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Abstract

Elliptic equations in a two- or three-dimensional bounded domain may have singu-
lar solutions from the non-smoothness of the domain, changes of boundary condi-
tions, and discontinuities, singularities of the coefficients. These singularities give
rise to various difficulties in the theoretical analysis and in the development of nu-
merical algorithms for these equations. On the other hand, most of the problems
arising from physics, engineering, and other applications have singularities of this
form. In addition, the study on these elliptic equations leads to good understand-
ings of other types of PDEs and systems of PDEs. This research, therefore, is not
only of theoretical interest, but also of practical importance.

This dissertation includes a priori estimates (well-posedness, regularity, and
Fredholm property) for these singular solutions of general elliptic equations in
weighted Sobolev spaces, as well as effective finite element schemes and correspond-
ing multigrid estimates. Applications of this theory to equations from physics and
engineering will be mentioned at the end.

This self-contained work develops systematic a priori estimates in weighted
Sobolev spaces in detail. It establishes the well-posedness of these equations and
proves the full reqularity of singular solutions between suitable weighted spaces.
Besides, the Fredholm property is discussed carefully with a calculation of the
index.

For the numerical methods for singular solutions, based on a priori analysis, this
work constructs a sequence of finite element subspaces that recovers the optimal
rate of convergence for the finite element solution. In order to efficiently solve
the algebraic system of equations resulting from the finite element discretization
on these finite subspaces, the method of subspace corrections and properties of
weighted Sobolev spaces are used to prove the uniform convergence of the multigrid
method for these singular solutions.

To illustrate wide extensions of this theory, a Schrédinger operator with singular
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potentials and a degenerate operate from physics and engineering are studied in
Chapter 6 and Chapter 7. It shows that similar a priori estimates and finite element
algorithms work well for equations with a class of singular coefficients.

The last chapter contains a brief summary of the dissertation and plans for
possible work in the future.

v



Table of Contents

List of Figures viii

List of Tables X

List of Symbols xi

Acknowledgments xii
Chapter 1

Introduction 1

1.1 A Brief Review . . . . . . . . ... 2

1.1.1  Singular Solutions of EBVPs . . . . . . ... ... ... ... 2

1.1.2  Numerical Methods for Singular Solutions . . . . ... ... 4

1.2 Contents . . . . . . . . . 5

1.3 Preliminaries and Notations . . . . . . .. ... ... ........ 7

1.3.1 Sobolev Spaces and the Weak Solution . . . . .. ... ... 8

1.3.2  The Finite Element Method . . . . . . . ... ... ... .. 10

1.3.3  Multigrid (MG) Methods . . . . . . ... .. ... ... ... 12

1.3.4 Corner Singularities . . . . . . . .. ... ..o 15
Chapter 2

A Priori Estimates for Elliptic Operators on the Infinite Domain 18

2.1 The Mellin Transform . . . . . . . . ... ... ... ... ..... 18

2.2 A Priori Estimates . . . . . . . . ... ... 20

2.2.1 The Infinite Domain . . . . . . ... .. ... ... ... .. 20

2.2.2  The Weighted Sobolev Space . . . . . . ... ... ... ... 29

2.3 Some Lemmas for Weighted Sobolev Spaces . . . . . ... .. ... 36

2.3.1 Notation . . . . . . . . ... 36



2.3.2 Lemmas . . . . . . . .. 38

Chapter 3
A Priori Analysis in Weighted Sobolev Spaces 43
3.1 Formulation of the Problem and Main Results . . . . ... ... .. 47
3.1.1 The Domain . . . . . . . . ... .. ... 47
3.1.2 The Equation . . . . . .. ... .. ... ... ... ... 50
3.1.3 Estimates for Smooth Interfaces . . . . . .. ... ... ... 54
3.2 Estimates of Neumann Problems and Singular Transmission Problems 57
3.2.1 The Laplace Operator . . . . . . .. ... ... ... .... 57
3.2.2 Transmission Problems . . . . . . ... .. ... ... .... 62
3.3 Domains with a Polygonal Structure . . . . .. .. ... ... ... 64
3.3.1 The Unfolded Boundary and Closure . . . . ... ... ... 65
3.3.2  Domains with a Polygonal Structure . . . . .. ... .. .. 66
3.3.3 Smooth Functions . . . . . . ... ... ... ... ... ... 68
3.3.4 The Canonical Weight Function . . . . . ... .. ... ... 69
3.4 Properties of Sobolev Spaces with Weights . . . . . . . .. ... .. 71
3.4.1 Differential Operators . . . . . . ... ... .. ... .... 72
3.4.2 Inhomogeneous Weighted Sobolev Spaces . . . . . . . .. .. 72
3.5 Proofs of the Three Main Theorems . . . . . . . .. ... ... ... 7

Chapter 4
The Finite Element Method for Singular Solutions 80
4.1 Analysisof the FEM . . . . .. .. ... ... ... ... ..... 80
4.1.1 Approximation Away from the Vertices . . . . . . . . .. .. 81
4.1.2 Approximation Near the Vertices . . . . ... ... ... .. 84
4.2 Numerical Tests . . . . . . . . .. ... 89
4.2.1 Domains with Cracks and Neumann-Neumann Vertices . . . 91
4.2.2 Domains with Artificial Vertices . . . . . . . .. ... .. .. 93
4.2.3 Transmission Problems . . . . . . ... ... ... ... ... 94

Chapter 5
The Multigrid Method on Graded Meshes 97
5.1 Preliminaries and Notation . . . . . . . . .. .. ... ... ..... 99
5.2 Weighted Sobolev Spaces and the Method of Subspace Corrections . 100
5.2.1  Weighted Sobolev Spaces and Graded Meshes . . . . . . .. 100
5.2.2  The Method of Subspace Corrections . . . . . ... ... .. 101
5.3 Uniform Convergence of the MG Method on Graded Meshes . . . . 106
5.4 Numerical Illustration . . . . ... .. ... ... .. ... ..... 113

vi



Chapter 6

Application I: a Schrodinger Type Operator 115

6.1 Weighted Sobolev Spaces . . . . . . . . . ... ... ... 120

6.2 The Well-posedness and Regularity of the Solution . . . . . .. .. 123

6.3 Estimates for the Finite Element Method . . . . . . . . .. ... .. 128

6.3.1 Approximation Away from the Singular Set V . . . . . . .. 129

6.3.2 Construction of the Finite Element Spaces . . . . . . . . .. 131

6.4 Numerical Results. . . . . . . . .. . ... ... ... ... ... .. 137
Chapter 7

Application II: an Operator Degenerate on a Segment 142

7.1 Weighted Sobolev Spaces K" . . . ... ... ... ... ... 145

7.1.1 Notation . . . . . . . . . ... 145

7.1.2 Lemmas . . . . . . . e 147

7.2 The Well-posedness and Regularity of the Solution . . . . . .. .. 155

7.3 The Finite Element Method . . . . . . . ... . ... ... ..... 159

7.3.1 Estimate for the Interpolation . . . . . . .. ... ... ... 160

7.3.2 Construction of the Mesh . . . . ... ... ... ... ... 162

7.4 Numerical Results . . . . . . . . . ... ... ... .. ... 167
Chapter 8

Conclusions 172

8.1 Summary . . . . ... 172

8.2 Future Work . . . . . . . . ... 174

Bibliography 176

vil



List of Figures

1.1

2.1
2.2

3.1
3.2
3.3
3.4

4.1
4.2

4.3

4.4

4.5

4.6

4.7
5.1

5.2

6.1
6.2

Domain €2 with a re-entrant vertex Q.. . . . . . . . ... ... ... 15
The infinite conical domain C' with the vertex O at the origin. . . . 19
The resulting domain D from the Mellin transform on the -6 plane. 20

The domain 2 and the interface I' . . . . . . . ... ... ... ... 44
Domain with two vertices touching a side. . . . . . . . . .. .. .. 48
Domain with ramified crack. . . . . .. . ... ... 0. 50
A vertex touching a smooth side. The picture actually represents
“Q). The map « identifies X and Y. . . . . . . . ... ... ... .. 68
One refinement of the triangle 7" with vertex Q, k =1/l . . . . . . 85
Domain with crack: initial triangles (left); triangulation after one
refinement, x = 0.2 (right) . . . . .. .. ... oL 91
Initial triangles for a Neumann-Neumann vertex ) (left); the tri-
angulation after one refinement, x = 0.2 (right). . . . . ... .. .. 92
The numerical solution for the mixed problem and a Neumann-
Neumann vertex. . . . . . . . . . ... 92
Domain with artificial vertex: initial triangles (left); triangulation
after four refinements, xk = 0.2 (right). . . .. ... ... ... ... 94
The transmission problem: initial triangles (left); triangulation af-
ter four refinements, x = 0.2 (right). . . . . . .. ... ... .. 95
The numerical solution for the transmission problem. . . . . . . .. 96
Initial triangles with vertex Qo (left); layer Dy and D; after one

refinement (right), Kk =0.2. . . . . .. ... 107
Crack: initial triangulation (left) and the triangulation after one
refinement (right), k =0.2. . . . . ... ... L 113
One refinement of triangle T with vertex Q; € M, k =11 /ly. . . . . 133
Initial triangles for Q (left); the mesh after four refinements , £ = 0.2
(LERY). « o o o e e 138



6.3

7.1
7.2

7.3

7.4

Initial triangles for Q; and boundary conditions (left); the mesh
after one refinement , kK = 0.2 (right) . . .. .. ... ... ... ..

Domain €2 and the positionof X. . . . . ... ... ... .. .. ..
Initial mesh with three triangles(left); Triangulation after one re-
finement N =1,k =0.5 (right). . . . ... ... ... ... ... ..
Initial mesh with three triangles (left); the mesh after one refine-
ment £k = 0.2 (right). . . . .. ... Lo
The mesh after 5 levels of refinement for k =0.2. . . .. ... ...

1X

163

169
169



List of Tables

4.1
4.2
4.3
4.4

5.1

6.1
6.2

7.1

Convergence history in the case of a crack domain. . . . . .. . .. 92
Convergence history in the case of a Neumann-Neumann vertex. . . 93
Convergence history in the case of an artificial vertex. . . . . . . . . 94
Convergence history for the transmission problem . . . .. .. . .. 96
Asymptotic convergence factors (rqpq) for the MG V(1,1)-cycle

applied to problem (5.6) with Gauss Seidel smoother . . . . . . .. 114
Interior singularities . . . . .. .. ... oo 141
Boundary singularities . . . . . . ... ... Lo 141
Convergence history. . . . . . . . ... o 170



List of Symbols

0“2

- 9

A bounded polygonal domain in R?, possible with curved boundaries

The set of “vertices”, containing geometric vertices and possible artificial
vertices

The i-th “vertex” of the domain, Q; € V

A small neighborhood of Q;, S; C €2

The usual Sobolev spaces with square-integratable weak derivatives up to
order m

The weighted Sobolev space of order m and index a
The inhomogeneous weighted Sobolev space

The unfolded boundary of §2

The unfolded closure of Q2

The triangulation of €2

The interface of in the transmission problem where the coefficients jump

x1



Acknowledgments

I am very grateful to those, in particular, my dissertation committee members,
who once helped me during my Ph.D. study for their discussions, suggestions, and
more important, encouragements. This is a community of creation and innovation,
where friendship grows.

In addition, special thanks go to my dissertation advisors, Prof. Victor Nis-
tor and Prof. Ludmil T. Zikatanov. More than being good mathematicians, they
equip me with motivation, dedication, and confidence, which guides me through
to make this dissertation real. I see my advisors as role models for my career and
feel truly honored to have the opportunity to work with them.

Best wishes to all!

xii



Dedication

To Jing Dai, whose constant support keeps me inspired and tireless.

Xlil



Chapter

Introduction

Describing phenomena of the real world, the partial differential equation (PDE)
has been one of the core topics in modern mathematics. Due to the lack of ex-
plicit formulae to express solutions, the theoretical study on PDEs mainly focuses
on well-posedness (existence, uniqueness, and continuous dependence of the given
data) and regularity (smoothness) of solutions. This, on the more-applied part
(numerical PDEs), provides a reliable and powerful tool to approximate the con-
tinuous solution by discrete functions.

As a basic class of linear PDEs, the elliptic boundary value problem (EBVP)
has been one of the starting points to study more complex, delicate PDE systems
(equations of linear elasticity, Maxwell equations, Stokes equations, evolution equa-
tions, etc.), and corresponding numerical solutions. Hence, it is of fundamental
importance to understand elliptic problems well both theoretically and numerically.

For EBVPs with smooth coefficients on bounded domains with a smooth bound-
ary, plus, imposed the homogeneous Dirichlet boundary condition, prominent the-
ory and numerical schemes have been developed, which match expectations and
observations from practical applications. It has been well known, however, that
the solution of an EBVP has singular behaviors when any of the conditions above
is violated, which is quite normal in practice, provided that there exists a solution
in a certain Sobolev space.

It has been discovered that numerical methods (finite element methods, finite
difference methods, finite volume methods, spectral methods, etc.) do not always

give a relatively accurate discrete approximation, especially when the solution pos-



sesses unbounded derivatives. These singularities may slow down the convergence
rate of the numerical solutions, or even worse, direct numerical solutions to diverge.

A lot of work has been done on numerical treatments of singular solutions, and
it remains extremely active nowadays, taking into account the lack of complete
theory and of general numerical solvers. In this work, we will present results on
singular solutions of EBVPs from the non-smoothness of the domain, changes of
boundary conditions, and discontinuities of the coefficients. These results range
from abstract spaces of functions to practical numerical schemes, solvers, with
important applications in mathematical physics:

1) It provides a unified theory on well-posedness and regularity of solutions to
EBVPs on general polygonal (polyhedral) domains in weighted Sobolev spaces.

2) It contributes to numerical algorithms by specifying a simple and explicit
construction of finite subspaces for the finite element method (FEM), such that fi-
nite element solutions preserve the quasi-optimal convergence rate that is expected
for smooth solutions.

3) As for fast solvers for the system of equations from the discretization in the
special finite subspaces, it confirms the optimality of the multigrid (MG) method
to handle these singular EBVPs, by estimating the convergence rate.

4) It introduces new approaches to analyze equations associated to operators
with singular coefficients (Schrédinger operators, a type of degenerate operators),
which have wide applications in physics.

Besides, this intact theory extends to, but not only limited to, the analysis of
other equations and the development of other numerical methods.

Throughout this dissertation, we concentrate on two-dimensional domains and
the FEM for the numerical method, although, in principle, similar techniques can

be applied to domains of higher dimensions and other numerical methods.

1.1 A Brief Review

1.1.1 Singular Solutions of EBVPs

Classical theory [48, 52, 87, 94] on EBVPs with the homogeneous Dirichlet bound-

ary condition indicates that the elliptic operator is Fredholm, and the solution, if



there exists one, is always smoother than the given data in Sobolev spaces, when
coefficients, the boundary of the domain are smooth enough. Many good results
on regularity of the solution, however, do not extend to the points where one of
the following conditions appears.

1) The domain has non-smooth points (corners, edges, etc.) on the boundary.

2) The boundary conditions change types at some points, for instance, from
the Dirichlet to the Neumann or vise versa.

3) The equation has jump coefficients (transmission problems).

4) The differential operator has singular or degenerate coefficients.

Well-poseness and regularity of these types of solutions have grabbed interest
of many mathematicians. We here point out a seminal paper [60] by Kondratiev,
which analyzed the solution with corner singularities both in weighted Sobolev
spaces and in terms of singular expansions. This work triggers many new ideas,
motivates deeper thoughts, even today.

For more explicit explanations and analysis of these singularities, we refer to
the following: Bacuta, Nistor and Zikatanov [21], set up a general framework to
analyze the solution in weighted Sobolev spaces, by proving a Poincaré-type the-
orem in these spaces, and making use of Fredholm properties of elliptic operators
in weighted Sobolev spaces; Dauge [45], classifies corner singularities, and provides
general results for the singular solution in fractional Sobolev spaces; Grisvard [55],
derives the Fredholm property of elliptic operators in regular Sobolev spaces, and
shows explicit functions for the singular part of the solution; Kozlov,Mazya and
Rossmann [61, 62| study operator pencils for elliptic operators; Li, Mazzucato and
Nistor [67], introduce the class of domains with polygonal structures, to which
the a priori estimate in weighted Sobolev spaces extends, and give a clear descrip-
tion of the singular solutions in weighted Sobolev spaces, which come from the
Neumann-Neumann vertices and singular points in transmission problems; Nazarov
and Plamenevsky [80], explain properties of the index of elliptic operators as Fred-
holm operators; Nicaise [82], considers interface problems on polygonal domains.
Numerous people have contributed to theoretical analysis of singular solutions of
EBVPs. This list, therefore, has no way to be complete, while it is convenient for

searching references.



1.1.2 Numerical Methods for Singular Solutions

With the theoretical understanding of the singular behavior in the solution, people
have managed to develop various numerical algorithms to approximate the singular
solution of EBVPs. In particular, several variations of the classical FEM have
been successful. Based on different principles, special finite element approximation
spaces are widely used for the analysis and development of finite element schemes
[5,7,13,17, 21, 98]. These methods share the same property that the error between
the solution and the discrete solution is distributed in some special way on every
element by controlling the size of the element, such that the finite element solution
approximates the solution in a good rate, although these subspaces may appear to
be different. On the other hand, explicit singular expansions can also be useful for
the FEM, although it is more restrictive [38]. Another alternative to speed up the
convergence rate of the numerical solution without knowing regularity, is to use a
posterior estimates. See [76] and references therein.

The finite element discretization results in a big system of algebraic equations.
A special version of the curse of dimensionality denies most of exact solvers for
such systems immediately, even though they are accurate. Thus, theory and al-
gorithms based on iterative methods, especially MG methods [29, 57, 96, 99],
dominate this field. As for systems from discretizations of singular solutions, we
refer to the following: Brenner [35] analyzes the convergence rate for only partial
regularity; Bramble, Pasciak, Wang and Xu [30] develope the convergence esti-
mate without regularity assumptions for an L?-projection based decomposition; in
addition, on graded meshes, using the approximation property in [17], Yserentant
[102] proves the uniform convergence of the multigrid W-cycle with a particular
iterative method for each level for piecewise linear functions; Brannick, Li and
Zikatanov [33] estimate the convergence rate of the MG V-cycle for standard sub-
space smoothers (Richardson, Jacobi, Gauss-Seidel, etc.) on graded meshes for
corner singularities, and prove it converges uniformly.

For systems of PDEs (equations of linear elasticity, Maxwell equations, Stokes
equations, etc.), the development of finite element schemes remains very challeng-
ing [11] even for smooth domains and for good differential operators. Thus, there
are even more uncertain questions waiting for fundamental solutions for singular

solutions of these equations.



1.2 Contents

This dissertation presents a priori estimates (well-posdness, regularity, and Fred-
holm property) for singular solutions of EBVPs in some weighted Sobolev spaces,
as well as the analysis and development on the FEM, the MG method. More ex-
plicitly, we shall mainly deal with singular solutions for general EBVPs, from the
non-smoothness of the domain, changes of boundary conditions, discontinuities of
coefficients and singularities in the coefficients. The rest of the work is organized
as follows.

Chapter 1 includes preliminary materials and notations that are necessary to
develop out theory in chapters afterwards. We briefly recall the classical PDE
theory on EBVPs with solutions of full regularity. Then, basic estimates on the
convergence rate of the FEM and of the MG method on quasi-uniform meshes will
be presented in Subsection 1.3.2 and Subsection 1.3.3. In the last subsection, one
can find an introduction for singular solutions of different types, but mainly for
corner singularities.

In Chapter 2, we discuss the techniques for estimating singular solutions by
introducing a special weighted Sobolev space for corner singularities with the ho-
mogeneous Dirichlet boundary condition. It is mainly motivated by Kondratiev’s
work [60]. Some fundamental regularity results for general elliptic operators are
proved on an infinite domain, resulting from the Mellin transform. In particular,
for the Laplace operator and hence for strictly positive elliptic operators, we es-
tablish the well-posedness of the solution on the infinite domain. One will notice
that the weighted Sobolev space is the natural outcome of the usual Sobolev space
on the infinite domain after using the inverse of the Mellin transform. Thus, these
well-posedness and regularity estimates on the infinite domain results in our main
a priori estimates for corner singularities in these weighted Sobolev spaces.

Furthermore, as one can see throughout this dissertation, we can use the Mellin
transform for more general singular solutions. We mention that the Mellin trans-
form is only the starting point of the analysis, more mathematical tools are needed
for the construction of the theory.

In addition, we summarize a list of lemmas to point out useful properties of

the weighted Sobolev spaces. These observations will play an important role in



the development and estimates of our numerical approaches: the FEM in Chapter
4 and the MG method in Chapter 5.

Chapter 3 consists of our main a priori estimates in weighted Sobolev spaces for
singularities of EBVPs from the non-smooth points on the boundary, changes of
boundary conditions, and singular points on the interface of transmission problems.
We consider a generation of the usual polygonal domain and define a domain
with a polygonal structure. The weighed Sobolev space considered here is also a
generation of the weighted Sobolev space defined in Chapter 2 tailored to different
singular points.

The main contribution of this chapter is to provide estimates for the singu-
lar solutions from the vertices whose both adjacent sides are assigned Neumann
boundary conditions, and from the singular points of the interface for transmission
problems. The well-posedness and the Fredholm property of the singular solutions
of these types in weighted Sobolev spaces, which were not quite certain in the liter-
ature, are proved for the Laplace operator, and extend to general elliptic operators.
The idea is to add a specific space of smooth functions in the weighted Sobolev
space to construct isomorphisms, based on a careful calculation of the index of the
Fredholm operator.

This chapter provides a unified theory for general EBVPs on domains with
a polygonal structure. Moreover, this theory has various applications for elliptic
equations with singular coefficients, which are mentioned in Chapter 6 and Chapter
7.

In Chapter 4, we give a simple and explicit construction of a sequence of finite
element subspaces for the Lagrange elements, such that the finite element solutions
approximate all types of singular solutions in Chapter 3 in the quasi-optimal rate
of convergence. The estimates are based on the a priori estimates from Chapter
3 and properties of weighted Sobolev space from Chapter 2. As a remarkable
observation for the FEM, the smooth functions we construct for the isomorphism
near Neumann-Neumann corners and singular points on the interface belong to the
finite element approximation space. Therefore, the error estimates near all these
singularities can be treated in a uniform way.

Chapter 5 presents the first attempt to use the theoretical results in Chapter 3

and the method of subspace corrections to estimate the convergence rate of the MG



method on graded meshes for all types of singular solutions discussed above. This
analysis leads to the uniform convergence of the MG V-cycle on graded meshes for
singular solutions with standard subspaces solvers (Richardson, weighted Jacobi,
Gauss-Seidel, etc.). The MG method on pathological solutions is of theoretical
and practical interest and we expect to work out more in this direction.

In the last two Chapters 6 and 7, we discuss applications of the theory from
Chapter 3 and Chapter 4 to elliptic equations with singular coefficients. Chapter
6 deals with a Schrodinger type operator with singular potentials of the form
[Tz — Q|72 where Q; are points in the closure of the domain. We study a
priori estimates of the solution in weighted Sobolev spaces, and correspondingly,
give a robust FEM that recovers the quasi-uniform convergence rate for numerical
solutions in the presence of singular solutions caused by the singular potential. In
addition, our regularity estimates extend to a class of Schrodinger operators.

In Chapter 7, we focus on a priori estimates and the development of the FEM for
an elliptic equation whose coefficients are degenerate on a segment of the boundary.
We establish the well-posedness and regularity of the solution in weighted Sobolev
spaces, and also compute the index of the spaces for the Fredholm property. One
interesting finding is that the resulting triangulation in the FEM for the quasi-
optimal convergence rate violates the maximum angle condition, which is, however,

covered by the homogeneity property of the weighted Sobolev spaces.

1.3 Preliminaries and Notations

In this section, we first briefly review Sobolev spaces and some related results
on well-posedness and regularity of solutions for elliptic boundary value problems
(EBVPs). Then, we restate useful properties of the FEM regarding the mesh gener-
ation and convergence rates of numerical solutions. Note that good convergence
rates need good regularity on the solution as one of the assumptions.
We also mention some estimates on the multigrid method that solves large systems
of equations. Finally, we discuss corner singularities and problems they cause in
numerical approximations. We let C' > 0 be a generic constant that may be dif-
ferent at each occurrence. The notation will follow what we define in this section

throughout this dissertation.



