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Abstract
Sparse representation methods have recently attracted much attention in the signal
processing and machine learning community. The main underlying idea is that
most of natural signals are inherently sparse in certain bases or dictionaries. In
this dissertation, the problem of information fusion using sparsity models are
investigated. For this purpose, different sparsity models, including the joint sparsity
and the tree-structured sparsity priors are studied and a flexible framework for
extraction of cross-correlated information from different sources is proposed, which
allows for fusion of the modalities at multiple granularities. In addition, the
proposed method quantifies the quality of the different sources that offers added
robustness to several sparsity-based multimodal classification algorithms.
While several fixed dictionaries have been suggested for sparse representation
in different applications, a better approach would be to train the dictionary for
the application in hand, which is referred to as dictionary learning. However, most
of the existing dictionary learning algorithms are only applicable with a single
source of information. In this dissertation, reconstructive-based and discriminativebased multimodal dictionary learning algorithms are developed, which have several
implications. In particular, the algorithms result in more compact dictionaries that
are critical for efficient implementation of the sparse models. Moreover, the fusion
is performed both at the feature level and the decision level for robust fusion. The
efficacy of the proposed algorithms is evaluated on several applications including
face recognition, biometrics recognition, and target classification.
Kernelized dictionary learning algorithms are also developed for sparse representation in the featured space. In the proposed formulation, the dictionary and
classifier are obtained jointly for optimal classification performance which provides
the learned features. The proposed algorithms are then used for hyperspectral
image classification, where they enhance collaboration among the neighboring pixels
and results in the state-of-the-art performance.
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Chapter 1 |
Introduction
1.1 Motivation and background
It is well established that information fusion using multiple homogeneous and/or
heterogeneous sensors can generally result in better situation awareness and decision
making [1]. While the information from a single sensor is generally localized and
can be corrupted, sensor fusion provides a framework to obtain sufficiently local
information from different points of view, which is more tolerant to the errors of
individual sources [2]. Moreover, utilizing information from different heterogeneous
sensors, with possibly different sampling rates, provides a tool to extract crosscorrelated information, which can be used for context identification and enhanced
machine perception [3]. Within this framework, both local and global operations of
information generation and fusion could be optimized to quantify the situational
awareness for feedforward and feedback decision and control actions.
A considerable amount of attention has been given to the application of sensor
fusion for the classification problem during past several years, in which the ultimate
goal is to achieve better classification performance compared to the case where
individual sources are utilized. These methods are usually categorized in two levels,
feature fusion [4] and classifier fusion [5]. Feature fusion methods, also known as
feature in - feature out, combine various features extracted from different sources
into a single feature set that could be used for classification. This can be done
by simple concatenation of feature vectors. For example, in [6] features extracted
from acoustic and visual sensors are combined into a longer feature vector which
is fed into the support vector machine (SVM) for vehicle classification. On the
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other hand, classifier fusion, also known as decision in - decision out, aggregates
decisions from several classifiers which are individually built based on different
sources. Different methods of decision fusion include majority vote [7], fuzzy
logic [8], and statistical inference methods [3]. For example, in [9] the classification
results of using face, fingerprint, and hand signatures are fused using a majority
vote to achieve better performance in identity verification. While classifier fusion
has been well-studied in research papers, fusion at feature level is a relatively
less-studied problem, specifically for fusing different modalities [10]. This is mainly
due to the incompatibility of feature sets. In case of concatenation of feature
vectors into a longer feature vector, the resulting feature may suffer from curse
of dimensionality due to the limited number of train samples. Even in scenarios
with abundant train samples, concatenation of feature vectors does not take the
cross-correlated information among the different sources into account and may
contain noisy or redundant data, which degrade the performance of classifier [4].
However, if the above-mentioned problems are resolved, then fusion at feature level
can result in better performance compared to classifier fusion [6]. It should be
noted that classifier fusion methods do not fully utilize multiple information sources
for decision making. In other words, decision for each individual classifier is made
locally without taking the contextual or global information into account.
Recently, sparse representation and corresponding optimization problems has
attracted the interest of many researchers [11, 12] and has been successfully applied
to several problems, such as robust face recognition [12], visual tracking [13], and
transient acoustic signal classification [14]. Developments of this approach have a
potential to address the above-mentioned difficulties for feature level fusion and to
provide a tool for modeling the correlation of different sources. In the next section,
sparse models are further discussed and existing literature is reviewed.

1.1.1 Sparse representation and multimodal sparsity models
Sparse representation, or sparse coding, has evolved in signal processing because
most natural signals are inherently sparse in certain bases or dictionaries1 . In other
words, the signal can be approximated well using only a few elements, also known as
atoms, of the dictionary and the semantic information of the signal is encoded in the
1

The word dictionary refers to a frame for the signal, which can be overcomplete, i.e., the size
of the dictionary can be larger than the dimension of the signal space.
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sparse codes. This allows for approximation of the signal using only a few significant
components. The discrete cosine transform [15], wavelets [16], and curvelets [17]
are just a few examples of dictionaries frequently used for signal approximation,
denoising, and reconstruction from incomplete data. The latter has resulted into a
new sampling technology called the Compressive Sensing (CS) [11, 18].
Although CS was first introduced for the purpose of signal approximation
and compression with potentially lower sampling rates than the Shannon bound,
recent research has illustrated the efficacy of sparse coding for discriminative tasks
as well [12, 19, 20]. The underlying assumption is that the test sample can be
approximated with a few train samples belonging to the same class as test data
and not the other classes. In other words, if the dictionary is constructed with
train samples of all classes, only a few atoms of the dictionary that have the same
label as test data should contribute to approximation of the test sample. This
assumption is relaxed later with the dictionary learning algorithms. To find the
sparsest representation of test data, an `0 optimization problem should be solved,
which is NP-hard in general [21]. However, it has been shown that if the solution is
sparse enough, it can be exactly recovered via an efficient `1 optimization problem,
which is convex [22, 23]. This approach has been successfully applied to several
problems such as robust face recognition [12] and acoustic signal classification [14].
Feature level fusion using sparse representation has been recently introduced and
is often referred to as “multi-task learning" or “multi-view learning" in which the
general goal is to represent samples jointly from several tasks/sources using different
sparsity models [14, 24–28]. In [14], a joint sparse model is introduced in which
multiple observations from the same class could be simultaneously represented
by a few train samples. In other words, different observation of test data would
result the same sparsity pattern that lies in a low dimensional subspace. Similarly,
heterogeneous sources are modelled with a joint sparsity model in [24] and [29]
with applications in border security and biometric recognition, respectively. A very
similar approach on a transformed feature space is proposed in [30]. A kernelized
version is introduced in [31] to handle non-linearity in feature domain and is
successfully applied to visual recognition problem. Joint sparsity model relies on
the fact that all different sources share same sparsity patterns at atom level which
is not necessarily true and can limit their applicability. In fact, it has been shown
in [32] that this model is not well suited for the problem of face recognition using
3

multiple view-points and the joint sparsity model has performed worse than the
(single) sparse representation classifier. In [32], authors have instead proposed
a joint dynamic sparse representation in which sparsity is forced at class level,
rather than atom level. However, this approach assumes that the same number
of train samples can be used for representing test samples from different sources
and a single dictionary is used to model all different sources, which is a restricted
assumption and which cannot be applied for fusing heterogeneous sensors where
the number of features are possibly different among multiple sources. Moreover, a
greedy algorithm is proposed to solve the associated optimization problem, leading
to a local minimizer.
A natural approach to overcome the above-mentioned limitation is dictionary
learning, in which the desired sparsity model will be enforced in the training
phase without a priori assumption. In other words, rather than blindly utilizing
a fixed set of dictionaries for multiple sources consisting of all the train samples,
it would be more beneficial to design those dictionaries that are better suited for
reconstruction or discrimination problems. Moreover, this can potentially reduce
redundant information in train samples, leading to more robust and computationally
efficient classification algorithms. This area is one of the main avenues that will be
explored in this dissertation.

1.1.2 Dictionary learning
The methods that have been reviewed in Section 1.1.1 use a fixed dictionary for
reconstruction or classification purpose. This dictionary often consists of overcomplete bases or a frame such as discrete cosine transform [15], wavelets [16], and
curvelets [17] for the reconstruction tasks such as denoising and reconstruction from
incomplete data. For classification applications, this dictionary usually consists of
all the training samples from different classes [12] without any “training" step as
opposed to the conventional classification algorithms [33]. The idea of learning the
dictionary (which is a matrix factorization problem) rather than using a predefined
one has recently led to state-of-the-art results in several signal processing applications such as image processing, [34] image classification [35], and audio signal
processing [34, 36]. Dictionary learning algorithms can generally be categorized
into two groups: unsupervised and supervised methods. Unsupervised dictionary
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learning algorithms have been studied far more than the supervised algorithms and
are mostly well suited for reconstruction tasks [37]. On the other hand, supervised
dictionary learning algorithms [38, 39] take the labeled information in the training set into account to design the dictionary and, therefore, are more suited for
discriminative tasks.
In contrast to principal component analysis (PCA) and its variants, dictionary
learning algorithms generally do not impose orthogonality condition and are more
flexible allowing to be well-tuned to the input signals. Moreover, dictionary learning
provides a framework that can be utilized for different tasks such as regression,
classification, and compressive sensing [38, 40, 41]. Most of the above mentioned
dictionary learning algorithms assume linearity in the sparse domain. In [42, 43],
different formulations have been proposed that handle the non-linearity using the
kernel idea.
As discussed in previous section, jointly structured sparse representations have
been recently developed to provide a framework for utilizing cross-correlated information among the sensors for a more precise and robust decision. However,
as discussed in Section 1.1.1, these models are based on the idea of joint sparsity in different sources which is restrictive. Dictionary learning is a promising
tool to overcome this limitation by enforcing the desired sparsity in the “trained”
dictionary. While dictionary learning has been and is being developed for single
source/sensor scenarios to handle different sparsity models such as standard `1 or
with a hierarchical tree structure [44, 45], the area of dictionary learning for sensor
fusion has not been investigated except for a few isolated cases. Recently, in [46]
an attempt has been made to design multimodal dictionary for face recognition
by fusing different features such as edges and smoothed image. However, it does
not exploit the joint sparsity models in designing the dictionaries and the different
features are fused by a linear transformation. Moreover, the dimensions of different
features are assumed to be equal which is not necessarily true for heterogeneous
sensor fusion. Fusion of the (possibly heterogeneous) sources of information using
various structured sparsity models is among the research topics in this dissertation.
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1.2 Research objectives and contributions
In this section, the objective and theoretical contributions along with applications
of this dissertation is briefly reviewed.
As discussed earlier, the recent developments in sparse representation and
dictionary learning have resulted in state-of-the-art results in several applications.
However, these methods need to be further developed to provide a framework for
information fusion from different homogeneous and heterogeneous (with possibly
different sampling rates) sources, which will have several implications. This approach
provides a framework to utilize cross-correlated information among different sources,
which can be used for context identification and enhanced machine perception.
Within this framework, both local and global operations of information generation
and fusion could be optimized to quantify the situational awareness for feedforward
and feedback decision and control actions. Moreover, the decision making would
be robust to noisy data because the decisions do not depend on only a single
source. For this purpose, a tree-structured sparse representation algorithm is
proposed, which allows feature fusion of homogeneous/heterogeneous sources at
multiple granularities. The model is further extended to quantify the qualities of
different modalities for robust information fusion. This can significantly improve
the performance of the fusion algorithm in dealing with occasional perturbation or
malfunction of individual modalities.
This dissertation proposes a multimodal task-driven dictionary learning algorithm under the joint sparsity constraint (prior) to enforce collaborations among
multiple sources of information. In this task-driven formulation, the multimodal
dictionaries are learned simultaneously with their corresponding classifiers. The
resulting multimodal dictionaries can generate discriminative latent features (sparse
codes) from the data that are optimized for a given task such as binary or multiclass
classification. Moreover, an extension of the proposed formulation is presented,
which makes use of a mixed joint and independent sparsity prior to facilitate
more flexible fusion of the modalities at the feature level. The development of
dictionary learning for multimodal fusion will have applications in diverse areas.
For example, the efficacy of the proposed algorithms will be illustrated for face
recognition, where images from multiple view are fused for improved classification.
For bioinformatics applications, it will be shown that the algorithms can effectively
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combine information from different sources such as Iris and finger prints for identity
verification. Another immediate application of sensor fusion is in the area of target
detection and classification, which has been extensively used to monitor human
activities for border security. Typical sensors used for this application are seismic,
acoustic, and Passive Infrared (PIR) sensors. Seismic sensors are suitable for longrange target detection, because they are relatively less dependent on exogenous
disturbances (e.g., Doppler effects), as compared to acoustic sensors [47] that are
prone to contamination by environmental noise. In contrast, PIR sensors are wellsuited for motion detection and has the advantage of low power consumption [48].
Nevertheless discriminating human footstep signals from other target types and
noise sources is a challenging problem, because of the rapidly decreasing trend of
signal to noise ratio (SNR) as the distance between the sensor and the moving
target increases. Furthermore, the footstep signals have dissimilar signatures for
different environments and persons, which make the problem of target detection
and classification even more challenging [49]. It will be shown that the proposed
algorithms can indeed result in improved target classification performance.
While most of the sparse representation-based algorithms use the input domain
for sparse representation, recent studies have demonstrated the advantages of sparse
representation in the kernel domain. Both unsupervised and supervised dictionary
learning algorithm will be developed in the kernel domain for hyperspectral image
classification. The supervised formulation is task-driven and provides learned
features from the hyperspectral data that are well suited for the classification
task. Moreover, the proposed algorithm uses a joint (`12 ) sparsity prior to enforce collaboration among the neighboring pixels resulting in the state-of-the-art
performance.
The summary of major contributions of the dissertation are as follows:
• Development of a tree-structured sparse representation, along with an efficient
optimization algorithm, for feature level fusion of homogeneous/heterogeneous
sources at multiple granularities.
• Development of an algorithm for quality-based fusion of multiple modalities
to deal with occasional perturbation or malfunction of individual modalities.
• Problem formulation and algorithm development of multimodal unsupervised
and supervised dictionary learning algorithms under different sparsity priors
7

for flexible and efficient information fusion
• Improved classification performance in several applications including multiview face recognition, multimodal face recognition, multimodal biometric
recognition, and multimodal target classification.
• Development of kernelized unsupervised and supervised dictionary learning
algorithm using the joint sparsity prior.
• Illustration of the state-of-the-art performance of the proposed kernelized
dictionary learning for hyperspectral image classification

1.3 Organization of the dissertation
This dissertation is organized into six main chapters including the present section.
• Chapter 2 makes a comparative study of different feature extraction algorithms
for time-series classification and reviews the sparse representation classifier.
A version of this work has appeared in [50].
• Chapter 3 discusses the different sparsity models for information fusion and
introduces the tree-structured sparsity for fusion of the modalities at different
granularities. The application of the proposed algorithms are then illustrated
for face recognition and target classification applications. A version of this
work has appeared in [51].
• Chapter 4 proposes the unsupervised and supervised multimodal dictionary
learning algorithms. The application of the proposed algorithms are then illustrated for face recognition, bio-metrics recognition, and target classification
applications. A version of this work has appeared in [52].
• Chapter 5 introduces the unsupervised and supervised kernelized dictionary
learning algorithm under the joint sparsity prior for the application of Hyperspectral image classification. A version of this work has appeared in [53].
• Chapter 6 presents the tentative plan for future research.

8

1.4 Notation
Vectors are denoted by bold lower case letters and matrices by bold upper case
letters. For a given vector x, xi is its ith element. For a given finite set of indices γ,
xγ is the vector formed with those elements of x indexed in γ. Symbol → is used
to distinguish the row vectors from column vectors, i.e. for a given matrix X, the
ith row and j th column of matrix are represented as xi→ and xj , respectively. For
a given finite set of indices γ, Xγ is the matrix formed with those columns of X
indexed in γ and Xγ→ is the matrix formed with those rows of X indexed in γ.
Similarly, for given finite sets of indices γ and ψ, Xγ→,ψ is the matrix formed with
those rows and columns of X indexed in γ and ψ, respectively. xij is the element
of X at row i and column j. The lq norm, q ≥ 1, of a vector x ∈ Rm is defined
P
q 1/q
as kxk`q = ( m
. The Frobenius norm and `1q norm, q ≥ 1, of matrix
j=1 |xj | )
P P
1/2
P
m
n
m×n
2
X∈R
is defined as kXkF =
and kXk`1q = m
i=1
j=1 xij
i=1 kxi→ k`q ,
i
i
respectively. The collection {x |i ∈ γ} is shortly denoted as {x }.
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Chapter 2 |
Feature Extraction for Time-Series
Classification
2.1 Introduction
In this chapter, some of the recent results obtained on comparison of feature
extraction algorithms will be discussed. Several classification algorithms will be
employed to accommodate the comparison including the sparse representation
classifier which was proposed in [12]. This algorithm is the basis for the discussions
in Chapters 3 and 4 and will be reviewed in Section 2.3. Section 2.4 will illustrate
the comparison on the application of target detection and classification based on two
sets of field data of passive infrared (PIR) and seismic sensors. Finally Section 2.5
summarizes this chapter.

2.2 Feature extraction
Several feature extraction methods have been proposed to generate patterns from
time series data for classification purposes. The well-known kurtosis method [54]
provides a statistical measure of the amplitude of the time series. In another
method [47], a feature vector is constructed using the spectrum, where the power
spectral density and the wavelet coefficients are used along with principal component
analysis for feature extraction; similar time-frequency domain methods have been
proposed by other researchers [55, 56]. Recently, feature extraction from time
series of robot motion behavior has been proposed by Mallapragada et al. [57],
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based on symbolic dynamic filtering (SDF) [58–60]. In the SDF-based feature
extraction, the time series data are first converted into symbol sequences, and
then probabilistic finite-state automata (PFSA) are constructed from these symbol
sequences to compress the pertinent information into low-dimensional statistical
patterns. Superior performance of SDF-based feature extraction [57] was reported in
contrast to principal component analysis (PCA) [33] for robot behavior classification.
More recently, SDF-based feature extraction from (wavelet-transformed) time series
has been proposed by Jin et al. [61] for target detection and classification in border
regions. The rationale for using wavelet-based methods is denoising and timefrequency localization of the underlying sensor time series. However, this method
requires selection and tuning of several parameters (e.g., wavelet basis function and
scales) for signal pre-processing in addition to the size of the symbol alphabet that
is needed for SDF.
Feature extraction based on the concept of Cepstrum [62] has been reported
as a conceptually simple and computationally efficient tool for use in pattern
classification [24]. The objective of this chapter is to make a comparative evaluation
of Cepstrum-based, PCA-based, and SDF-based feature extraction for time-series
classification and establish a solid feature extractor that can be utilized later with
various classification algorithms. These algorithms will be significantly tested
for the application of target detection and classification in the border regions
using unattended ground sensor (UGS) systems; this is, to some extent, similar
to what was done for PCA-based and SDF-based feature extraction for behavior
identification of mobile robots by Mallapragada et al. [57], where Bayesian risk
analysis was used for pattern classification. However, unlike the previous work of
Jin et al. [61] and Mallapragada et al. [57], direct partitioning and symbolization on
time series data for feature extraction will be used without performing the wavelet
transform or Hilbert transform for signal pre-processing. In this case (i.e., without
wavelet-transform or Hilbert-transform pre-processing of the signal), the SDF-based
feature extraction method has only a single parameter to tune, which is the (finite)
cardinality of the symbol alphabet; this is computationally more efficient than
if wavelet or Hilbert transformation is used. For comparison of the Cepstrumbased, PCA-based, and SDF-based feature extraction, the performance of these
feature extractors will be compared in conjunction with the sparse representation
classifier [12], support vector machines (SVM) [33], and k-nearest neighbor (k11

NN) [33] as the pattern classifiers. SVM and KNN are among the most frequently
used tools of pattern classification while the sparse representation classifier has
recently resulted to the state-of-the-art performance in image classification.
In contrast to the Cepstrum-based and PCA-based feature extraction, the
advantage of the SDF-based algorithm is that it takes into account the local
information of the signal and it is capable of mitigating noise in the data even if
the signal is not pre-processed for denoising. It is shown in a later section of this
chapter that the SDF-based feature extraction yields superior successful detection,
false alarm, and overall correct classification rates compared to Cepstrum-based
and PCA-based feature extraction. Since the details of these feature extraction
algorithms have been reported in earlier publications, it will not be repeated again
here. A brief review of these approaches along with the corresponding algorithms
has been presented in A.

