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Abstract

This research is concerned with acoustic scattering from rough, elastic interfaces.
The primary results of this dissertation consist of acoustic scattering measurements
coupled with environmental characterization. Acoustic data from a sea trial in
April 2011 that took place in the Oslofjord, Norway near Larvik were used to
estimate the scattering cross section, and probability of false alarm. The data were
obtained from high-frequency, high-resolution interferometric synthetic aperture
sonar system. Since the acoustic system has not been calibrated, an effective
calibration of this sonar was performed based on a natural feature with estimated
roughness and a valid scattering model.
The seafloor around Larvik, Norway consists of glacially-eroded outcrops of
rock, which possesses both very rough and very smooth roughness characteristics.
These outcrops have been characterized in terms of their elastic properties based
on previously measured mineral composition. Their roughness characteristics were
measured during the a field experiment conducted in May 2013. A stereo photogrammetry system was designed and built for the purpose of obtaining high
resolution roughness measurements. These height field measurements are used to
form power spectrum estimates, which were used calibrate the acoustic system.
Statistical characterization of facet sizes and orientations were used to motivate
numerical modeling.
For the very rough areas on the rock outcrops, no analytic approximate scattering model is valid. Connections between surface parameters, and trends in
the scattering cross section and probability of false alarm were made using the
boundary element method. Surface roughness measurements were used to motivate several surface generation methods that approximate a glacially quarried
rough surface. Through numerical parametric studies, hypotheses for the relationship between the scattered field and rough interface were established.
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CHAPTER

ONE

Introduction

1.1

Overview

1.2

The Basic Problems of Seafloor Scattering

This dissertation is concerned with the basic problem of acoustic scattering from
rough, elastic seafloors composed of bedrock. The geometry of the problem consists of two half-spaces capable of supporting longitudinal and/or transverse waves,
the water column and the seafloor, separated by a rough interface. In the ocean,
the seafloor may be a heterogeneous medium with structure, but this research is
restricted to the homogeneous case and will focus on interface roughness only. An
acoustic wave incident from the the water column on the interface will be spatially
and temporally dispersed throughout both media, a process termed “scattering.”
Basic research on seafloor scattering concerns the relationship between the heterogeneous environment and the pressure field that results when acoustic energy
impinges on the environment.
Study of scattering and reflection from the seafloor is typically an active problem,1 meaning that acoustic energy is transmitted towards the seafloor from a
source location and the scattered field is sensed at a receiver location. A cartoon of
1

Although passive reflection measurements are possible using ambient noise [1, 2].

2

Figure 1.1. Basic diagram of interface scattering. The red arrow marks the wave vector
of an incident plane wave with magnitude kw , and direction specified by (θi , φi ), and the
green arrow marks the wave vector of one plane wave component of the pressure field
due to scattering with magnitude kw and direction (θs , φs )

simplified scattering experimental setup is shown in Fig. 1.1. The incident pressure
field on the seafloor is idealized as a plane wave traveling in the direction specified
by (θi , φi ). The wave vector corresponding to this direction is ki = (Ki , −kzi ),
where Ki = (Kxi , Kyi ) is the incident horizontal wave vector, and kiz is the incident vertical wavenumber, defined as positive for a wave traveling towards the
seafloor (hence the negative sign). The Cartesian form of the wave vectors can be
expressed in polar coordinates by the the incident grazing angle, θi and azimuth
φi (defined geometrically in Fig. 1.1).
Kxi = kw cos θi cos φi

(1.1)

Kyi = kw sin θi cos φi

(1.2)

kzi = kw sin φi

(1.3)

where kw = 2πf /cw is the acoustic wavenumber in water, f the frequency of the
incident plane wave, and cw is the sound speed in the water column. Analogous
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expressions can be defined for the scattered wave vector, ks = (Ks , kzs ). These
quantities are determined by the acoustic frequency and measurement geometry.
The pressure field due to scattering from a rough interface is deterministic,
meaning that experiments performed under exactly the same conditions and with
the same surfaces will yield the same results (to within the precision of the measurement system used). The only parts of the experiment that are not repeatable
are time dependent processes such thermal and shot noise from electronic systems,
ambient noise, changes to the seafloor over time, and oceanographic variability.
However, due to the spatial fluctuation of the pressure signals received in scattering experiments, the scattered pressure is often modeled as a random field, enabling
the use of the tools of statistics.
Estimates of various moments of the spatially fluctuating pressure field can be
used to characterize the scattered field, and yield continuous functions of grazing
angle and frequency. The scattering cross section per unit area per unit solid angle,
σ, is a measure of the incoherent normalized, ensemble-averaged pressure variance
due to scattering from the interface.2 Statistically, this quantity is proportional
to the central second moment of the received pressure signal, since intensity is a
second-order quantity in pressure. The cross section will be defined in Section 1.5.
Although the cross section characterizes the averaged intensity of the scattered
field, the details of the ensemble used to form the pressure variance are hidden.
The ensemble used to calculate cross sections at each angle and frequency are characterized by the distribution function, P (X), or cumulative distribution function
(CDF). The distribution function at amplitude X0 gives the probability P (X0 that
X0 is greater or equal to the random variable X. For a finite, measured ensemble
of the complex pressure values used to compute the cross section, the distribution function P (X0 ) is the fraction of pressure amplitude values with magnitude
less than X0 . In applications such as target detection, the fraction of pressure
amplitudes greater than some threshold is tied to system performance, and the
related probability of false alarm, Pf a (X) = 1 − P (X), is used to characterize the
ensemble.
2

What is called the scattering cross section in this work is called the differential scattering
cross section in some literature [3, p 248]. In this work, the total scattering cross section is called
the scattering cross section by Pierce, and is equal to the integral of the scattering cross section
over all solid angles (4π steradians).

4
Basic research in acoustic scattering seeks to discover relationships between the
environment and parameters of the acoustic field. These relationships are found by
using models to distill the environment into a handful of measurable parameters,
which are then used as inputs to approximate acoustic scattering models. Predictions from scattering models can be checked against measurements to ensure they
are accurate, or to motivate more appropriate modeling techniques. Examples of
geophysical parameters relevant to acoustic scattering from the seafloor include
the density of the water column and sediment, the compressional and shear wave
speeds of the water and sediment, the number and depth of layers within the
sediment, the correlation length and root mean square (rms) height of the rough
interface, and correlation lengths and strengths of the fluctuations of the density
and wave speeds within the sediment. The list of parameters can be quite long,
especially in poroelastic [4] models, which can have 13 independent parameters.
The ocean is an incredibly complex and dynamic environment, and these physical parameters can be (and almost always are) temporally and spatially variable.
Accurate modeling of a particular acoustic experiment requires that these parameters are determined for the same location and time of the experiment. Without reliable inputs, scattering models are indeterminate. The lack of information
about environmental parameters is a fundamental difficulty in comparisons between models and experiments in underwater acoustics. Considerable effort has
been expended to link simple characteristics of the seafloor, such as the mean and
variance of sediment grain size, to roughness and impedance parameters.
Hamilton’s regressions performed in the 70s and 80s [5, 6, 7], and those performed more recently by Richardson [8] (see Chapter 5 of Jackson and Richardson
[9] for a more complete reference list), relate grain size to a variety of acoustic
properties of the seafloor. Although the regressions capture the mean trends, variability in the data is high, and only approximate and imprecise predictions can be
made based on grain size. Use of mean impedance properties from these regressions should always be accompanied by their uncertainty. Prediction of roughness
parameters from mean grain size has been met with even less success. No significant trend has been observed in regressions by Briggs et al. [10], since roughness
is more dependent on the local biological and hydrodynamic forces acting on the
seafloor than its constituent minerals or grain size. Grain size, or a descriptor such
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as “medium sand” is often the only information one has about the environment,
and even though these regressions have very large uncertainties, the choice is often
between no information and very uncertain information.
An alternative to predicting the parameters of complex models using gross
characteristics is to use a simplified model. For example, one of the most complex wave models for seafloors is Biot’s poroelastic theory [11, 12, 13], of which
some parameters are not measurable in situ. Williams [14] has simplified it into
an effective density fluid model (EDFM) with fluid parameters that take into account some effects of poroelasticity, but has fewer parameters. Simplified models
are attractive because their behavior is more constrained, but much of the physics
is discarded with those simplifications. Whenever a model is used, the relative
importance of using complex models with scant inputs versus simplistic models
with readily available inputs must be weighed. The complexity of the ocean environment forbids any universal rules by which this trade-off can be resolved and it
must be evaluated on a case by case basis.
Acoustic images can be used to constrain the behavior of geoacoustic models
by visual inspection. If the image has high enough resolution then by analyzing
textures and contrast, humans may be able to identify coarse properties like sediment type. For example a collection of sharp corners and flat regions is most likely
rock, and the presence of ripples indicates that the sediment is likely sand. Bounds
on geoacoustic parameters may be inferred from sediment type. Almost all at-sea
experiments suffer from this lack of total environmental characterization, and this
research is no exception. To overcome this problem, the environment will be characterized as best as possible by performing small-scale roughness measurements,
and consulting the literature for environmental parameters measured previously.
Fortunately, the geoacoustic properties of crystalline rock, which, as will be seen in
Chapter 2, is the seafloor material in the area of the field measurements, depends
strongly on its constituent minerals and weakly on the formation conditions.
A complete study of a particular rock morphology for this dissertation requires
environmental characterization, modeling of the scattering mechanism (interface
scattering), and measurements of scattering strength. For the problem of scattering from rock outcrops and very rough elastic interfaces in general, there is a
marked lack of research in all three areas just listed. No characterizations of the
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roughness of rock surfaces in a manner relevant to acoustic scattering have been
made. Only one reliable measurement of scattering from rock seafloors has been
made [15]. The internal cohesion of rock allows for excursions much larger than
acoustic wavelengths, possibly rendering existing scattering models invalid.
The next sections will first give an overview of applications of acoustic scattering, and then delve into each of the three areas of basic to provide background
and make clear the shortcomings of the state of the art. For the most part, details
will be left to their respective chapters in the main text of the dissertation. However, certain components are used throughout the section and more details will be
specified here, such as the scattering model necessary to perform the calibration
in Chapter 4.

1.3

Applications

The military application of acoustic target detection relies on the ability to differentiate targets and the environment based on their respective scattered responses.
Typical methods of discriminating the two rely on the assumption that artificial
objects are composed of corners, edges, and facets, which can be modeled by
points, lines and planes respectively. Point-like objects manifest themselves as an
isotropic scattered pressure field, and planar objects as a highly directional and
high-amplitude pressure field relative to point-like objects and natural features.
For both specular facets and diffraction from points, the amplitude and phase of
the scattered field is assumed to be a smooth and deterministic function of angle
and frequency. Natural objects are assumed to scatter sound diffusely, but with
rapidly fluctuating amplitude and phase across both frequency and angle. Recall
that acoustic scattering is also deterministic, but the rapidly fluctuating amplitude
and phase of the pressure field is often assumed to be an incoherent (in the sense
of zero mean) random field.
A very simplified view of target detection assumes that the amplitude response
of artificial objects is greater than the amplitude response of natural objects (the
environment). In the context of underwater acoustics, the environmental response
is reverberation caused by scattering from the sea surface, sea floor, and fluctuations within the water column. In this context, a detection is simply a region of
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high amplitude samples with respect to the background reverberation. To reduce
the likelihood that a randomly fluctuating environment will set off a detection,
target detection systems only consider high amplitude returns that are grouped in
the same area, and represent the scattered field from a region of similar size to the
target (i.e. a mine or submarine). This method can fail if its assumptions are not
upheld, causing a conflation of target and background. Confusing the background
for a target is a false alarm, and the opposite situation is a missed detection, both
of which hinder the performance of acoustic target detection systems. The origins
of false alarms are highly dependent on the acoustic system, signal processing used,
and the environment, but two important cases are isolated target-like scatterers,
and strong reverberation with high variability.
Rocky environments are a serious problem for acoustic target detection because
they commonly exhibit highly variable and high amplitude scattering. Additionally, rock interfaces are often composed of facets and edges, just like artificial
objects, and more sophisticated techniques, such as template matching may register many false alarms in these areas. The size distribution of rocks and rocky
outcrops spans several decades of scales and encompasses the sizes of targets such
as mines and submarines, causing target detection algorithms that consider size
and locality to register a false alarm. The simpler problem of predicting and quantifying the false alarm rate in these environments is at an impasse because because
the details of the scattered field from rock surfaces and their relationship to the
environment through experiments and models have not been studied.
Remote sensing of the seafloor attempts to use the received acoustic field to
make inferences about the environment. The fields of geophysics and acoustical
oceanography use elastic and acoustic waves as remote sensing tools. An absolute requirement for acoustic remote sensing is a foreknowledge of the basic
physics behind the interaction between acoustic waves and the seafloor environment. If the model used to predict this interaction is inaccurate or inapplicable,
then the results will be wrong. Unless detailed measurements are made, a costly
and labor-intensive procedure, the technique is scientifically unsound. Even if an
accurate physical model exists, the relationship between the environmental parameters and the received field may exist as an integral equation, or a noninvertable
function. In this case, the inverse problem is exceedingly difficult and requires
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computationally-expensive optimization techniques. Rock outcrops are particularly difficult because, to date, very few acoustic experiments have been performed
in these areas, and no valid forward model has been developed to link the rough
interface of rock and the scattered field.
Understanding and predicting the acoustic response of the seafloor are crucial
for predicting the false alarm rate, and for remote sensing of the seafloor. An
understanding can be achieved by linking the acoustic field and ocean environment
through approximate models, which can then be compared against experimental
data to test their validity. The next sections are devoted to laying out the basics
of environmental characterization, acoustic scattering experiments, and scattering
theory.

1.4

Seafloor Environmental Characterization

For this research, characterization of the seafloor comprises determining the mean
geoacoustic parameters of the bottom half-space, and interface roughness characteristics. Fluctuations in geoacoustic parameters of the seafloor is often a source of
scattering, but will be ignored in this research. A justification for this decision is
provided in Chapter 2. Estimates of these quantities are necessary for computation
of approximate scattering models, and determination of which roughness features
are responsible for the shape of the scattered field.

1.4.1

Geoacoustic Characterization

1.4.1.1

Wave Propagation Models

Geoacoustic characterization involves specifying a particular wave model for the
seafloor, usually fluid, elastic, visco-elastic, poro-elastic [11, 12, 4, 16], or viscous grain shear (VGS) [17, 18, 19, 20] and determining its input parameters
[9, 5, 6, 7, 21, 22]. Fluids can support only compressional wave propagation and
are the simplest seafloor model. Model inputs are the bulk’s modulus and densities of each medium bounding the rough interface. Fluid models do not explicitly
contain attenuation or dispersion (i.e. the frequency dependence of sound speed
and attenuation), but they may be added in an ad-hoc fashion to match measured
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values by introducing a complex acoustic wavenumber [9]. Elastic models can support transverse as well as longitudinal waves, and so long as viscosity is neglected,
also contains no explicit attenuation or dispersion. The parameters of an elastic
model are the same as those for a fluid model, except the shear modulus is needed
in addition to the bulk modulus. Equivalently, one may specify the Lamé constants
instead of the moduli [23].
The viscoelastic, poro-elastic, and VGS models all have innate dispersion,
meaning they have frequency-independent input parameters that result in attenuation and dispersion. If linear viscoelasticity is assumed [24], specifically the
standard linear solid model, then the relationship between force and displacement
are mathematically equivalent to a simple harmonic oscillator with parallel springdashpot system in series with another spring. Input parameters are the effictive
elastic moduli for both springs with units of Pa, and the dashpot parameter with
units of Pa-s. Alternatively, one may specify the time-constant of the medium, τ ,
which is proportional to the resistance and inversely proportional to the density
[23].
In a poroelastic solid, the propagation medium is consists of a porous elastic
frame permeated by a viscous fluid. The relative motion between the frame and
fluid determines the characteristics of the wave propatation, and attenuation results from viscous drag and thermal conduction between the frame and fluid. A
poro-elastic medium can support shear and two types of compressional waves, the
so-called “fast” and “slow” waves. The fast wave occurs when the pore fluid and
elastic frame stresses are in phase, and the slow wave occurs when they are out of
phase. In the presentation of Stoll and Kan [16], there are eleven input parameters, porosity, mass density of sand grains, mass density of water (pore fluid), bulk
modulus of the sand grains, bulk modulus of the water bulk and shear moduli of
the frame (aggregate of sand grains), pore viscosity, permeability, pore size, and
virtual mass constant. The bulk and shear modulus of the frame can take on complex values, which increases the number of independent parameters to thirteen.
The parameters are difficult to measure in-situ and many must be obtained by
comparisons with typical values in the literature, or educated guesses.
The VGS model was developed by Buckingham [20] and motivated by a hypothesis concerning the attenuation mechanism in marine sediments by Hamilton
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[5]. Hamilton postulated that attenuation is controlled by shear forces between
grains. Although the absence of inter-grain forces in unconsolidated sediments is
well-established [9], Buckingham recognized that the grains are not free to rotate
and translate at small scales due to small-scale roughness, or asperities, on the
grain surface that cause friction. A phenomenological model was developed that
accounted for stick-slip friction between grains. Since the model is phenomenological in nature, it is not possible to measure the fundamental quantities controlling
attenuation behavior, so they must be calculated based on measured dispersion
data at several frequencies.
1.4.1.2

Measurement of Geoacoustic Parameters

Determination of model parameters is a key step and is typically an expensive
and labor-intensive process. Geoacoustic measurements take place either in situ
or in the laboratory. Laboratory measurements allow greater detail (i.e. more
bandwidth and higher resolution), but require extracting seafloor cores, altering
the structure of the sediment, which in situ experiments minimize. For fluid and
elastic sediments these measurements consist of measuring the seafloor density,
sound-speed (or elastic moduli), attenuation, all at various frequencies. Sound
speed and attenuation measurements of unconsolidated sediments are typically
performed by measuring time of flight and the amplitude decay of pulses respectively. Dispersion is an important quantity because it may cause reflection or
scattering measurements performed in the same area to disagree if performed at
different frequencies.
Attenuation and dispersion in sands have been successfully modeled in several cases for a limited frequency range, but predictions outside those ranges have
been unsuccessful. Also, many of the input parameters of these models are impossible to measure in situ, leaving them as free parameters. This ambiguity has
prompted a lively debate in the Journal of the Acoustical Society of America between, Chotiros, and Stoll [25, 26], and Buckingham [27], and Chotiros and Isakson
[28]. The objective is to match measured dispersion curves with predictions from
models that have independently-measured frequency-independent input parameters. One of the key issues in this debate is that many model parameters of wave
propagation theory are not directly measurable (or very difficult) [9] and must be
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determined based on the literature, or from a best fit in data-model comparisons.
When these parameters are left undetermined, a good fit between models and data
does not represent the success of the model to successfully predict the outcome of
experiments. In some cases, the best fit parameters can lead to an inconsistent
model and parameters that do not agree with previously measured values [25, 26].
Although dispersion in rock has been accurately modeled (see Chapter 3 for
more details), and the scattering measurements in this dissertation were made
at a single frequency (100 kHz), the foregoing discussion on dispersion modeling
illustrates the problem of lack of ground truth. Rather than assuming that the
most general model is the best model, the more realistic position is to acknowledge
that the environment will never be completely characterized and proceed with the
best model one can use with the available information. When unknown parameters
are determined by fits to the data, care must be taken to know when parameters
make the model inconsistent or non-physical.

1.4.2

Seafloor Roughness

Seafloor roughness affects interface scattering in two ways: by altering the local
grazing angle of the seafloor, and by causing acoustic scattering [9]. Since the
seafloor contains a continuum of roughness scales from sub-millimeter to hundreds
of kilometers, there is no natural division between these two effects on acoustic
scattering. The traditional way of separating the scales that cause local slope
modulation and scattering is by using the acoustic wavelength as the cutoff between
large and small scales [29, 30]. However, this separation of scales is a heuristic
argument. Recent work by the author outside the scope of this dissertation suggests
that the division of scales depends on the ensonified region [31, 32].
Roughness measurements at scales larger and smaller than the acoustic wavelength and resolution are necessary for scattering measurements, and for modeldata comparisons. Large scale bathymetry is needed to accurately determine the
local grazing angle measured, especially for rock features with steeps slopes at
scales larger than the acoustic system resolution. Small-scale roughness measurements are needed to estimate the input parameters for scattering models, and
will be used in this dissertation to provide an effective calibration of the acoustic
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measurement system. Scattering measurements were made on surfaces for which
no approximate model is valid, and roughness measurement of these surfaces are
requried to motivate modeling techniques and to provide inputs to numerical simulation.
1.4.2.1

Roughness Measurement Techniques

Seafloor roughness measurement techniques have developed over the last few
decades and include both automatic, manual, digital, and analog techniques. Contact measurements using a moving stylus can also be used for solid interfaces that
do not deform from contact with the stylus (solid rock and consolidated sediments)
[33]. Probe measurements can also be used to determine seafloor roughness through
electrical resistivity. As the probes are inserted into the sediment, a large increase
in resistivity is interpreted as the seafloor interface [34]. This method can achieve
large area coverage, but suffers from limited spatial resolution, e.g. 1.5 - 2.5 cm. In
general data is collected more slowly using contact methods than remote sensing,
but is at times the only option when the optical quality of the water is poor.
Non contact methods offer larger area coverage and higher resolution than contact methods, and are typically remote sensing techniques. As such they require a
relatively homogeneous, stationary, and non-dissipative propagation environment
between the instrument and the rough surface. Since seawater has very high attenuation for visible light, optical techniques are limited to a few meters between the
instrument and rough surface. Seawater often contains particulates in the volume
that scatter light, and turbid conditions often inhibit the use of optical techniques
at practically all ranges. If the conditions allow it, then optical techniques such as
stereophotogrammetry can provide very high resolution measurements of seafloor
roughness [35, 36]. Acoustic techniques for rough surface measurement exist as
well. Ultrasonic techniques can achieve very high angular resolution, but also suffer from high attenuation and must be used at close ranges [37]. Lower frequency
multibeam echosounders can also be used as roughness measurement instruments
over very large scales, but have resolutions on the order of 10m in deep ( 4km)
water [38, 39].

13
1.4.2.2

Roughness Characterization

Characterization of the rough interface likewise involves specifying a model, and
estimating its parameters. Since the scattering cross-section is a second-order
quantity, model inputs are also typically second-order. The two most common
second-order statistical quantities used for surface characterization are the power
spectral density, W , and the covariance function, B.
Second-order quantities are estimated by ensemble averaging independent
roughness measurements of the seafloor. A typical requirement of ensemble averaging is that the elements of the ensemble are stationary and/or homogeneous.
That is, the probability distribution of the height (or composition) of the seafloor
is independent of position. However, forces that shape the seafloor interface can
vary over the scales at which a roughness or acoustic measurement takes place,
causing discrete patches of the seafloor with their own composition and roughness
characteristics. This patchiness [40, 41] is often the source of inhomogeneity (in
the statistical sense) of the seafloor. Acoustic scattering or reflection experiments
often take place over larger areas and encompass many heterogeneous patches of
the seafloor. These measurements express the acoustic properties of the aggregate seafloor, rather than any one of the patches. Averaging roughness measurements over these heterogeneous patches may be a good estimate of the aggregate
roughness characteristics responsible for the mean and variance of the scattered
field, although the variances in estimated parameters may be greater. However,
higher-order moments of the field may be driven by the specifics of the underlying
patchiness of the seafloor [40]. Depending on the type of measurement made (i.e.
σ or Pf a ), stationarity may or may not be a requirement for the ensemble average
used.
The height of the rough interface, z, is assumed to be a single-valued function
of the horizontal coordinates, z = f (x, y). The autocovariance function is defined
by [9]
B(R1 , R2 ) = hf (x1 , y1 )f ∗ (x2 , y2 )i

(1.4)

where R = (x, y) is the horizontal position vector and the angle brackets denote
ensemble-averaging. If f (x, y) is a stationary random process, then the covariance
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function does not depend explicitly on R1 and R2 , but only on their difference,
R = R1 − R2 . Another second-order function of the rough interface is the structure function, S(R) = 2 (B(0) − B(R)). The structure function is convenient for
characterizing random fields with no defined mean-square parameters, such as a
pure power-law. Although these types of surfaces do not exist in reality, computation of certain scattering approximations use them explicitly [9], and allow a pure
power law to be used as a simple input.
The power spectrum can be defined in two equivalent ways,
ZZ
B(R)e−iK·R d2 R = hF (K)F ∗ (K)i,
W (K) =

(1.5)

R2

where F is the Fourier transform of f , K = (Kx , Ky ) is the two-dimensional
horizontal spatial wave vector. The second-order parameters of rms height, h, and
characteristic length ` can be defined from the covariance by

2

ZZ

h = B(0) =
W (K) d2 K
2
R
Z ∞
2
`x = 2
B(x, 0) dx
h 0
Z ∞
2
`y = 2
B(0, y) dy
h 0

(1.6)
(1.7)
(1.8)

where `x and `y are the correlation lengths in their respective directions. Two
dimensional roughness spectra have units of m4 , and one dimensional spectra have
units of m3 . The units of both h, and ` are m. For measured data, the correlation
length and rms height may be estimated non-parametrically by approximating the
integrals with discrete sums in the above equations. The parameters can also be
parametrically estimated by finding a least-squares fit to a model spectrum or
covariance, and computing the integrals analytically.
For homogeneous sedimentary roughness, specifying the covariance and power
spectrum is usually sufficient for predicting the scattered acoustic field. Many
measurements of sedimentary interface roughness have been made, and certain
general trends have been observed, namely a power-law spectrum for homogeneous
random roughness, and a peak corresponding to ripples [42, 35, 43, 44, 45, 46, 47].

15
An isotropic power-law spectrum takes the form of
W (K) =
where K = |K| =

p

w2
K γ2

(1.9)

Kx2 + Ky2 is the magnitude of the horizontal wave vector, w2 is

the spectral strength, and γ2 the spectral slope, named because it is the slope of a
line when the spectrum is plotted in log-log space. Since a power law has undefined
rms roughness and correlation length due to the singularity at the origin, K = 0,
it is a poor model for isotropic seafloor roughness at low frequencies and can only
be defined in a bandlimited form (i.e. W = 0 outside some finite bandwidth). A
more physical version has been postulated by von Kármán in the context of wind
turbulence3 [49]. In this model, a cutoff wavenumber, K0 is specified and sets the
outer scale of the power law,
W (K) =

(K02

w2
+ K 2 )γ2 /2

(1.10)

w2 sets the level of the spectrum, γ2 the slope of the power-law, and K0 is the cutoff
wavenumber. This functional form assumes isotropy, but the spectrum model can
be made anisotropic by replacing K with Λx Kx2 + Λy Ky2 , as in [50].
In seafloor roughness measurements, the spectral cutoff is primarily used to
mitigate the singularity present in the pure power-law. In its original application
to turbulence power spectra, the cuttoff wavenumber represented the largest scale
of fluctuation present. However, in seafloor roughness, the largest scales present
on the seafloor are on the order of 100s of km, and most measurements supporting
high-frequency acoustic scattering experiments cover areas on the order of 1m2 .
These small-scale measurements cannot possibly estimate the true outer scale of
the seafloor and consequently any estimate of the seafloor correlation length, `ˆ
will be biased from the physical correlation length ` according to the approximate
formula [31],
1
1 1
≈ +
`ˆ ` L
3

(1.11)

Additional methods of introducing a cutoff into a power law are discussed at length in
Wurmser [48].
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where L is the linear dimension of the extent of the measurement area. This
relationship is based on the assumption that the seafloor power spectrum follows
the von Kármán form at all scales.
Rock interfaces can exhibit diverse morphologies that are not possible in sedimentary seafloors. Rock has a great deal of internal cohesion and can support
very steep slopes and large excursions. Furthermore, the internal faulting structure of solid rock contributes to the appearance of large facets, which are planar
regions large compared to the relevant acoustic wavelength. Erosion by glaciers
can also form curved surfaces that cannot persist in unconsolidated sedimentary
interfaces. Despite these differences in morphology, the roughness spectrum of
rock interfaces also follows a power-law over many decades of spatial frequencies
[51, 52, 53, 54, 55, 33, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71].
The existence of a power-law trend could lead one to believe it to be an adequate input for approximate scattering models. However, the averaged power
spectrum may hide structures, such as planar facets and curvature, that cause the
scattered acoustic field to depart from that predicted by a power-law spectrum.
Also, many of these roughness measurements have concentrated on smooth rock
surfaces arising from an individual fracture, or from the frictional forces between
two rock faces, and only represent a subset of all possible roughness characteristics exhibited by rock. Knowledge of the shapes and characteristic sizes of these
deterministic features are vital for predicting the acoustic field due to scattering
from rock interfaces. It is entirely possible the the power spectrum is adequate
for predicting the scattering cross section, but is insufficient for predicting higher
moments of the scattered field.
To date, measurement and parameterization of the facet structure or radii of
curvature for rock surfaces in a manner relevant for acoustic scattering has not
been performed. Roughness measurements of rock interfaces at scales appropriate for high-frequency scattering must be performed to connect the environment
and characteristics of the scattered field. To address this shortcoming, roughness
measurements were made to support acoustic scattering experiments. The measurement system, data analysis, and parameter estimation techniques are discussed
in Chapter 3.
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1.5

Scattering Cross Section Measurements

The scattering cross section, σ, characterizes the incoherent scattered intensity.
For a rough interface, the cross section is defined by
r2 h|ps |2 i
σ= Rs 2
,
|pi | dS

(1.12)

A

where A is the ensonified area, ps is the pressure due to scattering from the interface
measured at some location with respect to the ensonified area, pi is the pressure
incident on the interface and rs is the distance between the receiver location and
the ensonified patch. For experimental setups, Eq. (1.12) is an idealization and the
scattering cross section is typically calculated using the appropriate sonar equation
[72]. The sonar equation formulation will be used in this research to estimate the
cross section for low grazing angles, but near the specular angle, more sophisticated
techniques such as parametric estimation will be used.

1.5.1

Measurement Techniques and Data Analysis

For complex scattering setups, including bistatic experiments, a spatial integral
over the seafloor relates the scattering cross section to the received intensity, and
must be calculated numerically, as in Jackson et al. [37], Williams and Jackson
[73], and Appendix G of Jackson and Richardson [9]. The relationship between
the received voltage, Vr and the scattering cross section is
Z
00 |r −r|
−2kw
s
2
2 e
2
h|Vr (t)| i = sr |Pi | σ
|br (θr , φr )|2 d2 r
|rs − r|2

(1.13)

where Pi is the incident pressure over the particular scattering patch, which depends on the geometry and the transmitter beam pattern, and kw00 is the imaginary
component of the wavenumber in water, which is related to the medium attenuation. The vectors rs and r are the distance from the center of the scattering
patch to the point of integration, and the distance from the receiver to the center of the scattering patch, respectively. For moderate to low grazing angles, Eq.
(1.13) reduces to the sonar equation, since all terms vary slowly within the region
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of integration and all terms may be taken out of the integral,4 except for the beam
pattern and the incident pressure. For these two cases, the effective integrated incident intensity over the scattering patch, and the effective integrated beamwidth
are used as additive terms in the sonar equation.
The most common method of measuring the seafloor backscattering strength
is monostatic geometry, which occurs when the transmitter and receiver are colocated at some height above the seafloor. The sonar system could be mounted on
a tower mounted on the seafloor, towed by a ship, or mounted on an autonomous
underwater vehicle (AUV). Each of these setups has its benefits and drawbacks.
Tower systems have the advantage of fixed geometry and it is easy to estimate the
grazing angle at which the cross section is measured. However, it has the disadvantage of only providing measurements of a small area around the tower, restricting
the ensemble size over which the cross section may be estimated. Towed sonars
have much better area coverage, but suffer from unstable movement through the
water column and estimating the grazing angle requires real time inertial measurements of the position and attitude of the sonar, which are not entirely accurate.
AUV sonars have the same benefits and drawbacks as towed sonars, and require
much more accurate estimates of position and attitude due to the unavailability
of global positioning system (GPS) measurements underwater. However, their autonomy makes possible much larger area coverage compared to towed and tower
systems. Uncertainty in positioning must be overcome in order to use synthetic
aperture processing, which will be covered in more detail in Chapter 4, but real
aperture processing can be used without such navigational information.
Whichever sonar setup is used, range resolution may be attained through two
complimentary ways: 1) gated pulses, and 2) directive beams. For the gated pulse
method, a short sine wave or broadband sweep is transmitted through a directive or
omnidirectional source, interacts with the seafloor, and is received by the system.
When the pulse first interacts with the seafloor, it is in the specular direction5
and at subsequent time intervals, the puslse interacts with the seafloor at longer
4

This statement is true for estimating incoherent quantities such as the scattering cross section.
For coherent quantities such as the reflection coefficient, the relevant quantities cannot be taken
outside the spatial integral, and techniques such as Hankel transforms are required [74]
5
Even if the transmitter’s beam pattern is designed avoid the specular return from the seafloor,
it is always present
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ranges corresponding to lower grazing angles. If a flat seafloor is assumed and the
mean grazing angle of the scattering patch is small enough, then a one-to-one map
between time after transmission and grazing angle can be made. The backscattered
time series, also called reverberation, is measured on many independent regions of
the seafloor, and an incoherent average is taken over the ensemble of measurements.
For low grazing angles, the cross section can be taken outside of the integral in Eq.
(1.13) and the incoherently averaged reverberation signal, h|Vr (t)|2 i is proportional
to the cross section. The limits of integration in Eq. (1.13) are set by the pulse
length.
For the directive beam method, an array large in the vertical direction compared
to the acoustic wavelength is used to achieve high angular resolution (typically
about 1 or 0.5◦ for multibeam echosounders). Instead of mapping time series to
grazing angle, each beam provides an estimate at a different angle. Since the beam
angular resolution is so small, small changes in the sonar’s attitude will cause large
errors in estimates of propagation loss and grazing angle, requiring very accurate
position and attitude measurements. The limits of integration in Eq. (1.13) are
set by the intersection of each beam with the seafloor. Directive beams and short
pulses can be combined to improve angular resolution. In this case, the intersection
between the beam, and annulus defined by the pulse length is used as the limits
of integration as in Hines et al. [75].

1.5.2

A Brief History of Seafloor Scattering Measurements

Measurement of backscattering from seafloors has been an active area of research
since World War II. The earliest experiments were performed by the navies of the
United States and Soviet Union, and later by research labs associated with them.
These experiments were not accompanied by detailed environmental characterization and are of little use for comparison with models, but can guide intuition.
Additionally, calibration and data processing techniques of this era are crude by
modern standards and the resulting values of the cross section should be used with
caution. Representative measurements from this era have been reported by in the
English literature by Urick [76, 77, 78, 79], and McKinney and Anderson [80].
Reviews of experiments performed in the Soviet Union have been presented by
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Zhitkovskii and Lysonov [81], and Bunchuk and Zhitkovskii [82]. A more modern
presentation of historic data has been published by Mourad and Jackson [83].
The modern era of scattering experiments began in the late 1980s when detailed measurements of geoacoustic parameters of the bottom (e.g., density, sound
speed, attenuation), and interface roughness were made in conjunction with acoustic experiments [37, 84, 47, 85, 46]. As the field progressed, the geoacoustic and
roughness models employed became more general, incorporating scattering due to
heterogeneities of the bottom [37, 85] and requiring more detailed environmental measurements. More recently, large-scale experiments have characterized the
environment to support acoustic scattering and reflection data, notably SAX 99
[86, 87, 88], and SAX 04 [89, 90, 91, 92].
All of these modern scattering experiments have focused on sedimentary
seafloors. Some of these measurements agree quite well with scattering models,
to within 3 dB. Others capture the shape well, but are offset from model curves,
perhaps due to an inaccurate geoacoustic model of the seafloor. Much of the data
contains a great deal of variability, making assessments very difficult. Details of
these low grazing angle measurements and discussions can be found in Sec. 13.2.4
of Jackson and Richardson [9], with a summary presented in Fig. 13.7.
Over the course of several decades worth of experiments and comparisons
with models, researchers have learned that the sediment and roughness properties must be uniform and stationary over the ensemble used to estimate cross
sections. Changes in sediment composition over the experimental site may introduce unexpected trends and can cause high variability in the scattering cross
section. Restricting the ensemble to a subset with stationary statistics is important
for extracting the scattering strength from rock outcrops because their roughness
statistics are currently unknown and may vary substantially over small regions.
A selection of scattering measurements for various sediment types is presented
in Figs. 12.2, 12.3, and 12.5 of Jackson and Richardson[9], and reproduced here in
Figs. 1.2, 1.3, and 1.4 (corrected for duplicate entries). No models are presented
with this data, but general trends indicate that the scattering strength from mud
and sand seafloors in Figs. 1.2 and 1.3 at 20◦ ranges between -35 to -25 dB re 1.6
The scattering cross section technically has units of inverse steradians (sr−1 because the
integral off the scattering cross section over 4π sr is unity [93]. Consequently the dB reference
6
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Figure 1.2. A selection of previous scattering strength measurements from mud seafloors
summarized in Chapter 12 of Jackson and Richardson[9]. The publications indicated in
the legend refer to author-year citations in Jackson and Richardson.

In these figures, there are 12 and 11 scattering measurements for mud and sand
seafloor respectively. Although these measurements do not represent the entire
range of variability over the whole world for these sediment types, there is enough
data to state that there is usually a narrow specular peak, and a diffuse component.
Depending on the sound speed of the seafloor, a peak in the scattering strength at
the critical angle may be present, although measurement error, variability and volume scattering can preclude determination of the presence of critical angle effects.
Rock seafloors have not received much attention to date, with only four existing
scattering strength measurements. To the author’s knowledge, detailed acoustic
measurements of rock seafloors, coupled with measured ground truth have never
been made. Even acoustic experiments without measurement of the environment
are scarce. There exist only three published datasets in peer-reviewed literature,
authored by Urick [76], McKinney and Anderson [80], and Soukup and Gragg [15]
should be inverse steradians. On the other hand, the traditional convention in the literature is
that the scattering cross section is unitless. The historical convention will be followed in this
dissertation, although one could equivalently use inverse steradians as the decibel reference.
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Figure 1.3. A selection of previous scattering strength measurements from sandy
seafloors summarized in Chapter 12 of Jackson and Richardson[9]. The publications
indicated in the legend refer to author-year citations in Jackson and Richardson.
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Figure 1.4. A selection of previous scattering strength measurements from rock seafloors
summarized in Chapter 12 of Jackson and Richardson[9]. The publications indicated in
the legend refer to author-year citations in Jackson and Richardson, except for Soukup
2003 [15].
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Non-peer-reviewed data has been published in a technical report by the Applied
Physics Laboratory, University of Washington [94]. These measurements are plotted in Fig. 1.4, which is identical to Fig. 12.5 in [9] with the addition of a curve
from Soukup and Gragg [15].
Eyering et al. [95] measured seafloor reverberation over rock seafloors at 25 kHz
and obtained a sin θ dependence on grazing angle with scattering strength levels of
approximately -20 dB at 5-10◦ . Their data were obtained from ranges up to 3000 ft
and a water depth of 75 ft. With these parameters, it is likely that the reverbation
curves obtained are contaminated (positively biased) by multipath interference and
possibly waveguide effects. Additionally, their data reduction methods replaced
averaging acoustic intensity over time intervals with taking the peak intensity and
dividing it by a value that supposedly represented the ratio of the peak value to
the mean. This procedure assumes the data are normally distributed, which is rare
in seafloor reverberation measurements. This data reduction technique is likely to
positively bias the reverberation curve.
None of these scattering experiments are supported by detailed environmental
measurements. The two early reports by Urick, and Mckinney and Anderson,
do not make detailed measurements of sound speed, propagation paths, or use
bathymetric information and should be used with caution. The APL-UW report
lacks details of data analysis, signal processing and environmental measurements
and should also be used with caution. Furthermore, one of the authors of the APLUW report suspects that the measurements violate energy conservation [96]. The
measurements by Soukup et al. have detailed and physically accurate data analysis,
but the seafloor was not characterized and the applicability of approximate models
could not be assessed.
Without environmentally supported scattering data, empirical trends that can
be linked with rock morphology cannot be found. The main focus of this dissertation will be to present measurements of the backscattering cross section from
several morphological features in rock outcroppings.
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1.6

Probability of False Alarm

Measurement of the probability of false alarm, Pf a , for acoustic scattering from
the seafloor are typically derived from seafloor reverberation measurements. The
Pf a is related to the probability density function of the pressure amplitudes used
in the ensemble average for the cross-section. In this research, the Pf a is defined
as
Pf a (X) = 1 − P (X)

(1.14)

where the random variable X = |p| is the pressure amplitude, and P is the distribution function (also called the cumulative distribution function(CDF). The
distribution function is related to the probability density function (PDF), fp by
the following integral:
ZX
P (X) =

fp (Y ) dY

(1.15)

−∞

1.6.1

Data Analysis

The Pf a can be extracted from reverberation measurements in two primary ways.
The most intuitive method is to take the ensemble of pressure amplitudes used to
estimate σ at a single grazing angle, and divide them by the square root of the
cross section. The resulting pressure values have their energy normalized to unity,
and the probability distribution can be estimated directly through the empirical
distribution function [97]. Details of this method can be found in Lyons and
Abraham [98], and Le Chenadec et al. [99]
The second method does not require estimation of the cross section. For each
reverberation time series (not the ensemble-averaged intensity), the power as a
function of time is removed using a high-pass filter, e.g. using a constant falsealarm rate (CFAR) normalizer. Guard bands are sometimes used to exclude the
response of the target from the estimate of the mean power in a given window. This
particular normalizer takes each sample and determines the energy in a symmetric
window around it, not including the sample of interest, and divides the sample
by the square root of this energy. This normalizer is typically implemented as a
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finite impulse response (FIR) filter. The resulting time-series has unit power as a
function of time and can be used to estimate the Pf a . Since the statistics of the
signal can depend on gazing angle, and the grazing angle can be determined from
the time of a given sample, the entire normalized time series is usually not a good
ensemble. Instead, an angular range that is considered to have stationary statistics
(e.g. 10-20 degrees or so) should be selected and the ensemble is composed of
time samples of many statistically independent pings corresponding to this angular
range. Examples of this data analysis technique can be found in Abraham and
Lyons [100].

1.6.2

Previous Measurements and Modeling
of the Probability of False Alarm

If the scattered complex pressure has real and imaginary components that are
Gaussian distributed with zero mean and equal variance, then the pressure amplitude envelope will have a Rayleigh distribution [101] of the form
fp (x) =

2x − x2
e λ
λ

(1.16)

where λ characterizes both the mean and variance of the distribution. The model
of a Rayleigh distribution is favorable for target detection systems because most
of amplitudes drawn from this distribution cluster around the mean, and very few
have high amplitudes. This reference case is frequently a poor model for sonar and
radar systems.
Measurements of the Pf a generally display less concentration around the mean
than the Rayleigh distribution. This situation is called a “heavy-tailed” distribution, and has been observed in the acoustics literature by Crowther [102], Wilson
and Powell [103], Chotiros et al. [104], Gensane [105], Lyons and Abraham [98],
Abraham and Lyons [100], Dorfman and Dyer [106], Holland et al. [107] and
Becker [108]. All experiments were made at-sea, with the exception of the laboratory measurement of Becker [108].
In all field experiments, the Pf a was linked to gross seafloor characteristics, such
as sediment type, or the presence or absence of biologic organisms living on the
seafloor (e.g. shells, Posodonia Oceanica seagrass). Measurements of the Pf a by
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Holland et al. [107] displayed heavy-tailed behavior and were performed in the
Straights of Sicily in an area containing mud-volcanoes. Trends in the statistics
were connected to the distribution of carbonate (CaCO2 ) chimneys within these
volcanoes. Seagrasses and patchy seafloors tend to have a heavier-tailed Pf a than
homogeneous seafloors, although almost all measurements of seafloor reverberation
result in at least some departure from Rayleigh statistics [41].
Several field experiments, most notibly Chotiros et al.[104] and Abraham and
Lyons [100] noticed that the statistics depend on the beamwidth and bandwidth of
the system. Small resolution cells created by narrow beamwidths and high bandwidths tend to have heavier tailed distributions than systems with large resolution
cells. Models for these trends are presented in Section 1.7.4.
Becker’s laboratory experiment [108] was designed to test hypotheses regarding
the origins of heavy-tailed distributions. One of the dominant hypotheses was that
these distributions are caused by including samples with differing mean power into
the same ensemble, e.g. patches of seafloor with different scattering strengths [98],
or combining aspect-dependent data into the same ensemble. Computer generated
surfaces were constructed with aspect-dependent height distributions and correlation lengths. All measured probabilities of false alarm departed slightly from
the Rayleigh distribution, except for data which lumped different aspects into the
same ensemble. These azimuthally averaged statistics had the heaviest tails and
departed the most from the Rayleigh distribution
Measurements of the Pf a in the field have mostly been performed on sedimentary seafloors (with the exception of the measurements by Holland et al. [107],
which performed reverberation statistics in areas with mud volcanoes). In these
measurements, detailed environmental measurements were not made and thus no
connection between trends in the Pf a and the environment was possible. Models
connecting parameters of the environment to the Pf a were developed by Abraham
and Lyons [100], and Lyons et al [41]. They have been successful in matching data,
but lack quantitative ground truth. At present, the only experiment connecting
known surface height statistics to the Pf a was Becker’s laboratory experiment
[108]. This dissertation will fill these research holes by presenting field measurements of the Pf a from both smooth and very rough, faceted rock surfaces. Surface
roughness measurements were made of similar rock morphologies, but not of the ex-
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act site of the acoustic experiments, which will be connected with observed trends
in the Pf a . The limited acoustic data taken will be supplemented by numerical
simulations of interface scattering, in which the statistics of generated surfaces will
be compared to the estimated Pf a . These numerical simulations are a proxy for
laboratory experiments.

1.7

Seafloor Scattering Theory

Theoretical predictions of the scattered field are based on approximate solutions
to the integral equation governing the pressure field in a homogeneous medium
with boundaries. Comparisons with experimental data can lead to a determination of the relevant scattering mechanisms (e.g. interface roughness versus volume
heterogeneity), and which approximations are most accurate and reliable (e.g.
small-roughness perturbation theory versus the Kirchhoff approximation). In applications, these models allow one to invert remotely sensed data for environmental parameters [109], or to predict the performance of sonar systems in various
environments. Most importantly, scattering theory mathematically connects the
environment to the acoustic field. These connections allow one to determine how
sensitive the acoustic field is to various parameters of the seafloor (e.g. impedance,
high- and low-frequency roughness components).

