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Abstract

The realization problem for hidden Markov models (HMMs) has been studied over
years. However, it does not always have solution and requires the exact string
probabilities of all string of finite length. In real world applications, it is not fea-
sible and only finite number of approximate string probabilities of strings up to
certain length are usually available. Since the string probabilities are approximate,
the realization algorithms will produce an outcome of HMM that has high order.
Accordingly, it may be more useful to make a good low order approximate realiza-
tion of string probabilities rather than try to match them exactly.

In this thesis, we aim to give a heuristic as a solution to approximate realization
problem for HMM by presenting a low-order approximation of the HMM given
a sequence of observations. We propose an algorithm to find an HMM that ap-
proximately generates the given string probabilities which are computed from the
observation sequence. The algorithm first minimizes the rank of Hankel matrix
constructed from an HMM using nuclear norm generalization, subsequently given
the rank information finds an HMM using non-negative matrix factorization that
approximately realizes the given string probabilities.
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Chapter

Introduction

1.1 Background

Hidden Markov models (HMMs) were first introduced to the literature by Blackwell
and Koopmans in 1957 [1] and the use of HMMs in engineering applications dates
back to late 1970s. Hidden Markov models now have various practical applications
such as speech processing, source coding, communication, control systems, com-
putational biology, computer vision and computer and network security. However,
many theoretical questions concerning identification, realization and estimation of

HMMs are still unanswered.

The identification problem for HMMs is given a sequence of observations or an out-
put string finding an HMM that models the output string. Traditional techniques
for identifying hidden Markov model parameters (emission and transition proba-
bilities) use maximum likelihood estimation technique based either on specialized
Expectation-Maximization techniques, such as the Baum-Welch algorithm [2], or
on numerical optimization techniques, such as the gradient descent algorithm [3].

In either case, HMM parameters are estimated over several training iterations.

The subspace inspired identification method is also considered as a solution for
identification problem of HMMs in [4]. Unlike the Baum-Welch algorithm, in sub-
space inspired identification method, state sequence is estimated from the given

output sequence, then system matrices are calculated given the output sequence



and estimated state sequence.

The realization problem for HMMs is given string probabilities finding a HMM
that corresponds to the given string probabilities and it has been studied over
years in literature [5, 6, 7, 8, 9]. However, the realization problem for HMMs does
not always have solution and it requires the exact string probabilities of all string
of finite length. In practical applications it is not feasible and only finite number

of string probabilities are available.

In order to apply realization algorithms to HMM with finite number of string
probabilities, the partial realization problem is introduced. Unlike the realization
problem, the partial realization problem always has a solution [10]. In practice,
approximate string probabilities of strings up to certain length are usually given.
Since the string probabilities differ from the true probabilities, the partial real-
ization algorithms will produce an outcome of HMM that has high order [11].
Accordingly, it may be more useful to make a good low order approximate realiza-
tion of string probabilities rather than try to match them exactly. In this thesis,

we aim to give a heuristic as a solution to approximate realization problem.

1.2 Historical Review

The realization problem for HMMs first introduced in literature by Gilbert [5].
Gilbert stated that a process has to have finite Hankel rank in order to be realiz-
able by HMM. A counterexample that a process having finite Hankel rank does not
have HMM realization was given by Fox and Rubin in [6]. Sufficient condition for
realization of an HMM was provided by Dharmakadhari [7] and later on Heller [§]
extended the argument by giving the probabilistic characterization of HMMs and
he derived the necessary and sufficient condition for the existence of an HMM. For
the detailed description of these arguments developed over years, see [12]. Forty
years later, Anderson [9], stated that solutions for HMM realization given in [8, 7]
actually was not valid. He then presented a new stochastic realization technique
for HMMs with the assumption that given string probabilities have an HMM real-

ization. The proposed technique in [9] demonstrates that a positive factorization



of a certain Hankel matrix can be used to realize the HMMs probability matrices.

In [13], the complete realization problem was streamlined.

Since a solution to realization problem is not always guaranteed, the partial re-
alization problem considered to model an HMM to realize string probabilities of
strings up to length ¢. In [10], Vidyasagar provided a solution to partial realization
problem by modeling the string probabilities with a (¢ — 1)-step Markov process
and it was proven in [10] that this solution satisfy the consistency and nonnega-

tivity conditions of string probabilities of strings up to certain length.

A more relaxed version of the partial realization problem, approximate partial re-
alization, was first considered in [11]. Later on, in [14, 4] non-negative matrix fac-
torization (NMF) algorithms were proposed based on Anderson’s HMM stochastic

realization approach [9] to recover the HMMs parameters.

1.3 Motivation and Objectives

It is well known that problems involving minimizing the rank of a Hankel matrix
is often studied in linear system theory, e.g., in designing a low-order, linear time-
invariant (LTI) system directly from convex specifications on its impulse response.
In conventional linear system theory, the Hankel matrix can be factorized using
the impulse response of a finite dimensional linear system with rational transfer
function, and the rank of the Hankel matrix gives the order information of the sys-
tem. The generalized Hankel matrix formed from an HMM has some superficial
similarities to Hankel matrix [13]. The generalized Hankel matrix constructed from
stationary HMM can also be factorized and it has rank at most N i.e., number of
states or the order of the model [9].

Following the intuition of stationary Hankel matrix rank condition, in this thesis,
we present an algorithm to find an HMM that realizes the given string probabil-
ities. Given the finite output sequence, the algorithm first minimizes the rank of
Hankel matrix constructed from an HMM using nuclear norm generalization, sub-

sequently given the rank information finds an HMM that approximately generates



the given string probabilities.

The thesis is organized as follows. In chapter 2, we introduce the notation for
HMDMs, and define some concepts that will be used in the rest of the thesis. In
chapter 3, we state the problem and present the algorithm as a solution to the
problem. In chapter 4, we apply our algorithm on simulation examples for various

parameters and discuss the results.



Chapter

Preliminaries

2.1 Markov Process

Consider a stochastic process { Xx, X =0,1,2,...} that takes values on a finite or
countable number of possible values. Being in state ¢ at time n is represented by
X, =i and P;; is defined as probability of transition from state j whenever the

process is in state i, i.e.

P{l’n+1 = j‘In = i, ., Ly = Zo} = P{xn+1 = j|l’n = Z} = F)ij (21)

for all states 1ig,...,%,-1,%,j. This property is called Markov property and the
stochastic process having the Markov property is called as Markov process [15].
Equation 2.1. can be stated as follows; the conditional distribution of any future
state x,,.1 given the past states zg,...,x,_1 and the present state z,, is inde-
pendent of the past state and depends only on the present state. Because of the
aforementioned reason, Markov property is a also called as memoryless property of
a stochastic process. In Markov process, at each time step, the process moves from
present state to next state according to transition probabilities. The transition

probabilities P;; fulfill the following conditions;
Py >0, 4,5 >0;
Z;X;OPU:17 Z:O,l,

A graphical demonstration of a Markov model with three states is given in Figure
2.1.



0.0

Figure 2.1. Markov process with state set {0,1,2}.

2.2 Hidden Markov Models

Markov models are used to model situations where the state and transition struc-
ture are known. However, in practice, the model that is generating output se-
quences is "hidden” and only outputs produced by the model are known. Hidden
Markov models (HMMs) are extension to Markov models that allow us to represent
these situations by estimating the model and transition probabilities from obser-
vation data sequences [16]. The HMM is termed discrete if the output alphabet is
finite and in this thesis discrete time hidden Markov model will be our interest. A
discrete HMM is determined by two elements: an unobservable ”hidden” Markov
chain having a finite number of states, and a set of observations. At each discrete
time instant, the process is assumed to be in a state, and an observation is gen-
erated by the probability distribution associated with the current state(in Moore
HMM) or the state transition (in Mealy HMM).

In this thesis, we consider discrete time HMMs with values in a finite set and will
use the following terminology and definitions for representing the parameters and
structure of HMMs:



1) The set X is the state set and Y is the output set of the HMM.

2) |X] = N is the number of states of the Markov chain underlying the HMM in
the finite-state space X =0,1,2,..., N — 1 of the Markov process. z; is defined as
the state of the system at time t¢.

3) |Y| = M is the number of distinct symbols or outputs generated by the HMM
in the finite-output space Y =0,1,2,..., M — 1. y, is defined as the output of the

system at time t.

There are two types of HMMs named Moore and Mealy HMMs which were in-
troduced to the literature in [17] and in [12] respectively. In Mealy HMM the
generation of the output at time ¢ given the present state z; and the event of going
to the next state x;,1 given the present state x; are dependent. However, in Moore
HMM, these events are independent [4]. In other words, Mealy HMM produces
output at each state transition and Moore HMM produces outputs at each state.

In this section, these two types of HMMs are described.

2.2.1 Moore Hidden Markov Model

The Moore HMM is represented by (X, Y, A, B,7(1)) where X and Y are the state

and the output sets of the process.

o X2 o °

Figure 2.2. Moore hidden Markov model

In this model,let z be the state sequence and y be the output sequence of the
HMM.



A€ R'flx‘xl with Ae = e is the state transition matrix and has the form of

ajp a2
21 (22
A= (2.2)
Clij
I D)X
. The element a;; is defined as
aij = Pz = jlzg =1). (2.3)

B e R'j_glxm with Be = e is the output matrix and has the form of

B:[b(yl) by) - bywy) ]

bix| (ym)

The element b is a mapping from Y to le_g‘ and defined as b;(y) = P(y; = ylxy = 7).
(1) € Rf‘x‘ is a vector defined as m;(1) = P(zy = ¢) with 7(1)e = 1 is the initial
state distribution.

The conditions Ae = e, Be = e and 7(1)e = 1 are called as consistency conditions
of the HMM. Moore HMM is called stationary if m(1)A = 7(1). String probabilities
generated by a Moore HMM are given by

P(y) = n(1)diag(b(yr))A - - - diag(b(yy)) Ae (2.5)

where y = y1y2...yy € Y.



2.2.2 Mealy Hidden Markov Model

The Mealy HMM is represented by (X,Y, A, 7(1)) where X and Y are the state

and the output sets of the process.

QO

Figure 2.3. Mealy hidden Markov model

Let again x be the state sequence and y be the output sequence of the HMM.
Then, define

Ax =) Aw), (2.6)
u€eY
where A is a mapping from Y to REQX‘X' and the matrix Ay is called the state

transition matrix.
Au) € R‘flx‘xl has the form of

Cl11<U) G12(U)
921 (U) @QQ(U)
a;j(u)

ajx|x|x| ()

The element a;;(u) is
aij(u) = P(Ti41 = J, Yo1 = ylo, = i), (2.8)

i.e. the probability of going from state 7 to state 7 while generating output symbol
y, and A(u) satisfies,

A(uv) = A(u)A(v). (2.9)
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Then, the string probabilities generated by a Mealy HMM are given by

P(v) =7 A(v)e. (2.10)
Here, if v is a sequence y1, 42, - - , Ym, then
P(v) =7 A(y)A(ya) - Alym)e. (2.11)
T
Where e = [1 1 - 1] , and 7 is initial state distribution and is obtained by
TAx = T. (2.12)

2.3 Generalized Block Hankel Matrix

2.3.1 Brief Introduction

Following [9], let Y denotes the output set, and Y* denotes the set of all pos-
sible finite strings including the empty string () over Y = {0,1,2,--- ,m} i.e.
Y =10 Y! Y% ... Ym]. Here, |u| is the number of symbols in v and Y™ C Y*
is the set of strings with length m. The strings u; of Y* are listed lexicographically
as last lexical order (llo) i.e. from left to right and first lexical order (llo) i.e. from
right to left such that the length |u;| increases monotonically with i. The empty
sequence is included as the first element of the listing. For Y = {0, 1}, the two

enumerations are

Y3, = {0,0,1,00,01, 10, 11,000,001, 010,011, 100, 101, 110, 111, ...}
and

Y%, = {0,0,1,00, 10,01, 11,000, 100,010, 110,001, 101,011,111, ...}

The generalized Hankel matrix H is infinite matrix with elements P(u;v;) where
u;, vj are iy, and jy, elements of two orderings respectively.

Thus, with P(0)) denoting the frequency of the empty string, the structure of the



11

generalized block Hankel matrix with two output symbols will be

[ P@) | Po)  P@) | POO) PO PIO)  P(11) |
P(0) | P(00) P(01) | P(000) P(001) P(010) P(011)
P(1) | P(10) P(11) | P(100) P(101) P(110) P(111)
P(00) | P(000) P(001) | P(0000) P(0001) P(0010) P(0011)
H =

P(10) | P(100) P(101) | P(1000) P(1001) P(1010) P(1011)
P(01) | P(010) P(011) | P(0100) P(0101) P(0110) P(0111)
P(11) | P(110) P(111) | P(1100) P(1101) P(1110) P(1111)

(2.13)

The term ”generalized” block Hankel matrix is originated from the block Hankel
matrix that is used in linear control systems because it has some similarities. In a
standard block Hankel matrix, the blocks are constant along antidiagonals. How-
ever, in the generalized Hankel matrix the antidiagonal blocks contain the same
probabilities. For example, the blocks H 31y, H2,2) and H i 3) consist of the same
string probabilities. In addition, the blocks along a certain anti-diagonal can be
constructed from each other. The finite generalized block Hankel matrix H (1.4 1:1,)

is defined as the subblock of H and it is given by

H(l:tl,lztg) = [P(uivj)L (214)

with |ui\ S tl — 1, |Vj| S tz — 1.

Han Hap 0 How
e 215)

Huy Huz o Hiw)
Suppose M = (mq,ma, -+ ,m,,) is an ordered subset of strings from Y* in first
lexicographical ordering and N' = (ny, ny, - -+, n,) in last lexicographical ordering.

Then the matrix Haqnr) is defined as the submatrix of H given by

(Hman )i = P(mimny) (2.16)
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Also the string probabilities in block Hankel matrix satisfy the following con-

sistency conditions [9] :

PO) = 1,
Yoy Play) = P(u), VueYr

Youeyr Plu) = 1, Vk € N.
For a given process to be stationary, in addition,
ZyEY P(:gu) - P(u)J vu € Y*v

so that we have a stationary processes that,

S Play) = Yoy Plyw), Vue Y

With abuse of language H will be called Hankel matrix in the rest of the thesis.

2.3.2 Construction and Properties of Generalized Block
Hankel Matrix

Data analysis problems of stochastic processes typically involve a sequence y(™)
of length T" with T" < oo instead of an infinite sample process y [4]. When the
sample sequence yT) has finite number of elements, the generalized block Hankel
matrix consists of approximate string probabilities. Let T be the length of sample

sequence. The calculation of approximate string probabilities is defined as follows:

(t) _ No of occurences of a certain string u
P (u) = T Jul+1

(2.17)
POw) = 3, PO(uy)

Approximate string probabilities P (u) of a sample process y satisfy the following

consistency conditions:
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PO) = 1,
S ,er Pluy) = P(u),Yue Y*,

Sepe P(0) = 1,Vk€N.

For a given process to be stationary, in addition,

S ,er Plyn) = P(u),Vu € Y*,

so that we have a stationary processes that,

ZyEY ﬁ(“ﬂ) = Zyey 75(yU), Yu € Y*.

2.4 Matrix Factorizations

2.4.1 Singular Value Decomposition

The singular value decomposition SVD of a matrix A € R™*" of rank r is the
factorization of A into the product of three matrices A = UXV T where U € R™*™
orthogonal matrix whose columns are the eigenvectors of AAT and V € R™*"
orthogonal matrix whose columns are the eigenvectors of AT A and the matrix ¥

is diagonal with positive real entries. The matrix > has the form

0'(1) 0 0
$ 0 0'(2) 0
0 © o)
with o1y > 02 > -+ > 0() > 0 and 7 = rank(A). In the above, o1y, 0(2), -+ , 0

are the square root of the eigenvalues of AT A and they are called the singular values
of A.

2.4.2 Non-negative Matrix Factorization

The non-negative matrix factorization (NMF) problem can be stated as follows:

given a non-negative matrix V' € R*™, find a factorization such that V = WQ
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with W e R and @ € R*™. r is chosen as small as possible and it is usually
smaller than n, or m, [18]. In [18], the algorithms are proposed in order to solve
this problem based on iterative update formulas and it is proven that the accuracy
of the approximation improves monotonically with these iterative update formulas.
The concept structured non-negative factorization (SNMF') problem is introduced
in [19]. The importance of the SNMF is that it is used as solution to approximate
positive realization problem for HMMs. The structured non-negative factorization
can be stated as:

Given P € RE? and a € N, find a decomposition such that P = VUV with

V € R and U € R%**, and with a is as small as possible.
+ +

2.5 Other Definitions and Notations

In this section, we give the definition of some concepts that we will use in the rest
of the thesis.

