). The application of discrete element methods (DEM) in physics and fluid
mechanics is well established (Allen and Tildesley, 1989; Matuttis and Chen, 2014). Our model
incorporates granular contact mechanics and maps the stress distribution in a deforming aggregate. The
model accommodates local deformation in an idealized carapace that is analogous to displacement on
fractures, distributed heterogenously through the structure. The code uses “soft particle dynamics”
(Cundall and Strack, 1979) to include elastic particle deformation at contacts; interparticle contact laws
play an important role in defining the behavior of the assemblage (Morgan and McGovern, 2005a,
2005b).
The synthetic 2D lava dome grows on a rigid horizontal base fed by a vertical conduit with a
specified flow-rate history. Particles of arbitrary diameter (1.5 m diameter (D) in this study) are idealized
as “packets of magma”. The ascending magma is treated as bubble free with a constant density ρ (Stasiuk
et al., 1993). Magma with crystal content lower than 40% behaves as a Newtonian fluid for natural
deformation rates (10-3 to 10-7 sec-1) (Caricchi et al., 2007; Lejeune and Richet, 1995; Pinkerton and
Stevenson, 1992), while a further increase in the crystal content generates a strength component that is
reflected in the non-Newtonian behavior of the magma (Blake, 1990; Lavallée et al., 2007; Melnik and
Sparks, 2005; Voight et al., 2002). The magma flow (velocity profile) is assumed fully developed for
high viscosity fluids in the conduit with a very small width to length ratio (Stasiuk and Jaupart, 1997).
Magma flow during an eruptive cycle is in the laminar regime and follows Poiseuille’s law (Huppert et
al., 1982; Melnik, 2000; Melnik et al., 2005; Stevenson and Blake, 1998). The equivalent flow velocity
𝑎𝑣𝑔

(𝑣3𝐷 ) of the magma packets is given as,
𝒂𝒗𝒈

𝒗𝟑𝑫 =

𝑸𝟑𝑫⁄
𝝅𝒓𝟐

1

where the area of the conduit of radius r is 𝑎3𝐷 = 𝜋𝑟 2 for a representative 3D flow rate of 𝑄3𝐷 . The flow
velocity in 2D is specified as equal to the 3D velocity given by Eq. (1). The cross sectional areas in 2D
and 3D geometry are maintained equal and the representative the characteristic width (𝑤𝐶 ) of the conduit
in 2D is as given in the Appendix. Dimensions of the conduit are given in Table 2.1, and the basic
geometry of the simulation is shown in Figure 2.1.
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Figure 2.1. Basic model setup in PFC2D which includes the conduit (30 m wide opening with rigid walls) where the
lava dome develops on a rigid horizontal surface (700 m long on either side of the conduit) and the red particles of
1.5 m radius represent magma that forms the volatile rich magma that forms the core in the lava dome

Table 2.1. PFC model dimensions
Conduit length
(2D)

Equivalent conduit
radius (3D)

Conduit width
(2D)

Depth of
Conduit (2D)

Expanse of the
base

30 m

15 m

23.5725 m

750 m

1400 m

The 2D model treats the particles as cylinders for stress calculations, where the centroids of all
the cylinders lie in the same plane. The cross-sectional area of the conduit for the 2D and 3D models are
equal. The expression for characteristic/effective width (wC) for the specified conduit length (equal to 2r)
is as discussed in the Appendix. Figure 2.2 represents the basic geometry of the model.
Parallel bonds are used in our particulate mechanics model to represent the rheology of a crystal
bearing magma with finite yield strength. The total shear force (𝐹𝑡𝑠 ) in PFC2D at time t after time step ∆t is
associated with the parallel contact bond and is given by Eq. (2),
𝑠
𝑠
𝐹𝑡𝑠 = 𝐹𝑡−∆𝑡
+ ∆𝐹∆𝑡

2

𝑠
where ∆𝐹∆𝑡
is the incremental shear force generated over the timestep ∆t. A parallel bond approximates

the physical behavior of two bonded particles where torsion of the assemblage is resisted (as represented
in Figure 2.2a) (Delenne et al., 2004; Guo and Morgan, 2006; Itasca Consulting Group, 2004). The
𝑠
parallel bond is broken when the applied shear force (𝐹𝑡−∆𝑡
) is equal to or exceeds the maximum shear

stress (𝜏𝑚𝑎𝑥 ). Maximum shear stress (𝜏𝑚𝑎𝑥 ) for failure of the parallel bond is given as,
𝝉𝒎𝒂𝒙 =

∆𝜏 =

|𝑭𝒔𝒕− ∆𝒕 |⁄
𝑨

𝑠
∆𝐹∆𝑡
⁄ = −𝑘 𝑠 ∆𝑈 𝑠
𝐴

3

4
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𝑠
where 𝐹𝑡−
∆𝑡 is the shear loading for an area A and is given by Eq. (3). Eq. (4) represents the incremental

shear stress (∆𝜏) over a timestep ∆t for a shear displacement of ∆Us = Vi∆t after maximum shear stress
(𝜏𝑚𝑎𝑥 ) is exceeded at (t -∆t). The parallel bond shear stiffness (𝑘 𝑠 ) is related to the plastic viscosity (ɳ)
as,
ɳ
𝑘 𝑠 = ⁄∆𝑡𝐿
𝑜

5

where 𝐿𝑜 is the original sample size (twice the particle diameter in this study) (Figure 2.2b) and Vi is the
shear velocity (see Appendix). Using Eq. (4) the plastic viscosity is correlated with the parallel bond shear
stiffness in Eq. (5) (see Appendix). The parallel bond is regenerated for a viscous fluid (non-Newtonian
fluid represented by red particles in Figure 2.1) and flow re-initiates upon the application of stress in
excess of the yield stress.

Figure 2.2. a) Parallel bond depicted as a finite-sized piece of cementatious material (Itasca Consulting Group,
2004). b) Location of the linear contact bond and parallel bond in the PFC2D code (Husain et al., 2014)

Modes of deformation are influenced by mechanical properties of the particle assemblage
(Morgan and McGovern, 2005b). Material stiffness depends on the composition of the magma, with
combined effects of melt, crystal and volatiles. The formation of crystals and gas bubbles during magma
ascent significantly alters the material properties of the flow and this in turn affects the morphology of the
lava dome (Cashman and Blundy, 2000; Griffiths, 2000; Rust and Manga, 2002). As mentioned before
there are two mechanisms that cause solidification of magma or lava: 1) cooling, particularly of an
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extruded lava surface, that stiffens the material and ultimately creates a solid exterior crust (Fink and
Griffiths, 1990; Iverson, 1990); and 2) gas exsolution during magma ascent that increases magma liquidus
temperature and promotes crystallization and ultimately solidification (Blundy and Cashman, 2001;
Blundy et al., 2006; Cashman and Blundy, 2000; Couch et al., 2003; Hort, 1998). The brittle exterior
carapace of a lava dome can present a significant obstacle to magma extrusion (Bourgouin et al., 2007),
particularly for a carapace thickness > 10 m (Denlinger, 1990). However the thermal conductivity of
magma and wallrock is very low and degassing-induced crystallization is the dominant mechanism for
stiffening and solidification of intermediate composition magma (andesite and dacite) (Couch et al., 2003;
Sparks et al., 2000). The extent of crystallization is controlled by the mass of gas exsolved and is
governed by Henry’s law. Experiments to observe crystallization of plagioclase feldspar (Couch et al.,
2003; Melnik and Sparks, 2005), which is the major crystallizing phase during decompression of
andesitic magmas, provides an empirical correlation between liquidus/solidus temperature (Tliq,sol) as
𝑻𝒍𝒊𝒒,𝒔𝒐𝒍 = 𝒂𝑻 + 𝒃𝑻 𝒍𝒏(𝒑) + 𝒄𝑻 𝒍𝒏(𝒑)𝟐 + 𝒅𝑻 𝒍𝒏(𝒑)𝟑

6

and controlled by pressure p and empirical constants 𝑎 𝑇 , 𝑏𝑇 , 𝑐𝑇 and 𝑑𝑇 . A least-squares best fit to the
experimental data, defined by Eq. (6), yields the values of the constants (𝑎𝑇 , 𝑏𝑇 , 𝑐𝑇 and 𝑑𝑇 ) given in Table
2.2, which differ for liquid and solid states, depending on the extent of crystallization. Lava solidification
is related to pressure using the solidus temperature (Tsolidus) given by Eq. (6). The solidus temperature of a
dynamic magmatic system can vary during its eruptive history. In our current model the solidus
temperature is assumed constant. Experiments performed on lavas from Soufrière Hills volcano are used
to constrain the variables that include pressure, temperature and water content; the solidus temperatures
for SHV magmas range from 8300C to 9400C (Barclay et al., 1998; Rutherford and Devine, 2003) with
solidus pressures between 0.1 to 5 MPa as seen in Figure 2.3 (Hale, 2008). Matrix glass composition
tracks ground-mass crystallinity, which is used to obtain the pressure at which glass and crystal attain an
equilibrium (Blundy and Cashman, 2001). The composition can be used to obtain effective pressure at
which the crystal growth kinetics are inhibited and the melt chemistry is considered as frozen – the
closure pressure. The closure pressure is controlled by the time available and kinetics of crystal nucleation
and growth (Cashman and Blundy, 2000). Magma rheology depends strongly on the location and time the
melt requires to attain the closure pressure (Hort, 1998). Studies suggest a sharp rheological change at a
critical crystal fraction beyond which the solidified highly crystalline lava develops strong nonNewtonian properties and mechanical strength (Lavallée et al., 2007; Lejeune and Richet, 1995; Marsh,
1989; Melnik and Sparks, 2002).
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Table 2.2. Constant for the empirical expression obtained for the phase behavior of magma
(Melnik and Sparks, 2005a)
Constant

Liquidus

Solidus

aT

1465.5

1252.2

bT

-31.4

-25.3

cT

-2.8

-11.9

dT

-0.41

1.17

Liquidus

Solidus

Deeper Magma Chamber

Shallow Magma Chamber

160

Magma
chamber
pressure

Pressure (MPa)

140

Isothermal
decompression
resulting in
increased
liquidus
temperature

120
100
80

Solidus
Pressure

60
40
20
0
550

Solidus
β=1

750

Liquidus
β=0

950

1150

1350

Temperature (C)

Figure 2.3. Phase behavior of magma with variation in pressure and temperature obtained using Eq. (7) for an
experimental sample at 160 MPa and 8750C (initial pressure and temperature) with composition similar to the dome
lava obtained at Soufrière Hills Volcano, Montserrat (β indicates crystal content in the material) (Couch et al.,
2003a; Melnik and Sparks, 2005c) (Husain et al., 2014)

In our model figures the transition of a soft dome core (indicated by red particles in Figure 2.1)
from a liquid mush to a solid state (that we assume spontaneously break into talus, represented by yellow
particles) is defined using the solidus/closure pressure (Simmons et al., 2005). Magma undercooling
promotes crystallization as the liquidus temperature increases while the magma pressure approaches the
solidus/closure pressure (Figure 2.3). We assume the magma is converted into a solid at the
solidus/closure pressure. In our model the contact pressure exerted on each discrete particle is tracked,
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and if equal to or below the solidus pressure, the material properties of that particle are changed to match
the values of a crystallized solid. The transition from core (cohesion dominated – red particles in our
figures) to talus (friction dominated – yellow particles) is a binary step-change in properties and is
unidirectional – a susequent increase in pressure will not enable a transition back to a liquid state. The
interface between the cohesive ductile core and frictional talus in the modeled lava dome is identified by
tracking the solidus pressure isobar during the evolution of the dome – although the frictional talus may
evolve greater thickness by the accumulation or mixing of previously solidified particles. Identification of
the core-talus interface allows the updating of material properties, with the properties of the lava dome are
updated after every time step.
The particle interaction for the talus particle are governed by the constitutive linear contact model
and the repulsive contact force in the normal and shear direction are given as,
𝑭𝒏 = 𝒌𝒏 𝜹𝒏 𝟕
𝑭𝒔 = 𝒌𝒔 𝜹𝒔

8

where 𝑘𝑛 and 𝑘𝑠 are the contact stiffnesses in the normal and shear direction, with particle overlap in the
respective directions represented by 𝛿𝑛 and 𝛿𝑠 in Eq. (7, 8). The macroscopic material stiffness (Young’s
modulus E and Shear Modulus G) of the particle arrangement given in Figure 2.2 is correlated with the
contact stiffness kn and ks as,
𝒌𝒏 =

𝑬(𝒘𝑪 )⁄
𝟐𝟗

𝒌𝒔 = 𝑮(𝒘𝑪 )

10

where 𝐸 is the Young’s modulus and G is the shear modulus of the particle assemblage in the absence of
a parallel bond. The contact stiffness thus affects the morphology of the evolving lava dome structure (Eq.
(9, 10)). The contact between adjacent particles exists if the applied shear stress is below the maximum
value (𝐹𝑠𝑚𝑎𝑥 ) that is calculated by the Mohr-Coulomb failure criterion and is given as,
𝑭𝒎𝒂𝒙
= 𝑪 + 𝝁𝑭𝒏
𝒔

11

where C is the material cohesion and coefficient of friction is 𝜇, and Fn is normal contact force given in
Eq. (11). Material cohesion is an important parameter and affects the lava dome morphology. Cohesion is
represented by bond strength/rigidity of the linear contact bond in the model (Delenne et al., 2004; Guo
and Morgan, 2006; Itasca Consulting Group, 2004). Maximum normal (𝜎𝑚𝑎𝑥 ) and shear strength (𝜏𝑚𝑎𝑥 )
for failure of the bond is given as,
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𝝈𝒎𝒂𝒙 = 𝑷⁄𝑨 𝟏𝟐
𝝉𝒎𝒂𝒙 =

|𝒗|⁄
𝑨

13

where the macroscopic response of a linear contact bond can be related to that of an elastic beam of area

A, subject to pure axial (P) and pure shear loading (|𝑣|) given by Eq. (12, 13). The linear contact bond
breaks when the pure axial or shear stress exceeds the material strength.
The values of the macroscopic magnitudes of cohesion and coefficient of friction are based on
back-analyses of failure on inclined slopes. The range for cohesion and friction angles obtained from such
analyses vary from 0 - 1.1 MPa and 0 - 450, which covers the rheologic range of viscous andesite magma
through solidified lava (Simmons et al., 2005), representing the approximate range of material strengths
in major dome collapse events that developed at Soufriere Hills Volcano at slow to moderate extrusion
rates. Idealized material properties of the core and talus considered in our simulation runs are given in
Table 2.3.
Table 2.3. Input parameters for model runs to obtain modeled lava dome morphology
Parameter

Value
Talus

Core

Density (kg/m3)

2500

2500

Solidus Pressure (MPa)

0.4

-

Particle Radius (m)

1.5

1.5

Friction angle

420

-

Young’s Modulus (talus without
parallel bond (GPa)

3

0.3

2.1.

Apparent viscosity and its effect on dome morphology
The rheology of the magma affects the morphology of the lava dome and is time dependent as a

result of cooling, crystallization, and vesiculation. The crystal fraction of the melt affects the magma
rheology (Costa, 2005) with the transition from Newtonian to non-Newtonian rheology occurring over a
restricted range of crystal fraction (Lejeune and Richet, 1995). Degassing-induced crystallization causes
material stiffening and enhanced material strength and is the dominant mechanism affecting extrusion of
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intermediate composition magma. The increase in material stiffness and strength is reflected in the nonNewtonian behavior of magma flow.
An approximation commonly used to describe the non-Newtonian behavior of magma flow is the
Bingham flow law where shear stress (𝜏) is given by,
𝜏 = 𝜏0 + ɳ𝛾̇

14

where the yield stress is represented by 𝜏0 and ɳ is the constant plastic viscosity for a strain rate of 𝛾̇ .
Flow initiates on application of a stress greater than the yield strength (𝜏0 ) given by Eq. (14). For small
strains the apparent viscosity (ɳ𝑎𝑝𝑝 ) (Eq. (15)) is much higher than the actual viscosity of the fluid and is
given by,
ɳ𝑎𝑝𝑝 = ɳ + 𝜏0 /𝛾̇

15

with both strain rate (𝛾̇ ) and yield stress (𝜏0 ) affecting apparent viscosity (ɳ𝑎𝑝𝑝 ). It is convenient in much
of our modeling to use the apparent viscosity. The onset of non-Newtonian behavior is observed for a
crystal fraction (ϕ) higher than 0.4 and a yield stress greater than 2 x 106 Pa (Caricchi et al., 2007;
Griffiths, 2000; Lejeune and Richet, 1995). Experimental results indicate that magmas reach a large
limiting apparent viscosity caused by the onset of a yield stress for crystal bearing magmas that result in
the transition of the magma rheology from Newtonian to Bingham flow with increasing strain rates
(Caricchi et al., 2007). At intermediate flow rates (Q ≈ 1.5 to 7 m3/s) and low magma viscosity (ɳ < 1010
Pa) the modeled lava dome evolves endogenously (Figure 2.4). Strain rates observed during endogenous
growth (Q ≈ 1.5 to 7 m3/s) range between 10-7 to 10-3 sec-1 (Figure 2.4 & 2.5) (Pinkerton and Stevenson,
1992). The non-Newtonian behavior of magma is enhanced with an increase in crystal fraction (ϕ) at
higher strain rates (𝛾̇ >10-3 sec-1) (Figure 2.5). In the subsequent section we further investigate the
influence of magma yield strength on the morphology of the lava dome.
3.

Results and Discussion
Our Discrete Element Model (DEM) simulations track both temporal and spatial evolution of

idealized endogenous lava dome growth. We explore the sensitivity of the patterns of lava dome growth
to key adjustable parameters of the mechanical model. The strength properties and extrusion rate
influence the morphology of the evolving dome. In section 3.1 we discuss results illustrating the effect
of magma yield strength on lava dome morphology. The results are used to obtain the range of magma
yield strength for endogenous and exogenous growth. We then perform numerical simulations to
generate synthetic lava domes evolving endogenously in section 3.2. Results are compared with an
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analytical model and laboratory observations of analog experiments that monitor the structural growth of
a spreading viscoplastic material (Bingham plastic) over a horizontal surface (Blake, 1990). Finally we
model the lava dome growth observed at SHV, Montserrat, with particular focus on the dome growth
period of October, 1996 during which the dome evolved endogenously.

