The Pennsylvania State University
The Graduate School
Department of Materials Science and Engineering

PHASE-FIELD MODELING OF FLEXOELECTRIC EFFECT IN PEROVSKITE
FERROELECTRICS

A Dissertation in
Materials Science and Engineering
by
Yijia Gu

Submitted in Partial Fulfillment
of the Requirements
for the Degree of

Doctor of Philosophy
December 2014

The dissertation of Yijia Gu was reviewed and approved* by the following:

Long-Qing Chen
Distinguished Professor of Materials Science and Engineering,
Engineering Science and Mechanics, and Mathematics
Dissertation Advisor
Chair of Committee

Qiang Du
Verne Willaman Professor of Mathematics
Professor of Materials Science and Engineering

Venkatraman Gopalan
Professor of Materials Science and Engineering
Associate Director, Center for Optical Technologies

Clive A. Randall
Professor of Materials Science and Engineering
Director, Center for Dielectric Studies

Susan Trolier-McKinstry
Professor of Ceramic Science and Engineering
Director, W. M. Keck Smart Materials Integration Laboratory

James M. Chen
Assistant Professor of Mechanical Engineering of Material Science
Special Member

Suzanne Mohney
Professor of Materials Science and Engineering and Electrical Engineering
Chair of Graduate Program
*Signatures are on file in the Graduate School

iii

ABSTRACT
Ferroelectrics are multifunctional materials that have many applications in
devices such as actuators, sensors, memory storage, microelectromechanical systems
(MEMS), and others. The multifunctionality derives from the couplings among internal
order parameters, such as ferroelectric polarization and spontaneous strain, and external
thermodynamic variables, such as temperature, stress, and electric field. Although the
thermodynamics of such couplings has been well established, the coupling among order
parameters and their gradients is much less well-understood. The main goal of the
dissertation is to fundamentally understand the role of flexoelectric effect, the coupling
between polarization and the gradient of strain, in the ferroelectricity of a crystal, e.g.,
domain structures, polarization distributions across domain walls, and domain switching.
There are sufficient experimental evidences showing that the flexoelectric effect,
which is small and generally ignored in macroscopic systems, may become significant or
even dominant in nanostructures, particularly in ferroelectric materials which exhibit
strong dielectric properties. However, there are few well-developed theories, especially
mesoscale models, available to explain or to further predict the flexoelectric effectinduced phenomenon in ferroelectrics. In this dissertation, a phase-field model of
ferroelectric domains incorporating flexoelectric contribution is developed. The
flexoelectric effect in ferroelectric single crystals is investigated using the developed
model.
The present phase-field model of ferroelectric domain structures and switching is
extended to include the flexoelectric effect by adding the flexoelectric coupling terms to
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the total free energy. The semi-implicit Fourier-spectral method is modified to solve the
time-dependent Ginzburg-Landau equation with anisotropic gradient energy coefficients.
Then by calculating the domain wall profiles of BaTiO3 and SrTiO3 and comparing with
other numerical solutions, this model is validated.
In order to incorporate the interactions of different soft modes or order
parameters, many new terms, including biquadratic coupling, trilinear coupling and
flexoelectric coupling, are introduced to the classic Landau-Ginzburg-Devonshire (LGD)
theory of ferroelectrics. However, it is still unclear how each of these terms modifies the
domain wall structures and its thermodynamic stabilities. As a matter of fact, it is also
uncertain whether the continuum LGD theory can be used to study domain walls, which
may be as thin as one unit cell. From phase-field simulations, it was found that polar
domain walls of incipient ferroelectric CaTiO3 are likely to be induced by flexoelectric
coupling. The polarization component parallel to the twin walls shows an even
distribution; while the polarization normal to the walls has an odd distribution. The peak
value of the induced polarization is on the magnitude of 1 μC/cm2. The simulation results
of domain wall structures agree very well with existing experimental observations and
other computational predictions. Thus, the developed phase-field model, which is based
on LGD theory, can be used to study the nano scale domain structures at least
qualitatively.
The pure ferroelectric (180°) domain walls of tetragonal ferroelectrics have long
been believed to be Ising type and charge neutral. However, recent theoretical studies
show that the wall exhibits additional Bloch-like or Néel-like features. Using the phasefield simulations, it is demonstrated that the wall has Ising-Bloch-Néel characters. The
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new features are strongly anisotropic and are entirely due to the flexoelectric effect. From
thermodynamic analysis, it is shown that the polarization at the domain wall is
determined by the competition between the flexoelectric field and the depolarization
field. The flexoelectric effect-induced polarization shows an odd distribution at the
domain walls with the peak values on the magnitude of 0.1 μC/cm2.
Flexoelectricity can be regarded as a mechanical analogue to the electric field,
which can modify the free energy profile of a ferroelectric material asymmetrically.
Therefore, the flexoelectric effect can be used to switch ferroelectric domains if large
enough. By approximating its geometry as a spherical indenter, an AFM tip is shown to
induce a strong flexoelectric effect to an ultrathin BaTiO3 film (~5 nm) under a 1000 nN
load. The radius of contact area is 10 nm. The flexoelectric field is on the magnitude of
107 V/m, which is well above the coercive field and thus can induce 180-degree
switching. The stresses under the AFM tip, on the magnitude of several GPa, are also
larger than the coercive stresses which can induce nucleation of new domains. Due to the
strong compressive biaxial strain exerted by SrTiO3 substrate, only flexoelectricity
induced (180-dgree) domain remains after unloading. This process which can induce 180dgree switching, is more similar to electric field-induced switching rather than the
conventional mechanical switching via piezoelectricity. From the simulations, it is also
shown that this type of mechanical switching is only possible in nanoscale films with the
upper bound for the film thickness on the order of ~25 nm.
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Chapter 1
Introduction
In this chapter, the definition of flexoelectric effect is firstly introduced from a
phenomenological description of the coupling between electric polarization and the
mechanical deformation. Then, by extending the conventional piezoelectricity to general
piezoelectricity, it is demonstrated how the inhomogeneous mechanical and/or electrical
variables influence the electromechanical couplings via the flexoelectric effect. After
that, the flexoelectric tensor is discussed in terms of symmetry and magnitude. Recent
experimental and theoretical works on the flexoelectric effect of bulk are reviewed as
well. Lastly, the objective and structure of this dissertation are presented.

1.1 The flexoelectric effect and the general piezoelectric effect
The coupling between electric polarization and mechanical deformation can be
utilized in many device applications including actuators, sensors, and microelectromechanical systems (MEMS). [1,2] Phenomenologically, polarization can be related to
the mechanical deformation through
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elij

ij
ij

ijkl

xk

(1.1)

where εij is the strain component, elij is the third-rank piezoelectric tensor, and μijkl is the
fourth-rank flexoelectric (polarization) tensor. Einstein summation is assumed with i, j, k,
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and l running from 1 to 3. The first term on the right-hand side of Eq. (1.1) describes the
piezoelectric effect, i.e., the linear response of polarization to a homogeneous applied
strain. The second term is the flexoelectric contribution to polarization from an
inhomogeneous strain, i.e., a strain gradient.
It is important to note that the flexoelectric effect is not limited to polarizationstrain gradient coupling but includes other unconventional electromechanical couplings
including inhomogeneous mechanical and/or electrical conditions. To describe the
general flexoelectric effect, W. Ma introduces the term “general piezoelectricity” [3]. The
four equations for general piezoelectricity read
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where P, E, ε, σ, ε0, η, χ, and x refer to polarization, electric field, symmetrized strain
tensor, symmetrized stress tensor, vacuum permittivity, relative inverse permittivity,
relative permittivity, and position, respectively. elij , and glij are direct piezoelectric
coefficients, while elij* , and g lij* are converse piezoelectric coefficients.
and

*
ijkl

ijkl

,

*
ijkl

,

ijkl

,

are symmetric flexoelectric polarization coefficients (C/m), flexoelectric strain

coefficients (m3/C), flexoelectric field coefficients (Vm2/N), and flexoelectric stress
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coefficients (N/V), respectively.
*
ijkl

and

*
ijkl

ijkl

and

ijkl

are direct flexoelectric coefficients, while

are inverse flexoelectric coefficients. i, j, k, l, p, q, and m run from 1 to 3.

Therefore, the second terms on the right-hand side of Eq. (1.2) refer to conventional
piezoelectricity, and the third terms on the right-hand side refer to flexoelectricity. Fig.
1.1 [3] schematically illustrates the diagram of general piezoelectricity.

Figure 1.1 Schematic diagram of general piezoelectricity. Numbers in parentheses
indicate the ranks of respective tensors. This figure is adopted from Ref. [3]
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1.2 The flexoelectric tensor

1.2.1 The definitions of the different flexoelectric coefficients
It should be noted that there are many different definitions of “flexoelectric
coefficients” in the literature. They mainly can be classified into three kinds according to
their physical meaning. The first kind of flexoelectric coefficients is defined in terms of
unsymmetrized strain, which is convenient for the derivation of the formalism. The
second kind is defined in terms of symmetrized strain, which is more convenient to
compare with the experimental measurement. The third kind is also known as
flexoelectric coupling coefficients (or flexocoupling coefficients), which is defined in the
Landau free energy. In addition to different definitions, different symbols and subscript
orderings are used for the same quantity in different literatures, which makes the situation
even more confusing. In order to differentiate these flexoelectric coefficients, theses
flexoelectric coefficients are redefined using the symbols and subscript orderings as
summarized in Table 1.1. More detailed derivations and discussions on different
flexoelectric coefficients can be found in Ref. [4].
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Table 1.1 The definitions for different kinds of flexoelectric coefficients

Name

Definition

Symbols appear in the

a

literature

Flexoelectric coefficients

u
jk

Pi

ijkl

for unsymmetrized strain
tensor (

, in C/m)
ijkl

xl
2

u
jk

xl

tensor (

b
ijkl

2

uj

xk xl

where

, in C/m)

xk
u
jl

xl xk

ijkl

xj

kl

lk

xj

xj

,

μ in Ref. [4–6]
f in Ref. [7]

xk

,

μ in Ref. [8–21]

1 uk
(
2 xl

kl

uj

u
jk

uj

kl

Pi

Flexoelectric coefficients
for symmetrized strain

, where

ul
),
xk

f in Ref. [22–27]
F in Ref. [28]

2(γ+η) in Ref. [29–31]

Flexoelectric coupling

1

fijkl

coefficients ( fijkl , in V)

0

E c
im mjkl

h in Ref. [5]
f in Ref. [4,16,32,33]

a

Note the order of indices; the superscript u denotes the unsymmetrized strain tensor.

b

The flexoelectric coefficients for symmetrized strain tensor can be calculated from those

for unsymmetrized strain tensor by
c
im

is the inverse permittivity.

ijkl

E
mjkl

iklj

ilkj

ijkl

[4].

is the flexoelectric coefficients for symmetrized

strain tensor under fixed electric field condition. This definition is derived from the
Landau free energy which will be discussed in Chapter 2.
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1.2.2 The symmetry of the flexoelectric tensor
As shown in Eq. (1.1), the flexoelectric tensor μijkl is a fourth-rank tenor, which
connects a first-rank tensor (polarization) and a third-rank tensor (strain gradient).
Therefore, flexoelectricity exists in all crystals, while piezoelectricity, which has a thirdrank tensor, only exists in crystals without inversion symmetry.
However, the flexoelectric tensor is different from other fourth-rank tensors
including the electrostrictive tensor (Qijkl) and the elastic stiffness/compliance tensor
(cijkl/sijkl). The flexoelectric tensor has the symmetry μijkl = μijlk, while the latter two tensors
have the symmetries Qijkl = Qjikl = Qijlk, and cijkl = cjikl = cklij, respectively. Using threedimensional rotation group theory, H. Le Quang and Q. -C. He [28] calculated the
number and types of all possible symmetries for flexoelectric tensors. Later, Shu et
al [34] used the fundamental tensor relationship and obtained the same results for the
symmetries of flexoelectric tensors. They both showed that for the most general case the
flexoelectric tensor has 54 independent components whereas the elastic tensor comprises
21 components. Table 1.2 [34] summarizes the nonzero components of three fourth-rank
tensors for different point groups and Curie groups. Compared with electrostrictive tensor
and the elastic stiffness/compliance tensor, the flexoelectric tensors (both direct and
inverse) have more independent nonzero components for all symmetries except the cubic
group and the isotropic group.
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Table 1.2 The number of nonzero components of three fourth-rank tensors for different
point groups and Curie groups [34,35]
Direct/invers
Elastic
Point groups and Curie groups

Electrostrictiv

e

e tensor (Q)

flexoelectric

stiffness/complianc
e tensor (c / s)

tensor (μ / μ*)

21

36

54

13

20

28

9

12

15

7

12

18

6

8

10

7

10

14

6

7

8

5

8

12

5

6

7

3

4

5

3

3

3

2

2

2
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1.2.3 The magnitude of the flexoelectric coefficients
The magnitude of the flexoelectric coupling coefficients was firstly approximated
by Kogan [36] in 1964, i.e. f

e (4

0

a) , where e is the elementary charge and a is of

the order of a few angstroms. Therefore, the flexoelectric coupling coefficients are on the
order of 1-10 V.
The recent experimental measurements of the flexoelectric coefficients of solid
state materials were developed mainly by Ma and Cross [8–14]. They used cantilever
bending [Fig. 1.2 (a)], four-point bending and pyramid compression [Fig. 1.2 (b)] to
systematically quantify the flexoelectric response of several perovskite ceramics. They
also experimentally confirmed that the flexoelectric coefficients are linearly dependent on
dielectric constants. For example, Fig. 1.3 shows the measured longitudinal flexoelectric
coefficient and dielectric constant of (Ba,Sr)TiO3 as a function of temperature. The
overlapping of the flexoelectric coefficient and the dielectric constant indicates a good
proportionality to each other. Later, Fu et al. [20] measured the converse flexoelectric
coefficients of (Ba,Sr)TiO3, which are in good agreement with Ma and Cross’s
results [8]. The measured flexoelectric coefficients of perovskite ceramics are
summarized in Table 1.3. However, the measured values are about two orders of
magnitude larger than Kogan’s approximation [36] and those from first-principles
calculations. Hong and Vanderbilt demonstrated that this huge gap is partly from
different boundary conditions [4].
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Figure 1.2 Methods most commonly used to quantify the flexoelectric response. (a) The
cantilever bending method used to measure the effective transverse flexoelectric
coefficient