L1 Norm

The [; norm of a vector Z is denoted ||Z||; and is defined as the sum of absolute

values of its components:

120 =) | (2.18)
i=1

L2 Norm

The Il norm of a vector ¥ is denoted ||Z||» and is defined as the square root of the

sum of squares of absolute values of its components:

||_»

il = (2.19)
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L-Infinity Norm

The infinity norm [, of a vector & is denoted ||Z]|« and is defined as the maximum

of the absolute values of its components:

[ #]lo0 = max|a] (2.20)

Frobenius Norm

The Frobenius norm || A||r is defined as:

Il 7 (2.21)

Nuclear Norm

The nuclear norm of ||A||, is defined as:

n

1AL £ > 0u(A) (2.22)

=1

Kullback-Liebler Divergence

The Kullback-Liebler divergence between two nonnegative matrices of the same

size 1s defined as:

A
Dxi(A|l B) = Z(szogB—“ — Ay + Bo) (2.23)

iz mv



Chapter

Problem Statement

3.1 The Problem

The problem is essentially finding a low-order approximation of the HMM given a
sequence of observations and can be stated in two parts. First, given an available
data can one estimate the rank of the Hankel matrix (order of the model) by min-
imizing the nuclear norm of the Hankel matrix. Second, given the rank estimate
of the Hankel matrix (order estimate of the HMM), can one estimate the system
matrices (state transition and output matrix) of the model that approximately real-

izes given string probabilities by using non-negative matrix factorization technique.

In this problem, the string probabilities of strings up to certain length are com-
puted from the finite observation sequence. It is given in [9] that the rank of a
Hankel matrix consist of true (stationary) probabilities is less than or equal to
number of states of HMM i.e., rank(H) < N. However, the Hankel matrix consist
of approximate string probabilities usually have high rank, in turn, it produces
an outcome of HMM that its order higher than N. This requires a low-order ap-
proximation of the HMM. In order to do that, the order of the HMM is assumed
equal to the rank of the Hankel matrix consist of approximate string probabilities.

Hence, the problem becomes rank minimization of the Hankel matrix.

However, this problem is highly non-convex and NP-hard to solve [20, 18]. A

recent heuristic introduced in [21] minimizes the nuclear norm, or the sum of the
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singular values of the matrix. Since the nuclear norm is a convex function, it can
be optimized efficiently, and it is one of the best convex approximation of the rank
function[21]. In practice, the nuclear norm generalization have been observed to
produce very low-rank solutions. Because of the aforementioned reasons, in this
thesis, we minimize the nuclear norm of the Hankel matrix instead of performing

rank minimization.
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3.2 The Approximate Realization Algorithm

The identification algorithm is given by

Algorithm 1 The Identification Algorithm
1: Input the data O;.pr

2: Compute P from the input observation data 0.7 and construct H from P

3: Create optimization matrix H and optimization vector P consist of optimiza-

tion variable z;

4: Set vy
5 Set A9 value
6: for N =1,2,..., # of rows of H do
7. fort=0,1,2,... do
8: Solve
L, .
subject to 0<x; <1
1/2|P = Pl3 < A
ZHUU(U) =1, YV u,v.
2y}
AEHD = X®) 1 0.1 x 107 Fseat?)
9: if oyt1(H)/on(H) <~ then
10: Go to step #6
11: else
12: Go to step #7
13: end if

14: end for

15:  Compute the o(H) and ||P — Pl

16:  Estimate the number of states N by analyzing singular values of H and
1P = Pllo.

172 Run Algorithm 2.

18:  Reconstruct the Hankel matrix H,, from A,, and B,

19: end for

In the present algorithm, given the state transition matrix A and the output
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matrix B, a sample sequence of observations Q.7 is generated by matlab’s built-in
function hmmgenerate. The observation sequence of length T of the HMM is the

only input to our algorithm and it is given by,
Ol:T = 0102"'07“ (31)

Then, the approximate string probabilities P are calculated by the equation 2.16
from the observation sequence. The Hankel matrix H, consists of approximate
string probabilities P, is constructed as in section 2.3.1. As a part of algorithm,

we solve an optimization problem. The optimization problem is given by,

min[#H].
T1,T2

subject to 0 < x; <1
1/2|[P = Pll3 < A

E Huv,;) = 1, YV u,v.
i’j

where x; € [0, 1] is optimization variables. The optimization matrix H and the
optimization vector P consist of optimization variables. The constraint 0 < z; < 1
ensures that we obtain valid probabilistic values. The constraint 1/2||P —P||2 < A
means that the error, i.e., the difference between P and the approximate prob-
abilities P in L, norm, must be less than a given tolerance X. The constraint
Zm Huv;y = 1, V u, v is added because of the Hankel matrix structure i.e., the
sum of elements in every sub-block of a Hankel matrix is equal to 1. On the other
hand, the optimization matrix H is constructed by the variables z; as in 2.3.1. in

the same way as H constructed and it fulfills all properties of generalized block
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Hankel matrix. The demonstration of H for H"*7 is given by,

Ty| T2 X3 | g Ty Tg T7

To | Ty X5 | Tg Tg9g T10 T11

xr3 | Tg 7 | T12 T13 Ti4a T15

H = Xy | g T9 | T16 L1717 T18 T19 (3-3)
Te | T12 T13 | T2a T2 Tos Loy
Ts | T10 T11 | L20 T21 T22 T23

X7 | T1a T15 | Tag T29 T30 T31

The optimization vector P consists of the same variables z; of the Hankel matrix
and it is given by

T
P:[Il Tog +++ T30 T31 (34)

Here, the dimension of H € R™*™ and m is arbitrarily chosen. The length of the
vectors P and P is equal to number of distinct variables in . The optimization
problem given in 3.2. minimizes the nuclear norm of the Hankel matrix H asso-
ciated with the variables z; € [0, 1] subject to the probabilities P are close to the

approximate string probabilities P computed from observation sequence.

In the first part of the algorithm, we aim to obtain the correct rank estimation of
the Hankel matrix H. One common approach to get the rank estimation is singular
value decomposition (SVD). In this approach, the singular values are computed
and the rate of decrease on singular values are observed. For sufficiently large
observation data O;.7, the estimated rank of the matrix is decided by observing
the significant gap between Ny, and (N + 1)y, largest singular value. Following
this method, we first make different rank assumptions of the Hankel matrix and we
run the algorithm for each rank assumption N = 1,2,---. The rank assumption
is performed by setting a threshold value v between Ny, and (N + 1), singular
values.

on(H)/on(H) <~ (3.5)

We set v = 1073 to ensure the gap between Ny, and (N + 1)y, largest singular
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value. Then, we run the algorithm for each assumption, and A value is updated
until the threshold value v is achieved, in other words assumed rank of the Hankel

matrix is obtained. The update of A\ value is performed as
AED = \® 0.1 x 107 Faeat?) (3.6)

Then, we measure the distance between reconstructed Hankel matrix H,, and the
Hankel matrix consist of approximate string probabilities #. The distance between
two matrices is measured with Frobenius norm and Kullback-Leibler divergence.
Hence, the rank assumption that gives the minimum distance is fixed as rank of
the Hankel matrix (order of the HMM).

In the second part of the algorithm, we perform the non-negative matrix factor-
ization algorithm in order to reconstruct the system matrices of the model. The
non-negative matrix factorization algorithm for Moore HMMs is developed in [4].
Since we use this algorithm as a part of our algorithm, it is just given here for

completeness.
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Algorithm 2 The Non-negative Matrix Factorization Algorithm for Moore HMM
1: Give the tensor P € RE{‘X‘Y‘
2: Set tol value
3. Given N and M, Generate random U©) ¢ ]R‘frlelN' and VO ¢ RW'X‘M such
that >, U(O) > iy Prand 3, Vk(io) =1
4: fort=1,2,...do
5:  Calculate

(t+1) _ (8 (t) Py
L. U U Z V V V(t)U(t>(uv(t>)T)W

v Vi Vv
t+1 ¢ Py 1) (¢
2 v = Vi S (v<t>U(t+1§c(v<t>)T)kyUz(x U+
Py Ut+1)v/\

(VOU+D (V)T o~ A

3. Normalize VY such that e VD = T

6: if Dy (P||VUVT) = ZW logW P.,+(VUVT),, <tol then
7: exit

8: else

9: Go to step #4

10:  end if

11: end for

12: Reconstruct the system matrices A, and B,

A, = (diag(Ue))'U, B,=V"

In this algorithm, the non-negative matrix factorization is applied to the tensor
P e RE{'X'YL"'Y' of string probabilities of strings of length ¢. This tensor becomes
P e ]R'E'X'Y' for t = 2 and given by

P*(xix1)  P*zize) - Pxizpy)
p_ | PPlaam) Phasws) o Piasay)
732<.’B|Y‘1'1) P2($\Y\x2) e P2($|Y|$|Y|)

Then, this matrix P can be (approximately) decomposed into a product VUV,
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with V' € RW'X‘M and U € R‘frv'XlN‘, V' column stochastic and the element sum
of U is equal to the element sum of P. Thus, from an approximate decomposition

P~ VUVT, the matrices A, B can be reconstructed as follows

A = (diag(Ue))"'U,

B = VT



Chapter

Simulation and Results

4.1 Simulation Results

In this section, we present some numerical examples to demonstrate the behavior of
the proposed algorithm. We performed simulations for different case by changing
the number of states N, strings of length ¢ and sequence lengths L., in order to
show the effects of aforementioned parameters on the algorithm. As it is illustrated
in section 2.3, number of outputs of the given model specify the size of the Hankel
matrix along with the (approximate) string probabilities of strings of length ¢. In
these simulations, the number of outputs M is fixed as 2. In the figures, the log

scale is used to ease the visibility of probabilistic values.

We performed simulations for four different cases. Here, we present first two cases
and we leave Case 3 and Case 4 to the appendix. In Case 1 and Case 2, we
computed string probabilities of strings of length ¢ = 2. In these simulations, the
distance between P and P is given by | H — H||r instead of ||P — P, since the
matrices H and H is constructed by P and P respectively.

4.1.1 Casel: t=2, N=2

Here, given the state transition matrix A, the output matrix B and (approximate)
string probabilities of strings of length ¢t = 2, we obtain the A value that makes

the order of the model is closest the real order of the system for different sequence



25
lengths L.,. Here, A and B matrices are arbitrarily chosen.

Consider the process described by (A, B);

0.651 0.349

0.314 0.686
0.591 0.409

[ 0.240 0.760 ] | 1)

The Hankel matrix consist of real string probabilities H, corresponding to (A, B)
is given by 4.1. Then, since the rank of the Hankel matrix consist of real string
probabilities is equal to the order of the model, the singular values of H, i.e. o(H,)

is obtained as follows;

1.776
3.222 x 1072
o(H,) = 0 (4.2)

and the H, is;

1 0420 0.580 0.166 0.254 0.254 0.326
0.420 0.166 0.254 0.068 0.099 0.113 0.141
0.580 0.254 0.326 0.099 0.155 0.141 0.185
H, = [0.166 0.068 0.099 0.027 0.040 0.044 0.055 (4.3)

0.254 0.099 0.155 0.040 0.059 0.069 0.086
0.254 0.113 0.141 0.044 0.069 0.060 0.080
10.326 0.141 0.185 0.055 0.086 0.080 0.105

It is clear from the construction of H, that the probabilities in H, will be the
same for all sequence lengths Lg.,. In the simulation example, this model and the
Hankel matrix corresponding to real probabilities H, are unknown; however, we

provide them here to evaluate the performance of the algorithms.

It is stated in Section 3.2. that in order to obtain best rank assumption of the

Hankel matrix H, the rank assumptions are made. It is performed by setting a
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threshold value between Ny, and (N + 1)y, singular values of H. Here, we pro-
vide results of different rank assumptions for the sequence length T = 10*. For
the simulations of sequence lengths other than 7" = 10%, it is assumed that the
obtained rank (order) is the same. Because, as the length of sequence increases,

the accuracy of the algorithm increases.

We simulated the process described by 4.1, and produced a sequence of T =
10* observations. Then, we run the algorithm for the system order 1,2,...,7 (for
each assumption). Figures 4.1 and 4.2 show the Kullback-Leibler divergence and

Frobenius norm between H and H, as a function of the system order respectively.

-1

10
* Dy (Mo | H)|
8 *
S 102
g 10
]
=
he]
g
S
iln" * *
X
Q *
_ *
S 10°
=}
< *
*
10"
1 2 3 4 5 6 7

Order of the Model

Figure 4.1. Kullback-Leibler divergence between the H and H,, for system order 1,2,...,7
for Case 1
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Figure 4.2. Frobenius norm value between the H and H,, for system order 1,2,...,7 for

Case 1

Figure 4.1 and 4.2 show that the rank assumption that gives the minimum distance
between H,, and H is 2. Then we fix the rank of Hankel matrix (order of HMM)

to 2.

Simulation 1.

1. We simulated this process and produced a sequence of T = 10° observations

Ol:T'

2. Compute P from the data @ and build H from P

1
0.419
0.581
0.166
0.254
0.254

_0.327

X
I

0.419
0.166
0.254
0.066
0.099
0.113
0.141

0.581
0.254
0.327
0.099
0.154
0.141
0.186

0.166
0.066
0.099
0.026
0.040
0.044
0.055

0.254
0.099
0.154
0.040
0.059
0.069
0.085

0.254
0.113
0.141
0.044
0.069
0.060
0.081

0.327]
0.141
0.186
0.055
0.086
0.081
0.105
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These values demonstrate that the approximate string probabilities differ from the

original ones. The singular values of the H is given by;

1.776
3.234 x 1072
5.118 x 1074
3.780 x 1074

0

As it is seen from o(H), the gap between 2,4 and 3,4 singular value is not signifi-

cant. So, it cannot be assumed that the rank of # is 2.

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1 0419
0.419 0.166
0.581 0.254
H = [0.166 0.066
0.254 0.099
0.254 0.113
10.327 0.141

The \ value obtained as 4 x 10~7.

0.581 0.166 0.254
0.254 0.066 0.099
0.327 0.099 0.154
0.099 0.026 0.040
0.154 0.040 0.059
0.141 0.044 0.069
0.186 0.055 0.085

0.254 0.327]
0.113 0.141
0.141 0.186
0.044 0.055
0.069 0.086
0.060 0.081
0.081 0.105]

4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.776
3.180 x 1072
1.522 x 1076
3.754 x 1077

0
0
0




The difference between P and P is

1% — H||p = 1.054 x 1073

10

100 *

-2

10

10

10° *

10

-10

10

Figure 4.3. Singular values of H for ¢t =2, N = 2, Ly = 108
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Figure 4.4. The difference between P and P for t =2, N = 2, Lgeq = 106

This suggests that estimated rank of H i.e., rank.s(H) = 2.

5. Estimate the matrices A,, and B,,.

L _ | 0321 0679 5| 0243 0757
"1 0656 0.344 ’ "l 059 041 |

6. Construct the H,, corresponding to the A,, and B,

1 0419 0581 0.166 0.254 0.254 0.327]
0.419 0.166 0.254 0.067 0.099 0.113 0.141
0.581 0.254 0.327 0.099 0.155 0.141 0.186
H, = [0.166 0.067 0.099 0.027 0.040 0.044 0.055
0.254 0.099 0.155 0.040 0.059 0.069 0.086
0.254 0.113 0.141 0.044 0.069 0.061 0.080
0.326 0.141 0.186 0.055 0.086 0.080 0.105

30
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and the singular values of H,, is given by

1.776
3.165 x 1072
o(H,) = 0
- 0 =
10°
* o(Hy)
10" ¥
*
107°
10—10
10—15
* * * N
*
10—20
1 2 3 4 5 6 7

Figure 4.5. Singular values of H,, for t =2, N =2, Ly, = 10°
The distance between H and H,, in Frobenius norm is given by
| — Holr = 2.544 x 1073

Even though the system matrices of reconstructed model A,,,B,, is diverges from
the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.
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Simulation 2.

1. We simulated the same process and produced a sequence of T = 10° observations
Ol:T'
2. Compute P from the data @ and build H from P

1 0417 0583 0.165 0.253 0.253 0.33 |
0.417 0.165 0.253 0.066 0.099 0.111 0.142
0.583 0.253 0.33 0.099 0.153 0.142 0.188
0.165 0.066 0.099 0.026 0.040 0.044 0.056
0.253 0.099 0.153 0.040 0.059 0.067 0.086
0.253 0.111 0.142 0.043 0.068 0.060 0.082
| 0.33 0.142 0.188 0.056 0.085 0.082 0.106|

X
I

The singular values of the H is given by;

1.776
3.089 x 1072
2.099 x 1073
o(H) = | 9.786 x 104
0

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1 0418 0582 0.166 0.252 0.252 0.33 |
0.418 0.166 0.252 0.066 0.099 0.11 0.142
0.582 0.252 0.33 0.099 0.153 0.142 0.188
= {0166 0.066 0.099 0.027 0.04 0.043 0.056
0.252 0.099 0.153 0.04 0.059 0.067 0.086
0.252 0.11 0.142 0.043 0.067 0.061 0.081
033 0.142 0.183 0.056 0.086 0.081 0.107]
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The X value obtained as 6 x 1076.
4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.777
2.855 x 1072
1.417 x 1077

0

The difference between P and P is

" — H||p = 4.176 x 1073

10

1 OO *
10
107

10 %

10

-10

10

Figure 4.6. Singular values of H for t =2, N = 2, L., = 10°
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Figure 4.7. The difference between P and P for t =2, N = 2, Lygeq = 10°

This again suggests that rank.s(H) = 2.