Figure 2.4. Flow-rate history assumed to model evolution of simulated lava dome for different yield strengths.
Endogenous dome growth is observed at higher flow rates (Q ≈ 1.5 to 7 m3/s) for magma with low yield strength (4
x 105 MPa), while viscous plug flow results at lower flow rates (Q < 1 m3/s) and higher yield strength (τo = 4 x 107
MPa)

3.1.

Lava dome flow behavior
The effective viscosity of the entire magma flow (mixture of melt and crystal) can be

characterized by an apparent flow viscosity that captures the macrophysics of the flow. The apparent
viscosity (see Eq. (15)) can be orders of magnitude lower than the apparent flow viscosity of the magma
for small strain rates (apparent viscosity for more viscous magma like andesite or dacite range from 10 5 to
108 Pa.s, while apparent flow viscosity for the case study of magma flow at the Soufriere lava dome of St.
Vincent was estimated at 1011 Pa.s (Griffiths, 2000; Huppert et al., 1982)). The rheology is influenced by
the apparent viscosity, which in turn is a function of the magma yield strength.
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Figure 2.5. Strain rates generated during the evolution of the simulated lava dome for the flow-rate history given by
Figure 2.4. Strain rate values during endogenous growth (low yield strength τo = 4 x 105 MPa) ranged between 10-6
to 10-3 sec-1, while higher strain rates (γ̇ > 10-3 sec-1) are observed during the growth of the upheaved plug with
greater yield strength (τo = 4 x 107 MPa)

Figure 2.6 represents our modeled evolution of two lava domes with lava of different yield
strength. The variation in yield strength (𝜏0 ) for the lava dome is calculated from Eq. (16) (Blake, 1990)
as
𝜏0 = (0.323 ± 0.016)(𝐻2 𝜌𝑔/𝑅3𝐷 )

16

where H and 𝑅3𝐷 are the lava dome height and radius for a magma of density 𝜌 and gravitational
acceleration g.
Our modeled lava dome evolution is followed as height and radius in Figure 2.6 (labeled points
A – C) and represents two simulations. Initially the yield strength (represented by the parallel bond
strength) maintained the same for both the cases (parallel bond strength = 4 x 105 Pa). The yield strength
is maintained constant throughout the simulation period for the synthetic lava dome represented by the
low lava dome (blue curve in Figure 2.6), while the yield strength is increased for the other simulated lava
dome (red curve in Figure 2.6). At a dome radius of ≈ 105 m (labeled in Figure 2.6 and 2.7) magma with
higher yield strength (increased parallel bond yield strength = 4 x 107 Pa) is injected into the lava dome
core through the conduit. By implementing the step change increase in magma yield strength, we intend
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to investigate the effect of yield strength on magma rheology and subsequently the flow pattern which
transitions from endogenous to exogenous growth.

Figure 2.6. Evolution of two simulated lava domes with same flow-rate history. The yield strength of the 2 lava
domes is approximately the same (τo ~ 0.1 – 0.2 MPa) until the point of injection of high yield strength magma
(indicated in the figure). An upheaved plug grows initially unobstructed and collapses at the vent (point A). The
yield strength of centrally injected magma for the Pelean lava dome is increased ( τo: 4 x 107 Pa) at a radius ~ 105 m.
The low lava dome continues to grow endogenously (point B), while the Pelean dome grows steeper (point C)

A solid lava plug (red curve in Figure 2.6) develops as the lava extrudes vertically above the
vertical conduit, and as no dome exists yet, no further resistance occurs from overlying material (Figure
2.6, case A). The drop in the bulk yield strength in the initial growth phase of the Pelean lava dome
indicates the point of collapse of the rigid plug (Figure 2.7). The extruded plug collapses and spreads out
to form a non-spiny lava dome (i.e. one that has a low H/R ratio) at point B (Figure 2.6) for the lower
yield strength magma. The evolution of the bulk yield strength (Eq. (15)) for the simulated lava dome is
given in Figure 2.7. The bulk yield strength of the small lava dome remains approximately constant with
time (varies between 1.2 x 105 to 1.5 x 105 Pa). The growth of a Pelean dome initiates with the upheaval
of a plug with a radius equal to the vent on the injection of the higher yield strength magma (when the
simulated lava dome attained a radius of ≈ 105 m – parallel bond strength : 4 x 107 Pa). This increases the
bulk yield strength of the lava dome and initiates at the point labeled (“Injection of high yield strength
magma”) in Figure 2.7. Prior to the injection of the high yield strength magma, the bulk yield strength of
the Pelean and small lava dome are approximately equal. The transition in the lava dome morphology is
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similar to that previously observed (see Blake (1990) Figure 17 a.). This implies that the morphology of
the lava dome is principally controlled by the yield strength of the injected magma. The bulk yield
strengths calculated for Pelean domes are typically greater than 105 - 106 Pa (Blake, 1990), while the
small lava dome evolves at bulk yield strengths lower than 106 Pa (Figure 2.8).

Figure 2.7. Variation in bulk yield strength of the simulated lava dome calculated using Eq. (16) and given in Figure
2.6. Snapshots of evolving lava dome morphology are taken at points labelled from A-C and shown in Figure 2.6

The small lava domes are defined by a model of spreading Newtonian fluid if the viscous stress in
the flowing dome is greater than the yield strength of the lava. This ratio, termed the Bingham number
(B), defines the flow behavior of the fluid (Balmforth and Craster, 2000; Blake, 1990; Griffiths, 2000)
and is given as
𝐵=

𝜏0
⁄ɳ𝛾̇

17

where ɳ is the apparent flow viscosity of the magma for a yield strength of 𝜏0 at a strain rate of 𝛾̇ . The
magnitude of the viscous stress, ɳ𝛾̇ in Eq. (17), is larger than the yield strength (𝜏0 ) (bulk yield strength =
104 – 106 Pa) of the flowing magma for low lava domes (B < 1). The parametric analyses explore the
evolution of a small endogenous lava dome at constant or specified flow-rate history. The simulation
results are compared against the analytical model of a spreading viscoplastic lava dome (Blake, 1990)
below.
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Figure 2.8. Volume trend for the modeled lava dome with different yield strength and injection rates which govern
the value of S that are expressed by Eq. (16)

3.2.

Analysis of lava dome evolution
In general, the magma in lava domes do not behave as a Newtonian fluid and may be

approximated as a temperature dependent Bingham material with a yield stress (𝜏0 ) (Blake, 1990;
Buisson and Merle, 2002). Comparison of purely viscous model results with highly silicic and extremely
viscous (dacite) lava extrusions are unsatisfactory (Griffiths and Fink, 1997). The eruption style and lava
dome height are consistent with models in which growth is controlled by magma yield strength (Blake,
1990) or the strength and constrain of an external lava crust (Iverson, 1990). Here we compare the growth
of the simulated endogenous lava dome with the analytical expression for height of a lava dome evolving
due to the injection of magma with a given yield strength at a specified volumetric rate. We initially
illustrate that the rate of growth of lava dome height for the 2D numerical and 3D analytical model is in
good agreement for a specified volume (for magma yield strength > 0.2 MPa) and then obtain an
expression for the equivalent 3D radius for the 2D model. The simulation time for the 2D model runs is
significantly faster (» 1000 times) in comparison to 3D models, which allow us to investigate a wider
range of the parameter space.
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Our modeled lava domes are simulated in 2D, but for precise correlation with observed field
values, a 3D DEM model is required. The development of a 3D model is currently restricted by the very
high simulation time now required to perform computational calculations (this will decrease in the
future). The maximum time step in our model is constrained by the stable mechanical time step (𝑡 =
𝑚𝑝

√ 𝑘 , 𝑚𝑝 = mass of particle) and the number of particles in the simulation. The time step in the
𝑛

simulation is increased by considering the particle as a disk with thickness (equal to the characteristic
width). The stress calculations are not altered by the mass increment of the particle (Itasca Consulting
Group, 2004). The maximum time step in our simulation run is ~0.5 sec and the computational time
increases with inclusion of additional particles. Thus, a correlation of the 2D DEM radius with the 3D
radius from Blake (1990) analytical model is obtained and discussed in the later part of the section.
Surface cooling can affect carapace strength and influence gross behavior of some domes.
Degassing-induced crystallization is a dominant process for intermediate-composition magma systems
such as Soufrière Hills Volcano (SHV), Montserrat (Melnik and Sparks, 1999; Sparks, 1997) and Merapi
Volcano, Indonesia (Hammer and Rutherford, 2002; Innocenti et al., 2013a, 2013b) that results in
stiffening and increased strength of the magma. The transition of flow from Newtonian to non-Newtonian
behavior occurs at time t’ and is given by Eq. (18) as (Blake, 1990)
𝑡′(𝛼−5) =

𝜏𝑜8
⁄ 3 3 5
𝑔 𝜌 ɳ 𝑆

𝑉3𝐷 = 𝑆𝑡 𝛼

18

19

noting that S and α are supply rate constants defining total erupted volume (𝑉3𝐷 ) at time t (Eq. (19)). If α
= 1, volumetric growth is linear with time; growth rate wanes wit time for α < 1, and waxes with α > 1.
Shear rates are large near the conduit exit, hence viscous stresses are more important during the early
growth period of the lava dome due to a smaller radius to height ratio. A transition occurs from viscous
flow (B < 1) to plastic flow (B > 1) at large times. The value of the Bingham number increases with the
strength of the lava, which is controlled by degassing induced crystallization and is a function of effusion
rate. Thus, the lava dome growth rate is a function of the yield strength and volumetric recharge rate
(Griffiths, 2000). An important implication of Eq. (18) for α < 5, is that the initial flow behavior is
Newtonian until time t’ and then transitions to plastic flow, which then dominates the spreading dynamics
of the fluid (Blake, 1990).
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Constant flow-rate analog dome-building experiments using kaolin slurry or polyethylene glycol
(Blake, 1990; Griffiths and Fink, 1997) define expressions correlating lava dome height and radius for a
material with a specified yield strength. The increase in height (H) and radius (R3D) of a Bingham dome
are given as a function of time (Blake, 1990; Griffiths, 2000)
𝐻 = 1.4 (𝜏𝑜 /𝜌𝑔)2/5 𝑆1/5 𝑡 𝛼/5

20

𝑅3𝐷 = 0.65 𝑆 2/5 (𝜌𝑔/𝜏𝑜 )1/5 𝑡 2𝛼/5

21

where all parameters are as previously defined. For a dome growing at a constant effusion rate (α = 1),
dome growth (height and radius) approaches the trend predicted by Eq. (20) and Eq. (21) after the
transition time (t’) given by Eq. (18) is exceeded. The transition time (t’) (for flow controlled by viscous
stress to flow controlled by yield strength) in all simulations (see Figures 2.9 and 2.10) are all below
~0.23 days. Blake (1990) found that a simple parabolic curve is a satisfactory model of dome shape and
can be integrated to yield an expression of volume as a function of height and radius. (see also appendix
for correlation of 𝑅2𝐷 with 𝑅3𝐷 )
2
𝑉3𝐷 = 8𝜋𝐻𝑅3𝐷
/15

22

Figure 2.8 represents the volume of our simulated lava dome (with specified S and α values). In Figure
2.9 the yield strength for all simulation runs shown is maintained constant at 0.9 MPa (parallel bond
strength in the simulations is equivalent to yield strength), while the efflux rate (S) is varied as 4.8, 3.425
and 1.96 m3/s. For these recharge rates the height of the simulated lava dome evolves as predicted for a
Bingham plastic in Eq. (20) (Blake, 1990) (since the transition time is small, the trends match occurs at a
short times). The dome height grows at a lower rate (until time t < 0.75 days) than the height predicted for
the constant yield strength case (Eq. (20)). This behavior is similar to observations made by (Blake, 1990)
in his experiments and attributed by him to the adjustments in the value of S and α when the reservoir was
expanding; and the influence of the finite-size outlet (vent). In our simulations this effect appears due to
higher shear stresses at a lower R/H ratio that diminish as the radius of the simulated lava dome increases.
In the Blake (1990) experiments the effect became unimportant by the time R = 3r , where R = radius of
the dome and r = radius of the vent. We observe that the height of the simulated lava dome with a higher
flow rate (S = 4.8 m3/s) approaches the predicted trend earlier, since a reduced time is required for the
dome radius to grow to 3 times vent radius. Our calculated lava dome height agrees with the analytical
models for a constant flux rate (S = 4.85 m3/s), with prescribed yield strengths varying as 0.2, 0.6 and 0.9
MPa. The effect of the constricting force applied on the ductile core by the surrounding talus is more
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evident in the magma with lower yield strength. The evolution of height for the synthetic lava dome with
yield strength of 0.2 MPa matches the analytical trend for height of a lava dome with yield strength of 0.4
MPa (Figure 2.10). Thus for magma with lower yield strength the analytical model fails to capture the
effect of the frictional resistance offered by the talus to the spreading of the ductile core.

Figure 2.9. Evolution of height of the modeled lava dome with constant yield strength ( τo = 0.9 MPa) and different
flow rates. Simulated height is compared against the analytical solution of a spreading viscoplastic lava dome
((Blake, 1990)) shown in light gray traces.

The simulation runs are in 2D with the geometry given in Figure 2.11. The development of radius
in the 2D model is constricted perpendicular to the 2D cross-section of the simulated lava dome. This is
observed in Figure 2.11. Thus, the radius of the simulated lava dome in 2D grows at a faster rate than in
3D. It is shown in Figure 2.9 and 2.10 that the height of the simulated lava domes is equal to the
representative 3D value of a spreading viscoplastic material. Assuming that the volume for the simulated
lava dome is represented by the parabolic curve given for the viscoplastic analytical model (Eq. (22)), the
effective 3D radius is calculated using Eq. (23) from the modeled 2D value and is given as (see Appendix
for detailed discussion)
𝑅3𝐷 = 3.75 √𝑅2𝐷

23

0.5165
𝑅3𝐷 = 3.852 𝑅2𝐷

24
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where 𝑅3𝐷 is the effective 3D radius calculated from the modeled 2D value represented by 𝑅2𝐷 . Figure
2.12 illustrates the data match of the effective 3D radius, calculated using Eq. (23), with the viscoplastic
model based on Eq. (21). Eq. (24) is obtained from a multivariate regression of the simulation data
(volume, radius and height) (see Appendix), showing very close agreement with Eq. (23). The radius
(equivalent 3D value) of the simulated lava dome is higher than the predicted viscoplastic analytical value
prior to 0.66 days (as simulated lava dome radius is less than 3 times the vent radius), but approaches and
follows the viscoplastic analytical value for times exceeding 0.66 days.

Figure 2.10. Evolution of height of the modeled lava dome with constant flow rate and variable yield strength ( τo
varies from 0.9 to 0.2 MPa). Simulated height is compared against the analytical solution of a spreading viscoplastic
lava dome ((Blake, 1990)) shown in light gray traces

At intermediate extrusion rates (1.5 – 7 m3/s) the SHV lava dome growth is endogenous. The
modeled endogenous lava dome consists of a cohesive core and frictional carapace. A simulation with
low yield strength (parallel bond strength 104 to 106 Pa) results in endogenous growth with the evolution
of a small lava dome (with low H/R ratio) (Figures 2.8, 2.9, 2.11, 2.12 and 2.14). The range of material
yield strengths (parallel bond strengths) for the core is in agreement with the values obtained in the study
performed for the spreading of a viscoplastic lava dome (Blake, 1990). Hence the evolution of small lava
domes results at higher effusion rates for material with low yield strength. The morphology of the
evolving lava domes differ significantly and are governed by the flow-rate history and parallel bond
strength.
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Figure 2.11. a) Basic model setup in PFC2D which includes the conduit with a rigid horizontal base b) Basic model
setup of an axi-symmetrical model which includes the conduit with a rigid circular horizontal base of radius R3D c)
Diagrammatic illustration of the simulated lava dome structure in PFC2D with an elongation of 2R2D. The spread of
the simulated lava dome is aided by the restricted spread along the width. d) Simulated lava dome structure with a
radius R3D in an axi-symmetric model

4.