. (b) The pyramid-compression method used to obtain the effective

longitudinal flexoelectric coefficient

. Metallic electrodes are shaded in gray. Pf and F

represent the flexoelectricity induced polarization and force, respectively. (Adopted from
Ref. [32])

Figure 1.3 Temperature evolution of the effective longitudinal flexoelectric coefficient
and dielectric permittivity of (Ba,Sr)TiO3. (Adopted from Refs. [14,32])
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Table 1.3 Measured experimental coefficients for perovskite ceramics in paraelectric
phasea [32]
value
Compound

Coefficient

Method

f

1
0

(μC/m)

(V)

CB [11]

~50

~560

11

PC (0.5 Hz) [14]

150

~850

11

CFE (400 Hz) [20]

120

12

CB (1 Hz) [8]

100

~700

Ba0.65Sr0.35TiO3

12

CB [37]

~8.5

~234

PbMg0.33Nb0.67O3

12

CB [9]

3-4

~26-45

PMN-PT

11

PC (4-10 Hz) [38]

6-12

~32-56

PC (0 Hz) [38]

20-50

~110-270

12

BaTiO3

(TC + 3.4 K)

Ba0.67Sr0.33TiO3

a

Pb0.3Sr0.7TiO3

11

PC (0.5 Hz) [14]

20

170

Pb(Zr,Ti)O3

12

4PB [13]

0.5

~25

CB (1Hz) [12]

1.4

72

Measured techniques: CB, cantilever bending; PC, pyramid compression; CFE, con-

verse flexoelectric effect; 4PB, four-point bending. The measured effective flexoelectric
coefficients are related to the flexoelectric coefficients for symmetrized strain tensors
through

12

v

11

(1 v)

12

and

11

11

2v

12

where v is the Poisson’s ratio.
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The flexoelectric coefficient of perovskite single crystals show good agreement
between experimental data and theoretical calculations, as summarized in Table 1.4.
However, all the data shown in both Table 1.3 and 1.4 should be considered as order-ofmagnitude estimates only, because it is very challenging to quantitatively separate the
bulk flexoelectric response from the contributions of surface piezoelectricity and dynamic
flexoelectricity. The neutron and Brillouin scattering measurements of phonon dispersion
curves also contains the dynamic flexoelectric effect. Alternatively, Zhou et al. [39]
proposed a new method to measure the flexoelectric coupling coefficient using an electric
field. Because the flexoelectric effect can cause a shift of the hysteresis loop, which can
be restored by applying a homogeneous electric field, the flexoelectric coupling
coefficients can thus be extracted. However, this method has not been experimentally
implemented.
In addition to determining the exact values of the flexoelectric coefficients, it was
found the flexoelectric coefficients are bounded, which can be used as an indirect way to
approximate them. From the analysis of the stability of the parent phase, Yudin et al. [40]
derived the upper bound limits for the flexoelectric coupling coefficients, i.e.

f 442
( f11

f12 )2

c44 g44
(c11 c12 )( g11 g12 )

(1.3a)
(1.3b)

where g is the gradient energy coefficient. Voigt notation is assumed. With the upper
limit, it is found that the huge flexoelectric effect in perovskite ceramics cannot be
explained by static bulk flexoelectric effect only.
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Table 1.4 Experimental and theoretical flexoelectric coefficients for perovskite single
crystals [32]
Experiment
Ferro-

Value
μ

electrics

BaTiO3

(nC/m)
|μ11- μ12|
|μ44|

Theory

f

(V)
<7.8 [41,42]
<0.15 [41,42]

BST a
μ11 (r.t.)
SrTiO3

KTaO3

~0.2 [26]

0.08

μ

f (V)
(nC/m)

μ11
μ12
μ44
μ11
μ12
μ44
μ11

+0.15 [5]
-5.5 [5]
-1.9 [5]

-40 [27]
-16 [6]

10-20 [16]
6-10 [16]

5.1 [16]
3.3 [16]
0.045 [16]

-0.26 [5]
-150 [27]
-16 [6]

μ12 (r.t.)
|μ44| (r.t.)
μ11-μ12
|μ44|
μ11-μ12
μ44

~7 [26]
~5.8 [43]

PbTiO3

a

Value

1
0

BST represents Ba0.5Sr0.5TiO3.

2.6
2.2
±1.2 to 1.4 [42,44]
1.2-2; 2.4 [42,44,45]
0: 1.8 [42,46,47]
2.9: 2.5 [42,46,47]

μ12
μ44

μ11

-3.7 [5]
-3.6 [5]

-17 [6]
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1.3 Recent theoretical studies of flexoelectric effect
Recent theoretical development of flexoelectricity starts from Tagantsev [7,48].
Based on classical point-charge models, he developed a model for flexoelectricity and
divided the flexoelectric response into four contributions, i.e. static bulk, dynamic bulk,
surface flexoelectricity and surface piezoelectricity. [7,48] His model is mainly focused
on lattice effects, ignoring the electric contribution. The calculation of bulk static
flexoelectric effect was later implemented by Maranganti et al. [5].
Resta [15] developed a first-principles theory of flexoelectric effect based on the
classical piezoelectric theory of Martin [49]. But it is limited to the longitudinal
electronic contribution to the flexoelectric response and has not been used for
calculations. The first-principles calculations of flexoelectric effects for bulk materials
were firstly performed by Hong et al. [27]. Later, Hong and Vanderbilt [6] extended
Resta’s theory to general insulators. Although their calculations are still limited to
longitudinal electronic response with fixed electric displacement boundary condition,
they demonstrated that the electronic flexoelectric coefficients are all negative in sign and
have similar magnitude for different materials. Recently, Hong and Vanderbilt [4], and
Stengel [50] developed more complete first-principles theories for the flexoelectric effect,
separately. It was found the flexoelectric response can be divided into two components,
longitudinal and transverse. [4] The formulism for both components is complete, but the
implementation of the latter is still unavailable. The differences between fixed electric
field and fixed electric displacement boundary conditions were also discussed by Hong
and Vanderbilt [4]. They found that ideally (without depolarization effects)
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ijkl

where

E
ijkl

and

D
mjkl

(

im

im

)

(1.5)

D
mjkl

are flexoelectric coefficients under fixed electric field and fixed

electric displacement conditions, respectively, and

im

is the Kronecker delta. Therefore,

the flexoelectric coefficients under fixed electric displacement (

D
mjkl

) can be regarded as

a “ground state bulk property” that can be used to calculate finite temperature
flexoelectric coefficients under fixed electric field conditions (

E
ijkl

) using the dielectric

constant as the scaling factor.
Ponomareva et al. [16] developed an approximate effective-Hamiltonian
technique to study the flexoelectric effect in ferroelectric thin films in the paraelectric
state at finite temperature. Parameters in their model were fitted from first-principles
calculations of a small supercell. Their results showed that the calculated flexoelectric
coefficients are dependent on dielectric susceptibility. However, they did not calculate
the electronic contributions separately. Their results may also suffer from small supercell
size.
Besides determining the flexoelectric coefficients, theoretical efforts have also
been spent studying the flexoelectric effect on domain structures and material properties
using phenomenological Landau-Ginzburg-Devonshire (LGD) theory. Based on a simple
strain relaxation model of thin films, Catalan et al. [29,30] demonstrated that the
flexoelectric effect accounts for the smeared dielectric constant near Curie temperature
and the variation of coercive field and remanent polarization with film thickness.
However, in these studies the flexoelectric coefficients used are about two orders of
magnitude larger than the theoretical upper limits [40]. The flexoelectric effect was also
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shown to modify the domain wall structures. By introducing the flexoelectric coupling
terms to the LGD free energy, Tagantsev et al. [43] demonstrated that the flexoelectricity
can introduced polarization instabilities to the antiphase boundaries of SrTiO3. Later,
Morozovska et al. [51,52] systematically studied the so-called roto-flexo effect in both
antiphase boundaries and the twin walls of SrTiO3. They demonstrated that the
flexoelectric effect can induce a polarization as high as several μC/m2 to the domain
walls. Using the same method, Eliseev et al. [53] showed that the polar domain walls of
CaTiO3 are also due to the flexoelectric effect. Yudin et al. [54] revisited the 180 degree
domain wall of BaTiO3, and showed that the conventionally believed Ising wall is
complicated by a Bloch component and becomes bichiral due to the flexoelectric effect.
The polarization component perpendicular to the domain wall, which may also be
introduced by flexoelectric effect, is however ignored in this work.

1.4 Experimental demonstration of the flexoelectric effect
There is also experimental evidence suggesting that the flexoelectric effect may
contribute to domain structures. For example, Catalan et al [23] reported that PbTiO3
thin film exhibit strong polarization rotation near the twin walls (Fig. 1.4). The authors
attributed this large rotation to the flexoelectric effect. In addition, Lee et al. [22]
demonstrated that the variation in the hysteresis loops of HoMnO3 epitaxial thin films
could also result from the flexoelectric effect. By creating large epitaxial strains, the
authors argued that a large flexoelectric effect is expected due to the strain gradient
produced from strain relaxation [22]. It should be emphasized that although flexoelectric

16

effects are employed to explain these experimental observations concerning polarization
rotation and changes in hysteresis loops, the experimental evidence is indirect.

Figure 1.4 Experimental observation of polarization rotations. a, High-angle annular
dark-field scanning transmission electron microscopy (HAADF-STEM) image of PbTiO3
thin film with zoom-ins showing the a-domain (I) and c-domain (II) atomic column
arrangements with the TiO column shifted off-center along the direction of polarization.
b, Out-of-plane strain (color map) and electric polarization (vector map). The map
confirms the strain difference between acute and obtuse corners and reveals the existence
of polar rotations in the c domains, which are quantified in the line scan; the rotation
angle away from the normal is greater than 10° throughout the entire domain, in good
agreement with the calculations. (Adopted from Ref. [23].)

17

Another remarkable result was reported by Gruverman’s group. They
demonstrated that by pushing an atomic force microscope (AFM) tip on the surface of an
ultrathin ferroelectric film, a huge strain inhomogeneity was expected at nano-scale.
Therefore, one may expect significant flexoelectric contributions due to the strain
gradient created by the AFM tip. Using this method, Lu et al. [24] was able to switch the
polarization in ultrathin BaTiO3 films mechanically (Fig. 1.5). Their hypothesis was that
this mechanical switching was due to the flexoelectric effect. This is quite exciting since
the leakage and breakdown associated with electrical writing can be avoided in
mechanical switching. It also paves a new way to write ferroelectric memory bits by
mechanical ways. In the follow-up work, they used the same technique to show that
mechanical switching of the polarization can induce tunneling electroresistance effect in
ultrathin films [55]. Therefore, there is a quite promising possibility that the flexoelectric
effect can be employed to mechanically control the electronic properties of a
ferroelectrics and thus to realize low-energy data storage. Since the contact area under the
AFM tip is very small (~10nm in radius), the switching can be highly localized, allowing
engineering high density domain patterns. However, based on the order of magnitude of
the flexoelectric coefficients for BaTiO3, it was not clear that realistic magnitudes for the
flexoelectric coefficients would be sufficient to induce 180 degree polarization switching.
The critical film thickness that can generate large enough strain gradient for flexoelectric
effect-induced polarization switching has not been studied yet.
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Figure 1.5 Pressing of an atomic force microscope tip on the surface of BaTiO3 thin film
produces strain gradients which are believed to switch the polarization direction by 180
degrees and leads to the writing of nanoscale domains by a mechanical force. Left: PFM
phase image; right: PFM amplitude image. (Unpublished from A. Gruverman)

Currently, the measurement of flexoelectric coefficients usually employs threepoint or four-point bending methods [14,32]. Bending of a ferroelectric thin film or beam
may lead to domain rotation, coalesce, and movement which may result in changes in
ferroelectric properties and their performances. In addition, bending may also lead to
charge separation due to the flexoelectric effect [14] which can potentially be utilized for
sensor applications. However, it is difficult to direct observe the microstructure evolution
from the bending experiments especially in nano scale. There is no available theoretical
model that can take simulate the bending induced domain structure evolution in
ferroelectrics.
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1.5 Objective
As discussed in the previous sections, the flexoelectric effect is a more general
phenomenon than piezoelectricity but limited by the smallness of the flexoelectric
coefficients, which is typically on the magnitude of nC/m [36]. One of the tasks of this
dissertation is to answer one of the simplest questions: can such small values of
flexoelectric coefficients make significant contributions to domain structures and
polarization switching? This is a critical question since it is almost impossible to isolate
the flexoelectric effects from others in experiments on domain structures and switching as
well as in first-principles calculations of domain wall polarization distributions. In this
respect, a mesoscale phase-field model is developed to study the flexoelectric effect in
ferroelectrics. The developed phase-field method offers a unique approach to explore and
understand the importance of flexoelectricity in ferroelectricity since one can isolate the
different thermodynamic contributions and interrogate the roles and significance of each.
The phase-field method [56–58] has been successfully applied to modeling
domain formation and evolution (see, e.g., brief reviews [59,60]) during ferroelectric
phase transitions [61–63] and domain switching [64–71], the effect of static defects [72],
space charge formation [73–77], and domain structures in thin films [78–81],
superlattices and multilayers [82–84], constrained systems [85] and islands [86]. A close
integration of phase-field modeling with experiments will provide a great opportunity to
fundamentally understand the role of flexoelectric effect in complex domain patterns and
domain switching mechanisms in ferroelectric thin films and nanostructures. However,
the phase-field model is based on the continuum Landau theory. Although it is more

20

computationally effective than the first-principles calculations and molecular dynamics
with larger spatial and temporal scale, it is still unknown if the phase-field model can
quantitatively address the problems at nano scale or even sub-nano scale.
Therefore, the main objectives of this dissertation are (1) to develop a phase-field
model of ferroelectric domain structures and switching incorporating flexoelectric
contributions and to validate it, (2) to study whether the flexoelectric contribution can
significantly modify the properties of a ferroelectric domain wall and discover potentially
new wall features induced by the flexoelectric effect, and (3) to investigate the
flexoelectric response of ferroelectric thin films under a local mechanical force and
explore the possibility of flexoelectricity-induced polarization switching.