1.7.1

The Basic Integral Equations

The general relationship between the incident field, scattered field, and a rough
interface is given by the Helmholtz-Kirchhoff Integral Equation (HKIE),
Z
∂G (x, xs )
∂p
C(x)p(x) = p0 (x) + p(xs )
+
(xs )G(x, xs ) dSs
∂ns
∂ns

(1.17)

where C is a Cauchy principal value as a function of position, x, and takes a value
of 1 in the upper medium and

1
2

on any smooth point of the boundary,7 p is the

acoustic pressure with p0 the incident pressure, x is the Cartesian coordinate of any
7

The principal value only takes on values of 1/2 for smooth points on the boundary. Fractal
surfaces, which the seafloor often approximates, have been shown to be non-smooth, so setting
the principal value to one half seems to be a bad idea. However, the seafloor interface can never
be a mathematical fractal over all scales. Due to its physical reality, there must be an outer and
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point, xs is any point on the surface, and dSs is a differential boundary element.
This equation, derived in the Appendix, is the integral form of the Helmholtz equation, which is the time-independent version of the wave equation. The subscript
s marks any coordinate as part of the boundary and is the integration variable.
The Green’s function,8 G, is the solution to the Helmholtz equation with a delta
function as a source term, and has the free-space form, G(x, xs ) =

eik|xs −x|
.
|xs −x|

The

quantity R = |xs − x| is the distance between two coordinate points.
The HKIE as expressed in Eq. (1.17) has two unknowns: the pressure inside and
outside of the integral, and the normal derivative of the pressure. With Neumann
boundary conditions, for which the surface pressure gradient is identically zero,
and Dirichlet boundary conditions, for which the surface pressure is identically
zero, one of each of the unknowns vanishes, and the HKIE becomes and equation
with one unknown and is sufficient to solve interface scattering problems. For a
flat interface, the surface pressure and its normal derivative are related by a ratio
through the specific normal impedance9 [112], but without that assumption their
relationship is unspecified. For a fluid-fluid interface with the incident pressure
arriving from the upper medium, the scattering problem must be solved using two
coupled integral equations, as performed in Thorsos et al. [113], Maradudin et
al.[114] and Stoddart [115]. The second integral equation is of the HKIE type,
but is formulated on the other side of the interface, does not include the incident
pressure field, and the Green’s functions employ the wavenumber in the lower
medium. Let the Green’s function in a given medium (w for water, and p for a
seafloor medium supporting compressional waves) be denoted by
Gα =

eikα |xs −x|
|xs − x|

(1.18)

inner cutoff scales for the fractal behavior. At scales smaller than the inner cutoff, the seafloor
will be differentiable, and we can assign the value of 1/2 to the principal value.
8
Rohrlich [110] (cited in Devaney [111]) has the following to say about Green’s functions “The
commonly used expressions ‘the Green’s function’ and ‘a Green’s function’ represent an atrocity
to the English language. I doubt that those who use them ever refer to ‘a Shakespeare’s sonnet.’
” While the author agrees with Rohrlich, G will refer to ‘the Green’s function,’ rather than
Rorlich’s preferred ‘the Green function’ in this dissertation.
9
The specific acoustic impedance only relates acoustic pressure and acoustic particle velocity
for a homogeneous plane traveling wave, and a spherical traveling wave
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where kα is the wavenumber in a particular medium, α = {p, w}. The coupled
equations that are used to solve rough interface scattering problems with penetrable boundaries are
Z
1
∂Gw (x, xs )
∂p
p(x) = p0 (x) + p(xs )
+
(xs )Gw (x, xs ) dSs
2
∂ns
∂ns
Z
1
∂Gp (x, xs )
∂p
p(x) = p(xs )
+ aρ
(xs )Gp (x, xs ) dSs
2
∂ns
∂ns
where aρ =

ρp
ρw

(1.19)
(1.20)

is the density ratio of the media on either side of the interface.

The principal value, C, takes on the value of 1/2 because the point x is restricted
to the interface as we are solving the coupled problem. When propagating the
surface pressure and normal velocity to the field, the problem is no longer coupled,
and C becomes unity. The inclusion of the density ratio takes into account the
relationship between the pressure and its gradient within each medium given by
the linearized Euler equation.10
The HKIE is analytically solvable in closed form for only a few simple scattering geometries. More realistic geometries must be solved either numerically,
with the Boundary Element Method (BEM), or approximately. The advantage
of BEM is that if certain spatial sampling requirements are satisfied, the method
is exact and no restrictions must be placed on the rough interface. However, the
method is essentially a “black box” and any connection between properties of the
rough interface and the scattered field must be discovered by parametric studies
that evaluate this integral for surfaces that are drawn from subsets of the possible
parameter space. The BEM will be described in more detail in Section 1.8. Approximate models can provide solutions for a limited set of surface roughness and
are the main mathematical tools to connect surface roughness properties with the
pressure field.
10

The basic linearized equations of hydrodynamics will be assumed to be understood by the
reader. Many basic acoustics texts will provide this information, including Morse and Ingard
[112], Kinsler et al. [116], and Pierce [3].
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1.7.2

Approximate Models

To forge a mathematical link between properties of natural rough interfaces and
the scattered field, approximations to the integral equation must be made. There
are several methods by which this integral equation may be approximated, each
resulting in a scattered field with different characteristics. Two complementary
approximations are the small-roughness perturbation approximation (SRPA), and
the tangent-plane, or Kirchhoff approximation (KA). Inputs to these models are
geoacoustic properties of the lower halfspace, and the covariance function or power
spectrum of the rough interface, which will be discussed later. Approximate solutions to the HKIE are always limited by a region of validity that places restrictions
on second-order roughness parameters such as the rms roughness, h, and the characteristic length, `, both of which were detailed in Section 1.4.
The various approximations can be derived and expressed in terms of the surface pressure and its normal derivative as functions of space, but if plane-wave
incidence is assumed, considerable simplifications can be made to the governing
integral equations. Since the linear approximation is made to the basic equations
of hydrodynamics, the principle of superposition can be used [3, 116]. In principle,
any incident field can be built up from a sum or integral over a spectrum of incident
plane waves [117]. In particular, the T-matrix formalism, borrowed from the field
of quantum mechanics [118], can be used to express the solution in terms of the
spatial wavenumber, instead of the spatial distribution of pressure. The T-matrix
expresses the coupling between incoming and outgoing plane waves. Assuming
plane wave incidence is not necessarily required for the T-matrix technique, but
when used, approximate solutions take on elegant forms. Approximations in the
spatial and wavenumber domain are used in different ways for this dissertation.
The T-matrix formulation is most convenient for formal ensemble averaging, leading to smooth model curves. Approximations in the spatial domain (using pressure
and its normal derivative) are convenient for Monte Carlo approximations, where
the ensemble is a finite set of rough surface realizations. This convention for solving scattering problems is not universal. Counter-examples in the literature exist,
using the T-matrix for Monte Carlo simulations, and the spatial pressure for formal
averaging (e.g. Chen and Ishimaru [119] and McDaniel and Gorman [120]).
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Although interface scattering is caused by roughness, some basic concepts for
the flat interface case are required for understanding the details of scattering models. For penetrable boundaries, acoustic energy is transmitted into the seafloor.
If an incident plane wave is assumed, and the interface is assumed flat, then the
transmitted energy will propagate in a single direction determined by the incident
angle, and wave properties of the seafloor. For a compressional or shear wave
traveling in the lower half-space with velocity cp or ct respectively, the transmitted
angles, θp or θt are [9]
q
1 − a2p cos2 θi = βp (Ks )
p
sin θt = 1 − a2t cos2 θi = βt (Ks )

sin θp =

(1.21)
(1.22)

where ap = cp /cw , and at = ct /cw . These relationships are also known as Snell’s
law in the United States, or Descartes’s law in France. Real seafloors are never perfectly flat, and the incident field is never an ideal plane wave, but these quantities
are nevertheless quite useful in scattering research, and play an important role in
scattering theory. The above relationships can be derived from first principles by
applying continuity of pressure and normal velocity (and tangential velocity in the
case of a bottom that supports trasverse or shear wave propagation), and can be
found in virtually all elementary acoustics texts [9, 112, 116]. The relative amplitudes of the transmitted and reflected waves depend on the geometry, propagation
speeds of the bottom and water column, and the densities of each material. These
coefficients are called the reflection and transmission coefficients and formulae can
also be found in the aforementioned elementary texts.
1.7.2.1

Small-Roughness Perturbation Approximation

The small-roughness perturbation approximation (SRPA) relies on a Taylor series
approximation to terms inside the Helmholtz-Kirchhoff integral equation.. The
rough interface’s deviation from a plane is assumed to be small enough compared
to a wavelength so that series expansions in order (kh)n of functions of the rough
interface converge. In the most common form of the SRPA, the zeroth and firstorder terms in the Taylor series are sufficient. The main steps in the derivation
of the SRPA are 1) formulation of a boundary integral equation, 2) expansion of
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the pressure or T-matrix in a series, 3) expansion of all functions of the rough
interface, i.e. Green’s functions in the HKIE, and exponentials in the plane wave
expansion of the surface pressure in a series, 4) collecting terms of each order, and
5) solving for the surface pressure (or T-matrix) order by order.
The primary advantage to SRPA is that when used inside the HKIE, or any
boundary integral for wave solutions, the fields at the interface are proportional
to Fourier transforms of the interface roughness in the first-order case, or more
complicated functions related to Fourier transforms for higher orders. The use of
Fourier transforms gives the first-order case an elegant and intuitive form,11 and
is the primary motivation for the Taylor series technique [122].
The SRPA is also named the Rayleigh-Rice method, due to the scientists that
first developed the method.12 Rayleigh first used this technique to solve the problem of scattering from a rigid sinusoidal wall. About 50 years later the technique
was generalized to scattering from from a surface of arbitrary shape (subject to
square integrability) by Rice of Bell Laboratories [123]. Even though the theory
was applied to electromagnetic waves, the technique is also applicable to the scalar
acoustic case. In a sequence of articles [124, 125, 126], Marsh used Rayleigh’s
method, generalized to arbitrary roughness, to predict scattering from the sea surface, which was later generalized to impedance boundary conditions appropriate
to the seafloor by Kuo [127].
The technique was extended to a moving sea surface with a sound-speed profile
in the water column by Harper and Labianca, also of Bell Labs [122, 128]. Watson
and Keller [129, 130] applied the technique to both Neumann and Dirichlet boundary conditions with arbitrary roughness, and fluctuations of the surface admittance
and impedance with flat boundaries. Extension to elastic boundary conditions was
performed by Dacol and Berman [131], and to poroelastic boundaries by Williams
et al. [132]. The results in Kuo and Dacol and Berman are most germane to this
research. Mourad and Jackson [133] and Jackson and Richardson [9] have cases
11

It is the opinion of the author that of all the approximate scattering theories available, the
SRPA has the most affinity with the field of acoustics, since it shares the techniques of Taylor
series and Fourier transforms, the first of which is necessary to derive the wave equation[121],
and the second of which is the most powerful analysis tool in acoustics.
12
Rayleigh’s invention of the technique is another reason for the SRPA’s affinity with acoustics
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these fundamental results into an elegant and intuitive form and are used in this
research. For a more complete reference list see Chapter 13 of [9].
Convergence of the perturbation method as a whole is dependent on the series
expansion of the Green’s function through the term kz f (x, y), motivating the requirement kh << 1. Since kz appears in the series expansion, and is the vertical
component of the acoustic wavenumber, the method is accurate for low grazingangles. Requirements for the sufficiency of the first-order cross section were found
by Thorsos and Jackson [134] to be k` ≈ 1, in addition to kh << 1, for Gaussian
correlation functions. If either kh or k` is greater than unity, then higher orders
of the perturbation series must be calculated to achieve accuracy. If the quantity
k` is much less than unity, then perturbation theory becomes inaccurate, except
for very small values of kh. As of this date, the validity of perturbation theory
has not been studied for power-law spectra. However, calculations by Thorsos
[135, 86], and unpublished simulations by the author indicate that SRPA is valid
for the almost entire angular range even with kh ≈ 1. Reasons for the validity of
perturbation theory in this range of kh are currently unknown. The author has
an untested hypothesis that because the SRPA only responds to to wavenumbers
below the Bragg wavenumber, the only roughness responsible for scattering is in
that range as well. Consequently, the RMS roughness responsible for scattering
can be computed as
h2B =

Z2kw
W (K) dK

(1.23)

−2kw

where hB is the RMS roughness of scales at or larger than the minimum Bragg
wavelength, λ/2
The first-order result for the scattering cross section is [9]
σP = kw4 |Aww |2 W (∆K)

(1.24)

where kw is the acoustic wavenumber in the water, and W is the power spectrum
of the roughness. The spectral argument, ∆K is the Bragg wavenumber and for
the case of backscattering is equal to 2kw cos(θ), where θ is the grazing angle. The
perturbation result contains similarities to Bragg diffraction, where constructive
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interference occurs due to spacing of crystal planes of half or whole wavelengths.
Analogously, the scattered intensity from a random rough surface is proportional
to the power of the surface evaluated at the Bragg wavenumber. Since the seafloor
contains roughness at all scales, there is always energy scattered in all directions,
in contrast to the discrete case of Bragg diffraction.
The modified reflection coefficient, Aww , depends only on geoacoustic parameters and geometry. For a fluid-fluid boundary, Aww is [9]
1
Aww (Ks , Ki ) = (1 + Vww (Ki ))(1 + Vww (Ks ))G
2



1
Ks · Ki βp (Ki )βp (Ks )
1
G= 1−
−
−1+ 2 ,
2
aρ
kw
ap
ap aρ

(1.25)
(1.26)

where Vww is the plane wave reflection coefficient of the seafloor, aρ is the ratio
of the water density to the seafloor density, ap is the ratio of the compressional
wave velocity in the sediment to the sound speed of the water column, βα is the
sine of the angle of a plane wave transmitted into the sediment, defined in Section
1.1. The boldface capital wave vector arguments are the horizontal wavevectors
defined in Section 1.1. The incident and scattered grazing angles can be related to
the horizontal wave vectors through Snell’s law defined in 1.1.
The crystalline rock material composing the seafloor studied in this dissertation
has a high enough shear wave speed that elastic effects cannot be ignored. The
modified reflection coefficient for elastic boundary conditions is
1
Aww (Ks , Ki ) = (D1 (1 + Vww (Ki ))(1 + Vww (Ks )))
2
+ D2 (1 − Vww (Ki ))(1 + Vww (Ks ))
,
+ D3 (1 + Vww (Ki ))(1 − Vww (Ks ))

(1.27)

+ D4 (1 − Vww (Ki ))(1 − Vww (Ks )))
1
D1 = −1 + S + 2
ap aρ cos(2θts ) cos(2θti )


 , (1.28)
2
2
2
2
a2t a−2
t − 2 cos θs − 2 cos θi + 2S S + 2 cos θs cos θi
−
aρ cos 2θts cos 2θti
3

4a sin θs sin θts  −2 2
D2 = − t
ap sin θpi cos2 θs + (cos2 θi − S)S ,
(1.29)
cos 2θts cos 2θti
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4a3t sin θti sin θi  −2 2
ap sin θps cos2 θi + (cos2 θs − S)S ,
cos 2θts cos 2θti
2a4 aρ sin θs sin θi sin θts sin θti
D4 = t
cos 2θts cos 2θti



2
2
2 −2 ,
× 2 a−2
t − 2S S − 4 cos θs cos θi 1 − 2at ap

D3 = −

(1.30)

(1.31)

− (aρ − 1) sin θs sin θi
S = cos θs cos θi cos φs .

(1.32)

The most common application of the SRPA in seafloor scattering has been
to unconsolidated sediments. These seafloors can typically be modeled as a fluid
(although poro-elastic effects may play a significant role [88]), and often have a
power law spectrum (see Section 1.4). Example models for a medium sand with
density and soundspeed ratios greater than unity, are displayed in Fig. 1.5. There
are three general features to this curve. Near specular, there is a narrow, steep
peak. In the middle of the curve there is a small peak due the critical angle for
the seafloor. Below the critical angle, the cross section falls off as sin4 (θ), a feature
common to perturbation theory across all boundary conditions. The SRPA cross
section is accurate for angles away from the specular direction, above which it
significantly overestimates the scattering cross-section. The angle below which
SRPA is accurate depends on the roughness parameters, and boundary conditions
of the rough interface.
Each parameter input to perturbation theory changes the curve in different
ways. The spectral strength raises and lowers the curve proportionally and does
not change the shape. In the Kirchhoff and small-slope approximations (discussed
in the following sections), the spectral strength changes the width of the specular
peak, an effect which the SRPA cannot capture and is one of the reasons the SRPA
fails in those directions. The sound speed ratio changes the location of the critical
angle peak, which does not exist for sound speed ratios below unity. The sound
speed ratio also determines θcl , the angle below which the cross section behaves
as sin4 θ, since the reflection coefficient is close to unity for angles below critical
(and is exactly unity for the unrealistic case of no attenuation in the seafloor).
The cross section depends on the density ratio through (1 − aρ ), which changes the
overall level, and also affects θcl . Based on a simplified expression for the SRPA
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Figure 1.5. Example curve showing the cross section with the first order perturbation
approximation with impedance boundaries. Note the large specular peak, and the local
maximum at a grazing angle of approximately 25◦ .

cross section given for fluid-fluid interfaces in Mourad and Jackson [133], θcl is the
lower of the critical angle, and the angle defined in the equation

sin2 θρ =

a−2
p −1
a2ρ − 1

(1.33)

For seafloors with a high density contrast and with θρ less than the critical angle ,
the cross section is approximately constant until very small angles. This behavior
is observed in the data presented in Chapter 4, specifically Fig. 4.13.
Unconsolidated sedimentary seafloors usually cannot support large scale roughness or slopes and usually fall well within the region of validity for this approximation (or can be modeled via the composite roughness model, discussed later in
this chapter). The measured values of hrms and ` for sediments compared with
the acoustic wavelength have been shown to be sufficient for predicting scattering
strengths at low grazing angles within experimental error.13 However, the internal cohesion of rock supports large excursions, large slopes, and overhangs which
13

See literature cited in section 1.4
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can make the interface a non single-valued function. Thus the first-order term in
the perturbation solution, and even the perturbation method as a whole, may be
rendered invalid by the roughness of rock. Scattering strength estimates presented
in Chapter 4 presents cases that can be successfully modeled using perturbation
theory, and cases that cannot.
1.7.2.2

Kirchhoff Approximation

The Kirchhoff Approximation (KA) begins with the ansatz that the pressure and
its normal derivative at the interface behave as if the surface is locally planar. This
ansatz introduces approximate boundary conditions because multiple scattering
and shadowing may alter p and ∇p at the interface. In contrast with the SRPA
approach where the interaction between the incident wave and surface can be seen
as a resonance phenomenon, the Kirchhoff approximation can understood as single
interactions between points on the surface and the incident field. Higher orders
of scattering can be understood as multiple interactions, or multiple scattering,
between different points on the surface. For the KA, the approximations for p and
∇p are
p(r, Ki ) ≈ (1 + Vww (Ki , R)) pi (r)

(1.34)

n · ∇p(r, Ki ) ≈ (1 − Vww (Ki , R)) n · ∇pi (r)

(1.35)

Note that the reflection coefficient, Vww is a function of space, since the local slope
changes for each point on the rough surface, but this dependence is often ignored
to simplify calculations [29, 9]. These quantities are propagated to the far-field
through the HKIE. In the integral, the reflection coefficient is assumed not to vary
with position and can be taken outside of it to simplify the mathematics. For
incident plane waves, pi and ∇pi take on conveniently simple forms.
It is important to note that Eqs. (1.34) and (1.35) involve two independent,
but conceptually similar assumptions. The first assumption is the often stated assumption that the surface pressure is proportional to the incident pressure. However, the use of the reflection coefficient is an additional approximation, called the
impedance KA in this dissertation, that the relationship between the p and ∇p is
the same as for a flat surface. For impenetrable boundaries satisfying Neumann
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or Dirichlet boundary conditions, this second Kirchhoff approximation is not necessary. For penetrable surfaces, this additional assumption can detract from the
accuracy of the Kirchhoff approximation as a whole. The failure of the impedance
KA is the reason that the coupled HKIE integrals, Eqs. (1.19) and (1.20), must be
used. An iterative version of the Kirchhoff approximation that does not use the
impedance KA has been developed by Stoddart [115].
With both Kirchhoff approximations, the cross section resulting from formal
averaging is [9],
σKA

2

|Vww (θis )|2
∆k 2
IK
=
8π
∆K∆kz

(1.36)

where Vww is the reflection coefficient of the bottom, θis is the angle that corresponds to specular reflection between the source and receiver, ∆k is the magnitude
of the 3-D wave vector difference, ∆K is the magnitude of the horizontal wavenumber difference, and ∆kz is the vertical wavenumber difference. The last term, IK is
the Kirchhoff Integral and is a spatial integral over terms involving the roughness
[9, 136, 137]
∆K
IK =
2π

Z
e

−i∆K·R



− 12 ∆kz2 S(R)

e

−∆kz2 h2

−e



d2 R

(1.37)

The accuracy of the Kirchhoff approximation is best near the specular direction
and over-estimates the cross section at small grazing angles. The domain of validity
for the KA has been studied, again for Gaussian correlation functions, by Thorsos
[138]. He found that the relation k` > 1 must hold, but that kh could be slightly
greater than unity for large correlation lengths. This result means that the KA
responds to structures larger than a wavelength, and is insensitive to roughness at
horizontal scales smaller than the wavelength.
For power-law spectra, which are more appropriate for modeling seafloor roughness, the Kirchhoff approximation has not been well-studied. Examples of when
the KA is accurate compared to numerical solutions for surfaces having power-law
spectra have been given by Thorsos [135], Sultan-Salem and Tyler [139], and Joshi
[140], but no systematic study has been performed. At best, for fractal surfaces, the
KA is accurate only within the specular peak and severely overestimates the cross
section at grazing angles below about 70◦ for roughness parameters taken from
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seafloor measurements [140]. Therefore, for backscattering at low grazing-angles
from sediments, the Kirchhoff approximation is an inappropriate model.
1.7.2.3

Small-Slope Approximation

The Kirchhoff approximation and perturbation theory have complementary domains of validity in grazing angle. For a given surface, the entire angular range
can be stitched together using a bridging function to provide a smooth transition
from SRPA at low grazing-angles, to the KA near specular. The bridging method
suffers from the need to specify an arbitrary transition angle, so a more rigorous theory is needed. A comprehensive model that deals with the entire angular
range of the scattered field from sufficiently smooth surfaces was developed by
Voronovich [141], and subsequently studied in the English-language literature by
Yang and Broschat [142], and Thorsos and Broschat [143, 144]. Motivation for the
SSA methodology can be heuristically justified by noticing that if the exponential
in the Kirchhoff integral is expanded in a power series with only the first order
retained (valid for kh < 1, and small grazing angles), the resulting expression for
the cross section is proportional to W (∆K), but with a different geometric factor
than perturbation theory. If this geometric factor can be “forced” into agreement
with perturbation theory, then a solution with the Kirchhoff integral would match
with perturbation theory at low grazing-angles.
The SSA uses an integral power series in (iKF (K))n , the Fourier transform
of the roughness profile, for the surface field. The series coefficients are a priori
independent of the rough interface [143], and are determined by matching each
order with the result from the corresponding order of perturbation theory. The
resulting expression for the cross section contains both the Kirchhoff integral, IK ,
and the geometric factor from perturbation theory Aww
σSSA =

kw4 |Aww |2
IK
2π∆K 2 ∆kz2

(1.38)

The SSA is accurate over the entire angular range, but contains the same parametric limitations as perturbation theory and the Kirchhoff approximations in their
respective angular domains. Whenever calculations of the cross section based on
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the lowest-order SRPA and KA are required in this dissertation, the SSA will be
used instead.

1.7.3

Extensions to Standard Approximations

Extensions to perturbation and Kirchhoff models can be made that take into account parts of the roughness spectrum to which they are insensitive. In first-order
perturbation theory, the incident wave picks out high-frequency components of the
roughness at the Bragg wavenumber. Gaussian and power-law spectra contain lowwavenumber components with more energy than the spectral components at the
Bragg scale. These components can cause kh to rise above unity even though the
roughness at the Bragg scale is very small compared to the acoustic wavenumber.
For the SRPA, an extension that accounts for large-scale roughness considers modulation of the local slope caused by low-wavenumber components of the
spectrum is called the composite-roughness model. It was originally derived for
acoustic and radar scattering from the sea surface [145, 146, 147, 120]. Application
to seafloor scattering has been investigated by Jackson et al [29].
The KA, while sensitive to large-scale components of the spectrum, is insensitive to small-scale roughness, which can cause shadowing and diffraction on a
small scale. Small-scale curvature and diffraction can be taken into account by
using the Lynch Variational Method (LVM) [148, 149], or the Local Parabolic Approximation (LPA) [150]. Both the LVM and LPA approximate the surface as a
parabola instead of a plane and include effects in the phase (LVM), or amplitude
(LPA) of Kirchhoff integrand.
These extensions are attempts to include higher-order effects of approximations
by modifying the technique’s ansatz instead of carrying out the approximation to
a higher order. The composite roughness approximation is simple enough that
it provides a good alternative to computing higher-order terms, although both
the LPA and LVM greatly increase the computational complexity of the problem.
Extensions and second-order effects may be necessary to accurately predict the
scattered field from rock outcrops. At present, the rough interface of rocks is not
as well-characterized as sedimentary interfaces. When this information has been
gathered, then the validity of the standard scattering models (SRPA and KA) can
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be assessed, the necessity for extensions, and the inclusion of high-order terms can
be evaluated.

1.7.4

Models for Probability of False Alarm

Models for the Pf a are typically less rigorous than models for the scattering cross
section and are motivated heuristically by trends in the data rather than the governing integral equation. Certain distribution functions have provided good fits to
empirical distributions, such as the K-distribution [40], the log-normal distribution
[151], and the Weibull distribution [98].
In the radar and acoustics communities, the Rayleigh distribution has traditionally been explained by the central limit theorem. Many authors assume14 that
the pressure field due to scattering from an interfaces is modeled as the sum from
a finite number of independent scatterers [152]
P = eiωt

N
X

ai eiφi

(1.39)

i=1

with amplitudes ai , and phase φi . If the limit of an infinite number of scatterers
is taken, then by the central limit theorem, the PDFs of the real and imaginary
parts of the complex pressure amplitude are Gaussian. Other distributions of
the complex pressure amplitude can be derived from Eq. (1.39), most notably
the K-distribution [153], by assuming that the random walk implied by the sum
of amplitudes and phases contains a finite number of steps. Arguments of this
type have been used to justify the use of the K-distribution in describing the
reverberation from a discrete number of scatterers [153, 40].
The K-distribution has been quite successful in modeling high resolution radar
clutter from the sea surface and turbulence, and high resolution sonar reverberation from patchy seafloors [152, 154, 98, 40, 100, 41]. In particular, the dependence
of the shape parameter of the K-distribution on the resolution and bandwidth of
sonar systems, and the patchiness of seafloors [100] is a strong indicator of its physical significance. However, wave scattering from rough interfaces is not a discrete
process, unless discrete scatteres can be unambiguously defined. The terminology
14

See, for example, Jakeman and Pusey [152], and Abraham and Lyons [40] and references
therein for examples from the radar and acoustics community respectively.
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of ‘number of scatterers’ in rough interface scattering theory is imprecise and is
only applicable when the scattering is due to physical discrete scatterers, such
as airborne particles, shells on the seafloor, or patches of differing material. The
more relaxed terminology of “effective number of scatterers” in contemporary parlance underscores the tenuous connection between rough interface scattering and
modeling it as the sum of discrete scatterers [152, 100].
Other models, such as McDaniel’s model [151] begin with the assumption that
the statistics are goverened by the products of two χ2 distributions, each dependent
on the range, and azimuthal resolutions respectively. This model can accurately
predict the Pf a in certain situations datasets, but performs poorly in others [108].
Given the lack of models basis on rigorous scattering theory, and the lack of
validation with ground truth (only Becker [108] has performed this comparison)
there is much work to be done on modeling of the Pf a for all types of seafloors.
Detailed environmental measurements, coupled with estimates of the Pf a must
be performed, but can only establish empirical links between the two. Scattering
models that employ Fourier transforms, such as the SRPA, are of limited use due
to the central limit theorem of Fourier transforms of stationary random processes
[155]. Basically, if some mild requirements on square integrability are imposed
on the PDF of the surface height statistics, the real and imaginary parts of each
frequency component of the Fourier transform of the rough surface will be asympotically normally distributed. This fundamental relationship casts doubt on the
hypothesis that non-Gaussian reverberation statistics are caused by non-Gaussian
surface height statistics, which was confirmed in the experimental tests by Becker
[108]. This fundamental theorem is another reason that modeling has progressed
heuristically, using the discrete scatter approach described above, or by using the
composite roughness approximation [156, 32].
Numerical simulation, described in Section 1.8, allows examination of the surface pressure and normal velocity and can identify features that contribute to the
scattered field. Both of these methods will be used to determine measured Pf a
trends. Since the far-field pressure amplitude is proportional to the Fourier transform of the normal velocity at the mean plane [9, Appendix J], care must be taken
to avoid the asymptotic conditions of the central limit theorem for Fourier trans-
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forms when associating the surface pressure distribution with the far-field pressure
distribution [155].

1.8

Numerical Simulation

Approximate methods of solving the HKIE have inherent limitations on their region
of validity for surface roughness parameters. High-order methods can increase the
region of validity, but the algebraic complexity grows significantly with increasing
order. It is possible to discretize the HKIE and solve it numerically as a system of
linear equations. This technique is known as the boundary element method (BEM)
[157, 158].
In the BEM, the boundary, S is discretized into a finite number of piecewisecontinuous elements {Si }, that are defined by some number of nodal points, ~xq .
The integral over the Green’s function and pressures then becomes a sum of the
integral over the individual elements contributing to the pressure at the nodal
points. The integrations can be performed using standard Gaussian quadrature
rules, accounting for singular integrands for nodal points belonging to the element
over which the integration occurs. Once the quadrature has been performed, the
resulting sums can be cast into a system of linear equations, or the matrix equation,
Ax = b

(1.40)

where A in this case is the matrix consisting of the numerical integrals of the
Green’s functions over the elements, x is a vector of unknown surface pressure or
its normal gradient, and b is a vector of the incident pressure. Once the surface
pressure and velocity are known, then it can be propagated to the far-field using
the discretized HKIE for points in the field, rather than on the surface.
The main advantage and motivation for using the BEM is that any problem in
a bounded homogeneous medium may be solved. So long as the surface elements
are small enough compared to a wavelength, the numerical solution will converge
to the exact solution for a specified error tolerance. In general, sampling must be
sufficiently small to approximate the phase of the free-space Greens function [159].
A sampling of ∆x = λ/10 will be used in this thesis because it is commonly used in
the field [140]. Unlike approximate solutions, which offer mathematical connections
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between surface parameters and the properties of the scattered field, the BEM is
a “black box.” Any connection between the surface and scattered field must be
discovered through parametric studies where simulations are run for many surfaces
exhibiting values in the parameter space of interest. This technique is extremely
computationally inefficient, but allows one to understand the dependence of the
scattered field as a function of the parameter space.

1.9

Outline of the Dissertation

The research presented in this dissertation began with the Larvik-11 sea trial performed in April 2011. This field experiment took place in the Oslofjord, Norway
near the cities of Sandefjord and Larvik. The objective of this field experiment was
to perform change detection in complex seafloor environments using synthetic aperture sonar (SAS) imagery [160]. This experiment was conducted by the Norwegian
Defense Research Establishment (FFI) aboard the HU Sverdrup II using the Hugin
autonomous underwater vehicle (AUV), with the HISAS 1030 high-frequency interferometric sonar. This field experiment was an excellent opportunity to gather
acoustic scattering data from rocky environments, due to the large number of
glacially-eroded rock outcrops in this area. Since this experiment was designed
to capture acoustic imagery, the system was not calibrated. Without calibration
information, absolute scattering cross sections could not be estimated.
In May the NORGEX-13 experiment was performed in the same area to obtain high-resolution roughness measurements that were used both to calibrate the
system using a natural feature, and to characterize the two contrasting roughness
characteristics of glacially eroded rock outcrops. These measurements were performed using a stereophotogrammetry system designed and built by the author.
The geological setting of the Larvik area, including its mineral composition, and
sources of volume heterogeneity and interace roughness, is decribed in Chapter 2.
The NORGEX-13 experiment and results are presented in Chapter 3, along with
estimates of geoacoustic parameters obtained from the mineral composition.
Using the system calibration enabled by the roughness measurements, scattering cross sections from several glacially erorded outcropps called roches moutonées
by the geomophology community, and svabergs by Norwegians are presented in
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Chapter 4. Both low grazing angle and near-specular estimates are made. The
statistics of the scattered field in the form of the probability of false alarm are also
presented.
Some portions of the svabergs exhibit an rms roughness much greater than
the acoustic wavelength. This condition violates the assumption of all the firstorder approximate scattering models detailed in this chapter. The lack of a valid
approximate analytical model precludes obtaining mathematical relationships between surface parameters, and trends in the scattered field. Therefore, the BEM,
which uses no such approximations, will be used as a tool to investigation the
parameter space of faceted surfaces. Comparison of surface parameters, the scattering cross section, and probability of false alarm will also motivate future work
on modeling techniques, which include analysis of multiple scattering.

CHAPTER

TWO

Geological Setting
This chapter provides a qualitative, and when possible, quantitative overview of
the geology of the Larvik area, including the origin and composition of the crust,
and the geological forces that shape the surface topography. The Larvik area,
including Sandefjord was the site of the roughness measurement experiment in
Chapter 3, and acoustic measurement described in Chapter 4. Describing the
geological setting of the area will guide characterization of the area in a manner
relevant to acoustic scattering. In particular, estimates of wave speeds and density
in Chapter 3 are based on the mineral composition reported here.
The experimental site is situated in the Oslo graben near the coast of the
Oslofjord. Grabens form when a region of the earth’s crust between two normal
faults sinks. As the graben forms, the earth’s crust thins, and magma moves up
through weak areas in the crust forming volcanoes in some places, and intrusions
of magma that do not reach the surface in others [161].
In areas of volcanic activity, new crust is formed by lava flows and ejected
material, cooling quickly to form glassy and/or porous extrusive igneous rocks.
Magmatic intrusions that do not reach the surface cool slowly enough to crystallize into grains, forming intrusive igneous rock. Large intrusions of magma that
have cooled are called plutons. Depending on the rate of cooling and chemical composition of the magma, these crystal grains can be anywhere from 1mm to tens of
centimeters, and are usually embedded in a matrix of very fine-grained material
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[161]. The new crust from these intrusions is exposed over time through erosion
of the topmost layers of the crust. Independent of the composition of the crust, as
material is removed from the surface, planar fractures parallel to the surface form
in the crust due to changes in the overburden pressure.
The bedrock surrounding Sandefjord and the nearby city of Larvik is primarily
composed of monzonite formed a system of intrusions called the Larvik plutonic
complex (LPC). This area is characterized by a ring structure when viewed from
above, which resulted from a series of plutons of varying radii and location jutting
through the crust around modern-day Larvik during various intervals in the Precambrian period. Older plutons are situated towards the east, and become younger
towards the west of the area. The rings representing various plutons are overlaid
on a map of the Larvik area in Fig. 2.1, reproduced Petersen [162]. The map also
shows the composition of areas as either Larvikite or Lardalite. These two terms
are anachronistic terms for the local lithography that are now considered to be
monzonite. A map of the whole Oslo rift in Fig. 2.2 shows the composition of the
area in modern geological terms, with the Larvik region in the south composed
almost entirely of monzonite.
The blue box marks the location of the roughness measurement experiment,
NORGEX-13 (defined and detailed in Chapter 3), and the red box marks the
location of Larvik-11, described in Chapter 4. The two sites are separated by
approximatly 5 km. These two experimental sites fall within ring IV, and ring
III for the NORGEX and Larvik-11 sites respectively as seen in Fig. 2.1. From
Fig. 2.2, the whole complex is composed of monzonite. Although the sites are in
different locations separated by 5 km, they are composed of the same material.

2.1

Composition of the Larvik Plutonic Complex

Monzonite is an intrusive igneous rock with similar composition to granite, but
without quartz. Igneous rocks may be classified in a variety of ways, but their
composition (or mode) is generally given by the location on a QAPF diagram,
which specifies the relative amount of four mineral categories. Q stands for quartz,
A stands for alkali feldspar, P stands for plagioclase, and F stands for feldspathoids,
or foids [161]. These letters are a form of synechdoche, by which they stand
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Figure 2.1. Map of the Larvik area overlaid with the ring structure of the Larvik
Plutonic Complex from Petersen [162], c Springer. The blue box marks the location
of the roughness measurements, and the red box the acoustic scattering experiments.
Although the two experiments occured in different rings, the whole southern part of the
map is composed of monoznite, as shown in Fig 2.2.

in for classes of similar minerals all with slightly different chemical composition.
Monzonite occupies a position near the center of the QAPF diagram, meaning that
it contains nearly equal portions of quartz and foids, and nearly equal portions of
alkali feldspar and plagioclase.
Samples from the LPC have been taken and chemically analyzed by Neumann
[163, 164]. The sites where samples have been taken closest to the experimental
sites are numbers 2, 4, 448, and 29 in Fig. 2.2, reproduced from Neumann [163].
The relative percent by weight of metal oxides that constitute the rock were measured, and are reproduced in Table 2.1. These percents do not reflect the actual
mineral composition of the rock, only the constituent metal oxides (and water).
Mineral composition is typically determined through examination of the crystal
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Figure 2.2. Map of the Oslo rift area with a schematic of the crustal composition
reproduced with permission from Neumann [163], c Elsevier Limited. The Larvik area
in the southernmost part of the Oslo rift is composed Monzonite. The rings in Fig.
2.1 fall within the Mononite area. The Larvikite and Lardalite names in Petersen’s
are outdated mineral names that refer to monzonite with various constituent ratios.
Numbered circles on the map mark location of chemical analysis of rock samples, some
of which are reproduced in Table 2.1.

grains if they are large enough, and through normative minerological analysis if
the grains are too small.
Normative minerology seeks to estimate the mineral composition of a rock assuming that the oxides present in the minerals exist in the same fraction as the
magma from which it was formed. Under ideal cooling conditions (with no H2 0,
CO2 , and O2 present) and ideal crystallization, a model of how the various metal
oxides present in the rock are distributed to various minerals can be formed. Since
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SiO
Al2 O3
TiO2
Fe2 O3
MgO
FeO
MnO
CaO
Na2 O
K2 O
P2 O
H2 O

2
59.71
18.59
1.00
1.90
1.31
2.33
0.14
3.25
6.54
4.11
0.42
0.58

4
57.33
19.01
1.18
1.66
1.49
3.05
0.15
3.56
6.51
4.16
0.58
0.55

448
58.23
17.90
1.52
2.55
1.94
3.87
0.20
3.85
6.92
4.05
0.72
0.00

29
58.41
18.89
1.29
1.93
1.13
3.06
0.17
3.22
6.92
4.50
0.46
0.00

mean
58.42
18.60
1.25
2.01
1.47
3.08
0.17
3.47
6.72
4.21
0.55
0.28

Table 2.1. Geochemical analysis of samples from the Larvik Plutonic Complex. Values
are the percent mass of the total mass of the sample. Samples 2, 4, and 448 are reproduced
from Neuman [163], and 468 is reproduced from Neumann [164]. These tables have
been reproduced with permission from the publisher, found in the Appendix. c Elsevier
Limited and Oxford University Press.

many minerals contain the same metals, the solution is not unique and results
are not perfectly reliable. Therefore, the norm reflects the fraction of minerals
theoretically present [161]. A detailed review of norm calculation can be found in
Appendix C of Le Maitre et al [161]. The results of Neumann’s norm analysis is
presented in Table 2.1 [163]. For Neumann’s analysis sites close to the experimental
site in this dissertation, the six most common minerals are Albite (NaAlSi3 O8 ), Orthoclase (KaAlSi2 O8 ), Anorthite (CaAl2 Si2 O8 ), Diopside (CaMgSi04 ), Nepheline
(Na3 KAl4 Si4 O1 6), and Olivine (Fe2 SiO4 ). Relative fractions of these minerals place
it in the Monzonite category of the QAPF diagram, and will be used in Chapter 3
to provide upper and lower bounds on the bulk and shear modulii of the effective
medium composed of these minerals.

2.2

Sources of Heterogeneity in the Crust

Fluctations within the crust can be a source of acoustic (or elastic) scattering.
Fractures, boundaries between different minerals, and interfaces can all contribute
to variations in the material properties as a function of space, called heterogeneities.
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Mineral Name
Quartz
Orthoclase
Albite
Anorthite
Nepheline
Wollastonite
Hypersthene
Diopside
Olivine
Acmite
Magnetite
Hematite
Ilmenite
Apatite

2
0.00
23.92
56.31
9.11
0.93
0.00
0.00
3.26
2.27
0.00
1.96
0.00
1.37
0.87

4
0.00
23.43
49.24
10.28
5.19
0.00
0.00
2.77
3.27
0.00
1.72
0.00
1.63
1.20

448
0.00
23.45
52.62
9.85
0.00
0.00
0.33
3.41
4.19
0.00
2.61
0.00
2.08
2.48

29
0.00
25.98
48.51
7.07
7.33
0.00
0.00
4.51
1.96
0.00
1.97
0.00
1.76
0.94

mean
0.00
24.20
51.67
9.08
3.36
0.00
0.08
3.49
2.92
0.00
2.07
0.00
1.71
1.37

Table 2.2. Results for percent mineral composition of the area from a normative mineralogy computation (CIPW norm) performed by Neumann [163]. Based on the most
common minerals in these sites, the bedrock is composed of Monzonite. This table is
reproduced from [163] with permission from the publisher, c Elsevier Limited.

Heterogeneity is present in all crust over several decades of scales. The origin
of heterogeneity within the earth’s crust is generally attributed to the geological
history of the area.
Cutting across all types of rocks are fractures, which range in scales from submicrons, to tens of meters. Due to relief of overburden pressure from erosion over
time, horizontal fractures are present in almost all crustal rock. Fractures are typically anisotropic and have a preferential direction [165]. Fluids that fill the voids
left by cracks introduce variations in density and wave speed within the material,
or represent an interface between two types of rock.
Since the whole experimental area is composed of monzonite, changes in the
bulk properties of the rock at large scales are assumed to be absent. Since the
acoustic experiment was performed at 100 kHz, material fluctuations that could
possibly cause volume scattering are around 1.5 cm or less, the center wavelength
of the system. Fractures within the bulk can also be a source of volume scattering,
but are unlikely to have an effect because they are likely spaced on the order of
10-20 λ apart. Grain boundaries are the only significant source of heterogeneity
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Figure 2.3. Photograph of a monzonite surface near Sandefjord. Mineral grains are
evident, as well as parallel scratches left by glacier abraision approximately 12 kya.

at this scale. These boundaries cause fluctations in the density and elastic bulk
modulus. A photograph of a monzonite surface studied in Chapter 3 is displayed
in Fig. 2.3.
Heterogeneity is characterized similarly to interface roughness with the power
spectrum and covariance function. Let the symbol τ stand in for any spatially varying material property. It can be split into deterministic and random components
by
τ (x, y, z) = τ0 (x, y, z) + τ 0

(2.1)

where τ0 (x, y, z) = hτ (x, y, z)i, is the deterministic component of the quantity, and
τ 0 is the fluctuating component. An intuitive way of writing the above equation is
τ (x, y, z) = τ0 (x, y, z) (1 + (x, y, z))

(2.2)
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where (x, y, z) = τ 0 /τ) is the relative fluctuation in the material quantity [9].
From the relative fluctuations, the covariance, B and power spectrum W of the
quantities may be defined,
B (x, y, z) = h(x0 , y 0 , z 0 )(x + x0 , y + y 0 , z + z 0 )i
Z
1
W (kx , ky , kz ) =
B (x, y, z)e−i(kx x+ky y+kz z) dxdydz
(2π)3

(2.3)
(2.4)

where kx , ky , and kz are the wavenumbers in the Cartesian directions. These two
quantities are used as inputs to scattering models for random media [9, 166]
Common models for the 3D power spectra have the von Kármán form,
W (kr ) =

w3
2 γ3 /2
(L−2
 + kr )

(2.5)

where kr2 = kx2 + ky2 + kz2 is the magnitude of the 3D wave vector, w3 is the 3D
spectral strength, γ3 is the 3D spectral slope, which can take on any value in
the open-closed interval (3, 5], and L the length scale for the parameter . An
exponential covariance function has a von Kármán power spectrum with γ3 = 4.
This form is isotropic, but can be made anisotropic by expanding kr2 to include
other components of the wave vector.
Measurements of the internal wave speeds and their fluctuations were not made
in this research, but the wave speed fluctuation of granite, a similar material with
roughly the same grain size, were studied by Fukushima et al [167], and Sivaji
[168]. Their results will be used to provide rough estimates of heterogeneity of the
monzonite found in the experiment site and justify the assumption that interface
scattering dominates volume scattering.
Fukushima [167] and Sivaji [168] analyzed the surface of small granite samples
and determined the small-scale velocity fluctuations from photographs by creating
a map between grayscale value and mineral type (based on the color of the constituent minerals). Once the grayscale photograph was converted to mineral type,
the compressional- and shear-wave velocities of each mineral was used to determine
the wave speed fluctuations, from which an autocovariance function was estimated.
Assuming isotropy, a 1-D exponential correlation function was fit to the autocovariance data. Their resulting parameters for the granite samples are correlation
lengths of 0.22 mm and 0.39 mm, and rms relative fluctuations are 8.5% and 17.0%
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Figure 2.4. Close-up image of the rock surface. The color image has been mapped to
the rock surface using the roughness estimates made in Chapter 3.

for the compressional and shear parameters respectively. Their estimates of the
relative fluctuation of wave speeds are likely greater than what is present in the
Larvik area. Biotite is present within Fukushima and Sivaji’s samples, and is not
in Larvik. This mineral has a much lower elastic modulus than either Quartz or
Plagioclase and likely strongly influences the fluctuations they observe. An image
of the smooth rock surface studied in Chapter 3 with horizontal and vertical coordinates is shown in Fig. 2.4. This image has been corrected for distortions from
the lens, perspective, and height fluctuations. A feel for the approximate sizes of
the different colored minerals can be obtained form this image.
To obtain estimates of the scattered power from continuum fluctuations the
density, compressional and shear wave heterogeneity length scales and relative
fluctuations will be set to the mean of the parameters measured by Fukushima
and Sivaji, 305 µm and 12.75% respectively. These values have been converted
into parameters of the von Kármán spectrum and are presented in Table 2.3 using
formulae from Ishimaru, Appendix A [169]. Mean density, compressional wave
speed, and shear wave speed have been taken from estimates detailed in Chapter
3.
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Symbol
aρ
ap
at
δp
δt
w3αα
γ3αα
L0

Value
2.7
4.39
2.25
0.02
0.04
2.03 m
4
305 µm

Definition
Density ratio between rock and water
Compressional speed ratio
Shear speed ratio
Compressional Loss tangent of the rock
Shear Loss tangent of the rock
Spectral intercept
Spectral slope
Correlation length

Table 2.3. Parameter inputs for volume scattering model. The double subscript αα
indicates that these parameters are used for all autospectra.