Qualitative Observations of Dome Morphology on Soufriere Hills Volcano, Montserrat
Here compare observations of lava dome growth at SHV, Montserrat with our simulations, and

focus particularly on the lava dome growth period from 1 October to 23 October, 1996. This was part of
stage IV of the SHV eruption (Watts et al., 2002), with extrusion resuming two weeks after the large 17
September explosive eruption that reamed out the conduit to a depth of (at least) 4 km with the upper part
of the conduit widened from substantial expulsion of ballistic ejecta (Robertson et al., 1998). Lava
extrusion began on 1 October with initial discharge rate of 1.8 m3/s (Watts et al., 2002). The new dome
consisted of a slab of new lava that spread over loose talus, initially with a smooth surface that evolved to
a blocky and spiny appearance typical of the SHV domes (see Figures 14 and 15 in Watts et al., 2002).
Growth continued at a decreased discharge rate and apparently stagnated by 20 October (Watts et al.,
2002). On 22 October extrusion renewed, still at a reduced rate, but was focused only in the central part of
the dome where it formed a central raised area (see Figure 13b Watts et al., 2002). By early November
dome growth rates diminished to < 1 m3/s, dome height stagnated at 900 m asl, and strong shallow
earthquake swarms began that continued into December and were accompanied by the first clear evidence
of endogenous activity in the eruption (Watts et al., 2002; Young et al., 2002). This endogenous infilling
affected not only the southern parts of the October lobe but also the June 1996 lava in which the 17
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September 1996 explosion scar had developed. The zone of swelling was elongate (c. 800 x 300 m) with
the main axis aligned east – west, and south of the rim of the explosion scar (see Figure 2 in Young et al.,
2002).
We focus on the lava dome growth rates during this period (1st – 23rd October, 1996) which
varied from 2 to 0.2 m3/s (Hale and Wadge, 2008). The volumetric increment over the eruptive episode is
given in Figure 2.13. The flow-rate history assumed in our simulations was selected to represent the
observed volumetric increase and the best fit curve of the time dependent function of flow-rate (𝑄3𝐷 ) (Eq.
(25)) is given by
𝑄3𝐷 = 1.7341 − 0.0274𝑡𝑑′

25

where 𝑡𝑑′ is time in days and 𝑄3𝐷 is in m3/s. The resulting simulation volumetric increment is shown in
Figure 2.13. The volumetric flow rate at SHV was observed to decrease from 2.2 m3/s on 3rd October (on
day 3) to 0.7 m3/s on 7th October (day 7) and ramped up again to 2.4 m3/s on 14th October (day 14) (Hale
and Wadge, 2008). The linear decline best fit curve assumed in the simulation model fails to capture this
variation in flow rate and thus results in a cumulative volume of 4.73 Mm3 as opposed to the observed
value of 6.37 Mm3 (Sparks et al., 1998a). Bulk yield strength estimates calculated using Eq. (16) for each
pair of height and radius measurement show a substantial variation with time. Yield strength increases
with time from 0.101 MPa (on 1 day of this period) to 0.894 MPa (on 54 day). The calculated bulk yield
strength values are estimates based on the lava dome height and radius (Eq. (16)). The dome grew
endogenously and unconstrained in the earlier collapse scar, during the first 3 weeks (22nd October, 1996).
The lateral spread of the lava dome at the end of initial 3 weeks of growth was constrained by the earlier
dome remnants. The dome continued to grow centrally, the height increased, while the radial spread was
constricted, leading to subsequent growth that is largely exogenous (Hale and Wadge, 2008). Thus, the
bulk yield strength estimates obtained using Eq. (18) increased from ~0.6 MPa (22 nd October, 1996) to
0.894 MPa (23rd November, 1996). Our simulations focus on representing the endogenous growth phase
at SHV, Montserrat which lasted for ~23 days (22nd October, 1996).
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Figure 2.12. Evolution of radius of the modeled lava dome. The averaged 2D radius is represented by the red dash
line. The representative 3D radius is calculated using Eq. (25) and is illustrates in the figure. The effective 3D radius
is compared against the value obtained from the analytical solution of a spreading viscoplastic lava dome with a
volume trend match given by S = 4.8 m3/s ((Blake, 1990))

Figure 2.13. Observed volume trend for the lava dome growth at SHV, Montserrat from October. Simulated
volumetric trend follows the best fit time dependent flow-rate function given by Eq. (27). Simulation runs are
performed for lava dome with yield strength of 0.6 (23 days of eruption) and 0.894 MPa (54 days of eruption)
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Figure 2.14 represents the evolution of the simulated lava dome height. The results are compared
against the lava dome at SHV, Montserrat. Figure 2.14 shows the dome height at 23 days after this dome
growth phase initiated. After 5 days the simulated lava dome height approaches and follows the predicted
analytical trend (assumed yield strength of 0.6 and 0.894 MPa) for a spreading viscoplastic dome. The
height predicted for the lava dome with a bulk yield strength of 0.6 MPa at the end of 23 days is 98 m
which is in close agreement with the height (91m) observed at SHV, while the simulated height (107 m)
is higher for a yield strength of 0.894 MPa. The calculated apparent flow viscosity for the lava dome with
yield strength of 0.6 and 0.894 MPa is approximately 1.36 x 1011 and 2.6 x 1011 Pa.s respectively (Table
2.4 for the parameters used in the calculation). The apparent viscosity at moderate strain rates (10-2 to 10-5
sec-1) for crystal rich andesite and rhyolite lava is in the range of 109 to 1012 Pa.s (Lavallée et al., 2007).
The calculated apparent flow viscosities are in the range of final viscosity values assumed in the study by
Hale (2008) to simulate the lava dome growth (Newtonian fluid core with a deformable talus) (1010 to
1012 Pa.s) at SHV.

Figure 2.14. Observed evolution of height of the lava dome growth at SHV, Montserrat from October, 1996. Height
predicted by the analytical solution for lava dome with yield strength of 0.6 MPa is 98 m and the observed height at
23 days is 91 m. Simulated lava dome height (cyan and black curve) follows the analytical trend (blue and green
curve) after time exceeds 5 days

The evolution of radii for our simulated lava domes are shown in Figure 2.15, with the effective
3D radius calculated using Eq. (24). For times earlier than 5 days, the effective 3D radius is higher than
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the value calculated with Eq. (21), assuming yield strengths of 0.6 and 0.894 MPa. The increased radius
compensates for the lower value of height during this period of the simulation. The effective 3D radius
evolves at a slightly lower rate (R α t0.2857) compared to the observed radius growth rate (R α t0.3643) at
SHV, as the volume calculated using Eq. (25) fails to capture the nuances in field value (fluctuations in
magma flow rate) and slightly under predicts lava dome volume. The predicted volume trend (V α R3.4805)
is in close agreement with the best fit to the observed trend (V α R3.25). The reduced radial spread at later
times (≥ 5 days) is possibly due to the effect of the frictional resistance of the talus on the evolving dome
and the slightly under predicted value of the simulated volume from the observed trend.
Table 2.4. Value of constants used in the calculation of apparent flow viscosity for the lava dome
evolution at SHV, Montserrat during the period from October – December, 1996
Yield Strength Value (MPa)

Constant

S

α

0.894

1.4786

0.9662

0.6

0.7118

1.0277

Figure 2.15. Observed evolution of radius of the lava dome growth at SHV, Montserrat from October1996.
Analogous 3D radius (cyan and black curve) and analytical trend (blue and green curve) predicted follows a trend
given by R α t0.2857 that is slightly lower than the observed trend given by R α t0.3643
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5.

Conclusion
Magma rheology is a strong function of temperature, pressure, magma composition and volatile

crystal content. Magma ascent rates and decompression paths largely control the evolution of magma
texture which in turn governs magma rheology and contributes to the evolving morphology of the
resulting lava dome. We present a model that incorporates the features of the evolution of strength and
rheology into the spatial and temporal growth of a volcanic pile. This model provides a first order
understanding of the effect of bulk yield strength on the simulated lava dome morphology. The
morphology is sensitive to yield strength – a small change in the parameter exerts a large influence on the
pattern of dome growth. Transition from low aspect ratio lava domes (i.e. those in which the bulk yield
strength of the lave is in the range of 104 – 106 Pa) extruded at intermediate flow rates (Q ≈ 1.5 to 7 m3/s)
to Pelean domes (i.e. those in which the bulk yield strength of the lava is > 105 – 106 Pa) extruded at
lower flow rates (Q < 1 m3/s) occurs when degassing-induced crystallization increases the strength of the
material.
Our simulations mimic to a reasonable approximation the transition in the growth pattern
observed at SHV, Montserrat and provide insight and improved understanding of the effect of yield
strength on lava dome morphology. Degassing-induced crystallization, as observed at SHV, causes
increased strength. The evolution of strength in the material causes the viscous material, comprising the
core of the lava dome, to transform to a stiffer rock, which we model here by increasing the parallel bond
strength between adjacent particles. The increase in yield strength results in the transition of rheology,
resulting in the formation of an endogenously evolving low lava dome (high viscous stresses for low yield
strength and higher flow rate) to a Pelean lava dome with spine growth (Bingham flow for high yield
strength and low flow rates). Simulation results discussed in Section 3.1 (Figure 2.6 and 2.7) represent
this transition in the lava dome morphology due to the enhancement in yield strength of the injected
magma.
In addition, we conclude that yield strength plays the dominant role during lava flow
emplacement where surface cooling due to radiation is not significant. The height and eruptive style of
highly silicic and extremely viscous (dacite) lava extrusion is consistent with analytical models where
growth is controlled by the yield strength of the magma (Blake, 1990). The simulation results discussed in
Section 3.2 are tested against a theoretical solution for a spreading viscoplastic lava dome (Blake, 1990),
which is well-constrained by laboratory experimental data. Our new numerical simulations exhibit a good
agreement with analytical models for times exceeding the flow transition time calculated using Eq. (18).
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For crystal bearing magmas such as those erupted at SHV, the magma reaches a large, limiting
apparent viscosity with the onset of yield stress resulting in the transition in magma rheology (Caricchi et
al., 2007). We have focused our numerical simulations (see Section 4) on the observed growth at SHV,
Montserrat during October, 1996. Our simulated lava dome height for bulk yield strength of 0.6 MPa
follows the theoretical solution, which is in close agreement to the observed height at SHV, Montserrat.
The apparent flow viscosity (~1.36 x 1011 Pa.s for yield strength of 0.6 MPa) calculated from the
simulation result is in the range of effective viscosity (109 to 1012 Pa.s) for andesitic-dacitic composition
crystal rich lavas. Improved estimates of yield strength of lava dome core and carapace materials should
enhance the fidelity of numerical simulations to actual dome growth eruptions.
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Table 2.5. Notation
Symbol

Description

Unit

𝑣3𝐷

Average fluid velocity given by
Hagen – Poisseuille’s flow
equation

LT-1

𝑄3𝐷

Flow rate in 3D geometry

L3T-1

𝑎3𝐷

Area of conduit for a 3D
geometry

L2

𝑣3𝐷

Flow velocity of fluid for 3D
geometry

LT-1

𝑟

Radius of conduit

L

𝐹𝑛

Normal force applied on the
particle in contact with another in
PFC2D

MLT-2

𝑘𝑛

Normal contact bond stiffness

MT-2

𝛿𝑛

Overlap in the normal direction
between 2 contacting particle in
PFC2D

L

𝐹𝑠

Shear force applied on the
contacting particle in PFC2D

MLT-2

𝑘𝑠

Shear contact bond stiffness

MT-2

𝛿𝑠

Particle overlap in the shear
direction in PFC2D

L

𝐶

Material cohesion

ML-1T-2

𝜇

Coefficient of friction of the
material

-

𝜎𝑚𝑎𝑥

Tensile strength of the material

ML-1T-2

𝐿𝑜

Original length of the
sample/particle

L

𝑎𝑣𝑔
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Symbol

Description

Unit

∆𝐿

Change in length on application
of normal force on the
sample/particle

L

𝐷

Original diameter of the
sample/particle

L

𝐸

Young’s modulus

-

𝐺

Shear modulus

-

∆𝑥

Change in length of the
sample/particle in the shear
direction

L

ɳ

Fluid viscosity

ML-1T-1

𝑘𝑛, 𝑘 𝑠

Parallel bond normal and shear
stiffness respectively

ML-2T-2

∆𝑈 𝑠

Shear displacement for a given
time step ∆𝑡

L

𝑉𝑖

Shear velocity for the given time
step ∆𝑡

LT-1

𝑤𝐶

Characteristic width of the
conduit to represent the 3D flow
rate to its representative value for
the 2D geometry

L

Φ

Friction angle of the material

-

𝐴

Area on which force is applied

L2

𝐴𝑜

Area of sample/particle before
deformation

L2

𝜏𝑚𝑎𝑥

Shear strength of the material

ML-1T-2

|𝑣|

Numerical value of pure shear
force applied

MLT-2
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Symbol

Description

Unit

𝑇𝑙𝑖𝑞,𝑠𝑜𝑙

Temperature of the magma in the
solution state

-

𝑇𝑠𝑜𝑙𝑖𝑑𝑢𝑠

Temperature of the magma
below which the magma
solidifies for a given pressure

-

𝑝

External pressure acting on the
magma during the eruption cycle

ML-1T-2

𝑎𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑏𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑐𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑑𝑇

Constant for the empirical
expression to obtain the phase
behavior of the magma at
Soufrière Hills Volcano,
Montserrat

-

𝑉2𝐷

Erupted volume in the 2D model

L3T-1

𝑉3𝐷

Erupted volume in 3D

L3T-1

𝑅2𝐷

Radius of the simulated lava
dome in the 2D model

L

𝑅3𝐷

Radius of the lava dome in 3D

L
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Symbol

Description

Unit

h

Height of the simulated lava
dome in 2D model

L

H

Height of the lava dome in 3D

L

𝜏𝑜

Bulk yield strength

ML-1T-2

B

Bingham number

-

𝛾̇

Strain Rate

T-1

S

Constant to match the volume
trend given by Eq. (19)

L3T-1

α

Constant to match the volume
trend given by Eq. (19)

-

P

Pure axial loading

M1L1T-2

𝑣

Pure shear loading

M1L1T-2

𝑡′

Time taken for flow behavior to
transition from Newtonian to
non-Newtonian

T1

𝑡𝑑′

Time in days

T1
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Appendix
VII.

Correlation of Normal Stiffness (𝑘𝑛 ) with Young’s Modulus

Force – Displacement equation is given by Eq. (26) as
𝑭𝒏 = −𝒌𝒏 𝜹𝒏

26

Young’s modulus and deformation are related by Eq. (27)
𝑭𝒏 = −

𝑬𝑨𝒐 ∆𝑳
⁄𝑳
𝒐

27

Area perpendicular to the applied force is given by Eq. (28)
𝑨𝒐 = 𝑫. (𝒘𝑪 )

28

Thus, stiffness is given by Eq. (29)
𝒌𝒏 =

𝑬𝑫(𝒘𝑪 )
⁄𝑳
𝒐

29

From Figure 2.17 original length of sample is obtained and is given by Eq. (30)

𝑳𝒐 = 𝑫

30

Therefore, stiffness is given Eq. (31)
𝒌𝒏 = 𝑬(𝒘𝑪 )
VIII.

31

Correlation of Shear Stiffness (𝒌𝒏 ) with Shear Modulus

The Force-Displacement equation is given by Eq. (32)
𝑭𝒔 = − 𝒌𝒔 𝜹𝒔

32

The expression for shear modulus is given by Eq. (33)
𝑭𝒔 = − 𝑮𝑨∆𝒙⁄𝑳

𝒐

33
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Hence the correlation between shear stiffness and shear modulus is given by Eq. (34)
𝒌𝒔 = 𝑮(𝒘𝑪 )
IX.

34

Correlation of 2D flow rate with actual 3D values

Average velocity of a fluid flowing through a pipe can be expressed by Hagen – Poisseuille’s flow and is
given by Eq. (35)
𝒗𝟑𝑫 =

𝑸𝟑𝑫⁄
𝒂𝟑𝑫

35

If the flow velocity in the 2D model (specified in the simulation run) is maintained equal to the 3D value,
then to correlate the flow rate in the 2 cases, an equivalent characteristic length/width is calculated.
Characteristic length is the width of the 2D model (which for most models is considered as unit
thickness). The correlation is given by Eq. (36) and Eq. (37)

X.

𝝅𝒓𝟐 = 𝑳 (𝒘𝑪 )

36

𝟐
𝒘𝑪 = 𝝅𝒓 ⁄𝑳

37

Correlation of microscopic modulus for particle-particle contact with contact stiffness

Using Eq. (31), the microscopic modulus of a particle-particle contact bond (in the absence of a parallel
bond) is given by Eq. (38)
𝐸𝑐 = 𝑘𝑛 (𝑤𝐶 )
XI.

38

Correlation of microscopic modulus for parallel bond with parallel bond stiffness

Parallel bond stiffness is expressed in units of stiffness per unit area and is given by Eq. (39)
𝑘𝑛 =

𝐸𝑝
⁄𝐿
0

39

The original length of the particle system is expressed in Eq. (15). The microscopic modulus for parallel
bond is given by Eq. (32)
𝐸𝑝 = 𝑘 𝑛 𝐷
XII.

40

Correlation of radius in 2D model with an effective 3D value

Total volume of the simulated lava dome of radius (𝑅2𝐷 ) and thickness (𝑤𝑐 ) in the 2D model is given by
Eq. (41)
𝑉2𝐷 = 𝑅2𝐷 ℎ 𝑤𝑐

41
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Integral of the simple parabolic curve is observed to fit the experimental data of the volume of the slurry
dome obtained by Blake (1990) and is given by Eq. (42)
2
𝑉3𝐷 = 8𝜋𝐻𝑅3𝐷
/15

42

Assuming the volume in both the lava domes (3D and 2D geometry) is equal (same flow-rate history).
Equating Eq. (41) and (42) to obtain Eq. (43)
2
𝑅2𝐷 ℎ 𝑤𝑐 = 8𝜋𝐻𝑅3𝐷
/15

43

The evolution of height of the simulated lava dome (2D model) is observed to be in agreement with the
predicted values obtained from the analytical solution. Thus, the radius in the 2D model is correlated with
the 3D radius in Eq. (44) as
𝑅3𝐷 = 3.75√𝑅2𝐷

44

The best-fit curve obtained by the multivariable regression analysis (coefficient of determination – R =
2

0.9854) for the simulation data is given by Eq. (45)
𝑉2𝐷 = 𝑅2𝐷 ℎ 𝑤𝑐
XIII.

45

Correlation of Parallel Bond Stiffness with Viscosity

The ductile core material is treated as a non-Newtonian fluid (Bingham fluid). The material flow initiates
on the application of stress greater than the material yield stress (τmax ). The correlation of constant plastic
viscosity with applied stress (τ) is given by
∆𝜏 = 𝜏 − 𝜏𝑚𝑎𝑥 = −ɳ 𝑑𝑉⁄𝑑𝑦

46

If the change in shear stress (∆τ) is positive, then flow initiates and is affected by the parallel bond shear
stiffness. Change in shear force for a given time step (∆t) on the particle due to parallel bond shear
stiffness is given by Eq. (47)
∆𝑭𝒔 = −𝒌𝒔 𝑨∆𝑼𝒔

47

Change in shear displacement for a given time step in PFC2D is given by Eq. (48)
∆𝑼𝒔 = 𝑽𝒊 ∆𝒕

48

Change in shear stress due to parallel bond shear stiffness is given by Eq. (49)
∆𝝉 = −𝒌𝒔 𝑽𝒊 ∆𝒕

49
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Equating Eq. (46) and Eq. (49) to give Eq. (50)
−𝒌𝒔 𝑽𝒊 ∆𝒕 = −ɳ

𝒅𝑽
𝒅𝒚

50

Dividing both sides by the same length (y) results in Eq. (51)
−𝒌𝒔 ∆𝒕 𝒚

In Eq. (51), the term

𝑉𝑖
𝑦

𝑽𝒊
𝒚

𝒅𝑽

= −ɳ 𝒅𝒚

51

𝑑𝑉

and 𝑑𝑦 is the shear velocity per unit length of the material/fluid. Thus viscosity is

related to parallel bond shear stiffness by Eq. (52)
ɳ = 𝒌𝒔 ∆𝒕 𝒚

52

Hence parallel bond stiffness acts as the plastic viscosity term in the modeling of the bonded material.
The effective plastic viscosity in the model is influenced by the time step magnitude which is a function
of the mass of the particle and the linear contact stiffness. Thus a change in the size of the time step
affects the plastic viscosity of the modeled particle assemblage.
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Chapter 3 : Influence of conduit flow mechanics on magma rheology during the growth of
lava domes
Abstract
We develop a two-dimensional particle-dynamics model to explore different lava-dome growth
styles. These range from endogenous lava dome growth comprising expansion of a ductile dome core to
the exogenous extrusion of a degassed lava plug resulting in generation of a lava spine. We couple
conduit flow dynamics with surface growth of the evolving lava dome, fueled by an open-system magma
chamber undergoing continuous replenishment. The conduit flow model accounts for the variation in
rheology of ascending magma that results from degassing-induced crystallization. A period of reduced
effusive flow rates promote enhanced degassing-induced crystallization. A degassed lava plug extrudes
exogenously for magmas with crystal contents (ϕ) of 78%, yield strength >1.62 MPa, and at flow rates of
<0.5 m3/s, while endogenous dome growth is predicted at higher flow rates (Qout > 3 m3/s) for magma
with lower relative yield strengths (<1 MPa). At moderately high flow rates (Qout = 4 m3/s), the extrusion
of magma with lower crystal content (62%) and low interparticulate yield strength (0.6 MPa) results in
the development of endogenous shear lobes. Our simulations model the periodic extrusion history at
Mount St. Helens (1980 – 1983). Endogenous growth initiates in the simulated lava dome with the
extrusion of low yield strength magma (ϕ = 0.63 and τ = 0.76 MPa) after the crystallized viscous plug (ϕ
= 0.87 and τ = 3 MPa) at the conduit exit is forced out by the high discharge rate pulse (2 < Qout < 12
m3/s). The size of the endogenous viscous plug and the occurrence of exogenous growth depend on
magma yield strength and the magma chamber volume, which control the periodicity of the effusion.
1.