1.6 Dissertation structure
This dissertation has six chapters, (1) Introduction, (2) Phenomenological theory
of flexoelectricity in perovskite ferroelectrics and phase-field modeling, (3) Polar domain
walls of incipient ferroelectrics, (4) Non-Ising character of uniaxial 180 degree domain
walls of perovskite ferroelectrics, (5) Mechanical switching via flexoelectricity, (6)
Conclusions and future works.
In Chapter 1, the flexoelectricity and its relationship with the other
electromechanical effect, piezoelectricity, are briefly introduced. The flexoelectric tensor
is discussed with emphasis on both symmetry and magnitude, since the current
understanding of this new tensor is not complete and sometimes confusing. Then recent
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advances of the flexoelectric effect from both experiments and theoretical calculations
are reviewed. Lastly, the objective and the structure of this dissertation are presented.
Chapter 2 discusses the thermodynamics of the Landau-Ginzburg-Devonshire
theory of ferroelectrics and the phase-field model of ferroelectric domains with the
extension of flexoelectricity. With the flexoelectric coupling term, the gradient energy
coefficients are renormalized and become anisotropic. The corresponding modification to
the current semi-implicit Fourier-spectral method is discussed. Different types of
ferroelectric domain walls of BaTiO3 are simulated as an example to validate the
developed phase-field model.
In Chapter 3, the developed phase-field model with flexoelectricity is applied to
the domain wall structures of SrTiO3 and the results are compared with the numerical
solutions from the previous literature in order to verify this model. Then various coupling
terms in the Landau potential and their effects on the domain wall structures of incipient
ferroelectrics, CaTiO3, are studied. It is shown that some of the polarization components
of the domain walls are likely induced by the flexoelectric coupling.
In Chapter 4, the uniaxial 180-degree domain walls of tetragonal ferroelectrics are
revisited. Conventionally, this kind of pure ferroelectric walls is believed to be Ising-like
and charge neutral. However, the simulation results show that the wall is complicated by
both Néel-like and Bloch-like components that are induced by the flexoelectric effect.
The controversy between different computational methods is resolved.
In Chapter 5, the developed phase-field model is applied to study the mechanical
switching process of ferroelectric thin films induced by an AFM tip. The stress
distribution of the nano region under the tip is approximated as that of a spherical
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indenter. Since the stress gradient is huge, the flexoelectric effect dominates the
switching process and shows different behaviors as the conventional mechanical
switching process. The results show good agreement with experimental observations and
may provide guidance to future experiments.
Chapter 6 summarizes the dissertation, and discusses the future directions of this
topic.
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Chapter 2
Phenomenological Theory of Flexoelectricity in Perovskite Ferroelectrics and
Phase-Field Modeling

2.1 Introduction
In this chapter, the discussion starts from Landau-Ginzburg-Devonshire (LGD)
theory of ferroelectrics [87,88] with the contribution from flexoelectricity. From
thermodynamic analysis, it is demonstrated that the derived flexoelectric coupling terms
in the total free energy are consistent with the phenomenological description of the
flexoelectric effect as discussed in the previous chapter. By minimizing the total free
energy with respect to different variables, the contributions of flexoelectricity to eigen
strain (or stress-free transformation strain), and the so-called flexoelectric field are
obtained. Then, based on the LGD theory, the current phase-field model is modified to
include the flexoelectric driving force. Due to incorporating the flexoelectric effect, the
gradient energy coefficients are renormalized, and become anisotropic, which cannot be
solved by the current numerical scheme. In 2.3.2, the semi-implicit Fourier-spectral
method is extended to solve the time-dependent Ginzburg-Landau equation with
anisotropic gradient energy coefficients. To validate the modified numerical method, the
domain wall profiles of tetragonal BaTiO3 are calculated and compared with other
numerical solutions.
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2.2 The thermodynamics of ferroelectrics with the flexoelectric effect

2.2.1 The flexoelectric coupling terms
For cubic

symmetry, the typical point group for the paraelectric phase of

m3m

perovskite ferroelectrics, the total free energy density can be written as a function of
polarization P, strain ε, and electric field E, i.e.

fbulk ( Pi )

F

f elast ( Pi ,

ij

)

f grad (

j

Pi )

(2.1)

f elec ( Pi , Ei ) (i, j = 1, 2, 3)

where fbulk, felast, fgrad and felec are the bulk energy, elastic energy, gradient energy, and
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where the α’s are the Landau-Devonshire coefficients, cij are the elastic stiffness
constants, qij are the electrostrictive constants, gij are the gradient energy coefficients, and
Ed is the depolarization field. Only the coefficient α1(T) depends on temperature in
accordance with Barrett’s law:
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T

Tq( E )
T

2

coth

Tq( E )
2T

coth

Tq( E )

(2.3)

2Tc( E )

where α1 is the constant, Tc is the Curie temperature, and Tq is the saturation temperature.
The stress and strain are calculated by applying micro-elasticity theory [89]. The
depolarization electric field Ed is obtained by solving the electrostatic equilibrium
equation of

i

Di

0 , where Di

b
0 ij

dielectric permittivity of a vacuum and

E j Pj is the electric displacement with ε0 the
b
ij the

background dielectric permittivity [90,91].

To include the flexoelectricity, the total free energy (2.1) is modified as
F
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(2.4)

where the additional energy contribution, fflexo, is from the flexoelectric effect and is
written as,
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are the coupling coefficients. The first term on the right hand side is
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, the volume integral of which can be transformed to an

integral of surface of the sample. Therefore, only the second term on the right hand side
can contribute to the bulk free energy. Thus the flexoelectric coupling terms can be
simplified as [92,93]

f flexo ( Pi , ij , Pi ,
where fijkl

(1)
fijkl

ij

)

P
1
fijkl ( k
2
xl

ij
ij

xl
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(2)
is the so-called flexoelectric coupling tensor (or flexocoupling
fijkl

tensor). This form of coupling term is called Lifshitz invariant which is allowed by the
symmetry of the potential. [94]

2.2.2 Self-consistency of the phenomenological free energy
With the flexoelectric contribution to the total free energy (2.6), thermodynamic
analysis is performed to check its consistency with the phenomenological relationships as
listed in Eqs. (1.2). To simplify the discussion, the Helmholtz free energy (2.4) is
simplified by ignoring the 4th and higher order terms of P, i.e.
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Euler-Lagrange equations of state obtained by the minimization of the total free
energy (2.7) are
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where σij is the stress component. Rearranging both sides of (2.8a), one obtains
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Without the second order gradient term and homogeneous strain, one easily finds
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where Ef is the flexoelectric field [3,22]
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Thus, the flexoelectric effect can be regarded as an additional “electric field”, which can
asymmetrically change the free energy profile of the ferroelectrics. Without external
electric field, (2.10) can be further simplified as
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It should be noted flexoelectric coupling coefficients in the phase-field
simulations performed in this dissertation are assumed to be constant, i.e. the stressinduced variation of dielectric permittivity is not considered here. The calculated
flexoelectric field is therefore invariant of the dielectric permittivity. The reason to keep
the flexoelectric coupling coefficients constant is two-folded: i) the flexoelectric coupling
coefficients are approximated qualitatively not quantitatively; ii) the simulation system is
very sensitive to the flexoelectric coefficient (a little bit larger flexoelectric coupling
coefficient may cause the whole simulation diverge). For the discussions in Chapter 3 and
4, the stresses are small; and thus the stress-induced permittivity change is small as well.
For the discussion in Chapter 5, the stresses are over several GPa, the dielectric
permittivity change may be large. Therefore the discussions and results of this Chapter
should be considered qualitatively.
Apparently, from the above approximation the difference between the symmetric
flexoelectric polarization coefficient µijkl and the flexoelectric coupling fijkl is the
permittivity ε0χij. The tuning of the permittivity is considered automatically, since
0

ij

0.5(

ij

qijkl

kl

) 1 . Roughly, the flexoelectric coupling coefficients are
2

fijkl

ij

(2.13)

ijkl

Rearranging Eq. (2.8b), and only considering the stress coming from the polarization
gradient, one gets the converse flexoelectric effect
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where Ωijkl is related to the converse strain flexoelectric coefficient by

(2.14)
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2.2.3 The Gibbs free energy
Under stress-free condition (σij=0), the expressions of the eigenstrains (stress-free
transformation strains) are derived from Eq. (2.8b), i.e.
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with i, j,

k, l, m, n, α, β, and γ running from 1 to 3. The Voigt notation for cubic symmetry is
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eigenstrains have two contributions: one is from electrostriction, and the other is from the
flexoelectric effect. Therefore, domain walls and the local regions near structural defects
may have unusual large eigenstrains due to the strong local flexoelectric effect.
With the eigenstrains (2.15), the total free energy (2.4) (the eighth order term and
the electrostatic energy is ignored here for simplification) can be normalized as
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with the normalized coefficients

and

. The renormalization of the gradient energy coefficient comes
from the flexoelectric term, and it was first derived by Tagantsev [43]. The variational
derivative of the fifth term on the right hand side,

, is

zero, meaning no contribution to the driving force of the polarization evolution. The last
term of (2.16) will only contribute to the total energy as a surface effect. These two terms
can thus be ignored. In the following chapters stress free boundary conditions will be
applied. So it is more convenient to use the Gibbs free energy, which can be easily
derived from (2.16) by a Legendre transform i.e,

G

F

F
ij

F

(2.17)

ij ij

ij

Therefore, the Gibbs free energy with flexoelectric contribution is [54]
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2.3 Phase-field model of ferroelectric domains with flexoelectric contribution
The phase-field model of perovskite ferroelectrics is a well-established mesoscale
method (see, e.g., brief reviews [59,60]). It has been widely used to analyze the stabilities
of various ferroelectric phases under different conditions, investigate the domain
structure evolution induced by applied electric field or mechanical strain/stress, calculate
the electromechanical response and other physical properties, and so on. It employs the
polarization as the order parameter to monitor the system evolution, and uses the timedependent Ginzburg-Landau (TDGL) equation to describe the evolution of the order
parameters.
The incorporation of flexoelectricity changes the present phase-field model of
ferroelectric domains in three aspects: i) the flexoelectric coupling terms introduce new
driving force; ii) the eigenstrain is modified with flexoelectric contribution (dependence
on polarization gradient); iii) the renormalization of the gradient energy coefficients
needs to modify the semi-implicit Fourier-spectral method. Part ii) has already been
discussed in Section 2.2. Section 2.3.1 and 2.3.2 discuss the modification for i) and iii),
respectively.

2.3.1 The driving force from the flexoelectric contribution
Substituting the total free energy (2.4) into TDGL, one gets

Pi
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where L is the kinetic coefficient related to the domain wall mobility. Thus the driving
force from the flexoelectric energy part (variational derivative) is calculated as
f flexo
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Figure 2.1 Schematic plots comparing the effect of homogeneous stress (via
piezoelectricity) and heterogeneous stress (via flexoelectricity). The flexoelectric effect
changes the energy profile asymmetrically, while the piezoelectric effect can only
symmetrically modify the energy profile.
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where Ei f is the same as the flexoelectric field defined in equation (2.11). The
flexoelectric driving force is similar to the electric field, which is quite different from the
homogeneous stress effect. Fig. 2.1 shows schematically the effect of different stress
conditions on the total free energy of ferroelectrics. The homogeneous stress changes the
free energy symmetrically, while σ stress gradient can asymmetrically change the free
energy curve just as the electric field. Therefore, with the appearance of the stress
gradient, there is only one global minimum polarization left which changes the
ferroelectric bi-stable state.

2.3.2 The anisotropy of the gradient energy coefficient
Since the domain wall width and the energy are determined by the gradient
energy coefficients, it is of great significance to incorporate the anisotropic aspect of the
gradient energy coefficient in order to correctly calculate the flexoelectricity within the
domain walls. However, the current phase-field model does not include such anisotropy.
To incorperate the gradient energy anisotropy to the phase-field model, the semiimplicit Fourier-spectral method [95] needs to be modified. The semi-implicit Fourierspectral scheme is
(2.21)
where

is the Fourier transform of polarization component Pi ,

is the Fourier

transform of fi , which is the partial derivative of (fbulk + felast +felec+fflexo) with respect to
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Pi, Δt is the time step size, the superscript n is the time step, and ki is the vector
component in the Fourier space. Reagrranging both sides, one finds

(2.22)
where g11 = g1111, g12 = g1122 and g44 = g1212. For isotropic gradient energy coefficient
(g12=-g44), the off-diagonal terms are all zero. All the polarization component are
independent of each other. However, for the anisotropic gradient energy coefficient, the
polarizaton components are dependent on each other. So the linear system needs to be
solved simultaneously instead. By using the subroutine CPOSV from Linear Algebra
Package (LAPACK), Eq. (2.22) can be easily solved in each time step.
To validate the modified model, the domain wall profiles of tetragonal phase in
BaTiO3, including 90° domain walls and 180° domain walls, are examined. Two
dimensional simulations with the system size of 1024Δx × 1024Δx × 1Δx was performed,
where Δx is the grid spacing. The Landau-Devonshire coefficients of BaTiO3 potential
are from Wang's paper [96]. The anisotropic gradient energy coefficients are from
Hlinka's work [97]. Stress-free boundary condition is applied in the simulation. The
generated domain wall profiles of two kinds of domain walls are shown in Fig. 2.2. It is
quite clear that the 180° domain wall is much thinner than the 90° domain wall. The
calculated width of 90˚ and 180˚ are 3.93 nm and 0.68 nm respectively, which correspond
well with the numerical calculation by Hlinka [97], 3.69 nm and 0.67 nm. Thus the
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anisotropy of the gradient energy coefficient is successfully incorporated into the phasefield model.
It should be noted that the LGD theory is a continuum model, which assumes that
all the order parameters (polarizations and oxygen octahedral tilts) and the fields (electric
field, stress field, etc) are continuous. Therefore, some features related to discrete atomic
configurations are lost. For example, whether the center planes of domain walls are Ba-O
planes or Ti-O planes cannot be determined within the framework of LGD theory. To
numerically solve the TDGL, the simulation system is discretized into meshes or spatial
grids. Therefore, the calculated properties are presented in grid points as shown in Fig.
2.2. However, these spatial grids are not related to the physical atomic positions. They are
essentially discretized numerical solutions for the continuum model. The accuracy of the
simulation is determined the numerical scheme for solving the TDGL equation, i.e. the
semi-implicit Fourier-spectral method. A detailed discussion on this method can be found
in Ref. [95].
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Figure 2.2 Domain wall profiles of BaTiO3 single crystal calculated from phase-field
simulation with an anisotropic gradient energy coefficient, i.e.
. a) 90° domain wall; b) 180° domain wall.
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2.4 Conclusion
In this chapter, the LGD theory with flexoelectric contributions was firstly
reviewed. By thermodynamic analysis, it was demonstrated that the flexoelectric term
with the form of Lifshitz invariant is consistent with the phenomenological description of
electromechanical coupling. Based on the extended LGD theory, the current phase-field
model to incorporate the flexoelectric effect was modified by: i) including the
flexoelectric driving force, ii) introducing the polarization gradient dependence to the
eigenstrain, and iii) extending the semi-implicit Fourier-spectral method to solve the
TDGL with anisotropic gradient energy coefficients. Finally, the modified phase-field
model was validated by comparing the domain profiles with existing numerical solutions.
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Chapter 3
Polar Domain Walls of Incipient Ferroelectrics