2.3 Sparse representation classification (SRC)
The SRC algorithm was first introduced in [12] for solving the problem of face
recognition. Consider a C-class classification problem where there are samples
from C different classes that needs to be classified. Let Nc , c ∈ {1, . . . , C} , be the
number of train samples for the cth class and n be the dimension of the feature
vector. Also let xc,j ∈ Rn denotes the jth train sample of the cth class where
j ∈ {1, . . . , Nc }. In the SRC algorithm, a large matrix, also known as dictionary,
X , [X1 X2 . . . XC ] ∈ Rn×N is constructed from the (normalized) train samples
where sub-dictionary Xc = [xc,1 , xc,2 , . . . , xc,Nc ] ∈ Rn×Nc consists of the training
P
samples for the cth class, and N = C
c=1 Nc is the total number of train samples.
Given a test sample y ∈ Rn , the goal is to predict its class label. The critical
assumption in the SRC algorithm is that a test sample from the cth class lies
approximately within the subspace formed by the training samples of the cth class
and can be approximated (or reconstructed) from a few number of training samples
in Xc . In other words, the test sample y from the cth class can be represented as
y = Xα + e,

12

(2.1)

where α is the coefficient vector whose entries have value 0’s except for some of the

T
entries associated with the cth class, i.e. α = 0T , . . . , 0T , αTc , 0T , . . . , 0T , and e
is a small error/noise term due to the imperfectness of the test and train samples.
To find the minimum number of train samples that can reconstruct the test
signal, it is natural to seek the sparsest coefficient vector α through the following
optimization problem:
argmin kαk`0 subject to ky − Xαk`2 ≤ ,

(2.2)

α

where kαk`0 is `0 -quasi norm defined as the the number of non-zero entries of
α and  is an upper-bound on noise energy. However, it is well known that the
above optimization problem is an NP-hard problem and available approaches such
as Orthogonal Matching Pursuit (a greedy algorithm) [63] and Iterative Hard
Thresholding [64] can only result in sub-optimal solution.
By development of the theory of compressive sensing, it has been shown that,
under sufficient sparsity of the solution α, which can be translated as having
sufficient number of train samples per class, the `0 -minimization can be efficiently
solved by recasting it as an `1 -optimization problem [11, 12, 18].
In SRC, for a given test vector y and an upper bound  of the noise energy in
the data, the following `1 -optimization problem needs to be solved:
α∗ = argmin kαk`1 subject to ky − Xαk`2 ≤ ,

(2.3)

α

P
with `1 -norm kαk`1 = N
j=1 |αj |. The optimal solution α of the above `1 optimization has be shown to be a sparse vector. Let δc (α) ∈ RN be a new vector whose
only non-zero elements are the entries in α that are associated with class c in X,

T
i.e. δc (α) = 0T , . . . , 0T , αTc , 0T , . . . , 0T . In the noiseless scenario, if the test
data y belongs to the cth class, then δi (α) should be a zero vector for all possible
i 6= c, i ∈ {1, 1, . . . , C}. However, since noisy data are encountered in real-life
applications, the residuals ky − Xδc (α)k2 will be computed for all c ∈ {1, . . . , C}
and label of the test data will be assigned to the class that has resulted in smaller
reconstruction error, i.e. the label c∗ of the test vector y is predicted to be
c∗ = argmin ky − Xδc (α∗ )k`2 .
c
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(2.4)

One of the main advantages of the SRC algorithm is that a careful selection of
the features is not necessary. What is critical, however, is whether the number
of features is sufficiently large and whether the sparse representation is correctly
computed. Another advantage is the robustness of SRC in dealing with noisy
data [65].

2.4 Application of target detection and classification
This section presents a comparative study of the feature extraction algorithms
for the application of target detection and classification using unattended ground
sensor (UGS) systems based on two sets of field data that consist of passive infrared
(PIR) and seismic sensors as explained below. Although both of the data sets were
collected for testing the detection and classification algorithms on similar types
of targets, the corresponding results are presented separately because the sites
of the data collection and number of experiments are different. Tools of target
detection and classification by unattended ground sensor (UGS) systems have been
extensively used to monitor human activities for border security; typical examples of
UGS are seismic and Passive Infrared (PIR) sensors. Seismic sensors are suitable for
long-range target detection, because they are relatively less dependent on exogenous
disturbances (e.g., Doppler effects), as compared to acoustic sensors [47] that are
prone to contamination by environmental noise. In contrast, PIR sensors are wellsuited for motion detection and has the advantage of low power consumption [48].
Nevertheless discriminating human footstep signals from other target types and
noise sources is a challenging problem, because of the rapidly decreasing trend of
signal to noise ratio (SNR) as the distance between the sensor and the moving
target increases. Furthermore, the footstep signals have dissimilar signatures for
different environments and persons, which make the problem of target detection
and classification even more challenging [49].
The two data sets have been used for performance comparison of the feature
extractors, Cepstrum, PCA, and SDF in conjunction with the (binary) classifiers,
SVM, k-NN, and SRC that have the following respective design parameters:
• SVM: Variance of the Gaussian kernel and regularization parameter [33, 66];
• k-NN: Neighborhood size k [33];
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• SRC: Error upper bound  [24].
Let N1 be the total number of test samples for the Class 1 target and let n1
(where 0 ≤ n1 ≤ N1 ) be the number of misclassifications of the Class 1 target
as belonging to Class 2; similarly, let N2 and n2 (where 0 ≤ n2 ≤ N2 ) be the
corresponding parameters for the Class 2 target. The goal is to select the design
parameter of a classifier by making a trade-off between two conflicting objectives
of minimizing misclassifications of Class 1 and Class 2 targets, i.e., classifying a
target to one class when it truly belongs to the other class.
Let P1 , Nn11 and P2 , Nn22 be the estimated probabilities of misclassifying Class
1 and Class 2 targets, respectively. In this context, the composite objective function
is selected to be a weighted linear combination of the misclassification rates.
J(α) = αP1 + (1 − α)P2

(2.5)

where α ∈ (0, 1) is the (user-selected) trade-off parameter; and J(α) is the cost
functional to be minimized with respect to the classifier design parameter. Depending on how the parameter α is selected, minimization of J(α) may lead to different

1
optimal solutions for P1 and P2 . Given N1 and N2 and selecting α = N1N+N
, the
2


2
cost functional J in Eq. (2.5) becomes Nn11 +n
that is the total misclassification
+N2
rate of combined Class 1 and Class 2 targets.
In this study, for a finite set of test samples in each class, the design parameter
of each of the three (binary) classifiers, SVM, k-NN and SRC, is determined by
minimizing the total misclassification rate as explained above.

2.4.1 Results on field data set #1
The data were collected on three different days, Day#1, Day#2 and Day#3, from
test fields on a wash (i.e., the dry bed of an intermittent creek) and at a choke point
(i.e., a place where the targets are forced to go due to terrain difficulties). Different
test scenarios were constructed to collect sensor time series data, including human
walking and animal led by a walking human in an approximately 150 meters long
trail and returning along the same trail to the starting point, as illustrated in Fig. 2.1.
The data were collected from three sensor sites, each equipped with seismic and
PIR sensors. All targets passed by the sensor sites at a distance of approximately
15

5 meters. Signals from both sensors were acquired at a sampling frequency of 10
kHz and each test was performed in 50 seconds. Table 2.1 lists the numbers of
different labeled scenarios for each day. Time series and extracted features from
PIR and seismic sensor signals are presented in Fig. 2.2, where individual rows
represent different scenarios and the individual columns represent the following:
sensor signals in Column 1 along with the extracted features generated by Cepstrum
(Column 2), PCA (Column 3) and SDF (Column 4).

(a) A typical scenario with three sensor sites (b) Typical test scenarios with two
different targets

Figure 2.1: Examples of three sensor sites and two test scenarios with a human
and an animal led by a human

Table 2.1: Number of different scenarios in each day of data set #1
Target
No target
Human
Animal

Day1

Day2

Day3

Total

32
14
18

28
22
6

50
30
20

110
66
44

A three-way cross-validation, based on the data collected on three days, has
been used to assess the performance of the three feature extractors, Cepstrum, PCA
and SDF, for target detection and classification by using PIR and seismic sensors.
The data sets are divided into three sets by date, i.e., first data from Day 1 and
Day 2 are used for training and the classifiers are tested on Day 3. This process is
repeated for two other combinations: (a) Day 3 and Day 1 data as training data
and Day 2 as test data, and (b) Day 2 and Day 3 data as training data and Day 1
as test data. Thus, three different combinations of training and testing have been
performed.
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(a) PIR sensor signals: "No target" scenario (top row) and "Presence of a target: human
and/or animal" scenario (bottom row)
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(b) Typical seismic sensor signals: "Human target" scenario (top row) and "Animal target
led by a human" scenario (bottom row)

Figure 2.2: Sensor signals (Column 1) along with the extracted features generated
by Cepstrum (column 2), PCA (column 3) and SDF (column 4)

Parameters of the feature extraction algorithms are chosen by numerical experiment and are kept invariant for all tests. For Cepstrum method (see Algorithm 5
in Section 2.2), Nc and Nf are set to 100 and 150, respectively. Thus, the number
of Cepstrum features is 100 for both detection and classification. For the PCA
method (see Algorithm 6 in Section 2.2), 96% of the total variance is used as the
cumulative proportion to select the number of principal components which, in turn,
is the number of PCA features used for both target detection and classification.
For SDF-based feature extraction (see Algorithm 7 and Algorithm 8 in Section 2.2),
alphabet size |Σ| = 20 has been used for detection and |Σ| = 30 for classification.
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2.4.1.1

Target detection for data set #1

Table 2.2 shows averaged confusion matrices for the target detection problem
obtained by applying SRC individually on PIR and seismic sensor data when either
of Day 1, Day 2, or Day 3 is used as test data and the remaining as the training
data. Each column of the six confusion matrices represents the instances in a
predicted class, and each row represents the instances in an actual class (i.e., the
ground truth). Out of a total of 220 scenarios for PIR sensors, Cepstrum and PCA
yield 196 and 179 correct detections, respectively, while SDF makes 215 correct
detections; similarly, out of a total of 220 scenarios for seismic sensors, Cepstrum
and PCA yield 203 and 141 correct detections, respectively, while SDF makes 208
correct detections.
Table 2.3 summarizes the average rates of successful detection, false alarm, and
misclassification for the three-way cross-validation when either Cepstrum, PCA
or SDF is used as the feature extractor for target detection along with the three
different classifiers: SVM, k-NN and SRC. In terms of misclassification rates, the
performance of SDF is significantly superior to that of both Cepstrum and PCA
for all three classifiers. It is also seen that SDF has yielded significantly higher
successful detection rates than Cepstrum and PCA in all cases with consistently
small false alarm rates.
2.4.1.2

Target classification for data set #1

Table 2.4 shows averaged confusion matrices with the SRC classifier for classification
of human versus animal led by human, using PIR and seismic sensors, respectively.
It is seen that SDF has yielded superior performance for human animal classification compared to Cepstrum and PCA. As an example, for the PIR sensor, SDF
feature extractor yields 25 misclassifications, while the corresponding numbers of
misclassifications for Cepstrum and PCA are 40 and 26, respectively; for seismic
sensors, SDF feature extractor yields 26 misclassifications, while the corresponding
numbers of misclassifications by Cepstrum and PCA are 34 and 48, respectively.
The summary of results of three-way cross validation for human animal classification with all three classifiers, SVM, k-NN and SRC, in Table 2.5 shows that SDF
yields smaller average misclassification rate than those of Cepstrum and PCA for
both PIR and seismic sensors.
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Table 2.2: Confusion matrices obtained by the SRC classifier using PIR and seismic
sensors of data set #1 for target detection. Each confusion matrix is obtained by
summing up the three confusion matrices which are generated by three-way cross
validation.
PIR

Seismic

No Target Target Present

No Target Target Present

Cepstrum

No Target
Target Present

91
5

19
105

104
11

6
99

PCA

No Target
Target Present

95
26

15
84

70
39

40
71

SDF

No Target
Target Present

108
3

2
107

107
9

3
101

Table 2.3: Results of the three-way cross-validation for target detection using PIR
and seismic sensors of data set #1
Detection Rate

False Alarm Rate

Wrong Classification Rate

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

PIR

SVM
k-NN
SRC

0.97
0.95
0.95

0.95
0.90
0.76

0.97
0.97
0.97

0.05
0.00
0.17

0.00
0.00
0.14

0.00
0.00
0.02

3.64%
2.72%
10.91%

2.27%
5.00%
18.64%

1.36%
1.36%
2.27%

Seismic

SVM
k-NN
SRC

0.87
0.78
0.90

0.60
0.15
0.65

0.94
0.94
0.92

0.14
0.25
0.05

0.14
0.05
0.36

0.09
0.08
0.03

13.18%
23.64%
7.72%

27.27%
45.00%
35.91%

7.73%
7.27%
5.45%

2.4.2 Results on field data Set #2
In this field data set #2, UGS data have been collected on four different days,
Day#1, Day#2, Day#3 and Day#4, from test fields on different types of terrains
such as wash, trail and watering stations. The design of test scenarios and data
collection techniques is similar to that for data set #1 described earlier in this
section. The numbers of different labeled scenarios are listed in Table 2.6 for each
day. A four-way cross-validation, based on the data collected on four days, has been
used to assess the performance of the three feature extractors, Cepstrum, PCA,
and SDF, for target detection and classification from both PIR and seismic sensor
data. Similar to the procedure described in Subsection 2.4.1, confusion matrices
have been generated for all three feature extractors in conjunction with SVM, k-NN
and SRC classifiers.
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Table 2.4: Confusion matrices obtained by the SRC classifier using PIR and seismic
sensors of data set #1 for human animal classification. Each confusion matrix
is obtained by summing up the four confusion matrices which are generated by
three-way cross validation.
PIR

Seismic

Human

Animal

Human

Animal

Cepstrum

Human
Animal

51
25

15
19

56
24

10
20

PCA

Human
Animal

61
21

5
23

49
31

17
13

SDF

Human
Animal

57
16

9
28

55
15

11
29

Table 2.5: Results of the three-way cross-validation for human animal classification
using PIR and seismic sensors of data set #1
Human Detection Rate

Human False Alarm Rate

misclassification Rate

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

Cepstrum

PIR

SVM
k-NN
SRC

0.73
0.88
0.77

0.92
0.91
0.92

0.88
0.89
0.86

0.45
0.41
0.57

0.43
0.52
0.48

0.20
0.34
0.36

34.55%
23.64%
36.36%

21.82% 15.45%
26.36% 20.00%
23.64% 22.73%

Seismic

SVM
k-NN
SRC

0.68
0.70
0.85

0.24
0.55
0.74

0.85
0.86
0.83

0.59
0.86
0.55

0.45
0.68
0.70

0.41
0.50
0.34

41.82%
52.73%
30.91%

63.64% 25.45%
54.55% 28.18%
43.64% 23.64%

2.4.2.1

PCA

SDF

Results of target detection for data set #2

Table 2.7 shows six confusion matrices for the target detection problem obtained
by applying SRC on both PIR and seismic data from four-way cross validation.
Table 2.8 summarizes average detection, false alarm, and wrong classification rates
of the four-way cross-validation when either Cepstrum, PCA, or SDF is used as a
feature extractor for target detection along with the three classifiers. It is seen that,
in qualitative agreement with what is observed in Data Set #1, the performance
of SDF feature extraction is largely superior to that of Cepstrum and PCA in
terms of target misclassification. All three feature extractors yield better detection
performance on PIR than on seismic sensors.
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Table 2.6: Number of different scenarios in each day for field data #2
Target
No target
Human
Animal

2.4.2.2

Day1

Day2

Day3

Day4

Total

6
6
0

56
21
35

82
47
35

66
32
34

210
106
104

Results of target classification for data set #2

Table 2.9 shows typical confusion matrices for classifying human versus animal led
by human using PIR and Seismic sensors. In qualitative agreement with the results
for data set #1, SDF yields better performance in human-animal classification. As
an example, for the PIR sensor, SDF feature extractor yields 77 misclassifications,
while the corresponding numbers of misclassifications for Cepstrum and PCA
are 94 and 80, respectively; for seismic sensors, SDF feature extractor yields
52 misclassifications, while the corresponding numbers of misclassifications by
Cepstrum and PCA are 91 and 101, respectively.
The summary of results of four-way cross validation for human animal classification with all three classifiers, SVM, k-NN and SRC, in Table 2.10 shows that
SDF yields smaller average misclassification rate than those of Cepstrum and PCA
for both PIR and seismic sensors.

2.5 Conclusions
This chapter presented three different feature extraction algorithm, namely Cepstrum, principal component analysis (PCA) and symbolic dynamic filtering (SDF).
Sparse representation classifier has also been introduced. A comparative study is
done to evaluate the performance of the three feature extraction methods for the
application of target detection and classification. The underlying algorithms of feature extraction have been executed in conjunction with three different classification
algorithms, namely, support vector machines (SVM), k-nearest neighbor (k-NN),
and sparse representation classifier (SRC). Cross-validation has been used to assess
the performance of Cepstrum, PCA and SDF as feature extractors for both PIR
and seismic sensor data sets. The results show consistently superior performance
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of SDF-based feature extraction over both Cepstrum-based and PCA-based feature
extraction in terms of successful detection, false alarm, and overall correct classification rates. The rationale for superior performance of SDF over Cepstrum and
PCA as a feature extractor is presented below.
Cepstrum features are extracted using only the local information of a given
time series without making use of the training data. In contrast, PCA utilizes the
training data to find the linear transformation and approximates the subspace in
which most of the variance of the training data lies. Although this is an advantage
of PCA over Cepstrum, a linear transformation is not necessarily a good method
of feature extraction from the data; this might indeed be a possible reason of
degraded classification performance of PCA. On the other hand, SDF is inherently
a nonlinear feature extraction algorithm that extracts the pertinent information
as a feature vector and makes use of the full training data to find the appropriate
partitioning of the test time series.
Table 2.7: Confusion matrices obtained by the SRC classifier using PIR and seismic
sensors of data set #2 for target detection. Each confusion matrix is obtained by
summing up the four confusion matrices which are generated by four-way cross
validation.
PIR

Seismic

No Target Target Present

No Target Target Present

Cepstrum

No Target
Target Present

199
69

11
141

179
54

31
156

PCA

No Target
Target Present

153
35

57
175

43
28

167
182

SDF

No Target
Target Present

207
2

3
208

198
28

12
182
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Table 2.8: Results of four-way cross-validation for target detection using PIR and
Seismic sensors of data set #2.
Detection Rate

PIR

Seismic

False Alarm Rate

Wrong Classification Rate

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

SVM
k-NN
SRC

1.00
1.00
0.67

1.00
0.88
0.83

0.99
1.00
0.99

0.02
0.01
0.05

0.00
0.01
0.27

0.01
0.01
0.01

1.43%
0.24%
19.05%

0.23%
6.43%
21.90%

1.43%
0.71%
1.19%

SVM
k-NN
SRC

0.88
0.89
0.74

0.91
0.59
0.83

0.90
0.88
0.87

0.16
0.10
0.15

0.08
0.01
0.73

0.07
0.08
0.05

14.05%
10.71%
20.24%

8.33%
20.95%
45.00%

8.57%
10.00%
9.29%

Table 2.9: Confusion matrices obtained by the SRC classifier using PIR and seismic
sensors of data set #2 for human animal classification. Each confusion matrix
is obtained by summing up the four confusion matrices which are generated by
four-way cross validation.
PIR

Seismic

Human

Animal

Human

Animal

Cepstrum

Human
Animal

64
52

42
52

71
56

35
48

PCA

Human
Animal

59
33

47
71

16
11

90
93

SDF

Human
Animal

83
54

23
50

91
37

15
67

Table 2.10: Results of four-way cross-validation for human animal classification
using PIR and seismic sensors of data set #2

PIR

Seismic

Human Detection Rate

Human False Alarm Rate

Cepstrum

PCA

SDF

Cepstrum

PCA

SDF

Cepstrum

SVM
k-NN
SRC

0.76
0.73
0.60

0.61
0.59
0.56

0.89
0.76
0.78

0.42
0.72
0.50

0.58
0.46
0.32

0.38
0.52
0.52

32.86%
49.05%
44.76%

48.09% 24.76%
43.33% 37.62%
38.10% 36.67%

SVM
k-NN
SRC

0.63
0.56
0.67

0.92
0.97
0.15

0.91
0.77
0.86

0.38
0.36
0.54

0.53
0.69
0.10

0.38
0.41
0.36

37.62%
40.00%
43.33%

30.48% 23.81%
35.71% 31.90%
48.10% 24.76%
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misclassification Rate
PCA

SDF

Chapter 3 |
Sparsity for Multimodal Fusion
3.1 Introduction
As discussed in 1, information fusion using multiple sensors often results in better
situation awareness and decision making [1]. While the information from a single
sensor is generally localized and can be corrupted, sensor fusion provides a framework
to obtain sufficiently local information from different perspectives, which is expected
to be more tolerant to the errors of individual sources. Moreover, the cross-correlated
information of (possibly heterogeneous) sources can be used for context learning
and enhanced machine perception [3].
Fusion algorithms are usually categorized into two levels: feature fusion [4] and
classifier fusion [5, 67]. Feature fusion methods combine various features extracted
from different sources into a single feature set, which are then used for classification.
On the other hand, classifier fusion aggregates decisions from several classifiers,
where each classifier is built upon separate sources. While classifier fusion has
been well studied, feature fusion is a relatively less-studied problem, mainly due
to the incompatibility of feature sets [10]. A naive way of feature fusion is to
concatenate features into a longer one [68], which may suffer from the curse of
dimensionality. Moreover, the concatenated feature does not contain the crosscorrelated information among the sources [4]. However, if above limitations are
mitigated, feature fusion can potentially outperform the classifier fusion [6].
As discussed in 2, sparse representation has attracted the interest of many
researchers, both for reconstructive and discriminative tasks [12]. The underlying
assumption is that if a dictionary is constructed with the training samples of
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all classes, only a few atoms of the dictionary, with the same label as the test
data, should contribute to reconstruct the test sample. This approach has been
successfully applied to several problems such as robust face recognition [12], acoustic
signal classification [14], and target classification as shown in 2.
Feature level fusion using sparse representation has also been recently introduced
and is often referred to as “multi-task learning" in which the general goal is
to represent samples jointly from several tasks/sources using different sparsity
priors [26, 27, 69]. In [24], a joint sparse model is introduced in which multiple
observations from the same class are simultaneously represented by a few training
samples. In other words, observations of a single scenario from different modalities
would generate the same sparsity pattern of representing coefficients, which lies in
a low-dimensional subspace. Similarly, modalities are fused with a joint sparsity
model in [24] and [69] for target classification and biometric recognition, respectively.
Joint sparsity model relies on the fact that all the different sources share the same
sparsity patterns at atom level, which is not necessarily true and may limit its
applicability. A joint dynamic sparse representation at class level is proposed to
relax the joint sparsity constraint and improve the performance. However, this
approach only partially relaxes the joint sparsity constraint and assumes that the
same number of training samples should be used for representing test samples from
different sources, which is again a restrictive assumption.
Another proposed solution is to group the relevant (correlated) tasks together
and seek common sparsity within the group only [70] or allowing small collaboration
between different groups [71]. A more generalized approach is proposed in [72] for
multi-task regression in which different tasks can be grouped in a tree-structured
sparsity providing flexibility in fusion of different sources. Although the formulation
of tree-structured sparsity proposed in [72] provides a framework to model different
sparsity structures among multiple tasks, the proposed optimization algorithm
only solves an approximation of the formulation and therefore cannot enforce
the desired sparsity within different groups and sparsity can only be achieved
within each task, separately. Moreover, in all the discussed multimodal fusion
algorithms, including tree-structured sparsity, different modalities are assumed
to have equal contributions for classification task. This can significantly limits
the performance of fusion algorithms in dealing with occasional perturbation or
malfunction of individual modalities. In [69], a quality measure based on the joint
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sparse representation is introduced to quantify the quality of the data from different
modalities. However, this index is measurable only after the sparse codes are
obtained. Moreover, it measures the sparsity level of the representing coefficients
which does not necessarily reflect the quality of individual modalities.
In this section, the sparse representation models for information fusion are
discussed which includes the following major contributions:
(i) Reformulation and efficient optimization of the tree-structured sparsity for
multimodal classification: A finite number of separated problems are efficiently
solved using the proximal algorithm [44] to provide an exact solution to the treestructured sparse representation. The proposed learning facilitates feature level
fusion of homogeneous/heterogeneous sources at multiple granularities.
(ii) Quality-based fusion: A (fuzzy-set-theoretic) possibilistic approach [73, 74]
is proposed to quantify the quality of different modalities in joint optimization with
the reconstruction task. The proposed framework can be integrated with different
sparsity priors (e.g. joint sparsity or tree-structured sparsity) for quality-based
fusion. The proposed method places larger weights on those modalities which have
smaller reconstruction errors.
(iii) Improved performance for multimodal classification: The improved performances and robustness of the proposed algorithms are illustrated on three
applications – multiview face recognition, multimodal face recognition, and target
classification.

