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Abstract
In this study, we used the phase-field model to study the defect transport,
resistance degradation behavior, current-voltage characteristics and piezoelectric
responses in a number of representative dielectric and ferroelectric oxides including
SrTiO3, BaTiO3, and Pb(Zr1-xTix)O3. The effects of electric field strength, domain
orientations, domain structures as well as grain boundaries on the distribution and
evolution of ionic/electronic space charges and leakage currents were systematically
investigated.
We developed the electrochemical transport model to study the ionic/electronic
space charge profiles and local electric potential distribution at equilibrium state and their
evolutions under applied biases in a sandwiched Ni|SrTiO3|Ni capacitor configuration by
solving the coupled transport equations for space charges and Poisson equation for
electric potential using the Chebyshev collocation algorithm. We introduced the
possibility of polaron-hopping between Ti3+ and Ti4+ at the dielectric/electrode interfaces
using the Butler-Volmer equations. The simulated space charge and electric potential
profiles at steady state agreed with recent experiment observations. The contribution of
ionic transport and polaron-hopping to the resistance degradation based on phase-field
simulations and experimental studies were compared and analyzed.
We proposed a model to study the resistance degradation behavior of ferroelectric
oxides in the presence of ferroelectric spontaneous polarization by combining the phasefield model of ferroelectric domains and non-linear diffusion equations for
ionic/electronic transport. We took into account the non-periodic boundary conditions for
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solving the electrochemical transport equations and Ginzburg-Landau equations using the
Chebyshev collocation algorithm. We considered both single domain configuration and
multi-domain structure consisting of 180º and 90º domain walls relative to a thin film
BaTiO3 single crystal orientated to the normal of the electrode plates (Ni) in a single
parallel plate capacitor configuration. The capacitor was subjected to a dc bias of 0.5V at
room temperature. The effect of domain orientations and multi-domain structures on the
defect and leakage current evolution was investigated. The simulated field-dependence of
characteristic time of degradation was compared with other theoretical model.
Using the model developed above, we further studied current-voltage (I-V)
responses in bulk BaTiO3 ferroelectric oxides. The polarization-modulated rectifying I-V
characteristics in Cu|BaTiO3|Cu single parallel plate capacitor were studied. The effects
of polarization induced metal/ferroelectric interfacial charges, the dopant concentrations
and the defect screening levels on the I-V behaviors and rectification ratios were
systematically investigated.
We investigated the effect of grain boundary interface of donor-state on defect
and leakage current evolution in SrTiO3 constrained by Ni electrodes based on a back-toback double Schottky barrier model. The formation of depletion regions along the grain
boundary acted as barriers to the cross-transport of charge defects. A variety of
conditions including the dopant concentration, the depletion width and the number of
grain boundaries and their effect on resistance degradation were studied.
Phase-field model was also employed to understand the piezoelectric response of
hypothetic single-crystal PbZr1-xTixO3 (PZT). We obtained the dependence of
piezoelectric coefficient (d33) on PbTiO3 compositions (x) near the morphotropic phase
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boundary (MPB) composition of PZT. The piezoelectric response of single crystal PZT
from phase-field simulation, of single crystal based on thermodynamic calculation and of
polycrystalline PZT from literatures have been compared and analyzed. The relation
between multi-domain structure of the poled PZT single crystal and the enhancement of
d33 near the MPB composition was discussed.
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1 Chapter 1 Introduction
1.1 Introduction
The broad use and wide application of Multi-Layer Ceramic Capacitors (MLCCs)
prevails nowadays due to their smaller size and high capacitance. [1] The typical
construction of MLCCs consists of a number of single dielectric layers which are
alternatively stacked with parallel connected internal electrodes. (Fig. 1.1) The
capacitance C of MLCCs can be represented by

C

(n  1) 0 r A
d

(1.1)

in which n is the number of internal plate electrodes,  0 and  r are the vacuum
permittivity and dielectric constant of the dielectric layer respectively. A and d denote
the overlap area of the internal electrodes and thickness of the dielectric layers.

Figure 1.1 Section view of the multilayer ceramic capacitor. [1]
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In order to achieve high capacitance of MLCCs, choice of high dielectric
permittivity material with chemical/mechanical stability is of great need. Perovskite
based ferroelectric oxides of barium titanate (BaTiO3) fabricated with noble internal
electrodes (Pt, Cu, Ni) emerges as a good candidate for dielectric material for MLCC
application. BaTiO3 has the same type of crystal structure as calcium titanium oxide
(CaTiO3) which belongs to a big family of compounds with the general formula ABO3
known as the perovskite structure. It has cubic symmetry ( Pm3m ) above Curie
temperature (Tc~120ºC) with eight Ba2+ ions sitting at the corner of the cubic unit cell and
six O2- ions at each of the face center. The Ti4+ ion occupies the body center of the cubic
cell. A schematic illustration of BaTiO3 crystal structure is shown in Fig. 1.2. Above Tc
BaTiO3 is in paraelectric state, when positive charge center from Ba2+ and Ti4+ coincides
with the negative charge center from O2- and the entire BaTiO3 crystal exhibits charge
neutral. At the paraelectric-ferroeletric transition temperature (Curie temperature Tc), it
undergoes a cubic to ferroelectric tetragonal ( P4mm ) phase transformation when the Ti4+
ion displaces slightly from the center of the oxygen octahedral interstice along the 001
axis, and induces an electric dipole moment p defined as the product of charge magnitude
q and charge separation r, i.e., p=qr. The direction of p is defined from the center of
negative charge to the positive charge. The tetragonal phase is stable from ~120ºC to 5ºC,
when it is below 5ºC, BaTiO3 transforms from tetragonal to orthorhombic phase (with

Amm2 symmetry) when the Ti4+ shifts along one of the original cubic 110 directions
causing an electric dipole in that direction. A third phase transformation from
orthorhombic to rhombohedral symmetry (with space group R3m ) occurs at -90ºC upon
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cooling with Ti4+ being off-centered along the body diagonal 111 of the original cubic
structure.
The density of the electric dipole moment yields the electric polarization vector (P)
p
which is represented as P   where
V

 p is the sum of dipole moment and V denotes

the volume occupied by  p . BaTiO3 exhibits a nonzero spontaneous polarization (Ps)
below Tc even without an applied electric field. It is oriented along one of the six
equivalent 001 directions in tetragonal phase, and along the twelve equivalent 110
directions and eight equivalent 111 directions in orthorhombic and rhombohedral phase
respectively. The magnitude of Ps at room temperature is measured to be 0.26 C/cm2. [2]
Ps is usually not uniformly aligned throughout the whole ferroelectric crystals. The
regions with uniform Ps are called ferroelectric domains, while the boundaries separating
different domains are called domain walls. The discontinuity of spontaneous polarization
at the surfaces and interfaces of ferroelectric crystals results in surface/interface charge
formation, which further induces a depolarization field Ed oriented opposite to Ps.
Domain walls are formed to minimize the electrostatic energy caused by Ed, and the
elastic energy induced by the spontaneous strain from distortion during the ferroelectric
phase transition. The walls separating domains with oppositely oriented polarization are
called 180º domain wall and those separating domains with perpendicularly oriented
polarizations are called 90º domain wall. They are the two most common domain wall
types in BaTiO3 with tetragonal symmetry.
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Figure 1.2 Schematic plot of BaTiO3 unit cell
Another way to achieve high capacitance of MLCCs is to reduce the dielectric
layer thickness d. Over the past 15 years the trend of further miniaturization of MLCC
devices resulted in ever-decreasing dielectric thickness down to sub-micron levels. On
the other hand, the electric field across each dielectric layer increased with reduced sizes
at give voltage stresses. [3] This trend poses critical reliability problems of MLCC
devices at this length scale, among which the long-term resistance degradation emerges
as one of the limiting factors for the life time of MLCCs. The resistance degradation is
characterized by a slow increase of leakage current under dc field stress below the critical
point, followed by a sudden increase of leakage current indicating the breakdown of the
capacitors. [4] In dielectric industry there is an engineering approach to estimate the
degradation characteristic time (tch, defined as the time when the leakage current
increases by one decade) using the so called highly accelerated lifetime tests (HALTS).
[4-6] In this method the time-dependent leakage current evolution and tch are obtained
under various temperature and applied field conditions much higher than those when the
capacitor is in operating condition to accelerate the test. The obtained data are later
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extrapolated into the low temperature and field region to determine the real degradation
time based on the Erying model,
 E  1 1 
t2  V2 
   exp  A    
t1  V1 
 k B  T2 T1  
n

(1.2)

in which V is the external applied electric bias, E A is the activation energy of
degradation, k B is the Boltzmann constant and T is the absolute temperature. However,
this method ignores the effect of ferroelectricity on resistance degradation. In fact the
polarization induced bound charges, the complex domain structures and the associated
local strain distribution could significantly influence the space charge distribution, defect
transport dynamics and thus degradation behavior. Therefore the empirical extrapolations
from HALTs measured lifetimes in paraelectric state may not be representative of the
BaTiO3 based capacitors in real service in ferroelectric state.
On the other hand, in dielectric layer of reduced thickness the effect of local
inhomogeneity becomes more significant as the ratio of interface region over bulk region
increases. For example the dielectric layer/electrode plate interfaces could induce local
field enhancement [7, 8] and thus deteriorate the resistance of the capacitors [9-12]. The
polarization discontinuity at metal/ferroelectric interfaces leads to the interfacial bound
charges that could modulate the space charges redistribution. [13] Grain boundary (GB)
is another important type of interfaces separating crystallographic coherent regions in
ceramic dielectrics. It has been reported that the ionic diffusivity near GBs show strong
inhomogeneity. The ionic transport is enhanced along GBs and inhibited across the GBs.
[14-17] The formation of space charge depletion layer neighboring the GBs and the local
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elastic strains and dislocations at coherent/incoherent interfaces also affect the local
electrostatics and transport dynamics. [18-21] Due to the complexity of interface
interaction with space charge carriers and their strong influence on the resistance
degradation behavior, the fundamental understanding of local inhomogeneity in MLCCs
is of significant importance.

1.2 Research motivation, methods and objectives
As we discussed in the last section, many factors may influence the resistance
degradation phenomenon, including temperature, field strength, doping level, domain
morphologies (domain orientations, domain walls) and microstructures (grain structures,
porosity …). Experimentally it is almost impossible to isolate and control the variation of
one parameter and to study its effect on degradation. Due to the limitation of
experimental approach, physics-based theoretical models and numerical simulations,
which are capable of studying the interaction between transport dynamics, ferroelectric
state and microstructures are of great demand.
Phase-field model has been proved to be a powerful tool for modeling many
transport phenomenon and complex microstructural evolution for a wide variety of
material processes [22] including spinodal decomposition [23-26], precipitation of an
ordered phase from a disordered matrix [27-29], grain growth [30-32], martensite
transformations [33,34], and ferroelectric/ferromagnetic domain structure [35-40]. Unlike
other interface-tracking approaches which show limitation in complicated threedimensional modeling, the phase-field model is based on a diffuse-interface description

7

and describes the microstructure as a whole by using a set of field variables which change
continuously across the interfacial region. Typical field variables include the
concentration/composition

of

an

equilibrium

phase,

spontaneous

polarization/

magnetization of a ferroelectric/ferromagnetic domain, and orientation field variables
which distinguish different grain orientations. The total free energy of a ferroelectric
system takes into account the bulk free energy and the gradient energy, the defect energy
due to the presence of free charge carriers and local defects, as well as non-local energy
contributions such as elastic energy and the electrostatic energy. The total free energy can
be written as a function of the aforementioned field variables. The microstructure
evolution of the system is described by the temporal and spatial evolution of these field
variables governed by the well-known continuum equations, namely, the Cahn-Hilliard
nonlinear diffusion equation [41] and the Allen-Cahn (time-dependent Ginzburg-Landau)
equation, [42]

ci (r, t )
F
 M ij 
t
 c j (r, t )
 p (r, t )
t

  Lpq

F
q (r, t )

(1.3)

(1.4)

in which ci are conserved field variables such as concentration/composition of phases,  p
are non-conserved field variables such as ferroelectric/ferromagnetic polarizations or
grain orientations. M ij and Lpq are kinetic coefficients related to atom or interface
mobility, F is the total free energy of the system. The solutions of Eq. (1.3) and (1.4) are
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numerically approached by the semi-implicit Fourier-spectral algorithms [43, 44]
combined with Chebyshev-spectral methods [45, 46] for high order equations.
The objective of this thesis work is to develop a theoretical model and
computational codes to study the defect transport and to predict resistance degradation
phenomenon in perovskite based dielectric and ferroelectric capacitors by combining the
non-linear diffusion equations for ionic/electronic transport behavior and phase-field
model for ferroelectric domains. This work aims at a fundamental understanding of the
dependence of resistance degradation on temperature, composition (solute dopants and
distributions), and microstructure in order to potentially provide guidance to the domain
wall engineering and grain structure tailoring in a way to improve the reliability of
dielectric/ferroelectric capacitors. The developed codes also enable us to investigate the
polarization modulated switchable current-voltage (I-V) response in BaTiO3 and the
piezoelectric response in single crystal lead zirconate-titanate (PZT) at morphotropic
phase boundary (MPB) composition.

1.3 Thesis structure
The structure of the thesis is organized as follows.
Chapter 1 includes the general introduction to the MLCCs, the structure and
ferroelectric properties of barium titanate, the scientific importance and experimental
limitations in the study of MLCC reliability, and the phase-field approach to the
resistance degradation behavior.
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Chapter 2 focuses on the development of the electrochemical transport model for
charge carrier transport behavior in single crystal SrTiO3 and the introduction of the
possible polaron-hopping mechanism that contributes to the resistance degradation.
Chapter 3 concentrates on the resistance degradation of single crystal BaTiO3
consisting of a single tetragonal domain in a capacitor configuration by employment of
the combined phase-field model and non-linear diffusion equations. The field dependence
of degradation time (tch) has been studied and compared with literature.
Chapter 4 focuses on the interaction between space charges and ferroelectric
domain walls (including both 180º and 90º domain walls) in tetragonal BaTiO3, and the
comparison of leakage current evolution of all possible domain configurations and
domain structures is presented.
Chapter 5 is mainly focused on the effect of a grain boundary (GB) oriented
perpendicular to the transport direction in a bi-crystal p-type SrTiO3 scenario based on a
back-to-back double Schottky barrier model. The temperature and field dependence of tch,
and the effect of number of grain boundaries and the concentration of GB donor charges
on defect transport and current evolution are studied.
The code developed in chapter 3 and 4 is applied to study the switchable currentvoltage (I-V) responses in single crystal BaTiO3 consisting of a single tetragonal domain
oriented normal to the plate electrodes in chapter 6. The effects of dopant concentration,
extent of electronic screening condition and the uncompensated interfacial polarization
charge condition on the I-V response are studied.
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Chapter 7 includes the study of piezoelectric response in single crystal PbZr1xTixO3