Introduction

Fluctuation in extrusion rates at SHV, Montserrat and at Mount St. Helens, USA is semi-periodic,
with periods of high discharge rate alternating with periods of low extrusion rate (Melnik and Sparks,
2005). Pressure, temperature and volatile content vary with magma ascent path through the conduit,
which in turn affect magma rheology during the period of extrusion (Stasiuk and Jaupart, 1997). The
fluctuation in extrusion rate influences the rate of volatile exsolution, which subsequently controls
degassing induced crystallization that is promoted by decompression during magma ascent. This results in
rheological stiffening due to an increase in the total magma crystal content (Cashman and Blundy, 2000;
Cashman et al., 2008; Costa, 2005; Hammer and Rutherford, 2002; Hess and Dingwell, 1996; Hort, 1998;
Lejeune and Richet, 1995; Melnik and Sparks, 1999; Sparks, 1997). The extent of rheological stiffening is
controlled by the gain in mechanical strength which influences the observed flow patterns in the lava
dome (Lavallée et al., 2007). Magma emplacement at SHV, Montserrat transitions between crystalline
material with higher strength extruded as spines at low ascent rates (~0.5 to 2 m3/s) to that of endogenous
growth of a viscous Newtonian fluid at higher flow rates (between 2 to 8 m3/s) (Hale and Wadge, 2008;
Sparks et al., 2000; Watts et al., 2002). Experimental results indicate that the transition from Newtonian
to non-Newtonian rheology is manifested over a small range of crystal fractions and that the magma
reaches a large limiting apparent viscosity caused by the onset of yield strength due to the formation of
crystal networks (Caricchi et al., 2007; Hale and Muhlhaus, 2007; Hale, 2007; Lejeune and Richet, 1995;
Saar et al., 2001). The complex interplay between magma chamber parameters such as depth, conduit
radius, overpressure, size and rate of magma replenishment along with magma composition, crystal
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content and crystallization kinetics influence the periodicity and magnitude of extrusion rate. These
parameters subsequently control magma rheology which controls in part the morphology of the resulting
lava dome (Barmin et al., 2002; Huppert and Woods, 2002; Lejeune and Richet, 1995; Melnik and
Sparks, 2005, 2002, 1999; Pinkerton and Stevenson, 1992; Stasiuk et al., 1993). Thus, understanding
feedback mechanisms between conduit flow dynamics, material properties, and lava dome morphology is
critical.
Observations of dome growth provide an invaluable source of information to define the evolution
of magma rheology during emplacement (Anderson and Fink, 1990; Murase et al., 1985; Swanson and
Holcomb, 1990). The analog models of lava dome growth (Huppert et al., 1982) consider a Newtonian
fluid flowing radially under gravity on a horizontal surface. An empirical equation developed from the
experimental results of a spreading isothermal Newtonian fluid indicates that the height of the structure
continuously increases with time (Buisson and Merle, 2002). The height of the lava dome analog
comprising a Newtonian core encapsulated by a deformable talus and fed by a central conduit is observed
to increase to an asymptotic magnitude. Flow regimes of highly crystalline magma with yield strength
that exhibit shear lobes and spine growth differ from those of viscous extrusions, which indicates the
significance of internal yield strength on magma rheology (Blake, 1990; Griffiths and Fink, 1997;
Griffiths, 2000; Hale and Wadge, 2008; Hale, 2008; Hale et al., 2007). Experimental results on Bingham
slurries of kaolin and water exhibit flow structures that may be characterized into four groups depending
on aspect ratios. These are: 1) upheaved plug 2) Pelean dome 3) low lava dome and 4) coulee (Blake,
1990). The numerical model of a crystal rich magma represents the observed transition in flow regime
from endogenous to exogenous growth, but fails to provide information on the variation in magma
chamber conditions during the transition (Hale and Wadge, 2008). Conduit flow models capable of
monitoring the input of magma to the chamber and the subsequent discharge of crystal rich magma from a
conduit are not generally capable of representing the surface morphology of the evolving lava dome
(Barmin et al., 2002; Huppert and Woods, 2002; Melnik and Sparks, 2005, 2002, 1999) , failing to
represent the feedback mechanism of dome growth on the plumbing of the magma chamber system.
Cyclic behavior occurs on a wide range of timescales accompanied by cycles of repetitive ground
deformation, degassing and explosions; here we focus on cycles of activity that repeat with periods of
hours to days as opposed to cycles spanning timescales of weeks to months which are accompanied by
Vulcanian explosions (Voight et al., 1999). The magma chamber conditions (overpressure) and conduit
flow parameters such as viscosity, conduit radius and crystal growth rate influence the resulting lava
dome morphology.
We evaluate the variation in magma rheology and dome morphology for the range of extrusion
rates observed at Soufriere Hills Volcano, Montserrat and Mount St. Helens, Washington (Barmin et al.,
2002; Cashman et al., 2008; Mastin, 2002; Sparks et al., 1998; Wadge et al., 2010; Watts et al., 2002).
Rheological stiffening during ascent changes magma from Newtonian fluid to a crystalline solid that
results in the transition in flow behavior from an endogenously evolving dome to the exogenous extrusion
of lava. Our objective is to represent the effect of extrusion rate on magma rheology and explain the
mechanism behind the observed evolution of lava dome morphology during cycles of magma eruption.
We use a 2-D discrete element model (DEM) (Cundall and Strack, 1979) developed in our previous work
(Husain et al., 2014), where the synthetic lava dome in the grows by extrusion from below a horizontal
plane. We couple our surface deformation model with the conduit flow mechanics model to investigate
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the effect of different magma chamber conditions on the morphology of lava dome and relate these
conditions to the dynamics of the emplacement. We study the effect of linear crystal growth rate on the
enhancement in strength of the extruding magma and its subsequent effect on the internal flow
morphology within the synthetic lava dome. We investigate the effect of the fluctuating discharge rate on
the morphology of the synthetic lava dome, using parameters from analog models of conduit flow inferred
from the observations of periodic magma extrusion at Mount St. Helens (1980 – 1986) (Barmin et al.,
2002).
In the subsequent sections (2 and 3), we describe the development of the model with its relevant
concepts in detail and list the model assumptions. Section 4.1 includes a discussion of the results that
explore the different flow patterns with varying extrusion rate and magma yield strength for parameters
inferred from experimental studies and numerical models for SHV, Montserrat (Couch et al., 2003;
Melnik and Sparks, 2005). Section 4.2 develops a model used to investigate the variation in lava dome
morphology during periodic magma extrusion with input parameters inferred from the study of reported
cyclic flow behavior at Mount St. Helens (1980 – 1983) (Barmin et al., 2002; Swanson and Holcomb,
1990).
2.

Model Concept

Volcanic eruptions involve complex interacting processes, which are necessarily governed by
non-linear equations and many variables. Available modeling strategies vary between complex numerical
models that incorporate many parameters, to simple models, which attempt capture the critical physical
features of the process with simplifying assumptions (Barmin et al., 2002). In this work, we simplify the
analysis by the assumption that the conduit is idealized as being separated into two zones containing low
and high viscosity fluids. The magma chamber is assumed surrounded by elastic wall rock and
experiences periodic cycles of pressurization and de-pressurization due to the replenishment of magma
from a deeper source and at a constant rate (Elsworth et al., 2008; Foroozan et al., 2010) . The
pressurization promotes magma ascent and related decompression that in turn causes the exsolution of
volatiles and results in degassing-induced crystallization (Cashman and Blundy, 2000; Sparks et al.,
2000). An increase in total crystal content results in the rheological transition at depth x T from the initial
magma chamber of viscosity (µ1) to the higher viscosity (µ2) (Lejeune and Richet, 1995). Figure 3.1
represents this process schematically.
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Figure 3.1. Diagrammatic representation of the conceptual model for the volcanic system during a lava dome
building eruption. The chamber surrounded by wall rock is pressurized by constant injection of magma (q in) leads to
discharge of magma at the surface (qout). The ascending magma rheologically stiffens due to degassing-induced
crystallization from an initial viscosity (µ1) to a higher viscosity (µ2) at a specific depth (xT). The eruption of the
highly crystalline magma results in the evolution of a lava dome with a ductile core and a solid outer shell.

The rate of crystallization during magma ascent controls the rheological state of the magma in the
conduit. Magma in the conduit can flow under either of two different regimes: 1) rapid ascent of the lower
viscosity magma which inhibits crystal growth or 2) slow ascent which provides adequate time for crystal
growth to reach the crystallinity threshold that results in rheological stiffening of the magma to a higher
viscosity within the conduit. This approach (Barmin et al. 2002) is capable of simulating cycles of
periodic discharge of magma that vary in amplitude and frequency and which are governed by the input
parameters assigned.
The growth of a lava dome initiates at the point of extrusion of high-viscosity magma at the
conduit vent. The dome growth style (endogenous or exogenous) inferred during the evolution of the
synthetic lava dome is largely a function of the yield strength of the extruding magma, which in turn is
governed by the total magma crystal content (Saar et al., 2001; Voight et al., 1999; Watts et al., 2002). An
increase in crystal content ultimately results in the formation of a continuous crystal phase in the magma
accompanied by an enhancement in magma yield strength. A rapid increase in yield strength initiates
when the crystal content reaches a threshold minimum value (ϕmin), while the solid-fluid transition occurs
in the magma when the maximum crystal content (ϕmax) in the magma is reached (Saar et al., 2001).
The model we present here couples conduit flow processes with the mechanics of lava dome flow
emplacement. The model asserts simplifying assumptions for flow mechanics and phase behavior, while
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providing information on the rheological behavior of an evolving lava dome driven by a magma chamber
experiencing periodic cycles of pressurization.
3.

Model Development

We develop a 2-D granular mechanics model capable of mapping stress distribution and the
evolution of flow morphology in a deforming aggregate. The magma is represented as an aggregate of
discrete particles (3 m diameter (D) in this study) (Cundall and Strack, 1979) where elastic deformation
uses soft particle dynamics, which govern particle-particle interactions (Husain et al., 2014; Morgan and
McGovern, 2005a, 2005b). In our model, a synthetic 2-D lava dome grows on a rigid horizontal base fed
by a vertical conduit with a specified flow velocity. The width of the central vent in the 2-D model is
specified as equal to the presumed diameter of the conduit at SHV, Montserrat for section 4.1 and equal to
Mount St. Helens, USA for section 4.2. Figure 3.2 (a, c) represents the basic 2-D model in PFC2D for the
simulation runs with the dimensions given in Table 3.1.
Table 3.1. PFC model dimensions
Conduit length
(2D)

Equivalent conduit
radius (3D)

Conduit width
(2D)

Depth of
Conduit (2D)

Expanse of the
base

30 m

15 m

23.5725 m

300 m

1400 m

The flow of high viscosity fluid through a conduit with a very small width to length ratio is
assumed to be fully developed (Stasiuk and Jaupart, 1997). Magma flow through the conduit during the
eruptive cycle is in the laminar regime (Reynolds number of 5 x 10-11 in nature) for non-explosive
eruptions (Buisson and Merle, 2002; Jaupart and Tait, 1990). The flow velocity of the magma (composed
of a mixture of melt and crystals) in the conduit is calculated as shown by Barmin et al. (2002). Flow is
controlled by a viscosity (µ) that is dependent on the volume concentration of crystals, represented as a
step function. The system of equations to calculate flow velocity (u) for the unsteady case for a constant
cross-sectional area is given as,
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where the magma density (ρ) in Eq. 1 is considered constant during an increase in crystal content (ϕ) for
instantaneous nucleation of crystals at a specified linear crystal growth rate (χ). The number density of
crystals per unit volume (n) in Eq. 2 in the conduit is fixed and is equal to that in the magma chamber
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(nch). The flow velocity is calculated (Eq. 3) for a given gradient in vertical (z) pressure (𝛛P/𝛛z) and for a
specified conduit radius (rc), where the viscosity changes from µ1 to µ2 for a volume concentration (ϕ)
higher than the threshold transitional value (ϕT). The total crystal content (ϕ) at a given depth (z) is
calculated (Eq. 4) for a constant linear crystal growth rate (χ) (Cashman and Blundy, 2000; Marsh, 1998).
The boundary conditions for flow through the conduit are given as,

z  0:

dPch

dt

 

Vch 

Qin  Qout  ;   ch ; n  nch

z  Lc : P  0
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(6)

where the magma chamber pressure (Pch) at time (t) for a specified chamber volume (Vch) is a function of
the net efflux (difference between the constant influx Qin and total outflow Qout) for a surrounding
wallrock of given rigidity (γ). The volume concentration of crystals (ϕch) and crystal density per unit
volume (nch) of magma at the chamber are considered constant. The pressure at the conduit exit at a
distance Lc from the magma chamber is assumed to be atmospheric. The method to obtain the quasi-static
solution for the system of equations (Eq. 1 - 4) is given in Melnik and Sparks (2002) and the variation in
flow rate with chamber pressure is obtained by solving for the boundary conditions given by Eq. 5 – 6
(see Barmin et al., 2002 (Figure 3.2a, c) for a schematic representation). The calculated flow velocity is
assigned to the discrete particles in the DEM model to simulate the effect of variable flow rate on lava
dome morphology due to the periodic pressurization of the magma chamber in response to the volatilecontent triggering of rheological stiffening in the conduit.
Upon extrusion from the conduit exit, the particle-particle contact is assumed to develop bond
strength. The evolution of the bond strength is governed by the total crystal content of the magma which
is given as (Saar et al., 2001),
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where τp and τ0 are the yield strength and total interparticulate cohesion for a specified critical (ϕc) and
maximum crystal content (ϕm). In their study the critical crystal volume fraction for plagioclase crystals is
modeled as randomly oriented prisms. The critical crystal volume fraction varied from 0.08 to 0.2, while
the maximum crystal content that determines the transition from fluid to brittle-solid varies significantly
(Saar et al., 2001). The maximum packing fraction for the Saar et al. (2001) model was calculated at 0.74;
the lava structures with shear surfaces extruded at SHV, Montserrat had a crystal content in excess of 0.7
(see page 146 in Watts et al., 2002).
Magma yield strength from experiments, observational inferences, and simulation results vary over a
wide range with composition and method employed (103 to 108 Pa) (e.g. Blake, 1990; Hale, 2007; Lyman
et al., 2005; Pinkerton and Stevenson, 1992; Simmons et al., 2005). The yield strength calculated from
Eq. 7 is applied to the parallel bond that controls the failure behavior of the particle-particle contact. The
onset of non-Newtonian rheology is manifest with the enhancement of yield strength as the crystal
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content increases in the magma (Caricchi et al., 2007; Costa, 2005; Lejeune and Richet, 1995). An
approximation used to describe the non-Newtonian behavior of magma flow is the Bingham flow law
where shear stress (τ) is given by,


  p   

(8)

where ɳ is the plastic viscosity for a strain rate of 𝛾̇ . Flow initiates upon the application of a stress greater
than the yield strength (τp) as represented by Eq. 8. Apparent viscosity (ɳapp) is used to define flow of the
bulk fluid and is given as (Blake, 1990; Griffiths, 2000),
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where apparent viscosities calculated for the dacite magma at Mount St. Helens is observed to vary from
1012 to 109 Pa.s for strain rates between 10-10 to 10-2 sec-1 (Pinkerton and Stevenson, 1992), where nonNewtonian behavior is observed for strain rates ≥10-5 sec-1 that are observed during endogenous growth
(Eq. 9) (Caricchi et al., 2007). The total shear force (Fts) is associated with the parallel contact bond in
PFC2D at time t after time step ∆t and is given by,
s
s
Ft s  Ft 
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𝑠
where ∆𝐹∆𝑡
is the incremental shear force generated over the timestep ∆t. Upon the application of a shear
𝑠
force (∆𝐹𝑡−∆𝑡 ) that exceeds the maximum shear stress (τp) the parallel bond fails (Eq.10). The maximum
shear stress (τp) when the parallel bond breaks in the model is given by,
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𝑠
where ∆𝐹𝑡−∆𝑡
is the shear loading for an area A as represented in Eq. 11. When maximum shear stress is
exceeded at (t - ∆t), the incremental shear stress (∆τ) in Eq. (12) is calculated for a timestep ∆t and shear
displacement ∆𝑈 𝑠 = 𝑉𝑖 ∆𝑡. The relationship of the plastic viscosity (ɳ) to parallel bond shear stiffness (ks)
is,

ks  

tL0

(13)

where L0 is the original sample size (Figure 3.2b) and Vi is the shear velocity. The parallel bond is
regenerated for a viscous fluid as represented by the red particles in Figure 3.2c.
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Figure 3.2a. Representation of PFC2D model geometry in 3D. b) Shape of the particle used in the simulation run and
area perpendicular to applied force. c) Basic model setup in PFC2D which includes the conduit (30 m wide opening
with rigid walls) where the lava dome develops on a rigid horizontal surface (700 m long on either side of the
conduit) and the red particles of 1.5 m radius represent magma that forms the volatile rich magma that forms the
core in the lava dome.