3.2 Joint sparse representation classification
In Section 2.3, the SRC algorithm has been discussed for single source classification
applications. Here, JRSC is reviewed [24] that allows to utilize multiple heterogeneous sources (also refereed to as sensors or modals in this proposal) to make a
joint classification decision by exploiting the correlation among different sources.
The correlation is modelled as joint sparsity of the coefficient sources.
Let S , {1, . . . , S} be a finite set of available modalities used for multimodal
classification and C be the number of different classes in the dataset. Let the
P
training data consist of N = C
c=1 Nc training samples from S modalities, where Nc
is the number of training samples in the cth class. Let ns , s ∈ S, be the dimension of
s
the feature vector for the sth modality and xsc,j ∈ Rn denote the j th sample of the sth
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modality belonging to the cth class, where j ∈ {1, . . . , Nc }. In JSRC, S dictionaries
s
X s , [X1s X2s . . . XCs ] ∈ Rn ×N , s ∈ S, are constructed from the (normalized)


training samples, where the class-wise sub-dictionary Xcs , xsc,1 , xsc,2 , . . . , xsc,Nc ∈
s
Rn ×Nc consists of samples from the cth class and sth modality.
s
Given the test samples y s ∈ Rn , s ∈ S, observed by S different modalities
from a single event, the goal is to classify the event. In the sparse representation
classification, the key assumption is that a test sample y s from the cth class lies
approximately within the subspace formed by the training samples of the cth class
and can be approximated (or reconstructed) from a few number of training samples
in Xcs [12]. That is, if the test sample y s belongs to the cth class, it is represented
as:
y s = X s αs + e,
(3.1)
where αs ∈ RN is a coefficient vector whose entries are mostly 0’s except for some

T
of the entries associated with the cth class, i.e., αs = 0T , . . . , 0T , αTc , 0T , . . . , 0T ,
and e is a small error term due to imperfectness of the samples.
In addition to the above assumption, JSRC enforces collaboration among
different modalities to make a joint decision, where the coefficient vectors from
different modalities are forced to have the same sparsity pattern. That is, the same
training samples from different modalities are used to reconstruct the test data.
To illustrate the idea, consider the scenario in which only two different sources
exist. This can be thought as PIR and Seismic sensors of the target classification
algorithm studied in Section 2.4. Suppose y 1 and y 2 are the test samples from
the two sources corresponding to an event from cth class. Using the idea of sparse
representation discussed in Section 2.1, test samples can be reconstructed using a
linear combination of atoms in X 1 and X 2 , i.e. y 1 = X 1 α1 + e1 , y 2 = X 2 α2 + e2 ,
where α1 and α2 are the coefficient vectors whose entries have value 0’s except for
some of the entries associated with the cth class, and e1 and e2 are small error
terms. Let I 1 and I 2 be two index sets corresponding to non-zero rows of α1 , α2 ,
respectively. In JSRC algorithm, it is assumed that since y 1 and y 2 belong to the
same event, they are related and can be reconstructed from the same train samples
corresponding to dictionaries X 1 and X 2 with possibly different coefficients, i.e.
I 1 = I 2 . In other words, A = [α1 , α2 ] is a row-sparse matrix with only a few


non-zeros rows. In general, the coefficient matrix A = α1 , . . . , αS ∈ RN ×S , where
αs is the sparse coefficient vector for reconstructing y s , is recovered by solving the
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following `1 /`q joint optimization problem with q ≥ 1:
argmin f (A) + λkAk`1 /`q .

(3.2)

A=[α1 ,...,αS ]

P
In Eq. (3.2), f (A) , 12 Ss=1 ky s − X s αs k2`2 is the reconstruction error, `1 /`q norm
P
is defined as kAk`1 /`q = N
j=1 kaj k`q in which aj ’s are row vectors of A, and λ > 0
is a regularization parameter. The number q is usually set to 2 and thus the
second term in the cost function is refereed as `1 /`2 penalty term. The above
optimization problem encourages sharing of patterns across related observations
so that the solution A has a common support at the column level [24], which can
be obtained by using different optimization algorithms (e.g. alternating direction
method of multipliers [75]). The optimization problem in Eq. (3.2) is also known
as multi-variate Lasso [76].
Let δc (α) ∈ RN be a vector indication function in which the rows corresponding
to cth class are retained and the rest are set to zeros. Similar to Section 2.4, the
test data is classified using the class-specific reconstruction errors as:
∗

c = argmin
c

S
X

ky s − X s δc (αs∗ )k2`2

(3.3)

s=1

where αs∗ ’s are optimal solutions of Eq. (3.2).

3.3 Multimodal tree-structured sparse representation
classification
As discussed in Section 3.1, although different sources are correlated, the joint
sparsity assumption of JSRC may be too restrictive for some applications in which
not all the different modalities are equally correlated and stronger relations between
some groups of the modalities may exist.
Tree-structured sparsity model provides a flexible framework to enforce prior
knowledge in grouping different modalities by encoding them in a tree, where each
leaf node represents an individual modality and each internal node represents a
grouping of its child nodes. This arrangement allows modalities to be grouped
at multiple granularity [72]. Adopting the definition in [44], a tree-structured
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groups of modalities G ⊆ 2S \ ∅ is defined as a collection of subsets of the set of
S
modalities S such that g∈G g = S and ∀g, g̃ ∈ G, (g ∩ g̃ =
6 ∅) ⇒ ((g ⊆ g̃) ∨ (g̃ ⊆ g)).
It is assumed here that G is ordered according to relation 4 which is defined as
(g 4 g̃) ⇒ ((g ⊆ g̃) ∨ (g ∩ g̃ = ∅)). If the prior knowledge about grouping of
modalities is not available, then hierarchical clustering algorithms could be used to
find the tree structure [72].
Given a tree-structured collection G of groups, the proposed multimodal treestructured sparse representation classification (MTSRC) is formulated as:
argmin f (A) + λ Ω (A)

(3.4)

A=[α1 ,...,αS ]

where f (A) is defined the same as in Eq. (3.2), and the tree-structured sparse
model is defined as:
N X
X
Ω (A) ,
ωg kajg k`2 .
(3.5)
j=1 g∈G

In Eq. (3.5), ωg is a positive weight for group g and ajg is a (1 × S) row vector
whose coordinates are equal to the j th row of A for indices in the group g, and 0
otherwise.
The above optimization problem allows sharing of patterns across related groups
of modalities. Thus the optimal solution A∗ has a common support at the group
level and the resulting sparsity is dependant on the relative weights ωg of different
groups [72]. Having obtained A∗ , the test samples are classified using Eq. (3.3). The
tree-structured sparsity provides a flexible framework to enforce different sparsity
priors. For example, if G consists of only one group, containing all modalities,
then Eq. (3.4) reduces to that of JSRC in Eq. (3.2). In another example where G
consists of only singleton sets of individual modalities, no sparsity pattern is sought
among different modalities and the optimization problem of Eq. (3.4) reduces to S
separate `1 optimization problems.

3.3.1 Optimization algorithm
As discussed in Section 3.1, the optimization procedure proposed in [72] for treestructured sparsity only solves an approximated version of the optimization problem (3.4) and, therefore, does not necessarily results in a solution with desired
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group sparsity. In this section, an accelerated proximal gradient method [77] is used
to solve (3.4) in which the optimal solution is obtained by solving a finite number
of tractable optimization problems without approximating the cost function. Let
the initial value of A, which can be chosen as an arbitrary sparse vector, be zero.
Then, at k th iteration, the proposed accelerated proximal gradient is as follows [77]:


B k+1 = Âk + ρk Âk − Âk−1
(3.6)
Âk+1 = proxλtk Ω B k+1 − tk ∇f B k+1



where tk is the step size at time step k which can be set as a constant or be updated
using a line search algorithm [77]; Âk is the estimation of the optimal solution A
k
at time step k; the extrapolating parameter ρk could be chosen as k+3
; and the
associated proximal optimization problem is defined as:
proxβΩ (V ) = argmin Ω (U ) +
U ∈RN ×S

1
kU − V k2F ,
2β

(3.7)

where k.kF is the Frobenius norm . Using Eq. (3.5), the proximal optimization
problem is reformulated as:
proxβΩ (V ) =
argmin

N
X
X

U ∈RN ×S j=1

1
kuj − vj k2`2
ωg kujg k`2 +
2β
g∈G

!
(3.8)

where ujg is defined similar to ajg in Eq. (3.5); and uj and vj are the j th rows of U
and V , respectively. Consequently, the solution of (3.8) is obtained by N separate
optimizations on S-dimensional vectors. Since the groups are defined to be ordered,
each of the optimization problems can be solved in a single iteration using the dual
form [44]. Therefore, the proximal step of the tree-structured sparsity can be solved
with the same computational cost as that of joint sparsity. Algorithm 1, which is a
direct extension of the optimization algorithm in [44], solves the proximal step. It
should be noted that the computational complexity of the optimization algorithm
grows linearly as the number of training samples increases. One can potentially
learn the dictionaries with (significantly) fewer number of atoms using dictionary
learning algorithms [39]. The Sparse Modeling Software [44] is used here to solve
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Algorithm 1 Algorithm to solve the proximal optimization step (Eq. (3.8)) of the accelerated proximal gradient method (Eq. (3.6)) corresponding to the MTSRC optimization
problem (Eq. (3.4))
Input: V ∈ RN ×S , ordered set of groups G, weights ωg for each group g ∈ G, and scaler β.
Output: U ∈ RN ×S
1: for j = 1, . . . , N do
2:
Let η 1 = · · · = η |G| = 0 and uj = vj .
3:
for g = g1 , g2P
, · · · ∈ G do
4:
uj = vj − h6=g η h .
 ujg
if kujg k`2 > βωg
kujg k`2 ,
5:
ηg =
.
ujg ,
if kujg k`2 ≤ βωg
6:
end for P
7:
uj = vj − g∈G η h .
8: end for

the proximal step.

3.4 Weighted scheme for quality-based fusion
In most of the sparsity-based multimodal classification algorithms, including JSRC
and MTSRC, it is inherently assumed that available modalities contribute equally.
This may significantly limit the performance in dealing with occasional perturbation
or malfunction of individual sources. Ideally, a fusion scheme should adaptively
weight the modalities based on their reliabilities. In [69], a quality measure is
introduced for JSRC, where a sparsity concentration index is calculated to quantify
the quality of modalities. The main limitation of this approach, however, is that
the index is obtained only after the sparse codes are calculated and a weak modality
may hurt the performances of other modalities due to the enforced sparsity priors.
Moreover, the index is defined based on the sparsity levels and does not necessarily
reflect the quality of each modalities. In this section, it is proposed to find the
adaptive quality of each modality and sparse codes jointly in a single optimization
problem.
Let µs be the quality weight for the sth modality. A weighted scheme for
multimodal reconstruction, with similar structure to Eq. (3.4), is proposed as
follows:
S
X
(µs )m s
argmin
ky − X s αs k2`2 + Ψ (A) ,
(3.9)
2
1
S
s
A=[α ,...,α ],µ s=1
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with the constraint µs ≥ 0, ∀s ∈ S, where the exponent m ∈ (1, ∞) is a fuzzifier
parameter, similar to formulation of fuzzy c-means clustering [78]; and Ψ (A)
enforces desired sparsity priors within the modalities (e.g. `1 /`2 constraint in JSRC
or tree-structured sparsity prior of MTSRC).
Another constraint on µs is necessary to avoid a degenerate solution of Eq. (3.9).
P
A constraint such as Ss=1 µs = 1 is apparently feasible; however, since m > 1 in
Eq, (3.9), the larger weight of a modality compared to those of other modalities
may effectively increase this weight close to 1 while forcing the rest of the weights
toward 0. To alleviate this problem, a “possibility"-like constraint, similar to the
possibilistic fuzzy c-means clustering [74, 79], is proposed to allow the weights
of different modalities to be specified independently. The proposed composite
optimization problem to achieve quality-based multimodal fusion is posed as:
S
X
(µs )m

argmin
A=[α1 ,...,αS ],µs
S
X

2

s=1

ky s − X s αs k2`2 + Ψ (A) +

!
λµs (1 − µs )m

, µs ≥ 0, ∀s ∈ S

(3.10)

s=1

where λµs are the regularization parameters for s ∈ S. After finding optimal (µs )∗
and A∗ , the test samples are classified using the weighted reconstruction errors,
i.e.,
S
X
(µs )m ky s − X s δc (αs∗ )k2`2 .
(3.11)
c∗ = argmin
c

s=1

The optimization problem in (3.10) is not jointly convex in A and µs . A suboptimal solution can be obtained by alternating between the updates of A and {µs },
minimizing over one variable while keeping the other variable fixed. The accelerated
P
proximal gradient algorithm in (3.6) with f (A) = 12 Ss=1 (µs )m ky s − X s αs k2`2
is used to optimize over A and optimal {µs } at each iteration of the alternative
optimization is found in a closed form [74] as:
µs =
1+

1
, s ∈ S.
1
 kys −X s αs k2  m−1

(3.12)

`2

λµs

The regularization parameters λµs need to be chosen based on the desired bandwidth
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of the possibility distribution for each modality. The optimization over A is first
performed without weighting scheme to find an initial estimate of A. Also the
following definition, similar to possibilistic clustering [79], is used to determine and
fix λµs :
λµs = ky s − X s αs k2`2 ,
(3.13)
resulting all µs to be 0.5 initially. It is observed that only a few iterations is
required for the algorithm to converge. The number of alternations and the fuzzifier
m are set to be 10 and 2, respectively. Algorithm 2 summarizes the proposed
quality-based multimodal fusion method. As discussed, this scheme can be used
with different sparsity priors as long as optimal A can be found efficiently [77].
Algorithm 2 Quality-based multimodal fusion.
Input: Initial coefficient matrix A, dictionary X s and test sample y s of the sth modality,
s ∈ {1, · · · , S}, and number of iterations T .
Output: Coefficient matrix A and weights µs as a solution to Eq.(3.9).
1: Set λµs using Eq. (3.13)
2: for k = 1, . . . , T do
3:
Update weights µs using Eq. (3.12)
4:
Update A by solving Eq. (3.9) with fixed µs .
5: end for

3.5 Results and discussion
In this section, the results of the proposed MTSRC and weighted scheme are
presented in three different applications: multiview face recognition, multimodal
face recognition, and multimodal target classification. For MTSRC, the group
weights ωg are selected using a combination of aprior information/assumption
and cross validation. Equal weights are assumed for the same sized groups which
reduces the number of tuning parameters. The relative weights between the groups
with different sizes, however, are not fixed and are selected using cross-validation
in a finite set {10−5 , 10−4 , ..., 105 }. Hierarchical clustering can also be used to
tune the weights [72]. It is observed that bigger groups are usually assigned with
bigger weights in the studied applications. Thus MTSRC intuitively enforces
collaboration among all the modalities and yet provides flexibility (compared to
JSRC) by allowing collaborations to be formed at lower granularities as well. It is
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observed in all the studied applications that MTSRC performs similarly when the
weights are varied without being reordered.
For the weighted scheme, JSRC and MTSRC are equipped with the modality
weights and the resulting algorithms are denoted as JSRC-W and MTSRC-W,
respectively. The performance of the proposed feature-level fusion algorithms is
compared with that of several state-of-the-art decision-level and feature-level fusion
algorithms. For decision-level fusion, outputs of the independent classifiers, each
trained on separate modality, are aggregated by adding the corresponding probability outputs of each modality, which is denoted as Sum. For this purpose, SVM [33],
sparse representation classifier (SRC) [12], and sparse logistic regression(SLR) [80]
are used. The proposed methods are also evaluated using existing feature-level
fusion methods that include holistic sparse representation classifier (HSRC) [68],
JSRC [24], joint dynamic sparse representation classifier (JDSRC) [68] and relaxed
collaborative representation (RCR) [26]. HSRC is a simple modification of SRC for
multimodal classification in which the feature vectors from different sources are
concatenated into a longer feature vector and SRC is applied on the concatenated
feature vectors. JDSRC and RCR are recently proposed with better performance
than JSRC in a number of applications. Each of the above algorithms is individually
optimized for a fair comparison.

Figure 3.1: Different poses for one individual in the UMIST database that is divided
into four different view-ranges shown by four rows.

3.5.1 Multiview face recognition
In this experiment, the performance of the proposed MTSRC is evaluated for
multiview face recognition using UMIST face database which consists of 564
cropped images of 20 individuals with mixed race and gender [81]. Poses of each
individual are sorted from profile to frontal views and then divided into S view34
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Figure 3.2: Representation coefficients generated by JSRC, JDSRC, and MTSRC
on test observations that correspond to 4 different views on the UMIST database.
JSRC enforces joint sparsity among all views and requires the same sparsity pattern
at atom level. JDSRC allows contributions from different training samples to
approximate a set of test observations and requires the same sparsity pattern at
class level. MTSRC enforces joint sparsity only when relevant.
ranges with equal number of images in each view-range. This facilitates multiview
face recognition using UMIST database. The performance of the algorithms are
tested using different values of view-ranges S ∈ {2, 3, 4}. It should be noted that
the environment is unconstrained and captured faces may have pose variations
within each view-range. Different poses for one of the individual in the UMIST
database is shown in Fig. 3.1 where the images are divided into four view-ranges,
shown in four rows. Due to limited number of training samples, a single dictionary
is constructed by randomly selecting one (normalized) image per view for all the
individuals in the database which is shared among different view-ranges. The rest
of the images are used as the test data such that one randomly selected image
from each of the different views form a set of observations representing a single
multimodal test scenario.
As observations from closeby views are more likely to share similar poses and be
correlated, the tree structured sparsity of MTSRC is chosen to enforce group sparsity within related views. For this purpose, the tree-structured sets of groups using
2, 3, or 4 view-ranges are selected to be {{1}, {2}, {1, 2}}, {{1}, {2}, {3}, {1, 2, 3}},
{{1}, {2}, {1, 2}, {3}, {4}, {3, 4}, {1, 2, 3, 4}}, respectively. Fig. 3.2 shows the representation coefficients generated by JSRC, JDSRC, and MTSRC on a test scenario
where four different view-ranges are used. As expected, JSRC enforces joint spar35

Table 3.1: Multiview classification results obtained on the UMIST database.

HSRC [68]
JSRC [24]
JDSRC [68]
MTSRC

2 Views

3 Views

4 Views

Avg.

84.37
87.77
86.52
88.42

97.80
99.51
98.96
99.63

99.91
99.91
99.91
100.00

94.03
95.73
95.13
96.02

Figure 3.3: A test image and its occlusion in the AR dataset.
Table 3.2: Correct classification rates obtained using individual modalities in AR
database. Modalities include left and right periocular, nose, mouth, and face.

SVM
SRC

L periocular

R periocular

Nose

Mouth

Face

71.00
79.29

74.00
78.29

44.00
63.43

44.29
64.14

86.86
93.71

Table 3.3: Multimodal classification results obtained on the AR database.
Method

CCR

Method

CCR

SVM-Sum [69]
JDSRC [68]
JSRC [24]
MTSRC

92.57
93.14
95.57
97.14

SLR-Sum [69]
RCR [26]
JSRC-W
MTSRC-W

77.9
94.00
96.43
97.14

sity among all different views at atom level, which may be too restrictive due to
relatively less correlation between frontal and profile views. JDSRC relaxes joint
sparsity constraint at atom level and allows contributions from different training
samples to approximate one set of the test observations but still requires joint
sparsity pattern at class level. As shown, proposed MTSRC enforces joint sparsity
within relevant views and also among all modalities and has the most flexible
structure for multimodal classification. The results of 10-fold cross validation using
different sparsity priors are summarized in Table 3.1. As seen, the MTSRC method
achieves the best performance. Since the quality of different view-ranges are similar,
JSRC-W and MTSRC-W result in similar performances as those of JSRC and
MTSRC, respectively, and therefore are omitted here.
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Figure 3.4: CMCs obtained using multimodal classification algorithms on AR
database with random occlusion.