The scattered power due to a heterogenous elastic medium has been computed
using the first Born approximation by Jackson and Ivakin [170], similar to the
first-order perturbation method but for a volume integral equation. Their formulation, given here without derivation, presents the equivalent interface scattering
cross section by integrating the volume cross section (with units of 1/m) over the
entire depth of the lower half-space, and taking into account transmission into
and out of the seafloor. The equivalent surface scattering cross section for elastic
heterogeneites is

πkw4 a2ρ
σv =
Im
2

(

Wββ 0 ((qη +q∗η0 )/2)
dηβ d∗η0 β 0
qη3 − qη∗0 3
ηβη 0 β 0
X

)
(2.6)

where kw is the acoustic wavenumber in water, aρ is the ratio between the seafloor
and water density, η and β are variables that specify wave mode conversion (shear
or compressional), and heterogeneity type (density, compressional wave speed, and
shear wave speed), and dηβ are coefficients that include the transmission coefficients
for various types of waves, and geometric terms. Wββ is the power spectrum of the
relative material property fluctuations, and include cross spectra between different
types, and qη is the vertical component of the 3D wave vector difference between
the types of wave modes.
Using the parameters listed in Table 2.3, and the model for scattering from
elastic volume fluctuations, Eq. (2.6), an example curve of the equivalent interface
scattering cross section has been plotted in Fig. 2.5 as the black curve. The
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Figure 2.5. Comparison of volume and roughness scattering cross section.

maximum value for this curve is appoximately -20 dB and occurs near the shear
critical angle of about 60◦ . The levels in this curve are intended to be rough
estimates of acoustic scattering from fluctuations due to the granular structure of
granite and do not represent absolute levels.
This curve is presented alongside a model interface scattering cross section
curve that is used to calibrate the system in Fig. 2.5 as the red curve. The total
cross section (volume plus interface) is plotted as the blue curve. Volume scattering
is insignificant compared to interface scattering except around the shear critical
angle near 60◦ . Around this angle, the volume scattering cross section exceeds
that of the interface component. This peak is due to mode conversion within the
volume [170]. Measurements from the flat calibration rock only contain angles from
10◦ to 40◦ , with levels of approximately -35 dB. Measurements from the plucked
side of the svaberg contain angles between 10 and 60◦ , but the levels exceed the
scattering volume scattering strength by at least 10 dB. Based on these model-data
comparisons, volume scattering is not an important scattering mechanism for the
measurements presented in this thesis. However, if scattering strength from the
flat calibration rock could be estimated near the shear critical angle, the effects
volume scattering could be assessed.
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Figure 2.6. Glacier Retreat map and chronology from Mangerud [171]. Reproduced
with permission from the publisher, c Elsevier Limited.

2.3

Sources of Interface Roughness

In general, interface topography is formed by depositional and erosional processes.
However, in certain cases, such as exposed fracture surfaces, the interface has been
formed by forces internal to the bedrock, such as its block and joint structure.
The small-scale topography in the Sandefjord area, like much Norway, has been
shaped by glacial erosion occurring in the Late Pliestocene (125 kya - 5 kya). The
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most recent significant ice advance in Norway occurred approximately 22 kya [172],
after which the glaciers retreated, leaving the bedrock exposed, or buried under
deposited till. During the last glacial maximum (LGM), 22 kya, glaciers covered
northern Europe as far south as the 53◦ N parallel, and began to retreat around 19
kya [172, 171].
The Sandefjord area was uncovered approximately 12 kya, and subject to the
regrowth of glaciers during a temporary dip in temperatures during the Younger
Dryas period (12.8 - 11.5 kya). However, the re-advance of glaciers in southeastern
Norway was slight and glacier retreat is more or less steady [172]. Evidence for
glacier retreat comes for the most part from dating various deposits of glacial till,
called morrains. These deposits form ridges roughly perpendicular to the direction
of ice retreat, and allow a rough reconstruction of the retreat pattern. The map
and chronology of ice retreat in the Oslofjord performed by Mangerud [171] has
been reproduced in Fig. 2.6. The experimental site is covered by the text marking
the Tjølling morraine. Its proximity to the Tjøme morraine allows a conservative
estimate for the deglaciation of the area of 14 kya.
After deglaciation, chemical erosion is the main erosional forces at work on subaerial bedrock. Erosion on submarine bedrock essentially halts over the 14 ka since
deglaciation. Deposition, on the other hand, continues to act on both submarine
and subaerial rock. The acoustic and roughness measurements were performed on
small peaks of bedrock jutting out of areas covered by soil on land, or covered by
mud and cobble underwater. The difference in roughness characteristics between
submarine and subarial glaciers is a serious issue for this study. A large assumption in the research presented here is that the subaerial roughness characteristics
at the roughness measurement site are statistically equivalent to those at the submarine acoustic measurement site. This assumption should hold so long as the
significant geophysical processes are the same. If chemical weathering alters the
subaerial surface, but not the submarine surface, then this assumption does not
hold. The next two subsections will detail models for glacial and chemical erosion,
and demonstrate that the effects of chemical erosion are slight and can be ignored.
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2.3.1

Glacier Flow and Erosion

Subglacial erosion creates a layer of sediment beneath it, called till. The till layer
may remain there and govern the dynamics of glacial flow, or subglacial fluvial
action may remove it, exposing hard bedrock. Glacier sliding over a hard bed and
over sediment will be described. The general characteristics of each and physical
explanations for their behavior will be given.
If a glacier is situated over a layer of till, its flow may be governed by the
interfacial sliding, or deformation within the layer of till, possibly with a nondeforming layer beneath it [173, 174]. Additionally, the ice-till interface may change
in vertical position through infiltration of ice into the till (sediment entrainment),
through regelation [173, 174]. Sediment entrainment will inhibit interfacial sliding,
and encourage the development of a deforming layer of till. According to Alley et
al. [174], most data shows that glacier beds with a significant till layer have little
interfacial sliding and that most of the ice velocity the result of deformation. Thus
the total glacier flow rate will result from the dynamics of the deforming layer, and
erosion due to motion of the glacier over the hard bed will be negligible.
The rheological properties of a deforming till layer are complex, and the assumption that a granular material can be treated as a continuum may be invalid.
A simple mathematical law to predict the velocity profile of the deforming till layer
has yet to be found [175, 174]. Proposed mathematical models for the dynamics
of a deforming bed are summarized in Alley et al. [174]. The sediment is assumed
to be resistant to deformation until the shear stress exceeds the yield strength of
the medium. Most models assume that the strain rate is proportional to some
power of the excess stress. High exponents are favored by comparison with soil
mechanics, but the distribution of deformation over the whole layer suggest a low
exponent for strain rate law.
Flow over a hard, unyielding bed is much more amenable to mathematical
modeling, and contributes to the main mechanisms for glacier erosion. In 1957,
Weertman [176] proposed that two physical mechanisms govern the flow of a glacier
over a hard obstacle: 1) Viscous deformation of the ice around the obstacle, and 2)
pressure melting, or regelation. If the glacier sole is at the pressure melting point,
then a buildup of pressure on the upward side of an obstacle will melt the ice. The
water created in the melting process will flow around the obstacle. Temperature
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gradients through the obstacle are set up by the melting process, and on the down
ice side, the water refreezes due to the pressure drop.
Weertman’s key insight is that glacier sliding due to viscous deformation is limited by small obstacles, and sliding due to regelation is limited by larger obstacles
due to inefficient heat transport. On their own, each mechanism would give rise to
negligible sliding velocity, but with both mechanisms operating, the limitation on
sliding velocity due to deformation around small obstacles is eliminated by regelation and vice versa. Thus both mechanisms allow glaciers flowing over a bed with
a distribution of the size of obstacles to have appreciable sliding velocities. The
transition between the dominance of regelation, and dominance of viscous flow is
the critical wavenumber, k0 , which will be defined and explored below.
One of the problems with Weertman’s model is that he assumes that the glacier
bed is a nominally flat sloping surface with idealized cubic obstacles distributed
in space and size with a constant aspect ratio. This model of surface roughness
is artificial, but the physical mechanisms governing the interaction of ice with
obstacles is sound.
The unrealistic model of glacier bed topography was improved in 1970 by Kamb
[177], and Nye [178]. In these papers, the bed topography is assumed to be characterized by the roughness power spectrum, which was discussed in Section 1.4.
The bed is decomposed into sinusoidal components through Fourier analysis, and
the flow over each component due to creep flow, and regelation flow is analyzed
separately. They find a frequency dependence for the basal sheer stress due to each
wavelength component.
If a Newtonian fluid is assumed, then the shear stress can be related to the bed
roughness by an integral over the power spectrum,

8π
τ=
v
3

Z∞
0

k02
η 2
k 4 W (k)dk
2
k + k0

(2.7)

where v is the sliding velocity, η is the ice viscosity, and k0 is the critical wavenumber that defines the transition region between regelation and viscous deformation.
The basal shear stress is essentially a weighted integral over the roughness spectrum, with weighting function, G(k) =

k4 k02
.
k2 +k02

This weighting function captures
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the frequency dependence of flow resistance due to both regelation and viscous
deformation.
As an example, Kamb [177] considers the form of a roughness spectrum proportional to k −4 . In this case, the basal shear stress is given by the equation
τ=

4π 3
ηvk0 h2
3

(2.8)

where h2 is the mean square roughness of the glacier bed. This simple relationship
shows the importance of the critical scale, namely that given an observed ice sliding
velocity, the shear stress at the bed is directly proportional to k0 h2 .
The three main mechanisms for subglacial erosion of bedrock are: 1) quarrying,
2) abrasion by clasts entrained within the ice, and 3) subglacial fluvial action[174].
According to Alley et al. [174] fluvial erosion is insignificant compared to the other
two and will not be discussed. The physical mechanisms, and conditions under
which each mechanism is dominant will be discussed in the following paragraphs.
Sediment is often present at the base of glaciers. This sediment is most often
entrained by regelation in the downward direction. For clasts entrained at the icebed interface, abrasion between the clast and a hard bed is the physical mechanism
responsible for erosion.
Experiments carried out by Scholz and Engelder [179] show that the movement
of an asperity over a flat surface depends on the relative hardness of the asperity
and surface, and the normal load on the asperity. Since the entrained clasts are
typically removed from the glacier bed, the hardness of the asperity and surface
is usually the same. For small normal forces, the clast slides smoothly along the
surface with low friction, resulting from adhesion between the clast and surface.
As normal load is increased, the clast will scratch the flat surface, causing micro
fractures and removing silt sized particles from the surface [179, 180]. The motion
of the clast over the bed when scratching is that of stick-slip motion.
Abrasion by clasts is a steady state process that is dominant when there is a
great deal of normal force on each clast. Normally, the weight due to gravity of
the glacier is balanced by the pressure a thin film of water between the glacier and
its bed. Normal force is derived mainly from vertical motion of the glacier caused
by melting at the bed [181]. Abrasion acts at a slow, but steady state rate over a
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long time. Its effects will be significant when the ice velocity normal to the bed is
high.
Glacial plucking removes large blocks of rock from the bed. It is a transient
phenomenon, whose controlling rates are described by Zoet et al. [180]. The glacier
bed is assumed to contain approximately horizontal bedding planes, with vertical
joints delineating cuboid blocks [182]. Consider a preexisting step, such as the
one displayed in Fig. 1 of [180]. This geometry is typcial of deglaciated bedrock,
and the leeward side of roches moutonees. In this situation, a glacier flows over
a fluid-filled cavity on the leeward side of a step, with a preexisting joint slightly
upstream from the step.
Observations by Anandakrishnan and others [183, 180], and references therein,
have reported observations of small earthquakes originating near the ice-bed interface. These authors find it probable that the earthquakes originate from stick-slip
motion of the ice over bedrock. From the seismic data, estimates of the source parameters may be obtained. Slip distances on the order of 1mm have been observed
with mean velocity of approximately 0.1 m/s.
If the slip event occurs over a cavity, the pressure of the fluid in the cavity will
drop drastically, on the order of 10 MPa. Since the slip event occurs on such a
short time scale, there is not enough time for water in adjacent cavities to flow
into the cavity with a pressure drop, and cavitation is unlikely [180]. Thus the
pressure drop due to slip will not be mitigated by other physical processes.
The pressure drop in the cavity will cause a pressure gradient to form between
the cavity, and the water filling the joint upstream. This pressure gradient force
can cause hydraulic fracturing in the preexisting joint, and remove the block from
the bedrock. An additional mechanism encouraging crack propagation is the shear
force on the corner of the step by entrained clasts. Since the water pressure has
dropped, the balance between water pressure and ice weight is disturbed. The
normal force on the clast, as well as its velocity will increase drastically. The
increase in normal load, friction, and velocity all serve to increase the shear stress
of the corner. A theoretical model by Hallet [184] of glacial quarrying reveals
that crack propagation is proportional to the 40th power of the stress. Any small
increase in shear stress caused by the slip event, will drastically increase the speed
of crack propagation within the joint. The resulting glacial landscape will have a
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stepped appearance, with the size and orientation of steps mirroring the internal
joint configuration of the rocks [182]. The dominance of glacial plucking occurs for
fast moving glaciers for which stick slip motion is common, preexisting weak rock
joints, and thick ice.
The combination of the two erosional mechanisms of clast abrasion and quarrying over an outcrop of bedrock can produce a roche moutonée, a small hill composed
of solid rock. It contains two contrasting roughness features: a smooth up-ice side
where clast abrasion dominates, and a rough down-ice side where plucking dominates. The acoustic and environmental measurements in this dissertation focus
on such a roches moutonées. This feature allows acoustic scattering measurements
and roughness characterization to be performed on the two contrasting types of
roughness: 1) smooth surfaces formed by clast abrasion and 2) very rough, faceted
surfaces formed through quarrying.

2.4

Chemical Erosion

Since the deglaciation of the area 14 kya, the topography of the rock surface has
been altered by other erosional forces. An understanding of the origin and effects
on surface roughness by these other forces is required primarily to understand the
differences in roughness characteristics of the submerged environment, which shows
almost no post-glacial weathering, and the sub-areal environment. Any significant
differences between the submerged outcrops from the acoustic experiments and the
subaerial outcrops from the roughness measurement experiment will make cross
comparisons invalid.
Chemical and physical erosion are two mechanisms by which the surface topography may be altered. Physical erosion is the removal of material from the
surface by mechanical forces, such as clast abrasion in glacial erosion, wave action,
freeze-thaw cycles, or thermal expansion. If the material acting on the rock surface is softer than rock (as in ice or water), then material tends to be removed
along natural rock joints (as in glacial plucking). These erosion events are clearly
evident since they remove large amounts of material and tend to fracture the rock.
If the material acting on the rock surface is much harder, then it can grind, or
remove surface material at much smaller scales (such as clast erosion). Polishing
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by sand grains can render a rock surface smoother than glaciers and will obliterate the parallel scratches typically left by glacial clast abrasion. In the Oslofjord,
it is expected that physical erosion mechanisms will introduce obvious changes to
the surface topography, such as cracks, or isotroptic smoothness. For smooth areas
formed through clast abrasion, it is expected that the presence of parallel scratches
in the surface is an indicator that physical erosion has not significantly altered the
topography. Glacially plucked areas are not expected to have parallel scratches,
and may be subject to fracturing. Since both glacial plucking and other methods of physical erosion by soft materials (such as water) remove material through
fracturing along natural joints, the characteristics of the surface are expected to
remain unaltered, even if the surface may change due to physical weathering [185].
Chemical erosion occurs through the dissolution of the rock’s constituent grain
minerals due to oxidation and reaction with acids, primarily carbonic acid. Igneous
rock minerals are most stable when at the pressure and temperature conditions of
their formation, and consequently become more unstable due to the lower pressure and temperature conditions at the earth’s surface. Overall, the most stable
minerals are those formed at low temperatures and pressures, and the most unstable minerals form at high pressures and temperatures. For monozonite, which
is composed of several minerals, the most unstable will dissolve first, leaving more
stable minerals behind. Over time, the matrix of unstable minerals will dissolve
completely and leave grains of stable material separated from the rest of the rock
mass. Granular disintegration may also form cracks and fissures, diagrams of which
can be found in Fig. 5 of Nicholson [186]. However, these centimeter-scale features
are recognizable through visual analysis and can be excluded from quantitative
roughness analysis, such as power spectrum estimation.
Surfaces altered by chemical erosion exhibit small, rough pits of varying area
and depth, on the same order of magnitude as the constituent grains. These weathering pits are the primary source of discrepancy between roughness characteristics
of submerged and subaerial glacially eroded surfaces. Quantitative estimates of
average surface lowering per kya were made by Nicholson [186] in the Røldal area
of southern Norway, which is close the southernmost glacier in Norway. Estimates
of surface lowering were made in reference to quartz veins, which are extremely
resilliant to chemical weathering and still show a mirror-like polish from glacial
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erosion. Post-glacial surface lowering estimates from ranged from 0.05 mm/kya to
2mm/kya with an average of 0.55 mm/kya. The lower range of values came from
areas where evidence of glacial erosion was still visible, e.g. small parallel scratches,
and corresponding to minerals containing a high concentration of quartz. The upper end of the erosion rates came from areas where lichen cover is prevalent, and
for bedrock with a high concentration in biotite. Earlier measurements of surface
lowering were also made by Andre [187] and averaged around 0.1 mm/kya.
As will be seen in Chapter 3, the subaerial surfaces have been subjected to
chemical weathering. Since estimates of surface lowering of southern Norway for
similar minerals has been estimated at about 0.1 mm/yr, and glacial retreat is
estimated to be on the order of 10kya, the effect of chemical weathering is expected
to be on the order of 1 mm. A lower level of surface lowering is likely due to
the lack of lichen cover and absence of biotite at the location of the roughness
measurements. Taking the lower limit of surface lowering, 0.05 mm/kya, the effect
of post-glacial chemical weathering could be as low as 0.5 mm. Like physical
erosion, the effect of small-scale chemical erosion on smooth surfaces formed by
clast abrasion is to obliterate the parallel scratches. Evidence of parallel scratches
on the surface in Fig. 2.3 indicates that small-scale chemical and physical erosion
can be ignored. Although the estimates of surface lowering seem to indicate that
chemical weathering occurs over the entire area, weathering pits occur in localized
areas, not over the entire surface, as visible in the height field results in Chapter
3.
The submerged and subaerial surfaces can be compared visually. A camera
mounted on the bottom of the Hugin AUV during the scattering measurement
experiment captured images of on of the same svabergs for which SAS images are
available (Svaberg 1, seen in the SAS image in Fig. 4.23 later in Chapter 4. This
image is shown in Fig. 2.7. Although the water clarity is poor, the AUV is close
enough to the svaberg to observe some of the small-scale features. The surface
appears very smooth, except for some underwater flora growing on it. These
organisms do not likely affect the acoustic measurements because the bedrock has
an extremely high impedance, and the organisms likely have an impedance very
close to that of water. A step, and several striations are visible, which likely
corresponds to the same features in the SAS image taken of the same svaberg in
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Figure 2.7. Photograph of svaberg 1 taken by the camera mounted on the Hugin AUV
during the acoustic scattering experiment. This photograph was provided courtesy of the
Norwegian Defense Research Establishment (FFI).

Fig. 4.23. Although it is hard to discern fine-scale features, it appears as if the
vertical step has a much higher level of roughness (locally) than the rest of the
surface of the svaberg. This fact is important for interpreting the near specular
scattering strength results in Section. 4.8.2.2.
Note that the surface is not entirely composed of rock. Various biological
organisms are visible, including some elongated flora attached to the surface, and
what appears to be a sand dollar or bivalve near the top of the photograph. These
organisms could alter the scattered field from what is expected based on interface
scattering alone. The flora are expected to have a specific acoustic impedance very
close to that of water, and are not expected to scatter sound at a greater level
than the rock outcrop. Note that the flora appear to be atached to the rock only
at rough locations, such as cracks and fractures. Scattering measurements made
on smooth sections only will most likely be free from scattering due to flora.
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Shells, however, act as discrete scatterers and may scatter sound at levels comparable to the rock surface. Target strength of benthic shells (TS) were measured
by Stanton and Chu [188]. Near specular incidence on the svaberg, the scattering
from shells will be observed from their broadside direction, which has a TS of about
-20 dB [188]. This level is much less than the scattring cross section observed near
the specular direction in Chapter 4. At low grazing angles, the scattering from the
shell edges will be observed, which has been measured to be about -50 dB. This
level is also much lower than the level of scattering observed at low grazing angles
for very smooth surfaces, as reported in Chapter 4.

CHAPTER

THREE

Environmental Characterization
Environmental characterization is a key component of the study of ocean acoustics
in general, as well as acoustic scattering from the seafloor. To compute theoretical
models, reliable inputs in the form of the geoacoustic and roughness parameters
must be measured in the field. Additionally, understanding the composition and
geometry of the environment can aid in the selection of an appropriate model
(e.g. whether Biot’s poroelastic model or a simple viscoelastic model is more appropriate). Since the work in this dissertation is focused on scattering from two
half-spaces separated by a rough interface, the environmental inputs are geoacoustic properties of the both halfspaces, and roughness measurements. Generally,
the acoustic properties of the water column are much easier to measure than the
acoustic properties of the seafloor.
In this chapter, the simplest model that matches the dispersion and absorption
behavior for wave propagation in crystalline rock will be detailed. Estimates for
the properties of this material will be made based on existing measurements of the
mineral composition of the area, since wave speed measurements were not made.
The published data is expected to be reliable, since wave propagation parameters
of crystalline rock depend strongly on the constituent minerals. Roughness characteristics depend strongly on the local forces on the interface and are less consistent
from site to site. Due to this variability, roughness measurements were performed
in an area less than 5 km away from the acoustic scattering experiments. Rough-
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ness measurements of smooth, glacially abraided monzonite surfaces will aso be
used in the system calibration detailed in Chapter 4. The roughness measurement
system, data processing, results, and statistical characterization will be detailed.
Roughness measurements will then be presented, along with analysis of some of
their characteristics, and quantitative statistical characterization.

3.1
3.1.1

Geoacoustic Characterization
Wave model

Selection of a wave propagation model for the seafloor should capture all the features present, such as compressional, shear waves, attenuation, and any dispersion.
However, models that contain too many free parameters, especially parameters
that are difficult or impossible to measure in the field, should be avoided or simplified. For the crystalline igneous rock in the experimental sites, the geoacoustic
model should have longitudinal and transverse waves, and attenuation for each.
The transmitted signal used to collect acoustic scattering data is centered at 100
kHz with 30 kHz of bandwidth. The data is matched filtered to form resolution
cells which represent the integrated frequency dependence of attenuation in the
water column, and interface scattering. Since this integration prevents observation
of dispersive effects, dispersion does not need to be explicitly included. If dispersion is important, then the viscoelastic model should be used, as it is the simplest
model with frequency independent input parameters that captures the frequency
dependence of sound speed and attenuation [189, 190, 191].
Although the attenuation mechanism and resulting dispersion are not too important for this work, the main features of the standard linear solid viscoelastic
model will be described. Development follows that of Mavko et al. [23], to which
the reader is referred for more details. This model is phenomenological in that it
is a simple model that captures features of the frequency dependence, but is not
based on physical parameters of the medium. It is a generallization of Hooke’s law,
which states that there is a linear relationship between the stress tensor σij , and
strain tensor ij , σ = C. Hooke’s law models the elasticity of the material using a
linear spring. The standard linear solid extends this model to a spring connected in
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Figure 3.1. Lumped element model of a standard linear solid. A dashpot, η and a spring,
E1 in parallel are connected in series to another spring, E2 and a mass, ρ. The units
of each component have altered from the simple harmonic oscillator to have dimensions
consistent with Hooke’s law for elasticity.

series to a parallel spring-dashpot system, with the two springs having different as
in Fig. 3.1. The dashpot has a resistance of η in units of Pa-s, and the two springs
have stiffnesses E1 and E2 with units of Pa. The complex modulus, M , which is
designated K for compressional waves, and µ for shear waves, can be expressed in
terms of these parameters,
M (ω) =

E1 (E2 + iωη)
E1 + E2 + iωη

(3.1)

The real part of M is related to the wave propagation speed, and the imaginary part
is related to attenuation. The quality factor, Q, is the ratio of energy dissipated
per cycle to energy stored, and is related to the modulus by
Q=

Im {M }
Re {M }

(3.2)

A simple way to include attentuation is to modify the phase speed of the
medium to be complex. The complex sound and shear speeds are defined by
s
r
K + 34 µ
µ
cp =
ct =
(3.3)
ρb
ρb
where ρb the density of the bottom half-space, cp and ct are the complex compressional and elastic wave speeds respectively, and K and µ are the complex
compressional and elastic moduli. Complex wave speeds cp and ct can be related
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to the phase speeds by [9]
cp =

cpphase
1 + iδp

ct =

ctphase
1 + iδt

(3.4)

where cpphase and ctphase are the compressional and shear speed respectively, and δ is
the dimensionless loss parameter, and is related to the quality factor by δ = (2Q)−1 .
The main features of the viscoelastic model are 1)the sound speed dispersion
curve is a sigmoid function from a low frequency asymptote to a high frequency
asymptote, and 2) the dispersion of the inverse quality factor Q−1 is described by
the functional form
ω
1
∝ 2
Q
ωr + ω 2

(3.5)

where ω is the angular frequency of the compressional or shear waves, and ωr is
the angular relaxation frequency. This frequency corresponds to maximum attenuation, or a minimum Q, and a maximum 1/Q, and is related to the parameters
of the viscoelastic model by
p
E1 (E1 + E2 )
ωr =
η

(3.6)

Measurements of the quality factor in water saturated granite have been seen to
follow Eq. (3.5) [191]. In the following chapter, estimates of the real (nondissipative) part of the bulk and shear moduli are estimated, as well as the density, and
loss tangents. There are six unknowns (two moduli and one resistance for K and
mu each), but only four equations (relating the real and imaginary part for cp and
ct ). These equations can be closed by specifying ωr , which is estimated to be 2π
1000 Hz from Coyner and Martin [191]. The definition of the angular relaxation
frequency for the bulk and shear moduli adds two equations to the system.
It is worthwhile to discuss the implications of causality on dispersion and attenuation. If the response of a material to the passage of an acoustic wave is
linear and causal, then the sound speed dispersion and frequency dependence of
attenuation are linked by the Kramers-Krönig relations [192]. These relations are
global, meaning that the value of the sound speed at one frequency depends on
the attenuation over the entire frequency range from -∞ to +∞. Assuming a
frequency-independent sound or shear speed while including any form of attenu-

72
ation breaks the restrictions imposed by a causal, linear medium. The standard
linear solid obeys causality [193], but the dispersion implied by this model choice
and the parameter estimates obtained below was not verified experimentally.

3.1.2

Input parameters

Parameters of the viscoelastic model include the bulk density, ρb , the two spring
constants E1 and E2 , and the dashpot resistance η. Since measurements of acoustic
scattering were taken at only one frequency, 100 kHz, an equivalent elastic model
will be used instead. This equivalent model will have input parameters of the
density, real moduli, and dimensionless loss parameters (or equivalently, one half
the inverse quality factor).
Ideally, these parameters should be measured in situ or in the laboratory using
time-of-flight or resonance techniques, [9, Chapter 4]. In this work, measurements
of wave speeds were not performed due to lack of equipment during the NORGEX13 experiment. Bounds on parameter inputs can be computed using the relative
fraction of its constituent minerals, which were measured by Neumann [163, 164],
and reproduced in Chapter 2. Crystalline rock such as monzonite is a heterogeneous material, and specifying a single parameter representing the bulk material
is difficult. A common framework for computing a single parameter is effective
medium theory (EMT). The literature on EMT is vast, and employs many theoretical techniques. Crystalline rock can be considered a random medium with a
mean and fluctuating sound speed and density, as specified in Section 2.2. If the
grains are much smaller than the acoustic wavelength and relative fluctuations are
small, then scattering due to flucutations in the medium from grain-grain boundaries can be neglected, which was argued in Section 2.2. For materials with very
strong fluctuations in material properties, or very large grains, this assumption is
inaccurate. In the weak scattering limit, where medium fluctuations are strong
enough to cause scattering, but still small compared to the bulk parameters, the
Born approximation can be used to quantify the degree of scattering, as performed
in Chapter 2. Many assumptions were made about the spectra of continuum fluctuations, and it was concluded that volume scattering can be neglected. The
interested reader is referred to Chapter 4 of Mavko et al. [23] or Aki and Richards

73
[194] for a survey of more advanced theoretical techniques to compute parameters
of effective medium theory for complex heterogeneous media.
The simplest application of EMT computes bulk effective parameters using
averages of the constituent materials weighted by their volume fraction. Since
the density, shear speed and compressional wave speed will depend on the specific
arrangement of the mineral grains, and anisotropic elastic properties of the crystals,
this simple technique can only predict bounds on the effective medium parameters.
The density, an isotropic quantity, is computed using a simple weighted average of
the densities of the constituent minerals
ρb =

K
X

ρ i βi

(3.7)

i=1

where ρi is the density of the ith constituent mineral (or water if the material is
porous), and βi is the volume fraction of the mineral.
Computation of elastic properties is more complex because it requires knowledge of how stress and strain fields within the material are distributed. Two simplifying assumptions can be used to estimate upper and lower bounds, based on
the isostrain and isostress approximations. These approximations assume that the
strain and stress respectively are distributed uniformly throughout the effective
medium. These bounds, called the Hashin-Shtrikman-Walpole (SHW) bounds can
be computed using the following formulas [23].
K HS+ = Λ(µmax )

K HS− = Λ(µmin )

(3.8)

K HS+ = Γ(ζ(Kmax , µmax ))

K HS− = Γ(ζ(Kmin , µmin ))

(3.9)

where the Λ, Γ, and ζ functions are defined by
X  βi −1 4
Λ(z) =
+ z
4
3
K
+
z
i
3
i
X  βi −1
Γ(z) =
−z
µi + z
i


µ 9K + 8µ
ζ(K, µ) =
6 K + 2µ
and the subscripted moduli refer to the parameter for the ith mineral.

(3.10)
(3.11)
(3.12)
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The inputs of K and µ for each mineral crystal are isotropic parameters. Crystal
structure and elastic paramters are only isotropic in a few cases and are generally
anisotropic [195]. Since mineral grains commonly form with random orientations,
which is confirmed by visual inspection of the grains in Figs. 2.3 and 2.4, isotropic
moduli can be estimated by averaging the bulk and shear moduli over all propagation directions. Given a compressibility tensor in Voigt notation, C, with nonzero
components c11 , c22 , c33 , c44 , c55 , c66 , c12 , c13 , c23 (a very good assumption for most
commonly encountered crystals in nature [23]), then the Voigt average for the bulk
and shear modluli can be expressed as
KV =

(A − B + 3C)(A + 2B)
2A + 3B + C

µV =

A − B + 3C
5

(3.13)

where KV is the Voigt average isotropic bulk modulus, and µV is the Voigt average isotropic shear modulus. The parameters A, B, and C are averages of the
components of the compressibility tensor.
A=

c11 + c22 + c33
3

B=

c23 + c13 + c12
3

C=

c44 + c55 + c66
3

(3.14)

The isotropic averaged elastic moduli, density, and volume fraction for each
mineral in the Sandefjord area can be found in Table 3.1, with the results of the
Voigt average for isotropic bulk and shear moduli and density. Elastic constants
have been taken from the Landolt-Börnstein database [196]. These moduli are used
to estimate HSW bounds on the compressional and shear wave velocity, and on a
simple weighted average to estimate the effective density, with results presented in
Table 3.2.
Note that the HSW bound calculations also contain parameters for water, due
to the slight porosity of crystaline igneous rocks. Measurements of porosity for
granite, a similar igneous rock, taken from cores in Sweden range between 0.85 and
1.5% of the total volume [197]. In Norton and Knapp, [198], the porosity of quartz
monzonite samples was found to range between 0.61% and 2.60%. The mean of the
porosity measurements found in [197] and [198] is 1.02%, with a standard deviation
of 0.43%. The mean is used to compute the mean wave speeds, and the standard
deviation used to compute model uncertainties in Chapter 5. If the porosity, φ is
specified, then the column vector of volume fractions of minerals β will become
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Mineral Name
Water
Albite
Anorthite
Orthoclase
Nepheline
Diopside
Enstatite
Olivine
Magnetite
Apatite

K [GPa]
2.20
79.17
110.84
81.71
80.43
166.31
184.70
129.60
161.00
125.80

µ [GPa]
0.00
22.14
42.88
31.85
32.86
65.77
75.99
81.05
91.30
49.65

ρ [kg /m3 ]
1000
2630
2760
2560
2620
3310
3200
3224
5180
3218

β [%]
1.20
51.05
8.97
23.91
3.32
3.45
0.08
2.88
2.05
1.35

Table 3.1. The mineral fractions from Table 2.1, along with the density, ρ, compressional
modulus, K, shear modulus, µ, and volume fraction β. Parameter values have been taken
from the Landolt-Börnstein Database[196]

Upper Bound
Lower Bound
Mean

K [GPa]
86.13
58.77
72.45

µ [GPa]
30.45
27.69
29.07

ρ [kg/m3 ]
2708
2708
2708

cp [m/s]
6842
5945
6393

ct [m/s]
3353
3198
3276

Table 3.2. Upper and lower bound results

[φ (1 − φ) × β]T , with similar concatenations for the compressibility and density
vectors. The porosity is not included for shear modulus calculations, as water does
not support such waves, which will propagate through the rock frame, and may
scatter from fluid inclusions. Scattering of elastic waves by fluid inclusions can be
neglected because porosity in igneous rocks is due to microfractures on the order
of 1 µm or less, and the wavelengths are on the order of 1 cm.
Attenuation at 100 kHz cannot be estimated using the HSW bounds. Instead,
a rough estimate for attenuation based on measurements of water saturated granite measured by Coyner and Martin [191] will be used. Using the resonant bar
technique, they found that the quality factor at about 100 kHz was approximately
30. This estimate results in δp ≈ 0.02. Shear wave attenuation in saturated granite
was found by the same researchers to be approximately twice that of compressional
wave attenuation in this frequency range, so δt = 2δp .
The results for sound speed, density and attenuation are summarized in Table 3.3 and will be used as inputs to the scattering model in Chapter 4 for the
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Parameter Name
Compressional wave speed
Shear wave speed
Density
Compressional loss
Shear loss

Symbol
cp
ct
ρ
δp
δt

Value
6393
3276
2708
0.02
0.04

Table 3.3. Summary of geoacoustic parameters

calibration, and in Chapter 5 to specify boundary conditions for numerical simulation. Since the calibration takes place below the critical angle, the reflection
coefficient is approximately unity, and the scattering model is relatively insensitive
to the exact value of the compressional and wave speeds, and their attenuations,
but is sensitive to the density. Since a weighted average of mineral densities is a
very good representation of the bulk density [23], the density estimate is expected
to be relatively accurate. If the calibration measurements were taken near the shear
or compressional critical angle, locations and shapes of the peaks and troughs of
the scattering strength would highly depend on the wave speeds and attenuation,
and a better estimate of the effective shear or compressional wave speed could be
estimated based on those angles.

3.2

Interface Roughness Characterization

Interface roughness is another component of environmental characterization required to support scattering measurements. Digital elevation maps (DEMs) produced by roughness measurements can be analyzed qualitatively to determine the
surface features that are most relavent to the scattered field, or to make quantitative estimates to use in scattering models. In scattering measurements from
seafloors, the interface roughness is typically used to generate a roughness power
spectrum, which is in turn an input to a scattering model to compare with data.
In this work, roughness measurements on glacially abraded bedrock are used for
both calibration, and for inputs to numerical simulations.
The system calibration requires a scattering model with geoacoustic inputs
from the previous section, and roughness power spectrum inputs from this section.
This scattering model is used to find the effective source level for the system such
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that the error between the scattering model and data is minimized. The only free
parameter in this model-data fit is the effective source level, so all environmental
parameters must be specified. The leeward side of the roche moutonée is expected
to have a very large RMS roughness compared to the wavelength and it is not
expected that a scattering model can capture the levels, or angular dependence
of measured scattering strength. Roughness measurements of a glacially plucked
surface will be characterized in terms of their facet distribution. These parameters
will be used to generate ensembles of surfaces in parametric numerical studies to
understand how the cross section and Pf a depend on the rough surface parameters.

3.2.1

Photogrammetry

Roughness estimates of a glacially eroded outcrop of monzonite were performed
using stereo photogrammetry. This measurement technique uses two separated
cameras to produce a two-dimensional digital elevation map. The basic principle
of photogrammetry is that an object’s three dimensional position in space can
be reconstructed from two images separated in space based on its difference in
location in each image (disparity), and the relative locations of the camera centers.
Conversion of stereo image pairs to elevation maps occurs in three stages: 1)
perspective difference and lens distortion was removed from this image through
image rectification, 2) Correspondence between pixels in each image in the form
of disparity is determined, and 3) pixel disparity is converted to height. Details
and information on implementation can be found in Appendix B for the interested
reader.

3.2.2

Measurement System Design

A stereo photogrammetry system was designed and built for the roughness measurement component of this research. The system will be referred to in the material
that follows as the semi-portable aerial measurement system (SPAMS). The objective is to measure surface roughness with a resolution much smaller than a 1.5
cm (the wavelength of a 100 kHz acoustic wave), and an area coverage of approximately 1x1 m2 . A larger camera separation leads to higher resolution capabilities,
but at close ranges, cameras must be to be rotated with respect to one another
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to maintain an overlapping area, which increases the amount of lens distortion. A
large amount of lens distortion is undesirable because it reduces the effective area.
Based on these considerations, a system with 15◦ of camera tilt was designed. To
achieve both high resolution and area coverage, the system was designed to operate
at two different heights above the rock surface, approximately 1 m (short mode),
and 2 m (tall mode) respectively.
The two cameras used are supported on a sawhorse-style aluminum frame,
shown in Fig. 3.2. The frame is composed of T-slot aluminum framing. The
cross bar is 8 ft long, as is each leg in the tall mode. The legs are inclined by 30◦
for stability, so that the tall mode is approximately 2.1 m high. In short mode,
the legs are each 4 ft long, resulting in a frame that is 1.06 m high. Given the
height and 15◦ camera tilt, the baseline is determined based on maximum common
area between the two images, which in the tall mode is approximately 1 m, and
0.5 m in the short mode. Although any separation orientation can be used in
photogrammetry, the simplest orientation is that of horizontal separation. This
setup allows the stereo correspondence search detailed in B.2 to be performed in
one direction only.
Nikon D7000 consumer digital single lens reflex (DSLR) cameras, with 23.6 x
15.6 mm CMOS sensors were used [199]. The sensor’s resolution is 4,928 x 3,264
pixels. The choice of lens is also motivated by the tradeoff between area coverage
and lens distortion. A lens with a shorter focal length has a larger field of view
(FOV), but more distortion. A lens with 28 mm focal length was chosen to achieve
an approximately 54◦ FOV, but keep the effect of lens distortion low. The specific
lens was the AF Nikkor 28mm f/2.8D, manufactured by Nikon [200].
Data acquisition was performed using a Nikon infrared (IR) remote to trigger
both cameras simultaneously. Stereo pairs were matched to one other by synchonizing the clocks of each camera to within one second, which is the smallest
time interval available. The image metadata (EXIF) contains the acquisition time,
and stereo pairs were found by searching for images acquired within one second of
each other. During the experiment, images were taken with intervals of at least
four seconds to ensure that true matches were found. The aperture was set to the
smallest possible f-stop (f/2.8) to make the depth of field as large as possible. If
the surfaces are relatively flat and cameras were oriented normal to the surface,
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Figure 3.2. Photograph of photogrammetry system in situ. Cameras are attached to the
top of the frame, operating in the tall mode in this photograph. The calibration target
is visible underneath, and is currently being supported by one foam block to change the
orientation.

then the aperture would not matter so much, but for the frame in short mode, the
surface spanned a rather large fractional range from the lens so a large depth of
field was required. To alleviate concerns about light level caused by using a small
aperture, experiments were performed during daylight. The atmosphere was quite
clear, as shown in Fig. 3.2, and scattering and attenuation from the propagation
medium (air) was negligible.
Each camera was attached to the frame’s crossbar using an aluminum plate,
shown in Fig. 3.3. At one end, two holes were drilled such that when lined up
with the T-slots in the cross bar, they made a 15◦ angle with the vertical. At
the other end, an unthreaded hole allowed the use of a 1/4-20 machine screw to
attach the camera the the plate. An additional threaded hole was drilled to prevent
the camera rotating, with a screw designed to fit into a cavity within the camera
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Figure 3.3. Aluminum plate used to attach cameras to the frame cross bar. The 1/4-20
unthreaded hole used to mount the camera via its tripod mount is in center of each plate
near the top. The brass screw used to prevent the camera at the top of each plate as well,
to the right. The two 1/4-20 unthreaded holes closes to the bottom of each plate were
used to mount the plate to the cross bar of the frame at an inclination of 15 degrees.

body. The plates were machined using a drop mill in the machine shop of the
Thermoacoustics Group at the Applied Research Laboratory, Penn State.
A camera calibration target was also constructed. This target is a black and
white chessboard pattern with known line spacing, also shown in Fig 3.2, and
calibration photographs shown in Figs. B.1 and B.2. The surface needed to be as
flat as possible, since it is assumed that the board has straight parallel lines. This
is accomplished by printing the calibration pattern onto laminated glossy photo
3 00
paper, and and attaching it to a 3600 ×3600 × glass backing with a spray adhesive.
8
A foam roller was used to expel any air bubbles from the layer of adhesive between
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the calibration pattern and glass backing, and ensure that the the calibration
pattern was as flat as the glass.
The target was designed to have a 40 mm spacing, but due to the commercial
printer used, was scaled down. The camera calibration target line spacing was
measured using a Mitutoyo Corporation Absolute Digimatic Micrometer, model
CD-8"-C5. Since there is no mechanical end or beginning for the calipers of the
micrometer to touch, as is typical when measuring a part, the micrometer must be
aligned with the calibration squares visually. This visual alignment can introduce
bias, depending on which angle one views the micrometer. This problem was circumvented by measuring the cumulative width of n squares in both the horizontal
and vertical direction. If the cumulative width is plotted against the number of
squares measured, a straight line can be fit to the data. The slope of this line
corresponds to the average square width, and the intercept to the bias. Based on
the residual sum of squares of the straight line fit, the precision of the square size
measurement can be estimated. The cumulative measured width versus number of
squares for the horizontal direction is plotted in Fig. 3.4, and in Fig. 3.5 for the
vertical direction. Although the author does not believe that R2 is a good metric
for goodness of fit, it is displayed on the plots anyway. The argument could be
made that this is a very precise measurement, given that the first six values of R2
are nines for both the horizontal and vertical widths. A much better metric is the
standard deviation of the estimate of the slope, which determines the precision.
The horizontal square width is 38.0398 ± 0.000112 mm, and the vertical square
width is 38.09460 ± 0.0000898 mm, with a percent error of 0.0279% and 0.0249%
respectively.

3.2.3

3.3

Sources of Error and Precision of eight Estimates

Interface Characterization

Roughness measurements are typically statistically characterized to support acoustic scattering experiments. Estimates of the power spectrum can be used to compute a model and compare it to data. In this dissertation, the roughness spectrum
of glacially smoothed monzonite is required to calibrate the system. The plucked
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surfaces will be characterized to support numerical simulation. The large-scale
characteristics of plucked surfaces include the facet size and orientation distributions. Power spectrum estimates will primarily be used as scattering model inputs
to calibrate the system. The scattering cross section from a glacially smoothed
outcrop of granite was averaged over six azimuths, which means that a representative power spectrum will also be azimuthally averaged. The power spectrum
is computed from an ensemble average of squared linear spectra. For continuous
functions with infinite support, f (x, y), the 2D roughness power spectrum is
Φ(ux , uy ) = |F (ux , uy )|2

(3.15)

where ux and uy are the x and y spatial frequencies respectfully, and h·i denotes
the ensemble average. The linear spectrum, F , is related to the surface height field
through a 2D Fourier transform,
1
F (ux , uy ) =
(2π)2

Z∞ Z∞

f (x, y)e−i2πxux −i2πyuy dx dy

(3.16)

−∞ −∞

For functions of finite support, the integration limits on x and y are limited to that
domain of support.
Functions defined on sampled domains with finite support do not have the same
spectral representation as continuous functions. Their frequency representation is
also sampled. Let f (j∆x, k∆y) be a function with a sampled rectangular domain
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of support D = {(j∆x, k∆y)|j ∈ [1, 2, . . . , N ], k ∈ [1, 2, . . . , M ]} with lengths Lx =
N ∆x and Ly = M ∆y, and spatial sampling ∆x and ∆y. The linear spectrum of
this discrete function is computed through the discrete Fourier transform (DFT)
N M
∆x∆y X X
F (l∆ux , m∆ux ) =
f (j∆x, k∆y)ei2πj∆xl∆ux −i2πk∆ym∆uy
2
(2π) j=1 k=1

(3.17)

where l ∈ {−N/2 + 1, −N/2 + 2, . . . , N/2}, and m ∈ {−M/2 + 1, −M/2 + 2, . . .
, M/2} are indices of the sampled frequency domain of support, and ∆ux = 1/Lx
and ∆uy = 1/Ly are the resolutions of spatial frequency in the x and y directions.
The DFT is rarely used in practice because it takes many complex mulitplication and addition operations and scales as O(N 2 M 2 ) for the 2D version. The
fast Fourier transform (FFT) [201] is typically used instead because it scales as
O(N log N · M log M ). The FFT achieves such high efficiency in part by making
the simplifying assumption of periodicity in the 1D case, and double periodicity
in the 2D case. This spatial domain periodicity makes the sampled spectrum,
F , doubly periodic as well, which can introduce bias in estimated discrete spectra. Two techniques to reduce bias used in this dissertation are windowing and
prewhitening. The details of these two techniques can be found in Appendix C.

3.4

Site Description

The roughness measurement experiment was performed on a roche moutonée near
Sandefjord. The site’s composition, and roughness characteristics from glacially
eroded bedrock in general are described in Chapter 2. Attention was focused on
two areas of contrasting roughness on the roche moutonée, locations 4 and 5. The
surface roughness at location 4 is characteristic of glacial abrasion. These two
measurement sites can are plotted on a map in Fig. 3.6 On a large scale, the
roughness is smooth and undulating, representing the large scale flow pattern of
the glacier over its sole. On a small scale, the roughness represents the effects of
clast abrasion. These clasts have a grain size ranging from sub-mm to boulders of
several meters. Surface roughness at location 5 is characteristic of glacial plucking,
with a stepped appearance.
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Figure 3.6. Map view of the experimental site with area 4 and area 5 highlighted.
Cardinal North is towards the top of the page, and the ice flow direction in this location
is towards the bottom of the page. Latitude and Longitude coordinates of the black
circle in the middle of the image are also listed. Data was obtained from the Geonorge
Geonetwork website [202].

Photographs of the two experiment locations can be found in Figs. 3.7, 3.8, 3.9,
and 3.10 for location 4, and in Figs. 3.11, 3.12, and 3.13 for location 5. Roughness
measurements for location 4 were taken at locations along the center of Fig. 3.7.
The first measurement was taken at locations farthest from the camera. The
frame was then moved along the center of the photograph. Since glacier flow was
from the left to the right, the measurement locations were designed to capture the
horizontal variation across the flow direction. A total of six measurement were
taken along this line in the tall mode. Another two measurements were taken
in short mode to obtain higher resolution and capture small-scale roughness and
to estimate the power spectrum for calibration purposes. The surface is almost
completely continuous, except for a crack running diagonally through Figs. 3.7, 3.8,
and 3.9, and a small step in Fig. 3.10. The crack in the photographs is visible in
the height field results in Figs. 3.14 and 3.16, and the step visible in Fig. 3.20. Note
that the track along which measurements were taken transitions from monzonite

85
to sand to the water surface. The sandy part of the surface is visible in the upper
left corder of Fig. 3.20, and again in the upper portion of Fig. 3.21.
Measurements at location 5 focused on the a fully developed area of glacial
plucking, seen in the center left of Fig. 3.11, and lightly below and right of center in
Fig. 3.12. The glacier flow direction is from bottom to top in in Fig. 3.11, and from
top to bottom in Figs. 3.12 and 3.13. Although glacial plucking is visible for a few
meters north (against the direction of ice flow, or up-ice) of the measurement area
(approximately where the author is making meticulous notes in his field notebook
in Fig. 3.12), the slope of the area is roughly flat. The roche moutonée does not
begin to slope downward into the surrounding sediment (and water surface) until
after it flows off the ledge at the bottom of Fig. 3.13. It is in this area of downward
slope that glacial plucking is expected to be “fully developed,” and is the focus of
the measurements in Location 5. Additionally, plucked surfaces on the top of the
roche moutonée are subject to both fracturing and glacial smoothing and represent
their combined influence. Two measurements were taken below the large vertical
step in Fig. 3.12 with two orientations, displayed in Figs. 3.33 and 3.34. Another
measurement was taken of the top of the step in Fig. 3.13, the results of which
are shown in Fig. 3.35. The last measurement was taken up-ice of the previous
measurement near the top of Fig. 3.13, the result of which are in Fig. 3.36.