5. Estimate the matrices A,, and B,,.

0.311 0.689 0.632
An = ) Bn =
0.548 0.452 0.248

6. Construct the H,, corresponding to the A,, and B,

1 0418 0.582 0.166 0.252 0.252
0.418 0.166 0.252 0.066 0.099 0.11
0.582 0.252 0.33 0.099 0.153 0.142
H, = [0.166 0.066 0.099 0.027 0.04 0.044
0.252 0.099 0.153 0.04 0.059 0.067
0.252 0.11 0.142 0.043 0.067 0.061
| 0.33 0.142 0.188 0.056 0.086 0.081

0.368
0.752

0.33 |
0.142
0.188
0.056
0.086
0.081
0.107

35

] |

34
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and the singular values of H,, is given by

[ 176 ]
2.846 x 1072
o(H,) = 0
- 0 =
10°
* o(Hy)
10" ¥
*
107
10—10
10—15
* * * * *
10—20
1 2 3 4 5 6 7

Figure 4.8. Singular values of H,, for t =2, N =2, Ly, = 10°
The distance between H and H,, in Frobenius norm is given by
|H — H,||p = 5.297 x 1073

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.



36

Simulation 3.

1. We simulated this process and produced a sequence of T' = 10* observations
Ol:T'
2. Compute P from the data @ and build H from P

1 0421 0579 0.167 0.254 0.254 0.325]
0.421 0.167 0.254 0.0652 0.101 0.114 0.14
0.579 0.254 0.325 0.101 0.153 0.14 0.185
0.167 0.065 0.101 0.026 0.039 0.045 0.056
0.254 0.101 0.153 0.0391 0.062 0.068 0.084
0254 0.114 0.14 0.0458 0.068 0.059 0.080
0.325 014 0.185 0.0555 0.085 0.081 0.104]

X
I

The singular values of the H is given by;

1.775
2.701 x 1072
9.146 x 1073
o(H) = | 3.409 x 104
0

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1 0421 0579 0.168 0.253 0.253 0.326
0.421 0.168 0.253 0.067 0.102 0.113 0.141
0.579 0.253 0.326 0.102 0.151 0.14 0.185
H = ]0.168 0.067 0.102 0.026 0.040 0.045 0.056
0.253 0.102 0.151 0.040 0.0613 0.067 0.0841
0.253 0.113 0.141 0.045 0.067 0.060 0.080
0326 0.14 0.185 0.056 0.084 0.080 0.105 |
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The X value obtained as 8.1 x 1075.
4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.774
2.632 x 1072
8.837 x 1077

0

The difference between P and P is

|17 — H]|p = 1.568 x 1072

10

1 OO *
10
107

10

10

-10

10

Figure 4.9. Singular values of H for t =2, N = 2, Ly, = 10*
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Figure 4.10. The difference between P and P for t = 2, N = 2, Lyeq = 104

o *
Bvhv]

20

This again suggests that rank.s(H) = 2.

5. Estimate the matrices A,, and B,,.

o

0.233 0.767
0.393 0.607 ’

25 30 35

n —

0.087 0.913
5 _[ ]

0.593 0.407

6. Construct the H,, corresponding to the A,, and B,

1.0
0.421
0.579
0.168
0.253
0.253
0.326

0.421 0.579
0.168 0.253
0.253 0.326
0.0683 0.1
0.1 0.153
0.112 0.141
0.141 0.185

0.168
0.0683
0.1
0.0276
0.0407
0.0442
0.0558

0.253  0.253  0.326 |
0.1 0112 0.141
0.153  0.141 0.185
0.0407 0.0442 0.0559
0.0594 0.068 0.0848
0.068 0.0605 0.0803

0.0849 0.0802 0.105

38
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and the singular values of H,, is given by

[ 1]
2.621 x 1072
o(H,) = 0
- 0 =
10°
* o(Hy)
10" ¥
E3
107
10—10
107
* * * * *
107
1 2 3 4 5 6 7

Figure 4.11. Singular values of H,, for t =2, N = 2, L., = 10*
The distance between H and H,, in Frobenius norm is given by
|H — Holr = 1.803 x 1072

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.
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1. We simulated this process and produced a sequence of T' = 103 observations

Ol:T'

2. Compute P from the data @ and build H from P

[ 1.0

0.427
0.573
0.163
0.263
0.264
| 0.31

X
I

0.427  0.573
0.163  0.264
0.263 0.31

0.0662 0.0973
0.0963 0.166
0.119 0.144
0.143 0.166

0.163
0.0662
0.0963
0.0271
0.0381
0.0471
0.0491

0.264
0.0973
0.166
0.0391
0.0582
0.0722
0.0943

0.31 |
0.144
0.166
0.0491
0.0953
0.0853

0.263

0.119

0.143
0.0481
0.0712
0.0592

0.0843 0.0822

These values demonstrate that the approximate string probabilities differ from the

original ones. The singular values of the H is given by;

3. Solve the optimization problem 3.1.

1
0.429
0.571

0.17
0.259
0.26
10.312

0.429 0.571
0.17 0.26
0.259 0.312
0.0698 0.0997
0.0995 0.159
0.115 0.145
0.144 0.168

1.771
6.051 x 1072
1.643 x 1072
5.256 x 1073

0

and obtain optimized Hankel matrix H.

0.17
0.0698
0.0995
0.0281
0.0415
0.0448
0.0548

0.26
0.0997
0.159
0.0417
0.058
0.0704
0.0889

0.259 0.312
0.115 0.145
0.144 0.168
0.0447 0.055
0.0701  0.089
0.0661 0.0785
0.078  0.0903 |
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The X\ value obtained as 5 x 1074.
4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.770
4.513 x 1072
1.671 x 1077

0

The difference between P and P is

|1 — H]|r = 2.989 x 1072

10

100 *

-2

10

-4

10
10
10 *

10—10 %

-12

10

Figure 4.12. Singular values of H for t =2, N =2, L., = 103
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Figure 4.13. The difference between P and P for t = 2, N = 2, Lyeq = 103

This again suggests that rank.s(H) = 2.

5. Estimate the matrices A,, and B,,.

sl e

6. Construct the H,, corresponding to the A,, and B,

0.618
0.234

0.319 0.681
0.699 0.301

0.259
0.12
0.139
0.046
0.074
0.062
0.077

1 0.429 0.571 0.17
0.429 0.17 0.26 0.069
0.571 0.259 0.312 0.1
0.17 0.069 0.101 0.028
0.259 0.1 0.158 0.041
0.26 0.12 0.14 0.046
0.312 0.139 0.173 0.054

0.26
0.101
0.158
0.041
0.059
0.074
0.085

0.382
0.766

] |

0.312]
0.14

0.173
0.054
0.085
0.078
0.095

42
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and the singular values of H,, is given by

[ 170 ]
4.375 x 1072
o(H,) = 0 (4.5)
- 0 =
10°
* o(Hy)
100 *
*
107
10—10
10—15
* % * .
*
107
1 2 3 4 5 6 7

Figure 4.14. Singular values of H,, for t =2, N = 2, L., = 103
The distance between H and H,, in Frobenius norm is given by
|H = Hollp = 2.773 x 1072

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.
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4.1.2 Case 2: t =2, N =3

Here, given the state transition matrix A, the output matrix B and (approximate)
string probabilities of strings of length ¢ = 2, we obtain the A\ value that makes
the order of the model is closest the real order of the system for different sequence

lengths Lg.,. Here, A and B matrices are arbitrarily chosen.

Consider the process described by (A, B);

0.522 0.143 0.345 0.825 0.175
A= 0.116 0.291 0.593 ; B =1 0.288 0.712
0.387 0.376 0.236 0.144 0.856

The Hankel matrix consist of real string probabilities #, corresponding to (A, B)

is given by 4.6 and the singular values of H, i.e. o(H,) is obtained as follows;

1.773
4.769 x 1072
2.325 x 1073

0

and the H, is;

1 0.428 0.572 0.198  0.23 0.23  0.342 |
0.428 0.198 0.23 0.0942 0.103 0.096 0.134
0.572  0.23 0.342 0.103 0.127 0.134 0.208
H, = 10.198 0.0942 0.103 0.0452 0.049 0.0433 0.0601 (4.7)

0.23 0.103 0.127 0.049 0.0544 0.0526 0.074
0.23 0.096 0.134 0.0434 0.0525 0.0523 0.0818
10.342 0.134 0.208 0.06  0.074 0.0818 0.127

Again, we here provide results of different rank assumptions for the sequence length

T = 10*. For the simulations of sequence lengths other than 7' = 10%, it is assumed
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that the obtained rank (order) is the same.

We simulated the process described by 4.1, and produced a sequence of T = 10*
observations. Then, we run the algorithm for the system order 1,2,...,7 (for each
assumption). Figures 4.15 and 4.16 show the Kullback-Leibler divergence and

Frobenius norm between H and H,, as a function of the system order respectively.

-1

10
* Drr(H, || H)|
(]
Q
c
(4]
o
(]
S
° *
< 107
6
.}
<
Q
©
=
2 * * * *
E 3
*
10
1 2 3 4 5 6 7

Order of the Model

Figure 4.15. Kullback-Leibler divergence between the H and M, for system order
1,2,...,7 for Case 2
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10—1.4

Frobenius Norm Value

10"°
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IENEET

Order of the Model

Figure 4.16. Frobenius norm value between the H and H,, for system order 1,2,...,7 for

Case 2

Figure 4.1 and 4.2 show that the rank assumption that gives the minimum distance
between H,, and H is 3. Then we fix the rank of Hankel matrix (order of HMM)

to 3.

Simulation 5.

1. We simulated this process and produced a sequence of T' = 10° observations

Ol:T'

2. Compute P from the data @ and build H from P

1
0.428
0.572
0.198

0.23
0.23
_0.342

gl
Il

0.428
0.198
0.23
0.0943
0.103
0.0961
0.134

0.572 0.198  0.23

0.23 0.0943 0.103
0.342 0.103 0.127
0.103 0.0452 0.0491
0.127 0.0491 0.0542
0.134 0.0435 0.0526
0.208 0.0599 0.074

0.23
0.0961
0.134
0.0435
0.0527
0.0523
0.0816

0.342 |
0.134
0.208
0.0599
0.074
0.0816
0.127 |




The singular values of the H is given by;

1.773
4.786 x 1072
2.331 x 1074
1.505 x 1074

0

47

(4.8)

As we can see from o(#), the gap between 3,4 and 4y, singular value is not signif-

icant. So, it cannot be assumed that the rank of H is 3.

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1 0.428 0.572
0.428 0.198 0.23
0.572  0.23 0.342
H = 10.198 0.0942 0.103

0.23 0.103 0.127
0.23 0.0961 0.134
10342 0.134  0.208

The \ value obtained as 2.1 x 10~7.

0.198 0.23
0.0942
0.103  0.127

0.103  0.0961

0.0452
0.049
0.0435
0.0599

0.049 0.0435
0.0544 0.0527
0.0526 0.0524
0.074 0.0815

0.342 |
0.134
0.208
0.0599
0.074
0.0815
0.127 |

4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.773
4.761 x 1072
2.055 x 1073
1.631 x 1076
2.260 x 1077




The difference between P and P is

|H — H||r = 5.895 x 1074

10
* o(H)

*

10°
E3
107
E3
107
1 0—6 *
*
*

10° *

1 2 3 4 5 6 7

Figure 4.17. Singular values of H for t =2, N = 3, Lgeq = 108
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Figure 4.18. The difference between P and P for t = 2, N = 3, Lyeq = 106

This suggests that estimated rank of H i.e., rank.s(H) = 3.

5. Estimate the matrices A,, and B,,.

0.479 0.143 0.377 0.212 0.788
Apew = | 0.171 0.567 0.262 ; Brew = 0.7 0.3
0.38 0.308 0.312 0.365 0.635

6. Construct the H,, corresponding to the A,, and B,

1 0.428 0.572 0.198  0.23 023 0.342 ]
0.428 0.198 0.23 0.0942 0.103 0.094 0.136
0.572 0.23 0.342 0.105 0.125 0.134 0.208
H, = [0.198 0.0942 0.103 0.0453 0.0489 0.0428 0.0607

0.23 0.105 0.125 0.0496 0.055 0.051 0.0744
0.23 0.094 0.136 0.043 0.051 0.0535 0.0825
10342 0.134  0.208 0.0604 0.0736 0.081  0.127

49
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and the singular values of H,, is given by

[ 173 ]
4.775 x 1072
(7—[ ) 2177 x 1073
o n) =
0
0
10°
* o(Hy)
100 *
*
*
107
10—10
10—15
* * % "
10—20
1 2 3 4 5 6 7

Figure 4.19. Singular values of H,, for t =2, N =3, Lseq = 104
The distance between H and H,, in Frobenius norm is given by
|H — Hyllp = 5.022 x 1073

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.



Simulation 6.

ol

1. We simulated the same process and produced a sequence of T = 10° observations

Ol:T'
2. Compute P from the data @ and build H from P

1 0.428 0.572 0.198  0.23
0.428 0.198 0.23 0.0947 0.103
0.572 0.23 0.342 0.103 0.127
H = [0.198 0.0947 0.103 0.045 0.0497
0.23 0.103 0.127 0.0497 0.0533
0.23 0.096 0.134 0.0431 0.0529
10.342 0.134  0.207  0.06 0.0743
The singular values of the H is given by;
1773
4.708 x 1072
2.709 x 1073
o(H) = | 3.527 x 1074
0
0
0

0.23
0.096
0.134

0.0432
0.0529
0.0533
0.0809

0.342 |
0.134

0.207

0.0599
0.0743
0.0809
0.127

As we can see from o(#), the gap between 3,4 and 4y, singular value is not signif-

icant. So, it cannot be assumed that the rank of # is 3.

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1
0.428
0.572
0.198

0.23
0.23

0.341

0.428 0.572 0.198

0.198
0.23
0.0943
0.103
0.0961
0.134

0.23
0.341
0.103
0.127
0.134
0.207

0.0943
0.103
0.045

0.0495

0.0434

0.0598

0.23
0.103
0.127
0.0495
0.0537
0.0528
0.0745

0.23
0.0961
0.134
0.0434
0.0527
0.0533
0.081

0.341 |
0.134
0.207
0.0598
0.0745
0.081
0.126
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The X value obtained as 1.5 x 1076.
4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.773
4.638 x 1072
1.916 x 10~3
o(H) = | 1.302 x 106
1.133 x 1077
0
0

The difference between P and P is

|17 — H||r = 1.742 x 1073

10

100 *

10

-4

10

10 *

10° *

-10

10

Figure 4.20. Singular values of H for t =2, N =3, Lseq = 10°
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Figure 4.21. The difference between P and P for t = 2, N =3, Lgeg = 10°

This suggests that estimated rank of H i.e., rank.s(H) = 3.

5. Estimate the matrices A,, and B,,.

0.396 0.322 0.281
0.02 0.363 0.617 ;
0.495 0.282 0.223

Anew -

6. Construct the H,, corresponding to the A,, and B,

0.23
0.108
0.124
0.049
0.058
0.049
0.074

1 0.428
0.428 0.198
0.572 0.23
0.198 0.089
0.23 0.107
0.23 0.092

0.341 0.138

0.572 0.198
0.23 0.089
0.341 0.107
0.108 0.040
0.124 0.048
0.139 0.042
0.204 0.064

Bnew =

0.084 0.916
0.723 0.277
0.455 0.545

0.23  0.341]
0.092 0.139
0.138 0.204
0.043 0.065
0.049 0.074
0.056 0.083
0.082 0.122)
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and the singular values of H,, is given by

[ 173 ]
4287 x 1072
(7‘[ ) 1.898 x 1073
o(H,) =
0
0
10°
* o(Hy)
100 *
*
E3
107
10—10
10—15
* * %
*
10—20
1 2 3 4 5 6 7

Figure 4.22. Singular values of H,, for t =2, N =3, Lseq = 10°
The distance between H and H,, in Frobenius norm is given by
|H — Hyllp = 6.514 x 1073

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.