3.5.2 Multimodal face recognition: AR database
In this set of experiments, the performance of the proposed algorithms are evaluated
on the AR database (Figure 3.3) which consists of faces under different poses,
illumination and expression conditions, captured in two sessions [82]. A set of
100 users are used, each consisting of seven images from the first session as the
training samples and seven images from the second session as test samples. A small
randomly selected portion of training samples, 30 out of 700, is used as validation
set for optimizing the design parameters of classifiers. Fusion is taken on five
modalities, similar to setup in [69], including left and right periocular, nose, and
mouth regions, as well as the whole face. After resizing the images, intensity values
are used as features for all modalities. Results of using individual modalities for
classification using SVM and SRC algorithms are shown in Table 3.2. As expected,
the whole face is the strongest modality in the sense of solving the identification
task followed by left and right eyes. For MTSRC, the groups are chosen to be
G = {g1 , g2 , g3 , g4 , g5 , g6 , g7 } = {{1}, {2}, {1, 2}, {3}, {4}, {5}, {1, 2, 3, 4, 5}}, where
1 and 2 represents left and right periocular and 3, 4, 5 represents other modalities.
Weights are selected using a similar approach discussed in Section 3.5.3 to encourage
group sparsity between all modalities and also joint representation for left and right
periocular in lower granularity. The performances of the proposed algorithms are
compared with several competitive methods as shown in Table 3.3. Fig. 3.4 shows
the corresponding cumulative matched score curves (CMC). CMC is a performance
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measure, similar to ROC, which is originally proposed for biometric recognition
systems [83]. As shown, the tree-structured sparsity based algorithms achieve the
best performances with correct classification rate (CCR) of 97.14%.
To compare the robustness of different algorithms, each test images is occluded
by randomly chosen block (See Fig. 3.3). Fig. 3.5 shows the CMC’s generated
when the size of occluding blocks are 15. As seen, the proposed tree-structured
algorithms are the top performing algorithms. Fig. 3.6 compares CCR of different
algorithms with block occlusion of increasing sizes. MTSRC-W has the most robust
performance. Also it is observed that the weighted scheme significantly improves
the performance of the JSRC.
Since the proposed weighted scheme is solved using alternating minimization, a
set of experiments are performed to test its performance sensitivity to the different
initialization of the modalities weights µs and regularization parameters λµs . In
each experiment, all initial weights are set to a different value. Also all λµs are set
to a different value, instead of being set by Eq. (3.13). The sparse coefficients A are
initialized to zero in all the experiments. Similar results are observed for relatively
large variations in initial weights and regularization parameters. The performance
of the weighted scheme degrades if the regularization parameters are set to be too
small. On the other hand, its performance approaches that of the non-weighted
scheme for large values of the regularization parameters, as expected by observing
cost function (3.10). It is also observed that setting the regularization parameters
by Eq. (3.13) with all the weights being initialized to 1/S persistently works well.

3.5.3 Multimodal target classification
In Section 2.4, Seismic and PIR sensors were utilized independently for comparing
the performances of the different feature extraction algorithms for the problem of
target detection and identification. Although SDF has resulted in best performance
among studied feature extraction algorithms, the classification results should still
be improved which is a motivating fact for sensor fusion. Using PIR and Seismic
sensor separately is not efficient because it does not utilize the full potential of
the available information for the classification problem. Here the PIR and Seismic
sensors are simultaneously used for the problem of target detection and classification
to investigate whether the results can be improved.
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Figure 3.5: CMCs obtained using different multimodal classification algorithm on
AR database with random occlusion.

Figure 3.6: Correct classification rates of multimodal classification algorithms with
block occlusion of different sizes.
This section presents the results of target classification by fusion of the PIR
and three seismic sensors. The subset of data used here consists of two days data.
Day 1 includes 47 human targets and 35 animal-led-by-human targets while the
corresponding numbers for Day 2 are 32 and 34, respectively. A two-way crossvalidation is used to assess the performance of the classification algorithms, i.e.
Day 1 data is used for training and Day 2 is used as test data and vice versa.
For MTSRC, the tree-structured set of groups is selected to be G = {g1 , g2 , g3 , g4 , g5 , g6 } =
{{1}, {2}, {3}, {1, 2, 3}, {4}, {1, 2, 3, 4}} where 1, 2 and 3 refer to the seismic channels and 4 refers to the PIR channel. Table 3.4 summarizes the average human
detection rate (HDR), human false alarm rate (HFAR), and misclassification rates
(MR) obtained using different multimodal classification algorithms. As seen, the
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Table 3.4: Results of target classification obtained by different multimodal classification algorithms by fusing 1 PIR and 3 seismic sensors data. HDR: Human
Detection Rate, HFAR: Human False Alarm Rate, M: Misclassification.

SVM-Sum
HSRC
JDSRC
RCR
JSRC
JSRC-W
MTSRC
MTSRC-W

HDR

HFAR

MR

0.94
0.96
0.97
0.94
1.00
1.00
1.00
1.00

0.15
0.10
0.09
0.12
0.12
0.07
0.09
0.07

10.61%
6.76%
8.11%
8.78%
5.41%
3.38%
4.05%
3.38%

Figure 3.7: Correct classification rates of multimodal classification algorithms in
dealing with random noise of varying variance that is added to the seismic 1 channel.
proposed JSRC-W and MTSRC-W algorithms resulted in the best HDR and HFAR
and, consequently the best overall performance. Moreover, if the different modalities
are weighted equally, the MTSRC achieves the best performance.
To evaluate the robustness of the proposed algorithms, random noise with
varying variance is injected to the test samples of the seismic sensor 1 measurements.
Fig. 3.7 shows the CCR obtained using different methods. The proposed weighted
scheme has the most robust performance in dealing with noise. It is also seen that
JSRC algorithm performs better than MTSRC as the level of noise increases. One
possible reason is that in MTSRC the assumption of strong correlation between
the three seismic channels are not valid with large value of noises. Fig. 3.8 shows
averaged modality weights generated by the MTSRC-W. As expected, weight of
the perturbed modality decreases as noise level increases.
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Figure 3.8: Averaged weights for each modality obtained by MTSRC-W algorithm
when test samples from second modality, seismic sensor 1, are perturbed with
random noise. As the noise level increases, the weight for second modality decreases
while the corresponding weights for other unperturbed modalities remains almost
constant.

3.6 Conclusions
This section presents the reformulation of tree-structured sparsity models for
the purpose of multimodal classification and proposes an accelerated proximal
gradient method to solve this class of problems. The tree-structured sparsity allows
extraction of cross-correlated information among multiple modalities at different
granularities. The section also presents a possibilistic weighting scheme to jointly
represent and quantify multimodal test samples by using several sparsity priors.
This formulation provides a framework for robust fusion of available sources based
on their respective reliability. The results show that the proposed algorithms
achieve the state-of-the-art performances on the field data of three applications:
multiview face recognition, multimodal face recognition, and multimodal target
classification.
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Chapter 4 |
Dictionary Learning
4.1 Introduction
As was mentioned in previous chapters, the discussed sparsity based classifiers use
fixed dictionary consisting of train samples for the reconstruction of test samples
and the error of reconstruction is used for classification purpose. These algorithms
do not have any “training" step per se as opposed to the conventional classification
algorithms [33], and naively use all the train data to form the dictionary. The
dictionary constructed by the collection of the training samples suffer from two
main limitations. First, as the number of training samples increases, the resulting
optimization problem becomes more computationally demanding. Second, the
dictionary that is constructed this way is not optimal neither for the reconstructive
tasks [84] nor the discriminative tasks [85]. Recently it has been shown that
learning the dictionary can overcome the above limitations and significantly improve
the performance in several applications including image restoration [34], face
recognition [86] and object recognition [35, 87]. The learned dictionaries are usually
more compact and have fewer dictionary atoms than the number of training
samples [37,88]. Dictionary learning algorithms can generally be categorized into two
groups: unsupervised and supervised. Unsupervised dictionary learning algorithms
such as the method of optimal direction [89] and K-SVD [37] are aimed at finding a
dictionary that yields minimum errors when adapted to reconstruction tasks such
as signal denoising [90] and image inpainting [84]. Although, the unsupervised
dictionary learning has also been used for classification [86], it has been shown that
better performance can be achieved by learning the dictionaries that are adapted
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to an specific task rather than just the data set [38, 91]. These methods are called
supervised, or task-driven, dictionary learning algorithms. For the classification
task, for example, it is more meaningful to utilize the labeled data to minimize
the misclassification error rather than the reconstruction error [39]. Adding a
discriminative term to the reconstruction error and minimizing a trade-off between
them has been proposed in several formulations [41, 85, 87, 92]. The incoherent
dictionary learning algorithm proposed in [93] is another supervised formulation
which trains class-specific dictionaries to minimize atom sharing between different
classes and uses sparse representation for classification. In [94], a Fisher criterion
is proposed to learn structured dictionaries such that the sparse coefficients have
small within-class and large between-class scatters. While unsupervised dictionary
learning can be reformulated as a large scale matrix factorization problem and
solved efficiently [84], supervised dictionary learning is usually more difficult to
optimize. More recently, it has been shown that better optimization tool can
be used to tackle the supervised dictionary learning [91, 95]. This is achieved by
formulating it as a bilevel optimization problem [96, 97]. In particular, a stochastic
gradient descent algorithm has been proposed in [38] which efficiently solves the
dictionary learning problem in a unified framework for different tasks, such as
classification, nonlinear image mapping, and compressive sensing.
The majority of the existing dictionary learning algorithms, including the
task-driven dictionary learning [38], are only applicable to single source of data.
In [98], a set of view-specific dictionaries and a common dictionary are learned
for the application of multi-view action recognition. The view-specific dictionaries
are trained to exploit view-level correspondence while the common dictionary
is trained to capture common patterns shared among the different views. The
proposed formulation belongs to the class of dictionary learning algorithms that
leverages the labeled samples to learn class-specific atoms while minimizing the
reconstruction error. Moreover, it cannot be used for fusion of the heterogeneous
modalities. In [99], a generative multimodal dictionary learning algorithm is
proposed to extract typical templates of multimodal features. The templates
represent synchronous transient structures between modalities which can be used
for localization applications. More recently, a supervised multimodal dictionary
learning algorithm is proposed for multimodal retrieval [100]. The dictionaries are
obtained by jointly minimizing the reconstruction error of data across modalities
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Figure 4.1: Multimodal task-driven dictionary learning scheme.
and at the same time encouraging to utilize the same dictionary atoms for the
reconstruction of all the intra-modality training data from the same class. While
this approach can also be used for multiomdal classification, it is not trained to be
truly discriminative. Moreover, the dictionaries are obtained independently without
utilizing the cross-correlated/coupled information among different modalities.
Fig. 4.1 presents an overview of the proposed framework. Information from
different modalities are fused both at the feature level by enforcing the joint
sparse representation and also at the decision level by combining the scores of the
modal-based classifiers. The major contributions of this chapter are as follows:
• Formulation of the multimodal dictionary learning algorithms: A multimodal
task-driven dictionary learning algorithm is proposed for fused classification
using homogeneous or heterogeneous sources of information. The proposed
formulation simultaneously trains the multimodal dictionaries and classifiers
under the joint sparsity prior in order to enforce collaborations among the
modalities and obtain the latent sparse codes as the optimized features for
different tasks such as binary and multiclass classification. An unsupervised
multimodal dictionary learning algorithm is also presented as a by-product of
the supervised version.
• Differentiability of the bi-level optimization problem: While the joint sparse
coding has a non-smooth cost function, it is shown that the resulting bi-level
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optimization for task-driven multimodal dictionary learning under the joint
sparsity prior is smooth and can be solved using a stochastic gradient descent
algorithm.
• Flexible feature-level fusion: An extension of the proposed framework is
presented which facilitates more flexible fusion of the modalities at the feature
level by allowing the modalities to have different sparsity patterns. This
extension provides a framework to tune the trade-off between independent
sparse representation and joint sparse representation among the modalities.
• Improved performance for multimodal classification: The proposed methods
achieve the state-of-the-art performance in several applications – multimodal
target classification, multimodal face recognition, multi-view face recognition, and multimodal biometric recognition. It is also shown that, compared
to the counterpart sparse representation classification algorithms, the proposed algorithms are more computationally efficient in the sense that they
can be equipped with more compact dictionaries and still achieve superior
performance.
The rest of this section is organized as follows. In Section 4.2, unsupervised
and supervised dictionary learning algorithms for single source of information are
reviewed. Section 4.3 proposes the task-driven multimodal dictionary learning
algorithms. Comparative studies on several benchmarks and concluding results are
presented in Section 4.4 and Section 4.5, respectively.

4.2 Existing dictionary learning methods
Dictionary learning has been widely used in various tasks such as reconstruction,
classification, and compressive sensing [38, 40, 41, 101]. In contrast to principal
component analysis (PCA) and its variants, dictionary learning algorithms generally
do not impose orthogonality condition and are more flexible allowing to be welltuned to the training data.
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4.2.1 Unsupervised dictionary learning
Let X = [x1 , x2 , . . . , xN ] ∈ Rn×N be the collection of N (normalized) training
samples that are assumed to be statistically independent. Dictionary D ∈ Rn×d
can then be obtained as the minimizer of the following empirical cost [86]:
gN (D) ,

N
1 X
lu (xi , D)
N i=1

(4.1)

over the regularizing convex set D , {D ∈ Rn×d |kdk k`2 ≤ 1, ∀k = 1, . . . , d}, where
dk is the k th column, or atom, in the dictionary and the unsupervised loss lu is
defined as
lu (x, D) , min kx − Dαk2`2 + λ1 kαk`1 + λ2 kαk2`2 ,
(4.2)
α∈Rd

which is the optimal value of the sparse coding problem with λ1 and λ2 being the
regularizing parameters. While λ2 is usually set to zero to exploit sparsity, using
λ2 > 0 makes the optimization problem in Eq. (4.2) strongly convex resulting in a
differentiable cost function [38]. The index u of lu is used to emphasize that the
above dictionary learning formulation is an unsupervised method. It is well-known
that one is often interested in minimizing an expected risk, rather than the perfect
minimization of the empirical cost [102]. An efficient online algorithm is proposed
in [84] to find the dictionary D as the minimizer of the following stochastic cost
over the convex set D:
g (D) , Ex [lu (x, D)] ,
(4.3)
where it is assumed that the data x is drawn from a finite probability distribution
p(x) which is usually unknown and Ex [.] is the expectation operator with respect
to the distribution p(x).
The trained dictionary can then be used to (sparsely) reconstruct the input.
The reconstruction error has been shown to be a robust measure for classification
tasks [12, 51]. Another use of a given trained dictionary is for feature extraction
where the sparse code α? (x, D), obtained as a solution of (4.2), is used as a feature
vector representing the input signal x in the classical expected risk optimization
for training a classifier [38]:
ν
min Ey,x [l (y, w, α? (x, D))] + kwk2`2 ,
w∈W
2
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(4.4)

where y is the ground truth class label associated with the input x, w is model
(classifier) parameters, ν is a regularizing parameter, and l is a convex loss function
that measures how well one can predict y given the feature vector α? and classifier
parameters w. The expectation Ey,x is taken with respect to the probability
distribution p(y, x) of the data. Note that in Eq. 4.4, the dictionary D is fixed and
independent of the given task and class label y.

4.2.2 Supervised dictionary learning
Unsupervised dictionary learning algorithms do not use the labels of the train
samples in dictionary learning. In a C-class classification problem, the dictionary D ∗
can instead be obtained by learning class-specific sub-dictionaries Dc∗ {c = 1, . . . , C}
using the formulation of 4.3 by sampling the input from the corresponding c-th class
population. The overall dictionary is then constructed as D ∗ = [D1∗ . . . DC∗ ] [86].
However, the C different sub-dictionaries are trained independently and some of
the sub-dictionaries can possibly share similar atoms that may adversely affect the
discrimination performance. In [93], it was suggested that an incoherence term
to be added to the cost function to make the derived dictionaries as independent
as possible. However, this approach still utilizes only the reconstruction error for
learning the dictionary. In [41, 85], a discriminative is added to the reconstruction
error and the overall cost is minimized. More recently, it has been shown that
better performance can be obtained by learning the dictionary in a task-driven
formulation [38]. In the task-driven dictionary learning, the optimal dictionary
and classifier parameters are obtained jointly by solving the following optimization
problem [38]:
ν
min Ey,x [lsu (y, w, α? (x, D))] + kwk2`2 .
(4.5)
D∈D,w∈W
2
The index su of convex loss function lsu is used to emphasize that the above
dictionary learning formulation is supervised. The learned task-driven dictionary
has been shown to result in a superior performance compared to the unsupervised
setting [38]. In this setting, the sparse codes are indeed the optimized latent features
for the classifier.
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4.3 Multimodal dictionary learning
In this section, online algorithms for unsupervised and supervised multimodal
dictionary learning are proposed.

4.3.1 Multimodal unsupervised dictionary learning
s

Let S , {1, . . . , S} be a finite set of available modalities and let xs ∈ Rn , s ∈ S, be
s
the feature vector for the sth modality. Also let D s ∈ Rn ×d be the corresponding
dictionary for the sth modality. For now, it is assumed that the multimodal
dictionaries are constructed by collections of the training samples from different
modalities, i.e. j th atom of dictionary D s is the j th training sample from the sth
modality. Given a multimodal input {xs |s ∈ S}, shortly denoted as {xs }, the
sparse matrix A? ∈ Rd×S is obtained by solving the following optimization problem:
S

1X s
argmin
kx − D s αs k2`2 + Ψ (A) ,
A=[α1 ...αS ] 2 s=1

(4.6)

where Ψ (A) enforces desired sparsity priors within the modalities (e.g. `1 /`2
constraint in the joint sparse representation classification (JSRC)). Here αs is the
sth -column of A which corresponds to the sparse representation for the sth modality.
Unsupervised multimodal dictionary learning is derived by extending the optimization problem characterized in Eq. (4.3) and using the joint sparse representation
to enforce collaborations among modalities. Let the minimum cost lu0 ({xs , D s }) of
the joint sparse coding be defined as
S

min
A

1X s
λ2
kx − D s αs k2`2 + λ1 kAk`12 + kAk2F ,
2 s=1
2

(4.7)

where λ1 and λ2 are the regularizing parameters. The additional Frobenius norm
k.kF compared to the more common formulation of Eq. (3.2) guarantees a unique
solution for the joint sparse optimization problem. In the special case when S = 1,
optimization (4.7) reduces to the well-studied elastic-net optimization [103]. By
natural extension of the optimization problem (4.3), the unsupervised multimodal
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dictionaries are obtained by:
D s? = argmin Exs [lu0 ({xs , D s })] , ∀s ∈ S,

(4.8)

D s ∈Ds

where the convex set Ds is defined as
s ×d

Ds , {D ∈ Rn

|kdk k`2 ≤ 1, ∀k = 1, . . . , d}.

(4.9)

It is assumed that data xs is drawn from a finite (unknown) probability distribution
p(xs ). The above optimization problem can be solved using the classical projected
stochastic gradient algorithm [104] which consists of a sequence of updates as
follows:
D s ← ΠDs [D s − ρt ∇Ds lu0 ({xst , D s })] ,
(4.10)
where ρt is the gradient step at time t and ΠD is the orthogonal projector onto
set D. The algorithm converges to a stationary point for a decreasing sequence
of ρt [104, 105]. A typical choice of ρt is shown in the next section. This problem
can also be solved using online matrix factorization algorithm [88]. It should
be noted that the while the stochastic gradient descent does converge, it is not
guaranteed to converge to a global minimum due to the non-convexity of the
optimization problem [88, 102]. However, such stationary point is empirically found
to be sufficiently good for practical applications [34, 90].

4.3.2 Multimodal task-driven dictionary learning
As discussed in Section 4.2, the unsupervised setting does not take into account
the label of the training data, and the dictionaries are obtained by minimizing the
reconstruction error. However, for classification tasks, the minimum reconstruction
error does not necessarily result in discriminative dictionaries. In this section, a
multimodal task-driven dictionary learning algorithm is proposed that enforces
collaboration among the modalities both at the feature level using joint sparse
representation and the decision level using a sum of the decision scores. The
dictionaries D s ? , ∀s ∈ S, and the classifier parameters ws? , ∀s ∈ S, shortly denoted
as the set {D s ? , ws? }, are learned jointly as the solution of the following optimization
problem:
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S

νX
min
f
({D
,
w
})
+
kws k2`2 ,
s
s
s
s
{D ∈D ,w ∈W }
2 s=1
s

s

(4.11)

where f is defined as the expected cumulative cost:
s

s

f ({D , w }) = E

S
X

lsu (y, ws , αs? ),

(4.12)

s=1

where αs? is the sth column of the minimizer A? ({xs , D s }) of the optimization
problem (4.7) and lsu (y, w, α) is a convex loss function that measures how well the
classifier parametrized by w can predict y by observing α. The expectation is taken
with respect to the joint probability distribution of the multimodal inputs {xs }
and label y. Note that αs? acts as a hidden/latent feature vector, corresponding
to the input xs , which is generated by the learned discriminative dictionary D s ? .
In general, lsu can be chosen as any convex function such that lsu (y, ., .) is twice
continuously differentiable for all possible values of y. A few examples are given
below for binary and multiclass classification tasks.
4.3.2.1

Binary classification

In a binary classification task where the label y belongs to the set {−1, 1}, lsu can
be naturally chosen as the logistic regression loss
lsu (y, w, α? ) = log(1 + e−yw

T α?

),

(4.13)

where w ∈ Rd is the classifier parameters. Once the optimal {D s , ws } are obtained,
P
a new multimodal sample {xs } is classified according to sign of Ss=1 wsT α? due
P
to the uniform monotonicity of Ss=1 lsu . For simplicity, the intercept term for the
linear model is omitted here, but it can be easily added. One can also use a bilinear
model where, instead of a set of vectors {ws }, a set of matrices {W s } are learned
P
and a new multimodal sample is classified according to the sign of Ss=1 xsT W s α? .
Accordingly, the `2 -norm regularization of Eq. (4.11) needs to be replaced with the
matrix Frobenius norm. The bilinear model is richer than the linear model and
can sometimes result in better classification performance but needs more careful
training to avoid over-fitting.
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4.3.2.2

Multiclass classification

Multiclass classification can be formulated using a collections of (independently
learned) binary classifiers in a one-vs-one or one-vs-all setting. Multiclass classification can also be handled in an all-vs-all setting using the softmax regression loss
function. In this scheme, the label y belongs to the set {1, . . . , K} and the softmax
regression loss is defined as
lsu (y, W , α? ) = −

K
X

T

ewk α

1{y=k} log

PK

!