near MPB composition.
Chapter 8 includes final conclusions and discussions on future work.
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2 Chapter 2 Role of polaron hopping in leakage current
behavior of a SrTiO3 single crystal
2.1 Introduction
Dielectric and ferroelectric perovskites such as lead-zirconate titanite (PZT),
strontium titanite (SrTiO3) and barium titanite (BaTiO3) have been widely utilized in
various electronic devices such as sensors, actuators, varistors and multilayer ceramic
capacitors (MLCCs). [1] High density integration of devices and the desire for larger
capacitance require ever-decreasing physical size and thickness for the dielectric layers.
As a result, the reliability of these devices at reduced sizes, higher fields and operating
temperatures has become a major concern in capacitor industry.
Among all the factors that affect the life time of MLCCs, the long-term resistance
degradation emerged as one of the most important. It is characterized by slowly
increasing leakage currents under dc field stress, followed by a rapid increase of currents
indicating the breakdown of capacitors. Experimentally the highly accelerated lifetime
testing (HALT) have been most widely used to investigate the degradation phenomenon
in dielectric and ferroelectric perovskites. [2, 3]
It is well recognized that electrotransport of oxygen vacancies plays an important
role in the resistance degradation, as is evidenced by the electrocoloration at the anode
and cathode. [4, 5] However the role of oxygen vacancy migration in degradation is still
not clear. Using High Resolution Transmission Electron Microscopy (HRTEM) and
Electron Energy Loss Spectroscopy (EELS), Yang et al examined the oxygen vacancy
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distribution after degradation and observed an increase of oxygen vacancy across the
dielectric layers towards the cathode. Within each BaTiO3 grain there is a pileup of
oxygen vacancies in the cathodic side and a net decrease towards the anodic side of the
grain due to the blocking effects of grain boundaries. [6] Yoon et al suggested that the
increase of effective acceptor concentration (Mg) of BaTiO3 as the grain size decreases
causes high oxygen vacancy concentrations, leading to faster degradation rates. [7] Yoon
also found out that the space charge polarization at grain boundaries by the charge
carriers of pre-dominant holes and small portion of oxygen vacancies results in dielectric
relaxation in BaTiO3. [8] Despite all these works, however, due to the complexity that
many factors may influence the degradation, such as acceptor doping, polarization
current, dielectric layer thickness and electrode microstructure, the key mechanism of
resistance degradation has not yet been well understood experimentally.
On the other hand, mathematical models of ionic/electronic defect transport have
been proposed to study current response and resistance degradation phenomenon. [9-13]
Baiatu and Waser et al. presented mathematic models for SrTiO3 single crystals and
ceramics under high electric field stress. [9, 10] In these models the dielectric breakdown
is mainly attributed to the electronic compensation for oxygen vacancies accumulated
near cathode ( n  2[VO ] ). Later Meyer et. al. suggested pinning of compensating
electrons by the work function of the electrodes on both sides of Ba0.3Sr0.7TiO3 thin film
but did not observe any resistance degradation behavior. [11] More recently a new mean
time to failure (MTTF) equation was introduced by Randall et al that considered critical
accumulation of oxygen vacancies concentration under different field and temperatures to
more accurately predict the degradation rates. [12] Strukov et. al. provided a model of
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coupled drift-diffusion equations for electrons and ions and examined the mobile ion
distributions and current–voltage characteristics of thin film semiconductor memristor.
[13] With all of this interest in coupled electronic and ionic conduction in mixed oxide
functional materials there is a need for deeper understanding of the transient processes
that occur on a local and macroscopic scale in these materials.
The main objective of this work is to explore the contribution of polaron hopping
conduction [14] between Ti3+ and Ti4+ to the mechanism of resistance degradation that
occur in high concentrations of oxygen vacancies. We propose to solve the set of
electrochemical transport equations using spectral method based on Chebyshev
transforms along the transport direction and Fourier transforms along the plane normal to
the transport direction.

2.2 Model
We choose acceptor doped SrTiO3 single crystal as an example and study the
resistance degradation mechanism. The SrTiO3 thin film is constrained on both sides by
the Ni electrodes. The major defects of interest include the oxygen vacancies ( VO ),
electrons ( e ' ), holes ( h ), polarons and ionized acceptors ( A ' ). The oxygen vacancies,
electrons, holes and polarons are considered as mobile species while the ionized
acceptors are assumed to be immobile. The monovalent acceptors are introduced from the
substitution of +3 elements such as Fe and Al on the Ti sites ( Fe'Ti and Al'Ti  A ' ). The
reduction-oxidation reaction and the intrinsic electron-hole generation in Kröger-Vink
notation are considered as major defect reactions in the current study. They are listed in
Eqs. (2.1), (2.2) with corresponding reaction constants collected from literature. [9]
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OO 

1
O2 ( g )  VO  2e '
2

(2.1a)

 5.18eV
KO  [VO ]n 2 pO1/22  1.4 1071 exp  
kBT


 9 1/ 2
 cm Pa


nil  e ' h

(2.1b)

(2.2a)

 E 
Ki  np  N c N v exp   g  cm6
 kBT 

(2.2b)

in which K O and K i are the chemical reaction constants, pO2 is the oxygen vacancy partial
pressure. N c and N v are the effective density of states of the conduction and valance
bands in the thin film, respectively. Eg is the band gap of single crystal SrTiO3.
Due to extremely low mobility of oxygen vacancies compared to electrons and
holes, they are considered to be the major factor in determining the long time dependent
evolution. The oxygen vacancy migration consists of the chemical diffusion due to
concentration gradient and the electrical drift under an electric field. A classic NernstPlanck transport model has been applied to describe the oxygen vacancies migration,
JV    DV  [VO ]  V  [VO ]E
O

O

O

(2.3)


O

[V ]
   JV 
O
t

in which [VO ] is the oxygen vacancy concentration, JV  is the flux of the oxygen
O

vacancy, DV  and V  are the diffusivity and mobility of oxygen vacancy, respectively,
O

which

are

O

related

to

each

other

through

the

Nernst-Einstein

equation,
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DV   kBT / zV  e0 V  , in which k B is the Boltzmann constant, T is the absolute
O

O

O

temperature, zV   2 denotes the effective valence for oxygen vacancy and e0 is the
O

unit charge. The Ni electrodes act as the blocking boundaries for oxygen vacancies
during the resistance degradation such that the boundary condition for Eq. (2.3) can be
written as

JV 
O

z  0, L

0

(2.4)

E in Eq. (2.3) is the local electric field dependent on the charged carrier
distribution. It also depends on the boundary conditions on the film surfaces. The local
electric field/potential distribution is described by the Poisson equation,

2 

e(2[VO ]  p  n  n polaron  [ A '])


 0 r
 0 r

(2.5)

in which  is the local electric potential,  is the total defect charge distribution, [VO ] ,
n , p , n polaron and [ A '] denote the local concentration of oxygen vacancy, electron, hole,

polaron and ionized acceptors respectively. The electric potential  is related to the
electric field through E   . The boundary condition for the electric potential is
defined as,



z 0

 Va (0)   , 

zL

 Va ( L) 

(2.6)

in which Va (0) and Va ( L) are the applied potential bias at z  0, L .  is the overpotential
of the electrochemical reaction occurred at the metal/semiconductor interface.
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On the other hand, electrons and holes are moving much faster than oxygen
vacancies due to their higher mobility. In our simulation we assumed the electronic
species always reach equilibrium for each concentration evolution of oxygen vacancy
profile. The transport of electrons and holes are described in the following equations:

J n   Dnn  n nE
n
   J n  Dn 2 n  n   nE   0
t

(2.7)

J p   Dpp   p pE
p
   J p  Dp  2 p   p   pE   0
t

(2.8)

The electron and hole concentrations at the Ni/SrTiO3 interface are pinned by the Ni
electrode as,
 Ec  E fm 
nz 0, L  N c exp  

kBT 


(2.9)

 E fm  Ev 
pz 0, L  NV exp  

kBT 


(2.10)

in which Ec , Ev and E fm represent the minimum energy of the conduction band,
maximum energy of valence band, and the work function of the metal electrode.
We proposed a polaron hopping conduction model to study its effect on the
leakage current evolution. The polarons are treated as localized monovalent charge
carriers and they contribute to the total current by hopping between Ti3+ and Ti4+ sites,
i.e., Ti 4  e  Ti3 . A schematic plot of the polaron hopping model is shown in Fig. 2.1.
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Figure 2.1 Schematic plot of the Ni|SrTiO3|Ni sandwich structure and the small polaron
hopping between Ti3+ and Ti4+ ( Ti 4  e  Ti3 )
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The flux of polarons at the cathode ( Ti 4  e  Ti3 ) is described by the so called ButlerVolmer equation,

J cathode  J f ( cathode )  J b ( cathode )
 (1   )nF 
   nF 
 k cTi4 exp 
   k cTi3 exp 

 RT

 RT 

(2.11)

in which cTi4 and cTi3 are the local concentration of Ti4+ and Ti3+ respectively. k and k
are the forward and backward reaction rate constants,  is the transfer coefficient, and 
is the overpotential of the reaction. Similarly the flux of polaron at the anode
( Ti3  Ti 4  e ) is written as,

J anode  J f ( anode )  J b ( anode )
   nF 
 (1   )nF 
 k cTi3 exp 
   k cTi4 exp 

 RT 
 RT


(2.12)

The electrotransport of polaron follows a diffusion equation with the boundary conditions
determined by the flux which is given in Eqs. (2.11) and (2.12).
The current density is determined from the flow of the charged species of oxygen
vacancies, electrons, holes and polarons. Ionized acceptors are assumed to be immobile
so that they do not contribute to the current density. The current density for particular
charged carrier i and the total current density are given by,

Ii  e0 zi J i

(2.13)

I total   I i

(2.14)

i
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in which i denote oxygen vacancy, electron, hole, or polaron.

2.3 Results and discussions
We consider SrTiO3 single crystal as an example relative to a single dielectric
layer oriented to the normal of the electrode plates. We set up a coordinate system with
periodic boundary condition along x and y directions. Along z direction it is non-periodic
so that a Chebyshev collocation boundary condition is applied. Initially we are mainly
concerned with the ionic/electronic transport along z direction. Therefore the system size
of the simulation is chosen to be 1×1×200.
To solve the above equations, the semi-implicit Fourier-spectral method is
employed. [15] Consider the time dependent transport Eq. (2.3), more generally we
rewrite it as,

C (r , t )
 D2C (r , t )    C (r , t ) E 
t

(2.15)

in which C (r , t ) is the concentration of the diffusant and the diffusivity D is assumed to
be space independent. Solving the above equation with a finite difference or Fourier
approximation in space has a severe time step limit of t   / N 2 where  is a constant
and N is the number of lattice points in each space dimension. To avoid this limitation, a
semi-implicit treatment is considered. From (2.15) we have,
C n 1  C n
 D 2C n 1    C n E 
t
C n 1
Cn   
  2C n 1 
     C n E 
Dt
Dt  D 

(2.16)
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write u  C n1 ,   1/( Dt ) and f  C n /( Dt )    / D    C n E  , Eq. (2.16) can be
simplified as

 u   2u  f

(2.17)

with periodic boundary condition along x and y directions and a non-periodic boundary
condition along z direction. At each time step, Eq. (2.17) can be accurately solved using
Chebyshev collocation algorithm. Details of this algorithm are described in the Appendix.
We started with a charge neutral single crystal SrTiO3 with film thickness L=1µm
of acceptor doping concentration [ A ']  2.0 1018 cm3 . We first performed the simulation
of charge transport without taking into account the polaron hopping conduction. The
initial charged defect concentrations were assumed homogeneous and calculated based on
the defect chemical reactions (Eqs. (2.1), (2.2)) and the local neutrality condition, with
monovalent acceptors mainly compensated by the oxygen vacancies

2[VO ]  p  n  [ A ']  0

(2.18)

The simulation was then performed at T = 1000K with pO2  0.1Pa to simulate
the annealing process of the sample with Ni electrodes at elevated temperature. The
oxygen vacancy concentrations at the metal/dielectric interfaces are determined from Eq.
(2.1b),

[VO ]

z  0, L



K

O
2
1/ 2
z  0. L O2

n

p

(2.19)
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Figure 2.2, The ionic/electronic charged defects and inner potential distribution in
equilibrium for SrTiO3 thin film of 1 µm in thickness at T = 1000K (with no external
applied potential bias). (a) oxygen vacancy, electron, hole and fully ionized acceptors; (b)
inner potential profile
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in which nz 0.L is the electron concentration at the interface which was assumed to be
pinned by the work function of metal electrodes (Eqs. (2.9), (2.10)). By numerically
solving the coupled equations (Eqs. (2.3), (2.5), (2.7), (2.8)) with appropriate boundary
conditions (Eqs. (2.6), (2.9), (2.10) (2.19)), we obtained the equilibrium profiles of space
charges and interior electric potential for the initial unbiased condition as shown in Fig.
2.2. From Fig. 2.2(a) it can be seen that the thin film remained charge neutral. In the
vicinity of the Ni/SrTiO3 interfaces, however, negatively charged layers were formed
with enrichment of electrons and depletion of oxygen vacancies and holes. An upward
bending electric potential profile was formed in response to the ionic and electronic
redistribution (Fig. 2.2(b)).
After the charged defects and electric potential distribution reached equilibrium,
the resistance degradation simulation was implemented by applying an external potential
bias of 1.0V on the sample at T = 150oC. At low temperature the Ni electrodes acted as
blocking boundaries for oxygen vacancies transport (Eq. (4)) so that the total oxygen
vacancies remained constant. Electron and hole concentrations at the interfaces were still
pinned by the Ni electrodes (Eqs. (9), (10)). Fig. 2.3 shows the evolution profiles of
charged defects and electric potential, with cathode on the left side ( z  0 ,  0 ) and
anode on the right hand side ( z  L ,  1.0V ). In Fig. 2.3(a), the oxygen vacancies tend
to migrate towards the cathode under the electric field, resulting in a net positive charge
layer near cathode and negative charge layer near anode. On the other hand, electrons and
holes tend to redistribute to compensate the net charges induced from oxygen vacancy
segregation and depletion (Fig. 2.3(b) and (c)). It should be noted that the electronic
charge compensation was limited based on the assumption that electronic defect
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concentrations at the metal/dielectric interfaces were pinned by the work function of the
metal electrodes. The electric potential distribution at steady state was almost constant
inside the thin film and near cathode region due to charge screening. However it
exhibited a large gradient near anode side, indicating a locally concentrated electric field
along –z direction (Fig. 2.3(d)). This is due to the ionic depletion in the vicinity of the
anode. Our simulation result is consistent with recent experimental work by Okamoto et.
al. in which a highly concentrated electric field along anode side is observed in the
degraded MLCCs. [16]
The leakage current evolution under an electric field was studied and plotted in
Fig. 2.4. It is seen that the current density experiences a small increase in the initial stage
(t<10s) until it reaches constant and no longer changes with time. The net current density
increase is below one order of magnitude and thus there is no resistance degradation
phenomenon in single crystal SrTiO3 under the current simulation condition. In our
current model we pinned the boundary concentrations of electronic defects based on the
Fermi level of the metallic electrode, and thus limiting the electronic contribution to the
leakage current. Our result showing no degradation in acceptor doped SrTiO3 single
crystal is different from what was previously reported [9] that the current density
increased by at least one order of magnitude due to the dramatic increase in the electron
concentration near the cathode, ~1018 cm-3, to compensate the segregated oxygen vacancy
in that region. However, our result agrees with more recent work on dc current response
of a Ba0.3Sr0.7TiO3 thin film capacitor by Meyer et al, [11] who showed that there was no
resistance degradation also based on the assumption that the electron concentration at the
electrode/dielectric interfaces was pinned by the electrodes.
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Figure 2.3 Evolution of charged defects and potential profile to steady state for SrTiO3
thin film of 1 µm in thickness at T = 150oC under a 1.0V external applied potential bias (a)
oxygen vacancy; (b) electron; (c) hole and (d) potential profile
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Figure 2.4 Calculated time-dependent leakage current evolution under 1.0V DC bias at
150oC

29

The fact that real dielectric capacitors display degradation indicates that there
must be other aspects to the total degradation mechanism. Recently a small polaron
hopping conduction was suggested as a possible mechanism for the dielectric degradation
phenomenon. [14] The main objective of this work is to test the hypothesis that polaron
hopping makes important contribution to the leakage current evolution. The temporal
profiles of polaron evolution were obtained by solving the diffusion equation using
boundary condition (2.11) and (2.12). The initial polaron concentration in SrTiO3 was
estimated to be 1014cm-3 based on literature. [17] From Fig. 2.5 the polaron concentration
starts to increase at the cathode side, due to a net flow of electrons from cathode into the
dielectric layer. The polaron concentration reaches ~1017cm-3 in compensation to the
excess of positive charges due to the oxygen vacancy segregation at the cathode side (Fig.
2.3(a)). In the anode region, the polaron concentration decreases for charge balance due
to the significant oxygen vacancy depletion in the anode region (Fig. 2.3(a)). Our
simulation result is evidenced by recent experiment in which a high local polaron
concentration was observed in the degraded cathode region of a 1% Fe-doped single
crystal SrTiO3. [14] The simulated polaron concentration in cathode is 2 orders of
magnitude lower than that in Liu et al.’s paper. [14] This is because of a much higher
doping concentration (~1%) in their experiments which result in the oxygen vacancy
accumulation up to 1020cm-3.
The current density evolution which takes into account the polaron hopping
conduction is shown in Fig. 2.6. The leakage current density remains low in the initial
time range (<10s) and increases significantly at ~10s, when oxygen vacancies, free
electrons and polarons tend to segregate at the cathode side. As pointed out by Meyer et
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Figure 2.5 Evolution of polaron under flux boundary condition in SrTiO3 under 1.0V DC
bias
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Figure 2.6 Calculated leakage current evolution considering the small polaron hopping
conduction mechanism under 1.0V DC bias at 150oC
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al. [11], the transport of oxygen vacancies and the ionic conduction itself does not fully
explain the degradation process. Based on our simulation, the increase of ionic current is
limited (Fig. 2.4), and the contribution of free electronic electrons to the leakage current
is negligible due to extreme low electronic concentration, the leakage current increase by
more than one order of magnitude could be explained by the local polaron hopping
conduction. This is further evidenced by the correlation between the polaron
concentration in cathode and leakage current density in the process of resistance
degradation. It is seen from Fig. 2.7 that the calculated polaron concentration increases
with the degree of degradation. This agrees with Liu’s experimental results. [14]
Therefore it can be suggested that the polaron hopping conduction should be considered
as a possible mechanism for the resistance degradation behavior in single crystal SrTiO3
and other dielectrics.