Simulation 7.

95

1. We simulated the same process and produced a sequence of T = 10* observations

Ol:T'

2. Compute P from the data @ and build H from P

X

1
0.429
0.571
0.194
0.234
0.234

0.337

0.429
0.194
0.234
0.0935
0.101
0.101
0.134

0.571
0.234
0.337
0.101
0.134
0.134
0.203

0.194 0.234
0.0935 0.101
0.101  0.134
0.0458 0.0477
0.0477 0.0532
0.0428 0.0578
0.0581 0.0757

0.234

0.101

0.134
0.0414
0.0592
0.0541
0.0797

0.337 |
0.134

0.203

0.0595
0.0743
0.0797
0.123 |

These values demonstrate that the approximate string probabilities differ from the

original ones. The singular values of the H is given by;

1.772
3.895 x 1072
8.254 x 1073
4.060 x 1074

0

(4.10)

As we can see from o(#), the gap between 3,4 and 4y, singular value is not signif-

icant. So, it cannot be assumed that the rank of # is 3.



3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix H.

[ 1.0

0.429
0.571
0.194
0.235
0.235
10.336

0.429
0.194
0.235
0.0911
0.102
0.1
0.135

0.571
0.235
0.336
0.102
0.133
0.135
0.201

The \ value obtained as 3.5 x 1075.

4. Estimate N. Analyze singular values of H and the difference between approxi-

0.194
0.0911

0.102
0.0439
0.0473
0.0448
0.0576

0.235

0.102

0.133
0.0476
0.0547
0.0556
0.0775

mate P and estimated probabilities P.

The difference between P and P is

|7 — H||p = 9.208 x 1073

1.772
3.383 x 1072
2917 x 1073
1.475 x 1076
1.549 x 10~ 7

0
0

0.235 0.336 |
01  0.135
0.135 0.201

0.0436 0.0586
0.0569 0.0762
0.0549 0.0802

0.08  0.121 |

o6



57

10

100 *
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10
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10° *

-10

10

Figure 4.23. Singular values of H for t =2, N =3, Lseq = 104
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Figure 4.24. The difference between Pand Plort =2, N = 3, Lseq = 104



This suggests that estimated rank of H i.e., rank.s(H) = 3.
5. Estimate the matrices A, and B,

0.41 0.407 0.184 0.532 0.468
Apew = | 0.537 0.173 0.289 ; Bpew = | 0.668 0.332
0.04 0.451 0.509 0.084 0.916

6. Construct the H,, corresponding to the A,, and B,

1 0429 0571 0.194 0235 0235 0.336 ]
0.429 0.194 0.235 0.0901 0.103 0.101 0.134
0.571 0.235 0.336 0.105 0.131 0.136 0.2
H, = [0.194 0.0901 0.103 0.0418 0.0484 0.0446 0.0589
0.235 0.105 0.131 0.0489 0.0559 0.056 0.0746
0.235 0.101 0.134 0.0453 0.0558 0.0549 0.0793
10336 0.136 0.2 0.0602 0.0755 0.0803 0.12

and the singular values of H,, is given by

1.771
3.258 x 1072
2.655 x 1073

0




99

10

100 *

10

10—10

Figure 4.25. Singular values of H,, for t =2, N = 3, Lg, = 10*

The distance between H and H,, in Frobenius norm is given by
|H — Hallp = 2.531 x 1072

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.

Simulation 8.

1. We simulated the same process and produced a sequence of T' = 10 observations

Ol:T-



2. Compute P from the data @ and build H from P

.
Il

1
0.435
0.565
0.183
0.253
0.253
0.312

0.435
0.183 0.253
0.253 0.312
0.0802 0.102
0.102 0.15
0.119 0.133
0.134 0.178

0.565

0.183 0.253
0.0802 0.102
0.102  0.15

0.0341 0.0461
0.0461 0.0562
0.0542 0.0652
0.0481 0.0863

The singular values of the H is given by;

1.767
3.039 x 1072
1.722 x 1072
1.882 x 1073

0
0
0

0.312

0.133

0.178
0.0572
0.0762
0.0742

0.253
0.119
0.134
0.0451
0.0742
0.0592
0.0752

0.102

60

(4.11)

As we can see from o(H), the gap between 3,4 and 4y, singular value is not signif-

icant. So, it cannot be assumed that the rank of H is 3.

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

1
0.436
0.564
0.184
0.252
0.251

10.313

0.436
0.184 0.251
0.252 0.313
0.0804 0.104
0.104 0.147
0.116 0.136
0.136 0.177

0.564

The \ value obtained as 1.1 x 10~ 4.

4. Estimate N. Analyze singular values of H and the difference between approxi-

0.184 0.251
0.0804 0.104
0.104 0.147

0.034 0.0464 0.0464 0.0577
0.0469 0.0573 0.0696 0.0779
0.065 0.0595 0.0764

0.051
0.0523 0.083

0252  0.313 ]
0.116 0.136
0136  0.177

0.076  0.101 |



mate P and estimated probabilities P.

1.766
2.196 x 1072
9.665 x 10~3
o(H) = | 5.778 x 1076
2.936 x 10°7
0
0

The difference between P and P is

|H — Hyllp = 1.706 x 1072

10

100 *

10 *

-4

10
10
10

-10

10

Figure 4.26. Singular values of H for t =2, N =3, Lseq = 103
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Figure 4.27. The difference between P and P for t = 2, N = 3, Lyeq = 103

This suggests that estimated rank of H i.e., rank.s(H) = 3.

5. Estimate the matrices A,, and B,,.

0.423 0.398 0.179 0.188 0.812
Apew = | 0.295 0.234 0.471 ; Brew = 0.7 0.3
0.308 0.525 0.167 0.352 0.648

6. Construct the H,, corresponding to the A,, and B,

1 0436 0564 0.184 0.251 0.252 0.313]
0.436 0.184 0.251 0.077 0.107 0.11 0.141
0.564 0.252 0.313 0.103 0.149 0.134 0.178
H, = [0.184 0.077 0.107 0.032 0.045 0.047 0.060
0.252 0.103 0.149 0.043 0.059 0.066 0.083
0.251 0.11 0.141 0.045 0.065 0.061 0.080
10.313 0.134 0.178 0.055 0.079 0.077 0.101]

62



63

and the singular values of H,, is given by

[ 1767 ]
1.967 x 102
(7‘[ ) 8.475 x 10~3
g n) =
0
0
10°
* o(Hy)
100 *
* *
107
10—10
107
* * %
*
10—20
1 2 3 4 5 6 7

Figure 4.28. Singular values of H,, for t =2, N =3, Lseq = 103
The distance between H and H,, in Frobenius norm is given by
|H — Hallp = 3.514 x 1072

It is seen that the values in Hankel matrix of the reconstructed model H,, and H

are really close.
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4.1.3 Result Discussion

The first note about the simulation results is change of A value as a fuction of

sequence length Lg.,. Tables 4.1 and 4.2 show the relation between A and Lg.,.

Lecg A Lec, A

106 | 4% 1077 10 | 2.1%x 1077
10° | 6x 1076 10° | 1.6 x 1076
100 | 8.1x 1075 10 |35 %1075
10° | 5x 1074 10° | 1.1x 1074

Table 4.1. Change of A value as a function of Table 4.2. Change of A value as a function of
Lgeq for Case 1 Lyeq for Case 2

These results demonstrate that A value changes depending on the size of the sample
sequence L4, Tables 4.1 and 4.2 show that as the length of the sample sequence
increases the A value is decreases. This decrease is reasonable, because, as the
length of the sample sequence goes to infinity the string probabilities converge to
true probabilities, in turn, the A value converges to zero and the rank of the Hankel
matrix gives directly the order of the HMM.

Note that the priority of the algorithm is estimating the true order of the HMM.
As we stated in Section 3.1, the estimated rank of the matrix (order of the model)
is decided by observing the significant gap between Ny, and (N + 1)y, largest
singular value. In table 4.3 and 4.4 we provide the o(H,.) to check the accuracy of
the algorithm. Table 4.3 and 4.4 show that we cannot have an accurate estimate of
the order from the singular values of #. Since the input data is finite, it produces
an outcome of HMM that has high order and we do not observe a significant gap
between Ny, and (N + 1), largest singular value. However, this gap is obtained in
optimized Hankel matrix H and subsequently in reconstructed Hankel matrix ,.
Although the algorithm’s accuracy for estimating the singular values decreases
proportional to Lg,, the gap condition is fulfilled and the correct order of the
HMM is obtained for all data length.



Lseq

o(H)

o(H)

o(Hy)

108

10°

1.776
3.222 x 1072

10*

0
0

103

1.776

3.234 x 1072
5.118 x 1074
3.780 x 1074

1.776

3.180 x 1072
1.522 x 1076
3.754 x 1077

1.776

3.165 x 1072
0

0

1.777

3.089 x 1072
2.099 x 1073
9.786 x 1074

1.777

2.855 x 1072
1.417 x 1077
0

1.776

2.846 x 1072
0

0

1.775

2.701 x 1072
9.146 x 1073
4.409 x 1074

1.774

2.632 x 1072
8.837 x 1077
0

1.774

2.621 x 1072
0

0

1.771

6.051 x 1072
1.643 x 1072
5.256 x 1073

1.770

4.513 x 1072
1.671 x 1077
0

1.770

4.375 x 1072
0

0

Table 4.3. o(H), 0(H), and o(Hy,) values as a function of L., for Case 1

Lseq

o(H,)

o(H)

o(H)

o(Hn)

108

10°

1.773
4.769 x 1072
2.325 x 1073

10*

0
0

103

1.773

4.786 x 1072
2.331 x 1074
1.505 x 1074
0

1.773

4.761 x 1072
2.055 x 1073
1.631 x 1076
2.260 x 1077

1.773

4.775 x 1072
2.177 x 1073
0

0

1.773

4.708 x 1072
2.709 x 1073
3.527 x 1074
0

1.773

4.638 x 1072
1.916 x 1073
1.302 x 1076
1.133 x 1077

1.773

4.287 x 1072
1.898 x 1073
0

0

1.772

3.895 x 1072
8.254 x 1073
4.060 x 1074

1.772

3.383 x 1072
2917 x 1073
1.475 x 1076
1.549 x 1077

1.771

3.258 x 1072
2.655 x 1073
0

0

1.767

3.039 x 1072
1.722 x 1072
1.882 x 1073
0

1.766

2.196 x 1072
9.665 x 1073
5.778 x 1076
2.936 x 1077

1.767

1.967 x 1072
8.475 x 1073
0

0

Table 4.4. o(H), o(H), and o(H,,) values as a function of L., for Case 2
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In Tables 4.5 and 4.6, we give the true probabilities and compare them with recon-
structed string probabilities of strings of length up to 3 for L., = 10°,10°,10%,10?

in order to show the performance of the algorithm.

Sequence Exact Lg, = 10° Ly, =10° Lg, = 10*  Lg, = 10°

0 0.420 0.419 0.418 0.421 0.429
1 0.580 0.581 0.582 0.579 0.571
00 0.166 0.166 0.166 0.168 0.170
01 0.254 0.254 0.252 0.253 0.260
10 0.254 0.254 0.252 0.253 0.259
11 0.326 0.326 0.330 0.326 0.312
000 0.068 0.067 0.066 0.068 0.069
001 0.099 0.099 0.099 0.100 0.101
010 0.113 0.113 0.110 0.112 0.120
011 0.141 0.141 0.142 0.141 0.140
100 0.099 0.099 0.099 0.100 0.100
101 0.155 0.155 0.153 0.153 0.158
110 0.141 0.141 0.142 0.141 0.139
111 0.185 0.186 0.188 0.185 0.173

Table 4.5. String probabilities of strings of length up to 3 for Case 1
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Sequence Exact Lg, = 10° Lg, =10° Lg, = 10*  Lg, = 103

0 0.428 0.428 0.428 0.429 0.436
1 0.572 0.572 0.572 0.571 0.564
00 0.198 0.198 0.198 0.194 0.184
01 0.230 0.230 0.230 0.235 0.251
10 0.230 0.230 0.230 0.235 0.252
11 0.342 0.342 0.342 0.336 0.313
000 0.094 0.094 0.089 0.090 0.077
001 0.103 0.103 0.108 0.103 0.107
010 0.096 0.094 0.092 0.101 0.110
011 0.134 0.136 0.139 0.134 0.141
100 0.103 0.105 0.107 0.105 0.103
101 0.127 0.125 0.124 0.131 0.149
110 0.134 0.134 0.138 0.136 0.134
111 0.208 0.208 0.204 0.200 0.178

Table 4.6. String probabilities of strings of length up to 3 for Case 2

It is evident that as the length of the sequence L., decreases, the noise level of the
data increases. As a result, the divergence of the approximate string probabilities
P from true probabilities P, increases. Since approximate string probabilities P
are the only input to the algorithm, the difference between reconstructed probabil-
ities P,, and true probabilities P, also increases as the L., decreases. Tables 4.5
and 4.6 show that for L., = 10%, P,, values are almost the same and for smaller
sequences the statistics of the string probabilities are very close to true probabili-

ties. Thus, we can conclude that the algorithm works well.

We stated in Chapter 3 that the algorithm consists of two steps. In the first
step, the input was H and the output was H. In the second step, H was used
as an input and H, was obtained as an output. We give Tables 4.7 and 4.8 in
order to illustrate the divergence of reconstructed probabilities P,, and optimized

probabilities P from approximate probabilities P as a function of Lgeq.



Loeg | IH=Hr | IIH - Hallr

105 | 1.054 x 1074 | 2.544 x 1073

10° | 4.176 x 1073 | 5.297 x 1073

10* | 1.568 x 1073 | 1.803 x 102

103 | 2,989 x 1072 | 2.773 x 1072
Table 4.7.

Change of |H—H| r and ||H—H,| r Table 4.8.

as a function of L, for Case 1

Lyg | |H—Hlr | IIH~ Hallr
10° | 5.895 x 1074 | 5.022 x 1073
10> | 1.742 x 1073 | 6.514 x 1073
10" | 9.208 x 1073 | 2.531 x 1072
10° | 1.706 x 1072 | 3.514 x 10~2

68

Change of [|H—H| r and ||H—H., | r

as a function of L, for Case 2

Again, Tables 4.7 and 4.8 show that the divergence increases as the sequence length

decreases.



Chapter

Conclusions

In this thesis, we presented an algorithm to find an HMM that generates the string
probabilities that are given to the algorithm. The only input to the algorithm is
finite output sequence Oq.7. Due to finite input data, the Hankel matrix H has
high rank, in turn, the HMM constructed from H has high order. In the first step
of algorithm, the true order of the HMM was obtained by minimizing the nuclear
norm of the Hankel matrix constructed from an HMM H instead of performing
rank minimization.

Subsequently in the second step of the algorithm, given the rank information, an
HMM that generates the given string probabilities was reconstructed using non-
negative matrix factorization technique. It is worth to mention that the priority of
the algorithm was to obtain the true order of the model and keep the divergence
minimum for given order between approximate P and reconstructed probabili-
ties P,. It was demonstrated that the algorithm efficiently estimates the order
of the HMM (number of states of HMM). Moreover, given the order information,
the HMM parameters (state transition and output matrix) are estimated by non-
negative matrix factorization technique. It was shown that these estimates differ
from the original parameters. However, it was also illustrated that the string proba-
bilities generated from this model was close to the approximate string probabilities

which were used as an input to the algorithm.



Appendix A

Simulation Results for Case 3

Al Case3:t=3, N=2

In these simulations, we check the performance of the algorithm for larger size of
Hankel matrix. The difference of Case 3 and 4 from the first two cases is that we
now compute the string probabilities of strings of length ¢ = 3 instead of t = 2.
Given the state transition matrix A, the output matrix B and (approximate) string
probabilities of strings of length t = 3, we obtain the A value that makes the order
of the model is closest the real order of the system for different sequence lengths

Lgeq. Here, A and B matrices are again arbitrarily chosen.