3.1 Introduction
All ferroic transitions lead to the formation of domains separated by domain
walls. The overall responses of a ferroic solid to external fields are often strongly
influenced by the behavior of domain walls. As a matter of fact, domain walls may
possess more intriguing properties than the bulk domains, for instance, high electronic
conductivity [53,98–100], chirality [54,101], and oxygen vacancy segregation [102,103]
in ferroelectric domain walls and polar domain wall arising from incipient
ferroelectrics [104–109]. The domain walls of ferroelectrics may even be treated as a new
engineering element in multifunctional materials. [110]
The classic continuum Landau-Ginzburg-Devonshire (LGD) theory has been
extensively employed to analyze both ferroelectric properties of single domains and
domain walls [87,88]. It has recently been extended to study phenomena involving
multiple order parameters at a nanometer scale such as domain walls, and the results
show good agreement with atomistic scale calculations [51,52,54,111]. Many ferroic
oxides exhibit multiple instabilities described by different soft modes or order
parameters, and it is the coupling among the order parameters that yields numerous
interesting phenomena such as polar domain walls in incipient ferroelectrics,
incommensurate domain patterns, improper ferroelectrics, etc. To account for the
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interactions among order parameters, several forms of couplings have been proposed in
LGD theory including biquadratic, trilinear, and flexoelectric terms. For instance, the
biquadratic coupling is a general symmetry-allowed term that induces competition
between two order parameters [101]; the trilinear coupling induces improper
ferroelectrics [112]; and the flexoelectric coupling induces the incommensurate domain
patterns [113]. However, the contributions of these coupling to the structures and
properties of domain walls remain unclear.
In this chapter, the polar domain walls of incipient ferroelectrics, including
SrTiO3 and CaTiO3, are studied. The domain wall structures of SrTiO3 are firstly
simulated to validate the proposed phase-field model of ferroelectric domains with
flexoelectricity. Then the domain walls in CaTiO3 as an example to discuss the roles of
each aforementioned coupling term to the domain walls are investigated. In particular, it
is demonstrated that the polar domain walls in CaTiO3 are most likely to be induced by
flexoelectric coupling.

3.2 Polar domain walls of SrTiO3
As a typical incipient ferroelectric material, SrTiO3 has no spontaneous
polarization, although it has a ferroelectric instability which can be induced by epitaxial
strain in thin films [114]. However, it undergoes an antiferrodistortive (AFD) structural
transformation from tetragonal to cubic phase at around 105K. Using the LGD approach,
Morozovska et al. have shown that the structural antiphase boundaries (APB) and twin
boundaries (TB) have nonzero polarization due to the flexoelectric effect [51,52]. In this
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part, the established phase-field model is employed to simulate the polarization
distribution induced by flexoelectric effect near the domain walls. By comparing the
results with the previous calculations the developed model is validated.
The phenomenological potential of the SrTiO3 has two sets of order parameters,
polarization (P) and AFD structural order parameter (Φ) which is a rotation vector [115]
describing the oxygen octahedra rotation. The Gibbs free energy of SrTiO3 in tensor form can
be written as
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where β is constant and λ is the coupling coefficient of P and Φ. Only α1 and β1 are
temperature dependent following Barrett’s law. The coefficient of SrTiO3 potential are
mainly from Ref. [116,117]. A complete list of the coefficients is summarized in Table
3.1.
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Table 3.1 Material parameters of SrTiO3
Coefficients
b

SI unit

Values

Dimensionless
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3.2.1 The antiphase boundaries of SrTiO3
Below the AFD transition temperature, SrTiO3 exhibits an out-of-phase oxygen
octahedra rotation along one of the pseudocubic axes (Glazer notation a0a0c-). Assuming
the out-of-phase rotation is along x3 direction, the structure of SrTiO3 can be simplified as
the alternative stacking of two layers with opposite rotation-reversal symmetry
elements [115]. According to Tagantsev [43], SrTiO3 may form two kinds of antiphase
boundaries (APBs), i.e. an easy APB and a hard APB. The easy APB can be seen as a
stacking of the same two layers along the x3 axis, while a hard APB is stitching two
different layers together in x1-x2 plane along either x1 or x2 direction. The schematics of
the two APBs are shown in Fig. 3.1.

Figure 3.1 Two different kinds of APBs in SrTiO3. Left: easy APB; Right: hard APB.
The green and blue colors indicate different octahedral rotations. The dashed lines
indicate the domain walls.
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One dimensional (1-D) simulation for both easy APB and hard APB at 20 K are
performed. The simulation sizes for both cases are 1024Δx × 1Δx × 1Δx. Periodical
boundary conditions are imposed in each direction. The simulation starts from a double
domain configuration with positive and negative spontaneous Φ value (7.255 pm) in each
domain, respectively. The other two components of the structural order parameter are
assigned the magnitude of 0.1 pm as a noise. The noise is chosen such that it is large
enough for a new phase to growth if there exists such an instability. The system is then
relaxed for a long time (200000 steps) to equilibrium.
The simulation results are shown in Fig. 3.2. The easy APB and hard APB show
quite different domain wall profiles. Firstly, the hard APB (~10 nm) is much thicker than
easy APB (<1 nm). Secondly, an additional structural order parameter Φ1 appears in hard
APBs, which is comparable to Φ3 in magnitude. Φ1 in hard APB shows a symmetric
distribution and becomes zero again when far from the APB. The emergence of the
additional structural order parameter component is attributed to the elasticity induced
instability at the hard APB (for more detailed analysis please see Ref. [43]). In addition
to the structural order parameters, both easy APB and hard APB have nonzero
polarization components. In easy APB [Fig. 3.2 (a)], there exists only one polarization
component that has a profile similar to a sine function with its peak value of 0.25 μC/cm2.
The domain wall profile of hard APB is much more complicated and shows two nonzero
polarization components, P1 and P3. The distribution of P3 is symmetric with respect to
the wall center, while P1 profile is an odd function. However, the magnitude of P1 is ten
times smaller than P3. The peak value of P3 is 4.5 μC/cm2, which is not negligible. The
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phase-field simulation result of SrTiO3 APB agrees well with both Tagantsev's
analysis [43] and Morozovska et al’s numerical calculations [51].

Figure 3.2 Domain wall profiles of SrTiO3 APBs. (a) and (b) are profiles of easy APBs
with different profiles of structural order parameter Φ1. (c) and (d) are profiles of hard
APBs with different profiles of structural order parameter Φ3.

3.2.2 The twin walls of SrTiO3
Similarly, the phase-field model is applied to study the twin walls of SrTiO3. This
section mainly focuses on (110)C twin walls. The subscript “C” stands for pseudocubic
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lattice coordinate system. The (110)C twin walls have two configurations, the hard twins
and the easy twins [52]. Schematics of these two twin structures are shown in Fig. 3.3(a).
If the axial vectors of the structural order parameter Φ have a “head-to-tail”
configuration, the twin is defined as an easy twin. If the axial vectors of neighboring
domains show a “tail-to-tail” or “head-to-head” configuration [Fig. 3.3(b)], the twin
structures are called hard twins.

Figure 3.3 Schematics of SrTiO3 twin walls. (a) Easy twin with a “head-to-tail” axial
vector configuration, (b) hard twin with a “head-to-head” axial vector configuration. The
green arrows denote the direction of the axial vectors of the structural order parameter Φ.
x1 and x2 are axes of pseudocubic lattice. The tilde sign “~” denotes the rotated coordinate
system such that the new x1 direction is normal to the twin wall.

By rotating the coordinate system as illustrated in Fig. 3.3, the twin wall profiles
can be simplified as a 1-D problem. The phase-field simulation for both easy twins and
hard twins at 15 K are carried out. The simulation sizes for both cases are 1024Δx × 1Δx
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× 1Δx. Periodical boundary conditions are imposed in each direction. The simulation
stars with a double domain configuration with spontaneous

and

values (5.13 pm)

and proper signs in each domain, respectively. The other structural order parameter

is

assigned the magnitude of 0.1 pm as a noise. The system is then relaxed for 200000 steps
to equilibrium.
The simulation results are shown in Fig. 3.4. The profiles of the structural order
parameters of the two kinds of twins show very similar distributions. The wall widths are
almost the same, and both kinds of twins show a combination of an odd function and an
even one. They both exhibit nonzero polarization components in both

and

directions. From the simulation results, it is also found that the polarization component
perpendicular to the wall,

, always shows a sine fuction-like distribution, while the

other polarization component,

, is even in character.

the structural order parameter flips, while

flips sign when the profile of

is independent of the change of the

structural order parameters. This can be explained by P1

(

1

2

(

2
1

) x1 and P2

) x1 [51]. It should be noted that although the profiles of the structural order

parameters are very similar in these two types of twins, the polarization components
induced by flexoelectric effect are quite different. The

component of the hard twin is

as high as several μC/cm2, while the polarization of the easy wall is negligible (~10-3
μC/cm2).
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Figure 3.4 Order parameter profiles of SrTiO3 twin walls. (a) and (b) are profiles of easy
twins with different profiles of structural order parameter

.(c) and (d) are profiles of

hard twins with different profiles of structural order parameter

. The tilde sign “~”

represents the rotated coordinate system.
By setting the flexoelectric coefficients to zero, the flexoelectric effectis turned
off. It is found that the induced polarization becomes zero in easy APB and easy twin.
The

component of the hard twin and the P3 component of hard APB, the largest two

polarization components (~μC/cm2) obtained in the simulations, remain unchanged. By
carefully comparing each energy contribution, it is found that the emergence of large
polarizations is attributed to the stress distribution at the domain walls. As demonstrated
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by the experiments, the biaxial substrate strain can tune the Curie temperature of SrTiO3
thin film and induce polarization [114]. The domain walls can be considered as a special
“thin film” with inhomogeneous stress distribution. As shown in Fig. 3.5, the hard APB
and hard twin walls generate in-plane tensile stress which favors in-plane polarization;
while easy APB and easy twins generate compressive stress which favors out-of-plane
polarization. Due to the depolarization effect, the out-of-plane polarization component is
strongly screened. (In this case, the flexoelectric effect may become significant.)
Therefore, only in-plane polarization components can become large as shown in hard
APB and hard twin walls.

Figure 3.5 Stress distribution of (a) easy APB, (b) hard APB, (c) easy twin, and (d) hard
twin.
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3.3 Ferrielectric domain walls of CaTiO3
Similar to SrTiO3, CaTiO3 is another common incipient ferroelectric material. At
ambient temperature and pressure, it has an orthorhombic distorted-perovskite structure
with space group Pbnm. Disregarding the minor distortion of TiO6 octahedra, the
structure of CaTiO3 can be illustrated as a combination of two kinds of TiO6 octahedron
tilts: two out-of-phase tilts along x1 and x2 directions respectively, and one in-phase tilt
along x3 direction (Glazer’s notation a−a−c+). These two kinds of tilts can also be used as
order parameters to characterize the AFD transitions in CaTiO3. [119] CaTiO3 may form
several kinds of twin walls, or pure ferroelastic domain walls, among which the (110)C
twinned structures, as schematically plotted in Fig. 3.6, are the most common and
intensively studied. It is shown both experimentally and theoretically that the twin wall is
polar. With aberration-corrected transmission electron microscopy, a displacement
pattern of Ca and Ti at the domain wall is observed which indicates nonzero polarization
along x2 direction. [106] A recent confocal second harmonic generation experiment also
confirms the polar nature of the CaTiO3 twin walls. [108] On the other hand, from
molecular dynamics [109] and first-principles calculations [107], it is found the
polarization direction is associated with the twin wall angle as indicated by the red arrows
in Fig. 3.6. In addition to the x2 direction polarization, it is shown that there exists
additional antiferroelectric (AFE)-like polarization distribution along x1 direction by the
molecular dynamics [109], first-principles calculations [107] and the LGD theory [53].
The origin of such a complicated polarization configuration inside the twin wall is still
unclear. The first-principles calculations attribute it to the improper AFD-AFE
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coupling [107], while from the LGD theory either the biquadratic coupling [101] or the
flexoelectric coupling [53] may be preferred.

Figure 3.6 The schematic of the simulation system. There are three domains, I, II and III
with two twin walls. The corresponding order parameters are shown for each domain.
The coordinate system is chosen to along crystallographic directions of the pseudocubic
lattice.