2.4 Summary
In this chapter we studied the resistance degradation behavior of acceptor doped
SrTiO3 single crystal by solving the coupled defect transport and Poisson equations using
Chebyshev Collocation Algorithm. Our simulation successfully shows the ionic and
electronic transport under external field and the steady state profile of electric potential
which is consistent with recent experimental result. Our simulation shows no resistance
degradation behavior based on the assumption that the electronic defects are pinned by
the work function of metal electrodes at the interfaces. This agrees with recent work by
Meyer et al. Finally by introducing the polaron hopping between Ti3+ and Ti4+ into the

33

Figure 2.7 Calculated polaron concentration in cathode vs. leakage current density in the
resistance degradation process (from 5~40 seconds with 5 seconds interval)
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current model, we successfully modeled leakage current behavior and suggest that the
resistance degradation phenomenon in dielectric capacitors can possibly be explained by
the polaron hopping conduction.
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3 Chapter 3 Effect of ferroelectric polarization on ionic
transport and resistance degradation in mono-domain
BaTiO3 single crystal by phase-field approach
3.1 Introduction
Ferroelectric perovskites such as barium titanate (BaTiO3) have become essential
materials in various electronic devices such as positive temperature resistors, tunable
microwave dielectrics, piezoelectric actuators/sensors and multilayer ceramic capacitors
(MLCCs). [1] Improving the reliability of ceramic capacitors emerges as a critical
challenge when operation continues under a continuous bias. Among all the factors
affecting the reliability of MLCCs, the long-term resistance degradation is one of the
most important. It is characterized by slowly increasing leakage currents under constant
voltage stress, which eventually leads to the breakdown of the capacitors.
Two major concerns about the resistance degradation phenomenon are: (1) What
are the major reasons that result in the degradation and (2) What is the life time
(reliability) of the capacitor. The first problem has been approached by a variety of
experimental methods such as the impedance spectroscopy (IS) and thermal simulated
depolarization current (TSDC). [2-12] It is well recognized that the electromigration of
oxygen vacancies towards cathode under dc bias is important to the resistance
degradation, as is evidenced by the electro-coloration at the anode and cathode. [2, 3] By
using IS (Impedance Spectroscopy) and EELS (Electron Energy Loss Spectroscopy),
Yang et al. directly observed the oxygen vacancy segregation in BaTiO3 based ceramic
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capacitor near the cathode, and oxygen vacancy pile-up at the cathode side within each
grain. [4] Yoon et al. investigated the effect of acceptor (Mg) concentration on resistance
degradation behavior in acceptor-doped BaTiO3 ceramic capacitor. [5-9] He pointed out
that the increase of Mg concentration result in higher degradation rates due to the
increase of oxygen vacancies. Liu et al. carried out TSDC measurement on Fe-doped
SrTiO3 single crystals and ceramics. [10, 11] It was found out that the TSDC peaks
associated with the defect dipole, trapped charge and oxygen vacancy motion are all
influenced through degradation process. Liu also studied the charge carriers in degraded
SrTiO3 using IS and EELS and suggested polaron conduction is induced at the cathode as
a possible mechanism controlling the insulation transport process and ultimately
describing the degradation behavior. [12] Despite all these investigations, however, due
to the complexity of multiple factors influencing the degradation, such as acceptor doping
concentration, depolarization current, dielectric layer thickness, grain size, conductivity
dependence on phase (ferroelectric and paraelectric), non-linear conduction, electrode
roughness and grain microstructure (grain size, core-shell microstructure), the
interdependence and relative importance is not yet fully understood.
In this investigation we theoretically address the degradation kinetics in relation
to ferroelectric phase and the role of spontaneous polarization. Typically there is an
engineering approach to accessing statistical estimates of the failure times, and the data
for this is collected through highly accelerated lifetime tests (HALTS). [13-15] This
method access the time evolution of the electronic conduction under a dc voltage at
various temperatures, and the long-term reliability is evaluated using the Eyring model.
The testing is often done in the paraelectric phase, and estimated times for failures are
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extrapolated into the ferroelectric phase which in reality is the operating condition of the
capacitors. Such an assumption ignores the role of complex domain structures, the
associated electrostrictive and piezoelectric induced strains that may have influence on
the degradation kinetics. Lacking the ferroelectric contributions to the degradation
mechanisms, the empirical extrapolations from HALTs measured lifetimes in the
paraelectric state may not be representative of the ferroelectric based capacitors working
in their ferroelectric phases.
On the other hand, mathematical models of ionic/electronic defect transport have
been proposed to study current response and resistance degradation phenomenon. [16-27]
Baiatu and Waser et al. presented classic mathematic models in both SrTiO3 single
crystal and ceramics under high field stress. [16, 17] In these models the dielectric
breakdown is mainly attributed to the electronic compensation for oxygen vacancies
accumulation near cathode ( n  2[VO ] , n and [VO ] are the electron and oxygen vacancy
concentration.) Later Meyer et al. suggested pinning of compensating electrons by the
work function of the electrodes on both sides of Ba0.3Sr0.7TiO3 thin film and did not
observe any resistance degradation behavior. [18] Strukov et al. provided a model of
coupled drift-diffusion equations for electrons and ions and examined the mobile ion
distributions and current–voltage characteristics of thin film semiconductor memristive.
[19] However, these models do not take into account the effect of ferroelectric
polarization on defect transport and current evolution. On the other hand, Xiao and
Suryanarayana et al. proposed several models which incorporated the semiconducting
properties of the wide-band-gap ferroelectric perovskites by taking into account the
interaction between space charges and polarization. [20-23] Most recently the charged
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domain walls are theoretically studied, and the electron and hole response to the
polarization bound charge near the domain wall have been calculated. [24-27]
Nevertheless, these models are either limited to the equilibrium profiles or subject to
analytical approximation.
In this work, we developed a phase-field model to study the resistance
degradation phenomenon in the presence of ferroelectric polarization in ideal ferroelectric
capacitor structures. The phase-field approach has been extensively used to study the
ferroelectric domain structures in both bulk systems and thin films. [28-32] The phasefield simulation is based on the time-dependent Ginzburg-Laudau (TDGL) equation. We
propose to solve the set of electrochemical transport equations using spectral method
based on Chebyshev transforms along the transport direction and Fourier transforms
along the plane normal to the transport direction. They are discussed in Section 3.

3.2 Model
In the phase-field simulation, we choose the spontaneous polarization
Pi   P1 , P2 , P3  as the order parameter to describe the domain structures in ferroelectrics.

The total free energy of the system can be expressed as,

F   [ flan ( Pi )  f grad ( Pi , j )  f elas ( Pi ,  ij )  f elec ( Pi , Ei )]dV

(3.1)

V

where V is the system volume and f lan ( Pi ) , f grad ( Pi , j ) , f elas ( Pi ,  ij ) and felec ( Pi , Ei ) are the
Landau-Devonshire free energy density, the gradient energy density, and elastic energy
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density and the electrostatic energy density, respectively. The Landau-Devonshire free
energy is written as a polynomial expansion of the polarization components Pi . For an
eighth-order expansion under mechanical stress-free boundary condition, it is [32]

flan  1 ( P12  P22  P32 )  11 ( P14  P24  P34 )  12 ( P12 P22  P22 P32  P32 P12 )
111 ( P16  P26  P36 )  112 [ P12 ( P24  P34 )  P22 ( P14  P34 )  P32 ( P14  P24 )]  123 P12 P22 P32
1111 ( P18  P28  P38 )  1112 [ P16 ( P22  P32 )  P26 ( P12  P32 )  P36 ( P12  P22 )]
1122 ( P14 P24  P24 P34  P34 P14 )  1123 ( P14 P22 P32  P24 P32 P12  P34 P12 P22 )
(3.2)
in which  ij ,  ijk and  ijkl are the fourth, sixth and eighth order coefficients respectively,
and the second order coefficient 1 is linearly proportional to temperature and obeys the
Curie-Weiss law. The Landau coefficients and Curie temperature Tc are here not
considered in relation to oxygen stoichiometry. [33] The gradient energy is introduced
through the gradients of the polarization ( Pi , j  Pi / x j ). For a general anisotropic
system, the gradient energy density is calculated by
1
f grad ( Pi , j )  Gijkl Pi , j Pk ,l
2

(3.3)

in which Gijkl is the gradient energy coefficient. The elastic energy density f elas is given
by
1
1
felas  Cijkl eij ekl  Cijkl ( ij   ij0 )( kl   kl0 ) ,
2
2

(3.4)

where Cijkl is the elastic stiffness tensor,  ij0 is the eigenstrain induced by the spontaneous
polarization Pi (the eigenstrain induced by the defect segregation is currently not taken
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into consideration), and  ij is the total strain of the bulk compared to the parent
paraelectric phase. The elastic strain eij is calculated from eij   ij   ij0 . Detailed
calculation of the eigenstrain and the total strain are described in Ref. 30. To consider the
dipole-dipole interaction during ferroelectric domain evolution, the electrostatic energy of
a domain structure is introduced through,
1
f elec  f ( Ei , Pi )=   0 r Ei E j  Ei Pi
2

(3.5)

where Ei is the electric field component,  0 and  r are the vacuum permittivity and
dielectric constant of the material, respectively.
Based on the Landau-Devonshire free energy density, the gradient energy density,
and elastic energy density and the electrostatic energy density calculated from Eqs.
(3.2)~(3.5), the total free energy F is obtained from Eq. (3.1). The temporal evolution of
order parameter P are governed by the TDGL equations,
Pi ( x, t )
F
 L
, i  1, 2,3,
t
 Pi ( x, t )

(3.6)

where L is the kinetic coefficient which is related to the domain movement and t is time.
The local electric field in Eq. (3.5) is dependent on the space charges as well as
the polarization induced bound charges. It also depends on the boundary conditions on
the film surfaces. The local electric field/potential distribution is governed by the Poisson
equation,
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2 

    Pi q0 (2[VO ]  p  n  [ A '])    Pi

 0 r
 0 r

(3.7)

in which  is the local electric potential,  is the total space charge density, q0 is the unit
charge, [VO ] , n , p and [ A '] denote the local concentrations of oxygen vacancy, electron,
hole and ionized acceptor respectively. The polarization induced charges are introduced
by   P . The electric field E is related to the electric potential through,

E  

(3.8)

The boundary condition for the electric potential is defined as,



z 0

 Va (0), 

zL

 Va ( L)

(3.9)

in which Va (0) and Va ( L) are specified from the externally applied potential bias at
z  0, L .

The bulk transports of space charges in Eq. (3.7) are described by the diffusion
equations with proper boundary conditions. In our current simulation, the major charged
defects of interest include the oxygen vacancies ( VO ), electrons ( e ' ), holes ( h ), ionized
acceptors ( A ' ) written in Kröger-Vink notation. [34] The oxygen vacancies, electrons
and holes are considered as mobile species. The monovalent acceptors are introduced
from the substitution of +3 elements such as Fe and Al on the Ti sites ( Fe'Ti and Al'Ti  A ' )
and are considered fully ionized and immobile.
Due to extreme low mobility compared to electrons and holes, oxygen vacancies
are considered to be the major factors in determining the simulation time. The oxygen
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vacancy migration consists of the chemical diffusion due to concentration gradient and
the electrical drift under the external applied electric field. Here we do not consider the
presence of association and the formation of defect dipoles. A non-linear Nernst-Planck
transport model is applied to describe the oxygen vacancy migration, [35, 36]

JV    DV  [VO ]  V  [VO ]
O

O

O

 zV  q0 12 
2 k BT
sinh  O
 2k BT 
zV  q0  x


O


 zV  q0 12  
2 k BT

  [VO ]sinh  O
 2k BT  
zV  q0  x 



O


O

[V ]
   JV   DV   2 [VO ]  V 
O
O
O
t

(3.10)

in which [VO ] is the oxygen vacancy concentration, JV  is the flux of the oxygen
O

vacancy, DV  and V  are the diffusivity and mobility of oxygen vacancy respectively,
O

O

which are related with each other through the Nernst-Einstein equation,

DV  
O

k BT
 
zV  q0 VO

(3.11)

O

k B is the Boltzmann constant, T is the absolute temperature, zV   2 denotes the charge
O

number of oxygen vacancy and q0 is the unit charge. 12 and  x are the electric
potential difference and distance between two adjacent grid points respectively.
The Ni electrodes act as the blocking boundaries for oxygen vacancies migration
during the resistance degradation so that the boundary condition for Eq. (3.10) can be
written as

JV 
O

z  0, L

0

(3.12)
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On the other hand, electrons and holes are moving much faster than oxygen
vacancies due to their higher mobility. In our simulations we assumed that the electron
and hole concentrations always reach equilibrium for each evolution of oxygen vacancy
profile. Mathematically we solve steady state equations for electron and hole transports
assuming n / t  0 and p / t  0 ,
J n   Dnn  n nE
n
   J n  Dn 2 n  n   nE   0
t

(3.13)

J p   Dpp   p nE
p
   J p  Dp  2 p   p   pE   0
t

(3.14)

The electron and hole concentrations at the Ni/BaTiO3 interface are pinned by the Ni
electrode as,
 Ec  E fm 
nz 0, L  N c exp  

kBT 


(3.15)

 E  Ev 
pz 0, L  Nv exp   fm

kBT 


(3.16)

in which N c and N v are the effective density of states of the conduction band and valance
band respectively. Ec and Ev are the energy of the conduction band minimum and
valence band maximum of BaTiO3 respectively. E fm is the work function of Ni plate
electrode.
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The current density is contributed from the flow of the charged species including
oxygen vacancies, electrons and holes. The current density for particular charged carrier i
and the total current density are given by,
Ii  q0 zi J i , i  VO , e ', p

I total   I i

(3.17)

(3.18)

i

in which zi and J i denote the charge number and the flux of each of the charge species.