1.3.1 Sobolev Spaces and the Weak Solution

Let Q C R? be a bounded domain. The regular Sobolev spaces H™({2) on the
domain 2 for m € {0,1,2,...} are defined as follows [48],

H™(Q) = {ve L*Q), 0 € L*(Q), Y|a] < m},

with the multi-index o = (aq,s) € Z3, |a] := a1 + oo and 9* := 9*19*2. The
H™-norm of any v € H™(Q) is defined by

[ollfmy = D 110%l720)

laj<m

where the L?-norm is

[0]220y = / (v[2dady.

In addition, fractional Sobolev spaces H™"* 0 < s < 1, can be defined by inter-
polation [23]. For regular Sobolev spaces H™(Q2) [48, 52, 87, 94], m > 0, the space
H~™(Q) is the dual space of HJ"(2), where H]*(Q2) is defined [1] as follows,

HMQ) = {ve H™(Q), 0'v|gq =0, i < m}.

An elliptic equation associated with the elliptic operator P of the divergence

form on ) can be written as
Pu:—Z( T)Uy, ) g —|—sz ) Uy, + c(T)u. (1.1)

EBVPs are equations of this type with boundary conditions. To fix ideas, we

consider the following boundary value problem with a smooth boundary 052,

Pu=f in €,
u=0 on O0f).

(1.2)

Definition 1.3.1. We define the bilinear form B[-, -] for the divergence form op-



erator P as follows

2 2
Blu,v] := / Z AUy, Uy, + Z b (2)ug,v + c(x)uv (1.3)
@ i=1

i,j=1

for u,v € Hj(Q2). Then, we say that u € H}(Q) is a weak solution of (1.2) if

B[u,v] = (f,v),

for all v € H}(Q2), where (-,-) denotes the L? inner product.

With suitable assumptions on the elliptic operator P, the bilinear form B[]
can be equivalent to the H' inner product on €. In this case, the uniqueness of
the solution to (1.2) follows the Lax-Milgram Theorem immediately. Moreover,
based on the Rellich-Kondrachov compactness theorem, the Fredholm alterna-
tive gives more general descriptions on the kernel and range of the operator in
(1.2).

A fundamental theorem on regularity of the solution in Equation (1.2) claims
that the weak solution u is always in H™(Q) N H}(Q), m > 0, as long as the
given datum f belongs to H™ (), provided that there exists a weak solution
u € HL(Q) for (1.2), and 99, the coefficients are smooth enough.

Theorem 1.3.2. For m > 0, we assume
a’, b’ ce C"THQ), i, =1,2,

and f € H™(Q). Suppose that u € Hy () is a weak solution of the equation (1.2),

and O is C™*2. Then, we have the estimate

lullgmez@) < CU[flam@) + [Jull2@),

where C' depends only on m, Q, and the coefficients of P. Moreover, if u is the

unique solution, the above estimate can be simplified into

[ul| mr2) < Cl fl]am @)

Since no explicit formulae are available for general EBVPs, the above theo-
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rem on the smoothness of the solution plays important role for development of
numerical methods. However, if any of the assumptions in Theorem 3.1.1
is violated, the estimate has to be reformulated accordingly, in which
case, the solution may possess singularities against the full regularity

described in this theorem.

1.3.2 The Finite Element Method

As a powerful numerical method widely used in practical computation to solve
PDEs, the FEM grabs tremendous interest from academic research as well [10,
14, 34, 36, 39, 92|. Starting from a domain decomposition, FEM typically uses
piecewise polynomials as basis functions to approximate the solution. We here
show FEM schemes and estimates for elliptic equations to set up the framework
and fix the notation.

In this subsection, we let €2 be a bounded two-dimensional domain with straight
edges to present the basic idea behind the FEM. Generally speaking, the FEM uses
functions in finite dimensional spaces to approach solutions in some Sobolev space.
Thus, one major concern is how good this approximation is. People need the FE
solution converges to the real solution as fast as possible, although the convergence
rate can be affected by many factors.

The following definition [34] gives a classical decomposition with triangles on
Q.

Definition 1.3.3. Let {7"}, 0 < h < 1, be a family (triangulation) of triangles
on {2 such that

max{diam 7" : T' € 7"} < hdiam Q.

Let Br be the largest ball contained in 7. The family (triangulation) is said to be

quasi-uniform if there is p > 0 such that
min{diam By : T € T"} > phdiam ().

Let polynomials be basis functions on these triangles, and denote by V the

linear span of these basis functions. Then, the classical Galerkin finite element
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problem of Equation (1.2) is to find u, € V, such that
Blup, vn] = (f,vn), Yo, €V C Hy(9), (1.4)

where B, | is given by Definition 1.3.1, with B[-, -] continuous and coercive on
H}(Q). Then, the following theorem shows the possibility to estimate the error in

the energy norm.

Theorem 1.3.4. (Céa) Suppose (H,(-,-)) is a Hilbert space, and S C H is a
subspace of H. If the bilinear form Bl[-,-] is continuous and coercive on S and u

solves (1.2), for the finite element problem (1.4) we have
_ < C'mi _
[lu = unlls < € min Jlu — ],

where C' depends on the operator P and the domain.

Céa Theorem simplifies the estimate on the global error into locating a func-
tion in V' that has good approximation properties. Meanwhile, Bramble-Hilbert
Lemma provides a useful local estimate on inf,, cv |[u — vp|| g1 (1), for any T' € 7",
This lemma, however, can not extend to global estimates directly, since the spe-
cial function v, used in the proof (generalized Taylor polynomials) may not be a
function of V' in the global sense.

One of the remedies that can combine local estimates and global bounds is to
utilize the interplant function u;(x) = u(x) at nodal points when the solution has
good regularity (the Sobolev imbedding theorem). The interpolation u; is usually
in the approximation space V, and the interplant operator Z : CY(T) — H™(T)
associated is bounded, for m —[ — 1 > 0. Thus, we can extend the local estimates
from the Bramble-Hilbert Lemma to a global error bound by summing up the
interplant error piece by piece on the triangulation, without losing the order of

approximation.

Theorem 1.3.5. Suppose that the right hand side f € H™1(Q) in Equation (1.2)
and the solution has full reqularity u € H™(Q). Then, the finite element solution

up, with piecewise polynomials of degree m on the quasi-uniform mesh satisfies

HU — uhHH1(Q) < Chm’ule+1(Q) < ChmeHHm—l(Q)7
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form > 1, where C' does not depend on the right hand side or the level of refine-

ments, and h is the mesh size defined in Definition 1.5.5.

The estimate in Theorem 1.3.5 is called the optimal rate of convergence for
the finite element solution u, from the usual finite element (Galerkin) method.
The convergence rate above is sometimes presented in terms of dimensions of fi-
nite subspaces to reveal the computational complexity for the desired accuracy as

follows,

Instead of the interpolation, we also mention existence of techniques on analysis

of global errors for less regular solutions. See [93] for example.

1.3.3 Multigrid (MG) Methods

The multigrid method is one of the most efficient methods to solve systems of alge-
braic equations from the discretization of the FEM. Fundamental analysis for the
MG method can be found, for example, in [29, 57, 96, 99]. One of the motivations
for the MG method is that usual iterative methods (Jacobi, Gauss-Seidel, etc.)
can quickly eliminate most of the high frequency bandwidth of errors. Thus, ap-
plications of these iterative methods on a sequence of coarse grids that match the
discrete frequency of errors on each level and that represent the entire frequency
range of errors, should lead to a quite efficient solver.

From the space decomposition point of view, the MG method can be considered
as a subspace correction method based on a sequence of nested subspaces [100].

To be more precise, we let P = —A in Equation (1.2). Denote by
VoCcViC...CV;C...CV;C Hy(Q).

a sequence of finite subspaces on the corresponding quasi-uniform triangulation 7;
for (1.2). Suppose the solution u has full regularity. Let A : H}(Q2) — H~(Q) be

the differential operator for Equation(1.2). The corresponding weak form is then

a(u,vj) = (Au,v;) = (—Au,v;) = (Vu, Vo,) = (f,v;), Yu; € V.
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Define Q;, P; : H}(2) — V; and A, : V; — Vj as orthogonal projectors and the

restriction of A on Vj, respectively:

(quvvj) = (U’Uj)v Vu € H&(Q)7 VUj,Uj €V

a(Pju,vj) = a(u,vy), (Aug,vy) = (Ajuy,v5).

Let Nj = {2]} be the set of nodal points in 7;. Then, the jth level finite element

discretization reads: Find u; € Vj, such that
Ajuj = fj, (1.6)

where f; € V; satisfies (f;,v;) = (f,v;), Yv; € V.

The method of subspace corrections (MSC) reduces a multigrid process to
choosing a sequence of subspaces and corresponding operators B; : V; — V; ap-
proximating Aj_l, 7 =1,...,J. For example, in the MSC framework, the standard
multigrid backslash cycle for solving (1.2) is defined by the following subspace

correction scheme

ub = ul ™+ By(f; — Ajulh),

where the operator B; : V; — V;, 0 < j < J, are recursively defined as follows
[100]:

Algorithm 1.3.1. Let R; ~ A;l, j > 0, denote a local relaxation method. For
j =0, define By = Aal. Assume that B;_; : V;_1 — V,_; is defined. Then,

1. Fine grid smoothing: For u? =0and k=1,2,---,n
ub = uffl + R;(f; — Ajuffl). (1.7)

J

2. Coarse grid correction: Find the corrector e;_; € V;_; by the iterator B;_;

ejo1 = Bj1Q(f; — Ajuj).

Then, ijj = U;L —f- ej—l-

Recursive application of Algorithm 1.3.1 results in an MG V-cycle for which
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the following identity holds : I — BYA; = (I — B;A;)*(I — B;A;), where BY is the
iterator for the MG V-cycle. Therefore, B;A ;u and B} A ju represent the numerical
solutions after a complete MG backslash cycle and a MG V-cycle, respectively.
Note that the MG W-cycle can be formulated in a similar way. From the algorithm

above, we first derive

u? = (] — RjAj)U?_l + RjAjUj

= (I = RjA)"uj™ — (I = RjAju)*u; + uy
= —( = R;jAj)"u; + uj,

where wu; is the finite element solution in V; and u] is the approximation after
n iterations in (1.7) on the jth level. Define the linear operator 7; = (I — (I —
R;A;)")P; and Ty = Fy. From this it follows that

(I—BJAJ)UJ = UJ—U?—€J_1 = (I—TJ)UJ—ej_l

= ([ — BJ_lAJ_l)([ - TJ)UJ.
Application of the above identity then yields
(I —=BsA;)=U-To)(I —Th)---(I = Ty), (1.8)

which gives an opportunity to analyze the convergence rate of the MG method by
estimating the norm of the operator in (1.8).

Suppose the solution w of (1.2) has full regularity. Let || - ||, be the norm
induced by the inner product a(-,-). Then, we have the following theorem [101]
that gives the contraction rate of the error for the MG V-cycle.

Theorem 1.3.6. Assume a symmetric relaxation method on every subspace satis-

fies
(Rjv,v) > ChQ(v,v), v eV,

and the spectral radius p(R;A;) < w, for 0 < w < 2. Then, there exist constants
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Figure 1.1. Domain €2 with a re-entrant vertex Q).

c1, co > 0 independent of the number of refinements, such that

C1

I—B AP < —
| el ~ ¢ +con’

where n is the number of smoothings on each level.

Based on Theorem 1.3.6, the solution from the MG V-cycle converges to the
finite element solution uniformly, which presents a big advantage of MG methods
over other numerical solvers. More details on the method of subspace corrections

will be discussed in Chapter 5.

1.3.4 Corner Singularities

As a class of singularities in solutions of EBVPs, corner singularities come from
the non-smoothness of the boundary. Other types of singular solutions mentioned
in previous sections have a similar nature. In this cases, the solution for an EBVP
may not be in H?(f2), even if the right hand side f(z) € C*°(€2). (Recall Theorem
1.3.2 for comparisons.) Note that both the FEM and the MG method requires
some regularity assumptions of the solution to give good rates of convergence on
quasi-uniform meshes. The presence of singularities in general destroys the optimal
rate of convergence in Theorem 1.3.5 [98]. Analysis of this type of singularities can
be found in [7, 45, 55, 67, 21, 60, 62, 80, 85, 44| and many other references.
Taking Equation (1.2) as an example, we first illustrate some fundamental
understandings on corner singularities by fixing P = —A and 2 to be a polygonal

domain with a re-entrant corner (Figure 1.1).
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As in Definition 1.3.1, with integration by parts, the weak solution of (1.2)

satisfies
(Vu, Vo) = (f,v), Yo e Hy(Q).

Provided that u has the homogeneous Dirichlet boundary condition, the Poincaré

inequality indicates
||UHL2(Q) < CHVUHLQ(Q), Yu € H&(Q),

which provides the coercivity for the bilinear form on Hj(£2). Since the bilinear
form is continuous on Hy (), the Lax-Milgram Theorem guarantees the existence

of a unique solution v € H}(Q) for any f € H (). Therefore,
A Hy(Q) — H Q)

defines an isomorphism, i.e., a continuous bijection between two Banach spaces.
Until this point, the result is the same as in Theorem 1.3.2. Now, we simply assume
f € L*(Q). Recall u should be in H?(Q) if the domain is smooth, but it is not the
case on the domain in Figure 1.1. Let ¢ € C>(£2) be a smooth function on Q, such
that its support intersects 02 only at interior points of each edge. Then, we have

the following estimate for local regualrity [55].

Theorem 1.3.7. Let u € H}(QY) be the weak solution of Equation (1.2). Then,
Yu € H*(Q). Moreover, if f € H™(Q) for m >0, Yu € H™2(Q).

This is in fact the interior regularity for the solution. Namely, the singularity
only appears in the neighborhood of the singular point (corners (2-D, 3-D), edges
(3-D)) on the boundary. Therefore, with these singularities, the weak solution may
be in some Sobolev space H*({2), for 1 < s < 2 when f € L*(Q2). We say u has full
regularity if s = 2, and partial regularity for s < 2. Note this is always the case.
Even if f € C*(Q2), u may not be in H?(12).

The structure of corner singularities in 2-D can be studied in a relatively explicit
sense. In fact, singular functions in the neighborhood of a corner are determined

by the spectrum of the resulting elliptic operator from the Mellin Transform. It
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has been well known [55, 60] that for Equation (1.2) of our setting, singularities of

the solution have the following behaviors near every vertex,
P ig(0), k=1,2,3,...,

where r, 6 are the local polar coordinates with the origin at the ith vertex, w;
denotes the interior angle of the ¢th corner, and ¢; is a smooth function of 6.
Thus, the singular function in H? is actually r™/«e ¢¢(0) near the re-entrant corner
Q, for m < wg < 2m.

From the discussion above, the elliptic operator A : H*(Q) N H}(Q) — L*(2)
is injective, but no longer an isomorphism when (2 has re-entrant corners. Instead
of an isomorphism, one can, however, show that A : H?(Q) N H}(Q) — L*(Q)
is Fredholm with a closed range in L?*(Q2). Let N C L*() be the orthogonal of
the range in L*(Q2). The dimension of N equals the cardinality of {\;x = k7 /w;,
0 < A\ix < 1,k € N} [55], which is contributed to by every vertex of the domain.
Similar results apply to general elliptic operators and other boundary conditions.

To conclude this chapter, we mention that corner singularities may cause un-
expected difficulties in numerical simulations of elliptic PDEs. One of the negative
effects is that the convergence rate of the finite element solution is slowed down
and was formulated by Wahlbin [98] as follows:

Theorem 1.3.8. Let V,, be the linear finite element subspace of H} () on triangles
in the quasi-uniform mesh, and h be the mesh size. Then, for w € H"(Q2) N Hy(£2)
i Equation 1.2 with 1 <r < 2,

nin lu = va| @) < CH 7 ull ),

where C' dose not depend on h or u.



Chapter

A Priori Estimates for Elliptic

Operators on the Infinite Domain

In this chapter, we establish the theoretical foundation on well-posedness, regular-
ity, and the Fredholm property associated with elliptic operators on a polygonal
domain. We also point out that the same strategy in our proofs can be used for
general elliptic operators and mixed boundary conditions by freezing the variables
in the coefficients at the vertex, when no two adjacent edges are assigned Neu-
mann conditions. We will mention regularity and the Fredholm property for the

Neumann-Neumann problem and the transmission problem in the next chapter.

2.1 The Mellin Transform

For simplicity, We fix P = —A in Equation (1.2) and let Q € R? be a bounded
polygonal domain throughout this section. Let {Q;}, i > 1, be the set of vertices
of €. Since the solution of the equation is quite regular on any compact subset
of Q (Theorem 1.3.7) that excludes all vertices, we turn our attention to the local
behavior of the solution near a vertex @);.

Let ¢; € C>®(Q), i > 1, be smooth functions with isolated supports, such that
1¥; = 1 in the neighborhood of the ith vertex of 2, and 0 < ¢; < 1 otherwise. Set
o = 1= 1; € C*(Q). We first consider the following equation on an infinite

conical domain C' with interior angle w;, such that one of its edges coincides with



19

Figure 2.1. The infinite conical domain C' with the vertex O at the origin.

the x-axis for x > 0 (Figure 2.1).

—Au =Y, f in C,
u=20 on O0C.

(2.1)

Since the operator A is invariant under translations and rotations, (1.2) and (2.1)
lead to the same equation and boundary conditions in the small neighborhood
of the vertex @); for €2 and in the small neighborhood of the vertex O for C,
respectively. Thus, we shall first study Equation (2.1) for the local behavior of the
solution of (1.2) near the vertex ;. We note that the vertex O of C raises similar
difficulties on regularity of the solution as the vertex @; of Q2 in (1.2).

The resulting domain from the Mellin transform, however, will avoid the vertex.
The study on operator pencils that are from the transform, turns out to be one of

our key steps for the research on corner singularities.

Definition 2.1.1. The Mellin transform of a function on C'is defined as follows:
1) Change to polar coordinates (x1,xs) — (r,0), for r = /2% + 3.
2) Make the change of variables: r = €', (t = Inr).

3) Apply the Fourier transform on the resulting function with respect to ¢.

We use the notation u”(r,6), u'(t,0) to denote the corresponding functions of
u(x,y) after the change of variables and let F; = 1;f. Then, the evolution of

Equation (2.1) under the Mellin transform is shown below.

—(02, + 02 ))u=F; — ((r0,)* + O )u" = r’F]
— (O + O = ¥ FL — (N — Oyt = ()
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O

Figure 2.2. The resulting domain D from the Mellin transform on the ¢-6 plane.

Thus, the domain C' becomes the domain D as in Figure 2.2. This transform gives
another option to analyze the solution near the vertex on € in Equation (1.2) by
estimating the corresponding solution on the domain D, after sending the original
vertex to the infinity. This strategy has proved to be successful. Several basic

theorems for Equations (2.1) are established in the next section.

2.2 A Priori Estimates

In this section, we present theorems regarding well-posedness, regularity, and the
Fredholm property of the solution for the second-order elliptic equation on the
infinite strip D : (—o00,00) x [0,w;] (Figure 2.2). These results, stated in terms
of weighted Sobolev spaces (Definition 2.2.7), are our starting point to investigate

various types of singular solutions for EBVPs.

2.2.1 The Infinite Domain

We consider the following equation, where P is an elliptic operator from the Mellin

transform on the ¢-0 plane, and u = u(t, 6).

(2.2)
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Then, we have an estimate on regularity of the solution u of (2.2) on the infinite
strip D.

Theorem 2.2.1. Suppose P = a(0)93 + b(0)0s0; + c(0)0? + d(0)0g + €(0)0; + f(6),
where the coefficients are in C™([0,al), m > 0. If there exists a weak solution
u € HY(D), for f € H" (D), then

||ull i oy < C[1Pul[gm-1py + [lull2p)),
where C' depends on the domain and the operator, not on f.
Proof. We first define partition of unity ¢, (t) satisfying

Z ¢n(t) =1, ¢n€ CEO(D)

n=—oo

0 (1) < C for i < m.

To be explicit, ¢, can be constructed in the following way for instance. Let g, (t) =
R T
e 1=t=? for |t — n| < 1 and 0 otherwise. Then g,(t) € C°(D). Define

_ ()
D he— oo ()

Thus, all ¢, form a partition of unity of D. In addition, Y - _ gx(t) > C >0

indicates the (i + 1)-th derivative of ¢,, is bounded above for i < m.

Pn(t)

Denote by S, = supp(¢,) the support of ¢, on D. Let S, s C D be an open
set with a smooth boundary, such that S,, C S, 5 and m(S, s\ S,) < 9, for ¢ small,
where m(S) denotes the Lebesgue measure of the set S.

With the decomposition u = ZZO:_OO Uy, for u, = ¢,u, it can been seen that

u,, satisfies the following equation.

Pu,, = ¢, Pu+ ¢, (bug + 2cuy + eu) + ¢llcu in Sy,
u, =0 on 05,5

From the regularity theorem 1.3.2 for elliptic equations on domains with a smooth
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boundary, we have the estimates below,

[unllamt1s, ) < C(l|pnPu+ &, (bug + 2cus + eu) + QS/TILCUHH"I*(S,@,(;)
+|pnullr2(s, 5))

< CllgnPullgm-1(s, 5 + llonbugl|m—1(s, 5) + @l am—1(s, 5
+|oheullgm-1(s, 5) + loncullgm-1(s, ) + || Enul|L2(s, )
< C[Pullam-1(s,5) + [ullam(s,.,))-
Thus,
> |t Frms1(s, ;) < C > (1Pul[fm-1(s, ;) + [elfms, 5)-

Note that the constant C' on the right hand side is different than the constant C
in the previous inequality. For small 9, S,, 5 only intersects its adjacent neighbors,
Snt1.6, Ont+2.5, On—1, and S, _o 5, which implies that in the summation above, no

point in D is counted more than three times. Therefore,
Z Huanqu(SM) < C’(HPqu{m,l(D) + HUHJZLI’“(D))'

Since u € Hg(D) and u = >_"" _ u,, we first have

n

(0°u)? = (> 0"u,)* < (Y [0%un])> <C Y [0%unl*, Vo= (a1,00),]0] <2.
Moreover, since
(/D > 10%un?) < 3 Mlunllizs, ) < CUlullinm) + 11Pullizm)),

n=—oo n=—oo

by the Lebesgue dominated convergence theorem, we obtain

HUJH%{?(D) < C<||Pu||2L2(D) + ||UHJ2L11(D))'
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In addition, from
/ Vi Vu—— / wn A < Cllullyags, el l2s, -
Sn75 Sn,5

we note that |[ul[3: (g, ) < C(ellullfs, ) + € Hlullza, ,))- Thus,

o0

D Mullie, ) <C Y (1Pullia, ) + llullis, )

n=—oo n=—oo

Combining these arguments, we can improve the above estimate by
||u||§{2(D) < O(HPUH%?(D) + ||U||%2(D))

In a similar manner, we prove u € H*"'(D), by accumulating the previous inequal-

ity for ¢ < m. Therefore, we have the expected result for this theorem,
||U| |Hm+1(D) S C||PU| |Hm—1(D) —|— Hu| |L2(D)'

]

Remark 2.2.2. Note that if the solution u € H}(D) is unique, we can ignore the

L? norm in the estimate, such that
||“||Hm“(D) < C||PU||H7"*1(D)~

To avoid confusion with notation, we here fix the elliptic operator P = —A; :=
—0? — 9} for Equation (2.2) to illustrate well-posedness of the solution. Well-
posedenss of other equation associated with strictly positive elliptic operators can
be proved in the same way.

Theorem 2.2.3. A, := 97 + 97 : H""(D) N {ulp=0n, = 0} — H™ (D), m >0,
is an isomorphism on D : (—00,00) X [0, w;].
Proof. We first show uniqueness of u € Hy(D) for f € H *(D). The weak form

associated with A; on D is

B[u,v]:/DVu-VU:/DfU,
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for any u,v € Hj(D).

Note that |Blu,v]| < [|u||g1(py||v]|s1(py implies the continuity of the bilinear
form. On the other hand, by the one-dimensional poincaré inequality with respect
to 0, [y uj > O [i" u?, we have the coercivity Blu,u] = [}, (uf +ug) > Cllull3:
as well. Then, Based on Lax-Milgram Theorem, there exists a unique weak solution
u € H}(D) for every f € H~Y(D). Therefore, A; is the case for m = 0.

When m > 1, existence of the unique weak solution u € H}(D) follows the
argument above, since H™ Y(D) c H~'(D). Then, we prove u € H™(D) N
Hi (D) by applying Theorem 2.2.1 to A,.