3.3.1 Phase-field simulation of CaTiO3 twin walls
The free energy of CaTiO3 with biquadratic coupling only is written as a function
of polarization (P), in-phase tilt (θ), out-of-phase tilt (φ), strain (ε) and electric field (E),
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where α, β, and γ are Landau-Devonshire coefficients (only the coefficients of the second
order terms are temperature dependent), gijkl, υijkl and ωijkl are the anisotropic gradient
energy coefficients of polarization, out-of-phase tilt and in-phase tilt respectively, rijkl,
κiklj, qiklj, ρijkl, λijkl, and ςijkl are coupling coefficients, cijkl is the elastic stiffness tensor, ε0 is
the dielectric permittivity of vacuum, and

b
ij

is the background dielectric constant. Only

the coefficients of the second order terms are assumed to be temperature dependent, i.e.
1
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)]

where T1, T2, and T3 are Curie temperatures, ΘS1, ΘS2, and ΘS3 are saturation temperatures. All the

coefficients are listed in Table 3.2.
The phase-field simulation with the free energy expression (3.3) is performed to
check whether the biquadratic coupling between the structural order parameters (φ and θ)
and the polarization (P) is enough to give rise to polar domain walls. The simulation
system is sketched in Fig. 3.6. It includes three domains and two domain walls. The
domain walls lie in the x2-x3 plane and perpendicular to the x1 direction. To compare with
the existing results of CaTiO3 domain walls, the same twin structures are chosen as
previous work [106,107,109]. The order parameters in domain I, II and III are therefore
(φ1, φ2, θ3), (-φ1, φ2, θ3) and (φ1, φ2, θ3), respectively. The system is then simplified to a 1D problem with the simulation size 4096Δx × 1Δx × 1Δx using the three-dimensional
phase-field model. The grid size Δx is chosen to be 0.25 nm. Periodic boundary
conditions are imposed along each direction. The stress of each grid point is calculated
using Kachaturyan’s microelasticity theory [89], and the electric depolarization field is
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obtained by solving Poisson’s equation [81]. To get the designed twin structures, the
simulation starts with the preasigned order parameter values (P1 = P2 = 0.1 C/m2, and φ1 =
φ2= -θ3 = -5 pm), and then the system is relaxed to equlibrium. The calculated equilibrium
values for the structural order parameters are 5.64 pm and 5.89 pm for out-of-phase tilt
components and in-phase tilt component, respectively. These values agree well with
literature [107,120,121]. The calculated angle between the two domains is 178.8˚, which
is identical to experimental observations [106]. However, except for the octahedra tilts,
no other nonzero order parameters, including the polarization, is observed.
The phase-field simulation is carried out again by including the effect of
flexoelectric coupling. All the simulation settings remain unchanged except the
flexoelectric contribution is added to free energy (3.3). As derived in Chapter 2, the
contribution of flexoelectricity to the total free energy density can be expressed as

f flexo

P
1
fijkl ( k
2
xl

ij
ij

xl

Pk )

(3.5)

In the absence of flexoelectric coupling coefficients, the typical values [4] for
ferroelectric perovskites were taken, i.e. f11 = f12 = -10 C/m and f44 = 0. The gradient
energy coefficients of polarization is renormalized accordingly due to the incorporation
of the flexoelectricity [43]. The profiles of order parameters obtained from the simulation
are plotted in Fig. 3.7. The calculated equilibrium values for the structural order
parameters are the same as the previous simulation. In addtion, both walls show an odd
fundtion like distribution of P1 component at the wall and a ferroelectric P2 component.
The wall of polarization is around four pseudocubic unit cell thick, which is wider than
the wall of octahedra tilts. Comparing Fig. 3.7 (a) and (b), it is found that the P1 is
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invariant with the domain wall structure, while the sign of P2 is associated with the
domain wall angle. This feature can be explained by

and

[51]. All the above mentioned characteristics of polar domain walls agree
quite well with both previous atomistic calculations [107,109] and experimental
observations [106], although the agreement is not quantitative due to the lack of
flexoelectric coupling coefficients and the gradient energy coeffiecients. Thus, the
flexoelectric coupling can be regarded as, at least, a likely origin of the induced polar
domain walls.
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Table 3.2 The parameters for the phenomenological potential of CaTiO3 Ref. [119]
(temperature unit: K, and energy density unit: J/m3)
T1

252.1

K

β12

-2.61×1048

J·m-7

r12

-9.85×1029

J·m-5

T2

1589.7

K

β111

1.45×1069

J·m-9

r44

-1.24×1029

J·m-5

T3

1285

K

β112

1.15×1069

J·m-9

κ11

-1.43×1029

N·C-2

ΘS1

55

K

β122

-4.92×1068

J·m-9

κ12

-5.02×1028

N·C-2

ΘS2

274

K

γ1

1.68×1026

J·m-5

κ44

-

N·C-2

ΘS3

345

K

γ11+
γ12

-3.17×1049

J·m-7

λ11

-1.53×1029

N·C-2

α10

1.77×106

J·m·C-2

γ111+
γ112

1.15×1070

J·m-9

λ 12

-7.79×1028

N·C-2

α11

3.70×108

J·m5·C-4

γ122

-

J·m-9

λ44

2.34×1029

N·C-2

α12

9.72×107

J·m5·C-4

ρ11

-7.69×1049

J·m-7

q11

1.02×1010

J·m2·C-2

α111

-1.18×107

J·m9·C-6

ρ12

3.29×1048

J·m-7

q12

-1.76×109

J·m2·C-2

α112

-5.94×107

J·m9·C-6

c11

4.03×1011

J·m-3

q44

7.70×109

J·m2·C-2

α122

-2.68×108

J·m9·C-6

c12

1.07×1011

J·m-3

ζ11

0

J·m-5

β10

1.54×1026

J·m-5

c44

9.99×1010

J·m-3

ζ12

-9.65×1029

J·m-5

β11

-4.28×1047

J·m-7

r11

-2.10×1029

J·m-5

ζ44

-

J·m-5
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Figure 3.7 The calculated domain wall profiles from phase-field simulation with
flexoelectric contribution. (a) and (b) correspond to the left and right wall in Fig. 3.5. The
P1 component shows an odd function-like profile which is identical in two walls, while
the P2 component changes sign. The profiles of oxygen octahedra tilts are identical to the
phase-field simulation results with biquadratic coupling terms only.
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3.3.2 Disccusion on the origin of the polar domain walls of CaTiO3
As discussed in Ref. [105], the major difference in flexoelectric coupling and the
biquadratic coupling is whether the stress or the stress gradient at the domain wall
dominates. Because the flexoelectric coefficients are proportional to the the dielectric
permitivity, which is usually large in ferroelectrics, the domain walls in ferroelectrics are
dominated by flexoelectric effect. It is demonstrated that the additional polarization
components to the conventional-believed Ising-like 180˚ ferroelectric domian walls are
driven by the flexoelectric effect [54,111]. It is also shown that, without additional
coupling terms, the free energy expression (3.3) cannot give rise to AFE-like polarization
distributions. It can only generate kink-like or breather-like profiles as discussed by Ref.
[101] (also shown in Fig. 3.8).

Figure 3.8. The schematics of the domain wall profiles for the biquadratic coupling. The
profile can be either kink-like or breather-like.
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Another possible explanation for the origin of polar domain walls is the so-called
improper AFD-AFE coupling [107], which is universal in perovskite with AFD [122].
The coupled AFE modes include the
along [110]) and

mode (Ca and O atoms at Wyckoff 4c moving

mode (Ca atoms moving along

[110] ). To consider the AFD-AFE

coupling in CaTiO3, the total free energy needs to include X1
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[122], and some more terms by symmetry [123]. The simplified total free
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respectively, ϖ’s are

the coefficients for the couplings of three order parameters, ϑ is the biquadratic coupling
coefficient between

and

, n’s and m’s are the biquadratic coupling coefficients

between oxygen octahedra rotation and AFE modes, ζ and ξ are the gradient energy
coefficients for

and

respectively. Since the coefficients of AFD-AFE coupling are

not available, it is not possible to perform numerical simulations. However, this
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hypothesis cannot explain the odd function-like polarizations at the 180˚ domain walls of
AFD-free tetragonal BaTiO3 [54,111] or PbTiO3 [125,126], which can be well resolved
by the flexoelectric effect (for details, please see Chapter 4). The essential difference
between the flexoelectric coupling and the improper AFD-AFE coupling is that the
former describes the interaction between the optical mode (polarization) and the acoustic
mode (AFD); while the latter describes the competition between two acoustic modes
(AFE and AFD). As shown by first-principles calculations [127], the optical mode is
inherently unstable in CaTiO3. Simply by manipulating the epitaxial strain, the AFD can
be suppressed and thus give rise to polarization [119,127]. Therefore, it is more
reasonable to conclude that the polarization at the domain wall arises from the inherent
instability of the optical mode other than the AFE acoustic mode.

3.4 Conclusion
In this chapter, the polar domain walls of incipient ferroelectric SrTiO3 and
CaTiO3 were studied using the phase-field model. By simulating the domain walls
structures of APB and twin walls of SrTiO3, it is demonstrated that the flexoelectricity
can be one of origins inducing the polarization to the non-polar materials. Large in-plane
polarization components are mainly induced by the tensile stress at the domain walls.
Meanwhile, by comparing the results with previous calculations, the phase-field model of
ferroelectric domains with flexoelectric contribution is validated. Then the phase-field
model was applied to investigate the origin of the polar domain walls in CaTiO3 by
including several coupling terms in the GLD theory. It is shown that the biquadratic
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coupling alone is unable to produce all the key features of the polarization at the domain
walls. The improper AFD-AFE coupling may give rise to the complex polarization
distribution at the domain wall, but it ignores the instability of the optical mode
(polarization) and cannot explain the similar polarization profiles of the pure ferroelectric
domain walls. It is demonstrated that the domain wall structures generated by
flexoelectric coupling agree qualitatively with both previous calculations and
experimental observations, and thus flexoelectric coupling is the likely origin for the
polar domain walls in incipient ferroelectrics.
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Chapter 4
Non-Ising Characteristics of the Uniaxial 180 Degree Domain Wall in
Perovskite Ferroelectrics

4.1 Introduction
The antiparallel (180˚) domain wall is one of the simplest, and is universally
present in almost all ferroelectrics. The spontaneous polarizations in the neighboring
domains are both parallel to the domain wall but along opposite directions. It has long
been believed that this type of domain wall is Ising-like, as shown in Fig. 4.1 (a).
However, recent theoretical studies have found that they are more complex. Firstprinciples calculations showed that the 180˚ domain wall of tetragonal BaTiO3 is Isinglike, with fluctuations in polarization component perpendicular to the domain wall that
did not appear to be spatially correlated with the wall; they were thus dismissed as
artifacts [128]. Also using first-principles theory, Lee et al. first showed that 180˚
domain wall of LiNbO3 and PbTiO3 indeed possessed non-Ising character [125]. The
hexagonal LiNbO3 exhibits both Bloch-like and Néel-like polarization components [125].
The antiparallel wall in tetragonal PbTiO3 exhibits an Ising-Néel like polarization
configuration [125] [Fig. 4.1(b)] and additional Bloch-Néel-like features by changing the
domain wall orientation [129]. A Landau-Ginzburg-Devonshire (LGD) theoretical
analysis demonstrated that the 180˚ domain walls of tetragonal BaTiO3 are bichiral, i.e.
two orthogonal polarization components parallel to the wall [54] [Fig. 4.1(c)]. From all
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these theoretical calculations, it can be concluded that the 180˚ domain walls are
predominantly Ising-like, but mixed with Bloch and/or Néel-like fluctuations. However,
among all these theoretical works, only Ref. [54] studied the origin of the non-Ising
features. Based on the LGD continuum model, they found that the Bloch-like
characteristic is due to the flexoelectric effect. However, the Néel-like feature was
neglected by Ref. [54], although they indicated it may arise from the flexoelectric effect
also. In addition, it is still unknown whether the results from continuum model [54] are
consistent with those from the atomic scale calculations [125,128,129]. Hence, a
systematic study, which can bridge these calculations from two different scales,
consolidate all the non-Ising features, and more importantly reveal the underlining
mechanism for them, is needed.
Assuming the electric polarization comes from the displacement of Ti4+ and O2-, a
180˚ domain wall of tetragonal BaTiO3 is sketched in Fig. 4.1(d). The domain wall plane
lies on a Ba-O plane, and the neighboring two domains have out-of-plane spontaneous
polarizations antiparallel to each other. Due to the mirror symmetry, the oxygen atoms on
the wall plane are not displaced, which induces the deformation with respect to the stressfree equilibrium tetragonal unit cell. Since the deformation is confined to the domain wall
region that is less than 1nm thick, the strain gradient generated from the domain wall can
reach as high as 107~108 m-1. Thus, simply from Eq. (1.1), the additional polarization
induced by flexoelectric effect is on the magnitude of 10-2 C/m2, which should be
considered (the spontaneous polarization of BaTiO3 at room temperature is 0.26 C/m2).
But how significant is the induced polarization, especially the component normal to the
wall (Néel feature) which may be greatly suppressed by the depolarization field [54]?
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And what are the new features of the polarization induced by the flexoelectric effect at
the domain walls where bulk symmetry is broken? In this chapter, the 180˚ domain wall
structure of tetragonal perovskite BaTiO3 is demonstrated to have both Bloch-like and
Néel-like features. Both features are found to be strongly anisotropic. Previously reported
calculations either missed [125] or neglected [54] one of the two components. By using
the phase-field modeling [57,95], it is shown that the additional Bloch-Néel-like feature
is intrinsic to a 180˚ domain wall and is entirely due to the flexoelectric effect.

Figure 4.1 (a) Ising type domain wall. The blue and red arrows represent positive and
negative polarizations, respectively. (b) Ising-Néel like domain wall. (c) Ising-Bloch like
domain wall. (d) The schematic of 180˚ domain wall in tetragonal BaTiO3. The blue and
red oxygen octahedra indicate positive and negative out-of-plane polarizations,
respectively. The adjacent unit cells at the wall are deformed as indicated by the dashed
squares.
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4.2 Flexoelectric effect in 180 degree domain walls of tetragonal BaTiO3

4.2.1 The setup of the phase-field simulation

As derived in Chapter 2, the Gibbs free energy of a ferroelectric crystal with
flexoelectric effect is given by [93]
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where xi is the i-th component of the Cartesian coordinate system, Pi is the polarization
component, σij is the stress component, Ei is the applied electric field, Eid is the
depolarization field, α’s are the dielectric stiffness tensor (only αij is assumed to be
temperature dependent), gijkl is the gradient energy coefficient, sijkl is the elastic
compliance tensor, Qijkl is the electrostrictive tensor, and Fijkl is the flexoelectric tensor.
The values of the coefficients for BaTiO3 are from the literature [5,90,96,97] as listed in
Table 4.1.
The orientation dependence of a 180˚ wall is then theoretically studied. The setup
of the system is illustrated in Fig. 4.2 schematically, with the angle θ representing the
rotation angle of the domain wall with respect to the crystallographic direction [100] C;
The subscript “C” denotes the original crystallographic coordinate of pseudocubic lattice.
The domain wall lies in the x2-x3 plane and perpendicular to the x1 direction. The system
is then simplified to a one-dimensional problem with the simulation size 4096Δx × 1Δx ×
1Δx using the three-dimensional phase-field model. Periodical boundary condition is
imposed along each direction. The stress of each grid point is calculated using
Kachaturyan’s microelastic theory [89], and the electric depolarization field is obtained
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by solving Poisson’s equation. For the one dimensional case, the depolarization field is
simply P1 (

b
0

) , where εb and ε0 are the dielectric constant of background [90,91,130]

and vacuum permittivity, respectively. The simulation starts from a two-domain structure
with only spontaneous +P3 and –P3 in each domain as illustrated in Fig. 4.2, and then let
the system relax to equilibrium.