3.3 Results and discussions
We first consider an ideal situation regarding the influence of a high spontaneous
polarization on the transport processes. We consider a single tetragonal domain structure,
such as a thin film BaTiO3 single crystal orientated normal to the electrode plates (Ni) in
a single parallel plate capacitor configuration. We set up a coordinate system with a
periodic boundary condition along x and y directions. Along z direction it is non-periodic
so that a Chebyshev collocation boundary condition is applied. We are mainly concerned
with the ionic/electronic transport along z direction, and the polarization direction is also
assumed to be along z direction. Therefore the system size of the simulation is chosen to
be 1×1×200. The temporal evolution of the polarization field and thus the domain
structures are obtained by numerically solving the TDGL equations using the semiimplicit Fourier spectral method. [37-40] The corresponding material constants for the
Landau free energy, the gradient energy coefficients, the electrostrictive coefﬁcients and
elastic properties are taken from the literature. [32, 41]
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We started with a charge neutral single tetragonal domain BaTiO3 of thickness
L=500nm constrained by Ni plate electrodes on two sides at room temperature (25˚C).
The acceptor doping concentration was assumed to be [ A ']  2.0 1018 cm3 . All the ionic
and electronic defects were assumed to be homogeneously distributed and the local
charge neutrality condition was maintained in the initial state,

2[VO ]  p  n  [ A ']  0

(3.19)

The initial polarization was assumed to be homogeneous and equal to the spontaneous
polarization P  Ps  26 C/cm2 which was oriented along the +z direction. The boundary
condition of polarization at the metal/ferroelectric interface in 1D was specified as,

a P  b 

dP
dz

 0, a P  b 
z 0

dP
dz

0

(3.20)

zL

where coefficients a and b were chosen to be 1.0 and 0.05cm respectively representing
a partially compensated boundary condition.
The simulation was then performed at T = 25˚C until defect and polarization
distributions reached steady state under no external bias, which are schematically plotted
in Fig. 3.1(a). The equilibrium profiles are shown in Fig. 3.2. From Fig. 3.2 (a) it is seen
that the ferroelectric polarization remained constant inside the bulk BaTiO3 and
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Figure 3.1, Schematic plot of the metal (Ni) /ferroelectric (BaTiO3) /metal (Ni) sandwich
structure: (a) without bias; (b) under applied bias in the same direction of polarization; (c)
under applied bias in the reverse direction of polarization; (d) under applied bias without
ferroelectric spontaneous polarization. The yellow and green arrows denote the directions
of polarization and electric field respectively. The (+) and (-) signs represent the anode
and cathode respectively. The
the metal/ferroelectric interfaces.

and

signs denote the polarization bound charge near
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Figure 3.2, Equilibrium profile of single domain BaTiO3 without bias: (a) polarization
(Pz), (b) polarization bound charge (-dPz /dz), (c) ionic defects (d) electronic defects, (e)
electric potential and (f) electric field (z denotes the position in the film, H=250nm is half
of the film thickness L, so that z/H from -1 to +1 represents the entire thin film thickness)
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decreased at the metal/ferroelectric interfaces. As a result, a sheet of positive bound
charge was formed at one interface ( z / H  1 ) and a negative bound charge on the
other ( z / H  1 ) (Fig. 3.2(b)). For charge compensation, the positively charged oxygen
vacancies and holes tended to segregate at z / H  1 , while the negatively charged
electrons at z / H  1 (Fig. 3.2(c) and (d)). It should be noted that the electronic
concentrations are much lower than oxygen vacancies. This is because of the wide band
gap (~3.1eV) of BaTiO3. [42] In response to the redistribution of polarization bound
charges and the ionic/electronic space charges, the local electric potential and electric
field were obtained from Eqs. (3.7) and (3.8) under the short circuit boundary condition
Va

z  H

 Va

zH

 0 (Fig. 3.2(e) and (f)). A large positive electric field was formed at the

metal/ferroelectric interfaces due to electric potential to be 0 at the boundaries.
When the equilibrium profile was reached, the resistance degradation simulations
were carried out by applying a dc bias of 0.5V along the polarization direction (+z
direction). Under the field stress, the oxygen vacancies were migrating towards the
cathode side ( z / H  1 ) (Fig. 3.3(a)), resulting in a positive ionic charge region at

z / H  1 and a negative ionic charge region at z / H  1 , given that ionized acceptors
are immobile. In response to the local ionic charges, the electrons tended to migrate
towards the cathode and holes towards anode (Fig. 3.3(b) and (c)). However the
electronic charge compensation was much smaller than the ionic charges since the
electronic defects were pinned by the Ni plate electrodes at the boundaries. The electric
potential evolution was plotted in Fig. 3.3(d), in which a large electric potential gradient
was formed near the anode side in steady state. This agrees with recent experimental
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Figure 3.3 Defect transport and electric potential evolution in single domain BaTiO3 plate
capacitor at T = 25˚C under dc bias (0.5V) along +z direction (a) oxygen vacancies, (b)
electrons, (c) holes and (d) electric potential evolution.
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Figure 3.4 Comparison of oxygen vacancy evolution (a~c) and local electric field (d~f)
distribution in single crystal BaTiO3 plate capacitor subjected to 0.5V at T = 25˚C (a) and
(d): applied field in the same direction of polarization; (b) and (e): applied field in the
opposite direction of polarization; (c) and (f): no polarization.
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results by Okamoto et. al. in which a large electric field was observed at anode side in the
degraded MLCCs. [43]
We also applied a dc bias of 0.5V in the opposite direction of the polarization (-z
direction). The reverse bias was small enough so that the single domain was not allowed
to switch. For comparison we also considered the situation when there is no spontaneous
polarization. Fig. 3.1(b) ~ (d) schematically illustrates three different situations of
BaTiO3 single plate capacitor subject to dc biases. The oxygen vacancy evolutions were
plotted in Fig. 3.4(a) ~ (c). In all three cases, the oxygen vacancies tended to migrate
along the applied field direction. However the oxygen vacancy segregation amounted to
~ 1020 cm3 along the cathode side when the field was along the polarization direction (Fig.

3.4(a)), it reached only ~ 2.5 1019 cm3 when the field was opposite to the polarization
direction (Fig. 3.4(b)) and ~ 4.4 1019 cm3 when there was no polarization (Fig. 3.4(c)). A
possible explanation for the difference is that the polarization promotes the ionic
transport and further deteriorates the resistance of the capacitor when it is along the field
direction. Note these concentrations are close to the Mott Criterion, and in the
ferroelectric state are expected to be semiconducting. [44] To further understand the
differences of oxygen vacancy segregation among three situations, we investigated the
electric field distribution inside the BaTiO3 dielectric layers (Fig. 3.4(d) ~ (f)). From Fig.
3.2(f), positive electric fields were seen at Ni/BaTiO3 interfaces without applied field.
When a positive external bias was applied on BaTiO3, the local fields at the boundaries
was enhanced to 200kV/cm (Fig. 3.4(d)), which acted as a large driving force for the
oxygen vacancy migration along the +z direction. Under negative bias, the field became
negative inside the BaTiO3 layer leading to the oxygen vacancies migration along –z
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direction. However at the interfacial regions, the local field still remained positive
(~50kV/cm) at ~105s (Fig. 3.4(e)), thus inhibited the further migration of oxygen vacancy
towards cathode. When the ferroelectric polarization was zero, the local electric field at
the interfaces reached ~120kV/cm (Fig. 3.4(f)). Therefore the amount of oxygen vacancy
segregation with P = 0 lied between the other two cases.
The current density evolutions were compared among the aforementioned three
cases (Fig. 3.5). The leakage currents all experienced small and slow increases in the
initial state when the oxygen vacancies started to migrate under the external biases,
followed by fast and significant increases indicating the breakdown of the capacitor. The
rapid leakage current increase could be attributed to the oxygen vacancy segregation and
the local field concentration in cathodes. The leakage current with P = 0 increased about
one order of magnitude, and was remarkably enhanced (~40x) under positive bias and
inhibited (~5x) under negative bias. This agrees with the evolution of oxygen vacancies
and local fields shown in Fig. 3.4. It should also be noted that the current underwent an
observable decrease before t = 105s under negative bias (blue line in Fig. 3.5). This is
because of the electric current along +z direction due to the positive local field at cathode
region (Fig. 3.4(e)), which offset the negative current along –z direction inside the bulk
BaTiO3. When t>105s, the local field at cathode further decreased to negative (blue line in
Fig. 3.5) so that the total current along –z direction increased. On the other hand, we also
compared the mean time to failure (MTTF) among the three cases. The MTTF was
determined as the leakage current increases one decade above its minimum value. From
Fig. 3.4 and 3.5, it is evident that the ferroelectric polarization accelerates the oxygen
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Figure 3.5 Leakage current evolution of BaTiO3 single parallel layer capacitor under
forward bias, reverse bias and no polarization at 25˚C
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vacancy migration, promotes the net leakage current increase and decreases the MTTF
when it is along the applied field direction.
The electric field dependence of MTTF was plotted for all three cases in Fig. 3.6
(a). While the log(MTTF) vs. log(field) curves exhibit almost linear relation at small field
region, a nonlinear field dependence of MTTF is clearly seen at large field region for all
the three cases (Fig. 3.6(a)). This nonlinear dependence of current on electric field has
been reported by Riess et al. [35, 36] More recently, Randall et al. suggested a ion
conduction model to describe the transfer of oxygen vacancies and used it to account for
MTTF data, [15]

 U
j  2q0 Nav exp  
 kBT


q0 Ea
 sinh
2k BT


(3.21)

in which j is the current, N is the number of ion, a is the distance of ion hopping, v is
the frequency of ion, U is the activation energy dependent mainly on temperature and E
is the applied electric field strength. The life time of capacitor can be considered as the
time to a certain amount of transport charge accumulation ( Q ), which is assumed to be
constant at different temperature and voltage conditions. As a result, the MTTF can be
represented as,

 U 
q0 Ea 
tch  Q / j  C exp  
 sinh

2k BT 
 k BT 

q Ea 
log tch  C ' log  sinh 0 
2 k BT 


1

(3.22)
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Figure 3.6 Electric field strength dependence of mean time to failure (MTTF) of single


q Ea 
plate BaTiO3 capacitor (a) log tch vs. log E , (b) log tch vs. log  sinh 0 
2 k BT 
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q Ea 
A re-plot of the field dependence of MTTF with log tch vs. log  sinh 0  from our
2 k BT 

simulation clearly shows linear relations (Fig. 3.6(b)). It is found out that the slopes of the
curves are -1.1, -0.97 and -1.0 for positive bias, negative bias and no polarization cases
respectively. This agrees well with the phenomenological model proposed by Randall et
al..

3.4 Summary
In this chapter we developed a phase-field model combined with nonlinear
transport equations to study the resistance degradation behavior of mono-domain BaTiO3
single plate capacitor. Our results show that the electrochemical migration of oxygen
vacancies contributes to the resistance degradation. On the other hand, the ferroelectric
polarization modulates the local electric field distribution at the metal/ferroelectric
interfaces, promotes the oxygen vacancy segregation and further deteriorates the
resistance of the capacitor when it is along the direction of the external applied field. Our
simulation result on the nonlinear electric field strength dependence of MTTF agrees well
with a recently reported ion conduction model.
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4 Chapter 4 Phase-field modeling of ionic/electronic transport
and leakage current evolution in multi-domain BaTiO3
4.1 Introduction
In this chapter we applied the model developed in chapter 3 to study the transport
behavior and leakage current evolution single crystal BaTiO3 with multi-domain
structure. Although single crystal BaTiO3 with single tetragonal domain situation may
serve as a model system, it is very rare in real BaTiO3 based ferroelectric capacitor.
BaTiO3 under room temperature exhibits tetragonal symmetry with both 180º and 90º
domain wall configuration. Domain walls contribute to the dielectric, mechanical and
piezoelectric properties of ferroelectric materials [1-5] and interfere in a number of ways
with defects and imperfections. It has been reported that certain types of domain walls
exhibit polarization induced charges which affect the local space charge distribution and
transport behavior. [6-10] The mechanical stresses developed along the ferroelastic
domain walls could act as the sources of oxygen vacancy segregation for strain
relaxation. [11, 12] On the other hand, in most cases the domain walls can be pinned or
clamped by the defects and imperfections, such as oxygen vacancies and electronic
trapping. This pinning effect impedes domain wall motion, thus strongly affecting the
domain switching processes, fatigue and ferroelectric ageing behavior. [13-15] Therefore
to obtain a more realistic study and fundamental understanding of defect transport and
leakage current evolution in BaTiO3 capacitor, it is important to incorporate the multidomain structure of BaTiO3 in the current simulation.
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4.2 Model
As mentioned in Chapter 1, BaTiO3 is stable in tetragonal state under room
temperature, with six possible domain variants oriented along any of the six equivalent
001 directions. By convention the in-plane (100) and (100) domain variants are