3.5

Photogrammetry Results

Height fields from smooth, glacially abraided surfaces are shown in Figs. 3.14,3.15,
3.16, 3.17, 3.18. 3.19, 3.20, and 3.21. The first two have been measured with the
SPAMS system in short mode with a resolution of approximately 150 µm, and the
last four have been measured in the tall mode with a resolution of approximately
300 µm. The x and y resolutions of the height fields are slightly different by about
6%. In all images, the color scale represents depth below the camera’s imaging
(focal) plane in mm, with positive z upward, purple correponding to higher areas
and green corresponding to lower areas. The visual representation of the height
map is achieved by plotting a 3D surface using the surf command in Matlab
and applying the green-puple colormap. A light source was added at 60◦ grazing
angle and 20◦ azimuth. This representation of the surface was used to visually
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Figure 3.7. Documentary photograph of location 4, image 1.

Figure 3.8. Documentary photograph of location 4, image 2.
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Figure 3.9. Documentary photograph of location 4, image 3.

Figure 3.10. Documentary photograph of location 4, image 4.
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Figure 3.11. Documentary photograph of location 5, image 1.

Figure 3.12. Documentary photograph of Location 5, image 2.
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Figure 3.13. Documentary photograph of Location 5, image 3.
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Figure 3.14. Height field result for smooth surface from location 4, image 1. The
photogrammetry frame is in the short mode.

communicate both large- and small-scale features. Large features are represented
by the colormap, and small features are represented by shadows from the light
source.
Measurements of smooth surfaces were taken at Location 4. Many of the features described in the previous section based on visual inspection of the surfaces
are present in these roughness measurements. The glacial flow pattern in all of
these measurements is roughly in the negative y direction (from top to bottom).
Parallel scratches and gouges along the direction of ice flow exist in all height fields.
Several height fields exhibit larger scale features n both x and z directions. There
is a sharp depression cut through the center of Fig. 3.16, which is also evident from
visual inspection of the surface. The sharpness of this depression indicates that
it is likely due to a large boulder that gouged a trough through the rock surface.
The height field in Fig. 3.20 displays a step, with very flat surfaces on either side.
The documentary photograph in Fig. 3.10 shows this same step.
Several height fields, notably Figs. 3.18 and 3.19 display pits. These pits are
almost certainly due to chemical weathering, which is caused by dissolution of min-
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Figure 3.15. Height field result for smooth surface from location 4, image 2. The
photogrammetry frame is in the short mode.

Figure 3.16. Height field result for smooth surface from location 4, image 1. The
photogrammetry fram is in the tall mode.
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Figure 3.17. Height field result for smooth surface from location 4, image 2. The
photogrammetry frame is in the tall mode.

eral grains by acid in the environment (mostly carbonic). Chemical weathering is
mostly characterized by small approximately circular pits in the surface, such as
the one located at (x, y) = (800mm,-180mm) in Fig 3.16, but also cause large
sheets to flake away from the surface, like at (800mm, 200mm) in Fig. 3.19. Large
areas of flaking are the result of unstable internal forces within the rock volume
caused by surface removal [186, 187]. Weathering pits have formed on the surface
after the glacier retreat from the area and represent the effect of 12 ky of chemical
erosion. That many surfaces have relatively few weathering pits indicates that this
monzonite surface is incredibly resistant to chemical erosion. Another explanation
for the freshness of these surfaces is that they could have been covered by a protective layer of soil or sediment for a large partion of this time. A close-up view
of a height field taken from image 2 in the short mode at location 5 is displayed
in Fig. 3.22 to show the effect of weathering pits. The glacially eroded surface left
intact is mostly purple, and weathering puts are shown as white if shallow, and as
green if deep. A few large pits on the order of 10 mm exist, but most are much
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Figure 3.18. Height field result for smooth surface from location 4, image 3. The
photogrammetry frame is in the tall mode.

Figure 3.19. Height field result for smooth surface from location 4, image 4. The
photogrammetry frame is in the tall mode.
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Figure 3.20. Height field result for smooth surface from location 4, image 5. The
photogrammetry frame is in the tall mode.

Figure 3.21. Height field result for smooth surface from location 4, image 6. The
photogrammetry frame is in the tall mode.
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Figure 3.22. Close-up of rough interface to show weathering pits.

smaller and are on the order of 1-2 mm. These height fields have high enough
resolution that the effect of weathering could be estimated quantitatively. Future
work in this area could use a band-pass filter (such as a Laplacian-of-Gaussian
(LOG) filter) to detect areas of a certain scale. These areas could be marked and
their RMS roughness estimated.
Note that the vertical portion of the step in Fig. 3.20 is quite smooth, which
is the result of a failure of the stereo correspondence to find a positive match.
This behavior is common to wide baseline photogrammetry setups due to the
difference in tilt between the two cameras (approximately 30◦ ). In areas where no
positive match is found, the surface is interpolated according to Section B.2. This
interpolation results in a smooth surface in steep regions.
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3.6

Power Spectrum Estimates

Glacially abraded surfaces can be quantitatively characterized by their power spectra. In addition to providing a quantitative measurement of surface roughness, a
2D power spectrum is necessary to calibrate the sonar system. The surface from
which the power spectrum is estimated needs to be sampled at a rate far greater
than the maximum Bragg spatial frequency, 2uw = f0 /cw . Since the acoustic
measurements were taken underwater where there is no chemical weathering, the
surface should also be free of weathering pits and other post-glacial erosion. The
short mode of the photogrammetry system provides the highest resolution and
height fields produced from these measurements will be used to estimate a power
spectrum. The large trough in Fig 3.14 is a deterministic nonstationary feature at
the scale of the image, although it is a random stationary feature at scales of 10s
of meters. Deterministic large-scale features can cause difficulties when estimating
2D power spectra because they are not zero towards the edges. The whole height
field fof Fig. 3.15 appears to be random and stationary, except for a small crack
running through the image. For these reasons, Fig. 3.15 is selected as the surface to use for calibration. Power spectra from other images will be estimated to
characterize the surfaces, but not used for calibration purposes. Two-dimensional
and azimuthally averaged power spectra will be computed only for the calibration
image in Fig. 3.15. One-dimensional spectra in the x and y directions will be presented for the rest of the surfaces. Spectra for height fields containing deterministic
features such as the step in Fig. 3.20 will not be computed.
Two-dimensional power spectrum estimates of the height field in Fig. 3.15 were
made using the techniques of prewhitening and multitapering detailed in Sections
C.1 and C.2. Parameters used in this estimate are presented in Table 3.4. The estimated power spectrum is presented in dB re m4 as a function of linear Cartesian
spatial frequencies, ux , and uy in Fig. 3.23, as a function of polar spatial frequencies uφ and Log10 ur in Fig. 3.24, and the azimuthally averaged polar spectrum in
Fig. 3.25. Based on the two-dimensional representations, the power spectrum exhibits some anisotropy in the low wavenumber part of the spectrum, and is isotropic
in the high wavenumber region. The radial wavenumber that separates these two
regiems is approximately 125 m−1 , which corresponds to a scale of approximately
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Figure 3.23. Two Dimensional Spectrum for the calibration height field in Fig. 3.15.

1 cm. In Fig. 3.22, anisotropy due to cross-flow ripples is evident at scales greater
than about 2cm, which agrees with the division between isotropy / anisotropy of
the spectrum. In Fig. 3.24, the radial frequency axis has a logarithmic scale and
the anisotropic features can be more clearly seen. There are features oriented almost parallel to the x axis (parallel to 0◦ and 180◦ ). These features are likely the
undulations across the flow direction observed in Fig. 3.15.
The azimuthally averaged spectrum will be used to provide input parameters
to the scattering model used to calibrate the system. Azimuthal averaging is
typically performed for isotropic spectra only. In this case the anisotropic spectrum
will be averaged because it is expected to reflect the azimuthally averaged cross
section measurements. The levels of the cross section for each azimuth are slightly
different, as seen in Fig. 4.11, which represents a slight amount of anisotropy.
Picking an azimuth to perform the calibration, and matching that angle with
roughness measurements involves too many assumptions. A safer method is to
average the scattered power in all azimuths, and do the same for the roughness
measurements. The averaged power spectrum is plotted in Fig. 3.25. It exhibits
three general features, a flat peak near low frequency, a slope near 2.5 in the middle
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Figure 3.24. Two Dimensional Spectrum for the calibration height field in Fig. 3.15 in
polar coordinates.
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Figure 3.25. Azimuthally averaged spectrum from the height field in Fig. 3.15. The high
and low Bragg wavenumber limits for the acoustic data are indicated with dashed lines,
and power law fits to the two-slope trend are indicated with solid lines. This spectrum
is used to calibrate the acoustic measurement system in Chapter 4
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frequencies, and a high frequency slope of 4.20. The low frequency peak is likely
due to the large scale undulations in the rock surface. Quantitative estimates of
these large-scale features is impossible because the spectrum estimation process,
especially windowing, severely distorts the low-frequency components [203].
The azimuthally averaged power spectrum is used to calibrate the system and
estimate the effective source strength, s. The precision of this estimate is also
required for error analysis in the resulting scattering strength measurements. The
quantity used to estimate the precision of the source strength is the standard deviation of the cross section over azimuth for each radial frequency. The azimuthally
averaged power spectrum and the standard deviation power spectrum are plotted in Fig. 3.26. The ratio between the standard deviation and the mean will be
used to compute a dB error EdB = 10 log10 (1 + σR /muR ) where µR is the mean
power spectrum at a given radial frequency, and σR is the standard deviation of
the power spectcrum at a given radial frequency. The value for this ratio that will
be reported is the maximum over the range near the Bragg spatial frequecies. The
radial maximum value of µR /σR occurs at the peak in the red cure near the lower
Bragg limit, and is 0.4328, corresponding to EdB ≈ ±1.5 dB. A total error of 3dB
will be used in the precision estimate of source strength.
One dimensional marginal power spectra for other height fields in location 4
were also computed. The spectra for Location 4, images 1-2 in the short mode are
plotted in Figs. 3.27 and 3.28. Spectra for location 4, images 1-4 in the tall mode
are plotted in Figs. 3.29, 3.30, 3.31, and 3.32. Images 5 and 6 for the tall mode,
location 4 were excluded due to their non-stationary roughness; image 5 contains
a step, and image 6 contains sand in the upper right-hand corner. In all spectra,
three general features are seen. In the low wavenumber regime, there is a large
peak, which most likely corresponds with the cross-glacial undulaions, especially
the feature in Figs. 3.14 and 3.16. In the mid wavenumber regime, there is a
shallow power law trend, and steeper power law trend in the higher wavenumber
regime.
The existence of a double-slope power spectrum may indicate two different geological forces operating on the surface. Double slopes have been observed before
in roughness measurements of natural surfaces [204]. It should be mentioned that
a single power law does not necessarily indicate a single geological process. The
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Figure 3.26. Azimuthally averaged spectrum the of calibration height field in Fig. 3.15
along with the standard deviation of the power spectrum over all azimuths. The peak in
the error spectrum near the lower Bragg limit is used to estimate the error in the power
spectrum estimate.

Figure 3.27. One-dimensional marginal spectra computed from the height field in
Fig. 3.14, location 4, short mode, image 1.
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Figure 3.28. One-dimensional marginal spectra computed from the height field in
Fig. 3.15, location 4, short mode, image 2.

Figure 3.29. One-dimensional marginal spectra computed from the height field in
Fig. 3.16, location 4, tall mode, image 1.
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Figure 3.30. One-dimensional marginal spectra computed from the height field in
Fig. 3.17, location 4, tall mode, image 2.

Figure 3.31. One-dimensional marginal spectra computed from the height field in
Fig. 3.18, location 4, tall mode, image 3.
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Figure 3.32. One-dimensional marginal spectra computed from the height field in
Fig. 3.19, location 4, tall mode, image 4.
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Parameter Name
Bandwidth
Number of Tapers
Autoregressive Order

Symbol
N BW
NDP SS
NAR

Value
6
7
12

Table 3.4. Parameters used to estimate the power spectrum using prewhitening and
multitapering.

interpretation of seafloor roughness as a stochastic fractal has received much attention since Mandelbrot’s introduction of the concept [205]. See Summers et al.
[206] for a review of fractal concepts in seafloor characterization. The ubiquity of
the power-law trend does not imply the conclusion that a single geological process
is responsible for shaping the seafloor. Keeping in mind this precaution, several
causes of a double slope power law will be put forward.
The flow dynamics of glaciers were outlined in Chapter 2. Two mechanisms are
responsible for glacial flow, viscous deformation, and regelation. Glacier abrasion
is caused by clasts embedded in the ice and it is likely that the erosion pattern on a
glacier bed follows the flow pattern. The erosion pattern dynamics is complicated
by the fact that the flow pattern depends on the current shape of the interface.
This dependence is confirmed by observations that parallel scratches are more
prevalent on hills than on depressions. Based on this feedback mechanism, one
or more steady-states in which the surface power spectrum stays constant may
exist. Viscous deformation is affected by the low wavenumber components and
the glacier flow is determined by multiplying the roughness power spectrum by k 4 .
Regelation is affected by high wavenumber components and the glacier flow speed
is determined by mulitplying the roughness power spectrum by k 2 . The cutoff
between these two effects is determined by a critical wavenumber Kc . It is likely
that a resulting steady-state power spectrum will have two-slope behavior with the
slopes differing by about two. The difference in slope between the observed high
and low wavenumber power laws in the spectrum from Fig. 3.25 is approximately
1.7, with a cutoff spatial frequency of approximately 650 m−1 (or about 1.5 mm).
This number is reasonably close to two and supports this tenuous hypothesis.
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Name
Spectral Slope
Spectral Intercept

Symbol
γ2
w2

Value
2.56
7.33×10−7

Table 3.5. Power spectrum parameters used as inputs to the scattering model for system
calibration. These parameters correspond to the lower power law fit in Fig. 3.25. The
Bragg spatial frequency for the frequencies and angles involved in the calibration stage
range between approximately 100 and 130 m−1 corresponding to this lower power-law
trend.

3.7

Faceted Surface Statistics

Surface height fields from the plucked side of the roche moutonée plotted in
Figs. 3.33, 3.34, 3.35, 3.36 indicate that the surface is composed of approximately
planar facets with a low level of small scale roughness on each facet. In contrast
with the smooth side of the roche moutonée, small scale roughness does not exhibit
the parallel features characteristic of glacial abrasion. Instead, this isotropic roughness likely reflects the shape of the fault surface in the rock joints that predate
glacial plucking.
Plucked surfaces were characterized in terms of the size and orientation distribution of approximately planar facets. Note that for very steep slopes, the stereo
correspondence algorithm fails and the height is smoothly interpolated between
less steep slopes. This behavior is evident in Fig. 3.34, at (x, y) = (200 mm,450
mm). Facet size and orientation can be extracted from the interpolated regions.
Faceted areas are exhibited in Figs. 3.35 and 3.36, but are upstream from
Fig. 3.34 and represent the onset of glacial plucking, rather than a well-developed
stepped surface. Facets were identified by selecting vertices approximately planar
areas and assembling them into polygons. Polygons are defined as a list of vertices
in counter-clockwise order from above.
The area and normal vector of each facet are determined by defining a plane
through the vertices. Since the facets are not perfectly planar and contain smallscale roughness, the plane parameters are fit using orthogonal least squares regression. Orthogonal least squares (OLS) is a curve fitting technique similar to
least squares, except that the Euclidean distance between the model and data is
minimized, instead of the vertical difference [207]. The problem statement and
techniques for solving OLS problems can be found in Nocedal and Wright [207].
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Once parameters for the OLS plane are determined, the vertex locations are projected into the plane at points of closest approach, and the area of the facet is
computed by these projected points using formulas in Zwillinger [208]. The normal vector of the best fit plane can be computed from the equation of a plane in
3D space. If the plane is described by the equation
ax + by + cz + d = 0

(3.18)

aı̂ + b̂ + ck̂
n̂ = √
a2 + b2 + c2

(3.19)

then the unit normal vector is

The height field in Fig. 3.34 was decomposed into facets manually. The results
are presented as 3D renderings of the extracted facets in Figs. 3.37 and 3.38. Areas
have been extracted from these data by fitting an OLS plane, projecting points into
the plane at their closest point of approach, and then computing the area of a planar
polygon. The empirical CDF, calcuated according to the approach in Section 4.10,
is shown in Fig. 3.39. The CDF of the exponential and log-normal distributions
are also shown, with parameters estimated using the maximum likelihood method
[97]. These distributions have been commonly observed in measurements of joint
spacing in crystalline rock. The exponential distribution is a poor fit to the data,
while the log-normal distribution seems quite good. The mean facet size is 0.0215
m2 , and the the standard deviation is 0.0256. The ratio of the standard deviation
to the mean is 1.19.
The degree to which an empirical CDF is represented by a model can be tested
using the Kolmogorov-Smirnov (KS) test statistic p value. This KS test is a nonparametric metric that captures the similarity between two CDFs. Typically one
CDF is an empirical estimate, and the other is a model (one-sample test), but both
could be estimates as in the two-sample test [97]. Let F (x) be a theoretical CDF,
and Fn (x) be an estimate of the CDF using n samples. The KS test statistic, t is
t = max |F (x) − Fn (x)| ,
x

(3.20)
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which is the maximum absolute difference (MAD) 1 between the two. The random
variable T can be formed by treating Eq. (3.20) as a function of the random variable
X, distributed according to F (x) [98]. The p value is the probability of observing
values of T greater than the observed KS statistic, t [98]
p = P (T ≥ t).

(3.21)

If p is close to unity, then the two distributions match well, and if p is close to
zero, they do not match well. The KS test to verify the hypothesis that F is a
good representation of FN has the noncommittal result of stating that a high p
value sheds no doubt on the null hypothesis that Fn follows F . Nevertheless, the
KS test is used to confirm the null hypothesis. Another caveat is that if F is a
distribution with parameters estimated from the data, then the KS test does not
apply. Even with this drawback, the KS test is used as a goodness of fit metric for
comparisons between an empirical and model distribution, particularly for acoustic
reverberation data in Lyons and Abraham [98]. In this research all p values are
reported for a 5% significance level.
The p values from the KS test between the empirical CDF, and two model
CDFs with parameters estimated from the data are reported in Fig. 3.39. The
exponential distribution has a p value of around 0.01, and 0.93 for the log-normal
distribution. These two p values imply that the exponential distribution is a poor
model for the facet area distribution, and the log-normal model is a good model.
The statistics of each component of the facet normal vector were also investigated. The empirical CDF with a normal distribution with parameters esimated
using maximum likelihood is plotted in Fig. 3.41 for the x component, Fig. 3.42
for the y component, and Fig. 3.43 for the z component. The CDF for a normal, or Gaussian, distribution is plotted for comparison. These Gaussian CDFs
have parameters estimated from the data, so the KS test is likely to be slightly
inaccurate. The p values of the KS test are also displayed in the legends. For nx
and ny , the p values are 0.99 and 0.95 respectively, indicating that the Normal
distribution is an appropriate model for the facet orientation in these directions.
1

The MAD metric is one way to compare two functions and other methods are discussed in
Section E [97]. MAD is used because it is much more sensitive to outliers in the data and convergence of F to Fn is assured in the limit of large n if they truly represent the same distribution
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Figure 3.33. Height field result for plucked surface from location 4, image 1. The
photogrammetry frame is in the tall mode.
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Figure 3.34. Height field result for plucked surface from location 4, image 2. The
photogrammetry frame is in the tall mode.
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Figure 3.35. Height field result for plucked surface from location 4, image 3. The
photogrammetry frame is in the tall mode.
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Figure 3.36. Height field result for plucked surface from location 4, image 4. The
photogrammetry frame is in the tall mode.

Figure 3.37. 3D rendering of extracted
facets from Fig. 3.34. Azimuth is -25◦

Figure 3.38. 3D rendering of extracted
facets from Fig. 3.34. Azimuth is +25◦
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Figure 3.39. The empirical cumulative distribution function of the facet areas presented
in Figs. 3.37 and 3.38. Exponential and log-normal distributions are also plotted, with
parameter estimates obtained through maximum likelihood. The p values of the KS test
are also displayed in the legend. The log-normal distribution provides a far better fit to
the data, and is not rejected by the KS test.
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Figure 3.40. The empirical probability density function on a log scale of the facet
areas presented in Figs. 3.37 and 3.38. Exponential and log-normal distributions are also
plotted, with parameter estimates obtained through maximum likelihood. The PDF is
obtained by using a finite difference on the empirical CDF, and resulting estimate is quite
noisy.
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Figure 3.41. Empirical CDF of nx compared to a normal distribution. The p value of
0.92 indicates that this distribution is well-described by a normal distribution.
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Figure 3.42. Empirical CDF of ny compared to a normal distribution. The p value of
1.00 indicates that this distribution is well-described by a normal distribution.
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Figure 3.43. Empirical CDF of nz compared to a normal distribution. The p value of
0.12 indicates that this distribution is not well-described by a normal distribution.
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Variable
Mean
Area
3.60×104 m2
Area
3.60×104 m2
nx
-0.040
ny
0.18
nz
0.24

Standard Deviation
6.44×104 m2
6.44×104 m2
0.47
0.46
0.71

Distribution
exponential
log-normal
normal
normal
normal

p value
0.01
0.93
0.99
0.95
0.12

Table 3.6. Summary of parameters and p values for facet area and normal vectors. The
p value is reported for all distributions tested with the KS test

However, the p value for nz is 0.12, and the KS test accepts the null hypothesis
that nz is distributed according to a Gaussian function. However, from visual inspection of the two curves, the empirical function does not seem to be well fit by
a normal distribution. The lack of normality for nz when both of the other two
normal vector components are normal is troubling. If nx and ny are assumed to
be independent, then nZ is a dependent upon both of them through the equation
q
nz = ± 1 − n2x + n2y
(3.22)
A nonlinear function of a random variable does not have the same distribution as
the independent variable. A likely PDF of nz given normal distributions of nx and
ny with different means and variances could be computed using techniques in standard statistical texts such as Davenport and Root [209], and Papoulis [97], but is
outside the scope of this dissertation. Another difficulty in modeling the statistics
of nz is that for all members of this ensemble, nz is positive. A normal distribution, even for a large mean and small standard deviation, always has a nonzero
probability of being negative. Positive-definite distributions could be examined as
alternatives to the normal distribution.
Parameter estimates, p values, and likely distributions are summarized in Table 3.6. The sample used to estimate the statistics summarized in this is of one
horizontal part of a step of a fully-developed plucked surface. Height information from the vertical part of a step could not be estimated due to limitations of
the photogrammetry system. Thus, these statistics only represent facet distributions of size smaller than a single step of a glacially plucked surface. Larger-scale
statistics could be estimated using a different measurement methodology, such as
LIDAR. Due to the lack of measurements on this larger scale, measurements of
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joint spacing distributions from the literature will be used to suggest a plausible
distribution for facet sizes at and larger than the step measured in this research.
The joint spacing of relatively homogeneous, isotropic crystalline rock has
largely been seen to obey a log-normal distribution [210]. The terms homogeneous
and isotropic mean that the bedrock does was not formed with a preferential direction, such as those exhibited by bedding planes in sedimentary rock. Crystalline
igneous rock is, for the most part, homogeneous and isotropic, apart from any
joints formed within. This conclusion is based in part on measurements of the
joint spacing in quartz monzonite by Rouleau and Gale [211] in Sweden. Four
measurements of joint spacing were performed in a borehole. They concluded that
all of these measurements are well described by a log-normal distribution, with
mean joint spacing ranging between 0.5 and 1m, and standard deviations between
1.2 and 1.3m. The maximum joint spacing measured fell between 4 and 10m for
all of their measurements, which ensures that their sample size is not limited by
the same area as the measurements reported here (approximately 1m2 ).
The measurements by Rouleau and Gale were performed in the same geographic
region of Scandinavia, and in an area with a very similar mineral composition to
the Sandefjord area. The quartz monzonite in their area differs from the monzonite
near Sandefjord in that it contains a higher amount of quartz. This mineralogical difference is expected to produce a similar joint distribution, since both are
igneous crystalline materials. Due to these similarities in location and composition, the log-normal distribution is an adequate characterization of joint spacing.
The exponential is sometimes seen in joint spacing measurements, although with
different materials and under different conditions [212].

3.8

Conclusion

To support the acoustic scattering measurements detailed in Chapter 4, this chapter presented a characterization of acoustically relevant properties of the the area
in the form of geoacoustic and roughness characteristics. Estimates of the compressional and shear wave speeds, and density were made based on the mineral composition of the area. Estimates of attenuation parameters (the complex part of the
wave speed, δ) were made based on measurements in a similar mineral. Roughness
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measurements of two types of geomorphological features, smooth glacially abraded
bedrock and rough quarried bedrock, were made using a stereophotogrammetry
system. The smooth surfaces were characterized by the 2D and 1D azimuthally
averaged power spectrum, and the very rough surfaces by the distribution of their
facet size and orientation. The parameters computed in this chapter are used
both to perform the system calibration in Chapter 4, and to motivate numerical
simulations in Chapter 5

CHAPTER

FOUR

Seafloor Scattering Measurements
4.1

Cross Section Estimation

A measured scattering cross section, σ, should be independent of the particular
measurement system used. Estimating the scattering cross section from a SAS
image removes any effects of propagation, transmission, and reception from the
pixel intensity in the image, resulting in a dimensionless value. Since the scattered
pressure field is a rapidly fluctuating quantity, pixel intensities are averaged to
form a smooth function of grazing angle.
Estimates of the cross section using SAS data for the most part are similar
to techniques used for traditional sonar systems. The main difference is that
for traditional sonar systems, reverberation intensities are are averaged first, and
system-dependent terms are removed second. In this research, high-resolution
estimates of seafloor bathymetry are available through interferometric SAS, so
there is no injective (one-to-one) [213] mapping between time and local grazing
angle. For each pixel, system dependent effects are removed from the pixel intensity
and the local grazing angle estimated. Then, ensembles are formed based on the
local grazing angles, and the ensemble mean of the normalized intensity is equal to
the scattering cross section. Due to this difference in analysis methods, the cross
section will be treated in both an averaged and unaveraged form. The unaveraged
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cross section σ̃, is the pixel intensity of a SAS image with system-dependent effects
removed, and the averaged cross section σ is σ̃ averaged over an ensemble.
For each pixel, the array forming the resolved area on the bottom is different.
This dependence is due to the fact that a synthetic array is set by the sonar trajectory though the water column. Due to hydrodynamic forces on the vehicle carrying
the sonar system, the orientation of the array can change over all three Euler angles (roll, pitch and yaw) along the sonar track. Estimates of the beamwidths for
each pixel will depend on the individual element locations, and their orientation.
An assumption in typical scattering strength estimates is that the size of the
array aperture is small compared to both the distance to the center of each resolution cell, and to the largest linear dimension of the cell. Under these conditions,
the local grazing angles from a given point within the resolution cell to each element in the array are roughly equal. However, the very long apertures necessary
to achieve the high resolution of SAS images can render these assumptions invalid.
For example, consider the situation if Fig. 4.1. The array is shown as a thick black
line on the right of the page, and small outcrop of rock is shown in the middle. The
local slope of the point rp on the rock outcrop is quite steep. For array elements
directly in front of rp , the backscattering directions corresponds to the specular
direction, but for array elements above and below, the backscattering direction
is not the same as the specular direction. The pixel intensity for point rp is the
sum of the scattering cross section over various directions, weighted by the beam
patterns of the individual elements, and any additional processing weights applied
during beamforming. For pixels corresponding to near-specular angles, it is almost
always the case that a variety of directions contribute to the pixel intensity. Separate techniques will be developed to estimate the cross section near the specular
direction.

4.2

Relationships between σ̃ and Ip

Conversion of the pixel intensity, Ip , into the averaged scattering cross section, σ̃,
requires the solution to an integral equation, Eq. (1.13), which is expressed here
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Figure 4.1. Diagram of a simple near-specular measurement geometry. For the example
pixel in the image, backscattering directions for two sensors on an ideal synthetic array
(black line) are plotted in red and blue. The backscattering direction for the blue element
is in the specular direction, but not for the red element. Pixel intensity is the coherent
sum of the cross section over the grazing angles defined by the measurement geometry.

in a more specific form
2

Ip = (sr s0 )

Z

00

e−4kw |rs −r|
σ̃e (r/c)
|bt (θt , φt )br (θr , φr )|2 d2 r
|rs − r|3
2

(4.1)

where σ is the cross section, bt and br are the transmitter and receiver beam patterns respectively, θt , and φr are the horizontal and vertical angles from the transmitter to the point r on the seafloor (with the receiver angles defined similarly),
kw00 is the imaginary part of the complex wavenumber in water (representing the
medium attenuation), rs is the source/receiver position (with monostatic geometry
assumed), and s = sr s0 is the product between the source level and receiver sensitivity with units of V-m. The matched filter response, e(r/c) is typically assumed
to equal zero inside the pulse length τ , but can take on any shape depending on the
type of pulse and matched filter used. If all members of the ensemble have been
obtained using the same measurement geometry, then Eq. (4.1) is adequate. How-
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ever, if members of the ensemble have slightly different measurement geometries,
or come from a variety of angles, then the formula must be generalized to
00
K Z
(sr s0 )2 X
e−4kw |rs −rk |
2
Ip =
σ̃e (r/c)
|bt (θtk , φtk )br (θrk , φrk )|2 d2 rk
3
K
|r
s − rk |
k

(4.2)

where the subscript, k, denotes the position vector, or transducer angle for each
member of the ensemble, and K is the size of the ensemble.
Since σ̃ is part of the integrand of Eq. (4.1), it is not in general directly
obtainable from the ensemble averaged power. If the local grazing angle argument
for the cross section is the same for all ensemble members, then the cross section
is constant and can be taken out of the integral. In this case, if the geometry
and sonar directivity functions are known, then the rest of the integral can be
computed numerically or analytically and the ensemble averaged voltage can be
converted to the cross section.
Near the specular direction, the cross section and transducer beam patterns can
change by several orders of magnitude over the region of integration, and cannot be
taken outside the integral. The ensemble averaged voltage for this case represents
a weighted average of the cross section over a range of angles.The weights are
determined by the transducer beam patterns, propagation losses, and processing
weights. Estimating near-specular scattering strength is not yet a mature field and
a technique will be developed that overcomes several shortcomings of contemporary
techniques.
It is assumed that the coherent component of the scattered field is negligible
compared to the incoherent component. In reality, there is always a coherent
component, even if it is very small. For a hypothetical rms roughness, h, of 2 mm at
100 kHz, the coherent component to the scattered field is reduced by approximately
12 dB compared to the flat interface case [9, Chapter 13]. Based on this low level
for the coherent component, the argument can be made for ignoring it. However,
it was demonstrated in Olson and Lyons [31] that the rms roughness responsible
for scattering is limited to the size of a resolution cell. The rms height of power law
roughness depends on the scale investigated (assuming no cutoff, or that the low
frequency cutoff is much larger than any measurement scale). For the same seafloor,
a high resolution SAS system has a smaller effective value of h per resolution

122
cell than a low resolution system [214]. The effect of a combination of coherent
and incoherent components on the scattered energy has not yet been adequately
investigated and is an active area of research.
An absolute requirement for estimating the scattering cross section is that every
term in Eq. (1.13) should be measured or estimated. Like many imaging sonars,
the HISAS 1030 sonar has not been calibrated, meaning that term s = sr s0 is
unknown. Relative measurements can be made without calibration information,
but not absolute levels. An effective calibration was performed using a natural
feature.

4.3

Electroacoustic Transducer Characterization

All acoustic measurements, of scattering or otherwise, take place through electroacoustic transducers, which convert electrical energy to acoustic energy, and vice
versa. An acoustic source is called a transmitter and and acoustic sensor is called
a receiver. If a transducer is very small compared with a given wavelength, then it
can be considered omnidirectional, i.e. transmits or receives energy equally in all
directions. For cases in which the spatial extension of the source is not infinitesimely small, then the transducer has directionality, or an angular dependence of
the transmitted or received energy. Directionality is often desirable, since it allows
one to resolve specific areas in space. For acoustic imaging applications, directionality, and spatial resolution in general is absolutely essential for discriminating the
acoustic response of various regions of space. To enhance the spatial resolution of
an acoustic system, the received transmitted or received signal from several transducers can be arranged in space into an array and summed coherently using array
processing.
Characterization of transducers, and arrays formed with them, is essential for
performing accurate acoustic experiments. Extraction of the scattering cross section from the sonar equation, or the more general integral formula in Eq. (1.13
depends on upon an estimate of each term, which depends only on geometry and
system parameters. Both transmitters and receivers are characterized in terms of
their directivity pattern, or angular dependence, and a proportionality constant
that specifies the relationship between acoustical and electrical quantities. For
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transmitters, this proportionality constant is the ratio between the the volume
velocity of the source and the input voltage. For receivers, this constant is the
ratio between the output potential across the terminals and the incident pressure. For systems that always transmit the same pulse with the same voltage,
an alternative charcterization of the amplitude is the acoustic intensity measured
(or extrapolated) 1 m from the source and is called the source level, s0 . The
receiver sensitivity is designated sr . For directivity patterns, a natural choice of
coordinates for the angular dependence is the spherical polar coordinate system.
However, many acoustic sources have directivity patterns separable into vertical
and horizontal components, which motivates the common convention of using vertical and horizontal angles (θ and φ respectively). These angles should not be
confused with spherical polar coordinates.
Transducers can be characterized experimentally and theoretically. Theoretical
models are useful for extracting simple relationships, but real transducers are made
within nonzero tolerances, which can significantly alter both the sensitivity and the
directivity of the element. Additionally, the specific conditions under which the
transducer is used, e.g. mounting boundary conditions, medium sound speed and
density, backing, commonly violate many assumptions used in theoretical models.
In this dissertation, the transmitter and receiver directivites measured by the sonar
manufacturer (Kongsberg Maritime) will be used, more specifically a model fit to
the measured data. A theoretical model of the directivity of the aggregate array
will be used.
Although the details of array processing are given in Appendix D, for the
purposes of scattering cross section estimation, it is important to note that 1) each
pixel has a different aperture function due to non-uniform motion of the sonar, and
2) for a given pixel, the channels being summed may cover a wide variety of azimuth
and grazing angles with respect to the pixel location. The first issue requires
that an aperture function for each pixel in the image must be estimated from
the transducer beam patterns, sonar position and orientation, and any additional
weights introduced during processing. The second issue is important because the
scattering cross section from the backscattering direction of each element may vary
by orders of magnitude if a variety of grazing angles are summed into one pixel.
This situation is true for near-specular angles, but for low grazing angles the cross
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section is assumed to be roughly constant over all angles along the array. For
low grazing angle measurements, it is assumed that the scattering cross section
is constant over the collection of local grazing angles between the resolved area
and each receiver element. For a nominal ground range of 40 m, altitude of 10 m,
and array length of 12 m (approximate geometry of the calibration rock images),
the grazing angle at the center array and at the edge of the array are different
by approximately 0.6◦ . Since the scattering cross section data are binned to 1◦
intervals, the averaging of energy due to long arrays is insignificant.

4.4

Geometric Inputs

Although it is important to characterize the system-dependent terms in Eq. (1.13),
the geometry of the system is equally important. The distance vectors in Eq. (1.13)
depend on knowledge of the three-dimensional position of the sonar elements along
the synthetic array, and the position of the pixel on the seafloor. The x and y
coordinates (along track and ground range respectively) can be estimated through
time of flight, and the medium sound speed. The height of the seafloor, z, is
estimated through SAS interferometry.

4.4.1

SAS Interferometry

SAS interferometry uses two vertically separated identical arrays to estimate
seafloor height [215]. For each array, a complex SAS image is generated with
the same x and y coordinates. The difference in path length between a given pixel
in the image, and the elements of each array will cause a phase difference between
corresponding pixels in each image. The phase difference depends on the center
frequency of the system, the separation between the arrays or baseline, and the
distance to the seafloor. This phase difference is used to estimate seafloor bathymmetry. Since a single pixel estimate of the phase gives a very noisy estimate, the
phase difference from an n × n window around each pixel is used to lower the
variance in the noisy estimate. Thus, SAS bathymmetry will have a reduced resolution compared to SAS imagery, i.e. ∆xbathy = n∆xim . For more details on SAS
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interferometry, the reader is refered to Sæbø [215], Fossum et al. [216], and Sæbø
et al. [217].

4.4.2

Seafloor Slope Estimation

High-resolution bathymetry estimates can also be used to estimate the seafloor
slope through a finite-difference operation. Seafloor slope is used to estimate the
local grazing on the seafloor, which is necessary because the cross section depends
on it. Estimating seafloor slope using the finite-difference method is a noisy process. Not only is the bathymetry estimate noisy, but the finite difference operation
enhances high frequency noise. For the moment, assume that the finite difference
operation is equivalent to the derivative operation. The derivative of a function,
f (x) is related to the Fourier transform of that function F (k) through the formula
[218],
d
1
f (x) =
dx
2π

Z

(ik)F (K)eikx dk.

(4.3)

Taking the derivative of a function is equivalent to multiplying its wavenumber
representation by k. If the bathymetry is assumed to consist of a smoothly varying
function with additive white noise, the noise component of the estimated slope will
have greatly accentuated high-frequency noise.
The high frequency noise accentuation renders the simple finite difference approach unacceptable. A simple way to mitigate this problem would be to simply
pass the estimated seafloor slope through a low-pass filter. The Savitsky-Golay
(SG) filter is a slightly more sophisticated finite difference.
The basic idea behind the SG filter is to use a low-order polynomial to represent the neighborhood of each point. The low-order polynomial parameters are
estimated by a least-squares fit to n points around each point [219, 220]. Once
the polynomial coefficients have been estimated, the derivative of the polynomial
at that point can be computed analytically. The SG method sidesteps the highfrequency gain of the traditional finite difference filter by taking the derivative of
a smooth function.
For a given polynomial order, and an odd window size the polynomial and
FIR coefficients can be computed analytically [220]. Although the resulting filter
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coefficients produce a non-zero-phase filter [201], any FIR filter can easily converted
to a zero-phase FIR filter by performing a fast Fourier transform (FFT) of the filter
coefficients, taking the absolute value, and then performing the inverse fast Fourier
transform (IFFT). This technique was used in the present work. Alternatively, one
can design a filter that has a frequency representation equal to the square root of
the absolute value of the frequency representation of the SG filter. If the new
filter is applied once in the forward direction, and once in the reverse direction,
the resulting operation will have zero phase.

4.4.3

Local Grazing Angle Estimation

The local grazing angle of the seafloor can be computed if the 3D position of the
pixel and sonar, and the x and y slopes of the seafloor are known. Let n̂ be the
unit normal vector of the seafloor patch, defined by
n̂ =

−sx ı̂ − sy ̂ + k̂
s2x + s2y + 1

(4.4)

where sx and sy are the derivatives with respect to the x and y directions respectively, and ı̂, ̂, k̂, are the unit vectors in the x, y, and z directions respectively.
Let r̂ be the unit vector from the pixel location to the center of the synthetic array
for that pixel. The local grazing angle, θL for a given pixel is defined by
sin θL = r̂ · n̂

(4.5)

With an estimate of the local grazing angle, pixel intensities that have had all
geometric and system-dependent parameters removed can be assembled into an
ensemble of similar grazing angles. In this research, grazing angle bins are 1◦ , and
the scattering cross section is assumed to be independent of azimuth.

4.5

Acoustic System and Scattering
Experiment Overview

The Larvik-11 experiment was performed by the Norwegian Defense Research Establishment (FFI) aboard the research vessel HU Sverdrup II near Larvik, Norway.
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Figure 4.2. The Hugin 1000 autonomous underwater vehicle with the HISAS 1030
sonar. Reproduced with permission from Midtgaard et al. [160], c Marine Technology
Society.

The purpose of the experiment was to test capabilities of change detection, and
to study seafloor complexity using SAS, as documented by Midtgaard et al. [160].
Change detection with SONAR is the process by which changes in a scene (i.e.
objects removed or introduced) are detected by comparing two acoustic images of
the same area separated in time [160]. The experiment employed the Hugin AUV
equipped with a HISAS 1030 interferometric synthetic aperture sonar, which is
typically used as an imaging sonar. As such, it was not intended to estimate absolute scattering strength and has not been calibrated. Providing a rough calibration
for the HISAS 1030 is essential to estimating absolute cross section and is a major
component of this chapter.
The HISAS 1030 is a high-frequency SAS system with interferometric capabilities developed jointly between FFI and Kongsberg Maritime. A photograph of the
vehicle with one side of the sonar system is shown in Fig. 4.2. It consists of one
transmitter per side, and two 1.2 m receive arrays per side. It operates at a center
frequency of 100 kHz, with approximately 30 kHz of total bandwidth. The two
interferometric arrays are separated vertically by 30 cm, or 20 wavelengths. This
baseline separation allows the phase difference between images formed with arrays
to be estimated, which in turn can be converted to a high resolution bathymetry
estimate [221].
Phase coding and matched filtering are used to achieve high range resolution,
and synthetic arrays are used to achieve high along-track resolution. Based on the
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element spacing of 3.75 cm, and the system bandwidth the theoretical resolution
of this system is about 3 cm × 3 cm. Taking into account conservative estimates
of processing weights, element beam patterns and frequency tapers, the practical
resolution of this system is approximately 5 cm×5 cm [216].
The data was collected by the Hugin AUV along a track designed to obtain SAS
images of the area from multiple aspects. The vehicle track is shown in plan view
in Fig. 4.3 as green lines, which is from Midtgaard et al. [160]. The vehicle altitude
above the seafloor was kept at approximately 10 m. The red labels in that figure
refer to objects placed on the seafloor by divers for the change detection experiment. The experiment site, referred to as “Area 2” in [160], was selected because it
is a “complex” seafloor, meaning that its composition is heterogeneous, containing
silt, mud, gravel, and solid outcrops of rock termed svabergs by Norwegians (and
roches moutonées by geomorphologists). Due to its complex and heterogeneous
nature, Area 2 was ideal for studying scattering from rock outcroppings.
The experiment took place in a Norwegian Fjord during April 2011 with a
water depth of approximately 30 m. Fjords are very steep and narrow valleys cut
by glaciers and filled with ocean water. Although the Oslofjord is called a fjord,
and the geomorphology is mostly determined by glacial erosion, it does not exhibit
the same steepness of typical fjords on the west coast of Norway. The Oslofjord is
actually a graben, as outlined in Chapter 2, which is formed by crustal extension
and thinning. Like typical fjords, it is a site where spring melt water collects and
forms a layer of colder fresh water in the first few meters of the water column
surface. This situation can lead to a two-layer ocean, or if mixing is present, can
cause an upward-refracting sound speed profile.
An upward refracting profile is present during the Larvik-11 trial, as documented in Midtgaard et al. [160]. Six sample sound speed profiles measured by
the conductivity, temperature, and depth (CTD) sensor packaged in the Hugin
vehicle are plotted in Fig. 4.4. These sound speed profiles correspond to the calibration rock images presented later in this chapter. Most of the profiles begin at
the sea surface at a lower sound velocity, with the magenta curve being the lowest,
corresponding to fresher water. The sound speed generally increases as a function
of depth, with some fluctuation between -5 and -20 m, corresponding to a mixed
layer. As depth increases below 25 m, the sound speed curves align (except for
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Figure 4.3. Plan view of the sonar track for Area 2 in the Larvik-11 experiment. Green
lines show the sonar track, and red exes show the location of targets for the change
detection experiment. Reproduced with permission from Midtgaard et al[160], c IEEE
Oceanic Engineering Society.

the magenta line) at around 1457 m/s. The above interpretation of the curves
is limited by the coarse vertical sampling of the sound speed profile. The total
variance of the sound speed profiles plotted in this figure is about 0.14% of the
mean sound speed.
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Figure 4.4. Plot of the sound speed profiles measured by the conductivity, temperature,
and depth (CTD) sensors aboard the Hugin AUV.

The main effect of a variable sound-speed for direct path scattering is to alter
the path of sound rays from straight to curved. For a linearly varying sound-speed
profile, ray paths are circular arcs, but for more realistic sound speed profiles,
ray paths are more complicated. Changes in ray paths slightly alter the distance
from the source and receivers to the scattering patch on the seafloor, and change
the incident grazing angle. To gain insight into the magnitude of this effect, the
grazing angle difference between the actual and an assumed isovelocity profile will
be computed for the extreme values in Fig. 4.4. For a pixel at 40 m range with
the AUV 10m off the bottom, the grazing angle assuming an isovelocity profile is
15.00◦ . Using Snell’s law[9, 116], with a sound speed at the vehicle of 1449 m/s (the
minimum of all the curves in Fig. 4.4), and a sound speed at the seafloor of 1457
m/s, the local grazing angle is 14.91◦ , a difference of 0.1◦ . Since this difference is
small, an isovelocity sound speed profile will be assumed when computing the local
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grazing angle of the sea floor. Note that although we may neglect fluctuations in
the sound speed when computing the local grazing angle of the incident pressure
wave, small changes in sound speed can cause significant errors when beamforming
a SAS image, as documented in Cook and Brown [222].

4.6

System Calibration

A full sonar calibration is a complete characterization of the sonar projector and
receivers. This characterization is typically in the form of two pieces of information,
a quantity corresponding to an overall level, and the directivity pattern of the
element. The level quantity for a transmitting element is called the source level, s0
in Pa-m , and is related to the main response axis (MRA, defined below) pressure
√
in the far field by |P | = 2s0 /r. If the transmitter is operated with the same
electrical source for all experiments, then s0 is usually sufficient to characterize the
source level. For a receiver element, the level quantity is sr , and is the ratio between
the amplitude of an incident pressure wave, and the resulting potential difference
er at the output terminals of the sensor. The complex pixel value in a SAS image
is the result of a coherent sum of digitized potentials from the sensors along the
synthetic array and has units of voltage, to within a multiplicative constant set by
the analog to digital converter.
To date, a full system calibration of each transmitting and receiving element of
the HISAS 1030 sonar has not been carried out. Although the directivity patterns
have been measured, the effective source levels and receiver sensitivities have not.
Without these parameters, relative levels and the shapes of seafloor scattering
strengths can be estimated, but not absolute levels. Fully calibrating the HISAS
systems is currently under discussion among the SAS and HUGIN development
teams at FFI and Kongsberg Maritime. In the future, absolute backscattering
measurements will be possible using calibration data obtained in an acoustic test
facility, but calibration using a natural feature was the only feasible method for
this study. The effective calibration used a natural feature on the seafloor for
which a valid scattering model with reliable inputs can be computed. Calibration
using a natural feature has been used before in Dwan [223], and Lyons et al. [85]
to calibrate the GLORIA sidescan sonar system.
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The calibration was performed by computing two curves, 1) a relative scattering
strength curve over a range of angles from SAS data, and 2) an absolute scattering
strength curve over the same range of angles computed using the geoacoustic input
paramters estimated in Chapter 2, and roughness input parameters estimated in
Chapter 3. The parameter s is computed by matching the relative data to the
scattering model in a least squares fashion. The estimate of the s parameter
obtained depends on the accuracy of the scattering model, and accuracies of the
geoacoustic and roughness parameters used in the scattering model.
The natural feature used to calibrate the system is a relatively flat (with respect
to the surrounding sediment) outcrop of rock approximately 10 m by 5 m, which
will be called the calibration rock in this research. Although the calibration rock
appears to be flat from the imagery, small-scale bathymetry estimates are available
from interferometric techniques. SAS images of the calibration rock obtained from
several different aspects and ranges are presented in Figs. 4.5, 4.6, 4.7, 4.8, 4.9, and
4.10 for a total six independent looks. The green dashed lines in these images mark
the areas where pixels were extracted to estimate relative scattering strength.
Note that the green dashed boxes do not correspond to the same regions on
each SAS image. Although a more stationary ensemble results from using the same
regions, this procedure was not used because of drop stones on the calibration rock.
Dropstones and their shadows were excluded from the analysis because they are
discrete scatterers and are thus not well modelded by the SSA. The location of
the bright flashes due to scattering from dropstones, and the low amplitude areas
due to their shadow zones changes as a function of the imaging geometry. Since
it is advantageous to maximize the ensemble size used to estimate the scattering
strength, the maximum uncontaminated area of the calibration rock was selected,
at the expense of using the same area on the rock.
The relative scattering strength curves, plotted in decibels referenced to s are
plotted in Fig. 4.11. All of the aspects follow roughly the same trend of a slight
negative slope as a function of grazing angle. There is some fluctuation in the
level of each aspect, which is expected to be a function of anisotropic roughness
on the calibration rock. Roughness anisotropy was discussed in Chapter 3. The
calibration curve that is fit to the model power spectrum is averaged across all
azimuths, and it is expected than an azimuthally averaged power spectrum input to
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Figure 4.5. SAS image of the calibration rock from pass 16. Green dashed lines mark out
areas from which pixels used to estimate relative scattering strength for the calibration
stage.

the scattering model will be an adequate representation of the averaged scattering
data.