Therefore, A, : H™(D) N {u|p=0.a=0 = 0} — H™ (D), m > 0, defines an

isomorphism with
|[ul|gm+1py < Cl|Agul|gm-1(p)-

[]

We have established well-posedness and regularity properties for elliptic opera-
tors on the infinite domain D with the homogeneous Dirichlet boundary condition.
In addition, it will be seen that the computation of indices for the Fredholm prop-
erty of weighted Sobolev spaces in the next chapter also requires understanding on

the following Sobolev space with weights on D,
H™(D) = {u, r7°0i0ju € L*(D), i +j <m} for r=¢" (2.3)

Note that the dual space of Hy*(D) = H>*(D) N {ulsp = 0} is H-5~%(D), with
respect to the pair (u,v) = [, uv, for u € Hy*(D) and v € H~7%(D). Thus, we

have

Lemma 2.2.4. Multiplication by r® gives rise to an isomorphism H™°(D) —
H™(D), namely, r*H™b(D) = H™%(D).

Proof. Let u = r®w with w € H™". Then

r 0w € L*(D), for i+ j<m.
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Moreover,

e t0igu] = [0y (rw)| < €Y r lokdgul € (D), it i<m.
k=0

Thus, r*H™®*(D) is continuously embedded in H™*"". Since the embedding holds

for any real number a, we complete the proof by concluding the opposite embedding
H™ (D) = r*r=*H™**(D) C r*H™"(D).

]

Recall that the Fourier transform plays an important role in the Mellin (Kon-
dratiev) transform. We here give alternative definitions of the spaces H} (D) and

H~Y(D) by taking the Fourier transform into account.

Lemma 2.2.5. Let E' = (—00,00) X [—w;,w;]. Define the periodic function U with
the period 2w; in 0 on E, such that U(t,0) = u(t,0) for 6 > 0, and U(t,0) =
—u(t,—0) for 8 <0. Then,

HYD) = f{ulpp =0, Z/ (14 A2 4 n2)|02 < oo},

n=—oo "

2o = o Y [ 10 <o)

n=—oo

HAD) = o Y [ (424 0P <o)

n=—oo

where U(X,n) = 2\/% e e P U(t,0).

Proof. For Hy(D), it is clear that U is an odd function for § on E generated by u.

Thus, u € H(D) indicates U € Hj(FE). Then, based on the periodicity and the
behavior at infinity of U(t,6), we have

AU (t,0) = (NN (A n), a+b<l.

Wi
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Moreover, by Parseval’s Theorem

22712 — Wivabiravvar: Vb2
S [ = (P

%
n=-—00

< C/ ]8383U]2 < 0.
E
Thus

Z /(1+n2+>\2)\0|2 < CONU|[ 31 gy < 0

Suppose conversely 300 [(1+n? + A?)|U|?* < co. Then

vay VT a
IO ey = S [ o

n=—oo

C Z /(1—|—n2+)\2)\0|2<oo

n=—oo

IN

Hence U € H}(E). Consequently,
HA(D) = {ulyp = 0, Z / (1+ X2 4+ )| 0] < oo).

For the space L?(D ) WUz = [|U||2 = 3500 [° |U]?. Therefore u € L*(D)
is equivalent to Y07 [ \U |2 < oo by the definition of U.

Therefore, from the argument above, we can define

e = 3 [ w0

e = >0 [ et

For H~Y(D), we consider v € L?(D) first. Hence V € L? and

(v, u) Z/ VU, VYue HMD).

n=—oo
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By duality, the H !-norm of v is defined by

(v, )] -

Nollg-1py =  sup < |1+ A2+ n?) 2V

u€HL (D),u#0 ||U||H1(D)
If we replace U by (1 —|—n2+)\2)71‘77 since v € L*(D), we also have X202 ffooo(l +

A2 4+ n?)|UJ? < oo, which indicates « € H'(D). Then, from the definition of the

H~'-norm,

~

_1
[olla-1py = ||(1 4+ A* +n?)"2V|| .

Hence,

[Vll3r-1() = [1(1+ X +n?) "2V [}2 = Z/ (L+ X+ n?) VP

n=—oo

Since H!(D) is the closure of L*(D) in H '-norm, we have

o122y = Z/ 1+ X402 VP for ve HY(D).

n=—oo

]

Recall the weighted Sobolev space H"™%(D) in Equation (2.3). Besides well-
posedness of the solution of Equation (2.2) with P = —A,, it is also important
to study the solution of this equation on spaces H™“(D), The index a in the
weighted space in fact determines the Fredholm property of the elliptic operator

on a polygonal domain, which will be illustrated in Theorem 2.2.12.

Theorem 2.2.6. A, : H™™1%(D) N {ulp=0w, = 0} — H™ 1%(D), m > 0, defines

an isomorphism iff a # i—“
2

Proof. From Lemma 2.2.4, multiplication by r* leads to an isomorphism between
spaces, H™*(D) = r*H™ (D). Therefore, instead of a direct study on the space

H™(D), we alternatively prove the following equivalent statement.

r A s H™YYD) N {ulp=o ., =0} — H™ (D), m >0,
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is an isomorphism.

We first prove for m = 0. For f € H~'(D), the equation reads

rO Nty = 0Pu + Opu — 2adu + a*u=f in D,
u(t,0) = u(t,w;) = 0.

Recall notation for the Fourier transform in Lemma 2.2.5. Then, the periodic

function U satisfies

O?U + 93U — 2a0,U +a*U = F, in E\{0 =0},
U(t,—w;) =U(t,w;) = U(t,0) =0,

where F'(t,0) = f(t,0) for 6 > 0 and F(t,0) = 0*(—u(t,—0)) + 02 (—u(t,—0)) —
200, (—u(t, —0)) + a*(—u(t,—0)) = —f(t,—0) for negative . Apply the double

Fourier transform on ¢ and #, the above equation becomes

2
N0 — Zn20 — 21U + a0 = F,

)

from which U can be expressed by

A

F
— A2 — S—§n2 — 2ia)\

U=

Then,

A 2
2 2 |
Z/ (1+n2+\)|0] = Z/ (1+n? JFA)(GQ_)\2 E ST

n=—oo n=—oo l

Since —U(t,0) = U(t, —0), we have
—U(\n) =U(\ —n).

by the definition of the Fourier transform. Therefore, U(X,0) = 0. Based on
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Lemma 2.2.5,
o0 A 2
lulfiny = 3 [ w0
n#0 v~
% F|2
- Z/ (1+n2+)\2) 2 2 LQ 2)2 2)2°
oo (a —)\—w—?n)—i—éla)\

A2
Moreover, recall that f € H~'(D) indicates > oo [~ (14n*+A?) 7 F| < o0
(Lemma 2.2.5). Then, to make sure that u is in H}(D), it suffices to show that

there exists a constant C', such that

(a2 — N2 — Z—zrﬂ)? +4a2)\2

For small n and A, (aQ—Az—:—znz)z—i—éla?)\? is away from 0, since a # X and n #

0. Therefore, there exists a constant C' > 0, such that (a2—)\2—2—;n2)2+4a2)\2 > C,

since it is a continuous function in this case.
(1+n2422)2
(az,)\z,%nz)2+4a2/\2
W

For large n and A, is the ratio of two polynomials of the

k3

. (1+n2+>\2)2 wzl
same degree for both n and X\. To be more precise, (aQ—AQ—Z—;nQ)2+4a2)\2 <C(1+7%)

as n, A — +oo.
(1+n2+X2)2

Therefore, PR RE ROTICTY has an upper bound for n # 0, a # %, hence,
AT 2
w

we HY(D) for f € H-V(D).

For m > 1, the operator 97 + 93 — 2ad; + a? only contains constant coefficients.

By Theorem 2.2.1, the H} weak solution u associated with this operator in fact
belongs to H™™ (D) N HY(D) for f € H™ (D), which completes the proof. [

2.2.2 The Weighted Sobolev Space

Based on the study of Equation (2.2) on the infinite strip D, we have described
basic properties of the solution. Recall that the domain D comes from the Mellin
transform of the infinite conical domain with interior angle w; (Figure 2.2). Hence,
they are merely the local well-posedness and regularity properties of the solution

for Equation (1.2) on the polygonal domain €2, near the a vertex. Combination of
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these local results into a uniform global description of the solution on € is non-
trivial work. We first give an intuitive definition of the weighted Sobolev space on
), which presents the counterpart of the space H™* on D near every corner. More

discussions and some variations of this space will be shown in the next chapter.

Definition 2.2.7. Denote by ();, © > 1, the ith vertex of 2. Let r; be the distance
function to ();. Define the function ¥ on , such that ¥ = [L; 7. Then, the
weighted Sobolev space for Equation (1.2) is

K Q) = {u, 9°70% € L*(Q), |a| < m},

where o = (o, ), Yaq, ag € Z, U {0}, is the multi-index.

Remark 2.2.8. Let K-L(Q) = (K1(Q) N {ulsn = 0}) with L?(Q) as the pivot
space. It is easy to see that the space KI'(Q2) is equivalent to H™(£2) away from
the vertices. Note that near the vertex, the space K", (€2) is derived from H"™(D)
of (2.3) based on the Mellin (Kondratiev) transform. Therefore, our estimates in
2.2.1, 2.2.3, and 2.2.6 have their variants in terms of K" near vertices, respectively.

Furthermore, we define the following sets of functions,

Cr.(D) = {veCF(D), r 90 € L*(D), Vi,j € Z, U{0}}
CT.(Q) = {vecy(), 917 9% € L*(Q), Yoy, az € Z, U{0}}.

Thus, Cg,(D) is a dense set of the space H;"(D) with respect to the H;"-norm,

based on the definition in (2.3). Correspondingly, we conclude that with the X" -

norm, all functions in Cg%o(€2) form a dense set of K, (22) N {ugo = 0}.

With these properties, we have the following lemmas.

Lemma 2.2.9. Define (Au,v) := —(Vu, Vo) for u € Ki,,(Q) N {ulogq = 0}, v €
Ki_ ()N {ulaq = 0}. Then, the operator A : K{"EHQ) N{ulsq = 0} — K7L (Q),

m > 0, defines a bounded linear map.

Proof. The proof follows from a direct calculation. m
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Lemma 2.2.10. Define A, == A : K1,,(2) N {ulsn = 0} — KZ{.,(Q). Let
A KL () N {ulgg =0} — K71, () be its conjugate operator defined by

(Au,v) = (u, A*v),

where (-,-) is the L* inner product for L? functions, Yu € Ki,,(2) N {ulsq = 0},
Yo € K1, ()N {ulag = 0}. Then, A*=A_,.

Proof. For any u° € Cx, and v° € Cx _,, from integration by parts we have
(Auf,v°) = —(Vu, Vo) = (u, Av°).
Thus, it suffices to show Vu € K1, () N {ulsq = 0}, Vv € K1_,(2) N {u|oq = 0},
(Au,v) = (u, Av).
Note that
(Au,v) — (Au®,v°) = (Au, v —0°) + (A(u—u°),v°) = (Au, v —v°) 4+ (u—u’, A%°).

Since Ci(Q) and Cx,—q(Q) are dense sets of K1, ,(Q) N {u|oq =0} and £]_,(Q)N
{ulo = 0}, we can choose u®, v*, such that [Ju—u[|x:

small. Note Au € K21, ,(92) = (K1_,(2) N {u|sq = 0})’ from Lemma 2.2.9. Then,

(Au,v—2v°) can be arbitrarily small. For the same reason, (u— u®, A*v¢) — 0 also.

(Q)s ”U_UCHIC{_G(Q) <€, for e

Therefore,
(Au,v) — (Au‘,v°) — 0.

The same arguments are available for (u, Av)—(u°, Av®). Thus, there are sequences

uf € Cro(2), v§ € Cx,—a(2), such that
(Au7 U) - (u’ AU) = (AU, U) - (Aufu vzc) + (Uf, szc) - <u7 AU) — 0.

Then, we already showed

(Au,v) = (u, Av) = (u, A™v),
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which implies A* = A_,,. O

Recall a bounded operator A : X — Y between two Banach spaces is Fredholm
if the kernel of A and the co-kernel Y/AX are finite dimensional spaces, and A has

a closed range.

Lemma 2.2.11. Let A, == A : K1,.,(Q) N {ulsn = 0} — K21 ,(Q) and X =
ker(A,) be the kernel of A,. Then, X C K5 ,(2) N {ula = 0}.

Proof. For any function v € X, Au=0 € K ,(€2). Then this lemma follows from
the regularity estimates in Theorem 2.2.1. O]

The following theorem discusses the Fredholm property of the operator P = —A
in Equation (1.2). Similar results that apply to general elliptic operators and other

boundary conditions are available in Chapter 3.

Theorem 2.2.12. Suppose ) has vertices (Q; with the interior angles w;, © > 1.
Then, the operator —A, := —A : KI'HHQ) N {ulsq = 0} — KIH(Q), m >0, s
Fredholm iff a # kn/w;, k # 0.

Proof. The proof is based on the partition of unity and the construction of opera-
tors R; on different components of the domain, then pasting all parts together.

Let B(z,r) be the ball centered at z with radius r. Define partition of unity
G0, ¢ € C®(Q), do+ >, 0 =1 on Q, i > 1, such that for g > ¢; >0, ¢; = 1 in
B(Qi,e1) N Q, and ¢; = 0 outside of B(Q;,€2) and of Q. Therefore, ¢g = 0 near
the vertices.

Denote by C; the infinite conical domain with angle w;, By Remark 2.2.2,
Theorem 2.2.3, and Theorem 2.2.6, the equation

—Au; = ¢i f in G,
U; = 0 on (301

has a unique solution u; € IC;”J:T(C%) N {uilac, = 0} for f € K™ H(C;) in each C;,
i > 1, m > 0, provided that «a is different from k7 /w;, k # 0.
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In addition, there exists a unique solution ug € H'(Q) N {u|sq = 0} for

—AUO = ¢Qf n Q,
ug =0 on 01},

if f e K™HQ), since K™' and H™! are equivalent on the support of ¢f.
Moreover, uy has higher interior regularity given ¢qf is smoother.

Thus, we paste solutions of different parts by constructing a regularizer R, :
Kr= Q) — KIS N {ulaq = 0} as follows. Let R; : KN (Ch) — KIEN(C) N
{ulpe, = 0},4 > 1, and Ry : K" (Q) — HY(Q) N {u|gq = 0} be linear operators,
such that

Ri(¢if) =u; in G,
R0(¢0f):uO in Q.

These operators are continuous based on the regularity theorems 2.2.1, 2.2.6, and
well defined by the corresponding differential operators and boundary conditions
when a # kr/w;, k # 0.

Define y; € C*(Q), i > 0, such that y; = 1 on supp(¢;) , and x; = 0 outside an
e-neighborhood of supp(¢;) on € that dose not touch any of the vertices. Note that
XYoo has support away from the corners. Therefore, xouo € K27 (Q) N {ulsq = 0}
when f € K™7H(Q). Then, for i > 0, the regularizer R, is defined by

u=Ry(f) = ZXiRi(¢if> = mem (2.4)

such that the local behavior of u; near vertices is embedded in u, and u satisfies the
homogeneous Dirichlet boundary condition. Thus, R, : KI'7'(Q) — KIHHQ) N
{ulso = 0} definies a bounded linear operator by regularity results and by the
construction. Recall A, := A : K1, (Q) N {ulgq = 0} — K21, (). We first show
that —A,R, : K" 11(Q) — K™ 1(Q) is Fredholm.

From (2.4),

—Agu = —AR(f) = —(Z XiAu; + 2 Z Vxi-Vu; + Z Axiug),
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= [= @3 Vi VR(6if) + 3 Axili(oif)
Define
Tof =23 Vxi- VE(6if) + 3 AxiRi(9if).

We show the operator T, : K" (Q) — K™ 71() is compact in K™ *(Q) as follows.
Let S be the support of T, f. Note S excludes vertices of the domain. Hence K7,
is equivalent to H™ in this region, and T, f € H™(f2), vanishes outside S. Then, by
the regularity estimates, we have ||T, f[|rm @) < Cl[Tuf|[kcm @) < CHUH’CZ“E(Q) <
ClIf]] ,Czq:ll(m.By the Rellich-Kondrachov Theorem, for any bounded sequence f; €
KM Q), T.fi € H™(Q) is also a bounded sequence, and hence has a convergent
sub-squence in H™~(Q) (K™ 1(Q)), m > 1, since for T, f;, H™*(Q) is equivalent
to K" H(Q).

For m = 0, T, f; is bounded in the Hilbert space L?(f2). Therefore, it has a

sub-sequence {T, f} that converges weakly in the sense
(Tufic — Tufrss, ) = / (Tufi — Tufin)v — 0, Vo € L3(Q).
Q

Note T,fr = 0 near corners. We can choose any v € KJ,,(Q) in the equation

above. This immediately shows {7, f.} converges in the /C,*,(€2) norm defined by

1t o= sup / fo, Vo€ KLy () N {uloa = 0},

v =1
H H)ci+1(g)

whenever the L?-inner product is well defined.

Then, we write
—Au = _AaRa(f) = f - Taf = (I - Ta)fa

where T, : K™ (Q) — K™ }(Q) is a compact operator, which indicates —A,R, =
I — T, is Fredholm on K™ *(Q), m > 0.

To complete the proof of this theorem, we next show a similar result for the
operator —RIA_, : KL, 1 (Q) N{u|og =0} — KL, () N {ulsn = 0}, where R :
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K2 () — K q(Q) N {ulsq = 0} is the conjugate operator of R, : K, (Q) —
K1 () 0 {ulaq = 0} defined by

(u, Ryv) = (Rqu,v),

Vu,v in the domain indicated above. Therefore, R is continuous.

From the discussion above, —A,R, = [+T, : K;*,(Q) — K, *,(Q) is Fredholm,
Va # krm/w;, k # 0. Therefore, its conjugate operator Ri(—A,)* = I + T :
KL o1 () N{ulpe = 0} — KL, 1 (Q) N {ulsg = 0} is also Fredholm with the same
range for a and k, since T : KL ., (Q) N {ulon = 0} — KL,,1(Q) N {ulsg = 0} is
a compact operator.

From Lemma 2.2.10, A* = A_, = A : KL () N {ulog = 0} — KZ._1().
Then,

—RiA . = Ry (=A%) =1 =T7 : KL 11 (Q) N {ulon = 0} — KL, (Q) N {uloa = 0}

is Fredholm Va # km/w;, k # 0. Note the index a for the Fredholm property is

arbitrary except for a countable set. Hence, we also have
R, Ay Koy (2) N {ulon = 0} — Koyt () N {ulon = 0}

defines a Fredholm operator. We then conclude that A : K" () N {ulgn = 0} —
K™ 1(€) is Fredholm for m = 0.

Let X C KL.1(Q) N{ulan = 0}, Y C K, 2,(2) be the kernel and range of the
operator A, respectively. Then, since it is Fredholm, dim(X) < oo, Y is a closed

space, and dim(KC; !, (Q)/Y) < co. Moreover,
A KL (@) 0 {uln = 0}/X — Y

defines an isomorphism.

Let us then consider the following operator,
A KPEHQ) N {ulon = 0F — KI5H(Q).

From Lemma 2.2.11, X := ker(A,) C K2,(Q) € KI'HH(Q) N {ulsq = 0}, which



36

implies the kernel of the above operator is equal to X, and hence is a finite di-
mensional space. Note Vf € K™'(Q2) NY, based on the Fredholm property for
m = 0, there is a solution u € K}, (Q) N {u|so = 0}. Furthermore, the regularity
estimates near vertices and in the interior domain leads to u € lCZ”fll(Q). Hence,
the range of the operator = K™ *(Q) NY and K™71(Q)/(K™1(Q) NY) is finite
dimensional.

Thus, it suffices to show the range X' () NY is closed in the K™ '-norm to
complete the proof. Note Y can be characterized by Y = {u € K, (), ¢;(u) =
0, ¢; € ker(K,',(Q)*)}, since it is the closed range of the a continuous operator.

Therefore,
KM NY = {u e K'HQ), ¢;(w) =0, ¢; € K1, (2)* is the basis of ker(A*)}.

Then the completion of the space K™ 3'(€2) N'Y follows from the continuity of ¢
on K™ H(Q).

We have proved A : K5 (Q) N {ulag = 0} — K2'(Q) is Fredholm iff a #
km/w; and k # 0. Similar proofs can be carried out for other elliptic operators and

different boundary conditions. O

2.3 Some Lemmas for Weighted Sobolev Spaces

Besides the well-posedness, regularity and the Fredholm property, the weighted
Sobolev space introduced in Definition 2.2.7 has other important properties we
will use throughout this work. In this section, we mainly focus on some related
lemmas. More results on Sobolev spaces with weights can be found in [2, 17, 45,
60, 62, 61, 63, 84].

2.3.1 Notation

Recall that the definition of our weighted Sobolev spaces depends on the choice
of a subset (of vertices) V = {Qo,...,@,} C Q. In the following definition of the
weighted Sobolev spaces K7*(€2), we want to replace the weight 9 with a smoothed

version, denoted by p. The following remark explains how this is done.
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Remark 2.3.1. Let us denote by [ the minimum of the non-zero distances from a
point @@ € V to an edge of €. Let

[:=min(1/2,1/4) and S;:= QN B(Q;,1), (2.5)

where B(Q;, ) denotes the ball centered at Q; € S with radius I. Note that sets
S; == QN B(Q;,1) are disjoint. Also, we denote by O; = S;/2 := QN B(Q;,1/2).
Then, we define
p:Q—0,2], pelCQ~V)
Y (z) =]z —Q; onS; and (2.6)

ple) = -
p(x) >1/2 outside § := US;.

The quotients p/9¥ and ¥/p are bounded, and we can replace ¥ with p in all the
definition of the weighted Sobolev spaces. In particular, this leads to the following

equivalent definition of the weighted Sobolev spaces:

Definition 2.3.2. We define
K (€Q) :={v:Q—R, p7"0.0lv e L*(Q), Vi+j<m}. (2.7)
For any open set G C €2 and any v : G — R, we denote

ol = D 107 0%0lIZ2q

la<m

We endow K7'(2) with the norm ||v][3.. (- In particular, the inner product on the
Hilbert space K7'(2) becomes

(u, V) im0 Z / 2iti—a) (0L09u) (0L07D) dady.

i+j<m

The completeness of L?(2) and standard arguments, see [48] for instance, show that
the weighted Sobolev space K7*(Q2) is complete. Note all the norms are equivalent

if we replace p by 9.
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2.3.2 Lemmas

For simplicity, we denote from now on K" = K*(Q2) and H™ = H™(Q).

In this subsection, we summarize several properties of K" that are useful for
the development of our theory in Chapter 3 and Chapter 4. As usual, we use r
and 6 as the variables in the polar coordinates. In addition, by A & B, we mean
that there exist constants C; > 0,C5 > 0, such that C1 A < B < CyA. Meanwhile,
an isomorphism of Banach spaces means a continuous bijection.

We first have the following alternative definition of the space K* := K*(€2).
Let [ := min(1/2,1/4) and S; := QNB(Q;, 1) be as in Equation (2.5) of our previous
remark.

Lemma 2.3.3. On every S; := QN B(Q;,1), we set a local polar coordinate system
(r,0), where Q; is sitting at the origin (and hence p = r on each S;). Denote
O; =S8;/2=QNB(Q;,1/2), as before, and © := UO;. Then, the weighted Sobolev
space I == K'(§2) is also given by

Kr={v:Q—=R, ve H' QN 0), and r~(rd,)o5v € L*(S;), j+k <m}.

Proof. We note that 2\ O is a subset of €2, whose closure is away from all @); € V.
According to the definitions of p and [, p > l~/2 on O\ 0. Thus, the H™-norm and
the K'-norm are equivalent on this region, since p is smooth and bounded from
above and from 0.

On the region S;, the differential operators 0, and d, can be written in terms

of r and 0, the variables in the polar coordinates centered at @);,

0, = (cosb) 0, — Sm989
9, = (sinf) 0, + Cofeag.

Since p = r on §;, we have

> P00k |
j+k<m

sin 0 cos

= Z |3 +*=%(cos 6 O, —

j+k<m

D)’ (sin @ 0, +

0" .
. . b)"ull L2y
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< X oY Ogull -

j+E<m

We have a similar formula expressing 70, and Jy in terms of 70, and rd,, which

provides us with the opposite inequality and completes the proof. O
Lemma 2.3.4. The function p/™*=*9J0k p* is bounded on €.