designated as a1 and a1 domain, and (010) and (010) as a2 and a2 domain, while the
out-of-plane (001) and (001) domain variants are designated as c  and c  domain. Two
possible domain wall types in tetragonal BaTiO3 include the 180º and 90º domain walls.
180º domain walls are formed between a1 / a1 , a2 / a2 or c  / c  domain variants, while
90º domain walls are formed between a1 / a2 or a / c domains. In the current simulation
we consider 2-dimensional domain structure with two edges along a1 and c directions,
thus reducing the possible domain variants to four. The applied electric field is assumed
to be along c+ direction. Therefore the 180º domain wall of c  / c  is aligned along the
field direction, and the 180º domain wall of a1 / a1 is perpendicular to the field. We
consider two kinds of 90º domain walls with polarization pointing ↑\→ and ↓\←. All the
possible domain wall configurations are schematically plotted in Fig. 4.1 (a) ~ (d). We do
not consider head-to-head or tail-to-tail in either 180˚ or 90˚ domain structures (Fig.
4.1(e) ~ (h)). Although these domain structures might possibly exist in real multi-domain
structures [18-20], they are thermodynamically unstable. A more complicated twodimensional multi-domain structure has been constructed (Fig. 4.1 (i)) which consists of
all the possible domain wall types (Fig. 4.1 (a) ~ (d)). It serves as the model system in the
current simulation.
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Figure 4.1 Schematic plot of favorable and unfavorable domain structures in BaTiO3
under room temperature: (a) 180˚ domain wall parallel to the transport direction; (b) 180˚
domain wall perpendicular to the transport direction; (c) 90˚ domain wall with
polarization pointing ↑\→; (d) 90˚ domain wall with polarization pointing ↓\←; (e) ~ (f)
thermodynamically unfavorable head-to-head and tail-to-tail domain structures with 180˚
and 90˚ domain walls; (i) complicated domain structures including both 180˚ and 90˚
domain walls in (a) ~ (d).
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Figure 4.2 Domain structure (a) and polarization distribution (b) Px component and (c) Pz
component of BaTiO3 single crystal of complicated domain structures in equilibrium
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4.3 Results and discussions
In order to study the effect of domain orientation and domain wall configuration
on the transport behavior, we start with artificially assumed multi-domain structure
including both 180˚ and 90˚ domain walls in tetragonal state BaTiO3 of 500nm in
thickness (Fig. 4.1(i)). The simulation is then conducted under room temperature without
external applied bias until polarization and local charge distribution reach equilibrium.
The domain structure and the polarization component ( Px and Pz ) are shown in Fig. 4.2.
It is seen that both 90˚ and 180˚ domain walls become stable, forming a step-like domain
configuration.
The local charge density distribution is shown in Fig. 4.3. It is seen that the local
charge density remains charge neutral along 180˚ domain walls and inside the domains.
However 90˚ domain walls exhibit clear local charge segregations (Fig. 4.3(b)). A 1-D
examination of local charges in each of the 1/4 parts of the entire domain clearly
indicates the alternating positive and negative polarization charges across the 90˚ domain
walls (green lines in Fig. 4.3(c) ~ (f)). The space charges tend to segregate along the 90˚
domain walls to compensate the polarization charges (red lines in Fig. 4.3(c) ~ (f)).
However the charge carriers do not fully compensate the polarization charges, resulting
in net charge densities across the 90˚ domain walls. The magnitudes of the net charges
are almost the same (in the range of -5 ~ +5 C/cm3) across all the 90˚ domain walls. No
local charge responses are found across the 180˚ domain walls. Furthermore, large
polarization induced bound charges are also found at the metal/ferroelectric interfaces in
Fig. 4.3 (c) and (e). This is because the orientations of the ferroelectric polarizations in
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Figure 4.3, Local charge density distribution of BaTiO3 complicated domain structures in
equilibrium: (a) domain structure; (b) 2-D plot of local charge distribution (the bound
charges at the metal/ferroelectric interfaces are not shown); (c) ~ (f): 1-D plot of local
polarization charge, defect charge and total charge distribution along z direction in each
of the 1/4 of the entire domain. (c) x/H = 0.0 ~ 0.5; (d) x/H = 0.5 ~ 1.0; (e) x/H = 1.0 ~
1.5; (f) x/H = 1.5 ~ 2.0.
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contact with the electrodes are perpendicular to the plate electrodes, which result in a
sheet of bound charges not fully compensated by the electrodes. On the other hand, no
large bound charges are found in Fig. 4.3 (d) and (f), when the orientations of the
polarizations adjacent to the electrodes are parallel to the plate electrodes.
When the domain structure and the local charges reach equilibrium, a dc bias of
0.5V is applied along +z direction. The bias is small enough to avoid domain switching.
The oxygen vacancy evolution along z direction across the center of each of the 1/4 parts
of the entire domain is plotted in Fig. 4.4 (a) ~ (d). In response to the applied bias,
oxygen vacancies tend to migrate towards the cathode side (z/H =1.0), which results in
oxygen vacancy segregation in the vicinity of the cathode region and depletion in the
anode region (z/H =-1.0). It is also seen that due to the local polarization bound charges
across the 90˚ domain walls, part of the oxygen vacancies pile up in front of the 90˚
domain walls and are not allowed to freely migrate towards the cathode side. This is
particularly obvious in those domains of polarization orientation along the transport
direction (+z), where a local enrichment of the oxygen vacancies is found of the cathode
side inside the domain and a local depletion on the anode side of the domain. In those
domains of polarization orientation opposite to the transport direction (-z), such
separations of local oxygen vacancies can also be seen, however the extent of local
oxygen vacancy enrichment and depletion are less than the previous case. No such kinds
of separations are obviously found in domains of polarization oriented parallel to the
electrode plate (+x and -x). This indicates that the “→” oriented polarizations tend to
promote the oxygen vacancy migration inside the local domain, and the charged 90˚
domain walls act as the barriers of
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Figure 4.4, One-dimensional plot of oxygen vacancy evolution along z direction in each
of the 1/4 of the entire multi-domain BaTiO3 under UDC=0.5V at room temperature: (a)
x/H = 0.0 ~ 0.5; (b) x/H = 0.5 ~ 1.0; (c) x/H = 1.0 ~ 1.5; (d) x/H = 1.5 ~ 2.0.
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Figure 4.5 One-dimensional plot of electric potential (black solid lines) and electric field
(red solid lines) distribution at fixed time step (t=2.5×106s) along z direction in each of
the 1/4 of the entire multi-domain BaTiO3 under UDC=0.5V at room temperature: (a) x/H
= 0.0 ~ 0.5; (b) x/H = 0.5 ~ 1.0; (c) x/H = 1.0 ~ 1.5; (d) x/H = 1.5 ~ 2.0. The light blue
arrows indicate the domain orientation. Dark blue dashed lines indicate the positions of
180º domain walls, green dashed lines indicate the positions of 90º domain walls (↓\←\↓)
where local electric potential drops promoting the ionic transport, and red dashed lines
indicate the positions of 90º domain walls (↑\→\↑) where there is local electric potential
barrier blocking the ionic transport.
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the vacancy transport. Furthermore, the maximum local oxygen vacancy segregation
reaches ~ 1020 cm3 along the cathode in Fig. 4.4 (c). This is probably because of the fact
that the polarization directions adjacent to the electrodes are along the transport direction.
As a consequence, the local oxygen vacancy segregation at cathode in Fig. 4.4 (c) is
significantly enhanced with respect to those in Fig. 4.4 (a), (b) and (d).
We further studied the electric potential and field distribution in multi-domain
BaTiO3 capacitor under UDC=0.5V at room temperature. Figure 4.5 shows onedimensional electric potential (solid black lines) and electric field (solid red lines)
distribution across the center of each quarter of the entire domain structure at given time
step (t=2.5×106s). The electric potential drops are mainly seen in “→” oriented domains
which is along the applied field direction. This is because of the local accumulation and
depletion of oxygen vacancies in that domain as mentioned. The electric potential drops
are much smaller in domains with “↓” and “↑”orientation. It is also noticeable that there
is even small increase of electric potential in “←” oriented domains (Figs. 4.5 (c) and (d)).
On the other hand, remarkable electric potential gradients and local electric field
enhancement can be found across the 90º domain walls (indicated by red and green
dashed lines). For “↓\←\↓” type of 90º domain wall (green dashed lines), there is a
potential drop which induces a positive local electric field across the domain wall. The
oxygen vacancy forward drift under this positive field compensate the tendency of
oxygen vacancy diffusion in the reverse direction due to the local concentration gradient,
which is induced by the polarization bound charge across the 90º domain wall. For
“↑\→\↑” type of 90º domain wall (red dashed lines), there is a local potential barrier and a
negative local field which blocks the ionic transport. This causes the local ionic
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accumulation on domain wall side close to the anode and depletion on the side close to
cathode. Although negative local fields can also been seen across the 180º domain walls
(indicated by blue dashed lines) in small amount, the interaction is much weaker
compared to 90º domain walls.
Finally we compared the current density evolution of single crystal BaTiO3 with
different domain structures under dc bias at room temperature. Besides the complicated
domain structure as we discussed above, we also include four kinds of basic domain
structures containing only one type of domain walls as schematically plotted in Fig. 4.1 (a)
~ (d) for comparison. The current density evolutions for each case are plotted and
compared in Fig. 4.6. From Fig. 4.6, the fastest degradation occurs in 180˚ domain
structures in which domain wall is oriented along the transport direction (purple line). In
this case the domain wall is charge neutral and has nearly no effect on the defect transport
and the fast degradation is mainly due to the lower half of the domain with polarization
orientation along the transport direction. The second fastest degradation is found in the
90˚ domain structures of polarization along ↑ \ → (dark blue line). In this case the trend
of the polarization direction is still along the transport direction, which promotes the
defect transport and fast degradation. However the defect transport is also inhibited to
some extent by the charged 90 domain walls orientated 45˚ to the transport direction. The
third fastest degradation occurs in complicated domain structures (green line). This is
mainly due to the existence of multi domain walls that strongly inhibit the defect
transport. The second lowest degradation is observed in the 90˚ domain structures of
polarization along ↓ \ ← (light blue line). In this case the trend of polarization direction is
opposite to the transport direction. As a consequence the polarization orientation as well
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as the 90˚ charged domain walls result in the longer degradation process. The slowest
degradation occurs in 180˚ domain structures in which domain wall is oriented
perpendicular to the transport direction (red line). Although the amount of domain walls
is less than that in the previous cases, the orientation of the domain wall fully blocks the
defect transport. On the other hand, there exist no polarization bound charges at the
metal/ferroelectric interfaces due to the polarization orientation. As a result the defect
transport is not promoted by the polarization charges.

4.4 Summary
In this chapter we used the model developed in Chapter 3 to study the ionic
transport, local electric potential and field distribution and leakage current evolution in
BaTiO3 capacitor consisting of artificial multi-domain structures. Based on the simulation,
polarization induced bound charges are clearly seen along 90º domain walls, which
induce local redistribution of ionic charge carriers. 180º domain walls remain charge
neutral. Upon external DC bias, remarkable electric potential gradient and barrier, and the
induced local electric field concentration are observable at the 90º charged domain walls,
which partially blocks the oxygen vacancies migration, resulting in a local ionic
enrichment and depletion on both sides of the domain walls. The leakage current density
evolutions and the degradation characteristic time (tch) are compared with different
possible domain configurations in BaTiO3 under room temperature.
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Figure 4.6 Current density evolution of BaTiO3 capacitor of different domain structures
at 25oC. The colors of the schematic domain structures correspond to those in the current
density plot.
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5 Chapter 5 Grain boundary model and its effect on local
electrostatics and transport dynamics in ceramic oxides
5.1 Introduction
Due to the further miniaturization for increasing capacitance of multilayer
ceramic capacitors (MLCCs) in capacitor industry, the influences of interfaces and
surfaces on the overall dielectric properties become more significant as the ratio of
interfacial region over bulk region increases. Grain boundaries are 2D planar interfaces
separating crystallographically coherent regions in polycrystalline material. They are
formed between regions with different symmetries and incommensurable lattice
parameters. The average bond lengths and coordination numbers usually change across
the grain boundaries, resulting in an excess energy and segregation and depletion of
mobile ionic/electronic charge species in dielectric ceramics.
It has been shown in the past decades that the effect of grain boundary on the
local electrostatics and transport dynamics can be classified into two categories: the
mechanical effect and the space charge effect. [1] The mechanical effect involves the
induced elastic strain due to the small lattice mismatch at coherent interfaces and the
formation of dislocations to accommodate the interfacial strain under large lattice
mismatch at incoherent interfaces. It was reported that the ionic mobility at the grain
boundaries could be affected by the elastic strain. [2] And the strain induced by local
segregation of composition can be described by the Vegard’s law. [3] Meanwhile,
dislocations were found to act as diffusion pathway for ionic conduction. [4] Korte et. al.
proposed a qualitative model to study the dependence of ionic transport along interfaces
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on the mismatch factor. [2, 5-7] They found out that tensile strain increases the
conductivity along the strained region while compressive strain decreases the ionic
conductivity.
On the other hand, it has been found that grain boundaries are electronically
active and exhibit either donor or acceptor charge state. Consequently, ionic defects from
bulk adjacent to the GB with same charge are depleted, while those with opposite charge
are accumulated, which forms a space charge layer aside the grain boundary. [8-13] In
the case of acceptor-doped SrTiO3, grain boundaries exhibit positive excess charge,
resulting in depression of oxygen vacancies and holes and thus a decrease in ionic and
electronic (p-type) conductivity. This causes a significant chemical resistance exerted by
the grain boundary, which is observed in situ in experiment by recording the oxygen
stoichiometry. [14]

5.2 Model
As mentioned above, grain boundaries in many ceramic oxides are electrically
active due to the charged state of GBs. An electric potential barrier is formed inside the
GB with two adjacent depletion regions along the GB exhibiting opposite charge
densities with respect to the GB charge state. In the case of acceptor-doped alkaline
titanates, overall charge neutral condition is satisfied when the positive GB donor states
are electrically compensated by the negative space charges symmetrically located aside
the GB, which are built up by the depletion of positvely charged oxygen vacancies and
major electronic holes and accumulation of negative electrons. A positive electric
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potential peak is formed in the center of GB. In the bulk region away from the GBs, local
neutrality condition is satisfied. A simplied back-to-back doubel Schottky barrier model
has been introduced by Chiang and Tagaki [15] and reviewed by Waser [16]. This model
is successfully applied to the electrostatics of space charge depletion layers [17-19] and
transport dynamics [20, 21] in the presence of GBs. For a simplied analytical study, we
consider mobile oxygen vacancies ( VO ) and holes ( h ), and immobile effective acceptors
( A ' ) and GB donors (D) as major charge carriers in p-type SrTiO3. The effective
acceptor is calculated as a sum of all charged acceptor species and is considered to be
negative and monovalent. Their concentration is considered to be constant in the entire
system. GB donors are assumed to be restricted to the GB plane taking +1 valence. It is
assumed that the depleted space charges show a box-like distribution and the diffusional
Debye contribution from depletion layer towards bulk region are neglected. The electron
concentration is much lower than the aforementioned space charges and is negligible.
Therefore the local space charge density at position z is obtained by the difference
between the negative effective acceptors and the sum of the positive oxygen vacancies
and holes, i.e.,

 ( z )  e0 2[VO ]  p  [ A ']eff 

(5.1)

Based on the local charge neutrality condition in bulk regions and the box-like depletion
profiles from the assumptions of the simplified analytical model,

 e0 [ A ']eff  const , z  dGB / 2

0, z  dGB / 2

 ( z)  

(5.2)
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Figure 5.1, Schematic illustration of the box-type spatial profiles of oxygen vacancy,
hole, ionized acceptors, GB restricted donor and space charge density (upper) and electric
potential distribution approximated based on the Schottky barrier model of p-type
perovskite oxide (lower).
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in which dGB is the total width of the depletion layer. The electric potential is related to
the space charge distribution through,

 ( z ) 

d 2 ( z )
 ( z)

2
dz
 0 r

(5.3)

where  0 and  r are the vacuum permittivity and dielectric constant respectively. For
acceptor-doped SrTiO3 we choose  r  150 . Combing Eqs. (5.2) and (5.3) and taking

 ( z)  0 in the bulk region ( z  dGB / 2 ) as reference state, we have,
 2z
e [ A '] 
dGB 
 ( z)  0

z
  GB 1 
2 0 r 
2 
 dGB 
2

GB   (0) 

e0 [ A ']dGB 2
8 0 r

(5.4)

(5.5)

where GB is the electric potential barrier height. The charge carrier profiles, space charge
density distribution and the electric potential profile is illustrated in Fig. 5.1.
We implemented numerical calculations by solving the coupled transport
equations for space charge profiles and the Poisson equation for the electric potential
disbution based on the double Schottky barrier model. We assumed that ionized acceptors

[ A '] and GB donors [ D] are immobile due to their low mobilities. Only oxygen
vacancies, electrons and holes are considered mobile. Here we do not consider the
presence of association and the formation of defect dipoles. A non-linear Nernst-Planck
transport model is applied to describe the oxygen vacancy migration,
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JV    DV  [VO ]  V  [VO ]
O

O

O

 zV  q0 12 
2 k BT
sinh  O
 2k BT 
zV  q0  x



(5.6)

0

(5.7)

O


O

[V ]
   JV 
O
t
with the boundary condition,

JV 
O

z  0, L

indicating that the plate electrodes (Ni) are blocking to oxygen vacancy transfer at the
Ni/SrTiO3 interfaces. JV  is the flux of the oxygen vacancy, DV  and V  are the
O

O

O

diffusivity and mobility of oxygen vacancy respectively, which are related with each
other through DV   (kBT / zV  q0 )V  . 12 and  x are the electric potential difference
O

O

O

and distance between two hopping sites in SrTiO3 respectively. For electron and hole
evolutions we assumed that they reach equilibrium state for each evolution of oxygen
vacancy profile due to the high mobilities, thus

J n   Dnn  n nE ,

n
   J n  0
t

(5.8)

J p   Dpp   p pE ,

p
   J p  0
t

(5.9)

with boundary condition,
 Ec  E fm 
nz 0, L  N c exp  

kBT 


(5.10)
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 E  Ev 
pz 0, L  Nv exp   fm

k BT 


(5.11)

indicating that the electronic concentration are pinned by the Ni electrodes at the
interfaces. N c and N v are the effective density of states of the conduction band and
valance band respectively. Ec and Ev are the energy of the conduction band minimum
and valence band maximum of SrTiO3 respectively. E fm is the work function of Ni plate
electrode. The ionized acceptor is assumed to be constant through the entire system, and
the GB restricted donor concentration is used as an input of the simulation which can be
approximated by a exponential profile,

 ( z  z0 )2 
[ D]  [ DGB ]exp  
  [ DBulk ]
a2 


(5.12)

in which [ DGB ] and [ DBulk ] denote donor concentration inside the GB interface and the
bulk ( [ DGB ]  [ DBulk ] ). z0 is the GB position and a is the parameter related to the width
of the depletion layer. The electric field E is related to the electric potential  through

E   , the latter of which is obtained by solving the Poisson equation,

 ( z )  

e zc
 ( z)
  0 i i (i  VO , e ', h , A ', D)
 0 r
 0 r

(5.13)

with boundary condition defined as,



z 0

 Va (0), 

zL

 Va ( L)

(5.14)

where Va (0) and Va ( L) are specified from the externally applied potential bias at z  0, L .
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5.3 Results and Discussion
A schematic illustration of the Double Schottky Barrier model is presented in Fig.
5.2(a). For the simulation we use bi-crystal geometry of p-type SrTiO3 constrained by Ni
plate electrodes in a capacitor configuration. The geometry of the simulation model
consists of a one-dimensional longitudinal cross section through the SrTiO3 ceramic. The
following input parameters apply to the simulation: The length of the total SrTiO3 layer:
L=200nm. The GB interface dimension is dinterf=1.0nm. The depletion layer aside the GB
is assumed to be dGB=20nm in thickness. The GB donor state density [DGB] and [DBulk]
are chosen to be 1020cm-3 and 1010cm-3 respectively. The ionized acceptor concentration
[A’] amount to 1.6×1019cm-3 respectively. The dielectric constant of p-type SrTiO3 is
εr=150 at temperature T=500K. The effective density of states of the conduction band
( N c ) and valance band ( N v ) are estimated to be 1021cm-3 based on literature [22]. The
energy of the conduction band minimum ( Ec ) and valence band maximum ( Ev ) of
SrTiO3 are -4.0eV and -7.2eV respectively. The work function of Ni electrode ( E fm ) is 5.1eV. Based on the information that V   108 (cm2 / Vs) at 500K [22] and the
O

activation energy of -0.71eV from experimental measurement, the temperature dependent
oxygen vacancy mobility is defined as,