Consider the process described by (A, B);

0.389 0.611 0.332 0.668

- . (A1)
0.544 0.456 0.855 0.145

The Hankel matrix consist of real string probabilities H, corresponding to (A, B)
is given below. Then, since the rank of the Hankel matrix consist of real string

probabilities is equal to the order of the model, the singular values of H,. i.e. o(H,)
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is obtained as follows;

1.94
3.763 x 1072
o(H,) = 0

and the H, is;

[ 1.0 0.609  0.391 0.36 0.249  0.249 0.142 0.214 0.146 0.159 0.09 0.146  0.102 0.09 0.052
0.609 0.36 0.249 0.214 0.146 0.159 0.09 0.127 0.087 0.093 0.053 0.093 0.065 0.057 0.033
0.391 0.249 0.142 0.146 0.102 0.09 0.052 0.087 0.059 0.065 0.037 0.053 0.037 0.033 0.019
0.36 0.214 0.146 0.127 0.087 0.093 0.053 0.075 0.052 0.055 0.032 0.055 0.038 0.034 0.019
0.249 0.146 0.102 0.087 0.059 0.065 0.037 0.052 0.035 0.038 0.022 0.038 0.027 0.023 0.014
0.249  0.159 0.09 0.093 0.065 0.057 0.033 0.055 0.038 0.042 0.024 0.034 0.023 0.021 0.012
0.142 0.09 0.052 0.053 0.037 0.033 0.019 0.032 0.022 0.024 0.013 0.019 0.014 0.012 0.007

Hy = 0.214 0.127 0.087 0.075 0.052 0.055 0.032 0.045 0.031 0.033 0.019 0.033 0.023 0.02 0.012

0.146  0.087 0.059 0.052 0.035 0.038 0.022 0.031 0.021 0.023 0.013 0.022 0.016 0.014 0.008

0.159 0.093 0.065 0.055 0.038 0.042 0.024 0.033 0.023 0.024 0.014 0.025 0.017 0.015 0.009

0.09 0.053 0.037 0.032 0.022 0.024 0.013 0.019 0.013 0.014 0.008 0.014 0.01 0.008 0.005

0.146 0.093 0.053 0.055 0.038 0.034 0.019 0.033 0.022 0.025 0.014 0.02 0.014 0.012 0.007

0.102 0.065 0.037 0.038 0.027 0.023 0.014 0.023 0.016 0.017 0.01 0.014 0.01 0.009 0.005

0.09 0.057 0.033 0.034 0.023 0.021 0.012 0.02 0.014 0.015 0.008 0.012 0.009 0.008 0.004

0.052 0.033 0.019 0.019 0.014 0.012 0.007 0.012 0.008 0.009 0.005 0.007 0.005 0.004 0.003

It is clear from the construction of H, that the probabilities in H, will be the
same for all sequence lengths Lg.,. In the simulation example, this model and the
Hankel matrix corresponding to real probabilities H, are unknown; however, we

give them here to evaluate the performance of the algorithms.

Simulation 9.

1. We simulated this process and produced a sequence of 7' = 10° observations
OI:T'
2. Compute P from the data @ and build H from P




0.609
0.391
0.36
0.249
0.249
0.142
H=| 0213
0.146
0.159
0.09
0.146
0.103
0.09
L 0.052

0.609
0.36
0.249
0.213
0.146
0.159
0.09
0.127
0.087
0.093
0.053
0.093
0.066
0.057
0.033

0.391
0.249
0.142
0.146
0.103
0.09
0.052
0.087
0.06
0.066
0.037
0.053
0.037
0.033
0.019

0.36
0.213
0.146
0.127
0.087
0.093
0.053
0.075
0.051
0.055
0.031
0.055
0.039
0.034
0.019

0.249
0.146
0.103
0.087
0.06
0.066
0.037
0.051
0.035
0.038
0.022
0.039
0.027
0.024
0.014

0.249
0.159
0.09
0.093
0.066
0.057
0.033
0.055
0.038
0.042
0.024
0.034
0.023
0.021
0.012

0.142 0.213 0.146
0.09 0.127  0.087
0.052  0.087 0.06
0.053 0.075 0.051
0.037 0.051 0.035
0.033 0.055 0.038
0.019 0.031  0.022
0.031 0.045 0.031
0.022 0.031 0.021
0.024 0.033 0.022
0.013 0.019 0.013
0.019 0.032 0.022
0.014 0.023 0.016
0.012 0.02 0.014
0.007 0.011 0.008

0.159
0.093
0.066
0.055
0.038
0.042
0.024
0.033
0.022
0.024
0.014
0.025
0.017
0.015
0.009

0.09
0.053
0.037
0.031
0.022
0.024
0.013
0.019
0.013
0.014
0.008
0.014

0.01
0.009
0.005

0.146
0.093
0.053
0.055
0.039
0.034
0.019
0.032
0.022
0.025
0.014
0.02
0.014
0.012
0.007

0.103
0.066
0.037
0.039
0.027
0.024
0.014
0.023
0.016
0.017
0.01
0.014
0.01
0.009
0.005

72

0.09 0.052
0.057 0.033
0.033 0.019
0.034 0.019
0.023 0.014
0.021  0.012

0.012  0.007
0.02 0.011

0.014 0.008
0.015 0.009
0.009 0.005
0.012  0.007
0.009 0.005
0.008 0.004
0.004 0.003

These values demonstrate that the approximate string probabilities differ from the

original ones. The singular values of the H is given by;

1.939
3.890 x 1072
7.729 x 1074
0.729 x 1074
3.250 x 1074
1.750 x 1074
1.514 x 1074
7.216 x 1075

0

(A.2)

As it is seen from A.2, it cannot be assumed that the rank of H is 2 since the

difference between 2,4 and 3,4 singular value is not significant. Then we run the

algorithm.

3. Solve the optimization problem 3.1.




0.609
0.391
0.36
0.249
0.249
0.142
H = 0.213
0.146
0.159
0.09
0.146
0.103
0.09
0.052

0.609
0.36
0.249
0.213
0.146
0.159
0.09
0.127
0.087
0.093
0.053
0.093
0.066
0.057
0.033

0.391
0.249
0.142
0.146
0.103
0.09
0.052
0.087
0.059
0.066
0.037
0.053
0.037
0.033
0.019

0.36
0.213
0.146
0.127
0.087
0.093
0.053
0.075
0.052
0.055
0.031
0.055
0.038
0.034
0.019

0.249
0.146
0.103
0.087
0.059
0.066
0.037
0.052
0.035
0.038
0.022
0.038
0.027
0.024
0.014

0.249
0.159
0.09
0.093
0.066
0.057
0.033
0.055
0.038
0.042
0.024
0.034
0.024
0.021
0.012

0.142 0.213 0.146
0.09 0.127  0.087
0.052 0.087 0.059
0.053 0.075 0.052
0.037 0.052 0.035
0.033 0.055 0.038
0.019 0.031  0.022
0.031 0.045 0.031
0.022 0.031 0.021
0.024 0.033 0.023
0.013 0.019 0.013
0.019 0.033  0.022
0.014 0.023 0.016
0.012 0.02 0.014
0.007 0.012 0.008

0.159
0.093
0.066
0.055
0.038
0.042
0.024
0.033
0.023
0.024
0.014
0.025
0.017
0.015
0.009

0.09
0.053
0.037
0.031
0.022
0.024
0.013
0.019
0.013
0.014
0.008
0.014
0.01
0.009
0.005

0.146
0.093
0.053
0.055
0.038
0.034
0.019
0.033
0.022
0.025
0.014
0.02
0.014
0.012
0.007

0.103
0.066
0.037
0.038
0.027
0.024
0.014
0.023
0.016
0.017
0.01
0.014
0.01
0.009
0.005

0.09
0.057
0.033
0.034
0.024
0.021
0.012

0.02
0.014
0.015
0.009
0.012
0.009
0.008
0.004

73

0.052
0.033
0.019
0.019
0.014
0.012
0.007
0.012
0.008
0.009
0.005
0.007
0.005
0.004
0.003

4. Estimate N. Analyze singular values of H and the difference between approx-

imate P and estimated probabilities P.

[ 1.9393.831 x 102 |

1.281 x 1076

2.128 x 1077

1.318 x 1077
0
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Figure A.1. Singular values of H for t =3, N =2, Lgeq = 106
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This suggests that rankes(H) = 2.
5. Estimate the matrices A, and B,

0.432 0.568 B 0.871 0.129
0.585 0.415 0.339 0.661

6. Construct the H,, corresponding to the A,, and B,

[ 1.0 0.609  0.391 0.36 0.249 0.249 0.142 0.213 0.146 0.159 0.09 0.146  0.103 0.09 0.052
0.609 0.36 0.249 0.213 0.146 0.159 0.09 0.127 0.087 0.093 0.053 0.093 0.065 0.057 0.033
0.391 0.249 0.142 0.146 0.103 0.09 0.052 0.087 0.059 0.065 0.037 0.053 0.037 0.033 0.019
0.36 0.213 0.146 0.127 0.087 0.093 0.053 0.075 0.051 0.055 0.031 0.055 0.038 0.034 0.019
0.249 0.146 0.103 0.087 0.059 0.065 0.037 0.051 0.035 0.038 0.022 0.038 0.027 0.024 0.014
0.249  0.159 0.09 0.093 0.065 0.057 0.033 0.055 0.038 0.042 0.024 0.034 0.024 0.021 0.012
0.142 0.09 0.052 0.053 0.037 0.033 0.019 0.031 0.022 0.024 0.013 0.019 0.014 0.012 0.007

Hn = 0.213 0.127 0.087 0.075 0.051 0.055 0.031 0.044 0.031 0.033 0.019 0.033 0.023 0.02 0.012
0.146 0.087 0.059 0.051 0.035 0.038 0.022 0.031 0.021 0.023 0.013 0.022 0.016 0.014 0.008
0.159 0.093 0.065 0.055 0.038 0.042 0.024 0.033 0.023 0.024 0.014 0.025 0.017 0.015 0.009
0.09 0.053 0.037 0.031 0.022 0.024 0.013 0.019 0.013 0.014 0.008 0.014 0.01 0.009  0.005
0.146 0.093 0.053 0.055 0.038 0.034 0.019 0.033 0.022 0.025 0.014 0.02 0.014 0.012 0.007
0.103 0.065 0.037 0.038 0.027 0.024 0.014 0.023 0.016 0.017 0.01 0.014 0.01 0.009 0.005
0.09 0.057 0.033 0.034 0.024 0.021 0.012 0.02 0.014 0.015 0.009 0.012 0.009 0.008 0.004

L 0.052 0.033 0.019 0.019 0.014 0.012 0.007 0.012 0.008 0.009 0.005 0.007 0.005 0.004 0.003

Even though the system matrices of reconstructed model A,,B, is diverges from
the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.

Simulation 10.

1. We simulated the same process and produced a sequence of T' = 10° observations
OI:T-
2. Compute P from the data @ and build H from P
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[ 1.0 0.607 0.393 0.358 0.249 0.249 0.144 0.213 0.145 0.159 0.091 0.145 0.104 0.091 0.053
.607 0.358 0.249 0.213 0.145 0.159 0.091 0.126 0.087 0.092 0.053 0.092 0.066 0.057 0.033
393 0.249 0.144 0.145 0.104 0.091 0.053 0.087 0.058 0.066 0.038 0.053 0.038 0.033 0.02
358 0.213 0.145 0.126 0.087 0.092 0.053 0.075 0.051 0.056 0.031 0.053 0.039 0.033 0.019
249 0.145 0.104 0.087 0.058 0.066 0.038 0.051 0.036 0.036 0.022 0.039 0.027 0.024 0.014
249 0.159 0.091 0.092 0.066 0.057 0.033 0.055 0.037 0.042 0.024 0.033 0.024 0.021 0.012
144 0.091 0.053 0.053 0.038 0.033 0.02 0.032 0.021 0.025 0.013 0.02 0.014 0.012  0.007
213 0.126 0.087 0.075 0.051 0.056 0.031 0.044 0.031 0.033 0.018 0.032 0.024 0.02 0.011
145 0.087 0.058 0.051 0.036 0.036 0.022 0.031 0.021 0.023 0.013 0.021 0.015 0.014 0.008
159 0.092 0.066 0.055 0.037 0.042 0.024 0.032 0.023 0.023 0.014 0.024 0.017 0.015 0.009
091 0.053 0.038 0.032 0.021 0.025 0.013 0.019 0.013 0.013 0.008 0.015 0.01 0.009 0.005
145 0.092 0.053 0.053 0.039 0.033 0.019 0.032 0.021 0.025 0.014 0.019 0.014 0.012 0.007
104 0.066 0.038 0.039 0.027 0.024 0.014 0.023 0.016 0.017 0.01 0.014 0.01 0.009 0.005
091 0.057 0.033 0.033 0.024 0.021 0.012 0.02 0.013 0.016 0.009 0.012 0.009 0.008 0.005
.053  0.033 0.02 0.02 0.014 0.012 0.007 0.012 0.008 0.009 0.005 0.007 0.005 0.005 0.003

O O 0O 0O O 0000 OO0 o oo

The singular values of the H is given by;

1.938
3.881 x 1072
2.569 x 1073
1.933 x 10-3
1.469 x 1073
o(H) = | 1.024 x 103 (A.3)
5.479 x 10-4
1.405 x 104
0

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

[ 1.0 0.607 0.393 0.358 0.249 0.249 0.145 0.213 0.145 0.158 0.091 0.145 0.104 0.091 0.054
0.607 0.358 0.249 0.213 0.145 0.158 0.091 0.126 0.087 0.092 0.053 0.092 0.066 0.057 0.034
0.393 0.249 0.145 0.145 0.104 0.091 0.054 0.087 0.058 0.066 0.038 0.053 0.038 0.034 0.02
0.358 0.213 0.145 0.126 0.087 0.092 0.053 0.075 0.051 0.055 0.032 0.053 0.038 0.033 0.02
0.249 0.145 0.104 0.087 0.058 0.066 0.038 0.051 0.035 0.037 0.021 0.038 0.028 0.024 0.014

.249  0.158 0.091 0.092 0.066 0.057 0.034 0.055 0.037 0.042 0.024 0.033 0.024 0.021 0.012

.145 0.091 0.054 0.053 0.038 0.034 0.02 0.032 0.021 0.024 0.014 0.02 0.014 0.012 0.007

213 0.126 0.087 0.075 0.051 0.055 0.032 0.044 0.03 0.032 0.019 0.032 0.023 0.02 0.012

145 0.087 0.058 0.051 0.035 0.037 0.021 0.03 0.021 0.022 0.013 0.022 0.015 0.013 0.008

158 0.092 0.066 0.055 0.037 0.042 0.024 0.032 0.022 0.023 0.014 0.024 0.018 0.015 0.009

091 0.053 0.038 0.032 0.021 0.024 0.014 0.019 0.013 0.014 0.008 0.014 0.01 0.009 0.005

145 0.092 0.053 0.053 0.038 0.033 0.02 0.032 0.022 0.024 0.014 0.019 0.014 0.012 0.007

0.104 0.066 0.038 0.038 0.028 0.024 0.014 0.023 0.015 0.018 0.01 0.014 0.01 0.009 0.005

0.091  0.057 0.034 0.033 0.024 0.021 0.012 0.02 0.013 0.015 0.009 0.012 0.009 0.008 0.005

0.054 0.034 0.02 0.02 0.014 0.012 0.007 0.012 0.008 0.009 0.005 0.007 0.005 0.005 0.003

o O O O O O O
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4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.
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Figure A.3. Singular values of H for t = 3, N = 2, Ly, = 10°
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Figure A.4. The difference between P and P for t = 3, N =2, Lgeg = 10°

This suggests that rankes,(H) = 2.
5. Estimate the matrices A,, and B,

0.356 0.644
0.683 0.317

6. Construct the H,, corresponding to the A,, and B,

[ 1.0 0.607 0.393 0.358 0.249 0.249 0.145 0.213 0.145
0.607 0.358 0.249 0.213 0.145 0.158 0.09 0.126  0.087
0.393  0.249 0.145 0.145 0.104 0.09 0.054 0.087 0.058
0.358 0.213 0.145 0.126 0.087 0.092 0.053 0.075 0.051
0.249 0.145 0.104 0.087 0.058 0.066 0.038 0.051 0.035
0.249 0.158 0.09 0.092 0.066 0.056 0.034 0.055 0.037
0.145 0.09 0.054 0.053 0.038 0.034 0.02 0.032 0.021

Hn = 0.213 0.126 0.087 0.075 0.051 0.055 0.032 0.044 0.03

0.145 0.087 0.058 0.051 0.035 0.037 0.021 0.03 0.021

0.158 0.092 0.066 0.055 0.037 0.042 0.024 0.033 0.022

0.09 0.053 0.038 0.032 0.021 0.024 0.014 0.019 0.013

0.145 0.092 0.053 0.054 0.039 0.033 0.02 0.032 0.022

0.104 0.066 0.038 0.039 0.028 0.023 0.014 0.023 0.016

0.09 0.056 0.034 0.033 0.023 0.021 0.013 0.02 0.013

0.054 0.034 0.02 0.02 0.014 0.013 0.008 0.012 0.008

0.778 0.222

0.425 0.575
0.158 0.09 0.145 0.104
0.092 0.053 0.092 0.066
0.066 0.038 0.053 0.038
0.055 0.032 0.054 0.039
0.037 0.021 0.039 0.028
0.042 0.024 0.033 0.023
0.024 0.014 0.02 0.014
0.033 0.019 0.032 0.023
0.022 0.013 0.022 0.016
0.024 0.014 0.025 0.018
0.014 0.008 0.014 0.01
0.025 0.014 0.019 0.014
0.018 0.01 0.014 0.01
0.015 0.008 0.012 0.009
0.009 0.005 0.007 0.005

0.09
0.056
0.034
0.033
0.023
0.021
0.013

0.02
0.013
0.015
0.008
0.012
0.009
0.008
0.005

78

0.054
0.034
0.02
0.02
0.014
0.013
0.008
0.012
0.008
0.009
0.005
0.007
0.005
0.005
0.003
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Even though the system matrices of reconstructed model A,,B,, is diverges from

the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.