The magma is comprised of silicate melt, crystals and volatiles. The relative proportions of the
fractions and their respective compositions exert a significant influence on the magma’s bulk composition
and its material stiffness. The effect can be parameterized as a function of dissolved water in the melt,
crystal content and pressure (Melnik and Sparks, 2005). The empirical correlation between
liquidus/solidus temperature (Tliq,sol) with pressure, obtained from experiments on crystallization of
plagioclase feldspar on decompression test for the andesitic magma samples (1996) is given as (Couch et
al., 2003; Melnik and Sparks, 2005),

Tliq,sol  aT  bT ln( P)  cT ln( P)2  dT ln( P)3

(14)

where the value of the empirical constants aT, bT, cT and dT are obtained from the least-squares best fit to
the experimental data defined by Eq. 14 and listed in Table 3.2. Lava solidification is related to pressure
using the solidus temperature (Tsol), which is calculated by Eq. 14. Identification of the ductile coresolidified lava interface within the model domain allows material properties to be updated. The failure
criterion changes to a Mohr-Coulomb law when the magma transitions from a viscous fluid to a brittlesolid. The Mohr-Coulomb failure criterion in the model is defined as,

Fsmax  C  Friction Fn

(15)

where 𝐹𝑠𝑚𝑎𝑥 is the maximum shear force for a specified cohesion (C) and friction coefficient
(µFriction) for a given normal force (Fn). A detailed discussed of the constitutive contact laws that govern
particle-particle/wall-particle interaction, parallel bond implementation, factors that control phase change
(viscous fluid to brittle solid) and the correlation of contact stiffness with material properties (Young’s
modulus E and Shear modulus G) are described elsewhere (Husain et al., 2014).
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Figure 3.3. Change in magma crystal content with decrease in flow rate (solid line) which results in the evolution of
yield strength (dash lines) for magma with different values of interparticulate yield strength (τ0) and linear crystal
growth rate of 1.475 x 10-13 m/s.

Table 3.2. Constant for the empirical expression obtained for the phase behavior of magma (Melnik and
Sparks, 2005)
Constant

Liquidus

Solidus

aT

1465.5

1252.2

bT

-31.4

-25.3

cT

-2.8

-11.9

dT

-0.41

1.17

4.

Results and Discussion

We evaluate the variation in magma rheology and dome morphology for the range of extrusion
rates observed at Soufriere Hills Volcano, Montserrat and Mount St. Helens, Washington (Barmin et al.,
2002; Cashman et al., 2008; Mastin, 2002; Sparks et al., 1998; Wadge et al., 2010; Watts et al., 2002). In
the following we discuss the different dome morphologies that may evolve at variable extrusion rates for
specified crystal growth rate and magma yield strength. This study is then extended to explore the effect
of periodic flow behavior observed at Mount St. Helens, USA (1980 – 1983) with the results are
discussed in section 4.2.
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Figure 3.4. Lava dome morphology of the simulated structure for magma with different interparticulate yield
strength (τ0 = 0.1 and 0.25 MPa) after t = 4.167 hrs (30000 simulation cycles) for a distributed set of specific flow
rates (Qout = 0.5, 2, 4, 6 and 8 m3/s) where the magma yield strength develops as represented in Figure 3.3.

4.1.

Analysis of dome evolution and the effect of extrusion rate on dome morphology

The total crystal content in the ascending magma is the sum of the phenocrysts formed in the
chamber prior to the eruption and the microlites. In our model we assume that crystal nucleation is
instantaneous, which implies that the increment in total crystal content depends solely on the crystal
growth rate of the phenocrysts in the magma - a reasonable first order approximation (Cashman and
Blundy, 2000; Marsh, 1998). Eq. 4 illustrates that flow flow rate and crystal growth rate influence the
magma crystal content during ascent. At lower flow rates (< 1 m3/s) the magma is highly crystallized in
the upper conduit (Hale and Muhlhaus, 2007). Eruption conditions at Mount St. Helens suggest that
magma ascent rates of ~ 10-4 m/s allow sufficient degassing and crystallization in the conduit to allow the
formation of spines for intermediate composition magmas (Cashman et al., 2008). The crystal volume
fraction of the extruded lava from the shear surfaces of the lava structure at SHV, Montserrat is
approximately 90% (Sparks et al., 2000).
The following study representing the response at SHV, Montserrat incorporates the effect of
crystallization kinetics and lists the variation in crystal content of the magma at the conduit exit for
different flow rates (Melnik and Sparks, 2005). The study considers magma with initial crystal content of
0.6 for a magma chamber depth of 5000 m. The maximum crystal volume fraction for a magma flow rate
of 0.32 m3/s at the conduit exit is ~ 0.9. A linear crystal growth rate of 1.475 x 10-13 m/s is calculated
using Eq. 16 for our simulations based on the conditions given in the study - with Eq. 16 derived from Eq.
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4. The assumed linear crystal growth rate is lower than that considered in other studies which incorporate
the effect of undercooling on crystallization kinetics (Hort, 1998; Melnik and Sparks, 2005, 2002b). The
total crystal content of magma at any given depth is given by,



1

3

 36 n  13 z  
ch

 

1

3u

+ ch3

(16)

This illustrates that the volume fraction of crystals in the magma increases with a decrease in
discharge rate for a specified linear crystal growth rate, magma chamber crystal content and crystal
density at a given depth. Table 3.3 lists the idealized values considered for the magma packet in the
simulation runs in the section. Figure 3.3 represents the variation in total magma crystal content with flow
rate for the values in Table 3.3. The increase in crystal content at low flow rates (less than 2 m3/s)
enhances the yield strength of the extruded magma (Eq. 7). Due to the paucity of data from experiments,
numerical and analytical studies, the magnitude of yield strength is reported to range from 10 3 to 108 Pa.
In our model, magma yield strength is limited between 0.1 to 6 MPa (Figure 3.3) to monitor the effect of
strength enhancement on dome morphology at different extrusion rates.
The simulations in this section are focused on investigating the effect of crystallization on the flow
behavior of the magma, where the lava dome grows on the rigid horizontal base that is fed by the vent at a
constant flow rate. We monitor the variation in morphology of the simulated lava dome at different flow
rate intervals (Qout = 0.5, 2, 4, 6 and 8 m3/s). Simulation runs are performed for the same set of flow rates
for magma with different interparticulate cohesion (τ0 = 0.10, 0.25, 0.40 and 0.60 MPa). In Figures 3.4
and 5 we compare lava dome morphology of two sets of models with assumed values of τ0 = 0.10 and
0.25 MPa. Each set is compared for five values of flow rates - 0.5, 2, 4, 6 and 8 m3/s, for two simulated
eruption times ~4.2 hours (Figure 3.4) and 27.8 hours (Figure 3.5). The two run times involve 30000 and
200000 simulation steps, respectively. The lava dome evolves endogenously for the entire range of
assumed flow rates (0.5 – 8 m3/s for constant value of τ0 = 0.1 MPa), where the magma yield strength (τ)
varies for different flow rates (e.g. at 0.5 m3/s the value of ϕ = 0.8 with τ = 0.4 MPa represented by Point
A in Figure 3.4). In the case of constant τ0 = 0.25 MPa, endogenous growth occurs for flow rates higher
than 3 m3/s where τ is greater than 0.44 MPa (Eq. 7) (at a crystal content of 0.63). For magma with higher
yield strength (constant τ0 value of 0.25 MPa) at lower flow rates (τ = 0.55 MPa for ϕ = 0.643 at Qout = 2
m3/s) the unobstructed extrusion of a lava lobe is observed (Point G in Figure 3.4).
In Figure 3.5, at 27.8 h, a clear distinction between the flow patterns of the two lava domes with
different τ0 values is observed. With τ0 = 0.1 MPa, the modeled domes remain endogenous for all flow
rates (Points A – E in Figure 3.5); for these runs the magma yield strength (τ) varied from 0.4 MPa (ϕ =
0.782) at Qout = 0.5 m3/s (Point A) to 0.176 MPa (ϕ = 0.61) at Qout = 8 m3/s (Point E). In contrast the
simulated lava dome with magma of τ0 = 0.25 MPa grows endogenously for flow rates greater than about
5 m3/s (Points I and J). The magma yield strength varies from 0.44 MPa (ϕ = 0.61) at Qout = 8 m3/s (Point
I) to 0.45 MPa (ϕ = 0.617) at Qout = 5 m3/s. For slightly higher yield strength (0.461 MPa for ϕ = 0.621) at
Qout = 4 m3/s (Point H in Figure 3.5), the dome structure evolves with the development of shear, while
there appears to be intermittent exogenous growth (possibly shear lobes) at Qout = 2 m3/s (τ = 0.51 MPa
for ϕ = 0.643 given by Point G in Figure 3.5). Lower flow rates (< 1m3/s) promote greater degassing,
which causes stiffer (high yield strength) degassed lava above the conduit vent as observed at Qout = 0.5
m3/s (τ = 1 MPa for ϕ = 0.782) (Point F in Figure 3.5).
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Figure 3.6 and 3.7 are similar to Figure 3.4 and 3.5 and involve the same range of Qout. The
outputs test the influence of different τ0 values (0.4 and 0.6 MPa) for the same simulation times. In Figure
3.6 (t = 4.2 h) the magma extrudes from the vent as a largely-degassed short lava plug for τ0 = 0.4 and 0.6
MPa (τ = 1.62 and 2.43 MPa and ϕ = 0.782) at Qout = 0.5 m3/s (Points A and F in Figure 3.6), as observed
similarly in Figure 3.4 and 3.5. For Qout = 2, a spine emerges and rises to greater height commensurate
with the Qout increase, but the intact spine is weak and shears (τ0 = 0.4 MPa) (Point B) or warps τ0 = 0.6
MPa) (Point G) under the influence of gravity. A dome-shape and endogenous growth occurs for Qout > 3
m3/s for magma with τ0 = 0.4 MPa (τ = 0.76 MPa with ϕ = 0.628), while for the case τ0 = 0.6 MPa (τ =
1.09 MPa with ϕ = 0.6168) and the same Qout, the spine maintains coherent and although it has partly
collapsed or deforms under gravity load, no dome-like form is yet generated. Such a morphology requires
Qout > 5 m3/s. The yield strength of the lava lobe extruded at Qout = 4 m3/s (τ0 = 0.6 MPa) (Point H) is
somewhat weaker than the magma extruded at Qout = 2 m3/s (Point G), but in addition twice as much mass
has extruded, increasing the spine height and promoting collapse. In Figure 3.7 the simulation times are
extended to 27.8 h, and illustrate the further evolution of the dome structures of Figure 3.6. For Qout < 5
m3/s, the increase in magma yield strength leads to intermittent exogenous growth, with spines pushing
out of the dome, or, for τ0 = 0.6 MPa, shear lobes for Qout = 2-4 m3/s (Points G and H). At higher flow
rates (Qout > 5 m3/s) and for τ0 = 0.6 and 0.4 MPa, growth appears endogenous with development of a
ductile core and approximately parabolic external form (Points D, E, I and J in Figure 3.7).

Figure 3.5. Lava dome morphology of the simulated structure for magma with different interparticulate yield
strength (τ0 = 0.1 and 0.25 MPa) after t = 27.778 hrs (200000 simulation cycles) for a distributed set of specific flow
rates (Qout = 0.5, 2, 4, 6 and 8 m3/s) where the magma yield strength develops as represented in Figure 3.3.
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Figure 3.6. Lava dome morphology of the simulated structure for magma with different interparticulate yield
strength (τ0 = 0.4 and 0.6 MPa) after t = 4.167 hrs (30000 simulation cycles) for a distributed set of specific flow
rates (Qout = 0.5, 2, 4, 6 and 8 m3/s) where the magma yield strength develops as represented in Figure 3.3.

Magma rheology can change from Newtonian to Bingham upon the formation of a continuous
crystal network as evidenced by the development of a finite yield strength (Saar et al., 2001). This change
in the magma rheology results in the transition of flow pattern from endogenous growth of less viscous
low yield strength magma to exogenous spine extrusion. The transition is principally controlled by the
extrusion rate as this affects magma crystallization and together with interparticulate cohesion; defines the
enhancement in yield strength. Interparticulate cohesion is a measure of the resistance offered to
hydrodynamic forces in the magma, comprised of a suspension of melt and crystals (Saar et al., 2001).
Interparticulate cohesion is intrinsically related to the composition of the magma and significantly affects
dome morphology.
The lava dome will grow endogenously and without the development of shear lobes for magma
yield strengths lower than 1 MPa (represented by Points A and B in Figure 3.3 for τ0 = 0.25 and 0.4 MPa
for flow rates greater than ~5 m3/s). In the case of higher yield strength (τ > 1 MPa) returned at lower flow
rates (Qout < 1 m3/s) an exogenous extrusion of a degassed lava plug results (Points A and F in Figure
3.7). Intermediate behavior such as evolution of an endogenous shear lobe depends on the combination of
magma yield strength and extrusion rate, which can vary between τ = 0.46 MPa for τ0 = 0.25 MPa (Point
H in Figure 3.5) to τ = 1.11 MPa for τ0 = 0.6 MPa (Point H in Figure 3.7) at 4 m3/s.
As discussed above, the effect of extrusion rate on magma rheology is significant including its
effect on periodic extrusion (Barmin et al., 2002; Denlinger and Hoblitt, 1999; Huppert and Woods, 2002;
Melnik and Sparks, 2005, 2002b, 1999; Voight et al., 1999). The amplitude of the extrusion rate and the
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periodicity of the eruption cycles are affected by magma chamber and conduit system constraints,
including size, depth, conduit dimensions and shape (Costa et al., 2007), rigidity of the wall rock and rate
of replenishment in chamber and back pressure of growing dome (Hale, 2008; Watts et al., 2002). In the
subsequent section we discuss the effect of these parameters on the lava dome morphology by coupling
conduit flow mechanics with the surface deformation model.

Figure 3.7. Lava dome morphology of the simulated structure for magma with different interparticulate yield
strength (τ0 = 0.4 and 0.6 MPa) after t = 27.778 hrs (200000 simulation cycles) for a distributed set of specific flow
rates (Qout = 0.5, 2, 4, 6 and 8 m3/s) where the magma yield strength develops as represented in Figure 3.3.

4.2.

Controls on flow transition from endogenous growth to exogenous spine evolution

In this section we investigate the periodic behavior observed during the lava dome eruptions at
Mount St. Helens, USA (1980 – 1983). In the eruption of Mount St. Helens in 1980-1986 more than 20
short episodes of dacite dome growth, lasting 2-7 days, alternated with longer periods of no growth
(Swanson and Holcomb, 1990). There were two sequences of periodic dome growth, with an intervening
episode of near-continuous dome growth lasting 368 days (Swanson and Holcomb, 1990).
Barmin et al. (2002) had developed a generic model of magma discharge through a conduit from
an open-system magma chamber with continuous replenishment, considering the principal controls on
flow, namely the replenishment rate, magma chamber size, elastic deformation of the chamber walls,
conduit resistance, and variations of magma viscosity controlled by degassing during ascent and kinetics
of crystallization. Their analysis included Mt St Helens and indicated a rich diversity of behavior with
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periodic patterns similar to those observed at several volcanoes. They noted that magma chamber size
could be estimated from the period, with longer periods implying larger chambers.
In our analysis we use the parameters adopted for the calculation of magma ascent by Barmin et
al. (2002). The values inferred by Barmin et al. (2002) are based on the match obtained with the lava
dome eruption data for Mount St. Helens presented by Swanson and Holcomb (1990). The flow history
calculated with the parameters in Table 3.4 (which are slightly different from the inferred values by
Barmin et al. (2002)) is shown in Figure 3.8. The volume of the magma chamber considered to calculate
the flow history in Figure 3.8 is smaller than the value inferred by Barmin et al. (2002) (considered 0.1
instead of 0.56 km3 for our model).The viscosity ratio (µ2/µ1) which controls the period of oscillation and
magnitude of flow rate (section between Y1 and Y2) is considered 52.7, instead of 80 which is considered
by Barmin et al. (2002). The replenishment rate (Qin) inferred in the study by Barmin et al. (2002) is 0.67
m3/s, and is set at 0.75 m3/s in our simulation. The magma chamber volume (Vch) is set at 0.1 km3 in our
simulation, smaller than the value of 0.56 km3 considered by Barmin et al. (2002). The values are
changed in our model to reduce the duration of the eruption pulse (Figure 3.8), while maintaining the
peak flow rate (~12 m3/s). The period of oscillation of the discharge pulse reduces from ~70 days to 1.5
days for the parameters considered in our model, which significantly reduces the time required for the
simulation run.
Table 3.3. Values for the simulation run in Figures 3.4, 3.5, 3.6 and 3.7
Parameter

Value

Density

2500 kg/m3

Solidus Temperature

0.4 MPa

Particle radius

1.5 m

Friction angle (talus)

450

Linear Contact Stiffness (talus)

2.25 x 108 N/m

Linear Contact Stiffness (core)

5 x 108 N/m

Young’s Modulus (talus)

3 GPa

The peak discharge rate at Mount St. Helens, USA during the eruption period from 1981 – 1982
is ~ 12 m3/s. This is used to calculate the magma viscosities µ1 = 6.4 x 105 Pa.s and µ2 = 3.38 x 107 Pa.s
(using a viscosity ratio of 52.7 instead of 80). The magma chamber depth (Lc) is estimated at ~7200 m
(Pallister et al., 1992). The crystal density per unit volume (nch) at chamber conditions is set as 1014 m-3,
consistent with the observations of microphenocrysts in the lava samples obtained from the dome
building eruption of 1980 – 1986 (Cashman and Blundy, 2000). The crystal content at magma chamber
depth (ϕch) is determined at 30% (using empirical relations) (Lejeune and Richet, 1995; Marsh, 1981)
from the rhyolitic melt composition at 9000C with 5 wt% H2O (Cashman and Blundy, 2000) with an
estimated viscosity of 6.4 x 104 Pa.s. The conduit diameter (2rc) is estimated at 20 ± 5 m from
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observations and ascent velocities estimated from amphibole reaction rims (Anderson and Fink, 1990;
Rutherford and Hill, 1993; Swanson and Holcomb, 1990). The conduit radius (rc) is set at 9 m. The
crystal content at which the transition in the viscosity occurs, is assumed at ϕT = 0.7 for a crystal growth
rate (χ) of 1.475 x 10-12 m/s. The remaining parameters in the simulation are maintained constant as listed
in Table 3.3. Figure 3.8 represents the variation in periodic behavior for the different chamber volumes.
The evolution of yield strength with flow rate due to the change in magma crystal content is shown in
Figure 3.9. Magma yield strength increases with an increase in crystal content and is larger at lower flow
rates due to greater exsolution of volatiles. The effect of crystallization on viscosity, coupled with magma
replenishment to the chamber, creates a cyclic pattern between chamber pressure and flow rate. Figure
3.10 shows the cyclic behavior for the chamber volume of 0.1 km3.
Table 3.4. Parameters inferred from the data match with the eruption cycle observed at Mount St Helens
(1980-1983)
Parameter

Value

µ1

6.4 x 105 Pa.s

µ2

3.34 x 107 Pa.s

ρ

2500 kg/m3

Lc

7200 m

rc

9m

ϕch

0.3

ϕT

0.7

Qin

0.75 m3/s

nch

1014 m-3

χ

1.475 x 10-12 m/s

Vch

0.1 km3

The steady state solution (Melnik and Sparks, 2002) in Figure 3.10 is divided into 3 parts
comprising the flow regime above X2, the section between X2 - X1 and the region below X1. Flow rates
greater than X2 (Figure 3.10) are characterized by the extrusion of magma with lower crystal content,
which results in lower magma viscosity. The conduit resistance for flow rates smaller than X 1 is larger
due to the relatively high viscosity for magma with higher crystal content. The nature of the periodic
behavior (duration of the pulse and time difference between 2 pulses) is governed by the value of Qin. For
values of Qin greater than X2 and smaller than X1, Qout stabilizes with time. If Qin is between X1 and X2,
then a periodic behavior as represented by Figure 3.8 is observed (Barmin et al., 2002; Melnik and
Sparks, 2005). The drop in flow rate labelled as Point Y1 in Figure 3.8 is influenced by the values of X1
and X2, which govern the nature of the flow regime from Qin = 0 to Qin = X2.
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Figure 3.8. Periodic discharge of magma (solid line) from a pressurized magma chamber with different volumes (Vch
= 0.1 and 0.56 km3) simulated with the parameters inferred from the best fit model, to the eruption data for Mount
St. Helens (1980 – 1983). The parameters for the simulation are listed in Table 3.4. The dashed lines are the
calculated flow data from the 2-D model developed in the PFC2D code for an evolving lava dome. Points Y1 and Y2
indicate the transition in flow rate where the flow rate drops and rises due to the variation in magma viscosity.