V 


O

 0.71eV  cm2 
71.73
exp  


T
k BT   Vs 


(5.15)

We do not consider the field dependence of oxygen vacancy mobility because it is
already included in the non-linear Nernst-Planck transport equation (Eq.5.6).
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Figure 5.2 (a) Schematic illustration of the double Schottky barrier model and the
equilibrium profiles of p-type SrTiO3 with one centered grain boundary: (b) defect
concentration, (c) space charge distribution, (d) electric potential and electric field
distriution and (e) band diagram.
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The electrostatic equilibrium of charge carrier concentration, local charge
density, electric potential/field distribution and band energy diagram are presented in
Fig. 5.2(b)~(e). Due to the donor state of GB interface, we find depletion of positively
charged oxygen vacancies and holes and accumulation of negatively charged electrons
in the neighborhood of the GB core (Fig. 5.2(b)), forming a negatively charged space
charge depletion layer adjacent to the GB with the left-behind negative acceptors to
compensate the positive GB donor state (Fig. 5.2(c)). It should be noted that local
charge density exhibits a diffusional profile in the depletion region (red line in Fig.
5.2(c)) while the analytical approximation assumes a box-type profile (black line in Fig.
5.2(c)). The space charge depletion region is mainly induced by the oxygen vacancy
due to their high concentration and large concentration gradient at GB compared to
electronic carriers. Although acceptor concentration might also change in the GB
region, [16] in our simulation we assumed they are immobile due to low mobility. The
concentration gradients of the mobile charge carriers near GB interface result in a
diffusion current from each species, which were exactly compensated by the drift
currents in the opposite direction driven by the local positive potential barrier (Fig.
5.2(d)). Using the double Schottky barrier approximation (Eq. 5.5) and the current
simulation input, the maximum barrier height GB is estimated to be 0.11V. This
agrees with our numerical calculation. Therefore an energy band bending of 0.11eV at
the GB interface can be expected based on the charge carrier and electric potential
distribution (Fig. 5.2(e)).
When equilibrium state is reached, a dc load of 0.05V is applied on the p-type
SrTiO3 and the overall evolution of oxygen vacancy is presented in Fig. 5.3(a). Due to
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Figure 5.3 Evolution of oxygen vacancies and electric potential profiles at: (a) and (b):
UDC=0.05V; (c) and (d): UDC=0.5V.
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the blocking character of the Ni plate electrodes for ionic transport, oxygen vacancies
are not allowed to enter or exit the material system. Consequently, a small
accumulation of oxygen vacancies at cathode side and a depletion at anode driven by
the external dc bias are observed in Fig. 5.3(a). The shift of oxygen vacancies under dc
bias induces a space charge polarization that weakens the external bias. Fig. 5.3(b)
shows the evolution of electric potential profiles. Upon the application of external dc
bias, the voltage drops linearly from the anode towards cathode inside the bulk region.
Across the GB the electric potential behaves as the superimposition of applied bias and
the Schottky potential barrier in the depletion region. Afterwards the potential
gradients in the bulk are decreasing due to the space charge polarization from the shift
of oxygen vacancies. When the electric potential is leveling up and the elctric field
inside the bulk disappers, the exteral voltage drops at both the GB interface and the
electrodes (Fig. 5.3(b)).
We also applied a larger DC voltage of 0.5V on the p-type SrTiO3. Simulation
results of the time dependence of the oxygen vacancy distribution and electric potential
drop over the model system are prensented in Figs. 5.3 (c) and (d). In comparison with
Fig. 5.3(a), the accumulated and depleted oxygen vacancies at electrodes are
significantly enhanced under larger bias. Furthermore, a shift of the oxygen vacancy
from the GB depletion region is noticeable from Fig. 5.3(c). It is also observed from
Fig. 5.3(d) that the external voltage drops mostly at the anode, with small drop at
cathode and almost no drop at the GB region, this is due to the large concentration
gradient at the anodic region under external bias.
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Figure 5.4 Schematic illustration of the oxygen vacancy migration under applied field in
(a) single crystal and (b) bi-crysal SrTiO3 capacitor. (c) the temporal evolution of current
density and segregated oxygen vacancy concentration at cathode (inset) in both single
crystal and bi-crystal SrTiO3 capacitor.
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The effect of GB depletion layer on the defect transport and leakage current
evolution are investigated by comparison between the single crystal and bi-crystal
model geometry for SrTiO3 schematically shown in Figs. 5.4 (a) and (b). In our
simulation the leakage current J(t) is mainly contributed by the mobile ionic current.
The leakge currents in both single crystal and bi-crystal model experience slow
increase period, followed by an remarkable increase due to the ionic and electronic
transport and the segregation of oxygen vacancies at the cathode. Although the net
current increases are similar in both cases, the current increase in bi-crystals is
significantly impeded due to the blocking effect by the GB depletion (Fig. 5.4(c)),
which has been reported by [22]. The characteristic time tch for single crystal and bicrystal is calculated to be 72.81s and 241.2s respectively. This is further evidenced by
the evolution of the segregated oxygen vacancy concentration at cathode between
single crystal and bi-crystal model (inset of Fig. 5.4(c)).
The effect of temperature on the characteristic time tch for p-type SrTiO3 is
presented in Fig. 5.5. The temperature ranges from 400K to 600K with 50K intervals,
and the number of GBs (nGB) varies from 0 to 5 and they are assumed to be
perpendicular to the applied field direction. The applied dc voltage is fixed to be 0.5V
for all the cases. The tch data are evaluated from the J(t) curves at different
temperatures with different nGB., and are plotted in an Arrhenius diagram in Fig. 5.5.
Based on the equation,

 E (tch ) 
tch  exp 

 k BT 

(5.16)
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and the linear dependence of log tch on 1/ T as shown in Fig. 5.5, the activation
energies of characteristic time ( E (tch ) ) is estimated to be 0.6eV for single crystal. This
agrees with literature report in which E (tch ) ranges from 0.56 to 0.92eV with different
dopant types. [23] It is also found in Fig. 5.5 that E (tch ) increases with increasing nGB
up to 0.73eV with nGB =5, indicating that tch in polycrystalline structure are more
sensitive to temperature than that in single crystals.
The dependences of tch on the applied dc voltage at T=500K with constant
dielectric thickness for both single crystal and bi-crystal model are shown in Fig. 5.6.
According to the empirical law,
tch  U DC n

(5.17)

in which n is -1.1 for doped SrTiO3 single crystal [23] and -2.45 in SrTiO3 ceramics
[24]. However the log tch  log U DC plot in Fig. 5.6 indicates that the exponent n is
constant only at smaller biases for single crystal. At larger biases a nonlinear
dependence of log tch on log U DC is clearly observed for both single crystal and bicrysal model. This can be explained by the non-linear transport behavior of oxygen
vacancy reported by Riess. [25, 26] And this non-linear dependence can be rectified by


q Ea 
the re-plot of log tch - log  sinh 0  as shown in Fig. 5.6(b), which shows linear
2 k BT 

relation in the entire applied potential range. It should be pointed out that at smaller
bias, the potential dependence of tch deviates from the linear relation in bi-crystal
structure, i.e., the differences of tch between single crystal and bicrystal become larger
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when U DC decreases. This can be explained by the GB blocking effect which becomes
more obvious at smaller biases and neglibile at larger biases. In the linear region, the
exponent n of approximately -1.0 and -1.2 are evaluated for single crystal and bicrystal SrTiO3 respectively. This agrees with literature report. [23]
The effect of number of grain boundaries (nGB) on the current evolution have
been investigated. Figure 5.7(a) shows the current density J(t) curve of p-type SrTiO3
with different nGB at fixed temperature (T=500K) and voltage stress (UDC=0.5V). It is
found that J(t) increases much slower with the number of grain boundaries, and
undergoes an observable decrease when nGB ≥ 3 in the early stage of the degradation,
which can be attributed to the blocking character of the GB. The inset of Fig. 5.7(a)
indicates the blocking of oxygen vacancy cross transport by the increasing nGB as a
possible explanation to the J(t) curves. The characteristic time tch were evaluated from
Fig. 5.7(a) and plotted with nGB in Fig. 5.7(b), in which tch increases with nGB and can
be fit exponentially by,
 n 
log(tch )  3.06  1.19exp   GB 
 1.86 

(5.18)

Finally we investigated the effect of GB donor concentration [D] on the
transport behavior at fixed temperature (T=500K) and field stress (UDC=0.5V). We
assume the bi-crystal model with one GB located at the center of the model system.
The donor concentration at the GB [DGB] varies from 5 1019 cm3 to 1.2 1020 cm3 as
shown in Fig. 5.8(a). The oxygen vacancy, holes and electric potential profiles at
equilibrium state are illustrated in Fig. 5.8(b). Due to the increasing donor
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concentration [DGB], the positive oxygen vacancies and holes are more depleted and
the depletion width dGB becomes wider to compensate the increasing donor charges at
GB interface. Based on Eq. 5.5, the increasing dGB results in the increase of electric
potential barrier ( GB ). Fig. 5.8(c) shows the J (t ) curves with different [DGB], from
which the characteristic time tch are evaluated and plotted as a function of [DGB] in Fig.
5.8(d). It is found out that both tch and GB increase remarkably with [DGB].

5.4 Summary
In this chapter we investigated the effect of grain boundaries on the local
electrostatics and transport dynamics in p-type SrTiO3 based on a back-to-back double
Schottky barrier model. At grain boundaries, space charge depletion layer is formed
due to the donor state interface in p-type SrTiO3. The potential barriers at the center of
GB block the ionic transport and significantly impede the resistance degradation. The
activation energy of temperature dependence of tch (EA(tch)) ranges from 0.6~0.8, and
increases with number of grain boundaries (nGB). This agrees with the value reported
by Waser. The field dependence of tch exhibits nonlinearity at large biases due to the
non-linear ionic transport behavior. At smaller bias tch deviates from linearity due to
GB blocking effect. It is further found out that tch increases exponentially with nGB, and
the increasing donor concentration at GB interface increases the barrier height and thus
impede the degradation in p-type SrTiO3.
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Figure 5.5 Temperature dependence of degradation charactersitic time (tch) and the
calculated activation energy with different number of grain boundaries at fixed applied
field stress. (UDC=0.5V)
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(a)

(b)
Figure 5.6 (a) Dependence of degradation charactersitic time (tch) on the overall
applied potential for both single crystal and bi-crystal structure at T=500K, exhibiting
three distinct region of linear dependence at small bias, non-linear dependence at large
bias for single crystal model and deviation of linearity at low bias in bi-crystal model
due to GB blocking effect. (b) Replot of log tch vs. log sinh  q0 Ea / 2kBT  which
rectifys the non-linear dependence at larger bias region.
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(a)

(b)
Figure 5.7 (a) Temporal evolution of leakage current density at T=500K and UDC=0.5V
in SrTiO3 capacitor with different number of grain boundaries (nGB); (b) Exponential
dependence of degradation charactersitic time (tch) on nGB.
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Figure 5.8 Effect of donor concentration [D] on ionic and electronic charge carrier,
electric potential profile, leakage current evolution and degradation time. (a) Donor
profiles, (b) equilibrium profiles of oxygen vacancy, electronic hole and electric
potential with different [D]; (c) leakage curent evolution with different [D]; (d)
dependence of GB potential barrier height and degradation characteristic time (tch) on
donor concentration.
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6 Chapter 6 Phase-field modeling of switchable diode-like
current-voltage characteristics in ferroelectric BaTiO3
6.1 Introduction
Ferroelectric perovskites such as BaTiO3 and BiFeO3 have been extensively
studied and widely used in various electronic applications. [1] The ferroelectric
polarization has been recently found to affect the transport behavior in ferroelectrics. [2-4]
By controlling the polarization through external field, the charge transport is electrically
tunable and unidirectional electric conduction can be realized. This rectifying currentvoltage (I-V) characteristics enable ferroelectric perovskites potential device applications
such as high resistance ratio diodes and electric resistive memory. [5]
The rectifying conduction characteristics were initially investigated by Blom et al.
in Au/PbTiO3/(LaSr)CoO3 structure. [6] Recent studies were mostly focused on the
ferroelectric BiFeO3 system. [7-12] Choi et al. reported a switchable diode-like I-V
response associated with polarization flipping in mono-domain BiFeO3 and attributed this
behavior to the bulk conduction. [7] Lee et al. suggested that the dominant space-chargelimited conduction mechanism and the modulation of interfacial carrier injection by
polarization were responsible for the switchable diode effect in Pt/BiFeO3/SrRuO3 thin
film capacitors. [8] While it has long been demonstrated that the electromigration of
oxygen vacancies towards cathode is an important ingredient for the resistance
degradation behavior [13-17], Yi et al. recently showed that the ionic defect
electromigration should also account for the switchable I-V characteristics in BiFeO3. [9]
Wang et al. revealed that the polarization-modulated Schottky-like barriers at
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metal/ferroelectric interfaces result in the switchable rectifying behavior in the epitaxial
BiFeO3 thin film. [10] Apart from experimental studies, Ge et al. proposed a numerical
model and demonstrated that the switchable diode characteristics in BiFeO3 capacitors
could be explained by the polarization-modulated barrier, in agreement with Wang’s
experimental results. [11, 12] In spite of all these efforts, however, most of them focused
on BiFeO3 system which has a high leaky current. It is unclear whether the switchable
diode effect only exists in BiFeO3 system or it is a general property for other ferroelectric
materials. Although recent studies on large rectifying current-voltage behavior in BaTiO3
capacitors were reported; [18-20] little consensus has been reached regarding whether the
diode-like I-V response is originated from the bulk or interfacial conduction. To
complement the experimental studies and fully understand the I-V behavior physicsbased theoretical models and computational simulations capable of interplay between
ferroelectric polarization and ionic/electronic conduction are of great demand.
In this work, we developed a phase-field model to understand the mechanism of
switchable rectifying I-V characteristics in the presence of ionic/electronic transport and
polarization bound charges in Cu/BaTiO3/Cu ferroelectric capacitor. The phase-field
approach has been extensively used to study the ferroelectric domain structures and
domain switching [21-25] with ionic/electronic defects [26-19] in both bulk and thin film
perovskites. In the current model we proposed to solve all the equations using spectral
method based on Chebyshev transforms along the transport direction and Fourier
transforms inside the plane which is normal to the transport direction.
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6.2 Simulation details
In the phase-field model of I-V characteristics in mono-domain BaTiO3, the
ferroelectric system can be represented by choosing the spontaneous polarization vector

Pi   P1 , P2 , P3  as the order parameter which describes the domain structure in
ferroelectrics. The temporal evolution of the polarization in the system is modeled by
numerically minimizing the total free energy of F with respect to polarization iteratively
by solving the time-dependent Ginzburg-Laudau (TDGL) equations, [21]
Pi (r , t )
F
 L
, (i  1, 2,3)
t
 Pi (r , t )

(6.1)

in which t is the time and L is the kinetic coefficient which is related to the domain
evolution. The total free energy of the system F of BaTiO3 single crystal is expressed as,
[22]

F   [ flan ( Pi )  f grad ( Pi , j )  f elas ( Pi ,  ij )  f elec ( Pi , Ei )]dV

(6.2)

V

where V is the system volume,  ij and Ei represent the components of strain and electric
field, f lan ( Pi ) , f grad ( Pi , j ) , felas ( Pi ,  ij ) and felec ( Pi , Ei ) are the Landau-Devonshire free
energy density, the gradient energy density, and elastic energy density and the
electrostatic energy density respectively. Detailed expression of each of the local free
energy densities can be found in Ref. 22-25.
The major ionic and electronic defects of interest in the system included the
positively charged oxygen vacancies ( VO ) and holes ( h ), and negatively charged
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electrons ( e ' ) and ionized acceptors ( A ' ) written in Kröger-Vink notation. [30] The
monovalent acceptors were introduced from the substitution of trivalent Fe on the Ti sites
( Fe'Ti = A ' ) and are considered as immobile under the applied fields. The electric field
components, Ei were found by solving the Poisson equation considering charges due to
the ionic/electronic space charges and the gradients in the polarization components,