4.6.1

Scattering Model

The scattering model used in the system calibration is the elastic small slope
approximation. From the texture of the SAS images in Figs 4.5, 4.6, 4.7, 4.8, 4.9,
and 4.10, the rock appears to be very smooth. This smoothness is confirmed by
comparing the scattering levels of the surrounding sediment, and the rock surface.
A very smooth textured continuous outcrop of rock in this area is very likely to
have an interface shaped through glacial abrasion.
Since the grazing angles of the calibration measurements are all less than 40,◦
elastic perturbation theory could also be used for the calibration. Using the calibration information, near specular scattering strength will also be estimated, and
the small roughness perturbation method fails near the specular direction. Due to
this shortcoming of small roughness perturbation theory, the SSA will be used for
both calibration and comparison with near specular scattering strength estimates.
Computation of the SSA involves the angular factor, Aww , and the Kirchhoff
integral. For elastic boundary conditions, the Aww term can be computed using
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Figure 4.6. SAS image of the calibration rock from pass 17. Green dashed lines mark out
areas from which pixels used to estimate relative scattering strength for the calibration
stage.

Figure 4.7. SAS image of the calibration rock from pass 24. Green dashed lines mark out
areas from which pixels used to estimate relative scattering strength for the calibration
stage.

Eq. (1.28). The Kirchhoff integral for any roughness spectrum input is calculated
using Eq. (1.37). In general, the integrand of this equation is oscillatory and
notoriously difficult to compute numerically [224]. A computational algorithm
for the Kirchhoff integral using a power-law spectrum was developed by a group
at the United State Naval Research Laboratory [136, 137]. It consisted of two
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Figure 4.8. SAS image of the calibration rock from pass 25. Green dashed lines mark out
areas from which pixels used to estimate relative scattering strength for the calibration
stage.

Figure 4.9. SAS image of the calibration rock from pass 32. Green dashed lines mark out
areas from which pixels used to estimate relative scattering strength for the calibration
stage.

136

Figure 4.10. SAS image of the calibration rock from pass 33. Green dashed lines
mark out areas from which pixels used to estimate relative scattering strength for the
calibration stage.
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Figure 4.11. Data from each aspect of the Calibration Rock. Each curve has not been
corrected for the effective source level, so the data is plotted with respect to s−1
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series approximations to the Kirchhoff integral, one a Taylor series, and the other
a rational fraction series, each accurate within a specified region of parameter
space and grazing angles. The domain of validity for these two methods overlaps
enough, i.e. the infemum (greatest lower bound) of one set is strictly greater than
the supremum (least upper bound) of the other, to empirically define a transition
point. A Matlab implementation of the method developed in Drumheller and
Gragg [137] was written by the author.

4.6.2

Model Input Parameters

Computation of the SSA for calibration also requires reliable input parameters.
One aspect of the NORGEX-13 experiment was to obtain roughness power spectrum estimates of glacially abraided monzonite surfaces. It was argued in Chapter 2 that the roughness characteristics of the surfaces from which the acoustic
calibration measurements were made are similar to the roughness characteristics
of glacially abraided surfaces at the roughness measurement site. Therefore, the
power spectrum estimates presented in Chapter 3 are assumed to be an accurate
representation of the power spectrum of the calibration rock. Since the acoustic and roughness measurement sites were separated by about 5 km, the exact
shape of the rough interfaces are not expected to be the same. Since many small
clasts have been dragged across the surface, small-scale roughness is assumed to
be well-approximated by a stationary random field. The statistics of this random
height field can be assumed to be the same, given that the mineral compositions
and glacial abrasion are quite similar. The geoacoustic properties at 100 kHz have
been estimated from the mineral composition in Chapter 2, and are listed in Table 3.3. Parameters of the roughenss power-law fit to the power spectrum are listed
in Table 3.4.

4.6.3

Calibration Results

Using the parameters in Table 3.4, and the algorithm detailed in Drumheller and
Gragg [137], a model scattering strength curve has been computed, and plotted in
Fig. 4.12. Note the local minima due to the compressional and shear wave critical
angle, at approximately 77◦ and 68◦ respectively. Using the criterion of minimum
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Figure 4.12. Full angular range of the small slope approximation curve used to calibrate
the system. The curve was computed using geoacoustic input parameters from Table 3.3,
and roughness parameters from Table 3.4.

sum of squares between the model and data, an effective calibration parameter, s
has been determined as 9.4605 × 10−6 V-m, or -100.5 dB re (V-m)2 . The absolute
scattering strength from the calibration rock, along with the model computation
is plotted in Fig. 4.13. The only free parameter in the model-data fit is s, which
is independent of the curve shape.
Note that the data curve is extremely similar in shape to the model curve.
The data curve lacks any local minima or maxima, which indicates that no critical
angles or angles of intromission exist between 10◦ and 30◦ . This behavior implies
that the shear and compressional critical angles are greater than 30◦ , or that the
shear and compressional speeds are both greater than approximately 1680 m/s.
The data exists entirely below the critical angles for the compressional and shear
waves in the bedrock, 77◦ and 63◦ respectively. Below these angles, the magnitude
of the plane wave reflection coefficient is exactly one for media with no absorption,
and very close to one for absorptive materials. The scattering cross section level
is relatively insensitive to the sound speed in this angular range. Density, on the
other hand, is the primary factor affecting the shape of the scattering strength
curve below the critical angle, as discussed in 1.7.2.1.
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Figure 4.13. The SSA curve is plotted alongside the azimuthally averaged scattering
strength from the calibration rock, with the calibration information included. The shape
agreement is excellent.

The precision of the effective source parameter is a source of error in scattering
strength estimate,and results from uncertainty due to finite sample size, and uncertainty in the model used to calibrate the system. The standard error (SE) for
the ensemble used to estimate the scattering cross section for the calibration step
is plotted in Fig. 4.14. The error is presented in it dB equivalent, computed by
10 log10 (1 + SE). For this measurement, the standard error is always less than 0.25
dB, which corresponds to a relative fluctuation of about 5% in the cross section.
Standard error can be used to put error bars on the scattering strength plots if it
is combined with other sources of error. Error bars computed solely with SE are
smaller than the markers used to plot the scattering strength in Fig. 4.13, and are
an insignificant source of error.
The greatest source of error in estimating the effective calibration parameter,
s, is likely due to the model parameters used to compute the scattering model. As
stated above density is the geoacoustic parameter to which the model cross section
is most sensitive. The value for the density was estimated via simple average by
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volume of the mineral composition. Anisotropy or specific distribution of mineral
grains do not affect the bulk density, and the estimate is likely to be very good. The
cross section is quite sensitive to the roughness parameter inputs to the scattering
model. At low grazing angles, the scattering cross section is directly proportional
to the power spectrum evaluated at the Bragg wavenumber. Variability in this
quantity is the largest source of error in the estimate of s. The difference between
the roughness power spectrum of submerged versus subaerial bedrock cannot be
quantitatively estimated, but it is likely that chemical weathering will increase
the roughness, but at scales smaller than the Bragg wavelength. Variability in
the scattering cross section is based on the standard deviation of the roughness
power spectrum around the Bragg spatial frequencies as a function of azimuth.
The ratio between the standard deviation and the mean in Fig. 3.26 was found to
be approximately 1.5 dB, with a ratio of standard deviation to the mean of 0.4328.
Measurements of the porosoity of monzonite were found to have a standard
deviation of 0.43%. The uncertainty in the estimate of the scattering cross section can be found by multiplying the standard deviation of the porosity by the
partial derivative of σ with respect to the porosity. This derivative was computed
numerically and the uncertainty was found to be 1.02% of the mean cross section. Uncertainty due to estimates of the spectral strength and porosities combine
quadradically to form a total estimate of model uncertainty to be 43.29% of the
mean cross section. The total error in the estimate of the effective source strength
is a quadratic sum of the uncertainty of the model and standard error of the data.
This quantity represents the standard deviation of the estimate of the mean effective source strength. If Gaussian errors are assumed, then a conservative estimate
of the uncertainty at 95% confidence is twice the standard deviation, which is a
relative uncertainty of ±86.86%. This uncertainty results in an asymmetric error
of (-8.6 dB, 2.7 dB). Note that dB error is related to the ratio of the standard
deviation of the mean by EdB = 10 log10 (1 + µ/σ).

4.7

Low and Moderate Grazing Angles

For low to moderate grazing angles, the cross section varies slowly over the region
of integration in Eq. (4.1) and can be taken outside the integral. Additionally, if
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Figure 4.14. Standard error for the calibration measurements.

the system transmits a pulse short enough that the beam pattern and range vectors
vary slowly over the region of integration, then more simplifications can be made.
These simplifications can be found in Appendix G of Jackson and Richardson [9]
and result in the formula,
Z
00
e−4kw |rs −r|
Ip = (sr s0 ) σ̃
∆r |b(θtr , φtr )|2 dφtr
|rs − r|3
00 |r −r|
−4kw
s
2 e
Ip = (sr s0 ) σ̃
∆rΨ
|rs − r|3
2

(4.6)
(4.7)

where b = br bt is the product between the transmit and receive beam patterns
(assuming monostatic geometry), and θtr and φtr are the vertical and horizontal
angles with respect to the effective monostatic trasmitter/receiver pair, and Ψ is
the integrated horizontal beam pattern and is a measure of the azimuthal resolution of the array. The quantity ∆r is the effective range resolution and is equal
to cw τ /2 for systems transmitting a narrowband pulse of length τ . For systems
transmitting a wideband phase-coded signal such as a linear frequency modulated
pulse, the received signal may be passed through a matched filter, which com-
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presses the waveform into a pulse with approximate width cw /(2Bw ), where Bw
is the bandwidth in Hz of the the transmitted waveform [225, 226, 221]. A more
accurate treatment of the range resolution defines ∆r as the width of an equivalent
unit-amplitude rectangular window with the same integrated energy as the output
of the matched filter.
cw
∆r =
2

Z∞

e2 (t) dt

(4.8)

−∞

where e is transmitted waveform passed through the matched filter with its peak
normalized to unit amplitude. The integration limits extend to ±∞ because any
waveform with a finite spectral support has infinite support in the spatial domain
[227]. An important consequence of this fact is that a single pixel value represent
contributions from the whole image domain, although regions outside the 3-dB resolution cell are highly attenuated compared to the region inside the 3-dB resolution
cell.
Low grazing angle cross section estimation is a direct estimator (using terminology from the spectrum estimation community [203]). Confidence intervals and
standard error both provide a measure of the precision or variance in the estimate
of the mean, and provide a measure of how well that estimate captures the ensemble. If the ensemble has only a few members, say, fewer than ten, then the
estimate of the mean will be poor. Conversely, a large ensemble of a few thousand
will provide a reliable estimate of the mean power. The standard error works under
the assumption of an underlying distribution for the data, which for power, is typically an exponential distribution. It is an estimate of the variance of the estimated
mean, which for the random variable, X with an exponential distribution is
N

X
1
std(X)
SE = √
(Xi − X̄)2 = √
N (N − 1) i=1
N

(4.9)

where std (·) is the unbiased sample standard deviation, X̄ is the sample mean
of the data, and N is the size of the ensemble. For an exponential distribution
p(X)P = e−X/λ with λ > 0 the rate parameter of the distribution, the mean and
variance are both equal to λ. For small sample sizes, SE is approximately equal
to the cross section, which is a very large variance. As the sample size increases,
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SE decreases, but with diminishing returns. It is common to express variability in
the data with the SE, even though reverberation data is commonly non-Rayleigh
[98, 40, 152].
An alternative measure of the goodness of an estimate of the mean is to estimate
a confidence interval (CI). Confidence intervals express a range of values that is
expected to contain a specified percentage of the data, and depends on the ensemble
size. For Gaussian-distributed data reporting the standard error is eqivalent to 68%
confidence intervals. The percentage of the data represented by the CI depends on
the application. The National Institute of Standards Technology typically reports
95% CIs, which is roughly equivalent to twice the standard deviation for Gaussian
data. In this research, 95% CIs will be reported for both low grazing angle direct
estimates, and near-specular parametric estimates.

4.8

Near-specular Regime

If the pixel intensity is equal to the the sum of the scattering cross section over a
wide range of angles, which most-often occurs near the specular direction, then the
methods of the previous section do not apply. Thus far, all methods to estimate the
cross section near the specular direction are parametric, as opposed to the direct
method for low grazing angles. In a parametric estimate, a model for the cross
section is specified, and parameters for that model are estimated. The resulting
estimate for the cross section is an analytic expression, rather than a set of points.
Fluctuations in the estimate are expressed as confidence limits for the estimated
parameters, rather than confidence intervals or the standard error for a single
point.

4.8.1

Previous Work on Estimating Near-specular
Scattering Strength

For reverberation time-series, model parameters are estimated by matching a model
time series to an observed ensemble-averaged intensity time series. The model
time series is obtained from a model cross section by performing the integration
in Eq. (4.1). Some of the first near-specular cross section estimates were made by
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Jackson et al. [37], and detailed in Appendix G of Jackson and Richardson [9],
in which the cross section is approximated by a Gaussian function. This simple
model, combined with a Gaussian approximation to the beam patterns, allowed
analytic integration of Eq. (4.1). Since the model contains only one parameter the
width of the Gaussian cross section model, determining the model parameters is
straightforward.
The Gaussian model was motivated by the high-frequency approximation to
the Kirchhoff aproximation (HFKA), which reduces to a Gaussian function with
its standard deviation equal to the mean square slope of the rough interface [9].
Compared to the ordinary KA, the HFKA only has a specular component, with
no appreciable diffuse component. This specular peak is very narrow and falls off
significantly faster than the ordinary KA. Additionally, for 2D power law spectra
with γ2 ≤ 4, the mean square slope is undefined. These features of the HFKA
make it an unacceptable model.
A more robust technique to estimate the near-specular scattering cross section
was developed recently by Jackson et al. [228] using a sum of Gaussian functions,
and Hefner et al [229] using a sum of Hann functions. In both of these techniques,
the cross section is modeled as the linear combination of a set of basis functions,
fn (θ), with coefficients an .
σ(θ) ≈

X

an fn (θ)

(4.10)

n

In contrast with Jackson’s earlier method [37] where the standard deviation of
the Gaussian function was estimated, the Gaussian functions in the more recent
method were pre-determined to 10◦ and 20◦ (with n = 2). The Gaussian functions
were centered at the origin and exist for the whole domain of support. An alternative method, proposed in Hefner et al. [229] used Hann functions [226] of width ∆θ
centered at 90◦ − n∆θ. Hann functions have support over a finite angular range,
∆θ, so that each basis function provides a rough estimate of the overall level of
the cross section within its respective domain of support.
Estimation of basis function coefficients is quite simple, due to the linearity of
the model, enabling the use of the tools of linear least-squares [207]. The resulting
cross section computed from the estimated coefficients has the disadvantage of
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being oscillatory. For a small number of basis functions, say two or three, the
estimated scattering cross section is typically monotonic, and non-oscillatory, but
cross section shapes the linear combination is able to represent are small, and
are possibly a poor fit to the data. As the number of basis functions increases,
the model is able to resolve more features of the data, and in theory, provides a
better fit to the data. However, when more than two or three terms are included
in the model, the solution becomes highly oscillatory, sometimes dropping below
zero [230]. Since the scattering cross section is a second-order quantity, it must
be positive definite, which makes negative solutions non-physical. Although an
oscillatory cross section is certainly possible, especially near the critical angles for
compressional and shear waves in the seafloor, near-specular behavior is typically
monotonic. Oscillatory and non positive-definite solutions makes the basis function
technique unacceptable for this work.
A model for the cross section based on a physics-based scattering model was
formulated by Pouliquen [231] and Pouliquen and Lurton [232, 233], and was used
by Sternlicht and DeMoustier [234, 235]. The Kirchhoff approximation was chosen
as a scattering model due to its accuracy near the specular direction. The SSA
could also have been used, but since the intensity time series analyzed contain
contributions only near the specular direction, the KA is sufficient.
Model intensity time series are matched to observed data by estimating the input parameters to the Kirchhoff Approximation. Since the KA cross section does
not linearly depend on its input parameters, the very efficient tools of linear leastsquares no longer apply. A nonlinear iterative technique must be used instead.
This technique uses the first and second derivatives of the cross section with respect to the input parameters to move from the current iteration, to the next, more
accurate, iteration. Since the Kirchhoff approximation is not expressible in closedform for all seafloor parameters, the derivatives must be approximated numerically
using the finite difference approximation, drastically increasing computation time.
Many of the input parameters to the Kirchhoff approximation must fall within
prescribed bounds (i.e the spectral strength, w2 must be nonnegative, and the
spectral exponent, γ2 , must be greater than two), transforming the problem into
constrained optimization. Sternlicht and DeMoustier used a linear approxima-
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tion to the objective function, and were able to use the simplex method of linear
programming [207].
The mapping between the input parameters of the KA and the scattering cross
section shape is not an injective (one-to-one) function [213], and solutions are
degenerate, i.e. not necessarily unique. If one is only concerned with the shape
of the cross section, then degeneracy is not as much of a problem. However, if
cross section estimates through the KA are used as a remote-sensing technique in
which the parameters of the seafloor are estimated through acoustic data, then
degeneracy is an important consideration, and casts doubt on the reliability of
results. If one examines the compilation of mud and sand scattering strength
measurements in Fig. 1.2 and 1.3, there is considerable overlap between each of
the measurements, and it seems impossible to distinguish sediment type based on
acoustic data alone. The computational burden of the Kirchhoff approximation,
combined with degenerate solutions, makes this technique unsatisfactory for this
work.

4.8.2

A new Method to Estimate Near-specular
Scattering Strength

The physicality of the KA, or SSA near the specular direction makes it a very
attractive model for parametric estimation of the scattering cross section. However,
it has the drawback not having a closed-form analytic solution, which can be
alleviated by parameterizing the SSA near the specular direction with the model,
σSSAP =

σ0
(χ20 + χ2 )

p/2

(4.11)

where σSSAP is the parameterized small-slope approximation, andχ = π/2 − θ is
the angle of incidence with respect to the vertical direction. The quantities σ0 , p,
and χ0 are parameters defining the model, which has exactly the same functional
form as the von Kármán spectrum, although with angular instead of wavenumber
arguments. Motivation for this approximation comes from the analytical solution
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to the Kirchhoff Integral when γ2 = 3. In this case, the scattering cross-section is
σ=

1
kw4 |Aww |2
α
∝
3/2
3/2
2
2
2π∆K ∆kz (1 + α2 )
(cos2 θ + χ20 )

(4.12)

For angles less than 30◦ , cos θ can be approximated as χ, and the form of Eq.
(4.11) is recovered with p = 3. The final step in the above equation neglects
changes in the angular dependence of Aww , ∆K, and ∆kz . This approximation is
appropriate so long as the maximum critical angle of the seafloor is less than the
angular range of interest, within 15◦ , of specular for the sound speeds in Table 3.2.
Another advantage is that estimates of the scattering model parameters are not
tied to the roughness or geoacoustic inputs to the scattering model.1 The cross
section estimate is then only a measure of the acoustic field, and is agnostic with
respect to seafloor parameters.
The extension of the form of Eq. (4.11) to arbitrary roughness parameters is
plausible, but not a priori justified. To justify this model, a parametric study is
performed through which the goodness of fit of the SSAP model to the actual SSA
can be evaluated. Specifically, the goodness of fit of the SSAP will be determined
over the parameter values most often observed in seafloor roughness measurements.
As stated above, the factor Aww will only be relevent around the critical angles,
and so long as attention is restricted to supercritical angles, this effect may be
ignored. For the parametric study, only the geoacoustic inputs estimated for the
experimental site will be used. Consequently, this method will only be applicable
where the SSA or KA is valid. The numerical methods used to approximate the
Kirchhoff integral detailed in [137, 136] restrict the spectral exponent to the range
γ2 ∈ (2.4, 3.8). Common spectral parameters from seafloor roughness measurments
can be found in [9, Fig 6.18 and Table 6.1]. Spectral strengths from this source
are roughly bounded to the range w2 ∈ (1 × 10−8 , 1 × 10−4 ). These bounds on γ2
and w2 define the boundaries of the parameter space. The particular values will be
regularly sampled with an interval of (3.8 − 2.4)/100 = for γ2 , and logarithmically
spaced with 100 samples for w2 .
1

Note that the three parameters of the SSAP can be related to gross characteristics of the
roughness parameters, such as the rms roughness, but not in a one-to-one relationship
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Figure 4.15. Results of the parametric study to determine the goodness of fit for the
SSAP for ranges of spectral parameters. This plots shows the dependence of σ0 on the
input parameters w2 , and γ2 . Note that the SSAP is exact for γ2 = 3

4.8.2.1

Evaluation of the small slope parameterization

Goodness of fit between the SSA and SSAP will be evaluated using the relative
mean-square error (RMSE) between the SSA and SSAP. If σSSA (θ) is the smallslope model, and σ̂(θ) is the parameterized SSA, then the RMSE, ξE , is defined
as
v
u
2
N 
u1 X
σSSA (θi ) − σ̂(θi )
t
ξE =
,
N i=1
σSSA (θi )

(4.13)

where N is the number of angular points at which SSA cross section is evaluated
for the model fitting purpose. The model parameters are estimated using Newton’s
method for nonlinear least squares optimization. Details concerning this method
can be found in Appendix E. The best-fit parameters are noted σ̂0 , χ̂0 , and p̂. Since
the SSAP model is exact for γ2 = 3, values of ξE representing a good model-data
fit will be referenced to that value of γ2 .
The results for the SSAP fit to the SSA are shown in Figs 4.15,4.16,4.17, and
4.18. Estimates of the three parameters are given, along with estiamtes of ξE .
Attention should be paid to the region log10 w2 > 2.5γ2 − 11.5. In this region, the
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Figure 4.16. Results of the parametric study to determine the goodness of fit for the
SSAP for ranges of spectral parameters. This plots shows the dependence of χ0 on the
input parameters w2 , and γ2 . Note that the SSAP is exact for γ2 = 3

parameter estimates are discontinuous as a function of w2 γ2 , and especially for the
parameter p, seem to diverge. The behavior of σSSA near the specular direction in
this region of parameters space is characterized by a local minimum in the cross
section. This behavior is due to the behavior of the Kirchhoff integral near the
specular direction, and more detailed discussion can be found in [236]. Negative
values of p are required to fit this shape, which is allowable by the model, but it
is not well-fit by the SSAP. While seafloor roughness may be characterized by this
region of spectral parameters, the cross-section is expected to display a peak near
the specular direction for smooth seafloors. Moreover, these parameters indicate
an extremely rough surface, and the near-specular scattering strength estimates in
this dissertation are estimated from very smooth glacially eroded surfaces.
Values of the goodness of fit parameters, ξE range between about 10−4 , and
10−0.5 , which constitutes about four orders of magnitude. This variation in the
relative mean-squared error may seem troubling, and may indicate that the SSAP
is a good model for the SSA for only a narrow range of parameters. However, if
the SSA and SSAP are compared for parameters w2 , and γ2 representative of both
a good and poor fit, the values for scattering strength are actually quite good for
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Figure 4.17. Results of the parametric study to determine the goodness of fit for the
SSAP for ranges of spectral parameters. This plots shows the dependence of p on the
input parameters w2 , and γ2 . Note that the SSAP is exact for γ2 = 3

Figure 4.18. Results of the parametric study to determine the goodness of fit for the
SSAP for ranges of spectral parameters. This plots shows the dependence of the relative
mean-square error ξE on the input parameters w2 , and γ2 . Note that the SSAP is exact
for γ2 = 3
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Figure 4.19. Comparison of the SSA and SSAP for (w2 , γ2 ) = (1.71 × 10−5 , 2.9). These
parameters correspond to a very low value of ξE , about 10−4 , which constitutes a very
good model fit.

Figure 4.20. Comparison of the SSA and SSAP for (w2 , γ2 ) = (9.33 × 10−8 , 2.4). These
parameters correspond to a very low value of ξE , about 10−0.5 . Since this value for ξE
is almost four orders of magnitude greater than the plot in Fig. 4.19, it may seem like a
poor fit. However, in dB space, the fit is actually quite good.
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both situations. The SSA and SSAP are compared for a low value of ξE in Fig.
4.19, and for a high value of ξE in Fig. 4.20. The parameter values for these plots
are (w2 , γ2 ) = (1.71 × 10−5 , 2.9) and (9.33 × 10−8 , 2.4) respectively. The scattering
strength values for the SSA and SSAP are quite close for both parameter values.
In Fig. 4.20, the model fit is poor because the SSA curve is steeper than the SSAP
for grazing angles near 90◦ , and shallower for grazing angles near 75◦ . Although
the SSA and SSAP differ by as much as 2 dB away from specular, The overall
shape of the curve is very well matched, especially when considering that the cross
section varies by about 60 dB re 1 over 15◦ , and the fluctuations present in many
scattering strength estimates. Based on these results, the SSAP is an acceptable
closed-form analytical approximation to the small slope approximation.
4.8.2.2

Estimating the near-specular cross section

The scattering cross section near the specular direciton can be estimated by fitting
a model pixel intensity series to an ensemble pixel intensity series. For low grazing
angle measurements, an ensemble of pixel intensities is relatively easy to form
since the pixel can be assumed to correspond with only one grazing angle. Near
the specular direction, an ensemble is difficult to form, because each pixel is the
result of a weighted sum over many grazing angles. Regardless of the criterion for
ensemble formation, the ensemble-averaged pixel intensity will still be the weighted
average of the cross section over many angles, with the weights as the union of the
weights from individual pixels. In this dissertation, an ensemble is formed by
estimating the weighted mean grazing angle going into each pixel, using the same
weights as the array weights. The pixels are then sorted according to their weighted
mean, and divided into ensembles with approximately 150 members.
A model pixel intensity, Iˆp is fit to the ensemble-averaged pixel intensity by
averaging the model cross section over the same weights of the aperture sequence.
Let the subscripts i and j denote the ensemble number and pixel within the ensemble respectively. The ensemble weights are represented by Wij , which can be
thought of as a matrix. The comparison with a matrix implies that Wij has an
equal number of weights for every ensemble. There is no reason why this assumption should be true, but the weights can be expressed in matrix notation by

153
zero padding ensembles with fewer member than the ensemble with the maximum
number of weights.
With estimate of the weights and grazing angles for each ensemble, a pixel
intensity, and a scattering model, all the pieces for estimating the scattering cross
section are in place. The pixel intensity is related to the true cross section by
Ipi =

J
X

Wij σ(θij )

(4.14)

j

where θij are the angles going into each ensemble and Ipi is the ensemble averaged
pixel intensity for ensemble i. The model pixel intensity is related to the model
cross section by
Iˆpi =

J
X

Wij σ̂(θij )

(4.15)

j

The model and ensemble-averaged pixel intensity are matched using nonlinear
least squares (NLLS). The details of NLLS are included in the Appendix for the
interested reader, but basic terminology is defined here. The objective function is
a measure of the goodness of fit between model and data. It is a function of both
the vector of model parameters, x, and data two which the model is fit, yi . The
n
P
objective function, f (x) is expressed in this research as f (x) = 21 (yi − ŷi (x))2 ,
i=1

where yi is the ith data point and ŷi is the model evaluated to match the ith data
point.
4.8.2.3

Correlated Errors and Goodness of Fit

Whichever optimization method is used to arrive at a parameter estimate, the objective function, f (x) is used as a goodness of fit parameter. Objective functions
such as SS, SAD, and MAD are insensitive to the details of the residuals and represent a global measure of model-data (mis)fit. The global nature of the objective
function can hide structure that is readily observed by graphical inspection of the
residuals.
A common misconception of goodness of fit is captured in Fig. 4.21. A straight
line is fit to a quadratic function with R2 ≈ 0.87, which is usually deemed accept-
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Figure 4.21. Example of correlated errors by fitting a straight line to a parabola.

able by the statistics community [237]. This plot is motivated by Anscombe’s 1973
paper [237] on the utility of graphical analysis in statistics. Although the mean
squared error and standard deviation of parameter estimates are acceptable, visual
inspection reveals that the straight line does not capture the curvature of the plot.
The residuals here are not independent of one another and show a correlated structure. Good model-data fits have residuals that are independent of one another.
Correlation structure usually indicates that the model is not robust enough to adequately capture trends in the data. The degree of correlation can be estimated
by forming the autocorrelation function of the residual vectors and determining
its correlation length, or correlation parameter, τ . If several distinct parameter
estimates for the near specular model result in the same objective function value,
the correlation length of the residual provides an additional criterion for goodness
of fit. Very short correlation lengths (which are technically unitless) are preferred
because they are closer to independent residuals than longer correlation lengths.
Estimating the correlation function of a residual vector can introduce bias if
the sample autocovariance is estimated,
B[n] =

M
X
m=0

x[m]x[m − n]

(4.16)
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There is an implicit window function involved, the uniform window. In general, the
aucorrelation function of a random function multiplied by a window is equal to the
autocorrelation of the random function times the autocorrelation of the window.
A uniform window has a triangular autocorrelation, and a correlation parameter
estimated from the sample autocovariance will be biased.
An unbiased estimate of the correlation parameter can be formed using the
AR model presented in C.1, specifically Eq. (C.2). If a one parameter AR model
is estimated from the data using a method that does not use the sample autocovariance, such as Burg’s method [203] or the forward-backward method [203], the
correlation parameter can be estimated from this one quantity, φ1 . For a first-order
AR model, the covariance function estimate is
B[n] =

σAR |n|
φ
1 − φ1 1

(4.17)

where σAR is the innovations variance. If φ1 < 1, then the AR covariance estimate
will be a decaying exponential with 1/e correlation parameter
τ=

1
ln φ1

(4.18)

This method will be used to estimate the correlation parameter of the residual
vector. Smaller values of τ will be preferred over larger values.
4.8.2.4

Confidence intervals for non-linear least-squares

Measurements are only as good as their precision. Estimating the precision, or
standard deviation for low grazing angles is easy, because the cross section estimate
is the arithmetic mean of individual intensity samples. For the parametric estimate,
there is no such finite ensemble from which an intensity variance can be computed.
Instead, the precision of the estimate is computed from the range of parameters
that give some specified deviation from the minimum objective function. That
is, what is the region of parameter space that provides an equally good fit to the
data measured by the sum of squared residuals, to within a certain tolerance. This
tolerance depends upon what percent of the residual is included in the confidence
interval, similar to direct estimates of scattering strength. As stated earlier 95%
confidence intervals will be computed.
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The confidence region corresponding to a 1 − η confidence interval, where 1 − η
is the fraction corresponding to the percent desired is


xCI |xTCI ∇2 f (x∗ )xCI ≤ mf (x∗ )F (m, n − m, η)

(4.19)

where m is the number of parameters, n is the length of the data vector, and
F (m, n, η) is the F-distribution. The F-distribution is defined in standard statistical tests such as Bendat and Piersol [226], and results from assuming that
the residual vector is composed of independent Gaussian random variables. Most
data is neither perfectly Gaussian-distributed, nor perfectly independent, so this
assumption is somewhat unrealistic, but by estimating the correlation length of
the residual vector, the independence of the data can be quantified.
The boundary of the confidence region can be computed by sending out rays
eminating from the final parameter estimate x∗ in m-dimensional space and finding
approximate equality with the right-hand-side of Eq. (4.19). Since the SSAP
model has 3 parameters, one can use spherical polar coordinates to specify the
directions of the rays. To finally estimate the CI region of the scattering cross
section estimate, the SSAP model is computed from all the boundary points of the
confidence region. The angles at which the SSAP model is computed is an interval
that covers the union of all angles in 4.14. From these cross section estimates at
the perimeter, the confidence interval at each angle is computed from the maxima.

4.9
4.9.1

Cross Section Results and Discussion
SAS Images from which Scattering Strength is Estimated

SAS images of svabergs used to derive scattering strength estimates are presented
in Figs. 4.22, 4.23, 4.24, 4.25, and 4.26. Areas enclosed in the green dashed
lines mark the pixels that have been used to estimate scattering strength at low
grazing angle, and light blue areas mark pixels that have been used to estimate
near specular scattering strength. The individual rock features are labeled by a
number (e.g. Svaberg 2). If data from more than one aspect exists, then the pass
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number differentiates between the two by specifying the sonar track, referenced to
Fig. 4.3 (e.g. Svaberg 1, Pass 15).
Svaberg 1 in Figs. 4.22 and 4.23 exhibits classic features of a roche moutonée
and are observed from two aspects. Svabergs 2, 6 and 11 also exhibit these features,
but are observed for only one aspect. Glacier flow is from right to left in Pass 15,
and from top to bottom in Pass 33. The up ice side exhibits smooth curves and
striations that are the result of glacial abraision. Striations likely arise from lateral
plucking [182], which have been subsequently smoothed by glacial abrasion. These
striations produce very bright flashes in Fig. 4.23 bewteen -16 m and -18 m ground
range and 50 m and 58 m along track.
A plucked leeward side is evident from the images as well. Green boxes mark
areas from which scattering strength from plucked surfaces have been estimated.
From the images, steps of varying sizes can be discerned. In svaberg 6 for example
(Fig. 4.25), the steps are large enough that they can be resolved by the image, but in
svaberg 14.22, there are are a variety of step sizes and some of them are not quite
resolvable. Note that cobble-sized dropstones are evident from the SAS image.
Their presence along with facets may also be a cause of Lambertian behavior in
the cross section and heavy-tailed behavior in the probability of false alarm seen
below.
Note that the plucked sides of the svabergs are also covered with drop stones,
cobble-sized rocks that were released from melting icebergs or glaciers during their
retreat phase. These stones are most evident in svaberg six in Fig. 4.25, and likely
affect the scattered field. The precise effect these stones have on the scattered
field is unknown, but they are likely to cause backscattering at almost all angles
of incidence. At this time, a likely hypothesis is that drop stones contribute to the
Lambertian shape observed in the following cross section plots.
Plucked surfaces offer an extremely rough surface compared to the center wavelength of the system. Many of the new and interesting measurements in this dissertation are centered on these stepped surfaces. Bright flashes from the side of
svaberg 1, pass 15 are also interesting high-amplitude events and will be used to
estimate the near-specular cross section.
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Figure 4.22. SAS image of Svaberg 1, pass 33. Green dashed boxes represent pixels
used to estimate the cross section at low grazing angles.

Figure 4.23. SAS image of Svaberg 1, pass 33. Green dashed boxes represent pixels used
to estimate the cross section at low grazing angles, and the blue dashed box represents
pixels used to estimate the cross section near the specular direction.
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Figure 4.24. SAS image of Svaberg 2. Green dashed boxes represent pixels used to
estimate the cross section at low grazing angles.

Figure 4.25. SAS image of Svaberg 6. Green dashed boxes represent pixels used to
estimate the cross section at low grazing angles.
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Figure 4.26. SAS image of Svaberg 11. Green dashed boxes represent pixels used to
estimate the cross section at low grazing angles from plucked surfaces, and blue dashed
boxes represent pixels used to estimate cross section from glacially abraided surfaces.
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4.9.2

Low Grazing Angle Results

Cross section curves from the dashed boxes in Figs. 4.22, 4.23, 4.24, 4.25, and
4.26 have been extracted. They are presented in Figs. 4.27, 4.28, 4.29, and 4.30.
For each of the curves for the plucked side of the svaberg, a best-fit Lambertian
model has been plotted along with the measured scattering strength curves. The
Lambertian model is empirical, and describes perfectly diffuse scattering[9]. It has
the form of
σL = µ sin θs2

(4.20)

where µ is Lambert parameter of the model and describes the overall level of the
curve. Another common form of Lambert’s law is σL = µ sin θi sin θs , which is
separable between the incident and scattered angular dependence.
The scattering cross section from the glacially smoothed top of svaberg 11 has
also been estimated and compared to the calibration rock in Fig. 4.31. A strong
assumption used in this dissertation is that glacial abrasion produces the same RMS
roughness over the whole area. Comparison of the scattering strength between
two different glacially abraded surfaces allows this assumption to be checked. This
comparison is performed in Fig. 4.31, and the two curves are seen to agree to within
their uncertainties (± 0.86%). This agreement indicates that the assumptions used
to perform the system calibrated are sound to within measurement uncertainty.
Note that each azimuth has a slightly different power, which is likely a reflection
of the anisotropy of the surface. The scattering cross section from the smooth part
of svaberg 11 is higher than every azimuth of the calibration rock. For some angles
this difference is as great as 4 dB, and for others less than 0.2 dB, but all points
fall within the uncertainty

2

In contrast to the very smooth curve from the calibration rock in Fig 4.31,
scattering strength curves from glacially plucked surfaces exhibit a great deal of
variability as a function of angle. This variability makes sense because the interfaces responsible for the scattered field are extremely rough and irregular. The
local grazing angle estimate for these surfaces is derived from very large scale slopes
2

It is certainly possible that errors in the computer code used to estimate the scattering cross
section produced a systematic bias equal and opposite to the difference in mean-square roughness
between the calibration rock and svaberg 11, but this situation is extremely unlikely
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Figure 4.27. Svaberg 1 Cross Section Results. Curves have been extracted from Fig. 4.22
and Fig. 4.23
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Figure 4.28. Svaberg 2 Cross Section Results. Curves have been extracted from Fig. 4.24
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Figure 4.29. Svaberg 6 Cross Section Results. Curves have been extracted from Fig. 4.25
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Figure 4.30. Svaberg 11 Cross Section Results. Curves have been extracted from
Fig. 4.26
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Figure 4.31. Scattering strength results for the calibration rock, and the smooth section
of Svaberg 11. Under the assumption that glacial abrasion produces statistically similar
roughness amplitudes, the scattering strengths from these two features should have similar levels. Error bars represent an 86% uncertainty in the scattering strength estimate,
which results in asymmetric decibel error bars of (-8.6, 2.7) dB.
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on the scale of 1 m. Selection of a large scale slope is motivated by the assumption
that the facets on the order of 30 cm are responsible for scattering, and that the
local bathymetry of the surface is controlled by the overall slope of the svaberg as
it tapers towards the seafloor.
The Lambert parameter, µ is expressed in dB for each of the scattering strength
plots. It’s equivalent dB value is 10 log10 µ. For the four svabergs investigated, the
Lambert parameter seems to cluster (in round numbers) around -15 dB (svaberg
1 and 6) and -25 dB (svabergs 2 and 11). If the SAS images are grouped in the
same manner, one can see that the plucked surfaces for the higher level curves (1
and 6) are not quite resolved and seem to be smaller overall, and the step sizes for
the lower level curves (2 and 11) have much larger step sizes. This trend suggests
that svabergs 1 and 6 have a higher density of facets per unit area than the other
svabergs, which can lead to more bright flashes per unit area in the SAS image,
and cause higher levels. Svabergs 2 and 11 have a lower density of facets per unit
area and only have a few bright flashes in the selected area of the SAS image.
The two clusters of Lambert parameter translate into a scattering strength of
-25 dB and -35 dB at 20◦ grazing angle. These levels will be compared with the
collection of scattering strength from sediments compiled by Jackson in Fig. 1.2,
1.3, and 1.4. At 20◦ , The mud and sand plots span the interval [−35, −25] which is
exactly the same range as the low grazing scattering strength at 20◦ from glacially
plucked surfaces. These levels are relatively low compared to previous measurements of scattering strength from rock surfaces. The lowest level at 20◦ in Fig 1.4
is about -25 dB. Measurements from this dissertation agree with the historical
data from McKinney and Anderson [80] at 100 kHz, and the recent measurements
from Soukup and Gragg [15] at 3.5 kHz, even though the frequency of the latter
measurements is far different. The consistency between two measurements of the
scattering cross section at frequencies that are separated by almost two orders
of magnitude may lead one to believe that the scattering cross section of rock is
frequency independent. If the curves were accurately modeled by perturbation theory, then a spectral slope of γ2 = 4 could account for this frequency independence.
However, scattering strength is a strong function of seabed composition and roughness, parameters of which vary considerably from site to site, so there is no reason
to expect consistency between measurements in different areas, morphologies, or
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lithologies, especially with this few datasets. Furthermore, these curves are not
accurately modeled by any first-order scattering model. The measurements from
the APL 1994 technical report [94] are extremely high, and likely violate energy
conservation. One of the authors of the report has expressed doubt about the
accuracy of these measurements [96].
Given the large rms roughness of glacially plucked surfaces compared to the
wavelength, the scattering strength values at 20,◦ are expected to be much higher
than previous measurements of sand and mud seafloors. Examination of the SAS
images indicates that the image segments going into the scattering strength estimate contain only a few high intensity pixels, and mostly lower intensity pixels.
A surface composed of facets larger than the acoustic wavelength and system
resolution is expected to produce this behavior. Consider the intersection of a
spherical pulse with the same width as the acoustic resolution. Bright flashes are
expected to come from areas where the local grazing angle of the intersection of
a facet and the spherical pulse is close to specular. In this case, the pulse almost
completely encompasses the entire facet. Low intensity pixels are expected to result
from facets whose local grazing angle is off specular with respect to the incident
angle. In this case, the spherical wavefront pulse does not envelop the entire facet,
even though the facets in the high amplitude and low amplitude cases are exactly
the same. Thus for surfaces composed of facets much larger than the acoustic
resolution, low-intensity pixels are more represented in the ensemble average than
high-intensity pixels.
This geometrical argument may be able to explain the lower than expected
levels of scattering from faceted surfaces as compared to a power-law surface having
the equivalent RMS roughness. It can also explain why surfaces with a smaller
average facet size have higher values of µ, such as the plucked side of svaberg 1
in Fig. 4.22 and 4.23, and svaberg 6 in Fig. 4.29. If the facet size is on the order
of the acoustic resolution, then a resolution cell will contain all of a near-specular
facet, as well as all of an off-specular facet. The resulting pixel ensemble will have
high intensity and low intensity pixels in a more equal proportion than the large
facet case.
The above model is heuristic in that it assumes that the scattered field is due
to high amplitude events caused by facets in near the specular direction, and low
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amplitude events caused by facets away from specular. This situation is possible,
but other effects may be contributing to the scattered field, including isotropic
diffraction from corners, multiple scattering between facets, and non-local shadowing. The level of scattering due to isotropic diffraction from corners will also
depend on the facet compared with the acoustic resolution. Smaller facets sizes
will lead to more corners per unit area on the surface. If the single scatter assumption holds, then a higher density of isotropic point scatterers will lead to higher
levels of scattering from the surface. Large facet sizes will have fewer points scatterers per unit area and will lead to lower levels. The effect of multiple scattering
and non-local shadowing on the field cannot be assessed at this time and will be
reassessed in Chapter 5.
Lambert’s model has been observed in measurement of the scattering cross
section at low grazing angles for sedimentary seafloors [238, 85, 94]. It is often
interpreted as limiting behavior for surfaces with a high value of kh, although
it has been observed in the above referenced field measurements from sedimentary seafloor. Numerical simulations by Soto-Crespo and Nieto-Vesperinas [239]
indicate that the Lambertian model represents a limiting case as random rough
surface become very rough. So far there has been no physical explanation for this
behavior, although multiple scattering is a likely candidate.

4.9.3

Near-specular Results

Only one of the SAS images, Fig. 4.23, has a measurement geometry amenable to
estimating near-specular scattering strength. The svaberg contained in the image
has curved, smooth, and nearly parallel striations. The curved portion of these
smooth steps are large enough the can be very well resolved by the SAS image,
which enables a range of angles around the specular direction to be examined.
The area of pixels extracted from svaberg 1 is enclosed by the light blue dashed
box in Fig. 4.23. According to the method in 4.8.2.2, these pixels are organized into
ensembles of 150 members each, and the monostatic angles between the pixels and
synthetic aperture elements recorded. The least-squares fit between the modeled
and measured pixel intensities require a starting parameter. Three different starting parameters were used with p = 2 , 2.5 and 3. These parameters were chosen
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Figure 4.32. Data Model fit for p ≈
2. Normalized pixel intensity is plotted
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Figure 4.33. Normalized Residual vector
for p ≈ 2 plotted against ensemble number.

because the optimization algorithm tended to converged to the interval p ∈ [2, 3],
and those three values approximate the mean and extreme values of this interval.
Newton’s method for non-linear least squares optimization was followed until a
parameter was found that did not result in a decrease of the objective function in
the Newton direction for a line search parameter value greater than α = 1 × 10−7 .
Results of the SSAP optimization in terms of the pixel intensity model-data fit
for the three staring parameters are plotted in Figs. 4.32, 4.34, and 4.36, with the
estimated cross section, including 95% confidence intervals in Fig. 4.38. Note that
the data-model fits have been normalized such that the first value is unity. This
step was performed to ensure that the optimization routine did not suffer from
numerical roundoff. Measures of the goodness of fit, including the final objective
function value (equivalent to the sum of squared residuals), and the correlation
parameter of the residuatls are given in Table 4.1. The residual vector for all
three staring parameters can be found in Figs. 4.33, 4.35, and 4.37. It has been
normalized by the ensemble averaged pixel intensity for each ensemble to remove
the effect of magnitude changes as a function of ensemble number.
The pixel intensity model-data fits for the three starting parameter values capture the overall trend in the data. The curvature is not exactly matched, but the
decrease is captured. The ensemble number progresses from high grazing angles to
low grazing angles, since the ensemble is formed by grouping pixels according to
their weighted mean angle. There is some amount of fluctuation in both the data
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Figure 4.35. Normalized Residual vector
for p ≈ 2.5 plotted against ensemble number.

Final Objective Function
0.1121
0.1005
0.1035

Correlation Parameter
1.07
0.31
0.30

Table 4.1. Near-specular optimization results for the different starting values of p0 .

and model fit. It may be surprising that the model contains fluctuations, since
the SSAP model is a smooth function, but it is the pixel intensity, not the SSAP
model that is being fit to the data. The main difference between the model-data
agreement is that the model curves for p ≈ 2.5 and p ≈ 3 are slightly steeper for
low grazing angles than the curve for p ≈ 2. This difference is slight, and all three
curves seem to have an equally good fit to the data. Finally, the final objective
function value (sum of squared residuals) reveals that p ≈ 2.5 has the best fit,
although the sum of squared residuals for the other two parameters are not far off.
There is enough fluctuation in the data to cast doubt on declaring a clear winner
based on objective function values so close together.
The residual vector has been plotted in Figs. 4.33, 4.35, and 4.37 in the form of
(Ip − Iˆp )/Ip , which takes out the effect of magnitude changes in the pixel intensity
as a function of ensemble number. This normalization was carried out so that the
overall trend in the data would not influence estimates of correlation in the residual
vector. The mean was also removed for these plots, so that the first order AR model
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3. Normalized pixel intensity is plotted
against ensemble number.