Figure 4.2 The system setup for the phase-field simulations of 180˚ ferroelectric domain
walls in tetragonal BaTiO3. Superscript C denotes the crystallographic direction. x2 and x3
directions are parallel to the domain wall plane, while x1 is always perpendicular to the
wall. θ indicates the angle between domain wall and the crystallographic direction [100]C.
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Table 4.1 Material parameters of BaTiO3
Values
Coefficients
b

(collected and recalculated mainly from Ref. [96])
b=45

, 0

ai (C-2·m·J)

a1C

5 105 TS Coth(

aij ( 108 C-4·m5·J)

C
a11

aijk ( 109 C-6·m9·J)
aijkl ( 1010 C-8·m13·J)

C
a1111

C
7.59 , a1112

sij ( 10-12 Pa-1)

C
s11

gij ( 10-10C-2·m3·J)

C
g11

F11C

C
1.154 , a12

0.3094 , F12C

6.53

C
3.19 , s44

C
0.2 , g44

0.279 , F44C

6.688

C
2.221 , a1123

C
0.045 , Q44

C
9.07 , s12

C
5.1 , g12

10-12 F/m

C
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0.1335 (Ref. [5])

It should be noted that from first-principles calculations [111,131] BaO-centered
domain walls are more stable than Ti-O centered walls. The phase-field model is,
however, a continuum model which disregards the atomistic details. Therefore, it is not
necessary to define the center planes for this model. Figure 4.2 is schematic, which is
designed to illustrate the domain wall orientation and the atomistic detail of the wall
center is ignored.
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4.2.2 The non-Ising characteristics from numerical calculations

To check the existence of the Néel feature, the polarization profile of 180˚ domain
wall at θ = 0 ((100)C plane) is calculated as shown in Fig. 4.3. In addition to the P3
component, nonzero antiferroelectric-like P1 component perpendicular to the domain
walls was observed while the P2 component remains exactly zero after relaxation. The
calculated polarization profile is very similar to Lee’s atomistic calculations of 180˚
domain wall in tetragonal PbTiO3 [125]. Although the magnitude of P1 is small, it is not
the artifact of the numerical calculation. (A detailed analysis of possible sensitivity of
polarization component on various parameters is shown in the Section 4.3)
By comparing with the previous model, the additional flexoelectric contribution is
believed leading to the appearance of the Néel-like feature. To convincingly validate the
hypothesis, phase-field simulations were performed with the flexoelectric effect turned
off. Indeed, at equilibrium, there only exists P3 component in the system, which has the
same profile as Fig. 4.3(a). Therefore, it is concluded that the appearance of P1 is entirely
driven by the flexoelectric effect due to stress inhomogeneity around the domain walls.
As shown in Fig. 4.3, the induced P1 component shows a tail-to-tail configuration which may result in negative bound charge and thus influence the conductivity of the
wall. However, from the phase-field simulation, it was found the electric potential change
at the domain wall is very weak, on the order of 10-3 V. The bound charge at the wall
center is very low, ~106 C/m3, and the overall charge around the wall is zero. So the wall
remains charge-neutral if the total charge is averaged across the domain-wall thickness.
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Figure 4.3 The phase-field simulation result of 180˚ domain wall profile in tetragonal
BaTiO3 at θ = 0 with (a) P3 going from positive to negative and (b) P3 going from
negative to positive. In additon to the conventional Ising wall, a Néel type component
(P1) is also observed in both (a) and (b). The Néel like component is independent of P3.
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4.2.3 The anisotropy of Néel and Bloch walls

The domain wall orientation, which affects both the strain gradient and the
flexoelectric coefficients, further complicates the character of ferroelectric domain walls.
As θ changes from 0 to 2π, the phase-field simulations show that P2 becomes nonzero as
well. The maximum values of P1 and P2 as a function of rotation angle θ are plotted in
Fig. 4.4. The P1 component has non-zero values at all angles, while the P2 component is
zero when θ = nπ/4 (n is an arbitrary integer). In other words, the pure ferroelectric
domain wall is Ising-Néel wall when θ = nπ/4 and is an Ising-Bloch-Néel wall for all
other orientations. It should be mentioned that the P2 plot in Fig. 4.4 agrees very well
with Ref. [54] in terms of profile shape and magnitude.

Figure 4.4 Maximum absolute value of the polarization components induced by the
flexoelectric effect in the wall as a function of the rotation angle θ, calculated from
phase-field method.
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As an example, Fig. 4.5 (a) and (b) compare the domain wall profile of oblique
walls with θ = 5π/12 and θ = π/12. Both P1 and P2 show antiferroelectric-like
distributions, i.e. antiparallel near the domain walls, but vanish at the wall center. The
profiles of all the polarization components are odd functions and they agree quite well
with previous calculations [54,125,126] in magnitude and profile shape. Qualitatively, the
current simulation results confirm that the 180˚ domain wall is Ising-Bloch-Néel-like
when θ ≠ nπ/4.
The flexoelectric effect induced polarization components exhibit unique
properties. An interesting feature among them is the chirality of P1 and P2 profiles as
shown in Fig. 4.5 (a) and (b). Firstly, three polarization components seem to be
independent of each other. This can be simply explained by the small magnitude of P1
and P2. Secondly, the profile of P2 flips when the rotation angle goes from θ to its
complementary angle π/2-θ, while chirality of the Néel wall is apparently independent of
rotation angle θ. This means that the Néel wall is always tail-to-tail regardless of the wall
orientation. It will be demonstrated below that the chirality can be explained within the
framework of LGD analytical theory by including the flexoelectric effect.
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Figure 4.5 Polarization profiles of 180˚ domain walls. (a) P1 and P2 distribution at θ =
π/12 and (b) at θ = 5π/12 from phase-field method. P1 remains identical while P2 flips
with θ. Both P1 and P2 are independent of P3.
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4.2.4 Existence of the additional features from thermodynamic analysis
By minimizing the total free energy Eq. (4.2), one gets the equations of state
2
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x j xl
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2

ij

Pj Qijkl Pj

Fijkl

kl

kl

xj

(4.3)

Eid

where Fijkl=sijmnfmnkl is the flexoelectric coupling coefficient [3]. (Higher order terms in P
polynomials are ignored for simplicity.) The first two terms on the right hand side are
small at the domain walls. So the Eq. (4.3) can be further reduced to
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is the flexoelectric field [3], which is used to describe the

flexoelectric effect.
Eq. (4.4) demonstrates that the polarization is essentially governed by the
competition between flexoelectric field and the depolarization field. With the stress-free
boundary condition, one has σ1= σ5= σ6= 0 in the wall, and Equation (4.4) becomes
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g CA

C
g11

C
g12

C
and FAC
2 g 44

F11C

F12C

F44C . The superscript “C” denotes the

tensors in the original crystallographic coordinate of pseudocubic lattice. The indices are
simplified following Voigt notation. The tensors in the rotated coordinate system as
functions of domain wall angle θ are listed in Table 4.2.
Due to the electrostrictive effect, the stress distribution of the domain wall is
always symmetric with respect to the domain wall center as illustrated in Fig. 4.6 (a). The
flexoelectric fields are thus odd functions since they are proportional to the stress
gradient. This feature is not limited to the pure ferroelectric but applied to all domain
walls. The depolarization and flexoelectric fields in x1 and x2 directions are plotted in Fig.
4.6 (b). The flexoelectric field E1f is around an order of magnitude larger than E2f because
the gradient of σ33 is much larger than that of σ22. However, it is greatly weakened by the
depolarization field. This explains why larger flexoelectric field cannot induce larger P1
as compared to P2. The flexoelectric and depolarization fields at the domain wall are thus
the key factors determining the magnitude of the flexoelectricity-induced Néel and Bloch
type polarization components.

73

Table 4.2 Dependence of the tensors and other coefficients on the wall rotation angle
in the rotated coordinate system x1 , x2 , x3 (adapted from Ref. [132]).
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Subscripts 1, 2 and 3 denote Cartesian coordinates x, y, z and Voigt's (matrix) notations are used:

a11
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Q1122 Q12 , 4Q1212 Q44 , s1111 s11 , s1122 s12 , 4s1212

g12 , g1212 g66 , Q1111 Q11 ,
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2F1212 F44 . Note that different factors (either “4”, “2” or “1”) in the definition of matrix
notations with indices “44” are determined by the internal symmetry of tensors as well as by the
symmetry of the corresponding physical properties tensors (see e.g. [133]).
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From the discussion above, it is concluded that the P1 component cannot be
entirely suppressed and it has the same magnitude as P2. Furthermore, the existence of
Néel feature is not limited to pure ferroelectric domain walls, i.e., it can be a general
phenomenon that is also present in other kinds of domain walls. For example, in SrTiO3
twin walls, the polarization is induced by the so-called roto-flexo field [51,52]. All four
kinds of domain walls discussed in Ref. [51] exhibit nonzero P1, which is greatly
suppressed by the depolarization field in each case. The existence of polar domain walls
in SrTiO3 is confirmed by both resonant ultrasound spectroscopy [104] and resonant
piezoelectric spectroscopy [105].
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Figure 4.6 (a) Stress distribution around the domain wall with θ=5π/12 from phase-field
method, (b) depolarization field (Ed) and flexoelectric field (Ef) around the domain wall
with θ=5π/12 from phase-field method. The lines are guide to the eye.
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4.3 Discussion on the sensitivity of the parameters
To discuss the sensitivity of the calculated polarization on the parameters used in
the phase-field simulations, the parameters are divided into three groups: the parameters
related to the thermodynamic potential, the flexoelectric coupling coefficients and the
background dielectric constant.
The parameters related to the thermodynamic potential include the LandauDevonshire coefficients, the elastic stiffness constants, gradient energy coefficients,
electrostrictive constants. As a matter of fact, there are at least four sets of parameters
available for the thermodynamic potential of BaTiO3. [96,134–136] In the phase-field
simulation, the parameters were taken from the work of J. J. Wang et al. [96]. As
demonstrated in his work, this set of parameters can reproduce the spontaneous
polarization, dielectric constant, temperature-electric field phase diagram and
piezoelectric coefficients. In addition, this set of parameters was shown to be the best in
reproducing the electric field induced tetragonal to orthorhombic ferroelectric transition
[137].
The flexoelectric coefficients from experimental measurements are three orders of
magnitude larger than the calculated values [32]. The disagreement may come from
different boundary conditions used [4], surface flexoelectric effect, dynamic flexoelectric
effect, micropolar regions above TC, etc [32,138]. Therefore, it is more reasonable to use
the calculated values from first-principles. In order to evaluate the sensitivity of the
calculated results on the values of flexoelectric coefficients, two sets of flexoelectric
coefficients (Table 4.3) [5,16] were compared. Although, both sets of flexoelectric
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coefficients are from first-principles calculations, they are quite different in terms of
magnitude and sign.
As shown in Fig. 4.7 (a-d), although the flexoelectric effect induced polarization
components, namely P1 and P2, are dependent on the flexoelectric coefficients in terms of
profiles and anisotropy, they still exist. The magnitudes of both induced polarization
components do not change much despite the huge difference between the two sets of
flexoelectric coefficients. The profile of P1 clearly flipped, which is mainly due to the
sign change of f12.
As demonstrated in Eqs. (4.4) and (4.5), the depolarization field Ed has a strong
effect on the induced polarization. Therefore, the background dielectric constant, which
determines the strength of the depolarization electric field, is another important
parameter. In order to discuss the sensitivity of induced polarization on background
dielectric constant, two contributions to the polarization of a ferroelectric material need to
be separated: i) the critical displacements of ions (responsible for enhanced dielectric
constant and spontaneous polarization); ii) all the other polar distortions (including
contributions from other polar optical modes, i.e. systems of correlated displacements of
ions) [91]. The background dielectric constant is from the latter contribution [91]. So two
quite different values were chosen. One is 7.35, which is essentially from room
temperature infrared and Raman reflectivity data [139]. The other one is 45, taken from
Rupprecht and Bell’s work [90]. As pointed out by Ref. [90], the background dielectric
constant “consists of contributions from the electric polarizability, temperatureindependent optically active lattice vibrations, and a dominant term stemming from the
finite frequency of the temperature-dependent soft mode in the limit of infinite
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temperature”. Thus the value 7.35, which is from the optical modes only, is not sufficient.
However, the simulation results do not show much difference by comparing Fig. 4.7 (c,
d) and (e, f). The Néel and Bloch features still exist and maintain their anisotropy. Only
the magnitudes of both components are about two times larger than the previous
calculations. That’s because the increased background dielectric constant weakened the
depolarization field.
From the above analysis, it can be concluded that the induced polarization
components calculated from phase-field simulation do depend on the parameters. Their
anisotropy is dependent on the flexoelectric coefficients. Their magnitude is dependent
on both the flexoelectric coefficients and the background dielectric constant. But the
general physical phenomenon, the observation that the flexoelectric effect induces two
new polarization components at the 180˚ domain wall, is not sensitive to the parameters.
As demonstrated by the analysis, the Néel-like (P1) and Bloch-like (P2) polarization
components are essentially dominated by Eq. (4.5). Both the flexoelectric field and the
depolarization field are functions of polarization. Therefore, only in some very special
cases, for example, FAC

g CA

C
g44

0 , there are no P1 and P2 with any domain wall

orientation. To prove the reliability of the calculations, the simulation result of BaTiO3 is
also compared with Lee’s DFT calculations of PbTiO3 [125] as shown in Fig. 4.8.
Although the materials and the computational methods are quite different, the
polarization profiles are very similar.
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Figure 4.7 Polarization profiles with θ = π/12 and the maximum values of P1 and P2
components as a function of domain wall orientation. (a) and (b) are calculated with
flexoelectric coefficients set #1 and background dielectric constant of 7.35. (c) and (d)
are calculated with flexoelectric coefficients set #2 and background dielectric constant of
7.35. (e) and (f) are calculated with flexoelectric coefficients set #2 and background
dielectric constant of 45.
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Figure 4.8 Domain wall profiles of (a) BaTiO3 calculated from phase-field simulation
(this work) and (b) PbTiO3 calculated from first-principles (reproduced from D. Lee et
al. [125]). P1 in (a) corresponds to Pn (normal) in (b), and P3 in (a) corresponds to Pz in
(b).
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Table 4.3 The flexoelectric coefficients
f11

f12

f44

Ref.