Proof. The function p/™*~%979%p® is bounded on Q \'S = Q \ (US;) because
p> l~/2 is smooth.
It remains to verify that our function is bounded on every S; as well. By

changing z,y into r,# in the polar coordinates centered at (); € V, as in Lemma
2.3.3, we have

sin 8 cos 0

|/ e0I0k e = |17 (cos 0O, — . D)’ (sin 00, + 9p)Fr|
< C | r—¢ Z (r@r)‘s@;r“‘
sH<jt+k
< C’|r’“ Z (r@r)sr“| = C| Z as}.
s<jtk s<jtk
Therefore, p/*5 4079 p” is bounded on , as stated. O

This lemma leads to the following isomorphism between weighted Sobolev

spaces.

Lemma 2.3.5. We have p’K* = K, where p?KI" = {p*v, Yv € KI'}. More

precisely, the multiplication by p° defines an isomorphism K™ — Ko

Proof. Let v € K and w = p’v. Then |p"~*9.0Jv| € L?, for i + j < m. Thus,

we verify w € K%, by checking the inequalities below,

pz—i-]—a—b Z (8> (i) a;a;pba;—sai/—tv

s<0,t<g

PO =

< C ) |pttTeTe g g | € LA(Q),

s<it<j

with the last inequality following from Lemma 2.3.4. Therefore, p®K™ is continu-

ously embedded in K7 ,. In other words, the map o KM — K7, is continuous.
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On the other hand, because this embedding holds for any real number b, we

have the opposite inclusion:
Kity = o' 'Ky, C 0K

To complete the proof we also notice that the inverse of multiplication by p° is

multiplication by p~°, which is also continuous. O

Recall that §; = QN B(Q;,1) is a small neighborhood of @); € V. Therefore,
plx,y) < [ on S;, and we have

Lemma 2.3.6. Let G C S; be an open subset of S;, such that p < & < [ on G.
Then, for m' < m and o’ < a, we have

(a) K™ C K% = K% (Q) and

(8) [l @) < € ullep @), Yo € K7

a—a’

Proof. The function p is bounded for a > a' and hence

ST P o < 0 S 0k,

jHk<m! j+k<m

for any u € K" and any m’ < m. This proves (a).

Similarly, (b) follows from the following estimates on G,

Jle gy < € ST I B0kl ) < € ulEp
¢ j+k<m

Our proof is complete. m

Let G C Q be a compact subset of . Note that there exists a constant C' > 0,
such that p > C on G. Then, the following lemma asserts that the H™-norm and
the K'-norm are equivalent on H ™(@). Recall that [ and S; were introduced in
Equation (2.5).

Lemma 2.3.7. For 0 < £ < l~/4, let G C Q be an open subset, such that p > &
on G Then, ull oy < Millallpey ond Jullepiey < Mallull oy Jor Vu €

H™(G). My and My depend on & and m, but not on u.
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Proof. We note that p is smooth and bounded below by & on G. Then, the proof
follows from the definitions of K" and H™. O

However K™(S;) and H™(S;) are quite different.

Lemma 2.3.8. Let G C S; be an open subset, such that p < & <1 on this region.
Let m > 0, then

(a) [ullzme) < € ullip @), if a = m, and

(0) llullcge < & llullam@), if a < 0.

Proof. The proof is based on the direct verification of the inequalities below. First,

for a > m, by Lemma 2.3.6, we have

ullem@ < &7 lullkp)-

Therefore, from the definition of the K"-norm, the first inequality in this lemma

is obtained by

lulfmy = D 0205ullze

j+k<m

< Z I~ D72

j+k<m

= Jlul}me < ulin .

For a < 0 we have

lulfme = D o~ P o05ullze,
j+k<m
< & Z H@iﬁfu\!im) :ff%HUH%{m(G)a
j+k<m
which completes the proof. O

We shall need the extension of Lemma 2.3.8 to the entire domain €2, which
reads as follows. Recall that we denote H™ := H™ () and K" := K*(£2).

Corollary 2.3.9. Foru:Q — R, ||ul[gm < M ||Juljin and |Jul|xm < Ma|jul|gm for
a <0, where My and My depend on m and a.
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Proof. The proof is a direct combination of the estimates in Lemma 2.3.7 and the
estimates for the neighborhoods of all @); € V in Lemma 2.3.8. ]

In the next chapter, we will continue to discuss properties of an inhomogeneous
weighted Sobolev space, which is a generalization of the weighted Sobolev space
from Definition 2.3.2. It will be seen that all the lemmas from this subsection hold
for those spaces. We may not repeat similar results there since we can refer to this

section.



Chapter

A Priori Analysis in Weighted

Sobolev Spaces

Introduction

In this chapter we study a priori estimates (well-posedenss, regularity and the Fred-
holm property) for general elliptic operators on a class of domains with polygonal
structures, which is a generation of the usual polygonal domains. The introduc-
tion of this class of domains, with extensions of our results developed in Chapter
2, leads to estimates in weighted Sobolev spaces for corner singularities, Neumann-
Neumann, and transmission problems.

Let Q C R? be a bounded polygonal domain, possibly with curved boundaries,
cracks, or vertices touching the boundary. We consider on €2 the second order,
strongly elliptic operator in divergence form P = — div AV with piecewise smooth
coefficients with jump discontinuities. More precisely, we assume that () = UQ]-,
where ) are disjoint domais with a polygonal structure such that the interfaces
I' := U0, \ 02 is a union of disjoint piecewise smooth curves. We denote by
D} := 37, v'a;;0; the conormal derivative associated to P, where A = (a;;) is the
symmetric matrix of coefficients of P. Let 02 = 0pQ) U On€) be a disjoint union,
with 0p€2 a union of closed sides of 2. We are interested in the non-homogeneous

mixed boundary value problem

Pu=f inQ, D'u=gyondyQ, and u=gpon dp. (3.1)
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Figure 3.1. The domain ) and the interface I

(When (2 has cracks, the boundary conditions have to be suitably interpreted using
the “unfolded boundary.”)

The equation Pu = f has to be interpreted in a weak sense and then the discon-
tinuity of the coefficients a”/ at the interface I leads to the following “transmission
conditions.” Note that our interface does not ramify. We can therefore make a
choice and denote u™ and = the non-tangential limits of u at the two sides of the
interface. Also, let DI’ and D~ be the two conormal derivatives associated to P
at the two sides of the interface. Then the usual transmission conditions u™ = u~
and Dy = DI~u at the two sides of the interface are a consequence of the weak
formulation, and will always be considered as part of Equation (3.1). The more
general conditions u™ —u~ = hy and DYTu— DP~u = hy can be treated with only
minor modifications.

In the rest of this chapter, we establish regularity results for Equation (3.1) in
the weighted Sobolev spaces IC”g(Q) (Definition (3.11)). Compared with Definition
2.2.7, we here identify specific weights for each singular point, which make P Fred-
holm following Theorem 2.2.12 and the results of Kondratiev [60] and Nicaise [82].
If no two adjacent sides are assigned Neumann boundary conditions (i. e., when
there are no Neumann—-Neumann corners), then we also obtain a well-posedness
result for the weight parameter a close to 1. In general, we compute the index of
the resulting operator, when it is Fredholm, and we use this to obtain a decom-
position u = ues + o of the solution u of (3.1) into a more regular function and
a singular function. If € is smooth, then ¢ is simply a constant. See below for a
more complete description of our results and for an account of the earlier results.

One of our main motivations is the analysis of the Finite Element Method for

Equation (3.1). We are especially interested in obtaining a sequence of meshes that
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provides quasi-optimal rates of convergence. A construction of such a sequence of
meshes will be provided in Chapter 4.

The problem of constructing sequences of meshes that provide quasi-optimal
rates of convergence has received a lot of attention in the works of Apel [4], Apel
and Nicaise [6], Babuska and collaborators [13, 17, 56, 18], Bacuta, Nistor, and
Zikatanov [21], Costabel and Dauge [41, 42, 43|, Dauge [45], Grisvard [54], Kellogg
[58], Lubuma and Nicaise [72], Schatz, Sloan, and Wahlbin [90], and many others.
In this chapter, we establish the a priori estimates necessary for verifying that the
sequence of graded meshes that will be constructed in the next chapter yields quasi-
optimal rates of convergence, while also addressing here several issues that may be
of interest in concrete applications. For instance, we consider cracks and higher
regularity for transmission problems, issues that are relevant in practice, but have
received less attention than for example the issue of singularities near corners. We
also consider more systematically mixed boundary conditions. Moreover, we will
show how to treat the additional theoretical difficulties caused by the Neumann—
Neumann corners, obtaining, in particular, that from a computational point of
view, the Neumann—Neumann corners behave like the other types of corners. A
priori estimates are a well established tool in Numerical Analysis [8, 9, 14, 16, 22,
34, 39, 57, 59, 92|, and also our starting point to handle elliptic equations with
singular solutions.

Regularity and numerical issues for transmission problems were studied before
in several papers, see Nicaise [82] and Nicaise and Séndig [84] and the references
therein. Like in these two papers, we use weighted Sobolev spaces. However, our
emphasis is not on singular functions, but on well-posedness results. We also obtain
higher regularity results in weighted Sobolev spaces and a new well-posedness result
for the case when there are Neumann—Neumann corners, combining Fredholm and
index calculations with the use of the “first singular function”, which is nothing
but a constant in this case.

In Section 3.1, we first formulate our problem by briefly introducing the do-
main with a polygonal structure and the elliptic operator P for the boundary
value/transmission problem, Equation (3.1). Then, we define the weighted Sobolev
space IC;:(Q), and state our main results, Theorems 3.1.1 and 3.1.3, on regularity

of the solution and solvability of the value/transmission problem (3.1) in weighted
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Sobolev spaces. We agree that whenever transmission problems are considered, we
assume that all the vertices of the domains with a polygonal structure €; C €2 are
included in the set of vertices of €.

In Section 3.2, we discuss the Fredholm property of the operator associated to
Equation (3.1), provided that the coefficients are piecewise constant. For definite-
ness, let us consider first the case of the Laplace operator (so no interface, but
mixed boundary conditions). Notice that DY = 9, if P = A. We then prove that

A {u e KZTHQ), ulope =0, du=0} — K27 ()

is an isomorphism when no adjacent sides are endowed with Neumann—Neumann
boundary conditions (i. e., when there are no Neumann—-Neumann corners). In
general, let W, € C®(Q) be the linear span of smooth functions on Q that are
constant near the vertices of {2 and satisfy the boundary conditions with gp = 0 and
gy = 0. (These functions can be non-zero only close to the Neumann—Neumann

vertices.) Then our isomorphism becomes
AV o= {ue KETHQ), ulope =0, 0u=0}+ W, — K27H(Q).

(One can replace W, with a subspace of dimension the number of Neumann—
Neumann corners so that the above sum becomes a direct sum.) An estimate on
regularity of the solution on the domain with Neumann—Neumann vertices is given
in Theorem 3.2.5. Then, we extend this result to general elliptic operators and
transmission problems.

In Section 3.3, we introduce the concept of a domain with polygonal structure
in order to extend our theory to include pathologies such as cracks and vertices
touching a smooth face. In Section 3.4, we establish several properties of the
weighted Sobolev space that are crucial for analyzing boundary value/transmission
problems on domains with a polygonal structure. In Section 3.5, we use results
from previous sections to prove a priori estimates (Theorem 3.1.1 and Theorem
3.1.3) for boundary value/transmission problems.

Throughout this chapter, “z := y” means that “x” is defined to be equal to
“y,” as customary. Also, by C' we shall denote a generic constant that can be

different at each occurrence.
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3.1 Formulation of the Problem and Main Re-

sults

In this section we formulate our problem and state our three main results on the
well-posedness and regularity for Equation (3.1), which deal with general smooth
interfaces in the domain. Note that no-interface is only a special case in our
results. We start by describing informally the class of “domains with a polygonal
structure,” then we define the differential operator P, and we state our boundary
value/transmission problem associated to P and a partition of our domain € into
smaller domains with a polygonal structure. The formal definition of domains with
a polygonal structure is given in Section 3.3. The three main theorems, Theorems
3.1.1, 3.1.2 and 3.1.3, will be proved in the last section, Section 3.5.

3.1.1 The Domain

We now provide an informal description of the domains used in this chapter. The
formal definitions will be given in Section 3.3. We consider polygonal-like domains
Q) that may have cracks or vertices that touch a smooth part of the boundary. More
precisely, in this chapter €2 will always denote a bounded domain with polygonal
structure (Definition 3.3.2), a class of domains introduced (with a different name
and a slightly different definition) in [45]. We also allow for mixed Dirichlet-
Neumann boundary conditions.

While the formal definition of “domains with a polygonal structure” will only
be given in the following section, we can quickly introduce now the main ideas and
motivations behind this definition. Recall that polygonal domains are not always
Lipschitz domains, however, the outer normal to the boundary is well-defined
except at the vertices. If cracks are present, then the outer normal is not well-
defined since 90 # 9. In order to study cracks, each modeled as a double covering
of a piecewise-smooth curve, we then need to separate the two normal directions
in which we approach the boundary, see for example [45]. This distinction is
also needed when we study vertices that touch the boundary (see Figure 3.2).
When the cracks ramify, we need further to differentiate from which direction

we approach the point of ramification (see Figure 3.3). This distinction will be
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Figure 3.2. Domain with two vertices touching a side.

achieved by considering the connected neighborhoods of B(x,r) N2, when x is on
the boundary, following Dauge [45]. Then each point = on the boundary can be
associated to a finite collection of points, one for each component of B(z,r) N Q
where r = r, is small enough. More precisely, 9“Q = U, {x} x m (B(a:, rz) N Q),
with x ranging through 0€2. Given the proper topological structure, this process
leads to the concept of “unfolded boundary” 0“€2, which is a multiple branched
covering of 02, and to the concept of “unfolded closure” “§ := Q U 0Q. These
concepts are defined in more detail in Section 3.3.

When considering mixed boundary conditions, it is well known that singular-
ities appear at the points where the boundary conditions change (from Dirichlet
to Neumann and vise versa). These singularities are very similar in structure to
the singularities that appear at the geometric vertices. It makes sense therefore
to regard the points where the boundary conditions change as “artificial vertices,”
which together with the geometric vertices will form the set of all vertices of €.
(See Figures 3.3 and 3.2, where the real vertices are marked with a dot and artificial
vertices with a cross for mixed boundary conditions.) In fact, we go even further,
and we fix a finite set V C 0“2 such that all connected components of 9“2 . V
consists of smooth curves on which a unique type of boundary condition (Dirichlet
or Neumann) is given. The points of V will be called the vertices of 2. The set
VY will include all geometric vertices and all points where the type of boundary
conditions changes, but may include other points as well (these points may come
from the interface or be simply some arbitrarily chosen points). This allows for
a greater generality that is convenient when studying operators with singularities

or discontinuities in the coefficients. Applications of our theory for operators with
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singularities are discussed in Chapter 7 and Chapter 6.

The choice of V thus defines on €2 a structure that is not entirely determined
by geometry, but depends also on the specifics of our boundary value problem and
of the coefficients. This structure, in turns, when combined with the introduction
of the unfolded boundary, gives rise to the concept of a “domain with a polygonal
structure.” Domains with a polygonal structure already appear in [75] with a
slightly more restrictive definition than the one used here.

The concept of “unfolded boundary” is not necessary in the presence of simple
cracks (see [75]). However, this notion allows to treat in a unified manner both
cracks and vertices that touch a smooth part. These points deserve special atten-
tion. Except for a finite set, the points x on 02 are smooth, in the sense that in
a small neighborhood of x, the boundary of €2 coincides with a smooth curve .
Let z be such a smooth point. Then there are two possibilities: the first is that
Q) lies on exactly one side of v and the second one is that €2 lies on both sides of
~. In the first case, the point z is covered by exactly one point X in the unfolded
boundary. In the second case, = is covered by exactly two points in the unfolded
boundary of €2, and we say that x is a crack point of Q. If x is smooth, we also
call any unfolded point covering it smooth. Then, the set of smooth points in the
unfolded bundary of €2 is still a disjoint union of smooth curves, which we refer to
as the (open) sides of 2. A crack has always two sides.

Let {v} be the set of outer unit normal vectors to 92, more precisely, v := —1,
where 7 is a normal vector that points towards the interior of 2. The outer normal
vector v is defined even at smooth crack points (but not at vertices) of 2 provided a
direction of non-tangential approach to the boundary is specified. Hence, there is a
one-to-one correspondence between the smooth points X of the unfolded boundary
0“€) and the set of outer normal unit vectors. Furthermore, we can account for
the dual nature of a point where a vertex touch a smooth part of the boundary.
This point will be covered by unfolded points Y, X1, Xs,... € 9% such that the
X;s are singular and Y is smooth.

For a priori estimates in weighted Sobolev spaces, we consider weights that
depend on the vertex, which is a more general setting than the one considered in
the last chapter. Thus to each unfolded point ) covering a vertex of the domain

2, we associate a parameter ag. The set of all these parameters will be denoted
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Figure 3.3. Domain with ramified crack.

by a. By a +t we denote the vector obtained from a by adding the real number ¢
to each component. In particular, we write ¢ instead of a if all the components of
a are equal to t. This construction leads to weighted Sobolev spaces of the form

IC%T(Q), m € Z., whose definition is recalled in Section 3.4.

3.1.2 The Equation

We consider a second order scalar differential operator with real coefficients

P:CX(Q2) — CX()

3 5 3.2
P=-> 00, (32)

3,j=1

We assume, for simplicity, that ¢ = a’*. Although our methods apply to systems
as well, we here restrict our attention to scalar operators with non-constant real
coefficient. (With some mild assumption on the lower order coefficients, our results
extend also to operators of the form P = — Z?,j:l 9;a70; + 322, b'0; + ¢.)

In all our results, we also assume that our operator P is uniformly strongly

elliptic, in the sense:
2

S ai(@)gg > Cllel?, (3.3)

ij=1
for some constant C' > 0 independent of z € Q and & € R2.

We also assume that we are given a decomposition

e} N
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where (); are disjoint domains with a polygonal structure (so each 2; is an open set
according to our conventions). We assume that all the coefficients of the differential
operator P are piecewise smooth in the sense that they extend to smooth functions
on ;. Therefore the possible jumps of the coefficients of P will always occur on
parts of 0€);, for some j. For transmission problems, the polygonal structure of
each ); will be taken into account.

To formulate our problem, we also assume that the unfolded boundary 9%€2 is
partitioned into two disjoint sets dp{2 and dn2, with 0p€2 a union of closed sides
of Q:

"N =0NQUOP, IpQNINQ=10.

We assume that we are given Neumann data gy € /C;E{?Q(&VQ). (The surjectivity
of the restriction map allows us to take the Dirichlet data gp to be zero.)
The boundary-value problem (3.1) with gp = 0 is interpreted in a weak (or

variational) sense. This is achieved using the bilinear form Bp(u,v) defined by:
Bp(u,v) := Z/ a’ Oyu ;v dr, (3.4)
ij YO

1 < 4,7 < 2, which is well-defined for any u,v € H'(Q2). Let v = (1;) be the
outer unit normal vector to 9“Q). We also denote by D? the conormal derivative

operator associated to P, which is defined by
(DFPu) .= Z v;a” O;u. (3.5)
]

The definition of D’u should be understood in the sense of the trace at the bound-
ary. In particular, D" v is defined almost everywhere if u is regular enough as a
non-tangential limit, which is consistent with v being defined only almost every-
where on 9“€). We remark that v is defined except at the vertices because we
double the boundary at the smooth crack points.

Let u € H*(Q) and v € H'(Q) be real valued. Then P, Bp, and D! are related

as in the ordinary Green’s Theorem by:

(Pu, U)L2(Q) = Bp(u, U) — (Dfu, U)Lz(aug). (36)
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In fact, it is enough to observe that a domain with polygonal structure can be

partitioned into a finite number of Lipschitz domains to which Green’s Theorem

applies [54, 103]. This allows us to introduce the weak solution u of Equation (3.1)

with gp = 0 as the unique u € ICIZH(Q) satisfying u = 0 on 0p{2, and especially
Yo e KL |
a+1

BP(u7 U) = <f7 ’U)LQ(Q) + (gN7 U)BNQa (37)

where the second paranthesis denotes the pairing between a distribution and a
(suitable) function.

Denote by I' := ( U;V 6Qj) . 012 the interface of our problem, namely the set
where the coefficients are allowed to have jump discontinuities. We assume that I’
18 the union of finitely many disjoint piecewise smooth curves. That means that we
can make a choice of sides of I' and denote by u™ and by u~ the two non-tangential
limits of u at the two sides of the interface I'. Also, we assume that all the vertices
of the domains with a polygonal structure §1; that are on the boundary of Q) were
included in the set of vertices of €. Similarly, let us denote by DI and DP~ the
two conormal derivatives associated to P and the two sides of the interface. Then
for u smooth enough, the weak form of the boundary value problem (3.1) is made

precise as the mixed boundary value/interface problem

(

Pu=f in €,
u = gp on dpf) C 0“1,
DPu = gn on Iy C 9“4, (3.8)
ut =u~ on T
|\ Dtu=Dl"u onT,

with gp = 0, where it is crucial that dy€) and 0p€) are subsets of the unfolded
boundary. (If u is only in IC%H(Q) and is hence defined in weakly in Equation
(3.7), then Equation (3.8) is not defined and is not included in the formulation of
the problem. The difference DI’y — DP~u may be non-zero, but may be included
as a distributional term in f.)

Thus the usual transmission conditions u™ = u~ and DITu = DF~u at the

two sides of the interface are a consequence of the weak formulation, and will al-
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ways be considered as part of Equation (3.1). The slightly more general conditions

* —wu” = hg and DP*u — DP~u = h; can be treated with only minor modifi-

u
cations. (See [84].) More precisely, the term hy is treated by extension and then
by substracting from u the extension function (like the term gp). The term hy is
treated by introducing in the the weak formulation also the term fr hyuds, where
ds is the arc length (measure) on I'.

Let V C “Q be an arbitrary subset. Let 9g(x) be the distance from z to Q € V,

computed using paths in “Q and let

I(x) =[] vo(2). (3.9)

Qev

Let a = (ag) be a vector with real components indexed by @@ € V. We shall denote
r+a = (r+ag) and

92 (2) == [[ Vo) 0 (x) = 0" ()9 (2). (3.10)
QeV

Then we define the mth weighted Sobolev space with weights by
K2(Q) = {f : Q- C, 9el=20°f € L2(Q), for all |a| < m}. (3.11)

Let
H,:={ue ICL;(Q), u =0 on dpQ2}. (3.12)

We say that P is coercive on H if there exists # > 0 and v € R such that
Bp(u,u) > 0(Vu, V)2 — 7(rq u, v)2@), for all u,v € Hy. (3.13)

If the above relation is true for some v < 0, we shall say that P is strictly coercive
on Hy and write P > 0. The term “strictly positive” may be used instead of
“strictly coercive” in other references.

For m = 0, the Equation (3.8) must be understood in a weak sense as follows.
First, we take gp = 0 for simplicity and we require only ut = u~, because the
relation Dy = DP~u does not make sense for m = 0. Then, we replace the data
(f,gn) with an element ® € H”. defined by d(u) = [, fudr + f8NQ gnudS(z).
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Our solution w is then given by
Bp(u,v) = ®(v) forall veH,. (3.14)

In order to establish regularity and solvability of (3.8), besides assuming P
is uniformly strongly elliptic, we also use coercive estimates. Recall P is scalar.
Then a regularity estimate for (3.8) is given in Theorem 3.1.1. Moreover, with
zero boundary conditions on dp€2, P is coercive on Hy. If there are no Neumann—
Neumann vertices and the interface I' is smooth, then P is strictly coercive on
Hop.

For simplicity, the main examples of the operator P considered here are P =
—A and P = —div(AV), A > 0. Both —A and —div(aV) are coercive on H
for any choice of 0p) and On€2. When Oyn§2 contains no adjacent sides and the
interface is smooth, it can been seen that these operators are strictly coercive on

Ho.

3.1.3 Estimates for Smooth Interfaces

With the above discussions, we here state three general results on regularity and
well-posedness for the boundary-value problem (3.8), which are extensions of the
a priori results we obtained in Chapter 2. See also [21, 19, 60, 61, 75, 80, 82, 84]
for related research. By “well-posedness” we mean “existence and uniqueness of
solutions and continuos dependence on the data.” These general theorems 3.1.1,
3.1.2, and 3.1.3 will be proved in Section 3.5.

Recall that for transmission problems we assume that all the vertices of the
sub-domains with a polygonal structure (2; that are on the boundary of € are
included in the set of vertices of 2. We assume an interface that is the union of

finitely many disjoint, piecewise smooth curves without self-intersections.