Figure 4.37. Normalized Residual vector
for p ≈ 3 is plotted against ensemble number.
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Figure 4.38. Near-specular cross section results

estimate would be unbiased. From visual inspection of the normalized residual
vector, it appears that the case of p ≈ 2 has the largest correlation parameter,
but only slightly. Estimates of the correlation parameter for all three estimates in
Table 4.1 reveals that p ≈ 2.5 and p ≈ 3 are essentially tied for shortest correlation
length, and that p ≈ 2 has a correlation length approximately three times as large.
Again, declaring a clear winner based on these estimates is suspect. The correlation
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length has units of ensemble number, which is roughly the “sampling interval” of
the intensity series. The correlation parameter estimates are all at or less than the
sampling interval, which casts doubt on their reliability. Correlation parameter
estimates are based on first-order AR models. A more robust model, such as a
higher order AR model, or an autoregressive moving average (ARMA) model could
provide a more reliable estimate.
Cross section estimates for the three starting parameters are well separated, in
contrast with their fit to the pixel intensity series. All of them appear to converge
at 90◦ , but diverge from one another at lower grazing angles. At 75◦ , the cross
section curves for the different parameter estimates are separated by about 1015 dB. The SSA, using input parameters from the roughness measurements and
mineral composition computation, is also plotted in Fig. 4.38. It falls slightly below
the estimate for p ≈ 2 at lower grazing angles, and within the confidence intervals
above about 85◦ . The other two estimates fall below the small-slope estimate
entirely. Although there is one near-specular estimate that is close the predicted
small-slope model, there is virtually no differentiation between the three estimates
based on the final objective function values and the correlation length estimates
of the residual vectors.
It is tempting to say that the small-slope approximation is nearly accurate
in this circumstance, but this statement cannot be proven true or false until the
near-specular estimation techniques can be improved. Another caveat to notice is
that the roughness parameters for the SSA were taken from very smooth surfaces
without any large gouges or striations. Acoustic data from striations on the side
of the svaberg were selected to estimate near-specular scattering. Photographs of
such striations on the same feature (and possibly the same striations) are available
from the photograph obtained from the camera mounted on the Hugin AUV in
Fig. 2.7. Although features are not as clear as the aerial photographs, the striated
feature is much rougher than the surrounding horizontal surfaces. The difference
in roughness is likely due to the fact that the glacial abraision occurs by clasts
being pressed downwards onto the bedrock, not along side. After a lateral step or
striation forms, it likely retains the roughness of the preexisting joint surface and
is not polished.
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Based on the objective function values and correlation parameter values for
these three estimates, all three curves are likely candidates for the scattering cross
section. Due to the similarity in the objective function for all three parameter
estimates, they seem to represent separated local minima of the objective function
in parameter space. Multiple local minima indicate that this optimization problem
is degenerate. Degeneracy is a problem, and is the major drawback to the SSAP
model used in this dissertation. The techniques using the Kirchhoff approximation
developed by Pouliquen [232, 233] also suffer from degeneracy.
These results indicate that more work on estimating the near specular cross
section is needed. The SSAP model does an adequate job of matching pixel intensities, suggesting that it is an appropriate model. The problem of well-separated
degenerate solutions indicates that the optimization method used to find parameter estimates should be refined. A better understanding of the problem of this
parameter estimation problem could result from an exploration of the parameter
space of the objective function and quantify how many local minima exist, and
if the objective function is gently undulating or noisy. Answering these questions
requires a great deal of computational effort to evaluate the objective function on a
densely-sampled 3D lattice. Stochastic techniques such as simulated annealing (basically a random walk) may be able to provide a more efficient way to understand
the parameter space. Estimating the near specular cross section is currently an
area of active work by investigators at the Applied Physics Laboratory, University
of Washington (APL-UW) [228, 229].
An alternative method of estimating the cross section is to use Bayesian inversion. This technique provides an estimate of the probability that a given grazing
angle and scattering strength are likely matches to the data. Instead of a single
curve with a confidence interval, the entire region of grazing angle - scattering
strength space is filled out with such probabilities. This technique was used by
Dosso et al. [240, 241, 242] to invert for the geoacoustic and scattering parameters
of the seafloor.
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4.10

Measurement of the Probability of False
Alarm

Measurement of the Pf a from acoustic data generally falls into two categories.
The most direct method uses the same ensembles from which scattering strength
is estimated, since all energy changes due to propagation and scattering level have
already been removed through solving the sonar equation. For each ensemble,
the mean power is removed, and the empirical cumulative distribution function
(ECDF) is formed. The ECDF of a random variable, X is estimated by first
sorting X from lowest value to highest value to form XLH . The ECDF is found at
each point, xn in the sorted data by counting the number of values in the random
variable that is less than xn , and calling this number Nx . The ECDF is then [97]
ECDF (x) =

Nx
N

(4.21)

where N is the number of elements in the ensemble. The estimated Pf a is simply
Pf a (x) = 1 − ECDF (x) = 1 −

Nx
N

(4.22)

The second method of estimating the Pf a uses statistical methods of normalizing, or removing the mean power changes from acoustic reverberation (1-D) or
image (2-D) data, instead of physical methods. One of the simplest methods is to
use a constant false alarm rate (CFAR) normalizer [98]. A 1-D CFAR normalizer
takes complex matched-filtered reverberation data, squares it, and filters it with
an FIR filter of length 2NC + 1. This filter consists of a vector of 1/(2NC ) repeated
NC times, followed by a zero, followed by another vector of 1/(2NC ) repeated NC
times and is called a split-window averaging filter. The filtered signal represents
the mean power as a function of time. The normalized complex data is recovered
by dividing the original complex time series by the square root of the mean power.
These data have the same (unit) variance for the whole time series. A simple
method of image normalization also uses a split window averaging filter of the
squared image data, with the filter a simple 2-D generalization of the 1-D filter.
In this research, the former method is used to estimate the Pf a . The statistical
normalizers suffer from the drawback that the estimated Pf a can be sensitive to
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the filter length used. There is no a priori method by which a filter is selected.
The shortest filter that produces a stationary series with unit power is typically
used [98].

4.11

Probability of False Alarm Results and Discussion

Probability of false alarm curves have been estimated using the ensembles going
into the scattering strength estimates at low grazing angles from the plucked sides
of svabergs in Figs. 4.27, 4.28, 4.29, and 4.30, and are presented in Figs. 4.39, 4.40,
4.41, 4.42, and 4.43. The ensembles from 21-30◦ have been combined by dividing
the complex pressure at each angle by its standard deviation and concatenating.
The angular range 21-30◦ was chosen because it is common to all cross section
estimates, and represents the most reliable estimates of scattering strength.
The Rayleigh and K-distributions with parameters estimated using the method
of moments (MOM) [243] have been plotted along with the empirical Pf a curves.
These data are not expected a priori to follow these distributions, and the comparison is meant to provide a reference to some of the standard distributions used
as models. The degree to which a given distribution describes a set of data is evaluated using the p-value of the Kolmogorov-Smirnov (KS) test. This test quantifies
the maximum absolute difference (MAD) between a model and empirical CDF.
The p-value ranges between 0 and 1, with values near one indicating that the
model distribution fits the data. More information about the KS test and p-values
can be found in Lyons and Abraham [98] and references therein, and in standard
statistical references [97].
Probability of false alarm curves have been estimated using the ensembles going
into the scattering strength estimates at low grazing angles in for the calibration
rock in Fig 4.11 for each pass. The Pf a curves corresponding to these passes, along
with K-distributions and Rayleigh distributions have been plotted in Figs. 4.44,
4.45, 4.46, 4.47, 4.48, and 4.49. The K-distribution seems to provide a better fit in
almost all cases, but the shape parameter is quite large, indicating that the tails
are quite light. The KS test p values are also plotted in each figure.
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Figure 4.39. Svaberg 1, pass 15 Probability of false alarm
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Figure 4.40. Svaberg 1, pass 33 Probability of false alarm
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Figure 4.41. Svaberg 2 Probability of false alarm
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Figure 4.42. Svaberg 6 Probability of false alarm
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Figure 4.43. Svaberg 11 Probability of False alarm.
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Figure 4.44. Probability of false alarm cure for the Calibration rock, Pass 16. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Figure 4.45. Probability of false alarm cure for the Calibration rock, Pass 17. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Figure 4.46. Probability of false alarm cure for the Calibration rock, Pass 24. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Figure 4.47. Probability of false alarm cure for the Calibration rock, Pass 25. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Figure 4.48. Probability of false alarm cure for the Calibration rock, Pass 32. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Figure 4.49. Probability of false alarm cure for the Calibration rock, Pass 33. Both a
K-distribution and Rayleigh distribution have been plotted for comparison.
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Note that the cross section estimates are made with respect to the local grazing angle on the svaberg (which in this case is basically a mean slope from the
leeward side to the sediment). Real-world target recognition systems, such as torpedos, do not have the sophisticated hardware, processing, or even measurement
geometry that would make the small-scale bathymetry information available. The
measurements of Pf a in this dissertation therefore reflect the variability of the
scattered amplitude relative to the slope at a certain scale, and do not necessarily
translate directly to real-world systems. The process of translating these effects to
real-world systems is outside the scope of this thesis, since it depends highly on
system parameters, system geometry, and application. Application to real-world
systems would have to occur on a case-by-case basis to accurately capture system
performance.
The Pf a curves reported encompass a few types of trends. The curves for Svaberg 1, Pass 15, Svaberg 6, and Svaberg 11 begins with some downward curvature
at low amplitudes, followed by a region of positive curvature above a normalized
amplitude of 2, followed by relatively straight region in log-linear space. The curve
for Svaberg 1, pass 33 is almost straight until normalized amplitude of 3 or 4, after
which it curves up. The curve for Svaberg 2 curves downward for low amplitudes,
curves upward around a normalized amplitude of two, and then curved back downwards. Almost all the curves are relatively smooth at low amplitudes, but become
jagged at higher amplitudes. This effect is present in almost all data due to there
being a very large number of low amplitude samples (around the mean), and fewer
samples at higher amplitude. Alternative methods of estimating the Pf a that use
binned histograms [9, Chapter 16] to coarsen the resolution of the estimate.
Trends in many of the available models for the Pf a such as the Rayleigh, lognormal, Weibull, and K-distribution all have consistent downward curvature in
log-linear space. The only exception is the K-distribution because for a shape
parameter of 1/2, it is equivalent to the exponential distribution and is a straight
line in log-linear space. Regions of upward curvature, and the combination of
several trends (curved and straight) indicate that the distribution is the result of a
mixture process, with several components, as discussed in Lyons and Abraham[98].

182
Mixture distributions can be expressed as the weighted sum of several distributions by the sum [98]
pm (x) =

X

i pi (x)

(4.23)

i

where i is the relative strength of each distribution within the mixture, pm (x)
is the PDF of the mixture model, and pi is the PDF of the ith element of the
mixture. Each element of the mixture distribution is a distribution with its own
set of parameters. In scattering statistics, mixture distributions indicate that the
scattered field from an acoustic resolution cell is likely due to more than one
medium or roughness type, i.e. a mud background with patches of Posidonia
Oceanica seagrasses, or a sand background with a few cobble-sized rocks. Given the
trends in the Pf a presented in this section, it is hypothesized that the distributions
are either mixtures between Rayleigh and K (Svaberg 1, Pass 15, pass 33, svaberg
6, and Svaberg 11), or two Rayleigh distributions with different mean powers
(Svaberg 2). K- and Rayleigh distributions have also been plotted. All of their
p-values are small and indicate that neither model is sufficient.
A mixture model for the statistics of scattering from very rough faceted surfaces
indicates that two components underlie the interface scattering mechanism [244].
If the single-scattering assumption holds, then scattered field could be decomposed
into high amplitude scattering from facets oriented in the specular direction, loweramplitude isotropic diffraction from corners, and lower-amplitude diffuse scattering
from the roughness on each facet. For surface facets at or less than the acoustic resolution, there will be a finite (and small) number of facets in the specular direction,
and corners contributing to the scattered field in a single resolution cell. Edges
and roughness on individual facets scatter small amount of acoustic power into
all directions. The K-distribution has been demonstrated as a physically relevant
model if the scattering from each resolution cell is composed of a finite number of
discrete scatterers [40, 100, 41]. The shape parameter for this distribution, α is
related to to the effective number of scatterers, ns , by the formula [40]
α=

ns
2

(4.24)
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The concept of an effective number of scatterers in the scattering statistics
literature is typically a heuristic definition for interface scattering. For sedimentary
seafloors with homogeneous, uniform, power-law roughness, there is no a priori
definition of a discrete scatterer. A patchy seafloor composed of two different media
can be thought of as a collection of discrete scatterers, although no quantification
of the patchiness of the environment is usually made when modeling scattering
statistics.
The above description of scattering from a stepped interface resulting from
glacial plucking is amenable to characterization in terms of an effective number of
scatterers per resolution cell. No quantitative predictions of the statistical characteristics of the scattered field will be made due to lack of ground truth. A likely
model, and some physical justifications are presented here. If the scattered field
is due to scattering from only specular facets, and a diffuse component caused
by scattering from small-scale roughness on individual facets and diffraction from
corners, then the distribution of the total scattered field may be described by a
mixture model.
pm (x) = S pS (x) + D pD (x)

(4.25)

where pS is the PDF of the component of the field due to specular scattering from
facets, pD is the PDF of the component due to diffraction, and S and D are their
relative strengths in the overall distribution.
Since both edge diffraction and specular scattering are discrete scatterers, both
of them may be modeled using K-distributions with different parameters. The
K-distribution PDF has the form [98],

α


4
x
2x
√
f (x) = √
Kα−1 √
λΓ(α)
λ
λ

(4.26)

and Pf a of the form
1
Pf a (x) =
Γ(α)2α−1



2x
√
λ

α


Kα

2x
λ


(4.27)

where K is the modified Bessel function of the second kind [245]. This distribution
has two parameters, α and λ, the shape and scale parameters respectively. In the
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work by Abraham and Lyons [40], the shape parameter is related to the average
scatterer size per resolution cell n by α = n/2, and the scale parameter is related
to the mean scatterer size µ through λ = 4µ2 .
Faceted surfaces have approximately equal numbers of edges and facets. However, facets in the specular direction will be fewer in number than facets in general.
Facets are also higher in amplitude. Thus, a plausible mixture of facets and corners
could be a mixture of two K-distributions with the specular component having a
larger scale parameter due to it’s higher amplitude, and the diffraction component
with a larger shape parameter due to it having a higher density. This hypothesis
will be tested in the next chapter on numerical simulation.

4.12

Conclusion

In this chapter, methods of estimating scattering strength at low grazing angles,
and near the specular direction were detailed. The system was calibrated using the
SSA with environmental inputs estimated in Chapter 3. The scattering strength
curve from the calibration stage constitutes a scattering strength estimate, and
its behavior is very well captured by an approximate model. Scattering strength
estimates from the plucked side of a roche moutonée follow a Lambertian model
with parameters falling around -25 dB and -15 dB. A hypothesis for this trend
is that the scattered field is dominated by specular scattering from facets larger
than a wavelength, and isotropic diffraction from corners and edges. A Large
mean facet size leads to a lower density of specular facets and corners, and thus
leads to low scattered levels compared to a small mean facet size. A new method
to estimate scattering strength near the specular direction was developed. This
technique was applied to SAS data of scattering from the smooth abraded side of
a roche moutonée. Scattering strength results indicate a steep falloff in grazing
angle between 90◦ and 70◦ . Three separated local minima provide equally good fits
to the pixel intensity series, but have very different behavior when the parameter
estimates are used to compute the scattering cross section. At this stage in the
research, it is impossible to tell which curves are the best representation of the
cross section.
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The probability of false alarm was estimated from the complex pressure ensembles used to estimate the cross section. Trends in the estimated Pf a curves
encompass both heavy-tailed distributions and mixture distributions. The existence of a mixture distribution in the amplitude fluctuations is an indication that
the scattered field is driven by two different mechanisms. Exploration of scattering
from faceted surfaces is performed in the next chapter, keeping in mind the trends
observed here.

CHAPTER

FIVE

Numerical Studies
Measurements of low grazing scattering reported in Chapter 4 from glacially
plucked surfaces were found to have a roughly Lambertian angular dependence
between approximately 10 and 50◦ . It was hypothesized that the major contributors to the angular dependnece of the scattered field are high amplitude scattering
from facets in the specular direction, and low amplitude diffraction from corners.
This hypothesis will be explored in this chapter to 1) determine if hypothesis is
valid, and 2) discern some relationship between surface parameters, and details of
the scattering cross section and probability of false alarm.
One dimensional synthetic profiles exhibiting the same features as glacially
plucked surfaces will be generated using statistics estimated in Chapter 3, and from
joint spacing statistics reported in the literature for similar mineral compositions.
Specifically, these distributions are the exponential and log-normal distributions,
with the log-normal being the most appropriate for the bedrock at the measurement
site. Due to the inapplicability of approximate scattering models, a mathematical
relationship between surface parameters and the scattered field is not available. In
this chapter, numerical techniques will be used to perform Monte Carlo simulations
of ensembles of rough surfaces designed to represent glacially quarried crystalline
rock. Simulations will be performed for combinations of generated surface. For
each parameter combination, 500 surfaces are generated, and the scattered field
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computed for each. The scattered field will be examined in terms of the scattering
cross section, and probability of false alarm.

5.1

Surface Statistics and Generation

Glacial quarrying produces a stepped surface, whose step sizes reflect the internal
block structure. A log-normal distribution was found to provide an appropriate
model for the facet size. Based on the field measurements of joint spacing in quartz
monzonite in Sweden [211], the expected joint spacing in the bed rock is expected
to follow a log-normal distribution. The exponential distribution has also been
found to adequately model joint spacing in other materials and locations[212].
Both of these statistical models will be explored through numerical simulation.
Generation of surfaces with the above statistical distributions will follow two
methods. The first method simulates a glacially plucked surface composed of randomly generated segments joined at approximately right angles and is called the
unscaled plucked model in this dissertation. The second method begins with a surface generated by the first method and scales the height to a specified rms value
and is called the scaled plucked model in this dissertation. This modification is
performed because the rms height is not directly controlled by the input parameters, and it is desirable to study the effect of kh, the normalized rms roughness, on
the scattered field. Additionally, the scaled surface will not be composed of facets
joints at right angles, and will not resemble a glacially plucked surface, although
the average angle between segments will change as a function of rms roughness, h,
and mean facet size , L. It is interesting to study faceted surfaces with a variety of
angles and slopes etc. Before detailing these two methods, previous methods for
generating faceted surfaces will be discussed.

5.1.1

Previous Method of Generated Faceted Surfaces

A method to simulate the effect of “features” in the mid-Atlantic ridge was developed by Lupien [246]. His method generates surfaces in the spatial domain.
One begins at the the origin, (0, 0). The next point in the surface is determined
by generating a horizontal length from a Poisson process with mean `c (equal to
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1/λc in Lupien’s paper), and a vertical position from a Gaussian random number
with zero mean and standard deviation σzz . This process is continued until the
desired length is reached. The vertices generated from this process are connected
with straight lines to form the facets [246]. The faceted method generates surfaces
with a power spectrum that behaves like a power law proportional to k −3 at high
wavenumbers, and tapers to a constant at low wavenumbers. The low-frequency
rolloff occurs at the mean of the Poisson process.
The purpose of Lupien’s research was to discover how “features” affect the scattered field. Although what he means by the word “feature” is ambiguous, it is likely
that he means facet. An attempt to detect “features” using the wavelet transform
was performed, and the result was that he basically built an edge detector. Lupien’s
model is not expected to produce a similar surface to glacially plucked bedrock,
but is a relatively simple method to generate a surface composed of linear facets.
To the author’s knowledge, Lupien’s work constitutes the only known numerical
study of faceted surfaces in the acoustics literature. Other researchers have studied
scattering from faceted surfaces, but have assumed the only contributions to the
scattered field are specular reflections [106].
The random midpoint displacement method (RMD) was used in the architectural acoustics community by Olson and Bradley [247]. This method is often used
in the simulation of computer-generated landscapes and is a recursive method.
These surfaces are generated by starting with a horizontal line segment and bisecting it by displacing the midpoint by a randomly generated number, and then
continuing to bisect each line segment. These numbers are typically drawn from
a zero-mean Gaussian distribution whose standard deviation scales with recursion
depth (or step) n by the formula
−n
σRM D (n) = αRM
D

(5.1)

where σRM D (n) is the standard deviation of the Gaussian distribution at recursion
depth n, and α is a parameter that controls the relative height
If this process is carried out indefinitely, the resulting surface (or profile) will
have a bandlimited power law spectrum, or perhaps a von Kármán spectrum due
to the finite length of the surface. The scaling parameter αRM D is related to the
power law exponent, γ1 by αRM D = γ1 /2 − 1/2. If this process is carried out in two
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dimensions, then the scaling parameter is related to the 2D power law exponent
by αRM D = γ2 /2 − 1. An equivalent method to generate RMD surfaces is to use
Fourier synthesis using a power-law spectrum with points N = 2n , where N is the
length of the desired surface, and n is the desired recursion depth. Line segements
between each point from the Fourier synthesis process can be generated by using
linear interpolation.
The RMD method generates faceted surfaces, but the statistics of facet lengths
do not reflect observed variation in rock structures. In the RMD method, each
line segment has exactly the same horizontal length, which never occurs in nature.
Points other than the midpoint can be chosen to perturb each line segment, but
this method does not generate blocks.

5.1.2

Generating Plucked Surfaces

The plucked method of surface generation is designed to represent the resulting
stepped surfaces resulting from glacial quarrying. Like the faceted method, this
method works in the spatial domain and begins at the origin. Two line segments
are added at a time, the first vertical, and the second horizontal. Each segment is
generated using an appropriate pseudo-random number generator (i.e. exponential
or log-normal) with specified parameters. The vertical and horizontal segment
can have different parameters of their distribution, with mean lengths H and L
respectively, and standard deviations σH and σL respectively. These vertical and
horizontal segment pairs are added until the desired surface length is reached. The
surface is then rotated such that its mean slope is zero, and the whole surface
is linearly interpolated at a fine mesh with spacing ∆x = λ/10, where λ is the
acoustic wavelength. The mean vertical and horizontal segment sizes, H and L
need not be equal, and the aspect ratio rp = H/L will be one of the parameters
varied in this research. This method will is called the unscaled plucked method.
The scaled plucked method is a modification that divides each point on the surface
by its rms height, and then multiplies it by a predetermined value of h.
In the unscaled plucked surface generation method, the RMS height of the
surface is not an input parameter, like it is for the scaled method. From examining ensembles of surfaces generated using the plucked method, the RMS height
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depends on the aspect ratio rp , as well as the mean step lengths, H and L. An
empirical relationship between the RMS height, h2 , mean vertical facet length, H,
and aspect ratio, rp was found based on the ensemble averaged estimate for h2 s,
and input parameters H, and rp for the same generated surfaces used for numerical
simulation. Three distributions were used: 1) an exponential distribution, which
has σL = L, 2) a log-normal distribution with σL = L/3, and 3) a log-normal
distribution with σL = L. These values of σL for the log-normal distribution were
chosen because they represent extreme values of observed parameters in field and
laboratory measurements of joint-spacing distributions by Rives [212]
Results for the exponential distribution are presented in Fig. 5.1, log-normal
distribution with standard deviation equal to one third of the mean in Fig. 5.2,
and log-normal distribution with equal standard deviation and mean in Fig. 5.3.
Trends are plotted on a log-log scale of H versus h2 . For all trends, h2 depends
approximately linearly on H, and there is a slight separation of each line representing a different rp . For the log-normal distribution with standard deviation equal
to one third the mean, the dependence of h2 on H contains some curvature. For
each of the three distributions, a polynomial was fit to each curve of H versus h2 .
Parameters for these model-data fits and their forms are presented in Table 5.1
for the exponential distribution, Table 5.2 for the log-normal distribution with
σL = L/3, and Table 5.3 for the log-normal distribution with σL = L.
For both distributions with σL = L, there is a linear dependence of h2 on L,
and a straight line was fit to the data points. For the log-normal distribution with
σL = L/3, there is a slight curvature to the trends and a quadratic model was
fit to the data points. All three plots exhibit some separation between curves for
different values of rp , with rp = 1 having the highest mean-square roughness, and
rp = 5 having the lowest mean-square roughness for a given values of L. Although

Model Terms
a
b

1
0.9691
0.1551

2
0.9841
0.1641

rp
3
4
0.9921 1.0060
0.1363 0.1158

5
1.0177
0.1019

Table 5.1. Results of a linear fit in log-log space to h versus L for exponentiallydistributed facet sizes. The equation for each line is h2 = bLa . Note the slight dependence
of the parameters on rp .
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Figure 5.1. Mean square height as a function of mean facet size for rp = {1, 2, . . . , 5}
for exponentially-distributed facet lengths. Straight line fits are performed separately for
each value of rp with coefficients in Table 5.1.
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Figure 5.2. Mean square height as a function of mean facet size for rp = {1, 2, . . . , 5}
for log-normally-distributed facet lengths with σL = L/3. Quadratic fits to the data are
performed separately for each value of rp with coefficients in Table 5.2.
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Figure 5.3. Mean square height as a function of mean facet size for rp = {1, 2, . . . , 5} for
log-normally-distributed facet lengths with σL = L. Linear fits are performed separately
for each value of rp with coefficients in Table 5.3.

Model Terms
a
b
c

1
0.082
1.328
-1.1176

2
0.1346
1.5478
-1.0569

rp
3
0.1726
1.7062
-1.0439

4
0.2034
1.8405
-1.0015

5
0.2135
1.8946
-1.0100

Table 5.2. Results of a linear fit in log-log space to h versus L for log-normallydistributed facet sizes with σL = L/3. The equation for each line is log10 h2 =
a(log10 L)2 + b log10 L + c. Note the slight dependence of the parameters on rp .

Model Terms
a
b

1
0.9349
0.2558

2
0.9834
0.2103

rp
3
4
1.0279 1.0394
0.1841 0.1548

5
1.0703
0.1369

Table 5.3. Results of a linear fit in log-log space to h versus L for log-normallydistributed facet sizes with σL = L. The equation for each line is h2 = bLa . Note
the slight dependence of the parameters on rp .

193
a quadratic function was used to capture the curvature of the h2 − L curve, a
linear fit provides an adequate fit and its parameters are on the order of unity
(ranging from 0.96 to 1.1). These empirical fits imply that h is approximately
directly proportional to L. This trend will be used to aid interpretation of the
cross section trends in Section 5.6.
Another surface parameter of interest to scattering simulations is the slope distribution. The slope probability density function is estimated in a similar fashion
to h2 , by using the surfaces generated for numerical simulation. The probability
density function is estimated using the kernel smoothing technique. An empirical
density function can be estimated by applying a finite-difference operation to the
empirical CDF, but this process is noisy. The kernel density method approximates
the probability density using a finite sum of smoother functions, such as scaled
normal distributions. Details of this technique can be found in [248]1 .
Only a selection of the probability density estimates will be presented, due the
large amount of information present, and the high degree of similarity between the
thee different distributions. The exponential distribution will serve to represent
trends in the log-normal distribution. Slope distributions for unscaled plucked
surfaces are presented in Figs. 5.4, 5.5, and 5.6, for rp = {1, 3, 5} respectively.
For rp = 1, and small kL, the slope distribution is a parabola centered at zero
in log space, meaning that it should appear Gaussian in linear space. As kL
is increased, the parabola widens, flattens out, then separates into a symmetric
bimodal distribution for very large kL. For rp = 3, the low kL slope distribution is
relatively unchanged from the previous case, but as kL is increased, the behavior
changes significantly. Higher values of kL show an asymmetric bimodal distribution
forming with a primary peak around 0, and a secondary peak around -3. As rp is
increased to 5, the distributions sharpen, and the secondary peak shifts downward.
These trends are also seen in the log-normal distributions.
Slope distributions for scaled plucked surfaces are displayed in Figs. 5.7, 5.8,
5.9, and 5.10 for kh = {1/8, 1/2, 2, 8} respectively. For the smallest roughness,
the slope distributions are all smooth parabolas, meaning that they are Gaussiandistributed. Some separation between the curves is evident, but for the most
1

This reference is the basis of the implementation of the kernel density estimator used in GNU
Octave.
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Figure 5.4. Slope distribution for an unscaled plucked surface with exponentiallydistributed facet sizes, and an aspect ratio of 1.

part they are tightly concentrated around a mean slope of zero. As the level of
roughness is increases, the distributions widen, inflection points appear, and the
distributions display a different curvature near the high and low tails than near
the mean of zero. The curves are more separated as a function of kL, with higher
values of kL having smaller standard deviations. For kh = 4, 8, the distributions
continue to broaden, and some bimodal behavior appears for very large kL values.
These trends is also present for the log-normal distributions.

5.2

The Boundary Element Method

The Boundary Element Method (BEM) is a numerical method to solve integral
equations defined on the boundary of homogeneous media. Although many integral
equations are amenable to this type of solution, including those corresponding to
the diffusion equation, the Helmholtz equation, and the Laplace equation, attention
will be restricted here to the Helmholtz-Kirchhoff integral equation. This restriction limits analysis to fluid-fluid boundary conditions (including the limiting cases
of pressure release and rigid). Although this restriction seems unrealistic, given
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Figure 5.5. Slope distribution for an unscaled plucked surface with exponentiallydistributed facet sizes, and an aspect ratio of 3.
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Figure 5.6. Slope distribution for an unscaled plucked surface with exponentiallydistributed facet sizes, and an aspect ratio of 5.
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Figure 5.7. Slope distribution for a scaled plucked surface with exponentiallydistributed facet sizes, and kh = 1/8.
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Figure 5.8. Slope distribution for a scaled plucked surface with exponentiallydistributed facet sizes, and kh = 1/2.
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Figure 5.9. Slope distribution for a scaled plucked surface with exponentiallydistributed facet sizes, and kh = 2.
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Figure 5.10. Slope distribution for a scaled plucked surface with exponentiallydistributed facet sizes, and kh = 8.
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that parameters for an elastic wave propagation model were estimated in Chapter 3, the scattered field from glacially plucked surfaces was hypothesized to be the
result of roughness characteristics, and not elastic properties of the interface.

5.2.1

The Boundary Integral Equations

The BEM begins with a boundary integral equation. For acoustics problems,
this boundary integral is the Helmholtz-Kirchhoff integral equation (HKIE). This
equation was derived by Helmholtz for the time-harmonic (single-frequency) case
in 1860 [249], and later by Kirchhoff for an arbitrary time dependence in an 1882
lecture series2 [251]. For scattering problems, the frequency domain version is
typically used, although the time-domain version can certainly be used, e.g. for a
time domain version of perturbation theory [252].
The frequency domain boundary integral equation is derived informally in Appendix A. The result is
Z
C(x)p(x) = p0 (x) +

p(xs )

∂G (x, xs )
∂p
+
(xs )G(x, xs ) dSs
∂ns
∂ns

(5.2)

where C is a principal value as a function of position, x, and takes a value of
1 in the upper medium and

1
2

on any smooth point of the boundary, p is the

acoustic pressure with p0 the incident pressure, x is the Cartesian coordinate of
any point, xs is any point on the surface, and dSs is a differential boundary element.
The Green’s function, G, is the solution to the Helmholtz equation with a delta
function as a source term, and is G(x, xs ) =
(1)
H0 (k

|x − xs |) for 2D space, where

(1)
H0

eik|xs −x|
|xs −x|

for 3D space, and G(x, xs ) =

is the zeroth order Hankel function of

the first kind [245]. Note that the derivation in the Appendix assumes 3D space,
but the form of Eq. (5.2) holds for 2D space as well, so long as the appropriate
Green’s function is used. For scattering problems, this equation is solved first on
the boundary, with p0 set to the incident field and C = 1/2. Then, the integral is
computed again with C = 1 and p0 = 0 to propagate the surface pressure and its
normal derivative to the far field.
2

For the interested reader, an English language tour through some of Kirchhoff’s derivation,
and his eponymous approximation can be found in an excellent article by Zhu [250]
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The HKIE is difficult to solve because, as stated in the introduction, the surface pressure is both inside and outside the surface integral in Eq. (5.2). If the
relationship between the surface pressure and its normal derivative is known, as it
is for traveling plane and spherical waves in free space [116], then this system is
closed, because there is one equation and one unknown, p. If this relationship is
not known, then there are two unknowns, p and ∇pn . The system can be closed
by formulating the integral equation on each side of the surface, and matching the
surface pressure and normal velocities, resulting in
Z
1
∂Gw (x, xs )
∂p
p(x) = p0 (x) + p(xs )
+
(xs )Gw (x, xs ) dSs
2
∂ns
∂ns
Z
1
∂Gp (x, xs )
∂p
p(x) = p(xs )
+ aρ
(xs )Gp (x, xs ) dSs
2
∂ns
∂ns
where aρ =

ρp
ρw

(5.3)
(5.4)

is the density ratio of the media on either side of the interface. The

principal value, C, takes on the value of 1/2.
In scattering problems, the relationship between p and ∇pn is almost never
known. Thus Eq. (5.2) can only be solved for pressure release (Dirichlet) or
rigid (Neumann) boundary conditions. Fluid boundary conditions require the joint
solution of Eqs. (5.3) and (5.4). For either integral equations, the method by which
the integral equation is converted into a system of linear equations is almost exactly
the same. The development will continue using Eq. (5.2) as a proxy for the coupled
integral equation.

5.2.2

Numerical Solution of the Boundary Integral Equation

Since the pressure appears both inside and out of the boundary integral equations
derived in Section 5.2.1, it cannot be easily determined, especially for irregular and
nonseperable boundary shapes. The BEM transforms a boundary integral into a
system of linear equations so that it may be solved numerically. This transformation occurs by discretizing the boundary with piece-wise continuous functions
called shape functions. If a finite number, N , of points is specified to discretize
the boundary, the shape of the boundary between these sample points can be interpolated from these shape functions. Polynomials of order m are typically used
as the shape functions with accuracy usually improving as m is increased.
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The boundary integral is formulated for each nodal point on the boundary, xi , a
process called collocation. Since the pressure at each point depends on an integral
at all the other points, N boundary integral equations must be formulated. With
this discretization scheme, the boundary integral equation becomes
Z
Z
∂p(xs )
∂G(xi , xs )
C(xi )p(xi ) = p0 (xi ) +
(xi , xs ) dSs − p(xs )
dSs
∂ns
∂ns
Ss

(5.5)

Ss

To compute the integrals in the above equation, shape functions ψk are used.
For each boundary element, j, the boundary is interpolated by summing over the
shape functions, which in this research are piecewise-continuous linear splines. The
isoparametric method is used here, which means that the pressure and its normal
derivative on the boundary are approximated with the same shape function that
approximate the boundary. An element is defined as the subset of the boundary
between two nodes. In this case it is a linear function, so the j th element can be
characterized by its end points (xj1 , yj1 ), and (xj2 , yj2 ), and its normal vector,
(−sj ı̂ + ̂)
nj = q
1 + s2j

(5.6)

where sj = (yj2 − yj2 )/(xj2 − xj1) is the slope of the j th element.
Integration is carried out in the local coordinate along the surface of each
element, defined as ξ = −1 at (xj1 , yj1 ) and ξ = 1 at (xj2 , yj2 ). Between the two
endpoints, the shape of the surface is a linear function of ξ with slope sj . Two
interpolating functions are required for 2D geometry with linear shape function
ψ1 (ξ) =

1−ξ
2

ψ2 (ξ) =

1+ξ
.
2

(5.7)

Using these functions, the x and y coordinates of the element are interpolated as
xjI (ξ) = xj1 ψ(ξ) + xj2 ψ2 (ξ)

yjI = yj1 ψ(ξ) + yj2 ψ2 (ξ)

(5.8)

where xI and yI are the interpolated x and y coordinates respectively. These
interpolated values are used to approximate R = |xi − xs | on the j th element by
replacing xs = (xs , ys ) by (xI , yI ).
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The integrands of Eq. (5.5) contain both Green’s functions and surface pressure
(or their normal derivatives). On the j th element, the pressure and its normal
derivative are approximated using the same shape functions in Eq. (5.7). The
interpolated pressure variable η, which can stand in for either p or ∇s p is
η(ξ) = η(xj1 , yj1 )ψ1 (ξ) + η(xj2 , yj2 )ψ2 (ξ)

(5.9)

where η(xjk , yjk ) is the pressure variable at one of either nodal endpoints of the
surface element. The nodal pressure in this equation is independent of ξ, and
therefore may be taken outside the integral.
Once the surface has been mapped from the global coordinates to local coordinates that span ξ ∈ [−1, 1], the integral can be approximated by a quadrature
scheme. The integrals could in principle be computing using simple Riemann integration, but the accuracy of this technique is poor for a small number of partitions.
In the Gaussian quadrature technique, the integrand is approximated by a polynomial, which can be integrated analytically. The coefficients of this polynomial are
determined by matching the integrand at specific points in [−1, 1], called Gauss
points. With Gauss points, a polynomial of degree 2m − 1 can be specified with
only m points.[158] The method to implement Gauss quadrature in one dimension
is
Z1
f (x)d x ≈

m
X

wi f (xi )

(5.10)

i=1

−1

where wi are the weights from the polynomial coefficients, and xi are Gauss points.
For Gauss-Legendre quadrature, the points xi are the zeros of Pm (x), the Legendre
polynomial of degree m [245, Formula 25.4.29]. Weights can be computed with the
formula
wi =

2
(1 −

x2i ) [Pm0 (xi )]2

(5.11)

where Pm0 (x) is the first derivative of the mth -order Legendre polynomial [245].
To use Eq. (5.10) for the boundary element method, the integrand f is replaced
by one of four terms, two for each shape function, and two for each of G and ∇s G.
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For each node i and element j, let each of the four integrals be noted as
Z
Z
∂G(xi , xjI (ξ))
G1 = ψ1 (ξ)G(xi , xjI (ξ)) dξ
H1 = ψ1 (ξ)
dξ
∂nsj
Z
Z
∂G(xi , xjI (ξ))
dξ
G2 = ψ2 (ξ)G(xi , xjI (ξ)) dξ
H2 = ψ2 (ξ)
∂nsj

(5.12)
(5.13)

where Gk and HK stand for variables involving either the Green’s function or
its derivative, and the subscripts stand for which shape function is used. These
quantities are used to form a matrix of coefficients, H and G for a linear system by
assigning them to column i. The assigned row is determined from the nodal points
on each element (the left node for H1 and G1 , and the right node for H2 and G2 .
Nodes can belong to multiple elements, and the coefficient matrix terms are simply
summed for these cases. There is no need to keep track of multiple ownership of
nodes in the numerical implementation. The coefficient matrix is initialized to zero
and is constructed by looping over each node, and each element, and adding the
Hk and Gk quantities to the existing element.
If the collocation point, xi happens to lie on the integration element, the Greens
function and its derivative will be singular at that endpoint. For the Greens function, the singularity is of order log x, and for its normal derivative it is of order
1/x, where x is the argument of the Hankel function. Singular integrands can be
treated in a variety of ways. The logarithmic singularity is integrable [157], but
Gauss quadrature converges very slowly and requires a higher-order interpolating polynomial to achieve the same accuracy as for nonsingular integrands. This
shorcoming can be circumvented by simply transforming the integration variable
to z = x2 + 1. The algebraic singularity is not so easily treated by substitution,
although the geomtry of the problem works in our favor. The integrand for the
algebraic singularity is the derivative of the Green’s function multiplied by the dot
product between the surface normal and the greens function argument|xi − xs |.
For singular elements, both xi and xs are on the same element. On linear elements,
xs is always orthogonal to the surface normal by definition, so the dot product is
identically zero, rendering the entire integrand zero. The dot product for higherorder elements is not identically zero, but is exactly zero at the singular nodes.
This later technique of mitigating the singular integrand is only available for linear
or higher order shape functions, and not constant shape functions. Singular inte-
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gration for constant shape functions has mostly been dealt with in ad hoc fashion
by Thorsos [138] by expanding the integrand in a Taylor series.
Once the coefficient matrices have been established, a system of linear equations
can be formed
1
∂p(xi )
p(xi ) = p0 (xi ) + Hp(xi ) + G
2
∂nsi

(5.14)

If the pressure and its normal velocity can be related to one another by the specific
acoustic impedance, then the two terms on the right hand side of the previous equation can be summed, and the system is closed. However, for impedance boundary
conditions on a rough interface, their relationship is not a priori known. In this
case, the coupled HKIE from Eqs. (5.3) and (5.4) is discretized. The Hk and Gk
terms are modified for this case due to the fact that the Greens functions for each
medium are different. Using the superscript p or w to denote whether the Greens
function is for the compressional wave in the seafloor, or the compressional wave
in the water column, the integral equation can be discretized as
1
∂p(xi )
p(xi ) = p0 (xi ) + Hw p(xi ) + Gw
2
∂nsi
∂p(xi )
1
p(xi ) = aρ Hp p(xi ) + Gp
2
∂nsi

(5.15)
(5.16)

These two coupled matrix equations can be solved in one step by forming a block
matrix equation [114, 86]
#
"
# "
#"
p0 (xi )
Hw Gw
p(xi )
2
=
∂p(xi )
0N
a ρ H p Gp
∂nsi

(5.17)

where the quantities in brackets denote vertical or horizontal concatenation of the
enclosed arrays, and 0N denotes column vector of length N entirely composed of
zeros.
Note that this coupled integral equation is derived in Maradudin et al [114]
for vertically and horizontally polarized electromagnetic waves, and converted to
the acoustic domain in Thorsos et al [86]. Numerical solution of the equation in
each of those papers uses constant elements, which approximates the pressure and
boundary as piecewise constant splines on each elements, and leads to discontinuities. Gauss quadrature of order zero was also used. The method of linear shape
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functions, as outlined in Wu [157] and Gaul et al [158], overcomes this drawback
of discontinuity, but in their formulation, only a single integral equation is used.
The method used in this thesis combines the coupled equations with linear shape
functions. Linear shape functions have the advantage of approximating the phase
of the Greens function over the element with a higher degree of accuracy, and of
being able to naturally mitigate the algebraic singularity.
The matrix equation can be solved by one of many numerical routines available for solving such systems. The author’s implementation of the BEM uses
lower-upper (LU) decomposition and back substitution. These algorithms are implemented in the open-source software package LAPACK [253] as ZGETRF and ZGETRS
respectively for double-precision complex matrices. The techniques of LU decomposition are useful for solving for the surface pressure if many different incident
fields (including incident angles) are used on the same surface. Standard Gaussian elimination can also be used and is implemented in LAPACK by the function
ZGELS. Commercial packages based on LAPACK that take advantage of specialized
instruction sets for specific processors are available.
Once the solution of the boundary variables at the nodal points has been determined, then the solution may be propagated to the field by placing the points
xi at the virtual receiver locations. The procedure is repeated, except that the
points xi , are not on the surface but in the field. The integral can be computed
approximately by Gaussian quadrature just like in the first step.

5.3

Incident Field and Cross Section Estimation

Numerical simulation of rough interface scattering, and controlled tank experiments are perhaps the only cases in which the idealized definition of the scattering
cross section in Eq. (1.12) can be used. Nevertheless, numerical results can be contaminated by edge effects if a simple truncated plane wave is used. These effects
are analogous to the spectral leakage problem encountered in Section 3.3, and are
mitigated through application of a suitable taper function to the incident pressure
field.
The canonical incident field used for numerical simulations was developed by
Thorsos [138]. The Thorsos beam is a modification to a standard Gaussian beam
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designed to overcome its shortcoming of not satisfying the Helmholtz equation.
Beam-type incident fields are a product of a plane wave propagating in the ki
direction, and a tapering function in the plane normal to ki . Another type of
tapered incident field is the pulse, which tapers the incident plane wave in the
direction of propagation, instead of in the orthogonal plane.
When used to solve the Helmholtz-Kirchhoff integral equation, both beam and
pulse type incident fields imply that the incident energy is distributed over a finite
angular range, rather than a single angle. In the real world, pulses are generated
by a finite bandwidth signal, but the single frequency required by the Helmholtz
equation transforms this finite bandwidth into a finite angular spectrum. For either
beam or pulse tapers, the smaller the incident field, the larger the angular range
of incident energy. The formula for an incident Gaussian beam is
2 /g 2

pi (x, y) = e−iki ·r e−(x−y cot θi )

(5.18)

where ki is the incident wave vector, θi is the incident grazing angle, x and y are
the horizontal and vertical coordinates of the rough interface, and g is the width
of the Gaussian function and determines the ensonified area. The formula for an
incident Gaussian pulse is
2 /g 2

pi (x, y) = e−ik·r e−(x cos θi −y sin θi )

(5.19)

Note that when θi approaches zero, the cot θi term in Eq. (5.18) approaches
infinity, which can cause small fluctuations in the rough interface to lead to large
spatial fluctuations in the incident field. For θi close to 90◦ , the amplitude as
a function of x is a smooth Gaussian function, but is rapidly fluctuating for θi
close to zero. These fluctuations can cause the scattering cross section using the
Gaussian and Thorsos beam to increase as a function of grazing, causing a violation
of reciprocity [32, 9]. The Gaussian pulse also has its disadvantages. When θi
approaches 90◦ , the taper function becomes independent of x and approaches a
rectangular function. Due to the drawbacks of both the Gaussian pulse and beam,
a simplified version will be used with the form
p(x, y) = e−ik·r e−x

2 /g 2

(5.20)
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This incident field is called the simplified Gaussian and is neither a beam nor a
pulse, but instead is a smooth Gaussian as a function of x for all y. In addition to
overcoming the drawbacks of the Gaussian beam and pulse, it has the advantage
of providing a constant resolution as a function of grazing angle. Discussion of the
various incident fields and examples of their effect on the scattering cross section
can be found in Olson and Lyons [32], and Toporkov et el [254]. The scattering cross
section from 2D Monte Carlo simulations using the simplified Gaussian incident
field in Eq. (5.20) can be estimated by the equation
h|ps |2 i r
σ= p
.
π/2g

(5.21)

where r is the Euclidian distance from the far-field receivers from the center of the
rough surface.