59.86 nC/m

38.81 nC/m

0.526 nC/m

[16]

0.150 nC/m -5.463 nC/m -1.904 nC/m

[5]

Set #1
(Ba0.5Sr0.5TiO3)
Set #2
(BaTiO3, used in the main text)

4.4 Conclusion
In conclusion, by the phase-field simulation it is predicted that the classical Ising
ferroelectric domain walls also possess both Néel-like and Bloch-like features. It is
demonstrated that the additional components are produced by the flexoelectric effect. The
additional polarization components are more than two magnitudes smaller than the Ising
component, and show an antiferroelectric-like distribution at the domain wall. The
chirality of Néel component is independent of domain wall orientation, while the Bloch
chirality is not. Since the Néel component is induced by stress inhomogeneity at the
domain walls, its existence is a general phenomenon, and its magnitude is determined by
the competition between flexoelectric and depolarization effects.
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Chapter 5
Mechanical Switching via Flexoelectric Effect

5.1 Introduction
From the symmetry perspective, the flexoelectric effect is different from the other
electromechanical coupling, including piezoelectric effect and electrostriction. It may be
more convenient to regard it as a mechanical analog of the electric field, as discussed in
Chapter 2. Thus it can be utilized to switch domains if strong enough.
The experiment demonstration of the mechanically induced domain switching in
ultrathin BaTiO3 film is summarized in Fig. 6.1 [24]. By pushing an atomic force
microscopy (AFM) tip, large local stress inhomogeneity and consequently a strong
flexoelectric field were introduced under the AFM tip. As estimated by the authors, the
flexoelectric field under the tip was as strong as 2 MV/cm [24]. The polarization was
switched downwards. Since both the switched and the unswitched domains are
energetically equivalent, the flexoelectric induced domain switching is permanent even
after unloading. This is different from the switching induced by other electromechanical
methods which switches back when the mechanical force is removed. As compared to
electric field induced switching, the associated breakdown and leakage can be avoided in
the mechanically induced switching.
In this chapter, the spherical indenter geometry was adopted to approximate the
stress distribution under the AFM tip. Then the developed phase-field model is applied to
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study the mechanical switching using ultrathin BaTiO3 thin film as an example. The
result confirms that the switching is induced by bulk flexoelectric effect. It is also shown
that pressing AFM tip can induce polarization to centrosymmetric SrTiO3 thin films as
well. In Section 5.6, the critical film thickness and stress needed for flexoelectric effect
induced domain switching are discussed.

Figure 5.1 Mechanically induced reversal of ferroelectric polarization. (A and B)
Piezoelectric force microscopy (PFM) phase (A) and amplitude (B) images of the domain
pattern electrically written in the BaTiO3 film. (C) Single-point PFM hysteresis loops of
the BaTiO3 film. (D and E) PFM phase (D) and amplitude (E) images of the same area
after the 1-by-1μm2 area in the center (denoted by a dashed-line frame) have been
scanned with the tip under an incrementally increasing loading force. (F) PFM amplitude
as a function of the loading force obtained by cross-section analysis along the white
vertical line in (E). (Adopted from Ref. [24])
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5.2 Elastic field of constraint film with pressure exerted by an AFM tip
To simulate the thin film with mechanical load, mixed boundary conditions are
used in which the displacement (u) at the bottom of the substrate is assumed to be zero
and stress (σ) on the top surface of the film is assumed to be from the indenter only i.e.
tip
i 3 x3 h f

ui

x3

(r )

hs

(5.1)

(i 1, 2,3)

0

where r is the distance from the tip-surface junction, hf is the film thickness, and hs is the
substrate thickness. Under the AFM indenter, only the stress component

33

is assumed

to be non-zero. The stress exerted by the AFM tip is approximated using a spherical
indenter geometry [140]. Thus the stress distribution under the tip is written as
tip
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where p is the load, and a is the radius of contact area, as shown in Fig. 5.2 (a). The latter
is proportional related to p1/3 [140].
By Hooke’s law, the stress (σij) is related to strain (εij)
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is the eigenstrain. The mechanical equilibrium equation of the system is
ij , j

0

(5.3)

The comma in the subscript stands for spatial differentiation. According to the theory of
microelasticity [89], the total strain of the film can be separate into homogeneous strain
ij

and the heterogeneous strain

ij

(r ) , i.e.
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The homogeneous strain
heterogeneous strain
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describes the macroscopic deformation of the film. The

(r ) can be calculated from displacement ui(r) via
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The equations of equilibrium (5.3) can thus be rewritten as
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To solve (5.6), the displacement is separated into two parts, i.e.
ui
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where uiA can be solved using the microelasticity theory [89]. Thus, without σ body force,
uiB in the finite plate with thickness of hs+hf satisfies the equation of equilibrium
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The boundary condition (5.1) becomes
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Using Stroh’s sextic formalism [141] and two dimensional Fourier transform, equation
(5.8) with boundary condition (5.9) can be solved analytically. The process is very
similar to that of the traction-free thin films, which can be found in Ref. [80].
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Figure 5.2 The mechanical boundary conditions from (a) side-view (Cross-section), and
(b) top-view.
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5.3 Phase-field simulation of the domain switching in BaTiO3 via AFM
With the established elastic solver for thin films, the phase-field model is applied
to study the mechanical switching on strained BaTiO3 thin films. The system setup is
chosen the same as the experiment [24]. The BaTiO3 film thickness was assumed to be 5
nm (12 unit cells). The SrTiO3 substrate was assumed to exert a biaxial 2.5%
compressive strain on the BaTiO3 layer. The coefficients of BaTiO3 for the total free
energy (4.1) are the same as Table 4.1 except for the flexoelectric coefficients. The
flexoelectric coefficients are taken from reference [16] and scaled with a factor of 0.6,
considering the dielectric constant difference between Ba0.5Sr0.5TiO3 and BaTiO3. With a
biaxial 2.5% compressive strain, the equilibrium structure of the BaTiO3 film (without
load) is tetragonal with a uniaxial spontaneous polarization of 0.34 C/m2. The radius of
the contact area can be estimated from the observed domain width. With a 1000 nN load,
it is about 10 nm [24]. The simulation started from small random noises with P3 > 0.
Without load, the calculated equilibrium structure was a single c domain with out-ofplane polarization component P3 = 0.34 C/m2, which is identical to the previous
thermodynamic calculation. Then with an AFM load of 1000 nN, the system with the
same initial condition is relaxed to equilibrium. The calculated surface displacement and
stress distribution are shown in Fig. 5.3. The radius of the contact area is 10 nm, and the
maximum displacement of the top surface is around 0.47 nm. As shown in Fig. 5.3 (c-e),
huge compressive stresses (both in-plane and out-of-plane) are induced by the AFM.
Within the contact region, the stress variations under AFM tip are over several GPa,
which is above the coercive stresses. In addition, the flexoelectric field induced by the
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AFM tip reaches as high as 107 V/m which is well above the coercive field of BaTiO3
(~106V/m) as well. An interesting question arises: which effect dominates the switching
process, piezoelectricity or flexoelectricity?

Figure 5.3 Mechanical writing on thin film via AFM tip (spherical indenter). (a) The
schematic of the setup of the system. R is the radius of the AFM tip sphere (dashed
circle). a is the radius of the contact area.. (b) Surface displacement of the cross-section.
(c-e) Distribution of stress components σ1, σ3 and σ5.

Because the coercive fields and stresses from the LGD theory are typically much
larger than the experimental measurements (for example, the coercive field is usually
more than ten times larger than the experimental observed values partially due to the
existence of defects), the real switching barrier should be much lower than the calculated
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values from the phase-field simulation. Therefore, the simulation starts from noises with
positive out-of-plane polarization component P3 to reduce the switching barrier; the final
relaxed states thus represent the switched equilibrium domain structures. It should be
noted that the calculated flexoelectric field is based on constant flexoelectric coupling
coefficients, i.e. the stress-induced variation of dielectric permittivity is not considered
here. The reason to keep the flexoelectric coupling coefficients constant is two-folded: i)
the flexoelectric coupling coefficients are approximated qualitatively not quantitatively;
ii) the simulation system is very sensitive to the flexoelectric coefficient (a little bit larger
flexoelectric coupling coefficient may cause the whole simulation diverge).
The calculated polarization distribution is shown in Fig. 5.4 (a-b). Since the
simulation starts from noises which greatly lower the switching barriers for both
flexoelectricity and piezoelectricity, the obtained domain structures represent the final
equilibrium switched states from both effects. It is found that the volume under AFM tip
has the out-of-plane polarization component P3 pointing down. There exist in-plane
polarization components as well. The values for the in-plane components are, however,
an order of magnitude smaller than the out-of-plane component. That is because the
substrate strain, -2.5%, favors the c domain according to the temperature-strain phase
diagram [142]. Both the flexoelectric effect and the piezoelectric effect are not large
enough to stabilize a domains with large in-plane polarization values. The stress gradient
along the x1 direction is much smaller than in x3 direction (except the edges of the contact
area), and resulting in a smaller flexoelectric field in the x1 direction. Therefore, the
induced small in-plane polarization may be a result from both flexoelectric effect and
piezoelectric effect. Their competition will be discussed in the next Section. An
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interesting phenomenon is the appearance of wedged domain walls. As shown in Fig. 5.4
(a-b) the domain walls are not parallel to x3 direction; there must be bound charge near
the domain walls. The calculated bound charge density reaches as high as 107 C/m3, as
shown in Fig. 5.4(c). The induced bound charge may interact with the carriers and
modify their mobility and thus the local electric conductivity. This might be one of the
reasons that the resistivity change of direct electric switching of polarization is smaller
than that from mechanical switching via flexoelectricity [55].

Figure 5.4 The polarization distribution under mechanical load 1000 nN. (a-b) The
polarization component P1 and P3 with flexoelectric effect, (c) the bound change induced
by the wedged domain walls, (d-e) the polarization component P1 and P3 without
flexoelectric effect.
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5.4 The competition of piezoelectric effect and flexoelectric effect
One advantage of the phase-field method is the fact that one can easily separate
the contributions of different driving forces to polarization switching and understand their
relative roles in the switching mechanism. By setting the flexoelectric coefficients to
zero, the flexoelectric effect is turned off. Thus the polarization change is entirely due to
the piezoelectric effect. The polarization distribution only including piezoelectric
contribution is shown in Fig. 5.4 (d-e). As compared to Fig. 5.4 (a-b), the distribution of
polarization components are quite different. The major difference is no switched c
domains. The out-of-plane polarization component P3 under tip is compressed but not
switched. This can be explained by how these two types of deformation-polarization
coupling modify the free energy profile. As illustrated in Fig. 5.5 (a), the flexoelectric
effect is similar to that by an electric field which changes the free energy profile
asymmetrically. If the flexoelectric field is large enough to overcome the energy barrier,
the polarization flips. In contrast, the piezoelectric effect modifies the free energy
symmetrically [Fig. 5.5 (b)]. The equilibrium polarization may be extended, compressed,
or rotated by 90 degrees, but 180-degree switching is not possible. Thus it is concluded
that the polarization flipping by mechanical deformation is due to the flexoelectric effect.
The piezoelectric effect is comparably weak but should not be neglected. By comparing
Fig. 5.4 (b) and (e), the in-plane components show some similarities. They have similar
magnitude and both exhibit the highest value at the film-substrate interface. Therefore, it
can be concluded that the in-plane polarizations are mainly induced by piezoelectric
effect.
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Figure 5.5 The energy profile change as the effect of different polarization and
deformation coupling: (a) flexoelectricity, (b) piezoelectricity. The solid arrows indicate
the polarization magnitude and direction.
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5.5 Flexoelectricity induced polarization in incipient ferroelectric SrTiO3
A strong flexoelectric effect can appear in centrosymmetric materials, for
example, the incipient ferroelectric SrTiO3. SrTiO3 is paraelectric with a cubic structure
at room temperature, so it is neither a proper ferroelectric nor a piezoelectric. SrTiO3 is
chosen as the substrate, so the SrTiO3 film is strain-free and maintains a cubic crystal
structure. By applying the AFM tip with a 1000 nN load, phase-field simulations are
performed. The materials coefficients are the same as those listed in Table 3.1. The
calculated polarization profiles are plotted in Fig. 5.6. Since SrTiO3 has no spontaneous
polarization and no piezoelectric effect, the polarizations both in-plane and out-of-plane
are entirely induced from flexoelectric effect. Compared with BaTiO3, the induced outof-plane polarization component P3 is an order of magnitude smaller. This is mainly due
to the dielectric constant difference. Another difference is that the induced polarization in
SrTiO3 is unstable after removing the load. The polarization will go back to zero. While
the flexoelectric switched BaTiO3 domains lie in the other energy well as indicated in
Fig. 5.5 (a). After unloading, the switched domain will remain switched, and relax to
equilibrium polarization value.

Figure 5.6 Phase-field simulation of the polarization induced by flexoelectric effect in
strain-free STO thin films. (a) in-plane polarization component P1 distribution, (b) out-ofplane polarization component P3 distribution.
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5.6 Discussion
It should be pointed out that there are still no reliable values for the flexoelectric
coefficients for BaTiO3. For example, the flexoelectric coefficients of BaTiO3 obtained
from experimental measurements [11] and theoretical calculations [5,16] are several
orders of magnitude different. The experimentally measured flexoelectric coefficients
may be affected by different boundary conditions [4], surface piezoelectricity and surface
flexoelectricity [5]. Therefore, the values from first-principles calculations are
adopted [16], because these values have reasonable magnitude and are within the upper
bounds. For SrTiO3, the experimental measurements [26] and the ab initio
calculations [5] agree with each other reasonably well. The experimental values for
SrTiO3 were used in the simulation. In addition to the uncertainty in the flexoelectric
coupling coefficients, the shape of the AFM tip is another factor that may affect the
simulation results. So the obtained results should be regarded as semi-quantitative. In this
part, the effects of film thickness and the geometry of the AFM tip on the flexoelectric
effect-induced mechanical switching process will be discussed.