?
T α?

wl
l=1 e

k=1

,

(4.14)

where W = [w1 . . . wK ] ∈ Rd×K , and 1{.} is the indicator function. Once the
optimal {D s , W s } are obtained, a new multimodal sample {xs } is classified as
argmaxk∈{1,...,K}

S
X

s T αs?

ewk
PK

s=1

!

s T αs?

wl
l=1 e

.

(4.15)

In yet another all-vs-all setting, the multiclass classification task can be turned into
a regression task in which the scaler label y is changed to a binary vector y ∈ RK ,
where the k th coordinate corresponding to the label of {xs } is set to one and the
rest of the coordinates are set to zero. In this setting, lsu is defined as
1
lsu (y, W , α? ) = ky − W α? k2`2 ,
2

(4.16)

where W ∈ RK×d . Having obtained the optimal {D s , W s }, the test sample {xs }
is then classified as
argmink∈{1,...,K}

S
X

kq k − W s αs? k2`2 ,

(4.17)

s=1

where q k is a binary vector in which its k th coordinate is one and its remaining
coordinates are zero.
In choosing between the one-vs-all setting, in which independent multimodal
dictionaries are trained for each class, and the multiclass formulation, in which multimodal dictionaries are shared between classes, a few points should be considered.
In the one-vs-all setting, the total number of dictionary atoms is equal to dSK in
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the K-class classification while in the multiclass setting the number is equal to dS.
It should be noted that in the multiclass setting a larger dictionary is generally
required to achieve the same level of performance to capture the variations among
all classes. However, it is generally observed that the size of the dictionaries in
multiclass setting is not required to grow linearly as the number of classes increases
due to atom sharing among the different classes. Another point to consider is that
the class-specific dictionaries of the one-vs-all approach are independent and can
be obtained in parallel. In this section, the multiclass formulation is used to allow
feature sharing among the classes.

4.3.3 Optimization
The main challenge in optimizing (4.11) is the non-differentiability of A? ({xs , D s }).
However, it can be shown that although the sparse coefficients A? are obtained
by solving a non-differentiable optimization problem, the function f ({D s , ws }),
defined in Eq. (4.12), is differentiable on D1 × · · · DS × W 1 × · · · W S , and therefore
its gradients are computable. To find the gradient of f with respect to D s , one
can find the optimality condition of the optimization (4.7) or use the fixed point
differentiation [95, 97] and show that A? is differentiable over its non-zero rows.
Without loss of generality, it is assumed that label y admits a finite set of values
such as those defined in Eqs. (4.13) and (4.14). The same algorithm can be derived
for the scenario when y belongs to a compact subset of a finite-dimensional real
vector space as in Eq. (4.16). A couple of mild assumptions are required to prove
the differentiability of f which are direct generalizations of those required for the
single modal scenario [38] and are listed below:
Assumption (A). The multimodal data (y, {xs }) admit a probability density p
with compact support.
Assumption (B). For all possible values of y, p(y, .) is continuous and lsu (y, .) is
twice continuously differentiable.
The first assumption is reasonable when dealing with the signal/image processing
applications where the acquired values obtained by the sensors are bounded. Also
all the given examples for lsu in the previous section satisfy the second assumption.
Before stating the main proposition of this section below, the term active set is
defined.
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Definition 4.3.1 (Active set). The active set Λ of the solution A? of the joint
sparse coding problem (4.7) is defined to be
Λ = {j ∈ {1, . . . , d} : ka?j→ k`2 6= 0},

(4.18)

where a?j→ is the j th row of A? .
Proposition 4.3.1 (Differentiability and gradients of f defined in Eq. (4.12)).
Let λ2 > 0 and the assumptions (A) and (B) hold. Let Υ = ∪j∈Λ Υj where
Υj = {j, j + d, . . . , j + (S − 1)d}. Let the matrix D̂ ∈ Rn×|Υ| be defined as
h
i
D̂ = D̂1 . . . D̂|Λ| ,

(4.19)

where D̂j = blkdiag(d1j , . . . , dSj ) ∈ Rn×S , ∀j ∈ Λ, is the collection of the j th active
atoms of the multimodal dictionaries, dsj is the j th active atom of D s , blkdiag is
P
the block diagonalization operator, and n = s∈S ns . Also let matrix ∆ ∈ R|Υ|×|Υ|
be defined as
∆ = blkdiag(∆1 , . . . , ∆|Λ| ),
(4.20)
where ∆j = ka? 1 k` I − ka? 1k 3 a?j→ T a?j→ ∈ RS×S , ∀j ∈ Λ, and I is the identity
j→ 2
j→ `2
matrix. Then, the function f defined in Eq. (4.12) is differentiable and ∀s ∈ S,
∇ws f = E [∇ws lsu (y, ws , αs? )] ,


∇Ds f = E (xs − D s αs? ) βs̃T − D s βs̃ αs? T ,

(4.21)

where s̃ = {s, s + S, . . . , s + (d − 1)S} and β ∈ RdS is defined as
βΥc = 0, βΥ = (D̂ T D̂ + λ1 ∆ + λ2 I)−1 g,

(4.22)

P
in which g = vec(∇A? T Ss=1 lsu (y, ws , αs? )), Υc = {1, . . . , dS} \Υ, βΥ ∈ R|Υ| is
Λ→
formed of those rows of β indexed by Υ, and vec(.) is the vectorization operator.
The proof of this proposition is given in Section 4.3.5. A stochastic gradient
descent algorithm to find the optimal dictionaries {D s ? } and classifiers {ws? } is
described in Algorithm 3. The stochastic gradient descent algorithm is guaranteed
to converge under a few assumptions that are mildly stricter than those stated here
(requires three-times differentiability) [106]. To further improve the convergence of
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the proposed stochastic gradient descent algorithm, a classic mini-batch strategy is
used in which a small batch of the training data are sampled in each batch, instead of
1 sample, and the parameters are updated using the averaged updates of the batch.
This has additional advantage in which D̂ T D̂ and the corresponding factorization
of the ADMM for solving the sparse coding problem can be computed once for the
whole batch. For the special case when S = 1, the proposed algorithm reduces
to the single-modal task-driven dictionary learning algorithm in [38]. Selecting
λ2 in Eq. (4.7) to be strictly positive guarantees the linear equations of (4.22)
to have a unique solution. In other words, it is easy to show that the matrix
(D̂ T D̂ +λ1 ∆+λ2 I) is positive definite given λ1 ≥ 0, λ2 > 0. However, in practice it
is observed that the solution of the joint sparse representation problem is numerically
stable since D̂ becomes full-column rank when sparsity is sought with a sufficiently
large λ1 , and λ2 can be set to zero. It should be noted that the assumption
of D̂ being a full column rank matrix is a common assumption in sparse linear
regression [88]. As in any non-convex optimization algorithm, if the algorithm is not
initialized properly, it may yield poor performance. Similar to [38], the dictionaries
{D s } are initialized by the solution of the unsupervised multimodal dictionary
learning algorithm. Upon assignment of the initial dictionaries, parameters {ws } of
the classifiers are set by solving (4.11) only with respect to {ws } which is a convex
optimization problem.

4.3.4 Extension
An extension of the proposed algorithm is now presented with a more flexible
structure on the sparse codes. Joint sparse representation relies on the fact that all
the modalities share the same sparsity pattern in which, if a multimodal training
sample is selected to reconstruct the input, then all the modalities within that
training sample are active. However, this group sparsity constraint, imposed by the
`12 norm, may be too stringent for some applications [51, 107], for example in the
scenarios where the modalities have different noise levels or when the heterogeneity
of the modalities imposes different sparsity levels for the reconstruction task. A
natural relaxation to the joint sparsity prior is to let the multimodal inputs not
share the full active set which can be achieved by replacing the `12 norm with
a combination of the `12 and `11 norms (`12 − `11 norm). Following the same
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Algorithm 3 Stochastic gradient descent algorithm for multimodal task-driven dictionary learning.
Input: Regularization parameters λ1 , λ2 , ν, learning rate parameters ρ, t0 , number of iterations
T , initial dictionaries {D s ∈ Ds }s∈S , initial model parameters {ws ∈ W s }s∈S .
Output: Learned {D s , ws }
1: for t = 1, . . . , T do
1
S
2:
Draw a random sample
h (xt , . . . , x
i t , yt ) from the training data.
3:

Find solution A? = α? 1 . . . α? S ∈ Rd×S of the joint sparse coding problem
S

1X s
λ2
argmin
kxt − D s αs k2`2 + λ1 kAk`12 + kAk2F .
2
2
1
S
A=[α ...α ]
s=1
4:
5:
6:
7:

Compute
Compute
Compute
Compute

set of active rows Λ of A? using (4.18).
D̂ ∈ Rn×|Υ| using (4.19).
∆ ∈ R|Υ|×|Υ| using (4.20).
β ∈ RdS as:
βΥc = 0, βΥ = (D̂ T D̂ + λ1 ∆ + λ2 I)−1 g,

8:
9:

where Υ = ∪j∈Λ {j, j + d, . . . , j + (S − 1)d} and g = vec(∇A?Λ→ T
Choose the learning rate ρt ← min(ρ, ρ tt0 ).
Update the parameters by a projected gradient step:

PS

s=1 lsu (yt , w

s

, αs ? )).

ws ← ΠW s [ws − ρt (∇ws lsu (yt , ws , αs ? ) + νws )] ,
h

i
T
D s ← ΠDs D s − ρt (xst − D s αs ? ) βs̃T − D s βs̃ αs ?
,
∀s ∈ S, where s̃ = {s, s + S, . . . , s + (d − 1)S}.
10: end for

formulation as in Section 4.3.2, let A? ({xs , D s }) in Eq. (4.11) be the minimizer of
the following optimization problem:
S

1X s
kx − D s αs k2`2
min
A 2
s=1
+ λ1 kAk`12 + λ01 kAk`11

(4.23)
λ2
+ kAk2F ,
2

where λ01 is the regularization parameter for the added `11 norm and other terms
are the same as those in Eq. (4.7). The selection of λ1 and λ01 influences the sparsity
pattern of A? . Intuitively, as λ1 /λ01 increases, the group constraint becomes
dominant and more collaboration is enforced among the modalities. On the other
hand, small values of λ1 /λ01 encourage independent reconstructions across modalities.
In the extreme case of λ1 being set to zero, the above optimization problem is
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separable across the modalities. The above formulation brings added flexibility with
the cost of one additional design parameter which is obtained using cross-validation.
The Algorithm 3 should be accordingly modified to solve the supervised multimodal dictionary learning problem under the mixed `12 − `11 constraint. The proof
for obtaining the algorithm is similar to the one for the `12 norm and is briefly
discussed in the next section. In Algorithm 3, let A? be the solution of the optimization problem (4.23) and let Λ be the set of its active rows. Let Ψ ⊆ {1, . . . , S|Λ|}
be the set of indices with non-zero entries in vec(A?Λ→ T ); i.e. it consists of non-zero
entries of the active rows of A? . Let D̂, ∆, and g be the same as those defined in
algorithm 3. Then, β ∈ RdS is updated as
T
βΥc = 0, βΥ = (D̂Ψ
D̂Ψ + λ1 ∆Ψ→,Ψ + λ2 I)−1 gΨ ,
T

where Υ is the set of indices with non-zero entries in vec(A? ) and Υc = {1, . . . , dS} \Υ.
Note that Υ is defined over the entire matrix A? while Ψ is defined over its active
rows. The rest of the algorithm remains unchanged.

4.3.5 Proof of the proposition 4.3.1
The proof of Proposition 4.3.1 is presented using the following two results.
 ?

T
?
Lemma 4.3.1 (Optimality condition). The matrix A? = α1 . . . αS = a?1→ T . . . a?d→ T ∈
Rd×S is a minimizer of (4.7) if and only if , ∀j ∈ {1, . . . , d},
 h T

i
1
1
1 1?
ST
S
S S?

d
x
−
D
α
.
.
.
d
x
−
D
α

j
j



?


 − λ2 a? = λ1 aj→ , if ka? k` 6= 0,
j→
j→ 2
ka?j→ k`2
h

i


1T
1
1 1?
ST
S
S S?

k
d
x
−
D
α
.
.
.
d
x
−
D
α

j
j




− λ2 a?j→ k`2 ≤ λ1 , otherwise.

(4.24)

Proof. . The proof follows directly from the subgradient optimality condition
of (4.7), i.e.
h

i
1T
1 1?
1
ST
S S?
S
0∈{ D
D α − x ...D
D α −x
+ λ2 A? + λ1 P : P ∈ ∂kA? k`12 },
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where ∂kA? k`12 denotes the subgradient of the `12 norm evaluated at A? . As shown
aj→
in [108], the subgradient is characterized, for all j ∈ {1, . . . , d}, as pj→ = kaj→
if
k`2
kaj→ k`2 > 0, and kpj→ k`2 ≤ 1 otherwise.
Before proceeding to the next proposition, the term transition point is defined.
For a given {xs }, let Λλ be the active set of the solution A? of (4.7) when λ1 = λ.
Then λ is defined to be a transition point of {xs } if Λλ+ 6= Λλ− , ∀ > 0.
Proposition 4.3.2 (Regularity of A? ). Let λ2 > 0 and assumption (A) be hold.
Then,
Part 1. A? ({xs , D s }) is a continuous function of {xs } and {D s }.
Part 2. If λ1 is not a transition point of {xs }, then the active set Λ of
A? ({xs , D s }) is locally constant with respect to both {xs } and {D s }. Moreover,
A? ({xs , D s }) is locally differentiable with respect to {D s }.
Part 3. ∀λ1 > 0, ∃ a set Nλ1 of measure zero in which ∀{xs } ∈ {Rns }\Nλ1 , λ1
is not any of the transition points of {xs }.
Proof. . Part 1. In the special case of S = 1, which is equivalent to an elastic net
problem, this has already been shown [84, 109]. The proof presented here follows
similar steps. Assumption (A) guarantees that A? is bounded. Therefore, one can
restrict the optimization problem (4.7) to a compact subset of Rd×S . Since A? is
unique (imposed by λ2 > 0) and the cost function of (4.7) is continuous in A and
each element of the set {xs , D s } is defined over a compact set, A? ({xs , D s }) is a
continuous function of {xs } and {D s }.
Part 2 and Part 3. These statements are proved here by converting the optimization problem (4.7) into an equivalent group lasso problem [110] and using some recent
results on it. Let the matrix Dj0 = blkdiag(d1j , . . . , dSj ) ∈ Rn×S , ∀j ∈ {1, . . . , d}, be
the block-diagnoal collection of the j th atoms of the dictionaries. Also let D 0 =
h
iT
0
0
n×Sd
0
1T
ST
[D1 . . . Dd ] ∈ R
, x = x ...x
∈ Rn , and a0 = [a1→ . . . ad→ ]T ∈ RSd .
Then (4.7) can be rewritten as
d

X
1
λ2
min kx0 − D 0 a0 k2`2 + λ1
kaj→ k`2 + kAk2F .
A 2
2
j=1
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(4.25)

This can be further converted into the standard group lasso:
d

X
1
min kx00 − D 00 a0 k2`2 + λ1
kaj→ k`2 ,
A 2
j=1

(4.26)

h
iT
h
iT
√
where x00 = x0 T 0T ∈ Rn+Sd and D 00 = D 0 T λ2 I ∈ R(n+Sd)×Sd . It is clear
that the matrix D 00 is full column rank. The rest of the proof follows directly from
the results in [111].
Proof of Proposition 4.3.1. The above proposition implies that A? is differentiable
almost everywhere. The proof of the proposition 4.3.1 is now presented. It is easy to
show that f is differentiable with respect to ws due to the assumption (A) and the
fact that lsu is twice differentiable. f is also differentiable with respect to D s given
assumption (A), twice differentiability of lsu , and the fact that A? is differentiable
everywhere except on a set of measure zero (Prop 4.3.2). The derivative of f
with respect to D s can be obtained using the chain rule. The steps are similar to
those taken for `1 -related optimization in [95], though a bit more involved. Since
the active set is locally constant, using the optimality condition (4.24), implicit
differentiation of A? ({xs , D s }) with respect to D s is taken. For the non-active
rows of A? , the differential is zero. On the active set Λ, (4.24) can be rewritten as
h

T
DΛ1

1

1

1?



T
. . . DΛS

S

S

S?

x −D α
x −D α
T
 ? T
a?N → T
a1→
?
− λ2 AΛ→ = λ1
... ?
,
ka?1→ k`2
kaN → k`2

i
(4.27)

where N is the cardinality of Λ and DΛ and A?Λ→ are the matrices consisting of
active columns of D and active rows of A? , respectively. For the rest of the proof,
only the active set is considered and the symbols Λ and ? are dropped for the ease
of notation. Taking the partial derivative from both sides of (4.27) with respect to
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dsij , the element in the ith -row and j th -column of D s , and taking its transpose yield:

0
∂A


λ2 s +  (D s αs − xs )T Eijs + αsT Eijs T D s  +
∂dij
0


T
∂α1
1T
D1
s D
∂d


ij


∂aT1→
∂aTN →


..
. . . ∆N
,

 = −λ1 ∆1
.
s
s
∂d
∂d
 ST

ij
ij
T
∂α
DS DS
∂ds


T

ij

where Eijs ∈ Rns ×N is a matrix with zero elements except the element in the ith
row and j th column which is one and
∆k =



1
kak→ k`2

I−

1

aT ak→
kak→ k2`2 k→



∈ RS×S ,

∀k ∈ {1, . . . , N }. It is easy to check that ∆k ≥ 0. Vectorizing the both sides and
factorizing results in


vec


T

∂A
∂dsij

0
s
s s T s
(x − D α ) eij 1 − αsT Eijs T ds1
..
.





=P

 (xs − D s αs )T es − αsT E s T ds

ij N
ij
N
0






,




(4.28)


−1
where esij k is the k th column of Eijs , P = D̂ T D̂ + λ1 ∆ + λ2 I
, and D̂ and ∆
are defined in Eqs. (4.19) and (4.20), respectively. Further simplifying Eq. (4.28)
yields


∂AT
= Ps̃ Eijs T (xs − D s αs ) − Ps̃ dsi→ T αjs ,
vec
∂dsij
where s̃ is defined in Eq. (4.21). Using the chain rule results in



∂f
∂AT
T
= E g vec
,
∂dsij
∂dsij
where g = vec



∂

PS

s=1 lsu
∂AT



. Therefore, derivative with respective to the active
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columns of dictionary D s is



s T
g T Ps̃ E11
(xs − D s αs ) − ds1→ T α1s

∂f
..

=
E
.

∂D s

s
T
s T
g Ps̃ Ens 1 (x − D s αs ) − dsns → T α1s
 
s T
s
. . . g T Ps̃ E1N
(xs − D s αs ) − ds1→ T αN

..

.


T s
T
T
s
s
s s
s
. . . g Ps̃ Ens N (x − D α ) − dns → αN


= E (xs − D s αs ) g T Ps̃ − D s Ps̃T gαsT .
Setting β = P T g ∈ RN S and noting that βs̃ = Ps̃T g complete the proof.
Derivation of the algorithm with the mixed `12 − `11 prior can be obtained
similarly. For each active row j ∈ Λ of A? , the solution of the optimization
problem (4.23) with the mixed prior, let Πj ⊆ S be the set of active modalities
which have non-zeros entries. Then the optimality condition for the active row j is
h
i

1T
1
1 1?
ST
S
S S?
dj x − D α . . . dj x − D α

Πj

− λ2 a?j→ = λ1

a?j→,Πj
ka?j→ k`2





+ λ01 sign a?j→,Πj .

Then, the algorithm for the mixed prior can be obtained by differentiating the
optimality condition, following similar steps as was shown for the `12 prior.

4.4 Results and discussion
The performance of the proposed multimodal dictionary learning algorithms are
evaluated on the AR face database [82], the CMU Multi-PIE dataset [112], the
WVU multimodal dataset [113], and the border multimodal target classification
dataset [50]. For these algorithms, ls is chosen to be the quadratic loss of Eq. (4.16) to
handle the multiclass classification. In the experiments, it is observed that using the
multiclass formulation achieves similar classification performance compared to using
the logistic loss formulation of Eq. (4.13) in the one-vs-all setting. Regularization
parameters λ1 and ν are selected using cross-validation in the sets {0.01+0.005k|k ∈
{−3, 3}} and {10−2 , ..., 10−9 }, respectively. It is observed that when the number
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Figure 4.2: Extracted modalities from a sample in AR dataset.
Table 4.1: Correct classification rates obtained using the whole face modality for
the AR database.
SVM

MKL [114]

LR

SRC [12]

UDL

SDL [38]

86.43

82.86

81.00

88.86

89.58

90.57

of dictionary atoms is kept small compared to the number of training samples, ν
can be arbitrarily set to a small value, e.g. ν = 10−8 , for the normalized inputs.
When the mixed `12 − `11 norm is used, the regularization parameters λ1 and λ01
are selected by cross-validation in the set {0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05}.
The parameter λ2 is set to zero in most of the experiments except when using
the `11 prior in Section 4.4.2 where a small positive value for λ2 was required
for convergence. The learning parameter ρt is selected according to the heuristic

proposed in [38], i.e. ρt = min ρ, ρ tt0 where ρ and t0 are constants. This results
in a constant learning rate during the first t0 iterations and an annealing strategy
of 1/t for the rest of the iterations. It is observed that choosing t0 = T /10, where
T is the total number of iterations over the whole training set, works well for all of
the experiments. Different values of ρ are tried during the first few iterations and
the one that results in minimum error on a small validation set is retained. T is set
equal to be 20 in all the experiments. It has been observed empirically that the
selection of these parameters is quite robust and small variations in their values do
not affect considerably the obtained results. A mini-batch size of 100 is used in all
the experiments. It should also be noted that design parameters for the competitive
algorithms are also selected using cross-validation for a fair comparison.