2 

    Pi e(2[VO ]  p  n  [ A '])    Pi

 0 r
 0 r

(6.3)

in which  is the electric potential,  is the total space charges.  0 and  r are the
vacuum permittivity and background dielectric constant of BaTiO3. The electric field
contribution to the dielectric constant has already been included in the Landau free
energy density flan ( Pi ) in Eq. (6.2). We used  r  44 based on literature. [31] [VO ] , p ,
n and [ A '] denote the concentrations of oxygen vacancies, holes, electrons and ionized

acceptors respectively. The electric field is related to the potential through E   .
The boundary condition of Eq. (6.3) is determined by,



z 0

 Va (0), 

zL

 Va ( L)

(6.4)

in which Va (0) and Va ( L) are specified by the externally applied bias at z  0, L .
The bulk transports of ionic/electronic defects are described by the diffusion
equations. In the current simulation only the oxygen vacancies, electrons and holes are
considered as mobile species. The oxygen vacancy transport is described by the classic
Nernst-Planck transport model,
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JV    DV  [VO ]  V  [VO ]E
O

O

O


O

[V ]
   JV   DV   2 [VO ]  V    [VO ]E 
O
O
O
t

(5.5)

where DV  and V  are the diffusivity and mobility of oxygen vacancy in BaTiO3. JV 
O

O

O

denotes the flux of oxygen vacancies. The Cu electrodes act as the blocking boundary for
oxygen vacancy transport, i.e., there will be no VO transfer between the ferroelectrics and
the electrodes and the total amount of oxygen vacancy is conserved. Therefore the
boundary condition for oxygen vacancy transport equation is given by,

JV 
O

z 0, L

0

(6.6)

On the other hand, electrons and holes move much faster than oxygen vacancies
due to higher mobility. We assume that electrons and holes reach steady state for each
evolution of oxygen vacancy. Mathematically we solve steady state equations for electron
and hole transports assuming n / t  0 and p / t  0 ,
n
   J n  Dn 2 n  n   nE   0
t
p
   J p  Dp 2 p   p   pE   0
t

(6.7)

We assume that the electron and hole concentrations at the Cu/BaTiO3 interfaces are
pinned by the Cu electrodes. The boundary conditions of electronic transports are
specified as,

 E  E fm 
nz 0.L  N c exp   c

k BT 

 E  Ev 
pz 0.L  N v exp   fm

k BT 


(6.8)
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in which N c and N v are the effective density of states in the conduction and valence band
of BaTiO3, where Ec and Ev represent the energy of the conduction band minimum and
valence band maximum. E fm is the work function of Cu plate electrode, and k B is the
Boltzmann constant.
The local current due to the mobile space charges and the total current are
calculated as,
I ( z )   e0 zi J i ( z ), i  VO , e ', p 
i

1
I total



1
1

n z I ( z)

(6.9)

in which zi and J i denote the charge number and the flux of each charge species, I ( z ) is
the local current density at position z, I total is the overall current density and n is the
number of grid points along z .

6.3 Results and discussions
We considered at first an ideal model of single crystal BaTiO3 (L=300nm) of a
single tetragonal domain oriented to the normal of the Cu electrode plates in a single
layer capacitor configuration (Fig. 6.1(a)). Periodic boundary conditions were applied
along x and y directions and non-periodic boundary condition along the longitudinal z
direction. The ferroelectric polarization, the applied field and the charge transport were
assumed to be along z direction. A one-dimensional simulation size of 1×1×200 was
chosen for the simulation. The temporal evolution of the polarization field and the defect
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Figure 6.1, Schematic [(a) and (c)] and calculated [(b) and (d)] equilibrium profiles of the
metal (Cu) /ferroelectric (BaTiO3) /metal (Cu) sandwiched configuration with [001] [(a)
and (b)] and [001] [(c) and (d)] oriented polarization, polarization induced charges and
ionic/electronic space charges under room temperature (T=25˚C). The + and - signs in (a)
and (c) represent the polarization induced interfacial charges. VO and e ' denote the major
ionic and electronic space charges. H=150nm is half of the layer thickness, so that z/H
from -1 to +1 represents the entire BaTiO3 single layer.
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concentrations were obtained by numerically solving the TDGL and diffusion equations
using the semi-implicit Fourier spectral method. [32-35] The appropriate material
constants of BaTiO3 for the Landau thermodynamic polynomial, with the polarization
coupling to the electrostrictive effect, electric properties and elastic properties required
for expressing the system energy in Eq. (6.2) were collected from literature. [36]
The acceptor dopant concentration was chosen to be 2.0 1018 cm3 . All the
ionic/electronic defects were assumed to be homogeneous in the initial state and the local
charge neutrality condition was maintained,

2[VO ]  p  n  [ A ']  0

(6.10)

The initial polarization inside bulk BaTiO3 was assumed to be along [001] direction
(P>0), and equal to the spontaneous polarization P  Ps  26 C/cm2 . At the Cu/BaTiO3
interfaces, the polarization boundary condition in 1D was specified as,

a  Pz  b 

dPz
dz

 0, a  Pz  b 
z 0

dPz
dz

0

(6.11)

zL

where coefficients a and b were chosen to be 1.0 and 0.0135cm representing a partially
compensated boundary condition.
The schematic and calculated polarization induced bound charges at
metal/ferroelectric interfaces and ionic/electronic defect concentrations at equilibrium
state were presented in Fig. 6.1 (a) and (b). The [001] oriented ferroelectric polarization
resulted in net positive charges at z/H=+1 and negative charges at z/H =-1 (red line in Fig.
6.1(b)). Consequently, oxygen vacancies and electrons segregated at z/H =-1 and z/H =+1
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respectively for charge compensation. The concentration of holes was much lower than
oxygen vacancies and electrons and was negligible. The acceptor was immobile and
remained constant in the entire BaTiO3 layer. It should be noted that the polarization
induced bound charges were not fully screened by the space charges. This agrees with
recent publication. [37]
When equilibrium state was reached, the forward (V>0) and reverse biases (V<0)
were applied and swept from -1.0V to +1.0V. We assumed that the sweeping rate was
fast enough, and the applied field was much smaller than the coercive field so that neither
oxygen vacancies migration nor polarization switching occurred. Therefore the total
current was mainly contributed from electronic defects of high mobility. Fig. 6.2 clearly
shows a pronounced I-V response under forward bias and suppressed response under
reverse bias (red line). The log (I)-V plot in the inset of Fig. 6.2 (red line) indicates that
the rectification ratio at maximum biases amounts to r  I (1V) / I (1V)  120 . A
possible explanation for this nonlinear I-V behavior is that the polarization promotes the
defect transport when the capacitor is under forward bias, and inhibits the transport when
it is under reverse bias. To verify this we studied the spatial evolution of electrons under
external bias as shown in Fig. 6.3(a). In the vicinity of cathode (z/H=+1), the electrons
segregated under both forward and reverse bias. This is due to the charge compensation
to the positive polarization charges in this region. However inside the bulk BaTiO3 layer
the electron concentration significantly increased under forward bias and decreased under
reverse bias, the difference of which reached more than 102 at ±1.0V. The electron
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Figure 6.2, I-V response in Cu/BaTiO3/Cu capacitor subject to ac bias (-1.0V to +1.0V)
at T=25˚C before (P>0) and after polarization switching (P<0).
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evolutions clearly explained the asymmetric current-voltage response, and agreed well
with the calculated rectification ratio at ±1.0V.
In order to further understand the effect of polarization on the I-V behavior, we
poled the [001] oriented BaTiO3 into an [001] oriented single domain by applying a -10V
pulse. The schematic and calculated polarization induced interfacial charges and defect
distributions were shown in Fig. 6.1 (c) and (d). Due to the switched locations of
positive/negative polarization charges after the polarization flip, the electrons tended to
segregate at z/H =-1 and deplete at z/H =+1. The oxygen vacancies were assumed
immobile during the polarization switching due to its extremely low mobility. The I-V
measurement on BaTiO3 with reversed polarization showed similar I-V behavior (green
line in Fig. 6.2) with enhanced current response under forward bias (V<0) and inhibited
response under reverse bias (V>0). However the rectification ratio at ±1.0V of switched
BaTiO3 amounts to 720. This can be explained by the extra interfacial space charges
ascribed to the immobile oxygen vacancies during polarization switching, causing even
larger electronic segregation/depletion at the interfaces (green line in Fig. 6.1(d)). This
was further evidenced by the electron evolution for the switched BaTiO3 under external
bias (Fig. 6.3(b)), in which the ratio of electron concentrations inside BaTiO3 single layer
under forward/reverse bias reaches ~1.1×103 in the switched BaTiO3 as compared to that
of ~1.5×102 in the original BaTiO3.
The effect of dopant concentration, extent of electronic screening and the
uncompensated interfacial polarization charge condition on the current-voltage response
were studied and presented in Figure 6.4 and 6.5. The amount of uncompensated
polarization interfacial charges is tunable by changing the b/a ratios in Eq. (6.11), with
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(a)

(b)
Figure 6.3 Electronic evolution under external bias (-1.0V to +1.0V): (a) before switching
when P is along [001] direction, (b) after switching when P is along [001] direction.
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Figure 6.4, I-V curve evolution with different polarization induced interfacial charges.
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b/a = ∞ or b/a = 0.0 representing two extreme cases when the polarization charges are
fully compensated (ρp=0.0) or not compensated at all by the Cu electrodes. The dopant
(acceptor) concentration [A’] and the dielectric constant εr were fixed to be 2.0 1018 cm3
and 44 respectively, while the polarization charges changed from 0.0 to 97.34 C/cm3. Fig.
6.4 illustrates the dependence of I-V behavior on polarization charges, in which I-V
behavior undergoes from ohmic-like relation to diode-like characteristics with increasing
polarization interfacial charges, and the rectification ratios increase from 1.0 to 120. This
could be understood since the increasing amount of uncompensated polarization charges
induces more compensating ionic and electronic carriers, resulting in larger electronic
current under biases. Fig. 6.5(a) and the inset show that both segregated electron
concentrations (Log n) at cathode and the current response (Log I) at 1.0V exhibit
exponential dependence on Log (ρp) (black line) and the slope increases from 0.5 to 1.7
obtained from the d(Log I)/d(Log(ρp)) vs. Log(ρp) plot (red line). This indicates that the
enhanced current response is attributed to the polarization-modulated electronic
conduction.
To study the effect of dopant (acceptor) concentration [A’] on current response,
we chose a series of concentrations [A’] from 1016 cm-3 to 1019 cm-3. The polarization
interfacial charges ρp=97.34C/cm3 and dielectric constant εr=44 were fixed for different
[A’]. From Figure 6.5(b) the current density becomes almost constant when [A’] is lower
than 1017cm-3, and decreases significantly with increasing [A’]. This could be explained
by the fact that the increasing dopant concentration results in more oxygen vacancies
with both dopants and oxygen vacancies compensating the polarization induced
interfacial charges. The increasing ionic defects reduce the segregation and depletion of
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Figure 6.5, Dependence of current response at 1.0V bias and electron segregated
concentration at z = L on: (a) polarization charges ρp, (b) dopant concentration [A’] and (c)
dielectric constant εr.

115

compensating electronic carriers at interfaces with a fixed ρp. This argument is supported
by the Log n vs. Log [A’] plot as shown in Fig. 6.5(b) inset. Since electronic currents are
3~4 orders of magnitude higher than ionic currents, the diminishing interfacial electrons
lead to decreasing total currents at maximum biases. A replot of d(Log I)/d(Log [A']) vs.
Log[A’] indicates that the current density is more sensitive to [A'] at large [A’] than at
small [A’], with slope from ~ -0.01 at [A'] = 1016cm-3 to ~ -0.6 at [A'] = 1019cm-3 (red line
in Fig. 6.5(b)). By comparing Fig. 6.5(a) and (b) it was observed that the current response
to dopant concentration is smaller than to the polarization induced interfacial charges.
Finally the effect of dielectric constant on the current response was studied and
presented in Fig. 6.5(c). We chose εr from 44 to 400. It was found out that both
electronic segregation (Log n) and the current response (Log I) exhibit linear dependence
on Log (εr); the slope of the latter was calculated to be -0.32 in average from the d(Log
I)/d(Log(εr)) vs. Log(εr) plot. This is due to the fact that the electric potential increases
with decreasing εr at fixed polarization charges based on Eq. (6.3), resulting in an
exponential enhancement of electronic concentration (from Boltzmann approximation)
and electronic current. Therefore the extent of electronic screening to the polarization
charges can be effectively modulated by tuning the dielectric constant.

6.4 Summary
In summary, we developed a phase-field model to study the current-voltage
characteristics in single crystal BaTiO3 of single tetragonal domain which takes into
account the interplay between ferroelectric polarization and ionic/electronic transport.
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Our model demonstrates diode-like I-V responses which are dependent on the
ferroelectric polarization, and shows the switchable diode polarity by reversing the
polarization direction. The rectification ratios reach up to 102 which are consistent with
recent experimental measurements. The current response decreases with decreasing
uncompensated polarization charges, with increasing dopant concentrations and dielectric
constant. The non-linear I-V behavior can be attributed to the polarization bound charges
which modulate the electronic bulk conduction inside BaTiO3 single layer.
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7 Chapter 7 Piezoelectric response of single-crystal PbZr1xTixO3 near

morphotropic phase boundary

7.1 Introduction
Lead zirconate-titanate PbZr1-xTixO3 (PZT) ceramic is the most widely studied
and utilized ferroelectric piezoelectric system in multilayer actuators, sonar and
ultrasonic transducers, ultrasonic motors, and MEMS devices. [1-7] The piezoelectric
coefficients d33 of PZT as well as many other solid-solution-based relaxor piezoelectric
ceramics such as PZN-PT and PMN-PT were reported to be at the order of a few 102
pC/N. [4, 5, 8, 9] Piezoelectric properties vary with composition and typically exhibit the
highest values near the so-called “morphotropic phase boundary” (MPB) which separates
two low-temperature ferroelectric phases in the temperature-composition phase diagram.
Recently it was discovered that relaxor-based piezoelectric single crystals display much
higher piezoelectric coefficients of several 103 pC/N, an order of magnitude higher than
their polycrystalline counterparts. [10-15] Despite the wide-spread use of PZT ceramics
in practical applications, there exist limited fabrication and associated measurements of
single-crystal piezoelectric properties due to the difficulty in growing sufficiently large
size of PZT single crystals. [16-20] Recently it was discovered that a similar system, the
solid solution of xBiScO3-(1-x)PbTiO3 single crystals with composition near MPB
(x=0.43), exhibits good piezoelectric properties that are comparable to the properties of
PZN-PT and PMN-PT single crystals. [21-24] The finding raises the question whether the
conventional ferroelectric solid solutions of PZT also exhibit large enhancement in
piezoelectric responses in the single-crystal form compared to the corresponding ceramic
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polycrystals. In light of this inquiring, the main purpose of this work is to apply phasefield simulations to investigate the possible piezoelectric responses of PZT single crystals
as a function of composition near the MPB and compare them with known experimental
data on PZT ceramics at similar compositions.