5.4

Boundary Element Method Validation

To have confidence that the BEM used in this research produces expected results,
it is tested on surfaces for which an analytic solution for the scattering cross section
exists. These surfaces have von Kármán power spectra with parameters that are
expected to fall within the domain of validity of perturbation theory. Note that
the region of validity of perturbation theory for impedance surfaces has yet to be
established, although the literature contains checks on perturbation theory for a
single set roughness and geoacoustic parameters, specifically by Thorsos et al. [113]
and Isakson and Chotiros [255]. The roughness and geoacoustic parameters used
Name
Water Density
Sediment Density
Water Sound Speed
Sediment Sound Speed
Sediment Loss Parameter
Spectral Strength
Spectral Exponent
Spectral Cutoff

Symbol
ρw
ρb
cw
cb
δb
w1
γ1
K0

Value
1000 kg/m3
2200 kg/m3
1500 m/s
1800 m/s
0
1×10−5 m
2
10×10−3 1/m

Table 5.4. Geoacoustic and roughness parameters for the BEM validity check.
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Name
Number of Points
Total Length
Ensonified Length
Acoustic Wavelength
Monte-Carlo Ensemble Size

Symbol
N
L
g
λ
Ne

Value
4096
768
192 m
1.5 m
100

Table 5.5. Numerical parameters for the BEM validity check.

in this validation example are similar to observed values for sedimentary seafloors.
See Jackson and Richardson [9] for summaries of these data.
Geoacoustic and roughness parameters for this experiment can be found in
Table 5.4, and parameters regarding the geometry and numerical aspects in Table
5.5. The incident and scattered angles angles were spaced in 1◦ increments between
1◦ and 180◦ .
The scattering cross section has been computed using the impedance boundary
element method using surfaces generated with the above parameters. A subset of
bistatic results, with incident grazing angles of 90◦ and 10◦ are presented in Fig.
5.4 and monostatic results in Fig. 5.4. The error between the BEM scattering
cross section curves and the perturbation theory results is plotted in Figs. ???
and ??? for the bistatic and monostatic results respectively. Errors are reported
as dB quantities, defined as 10 log10 (1 + (σBEM − σP T )/σP T ).
Overall, the agreement between BEM and perturbation theory is less than 2dB,
except for a few angles in the bistatic case with θi = 10◦ . Most of the fluctuation
in the error is random and independent of angle, indicating that it is a result of
finite Monte-Carlo ensemble size. The Monte-Carlo error is typically restricted to
±1 dB for 100 member ensembles used in this study. However, near the critical
angle of 33◦ , there is some error that is correlated with angle, indicating that the
error is systematic in this region. This systematic error has a maximum of 2-3
dB. The source of this error is unknown, and attempts to eliminate it through
increasing the number of Gauss quadrature points to 32, and decreasing the sampling interval to ∆x = λ/20 were unsuccessful. Although there is some significant
systematic error, it is confined to a limited angular region and is small compared to
the total variation in decibels (-75 dB to 0 dB) of the scattering cross section. This
systematic underestimate of the scattering cross section is present in the compari-
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Figure 5.11. Comparison of the bistatic scattering cross section from BEM and perturbation theory using the parameters listed in Table 5.4. The top plot shows an incident
grazing angle of 90◦ and the bottom shows 10◦ . For the top plot, agreement between
perturbation theory and BEM is quite good, and there is slight disagreement between
the two for the bottom plot, expecially near the critical angle, and near 0◦ and 180◦
scattered angle.

son between perturbation theory and finite element analysis found in Isakson and
Chotiros [255]. Based on these results, it is established that the impednace BEM
implementation is suitible for the numerical study of the scattering cross section
and Pf a .

5.5

Numerical Experiments

Several numerical experiments were performed. A numerical experiment consists of
Monte-Carlo simulations of scattering from ensembles of generated surfaces. Each
experiment focuses on two parameters and generates surfaces with combinations
of these parameters ranging over several orders of magnitude. These parameters
include the mean and variance of the facet size L, the PDF of these quantities,
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Figure 5.12. Comparison of the monostatic scattering cross section from BEM and
perturbation theory using the parameters listed in Table 5.4. There is excellent agreement
for most of the angular range, except between about 30◦ and 50◦ which is near the critical
angle of 33.6◦ between the two media.

RMS height, h, aspect ratio of facet sizes L/H, and the RMS height of the small
scale component, hs .
The experiments and the quantities investigated will are detailed here. The
first experiment used the unscaled plucked model with an exponential size distribution. The parameters kL, and rp took on the values {2m | m ∈ [−3, 5]} where
m is an integer, and n ∈ {1, 2, 3, 4, 5} respectively. The second numerical experiment varied the same quantities, but used the log-normal distribution with the
standard deviation of the facet size equal to H/3. The third numerical experiment
is identical to the second one except that the standard deviation of the facet sizes
is equal to its mean. The fourth, fifth, and sixth numerical experiments are identical to the first three, except that the aspect ratio is kept constant at unity, and
kh = {2n | n ∈ [−4, 3]} where n is an integer.
For all numerical experiments, the size of the surface ensemble used to estimate
the scattering cross section is 400. The spot size of the incident field is g = 12λ,
with the total length equal, Ls = 6g. Surfaces are sampled at ∆x = λ/10. Four
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Figure 5.13. Error expressed in decibels between the bistatic scattering cross section
computed using BEM and perturbation theory. As in Fig. 5.4, the top curve shows the
error from an incident grazing angle of 90◦ , and the bottom curve shows the error from
an incident grazing angle of 10◦ . Most of the variation in the error is uncorrelated with
angle, and is the result of a finite ensemble for the Monte-Carlo simulation. However,
near the critical angle (30◦ ) and near 0◦ and 180◦ , there seems to be some error that is
correlated as a function of angle. The BEM curve seems to systematically underpredict
the scattering cross section near the critical angle, although this effect is slight.

quadrature points per element are used to perform the numerical integration of
the Green’s function. Receivers are placed in above the rough interface in a hemisphere with radius 50L2s /λ. The Rayleigh distance, L2 /λ is a traditional definition
of the far field for coherent sources [256]. The far-field criterion for incoherent
measurements, such as the scattering cross section was studied by Lysanov [257],
Winebrenner et al [258], and in Jackson and Richardson [9, Appendix J]. It was
determined that the Rayleigh distance is far too conservative for incoherent measurements, even though it provides a good criterion for coherently processed arrays.
Even if the Rayleigh distance is too restrictive, placing the receivers farther away
than this distance ensures that the far-field criterion is satisfied. Note that a finite
incident field for simulations in the frequency domain implies that the energy is
coming from a distribution of angles, rather than an ideal plane wave. Based on
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Figure 5.14. Error expressed in decibels between the scattering cross section computed
using BEM and perturbation theory.

analysis in Thorsos [138], the angular width is comparable to the angle at approximately 5◦ . Results for the cross section below 5◦ should not be considered reliable.
Reliable results for lower angles could be obtained by increasing the parameter
g/λ.

5.6

Cross section Results and Discussion

The results of two of the six numerical experiments using the exponential distribution are presented and discussed in this section. The remaining four numerical
results exhibit interesting features, but do not exhibit features in the cross section
seen in measurements (log-normal with σL = L/3), or exhibit the same features
seen in the exponentially distributed surfaces (log-normal with σL = L). Numerical
experiments 2, 3, 4, and 6 can be found in Appendix F.
Scattering cross section results from the first numerical experiment using the
exponential distribution, and varying kL and rp are presented in Figs. 5.15, 5.16,
5.17, 5.18, 5.19. Each figure presents results from a different aspect ratio with
values of rp = {1, 2, . . . , 5}. Within each figure, the kL parameters vary from 1/8
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to 32, as indicated in the legend. For many of the cross section results in this
section, the cross section increases as grazing angle decreases. This trend is likely
the result of the finite incident fields, which make cross section estimates unreliable
for grazing angles less than five degrees.
For all aspect ratios, the lowest values of kL corresponds to the lowest scattering
strengths. This is likely due to the linear relationship between L and h2 studied
empirically in Section 5.1.2. The blue curves seem to be independent of rp , and have
a specular peak that falls approximately 15 dB in 10◦ . Off the specular direction,
the cross section slopes gently downwards until it reaches about 20◦ , at which
point it falls rapidly towards zero, approximately linearly. With increasing kL
(and consequently increasing kh), the levels of the curves tend to increase without
changing shape too much, at least for kL < 1. Near the specular direction, as kL
increases the peak at 90◦ starts to disappear as kL increases. Overall, the inflection
point present in the blue curves around 80 tend to disappear and curves tend to
have constant downward curvature as kL increases.
For rp = 1, as kL increases past 2, a peak appears around 45◦ that disappears for
the largest kL value of 32. As the aspect ratio increases, this peak shifts towards
90◦ and becomes sharper. This peak never coincides with the specular peak for
lower kL for the aspect ratios studied. For rp = 1, the peak is only present in
moderately rough surfaces (kL ∈ [2, 8]), and the curve becomes monotonic again
for very rough surfaces (kL > 8), mostly by increasing the level near the specular
direction. For higher values of rp , this trend does not exist and the the dip near
the specular direction remains for both moderate and very rough surfaces.
This trend may reflect the change in slope distribution of the surface with
respect to rp . For rp = 1, the mean height and length of the steps are equal. Since
surface is composed of rectangular steps, the angular distribution of the steps is
bimodal. As the aspect ratio changes, the steps are no longer equal in height and
length, and the slope distribution is bimodal around different angles, as seen in
Fig. 5.6.
Since these surfaces have very large roughness, it is likely that multiple scattering is present. The presence of roughness-induced non-specular peaks in the
scattered field may be due to enhanced backscattering from multiple coherent reciprocal paths from specular reflections off of facets [259]. This effect is similar
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Figure 5.15. Scattering Strength results for the unscaled exponential distribution with
an aspect ratio of 1. Values of kL range between 1/8 and 32.
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Figure 5.16. Scattering Strength results for the scaled exponential distribution with an
aspect ratio of 2. Values of kL range between 1/8 and 32 based on the legend.
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Figure 5.17. Scattering Strength results for the unscaled exponential distribution with
an aspect ratio of 3. Values of kL range between 1/8 and 32.
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Figure 5.18. Scattering Strength results for the scaled exponential distribution with an
aspect ratio of 4. Values of kL range between 1/8 and 32.
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Figure 5.19. Scattering Strength results for the unscaled exponential distribution with
an aspect ratio of 5. Values of kL range between 1/8 and 32.
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to that observed in concave corner reflectors in radar scattering [260]. However,
multiple coherent specular paths only occur under if angle between the two facets
is 90◦ , and these paths occur for all backscattering directions. Multiple scattering
of orders 4 or greater could contribute to enhanced backscattering for facets that
are not mutually orthogonal.
Another possible cause of this behavior is multiple scattering between specular
facets and diffraction from convex corners. For scattering from facets to be highly
directional and high amplitude, they must be large compared to a wavelength.
With an aspect ratio of unity, convex corners are approximately the same distance
away from facets as the facet is large, shown in Fig. 5.20. For higher aspect
ratios, convex corners can appear about L/rp away from facets of mean size L,
instead of L away, for an aspect ratio of unity. If we assume that the impedance is
high enough that the boundary can be approximated as rigid, isotropic diffraction
from convex corners can scatter off of nearby large facets, which can cause the
diffraction to behave as a bipole, i.e. two coherent simple sources added in phase3 .
One ”source“ is at the convex corner, and the other one is at its image point, as
shown in Fig. 5.20b. The directivity of a bipole is H(θ) = cos( kd
sin θ), where
d
d is the distance between the dipoles, equal to L/(2rp ) in this case, and θ is the
angle measured from the dipole axis, which in this case is perpendicular to the
facet acting like an infinite plane. This radiation pattern contains several peaks
for large kd, which may corresond to the multiple non-specular peaks observed in
the cross section for large kL, and large rp .
The fourth numerical experiment scaled the RMS height, h to a predetermined
value. This vertical scaling eliminates the restriction to rectangular steps, but
allows independent analysis of the effect of kh and kL. Cross section results are
presented in Figs. 5.21, 5.22, 5.23. 5.24, 5.25, 5.26, 5.27, and 5.28 with kL values
specified in the legend. Scattering strength curves appear to be independent of kL
for kh ≤ 4, and kL ≤ 1. Some separation between the curves is visible for kL ≤ 1,
but not significant based on the amount of fluctuations due to a finite Monte Carlo
ensemble. For each kh, curves for all kL values align near the specular direction and
separate for lower grazing angles. For almost all values of kh, scattering strength
A dipole, on the other hand, results from two coherent simple sources added 180◦ out of
phase.
3
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Figure 5.20. Multiple scattering between convex corners and facets for different aspect
ratios. An aspect ratio of one is shown in (a), and an aspect ratio of greater than one is
shown in (b). The distance between corners and facets is much smaller for rp > 1 than
it is for rp = 1.

at low grazing angles (the diffuse component) decreases as kL increases. As kh
increases above 4, the specular peak largely disappears, and the diffuse component
becomes very high. There is still some separation between the curves for different
kL values.
If the surface parameters are such that that perturbation theory is valid, then
this trend can be explained by the fact that a smaller kL means a higher density of
corners, which contain high-frequency content. The validity of perturbation theory
for these surfaces is not known (especially since these surfaces are not smooth), but
based on the results in Thorsos and Jackson [259], perturbation theory is accurate
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for low kh, and high k`, where ` is the correlation length of the surface. Since kL
is likely related to the correlation length, perturbation theory is likely accurate for
high values of kL, and low values of kh. A higher density of corners means that
the surface contains more energy at higher wavenumbers, causing the roughness
spectrum for high kL to contain less information than the power spectrum for low
kL. However, it is not known whether perturbation theory is accurate for surfaces
with these statistics and parameters.
Another hypothesis for these trends, especially the dependence of the low grazing angle region on kL, is based on the density of specular scatterers outlined in
Chapter 4. Surfaces with smaller facet sizes will have a higher density of specular
scatterers per unit length. Scattering measurements reported in Chapter 4 indicated that surfaces with larger facets have a lower scattering strength as indicated
by the Lambertian parameter than surface with small facets. This trend is also
seen in this numerical experiment, although the opposite is seen in numerical experiment one. This discrepancy can be resolved by recalling that for the unscaled
surfaces, the rms height is approximately directly proportional to L.
An interesting feature that appears in the scaled experiments, but not the
unscaled experiment is a small secondary peak at low grazing angle, low kh, and
low kL. This peak is seen in the dashed green, teal, and red curves in Fig. 5.21.
For smooth surfaces for which perturbation theory is valid, there typically is a
secondary peak due to the critical angle. The critical angle for this surface is near
75◦ , so the low secondary peak around 10◦ cannot be the result of the critical angle.
They cannot correspond with specular reflection from individual facets becaues the
slope distribution for very low roughness is a smooth Gaussian as seen in Fig. 5.4,
not the bimodal distribution necessary to place secondary peaks away from the
specular direction of the mean plane.
Cross section results from numerical simulations in this chapter were compared
to experimental cross section results in Chapter. 4. The experimental cross section results generally followed a Lambertian trend, with the µ parameter falling
around -15 dB or -25 dB. These parameters correspond to a scattering strength
of approximately -22 dB and -30 dB at 20◦ grazing angle. The unscaled surfaces
are a more realistic model for glacially plucked surfaces than the scaled surfaces,
so comparisons between numerical simulations and data will take place for these
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Figure 5.21. Scattering Strength results for the scaled exponential distribution with a
kh value of 1/16. Values of kL range between 1/8 and 32.
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Figure 5.22. Scattering Strength results for the scaled exponential distribution with a
kh value of 1/8. Values of kL range between 1/8 and 32.
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Figure 5.23. Scattering Strength results for the scaled exponential distribution with a
kh value of 1/4. Values of kL range between 1/8 and 32.

Scattering Strength [dB re 1]

0

−20

−40

−60

kL = 0.125
kL = 0.25
kL = 0.5
kL = 1
kL = 2
kL = 4
kL = 8
kL = 16
kL = 32

−80

−100

−120
0

10

20

30

40

50

60

70

80

90

Grazing Angle [Deg]

Figure 5.24. Scattering Strength results for the scaled exponential distribution with a
kh value of 1/2. Values of kL range between 1/8 and 32.
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Figure 5.25. Scattering Strength results for the scaled exponential distribution with a
kh value of 1. Values of kL range between 1/8 and 32.
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Figure 5.26. Scattering Strength results for the scaled exponential distribution with a
kh value of 2. Values of kL range between 1/8 and 32.
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Figure 5.27. Scattering Strength results for the scaled exponential distribution with a
kh value of 4. Values of kL range between 1/8 and 32.
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Figure 5.28. Scattering Strength results for the scaled exponential distribution with a
kh value of 8. Values of kL range between 1/8 and 32.
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Figure 5.29. An example scattering strength curve from a scaled surface generated from
an exponential distribution with kh = 1/2, and kL = 4 is compared to a Lambertian
model with µ = −31 dB. Although the model provides a poor fit overall, between 10◦ and
40◦ , the model provides reasonable fit.

surfaces. The range of levels observed in the data at 20◦ grazing angle is lower
than the range observed for numerical simulations 1 and 3, but fits the range for
numerical simulation 2. The level of -30 dB is at the lower end of the cross sections
in Fig. F.1 for numerical simulation 2. A Lambertian function does not perfectly
match the scattering strength curves over the entire angular range for many of the
numerical results. Between 10◦ and 40◦ , the Lambertian model seems to be a good
approximation. Two scattering strength curves from the exponentialy-distributed
scaled surface are compared to a Lambertian model that provides a decent fit between 10◦ and 40◦ in Figs. 5.29 and 5.30 for kh = 1/2 and kh = 4 respectively. Both
figures have kL = 4. This angular range is common to most of the field measurements presented in this dissertation, and is also coincides with angles commonly
accessible with low-angle field experiments.
Although the unscaled plucked model was designed to serve as a model for
a glacially plucked interface, differences between the model and reality can be
a cause for mismatch between measurements and numerical simulations. Measurements are performed in 3D, and numerical simulations in 2D, which makes
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Figure 5.30. An example scattering strength curve from a scaled surface generated from
an exponential distribution with kh = 4, and kL = 4 is compared to a Lambertian model
with µ = −7 dB. Although the model provides a poor fit overall, between 10◦ and 40◦ ,
the model provides reasonable fit.

comparisons between them difficult. Out-of-plane scattering in 3D measurements
will likely lower the scattered level compared to axisymmetric 2D geometry. Comparison across dimensionality is not a fair comparison, and the levels will certainly
be different. With perturbation theory, the 3D scattering cross section can be
converted to the 2D version by dividing by k and using the 1D roughness power
spectrum instead of the 2D roughness spectrum. Without an accurate model, 2D
and 3D measurements cannot be compared at this time. Future work in this area
could be performed by converting the 1D surface pressure (or velocity) covariance
into an isotropic 2D version using the Able transform, and then computing the
scattering cross section using Eq. (J.36) in Jackson and Richardson [9].
Apart from the experimental dimensionality, there are significant differences
between the plucked model and real glacially plucked surfaces. Steps are never
composed of perfectly flat segments connected by right angles. Small-scale roughness is evident from roughness measured of plucked surfaces in Chapter 3, and
it is likely that it contributes to the scattered field. Additionally, the roughenss
measurements from which the facet size distribution was extracted took place on
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one horizontal step. In addition to small-scale roughness, each horizontal step is
likely to also contain small-scale fractures.

5.7

Probability of False Alarm Results and Discussion

The probability of false alarm was estimated from the same pressure ensemble
used to estimate the scattering cross section in the previous section. Estimated
Pf a curves do not show the same variability between the different facet size distribution as in the cross section curves. As with the surface slope density curves,
the exponential distribution will stand in for the log-normal distribution. It can
be assumed throughout that the statistics of the scattered field are independent of
the facet distribution, and only depend on kh, kL, and rp .
Curves are only presented for grazing angles of 20◦ . This angle was chosen
because it represents a common angle from all the scattering measurements presented in Chapter 4. Note that only one angle is used to form the ensemble to
estimate the Pf a . It is common in field measurements of scattering statistics to
group together a finite angular interval of about 20◦ [98]. This grouping is possible because the pressure samples have been matched-filtered, basebanded, and
critically sampled to ensure independence. Each sample comes from a different
angle, and different region of the seafloor. For numerical simulations, the pressure
field due to scattering in a hemisphere of receivers is computed for each surface in
the ensemble. Since the scattered field at many angles can come from the same
surface, adjacent angles are not independent and cannot be grouped if members
of the ensemble are assumed to be independent.
Probability of false alarm curves for an unscaled surface with an exponential distribution can be found in Figs. 5.33, 5.34, 5.35, 5.36, and 5.37 for rp = {1, 2, 3, 4, 5}
respectively. All plots have Rayleigh and K-distribution curves for comparison,
with the p values from the KS test recorded in Tables 5.6 and 5.7 respectively. The
K-distribution parameters were estimated for the kL = 32, or dashed teal curve,
because it usually had the heaviest tails. For all aspect ratios, the Pf a curves are
quite close to the Rayleigh distribution at low values of kL. For the largest value
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of kL and rp = 1, the Pf a curves develop heavier tails. As rp increases, these trends
are consistent, except that the tails for kL = 32 become heavier, and the curve
for kL = 16 also develops a heavy tail. The heavy-tailed curves sometimes exhibit
an inflection point, as observed in the scattering measurements, but for the most
part posses a consistent downward curvature in log-linear space4 . The Pf a does not
seem to be as sensitive to aspect ratio as the cross section.
A possible explanation for these trends is that the scattered field is due to
the two effects discussed earlier for the numerical and experimental cross section
estimate, specular scattering from facets, and isotropic diffraction from convex
corners. For very small values of kL, facets are not large enough compared to
the wavelength to result in highly directional, high amplitude events. As kL is
increased, the directionality the scattered field from each facet becomes narrower
and higher in amplitude, producing discrete high-amplitude events in the angular response. These directional, high-amplitude features in the scattered angular
response can increase the tails of the amplitude distribution. For the unscaled surfaces, a heavy tail is only present for the largest one or two kL curves for all aspect
ratios. This model for scattering from facets should produce a smooth transition
from Rayleigh to heavy tailed, but this trend is not present in the Pf a curves for the
unscaled model. The faceted model just described basically relates the slope distribution of facets on the surface to the statistics of the scattered field. If the surface
is composed of right angle facets, then multiple scattering will always occur, (almost) independent of incident angle [260]. Thus, specular scattering will occur for
most incident angles, and there will be a very large number of these high-amplitude
events contributing to the scattered field and the distribution should theoretically
approach Rayleigh.
Probability of false alarm curves for scaled surfaces with an exponential distribution can be found in Figs. 5.38, 5.39, 5.40, 5.41, 5.42, 5.43, 5.44, and 5.45 for
values of kh spaced in powers of two between 1/16 and 8. Again, all plots have
Rayleigh and K-distributions plotted alongside the numerical results for comparison. This time, the K-distribution parameters were estimated for kL = 1/8
4

In log-linear space, the K-distribution Pf a has downward curvature for shape parameters
greater than 1/2, and a small degree of upward curvature in the low amplitude region for shape
parameters less than 1/2. The K-distribution is equal to a negative exponential for a shape
parameter of 1/2, and is a straight line in log-linear space.
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rp
kL
1/8
1/4
1/2
1
2
4
8
16
32

1

2

3

4

5

0.676
0.962
0.483
0.442
0.958
0.921
0.002
0.000
0.000

0.453
0.882
0.935
0.118
0.621
0.167
0.005
0.024
0.000

0.128
0.591
0.900
0.743
0.603
0.616
0.636
0.661
0.000

0.320
0.998
0.893
0.809
0.709
0.439
0.374
0.000
0.000

0.787
0.905
0.655
0.713
0.999
0.139
0.357
0.000
0.000

Table 5.6. This table displays the p values from the KS test for the Rayleigh distribution
with data taken from the pressure field scattered from the unscaled exponential surfaces.
Boldface type is used to mark p values that exceed 0.8. This division has no physical
meaning, but is meant to communicate regions of kL-kh parameter space where the
K-distribution is a good match.

because low values of kL tend to have heavy tails without inflection points, and
high values of kL have inflection points (a sign that the K distribution is not a
good model). The p-values for the Rayleigh and K-distribution fits are reported in
Tables 5.8 and 5.9 respectively with boldface exceeding 0.8. These curves exhibit
much more diverse behavior. At the lowest kh in Fig. 5.38, none of the curves follow the Rayleigh distribution, although based on the comparisons with the models
in the figures, and the p values reported in Table 5.9, may of the curves appear
to be well modeled by the K-distribution. The curve for kL = 32 has a very
heavy tail, and contains an inflection point around a normalized amplitude of 2,
indicating that a mixture distribution may be more appropriate. As the roughness amplitude is increased, the curves continue to have heavy tails, and the curve
for kL = 32 departs more from the Rayleigh distribution. This departure is very
evident in Figs. 5.42 and 5.43, where the inflection point has moved to a much
lower normalized amplitude (0.5) and separated from the fluctuation in the tails
induced by finite ensemble size. For kh ≥ 4, more Pf a curves develop inflection
points, especially for kh = 8, in which 4 curve develop them. Strangely, curves for
low kL move towards the Rayleigh distribution (except for the fluctuations in the
tail) for very large values of kh.
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rp
kL
1/8
1/4
1/2
1
2
4
8
16
32

1

2

3

4

5

0.383
0.788
0.296
0.857
0.901
0.942
0.765
0.135
0.000

0.831
0.632
0.721
0.076
0.931
0.834
0.851
0.825
0.002

0.054
0.436
0.680
0.468
0.427
0.916
0.990
0.762
0.289

0.186
0.972
0.681
0.625
0.805
0.940
0.996
0.971
0.654

0.834
0.838
0.715
0.938
0.894
0.615
0.790
1.000
0.303

Table 5.7. This table displays the p values from the KS test for the K-distribution
with data taken from the pressure field scattered from the unscaled exponential surfaces.
Boldface type is used to mark p values that exceed 0.8. This division has no physical
meaning, but is meant to communicate regions of kL-kh parameter space where theKdistribution is a good match.

The behavior described in the above paragraphs follows the qualitative trends
for scattering from specular facets. At low kh, the slope distribution is very tightly
concentrated around zero. The probability of a specular reflection at low backscattering angles is quite low, and likely does not contribute much to the scattered field,
at least for this angular region. The scattered field from a line segment off of its
specular direction is low, but still finite. Convex corners between line segments can
scatter sound isotropically. The scattered field at low grazing angles could be the
sum of oblique scattering from facets, and from isotropic diffraction from convex
corners. Both of these mechanisms are discrete events, the scattered field is the
sum of a large, but finite, number of them. The K-distribution can be used to
model the statistics of scattering from exponentially distributed discrete scatterers,
and seems to fit these data well. The total length of these surfaces is held constant,
so large kL surfaces will have fewer corners and facets, and will thus have a lower
shape parameter, and heavier tails.
As the roughness is increased, the variance of the slope distribution increases,
so that specular events are more likely at low grazing angles. However, specular
scattering from facets is only possible for large kL, since the scattered field is higher
in amplitude, and more directional. Inflection points should occur when the field
becomes the sum of two components, specular facets, and isotropic diffractions,
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kh
kL
1/8
1/4
1/2
1
2
4
8
16
32

1/16

1/8

1/4

1/2

1

2

4

8

0.017
0.102
0.058
0.006
0.019
0.016
0.028
0.000
0.000

0.003
0.007
0.000
0.024
0.000
0.010
0.003
0.001
0.000

0.031
0.364
0.008
0.009
0.029
0.001
0.000
0.000
0.000

0.000
0.000
0.000
0.066
0.162
0.066
0.000
0.000
0.000

0.000
0.560
0.032
0.007
0.031
0.010
0.000
0.000
0.000

0.009
0.008
0.056
0.004
0.036
0.000
0.000
0.000
0.000

0.130
0.095
0.787
0.078
0.003
0.000
0.000
0.000
0.000

0.749
0.000
0.365
0.987
0.002
0.000
0.000
0.000
0.000

Table 5.8. This table displays the p values from the KS test for the Rayleigh distribution
with data taken from the pressure field scattered from the scaled exponential surfaces.
Boldface type is used to mark p values that exceed 0.8. This division has no physical
meaning, but is meant to communicate regions of kL-kh parameter space where the
Rayleigh distribution is a good match.

which are observed for only the highest values of kL, and in surfaces with kh ≤ 2.
In the two highest levels of kh, four of the highest values of kL have inflection
points, and the rest move back towards the Rayleigh distribution. The behavior for
large kh and large kL is caused by a broader distribution, with a slope variance of
about 1/2, combined with very large facets. The combination of broad distribution
with large facts means that there will be a greater frequency of high amplitude,
highly directional events in the scattered field. The influence of isotropic convex
corner diffraction is still present.
Presence of an inflection point is cause by the presence of both mechanisms.
On the other hand, for smaller kL at large kh, the slope distribution is quite large,
so more specular scattering should occur. However, a low kL means that the
scattered field will not be as highly directional, or as high in amplitude as for large
kL, and therefore specular scattering is not likely to be important. The return to
a Rayleigh distribution could be explained by multiple scattering. For very rough
surfaces, multiple scattering in the form of corner-corner, corner-facet, or facetcorner is likely to occur. Multiple scattering effectively increases the number of
discrete scattering events per surface, which should increase the shape parameter,
pushing the tails back towards a Rayleigh distribution.
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kh
kL
1/8
1/4
1/2
1
2
4
8
16
32

1/16

1/8

0.927 0.881
0.958 0.898
0.948 0.665
0.650
0.601
0.817 0.821
0.972 0.974
0.998 0.844
0.229
0.496
0.003
0.000

1/4

1/2

1

2

4

8

0.675
0.873
0.497
0.734
0.949
0.442
0.906
0.655
0.000

0.777
0.652
0.542
0.632
0.935
0.896
0.361
0.348
0.000

0.404
0.989
0.261
0.936
0.878
0.626
0.626
0.030
0.000

0.375
0.813
0.416
0.958
0.986
0.779
0.296
0.003
0.000

0.896
0.927
0.581
0.960
0.249
0.105
0.117
0.000
0.000

0.736
0.000
0.855
0.953
0.694
0.796
0.000
0.000
0.000

Table 5.9. This table displays the p values from the KS test for the K-distribution
with data taken from the pressure field scattered from the scaled exponential surfaces.
Boldface type is used to mark p values that exceed 0.8. This division has no physical
meaning, but is meant to communicate regions of kL-kh parameter space where the
K-distribution is a good match.

Estimates of the Pf a from real data always contain an inflection point, indicating
that two different mechanisms are always present in the field data. This trend is
not seen for the unscaled surfaces, and probably means that it is not a good model
to represent glacially plucked surface in a manner relevant to acoustic scattering.
From the measurement of an individual facet of a glacially plucked surface in
Chapter 3, it is clear that each approximately rectangular step of a plucked surface
is itself composed of a number of facets. Small scale facets may be distributed
in the same manner as Lupien’s method (connecting vertices whose lengths are
distributed exponentially, and whose heights are distributed exponentially). On
top of each small-scale facet on each step, roughness due to the shape of the
preexisting joint is also present. Joint roughness has been observed to follow a
power law [66, 62, 69, 68, 65].
A more realistic model for a glacially plucked interface is a three-scale model
1) Approximately rectangular steps at the largest scale, 2) a random (nonrectangular) facet structure at intermediate scales, and 3) low-amplitude power-law
roughness on each intermediate-scale facet. The importance of the intermediate
scale roughness is supported by the fact that the cross section levels, and the inflection points supported in the Pf a measurements more closely follow the scaled
plucked surfaces, rather than the plucked surfaces. Specifically, the lambertian
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parameter was seen to decrease with increasing step size in the field, but in numerical simulations, the opposite trend occured for the uscaled surfaces. For constant
kh, scattering strength at low grazing angles for the scaled surfaces was seen to
decrease as kL increased, which matches with field measurements.
As a final note, two-mechanism hypothesis for the trends observed in the scattering cross section have not been proven to be true. As they stand now, they
are just hyptheses that may happen to correlate with data from field or numerical
experiments. Confirmation of this hypothesis can be achieved by systematically
examining the surface pressure and normal velocity. If specular scattering is driving the scattered field, then the pressure and normal particle velocity on each facet
should be high relative to other points on the surface, and similarly for convex
corners. The direction of the scattered field can be determined by the phase as
a function of local coordinates on each facet. If the phase is a linear and deterministic, then the direction of the specular component can be determined, and
compared to the incident and scattered directions. If the phase is random, as it is
for a homogenous rough surface, then there will be no preferential direction to the
field scattered by a facet, and specular reflections will not likely contribute to the
scattered field.
Example surface pressure distributions are plotted in Figs. 5.31 and 5.32. These
plots correspond to kh = 1, and kL = 2 and 4 respectively and serve to illustrate
the surface pressure distributions reflecting specular scattering and diffraction on
points. On the surface with larger kL, the surface pressure is quite high on the
largest facets, indicating that specular scattering is dominant. For the surface with
lower kL, surface pressure is high on left-facing facets, but is much higher near the
convex corners, indicating that diffraction from corners is important. These initial
plots indicate that examination of surface pressure is fruitful, and that a systematic
study could reveal the relationship between surface parameters and the scattered
field.
One of the most interesting results in the Pf a is that for large kh and small kL,
the Pf a curves appear to be Rayleigh-distributed. The hypothesis that this trend
is due to multiple scattering cannot be tested by Monte Carlo studies with BEM.
Although determination of whether multiple scattering is important is outside the
scope of this dissertation, the theoretical and numerical framework that can make
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Figure 5.31. Example surface pressure for an exponentially-distributed scaled surface
with kh = 1, and kL = 2. Color corresponds to a dB value with arbitrary offset (normalized between 0 and 70).

this determination exists is the high-order Kirchhoff approximation [261, 262, 263,
264, 119, 265]. This framework is detailed in Appendix G. Analysis of multiple
scattering in a theoretical and computation manner provides a great opportunity to
provide mathematical relationships between surface parameters, and the scattered
field.
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Figure 5.32. Example surface pressure for an exponentially-distributed scaled surface
with kh = 1, and kL = 4. Color corresponds to a dB value with arbitrary offset (normalized between 0 and 70).
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Figure 5.33. Probability of false alarm for an unscaled surface with an exponential
distribution and aspect ratio of 1. A Rayleigh distribution is plotted for comparison.
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Figure 5.34. Probability of false alarm for an unscaled surface with an exponential
distribution and aspect ratio of 2. A Rayleigh distribution is plotted for comparison.
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Figure 5.35. Probability of false alarm for an unscaled surface with an exponential
distribution and aspect ratio of 3. A Rayleigh distribution is plotted for comparison.

235

0

Probability of False Alarm

10

−1

10

−2

10

kL = 0.125
kL = 0.25
kL = 0.5
kL = 1
kL = 2
kL = 4
kL = 8
kL = 16
kL = 32
Rayleigh
K (α = 1.17)

−3

10

−4

10

0

0.5

1

1.5

2

2.5

3

Normalized Amplitude

Figure 5.36. Probability of false alarm for an unscaled surface with an exponential
distribution and aspect ratio of 4. A Rayleigh distribution is plotted for comparison.
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Figure 5.37. Probability of false alarm for an unscaled surface with an exponential
distribution and aspect ratio of 5. A Rayleigh distribution is plotted for comparison.
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Figure 5.38. Probability of false alarm for a scaled surface with an exponential distribution and kh = 1/16. A Rayleigh distribution is plotted for comparison.
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Figure 5.39. Probability of false alarm for a scaled surface with an exponential distribution and kh = 1/8. A Rayleigh distribution is plotted for comparison.
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Figure 5.40. Probability of false alarm for a scaled surface with an exponential distribution and kh = 1/4. A Rayleigh distribution is plotted for comparison.
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Figure 5.41. Probability of false alarm for a scaled surface with an exponential distribution and kh = 1/2. A Rayleigh distribution is plotted for comparison.
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Figure 5.42. Probability of false alarm for a scaled surface with an exponential distribution and kh = 1. A Rayleigh distribution is plotted for comparison.

0

Probability of False Alarm

10

−1

10

−2

10

kL = 0.125
kL = 0.25
kL = 0.5
kL = 1
kL = 2
kL = 4
kL = 8
kL = 16
kL = 32
Rayleigh
K (α = 6.03)

−3

10

−4

10

0

0.5

1

1.5

2

2.5

3

3.5

4

Normalized Amplitude

Figure 5.43. Probability of false alarm for a scaled surface with an exponential distribution and kh = 2. A Rayleigh distribution is plotted for comparison.
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Figure 5.44. Probability of false alarm for a scaled surface with an exponential distribution and kh = 4. A Rayleigh distribution is plotted for comparison.
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Figure 5.45. Probability of false alarm for a scaled surface with an exponential distribution and kh = 8. A Rayleigh distribution is plotted for comparison.

CHAPTER

SIX

Summary and Future work
The novel contributions to the field of acoustics presented in this dissertation
comprise acoustic scattering measurements from rock surfaces, characterization of
the environment, and numerical simulations that explored acoustic scattering from
surfaces not amenable to theoretical study.
The environment was characterized in terms of geoacoustic parameters and surface roughness in Chapter 3. Direct measurements of the geoacoustic parameters of
the bedrock were not made, but instead were estimated based on the mineral composition of the area and effective medium models for wave propagation in heterogeneous media. Roughness measurements were made of the smooth, glacially abraded
side of a roche moutonée, and on its rough, quarried side. Power spectrum estimates were observed to have a low wavenumber peak corresponding to large-scale
undulaions, and double-slope power behavior at high wavenumbers. Anisotropy
is evident both from the height field measurements, and two-dimensional power
spectra. Measurements of one horizontal step of the quarried side of the roche
moutonéewere observed to have intermediate-scale fracturing. The sizes of these
facets were observed to follow a log-normal distribution, which is consistend with
previous field measurements in the same geographic region and very similar mineral
composition [211].
Future work should always make direct estimates of geoacoustic parameters.
A model for the cause of the double slope behavior in the roughness power spec-
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trum can be explored through improved modeling of glacier dynamics, including
a rigorous mathematical study of the feedback mechanism between glacier flow,
erosion, and surface roughness. A better characterization of glacialy quarried surfaces requires a much larger-scale measurement system (such as scanning LIDAR)
to characterize more than one step. Additionally, more samples would confirm the
trends in facet distribution observed in this dissertation. The small-scale roughness
on each intermediate-scale facet can be studied using existing data.
Scattering measurements were made in Chapter 4. This dissertation contains
the first estimates of the seafloor scattering cross section using SAS systems.
Data processing is in principle the same as for real-aperture sonar (RAS), but
requires very good navigation estimates, and requires keeping track of pixel dependent quantities, such as the the system beamwidth. Integrating high-resolution
bathymetry measurements is also a key aspect of estimating scattering strength,
and this thesis is the first to do so. Techniques for estimating the scattering cross
section in the specular direction are still developing, and a modification to existing
methods was presented in this dissertation, although results are not completely
satisfactory.
Measurements at low grazing angles on very smooth surfaces are well modeled
by perturbation theory or the small-slope approximation. The accuracy of the KA
and SSA near the specular direction could not be determined because of degenerate solutions in the estimation process. Low grazing angle scattering strength
measurements of very rough glacially plucked surfaces display a Lambertian angular dependence, with µ falling into two groups, around -15 dB and -22 dB.
Measurements of the probability of false alarm were also made of these surfaces,
and display a inflection point indicative of a mixture model. There is a paucity of
measurements of scattering strength and probability of false alarm from rocks and
rock outcroppings. The number of acoustic scattering measurements from rock
interfaces has been greatly increased by the addition of the acoustic scattering
measurements in this dissertation.
Future work in scattering strength entails confirmation of results presented here
using a system calibrated in laboratory conditions (ideally using reciprocity methods), and with real-aperture systems. More work is clearly required in estimating scattering strength near the specular direction because all current techniques,
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including the method proposed in this dissertation, contain significant shortcomings. Trends in the Pf a were assumed to be caused purely by the environment,
but statistics are often dependent upon system resolution [41]. The interaction of
the environment and system resolution should be studied in the future, preferably
with ground truth from the exact location of the acoustic measurement site. More
scattering measurements of different seafloor morphologies are required for both
basic and applied research in this field to progress.
A surface model for glacially quarried surfaces was developed in Chapter 5.
This model consisted of rectangular steps with lengths and heights drawn from a
given distribution. This method was modified by scaling the surface to a specified
rms height, h. The cross sections computed with the unscaled surfaces had low
angle diffuse components that increased with kL, contrary to what was observed
in the field measurements discussed in Chapter 4. However, low grazing angle
scattering strength from the scaled surfaces decreased as kL increases for constant
kh. The probability of false alarm was also studied. For the unscaled surface,
Pf a curves for small values of kL were observed to follow a Rayleigh distribution,
and higher values were observed to be heavier tailed, and occasionally display an
inflection point. For the scaled surfaces Pf a curves displayed heavy tailed distributions at all values of kL, with inflection points appearing for large kh and large
kL. Interestingly, Pf a curves for large kh but small kL tend towards a Rayleigh distribution. Multiple scattering was put forward as a hypothesis for this transition
from heavy-tailed to Rayleigh.
These results indicate that the unscaled surface is an inadequate model for
glacially plucked surfaces (at least for their acoustic scattering properties). A more
accurate model was described that contains three scales of roughness: A stepped
surface at large scales ( greater than .5 m), a randomly distributed faceted surface
at intermediate scaled (1 cm - 0.5 m), and low-amplitude power law roughness at
the smallest scales. These additional features could cause the numerical simulations
to provide a better match to trends observed in data. Note that comparisons
between 2D simulations and 3D experiments will not have the same levels due
to their difference in dimensionality. Comparison between acoustic measurements
and numerical simulations indicate that the intermediate scales may be the most
important factor for the scattering cross section and probability of false alarm.
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Connections between the surface and scattered pressure field were not directly
made, but hypotheses could be confirmed by examining the pressure and normal
velocity distributions on the rough interface. Multiple scattering can be examined
through the iterative Kirchhoff approximation.
The novel contributions to the literature are summarized as follows,
• The scattering cross section was estimated using SAS data.
• A SAS system was calibrated using a natural feature in conjunction with a
scattering model with reliable inputs.
• Estimates of the scattering cross section at low grazing angles were made of
characterized rough surfaces. Twp of these surfacess fell within the bounds
of the small-slope approximation, and the others did not.
• Estimates were made of the probability of false alarm for very rough surfaces.
• The scattering cross section was estimated near the specular direction.
• Numerical studies of very rough surfaces exhibiting a faceted structure were
performed.

APPENDIX

A

Derivation of the Helmholtz
Kirchhoff Integral Equation
The boundary integral equation is the result of application of Green’s theorem to
the pressure field and a point source in a homogeneous medium with boundaries or
an inclusion. Several pieces are needed to use Green’s second identity: a domain
with a closed boundary, and two regular functions in the domain. If the problem
is an interior problem, then the domain and boundary are easily specified. If it an
exterior problem, where the pressure due to radiation or scattering from an object
is required, then an additional boundary condition must be specified to enclose the
acoustic medium. This additional boundary is a sphere with radius much larger
than the size of the object. Let the surface of the object be S, the large sphere be
Sr , and the fluid medium be D.
The first of the two regular functions is an acoustic quantity, either the pressure
or velocity potential. The second regular function is not obvious, but it turns out
to be the Green’s function for the Helmholtz equation, G. It is defined as the
solution to the inhomogeneous Helmholtz equation with a dirac distribution as the
source term. For the 3D problem, the Greens function is
G(R) =

1 eikR
4π R

(A.1)
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where R is the distance between two points, R = |xp − xq |. The Green’s function
is also called the fundamental solution, due to the fact that one can build up
distributed sources using delta distributions and the principal of superposition.
Since G has a singularity when xp = xq , it is not a regular function at all points
in space and the boundary. Thus these singular points must be excluded from
both the boundary and the domain. This exclusion can be performed by creating
small spheres around singular points. Define  > 0 as the radius of the sphere, S
surrounding the singular point in the domain, and D as the excluded volume.
Now that all the requirements of Green’s second identity are satisfied. Let us
apply it on the functions G and p for points in the domain, and a singular point
at xp .
Z

2

Z

2

G∇ p − p∇ GdV =

G

∂p
∂G
−p
dS.
∂n
∂n

(A.2)

S+SR +S

D\D

where dV is a volume element, ∇2 is the Laplace operator,

∂
∂n

is the dot product

between the first derivative of a function and the normal vector to the surface, and
dS is a differential element of the surface.
Since p satisfies the homogeneous Helmholtz equation, and G satisfies the inhomogeneious version, the left-hand side of Eq. (A.2) can be simplified
Z

2

Z

2

−k 2 Gp + k 2 Gp − pδ(xp − xq )d V

G∇ p − p∇ GdV =
D\D

D\D

Z
=

pδ(xp − x1 )d V = 0

(A.3)

where the last integral can be performed because the singular point, also the argument of the δ distribution, xp , is excluded from the domain.
The right-hand side of Eq.(A.2) can be simplified by separating the integral
according to the domains. The integral over the large sphere was introduced to
bound the fluid medium. It can be set to zero by application of the Sommerfeld
radiation condition, which states that the pressure due to a point source, or a
superposition thereof, decays at least as fast as eikr /r, where r is the distance
between the pressure source and receiver positions. If the the limit as r → ∞ is
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taken, then the pressure and Green’s function tend towards zero, and the integral
on SR is zero.
Computation of the integral on S is slightly more involved. Since G is proportional to 1/r, and dS on S is proportional to r2 , the integrand is proportional
to r. If the limit as r → 0 is taken, then the term with G vanishes. For the term
with

∂G
,
∂n

it is proportional to r2 instead of r, so the integrand will not vanish when

the limit of r is taken to zero. Instead, the integrand is just the phase term, eikr ,
times p integrated around a sphere. As the limit as r approches zero is taken,
the pressure can only take on its value at the singular point, p(xp ), becoming a
constant that can be taken out of the integral. The integral over the phase term
is unity, so that
Z
G

∂p
∂G
−p
dS = p(xp )
∂n
∂n

(A.4)

S

With the above result, the boundary integral equation for the pressure at a point
xp becomes
Z
p(xp ) =

G

∂G
∂p
−p
dS
∂n
∂n

(A.5)

S

This equation states that the pressure in the medium is due to the integrated
pressure and normal derivative of the pressure on the boundary of the object.
The pressure on the boundary propagates to the medium by the normal derivative
of the Green’s function, analogous to a dipole, and the normal derivative of the
pressure on the boundary propagates to the medium with the Green’s function,
analogous to a monopole.
However, p and ∂p/∂n are still unknown on the boundary. an integral equation
for these points must be derived, then solved, before the pressre in the fluid medium
can be computed. The integral equation on the boundary of the surface can be
defined in a similar manner to the integral equation for the volume. Green’s second
identity is used on the boundary, excluding the singular point xp from the acoustic
domain with a sphere. Since the point is on the boundary, the sphere of exclusion
intersects with the boundary. Thus the excluded volume is only the part of the
sphere centered at xp outside the boundary of the object.
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As the radius of the sphere approaches zero, the behavior of the bounding
surface, S becomes important. If S is smooth, then the shape of the excluded
region becomes a hemisphere. If S is not smooth at xp , then the excluded is a
portion of a sphere defined by whatever solid angle, Ω the surface subtends. In
either case, the integral is equal to the ratio between the volume of the portion of
the sphere outside the object, and the volume of the whole sphere. On a smooth
boundary, it is 1/2, and on a non-smooth boundary it is Ω. Let the integral over
the excluded region be C(xp ). The boundary integral equation for a point on the
surface of the object is
Z
C(xp )p(xp ) =

G

∂p
∂G
−p
dS.
∂n
∂n

(A.6)

S

for active boundary conditions, Eq. (A.6) is sufficient for calculating the BEM
variables on the surface of the object.
If, on the other hand, the boundaries scatter sound, rather than radiate it,
the pressure field due to scattering from the object is the quantity of interest,
instead of the total pressure. A simple substitution of p = ps + pi into Eq. (A.6),
because the pressure due to scattering depends on the total pressure and its normal
derivative at the boundary of the obstacle, which in turn depend on the pressure in
the interior. To obtain an integral equation for the total pressure at the boundary,
ps will be used as the dependent variable in the exterior formulation,Eq. (A.6),
and pi will be used in the interior forumlation, presented without derivation as
Z
∂pi
∂G
i
C (xp )pi (xp ) = − G
− pi
dS
(A.7)
∂n
∂n
S

where Ci is the Cauchy principal value corresponding to the singular integration
on the interior. Note that the derivation of the interior boundary integral equation
in most texts assumes that the surface normal points opposite that in the exterior
formulation. The scattering problem requires a reveral in sign, which has been
taken into account in Eq. (A.7). If Eq. (A.7) is subtracted from (A.6) with ps as
the pressure variable, and remembering that p = ps + pi , then a boundary integral
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for the total pressure on the boundary can be written as
Z
∂p
∂G
i
C(xp )(ps (xp ) − pi (xp ) − C (xp )pi (xp ) = G
−p
dS
∂n
∂n

(A.8)

S

The term, C(xp ) + C i (xp ) can be extracted from the above equation. Since this
term results from the integral over the excluded region on each side of the same
boundary at the same point, their addition translates into an integral over the
union of the boundaries. This union is a whole sphere, which makes the sum unity.
Once this substitution is made, the boundary integral for the exterior scattering
problem is
Z
C(xp )p(xp ) = pi (xp ) +

G

∂G
∂p
−p
dS
∂n
∂n

(A.9)

S

Once the above equation is solved for the total pressure on the object, then Eq.
(A.6) can be used to propagate the total pressure on the surface to the field, with
the addition of the incident field at the points in the acoustic medium. With Eq.
(A.9), the derivation of the boundary integral equation for scattering problems is
complete, and methods for its solution may now be discussed.