Theorem 3.1.1. Assume that P = —div AV is a uniformly strongly elliptic,
scalar operator in divergence form on ) with piecewise smooth coefficients (Equa-
tion (3.2)). Also, assume that v : Q — R with ulg, € /C%H(Qj) satisfies the
boundary value/transmission problem (3.1). Let m > 0, and suppose that gy €
/Cm—l/Q((‘)NQ), gp € K;EZ(E)DQ>’ and f : Q — R is such that flg, € ngfj(Qj)

a—1/2
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Then ulq, € IC%?E(QJ-), for each j, and we have the estimate

N

lullnt oy < (D2 1l o) + w200+
a ]:1 a — a—

+ ||u )
||gD||]C§:11//22(aDQ) || ||/c0:+1(9)

for a constant C that is independent of u and the data f, gy, and gp.

Recall that ® = (f,gn) € H?. and that the solution u is given by Equation
(3.14). Then we have the following basic coercivity result. (See also Theorem 3.2.5

and 3.2.7 for Neumann-Neumann and transmission problems.)

Theorem 3.1.2. Assume that P is a uniformly strongly elliptic, scalar operator
on Q. Assume also that no two adjacent sides of Q are given Neumann boundary
conditions and that the interface I' is smooth. Then P is strongly coercive on Hy
and for each vertex ) of S there exists a positive constant ng with the following
property: for any ® € H*; with |lag| < ng, there exists a unique weak solution
u € IC%H(Q), u =0 on OpQ) of Equation (3.8) and we have the estimate

Jullcr, (@) < C[@]

+1

for a constant C' = C(a) that is independent of ®.
Combining the above two theorems, we obtain the following result.

Theorem 3.1.3. Let m > 1. In addition to the assumptions of the above theorem,

assume that gy € /CTjZ(@NQ), gp € /CTEZ(@DQ), and that f : Q — R is such
that flo, € /CT:(QJ) Then the solution u € IC%H(Q) of Equation (3.8) satisfies

ulg, € K’gﬁ(Qj) for all j and we have the estimate
||uHICﬁ+1(Qj) < C<Z ||fHIC’ﬁ_1(Qj) + ||gNH]C7ﬁ*1/2(aNQ) + ||gDH]C"i+1/2(8DQ))'
a+1 ] a—1 a—1/2 a+1/2
See Theorems 3.2.5 and 3.2.7 for well-posedness results that allow general in-

terfaces and Neumann—-Neumann vertices (but require an augmented domain for

the operator).
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If P=— Z? -1 0;070; + S22, b'0; + ¢, lower order coefficients are included,
then we need additional assumptions on b* and ¢ for the coercivity of P, while the
regularity results still hold since low order terms contribute much less than the
leading term if those coefficients satisfy certain regularity.

We note that continuous dependence of the solution on the data immediately
follows from the estimate above since the boundary-value problem is linear.

The reason for the condition that dx{2 contain no adjacent sides, is that then we
can establish the weighted form of Poincaré inequality [, [Vul*dz > C' [, 072|ul?
for all w € Hy . (See Lemma 3.5.1 and Remark 3.3.5.) This inequality shows
immediately that P is strictly coercive on Hy := Ki(2) N {u|gpq = 0} if there
are no Neumann-Neumann vertices and the interface is smooth. In fact, in the
occurrence of either of the above cases, the solution for Equation (3.8) may not
even be in H,.

Let us denote by Pv = (®Plq,, D)v := (Pvla,, ..., Pv|ay, DFv), decorated

with various indices. As a corollary, we obtain the following isomorphism.

Corollary 3.1.4. Under the assumptions of the above two theorems and m > 1,

we have that the map

ﬁmg = (®P|o,, D) : {u: Q= R,ulg, € lC”gﬁ(Qj), u =0 on dp{},
ut =u" and DI u = DI~y on T} — @j’ng(Qj) ) IC%”jg(@NQ)

is an isomorphism for |ag| < ng.

The above three theorems extend to the case of polyhedral domain in three
dimensions using same proofs. Moreover, our treatment in weighted Sobolev spaces
for Neumann problems and non-smooth interfaces will be discussed in the section.
We here briefly mention that the Neumann problem in three dimensions, however,

requires significantly more work than in two dimensions.
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3.2 Estimates of Neumann Problems and Singu-

lar Transmission Problems

Before proceeding to the proofs of the previous three theorems, we include some
observations for elliptic equations involving Neumann-Neumann corners and non-
smooth interfaces. For simplicity, we consider the Laplace operator (when there
are no interfaces) and —div AV, with A piecewise constant if there are interfaces

(so on each subdomain, the operator is still a multiple of the Laplace operator).

3.2.1 The Laplace Operator

In the case P = —A, it is then possible to explicitly determine the values of the
constants ng appearing in Theorems 3.1.2 and 3.1.3 for the isomorphism. In this
subsection, we let P = —A and assume there are no interfaces, that is, 2 = ;.

Recall that a bounded operator A : X — Y between Banach spaces is Fredholm
if the kernel of A (that is the space ker(A) := {Az = 0}) and Y/AX are finite
dimensional spaces. For a Fredholm operator A, the index is defined by the formula
ind(A) = dim ker(A) — dim(Y/AX).

Let V := {Q;} be the vertex set. Welet k € Z if ) € V is a Neumann-Neumann
vertex, k € Z ~ {0} if @ € V is a Dirichlet-Dirichlet vertex, and k € 1/2 + Z
otherwise for points where the boundary condition changes. We then let ag be

the interior angle at @ (ag = 27 if @ is the tip of a crack) and define
EQ = {kﬂ'/OéQ }, (315)

with &k as explained. Let rg be the distance to the vertex ) and ag be the
component of a corresponding to (). Based on Lemma 2.2.4, a necessary condition
for the isomorphism —A : ICgE(Q)ﬂ{U\c‘?DQ =0} — lC;:j (€) is that —rg @ Ar?
K" (Cg)+original boundary conditions — K™ (Cg) defines an isomorphism for
each infinite conical domain Cy whose sides coincide with the tangent lines of the
boundary 02 at vertex @ (Figure 2.1).

Recall the Mellin transform (Definition 2.1.1). The resulting operator pencil
Po(7) (or indicial family) associated to —A at Q is Po(7) := (7 —1€)? — 93, where
1 = /—1. The operator Py(7) is defined on functions in H%([0, ag]) that satisfy
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the given boundary conditions, and is obtained by evaluating

~

Po(r)6(0) = —(rg P Drgo0)) = (7 —10* = 83)0(0),  (3.16)

where rg denotes the distance to () and ¢ is the Fourier transform of ¢(0) with re-
spect to t = Inrg on the infinite strip after the Mellin transform. (See Chapter 2 for
details.) Thus, since the Mellin transform is a one-to-one map, the non-trivial solu-
tion of the equation PQ(T)Qb(@) = 0 with the original boundary conditions will de-
stroy the isomorphism —réaQ ATZ;? : K" (Cg) + original boundary conditions —
K™ ' (Cq) as discussed above. Note the eighenvalues of —9? with homogeneous
boundary conditions (Dirichlet or Neumann) on H?[0, ] is given by the set X
with corresponding values of k. Then P(7) is invertible for all 7 € R, as long as
€ Xq.
In the following theorem we shall consider the operator

Ag = (8,0,) : K2T(Q) N {ulopa = 0} — K27H(Q) @ K27 2(0nQ),  (3.17)

a—1/2

defined first for m > 1. We can extend its definition to m = 0 as follows. Let
H.:={ue IC15’+1(Q)’ u = 0 on 0pQ1}, as before. For m =0

A; tHe — (H), (A;u,v) = —(Vu, Vo), (3.18)

for u € H, and v € H__ (Lemma 2.2.10). (This definition also extends to
transmission problems.)
The following result is due to Theorem 2.2.12. See also Kondratiev [60], when

there are no interfaces, and Nicaise [82] for the case of transmission problems.

Theorem 3.2.1. Let P = —A, m > 0, and a = (ag). Also, let A; be the
operator defined in Equations (3.17) and (3.18). Then Ag is Fredholm if, and

only if, ag & Y. Moreover, its index is independent of m.

Proof. The Fredholm criterion has been proved in Theorem 2.2.12 for the homoge-
neous Dirichlet boundary conditions. For mixed and Neumannn-Neumann corners,
the proof works exactly in the same way. That is, once there is a unique solution

on the infinite strip after the Mellin transform (operator pencils avoid the set ¥
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for all vertices), A; is Fredholm from a regularity estimate. See also [60, 65, 91].
We now prove that the index is independent of m.

Indeed, if v € H is such that A—u = 0, Lemma 2.2.11 and Theorem 3.1.1
imply that u € IC%?H(Q). Hence, the dimension of ker(A;) is independent of m.
Note the range of the operator A : K2 (2){ulopo = 0, d,uloye = gn} can be

characterized by
R(A) = {f € K™ Q), ¢;(f) =0, ¢; € K, ()" form the basis of ker(A*)},

where A* is the dual operator of A for m = 0. Then the dimension of the co-kernel
K™ 1(Q)/R(A) = the dimension of ¢;, which is independent of m as well. In fact,
¢; € K9°,(§2) from the same observation for the adjoint problem. O

The reason we are interested in the case m = 0 is that as in Lemma 2.2.10, we
have

It is possible to determine the index of the operators A; using Equation (3.19)
and the following index calculation. We fix two multi-indices a = (aq) and b=
(bg) that yield Fredholm operators in Theorem 3.2.1 and differ at exactly one
position @Q: ag < bg but ar = bg if R # ). Let us count the number of values in
the set (ag, bg) N g, with the values corresponding to k& = 0 in the definition of
Y0, Equation (3.15), counted twice (because of multiplicity, which happens only in
the case of Neumann—Neumann boundary conditions). Let N be the total number.

The following result can be found in [82]. See also [40, 60, 61, 77, 80].

Theorem 3.2.2. Assume the conditions of Theorem 3.2.1 are satisfied. Then
lnd(Ag) — 1nd(A§) = —N.

This allows to determine the index of A;. For simplicity, we do that only for
ag > 0 and small. Let dg be the minimum values of ¥4 N (0, 00). Let ag € (0, 27|
be the angle of Q at Q. Then dg = 7/ay, if both sides meeting at () are assigned
the same type of boundary conditions, and by 26g = m/ag otherwise.
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Theorem 3.2.3. Assume the conditions of Theorem 3.2.1 are satisfied and let
Ny be the number of vertices ) such that both sides adjacent to () are assigned
Neumann boundary conditions. Let m > 0. Then A, is Fredholm for 0 < ag < dq

with index

md(A ) = —No.

a
Consequently, Afg has index —Ny for 0 < ag < dg.
For transmission problems, we shall count in N also the points where the

interface I is not smooth.

Proof. Since the index is independent of m, we can assume that m = 0. A repeated
application of Theorem 3.2.2 (more precisely of its generalization for m = 0) gives
that ind(A,) — ind(A_,) = —2N, (each time when we change an index from —a
to a we lose a 2 in the index, because the value k = 0 is counted twice). Since

A_, = A*, we have ind(A_,) = —ind(A,). This yields the result. O

We now proceed to a more careful study of the invertibility properties of AZ'
In particular, we shall determine the constants 1o appearing in Theorems 3.1.2
and 3.1.3.

Let us chose for each vertex @ € V a function yg € C*(2) that is constant
equal to 1 in a neighborhood of @) and satisfies 0,x¢g = 0 on the boundary. We can
chose these functions to have disjoint supports. Let Wy be the linear span of the
functions x¢ that correspond to Neumann—Neumann vertices ). (For transmission
problems, we have to take into account also the points where the interface I" is not
smooth.)

We shall need the following lemma (Green’s formula for suitable functions).

Lemma 3.2.4. Assume all ag > 0 and u,v € IC%,H(Q) + Ws. Then
(Au,v) + (Vu, Vo) = (0,u, v)aq.

Proof. If u and v are actually constant close to the corners, then we can round
off the corners without changing the terms of the formulas, and hence we obtain
the result, since Green’s formula is known for smooth domains and u and v are in

H?. In general, we notice that C(u,v) := (Au,v)+ (Vu, Vo) = (0,u,v)sq depends
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continuously on u and v (this is where we use the condition ag > 0 in our proof)

and we can use a density argument as in Lemma 2.2.10. O
The following is the main result for the Neumann problems.

Theorem 3.2.5. Let a = (ag) with 0 < ag < 6g andm > 1. Assume we are given

Dirichlet boundary conditions on at least one side of Q). Then for any f € ICT?(Q)
m—1/2 »
a—1/2
ws € Wy satisfying —Au = f, u =0 on IpQ2, and 0,u = gy on ONS2. Moreover,

and any gy € K (Q), we can find a unique U = Ueg + Wy, Ureg € IC";E(Q),

we have the following continuity result

et ey + lall < C I lem—s gy + lgnllm 172,y
a-—1

a+1 - a—1/2

for a constant C' > 0 independent of f and gn. The same result remains true for

the pure Neumann problem if we factor the constant functions, as usual.

Proof. We can reduce right away to the case when gp = 0 and gy = 0.

Let V ={u € /C"gﬁ(Q),ubDQ =0, dyulgyo = 0} + W,. Let A :=A: {u €
ICEE(Q),ubDQ =0, Ou=0} — K" HQ), and Ay := A: W, — K" HQ). We
first notice that the map

AV =K7Y =A@ Aw = Ac ®0+0@ Ay (3.20)

is well defined and continuous (m > 1), where Ax @ 0 is Fredholm with index
= Ny — Ny = 0, since the dimension of its kernel W, is Ny. Note 0 & Ay is a
compact operator. Therefore Ax @ 0+ 0 ® Ay is also Fredholm with index 0.
(ind(Ax ® 0+ 0 ® Ay) = ind(Ax @ 0), since there exits a Fredholm operator R,
such that R(Ax @04+ 0® Ay ) = I + A, with a compact operator A, whose index
is 0.)

We shall show that this map is actually an isomorphism if there is at least one
Dirichlet side. To this end, it is enough to show that this map is injective.

To this end, we shall use Green’s formula (Au,v) + (Vu, Vv) = (d,u,v)sq,
which applies to u,v € IC%IE(Q) + Wy, by Lemma 3.2.4. If u € V is such that
Au = 0, then the usual energy argument applies to show that u is a constant. (Use

Green’s formula for v = u to conclude that Vu = 0.)
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If there is at least one Dirichlet side, the constant must be zero, and hence u = 0.
In the pure Neumann case, we get that the kernel of the map of Equation (3.20)
consists of scalars. Another application of Green’s formula shows that (Au, 1) = 0,
which identifies the range of A as the functions with mean zero (in the pure

Neumann case). O

Assume that all components of a are non-negative (we write a > 0). The
same argument as in the above theorem also shows that A; is injective. Using
also Equation (3.19), we then see that Af; is surjective whenever it is Fredholm.
This implies Theorem 3.1.2 for a=0. (Note that Ay is Fredholm precisely when
there are no Neumann—Neumann faces. For operators of the form — div AV with
A piecewise smooth, one has to assume also that the interface I' is smooth, or
otherwise the Fredholm property for the critical weight a = 0 is lost.)

We can now determine the constants 7g in Theorems 3.1.2 and 3.1.3, in which

no adjacent Neumann boundary conditions are allowed.
Theorem 3.2.6. Assume P = —A. Then we can take ng = 0¢g in Theorem 3.1.2.

Proof. Assume that |ag| < 1g. Then A; is Fredholm of index zero, because the
index is homotopy invariant and A; is invertible when all ag = 0, by the above
discussion. The invertibility of A;, ag = 0 is proved in Section 3.5, based on a
Poincaré-like inequality in weighted Sobolev spaces. Assume A;u = 0 for some
u € H_. Then the singular function expansion of u close to each vertex gives that
u € H.. for all b = (bg) with 0 < by < n¢ [61, 82] (the value 7q is the exponent
s of the first singular function 7°¢(6), in polar coordinates centered at Q). Since
Ag is injective for by > 0 (Theorem 3.2.5 for the case w, = 0), we obtain that A;
is injective for |ag| < ng. Since it is Fredholm of index zero, it must be, in fact,

an isomorphism. O

3.2.2 Transmission Problems

The results of the previous section remain valid for general operators and trans-
mission problems with Q = UQ;, with a different (more complicated) definition of
the sets Y. We consider only the case P = —div AVu, where A is a piecewise

constant function. Recall that for transmission problems we assume that all the
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vertices of the domains with a polygonal structure {2; that are on the boundary of
2 are included in the set of vertices V of (.

Then the set Y, when (@) is a vertex, is determined by {:l:\/X}, where \ ranges
through the set of eigenvalues of —9pAdy on H*([0, ag]) and suitable boundary
conditions. For @) an internal singular point, we consider the operator —0dyAdy
on H?([0,27]) with periodic boundary conditions. We still take g > 0 to be the
least value in 3g N (0, 00). It works in the same way as finding the eigenvalues of
operator pencils discussed in the previous subsection.

For m = 0 (global regularity), the operator P is given by a similar formula
to Equation (3.18), namely (Pu,v) = (AVu,Vv). Let AT and A~ be the limit
values of A at the two sides of the interface I'. The only other value of m that
we can directly use is m = 1, in which case we also have to take into account the
transmission conditions vt = v~ and AT9 u = A79, u at each interface. (For
higher values of m we get additional conditions at the interface. For m = 0 the
normal derivative at the boundary is not defined.) In view of Corollary 3.1.4, the

definition then becomes

P,:=(P,0,) : D; — /C%_l(Q) oKL (9n9),

a—1/2

S i={u: Q= R, ulg, € K§+1(Qj)7 ulopa =0,
u"=u", and AT9 u=A"0,u}. (3.21)

The theorems of the previous subsection then remain true for our transmission
problem (recall that we consider only locally constant coefficients), with the follow-
ing changes. In Theorem 3.2.1, we take only m = 0 or m = 1. In Theorem 3.2.3, we
again assume only m = 0 or m = 1 and in Ny we also count the number of internal
vertices. The proofs are as in Kondratiev’s paper [60]. Theorem 3.2.2 is essentially
unchanged (in particular, we continue to count twice 0 € (ag, bg) NXg). (So Ny is
the number of Neumann—Neumann vertices plus the number of the vertices arising
at interfaces, but not on the boundary.)

We here state explicitly the form of Theorem 3.2.5, which will be needed in
applications. In the following statement, Wj is the linear span of the functions xg
with ) corresponding to Neumann—Neumann vertices and to the internal vertices.

We require that all the functions x¢ have disjoint supports. Also, recall that for
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each Neumann-Neumann vertex (), the function y satisfies xygo = 0 on dp{2 and
Ovxgo = 0 on Oy§2. However, the functions y¢ corresponding to internal vertices

() need not satisfy any boundary conditions.

Theorem 3.2.7. Let a = (ag) with 0 < ag < dg and m > 1. Assume we
are given Dirichlet boundary conditions on at least one side of ). Then for any
f:Q — R such that flo, € /C%”j(ﬂj), for all j, and any gy € K;:ig(@NQ),
we can find a unique U = Ureg + Wy, Ureg : 2 — R, Uregla, € IC%?E(QJ-), wy € Wi
satisfying —div AVu = f, u =0 on 0pQQ, 0,u = gy on OnS2, and the transmission
conditions vt = u~ and AT0fu = A0, u on the interface I'. Moreover, we have

the following continuity result

D el sl < OO 1 len + ol o)
J J 2

for a constant C' > 0 independent of f and gn. The same result remains true for

the pure Neumann problem if we factor the constant functions, as usual.

Proof. Assume first m = 1. Then the same proof as that of Theorem 3.2.5 applies.
(We need to restrict to the case m = 1 to have the previous results available, which
require m = 0,1. We need then m = 1 to be able to restrict to the boundary and
apply Green’s formula.) For the other values of m we use the case m =1 to show

the existence of a solution and then use the regularity result of Theorem 3.1.1. [

Remark 3.2.8. Here are a few simple observations. Any norm can be used on the
finite space Wy (they are all equivalent because W is finite dimensional). Also,
We notice that W N IC%H(Q) = 0, whenever ag > 0 for any Neumann-Neumann
vertex () or internal ). The condition ag € (0,7g) can be relaxed to |ag| < ng
for the vertices that are either Dirichlet-Dirichlet or Dirichlet-Neumann. We can

also increase ag, provided that we include more singular functions.

3.3 Domains with a Polygonal Structure

In this section, we shall introduce the class of domains 2 with a polygonal structure
and define the weight function rq, as well as the space C*(X€2) C C*°(2), which is

the right space of smooth functions for our purposes. We have briefly mentioned
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this type of domains in Section 3.1, and virtually made statements in these domains
thereafter.

In order to deal with cracks and vertices touching a smooth face, we need
to introduce a refinement of the boundary 9Q and of the closure Q to take into
account the direction from which we approach the boundary. This leads to the
notions of “unfolded boundary” 9“2 and “unfolded closure” “§) of an open set {2
with a polygonal structure. These concepts were introduced by Dauge [45] in the

more general framework of “corner domains.”

3.3.1 The Unfolded Boundary and Closure

Recall that the boundary 0A of an open set A in a topological space is defined by
0A := A~ A, that is, the points of the closure of A that are not contained in A.
For our purposes, in order to deal for example with domains with cracks, it will
be important to specify from which direction we approach the boundary. This is
necessary when the domain €2 is such that 9Q # 09, so that Q is on both sides
of parts of the boundary. (See Figure 3.3 for example.) For this reason, we now
introduce the “unfolded boundary” of a domain with a simple boundary.

As usual, we denote by B*(z;r) C R, k = 1,2, the open unit ball of center
x and radius r > 0, and with S*~!(x,r) the sphere centered at z with radius r.
We denote the unit ball and unit sphere centered at 0 in R* respectively with B*
and S*~!. Thus S° = {—1,1} and S' is the unit circle. The set of connected

components of an open set w will be denoted by my(w).

Definition 3.3.1. Let Q C R* be an open set. We shall say that  has a sim-
ple boundary if for every x € 0f) there exists r, > 0 such that the open set
B¥(z;r,)NQ has finitely many connected components and the inclusion B*(z;r)N
Q C B¥(z;r,) NQ induces a bijection 7o (B*(p; 1) N Q) ~ 7o(B*(z;7r,) N Q) of con-
nected components for all 0 < r < r,. If Q has simple boundary, then we define
the set

o= | ({x} xwo(Bk(a:;rx)ﬂQ))

€N

and call it the unfolded boundary of 2. We shall also denote by “Q := QU 9%} the
unfolded closure of €.
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It follows from the definition of the unfolded boundary that every point in 9“2
is a pair X = (z,U), where z € 02 and U is one of the connected components of
B¥(x;7,) N Q.

The unfolded closure “€2 has a natural topology that makes €2 an open subset of
v() and induces the same topology on it. To define this topology we now introduce
a basis V(z,U,r), r > 0, for the system of neighborhoods of an arbitrary point
X = (z,U) € 0“Q2. Namely, for any 0 < r < r, we define V(z,U,r) = {(¢g, W)} U
(B(x;r) NU) where ¢ € B(z;7) N0 and W C U is a connected component of
B(g; p) N Q for p small enough. This topology extends the natural topology on
Q) C R™ in the sense that, if “Q = €, then the topology on “(Q is the same as that
on €.

There exists a natural map & : “Q — , which is the identity on  and
sends a point X = (z,U) € 9“Q to x. This map is continuous and, in fact, a
homeomorphism on 2. A continuous map ¢ : V — “Q will be called smooth if ko ¢

is smooth.

3.3.2 Domains with a Polygonal Structure

We are now ready to formulate precisely the class of domains under consideration
in this chapter. Here and troughtout the rest of this chapter, r, will always be as
in Definition 3.3.1.

Definition 3.3.2. A domain with a polygonal structure ) in a two dimensional
manifold M is an open subset 2 C M with a simple boundary together with a
distinguished finite subset V C 9“€Q2 of its unfolded boundary such that, for each
X = (z,U) € 9“Q), we are given a neighborhood Vx of z in R? satisfying

(i) there is an open, non-empty interval Wy C S, W% # S*, and a diffeomor-
phism ¢ : Vx — B? := B?(0;1) such that, in polar coordinates (r,), we
have

O(VxNU) ={(r,0), re(0,1), 6 € wx};

(i) ¢y (x) = 0;

(iii) if X := (x,U) € V, then W’ has length 7 (i. e., it is a half circle).
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If X is a vertex, we let wy = W% and ¢x = ¢. If X is not a vertex, on
the other hand, then we know that w’y has length 7, and we replace ¢’y with an
isomorphism ¢x : Vx — (—1,1) x (=1,1) such that ¢x(VxNU) = (—1,1) x (0,1)
and ¢x(Vx NoQ) = (—1,1) x {0}.