4.4.1 AR face recognition
The AR dataset was also studied in the previous Section. The dataset consists
of faces under different poses, illumination and expression conditions, captured in
two sessions. A set of 100 users are used, each consisting of seven images from
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Table 4.2: Comparison of the `11 and `12 priors for multimodal classification.
Modalities include 1. left periocular, 2. right periocular, 3. nose, 4. mouth, and 5.
face.
Modalities

{1, 2}

{1, 2, 3}

{1, 2, 3, 4}

{1, 2, 3, 4, 5}

UMDL`11
UMDL`12
SMDL`11
SMDL`12

81.9
82.6
83.86
86.43

87.57
87.86
89.86
89.86

90.14
92.00
92.42
93.57

95.57
96.29
95.86
96.86

Table 4.3: Multimodal classification results obtained for the AR datasets
Algorithm

CCR

Algorithm

CCR

SVM-Maj
LR-Maj
MKL
JDSRC [68]
SMDL`12

85.57
85.00
91.14
96.14
96.86

SVM-Sum
LR-Sum
JSRC [69]
SMDL`11
SMDL`12 −`11

92.14
91.14
96.14
95.86
97.14

the first session as training samples and seven images from the second session as
test samples. A small randomly selected portion of the training set, 50 out of 700,
is used as validation set for optimizing the design parameters. Fusion is taken
on five modalities which are the left and right periocular, nose, mouth, and the
whole face modalities, similar to the setup in [51, 69]. A test sample from the AR
dataset and the extracted modalities are shown in Fig. 4.2. Raw pixels are first
PCA-transformed and then normalized to have zero mean and unit l2 norm. The
dictionary size for the dictionary learning algorithms is chosen to be four per class,
resulting in dictionaries of overall 400 atoms.
Classification using the whole face modality: The classification results using
the whole face modality are shown in Table 4.1. The results are obtained using
linear support vector machine (SVM) [33], multiple kernel learning (MKL) [114],
logistic regression (LR) [33], sparse representation classification (SRC) [12], and
unsupervised and supervised dictionary learning algorithms (UDL and SDL) [38].
For the MKL algorithm, linear, polynomial, and RBF kernels are used. The UDL
and SDL are equipped with the quadratic classifier (4.16). The SDL results in the
best performance.
`11 vs `12 sparse priors for multimodal classification: A straightforward way of
utilizing the single-modal dictionary learning algorithms, namely UDL and SDL,
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for multimodal classification is to train independent dictionaries and classifiers for
each modality and then combine the individual scores for a fused decision. This
way of fusion is equivalent to using the `11 norm on A, instead of `12 norm, in
Eq. (4.7) (or setting λ1 to zero in Eq. (4.23)) which does not enforce row sparsity in
the sparse coefficients. The corresponding unsupervised and supervised multimodal
dictionary learning algorithms using only the `11 norm are denoted as UMDL`11
and SMDL`11 , respectively. Similarly, the proposed unsupervised and supervised
multimodal dictionary learning algorithms using the `12 norm are denoted as
UMDL`12 and SMDL`12 . Table 4.2 compares the performance of the multimodal
dictionary learning algorithms under the two priors. As shown, the proposed
algorithms with `12 prior, which enforces collaborations among the modalities, have
better fusion performances than those with `11 prior. In particular, SMDL`12 has
significantly better performance than the SMDL`11 for fusion of the first and second
(left and right periocular) modalities. This agrees with the intuition that these
modalities are highly correlated and learning the multimodal dictionaries jointly
indeed improves the recognition performance.
Comparison with other fusion methods: The performances of the proposed fusion
algorithms under different sparsity priors are compared with those of the several
state-of-the-art decision-level and feature-level fusion algorithms. In addition to `11
and `12 priors, the proposed supervised multimodal dictionary learning algorithm is
evaluated with the mixed `12 − `11 norm which is denoted as SMDL`12 −`11 . One way
to achieve decision-level fusion is to train independent classifiers for each modality
and aggregate the outputs by either adding the corresponding scores of each
modality to come up with the fused decision, or using the majority voting among
the independent decisions obtained from different modalities. These approaches
are abbreviated with Sum and Maj, respectively, and are used with SVM and
LR classifiers for decision-level fusion. The proposed methods are also compared
with feature-level fusion methods including the joint sparse representation classifier
(JSRC) [69], joint dynamic sparse representation classifier (JDSRC) [68], and MKL.
For the JSRC and JDSRC, the dictionary consists of all the training samples.
Table 4.3 compares the performance of the proposed algorithms with the other
fusion algorithms for the AR dataset. As expected, the multimodal fusion results
in significant performance improvement compared to using only the whole face
modality. Moreover, the proposed SMDL`12 and SMDL`12 −`11 achieve the superior
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Table 4.4: Comparison of the reconstructive-based (JSRC and JSRC-UDL) and the
proposed discriminative-based (SMDL`12 ) classification algorithms obtained using
the joint sparsity prior for different numbers of dictionary atoms per class on the
AR dataset.
atoms/class

JSRC

JSRC-UDL

SMDL`12

1
2
3
4
5
6
7

46.14
69.00
79.57
88.14
91.00
94.43
96.14

71.71
78.86
83.57
91.14
94.85
96.28
96.14

91.28
95.00
95.71
96.86
97.14
96.71
96.00

Computation time (Second)

0.05

0.04

0.03

0.02

0.01

0
1

2

3

4
Atom/Class

5

6

7

Figure 4.3: Computational time required to solve the optimization problem of
Eq. (4.7) for a given test sample.
Table 4.5: Comparison of the supervised multimodal dictionary learning algorithms
with different sparsity priors for face recognition under occlusion on the AR dataset.
SMDL`12

SMDL`11

SMDL`12 −`11

89.00

90.54

91.15

performances.
Reconstructive vs discriminative formulation with joint sparsity prior: Comparison of the algorithms with joint sparsity priors in Table 4.3 indicates that
the proposed SMDL`12 algorithm equipped with dictionaries of size 400 achieves
relatively better results than the JSRC that uses dictionaries of size 700. The results
confirm the idea that by using the supervised formulation, compared to using the
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reconstruction error, one can achieve better classification performance even with
more compact dictionaries. For further comparison, an experiment is performed
in which the correct classification rates of the reconsturtive and discriminative
formulations are compared when the their dictionary sizes are kept equal. For
a given number of dictionary atoms per class d, dictionaries of JSRC are thus
constructed by random selection of d train samples from different classes. This is
different from the standard JSRC, utilized for the results in Table 4.3, in which all
the training samples are used to construct the dictionaries [69]. Moreover, to utilize
all the available training samples for the reconstructive approach and make a more
meaningful comparison, the unsupervised multimodal dictionary learning algorithm
of Eq. (4.8) is used to train class-specific sub-dictionaries which minimizes the
reconstruction error in approximating the training samples for a given class. These
sub-dictionaries are then stacked to construct the final dictionaries, similar to the
approach in [86]. This algorithm is denoted as JSRC-UDL to indicate that the
dictionaries are indeed learned by the reconstructive formulation. Table 4.4 summarizes the recognition performance of JSRC and JSRC-UDL in comparison to the
proposed SMDL`12 , which enjoys a discriminative formulation, for different number
of dictionary atoms per class. As seen, SMDL`12 outperforms the reconstructive
approaches, especially when the number of dictionary is chosen to be relatively
small. This is the main advantage of SMDL`12 compared to the reconstructive
approaches in which more compact dictionaries can be used for the recognition task
that is important for the real-time applications. It is clear that reconstructive model
can only result in comparable performance when the dictionary size is chosen to be
relatively large. On the other hand, the SMDL`12 algorithm may get over-fitted with
the large number of dictionary atoms. In terms of computational expense at test
time, as discussed in [69], the time required to solve the optimization problem (4.7)
is expected to be linear in the dictionary size using the efficient ADMM if the
required matrix factorization is cashed beforehand. Typical computational time
to solve (4.7) for a given multimodal test sample is shown in Fig. 4.3 for different
dictionary sizes. As expected, it increases linearly as the size of the dictionary
increases. This illustrates the advantage of the SMDL`12 algorithm that results in
the state-of-the-art performance with more compact dictionaries.
Classification in presence of disguise: The AR dataset also contains 600 occluded
samples per session, overall 1200 images, where the faces are disguised using sun
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Figure 4.4: Configurations of the cameras and sample multi-view images from CMU
Multi-Pie dataset.
Table 4.6: Correct classification rates obtained using individual modalities in the
CMU Multi-PIE database.
View

SVM

MKL

LR

SRC

UDL

SDL

Left
Frontal
Right

47.30
41.15
47.30

52.85
54.10
51.85

43.65
45.40
42.85

49.85
54.25
52.55

47.80
52.10
43.10

50.45
56.10
48.50

glasses or scarf. These additional images are used here to evaluate the robustness
of the proposed algorithms. Similar to previous experiments, images from session
1 are used as training samples and images from session 2 are used as test data.
Classification performance under different sparsity priors are shown in Table 4.5
and as expected, the SMDL`12 −`11 achieves the best performance. In presence of
occlusion, some of the modalities are less coupled and the joint sparsity prior among
all the modalities may be too stringent as is also reflected in the results.

4.4.2 Multi-view face recognition
In this section, the performance of the proposed algorithm is evaluated for multiview face recognition using the CMU Multi-PIE dataset [112]. The dataset
consists of a large number of face images under different illuminations, viewpoints, and expressions which are recorded in four sessions over the span of several months. Subjects were imaged using 13 cameras at different view-angles
of {0◦ , ±15◦ , ±30◦ , ±45◦ , ±60◦ , ±75◦ , ±90◦ } at head height. Illustrations for the
multiple camera configurations, as well as sample multi-view images are shown in
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Table 4.7: Correct classification rates (CCR) obtained using multi-view images on
the CMU Multi-PIE database.
Algorithm

CCR

Algorithm

CCR

SVM-Maj
SVM-Sum
MKL
JDSRC
SMDL`11
SMDL`12

62.95
69.30
72.40
70.20
77.25
76.10

LR-Maj
LR-Sum
JSRC
UMDL`11
UMDL`12
SMDL`12 −`11

69.40
71.10
73.30
74.80
70.50
81.30

Fig. 4.4. The multi-view face images for 129 subjects are used that are present in
all sessions. The face regions for all the poses are extracted manually and resized
to 10 × 8. Similar to the protocol used in [115], images from session 1 at views
{0◦ , ±30◦ , ±60◦ , ±90◦ } are used as training samples. Test images are obtained from
all available view angles from session 2 to have a more realistic scenario in which not
all the testing poses are available in the training set. To handle multi-view recognition using the multimodal formulation, the available views are divided into three
sets of {−90◦ , −75◦ , −60◦ , −45◦ }, {−30◦ , −15◦ , 0◦ , 15◦ , 30◦ , }, {45◦ , 60◦ , 75◦ , 90◦ },
each of which forms a modality. A test sample is then constructed by randomly
selecting an image from each modality. Two thousand test samples are generated
in this way. The dictionary size for the dictionary learning algorithms is chosen to
have two atoms per class.
The classification results obtained using individual modalities are shown in
Table 4.6. As expected, better classification performance is obtained using the
frontal view. Results of the multi-view face recognition is shown in Table 4.7. The
proposed supervised dictionary learning algorithms outperform the corresponding
unsupervised methods and other fusion algorithms. The SMDL`12 −`11 results in
the state-of-the-art performance. It is consistently observed in all the studied
applications that the multimodal dictionary learning algorithm with the mixed
prior results in better performance than those with individual `12 or `12 prior.
However, it requires one additional regularizing parameter to be tuned. For the
rest of this section, the performance of the proposed dictionary learning algorithms
are only reported under the individual priors.
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Table 4.8: Correct classification rates obtained using fingerprints modalities in the
WVU database.
Algorithm

Finger 1

Finger 2

Finger 3

Finger 4

SVM
MKL
LR
SRC
UDL
SDL

56.77 ± 0.72
61.81 ± 1.39
55.64 ± 1.89
67.66 ± 1.86
64.68 ± 2.11
66.29 ± 1.81

82.95 ± 2.15
82.55 ± 1.47
81.10 ± 1.85
88.68 ± 1.59
87.35 ± 2.23
88.84 ± 2.31

55.83 ± 2.03
63.50 ± 1.75
55.21 ± 2.21
69.29 ± 0.77
67.35 ± 1.22
68.61 ± 1.30

80.47 ± 0.91
81.85 ± 0.74
78.82 ± 0.66
88.68 ± 1.03
86.40 ± 0.70
87.50 ± 0.82

Table 4.9: Correct classification rates obtained using iris modalities in the WVU
database.
Algorithm

Iris 1

Iris 2

SVM
MKL
LR
SRC
UDL
SDL

60.67 ± 1.78
56.31 ± 2.20
55.25 ± 1.48
65.43 ± 1.24
64.36 ± 1.37
66.05 ± 0.75

57.52 ± 1.95
54.49 ± 0.79
56.86 ± 1.70
67.78 ± 1.76
65.23 ± 2.02
67.31 ± 1.38

4.4.3 Multimodal biometric recognition
The WVU dataset consists of different biometric modalities such as fingerprint, iris,
palmprint, hand geometry, and voice from subjects of different age, gender, and
ethnicity. It is a challenging data set, as many of the samples are corrupted with
blur, occlusion, and sensor noise. Two irises (left and right) and four fingerprint
modalities are used. The evaluation is done on a subset of 202 subjects which
have more than four samples in all modalities. Samples from different modalities
are shown in Fig. 4.1. The training set is formed by randomly selecting four
samples from each subject, overall 808 samples. The remaining 509 samples are
used for testing. The features used here are those described in [69] which are further
PCA-transformed. The dimension of the input data after preprocessing are 178 and
550 for the fingerprint and iris modalities, respectively. All inputs are normalized
to have zero mean and unit l2 norm. The number of dictionary atoms for the
dictionary learning algorithms are chosen to be 2 per class, resulting in dictionaries
of overall 404 atoms. The dictionaries for JSRC and JDSRC are constructed using
all the training samples.
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The classification results obtained using individual modalities on 5 different
splits of the data into training and test samples are shown in Table 4.8 and Table 4.9.
As shown, finger 2 is the strongest modality for the recognition task. The SRC and
SDL algorithms achieve the best results. It should be noted that dictionary size of
SRC is twice of that in SDL.
For multimodal classification, fusion of fingerprints, fusion of Irises, and fusion
of all the modalities are considered. Table 4.10 summarizes the correct classification rates of several fusion algorithms using 4 fingerprints, 2 Irises, and all the
modalities, obtained on 5 different training and test splits. Fig. 4.5 shows the
corresponding cumulative matched score curves (CMC) for the competitive methods.
CMC is a performance measure, similar to ROC, which is originally proposed for
biometric recognition systems [83]. As seen, the SMDL`12 algorithm outperforms
the competitive algorithms and achieves the state-of-the-art performance using
the Irises and all modalities with the rank one recognition rate of 83.77% and
99.10%, respectively. Using the fingerprints, the performance of the SMDL`12 is
close to the best performing algorithm, which is JSRC. The results suggest that
using joint sparsity prior indeed improves the multimodal classification performance
by extracting the coupled information among the modalities.
Comparison of the algorithms with the joint sparsity priors indicates that the
proposed SMDL`12 algorithm equipped with dictionaries of size 404 achieves comparable, and mostly better, results than the JSRC that uses dictionary of size 808.
Similar to the experiment in Section 4.4.1, the reconstructive and discriminating
algorithms that are based on the joint sparsity prior are compared when the number
of dictionary atoms per class is kept equal. Fig. 4.6 summarizes the results of the
different fusion scenarios. As seen, SMDL`12 significantly outperforms JSRC and
JSRC-UDL when the number of dictionary atoms per class is chosen to be 1 or
2. The results are consistent with that of Table 4.4 for the AR dataset indicating
that the proposed supervised formulation equipped with more compact dictionaries
achieves superior performance than that of the reconstructive formulation for the
studied biometric recognition applications.
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Table 4.10: Multimodal classification results obtained for the WVU dataset.
Algorithm

4 Fingerprints

2 Irises

All modalities

SVM-Maj
SVM-Sum
LR-Maj
LR-Sum
MKL
JSRC
JDSRC
UMDL`11
SMDL`11
UMDL`12
SMDL`12

90.14 ± 0.70
93.56 ± 1.26
89.23 ± 1.63
93.60 ± 0.96
93.28 ± 1.52
97.64 ± 0.44
97.17 ± 0.26
97.09 ± 0.56
97.41 ± 0.71
96.78 ± 0.57
97.56 ± 0.41

65.30 ± 1.92
74.03 ± 1.89
63.73 ± 1.29
71.43 ± 1.91
67.23 ± 0.70
82.94 ± 0.78
79.61 ± 0.70
80.90 ± 0.61
82.83 ± 0.87
81.53 ± 2.18
83.77 ± 0.89

95.24 ± 0.92
97.09 ± 0.83
94.18 ± 1.13
98.51 ± 0.18
94.46 ± 0.87
98.89 ± 0.30
97.80 ± 0.51
98.62 ± 0.46
98.66 ± 0.43
98.78 ± 0.43
99.10 ± 0.30

4.4.4 Multimodal target classification
This section presents the results of the multimodal target classification presented
in the previous sections using the proposed algorithms. The dataset consists of a
passive infrared (PIR) and three seismic sensors of an unattended ground sensor
system as discussed. The same protocol as that in [51] is used for running the tests
in which two days data are utilized. The data of Day 1 includes 47 human targets
and 35 animal-led-by-human targets while the corresponding numbers for Day 2 are
32 and 34, respectively. Detailed description of the data set is provided in Chapter
2. A two-way cross-validation is used to assess the performance of the classification
algorithms, i.e. Day 1 data is used for training and Day 2 is used as test data and
vice versa. The reported results are the average of the results on the two different
test data sets. All inputs are normalized to have zero mean and unit l2 norm. The
number of dictionary atoms for the UMDL`11 , SMDL`11 , UMDL`12 , and SMDL`12
is chosen to be 20, 10 per class, and the quadratic cost is used. The dictionaries for
JSRC and JDSRC are constructed using all available training samples, as usual.
Table 4.11 summarizes the average human detection rate (HDR), human false
alarm rate (HFAR), and misclassification rates (MR) obtained using different
multimodal classification algorithms. As seen, the proposed SMDL`12 algorithm
achieves the best HDR and the best overall performance.
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Figure 4.5: CMC plots obtained by fusing the Irises (top), fingerprints (middle),
and all modalities (below) on the WVU dataset.

4.5 Conclusions
The problem of multimodal classification using sparsity models was studied and a
task-driven formulation was proposed to jointly find the optimal dictionaries and
classifiers under the joint sparsity prior. It was shown that the resulting bi-level
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Figure 4.6: Comparison of the reconstructive-based (JSRC and JSRC-UDL) and
the proposed discriminative-based (SMDL`12 ) classification algorithms obtained
using the joint sparsity prior for different numbers of dictionary atoms per class on
the WVU dataset.
Table 4.11: Results of target classification obtained by different multimodal classification algorithms by fusing 1 PIR and 3 seismic sensors data. HDR: Human
Detection Rate, HFAR: Human False Alarm Rate, CCR: Correct Classification
Rate.

SVM-Sum
LR-Sum
MKL [114]
JSRC [69]
JDSRC [68]
UDL-Sum
SDL-Sum
UMDL
SMDL

HDR

HFAR

CCR

0.94
0.97
0.94
1.00
0.97
0.92
0.96
0.89
1.00

0.13
0.13
0.08
0.12
0.08
0.13
0.13
0.10
0.10

91.22%
92.57%
93.24%
94.59%
94.59%
89.86%
91.89%
89.19%
95.27%

optimization problem is smooth and an stochastic gradient descent algorithm was
proposed to solve the corresponding optimization problem. The algorithm was then
extended for a more general scenario where the sparsity prior was the combination
of the joint and independent sparsity constraints. The simulation results on
the studied image classification applications suggest that while the unsupervised
dictionaries can be used for feature learning, the sparse coefficients generated by
the proposed multimodal task-driven dictionary learning algorithms are usually
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more discriminative and therefore can result in improved multimodal classification
performance. It was also shown that, compared to the sparse-representation
classification algorithms (JSRC, JDSRC, and JSRC-UDL), the proposed algorithms
can achieve significantly better performance when compact dictionaries are utilized.
In the proposed dictionary learning framework which utilizes the stochastic
gradient algorithm, the learning rate should be carefully chosen for convergence of
the algorithm. In out experiments, a heuristic was used to control the learning rate.
Topics of future research include developing of better optimization tools for fast
convergence guarantee in this non-convex setting. Moreover, developing task-driven
dictionary learning algorithms under other proposed structured sparsity priors
for multimodal fusion such as the tree-structured sparsity prior [45, 51] is another
future research topic. Future research will also include adapting of the proposed
algorithms for other multimodal tasks such as multimodal retrieval, multi-view
action recognition, and image super-resolution.
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Chapter 5 |
Kernel Task-Driven Dictionary
Learning for Hyperspectral Image Classification
5.1 Introduction
Hyperspectral Imagery (HSI) has increasingly become popular for the remote
sensing applications such as target detection [116] and material identification [117].
Among several algorithms used for HSI classification [118–120], it has been shown
that sparse representation classification (SRC) can achieve superior results [121,122].
For this purpose, a dictionary is usually constructed by collecting all the training
samples, i.e. labeled pixels, and the underlying assumption is that the test pixel
can be approximated with a few dictionary atoms, i.e., test pixel lies in a lowdimensional subspace formed by the training samples that have the same label
as the test pixel. However, the sparse coefficients generated by SRC can become
unstable due to the high coherency of the dictionary atoms [123]. This situation can
be alleviated by enforcing similarity in the sparse codes of the neighboring pixels,
which usually have similar spectral features, by an appropriate structured sparsity
prior [124]. In particular, the joint sparsity prior assumes that the neighboring
pixels lie in the same low-dimensional subspace. It enforces collaboration among
these pixels and yields more stable sparse coefficients, which results in an improved
classification performance [125, 126].
In the context of HSI, it has been shown that kernelized sparse representation
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algorithms which map the input into a higher-dimensional feature space using
kernel function can result in significant performance improvements compared to
the linear counterpart [127, 128]. The rational is that when the data from different
classes are projected into the kernel induced feature space, the classes become
more separable and samples from the same classes can typically cluster together in
subspaces resulting in more discriminative sparse codes. The suitability of learning
the dictionary, rather than constructing it by using all the training samples, has been
widely discussed. Recently, a few kernelized dictionary learning algorithms have
been proposed [43,129]. In [129], an unsupervised learning is proposed by kernelizing
the well-known K-SVD [37] algorithm for object recognition. In [43], a supervised
formulation has been proposed based on the Hilbert Schmidt independence criterion
to maximize the dependency between the data and corresponding class labels.
However, for a classification task, the preference is to utilize the labeled data to
minimize a misclassification cost [39].
In this section, a kernelized task-driven dictionary learning algorithm is proposed
in which a dictionary is trained to be optimal for HSI classification. The proposed
algorithm generalizes the task-driven formulation of [38] in two important ways.
First, it enforces correlation among the neighboring pixels using the joint sparsity
prior. Second, it generalizes the algorithm by providing a kernelized formulation.
The proposed dictionary learning is obtained by solving a bi-level optimization problem which shows that, while the underlining joint sparse coding is non-smooth, the
bi-level optimization cost is differentiable. The simulation results demonstrate that
the proposed algorithm achieve state-of-the-art performance for HSI classification
tasks.