7.2 Phase-field model
The phase-field model for bulk ferroelectric PZT is very similar to the models we
used in chapters 3, 4 and 6 for bulk BaTiO3, which has been applied to predicting
ferroelectric domain structures and switching of PZT systems. [25-30] In this method, the
spontaneous polarization vector P   P1 , P2 , P3  describes the domain structures in PZT.
The total free energy F of a PZT single crystal is expressed as,

F   ( f lan  f grad  felas  felec )dV ,

(7.1)

V

where f lan , f grad , f elas and f elec are stress-free bulk free energy density, gradient energy
density, elastic energy density and electrostatic energy density, respectively. The detailed
expressions of f lan , f grad and f elas can be found in Ref. 26 and 31. The electrostatic energy
density is given by,

1
f elec  f ( Ei , Pi )=   0 ij Ei E j  Ei Pi
2

(7.2)

where Ei is the electric field component which includes both the applied electric field
and the electric field due to the polarization distribution,  0 and  ij are the vacuum
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permittivity and dielectric constant of PZT, respectively. With all the energy
contributions to the total free energy F, the temporal evolution of non-equilibrium order
parameter P and the domain structures were obtained by solving the time-dependent
Ginzburg-Landau (TDGL) equation

Pi r , t 
F
 L
, i  1,2,3 ,
t
Pi r , t 

(7.3)

where L is a kinetic coefficient related to the domain-wall mobility and t is the time.
In our simulation, we chose bulk PbZr1-xTixO3 (PZT) single crystals with
composition (x) near MPB (Ti/Zr = 48/52 for PZT) at T = 25°C. The system size of

128r 128r 128r is employed and the periodical boundary condition is applied
along r1, r2, and r3 directions. The semi-implicit Fourier-spectral method was employed.
[32] The spacing between any two nearest grid points is chosen to be r  G110  0 and

 0  1 T 25C . And the gradient energy coefficients are chosen to be G11 / G110  0.6 ,
*
G12 / G110  0 and G44 / G110  G44
/ G110  0.3 . The Landau coefficients, the electrostrictive

coefficients ( Q11 , Q12 and Q44 ), and the elastic compliance tensors (s11, s12, s44) as a
function of x are collected from literature. [33]

7.3 Results and discussions
For each PbTiO3 composition x, an initial domain structure is firstly generated by
assigning a zero value at each cell for each component of polarization with a small
random noise, corresponding to the paraelectric state. It is then held at room temperature
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at which the paraelectric state evolves to a ferroelectric multi-domain state following the
TDGL equation. We poled the domain by applying a [001] direction electric field,
increase to certain magnitude and remove the field before the rhombohedral to tetragonal
phase transition occurs. The piezoelectric coefficient is then measured by applying a [001]
electric field again upon the poled domain structure, increase it to a relatively smaller
magnitude (~30kV/cm) and reduce back to 0 with strain-electric field loop recorded. The
piezoelectric coefficient d33 at a given composition is determined using the usual
definition, d33  d 33 dE3 .
Figure 1 displays the strain-electric field behavior of poled PZT single crystals
with composition (x-PbTiO3) from 0.40 to 0.50. It can be seen that when x is lower than
the MPB composition, the overall strain increases linearly with electric field while for
compositions close to MPB (x = 0.47, 0.48 and 0.50), obvious hysteresis loops exist.
These loops are attributed to the existence of mixed rhombohedral and tetragonal phases
at MPB composition. For  33  E3 loop showing hysteresis, d33 is defined by taking the
slope

of

the

strain

at

maximum

applied

electric

field

to

the

origin

( d33   33 / E   33 max / Emax ). From Figure 1 the strongest piezoelectric response
occurs at x = 0.47.
Figure 7.2 gives the dependence of piezoelectric coefficients on PbTiO3
composition for both PZT single crystals obtained in this work and ceramics from the
literature. [4] In both cases, the piezoelectric responses reach peaks in the region of MPB.
For PZT ceramics, the maximum piezoelectric coefficient (d33) is reported to be 223
pC/N at x = 0.48; [4] while for PZT single crystals, the d33 reaches a peak of 720 pC/N at
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Figure 7.1 Strain-electric field (  33  E3 ) behaviors of PZT single crystals with different
compositions (x-PbTiO3).
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Figure 7.2, Piezoelectric coefficients (d33) as a function of composition (x-PbTiO3) for
both ceramic and single crystal PZT.
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x = 0.47 which is more than 3 times of the ceramic case. Even at other compositions, PZT
single crystals exhibit much larger d33 than PZT ceramics. Significant enhancement of d33
in single crystal form was also observed in PMN-PT relaxors as compared to their
ceramic form. [9, 12] Figure 7.2 also includes the predicted d33 values as a function of x
for PZT single crystals assuming a single rhombohedral domain for x < 0.48 and a single
tetragonal domain for x > 0.48 based on thermodynamic calculations. It is found that the
predicted d33 is also lower than the values of single crystal based on phase-field
calculation.
To understand the peak piezoelectric response at MPB composition, as well as the
enhancement of d33 in multi-domain single crystals than those in ceramics and singledomain single crystals, we further investigate the poled domain structure of PZT single
crystal at MPB composition as shown in Fig. 7.3. For 3D PZT single crystal at MPB
composition without electric field, the initial domain structure consists of 8 equivalent
[111] rhombohedral variants and 6 [100] tetragonal variants. After the domain is poled
along [001] direction, four of the total eight rhombohedral variants with polarization
component P3 > 0 and (0,0,+P3) tetragonal domain are favored. It has been pointed out
that a multi-domain state is easier to switch than a single domain case since a large
number of possible directions are available along which the polarization can be reoriented.
[34, 35] Therefore, it helps to increase the piezoelectric coefficients at MPB. PZT single
crystals with x < MPB composition is composed of rhombehedral phase only, while PZT
single crystals with x > MPB composition is dominated by tetragonal phase. In either
case, the number of domain variants is less than that of MPB composition and the
piezoelectric response is inhibited. This also explains why the piezoelectric coefficients
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Figure 7.3, A snapshot of the multi-domain structure of a PZT single crystal after poling:
R1+: (+P1,+P2,+P3); R1-: (-P1,-P2,-P3); R2+: (+P1,+P2,-P3); R2-: (-P1,-P2,+P3); R3+: (+P1,P2,-P3); R3-: (-P1,+P2,+P3); R4+: (+P1,-P2,+P3); R4-: (-P1,+P2,-P3); T1 +: (+P1,0,0); T1 -: (P1,0,0); T2 +: (0,+P2,0); T2 -: (0,-P2,0); T3 +: (0,0,+P3); T3 -: (0,0,-P3).
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are much smaller in PZT single-domain single crystals.
The significant increase of piezoelectric coefficients in multi-domain PZT single
crystals compared to PZT ceramics is due to the random distribution of grain orientation
in ceramics. The piezoelectric coefficient d33 of polycrystals is calculated as the average
of different grain orientations, rather than the maximum d33 in polycrystals. On the other
hand, it has been reported that the grain boundaries severely inhibit the domain wall
motion due to the elastic coupling between domain wall and grain boundary. [36] Thus
the domain evolution becomes more difficult and the piezoelectric response is
significantly inhibited.
It should be pointed out that the above results were obtained using a dielectric
constant of 100.0. There have been a number of recent discussions on the use of
dielectric constants in conjunction with the Landau thermodynamic description of
ferroelectrics. [37-42] These include the use of vacuum dielectric constant 1.0 [37, 38], or
so-called the background dielectric constant, and the dielectric permittivity of a
ferroelectric crystal far away from the ferroelectric instability temperature. [39-41]
Background dielectric constant values from 7.0-10.0 [41] to 50.0-100.0 [39] have been
suggested. We have used the high end for the range of background dielectric constant
values considering the fact that we ignore the presence of charged defects that may
compensate polarization changes, which effectively decreases the electrostatic field and
thus an apparent increase in the dielectric constant.
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7.4 Summary
In summary, we studied the piezoelectric response to the [001] electric field in
bulk PbZr1-xTixO3 single crystals x = 0.40~0.50 near the MPB. The peak piezoelectric
coefficient d33 around 720 pC/N is observed at x = 0.47. As it has been suggested
previously, this large increase is attributed to the largest number of possible domain
variants present at MPB composition. Similar to PMN-PT, bulk PZT single crystal
exhibits large increase of d33 with respect to its ceramic counterpart.
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8 Chapter 8 Conclusions and future work
8.1 Conclusion
In this thesis work, the phase-field models combined with transport equations
were applied to study the defect transport, leakage current evolution, current-voltage (I-V)
characteristics and piezoelectric responses in the presence of ferroelectric domain
structures and grain boundaries in a series of dielectric and ferroelectric bulk materials.
Some of the important findings from this thesis are listed as follows:
(1) The polaron hopping between Ti3+ and Ti4+ and are considered to account for the
resistance degradation behavior in Fe doped SrTiO3 capacitor. Highly concentrated
electric field is found at the anode region with large electric potential gradient due to
oxygen vacancy depletion.

(2) The oxygen vacancy accumulation and the local electric field distribution at
Ni/BaTiO3 interfaces are strongly affected by the polarization induced interface bound
charges, which accelerates the ionic migration and further deteriorate the resistance of the
BaTiO3 capacitor when the applied field is along the ferroelectric polarization direction.

(3) The degradation characteristic time shows linear dependence on applied field at small
bias. Under large bias region it deviates from linear dependence. This nonlinear behavior
is due to the ionic hopping conduction characteristics which are described by the
nonlinear diffusion equation in our simulation.
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(4) In tetragonal BaTiO3 with multi-domain structure, polarization induced charges along
90º domain walls are observed. While the domain and 180º domain walls remain charge
neutral. Local ionic space charges are formed across the 90º domain walls.

(5) Domain walls act as barriers to the ionic transport under dc bias and impede the
resistance degradation.

(6) The formation of space charge depletion layer neighboring the donor state grain
boundary in p-type SrTiO3 induces a potential barrier which blocks the ionic transport
and significant increase the degradation characteristic time.

(7) The activation energy of temperature dependence of tch (EA(tch)) ranges from 0.6~0.8,
and increases with number of grain boundaries (nGB).

(8) The field dependence of tch exhibits nonlinearity at large biases. It deviates from
linearity at smaller bias due to GB blocking characteristics.

(9) The increasing donor concentration at GB interface increases the potential barrier
height and further impedes the degradation in p-type SrTiO3.

(10) Diode-like I-V responses in BaTiO3 are observed with rectification ratio ~102. The
diode polarity is switchable by reversing the polarization, thus providing a way to control
the electronic conduction by modulating the polarization in ferroelectric capacitor.
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(11) The effects of interfacial polarization charge, dopant concentration, and dielectric
constant on current responses were investigated.

(12) The piezoelectric responses to the [001] applied electric field in bulk PbZr1-xTixO3
single crystals show maximum d33 at MPB composition, which can be explained by the
largest number of possible domain variants present at MPB composition. Bulk PZT
single crystal exhibits remarkable improvement of d33 with respect to its ceramic
counterpart. This is due to the reason that grain boundaries in polycrystalline ceramic
could inhibit the domain wall motion.

8.2 Future works
The present dissertation work provides a general framework to model the
coupling between space charge distribution and transport dynamics with ferroelectric
polarization and domain structures based on the phase-field modeling. This model can be
further extended to the following studies:
(1) The strain-induced grain boundary defect segregation can be incorporated into the
current model. The strain induced by the defect composition can be calculated based on
Vegard’s law. On the other hand, the elastic potential, combined with the electric
potential shall be taken into consideration to the total chemical potential of the system.

(2) The current model can be further extended to incorporate the grain orientation as a
dependent field variable (η). Inhomogeneous diffusion coefficient as a function of η shall
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be taken into consideration when solving the diffusion equation. A realistic 3D grain
structure can be mapped to the system and their effect on the defect transport inside the
grain, across the grain boundaries and along the grain boundaries shall be systematically
studied.

(3) The developed model is expected to apply to the ferroelectric ageing behavior by
studying the domain switching history and how the existence of defect affects the
switching process.

(4) This model can also be applied to study the solid state ionic conduction in solid state
Li-ion battery by taking into account the electrochemical reaction at electrode/electrolyte
interfaces, and fundamentally understand the influences of atomic disorder, interfaces,
and mesoscale structures in ionic transport properties and thermodynamic stability of
solid electrolytes.
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APPENDIX A: Landau Energy Coefficients of BaTiO3 and PbZr1-xTi xO3
BaTiO3 (SI Units and T in ºC) [1]
Parameters

Units

Values

1

C2  m2  N

4.122 105 (T  115)

11

C4  m6  N

2.096 108

12

C4  m6  N

7.971108

111

C6  m10  N

1.293 109

112

C6  m10  N

1.949 109

123

C6  m10  N

2.498 109

1111

C8  m14  N

3.8611010

1112

C8  m14  N

2.528 1010

1122

C8  m14  N

1.637 1010

1123

C8  m14  N

1.366 1010

C11

N  m2

1.777 1011

C12

N  m2

0.964 1011

C44

N  m2

Q11

C2  m4

1.220 1011
0.1

Q12

C2  m4

0.034

Q44

C2  m4

0.029

Pb(Zr1-xTix)O3 (SI Units and T in oC) [2-6]
Parameters

T0
C0

Units
º
C

Values
462.63  843.4 x  2105.5x2  4041.8x3  3828.3x4  1337.8x5



2.1716

0.131
x

2.01

 105 , 0.0  x  0.5
2
1  500.05  x  0.5 




2.8339
 1.4132 105 , 0.5  x  1.0

2
1  126.56  x  0.5


1

2.6213  0.42743x  (9.6  0.012501x)e12.6 x  1014 / C0

2

0.887  0.76973x  (16.225  0.088651x)e21.255 x  1015 / C0
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1

C2  m2  N

(T  T0 ) / 2 0C0

11

C4  m6  N

(10.612  22.655x  10.955 x2 ) 1013 / C0

12

C4  m6  N

1 / 3  11

111

2
13
C6  m10  N (12.026 17.296 x  9.179 x ) 10 / C0

112

C6  m10  N (4.2904  3.3754 x  58.804e29.397 x ) 1014 / C0

123

C6  m10  N 2  3111  6112

Q11

C2  m4

0.029578

C2  m4

Q12

 0.042796 x  0.045624

2

 0.012093x  0.013386

0.026568
1  200  x  0.5

C2  m4

Q44

2

1  200  x  0.5


1
0.025325
 0.020857 x  0.046147 

2
2 1  200  x  0.5



The compliance tensor estimated for different compositions (x) in Pb(Zr1-xTix)O3 [7]
x-Ti


10
10

0.4
8.8

0.5
10.5

0.6
8.6

0.7
8.4

0.8
8.2

0.9
8.1

2

-2.9

-3.7

-2.8

-2.7

-2.6

-2.5

2

24.6

28.7

21.2

17.5

14.4

12


m 
m 

s11 1012 N-1  m2
s12
s44

12

N-1

12

N-1
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APPENDIX B: Chebyshev collocation algorithm
We introduced to solve the second-order partial differential equation

 u ''( x)  p( x)u '( x)  q( x)u( x)  f ( x) in (1,1) 2

(B.1)

where  is a fixed parameter and p( x) , q( x) and f ( x) are given functions. The
boundary condition for (B.1) is given by,
au  1  bu '  1  c
au  1  bu '  1  c

(B.2)

We first consider the Dirichlet boundary condition:

u (1)  c , u (1)  c

(B.3)

The Chebyshev interpolation polynominal can be written as
n

u N ( x)   U j Fj ( x)

(B.4)

j 1

where x j  cos  j / N  , 0  j  N are the Chebyshev-Gauss-Lobatto collocation points,
U j are the unknown coefficients to be determined, and Fj ( x) is the Lagrange

interpolation polynominal associated with  x j  . The Chebyshev collocation method is to
seek u N in the form of (B.4) such that u N (1)  c , u N (1)  c and Eq. (B.1) holds at
the interior collocation points,

 uxxN ( x j )  p( x j )uxN ( x j )  q( x j )u N ( x j )  f ( x j ) , 1  j  N  1

(B.5)
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By using the definition of the differentiation matrix (details can be found in Ref [1]), we
obtain a set of linear equations,
N 1

  ( D )
2

j 1

ij

 p( xi )( D1 )ij  q( xi ) ij U j

(B.6)

 f ( xi )   ( D )i 0  p( xi )( D )i 0  c   ( D )iN  p( xi )( D )iN  c
2

for the U j 

N 1
j 1

1

2

1

, in which  ij is the Kronecker delta. To summarize, the spectral-

collocation solution for (B.1) with Dirichlet boundary conditions (B.3) satisfies the linear
system

AU  b

(B.7)

where U  U1 ,...,U N 1  , the matrix A   aij  and the vector b are given by
T

aij   ( D 2 )ij  p( xi )( D1 )ij  q( xi ) ij , 1  i, j  N  1
bi  f ( xi )   ( D 2 )i 0  p( xi )( D1 )i 0  c   ( D 2 )iN  p( xi )( D1 )iN  c , 1  i  N  1

(B.8)

The solution to the above system gives the approximate solution to (B.1) and (B.3) at the
collocation points. For general boundary conditions the procedure is similar. The details
of the solution can be found in Ref. [2].
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