The set V is called the set of vertices of (the polygonal structure on) €. In view
of applications to FEM, which are the focus of the next chapter, we will restrict
our attention to bounded domains €.

The points in )V are called the vertices of 2. Note that the set 2 does not
determine its set of vertices and hence it does not determine its polygonal structure,
because in the definition of a domain with a polygonal structure we can always
increase the set V. However, if there is a polygonal structure on €2, then the one
with the minimum set of vertices is unique. These are the true vertices of (). The
other vertices of €2 will be called artificial vertices. The true vertices are the ones
for which wy is not an half circle. The artificial vertices, and polygonal structures
in general, are useful for the study of mixed boundary value problems, and of some
elliptic operators with singular coefficients (see Chapter 6). We will call a point
X € 9“Q smooth if X ¢ V. A point z € 99 is smooth if all points in k™1 (z) C §“Q
are smooth. If 2 is connected in a small neighborhood of a point x € 0f2, then we
identify x with its unique lift X in the unfolded boundary 9“€).

It follows from the definition above that each component of 9“2\ 'V is a smooth
curve vy without self-intersections such that 7 C yUV. The curves v will be called
the open sides of Q. For example, a smooth domain in R? is a domain with a
polygonal structure if we take V = () and the sides are the connected components
of the boundary.

A (straight sides) polygonal domain P is a typical example of a domain with
a polygonal structure. In this case, 9"P = OP and “P = P. Examples of domains
with polygonal structures are given in Figures 3.3 and 3.2 in Section 3.1, where the
true vertices are represented by a dot whereas the artificial vertices are represented
by a cross (i.e., X).

When one vertex z of a concave polygon touches the boundary (see Figure 3.4),
then z is covered by two unfolded points X and Y € 92, where X is a (true)
vertex in V), while Y is a smooth point. We allow for points in 9€) to be covered

by k points in 0"§2 with k arbitrary large, as in Figure 3.2. On the other hand, a
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Y

Figure 3.4. A vertex touching a smooth side. The picture actually represents “Q. The
map k identifies X and Y.

point x € 9N that is not the image of a vertex will be covered by exactly one or
two points in 0“2 as follows. The point x will be covered by one point in 9“€ if
r € 09 (i.e., if Q is not on both sides of its boundary near z) and by two points
in 0"Q if z & 99 (i.e., if Q is on both sides of its boundary near x). The latter
situation is encountered exactly if x belongs to a crack in the domain.

We next define the outer normal v(X) at each X € 9“Q2\V, that is, everywhere
on the unfolded boundary except at the vertices. Let X = (z,U) with z € 09Q.
Since X is smooth, 9“€) is a smooth curve at X with exactly two unit normal
vectors. We set then v(X) to be the unit normal not pointing into U. We will
denote the collection of all outer unit vectors as 0”2, the oriented boundary of 2.
In particular, the map

v: (0"QNV) — R?

that assigns to X the unit outer normal v(X) is well-defined, continuous, and it

gives a canonical homeomorphism of

0"QNV = 0.

3.3.3 Smooth Functions

The notion of unfolded boundary 0“2 and unfolded closure “Q of § give rise
to a class C*(XQ) of smooth functions on € which is more appropriate for the
applications in the next chapter than the smooth functions on . In particular,
the canonical weight function defined in the next subsection belongs to C*(3€2).

Let X = (z,U) € 0"Q be an arbitrary (unfolded) point. Recall that the
neighborhood Vx and the local diffeomorphism ¢x of Definition 3.3.2 are such
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that ¢ox(Vx NU) = {(r,0), r € (0,1), 6 € wx}. Since wx is an open interval in S*
satisfying wx # S', we can write wy = (e'?, ') with t € [0,27], 0 < a < 27.
We then define Ywx = [t,t + «]. (The case of a = 27 corresponds to = being the
tip of a crack.)

Definition 3.3.3. Let f € C*(Q2). We say that f € C*(XQ) if, for any X € 9“(2,
the function f o ¢3!, when written in polar coordinates r, §, extends to a smooth
function of (r,0) € [0,¢€) x Ywx, with € < 1.

In addition, if U C Q is open and f € C*(U), we say that f € C>(XU) if it is

the restriction of a function in C*(X0Q).

The definition of C*°(XU) depends on €2, although we do not explicitly indicate
it. It is possible to show that there exists a manifold with corners €2 such that
C>(XQ) is exactly the algebra of smooth functions on X€2, which justifies our
notation. In this work, however, it is not necessary to describe (). From the
definition it follows immediately that C*(X€2) is an algebra and the following
inclusions hold:

C™(Q) C C>®(2Q) C C™(Q).

We will call functions in C*(X82) smooth on X£2. For example, let us write the
outer normal function v introduced above as v = (¢!, ). Then each of 1/ extends
to a function that is smooth on X€2. Also, by definition, the coordinate functions
7(y) and (y), where (r,6) are polar coordinates near a point of “§2, are smooth on
¥(2. This is one of the main motivations for introducing the class C*(X12).

For transmission problems, when Q = U;(; for some disjoint domains €; with
a polygonal structure, we define C*(XQ) = C(Q2) N C®(X€Q;). (Here C>(X€;) is
defined using the polygonal structure of €;, without any reference to €.) That is,
C>*(XQ) consists of the continuous functions on 2 whose restrictions to each €;
are in C*(3€;). In this way, we allow for additional singularities at the vertices

3.3.4 The Canonical Weight Function

In the analysis of differential equations on polygonal and polyhedral domains, the
distance function 9(x) from z to the non-smooth points on the boundary plays an
essential role [3, 45, 60, 61, 75, 80, 83].
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We first give a metric structure to “Q following Dauge [45]. Thus, for all z,
y € Q, we define d(x,y) := inf {[y], where ([y] is the length of the path v and the
infimum is taken over all paths in Q joining x to y. (We stress that the path ~y
must be completely contained in €2, thus the straight segment joining x and y may
not always work.) If X = (z,U) € 9“2 with U small enough and y € Q, we let

d(X,y) = d(y, X) == inf ([lo = 2] + d(z,y)),

with || - || the usual Euclidean distance in R2. In particular, for y € U, d(X,y) =
|z —y||. Finally, if X, Y € 0“Q,

d(X.,Y) := zirelsf)(d<X’ 2)+d(z,Y)). (3.22)
Next we let ¥ : “Q — R, be the distance to the set of vertices V of  (which
includes all singular points on the boundary), that is, ¥(z) = mingey d(z, Q).
The function ¥ is then continuous on “Q, because the distance d can be used to
define the topology on “S).

We now introduce a smooth function rq that is comparable to ¢ and has the
same good scaling properties with respect to dilations as 9, but, unlike ¢, rq
belongs to C>(X(2). Recall that J(z) = [[,d(z,Q) from (3.9), where d is the
distance defined in Equation (3.22) and ) ranges through the set V. Scaling of
the norm will be used in Chapter 4 to prove quasi-optimal rates of convergence for
the FEM.

Recall that every vertex @ of Q is a pair (q,U), where ¢ € Q and U is a

connected component of B(g,r,) N €2, for some r, > 0 small enough.

Definition 3.3.4. Let Q) = (¢, U) range through V and yg € C>*°(R; U{0}) be a

smooth function such that

Xq(t) =1, 0<t<diam(U)/2 <1
Xo(t) > diam(U)/4 diam(U)/2 < t < diam(U)
Xq(t) =1, t > diam(U).
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Then the canonical weight function rq on € is given by

ro(y) = [ xe(d(@,v)), ve"Q (3.23)
QEV

For any vertex @ = (¢,U) € V C 9"Q and y € U, rqo(y) is simply the Euclidean
distance from y to ¢ = k(Q) € 0f2, and, furthermore, rq is a homogeneous function
of degree one with respect to dilations with center ) and ratio A\ < 1.

The definition of rq shows that rq/9 extends to a continuous function uQ) —
(0,00). In particular, for  bounded, there is a C' > 0 such that C~'9(x) <
ro(x) < CY(x).

Remark 3.3.5. Let x € C*(£2) be a smooth function. Assume that x > 0 and
X(Q) > 0 at the Neumann-Neumann vertices and at the vertices of the internal
interfaces. Then in Theorems 3.1.2 and 3.1.3 we can drop the condition that there

be no Neumann-Neumann vertices and no internal vertices if we replace P with
P+ xrg>. See also [69, 75).

3.4 Properties of Sobolev Spaces with Weights

In this section, we establish some properties of these spaces needed for our analysis.
We consider inhomogeneous spaces where the weight may depend on a particular
vertex near that vertex (cf. [37, 74] for polyhedral domains). The use of inho-
mogeneous norms allows us to theoretically justify the use of different grading
parameters at different vertices when constructing graded meshes that provide
quasi-optimal rates on convergence. A general graded strategy will be introduced
in the next chapter.

Below we use the standard notation H*(2), s € R, for the classical L*-based
(unweighted) Sobolev spaces, and we denote the space of all square integrable
functions on compact sets of Q by L2 (). Also, by an isomorphism we mean a

continuous linear bijection with a continuous inverse.
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3.4.1 Differential Operators

We begin with defining an appropriate class of differential operators on 2. For
proofs of the results in this section we refer to [75] (in that paper the class of
domains with polygonal structure is slightly smaller, but the same proofs still
apply).

We state first a preliminary lemma. We denote a point z € R? by = = (1, x5).

If a = (ag), where @ € V ranges through the set of vertices of €2, we also define

ra()® = [[ xold@.y)™e,  ye'a.
Qev

(Recall x¢o was introduced in Definition 3.3.4 and that, if @ = (¢,U) € V, then
ra(y) = |Q =yl fory € U.)

Lemma 3.4.1. The functions 0,,7q, Oz,Tq are in C*(XQ). If u € C*(XQ), then
the functions rq0y, u, ra0.,u are also in C*(X2). Finally, for X a multi-exponent,
o (rad;)ry — rad; € C=(XQ), where d; stands for either of Oy, O,

Next, we denote by Diff('(£2) the differential operators of order m on € linearly

generated by differential operators of the form
a(rg0)® = a(rq0y, )" (ra0s,)*?, |a| == a1 + as <m, a € C*(XQ).

We let Difff*(2) := C*>°(XQ2) and Diff;"(Q2) := |J,, Diff;"(€2). Recall the standard
multi-index notation for derivatives 0% = 031 052, with a = (ay, ).
An immediate consequence of Lemma 3.4.1 is that [rqd;, 7q0k] € Diff(€2), from

which it follows:

Proposition 3.4.2. We have Diff5(Q)Diff(Q)  Diffst™(Q). Hence Diff(Q)
1s an algebra. If P is a differential operator of order m with smooth coefficients,
then r& P € Diff"(Q2).

3.4.2 Inhomogeneous Weighted Sobolev Spaces

The properties from Section 2.3 extend to the weighted Sobolev space considered

here. In addition, we give other important descriptions of weighted Sobolev spaces
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in this subsection. We start by recalling the definition of the Babuska-Kondratiev

spaces, which are Sobolev spaces with weight rg

WIPE(Q) = {u: Q — R, 27290 € LP(Q), for all |a] < kY, 520
m € Z’-l—a 1 S p S 0,

where rq is the canonical weight function introduced in the previous section. If
p = 2, we denote Kg(Q) = Wm72’§(Q). The norm on IC%‘(Q) is

ullEm @y =Y lre' 2 0%ull?2q)-

a
la|<m

A standard arguments shows that Kg(Q) is complete (and hence a Hilbert space).

The vector a is called a multi-exponent with components ag, one for each
Q € V. We recall from Section 3.1 that a + ¢ denotes the vector obtained from a
by adding the real number ¢ to each component. In particular, we write ¢ instead
of a if all the components of a are equal to . We also recall the neighborhood Vx
and the diffeomorphism ¢x of Definition 3.3.2 for each X € 9“€).

We immediately have from the definition that:

K0 = (), rBKDO) = K7 (),
since the function rlgf H(‘?Bra is bounded on ) for any multiindex 3 and ¢t € R.

We can define the spaces IC;’C (Q), k € Z,, by duality, as usual. However, we
shall need only the spaces H”., where H_ := {u € IC%H(Q), u=0 on 0pQ},
defined in Equation (3.12).

For the analysis of the boundary value problem (3.8) and subsequently for
the approximation results in the next chapter, it will be convenient to give an
equivalent characterization of the spaces IC%1 in terms of partitions of unity adapted
to the geometry of 2. The partitions of unity considered here are the dyadic
partitions of unity considered in [41, 61], and in many other papers. We refer to
[75] for details on the construction as well as more references.

For each X = (z,U) € 0", we recall again the diffeomorphism ¢x : (VxNU) —
{(r,8), r € (0,1), 6 € wx} of definition 3.3.2, and we let ¢ : R — [0, 1] be a smooth
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function such that ¢ =1 on [0, 1] and ¢ has support in [—1,2]. Then we consider
the family of functions ¢, (y) := ¢(log, d(y, X) —n), y € Vx N U, for all values of
n for which these functions are supported in Vx NU. Here d(y, X) is the distance
to X as in Section 3.3.4. We also consider a smooth partition of unity (&) of wx
consisting of at least two functions. We then set Fx := {¢p = ({000 ¢x) pn}-
Since “Q is compact, we can take a finite subcover of 9“Q by the open sets Vy
and we choose the subcover to include Vg for all Q € V. We let F be the union
of all the families Fx for each Vx in this finite subcover. We also let U be an
open set such that (UgeyVg)* C U C U C “Q, and let Fy be a finite partition of
unity on (UgeyVp)© subordinate to a U. One can easily show that the family Fy is
countable and uniformly locally finite, since it is constructed via dilations. Hence,

the countable family F U F; gives rise to a partition of unity in the standard way:

f=4vlg, 9= > ¢

PYeFUFo

With abuse of notation we will identify f with . This partition of unity has
the important following properties (by refining the partition Fy if necessary). See

Lemma 5.5 in [75] for a proof.

Lemma 3.4.3. There exists a constant C > 0 such that
|r‘€|80‘1/)(y)| < C forally € Q and all ¢ € Fq or ) € Pq. (3.25)

A point y € € belongs to at most kq of the supports of the functions 1 in our
partition of unity Pq. Moreover, for any v € Pq, the support of 1 contains no
vertez, intersects at most one side of ), and has diameter < Crq(y), for any y in

the support of 1 and a constant C' independent of .

By construction, supp is diffeomorphic to a disk or a half disk, depending on
whether supp intersects a side of €2 or not. We will call the preimage of the center
of the disk the "center” of supp. We also index every ¢ € Pq as follows: we write
¥ = 1y, where J = (j,k), j € N and k = 0 or k ranges over ) € V depending
whether supp C Vg or not.

The weighted space IC%l(Q) will be characterized using the above partition of
unity Pq and dilations. For each ¢ = 1 ; in Pq with support in €2, we shall denote
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by x; it center and define a;(z) = a,,(z) = 0;(x — z;) + z; the dilation of
ratio #; and center x;, where 6; = rq(x;). Recall that rq is comparable to ¥,
the distance to the sides of 2. In supp; intersects a side of 2, we cannot employ
dilations that are isotropic in every directions. We will then use the projection
onto the rescaled tangent line at z;. Here x; = k(X)) is the again the center
of supp;, where X; € 0“Q2 NV and k : 0“Q0 — 0 is the canonical projection.
Since there is a well defined unit outer normal at each X € 9"Q \ V), there is a
well-defined half-plane to 92 at x; for each X; = £~ *(z;) in 9“Q (exactly two if
x; is a crack point and exactly one otherwise), which we denote by H;. Then 0H,
is the tangent line to 02 at x; and we let 7; to be the canonical projection from
0f) to this line, which is a diffeomorphism on 0f) close to x;. Let us denote by
o(Xy,r) the image under this projection, an (open) segment in 7,09 of lentgh

2r, r sufficiently small. Finally, for z € o(x;,r) and t € [0,r) we set
xs(2,t) = (my0 k)N 2) +tra(X,) X; = (m06) 7 (2) — tv(Xy).

The map ¢, is then a diffeomorphism of o(x, ) x [0,7) onto a neighborhood W,
of X; in “Q such that o(z;,7) x {0} maps to the unfolded boundary 9“§) and
o(xzy,r) % (0,7) maps to 2.

We can now easily give a complete definition of the spaces KS(Q) solely in
terms of localizations. We let J be the set of indices J such that the support of
1y intersects 0€). We can assume that the support of each of the functions v is
small enough so that it is contained in the range Wy, of the diffeomorphism yx ;.
Let

v =Y 02 () o |[Gmeey + Y 07 () o x5 I Fm,)- (3:26)
JeTJ JeJ

Then u € KJ'(Q2), m € Z, if, and only if, v —(u) < co. Moreover, v defines
an equivalent norm on IC%?(Q) Above, we set ay = 1 if J = (4,0) and a; = aq if

J = (j,Q), with ag a component of the multi-exponent a. Recall that ro(x) =1
if z ¢ Vg for some Q € V.
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We can also easily define spaces on the unfolded boundary of €2 as follows. Let

(u)*:= ) 67| (u) o x|

JeJg

Ihy He(om,) (3.27)

)

Then u € ICS;((?“Q), s € R, if, and only if| ,um’;(u) < 00. Moreover, [ defines
an equivalent norm on IC%,(@“Q), and J and a; are defined as in (3.26). Note that
there are no compatibility conditions among the different sides of 9"€2, so that it
follows from the definition that the dual of K%(@“Q) with the pivot L?(9“Q) is
exactly IC:S;((?“Q) Furthermore, if Op€2 C 9“€) is a union of closed sides 7 of €2,
then

IC%(@QD) = @ycaQDlC%‘(v),

where IC%‘(fy) is obtained by restricting J in (3.27) to all indices for which x; €
~. Finally, we state a trace result, which is proved as for the usual Babuska—
Kondratiev spaces (see, e.g., [2]).

For the following theorem, let us notice that “Q ~. V is a smooth, non-compact
manifold with boundary. Therefore the space C°(“Q \. V) of smooth, compactly

supported functions on “Q \ V is well defined.

Theorem 3.4.4. The space C("Q V) is dense in IC%Z(Q), m € Zy. Then the

restriction to OpS) extends to a continuous, surjective map

K2() 3 u — ulg,n € K2 2(0pQ)

a—1/2

form > 1.

See any of the papers [2, 3, 75] for a proof.
We conclude this section with a result on the action of differential operators on
the spaces K7 (12).
a

Lemma 3.4.5. Let P be a differential operator of order k on R? with smooth
coefficients. Then P defines a continuous map P : IC%?(Q) — lC%t:(Q), m >
k. Moreover, A — ré)‘Pré‘ defines a continuous family of bounded operators
IC%‘(Q) — IC’;?::(Q)

This result follows by combining the characterization (3.26) of the norm via

partition of unity with Proposition 3.4.2. See [2, 3, 75] for the simple details.
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3.5 Proofs of the Three Main Theorems

In this section, we prove Theorems 3.1.1, 3.1.2, and 3.1.3. As is well known, the
singularities at the points where the interface meets the boundary are similar in
nature to those at the vertices [58, 84, 85]. The typical approach to the study
of these singularities is using singular functions. Our approach is to use well-
posedness results as in Theorem 2.2.12. The treatment of the boundary conditions
and of the vertex singularities is the same also for transmission problems, so we only
sketch this part, referring for more details to Chapter 2 and [3, 21, 75]. There,
homogeneous Babuska—Kondratiev spaces are used, but the use of partition of
unity allows us to localize all results, essentially the same proof applies to the
spaces IC%”(Q)

Let P be the variable coefficient, scalar operator defined in (3.2). We recall
that our aim is to obtain regularity and solvability estimates for the problem (3.8)
(namely the problem Pu = f in Q, DPu = gy on OyQ, u = gp on 9pN, and
ut = w~ and Dy = DP~u on the interface I') with OyQ and 9pQ disjoint
subsets of the unfolded boundary, with dp€2 a union of closed sides of €2, and with
[':=U0Q; \ 0€). We assume that

feKmNQ), gpe KIH2(0p0), and gy € KZ712(0n0).

a+1/2 a—1/2

Recall that the boundary value problem (3.8) is defined also for m = 0 using

the weak formulation of our boundary value problem, see Equation (3.7).

Proof. (of Theorem 3.1.1). We follow the proof in Theorem 2.2.1 using the par-
tition of unity. This is done exactly as in Theorem 2.2.1, except for the case of
interfaces. We shall hence concentrate on this case.

Let us consider Equation (3.8) with Q = R™ and I = {x,, = 0} (so no boundary,
only an interface equal to R"™!). Let By be the ball of radius R centered at 0 in R".
Then we have the following regularity for interface problems. Assume u € HJ(By)
and Pul|g, € H™ '(R7%), then u|g, € H™(R7%), [82]. We use this estimate on
the reference ball, after we also straighten the interface.

Using also the equivalent norms v on ICTE(Q]) introduced in Equation
a

+1,a+1
(3.26), we see that we need to control the commutator [P, 1;]. We keep the notation
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of the above paragraph. Then this can be done by induction on each half space Ry
since on each of these subspaces the commutator [P, 1] is a first order differential

operator with smooth coefficients. O

We turn now to the issue of well-posedness for the boundary value/transmission
problem (3.8). First, we employ a weighted form of Poincaré’s inequality to con-
clude that the uniformly strongly elliptic, scalar operator P is strictly coercive on
Ho provided On€) contains no two adjacent sides. Recall that near each vertex
Q, “Q) is diffeomorphic to a sector of angle 0 < a < 27. It is therefore enough
to establish the weighted Poincaré’s inequality that we need for such a sector,

given that there are only finitely-many vertices. The proof in this case is standard
21, 69, 80].

Lemma 3.5.1. Let Q C R? be a domain with a polygonal structure. Let ro(z) be
the canonical weight function on € and let Op€) be a non-empty closed subset of
the unfolded boundary 0" such that Oy = 9"Q\ OpS2 is a union of oriented open
sides of 2, no two of which are adjacent. Then there exists a constant Cq > 0
such that

2 Ju(2)]? / 2
= | ——= dz <, \Y% d
iy = [ G 4= < Ca [ [Vuto)Fa:
for any v € HY(Q) satisfying u = 0 on dpQ.
We are now ready to prove Theorems 3.1.2 and 3.1.3.

Proof. of Theorems 3.1.2 and 3.1.3. Lemma 3.5.1 above immediately implies that
—A is coercive on Hy and strictly coercive if Oy€) does not contain adjacent sides
and the interface is smooth. (That is B_a(u,u) > Cllul|x1(o).)

Let H, = {u € ICLL;(Q),U = 0 on 00}, as before. Since P is in divergence
form, by applying Green’s theorem

Bp(u,u) = /QZ a"’ (z)0yu(x) Oju(r) dw > C’p/Q |Vu(x)|? dz,

provided u € Hy, using Equation (3.3) and Lemma 3.5.1. Green’s theorem applies
by splitting 2 into a finite number of Lipschitz domains [54]. Combining the
above estimate with the weighted Poincare’s inequality, we obtain that P is strictly

coercive on Hy. This proves the first part of Theorem (3.1.2).
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Recall the maps

P == (®Plg;,D]) + {u: Q- Rulg, € IC”;IE(QJ-), u =0 on Jp{2,

m,

u" =u” and D u =D uon T'} — @K 1(Q) @ /c;:jg(aNQ)

of Corollary 3.1.4. To prove the rest of the Theorems 3.1.2 and 3.1.3, we need to
prove that Ism; is an isomorphism for m > 0 and |ag| < ng.

The strict coercivity of Bp on Hy gives that Bp satisfies the assumptions of
the Lax-Milgram lemma, and hence By : Hy — Hj is an isomorphism, where
B(u)(v) = Bp(u,v). This is equivalent, by definition, with the fact that Py is
an isomorphism. Hence, Theorems 3.1.2 and 3.1.3 were established for m = 0 and
a=0.

The extension of our results from a = 0 to a satisfying lag| < ng is done by
continuity as follows. By Lemma 3.4.5, rﬁPmE@ will all act on the same space
and depend continuously on a. Since Py is an isomorphism, we obtain that PO,Z
is an isomorphism for a close to 0. In particular, there exists 79 > 0 such that
for |ag| < ng, Py is an isomorphism, by continuity. This completes the proof of
Theorems 3.1.2 and 3.1.3 for m = 0.