5.6.1 The thickness dependence
The film thickness and load are two other factors that may affect the flexoelectric
effect. Apparently, a small load cannot provide sufficiently high flexoelectric fields to
switch the ferroelectric domains. On the other hand, thick films or bulk cannot exhibit
strong flexoelectric effects as well, even though the strain gradient just under the AFM
tip may still be very large. To study the dependence of domain switching on film
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thickness, a series of phase-field simulations were carried out by varying both film
thickness and the applied load. The simulation results are plotted in Fig. 5.7 (a). The
switched domain width remains almost constant and suddenly drops when the film
reaches the critical thickness for each fixed load. Fig. 5.7 (b-e) show the polarization,
stress components and the flexoelectric field distribution of a film with 25nm thick under
a 1000nN load. The switched domain is about 6 nm wide which is well within the contact
area of 10nm width. As shown in Fig. 5.7 (e), the flexoelectric effect far from the tipsurface junction becomes too weak to switch the local polarization. Only near the center,
the flexoelectric field is strong enough to switch the polarization. When the film is too
thick to produce a strong flexoelectric field to switch the polarization at the bottom of the
film, the domain switching cannot happen at all since a huge electrostatic energy penalty
inhibits the formation of partial domains. In other words, the flexoelectric effect induced
switching must penetrate the whole film thickness. Therefore, in order to have
flexoelectric-effect-induced domain switching, the film needs to be so thin that the
flexoelectric field at the film-substrate interface is still larger than the coercive field. This
probably is the reason why the flexoelectric effect induced switching is not observed in
thick films or bulk materials.
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Figure 5.7 The thickness dependence of mechanical switching via flexoelectric effect. (a)
switched domain width on the top surface of the film as a function of film thickness and
applied load. The profiles of out-of-plane polarization component P3 (b), stress
components σ1 (c) and σ3 (d), and out-of-plane flexoelectric field (e) at 1000 nN of a film
of 25 nm thick. The white dashed lines indicate the switched domain.

5.5.3 The effect of the AFM tip geometry
To examine the effect of the AFM tip geometry on the flexoelectricity induced
switching, a rigid cylindrical punch is adopted as another approximation for the geometry
of the AFM tip. A 12th-order polynomial is used to represent a nearly flat bottom. The
displacement on the top surface induced by the additional stress is written as [143]

br12
(r )
,r a
12

(5.10)
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where b is a fitting constant, a is the radius of the punch and r is the distance from the
center of the cylindrical punch. The same setup as the previous simulation of BaTiO3 thin
film is used except the AFM tip geometry. The punch diameter is assumed to be 10 nm.
The simulation results are shown in Fig. 5.8. As illustrated in Fig. 5.8 (a), the
stress induced by an AFM tip with flat punch geometry has the maximum values at the
edges. The ferroelectric domain right under the tip is switched down as shown in Fig.
5.8(c), while the in-plane polarization component is small, which is consistent with the
previous simulation results with spherical indenter approximation. Although the AFM tip
geometry is quite different, the flexoelectric effect-induced mechanical switching process
shows the following two similarities: i) the domain inside the contact area can be
switched downwards and remain stable after unloading; ii) the in-plane component is
small and relaxes to zero when the pressure is removed.

Figure 5.8 Phase-field simulation of the flexoelectricity induced switching using a plat
punch approximation for the AFM tip. (a) Stress distribution at the top surface of the
BaTiO3 thin film. (b) In-plane polarization P1 distribution, (c) out-of-plane polarization
P3 distribution.
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5.6 Conclusion
In this chapter, the mechanical switching process under an AFM approximated as
a spherical tip indenter is successfully reproduced using the developed phase-field model.
The flexoelectric effect is shown to be strongly localized. The flexoelectric field reaches
as high as ~107 V/m (the effect of stress-induced permittivity change is not considered)
beneath the AFM tip and decays quickly away from the tip. This type of mechanical
switching is only possible in nanoscale films with the upper bound for the film thickness
on the order of a few nanometers. The mechanical switching via the flexoelectric effect is
more similar to electric field induced switching rather than the conventional mechanical
switching via piezoelectricity. The switched ferroelectric domains are thermodynamically
stable even after unloading. Hence, this switching process has potential applications in
high-density data storage via mechanical means, which can avoid leakage or dielectric
breakdown as in direct electric switching.
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Chapter 6
Conclusions and Future Work

6.1 Conclusions
In this dissertation, the phase-field model of ferroelectric domains was extended
to include the flexoelectric effect and applied to investigate the domain wall structures of
ferroelectrics and the nanoscale mechanical switching process induced by an AFM tip.
The main contributions of the present dissertation include:
1. The present phase-field model was extended to include the anisotropy of the gradient
energy and the contribution of the flexoelectric effect. The width and energy of
different oriented domain walls can be correctly addressed with the modified model.
The flexoelectric effect induced phenomenon is usually related to various domain
structures. Therefore, the present model is more suitable to study the flexoelectric
effect than the first-principles method or molecular dynamics, which usually need to
build large supercells due to the periodic boundary conditions. In addition, the phasefield model is much more effective than the aforementioned two other computational
methods in terms of both computational cost and simulation scales. It can also
separate the energy contributions from flexoelectric effect, which is not possible for
the other atomistic computational methods. Therefore, the developed phase-field
model provides an effective tool for the future theoretical study of flexoelectric effect
in ferroelectrics.
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2. The origin of polar domain walls in incipient ferroelectrics was studied. In order to
include multiple sets of order parameters and their interactions, the classic LandauGinzburg-Devonshire theory of ferroelectrics is complicated by new coupling terms,
including the biquadratic coupling terms, the flexoelectric coupling terms, and the
trilinear coupling terms. Although the effect of each coupling to the domains is well
understood, their influences on the domain wall structures still remain unclear. By
performing phase-field simulation and comparing the effects of different coupling
terms, it is revealed that the flexoelectric effect is the most likely coupling term to
induce polarizations in CaTiO3. In addition, it was also found that even the same
oriented domain walls with different structural order parameters may generate
different polarizations, for example the (110)C twin walls of SrTiO3. The difference
may reach as high as three orders of magnitude, which originates from different stress
state of the domain walls. The obtained results can help to design and manipulate the
polar domain walls of non-polar materials for future applications.
3. With the extended phase-field model, the pure ferroelectric (180°) domain walls of
tetragonal ferroelectrics, which was conventionally believed to be Ising type and
charge neutral, was revisited. It was found that the 180° domain wall polarization
profiles are complicated by both Néel and Bloch-like features, and thus charged. (The
bound charge is very small in magnitude and concentrated at the domain walls.) The
new polarization components are found to be very anisotropic, and entirely due to the
flexoelectric effect. The simulation results consolidate the previous theoretical
calculations, which seem contradictory to each other. Furthermore, it was
demonstrated that the flexoelectric effect may strongly modify the domain wall
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structures, even the non-ferroelastic domain walls (pure ferroelectric walls in Chapter
4).
4. In Chapter 5, it was demonstrated that the flexoelectricity is not limited as an
inherited internal effect but can also be used as an external effect to modify the
domain structures. By applying the developed phase-field model, the mechanical
switching process of ultrathin ferroelectric films through flexoelectric effect was
studied. It was demonstrated that the stress inhomogeneity induced by an AFM tip is
large enough to create a huge strain gradient and thus the flexoelectric field that
exceeds the coercive field switches the nano domain underneath the tip. The
simulation results did not only reproduce the experimental observations but also
provided more information that cannot be obtained directly by experiments, for
example the tilted domain walls. The critical film thickness and pressure for
flexoelectricity-induced domain switching was also calculated, which can be used to
guide future experiments.

6.2 Future work
With the developed phase-field model, the flexoelectric effect in ferroelectrics in
the following directions can be further investigated.
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6.2.1 The flexoelectricity in the ferroelectric thin films

It has been shown that the ferroelectric properties of thin films, including the
Curie

temperature,

dielectric

susceptibility,

piezoelectric

properties,

enhanced

polarization, etc., can be dramatically different from their bulk counterparts [1,144–146]
as a result of reduced dimension and strain imposed on thin films by an underlying
substrate [147–149]. Indeed, strain has been utilized to tune and manipulate the properties
of ferroelectric thin films. Although strain was able to explain many of the changes in
ferroelectric properties of thin films, some anomaly associated with the film thickness
cannot be explained by the strain effect. These include the smeared dielectric constant
near the Curie temperature and the variation of coercive field and remanent polarization
with film thickness. An attempt to incorporate the effect of strain gradient or the
flexoelectric effect seem to be able to explain some of these ferroelectric property
variations [29,30]. The strain gradient was approximated as
z

z

( z)

m

e

(6.1)

where z is the distance from the substrate, εm is the biaxial strain imposed by the
substrate, λ is the thickness at which the strain is relaxed to εm/e.
To study the flexoelectric effect on domain structures and ferroelectric responses
of strained ferroelectric thin films, a preliminary simulation of a perfect (defect-free)
PbTiO3 thin film was performed using the extended phase-field model. The simulation
results are summarized in Fig. 6.1. Fig. 6.1 (a) and (b) show the out-of-plane strain
distribution and the polarization vectors from the phase-field simulation. As compared
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with Fig. 6.1 (c), the strain distribution agrees qualitatively with the experimental
observation [23]. However, the preliminary simulation result showed that the
flexoelectric effect is not as dramatic in this case. The calculated polarization rotation
near the twin walls (far from the film-substrate interface) is less than 6 degrees, which is
much less than the reported 15 degrees from experiment [23]. The largest polarization
rotation appears near the film-substrate interface and the film surface.

Figure 6.1 (a) The color represents the out-of-plane strain distribution of strained defectfree PbTiO3 thin films from phase-field simulation, (b) an enlarged region from (a), (c)
out-of-plane strain distribution from experiment [23]. The strain distributions from phasefield simulation and experiments are in qualitative agreement. However, there is a much
larger polarization rotation in the experiment than in the preliminary simulation result
(unpublished).
In the future work, it is crucial to explore the fundamental origins underlying the
discrepancy between simulation and experiment. For example, the discrepancy may come
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from local strain inhomogeneity of the sample, e.g. due to defects such as dislocations. In
addition to understanding flexoelectric contributions to the polarization distribution and
thus domain structures in ferroelectric thin films, it is also important to explore the
consequence of incorporating the flexoelectric contributions on the ferroelectric transition
temperatures, coercive field and remanent polarization with film thickness by performing
phase-field simulations at different temperatures and switching simulations using an
applied electric field.

6.2.2 Mechanical gating of two dimensional electron gas
A high mobility two dimensional electron gas (2DEG), which forms at the heterointerface of insulating LaAlO3 and SrTiO3, has been the subject of intense study ever
since its discovery [150]. Its tunable conductivity offers exciting opportunities for the
development of fast, non-volatile, ultrahigh-density oxide nano-electronics. Recent
work [151–154] shows that the conduction at the LaAlO3/SrTiO3 interface can be
switched between metallic and insulating states by an external voltage using a tip of a
scanning probe microscope (SPM) as the gate, thereby replicating the gating functionality
of a field-effect transistor. Using the fact that the flexoelectric field can be used as an
applied electric field to switch polarization, Gruverman’s group has demonstrated the
possibility of mechanical gating to tune the conduction at the LaAlO3/SrTiO3 interface
(unpublished).
Therefore, one of the future directions may be applying the phase-field approach
to explore the mechanical gating of the 2DEG at the LaAlO3/SrTiO3 interface. The study
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will focus on the AFM induced flexoelectric effect on the local polarization, and
consequently its effect on the conduction at the interface. The stress distribution under an
AFM tip can again employ the spherical indenter model as described in Chapter 5. By
monitoring the polarization switching, the potential change at the interface can be
determined. Then the carrier density can be estimated using the Boltzmann
approximation

n n0 exp(

e
)
kBT

(6.2)

where n is electron density, n0 is the electron density before gating, e is the elementary
charge, Δφ is the potential change, kB is Boltzmann’s constant, and T is the temperature.
Thus the conduction of the LaAlO3/SrTiO3 interface can be determined. By changing the
force exerted to the AFM tip, it is also possible to systematically investigate the
conductivity as a function of the applied force. The proposed study may help understand
the underlining nature of the mechanical gating and providing guidance to experiments.

6.2.3 Domain evolution during bending of ferroelectric thin films
Usually, the measurement of flexoelectric coefficients employs three-point or
four-point bending method [14,32,33]. The domain wall motion and domain rotation due
to bending may strongly affect the measured values of the flexoelectric coefficients.
However, current theoretical analysis ignored the possible domain wall motion and
rotation. The developed phase-field model of domain structures incorporating the
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flexoelectric is ideally suited to understanding the domain wall evolution process during
bending.
There are also some bending experiments needs to be clarified from the
theoretical perspective. For example, by bending the Si substrate of a PZT thin film,
Gruverman et al. [155] demonstrated the mechanical stress effect on the imprint behavior
of integrated ferroelectric capacitors. As shown in Fig. 6.2, the imprint behavior is very
strong. After bending the capacitors became single domains, and the authors attributed
this behavior to flexoelectric effect. Approximately, the strain gradient is on the
magnitude of ~104 m-1, since the bending curvature is about the same magnitude, several
microns, as the substrate thickness. Thus, the flexoelectric field induced by bending is
~105 V/m, which seems not large enough to switch the ferroelectric domains. Their
explanation based on flexoelectricity seems not reliable.
In addition, bending may also lead to charge separation due to the flexoelectric
effect [14] which can potentially be utilized for sensor applications. Therefore, one of the
future directions is to focus on the flexoelectricity-induced domain evolution and the
amount of charge separation. This research may help to explain the huge discrepancy
between the experimentally measured and theoretically calculated flexoelectric
coefficients and shed light on the bending induced imprint behavior in ferroelectric
capacitors [155].
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Figure 6.2 PFM images illustrating the impact of stress on polarization and switching
behavior of the (111)-oriented PZT capacitors. (a)-(c) Before stress application: PFM
amplitude (a) and phase (b) images of as-grown capacitors and a local hysteresis loop (c).
(d)-(f) After tensile stress application: PFM amplitude (d) and phase (e) images of asgrown capacitors and a local hysteresis loop (f). (g)-(i) After compressive stress
application: PFM amplitude (g) and phase (h images of as-grown capacitors and a local
hysteresis loop (i). [155]
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