APPENDIX

B

Basics of Digital Photogrammetry
B.1

Image Rectification and Camera Calibration

Before two images can be compared, all system dependent effects are removed,
including lens distortion and perspective difference between the two cameras. The
mathematical relationship between object coordinates an image coordinates is an
affine transformation. If parameters of this transformation are known then the
inverse transformation can be performed. This process requires camera calibration,
in which estimates are made of the internal lens parameters and focal length, and
the external parameters of a translation vector and rotation matrix between the
two cameras.
Calibration of off-the-shelf camera pairs was performed using the calibration
target described earlier, and shown beneath the photogrammetry system in in
Fig. 3.2. Approximately nine digital images were taken with both cameras of
the target in various orientations. From these images, the image coordinates of
common corners are identified. Using the known spacing between squares, and
the image coordinates of a large number of points in space (ensured by using nine
different orientations of the calibration target), the intrinsic (e.g. focal length and
lens distortion parameters) and extrinsic (e.g. relative translation and rotation
between the two cameras) camera parameters can be estiamted. In this research,
the freely available Camera Calibration Toolbox[266] was used to perform the
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corner matching and parameter estimation. The specific lens distortion model and
affine transformations can be found at the Camera Calibration Toolbox website
[266], and in the online documentation for OpenCV[267], the open source computer
vision software library used to perform the majority of the photogrammetry data
processing in this dissertation.
Sample calibration images for the left and right cameras are shown in Figs. B.1
and B.2 respectively. The nine different orientations of the calibration target are
shown from both camera perspectives. Results for a this set of calibration images
are presented in Fig B.3. In OpenCV, the left camera is treated as a reference, and
its local coordinates line up with the earth coordinates (except for swapping Z with
Y), and it is located at the origin. The right camera is located approximately one
meter away and is rotated approximately 30◦ with respect to the left camera. If
both cameras are rotated 15◦ with respect to the vertical, then a relative rotation
of about 30◦ makes sense.
Once the extrinsic and intrinsic camera parameters have been estimated using the calibration toolbox, image pairs can be rectified. Rectification was performed using the open source computer vision library, OpenCV. In this library,
the images and camera parameters are provided to the functions stereoRectify,
initUndistortMap, and reMap. Documentation for OpenCV is available at http:
//docs.opencv.org/, with the mathematics for the transformation available at
[267]. A good older reference for the mathematics of camera calibration and parameter estimation can be found in [268].

B.2

Stereo Correspondence

With the effect of perspective difference and lens distortion removed, points in
both images can be matched to one another to distermine the pixel disparity.
This process is refered to as stereo correspondance. Stereo correspondence has
traditionally been performed manually, by examining the images and writing down
the pixel coordinates of identifiable features (such as sand grains, pits etc). Digital
images allow the use of automatic techniques, which are much faster, but much
less capable of finding positive matches between the images.
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Figure B.1. Sample Images of the calibration target from the left camera. Note that
nine different orientations of the calibration target are used.

Automatic stereo correspondance algorithms match an area of pixels in one
image with the other image. The degree to which a given collection of pixels match
another can be quantified in several ways. The various available image matching
algorithms interpret image matching with cost functions (equivalent to an objective
function defined in E). The cost function is computed for each pixel, and for for
each disparity value, dx (horizontal offset). The maximum of the cost function for
each pixel as a function of dx is found, and the location of that maximum, dmax is
recorded for each pixel value, resulting in a disparity map. The most intuitive cost
function is the normalized cross correlation, also called the block matching (BM)
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Figure B.2. Sample Images of the calibration target from the right camera. Note that
nine different orientations of the calibration target are used.

algorithm, defined in Hirschmuller and Scharstein[269] as
P
IL (q)IR (Q − d)
q∈Wp

CBM (p, d) = r P

q∈Wp

IL2 (q)

P

IR2 (q − d)

(B.1)

q∈Wp

where CBM is the BM cost function, p = (px , py ) is the pixel coordinate vector,
d = (dx , dy) is the disparity vector (typically consisting of only the x-component),
IL and IR are the left and right images respectively, and Wp is a pixel window of
size Np × Np over which the cross-correlation is performed. This square window is
the block in BM. The BM algorithm is implemented in OpenCV as the StereoBM
function.
Almost all stereo matching algorithms use an averaging window or block, so a
few comments on it will be made. The reason for using an averaging window is
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Figure B.3. Extrinsic parameter results. The orientation of the calibration target from
each image is displayed, as well as the relative orientations of the left and right cameras.

that one pixel does not contain enough information about a feature (such as a grain
in igneous rock) to identify it. An averaging window provides more information to
match with other parts of the corresponding image. However, too large of a window
can include too much information, meaning that several features are included in
the window (e.g. many grains in the rock). Including many features will provide a
positive match to larger areas and results in a very broad peak in the cost function.
Smaller averaging windows produce narrower cost function peaks, but can result
in a noisy estimate. Larger averaging windows produce smoother cost function
peaks, but result in false positives. Height fields were produced from window sizes
ranging from 5 to 27 pixels and it was determined that a block size of 5 provided
the best results. Larger block sizes removed small scale features from the image.
The BM algorithm is slow due to the fact that it performs a global search for
the maximum cost function. A faster method was developed by Hirschmuller[270]
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that performes a semi-global search. This cost function, called mutual information
(MI) looks for matches based on the probability distribution of pixels within each
block. The details of this cost function rely on statistical concepts such as information and entropy and the interested reader may consult Hirschmuller[270] for
details. This method was compared to many other cost function in Hirschmuller
and Scharstein[269]. It is implemented in OpenCV as the function StereoSGBM, and
is used as the stereo matching algorithm in this research.
A consequence of using digital data is that disparity maps are only availble for
sampled pixel locations, and the disparity values are discretized in increments of
one pixel. The resolution of the image is more than adequate in the horizontal plane
(x and y directions), but the discretization of the disparity map provides a lower
bound on the height resolution capabilities. To overcome this limiation, subpixel
disparities are computed using a quadradic approximation to the cost function
around the apparent maximum. The quadratic function may be solved analytically
for the location of the maximum, which is used as the subpixel disparity value. In
OpenCV, subpixel disparity values are discretized to within 1/16 pixel. F

B.3

Conversion to Height

The height field can be computed if the baseline, B (Euclidean distance between the
camera centers), pixel disparity d, and camera focal length f are known. Although
the effect of lens distortion was removed during image rectification, a camera with
a finite focal length provides an isotropic magnification of M =

1
f

and is included

in this conversion. The geometry of this problem is shown in Fig. ??? . Similar
triangles can be constructed using OL and OR , the left and right image origins,
R
f , (xLp , ypL ), and (xR
p , yp ), the left and right image coordinates of a given object

with d = xLp − PxR , (x, y, z) the coordinates of the object in space, and B the
system baseline. Using these similar triangles, the object coordinates (x, y, z) can
be determined by
z=

fB
d

x=

pxL
B

y=

pyL
.
B

(B.2)

The OpenCV function reprojectImageTo3D accomplishes the conversion from disparity map to object coordinates using a transformation matrix.
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Figure B.4. Diagram of the geometry of photogrammetry. Similar triangles are used to
L
R R
convert pixel coordinates, (xL
p , yp ), and (xp , yp ), into object coordinates (x, y, z) using
L
the camera baseline B, focal length f , and pixel disparity d = xR
p − xp .

APPENDIX

C

Spectrum Estimation Techniques
Estimating the power spectrum of finite length and sampled data introduces bias
into the result. If no data window is applied to the data before the FFT is taken,
then the power spectrum is equivalent to the famous1 [203] periodogram, the problems with which are described below.
For any finite length sequence, the FFT assumes that the sequence is periodic,
meaning that the last point in the sequence is followed by a copy of the sequence,
and similarly for the first data point. Finite data can be thought of as “real”
data of infinite length, mulitplied by a window function equal to zero outside the
data sequence. If the beginning and end of the window-data product are not the
same (or very close to one another), then the periodicity assumption introduces a
discontinuity [225]. Furthermore, the first and higher order derivatives many not
be continuous at the periodic boundary condition. Note that even if the window
function has continuous periodic boundary conditions, as the rectangular window
does, the data sequence may not. It is thus necessary to taper the window function
so that it is zero at the edges, since zero is the only multiplicative identity element
in the real numbers [213].
If the data is represented as the continuous function x(t), where t is some
dependent variable that isn’t necessarily time, and w(t) is a window function, then
the power spectrum of the data y can be expressed in terms of X(f ) and W (f ),
1

Or perhaps infamous
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power spectra of x and w[271]
Z∞
X(ξ)W (f − ξ) dξ

Y (f ) =

(C.1)

−∞

The power spectrum of the windowed data is the convolution of the power spectrum
of the data, and the power spectrum of the window function. If X(f ) falls off
rapidly as a function of frequency, say in a power law manner, and W (f ) falls off
more slowly, then Y (f ) will be positively biased and can represent the spectral
content of the window function more than the spectral content of the data. This
phenomenon is called spectral leakage [271]. The periodogram results when the
window function is a constant, which as an asymptotic falloff in frequency of f −2 .
Thus any data whose spectrum falls off with an exponent greater than 2 will be
biased.
In general, the high frequency asymptotic behavior of the power spectrum of
a function can be estimated based on how many continuous derivatives (including
the zeroth) exist in the periodic version of the data [227]. Since the data is never
a priori known, periodic continuity of the data requires that the window taper to
zero at the edges, and similarily for higher-order derivatives. If there is a discontinuity in the window function (as in the uniform, or rectangular window), then the
asymptotic power spectrum will behave as f −2 , and with a first-order derivative
discontinuity, as f −4 (as in the triangular window). A Hann function[226] has two
derivatives that taper to zero at the edges and the power spectrum behaves as f −6
and so on.
Another factor in avoiding bias through window functions is the first sidelobe
level. If the side lobes are small enough compared to the main lobe, then the
high-frequency asymptotic behavior of the window power spectrum may not be
important. The discrete prolate spheroidal sequences (DPSS), discussed below,
provide such tapers. A comparison of the uniform, triangular, Hann, and DPSS
windows is made in Fig. C.1. For the first three, note the high-frequency powerlaw behavior of f −2 , f −4 , and f −6 respectively. The DPSS window seems to have
the same high-frequency slope as the uniform window, but its first side lobe is
extremely low, by a factor of 10−10 , compared to a side-lobe level of about 1/20
for a uniform window.
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Figure C.1. The power spectrum of the uniform, triangular, Hann, and DPSS windows
are compared. The high-frequency asymptotic behavior is evident due to the logarithmic
scaling on both axes. Note the different slopes for the first three windows. The DPSS
window has approximately the same high-frequency slope as the rectangular window, but
its first sidelobe is 10−10 the amplitude of the main lobe, whereas the first side lobe is
1/20 of the main lobe for a uniform window.

Two methods are commonly used to mitigate the effects of spectral leakage,
window design, and prewhitening. The windowing technique seeks to design a
window function with either extremely low side lobe levels, or a very steep asymptotic behavior. Prewhitening uses a finite impulse response (FIR) filter on the
measured data to make the frequency response as flat as possible. With a flat
frequency response, the effect of spectral leakage, or non-local bias is eliminated.
The DFT of the prewhitened data is then taken, and the effect of the FIR filter
removed by dividing out the DFT of the filter. The latter technique is very reliable for power-law spectra [203]. Both techniques will be employed to estimate
the power spectrum of the roughness data collected, with prewhitening to reduce
bias, and the multitaper windowing technique to reduce the variance of the power
spectrum estimate. Both techniques will now be reviewed.
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C.1

Prewhitening

The motivation for the prewhitening technique is to filter the data such that the
power spectrum is roughly constant over all frequency. This situation is optimal,
but not required. To use a conventional taper such as the Hann window[226], the
dynamic range can be compressed such that the window does not bias the filtered
spectrum. A common way to perform a rough dynamic range compression is to
use a finite difference filter, af d = [1 − 1]. This filter has a frequency response
proportional to f , and will reduce the magnitude of the slope of a power-law
spectrum by two.
A more optimial prewhitening filter for data whose spectrum contain many
features (such as multiple power law slopes, and peaks) can be designed based on
the data. The autoregressive (AR) model is the foundation for most prewhitening
filters. Given a data sequence y = {y1 , y2 , . . . , yn } of length n, an AR model of
order m is the set of coefficients φ = {φ1 , φ2 , . . . , φm } that satisfy the equation[203]
yn = φ1 yn−1 + φ2 yn−2 + · · · + φm yn−m + n

(C.2)

where n is called the innovations process in the AR literature, with innovations
variance var(n ) = σAR , but can be thought of as the residual between the AR
model and data. The sumThe AR coefficients φ can also be used to parmetrically
estimate the spectrum of y by[203]
σAR ∆t

YAR (f ) =
1−

m
P

2

(C.3)

φj ei2πf j∆t

j=1

where ∆t is the sampling interval of the data sequence, and YAR is the autoregressive parametric estimate of the spectrum of y. The AR spectrum estimate is
only an approximate representation of direct estimate, Y (f ). In general, the AR
spectrum estimate improves as the order m increases.
Given that the AR spectrum for a given order, m, is an approximate representation of the direct estimate, we can see how an AR model can be used to remove
most of the trends in the spectrum. If we expect that the spectrum behaves as a
power law, then we can select an order m high enough that it captures this fea-
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ture. Since the AR spectrum estimator is proportional to the inverse of the DFT
of its coefficients, the AR coefficients can be used as an FIR filter to isolate the
innovations process
n = yn − φ1 yn−1 − φ2 yn−2 − · · · − φm yn−m

(C.4)

The innovations process should have as much information as the order-m AR model
can capture removed (i.e. a power-law trend). In the limit of large m, the AR
model is an exact representation of the spectrum and the innovations process will
consist of independent Gaussian random variables[203].
There exist many methods for estimating AR coefficients and most of them
attempt to match the AR model to the sample autocovariance of the process. In
this research, Burg’s recursive method is used[203]. Once these coefficents have
been estimated, an FIR filter is formed with coefficients[1 φ], and used to filter
y. The power spectrum of the resulting innovations process is formed using any
window, and then divided by the denominator of Eq. (C.3).
This method is valid for a one-dimensional data sequence, but can be extended
to two dimensions, which are repsented as 2D arrays. The prewhitening filter
is also a 2D array, whose coefficients can be estimated using a two dimensional
version of Burg’s method formulated by Marple[272]. The implementation of the
2D Burg method in MATLAB provided in Marple’s paper was used in this research.
After obtaining the innovations sequence, note that any taper can be used to
estimate the linear spectrum if the AR model provides a good estimate of the
power-law trend. Even though the prewhitening technique virtually eliminates
the problem of non-local bias, the variance of the power spectrum estimate at
each frequency can be high. If the time/space domain statistics of a stationary
random process are Gaussian, then the real and imaginary components of the
linear spectrum (DFT of the spatial domain function) will be jointly Gaussian
with zero mean and equal variance. The power spectrum will in this case have an
exponential distribution. If a single record is analyzed, then the standard deviation
of the power spectrum at each frequency will be equal to the mean power at each
frequency, which provides an unacceptably high variance. A traditional method
to decrease the variance is to incoherently average independent estimates of the
power spectrum, which has a standard deviation of N −1/2 times the power at each
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frequency. For example, averaging 100 records provides a variance reduction by
a factor of 10. Computation of these sequences is a relatively complex numerical
problem, detailed in [273], but fast methods are available. The built-in MATLAB
function dpss was used to compute the sequences in this dissertation.

C.2

Mutltitapering

The multitaper method can provide an other way of reducing the variance. The
discrete prolate-spheroidal sequences (DPSS), also known as Slepian sequences,
provide such multitapers, are also used to eliminate spectral leakage[273]. The
DPSS windows are a set of orthogonal sequences on the sampled interval (1 :
n), and are controlled by one parameter, the normalized bandwidth, N BW or
Shannon Number[274]. This parameter controls the main lobe width and first side
lobe level of the power spectrum of the DPSS windows, and also determines how
many suitable orthogonal windows there are. A set of six DPSS windows with
N BW = 4 are plotted in Fig. C.2. The DPSS windows have the property of
optimal concentration in the frequency domain. That is, given a length, N of a
sequence, and a specified bandwidth, BW , the DPSS windows have the highest
proportion of energy concentrated within N BW samples around zero frequency.
For example, the DPSS sequence for a normalized bandwidth of 4 samples has a
sidelobe level of less than -100 dB compared to the main lobe, as shown in Fig. C.3.
The concentration of energy within a specified bandwidth, BW can be quantified
by
BW
R

λd =

0
R∞

W (f ) df
(C.5)
w(f ) df

BW

where S(f ) is the power spectrum of the window, and λd is the measure of concentration which is unity for perfect concentration, and zero for no concentration.
The λd parameters are also the eigenvalues of the matrix used to generate the
DPSS windows[273], and the sum of all λd is approximately equal to N BW , or the
Shannon number.
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Figure C.2. Six DPSS windows with
N BW = 4. These windows are orthogonal to one another, and emphasize a different spatial domain. The first order window has an extremely low sidelobe level,
but also has a very tight concentration near
the center of the data sequence.
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Figure C.3. The discrete Fourier transform of the six DPSS windows plotted in
Fig. C.2. The first sequence has an extremely low sidelobe level of about 100 dB
relative to the main lobe. Higher-order sequences have higher sidelobes.

The extremely low sidelobe level of the first order DPSS window can eliminate
spectral leakage, but at the cost of a severe spatial tapering. If used as a window,
the information near the center of the data sequence would be emphasized with
respect to information near the edges. The Slepian sequences provide a way to mitigate this problem. Higher order sequences are both orthogonal to one another,
and their amplitudes are concentrated in different locations, as seen in Fig. C.2.
These two features allow one to form estimates of the power spectrum of a data
sequence with different DPSS windows, and incoherently average them. The incoherent average represents the whole spatial domain of the data sequence, and since
the windows are orthogonal, the individual power spectra are nearly statistically
independent[273]. Based on this near statistical independence, the variance of each
frequency component of the power spectrum estimate will decrease with approximately the square root of the number of Slepian sequences used. The incoherent
average of the six power spectra in Fig. C.3 is shown in Fig. C.4.
An additional feature of the incoherently averaged window spectra is that it is
flat for N BW samples around zero frequency. The tradeoff for the advantageous
properties of representing the entire data sequence, and reduced variance is this
reduced spectral resolution. This condition is tolerable so long as there are no
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Figure C.4. Incoherent average of six DPSS windows with N BW = 4. Note that the
incoherently averaged spectrum is nearly flat for 4 samples around zero, and the sidelobe
level is much higher than the first order Slepian sequence.

peaks in the data. If there exist narrowband tones, then their spectral width will
be increased significantly. From experimenting with different windowing techniques
on the roughness measurements in this dissertation, it was observed that there is a
peak at low frequencies corresponding to the long undulations in the rock surface
due to glacial flow patterns, and a power-law tail corresponding to clast abraison.
If only the DPSS windows were used without prewhitening, the peak was flattened
out to a shape similar to the peak in Fig. C.4. For this reason, the combination of
DPSS windows and prewhitening was selected as the spectrum analysis technique.
Like the prewhitening technique, one dimensional windows can also be generalized to two dimensions. For a 2D domain with N1 × N2 points, the outer product
of two windows, one of length, N1 , the other of length N2 can be used to create a
2D window function. This window is separable in the x and y dimensions and the
window power spectrum, or point spread function (PSF) will also be separable.
If the 2D data have isotropic characteristics, the a separable window may not be
appropriate[275]. So long as care is taken such that spectral leakage is not evident
in the estimated power spectrum, then a seperable window may be used. The
isotropic equivalent of DPSSs in 2D Cartesian, or 2D polar coordinate systems,
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with any domain of support (such as the shape of Australia) can be computed,
although not trivially[276, 274]. In this research, 2D separable windows are used
due to the high computational cost and complexity of using isotropic windows.

C.3

Azimuthal Averaging

Calibration of the system involves the incoherent average of several cross section
measurements from the calibration rock at different azimuths. Typically an azimuthally averaged spectrum is only computed if the spectrum is isotropic. There
exists some anisotropy in the surface of the bedrock due to there being a single
glacial flow direction in this area, which should be reflected in the scattering cross
section at these various angles. To provide an accurate power spectrum input to the
scattering model used to calibrate the system, the 2D power spectrum estimates
of glacially abraided surfaces should be averaged over all azimuths.
The spectrum estimation techniques described in the previous section result in
a 2D Cartesian domain (ux , uy ), not a polar representation (ur , uφ ). To convert
from one domain to the other domain, the spectrum is resampled and interpolated.
If the 2D spectrum has frequency resolution ∆ux , and ∆uy , the radial resolution of
the resampled spectrum can be defined as ∆ur = 1/2(∆ux + ∆uy ). The azimuthal
resolution ∆uφ is unambiguously specified by a sampled spectrum in Cartesian coordinates. For averaging purposes, an adequate azimuthal sampling rate captures
all of the relavent features and is an accurate representation of the energy. The
azimuthally averaged spectrum was computed at several values of ∆uφ . When
the spectrum did not change significantly for smaller values of ∆uφ , the sampling
rate was set. A value of ∆uφ =

2π
2160

was found to be more than adequate in this

research.
Once a ∆ur and ∆uφ is specified, a sampled polar grid can be defined. This
grid of (ur , uφ can be converted into Cartesian coordinates by x = r cos φ and
y = r sin φ. The power spectrum at the polar grid points can be estimated using a
two dimensional spline interpolant, and evaluating it at the Cartesian equivalent of
the polar grid. The Matlab function interp2 was used in this research to perform
the two dimensional interpolation.

APPENDIX

D

Array Procesing Basics
D.1

Directivity Patterns

For any array, the beam pattern, and consequently angular resolution, is fundamentally determined by its physical length, frequency, and element spacing (if
discrete). Attention will be restricted to linear arrays, which provide angular resolution in only one dimension, but higher dimensional arrays are certainly possible.
For continuous line arrays, the determining factor for the angular resolution of a
linear array is its aperture function a(x), defined as the amplitude and phase as a
function of position along the array.
For any arbitrary aperture function, the directivity pattern in the far-field (or
Frauenhofer region), defined as r > L2 /λ, is related to the Fourier transform of
the aperture function[277].
Z∞
Ha (k sin φ) ∝

a(x)eik sin φ dx

(D.1)

−∞

where k is the acoustic wavenumber in the medium (kw in this disertation), and
φ is the horizontal angle. An analogous expression for the vertical directivity as a
function of θ can be formed by substituting y for x and θ for φ in the above formula.
The above formula assumes the transmitting (or receiving) element is surrounded
by an infinite rigid (meaning zero particle velocity boundary conditions) baffle.
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Real transducer mountings do not satisfy these assumptions, and measured beam
patterns are always more accurate than theoretical predictions. In this research,
measured beam patterns of the individual elements were used.
Sampled arrays have a collection of discrete elements, and require a slightly
different method to compute the far-field directivity. In this case, the aperture
function is replaced with the aperture sequence, a(xk ), where xk is a sequence
of isolated locations. For many applications in sonar and radar, xk is sampled
with uniform spacing between adjacent elements, although most real-world arrays
are only approximately uniformly sampled, or not at all. The far field-directivity
is calculated in a similar manner to Eq. (D.1), but using the discrete Fourier
transform (DFT) instead of the continuous one.
H(k sin θ) ∝

K
X

a(xk )eikxk sin θ

(D.2)

k=−K

So long as the element locations, xk are known, the far-field directivity may be
estimated. As detailed in the next section, one of the steps required during SAS
processing is an estimate of the sonar track through the water accurate to less than
λ/10, which also makes possible an estimate of the far-field directivity.

D.2

Synthetic Aperture Sonar Processing

For an array to achieve high spatial resolution, its total length must be large
compared to its operating wavelength. For high frequencies, and/or long ranges,
this requirement becomes unrealistic for a single physical array. The basic idea
of SAS is to move a single short physical array along a known track to form a
long synthetic array[278]. For an active system, the sonar moves along a track and
transmits a waveform at locations rtx , and the reverberation time-series is recorded
at the receiver locations, rrxi . A diagram of an example data collection geometry
is shown in Fig. D.1.
The sonar has an aperture of length L and moves along its track in the x
direction at an ideally uniform speed. The sonar transmits a waveform at roughly
regular intervals along the track and the receive array records the reverberation
signals returned from the seafloor. Most SAS systems use a single transmitter-
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multiple receiver setup and treat the Vernier array as an array of tranceivers using
the phase center approximation. This approximation states that a separated source
and receiver can be approximated by a co-located source and receiver at the mean
of the two locations if the source and receiver are closely separated compared with
the distance to the scattering patch. A diagram of a simple setup with fifteen
co-located sources and eceivers located at the positions {rk |k ∈ [1, 2, . . . , 15]}, and
a pixel location at rp = (xp , yp ) is shown in Fig. D.1. The synthetic array is formed
by moving the single element transceiver through the positions rxk .

L

Figure D.1. SAS Geometry

.
The very long synthetic aperture formed from the physical apertures is used to
produce a sonar image with constant Cartesian resolution as a function of range,
as opposed to physical aperture sonars which have constant angular resolution as
a function of range. Cartesian resolution is achieved by keeping the ratio between
length of the synthetic array and range constant. This flexibility is enabled by
have such a large synthetic array at one’s disposal.
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SAS processing is a near field imaging technique and uses focused arrays. In a
focused array, the reverberation time series from each receiver channel is delayed
by an amount corresponding to the Euclidean distance from the receiver to the
focused area on the seafloor. This kind of delay-and-sum (DAS) beamforming is
required in nearfield imaging where locations on the seafloor are resolved. Several
other imaging techniques are used in practice and a summary can be found in
Hawkins [279]. In farfield beamforming, the delay on each receiver channel is a
linear function of distance along the array instead of a hyperbola, and only angles
(or plane waves) can be resolved, not locations.
To resolve a patch of seafloor centered at the known location rp from receiver
data collected at the positions rk , each channel must be delayed by a factor of
1
τk = |rk − rp |
c

(D.3)

for the sum to be coherent. When this requirement is satisfied, the reverberation
from each channel comes from overlapping patches on the seafloor. The resulting
sum will add the returns from the common area coherently, and the returns from
the other areas incoherently, which ideally add to zero in the limit of infinite
channels. Let the matched filtered time series from receiver k be denoted by ek (t).
For the pixel location rp , the complex pixel value, p(rp ) is
p(rp ) =

K
X

a(k)ek (t − τk )

(D.4)

k=0

where a(k) is a sequence of weights applied to each channel. These channel weights
are used to suppress side-lobes in the image, analogous to the application of tapers
to reduce bias when estimating spectra. A more complete discussion of weights
has been given in Chapter 3.
The Fourier transform relationship between the aperture sequence or function
and the directivity pattern rests on the far-field assumption. For a focused synthetic array, the focus point r0 is almost never in the far field because the beam
patterns of the individual receive elements can be large (ranging from a few degrees
to 180 degrees depending on the element sizes and frequencies), and the formula
for the directivity of the array in the far field would seem to be invalid. However,
if the array is focused properly at ground range y0 , the directivity pattern for all
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points in the x − z plane at y0 is exactly the same as the far-field directivity of the
array. So long as the delay-and-sum procedure of SAS is performed properly, the
far-field directivity pattern is adequate to describe a near field focused array[280].
If the range resolution is poor, then the resolved area on the seafloor may not
be totally contained in the focal plane. Since most contemporary SAS systems
have range resolution comparable to the along-track resolution, the resolved area
is contained within the focal plane.
Each pixel of a SAS image was formed from a a different array due to nonuniform vehicle motion. The pixel’s aperture sequence is determined by the directivity
patterns of the individual elements, the weights applied during processing for sidelobe control, and the locations of the transmitters and receivers. The product of
horizontal element directivities and processing weights can be treated as an effective aperture sequence from which the directivity pattern of the whole array may
be estimated. When including the beam patterns, the pixel amplitude is more
completely described using the following sum
p(rp ) =

K
X

ak b(φk )e(t − τk )

(D.5)

k=0

where b(φk ) is the product between the transmit and receive beam patterns.
If this delay-and-sum (DAS) procedure is performed for a Cartesian grid of
field positions r0 , then a high resolution sonar image can be formed. For an image
to represent independent estimates of the scattered field, the angular resolution
of the array projected onto the seafloor must not be greater than the spacing
between image coordinates. For a linear array in SAS, this requirement is satisfied
by increasing the number of channels in each pixel approximately linearly as a
function of range.
If the positions of each receiver channel are known to an infinite degree of
position, then the delay and sum algorithm will function perfectly. But if the navigation of the system is not known perfectly, then channels will not add coherently
and the spatial resolution will be coarser than it is designed to be. For vehiclebased or towed sonars, hydrodynamic forces will distort the track, which if ignored
can decrease the array’s resolving power by computing incorrect time delays in the
beamforming process. To solve this problem, a rough estimate of element loca-
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tions is performed by an inertial navigation system (INS) operated along with the
sonar. These INS systems cannot provide the sub-wavelength accuracy required for
time-delay estimation, and a finer navigation estimate, called micronavigation, is
needed. The displaced phase center array (DPCA) technique solves the navigation
problem by overlapping several elements between successive pings. These overlapping elements should record reverberation approximately the same , or at least
overlapping, patches of the seafloor. By cross-correlating the overlapping channels,
the vehicle position (surge, heave sway) and orientation (roll, pitch, yaw) can be
estimated to the precision required for image formation[281]. The sound speed of
the propagation medium can also change between the sonar and a resolved patch
on the seafloor, leading to poor time delay estimates even if the platform motion is
perfectly known. The DPCA technique can also be used to estimate the averaged
sound speed between the sonar and patches on the seafloor[221].

APPENDIX

E

Basics of Non-Linear
Least-Squares Estimation
With Eq. (4.14) and (4.15), the problem of estimating the scattering cross section
near the specular direction is reduced to parameter estimation. Once parameters
for the SSAP model have been estimated that match the intensity to a sufficient
degree, the estimated scattering cross section is just the SSAP evaluated with those
parameters over the same angular support spanned by the angle ensemble.
The goodness of fit between Ip and IˆP , is quantified by the objective function
and can be evaluated in a variety of ways, e.g. the sum of absolute differences
(SAD), sum of squares (SS), or maximum absolute difference (MAD). These quantities can also be expressed as norms in various function spaces such as L1 for SAD,
and L2 for SS. Since the best fit between data and a model is sought, parameter
estimation seeks to minimize the objective function, f (x). The objective function
is a scalar function of model parameters, x = [x1 , x2 , . . . , xm ]T , which in the case of
the SSAP is a 3-dimensional parameter space. The residual column vector function
r(x) is a vector function of a multidmensional space, defined by
r(x) = [r1 (x), r2 (x), . . . rn (x)]T = [y1 − ŷ1 , y2 − ŷ2 , . . . y2 − ŷn ]T

(E.1)

which is just the difference between the data points, yi = Ipi , and the model
ŷi = Iˆpi . The notation[a1 , a2 , · · · , an ] denotes an n-dimensional row vector and a
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superscript T denotes transpose. The sum of squares objective function will be
used in this work because the first and second derivatives of the objective functions
with respect to the parameters are available.
The objective function for least squares problems can be expressed in terms of
the residual as
f (x) =

1
1X
ri (x) = kr(x)k22
2 i
2

(E.2)

where k·k2 is the L2 norm[207]. The minimum of f over all x is estimated using
Newton’s method in this disseration. Many alternative techniques are available
and can be found in Nocedal and Wright[207] and Dennis and Schnabel[282].
All optimization algorithms produce a set of sequential parameter estimates,
{xk }K
k that (hopefully) converge to a parameter vector that globally minimizes the
objective function. Algorithms use information about the objective function at the
current (and past) estimates to produce a more refined estimate[207]. Newton’s
method uses the first and second derivative of the objective function at the current
estimate to form a second-order Taylor series expansion. So long as the second
derivative is nonzero, the minimum value of a parabola (in multidimensional space)
is analytically available and is used as the next estimate.
Since x is an n-dimensional vector, the various derivative and Taylor series
expansions are expressed in the language of matrices and vectors instead of scalars.
Although the objective function is a scalar, the residual function is a vector function
with N components. Using the chain rule, The first derivative of the objective
function is [282]
∇f (x) =

X

ri (x) · ∇ri (x) = J(x)T r(x)

(E.3)

i

where J is the Jacobian matrix of the vector function r(x). The column index i
represents the vector component of r, and the row index j represents the independent variable to which the derivative is taken, as in
Jij =

∂ri (x)
∂xj

(E.4)
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The second derivative, or Hessian matrix, of the objective function is [282]
∇2 f (x) =

X

∇ri (x) · ∇ri (x) + ri (x) · ∇2 ri (x) = J(x)J(x)T + S(x)

(E.5)

i

where
S(x) =

X

ri (x) · ∇2 ri (x)

(E.6)

i

contains the second derivative information about the residual function. Since the
residual vector is the difference between the model, which depends on x and, the
data, which is independent of x, its derivatives contain information about the
sensitivity of the model to small changes in its parameters.
With the first and second derivatives of the objective function, Taylor’s theorem
for a multivariable function is [207]
1
f (x0 + p) ≈ f (x0 ) + ∇f (x0 )T p + pT ∇2 f (x0 + p)p + . . .
2

(E.7)

where x0 is the point in n-dimensional parameter space around which the objective
function is expanded, and p is a vector expressing the deviation from x0 . For full
convergence (if f is analytic at x), the series continues for all derivative orders,
but Newton’s method truncates the series at second order, since it is the first
order at which an interior point minimum appears. For a single variable quadratic
function, the location of the minimum can be computed if the second derivative is
non-zero. For a multidimensional quadratic function, the same requirement exists,
but with the additional restriction that the Hessian matrix is nonsingular and
postive definite in a matrix sense (i.e. xT Hx > 0 for all x).
If xn is the parameter estimate of the nth iteration, then the next parameter
estimate, xn+1 can be computed using
xn+1 = xn + pn

(E.8)

where the Newton step size, pn is determined by
pn = −

∇f (xn )
= −(J T (xn )J(xn ) + S(xn ))−1 r(xn )
2
∇ f (xn )

(E.9)
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Note that the second derivative term appears in the denominator. Since ∇2 f (x)
is a matrix, it should be interpreted as a matrix inverse and the reason for the
non-singularity of the Hessian matrix becomes apparent. In practice, performing
the matrix inverse operation should always be avoided, and the solution vector is
found by decomposing the matrix into orthogonal and upper triangular matrices,
also known as QR decomposition [207] on the following matrix equation
−(J T (xn )J(xn ) + S(xn ))p = r(xn )

(E.10)

If the objective function is smooth and noise free, then the Newton step p will
almost always result in a decrease in the objective function[207]. If the measured
data, yi contain undulations that cannot be captured by the model, or contains
noise which should not be fit by the model, then the second derivative of the objective function also contains noise.1 This noise can cause the Newton step estimate
to be unreliable. Additionally, if the objective function is poorly approximated by
a second-order Taylor series, the Newton step size be too large and overshoot the
minimum of f . An unreliable step size is solved in this research by using a line
search. The line search step replaces the Newton step, pn with the the quantity
pls
n = αpn

(E.11)

The parameter α (not to be confused with the attenuation parameter with the same
symbol) is a scaling factor. Since the Newton method has excellent convergence
properties compared to other optimization methods (such as Gauss-Newton or the
method of steepest descent), the value α = 1 is used initially. If the next objective
function value f (xn+1 ) computed with this value of pls
n is greater or equal to f (xn ),
then a line search begins by gradually decreasing α (typically by multiplying by
a constant less than one, such as 1/2), which terminates when an α is found that
provides a decrease in the objective function. The choice of decreasing α by a
factor of two is sub-optimal [207, 282], but is quite simple and works effectively for
the model fitting in this dissertation.
The sequence of estimates for the minimum of f , {xk } necessarily terminates
at some final value x∗ . This parameter estimate is considered to be the minimum
1

c.f. Section 4.4.2. If either analytical or numerical derivatives of a noisy function are performed, high-frequency noise will be accentuated.
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value of f . Determination of when a suitable estimate of x∗ is found is called a
termination condition. The simplest termination condition is when the objective
function falls below a certain value, fmin . This criterion is typically sufficient if
the data to which the model is fit is relatively noise-free, and the model is a good
representation of the data. For data with a sufficient amount of a noise, this
termination condition is difficult to use because it requires prior knowlege of how
much noise is in the data. A more general termination condition tracks how much
the objective function decreases compared to the previous estimate. If each step
size given by Newton’s method provides diminishing returns in terms of reducing
the objective function, then there is no reason to continue the search. In this
research, the optimization is terminated when the line search does not result in a
decrease in the objective function for value of α > 1 × 10−7 .
To use the nonlinear least-squares technique detailed in Section E for estimating
the near-specular scattering cross section, explicit formulae for all the quantities
used must be given. The model cross section formula is given in Eq. (4.11), and
its conversion to pixel intensity in Eq. (4.14). The residual vector is the difference
between the model and measured intensity series, ri (x) = Iˆpi (x)−Ipi . The Jacobian
and Hessian Matrices are related to derivatives of the residual vector with respect
to the parameter vector, x = (σ0 , θ0 , p), which for the SSAP are,
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APPENDIX

F

Additional Numerical Studies
F.1

Cross sections

Results from numerical experiment 2 are presented in Figs. F.1, F.2, F.3, F.4,
and F.5 with rp ranging from 1 to 5 for each figure. The trends in L and rp
are similar overall to the trends observed for numerical simulation one (with the
exponential distribution). These results differ in that the secondary peak in the
cross section (different from the specular peak) appears at lower levels of kL (and
kh). In Fig. F.1, there is a slight secondary peak for the purple curve with kL = 2,
which becomes much more pronounced as kL increases. For greater values of kL
this secondary peak tends to an asymptotic value of about 45◦ for rp = 1. As rp
increases, these secondary , and their asymptotic value (i.e. large kL limit). The
asymptotic values of rp = (1, 2, 3, 4, 5) seem to correspond to high kL limits of
(45◦ , 65◦ , 72◦ , 75◦ , 78◦ ).
Results from numerical experiment 3 are presented in Figs. F.6, F.7, F.8, F.9,
and F.10 with rp ranging from 1 to 5 like the last two numerical experiments.
The cross section shows a dependence almost identical to the observed trends from
numerical experiment 1 with the exponential distribution. Higher aspect ratios
tend to have more fluctuations, which may be due to finite Monte Carlo sample
size, or possibly an unstable matrix in the linear algebra stage of the BEM. Another
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Figure F.1. Results from unscaled log-normal distribution with σL = L/3 with rp = 1.
Each curve represents the cross section with a different value of kL according to the
legend.

difference from the exponential case is that the secondary peaks are more separated
as a function of kL.
Cross section results for numerical experiment 5, with a scaled log-normal distribution with σL = L/3 are presented in Figs. F.11, F.12, F.13, F.14, F.15, F.16,
F.17, and F.18. These plots follow many of the same trends for numerical experiment 4. They differ from the previous numerical experiment in that for almost
all values of kh, there is a secondary peak in the scattered field for kL ≥ 2. Like
in numerical experiments 1-3, as kL increases, the location of this peak becomes
closer and closer to the specular direction. For very rough surfaces, kh ≥ 2. the
secondary peak becomes smaller with respect to the rest of the scattering strength
curve. For the most extreme roughness case, there is neither a specular peak, nor
a secondary peak. Energy conservation seems to be violated for the purple curve
Fig. F.26, since the curve is above unity for all backscattering angles. However,
energy conservation can only be determined if the entire bistatic field (including
energy scattered into the seafloor) is computed. If enhanced backscattering is
present, then energy conservation is likely satisfied.
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Figure F.2. Results from unscaled log-normal distribution with σL = L/3 with rp = 2.
Each curve represents the cross section with a different value of kL according to the
legend.

Cross section results for numerical experiment 6, with a scaled log-normal distribution with σL = L are presented in Figs. F.19, F.20, F.21, F.22, F.23, F.24,
F.25, and F.26. The behavior is quite similar to numerical experiment 4. This
similarity with numerical experiment 4, and the presence of a secondary specular
peak for numerical experiment 5 indicates that the ratio between the σL and L
plays an important role.
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Figure F.3. Results from unscaled log-normal distribution with σL = L/3 with rp = 3.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.4. Results from unscaled log-normal distribution with σL = L/3 with rp = 4.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.5. Results from unscaled log-normal distribution with σL = L/3 with rp = 5.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.6. Results from unscaled log-normal distribution with σL = L with rp = 1.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.7. Results from unscaled log-normal distribution with σL = L with rp = 2.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.8. Results from unscaled log-normal distribution with σL = L with rp = 3.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.9. Results from unscaled log-normal distribution with σL = L with rp = 4.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.10. Results from unscaled log-normal distribution with σL = L with rp = 5.
Each curve represents the cross section with a different value of kL according to the
legend.
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Figure F.11. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 1/16. Each curve represents the scattering strength from a surface
with a value of kL according to the legend .
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Figure F.12. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 1/8. Each curve represents the scattering strength from a surface
with a value of kL according to the legend .
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Figure F.13. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 1/4. Each curve represents the scattering strength from a surface
with a value of kL according to the legend .
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Figure F.14. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 1/2. Each curve represents the scattering strength from a surface
with a value of kL according to the legend .
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Figure F.15. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 1. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.16. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 2. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .

287

10

Scattering Strength [dB re 1]

0

−10

−20

−30
kL = 0.125
kL = 0.25
kL = 0.5
kL = 1
kL = 2
kL = 4
kL = 8
kL = 16
kL = 32

−40

−50

−60
0

10

20

30

40

50

60

70

80

90

Grazing Angle [Deg]

Figure F.17. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 4. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.18. Scattering strength results for the scaled log-normal distribution with
σL = L/3 and kh = 8. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.19. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 1/16. Each curve represents the scattering strength from a surface
with a value of kL according to the legend .
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Figure F.20. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 1/8. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.21. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 1/4. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.22. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 1/2. Each curve represents the scattering strength from a surface with
a value of kL according to the legend .
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Figure F.23. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 1. Each curve represents the scattering strength from a surface with a
value of kL according to the legend .
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Figure F.24. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 2. Each curve represents the scattering strength from a surface with a
value of kL according to the legend.
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Figure F.25. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 4. Each curve represents the scattering strength from a surface with a
value of kL according to the legend.

10

Scattering Strength [dB re 1]

0

−10

−20

−30
kL = 0.125
kL = 0.25
kL = 0.5
kL = 1
kL = 2
kL = 4
kL = 8
kL = 16
kL = 32

−40

−50

−60
0

10

20

30

40

50

60

70

80

90

Grazing Angle [Deg]

Figure F.26. Scattering strength results for the scaled log-normal distribution with
σL = L and kh = 8. Each curve represents the scattering strength from a surface with a
value of kL according to the legend

APPENDIX

G

High-order Kirchhoff
Approximation
G.1

Higher-order Kirchhoff Approximation

The Kirchhoff approximation has several limitations in its applicability to rough
surface scattering, one of which is the absence of multiple scattering. Its accuracy can be improved if higher orders of scattering are included. Higher orders of
this model can be computed using iteration whereby the nth-order result for the
pressure at the interface is used in the integral equation for the next highest order(n+1) [261, 262, 263, 264, 119, 265]. The mathematics of the iterative Kirchhoff
approximation (ITA) become easier if the HKIE is presented in operator notation.
The analysis here is restricted to impenetrable boundaries so the second KA is
avoided1 . As mentioned before, a rigorous solution not utilizing the second KA
has been developed by Stoddart[115], which approximates the relationship between
p and ∇p iteratively, but it’s computational complexity precludes simple analysis.
For Neumann boundary conditions, the iterative method operates on the HKIE
with ∇n p set to zero:
1
p(x) = pi (x) +
2
1

c.f. Section 1.7.2.2

Z

∂G (x, xs )
p(xs ) dS
∂ns

(G.1)
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If the same procedure is used for Dirichlet boundary conditions, the integral equation becomes
Z
pi (x) = −

∂p(xs )
G (x, xs ) dS
∂ns

(G.2)

The integral equation in Eq. (G.2) cannot be used iteratively because there are two
unknowns,

∂p(x)
∂n

and p. This impasse is overcome by taking the normal derivative

of the HKIE by applying the operator

∂
∂n

to both sides. Note that the normal

derivative acts on the variable x and not xs and therefore only affects the Green’s
functions and not the values of the pressure or its normal derivative. Careful
limits must be taken when moving the

∂
∂n

operator inside the integral, meticulously

performed by Meecham [261]. The result, when Dirichlet boundary conditions are
applied is [138]
1 ∂p(x)
∂pi (x)
=
+
2 ∂n
∂n

Z

∂G (x, xs ) ∂p(xs )
dS
∂n
∂ns

(G.3)

The integral equations for Neumann and Dirichlet boundary conditions now
have forms amenable to iteration. The forms of Eq. (G.1) and (G.3) are structurally similar, so we will use a generic notation that acquires specific forms for
each boundary condition. Let the quantity ψ stand for either

∂p(x)
∂n

or p(x) for

Dirichlet and Neumann boundary conditions respectively, and Af (x) stand for
the integral operators
( R
Af (x) =

R

∂G(x,xs )
f (xs ) d2 S
∂n
∂G(x,xs )
f (xs ) d2 S
∂ns

if S is Dirichlet
if S is Neumann

(G.4)

The integral equations both be cast in operator notation, omitting the dependence
on position of φ
1
φ = φi + Aφ
2

(G.5)

This form can be used to define an iterative series [264]
1
φ0 = φi
2
1
φn = φi + Aφn−1
2

(G.6)
(G.7)
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whereby the zeroth-order term for the surface field is the Kirchhoff approximation,
and the next highest order is computed by operating on the previous order with
A and adding it to ψi . Meecham [261] studied the problem in the limit of infinite
iteration and determined that the series is not absolutely convergent for the 2D
problem unless artificial dissipation is introduced into the medium. This divergence
is due to the asymptotic form of the 2D greens function, which is proportional to
r−1/2 . Absolute convergence can only occur if the series in r−1 converges, which
is a well-established divergent series. Although convergence of the 3D series has
not been proved, the series is in r−2 , which is a convergent series. Additionally,
any real propagation medium is dissipative, so the introduction of dissipation by
Meecham matches up with reality.
The iterative method can be used as an numerically efficient alternative to
BEM if it converges, or to study the effects of each order of scattering by itself
to determine the importance of multiple scattering. The latter use helps to delve
into the obscurity of BEM and glean understanding of the details of interface
scattering. For numerical simulations, the series must be truncated at some finite
order, which can either be predetermined, or by determining the rms difference
between successive orders and terminating the series when a given tolerance is
achieved.
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