Simulation 11.

1. We simulated the same process and produced a sequence of T' = 10* observations

OI:T-

2. Compute P from the data @ and build H from P

0.605
0.395
0.357
0.248
0.248
0.148
H=| 0.209
0.147
0.157
0.091
0.147
0.101
0.091
L 0.056

The singular values of the H is given by;

0.605
0.357
0.248
0.209
0.147
0.157
0.091
0.123
0.086
0.094
0.053
0.091
0.066
0.056
0.036

0.395
0.248
0.148
0.147
0.101
0.091
0.056
0.086
0.061
0.063
0.038
0.056
0.035
0.036
0.021

0.357
0.209
0.147
0.123
0.086
0.094
0.053
0.074
0.049
0.057
0.029
0.054
0.039
0.032
0.021

0.248
0.147
0.101
0.086
0.061
0.063
0.038
0.049
0.037
0.037
0.024
0.036
0.027
0.023
0.015

0.248
0.157
0.091
0.091
0.066
0.056
0.036
0.054
0.037
0.039
0.027
0.034
0.021
0.023
0.013

0.148 0.209 0.147
0.091 0.123  0.086
0.056 0.086 0.061
0.056 0.074 0.049
0.035 0.049 0.037
0.036 0.057 0.037
0.021  0.029 0.024
0.033  0.044 0.03
0.024 0.03 0.02
0.024 0.034 0.023
0.011 0.015 0.014
0.022 0.033 0.021
0.013 0.024 0.015
0.013 0.017 0.016
0.008 0.013 0.009
1.935
3.441 x 1072
1.178 x 1072
8.023 x 1073
4.481 x 1073
3.141 x 1073
9.644 x 1074
6.341 x 1075
0
i 0

0.157
0.091
0.066
0.054
0.037
0.039
0.027
0.031
0.022
0.023
0.014
0.022
0.017
0.017
0.01

0.091
0.056
0.035
0.033
0.024
0.024
0.011
0.018
0.015
0.013
0.01
0.015
0.01
0.006
0.004

0.147
0.094
0.053
0.054
0.039
0.032
0.021
0.032
0.022
0.023
0.016
0.019
0.014
0.013
0.008

0.101
0.063
0.038
0.036
0.027
0.023
0.015
0.021
0.015
0.016
0.011
0.015
0.008
0.009
0.005

0.091
0.056
0.036
0.034
0.021
0.023
0.013
0.02
0.014
0.016
0.006
0.015
0.008
0.008
0.005

0.056
0.036
0.021
0.022
0.013
0.013
0.008
0.012
0.01
0.009
0.005
0.008
0.005
0.005
0.003

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix H.




602
398
356
246
246
152
211
146
153
.093
.146
0.1
0.093
0.059

o O O 0O O OO0 oo oo

0.602
0.356
0.246
0.211
0.146
0.153
0.093
0.124
0.086
0.091
0.055
0.091
0.062
0.057
0.036

0.398
0.246
0.152
0.146
0.1
0.093
0.059
0.086
0.06
0.062
0.038
0.055
0.038
0.036
0.023

0.356
0.211
0.146
0.124
0.086
0.091
0.055
0.074
0.051
0.054
0.033
0.054
0.037
0.034
0.022

0.246
0.146
0.1
0.086
0.06
0.062
0.038
0.051
0.035
0.037
0.023
0.037
0.025
0.023
0.015

0.246
0.153
0.093
0.091
0.062
0.057
0.036
0.054
0.037
0.039
0.024
0.034
0.023
0.022
0.014

0.152
0.093
0.059
0.055
0.038
0.036
0.023
0.033
0.023
0.024
0.014
0.022
0.015
0.014
0.009

0.211 0.146
0.124 0.086
0.086 0.06
0.074  0.051
0.051 0.035
0.054  0.037
0.033  0.023
0.043 0.03
0.03 0.021
0.032 0.022
0.019 0.013
0.032  0.022

0.022 0.015
0.02 0.014
0.013  0.009

0.153
0.091
0.062
0.054
0.037
0.039
0.024
0.032
0.022
0.023
0.014
0.023
0.016
0.014
0.009

0.093
0.055
0.038
0.033
0.023
0.024
0.014
0.019
0.013
0.014
0.009
0.014
0.01
0.009
0.006

0.146
0.091
0.055
0.054
0.037
0.034
0.022
0.032
0.022
0.023
0.014
0.02
0.014
0.013
0.008

0.1
0.062
0.038
0.037
0.025
0.023
0.015
0.022
0.015
0.016
0.01
0.014
0.009
0.009
0.006

0.093
0.057
0.036
0.034
0.023
0.022
0.014
0.02
0.014
0.014
0.009
0.013
0.009
0.009
0.005
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0.059
0.036
0.023
0.022
0.015
0.014
0.009
0.013
0.009
0.009
0.006
0.008
0.006
0.005
0.003

3. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.932

2.299 x 1072
3.679 x 1077

0




10

10

10

10

10

10

-10

10

-12

10

Figure A.5. Singular values of H for t =3, N =2, Lyeq = 104
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The difference between P and P for ¢ = 3, N =2, Lgeg = 10*
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This suggests that rankes(H) = 2.
4. Estimate the matrices A,, and B,,.

0.415 0.585 B 0.225 0.775
0.469 0.531 0.904 0.096

5. Construct the H,, corresponding to the A,, and B,

[ 1.0 0.602 0.398 0.356 0.246 0.246 0.152 0.211 0.145 0.152 0.094 0.145 0.1 0.094 0.058
0.602 0.356 0.246 0.211 0.145 0.152 0.094 0.125 0.086 0.09 0.056 0.09 0.062 0.058 0.036
0.398 0.246 0.152 0.145 0.1 0.094 0.058 0.086 0.059 0.062 0.038 0.056 0.038 0.036 0.022
0.356 0.211 0.145 0.125 0.086 0.09 0.056 0.074 0.051 0.053 0.033 0.053 0.037 0.034 0.021
0.246 0.145 0.1 0.086 0.059 0.062 0.038 0.051 0.035 0.037 0.023 0.037 0.025 0.024 0.015
0.246  0.152  0.094 0.09 0.062 0.058 0.036 0.053 0.037 0.038 0.024 0.034 0.024 0.022 0.014
0.152 0.094 0.058 0.056 0.038 0.036 0.022 0.033 0.023 0.024 0.015 0.021 0.015 0.014 0.009

Hn = 0.211  0.125 0.086 0.074 0.051 0.053 0.033 0.044 0.03 0.031 0.019 0.031 0.022 0.02 0.013
0.145 0.086 0.059 0.051 0.035 0.037 0.023 0.03 0.021 0.022 0.013 0.022 0.015 0.014 0.009
0.152 0.09 0.062 0.053 0.037 0.038 0.024 0.031 0.022 0.023 0.014 0.023 0.016 0.015 0.009
0.094 0.056 0.038 0.033 0.023 0.024 0.015 0.019 0.013 0.014 0.009 0.014 0.01 0.009  0.006
0.145 0.09 0.056 0.053 0.037 0.034 0.021 0.031 0.022 0.023 0.014 0.02 0.014 0.013 0.008

0.1 0.062 0.038 0.037 0.025 0.024 0.015 0.022 0.015 0.016 0.01 0.014 0.01 0.009 0.006
0.094 0.058 0.036 0.034 0.024 0.022 0.014 0.02 0.014 0.015 0.009 0.013 0.009 0.008 0.005
L 0.058 0.036 0.022 0.021 0.015 0.014 0.009 0.013 0.009 0.009 0.006 0.008 0.006 0.005 0.003

Even though the system matrices of reconstructed model A,,, B,, is diverges from
the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.

Simulation 12.

1. We simulated the same process and produced a sequence of T' = 10? observations
OI:T-
2. Compute P from the data @ and build H from P




.623
377
367
255
256
122
215
152
172
084
152
104
084
.037
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623
367
255
215
152
172
084
131
084
101
051
0.103
0.068
0.057
0.027
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0.377
0.256
0.122
0.152
0.104
0.084
0.037
0.084
0.067
0.071
0.033
0.049
0.035
0.027
0.01

The singular values

0.367
0.215
0.152
0.131
0.084
0.101
0.051
0.084
0.046
0.056
0.028
0.065
0.035
0.037
0.014

0.256
0.152
0.104
0.084
0.067
0.071
0.033
0.046
0.038
0.044
0.023
0.037
0.033
0.02
0.013

0.255
0.172
0.084
0.103
0.068
0.057
0.027
0.057
0.045
0.046
0.023
0.033
0.024
0.02
0.007

0.122 0.215 0.152
0.084 0.131 0.084
0.037 0.084 0.067
0.049 0.084 0.046
0.035 0.046 0.038
0.027 0.056 0.044
0.01 0.028 0.023
0.027 0.05 0.034
0.022 0.034 0.012
0.025 0.034 0.022
0.01 0.012 0.016
0.016  0.035 0.03
0.011  0.021 0.014
0.007 0.02 0.017
0.003 0.008 0.006

of the H is given by;

[ 1.9577.510 x 102 |

2.941 x 1072

1.650 x 1072

1.103 x 1072

4.672 x 1073

2.927 x 1073

7.023 x 1074
0

0.172
0.103
0.068
0.057
0.045
0.046
0.023
0.027
0.03
0.031
0.014
0.02
0.025
0.015
0.008

0.084
0.049
0.035
0.027
0.022
0.025
0.01
0.019
0.008
0.013
0.009
0.017
0.008
0.005
0.005

0.152
0.101
0.051
0.065
0.035
0.037
0.014
0.039
0.026
0.028
0.008
0.024
0.013
0.01
0.004

0.104
0.071
0.033
0.037
0.033
0.02
0.013
0.018
0.019
0.018
0.015
0.009
0.011
0.01
0.003

0.084
0.057
0.027
0.033
0.024
0.02
0.007
0.018
0.015
0.018
0.006
0.014
0.006
0.005
0.002

83

0.037
0.027
0.01
0.016
0.011
0.007
0.003
0.009
0.007
0.007
0.004
0.002
0.005
0.002
0.001

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

0.617
0.383
0.367
0.249
0.25
0.134
H = 0.218
0.149
0.162
0.088
0.149
0.101
0.088
0.046

0.617
0.367
0.249
0.218
0.149
0.162
0.088
0.13
0.088
0.097
0.052
0.097
0.065
0.057
0.03

0.383
0.25
0.134
0.149
0.101
0.088
0.046
0.089
0.06
0.065
0.035
0.052
0.035
0.03
0.016

0.367
0.218
0.149
0.13
0.088
0.097
0.052
0.077
0.053
0.057
0.031
0.058
0.039
0.034
0.018

0.25
0.149
0.101
0.089

0.06
0.065
0.035
0.053
0.036
0.039
0.021
0.039
0.026
0.023
0.012

0.249
0.162
0.088
0.097
0.065
0.057
0.03
0.057
0.039
0.042
0.023
0.034
0.023
0.02
0.01

0.134 0.218 0.149
0.088 0.13 0.089
0.046 0.088 0.06
0.052  0.077 0.053
0.035 0.053 0.036
0.03 0.057 0.039
0.016 0.031 0.021
0.031 0.046 0.031
0.021  0.031 0.021
0.023 0.034 0.023
0.012 0.018 0.013
0.018 0.034 0.023
0.012 0.023 0.016
0.01 0.02 0.014
0.005 0.011  0.007

0.162
0.097
0.065
0.057
0.039
0.042
0.023
0.034
0.023
0.025
0.014
0.025
0.017
0.015
0.008

0.088
0.052
0.035
0.031
0.021
0.023
0.012
0.018
0.013
0.014
0.007
0.014
0.009
0.008
0.004

0.149
0.097
0.052
0.058
0.039
0.034
0.018
0.034
0.023
0.025
0.014
0.02
0.014
0.012
0.006

0.101
0.065
0.035
0.039
0.026
0.023
0.012
0.023
0.016
0.017
0.009
0.014
0.009
0.008
0.004

0.088
0.057
0.03
0.034
0.023
0.02
0.01
0.02
0.014
0.015
0.008
0.012
0.008
0.007
0.004

0.046
0.03
0.016
0.018
0.012
0.01
0.005
0.011
0.007
0.008
0.004
0.006
0.004
0.004
0.002
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4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.9494.663 x 1072
0
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Figure A.7. Singular values of H for t =3, N =2, Lgeq = 103
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Figure A.8. The difference between P and P for t = 3, N =2, Lgeg = 103

This suggests that rankes,(H) = 2.
5. Estimate the matrices A, and B, by solving the problem 3.8.

0.427 0.573 0.832 0.168
"7 0671 0.329 "7 | 0.364 0.636
6. Construct the H,, corresponding to the A,, and B,

[ 1.0 0.617 0.383 0.367 0.25 0.249 0.134 0.22 0.147 0.164 0.086 0.147 0.103 0.086 0.048
0.617 0.367 0.25 0.22 0.147 0.164 0.086 0.132 0.088 0.096 0.051 0.096 0.067 0.056 0.031
0.383 0.249 0.134 0.147 0.103 0.086 0.048 0.088 0.059 0.067 0.035 0.051 0.035 0.031 0.017
0.367 0.22 0.147 0.132 0.088 0.096 0.051 0.079 0.053 0.058 0.031 0.057 0.04 0.033 0.018
0.249 0.147 0.103 0.088 0.059 0.067 0.035 0.053 0.035 0.038 0.02 0.04 0.028 0.023 0.013
0.25 0.164 0.086 0.096 0.067 0.056 0.031 0.058 0.038 0.044 0.023 0.033 0.023 0.02 0.011
0.134 0.086 0.048 0.051 0.035 0.031 0.017 0.031 0.02 0.023 0.012 0.018 0.013 0.011 0.006
Hn = 0.22 0.132 0.088 0.079 0.053 0.058 0.031 0.047 0.032 0.035 0.018 0.034 0.024 0.02 0.011
0.147 0.088 0.059 0.053 0.035 0.038 0.02 0.032 0.021 0.023 0.012 0.023 0.016 0.013 0.007
0.164 0.096 0.067 0.058 0.038 0.044 0.023 0.035 0.023 0.025 0.013 0.026 0.018 0.015 0.008
0.086 0.051 0.035 0.031 0.02 0.023 0.012 0.018 0.012 0.013 0.007 0.014 0.01 0.008 0.004
0.147 0.096 0.051 0.057 0.04 0.033 0.018 0.034 0.023 0.026 0.014 0.019 0.013 0.012 0.006
0.103 0.067 0.035 0.04 0.028 0.023 0.013 0.024 0.016 0.018 0.01 0.013 0.009 0.008 0.004
0.086 0.056 0.031 0.033 0.023 0.02 0.011 0.02 0.013 0.015 0.008 0.012 0.008 0.007 0.004
L 0.048 0.031 0.017 0.018 0.013 0.011 0.006 0.011 0.007 0.008 0.004 0.006 0.004 0.004 0.002
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Even though the system matrices of reconstructed model A,, B, is diverges
from the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.



Appendix B

Simulation Results for Case 4

B.1 Case4: t=3, N=3

Here, given the state transition matrix A, the output matrix B and (approximate)
string probabilities of strings of length ¢ = 3, we obtain the A\ value that makes
the order of the model is closest the real order of the system for different sequence

lengths L.,. Here, A and B matrices are arbitrarily chosen.