5.2 Background
5.2.1 Dictionary learning
As discussed in the previous section, dictionary learning has been widely used in
various tasks such as reconstruction, classification, and compressive sensing [38,
40, 41]. For the context of HSI classification, let X = [x1 , x2 , . . . , xN ] ∈ Rn×N be
the collection of N (normalized) training HSI pixels where n is the number of the
spectral bands. In an unsupervised formulation, the dictionary D ∈ Rn×d is usually
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obtained as the minimizer of the following cost [88]
g (D) , Ex [lu (x, D)] ,

(5.1)

over the regularizing convex set
D , {D ∈ Rn×d |kdk k`2 ≤ 1, ∀k = 1, . . . , d},

(5.2)

where dk is the k th column, or atom, in the dictionary and the unsupervised loss lu
is defined as
1
λ2
lu (x, D) , min kx − Dαk22 + λ1 kαk1 + kαk22 ,
2
α∈Rd 2

(5.3)

which is the optimal value of the sparse coding problem with λ1 and λ2 being
the regularizing parameters. It is assumed that the data x is drawn from a finite
probability distribution p(x) which is usually unknown. The index u of lu is used
to emphasize that the above dictionary learning formulation is an unsupervised
method. A stationary point of the optimization problem can be efficiently obtained
by an online optimization algorithm [88].
The learned dictionary is optimized to minimize a reconstruction error and
is often used to (sparsely) reconstruct the inputs. It is also a robust measure
for the classification tasks [12, 51]. Another interesting application of the trained
dictionary is for feature learning where the sparse code α? (x, D), obtained as a
solution of (5.3), is used as input feature for training a classifier in the classical
expected risk optimization framework [38]. However, it has been shown that a more
discriminative features can generally be obtained by learning the dictionary and
classifier jointly in the following task-driven formulation [38]
ν
Ey,x [lsu (y, W , α? (x, D))] + kW k2F ,
D∈D,W ∈W
2
min

(5.4)

where y ∈ RC is a binary vector representing the ground truth label of the input x
for a C-class classification problem, and lsu is a (supervised) convex loss function
that measures how well one can predict y given the feature α? and model parameters
W ∈ W, and ν is the regularizing parameter. Here, a quadratic loss is used which
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is defined as

1
lsu (y, W , α? ) = ky − W α? k2`2 ,
2

(5.5)

and W = RC×d . The expectation is taken with respect to the unknown probability
distribution p(y, x) of the labeled data. The trained task-driven dictionary has
been shown to result in superior performance compared to the unsupervised setting.

5.2.2 Kernelized sparse representation with structured sparsity
prior
Kernel methods are usually used to project the data set into a higher dimensional
feature space to make different classes to become linearly separable. Let Φ : Rn → F
be a mapping from Rn to feature space F which can possibly be infinite-dimensional.
It is assumed that F is a Hilbert space which allows the use of Mercer kernels to
carry out the projection implicitly. Mercer kernel k(x1 , x2 ) : Rn × Rn → R is a
function defined as k(x1 , x2 ) =< Φ(x1 ), Φ(x2 ) > where <> is the inner product
operator [130]. Among
commonly
used kernel functions are the Gaussian kernel


kx1 −x2 k2
k(x1 , x2 ) = exp − σ
and polynomial kernel k(x1 , x2 ) = (< x1 , x2 >)c ,
where σ and c are the kernel parameters.
The kernel sparse representation of the input feature Φ(x) can then be obtained
by solving [129]
λ2
1
min kΦ(x) − Φ(D)αk22 + λ1 kαk1 + kαk22 ,
2
α∈Rd 2

(5.6)

where Φ(D) = [Φ(d1 ) . . . Φ(dN )] and dj , j ∈ {1, . . . , N } , are the columns of D.
Note that kΦ(x) − Φ(D)αk22 = k(x, x) − 2αT k(D, x) + αT k(D, D)α and no
explicit mapping into the feature space is required to solve the optimization problem.
As discussed in previous section, the neighboring HSI pixels usually have similar
spectral features and more robust sparse codes can be obtained if they are jointly
reconstructed [126,128]. Let {x1 , . . . , xS } be the set of S neighboring pixels centered
at x1 which are denoted as {xs }. Joint sparsity enforces the neighboring pixels to be
represented in the same subspace and the optimal sparse coefficients A? ({xs }, D)
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are obtained by solving following optimization problem
S

1X
λ2
argmin
kΦ(xs ) − Φ(D)αs k22 + λ1 kAk`12 + kAk2F ,
2
A∈Rd×S 2 s=1

(5.7)

P
where αs is the sparse code for pixel xs and kAk12 = dj=1 kaj→ k2 in which aj→ ’s
are the rows of A. The above optimization problem encourages row sparsity in A?
and therefore the neighboring pixels are enforced to be jointly reconstructed by the
same sparse code pattern [126]. In the special case when S = 1, optimization (5.7)
reduces to that of Eq. (5.6).

5.3 Kernelized dictionary learning with structured sparsity prior
In this section, online algorithms for unsupervised and supervised kernelized dictionary learning under the joint sparsity prior are proposed.

5.3.1 Kernelized unsupervised dictionary learning
With the same notations from previous section, and without loss of generality, let the
input signal consist of S neighboring pixels {xs } centered at x1 and the label vector
of the center pixel be y. Also let lu0 ({xs }, D) be the minimum cost of the kernelized
joint sparse coding of Eq. (5.7) for the given input signal {xs } and dictionary D.
Kernelized unsupervised dictionary learning under is derived by extending the
optimization problem characterized in Eq. (5.1) and using the kernelized joint
sparse representation to enforce collaborations among the neighboring pixels as
follows:
D ? = argmin Exs [lu0 ({xs }, D)] ,
(5.8)
D∈D

where the convex set D is defined in Eq. (5.2). It is assumed that data {xs } is drawn
from a finite (unknown) joint probability distribution of the HSI inputs p({xs }).
The optimization problem can be solved using the classical projected stochastic
gradient algorithm [104] which consists of a sequence of updates as follows:
D ← ΠD [D − ρt ∇D lu0 ({xs }, D)] ,
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(5.9)

where ρt is the gradient step at time t and ΠD is the orthogonal projector onto set
D. It is easy to show that
∇D lu0 ({xs }, D) =

S
X


k0 (D, d1 )αs? α1s ? . . . k0 (D, dd )αs? αds ?



s=1

(5.10)



− k0 (xs , d1 ) . . . k0 (xs , dd ) diag(αs? ) ,


where k0 (D, dk ) ∈ Rn×d is defined as



∂ k(d1 , dk )
∂ k(dd , dk )
k (D, dk ) =
...
,
∂dk
∂dk
0

(5.11)

and αjs ? is the j-th element of the s-th column of A? . In the special case when the
linear kernel function is used, i.e. k(x1 , x2 ) = xT1 x2 , the gradient reduces to
∇D lu0

s

({x }, D) =

S
X

T

(Dαs? − xs ) αs? .

(5.12)

s=1

The algorithm converges to a stationary point for a decreasing sequence of
ρt [104, 105]. A typical choice of ρt is shown in the next section. This problem
can also be solved using online matrix factorization algorithm [88]. It should
be noted that the while the stochastic gradient descent does converge, it is not
guaranteed to converge to a global minimum due to the non-convexity of the
optimization problem [88, 102]. However, such stationary point is empirically found
to be sufficiently good for practical applications [34, 90].

5.3.2 Kernelized task-driven dictionary learning
The unsupervised setting results in dictionary that is optimized for reconstruction
tasks and does not take into account the label of the training data. However, for
classification tasks, the minimum reconstruction error does not necessarily result in
discriminative dictionaries. This section presents a kernelized task-driven dictionary
learning algorithm. The proposed algorithm extends the task-driven dictionary
learning algorithm presented in Section 5.2.1 to enforce collaboration among the
neighboring HSI pixels. This is achieved by using the joint sparsity prior. Moreover,
the algorithm is extended to the kernel domain which provides a general framework
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for task-driven dictionary learning using arbitrary kernel functions. The dictionary
D ? and the model parameter W ? are proposed to be learned jointly in the kernel
space as the minimizer of the following optimization
ν
f (D, W ) + kW k2F ,
D∈D,W ∈W
2
min

(5.13)

where ν is the regularizing parameter and f is defined as the expected cumulative
cost:


f (D, W ) = E lsu (y, W , α? 1 ({xs }, D)) ,
(5.14)
where α? 1 is the first column of the minimizer A? ({xs , D s }) of the optimization
problem (5.7), which is the sparse code for the center pixel, and lsu is a (supervised)
convex loss function that measures how well one can predict y given the feature
α? and model parameters W ∈ W and it can be chosen to be the quadratic loss or
other convex cost functions discussed in Section 4.3.2. Here lsu is chosen to be the
quadratic loss function defined in Eq. (5.5). The expectation is taken with respect
to the joint probability distribution of the HSI inputs {xs } and label y. Note that
α? 1 acts as a hidden/latent feature vector, corresponding to the center pixel, which
is generated by the learned discriminative dictionary D ? .
5.3.2.1

Optimization

The main difficulty in optimizing (5.13) is the nondifferentiability of A? ({xs , D s }).
However, it can be shown that although the sparse coefficients A? are obtained by
solving a non-differentiable optimization problem, the function f (D, W ), defined
in Eq. (5.14), is differentiable on D × W, and therefore its gradients are computable.
To find the gradient of f with respect to D, one can find the optimality condition of
the optimization (5.7) or use the fixed point differentiation [95,97] and show that A?
is differentiable over the non-zero rows, following similar procedure as that shown
in Chapter 4. A few mild assumptions are required to prove the differentiability of
f , similar to those used in [38] with one additional condition on the differentiability
of the kernel function, and are listed below:
Assumption (A). The data (y, {xs }) admit a probability density p with compact
support.
Assumption (B). For all possible values of y, p(y, .) is continuous and lsu (y, .) is
twice continuously differentiable.
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Assumption (C). For all possible values of x, k(x, .) is twice continuously
differentiable.
The first assumption is generally satisfied in signal/image processing applications where the sensors measurements are bounded. Also common choices for lsu
such as the quadratic loss function or the logistic loss function [33] satisfy the
second assumption. Finally, the common kernel functions such as the Gaussian or
polynomial kernel functions satisfy the last assumption. The following proposition
provides the derivative of f . In this proposition, the active set Λ for the sparse
coefficients generated in Eq. 5.7 is defined similar to the definition in 4.18 and is
the set of non-zeros rows of A? .
Proposition 5.3.1 (Differentiability and gradients of f defined in Eq. (5.14)).
Let λ2 > 0 and the assumptions (A), (B), and (C) hold. Let Υ = ∪j∈Λ Υj where
Υj = {j, j + d, . . . , j + (S − 1)d}. Let DΛ ∈ Rn×|Λ| be formed by the columns of D
which are indexed in Λ. Let matrix ∆ ∈ RS|Λ|×S|Λ| be defined as
∆ = ∆1 ⊕ · · · ⊕ ∆|Λ| ,
where ∆j =

1
I
ka?j→ k`2

−

1
a? T a?j→
ka?j→ k`2 3 j→

(5.15)

∈ RS×S , ∀j ∈ Λ, I is the identity matrix,

and ⊕ is the direct sum operator. Also let k0 (D, dk ) ∈ Rn×d be defined as in
Eq. (5.11). Then, the function f defined in Eq. (5.14) is differentiable and


∇W f = E ∇W lsu y, W , α? 1 ,
" S
X 
∇D f = E
k0 (xs , d1 ) − k0 (D, d1 )αs? . . .
s=1

k0 (xs , dd ) − k0 (D, dd )αs? diag(βs̃ )
#

 0

− k (D, d1 )βs̃ α1s ? . . . k0 (D, dd )βs̃ αds ?
,

(5.16)

where s̃ = {s, s + S, . . . , s + (d − 1)S} and β ∈ RdS is defined as
βΥc = 0, βΥ = (k(DΛ , DΛ ) ⊗ I + λ1 ∆ + λ2 I)−1 g,

(5.17)

?

in which g = vec(∇A? T lsu (y, W , α1 )), Υc = {1, . . . , dS} \Υ, βΥ ∈ R|Υ| is formed
Λ→
of those rows of β indexed by Υ, and vec(.) is the vectorization operator.
The proof of this proposition is given in Section 5.3.2.2. An algorithm to
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Algorithm 4 Stochastic gradient descent algorithm for the kernelized task-driven
dictionary learning under the joint sparisty prior
Input: Kernel function k, neighborhood size S, Regularization parameters λ1 , λ2 , ν, learning
rate parameters ρ, t0 , number of iterations T , initial dictionary D ∈ D, and initial model
parameter W ∈ W.
Output: Learned D and W
1: for t = 1, . . . , T do
2:
Draw a sample (x1 , . . . , xS , y) where x1 is a training pixel randomly selected from the
training set with label y and (x2 , . . . , xS ) are its closest (S − 1) HSI pixels.
h
i h
iT
Find solution A? = α? 1 . . . α? S = a?1→ T . . . a?d→ T
∈ Rd×S of the joint sparse coding
3:
4:
5:
6:
7:

problem (5.7).
Compute the set of active rows Λ of A? .
Let DΛ ∈ Rn×|Λ| and WΛ ∈ RC×|Λ| be formed by the columns of D and W which are
indexed in Λ.
Compute ∆ using Eq. (5.15).
Compute β ∈ RdS as:
βΥc = 0, βΥ = (k(DΛ , DΛ ) ⊗ I + λ1 ∆ + λ2 I)−1 g,

8:
9:

where Υ = ∪j∈Λ {j, j + d, . . . , j + (S − 1)d}, βΥ is a vector in R|Υ| whose rows
 are
those of β indexed by Υ, ⊗ is the Kronecker product, g = vec (W Ā − Ȳ )T WΛ , Ā =
 ?1

α , 0, . . . , 0 ∈ Rd×S , Ȳ = [y, 0, . . . 0, ] ∈ RC×S , and vec(.) is the vectorization operator.
Choose the learning rate ρt ← min(ρ, ρ tt0 ).
Update the parameters by a projected gradient step:


T
W ← W − ρt (W α? 1 − y)α? 1 + νW ,
"
S 
X
 0 s
D ← ΠD D − ρ t
k (x , d1 ) − k0 (D, d1 )αs ? . . .
s=1


k0 (xs , dd ) − k0 (D, dd )αs ? diag(βs̃ )
#
 0

0
s?
s?
− k (D, d1 )βs̃ α1 . . . k (D, dd )βs̃ αd
,
where s̃ = {s, s + S, . . . , s + (d − 1)S} and k0 (D, dk ) is defined in Eq. (5.11).
10: end for

find the optimal dictionary D and model parameter W ? of the quadratic loss
function for HSI classification is described in Algorithm 4. In the special case
when S = 1 and linear kernel is chosen, the proposed algorithm reduces to the
task-driven dictionary learning algorithm in [38]. In theory, one needs to select
λ2 in Eq. (5.7) to be strictly positive which guarantees the linear equation in the
algorithm (step 7) to have unique solution. In other words it is easy to show that
the matrix (k(DΛ , DΛ ) ⊗ I + λ1 ∆ + λ2 I) in Algorithm 4 is positive definite given
λ1 ≥ 0, λ2 > 0. However, in practice it is observed that setting λ2 to zero yields
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satisfactory results. As in any nonconvex optimization problem, if the algorithm
is not initialized properly, it may yield poor performance. Here, the unsupervised
dictionary learning algorithm proposed in Eq. (5.9) is used to initialize D. Once
dictionary D is initialized, the initial value of W is set by solving (5.4) only with
respect to W which is a convex optimization problem.
5.3.2.2

Proof of the proposition 5.3.1

The proof of Proposition 5.3.1 is presented using the optimality condition for the
kernelized sparse representation. The subgradient optimality condition of minimizer
 ?

T
?
A? = α1 . . . αS = a?1→ T . . . a?d→ T ∈ Rd×S of (5.7) is as follows:


?
?
0 ∈ { k(D, D)α1 − k(D, x1 ) . . . k(D, D)αS − k(D, xS )
+ λ2 A? + λ1 P : P ∈ ∂kA? k`12 },

(5.18)

where ∂kA? k`12 denotes the subgradient of the `12 norm evaluated at A? . As shown
aj→
in [108], the subgradient is characterized, for all j ∈ {1, . . . , d}, as pj→ = kaj→
if
k`2
kaj→ k`2 > 0, and kpj→ k`2 ≤ 1 otherwise. From the optimality condition, it is then
easy to see that A? is a minimizer of (5.7) if and only if , ∀j ∈ {1, . . . , d}
 

k(dj , x1 ) . . . k(dj , xS ) − k(dj , D)A?




?


 − λ2 a? = λ1 aj→ , if ka? k` 6= 0,
j→
j→ 2
ka?j→ k`2





k k(dj , x1 ) . . . k(dj , xS ) − k(dj , D)A?




− λ2 a?j→ k`2 ≤ λ1 , otherwise,

(5.19)

Moreover, similar to the procedure in the Proposition 4.3.2, it is easy to show that
the active set is locally constant for the small perturbation of {xs }, D and, therefore,
A? is locally differentiated. Furthermore, the set of points where the active set


changes has measure zero and therefore E lsu y, W , α? 1 is differentiable on
D × W.
Therefore, f is differentiable with respect to W due to the assumption (A)
and twice differentiability of lsu . Similarly, f is differentiable with respect to D
given the assumption (A), twice differentiability of lsu , and the fact that A? is
differentiable everywhere except on a set of measure zero. The derivative of f
with respect to D is obtained using the chain rule and implicit differentiation of
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A? ({xs }, D) with respect to D. For the non-active rows of A? , the differential is
zero. On the active set Λ, the optimality condition (5.19) can be rewritten as


k(DΛ , DΛ )A?Λ→ − k(DΛ , x1 ) . . . k(DΛ , xS )
 ? T
T
a1→
a?N → T
?
+ λ2 AΛ→ = −λ1
,
... ?
ka?1→ k`2
kaN → k`2

(5.20)

where N is the cardinality of Λ and DΛ and A?Λ→ are the matrices consisting of
active columns of D and active rows of A? , respectively. For the rest of the proof,
only the active set is considered and the symbols Λ and ? are dropped for the ease
of notation. Taking the partial derivative from both sides of (4.27) with respect to
dij , the element in the ith -row and j th -column of D, and taking its transpose yield:


T
T
k0 (D, dj )α1 − k0 (x1 , dj ) Eij + α1 Eij T k0 (D, dj )
T

∂A
..
λ2
+
.

∂dij
T
T
0
0
S
S
k (D, dj )α − k (x , dj ) Eij + αS Eij T k0 (D, dj )


∂aT1→
∂aTN →
∂AT
k(D, D) = −λ1 ∆1
. . . ∆N
,
∂dij
∂dsij
∂dsij



+


or equivalently,
T

λ2

∂A
+
∂dij

S
X
s=1


 0
 k (D, dj )αs − k0 (xs , dj )

0
T



Eij + αsT Eij T k0 (D, dj )  +

0


∂AT
∂aT1→
∂aTN →
k(D, D) = −λ1 ∆1
. . . ∆N
,
∂dij
∂dsij
∂dsij


where Eij ∈ Rn×N is a matrix with zero elements except the element in the ith row
and j th column which is one and
∆k =

1
kak→ k`2


I−

1

aT ak→
kak→ k2`2 k→



∈ RS×S ,

∀k ∈ {1, . . . , N }. It is easy to check that ∆k ≥ 0. Vectorizing both sides and
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factorizing results in


0

s T





 k0 (xs , dj ) − k0 (D, dj )α
eij 1 − αsT Eij T k0 (d1 , dj ) 




0


 X

S
T
T


∂A
0
0
0
T
sT
s
s
eij 2 − α Eij k (d2 , dj ) 
k (x , dj ) − k (D, dj )α
=
P
vec
,

∂dij


.
s=1
..





T
T 0

 k0 (xs , d ) − k0 (D, d )αs e
sT
−
α
E
k
(d
,
d
)
ij
ij

j 
j
j
N
N
0
(5.21)
where eij k is the k th column of Eij , P = (k(DΛ , DΛ ) ⊗ I + λ1 ∆ + λ2 I)−1 , and ∆
is defined in Eq. (5.15). Further simplifying Eq. (5.21) yields

vec

∂AT
∂dij


=

S 
X



T
Ps̃ Eij T k0 (xs , dj ) − k0 (D, dj )αs − Ps̃ k0 (D, dj )i→ αjs ,

s=1

where s̃ is defined in Eq. (5.16) and k0 (D, dj )i→ is the i-th row of matrix k0 (D, dj ).
Using the chain rule results in



∂AT
∂f
T
= E g vec
,
∂dij
∂dij
where g = vec

∂lsu
∂AT



. Therefore, derivative with respective to the active columns
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of dictionary D is



T
0
0
T
T
s
s
g
P
E
k
(x
,
d
)
−
k
(D,
d
)α
− g T Ps̃ k0 (D, d1 )1→ α1s
s̃
11
1
1
S
X 
∂f
..
=
E
.