Figure 3.11 represents the variation in magma crystal content at the conduit exit and the resulting
evolution of yield strength for the corresponding flow history given in Figure 3.8. Simulations in PFC2D
with the input flow history calculated using parameters in Table 3.3 are performed for magma with
different interparticulate yield strengths (τ0 = 0.1 and 0.4 MPa). The variation in magma yield strength at
a specified flow rate (Figure 3.8) is linked to snapshots (labelled A – J) of lava dome morphology in
Figures 3.12 and 3.13. The magma rheologies are manifest in the dome morphology of the simulated lava
domes and thus comparisons can be made to field observations linked to observed extrusion rates (Figure
3.8, 3.10, 3.12 and 3.13).
The simulated eruptive activity is shown in Fig 3.12. Initial flow rate is low due to the resistance
offered by the high-viscosity degassed, highly crystalline magma in upper section of the conduit.
Following the extrusion of the viscous plug from the conduit (labelled as the Emplaced Lava Lobe in
Figure 3.12) the flow rate peaks at ~12 m3/s. Magma with low crystal content (ϕ ~ 0.3) and low yield
strength (τ ~ 0.2 MPa) extrudes from the conduit (Point A in Figure 3.11 represents the complete
extrusion of the lava lobe and the onset of low yield strength magma at high flow rate), which initiates
endogenous dome growth (Point A in Figure 3.12 for τ0 = 0.1 MPa). The extrusion rate drops (Figure 3.8)
as the ascending magma crystalizes (Figure 3.11) thus increasing its viscosity. The erupting pulse of low
crystal content magma ends at 1.75 days (pulse duration 0.25 days) and subsequently initiates the
development of a viscous plug at the conduit exit. The viscous plug is extruded at a low flow rate (Qout ~
0.34 m3/s) leading to the growth of a shear lobe in the dome structure represented by Point B in Figure
3.12.
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Figure 3.9. Change in magma crystal content for the range of flow rate (solid line) given in Figure3. 8. The changing
crystal content with magma flow rate results in the evolution of yield strength (dash lines) for magma with different
values of interparticulate yield strength (τ0).

With every pulse of new magma that is extruded, the chamber pressure decreases and reaches the
value represented by X2, subsequently ramping up to X1 with replenishment of the magma chamber. The
extrusion rates drop with the development of the viscous plug at the conduit exit (Figure 3.10). Following
the extrusion of the high viscosity shear lobe, lower viscosity magma is infused into the lava dome
resulting in endogenous dome growth represented by Point C (t = 3.3 days for Qout ~ 3.15 m3/s). The
dome evolves in a similar repetitive manner for the recurring cycles of eruption represented by Points C
and D. At Point E, a larger viscous plug develops for the magma with higher interparticulate yield
strength (τ0 = 0.4 MPa). Upon the complete eruption of the low viscosity magma (represented by the
region between Point E & F in Figure 3.13) (t = 5.195 days), exogenous spine growth is apparent for the
higher interparticulate yield strength magma. The larger viscous plug generated at Point E in Figure 3.12
punches through the overlying dome structure due to the impulse generated by the underlying low
viscosity magma. The lava dome growth cycle follows the same pattern of evolution with the high
viscosity spine developing endogenously at low flow rates (Point G in Figure 3.13 at t = 6.5 days), which
is extruded exogenously and topples to the dome surface (Point H in Figure 3.13 for t = 6.6 days). The
extrusion of the toppled spine is aided by the impulse of force provided by the infusion of low viscosity
magma at the conduit exit (Point I and J in Figure 3.13).
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Figure 3.10. Cyclic behavior of magma chamber pressure with flow rate for the flow rate history in Figure 3.8 (solid
line). The steady state solution is indicated by the black dashed line and Points X 1 and X2 correspond to Points Y2
and Y1 in Figure 3.8 respectively. The red dashed line indicates the calculated flow data from the 2-D model
developed in the PFC2D code for an evolving lava dome.

Observation of volcanoes such as SHV and Mt St. Helens indicate that different dome growth
styles occur for a specific range of flow rates (Anderson and Fink, 1990; Cashman et al., 2008; Watts et
al., 2002). New magma is supplied to the dome periodically from the magma chamber as pulses and
pushes out spines, which develop from rheological stiffening at low flow rates (< 1 m3/s) due to degassing
induced crystallization. Points A in Figure 3.12 and H in Figure 3.13 represent the extrusion and resulting
emplacement of the degassed plug pushed out as a spine upon the buildup of overpressure which is
illustrated in Figure 3.10. The viscous plug develops at low flow rates (values below X 1 in Figure 3.10)
and slowly extrudes endogenously as represented by Points B and E in Figure 3.12 and Point G in Figure
3.13.
The extent of the endogenous growth of the viscous plug in the dome structure is governed by the
rate at which flow rate increases in the region defined by the section below X 1 (Figure 3.10). The rate of
change of flow rate with chamber pressure and its extent is governed by the viscosity ratio of µ2/µ1, the
volume of the magma chamber and the interparticulate magma yield strength for a specified value of ϕ
and ϕT for a magma chamber at a given depth. The ratio of µ2/µ1 defines the magnitude of the increase of
flow rate with time, while the volume of the magma chamber controls the duration for which the flow rate
remains below X1. For a smaller magma chamber volume and lower ratio of µ2/µ1 the value of X1 is
greater and is reached at a faster rate which results in a smaller magma plug with lower viscosity. A
stiffer, degassed plug is extruded for a longer time for a larger magma chamber with a higher µ2/µ1 ratio.
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The viscous plug extrudes exogenously as a spine of magma with higher interparticulate yield
strength, while it evolves endogenously for lower yield strengths. Point F in Figure 3.13 illustrates that
magma with τ0 = 0.4 MPa exhibits exogenous growth of a degassed plug upon the injection of a fresh
pulse of magma and evolves endogenously for τ0 = 0.1 MPa. Exogenous growth is observed at flow rates
below 2 m3/s for τ0 higher than 3 x 105 Pa, while for higher flow rates (2 < Qout < 12 m3/s) the lava dome
grows endogenously with a ductile core as represented by Points C in Figure 3.12 and I in Figure 3.13
(Cashman et al., 2008; Mastin et al., 2008; Watts et al., 2002). The position of the section labelled Point
Y1 in Figure 3.8 plays a crucial role in determining the possibility of the growth of a viscous plug. A
lower value (Qout < 2 m3/s for τ0 = 0.4 MPa) of X2 in Figure 3.10 (represented by Point Y1 in Figure 3.8)
would result in the transition in the growth style of a lava dome which is evolving endogenously with a
ductile core to into one with a shear lobe with higher crystal content and yield strength. Endogenous dome
growth is observed in the simulation runs for higher flow rates (Qout > 2 m3/s) for all values of τ0 and
exogenous spine extrusion occurs at lower flow rates (Qout < 1 m3/s) for τ0 > 0.3 MPa (Anderson and
Segall, 2011; Blake, 1990; Cashman et al., 2008; Griffiths and Fink, 1997; Griffiths, 2000; Hale and
Wadge, 2008; Mastin et al., 2008; Sparks et al., 2000; Stasiuk and Jaupart, 1997; Watts et al., 2002).

Figure 3.11. Variation in crystal content with time (dashed line) resulting in the change in yield strength for magma
with different interparticulate yield strength (τ0 = 0.1 and 0.4 MPa) (solid line) for the flow rate history given in
Figure 3.8.

5.

Conclusions

A 2-D granular mechanics model coupled with transient conduit flow dynamics is developed. The
model accounts for the variation in crystal content (ϕ) of the ascending magma due to degassing-induced
crystallization upon decompression which influences the magma rheology. The model provides an
understanding of the underlying effect of periodic eruptive activity on the evolving morphology of a
synthetic lava dome. Dome growth styles are observed to be sensitive to magma yield strength, which is a
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function of the interparticle yield strength and crystal content of the magma (ϕ), where ϕ is controlled by
the magma ascent rate. The transition in magma flow patterns is governed by the interplay of flow rate
and magma yield strength, which in turn govern the morphology and material properties of the resulting
composite lava dome.
Degassing-induced crystallization is promoted at low flow rates, which leads to the development of
viscous shear lobes and stiff degassed lava plugs. Our results detail the effect of magma yield strength
with varying flow rates on the magma rheology. Intermittent spine generation is observed during the
evolution of a synthetic lava dome (with the properties assumed for SHV) for Qout < 2 m3/s and τ0 > 0.2
MPa, as shown in Figure 3.5 and 3.7. Endogenous shear lobes are developed at higher flow rates (6 m3/s
> Qout > 2 m3/s), where the magma crystal content (ϕ) is relatively lower, as shown in Figures 3.5 and 3.7
for magma with τ0 = 0.25 and 0.6 MPa respectively. Evolution of a synthetic lava dome with a ductile
core occurs over a range of flow rates (Qout = 2 to 8 m3/s) which depends on the interparticulate yield
strength of the magma. The lava dome grows endogenously with a soft core for the entire range of flow
rates (Qout = 0.5 to 8 m3/s) for τ0 = 0.1 MPa, while a ductile core is observed to evolve at Qout ≥ 2 m3/s for
τ0 ≥ 0.25 MPa.
Our results are able to reproduce the periodicity of eruptive activity and to define its effect on the
morphology of the dome structure. The model is capable of reproducing reasonable generic sequence
showing repeated pulsation with rheological changes. It is observed that the magma chamber volume,
interparticulate yield strength and ratio of magma viscosity (µ2/µ1) significantly affect the evolving
structure of the lava dome. Magma is simulated to erupt in pulses, as observed in the periodic dome
growth activity at SHV and Mount St. Helens. The erupted magma experiences cycles of rheological
stiffening due to degassing induced crystallization during the reduced flow rates between the distinct
pulses of high extrusive activity (Figure 3.8). For a smaller magma chamber with larger value of X1
(smaller µ2/µ1 ratio) a shear lobe develops endogenously for an erupting magma with lower value of τ0 (>
0.4 MPa). The extent of the growth is defined by the duration between successive pulses (time between
Points Y1 and Y2 in Figure 3.8). Spine growth is observed for larger magma chambers with lower values
of X1 (< 1 m3/s) and magma with greater values of τ0 (> 0.4 MPa) where the time difference between
points Y1 and Y2 (Figure 3.8) is longer. It is observed that pressure builds up in the magma chamber at
lower flow rates (Qout) which results in rheological stiffening of the extruding magma resulting in the
development of a viscous plug at the conduit exit that is pushed out by the pulse of fresh magma into the
lava dome structure by the impulse force generated by the underlying fresh magma.
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Figure 3.12. Snapshots of the simulated lava dome morphology for the flow rate history given in Figure 3.8. The
time intervals at which the snapshots were taken correspond with the labels in Figure 3.11 which provide the
magnitude of the extruding magma yield strength due to change in crystal content with the periodic flow rate history
given in Figure 3.9. The simulations are performed for magma with different interparticulate yield strength (τ0 = 0.1
and 0.4 MPa) with the corresponding snapshots represented above taken at 1.5, 3, 3.3, 3.475 and 4.75 days during
the eruption cycle.
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Figure 3.13. Snapshots of the simulated lava dome morphology for the flow rate history given in Figure 3.8. The
time intervals at which the snapshots were taken correspond with the labels in Figure 3.11 which provide the
magnitude of the extruding magma yield strength due to change in crystal content with the periodic flow rate history
given in Figure 3.9. The simulations are performed for magma with different interparticulate yield strength (τ0 = 0.1
and 0.4 MPa) with the corresponding snapshots represented above taken at 5.195, 6.5, 6.6, 6.7 and 7 days during the
eruption cycle.
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Table 3.5. Notation
Parameter

Description

Unit

ρ

Magma Density

M1L-3

t

Time

T1

u

Flow Velocity

L1T-1

z

Distance in the vertical direction

L1

n

Crystal density per unit volume of magma

L-3

ch

Subscript for magma chamber

-

P

Pressure

M1L-1T-2

g

Acceleration due to gravity

L1T-2

µ

Magma viscosity

M1L-1T-1

rc

Conduit radius

L1

µ1

Magma viscosity below the transition depth

M1L-1T-1

µ2

Magma viscosity above the transition depth

M1L-1T-1

ϕ

Magma crystal content

-

ϕT

Magma crystal content at transition depth

-

χ

Linear crystal growth rate

L1T-1

γ

Rigidity of the surrounding wall rock

M1L-1T-2

Vch

Magma chamber volume

L3

Qin

Magma replenishment flow rate

L3T-1

Qout

Magma flow rate through conduit exit

L3T-1

Lc

Magma chamber depth

L1

τ0

Interparticulate magma yield strength

M1L-1T-2

τmax

Yield strength of a non-Newtonian fluid

M1L-1T-2
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Parameter

Description

Unit

ϕc

Critical crystal content for the onset of magma yield strength

-

ϕm

Maximum crystal content of magma which determines the
transition to a solid

-

τ

Yield Stress

M1L-1T-2

ɳ

Non-Newtonian plastic viscosity

M1L-1T-1

𝛾̇

Strain Rate

T-1

ɳapp

Apparent viscosity of non-Newtonian fluid

M1L-1T-1

𝐹𝑡𝑠

Shear force exerted at a given time step (t)

M1L1T-2

∆t

Timestep

T1

A

Effective area on which shear load is applied

L2

∆τ

Difference in shear stress over a given time step (∆t)

M1L-1T-2

ks

Parallel bond shear stiffness

M1L-2T-2

∆𝑈 𝑠

Shear displacement for a given time step ∆t

L1

Vi

Shear velocity for the given time step ∆t

L1T-1

L0

Original length of the sample/particle

L1

Tliq

Temperature of the magma in the liquid state

-

Tsol

Temperature of the magma in the solid state

-

aT

Constant for the empirical expression to obtain the phase
behavior of the magma at Soufrière Hills Volcano,
Montserrat

-

bT

Constant for the empirical expression to obtain the phase
behavior of the magma at Soufrière Hills Volcano,
Montserrat

-

cT

Constant for the empirical expression to obtain the phase
behavior of the magma at Soufrière Hills Volcano,
Montserrat

-
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Parameter

Description

Unit

dT

Constant for the empirical expression to obtain the phase
behavior of the magma at Soufrière Hills Volcano,
Montserrat

-

𝐹𝑠𝑚𝑎𝑥

Maximum applied shear force

M1L1T-2

C

Material Cohesion

M1L-1T-2

µFriction

Coefficient of friction of the material

-

Fn

Applied normal force

M1L1T-2
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Chapter 4 : Regularities in lava flow patterns as reflection of conduit flow mechanics
during non-explosive eruptions
Abstract
Variation in the extruding lava flow patterns range from endogenous dome growth with a ductile core to
the exogenous extrusion of a degassed lava plug that results in the generation of a spine. The variations
are a manifestation of the changes in the magma rheology which is governed by magma composition and
rate of decompression of the ascending magma. We simulate using a two-dimensional particle-dynamics
model, the cyclic behavior of lava dome growth with endogenous growth at high discharge rates followed
by exogenous extrusion of rheologically stiffened lava due to degassing induced crystallization at low
discharge rates. We couple conduit flow dynamics with surface growth of the evolving lava dome which
is fueled by an overpressured reservoir undergoing constant replenishment. The periodic behavior
between magma chamber pressure and discharge rate is reproduced as a result of the temporal and spatial
change in magma viscosity controlled by crystallization kinetics. Dimensionless numbers are used to map
the flow behaviors with the changing extrusion regime. A dimensionless plot identifying the flow
transition region during the growth cycle of an evolving lava dome in its lava dome eruptive period is
presented. The plot provides a the threshold value of a dimensionless strength parameter (π2 < 3.31 x 10-4)
below which the transition in flow pattern occurs from endogenously evolving lava dome with a ductile
core to the development of a shear lobe for short or long lived periodic episode of the extrusion of
magma.
1.