Consider the process described by (A, B);

0.4 0.226 0.374 0.467 0.533
A= 0782 0.074 0.144 ; B= 0282 0.718 | . (B.1)
0.046 0.873 0.081 0.633 0.367

The Hankel matrix consist of real string probabilities H, corresponding to (A, B)
is given by B.1. Then, since the rank of the Hankel matrix consist of real string

probabilities is equal to the order of the model, the singular values of H, i.e. o(H,)
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is obtained as follows;

1.891
2.387 x 1072
2.421 x 1073
o(H,) =
0
0
and the H, is;
M 1 0.445 0.555 0.192 0.254 0.254 0.301 0.082 0.11 0.116 0.138 0.11 0.144 0.138 0.163

0.445 0.192 0.254  0.082 0.11 0.116  0.138 0.035 0.047 0.05 0.059 0.051 0.065 0.063 0.074
0.555 0.254 0.301 0.11 0.144 0.138 0.163 0.047 0.063 0.066 0.078 0.059 0.079 0.074 0.089
0.192  0.082 0.11 0.035  0.047 0.05 0.059  0.015 0.02 0.021  0.025 0.022 0.028 0.027 0.032
0.254 0.11 0.144 0.047 0.063 0.066 0.078 0.02 0.026  0.029 0.034 0.029 0.037 0.036 0.042
0.254 0.116 0.138 0.051 0.065 0.063 0.074 0.021 0.029 0.03 0.036 0.027 0.036 0.034 0.041
0.301 0.138 0.163 0.059 0.079 0.074 0.089 0.025 0.034 0.036 0.043 0.032 0.042 0.041 0.048
Hy = 0.082 0.035 0.047 0.015 0.02 0.021 0.025 0.007 0.009 0.009 0.011 0.009 0.012 0.012 0.014
0.11 0.047  0.063 0.02 0.026 0.029 0.034 0.009 0.011 0.012 0.014 0.013 0.016 0.016 0.018
0.116 0.051 0.065 0.021 0.029 0.03 0.036 0.009 0.012 0.013 0.016 0.013 0.017 0.016 0.019
0.138 0.059 0.079 0.025 0.034 0.036 0.043 0.011 0.014 0.016 0.018 0.016 0.02 0.02 0.023
0.11 0.05 0.059 0.022 0.028 0.027 0.032 0.009 0.013 0.013 0.015 0.012 0.016 0.015 0.017
0.144 0.066 0.078 0.029 0.037 0.036 0.042 0.012 0.017 0.017 0.02 0.015 0.021 0.019 0.023
0.138 0.063 0.074 0.027 0.036 0.034 0.041 0.012 0.015 0.017 0.02 0.015 0.019 0.019 0.022
0.163 0.074 0.089 0.032 0.042 0.041 0.048 0.014 0.018 0.019 0.023 0.017 0.023 0.022 0.026

It is clear from the construction of H, that the probabilities in H, will be the
same for all sequence lengths Lg.,. In the simulation example, this model and the
Hankel matrix corresponding to real probabilities H, are unknown; however, we

give them here to evaluate the performance of the algorithms.

Simulation 13.

1. We simulated this process and produced a sequence of T' = 10° observations
Ol:T-
2. Compute P from the data @ and build H from P




0.445
0.555
0.191
0.254
0.254
0.301
H=| 0.082
0.109
116
137
109
144

o O O O O O

.164

The singular values of the H is given by;

0.445
0.191
0.254
0.082
0.109
0.116
0.137
0.035
0.047
0.051
0.059
0.05
0.066
0.063
0.074

0.555
0.254
0.301
0.109
0.144
0.137
0.164
0.047
0.063
0.065
0.079
0.059
0.078
0.074
0.09

0.191
0.082
0.109
0.035
0.047
0.051
0.059
0.015
0.02
0.021
0.025
0.022
0.029
0.027
0.032

0.254
0.109
0.144
0.047
0.063
0.065
0.079
0.02
0.026
0.029
0.034
0.029
0.037
0.036
0.042

0.254
0.116
0.137
0.05
0.066
0.063
0.074
0.021
0.029
0.03
0.036
0.027
0.036
0.034
0.041

0.301 0.082 0.109
0.137 0.035  0.047
0.164 0.047 0.063
0.059 0.015 0.02
0.078 0.02 0.026
0.074 0.021 0.029
0.09 0.025 0.034
0.025 0.006 0.009
0.034 0.009 0.011
0.036 0.009 0.012
0.043 0.011 0.014
0.032 0.009 0.013
0.042 0.012 0.017
0.041 0.012 0.015
0.049 0.014 0.018
1.892
2.329 x 1072
2.660 x 1073
4.895 x 1074
3.660 x 1074
2.791 x 1074
1.836 x 1074
8.021 x 1075
0
i 0

0.116
0.05
0.066
0.021
0.029
0.03
0.036
0.009
0.012
0.013
0.016
0.013
0.017
0.017
0.019

0.137
0.059
0.078
0.025
0.034
0.036
0.043
0.011
0.014
0.016
0.018
0.016
0.02
0.02
0.023

0.109
0.051
0.059
0.022
0.029
0.027
0.032
0.009
0.013
0.013
0.016
0.012
0.015
0.014
0.018

0.144
0.065
0.079
0.029
0.037
0.036
0.042
0.012
0.016
0.017
0.02
0.016
0.021
0.019
0.023
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0.137 0.164
0.063 0.074
0.074 0.09
0.027 0.032
0.036 0.042
0.034 0.041
0.041 0.049
0.012 0.014
0.016 0.018
0.016 0.019
0.02 0.023
0.014 0.018
0.019 0.023
0.019 0.022
0.022 0.027

(B.2)

As it is seen from o (#H), the gap between 3,.4 and 4, singular value is not significant.

So, it cannot be assumed that the rank of H is 3.

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .




0.445
0.555
0.192
0.253
0.253
0.302

109
116
137
109
144
137
.164

o O O O O O O

0.445
0.192
0.253
0.082
0.109
0.116
0.137
0.035
0.047
0.051
0.059
0.05
0.066
0.063
0.074

0.555
0.253
0.302
0.109
0.144
0.137
0.164
0.047
0.063
0.065
0.078
0.059
0.078
0.074
0.09

0.192
0.082
0.109
0.035
0.047
0.051
0.059
0.015
0.02
0.021
0.025
0.022
0.029
0.027
0.032

0.253
0.109
0.144
0.047
0.063
0.065
0.078
0.02
0.027
0.029
0.034
0.028
0.037
0.036
0.042

0.253
0.116
0.137
0.05
0.066
0.063
0.074
0.021
0.029
0.03
0.036
0.027
0.036
0.034
0.041

0.302
0.137
0.164
0.059
0.078
0.074
0.09
0.025
0.034
0.036
0.043
0.032
0.042
0.041
0.049

0.082 0.109
0.035  0.047
0.047 0.063

0.015 0.02
0.02 0.027
0.021  0.029
0.025 0.034
0.007  0.009
0.009 0.011
0.009 0.012
0.011  0.014
0.009 0.013

0.012 0.016
0.012 0.015
0.014 0.018

0.116
0.05
0.066
0.021
0.029
0.03
0.036
0.009
0.012
0.013
0.016
0.013
0.017
0.016
0.019

0.137
0.059
0.078
0.025
0.034
0.036
0.043
0.011
0.014
0.016
0.018
0.016
0.02
0.02
0.023

0.109
0.051
0.059
0.022
0.029
0.027
0.032
0.009
0.013
0.013
0.016
0.012
0.015
0.014
0.018

0.144
0.065
0.078
0.028
0.037
0.036
0.042
0.012
0.016
0.017
0.02
0.016
0.021
0.019
0.023

0.137
0.063
0.074
0.027
0.036
0.034
0.041
0.012
0.016
0.016
0.02
0.014
0.019
0.019
0.022

90

0.164
0.074
0.09
0.032
0.042
0.041
0.049
0.014
0.018
0.019
0.023
0.018
0.023
0.022
0.027

4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.892

2.265 x 1072
2.064 x 1073
4.532 x 1077
1.275 x 1077

0
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Figure B.1. Singular values of H for t =3, N = 3, Lsq = 106
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Figure B.2. The difference between P and P for t = 3, N = 3, Lgeqg = 106



This suggests that rank.s(H) = 3.
5. Estimate the matrices A, and B,

0.212 0.455 0.333
A, =1 0.323 0.283 0.393 , B, =
0.584 0.162 0.254

6. Construct the #H,, corresponding to the A,, and B,

0.445 0.192 0.253 0.082 0.11 0.116 0.138 0.035 0.047 0.05

0.253 0.116  0.138 0.05 0.066 0.062 0.075 0.021 0.028 0.03

L 0.165 0.075 0.09 0.032 0.043 0.041 0.049 0.014 0.018 0.02

1.892
2.293 x 1072
1.749 x 1073

0

B 1 0.445 0.555 0.192 0.253 0.253 0.302 0.082 0.11 0.116

0.555 0.253 0.302 0.109 0.145 0.137 0.165 0.046 0.062 0.066
0.192  0.082 0.11 0.035 0.047 0.05 0.059 0.015 0.02 0.021
0.253 0.109 0.145 0.046 0.062 0.066 0.079 0.02 0.027 0.028

0.302 0.137 0.165 0.058 0.078 0.075 0.09 0.025 0.033 0.036
Hn = 0.082 0.035 0.047 0.015 0.02 0.021 0.025 0.006 0.009 0.009
0.109 0.046 0.062 0.02 0.027 0.028 0.034 0.009 0.011 0.012
0.116 0.05 0.066 0.021 0.028 0.03 0.036 0.009 0.012 0.013
0.137 0.058 0.078 0.025 0.033 0.036 0.042 0.011 0.014 0.015
0.11 0.05 0.059 0.022 0.029 0.027 0.033 0.009 0.012 0.013
0.145 0.066 0.079 0.028 0.038 0.036 0.043 0.012 0.016 0.017
0.138 0.062 0.075 0.027 0.036 0.034 0.041 0.011 0.015 0.016

92

0.222 0.778
0.608 0.392
0.538 0.462

0.138 0.109 0.145 0.137 0.165
0.059 0.05 0.066 0.062 0.075
0.079 0.058 0.078 0.075 0.09
0.025 0.022 0.029 0.027 0.033
0.034 0.028 0.038 0.036 0.043
0.036 0.027 0.036 0.034 0.041
0.042 0.032 0.043 0.041 0.049
0.011  0.009 0.012 0.011 0.014
0.014 0.012 0.016 0.015 0.018
0.015 0.013 0.017 0.016 0.02
0.018 0.015 0.02 0.019  0.023
0.016 0.012 0.015 0.015 0.018
0.021  0.015 0.02 0.02 0.023
0.019 0.015 0.02 0.019 0.022
0.023 0.018 0.023 0.022 0.027

Even though the system matrices of reconstructed model A,,,B, is diverges from

the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.
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Simulation 14.

1. We simulated the same process and produced a sequence of T = 10° observations
Ol:T'
2. Compute P from the data @ and build H from P

M 1 0.444  0.556 0.19 0.253 0.253 0.303 0.081 0.11 0.116  0.137 0.11 0.143 0.137 0.166
0.444 0.19 0.253  0.081 0.11 0.116 0.137 0.035 0.046 0.051 0.059 0.051 0.065 0.063 0.074
0.556  0.253  0.303 0.11 0.143 0.137 0.166 0.046 0.064 0.066 0.078 0.059 0.079 0.074 0.092
0.19 0.081 0.11 0.035 0.046 0.051 0.059 0.015 0.02 0.021 0.025 0.022 0.028 0.027 0.032
0.253 0.11 0.143 0.046 0.064 0.066 0.078 0.02 0.026 0.029 0.035 0.029 0.037 0.036 0.042
0.253 0.116 0.137 0.051 0.065 0.063 0.074 0.022 0.03 0.029 0.036 0.027 0.036 0.033 0.042
0.303 0.137 0.166 0.059 0.079 0.074 0.092 0.024 0.034 0.036 0.042 0.032 0.043 0.042 0.051

H= 0.081 0.035 0.046 0.015 0.02 0.021  0.025 0.006 0.009 0.009 0.011 0.009 0.012 0.011 0.013
0.11 0.046  0.064 0.02 0.026 0.029 0.035 0.009 0.011 0.012 0.014 0.013 0.016 0.016 0.019
0.116  0.051  0.065 0.022 0.03 0.029 0.036 0.01 0.012 0.014 0.016 0.013 0.016 0.016 0.019
0.137 0.059 0.079 0.024 0.034 0.036 0.042 0.01 0.014 0.016 0.019 0.016 0.02 0.019 0.023
0.11 0.051 0.059 0.022 0.028 0.027 0.032 0.009 0.013 0.013 0.016 0.012 0.015 0.014 0.018
0.143 0.066 0.078 0.029 0.037 0.036 0.042 0.012 0.017 0.016 0.02 0.015 0.021 0.018 0.024
0.137 0.063 0.074 0.027 0.036 0.033 0.042 0.011 0.016 0.017 0.019 0.014 0.019 0.018 0.023

L 0.166 0.074 0.092 0.032 0.043 0.042 0.051 0.013 0.018 0.019 0.023 0.018 0.024 0.023 0.027

The singular values of the # is given by;

1.892
2.319 x 1072
4.714 x 1073
2.633 x 104
1.089 x 10~4
o(H) = | 8.642 x 104 (B.3)
5.474 x 10~4
3.045 x 10-4
0

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix H.




0.444
0.556
0.191
0.252
0.252
0.304
H = 0.082
0.11
0.115
0.137
0.11
0.143
0.137
0.167

0.444
0.191
0.252
0.082
0.11
0.115
0.137
0.035
0.047
0.051
0.059
0.05
0.065
0.062
0.075

0.556
0.252
0.304
0.11
0.143
0.137
0.167
0.047
0.063
0.065
0.078
0.059
0.078
0.075
0.092

0.191
0.082
0.11
0.035
0.047
0.051
0.059
0.015
0.02
0.022
0.025
0.022
0.028
0.027
0.032

0.252
0.11
0.143
0.047
0.063
0.065
0.078
0.02
0.027
0.029
0.034
0.028
0.037
0.036
0.043

0.252
0.115
0.137
0.05
0.065
0.062
0.075
0.021
0.029
0.029
0.036
0.027
0.035
0.034
0.041

0.304
0.137
0.167
0.059
0.078
0.075
0.092
0.025
0.034
0.035
0.042
0.032
0.043
0.041
0.05

0.082 0.11
0.035  0.047
0.047 0.063

0.015 0.02
0.02 0.027
0.022  0.029
0.025 0.034
0.006  0.009
0.009 0.011
0.009 0.012
0.011  0.014
0.009 0.013

0.012 0.016
0.011  0.015
0.014 0.019

0.115
0.05
0.065
0.021
0.029
0.029
0.036
0.009
0.012
0.013
0.016
0.013
0.017
0.016
0.019

0.137
0.059
0.078
0.025
0.034
0.035
0.042
0.011
0.014
0.016
0.018
0.015
0.02
0.019
0.023

0.11
0.051
0.059
0.022
0.028
0.027
0.032
0.009
0.013
0.013
0.016
0.012
0.015
0.014
0.018

0.143
0.065
0.078
0.028
0.037
0.036
0.043
0.012
0.016
0.017
0.02
0.015
0.02
0.019
0.023

0.137
0.062
0.075
0.027
0.035
0.034
0.041
0.011
0.015
0.016
0.019
0.014
0.019
0.019
0.023

94

0.167
0.075
0.092
0.032
0.043
0.041
0.05
0.014
0.019
0.019
0.023
0.018
0.023
0.023
0.028

4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.892

1.987 x 1072
1.947 x 1073
7.699 x 1077

0
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Figure B.3. Singular values of H for t =3, N = 3, Lg., = 10°
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Figure B.4. The difference between P and P for t = 3, N = 3, Lgeqg = 10°
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This suggests that rank.s(H) = 3.
4. Estimate the matrices A,, and B,,.

0.105 0.738 0.156 0.741 0.239
A, = 0201 0.064 0.735 ; B, =] 0.328 0.672
0323 0.3 0.377 0.372 0.628

5. Construct the H,., corresponding to the A,., and B,

r 1 0.444 0.556 0.191 0.252 0.252 0.304 0.083 0.109 0.114 0.138 0.109 0.144 0.138 0.165
0.444 0.191 0.252 0.083 0.109 0.114 0.138 0.036 0.047 0.049 0.06 0.049 0.065 0.063 0.075
0.556 0.252 0.304 0.109 0.144 0.138 0.165 0.047 0.062 0.065 0.079 0.059 0.079 0.075 0.09
0.191 0.083 0.109 0.036 0.047 0.049 0.06 0.015 0.02 0.021 0.026 0.021 0.028 0.027 0.032
0.252 0.109 0.144 0.047 0.062 0.065 0.079 0.02 0.027 0.028 0.034 0.028 0.037 0.036 0.043
0.252 0.114 0.138 0.049 0.065 0.063 0.075 0.021 0.028 0.029 0.036 0.027 0.036 0.034 0.041
0.304 0.138 0.165 0.059 0.079 0.075 0.09 0.026 0.034 0.036 0.043 0.032 0.043 0.041 0.049

Hp = 0.083 0.036 0.047 0.015 0.02 0.021 0.026 0.007 0.009 0.009 0.011 0.009 0.012 0.012 0.014
0.109 0.047 0.062 0.02 0.027 0.028 0.034 0.009 0.012 0.012 0.015 0.012 0.016 0.015 0.018
0.114 0.049 0.065 0.021 0.028 0.029 0.036 0.009 0.012 0.013 0.015 0.013 0.017 0.016 0.019
0.138 0.059 0.079 0.026 0.034 0.036 0.043 0.011 0.015 0.015 0.018 0.015 0.02 0.02 0.024
0.109 0.049 0.06 0.021 0.028 0.027 0.032 0.009 0.012 0.013 0.015 0.012 0.016 0.015 0.018
0.144 0.065 0.079 0.028 0.037 0.036 0.043 0.012 0.016 0.017 0.02 0.015 0.021 0.019 0.023
0.138 0.063 0.075 0.027 0.036 0.034 0.041 0.012 0.015 0.016 0.02 0.015 0.019 0.019 0.022

L 0.165 0.075 0.09 0.032 0.043 0.041 0.049 0.014 0.018 0.019 0.024 0.018 0.023 0.022 0.027

1.892
2.001 x 1072
1.281 x 1073
U(Hn) = 0
0

Even though the system matrices of reconstructed model A,,, B,, is diverges from
the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.
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Simulation 15.