It only remains to prove Theorem (3.1.3) for m > 1. Indeed, Theorem 3.1.1
gives that ]5m75» is surjective for |ag| < 7, since it is surjective for m = 0. Since
this map is also continuous and injective (because it is injective for m = 0), it is
an isomorphism. Hence pm,;, lag| < mg, is an isomorphism by the open mapping

theorem. O



Chapter

The Finite Element Method for

Singular Solutions

A right choice of the finite approximation space is crucial for the success of the finite
element method, especially when we deal with singular solutions. The purpose of
this chapter is to propose a construction of suitable finite approximation spaces by
using techniques in weighted Sobolev spaces. It results in a sequence of (graded)
triangular meshes 7, in the domain €2 that give quasi-optimal rates of convergence
(1.5) for the Finite Element approximation of the mixed boundary value/interface
problem (3.8).

4.1 Analysis of the FEM

Throughout this chapter, we make the following conventions. Let lC”g = IC%?(Q)
by default. We assume that the boundary of ) and the interface I' are piecewise
linear and we fiz a constant m € N corresponding to the degree of approrimation.
For simplicity, we also assume for the theoretical analysis that there are no cracks
or vertices touching the boundary, that is that Q = “Q).

The case when Q # “Q can be addressed by using neighborhoods and distances
in the topology of “§) as described in Chapter 3. In fact, we include a numerical
test on a domain with a crack in Section 4.2. In these tests, the “right” space of
approximation functions consists of functions defined on “Q, and not on Q2 (we need

different limits according to the connected component from which we approach a
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crack point). Therefore the nodes used in the implementation will include the
vertices of “€), counted as many times as they appear in that set. The same
remark applies to ramifying cracks, where even more points have to be considered

where the crack ramifies.

4.1.1 Approximation Away from the Vertices

We start by discussing the simpler approximation of the solution u far from the
singular points. We recall that all estimates in the spaces ngf localize to subsets
of Q.

Let 7 be a mesh (or triangulation) of Q. We denote by S(7,m) the Finite
Element space associated to the mesh 7. That is, S(7", m) consists of all continuous
functions y : @ — R such that y coincides with a polynomial of degree < m on
each triangle T' € 7. Eventually, we will restrict ourselves to the smaller subspace
S(T,m) C S(T,m) of functions that are zero on the Dirichlet part of the boundary
IpS.

We denote by u; = urzm € S(7,m) the Lagrange interpolant of u € C(Q).
We recall its definition as follows. First, given a triangle 7', let [to, t1,?2] be the
barycentric coordinates on T'. The nodes of the degree m Lagrange triangle T are
the points of 7" whose barycentric coordinates [to, t1, t2] satisfy mt; € Z. The degree
m Lagrange interpolant w1, of u is the unique function ur 7z, € S (7',m) such
that © = ur 7, at the nodes of each triangle 7; € 7. The shorter notation u; will
be used when only one mesh is understood in the discussion (recall that m is fixed).

The interpolant u; has the following approximation property [14, 34, 39, 92].

Theorem 4.1.1. Let T be a triangulation of a polygonal domain P. Assume that
all triangles Ty in T have angles > o and sides of length < h. Let u € H™(P)
and let ur := urrm € S’(T, m) be the degree m Lagrange interpolant of u. Then,

there exist a constants C'(a,m) > 0 independent of u such that
||U, — U]||H1([p>) S C(Oé, m)hm||u||Hm+1(p)

The following estimate for the interpolation error then follows from the equiv-

alence of the H™-norm and the K™-norm on proper subsets €. If G is an open
a
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subset of €2, we define
K2(Gsra) :={f: Q2 — C, r'g‘“;aaf € L*(G), for all |a| < m}. (4.1)
and we let ||u||xm (G.ro) denote the corresponding norm.

Proposition 4.1.2. Fiza >0 and 0 < £ < [. Let G C Q be an open subset such
that rq > € on G. Let T = (1)) be a triangulation of  with angles > o and sides
< h. Then for each given weight a, there exists C' = C(a, &, m, g) > 0 such that

I =l < Ol ooy, Ve € KL D).

The next step is to extend the above estimates to hold near the vertices. To
this end, we consider the behavior of the IC%‘ under appropriate dilations. We

choose a positive number [ such that

(i) the sets S; := QN B(Q;, 1) are disjoint,
(i) ro(z) =|r — Q| on S;,
(i) ro(z) > /2 outside the set S := US;,

where B(Q;, l~) is the ball centered at a vertex (); with radius [. Recall we assume
ro € C™(Q2) as in the last chapter. We note that the space IC%?(SZ-; rq) depends
only on the weight ag,. Hence we will denote it simply by KI*(S;; rq) with a = ay,.
We can actually choose [ in the same way as in Chapter 2, where we used p instead
of ro for the weight.

For the rest of this subsection, we fix a vertex () = (@);, and with abuse of
notation we set S == S; = QN B(Q,1). We then study the local behavior with
respect to dilations of a function v € lC”g(Q) with support in the neighborhood &
of a vertex ). Therefore, we translate the origin to agree with ) and call again
(z,y) the new coordinates. Let G be a subset of S such that & < rq(x) <1 on G.
For any fixed 0 < A <1, we set G' := NG = {Az | v € G} . Then, we define the

dilated function

U)\('Ta y) = U()\l’, )‘y)a
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for all (z,y) € G. We observe that since S is a (straight) sector, if G C S then
G’ C S. (This definition makes sense, since () is the origin in the new coordinate

system.)

Lemma 4.1.3. Let G C S and G' = ANG, 0 < X < 1. Then |jus|lxr @) =
/\a_l||UHICT(G’;m) for any u € K'(S;rq).

Proof. The proof is based on the change of variables w = Az, z = A\y. Note that
on both G C § and G' C S, rq(z,y) = the distance to @, hence rqo(z,y) =
A ro(w, 2). Then,

|’u>\(x>y)‘|2lC£”(G;TQ) = Z / |Tg2+kia<x7y)aggguk<x7y)|2dxdy
J+k<m G
= Z NIk LR (g INTRGT 9Fu(w, 2)|PA 2 dwd 2
Jjt+k<m G’
= N2 Z 5 (w, 2) 82 0Fu(w, 2)|2dwdz
j+k<m G
= )‘2a_2 Z ||rg?+k_a(w7 Z)ﬁguafu(w’ 2)) H%Q(G/;TQ)
j+k<m
= Nl gy
which completes the proof. O]

Lemma 4.1.3, and Proposition 4.1.2 easily give the following interpolation es-

timate near a vertex Q).

Lemma 4.1.4. Let G' C S be a subset such that rq > & > 0 on G'. Let T be
triangulation of G' with angles > o and sides < h. Given u € KI5 (S, rq), a > 0,
the degree m Lagrange interpolant u;r of u satisfies

Hu o ulyTH’C}(G/;TQ) < C(”? a, m)fa(h/gynHUHKZ?'E(G’;TQ)
with C(k,, m) independent of £, h, a, and u.

Proof. We use Lemma 4.1.3 with A = £/I. Recall the dilation function uy(z,y) =

u(Az, Ay), and note that dilation commutes with interpolation u;y = wuy;. Let
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uy :=urr. Thus, we can apply Proposition 4.1.2 to the region G = \7'G’' C S,

|u — UI||1Q(G';TQ) = flux — uIAHIC%(G;TQ)

= lux — wrtllcr i)

M (h/ )™ luxllcm+ (irg)
M(hi/f)m”UH/q"“(G';m)
CE (/&)™ [ullcrsr (g

IN

IN

where the last inequality is from Lemma 2.3.6. O

This lemma will be used for & — 0, while Proposition 4.1.2 will be used with a
fixed €.

4.1.2 Approximation Near the Vertices

We are now ready to address approximation near the singular points. To this
extent, we work with the smaller Finite Element Space S(7,m) defined for any
mesh 7 of € as

S(T,m) = S(T,m) NH,;={x¢€ S(T,m), x =0 on 9pQ}, (4.2)

where H_ = {u € KLZ(Q)’ u = 0 on dpQt}. This definition takes into account
that the variational space associated to the mixed boundary value/interface prob-
lem (3.1) is H.

Remark 4.1.5. Recall that when the interface is not smooth or there are Neumman-
Neumann vertices, by Theorem 3.1.2 for any |ag| < g the variational solution u
of (3.1) can be written u = Uy + Wy With Uy : @ — R, gl € IC"gE(Qj),
and ws € W,. The space Wy is the linear span of functions y; € C*(£2), one for
each Neumann-Neumann or interface vertex ();, such that x; equals 1 on §; and
satisfying 0" x; = 0 on 0f2. For each vertex @), we therefore fix ag € (0,7g), and we
let € = min{ag}. With this choice, we have that u,, € H'*<(Q) C C(Q2), so that
the interpolants of u can be defined directly, since W, consists of smooth functions.

—(1+¢)

Moreover, the condition that r, Ureg De integrable in a neighborhood of each



85

0 Q

Figure 4.1. One refinement of the triangle T' with vertex @, k = l1/l2

vertex shows that wu,e, must vanish at each vertex. Therefore u(Q) = w(Q) for

each Neumann-Neumann or interface vertex ().

We now ready to introduce the mesh refinement procedure. For each vertex @,

we choose a number kg € (0,1/2] and set k = (kg).

Definition 4.1.6. Let 7 be a triangulation of €2 such that no two vertices of (2
belong to the same triangle of 7. The k refinement of T, denoted by k(7)) is
obtained by dividing each side AB of 7 in two parts as follows. If neither A nor
B is a vertex, then we divide AB into two equal parts. Otherwise, if A is a vertex,
we divide AB into AC and CB such that |AC| = kg|AB|.

This procedure will divide each triangle T" into four triangles. (See Figure 4.1).

Definition 4.1.7. We define by induction 7,11 = x(7,), where the initial mesh
7Ty is such that every vertex of €2 is a vertex of a triangle in 7; and all sides of the
interface I' coincide with sides in the mesh. In addition, we chose 7y such that
there is no triangle that contains more than one vertex and each edge in the mesh
has length < /2 (with I chosen as in Subsection 4.1.1). See also Definition 2.3.2.

We observe that, near the vertices, this refinement coincides with the ones
introduced in [7, 17, 21, 88] for the Dirichlet problem. One of the main results of
this work is to show that the same type of mesh gives optimal rates of convergence
for mixed boundary value and interface problems as well.

We denote by ur, = urz,m € S, = S(7,,m) the degree m Lagrange in-
terpolant associated to u € C(Q) and the mesh 7, on . We investigate the
approximation properties afforded by the triangulation 7, close to a fixed vertex
. The most interesting cases are when () is either a Neumann-Neumann vertex

or a vertex of the interface. We shall therefore assume that this is the case in what
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follows. With abuse of notation we let a = ag and k = kg with kg € (0,27™/).
We also fix a triangle T' € 7, that has () as a vertex. Then Theorem 3.2.7 gives that
the solution © = Uyeg + Wy With Uy, € lCZfll (T;rq) and ws, € Wi if f € IC%”j(QJ)
and T C Q.

We next let T,» = k"1 € 7T,, be the triangle that is similar to 7" with ratio &7,
have () as a vertex, and have all sides parallel to the sides of T. Then Ty.n C T,.n—1
for n > 1 (with T,,c = T'). Furthermore, since x < 1/2 and the diameter of 7" is
<1/2,T; ¢ S=B(Q,)NQ for all n > 0. Recall that we assume all functions
in W, are constant on neighborhoods of vertices. We continue to fix T" € Ty with

vertex (). The following interpolation estimate holds.

Lemma 4.1.8. Let 0 < k = kg < 27™% 0 < a = ag < ng. Let Ton =
kNT C T be the triangle with vertex ) obtained from T after N refinements.
Let urn be the degree m Lagrange interpolant of w associated to Tn. Then, if
w e (K (S;ra) + W) N{ulapn = 0}, on Tev € Ty

lw = wr Nl yira) < CQ_WN||Ureg||1<:;"++11(TmN;m)a

where C' depends on m and k, but not on N.

Proof. By hypothesis u = tyeg +w, with tyee € K2 (S2) and w € Wj. To simplify
the notation, we let ¢ = u,,. By Remark 4.1.5, if N is large enough we can
assume that w = u(Q) is a constant on T,,~. We again denote the dilated function
ox(z,y) = ¢(A\x, \y), where (z,y) are coordinated at () and 0 < A < 1. We choose
A = V7L Then, ¢y(z,y) € KI' (Th; ra) by Lemma 4.1.3. We next introduce the
auxiliary function v = x¢, on T,, where x : T, — [0, 1] is a smooth function that
depends only on rq and is equal to 0 in a neighborhood of ), but is equal to 1 at

all the nodal points different from (). Consequently,

[lips ey = XAt ) < Cl s 00

where C' depends on m and the choice of the nodal points. Moreover, since ¢(Q)) =
0 by Remark 4.1.5, the interpolant of v if given by vy = (¢x); = (¢1)x on T,,. We

also observe that the interpolant of w on T,.~ is equal to w, because they are both
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constants, and hence u — uy = ¢ — ¢;. Therefore

lu = urllkr @ yirg) = 10— G1llici @ yira) = 103 — Ortllict (@irg)
= [[gr — v+ 0 = darllcr (@) < N0 — Vit @irg) + 10 — Earllicr (g
= [[ox — vl (@irg) + v = Vil (ima) < Clloallictmrg) + C2HUHIC§"+1(TK;TQ)
< Cilloalltmra) + Cslloallicr i (girg) = Cilléllict @ nira) + Calldllcr iy i)

< Cui™| @l ) < C27 N6l cma

(T, Nire) T, NiTQ)’

T, NiTQ =C2™mw HuregHICfl"ﬂl(

which gives the desired inequality. The second and the eighth relations above are
due to Lemma 4.1.3, and the sixth is due to Proposition 4.1.2. ]

We now combine the bounds on T,~ of the previous lemma with the bounds
on sets of the form 7T,; \ T,;+1 of Lemma 4.1.4 to obtain the following estimate
on an arbitrary, but fixed, triangle T" € 7, that has a vertex () in common with 2
(the more difficult case not handled by Proposition 4.1.2).

Proposition 4.1.9. Let T' € 7y such that a vertex Q) of T belongs to V. Let
0<kg < 2-m/eQ () < ag < ng. Then there exists a constant C' > 0, such that

lu = ur ki g < CQ*mNHUregH;c;ﬂgl(T;m)a

for all u = ueg + w, where w € Wy and g € KL1(Q) is such that uw, €
KI5 (), for all j.

Proof. As before, we set kg = £ and ag = a. As in the proof of Lemma 4.1.8, we
have © — U; = Uyeg — Ureg, -
Definition 4.1.7 shows that the mesh size of T;-1 \T}; is ~ xk?712/71=N_ Then,

ro(z) > & with € = O(k’') on T,;-1 \ T,;, so that Lemma 4.1.4 yields

IN

(j=1agm(j—1-N)
Cik 2 ”uregH)szll(T j—1~T,_j5mQ)

K.

Ju— UIHK:}(T 1T jirq)

K Ko

< Oy MmNy

= 027Nm Hureg HIC;nJ:f (Tnj—l T 5 ira)

T j—1~\T, _jirq)

where C' depends on &, but not on the subset T,;-1 . T,;. We then complete the

proof of Proposition 6.3.8 by adding up these error estimates on all the subsets
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T.i-1~T.,1<j <N, and the estimate of the interpolation error on 7T,~ given
in Lemma 4.1.8, . L]

Remark 4.1.10. If T denotes the union of all the initial triangles that contain
vertices of 2, then T is a neighborhood of the set of vertices in Q. Furthermore, the
interpolation error on T is obatined as [|u —u||x1(r;r,) < 02_mNHUreg||K;n++11 (Tore) DY
summing up the squares of the estimates in Proposition 6.3.8 over all the triangles,

as long as k¢ is chosen appropriately.

We now combine all previous results to obtain a global interpolation error

estimate on €.

Theorem 4.1.11. Let m > 1 and for each vertex Q € V fizx 0 < ag < ng and
0 < kg < 2-m/e@  Assume that the conditions of Theorem 3.2.7 are satisfied
and let u be the corresponding solution problem (3.8) with f : Q — R such that
f e IC”gj(QJ) for all j. Let T, be the n-th refinement of an intial triangulation
7T, as in Definition 4.1.7. Let S, := S,(7,,m) be the associated Finite Element
space given in equation (4.2) and let u,, = us, € S, be the Finite Element solution.
Then there exists C' > 0 such that

lu = tn|[k1 () < C27™ Z 1 lem=1(,)-
. a—1
j
Proof. Let T; be the union of initial triangles that contain a given vertex @);.
Recall from Theorem 3.2.7 that the solution of problem (3.8) can be written as
U = Ueg + w with w € Wy and [lw]| + >, ||“reg||zcz+11(szj) <0 ||f||z<ﬁ*11(9j)'
a+ a —

Because © — ur = Ureg — Ureg,7 O S;, We use the previous estimates to obtain

lu—unllgry < COllu—urllyq)

< C Z (HU - uIHIC%(Qj\UTi;rQ) + Z Hureg - ureg,IH]C%(QjﬁTi;rQ))
J

o2 E (Hu”/qn“(aj\um;m) + E ”UregHKﬁi(anTi;m))
. . a
J

j
< CZ*m”(Z HuregH,Cngll(Qj) + [Jw]]) < szmnz Hf“/cﬁ—ll(gj)-
i t i o

IN

The first inequality is based on Céa’s Lemma and the third inequality follows from
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Propositions 4.1.2 and 6.3.8. O

We can finally state the main result of this section, namely the quasi-optimal

convergence rate of the Finite Element solution computed using the meshes 7,,.

Theorem 4.1.12. Under the notation and assumptions of Theorem 4.1.11, u,, =
ug, € Sy = S(7,,m) satisfies

[t — |1y < C dim(S,) ™/ Z HfH/cm L(@,)s

for a constant C' > 0 independent of f and n.

Proof. Let again 7, be the triangulation of 2 after n refinements. Then, the
number of triangles is O(4") given the refinement procedure of Definition 4.1.6.
Therefore dim(S,,) ~ 4™ so that Theorem 4.1.11 gives

ICm l

lu = tnllr) < C27 Y |l
j

The proof is complete. O

Using that H™ 1(Q;) C c KZ- 1(Qj) if ag € (0,1) for all vertices ¢, we obtain

the following corollary.

Corollary 4.1.13. Let 0 < ag < min{1,ng} and 0 < kg < 27™% for each vertex
Q € V. Then, under the hypotheses of Theorem 4.1.12,

lu = tnll i) < Cllu = unllxi() < C dim(S m/QZHfHHml

for a constant C' > 0 independent of f € H™1(Q) and n.

Note that we do not claim that uw € H™*(2), which is in general not true.

4.2 Numerical Tests

In this section, we present numerical examples which test for the quasi-optimal

rates of convergence established a prior: in the previous section. The convergence
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history of the Finite Element solution supports our results. The Finite Element

solution u,, € S, is defined by

2
a(Up, vy) = Z / Aij&-unajvndx = (f,vn), Yu, € Sy, (4.3)
ij=179
for the operator P = —divAA. To verify the theoretical prediction, we focus on

the more challenging problem where Neumann-Neumann vertices and interfaces are
present. We start by testing different configurations of mixed Dirichlet /Neumann

boundary conditions, but no interface, on several different domains for the simple
model problem (4.4),
—Au=1 in €,
=0 on Opfl, (4.4)
d,u=0 on Jnfl.
In particular, we consider non-convex domains {2 with a crack. In this case, the

optimal grading can be computed explicitly beforehand. We then perform a test

for the model transmission problem

—div(a(z,y)Vu) =1 in €,
u=>0 on 012,

(4.5)

where a is a piece-wise constant function. We have run also a few tests with m = 2,
which also seem to confirm our theoretical results. However, more refinement steps
seem to be necessary in this case to achieve results that are as convincing as in the
case m = 1. Thus more powerful (i. e., faster) algorithms and codes will need to
be used to test the case m = 2 completely. Below, all tests are for m = 1. Under
the consideration that corner singularities for homogeneous Dirichlet boundary
conditions have been well known in the literature, we mainly concentrate on other

problems that are covered by our theory.
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Figure 4.2. Domain with crack: initial triangles (left); triangulation after one refine-
ment, x = 0.2 (right)

4.2.1 Domains with Cracks and Neumann-Neumann Ver-

tices

We discuss the results of two tests for the mixed boundary value problem (4.4).
In the first test, we impose pure Dirichlet boundary conditions, i.e., , we take
Op§2 = 09, but on a domain with a crack. Specifically, we let 2 = (0,1) x (0,1) \
{(2,0.5),0 < x < 0.5} with the tip of the crack at the point (0.5,0.5) (see Figure
4.2). The presence of the crack forces a singularity in H? at the tip of the crack. By
the arguments in Section 4.1, any mesh grading 0 < a < n = 7/27 = 1/2 should
yield quasi-optimal rates of convergence as long as the decay ratio x of triangles
in subsequent refinements satisfies kK = 27/ < 27/7 = (.25 near the crack tip.
In fact, in this case the solution is H? away from the crack, but is only in H?,
s < 14n = 1.5, near the crack (following [60]). Recall that the mesh size h after j
refinements is O(27). Thus, quasi-uniform meshes should give a convergence rate
no better than h°%? [98].

In the second test, {2 is the non-convex domain of Figure 4.3 with a reentrant
vertex (). The interior angle at () is 1.657. We impose Neumann boundary con-
ditions on both sides adjacent to the vertex (), and Dirichlet boundary conditions
on other edges. Again, the solution will have a singularity in H? at the reentrant
corner In this case, the arguments of Sections 3.2 and 4.1 imply that we can take
0 <a<mn=mn/1657 =~ 0.61 for the mesh grading, and consequently, the quasi-
optimal rates of convergence should be recovered as long as the decay ratio k of

triangles in subsequent refinements satisfies £ = 271/ < 271/ ~ (.32 near Q.
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J\k|le:k=01 e:k=02 e:k=03 e:k=04 e:k=0.5
3 10.76 0.79 0.79 0.83 0.77
4 10.88 0.90 0.89 0.82 0.76
5 10.94 0.95 0.91 0.79 0.70
6 |0.97 0.97 0.92 0.76 0.63
7 10.99 0.98 0.91 0.73 0.57
8 10.99 0.98 0.91 0.71 0.54
9 1.00 0.99 0.90 0.69 0.52

Table 4.1. Convergence history in the case of a crack domain.

K3 5 A3 Ts

Figure 4.3. Initial triangles for a Neumann-Neumann vertex @ (left); the triangulation
after one refinement, x = 0.2 (right).

0.35
0.3 o
0.25 H
0.2
0.15 4
0.1

0.05 H

Figure 4.4. The numerical solution for the mixed problem and a Neumann-Neumann
vertex.
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J\k|e:k=01 e:x=02 e:xk=04 e:x=0>5
3 0.91 0.93 0.95 0.94
4 0.96 0.97 0.97 0.96
5 10.98 0.99 0.98 0.95
6 0.99 1.00 0.98 0.93
7 1.00 1.00 0.97 0.89
8 1.00 1.00 0.96 0.84

Table 4.2. Convergence history in the case of a Neumann-Neumann vertex.

The convergence history for the FEM solutions in the two tests are given re-
spectively in Table 4.1 and Table 4.2. Both tables confirm the predicted rates
of convergence. The most left column in each table of this section contains the
number of refinements from the initial triangulation of the domain. In each of
the other columns, we list the convergence rate of the numerical solution for the
problem (4.4) computed by the formula

e = log, (M (4.6)

uj =yl "

where u; is the Finite Element solution after j mesh refinements. Therefore, since
the dimension of the space S,, grows by the factor of 4 with every refinement for
linear finite element approximations, e should be very close to 1 if the numerical
solutions yield quasi-optimal rates of convergence, an argument strongly verified
in the two tables. In Table 4.2, for example, we achieve quasi-optimal convergence
rate whenever the decay ratio k < 0.32, since e — 1 after a few refinements. On the
other hand, if k > 0.32, the convergence rates decrease with successive refinements
due to the effect of the singularity at ). In fact, for kK = 0.5 we expect the values
of e to approach 0.61, which is the asymptotical convergence rate on quasi-uniform

meshes for a function in H6!.

4.2.2 Domains with Artificial Vertices

We discuss again a test for the model mixed boundary value problem (4.4), but
now we test convergence in the presence of an artificial vertex, where the boundary

conditions change on a given side. We take the domain to be the unit square €2 =
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Figure 4.5. Domain with artificial vertex: initial triangles (left); triangulation after
four refinements, x = 0.2 (right).