Introduction

Lava dome growth cycles are recognized where the cycle initiates with the slow emplacement of
a shear lobe followed by a growth spurt that rapidly pushes the overlying lava lobe which triggers dome
collapse. The subsequent growth cycle reinitiates with the extrusion of another lobe within the collapse
scar (Watts et al., 2002). Magma with similar composition are observed to exhibit a wide range in flow
behavior that may vary from flows extending for kilometres with a thickness of tens of metres
(Bonnichsen and Kauffman, 1987; Hausback, 1987; Manley, 1996) to near vertical extrusion of a spine at
the dome summit (Cashman et al., 2008; Sparks et al., 2000). Understanding the controls on the variation
in dome morphology and linking it to the parent volcanic system is of significant importance. Different
factors affect the gross morphology of the dome structure which include magma rheology, interparticle
yield strength (τ0) and extrusion rate (q) (Blake, 1990; Buisson and Merle, 2002; Caricchi et al., 2007;
Cashman et al., 2008; Griffiths, 2000; Hale and Muhlhaus, 2007; Hale and Wadge, 2008; Hale, 2008;
Huppert et al., 1982; Lavallée et al., 2007; Lejeune and Richet, 1995; Saar et al., 2001; Stasiuk and
Jaupart, 1997; Stasiuk et al., 1993; Watts et al., 2002). Magma extrusion rate and rheology are a function
of magma system conditions such as magma chamber pressure (Pch) and size (Vch), conduit length (L) and
radius (rc), magma replenishment rate (qin), magma crystal density (nch), viscosity ratio (µ2/µ1) and linear
crystal growth rate (χ) (Barmin et al., 2002; Cashman et al., 2008; Huppert and Woods, 2002; Melnik and
Sparks, 2005, 2002, 1999).
Magma rheology is a function of total crystal content and is influenced by the rate of volatile
exsolution which controls degassing induced crystallization (Cashman and Blundy, 2000; Costa, 2005;
Hammer and Rutherford, 2002; Hess and Dingwell, 1996; Hort, 1998; Lejeune and Richet, 1995). The
total crystal content of the magma governs the gain in mechanical strength which results in the transition
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in rheology from Newtonian to non-Newtonian caused by the formation of crystal networks (Caricchi et
al., 2007; Lavallée et al., 2007; Lejeune and Richet, 1995; Saar et al., 2001). The extent of rheological
stiffening is significantly affected by the eruptive history of the magma system. Field observations exhibit
transition in flow pattern from endogenous growth of a viscous Newtonian fluid at higher flow rates to
magma emplacement of hot, crystalline material with higher strength extruded as spines at low magma
ascent rates (Sparks et al., 1998; Watts et al., 2002).
Periodic cycles of magma flow rate during long-lived dome building eruption with pulses of
relatively higher discharge rate followed by reduced activity are observed at Soufriere Hills Volcano
(SHV), Montserrat (SHV) (Huppert and Woods, 2002; Melnik and Sparks, 2005, 2002; Voight et al.,
1999; Watts et al., 2002) and Mount St. Helens, USA (MSH) (Barmin et al., 2002; Swanson and
Holcomb, 1990). Variation in the magma system parameters changes the nature of the periodic flow
history of the erupting magma which affects the dome morphology. Recent analogue models are capable
of replicating the periodicity observed in magma discharge rate for an open-system magma chamber by
coupling the effects between flow rate, chamber pressure and effective viscosity of magma ascending
through the conduit (Barmin et al., 2002; Huppert and Woods, 2002; Melnik and Sparks, 2005, 2002,
1999; Nakada et al., 1999; Nakanishi and Koyaguchi, 2008). Previous models of lava dome morphology
either assume a specified pressure head at the conduit exit (Hale, 2008; Hale et al., 2009) or a constant
rate of flux (Buisson and Merle, 2002; Huppert et al., 1982) to simulate the structure of the evolving lava
dome. Complex models capable of simulating the transition in flow behavior from endogenous growth to
initiation of exogenous behavior, by incorporating a simple crystal growth model fails to represent the
conduit flow mechanism during the specific growth period (Hale and Wadge, 2008). Thus, current models
are not capable of simultaneously modeling the effect of conduit flow mechanics on the surface
morphology of the dome structure.
In this study we intend to describe the effect of the variation in rheology of the ascending magma
on the morphology of the synthetic lava dome for an open-system magma chamber. We use a 2-D
particle-dynamics model coupled with conduit flow mechanics to identify the conditions responsible for
the observed spectrum of flow behavior. The model development is discussed in section 2 which includes
a brief discussion of the variation in cyclic behavior between chamber pressure and flow rate due to
change in magma system parameters and its effect on the magma flow history. We identify the key
parameters which influence the cyclic behavior and subsequently develop dimensionless numbers to
characterize the transition in flow patterns.
2.

Discussion and Summary

In our 2-D particle-dynamics model, particles represent packets of magma (1.5 m radius in this
study). Soft particle dynamics governs particle-particle interaction which results in elastic deformation
and manifests in the morphology of the evolving deforming aggregate (Cundall and Strack, 1979; Husain
et al., 2014; Morgan and McGovern, 2005). In our model, a synthetic 2-D lava dome grows on a rigid
horizontal base fed by a vertical conduit with a specified velocity. The basic 2-D model geometry in
PFC2D is represented by Figure 4.1(a, c) where the width of the central vent is specified equal to the
presumed diameter of the conduit at Mount St. Helens, USA. The surface deformation model (PFC 2D
code) is coupled with conduit flow mechanics to study the effect of the periodic behavior on the
morphology of the lava dome.
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Figure 4.1a. Representation of PFC2D model geometry in 3D. b) Shape of the particle used in the simulation run and
area perpendicular to applied force. c) Basic model setup in PFC2D which includes the conduit (18 m wide opening
with rigid walls) where the lava dome develops on a rigid horizontal surface (700 m long on either side of the
conduit and a depth of 300 m) and the red particles of 1.5 m radius represent magma that forms the volatile rich
magma that forms the core in the lava dome.

2.1.

Surface deformation model

As detailed in the previous work (Husain et al., 2014) the ductile core (represented by red
particles in Figure 4.1(c)) is described by non-Newtonian behavior approximated by Bingham flow law
where the shear stress (τ) is given by,


   p  

(1)

where η is the plastic viscosity for a strain rate of 𝛾̇ and shear strength of τp (Eq.(1)). The evolution of the
bond strength (τp) is governed by the total crystal content of the magma and is given by (Saar et al., 2001),



 1  c  
 p  0 

 1    
m 


(2)

where τ0 is the total interparticulate cohesion for a specified critical (ϕc) and maximum crystal content
(ϕm). In their study where plagioclase crystals are modeled as randomly oriented prisms, the critical
crystal volume fraction is observed to vary between 0.08 to 0.2 (Eq. (2)). The maximum crystal content
which is the transition point from fluid to brittle-solid varies significantly and was calculated at 0.74 (Saar
et al., 2001). The identification of the ductile core-solidification lava interface within the model domain
allows material properties to be updated. On the transition from viscous fluid to a brittle-solid, the failure
criterion changes to Mohr-Coulomb law and is defined as,
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Fsmax  C  Friction Fn

(3)

where µFriction is the friction coefficient for a maximum shear force of 𝐹𝑠𝑚𝑎𝑥 and normal force (Fn) at a
specified cohesion (C). The detailed discussion for the constitutive contact laws and parallel bond
implementation along with the correlation of contact stiffness with material properties is described in our
previous work (Husain et al., 2014).
Conduit flow mechanics governs the rate at which particles are added to the overlying aggregate
that represents the synthetic lava dome. Thus, magma flow rate significantly affects the morphology of
the evolving lava dome. In the following section we discuss the formulation and different behavior in the
flow history of the erupting open-system magma chamber.
2.2.

Conduit Flow mechanics

Large number of magma system parameter influence volcanic activity and subsequently the lava
dome morphology. The system of equations that define conduit flow dynamics for an open-system
magma chamber are given in Barmin et al., (2002). The reformulated system of equations in the
dimensionless form is given by Eq. (4) through (7) as,

dX * ( )  1  U 0 U ( ) ;   X *
 
d
1  U (  X * ) U ( ) ;   X *

(4)
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   in  1
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 U ( ) 
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 1  (   (   1) X * ( ))U ( ) ; X *  1
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t'

   U ( ) d 

(7)

0

where U(τ), Uin, Pch and t’ are dimensionless flow rate, replenishment rate, magma chamber pressure and
dimensionless time respectively. X* is the dimensionless parameter that defines the depth in the conduit at
which rheological transition in magma viscosity occurs (Eq.(4)) and τ is the proxy of time which is an
independent variable (Eq.(7)). The initial magma ascent velocity (U0) is calculated from the steady-state
solution. Value of U(τ - X*) is calculated by means of a third-order legendre polynomial with the value of
velocity stored in an array. The dimensionless variables in the system of equation are given below,
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where κ is the measure of the storage capacity of the magma chamber with a pressure of pch for a
surrounding wall rock rigidity of γ. µ is the dimensionless viscosity ratio for a magma viscosity that
changes from µ1 to µ2 at a critical total crystal content of ϕ* from an initial value of ϕch (Eq.(9)). The
magma chamber with a given volume (Vch) and specified conduit radius (rc) is replenished with a constant
flow rate (qin). The magma crystal density in the chamber (nch) remains constant through the conduit for a
fixed magma density (ρ). The dimensionless variable ψ signifies the importance of crystallization for a
given linear crystal growth rate (χ) which govern the time delay (t*). u* is the characteristic velocity of
low crystal content magma flowing through the conduit from the magma chamber depth (l) (Eq.(8)). The
detailed solution for the system of equations (Eq. (4) – (6)) and the initial conditions are given by Barmin
et al. (2002). Figure 4.2(a) represents the resulting cyclic behavior between magma chamber pressure and
ascent velocity on solving the system of equations.

Figure 4.2. Transient behavior of an eruption. The long-dashed line shows the steady-state solution for values of
governing parameters: µ = 10, ψ = 10-2, Uin = 8 x 10-3. Note that in the diagram the steady-state solution follows the
path DACB. Three curves for unsteady flow behavior are shown for different values of κ. (a) shows the relation
between ascent velocity and chamber pressure, (b) the variation of the ascent velocity with time. Note that U/Uin = 1
corresponds to an exact balance of magma influx into the chamber and outflux along the conduit. All variables are
non-dimensional (Barmin et al., 2002).

Variation in flow rate history of an open-system magma chamber pressurized by the same
replenishment rate with different magma storage capacity is represented in Figure 4.2(b). It is observed
that the cyclic behavior deviates from the steady-state solution (BCADO) with an increase in the value of
κ. For a magma chamber system with a fixed conduit radius and surrounding wall rock rigidity, a
decrease in the chamber volume increases the storage capacity. The amplitude of the periodic behavior of
flow velocity depends on the viscosity ratio (µ2/µ1). A decrease in the value of µ1 increases the
characteristic velocity (u*) and subsequently the peak flow velocity. Periodic oscillations occur for
replenishment rates that are in the range which spans between UA and UC. Figure 4.2(b) represents this
behavior κ = 0.005 and 0.05 with a replenishment rate of Uin = 8 x 10-3. The nature of the magma
flow velocity history for a magma chamber with fixed conduit radius and length for a specified magma
density and linear crystal growth rate varies significantly with viscosity ratio (µ2/µ1), replenishment
velocity (Uin) and chamber volume (Vch). In our study we focus on the effect of periodic flow behavior on
the morphology of the evolving lava dome (κ = 0.005 and 0.05 in Figure 4.2(b)), neglecting the
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stabilizing flow behavior due to damped oscillation as represented by the κ = 0.12 in Figure
4.2(b).
A range of different lava dome morphologies are reported from experimental results that
demonstrate structures that vary from spiny lobate domes to smooth-spreading pancake morphologies
(Griffiths and Fink, 1997; Griffiths, 2000). Slowly extruded lava provides sufficient time for greater gas
loss which leads to efficient crystallization (90 – 95% total crystal content), resulting in the emplacement
of a solid-like plug as a spine. Less amount of microlites are crystallized for faster ascending magma
which promotes the formation of shear lobes, while at the fastest ascent rates a fluid-like magma extrudes
resulting in a pancake-type morphology. Similar spectrum of structures are observed at SHV, where
degassing induced crystallization is the dominant process of solidification over surface cooling (Watts et
al., 2002). The emplacement mechanism at different flow rates is governed by the magma yield strength
(τp), which is a function of total crystal content (ϕ) and is given by Eq. (2). The data for yield strength
from experiments, observational inferences and simulation results vary over a wide range (10 3 to 108 Pa)
(eg. Blake, 1990; Hale, 2007; Lyman et al., 2005; Pinkerton and Stevenson, 1992; Simmons et al., 2005).
Thus, magma yield strength plays an important role in the morphology of the evolving lava dome.
Dimensionless analysis would show how the various variables interact and which parameters
control the morphology of the lava flow. Our model identifies replenishment velocity (Uin), magma flow
rate (q), chamber volume (Vch), viscosity ratio (µ2/µ1), characteristic velocity (u*) and magma yield
strength (τmax) as the key control parameters that influence the magma rheology and subsequently the
dome morphology. The dimensionless variables (π1, π2) generated for these parameters are given as,
1/5

 u6 
 u 
q
 1  t  *  ;  2  2  * 
 p Vch qin 
Vch qin 

3/5

(10)

where qin and q are the replenishment flow rate and magma discharge rate respectively, at a given time (t).
An analytical study illustrates two distinct lava flow regimes separated by a sharp transition which
depends on the value of pressure number [ṕ = (ρg/ΔPm)3/4 (πµ1/8lµ2)1/4: ΔPm – magma chamber
overpressure] (see Figure 4.4(a) – (e) in Stasiuk and Jaupart, 1997). It is observed that for large, deep and
strongly overpressured magma chambers erupting into narrow conduits produce voluminous, long-lived
eruptions, while thick domes with spines evolve for the opposite conditions (Stasiuk and Jaupart, 1997).
Our study is intended to identify the range of the dimensionless variables (π1, π2) where the transition in
flow pattern occurs from endogenous dome growth with a ductile core to exogenous extrusion of a spine.
3.

RESULTS AND DISCUSSION

We evaluate the variation in magma rheology and dome morphology for the range of extrusion
rates observed at Soufriere Hills Volcano, Montserrat and Mount St. Helens, USA (Barmin et al., 2002;
Cashman et al., 2008; Mastin, 2002; Sparks et al., 1998; Wadge et al., 2010; Watts et al., 2002). Our
objective is to obtain a range for the dimensionless variables represented in Eq. (10) to characterize the
transition in flow pattern from endogenous dome growth to exogenous extrusion of lava during periodic
eruption of magma. In section 3.1, we discuss the effect of extrusion rate and magma system parameters
on the evolving morphology of the lava dome during cycles of magma extrusion. Values for the model
parameters are listed in Table 4.2.
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Table 4.1. Notation
Parameter

Description

Unit

ρ

Magma density

M1L-3

t

Time

T1

u*

Characteristic flow velocity

L1T-1

l

Conduit length

L1

n

Crystal density per unit volume of magma

L-3

ch

Subscript for magma chamber

-

P

Dimensionless pressure

-

g

Acceleration due to gravity

L1T-2

µ

Magma viscosity ratio

-

rc

Conduit radius

L1

µ1

Magma viscosity below the transition depth

M1L-1T-1

µ2

Magma viscosity above the transition depth

M1L-1T-1

ϕ

Magma crystal content

-

ϕ*

Magma crystal content at transition depth

-

χ

Linear crystal growth rate

L1T-1

γ

Rigidity of the surrounding wall rock

M1L-1T-2

Vch

Magma chamber volume

L3

qin

Magma replenishment flow rate

L3T-1

q

Magma flow rate through conduit exit

L3T-1

ψ

Dimensionless crystal growth rate

-

τ0

Interparticulate magma yield strength

M1L-1T-2

τp

Yield strength of a non-Newtonian fluid

M1L-1T-2

π1, π2

Dimensionless variables

-

T

Period of oscillation for flow rate

-
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Parameter

Description

Unit

ϕc

Critical crystal content for the onset of magma yield strength

-

ϕm

Maximum crystal content of magma which determines the
transition to a solid

-

pch

Magma chamber pressure

M1L-1T-2

t*

Characteristic time scale

-

τ

Integration variable, proxy for time

-

λ

Integration variable

-

t’

Dimensionless time

-

Uin

Dimensionless replenishment velocity

-

κ

Magma chamber storage capacity

-

U0

Initial magma ascent velocity

-

X*

Level where critical concentration of crystals is reached

-

ΔPm

Magma chamber overpressure

-

ṕ

Dimensionless pressure number

-

3.1.