1. We simulated the same process and produced a sequence of T = 10* observations
Ol:T'
2. Compute P from the data @ and build H from P

[ 1.0 0.447 0.553 0.195 0.252 0.252 0.301 0.083 0.112 0.118 0.134 0.112 0.14 0.134 0.167
0.447 0.195 0.252 0.083 0.112 0.118 0.134 0.035 0.047 0.054 0.059 0.05 0.067 0.061 0.073
0.553 0.252 0.301 0.112 0.14 0.134 0.167 0.047 0.065 0.064 0.076 0.062 0.073 0.073 0.094
0.195 0.083 0.112 0.035 0.047 0.054 0.059 0.015 0.02 0.023 0.025 0.023 0.031 0.027 0.032
0.252  0.112 0.14 0.047 0.065 0.064 0.076 0.02 0.027 0.031 0.034 0.028 0.037 0.035 0.041
0.252 0.118 0.134 0.05 0.067 0.061 0.073 0.022 0.028 0.03 0.038 0.029 0.033 0.031 0.042
0.301 0.134 0.167 0.062 0.073 0.073 0.094 0.025 0.037 0.035 0.038 0.033 0.04 0.042 0.052

H= 0.083 0.035 0.047 0.015 0.02 0.023 0.025 0.006 0.009 0.01 0.01 0.008 0.015 0.011 0.013
0.112  0.047 0.065 0.02 0.027 0.031 0.034 0.009 0.011 0.013 0.014 0.015 0.016 0.015 0.019
0.118 0.05 0.067 0.022 0.028 0.03 0.038 0.01 0.013 0.014 0.014 0.013 0.017 0.016 0.021
0.134 0.062 0.073 0.025 0.037 0.035 0.038 0.011 0.014 0.017 0.02 0.015 0.02 0.019 0.02
0.112 0.054 0.059 0.023 0.031 0.027 0.032 0.011 0.012 0.014 0.017 0.012 0.014 0.015 0.017
0.14 0.064 0.076 0.028 0.037 0.035 0.041 0.012 0.016 0.016 0.021 0.016 0.019 0.016 0.025
0.134 0.061 0.073 0.029 0.033 0.031 0.042 0.012 0.017 0.016 0.017 0.014 0.017 0.019 0.023

L 0.167 0.073 0.094 0.033 0.04 0.042 0.052 0.013 0.02 0.019 0.021 0.019 0.023 0.023 0.028

The singular values of the # is given by;

1.891
2.313 x 1072
1.337 x 102
5.993 x 10-3
3.375 x 1073
o(H) = | 3154 x 1073 (B.4)
1.538 x 1073
5.733 x 104
0

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix H.




0.447
0.553
0.196
0.251
0.251
0.302

111
115
135
111
139
135
.166

o O O O O O O

0.447
0.196
0.251
0.085
0.111
0.115
0.135
0.037
0.048
0.051
0.061
0.052
0.064
0.061
0.074

0.553
0.251
0.302
0.111
0.139
0.135
0.166
0.048
0.063
0.065
0.075
0.06
0.076
0.074
0.092

0.196
0.085
0.111
0.037
0.048
0.051
0.061
0.016
0.021
0.022
0.026
0.022
0.028
0.028
0.033

0.251
0.111
0.139
0.048
0.063
0.065
0.075
0.021
0.027
0.028
0.035
0.029
0.036
0.034
0.041

0.251
0.115
0.135
0.052
0.064
0.061
0.074
0.023
0.029
0.029
0.035
0.027
0.034
0.033
0.041

0.302
0.135
0.166
0.06
0.076
0.074
0.092
0.026
0.034
0.036
0.04
0.033
0.042
0.041
0.051

0.085 0.111
0.037  0.048
0.048 0.063
0.016  0.021
0.021  0.027
0.022  0.028
0.026  0.035
0.007  0.009
0.009 0.012
0.009 0.013
0.011  0.015
0.01 0.012

0.012 0.016
0.012 0.016
0.014 0.019

0.115
0.052
0.064
0.023
0.029
0.029
0.035
0.01
0.013
0.013
0.016
0.013
0.016
0.015
0.019

0.135
0.06
0.076
0.026
0.034
0.036
0.04
0.011
0.015
0.015
0.019
0.016
0.019
0.018
0.022

0.111
0.051
0.061
0.022
0.028
0.028
0.033
0.01
0.013
0.013
0.015
0.012
0.015
0.015
0.018

0.139
0.065
0.075
0.029
0.036
0.034
0.041
0.013
0.016
0.016
0.019
0.015
0.019
0.018
0.023

0.135
0.061
0.074
0.027
0.034
0.033
0.041
0.012
0.015
0.016
0.018
0.014
0.018
0.018
0.023

98

0.166
0.074
0.092
0.033
0.042
0.041
0.051
0.014
0.019
0.019
0.022
0.018
0.023
0.023
0.028

4. Estimate N. Analyze singular values of H and the difference between approxi-

mate P and estimated probabilities P.

1.890

1.504 x 1072
5.199 x 1073
6.130 x 1077

0
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Figure B.5. Singular values of H for t =3, N = 3, Lseq = 104
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Figure B.6. The difference between P and P for t = 3, N =3, Lyeg = 10%

This suggests that rank.s,(H) = 3.

5. Estimate the matrices A,, and B,

0.133 0.468 0.399 0.364 0.636
A, = 0.408 0.363 0.229 ; B, = | 0251 0.749
0.816 0.063 0.121 0.796 0.204

6. Construct the H,, corresponding to the A, and B,

M 1 0.447 0.553 0.196 0.251 0.251 0.302 0.087 0.11 0.114 0.137 0.108 0.143 0.133
0.447 0.196 0.251  0.087 0.11 0.114 0.137 0.038 0.049 0.05 0.06 0.049  0.065 0.06
0.553 0.251 0.302 0.108 0.143 0.133 0.169 0.048 0.06 0.066 0.077 0.058 0.076 0.075
0.196  0.087 0.11 0.038  0.049 0.05 0.06 0.017 0.021 0.022 0.026 0.021 0.028 0.026
0.251  0.108 0.143 0.048 0.06 0.066  0.077 0.021 0.027 0.027 0.033 0.028 0.038 0.034
0.251 0.114 0.137 0.049 0.065 0.06 0.076  0.022  0.027 0.03 0.035 0.026 0.034 0.034
0.302 0.133 0.169 0.058 0.076 0.075 0.093 0.026 0.032 0.035 0.041 0.032 0.043 0.041

Hn = 0.087 0.038 0.049 0.017 0.021 0.022 0.026 0.007 0.009 0.01 0.012 0.009 0.013 0.012

0.108  0.048 0.06 0.021  0.027 0.027 0.033 0.009 0.012 0.012 0.015 0.012 0.015 0.014

0.114 0.049 0.065 0.022 0.027 0.03 0.035 0.01 0.012 0.012 0.015 0.013 0.017 0.015

0.133 0.058 0.076 0.026 0.032 0.035 0.041 0.011 0.014 0.015 0.018 0.015 0.02 0.018

0.11 0.05 0.06 0.021 0.028 0.026 0.033 0.01 0.012 0.013 0.015 0.011 0.015 0.015

0.143 0.066 0.077 0.028 0.038 0.034 0.043 0.013 0.016 0.017 0.02 0.015 0.019 0.019

0.137 0.06 0.076  0.026 0.034 0.034 0.042 0.012 0.015 0.016 0.019 0.015 0.019 0.019

0.169 0.075 0.093 0.032 0.043 0.041 0.052 0.014 0.018 0.02 0.023 0.018 0.024 0.023

100

0.169
0.076
0.093
0.033
0.043
0.042
0.052
0.015
0.018
0.02
0.023
0.019
0.024
0.024
0.029




1.891

1.695 x 1072
5.708 x 1073
0

101

Even though the system matrices of reconstructed model A,,, B,, is diverges from

the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.

Simulation 16.

1. We simulated the same process and produced a sequence of T = 10 observations

OI:T-

2. Compute P from the data O and build H from P

0.427
0.573
0.174
0.252
0.253
0.321
H=| 0074
0.099
0.103
0.15
0.099
0.153
0.151
0.171

0.427
0.174
0.252
0.074
0.099
0.103
0.15
0.027
0.047
0.039
0.06
0.042
0.06
0.078
0.072

0.573
0.253
0.321
0.099
0.153
0.151
0.171
0.047
0.052
0.063
0.089
0.057
0.092
0.072
0.098

0.174
0.074
0.099
0.027
0.047
0.039
0.06
0.009
0.018
0.017
0.03
0.017
0.022
0.035
0.026

0.253
0.099
0.153
0.047
0.052
0.063
0.089
0.018
0.029
0.022
0.03
0.025
0.038
0.043
0.046

0.252
0.103
0.15
0.042
0.06
0.078
0.072
0.019
0.023
0.02
0.04
0.027
0.051
0.029
0.043

.321
151
171
057
092
072
098
028
029
043
049
0.03
0.041
0.043
0.055

[=lelelololcRolc ol N =]

0.074
0.027
0.047
0.009
0.018
0.017
0.03
0.004
0.005
0.005
0.013
0.008
0.009
0.018
0.013

0.099
0.047
0.052
0.018
0.029
0.022
0.03
0.005
0.013
0.012
0.017
0.009
0.013
0.017
0.013

0.103
0.042
0.06
0.019
0.023
0.02
0.04
0.005
0.014
0.013
0.01
0.007
0.013
0.015
0.025

0.151
0.057
0.092
0.028
0.029
0.043
0.049
0.013
0.015
0.009
0.02
0.018
0.025
0.028
0.021

0.099
0.039
0.06
0.017
0.022
0.035
0.026
0.006
0.011
0.007
0.015
0.011
0.024
0.012
0.014

0.153
0.063
0.089
.025
.038
.043
046
013
012
013
025
.016
.027
0.017
0.029

[=lolelolclolol=ol

(=

0.15
0.078
0.072
.027
051
.029
043
014
013
022
029
.012
.017
0.019
0.024

o O O O O O o O O

(=]

0.171
0.072
0.098
0.03
0.041
0.043
0.055
0.014
0.016
0.021
0.02
0.018
0.024
0.024
0.031




The singular values of the H is given by;

1.905

5.625 x 1072
4.285 x 1072
1.926 x 1072
1.142 x 1072
9.326 x 1073
5.585 x 1073
1.562 x 1073

0
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(B.5)

3. Solve the optimization problem 3.1. and obtain optimized Hankel matrix .

0.431
0.569
0.181
0.249
0.249
0.32
0.078
0.103
.107
142
103
146
142
178

o O O O O O

4. Estimate N. Analyze

0.431
0.181
0.249
0.078
0.103
0.107
0.142
0.033
0.045
0.044
0.059
0.045
0.062
0.064
0.078

0.569
0.249
0.32
0.103
0.146
0.142
0.178
0.045
0.058
0.063
0.083
0.058
0.084
0.078
0.1

0.181
0.078
0.103
0.033
0.045
0.044
0.059
0.014
0.019
0.02
0.025
0.019
0.026
0.027
0.033

0.249
0.103
0.146
0.045
0.058
0.063
0.083
0.019
0.026
0.025
0.034
0.026
0.036
0.038
0.045

0.249
0.107
0.142
0.045
0.062
0.064
0.078
0.019
0.026
0.026
0.036
0.026
0.038
0.034
0.044

singular values of H and the

0.32
0.142
0.178
0.058
0.084
0.078

0.1
0.026
0.033
0.037
0.047
0.032
0.045
0.044
0.056

0.078 0.103
0.033  0.045
0.045 0.058
0.014 0.019
0.019 0.026
0.02 0.025
0.025 0.034
0.006  0.008

0.008 0.011
0.008 0.011
0.011  0.015
0.008 0.011
0.011  0.014
0.011  0.015
0.014 0.019

0.107
0.045
0.062
0.019
0.026
0.026
0.036
0.008
0.011
0.011
0.015
0.011
0.015
0.016
0.02

0.142
0.058
0.084
0.026
0.033
0.037
0.047
0.011
0.015
0.014
0.019
0.015
0.021
0.021
0.026

0.103
0.044
0.059
0.019
0.026
0.027
0.033
0.008
0.011
0.011
0.015
0.011
0.016
0.014
0.018

0.146
0.063
0.083
0.026
0.036
0.038
0.045
0.011
0.015
0.015
0.021
0.015
0.023
0.02
0.026

0.142
0.064
0.078
0.026
0.038
0.034
0.044
0.012
0.014
0.017
0.021
0.014
0.02
0.019
0.025

0.178
0.078
0.1
0.032
0.045
0.044
0.056
0.014
0.018
0.02
0.026
0.018
0.026
0.025
0.031

difference between
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approximate P and estimated probabilities P.

1.901

1.961 x 1072

6.441 x 1073

4.498 x 1077

o(H) = _
3.948 x 1077
0
0
10°
* o(H)
100 *
107 )
107
10°°
*
10°°
* % "
* * %
107 Foxox *
*
*
10—12
0 5 10 15

Figure B.7. Singular values of H for t =3, N = 3, Lg., = 10°
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Figure B.8. The difference between P and P for t = 3, N = 3, Lgeq = 103

This suggests that rank.s,(H) = 3.

5. Estimate the matrices A,, and B,,.

0.334 0.498 0.169 0.364 0.636
A, =] 0442 0.223 0.335 ; B, = 0.247 0.753
0.309 0.444 0.247 0.786 0.214

6. Construct the H,, corresponding to the A,, and B,

M 1 0.431 0.569 0.181 0.249 0.249 0.32 0.076 0.105 0.108 0.141 0.103 0.146 0.137 0.183
0.431 0.181 0.249 0.076 0.105 0.108 0.141 0.032 0.044 0.046 0.06 0.045 0.063 0.06 0.081
0.569  0.249 0.32 0.103 0.146 0.137 0.183 0.043 0.06 0.063  0.082 0.057 0.08 0.079  0.105
0.181 0.076 0.105 0.032 0.044 0.046 0.06 0.013 0.018 0.019 0.025 0.019 0.027 0.026 0.034
0.249 0.103 0.146 0.043 0.06 0.063 0.082 0.018 0.025 0.026 0.034 0.026 0.037 0.035 0.047
0.249 0.108 0.141 0.045 0.063 0.06 0.081 0.019 0.026 0.028 0.036 0.025 0.035 0.035 0.046
0.32 0.137 0.183 0.057 0.08 0.079 0.105 0.024 0.033 0.035 0.045 0.033 0.046 0.045 0.06

Hn = 0.076  0.032 0.044 0.013 0.018 0.019 0.025 0.006 0.008 0.008 0.01 0.008 0.011 0.011 0.014

0.103  0.043 0.06 0.018 0.025 0.026 0.034 0.008 0.011 0.011 0.014 0.011 0.015 0.015 0.019

108 0.045 0.063 0.019 0.026 0.028 0.036 0.008 0.011 0.011 0.015 0.011 0.016 0.015 0.02

137  0.057 0.08 0.024 0.033 0.035 0.045 0.01 0.014 0.014 0.019 0.014 0.02 0.019 0.026

105 0.046 0.06 0.019 0.027 0.026 0.034 0.008 0.011 0.012 0.015 0.011 0.015 0.015 0.019

146 0.063 0.082 0.026 0.037 0.035 0.047 0.011 0.015 0.016 0.021 0.015 0.021 0.02 0.027

141 0.06 0.081 0.025 0.035 0.035 0.046 0.011 0.015 0.015 0.02 0.014 0.02 0.02 0.026

183 0.079 0.105 0.033 0.046 0.045 0.06 0.014 0.019 0.02 0.026 0.019 0.026 0.026 0.034

ceoeoo0cQ




1.902
1.493 x 1072
5.935 x 1073

0
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Even though the system matrices of reconstructed model A,,,B,, is diverges from

the original system matrices A and B, the Hankel matrix of the reconstructed

model H,, and H are really close.
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