∂D

T
s=1
0
0
T
T
s
g Ps̃ En1 k (x , d1 ) − k (D, d1 )αs − g T Ps̃ k0 (D, d1 )n→ α1s


T s
g T Ps̃ E1N T k0 (xs , dN ) − k0 (D, dN )αs − g T Ps̃ k0 (D, dN )1→ αN

..

.


T s
0
0
0
T
T
s
s
T
g Ps̃ EnN k (x , dN ) − k (D, dN )α − g Ps̃ k (D, dN )n→ αN


k0 (xs , d1 ) − k0 (D, d1 )αs 1 pT(s−1)N +1 g − k0 (D, d1 )1→ Ps̃T gα1s
S
X 
..
=
E
.

 T
s=1
0
0
s
s
k (x , d1 ) − k (D, d1 )α n p(s−1)N +1 g − k0 (D, d1 )n→ Ps̃T gα1s


s
k0 (xs , dN ) − k0 (D, dN )αs 1 pTsN g − k0 (D, dN )1→ Ps̃T gαN

..

.


s
k0 (xs , dN ) − k0 (D, dN )αs n pTsN g − k0 (D, dN )n→ Ps̃T gαN
=

...
...

...
...

S
i
h
X
E k0 (xs , d1 ) − k0 (D, d1 )αs . . . k0 (xs , dN ) − k0 (D, dN )αs ×
s=1




pT(s−1)N +1 g


..

diag 
.


T
psN g
S
i
h
X
0
0
s
T
s
T
−
E k (D, d1 )Ps̃ gα1 . . . k (D, dN )Ps̃ gαN .
s=1

(5.22)
Setting β = P T g ∈ RN S and noting that βs̃ =
complete the proof.

h

pT(s−1)N +1 g . . . pTsN g

iT

= Ps̃T g

5.4 Results and discussion
The performance of the proposed HSI classification algorithm is evaluated on
the Indian Pine image, which is generated by Airborne Visible/Infrared Imaging
Spectrometer (AVIRIS), and the University of Pavia image. The Indian Pine image
contains 16 classes spread over the 145 × 145 pixels and each pixel has 220 bands
ranging from 0.2 to 2.4µm. The 20 bands corresponding to the water absorption
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are removed before processing the image. Similar to the setup in [126], 997 pixels
(10.64% of the available data) are randomly selected to form the training set and
the rest of the pixels are used for testing. The University of Pavia image is an
urban image and has 115 spectral bands ranging from 0.43 to 0.86µm. It contains
9 classes spread over the 610 × 340 pixels. The 12 noisiest bands are removed. For
this dataset, the standard training and test split is used [126] where the training
set consists of 3, 921 pixels (10.64% of the available data) and the rest 40, 002
pixels are used for testing. For the dictionary learning algorithms, the size of the
dictionary is chosen to be 5 atoms per class. The regularization parameters λ1 and
ν and Gaussian kernel parameter σ are selected using cross-validation on the sets
{0.001, 0.01, 0.1}, {10−8 , 10−7 , . . . , 10−1 }, and {0.5, 1, . . . , 5}, respectively, and λ2 is
set to zero. The learning parameters ρ and t0 are selected similar to the procedure
outlined in [38].
The performance of the proposed kernelized dictionary learning algorithm is
compared with the linear task-driven dictionary learning algorithm (SDL-`1 -l)
proposed in [38]. For this purpose, the results of the proposed algorithm are
reported using three different settings which are named as SDL-`1 -k, SDL-`12 -l,
SDL-`12 -k. The SDL-`1 -k is the extension of the SDL-`1 -l to the kernel domain.
The SDL-`12 -l is the enforcing collaboration of the neighboring pixel using the
joint sparsity and in the linear domain. Finally, the SDL-`12 -k is the setting
where the neighboring pixels are jointly reconstructed in the kernel domain. The
performance of the proposed algorithm is also evaluated against the linear and the
kernel SVM, namely SVM-l and SVM-k respectively, as well as the sparse-based
representation classification algorithms. For the latter, all the training samples
are used to construct the dictionary and the results are reported using `1 and `1,2
priors in both linear and kernel domains which are named as SRC-`1 -l, SRC-`1 -k,
SRC-`12 -l, and SRC-`12 -k, accordingly.
The classification results on the Indian Pine and University of Pavia hyperspectral Images are shown in Table 5.1 and Table 5.2, respectively. As expected, the
kernelized formulations usually achieve better classification performance. Moreover,
it is consistently observed that using joint sparsity prior (`12 norm) to enforce collaboration among the neighboring pixels improves the performance. The proposed
SDL-`12 -k achieves the best performance against the competitive algorithms for
both datasets. In comparing the performances of the dictionary-learning based
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Table 5.1: Average and overall accuracy obtained for HSI classification of the Indian
Pine image. The dictionary size for SRC algorithms is 997 while it is 80 for SDL
algorithms.
Algorithm

OA

AA

Algorithm

OA

AA

SVM-l
SRC-`1 -l
SRC-`12 -l
SDL-`1 -l
SDL-`12 -l

64.94
71.88
76.41
81.43
84.14

56.53
64.28
64.67
66.43
76.56

SVM-k
SRC-`1 -k
SRC-`12 -k
SDL-`1 -k
SDL-`12 -k

75.78
74.83
77.41
83.48
87.56

61.40
67.19
63.66
74.65
81.25

Table 5.2: Average and overall accuracy obtained for HSI classification of the
University of Pavia image. The dictionary size for SRC algorithms is 3921 while it
is 45 for SDL algorithms.
Algorithm

OA

AA

Algorithm

OA

AA

SVM-l
SRC-`1 -l
SRC-`12 -l
SDL-`1 -l
SDL-`12 -l

61.84
66.51
83.86
69.30
84.48

65.09
75.98
86.29
83.44
84.47

SVM-k
SRC-`1 -k
SRC-`12 -k
SDL-`1 -k
SDL-`12 -k

62.43
74.05
82.67
81.25
86.07

72.14
80.06
85.28
82.24
87.37

algorithms with those in which the dictionary is constructed by collecting all the
training samples, one should also note the difference in the dictionary sizes. The
proposed task-driven formulations achieve the better performances with more compact dictionaries which translates into more computationally efficient processing of
the test samples.

5.5 Conclusions
In this section, a kernelized task-driven dictionary learning algorithm is proposed
for supervised HSI classification. The proposed formulation enjoys a joint sparsity
prior which enforces collaboration among the neighboring pixels for robust sparse
representation. It is shown that the proposed algorithm, equipped with compact
dictionary, achieves state-of-the-art performances for classification of the Indian
Pine and the University of Pavia hyperspectral images. The proposed formulation
provides a general framework for nonlinear supervised dictionary learning that can
be readily applied to other classification tasks. Future research topics includes
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extension of the proposed algorithm to include other structured sparsity priors and
testing them on different classification tasks.
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Chapter 6 |
Conclusions, and Future Research
Directions
6.1 Conlusions of the dissertation
In this dissertation, the sparse models for signal processing and computer vision
applications haven been studied. The main focus has been on developing efficient
multimodal learning algorithms for information fusion. For this purpose, different
sparsity models are utilized. In a general framework, the problem of multimodal
sparse representation classification has been formulated using a tree-structured
sparsity models and an accelerated proximal gradient method is proposed to solve
this class of problems. The proposed algorithm allows the extraction of related
information among multiple modalities at different granularities. A possibilistic
weighting scheme has also been proposed to jointly represent and quantify the
test samples from different modalities for robust fusion of available sources based
on their respective reliability. The results show that the proposed algorithms
achieve state-of-the-art performance on several applications including multiview
face recognition, multimodal face recognition, and multimodal target classification.
The problem of multimodal dictionary learning has been investigated in this
dissertation and task-driven formulations are proposed to simultaneously identify the optimal dictionaries and classifiers under different sparsity priors. It is
shown that the corresponding bi-level optimization problem is differentiable almost
everywhere, and an stochastic gradient descent algorithm has been proposed to
solve the corresponding optimization problem. The algorithm is then extended to
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cover a more general scenario, where the sparsity prior is the combination of the
joint and independent sparsity constraints. The simulation results show that the
sparse coefficients generated by the proposed multimodal task-driven dictionary
learning algorithms are discriminative and are capable of improving the multimodal
classification performance. It is also shown that, compared to the conventional
sparse-representation classification algorithms, the dictionary can be chosen to
be more compact and yet achieve significantly better performance, which is very
important for real-time applications.
While the sparse representation is usually performed in the input domain, a
kernelized task-deriven dictionary learning algorithm is proposed for which the
reconstruction can be formed in the kernel (feayure) domain. It is shown that
the proposed algorithm achieves the state-of-the-art performance for hyperspectral
image classification. The proposed formulation enjoys a joint sparsity prior that
enhances collaboration among the neighboring pixels for robust sparse representation
and it provides a general framework for nonlinear supervised dictionary learning
that can be readily applied to other classification tasks.

6.2 Future research directions
Potential extensions of the current work include:
• Parameter-free optimization: In the proposed dictionary learning framework
which utilizes the stochastic gradient algorithm, the learning rate should
be carefully chosen for convergence of the algorithm. In the performed
experiments, a heuristic has been used to control the learning rate. One of
the topics of future research includes development of superior optimization
tools to guarantee fast convergence in this non-convex setting.
• Dictionary learning with tree-structured sparsity: Another future research
topic is development of task-driven dictionary learning algorithms under other
structured sparsity priors (e.g., tree-structured sparsity prior) for multimodal
fusion. More precisely, it would be interesting to train multimodal dictionary
and the corresponding correlation among the different modalities jointly from
the data. This can potentially yield improved fusion performance as the treestructured sparsity provides a framework for fusion of the different modalities
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at multiple granularities.
• Fast inference: The sparse representation-based classification algorithms
require an optimization problem to be solved for a given test sample before an
inference can be made. The computational cost for solving the optimization
problem depends on the number of dictionary atoms and the feature dimension.
While dictionary learning can be used to train a more compact dictionary
and to reduce the computational cost, it does not remove the need for
solving the optimization problem which may be too expensive in particular
applications. Recently, an sparse auto-encoder has been proposed, which
approximates the sparse coefficients using a neural network and has resulted
in competitive performance [131]. An interesting future topic would be to
study the application of sparse auto-encoders in the context of information
fusion to approximate the sparse coefficients of the multimodal inputs for
more efficient inference.
• Applications: Future research will also include adaptation of the proposed
multimodal dictionary learning algorithms for other vision tasks such as multimodal retrieval, multi-view action recognition, and image super-resolution.
Recently sparse representation has shown promising results in more broad
applications such as neuroscience [132], bioinformatics [133], and in astrophysics [134]. It would be of great interest and importance to investigate
applications of the proposed linear and kernelized dictionary learning algorithms in these domains.
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Appendix A|
Feature Extraction from Timeseris
Feature extraction from sensor signals is an important step in classification problems
which is accomplished here by three alternative algorithms, namely Cepstrum [24],
PCA [33], and SDF [58, 60]. While the details of these algorithms have been
reported in earlier publications, this section briefly reviews the underlying concepts
of feature extraction from sensor time series for completeness of this proposal and
lists the algorithms that have been used in this proposal for extracting the features.

A.0.1 Cepstrum for Feature Extraction
This subsection briefly describes the Cepstrum-based feature extraction that has
been widely used in speech recognition and acoustic signal classification [62]. Given
a signal f (t), t = 1, . . . , N , Cepstra are usually computed in the following form [135],
which is used in the rceps Matlab function 1 :

fc (t) = < F −1 (log |F (ω)|)

(A.1)

where F (ω) is the Fourier transform of the signal f (t); the operator F −1 is the
inverse Fourier transform; and <(z) indicates the real part of a complex scalar z.
A slightly modified version of this algorithm is used here. After obtaining
the Fourier transform of the signal, frequency components with small values are
discarded before taking the inverse Fourier transform to prevent high unimportant
1

http://www.mathworks.com/help/signal/ref/rceps.html
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components from gaining higher Cepstrum values. After finding the Cepstrum
features, the first Nc components are used as Cepstrum features for classification.
Algorithm 5 for Cepstrum-based feature extraction is presented below.
Algorithm 5 Cepstrum for feature extraction
Input: Time series data sets x ∈ R1×N ; Cut-off sample Nf (where Nf ≤ N ); and dimension of
the Cepstrum feature Nc (where Nc ≤ Nf ).
Output: Extracted Cepstrum-based feature p ∈ R1×Nc of the time-series x
1: Compute the magnitude of FFT |F (ω)| of the given time series where ω = 1, . . . , N
2: Store the first Nf frequency components
and discard the rest

3: Compute fc (t) = < F −1 (log |F (ω)|) , t = 1, . . . , Nf
4: Compute the feature p = [fc (1) fc (1) . . . fc (Nc )]

A.0.2 Principal Component Analysis for Feature Extraction
This subsection briefly describes the principal component analysis (PCA) for feature
extraction, which has been widely used in diverse applications [33]. While the
Cepstrum-based feature extraction makes use of only the information imbedded in
a time series, PCA takes advantage of the information of the ensemble of training
data in addition to the local information to extract the features [33]. Let the
training data sets (i.e., the ensemble of time series) be organized as an (M × N )dimensional data matrix, where M is the number of training data sets and N is
the length of each data set (i.e., 1-D time series). For the detection problem, the
training data consists of both “No Target" and “Target Present" classes while, in
the human/animal classification problem, the training data consists only of samples
from the “Target Present" class.
Let X be the centered version of the original (M × N ) data matrix, where each
row of X is an individual data sample x with zero mean. In the application of target
detection and classification, M is often smaller than N , i.e., the number of training
samples are fewer than the length of time-series. Therefore, it is numerically efficient
to analyze the (M × M ) matrix (1/M )XX T that has the same nonzero eigenvalues
as the (N × N ) computed covariance matrix (1/M )X T X [33].
Let vi be the normalized eigenvectors of the real symmetric matrix (1/M )XX T
corresponding to the (real positive) eigenvalues λi that are arranged in the decreasing
order of magnitude, i.e., λ1 ≥ λ2 ≥ · · · ≥ λM . Let m be the smallest integer such
P
PM
that m
i=1 λi > η
i=1 λi where 1 ≤ m ≤ M , where the threshold parameter η is a
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real positive fraction close to one. The corresponding (normalized) eigenvectors ui
in the original data space are obtained in terms of vi and λi as follows [33] [57]:
ui = √

1
X T ∗ vi , i = 1, 2, . . . , m.
M λi

(A.2)

The PCA projection matrix W ∈ RN ×m is then obtained by grouping the computed
eigenvectors as follows:
W = [u1 u2 . . . um ]
(A.3)
The PCA-based feature vector p ∈ R1×m for a given (train or test) time-series
x ∈ R1×N , is then computed by projection as follows:
p = xW.

(A.4)

Algorithm 6 for PCA-based feature extraction is presented below.
Algorithm 6 Principal component analysis for feature extraction
Input: Training time series data sets x j ∈ R1×N , j = 1, . . . , M ; Tolerance η ∈ (0, 1); and test
time series data set x ∈ R1×N
Output: Extracted feature vector p ∈ R1×m for the time-series x
1: Construct the “centered version" training data matrix X ∈ RM ×N , where each row x j has
zero mean.
2: Compute the matrix S = (1/M )XXT
3: Compute the normalized eigenvectors {vi } of S with their corresponding eigenvalues {λi } in
the decreasing order of magnitude
T
4: Compute the normalized eigenvectors ui = √M1 λ X vi
i
Pm
PM
5: Find the smallest m ≤ M such that i=1 λi > η i=1 λi
6: Construct (N × m) projection matrix W = [u1 , u2 , ..., um ]
7: Generate (1 × m) reference patterns p = xW

A.0.3 Symbolic Dynamic Filtering for Feature Extraction
This subsection succinctly reviews the concept of symbolic dynamic filtering (SDF)
for extraction of low-dimensional features from time-series data [58]. As stated
earlier in Section 2.2, the SDF algorithm reported in [58, 59] includes wavelettransformed pre-processing of signals to facilitate denoising and time-frequency
localization. However, inclusion of wavelet transform requires tuning of additional
design parameters, such as the wavelet basis and a set of scales. Since multiplicity
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of selectable parameters may adversely affect the performance of the algorithms, it
has been opted to apply SDF directly on the time-series data (i.e., without wavelet
preprocessing), primarily because the signal-to-noise ratio (SNR) of the available
field data was acceptable without denoising.
The pertinent steps of the SDF procedure for feature extraction are delineated
below.
A.0.3.1

Symbolization of Time Series

This step requires partitioning (also known as quantization) of the time series
data. The signal space, approximately represented by the training data set, is
partitioned into a finite number of cells that are labeled as symbols, i.e., the number
of cells is identically equal to the cardinality |Σ| of the (symbol) alphabet Σ. As an
example for the one-dimensional sensor time series data in Fig. A.1, the alphabet
Σ = {α, β, γ, δ}, i.e., |Σ| = 4, and three partitioning lines divide the ordinate
(i.e., y-axis) of the time series profile into four mutually exclusive and exhaustive
regions. These disjoint regions form a partition, where each region is labeled with
one symbol from the alphabet Σ. If the value of time series at a given instant is
located in a particular cell, then it is coded with the symbol associated with that
cell. As such, a symbol from the alphabet Σ is assigned to each (signal) value
corresponding to the cell where it belongs. (Details are reported in [59].) Thus,
a (finite) array of symbols, called a symbol string (or symbol block), is generated
from the (finite-length) time series data.
The ensemble of time series data are partitioned by using a partitioning tool (e.g.,
maximum entropy partitioning (MEP) or uniform partitioning (UP) methods [59]).
In UP, the partitioning lines are separated by equal-sized cells. On the other
hand, MEP maximizes the entropy of the generated symbols and therefore, the
information-rich cells of a data set are partitioned finer and those with sparse
information are partitioned coarser, i.e., each cell contains (approximately) equal
number of data points under MEP. In both UP and MEP, the choice of alphabet
size |Σ| largely depends on the specific data set and the allowable error of detection
and classification.
MEP is adopted here as the partitioning tool to accommodate sparsity of the
time series data to be symbolized. For the purpose of pattern classification, the
training data set is partitioned with a given alphabet size |Σ| that is selected
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by trade-off between information loss and computational complexity [59] and the
partitioning is subsequently kept constant for the test data.
A.0.3.2

Construction of probabilistic finite state automata (PFSA)

The PFSA states represent different combinations of blocks of symbols on the
symbol sequence. In the graph of a PFSA, the directional edge that interconnects
a state (i.e. a node) to another state represents the transition probability between
these states. Therefore, the “states" denote all possible symbol blocks (i.e., words)
within a window of certain length. Here, a D-Markov Machine [58] (with the
symbol block length of each state D = 1) has been used. Thus, in this case, the
number of states are equal to the number of symbols, i.e., |Q| = |Σ|, where the set
of all possible states is denoted as Q = {q1 , q2 , . . . , q|Q| } and |Q| is the number of
(finitely many) states. Then, transition probabilities are defined as:
P (qk | ql ) = P

N (ql , qk )
, ∀qk , ql ∈ Q
i=1,2,...,|Q| N (ql , qi )

(A.5)

where N (ql , qk ) is the total count of events when qk occurs adjacent to ql in the
direction of motion. Having computed all these probabilities P (qk | ql ) ∀qk , ql ∈ Q,
the state transition probability matrix of the PFSA is given as



P (q1 | q1 )
. . . P q|Q| | ql
 .
. . . ..
.
Π=
.
 .


P q1 | q|Q| · · · P q|Q| | q|Q|



.


(A.6)

By appropriate choice of partitioning, the resulting Markov chain model satisfies
the ergodicity conditions, i.e., the stochastic matrix Π is irreducible. The rationale
is that, under statistically stationary conditions, the probability of every state being
reachable from any other state within finitely many transitions must be strictly
positive [136]. For a given time series, after the matrix Π is constructed, its left
eigenvector p corresponding to the (unique) unity eigenvalue is computed. Then,
the vector p (which is the stationary state probability vector) serves as the “feature"
vector extracted from the time series as seen in Fig. A.1. This feature vector p is
used for pattern classification in the sequel.
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Figure A.1: Concept of symbolic dynamic filtering (SDF) as a feature extractor
A.0.3.3

Formulation of SDF-based feature extraction algorithms

The SDF-based feature extraction is executed as a combination of two algorithms:
• Maximum entropy partitioning (MEP) of time series data.
• Symbolic dynamic filtering (SDF) for feature extraction, which makes use of
the MEP algorithm.
Algorithm 7 and Algorithm 8 for SDF-based feature extraction are presented
below.
Algorithm 7 Maximum entropy partitioning
Input: Finite-length string y of time-series data; and number of symbols |Σ|
Output: Partition vector ℘ ∈ R|Σ|+1
1: Sort the time series data string x in the ascending order
2: Let K=length(y)
3: Assign ℘(1) = y(1), i.e., minimum element of y
4: for i=2 to 
|Σ| do


(i − 1) ∗ K
5:
℘(i) = y ceil
|Σ|
6: end for
7: Assign ℘(|Σ| + 1) = y(K), i.e., maximum element of y
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Algorithm 8 Symbolic dynamic filtering for feature extraction
Input: Training time series data sets x j ∈ R1×N , j = 1, . . . , M and a test time series data set
x ∈ R1×N
Output: Extracted SDF-based feature vector p for the time-series x
1: Initialize y = ∅
2: for j = S
1 to M do
3:
y = y xj
4: end for
5: Partition y using Algorithm 7 to obtain the (common) partition vector ℘
6: Use ℘ on the test data set x to obtain the symbol string s
7: Construct the (irreducible) state transition probability matrix Π by using Eqs. (A.5) and (A.6)
8: Compute the (sum-normalized) left eigenvector p corresponding to the (unique) unity eigenvalue of Π
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