Identifying flow transition behavior during periodic magma eruptive activity

Barmin et al. (2002) developed a generic model of magma discharge through a conduit from an
open-system magma chamber with continuous replenishment, considering the principal controls on flow,
which include replenishment rate, magma chamber size, elastic deformation of the chamber walls, conduit
resistance, and variations of magma viscosity controlled by degassing during ascent and kinetics of
crystallization. Their analysis indicated rich diversity of behavior with periodic patterns similar to those
observed at several volcanoes including MSH. They noted that magma chamber size could be estimated
from the period with longer periods implying larger chambers.
In our analysis we follow use the parameters adopted for the calculation of magma ascent by
Barmin et al., (2002). The values inferred by Barmin et al., (2002) based on the match obtained with the
lava dome eruption data for MSH presented by Swanson and Holcomb (1990). The assumed values for
the parameters to calculate the flow history in Figure 4.3 are given in Table 4.2. The viscosity of magma
at the chamber (µ1) (depth of 7200 m given by Pallister et al. (1992)) for a crystal content (ϕch) of 0.3 is
assumed at 6.4 x 105 Pa.s, while a viscosity ratio (µ2/µ1) of 52.7 is considered which is obtained based on
a peak discharge rate of ~12 m3/s. The crystal density per unit volume (nch) at chamber conditions is set as
1014 m-3, consistent with the observations of microphenocrysts in the lava samples obtained from the
dome building eruption of 1980 – 1986 (Cashman and Blundy, 2000). The conduit diameter (2rc) is
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estimated at 20 ± 5 m from observations and ascent velocities estimated from amphibole reaction rims
(Anderson and Segall, 2011; Rutherford and Hill, 1993; Swanson and Holcomb, 1990), which is set at 18
m in this study. The crystal content at which the transition in the viscosity occurs, is assumed at ϕT = 0.7
for a crystal growth rate (χ) of 1.5 x 10-12 m/s. The replenishment rate (Qin) inferred in the study by
Barmin et al. (2002) is 0.67 m3/s which is the average flow rate for the eruption period from 1980 – 1982.
We set the replenishment rate at 0.75 m3/s in the simulation. The magma chamber volume (Vch) is set at
0.1 km3, slightly smaller than the inferred value of 0.56 km3. The remaining parameters in the simulation
are maintained constant as listed in Table 4.2. A smaller magma viscosity ratio (µ2/µ1) and higher
replenishment rate decreases the duration of low activity between two high discharge pulses. A smaller
chamber volume significantly decreases the period of oscillation during magma eruption. Thus, a
comparatively lower chamber volume (0.1 instead of 0.56 km3), higher replenishment rate (0.75 instead
of 0.67 m3/s) and a lower viscosity ratio (52.7 opposed to 80) results in the reduction of the period of
oscillation from ~70 days to 1.8 days. The reduction in the period of oscillation reduces the simulation
time of the PFC2D model significantly, which is governed by the number of particles and the magnitude of
𝑚𝑝

the stable mechanical time step (𝑡 = √ 𝑘 , 𝑚𝑝 = mass of particle).
𝑛

Table 4.2. Parameters inferred from the data match with the eruption cycle observed at Mount St Helens
(1980-1983) and applied in the calculations to obtain Figures 4.3, 4.4 and 4.5
Parameter

Value

µ1

6.4 x 105 Pa.s

µ2

3.34 x 107 Pa.s

ρ

2500 kg/m3

Lc

7200 m

rc

9m

ϕch

0.3

ϕT

0.7

ϕc

0.2

ϕm

0.9

qin

0.75 m3/s

nch

1014 m-3

χ

1.5 x 10-12 m/s

Vch

0.1 km3
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Magma yield strength evolution with flow rate due to the change in magma crystal content is
shown in Figure 4.4. An increase in crystal content results in an increase in magma yield strength and is
higher at lower flow rates due to greater exsolution of volatiles. The effect of crystallization on viscosity,
coupled with magma replenishment to the chamber, creates a cyclic pattern between chamber pressure
and flow rate which is represented in Figure 4.2(a) for different chamber volumes. The steady state
solution in Figure 4.2(a) is divided into 3 parts comprising the flow regime above UC, the section between
UC - UA and the region below UA. Flow rates greater than UC (Figure 4.2(a)) are characterized by the
extrusion of magma with lower crystal content (µ1) which results in low magma viscosity. The conduit
resistance for flow rates smaller than UC is larger, due to the relatively high viscosity for magma (µ2) with
higher crystal content. The nature of the periodic behavior (duration of the pulse and time difference
between 2 pulses) is governed by the value of qin. For values of qin greater than UC and smaller than UA, q
stabilizes with time. If qin (0.75 m3/s) is between UC and UA, then a periodic behavior as represented by
Figure 4.3 is observed (Barmin et al., 2002; Melnik and Sparks, 2005). The drop in flow rate labelled as
Point Y1 in Figure 4.3 is influenced by the values of UC and UA, which govern the nature of the flow
regime from qin = 0 to qin = UC.
Variation in magma crystal content at the conduit exit is represented by Figure 4.5 and the
resulting evolution of yield strength for the corresponding flow history given in Figure 4.3. Simulations
for magma with different interparticulate yield strengths (τ0 = 0.1 and 0.4 MPa) are performed. The
variation in magma yield strength at a specified flow rate (Figure 4.5) is linked to snapshots (labelled A –
L) of lava dome morphology in Figure 4.6. Change in magma rheology manifests in the variation of dome
morphology of the simulated lava domes and thus comparisons can be made to field observations linked
to observed extrusion rates (Figure 4.3 and 4.6). Low flow rates mark the initiation of the eruptive activity
due to higher resistance to flow offered by the higher viscosity magma in the upper section of the conduit.
The flow rate peaks to ~12 m3/s, upon the extrusion of the viscous plug from the conduit (labelled G in
Figure 4.6 - Emplaced Lava Lobe). Point A in Figure 4.5 represents the magma with low crystal content
and low yield strength and leads to endogenous dome growth (Point A in Figure 4.6). Magma viscosity
increases as the ascending magma crystallizes and leads to the drop in extrusion rate (Figure 4.4 and 4.5).
The cyclic behavior follows a path with ramping of the chamber pressure due to replenishment of the
chamber at a constant rate to Point A in Figure 4.2(a), where it transitions to Point B to gradually decrease
to Point C, finally dropping to Point D and repeat the same cycle again.
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Figure 4.3. Periodic discharge of magma (using Barmin et al., (2002) analytical formulation) from a pressurized
magma chamber with a volume of Vch = 0.1 km3 simulated with the adapted parameters inferred from the best fit
model, to the eruption data for Mount St. Helens (1980 – 1983) and listed in Table 4.2. Points Y1 and Y2 indicate the
transition in flow rate where the flow rate drops and rises due to the variation in magma viscosity.

Figure 4.4. Change in magma crystal content for the range of flow rate (solid line) given in Figure 4.3. The changing
crystal content with magma flow rate results in the evolution of yield strength (dash lines) for magma with different
values of interparticulate yield strength (τ0 = 0.1 and 0.4 MPa). The linear crystal growth rate (χ) assumed is 1.5 x
10-12 m/s for a crystal density per unit volume (nch) of 1014 m-3 for a magma chamber depth (l) of 7200 m and magma
chamber crystal content (ϕch) of 0.3.

At the end of the eruption pulse of low crystal content magma (1.75 days), the development of a
viscous plug initiates at the vent. The viscous plug slowly extrudes during the period of low eruptive
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activity (q ~ 0.34 m3/s) leading to the growth of a shear lobe in the dome structure represented by Point B
and H in Figure 4.6. With the extrusion of the high viscosity shear lobe, endogenous growth reinitiates on
the infusion of low viscosity magma represented by Point C and I (t = 3.3 days for q ~ 3.15 m3/s). Similar
repetitive growth behavior of endogenous growth followed by the extrusion of a shear lobe is observed in
the simulation and is represented by C, D, E and I, J, K respectively. Exogenous spine growth is observed
at Point L (t = 5.195 days) and manifests for high peak discharge rates for magma with greater
interparticulate yield strength (τ0 = 0.4 MPa). The exogenous spine at the summit of the dome structure is
the viscous plug at Point K that is pushed by the impulse generated due to the underlying low viscosity
magma. The lava dome growth cycle follows the same pattern of evolution with the high viscosity shear
lobe developing endogenously at low flow rates, which is extruded exogenously and emplaced at the
dome surface forced by the infusion of low viscosity magma at the conduit exit.

Figure 4.5. Variation in crystal content with time (dashed line) resulting in the change in yield strength for magma
with different interparticulate yield strength (τ0 = 0.1 and 0.4 MPa) (solid line) for the flow rate history given in
Figure 4.3.

Changes in styles of dome growth during magma emplacement for specific flow rates are closely
related and control the dome morphology. Interpretations made from observation of volcanoes that show
periodic eruptive activity such as SHV, Montserrat and Mt St. Helens, USA indicate that different dome
growth styles occur for a certain range of flow rates (Cashman et al., 2008; Watts et al., 2002). New
magma is supplied to the dome periodically from the magma chamber as pulses and pushes out spines
which develop from rheological stiffening at low flow rates (< 1 m3/s) due to degassing induced
crystallization (Point L in Figure 4.6). Characteristic features represented in the simulations illustrate
similar behavior (Figure 4.6). Figure 4.7 maps the variation in the dimensionless parameters π1 and π2
(Eq.(10)) over the period of eruptive activity given by Figure 4.3 for the magma with different
interparticle yield strength (τ0 = 0.1 and 0.4 MPa). The value of π2 during the growth of a shear lobe is
always below 3.31 x 10-4 (Points B, E, H, J, K and L in Figure 4.7) (Table 4.3). For values of π2 greater
than 3.331 x 10-4 the dome grows endogenously with a ductile-core (Points A, C, D, G and I). A cyclic
behavior in the morphology of the lava dome during periodic eruptive activity is evident. The transition in
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flow behavior can be identified at a given time from Figure 4.7 which is above the threshold value
(represented by Region 1 and Region 2 in this case study and separated by the dashed line) of the
dimensionless parameter π2. It is observed that magma yield strength for flow transition (endogenous
growth with a ductile-core to the development of a shear lobe which can lead to exogenous extrusion of a
spine) is approximately 1 MPa (Table 4.3). Figure 4.7 exhibits a periodic oscillation in the value of π2
with π1. For small values of κ the period of oscillation (T) for flow rate (q) with Uin = (UA + UC)/2 is given
analytically by (Barmin et al., 2002),

T

  3   1  ln   1

 2
ln


(11)

This shows that the period of oscillation is independent of the value of ψ and depends on the viscosity
ratio and magma chamber volume. Eq. (11) can also be used to determine the period of oscillation in flow
behavior.

Figure 4.6. Snapshots of the simulated lava dome morphology for the flow rate history given in Figure 4.3. The time
intervals at which the snapshots were taken correspond with the labels in Figure 4.5 which provide the magnitude of
the extruding magma yield strength due to change in crystal content with the periodic flow rate history given in
Figure 4.4. The simulations are performed for magma with different interparticulate yield strength (τ0 = 0.1 and 0.4
MPa) with the corresponding snapshots represented above taken at 1.5, 3, 3.3, 3.5, 4.75 and 5.195 days during the
eruption cycle.
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From Table 4.3 it can be inferred that the development of a shear lobe initiates for a ratio value
(q/τ) greater than 1. The value of the ratio where the flow transition occurs (q/τ = 1) depends on the
magnitude of the discharge rate at Point C (Figure 4.2(a)), which is ~1 m3/s for this case study. A shear
lobe develops at Point J (τ0 = 0.4 MPa) where the ratio of q/τ is ~0.9 (Table 4.3), while for the same time
(Point D) the lava dome grows endogenously with a ductile core on the injection of magma with lower
interparticle yield strength (τ0 = 0.1 MPa). This distinction in growth behavior is identified in Table 4.3
(q/τ ~0.9 for τ0 = 0.4 MPa and q/τ ~3.6 for τ0 = 0.1 MPa) and represented in Figure 4.7. Thus, for a known
value of UC, the magnitude of the ratio (q/τ) can be used to identify the threshold value of π2 below which
the flow transition occurs. The plot of dimensionless terms (π2 vs π1) subsequently generated indicates the
timing of the transition in the flow behavior which is signified by the development of a shear lobe. We
recognize that the choice of the dimensionless parameters is not unique, but can be narrowed down with
availability of more information on the physical properties of the volcanic system being studied.

Figure 4.7. Final dimensionless plot of strength variation ratio (π 2) for the entire dimensionless eruption duration
(π1). Points A – L correspond with the snapshots in Figure 4.6 of the simulated lava dome morphology which are
taken at 1.5, 3, 3.3, 3.475, 4.75 and 5.195 days for different magma yield strengths. The dashed line signifies the
transition value of π2 below which the flow regime changes from endogenous dome growth with a ductile core
(Region 1) to the development of a shear lobe (Region 2).

4.

CONCLUSIONS

A 2-D granular mechanics model couple with transient conduit flow dynamics is developed. The
growth pattern is sensitive to magma yield strength, which is a function of interparticle yield strength and
magma crystal content (ϕ). The model is capable of simulating reasonably a generic sequence showing
repeated pulsation with rheology changes of ascending magma due to degassing-induced crystallization
upon decompression for an open-system magma chamber. This is similar to the behavior observed at
different lava domes such as Mount St. Helens (190 - 1983) (Swanson and Holcomb, 1990) and Soufriere
Hills Volcano (1995 – 1996) (Sparks et al., 1998; Voight et al., 1999; Watts et al., 2002). It is observed
that the development of shear lobe occurs for magma yield strength greater than 1 MPa. The transition
point which is a function of the ratio of q/τ depends on the value of UC (approximately equal to ψ for a
larger volume chamber) and remains constant for the system, if there is no variation in l, χ, ϕ* and ϕch
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during the eruption period of the magma chamber. Thus, the value of the dimensionless parameter (π2)
can be determined for a given magma chamber system during periodic eruptive activity and the point of
flow transition identified. Results show that there are two flow regimes separated by a sharp transition
which depends on the value of the unsteady drop in flow rate at Point C in Figure 4.2(a). Flow regime in
the numerical study by Stasiuk and Jaupart (1997) indicated a sharp change from dome growth to spine
extrusion for a viscosity change by only a factor of two which is observed in the region defined by Y 1 –
Y2 which is Region 2. This is the region where we observe the initiation and growth of the shear lobe
which follows a periodic oscillation, which can be determined by using Eq. (11).

125

Table 4.3. Value of parameters calculated by the analytical model by Barmin et al. (2002) and the magma
yield strength at the specified time slots given in Figure 4.6 to determine the value of dimensionless
parameters π1 and π2 and ratio (q/τ) represented in Figure 4.7
Point

q (m3/s)

t (days)

τp (MPa)

π1

π2

q/τ

A

12

1.5

0.0538

1107.04

7.944 x 10-2

223.05

B

0.34

3

1.01

2214.07

1.2 x 10-3

0.337

C

3.15

3.3

0.0739

2435.5

1.52 x 10-2

42.57

D

0.94

3.475

0.2637

2583.1

1.27 x 10-3

3.56

E

0.36

4.75

1.01

3505.64

1.27 x 10-4

0.356

F

0.022

5.195

1.01

3834.06

7.76 x 10-6

0.0218

G

12

1.5

0.2153

1107.04

1.985 x 10-2

55.74

H

0.34

3

1.01

2214.07

2.99 x 10-5

0.084

I

3.15

3.3

0.2958

2435.5

3.79 x 10-3

10.642

J

0.94

3.475

1.055

2583.1

3.173 x 10-4

0.8952

K

0.36

4.75

4.05

3505.64

3.166 x 10-5

0.0889

L

0.022

5.195

4.05

3834.06

1.935 x 10-6

0.0054
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Chapter 5 : Conclusion and Future Work
This study was an attempt at investigating the effect of extrusion rate of andesitic and dacite
composition magma on the flow pattern of the evolving lava dome which manifests in the variation in the
dome morphology. The initial 2-D particle dynamics numerical model provides a first order
understanding of the effect of individual parameters such as mechanical strength and stiffness of the
magma on magma rheology. The simulation runs identify material stiffness and stiffness as key control
parameters that govern magma rheology. Degassing induced crystallization as observed at Soufriere Hills
Volcano, Montserrat causes material stiffness and enhances material strength which is subsequently a
function of extrusion rate. The dependence of material strength on extrusion rate is studied in the initial
model. It is observed that magma yield strength determines the final lava dome structure of the simulated
lava dome and is observed to follow the analytical expression for growth of height of an evolving
viscoplastic lava dome (Blake, 1990). The variation in extrusion rate and its periodic behavior is
investigated in the subsequent model. The coupled 2-D particle dynamics surface development model
with a conduit flow model indicates that magma replenishment rate (qin), magma viscosity (ratio of µ2/µ1),
magma chamber pressure (Pch), linear crystal growth rate (χ), magma chamber volume (Vch) and wall rock
rigidity (γ) are the key control parameters that significantly influence the morphology of the simulated
lava dome. These mechanistic models developed for the computational modeling of lava domes were
utilized to understand the effect of key control parameters on dome morphology and subsequently predict
it at varying conditions. The important conclusions from this study are the following:
1. Low viscosity magma flowing at relatively high flow rates (Q ≈ 3 to 7 m3/s) is incapable of
punching through the overlying stiffer lava of the dome, thus resulting in endogenous dome
growth evolving into the exogenous formation of blocky lava at lower extrusion rates (Q ≈
0.5 m3/s). The increase in material stiffness and strength results in the transition of the
rheology, from a soft ductile core growing endogenously to a stiffer and stronger material
capable of punching through the overlying material at the conduit exit and generating a spine.
This variation in lava dome morphology with extrusion rate is represented by the 2-D particle
dynamics model.
2. Transition from low aspect ratio lava domes (i.e. those in which the bulk yield strength of the
lave is in the range of 104 – 106 Pa) extruded at high flow rates (Q ≈ 1.5 to 7 m3/s) to Pelean
domes (i.e. those in which the bulk yield strength of the lava is > 105 – 106 Pa) extruded at
lower flow rates (Q < 1 m3/s) occurs when degassing-induced crystallization increases the
strength of the material. The height and eruptive style of highly silicic and extremely viscous
(dacite) lava extrusion is consistent with analytical models where growth is controlled by the
yield strength of the magma (Blake, 1990).
3. Intermittent spine generation is observed during the evolution of the synthetic lava dome for
Qout < 2 m3/s and τ0 > 0.2 MPa. Endogenous shear lobes are developed at higher flow rates (6
m3/s > Qout > 2 m3/s) where the magma crystal content (ϕ) is relatively lower for magma with
τ0 = 0.25 and 0.6 MPa respectively. The lava dome grows endogenously with a soft core for
the entire range of flow rates (Qout = 0.5 to 8 m3/s) for τ0 = 0.1 MPa, while a ductile core is
observed to evolve at Qout ≥ 2 m3/s for τ0 ≥ 0.25 MPa.
4. The magma erupted during periodic behavior experiences cycles of rheological stiffening due
to degassing induced crystallization during the reduced flow rates between the distinct pulses
of high extrusive activity. It is observed that pressure builds up in the magma chamber at
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lower flow rates (Qout) which results in rheological stiffening of the extruding magma
resulting in the development of a viscous plug at the conduit exit that is pushed out by the
pulse of fresh magma into the lava dome structure by the impulse force generated by the
underlying fresh magma.
5. Results show that there are two flow regimes separated by a sharp transition which depends
on the value of the unsteady drop in flow rate at Point C in Figure 4.2(a). In region 2 we
observe the initiation and growth of the shear lobe which follows a periodic oscillation, which
can be determined by using Eq. (11) in Chapter 4.
The study recommends the following potential areas for future research:
1. Degassing induced crystallization that leads to rheological stiffening of the ascending magma
resulting in the generation of a plug in the conduit, which requires a finite pressure gradient to
re-initiate flow through the conduit. This non-newtonian (Bingham flow) behavior within the
conduit should be investigated using a 3D model.
2. There is growing evidence that considerable overpressures develop in the lava dome during
the effusive dome building eruption. This occurs due to the entrapment of the exsolved
volatiles that travel to the dome through the permeable lava. Models that couple gas escape in
conduit flow with lava dome evolving models need to be developed to further investigate the
phenomena.
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