J\k|e:k=01 e:k=02 e:k=03 e:k=04 e:k=0.5
3 10.84 0.87 0.87 0.84 0.81
4 1091 0.93 0.91 0.85 0.77
5 1095 0.95 0.91 0.82 0.70
6 |0.97 0.96 0.91 0.78 0.63
7 10.99 0.97 0.90 0.75 0.57
8 10.99 0.98 0.90 0.72 0.54
9 1.00 0.98 0.89 0.70 0.52

Table 4.3. Convergence history in the case of an artificial vertex.

(0,1) x (0,1) and we impose the the mixed boundary conditions dy§2 = {(z,0),0 <
r < 0.5}, 9pQ = Q\ OnQ (see Figure 4.5). In this case, the solution is H? near all
geometric vertices, as the interior angle is m/2 , but it does possess a singularity
at the artificial vertex @ = (0.5,0), where the boundary conditions change. Near
such a vertex, the maximum mesh grading from Section 3.2 is g = 0.57 /7 = 0.5.
Then, quasi-optimal rates of convergence can be obtained on graded meshes if the
decay ratio x of triangles in subsequent refinements satisfies 0 < k = 27Y¢ <
271/m = 0.25 near the singular point (0.5,0). The optimal rate is again supported

by the convergence history of the numerical solution in Table 4.3.)

4.2.3 Transmission Problems

We discuss finally a test for the model transmission problem (4.5), The singu-

larities in the solution arise from jumps in the coefficient a across the interface.
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Figure 4.6. The transmission problem: initial triangles (left); triangulation after four
refinements, x = 0.2 (right).

As discussed in Section 4.1, quasi-optimal rates of convergence can be achieved
a priori by organizing triangles in the initial triangulation so that each side on
the interface is a side of one of the triangles as well. We verify a posterior: that
this construction yields the predicted rates of convergence. We choose the domain
again to be the square Q = (—1,1) x (—1,1) with a single, but nonsmooth, inter-
face I' as in Figure 4.6, which identifies two subdomains 2;, j = 1,2. We also pick
the coefficient a(z,y) in (4.5) of the form

1 on 1,
30 on 2.

a(:v,y) =

The large jump across the interface makes the numerical analysis more challenging.
The solution of (4.5) may have singularities in H? at the points Q; = (—1,1),
Q2 = (1,0) where the interface joins the boundary, and at Q3 = (0,0), which
is a vertex for the interface (there are no singularities again in H? at the square
geometric vertices).

Again based on the results of Sections 3.2 and 4.1, for each singular point @)1,
1 = 1,2, 3, there exists a positive number 7;, depending on the interior angle and
the coefficients, such that, if the decay rate k; of triangles in successive refinements
satifies 0 < k; < 27Y% near each vertex @, quasi-optimal rates of convergence

can be obtained for the finite element solution. We observe that the solution



96

0.1

0.1

0.09

0.0

0.07

0.06

0.05

’ 0.04

i 0.03

h 0.02

: 0.01
B 0.5 0 0.5 1

Figure 4.7. The numerical solution for the transmission problem.

J\e|e:k=01 e:k=02 e:xk=03 e:xk=04 e:x=0.5
3 0.82 0.83 0.84 0.83 0.78
4 0.91 0.91 0.91 0.90 0.83
5) 0.97 0.97 0.96 0.94 0.86
6 0.99 0.99 0.98 0.95 0.85
7 1.00 0.99 0.99 0.95 0.82
8 1.00 1.00 1.00 0.95 0.80

Table 4.4. Convergence history for the transmission problem

belongs to H? in the neighborhood of a vertex, whenever n; > 1, and therefore, a
quasi-uniform mesh near that vertex is sufficient in this case.

Instead of computing 7; explicitly, as a formula is not readily available, we
test different values of x; < 0.5 near each singular points until we obtain values
of e approaching 1. This limit signals, as discussed above, that we have reached
quasi-optimal rates of convergence for the numerical solution. The value of e is
given in equation (4.6). Once again, the convergence history in Table 4.4 strongly
supports the theoretical findings. In particular, no special mesh grading is needed
near the points (—1,1) and (1,0). Near the internal vertex (0,0), however, we
found the optimal grading ratio to be k3 € (0.3,0.4), in agreement with the results
of Theorem 3.2.7 and Theorem 4.1.12). Figure 4.6 shows the mesh refinement near
(0,0) when x = 0.2.



Chapter

The Multigrid Method on Graded
Meshes

The multigrid (MG) method is arguably one of the most efficient techniques for
solving the large systems of algebraic equations resulting from finite element dis-
cretizations of elliptic boundary value problems. Many of the known results on the
convergence properties of MG methods for elliptic equations can be found in mono-
graphs and survey papers by Bramble [29], Hackbusch [57], Trottenberg, Oosterlee
and Schiiller [96], Xu [99] and the references therein.

Typical techniques in the analysis of the MG method need assumptions on the
regularity of the solution and on the uniformity of the mesh in the FEM. We have
succeeded in recovering the quasi-optimal rate of convergence in the FEM by a
special construction of the finite element subspaces in Chapter 4 based on a priori
estimates in weighted Sobolev spaces from Chapter 3. Note both assumptions
above (regularity of the solution and uniformity of the mesh) for the MG method
are violated here. Thus, the analysis of the MG method and the development of
effective MG solvers require new treatments for singular solutions.

For a brief literature review, a result for the uniform convergence of the multi-
grid method assuming full regularity was derived by Braess and Hackbusch in [28];
in Brenner’s paper [35], the analysis of the convergence rate for only partial regular-
ity was presented; Bramble, Pasciak, Wang and Xu [30] developed the convergence
estimate without regularity assumptions for an L2-projection based decomposi-

tion. In addition, on graded meshes, using the approximation property in [17],
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Yserentant [102] proved the uniform convergence of the multigrid W-cycle with a
particular iterative method on each level for piecewise linear functions. There are
also many other more classical convergence proofs that use algebraic techniques
and derive convergence results based on assumptions related to, but nevertheless
different from, the regularity of the underlying PDE [32, 97].

In this chapter, using a space decomposition for elliptic projections and the
estimate on the weighted Sobolev space K (Theorem 3.1.1, for example), we
prove the uniform convergence of the multigrid V-cycle with standard subspace
smoothers (Richardson, weighted Jacobi, Gauss-Seidel, etc.) for elliptic problems
with corner/mixed singularities, discretized using graded meshes and linear finite
element functions from the previous chapter. To date, this type of convergence
analysis has only been carried out for problems with full elliptic regularity. The
result presented here establishes the uniform convergence of the MG method for
problems with less regular solutions discretized using graded meshes that appropri-
ately capture the correct behavior of the solution near the singularities. Although
the main convergence theorem can be modified for elliptic problems discretized
on general graded meshes, for exposition, we restrict our discussion to the graded
mesh refinement strategy introduced in Definition 4.1.7. Before proceeding, we
mention that, with appropriate modifications, our analysis for linear elements can
also be applied to higher-order finite element methods. Also, for simplicity, we
here only consider singular solutions of the Poisson equation from geometric ver-
tices with Dirichlet boundary conditions on adjacent sides or singular solutions
form changes of boundary conditions, even thought the theory extends to other
singularities (Neumann-Neumann vertices, transmission problems, etc.) of general

elliptic equations .
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5.1 Preliminaries and Notation

Let Q be a bounded polygonal domain, possibly with cracks, in R? and consider

the following prototype elliptic equation with mixed boundary conditions

—Au=f in €,
u=0 on 0Jpf, (5.1)
Ou/On =0 on Oy§2,

where 0p{2 and On{2 consist of segments of the boundary, and we assume the Neu-
mann boundary condition is not imposed on adjacent sides of the boundary. We
note that, in the Sobolev space H™, singularities appear in the solution near ver-
tices of the domain. Here, by vertices, we mean the points on € where singularities
in H?(Q) are located, namely, the geometric vertices on reentrant corners, crack
points, or points with an interior angle # > 7/2, where the boundary conditions
change.

Let H,(Q) = {u € H(Q)| u = 0 on dpQ} be the space of H'(Q) functions
with zero trace on Op€2, 7;, 0 < j < J, be a sequence of appropriately graded
and nested triangulations of 2, and M;, 0 < j < J, be the finite element space
associated with the linear Lagrange triangle [39] on 7;. Note M, = S, from
Chapter 4. Then,

MyCMyC...CM;C...C M;C Hp(Q).

Let A be the differential operator associated with equation (5.1). Solving (5.1)

amounts to finding an approximation u; € M ; such that
a(uy,vy) = (Auy,vy) = (Vuy, Voy) = (f,vy), Yov; € M,j.

Denoting by /N; the dimension of the space M ;, recall that on good graded meshes
(Definition 4.1.7), one can recover the following quasi-optimal rate of convergence

for the finite element approximation u; € M ; on 7;:

llu — sl < ONG 2 Fll20)-
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The main objective of this chapter is to prove the uniform convergence of
the multigrid V-cycle with standard subspace smoothers (Richardson, weighted
Jacobi, Gauss-Seidel, etc.) and linear interpolation applied to the 2D Poisson
equation discretized using piecewise linear functions on graded meshes obtained
via the grading strategy introduced in the previous chapter. Moreover, we shall

show that the convergence rate, ¢, of the MG V-cycle satisfies

oo
T c1+en

where ¢y, ¢ are mesh-independent constants related to the elliptic equation and the
smoother, respectively, and n is the number of iterative solves on each subspace.
We note that this result can also be used to estimate the efficiency of other subspace
smoothers on graded meshes.

In Section 5.2, we recall specific properties of the weighted Sobolev space K7 (€2)
for boundary value problem (5.1) that are useful for our MG analysis, and review
the method of subspace corrections. Then, in Section 5.3, we prove the approxi-
mation and smoothing properties which in turn lead to our main MG convergence
theorem. Section 5.4 contains numerical results of the proposed method applied
to problem (5.1).

5.2 Weighted Sobolev Spaces and the Method of

Subspace Corrections

In this section, we begin by recalling the weighted Sobolev space K'(2) and the
mesh refinement strategy under consideration for recovering quasi-optimal rates
of convergence of the finite element solution. Then, we present the method of
subspace corrections and a technique for estimating the norm of the product of

non-expansive operators.

5.2.1 Weighted Sobolev Spaces and Graded Meshes

It has been shown in the last chapter, that with a careful choice of the parameters in

the weight, the singular behavior of the solution in Equation (5.1) can be captured
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well in the weighted Sobolev spaces (Equation (3.11)). Namely, there is no loss
of regularity of the solution in these spaces and the corresponding refinements of
meshes are optimal in the sense of Theorem 5.2.2 below.

Let V = {Q;} be the set of vertices of the domain, on which the solution
has singularities in H?(£2). Recall the definition of the weighted Sobolev space in
Chapter 3 and its norm. Thus, to simplify our presentation, we have summarized

the following proposition.

Proposition 5.2.1. We have [v[c1q) = [v]m1(0), [[vllko@) > Cllvl|L2@) and the

Poincare type inequality ||v||xoq) < Clolxiq) for v e Ki(Q) N{v[s,a = 0}.

Here, a ~ b means there exist positive constants C, Cs, such that C1b < a < Csb
as in the previous chapter. Also, we recall the x-refinement from Definition 4.1.7.
We note that other refinements, for example, those found in [7, 17] also satisfy this
condition, although they follow different constructions. Then, for Equation (5.1),
the quasi-optimal convergence rate for the finite element solution can be stated as

follows.

Theorem 5.2.2. Let u; € M be the finite element solution of Equation (5.1), and
denote by N; the dimension of M. Then, there exists a constant By = B1(€), k, €),
such that

~1/2 —1/2
[u — ul| 1) < BiN; / Hf||1c9,1(9) < B1N; / [fllz2(),

for every f € L*(Q), where 0 < € < n < 1, and n is the smallest positive number in
all ¥g, (See Equation (3.15)). , M is the finite element space of linear functions

on the graded mesh 7T}, as described in the introduction.

Remark 5.2.3. For u ¢ H*(Q), this theorem follows from the fact that the differ-
ential operator A : K"t () N {u =0, on 9pQ} — K™ L(2),m > 0, in Equation

(5.1), is an isomorphism between the weighted Sobolev spaces.

5.2.2 The Method of Subspace Corrections

In this subsection, we review the method of subspace corrections and provide an

identity for estimating the norm of the product of non-expansive operators. In
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addition, Lemma 5.2.4 reveals the connection between the matrix representation
and operator representation of the MG method.

Let H,(Q) = {u € H'(Q)] u = 0 on 9pQ} be the Hilbert space associated with
Equation (5.1), 7; be the associated graded mesh, as defined in Definition 4.1.7,
M, € HL(Q) be the space of piecewise linear functions on 7;, and A : HL(Q) —
(HL(2))" be the corresponding differential operator. The weak form for (5.1) is
then

a(u,v) = (Au,v) = (—=Au,v) = (Vu, Vo) = (f,v), Yve HLHQ),

where the pairing (-, ) is the inner product in L*(2). Here, a(-,-) is a continuous
bilinear form on H}(Q) x H}(R2) and by the Poincare inequality is also coercive.

In addition, since the 7; are nested,
MoyCMyC...CM;C...C M;C Hp(Q).

Define S;, P; : HH(2) — M, and A; : M; — M, as orthogonal projectors

and the restriction of A on M, respectively:

(Sju,vy) = (u,v;), a(Pyu,v;) = a(u,v;),

(Auj,vy) = (Ajuj,vg), Yu€e HHQ), YV ujv €M,

Let N; = {x} be the set of nodal points in 7; and ¢y (27) = 6,4 be the linear finite
element nodal basis function corresponding to node xfe Then, the jth level finite

element discretization reads: Find u; € M, such that
AjUj == fj7 (52)

where f; € M; satisfies (f;,v;) = (f,v;), Vv, € M,.

The method of subspace corrections (MSC) reduces a multigrid process to
choosing a sequence of subspaces and corresponding operators B; : M; — M;
approximating A;l, j=1,...,J. For example, in the MSC framework, the standard
multigrid backslash cycle for solving (5.2) is defined by the following subspace
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correction scheme
wjy = uji-1 + Bi(fj — Ajuji-1),

where the operators B; : M; — M;, 0 < j < J, are recursively defined as follows
[100].

Algorithm 5.2.1. Let R; ~ A;l, J > 0, denote a local relaxation method. For
j =0, define By = A;"'. Assume that By : M;_y — M;_; is defined. Then,
1. Fine grid smoothing: For u? =0and k=1,2,--- ,n,

Uk = U?il -+ Rj(fj — Ajlb?il). (53)

J

2. Coarse grid correction: Find the corrector e;_; € M;_; by the iterator B,_;

ej1 = Bj1Qa(f; — Ajuj).

Then, ijj = ’LL;L —+ ej—l-

Recursive application of Algorithm 5.2.1 results in an MG V-cycle for which
the following identity holds : [ — BYA; = (I — B;A,)*(I — B;A,) [100], where BY
is the iterator for the MG V-cycle. Direct computation gives the following useful

result

IT— (I — RjAj)U?il + RjAlej

= (I = RjA)*u™ — (I = RjAj)*u; +
= —(I = RjAj)"u; +uy,

B

where u; is the finite element solution of (5.2) and uf is the approximation after
n iterations of (5.3) on the jth level. Let T; = (I — (I — R;A;)")P; be a linear
operator and define Ty = Fy. We have the following identity:

([—BJA])UJ = UJ—UZ}—@J,l = ([—TJ)UJ—eJ,1

= (I = Bj1A;Pry)({ = Ty)uy,

where, for B;_; = Ajil, this becomes a two-level method. Recursive application
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of this identity then yields the error propagation operator of a Multigrid V-cycle:
(I—BjA)=(I-Ty)I-T1)---(I—Ty).

To estimate the uniform convergence of the multigrid V-cycle, we thus need to
show that

11— BjAslla = I = BsAs|l; < e < 1,

where ¢ is independent of J and ||u||? = a(u,u) = (Au,u) on €.

Associated with each T}, we introduce its symmetrization
T, =1, +1; - T;T,

where T7 is the adjoint operator of T; with respect to the inner product a(-,-). By

a well-known result found in [101], the following estimate holds

[ — BA|2 = 9
| TA| S e
where
J —
co < sup > a((T; ' = 1)(Pj = Poa)v, (P — Proa)v). (5.4)

lvlla=1"=1

Now, to prove the uniform convergence of the proposed MG scheme, we must
derive a uniform bound on the constant cg.

Although the above presentation is in terms of operators, the matrix repre-
sentation of the smoothing step (5.3) is often used in practice. By the matrix
representation R of an operator R on M, we here mean that with respect to the
basis {¢Z}f\;ﬂl of Mj,

Nj
R(gr) = Y Rixdi,
=1

where R, is the (i, k) component of the matrix R. Throughout the chapter, we
use boldfaced letters to denote vectors and matrices.
Let Ag =D — L — U be the stiffness matrix associated with the operator A;,
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where the matrix D only consists of the diagonal entries of Ag, while matrices
—L and —U are the strictly lower and upper triangular parts of Ag, respectively.
Denote by Rjs the corresponding matrix of the smoother R; on the jth level.
For example, Ry; = D! for the Jacobi method, and Ry, = (D — L)™! for the
Gauss-Seidel method. In addition, let u!, u/~!, and f be the vectors containing
the coordinates of u}, u’!, f; € M; on the basis {$:}Y,, namely uh = =% ulg;.
Then, one smoothing step for solving (5.2) on a single level j in terms of matrices
reads

u' =u"! + Ry (MFf — Agu' ™), (5.5)

where M is the mass matrix, and M, = (¢;, ¢ ).

Lemma 5.2.4. Let R be the matriz representation of the smoother R; in Equation

(5.3). Then,
Hence,
N;
ZRM@ = Z RyM); 40,
=1
and

u' =u"' Ry (Mf — Agu™) =u" F R(F - M 'Agu'Y).

Proof. Denote by A the matrix representation of the operator A. Note that

(Ags, dx) = ZAmmm,m) (Vor, Vo) = (Ag)k.

indicates Ag = MA. Moreover, In terms of matrices and vectors, Equation (5.3)

also reads

N; N; N;j

N;
Sl = zul S Rt 35S R At
i=1

=1 k=1 i=1 k=1 m=1
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Then, the inner product with ¢,, on both sides, 1 <n < Nj, leads to
Mu' = Mu'"! + MRf — MRAu.
Multiplication by M~! gives
u' =u"'+ R(f - Au).

Taking into account that Equations (3) and (5) represent the same iteration, we

have

Note the above equation holds for any f € RY. Therefore, R = Rj/M, which
completes the proof.
O

5.3 Uniform Convergence of the MG Method on
Graded Meshes

Next, we derive an estimate for the constant ¢y in (5.4) of Section 5.2 and then
proceed to establish the main convergence theorem of the chapter. We begin by
proving several lemmas that are needed in the convergence proof. For simplicity,
we assume that there is only a single point Qo € €, for which the solution of
Equation (5.1) has a singularity in H?(€2), and that a nested sequence of graded
meshes has been constructed, as described in Definition 4.1.7. The same argument,
however, carries over to problems on domains with multiple singularities and also
for similar refinement strategies.

Denote by {T1°} all the initial triangles with the common vertex Q. Recall
that the function rq in the weight equals the distance to Qg on these triangles.
Based on the process in Definition 4.1.7, after N refinements, the region UTZ»Q0 is
partitioned into NV + 1 sub-domains (layers) D,, 0 <n < N, whose sizes decrease

by the factor x as they approach Qo (See Figure 5.1). In addition, rq(z,y) ~ £™ on
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Figure 5.1. Initial triangles with vertex Qo (left); layer Dy and D; after one refinement
(right), k = 0.2.

D, for 0 < n < N and rq(z,y) < Ck" on Dy. Meanwhile, sub-triangles (nested
meshes) are generated in these layers D,, 0 < n < N, with corresponding mesh
size of order O(k"2"~N),

Note that 2 = (UD,,) U (Q\ U D,). Let 0D,, be the boundary of D,,. Then, we

define a piecewise constant function r,(x,y) on  as follows.

(z.1) (1/2k)" on D,\OD, 1, for 1<n<N,
ro(x,y) =
Y 1 otherwise,

where N = J is the number of refinements for 7;. Therefore, the restriction of r,
on every TiQO N D, is a constant. Recall that ¢ < 1 is the parameter for x, such

that kK = 271/¢. Define the weighted inner product with respect to Tp,

(U, v)y, = (rpu, rpv) = / rﬁuv.
Q
In addition, the above inner product induces the norm,

lullr, = (u,u);/2.

Then, the following estimate holds.

Lemma 5.3.1.

C1
~§ Wy = P, uy = Piowg), ¥ ouy € M,
J

(uj = Piyuj, uj — Piquy)y, <
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where N; = O(2%) is the dimension of M.

Proof. This lemma can be proved by the duality argument as follows.

Consider the following boundary value problem

—Aw = r2(u; — Pj_yu;) in Q
w =0 on 0Jpf)
Ow/On = 0 on Oy

Then, since P;_yw € M;_;, from the equation above, we have

(rp(u; — Pioaug), mp(uy — Prorwy)) = (rp(wy — Pioawy), vy — Pioyuy)
= (Vw,V(u; = Pi-1u;))
= (V(w = Pjaw), V(u; — Pj_1uy)).

We note that Aw is a piecewise linear function on the graded triangulation 7; that

is derived after j refinements. From the results of Theorem 5.2.2, we conclude
lw = Piwlipg < (Ci/Ni—)l|Awllgo o)

J
= (C/N;) QMg Al (2 p, + lIré Awl[F2yup,))
n=0

J
< (C/Nj—l)(z Hfin(l_e)AwH%Z(Dn) + HAwHiz(Q\an))

n=0

J
= (C/N;2))(Q_ 12°K" Al e,y + 1AW [F2@p,)

n=0

J
= (C/Nj,l)(z \|7’§1Aw‘|%2(D") + HAwH%Q(Q\UDn)>

n=0

= (C/N;=1)llr, Awl[iq).

The inequalities above are based on the definition of &, r, and related norms. Now,

since, N; = O(INV,_1), combining the results above, we have

jw — Pj_ywlfu; — P_yuglin

(u; = Pj—1uy)|[7,

lu; — Piquyl2 <



109

jw — Pj_ywlfu; — P_yuglip

|Iry P Awl |7,
C1 (&1
< ﬁj\ua‘ — Pt = EQWJ' — Pioyuj,uy — Pioyuy),
which completes the proof. O

Recall that the matrix form R, and the matrix representation R of a smoother
R; are different from Lemma 5.2.4. Then, we have the following result regarding
the smoother R, = R; + R; — R;AJ’R]' on M, which is the symmetrization of R;,
where R’ is the adjoint of R; with respect to (-, -).

Lemma 5.3.2. For the subspace smoother R; : M; — M, assume there is a
constant C' > 0 independent of j, such that the corresponding matriz form Ry,

satisfies
vIRyv > Cvlv, VveRY,

on every level j, where Nj is the dimension of the subspace M. Then, there exists
co > 0, also independent of the level j, such that the following estimate holds on
each graded mesh 7T,

;—Qj(ij,v) < (Rjv, Rjv),,, Y uve M,

Proof. For any v =>),v;¢; € M, from Lemma 5.2.4, we have
(Ryv,v) = (O vin > (RurM)emér, Y vic) = v M Ry Mv.
m k 7
On the other hand,

(Rjv, Rjv)r, = (O Vi Y (RauM)iméi, Y vi > (RaM)iioy)
m k l 7

= VTMTRMMRMMV,

where M is a matrix satifying (M)lk = (rp¢i, 7p¢r). Note that both M and M are
symmetric positive definite (SPD). Now, suppose supp¢;) N D,, # 0, 0 < n < j.
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Then, on supp ¢;), the mesh size is O(£"2"7) and 1, ~ (1/2k)"™, respectively, since
supp ¢;) is covered by at most two adjacent layers. Thus, all the non-zero elements
in M are positive and M ~ 2% ~ 1/N;. To complete the proof, it is sufficient to
show that there exist C' > 0, such that

WTR}\ZQMR}V/IQW > (C/Nj)w'w,

where w = R}V/IZMV.

From the condition on R, and the estimates on 1\7[, it follows that
TR 2NIB Y/ 2« ~ TH T
w' R, MR,,"w >~ (1/N;)w' Ryw > (C/N;)w" w.

O

Remark 5.3.3. For our choice of graded meshes, the triangles remain shape-regular
elements, that is, the minimum angles of the triangles are bounded away from
0. Therefore, the stiffness matrix Ag has a bounded number of nonzero entries
per row and each entry is of order O(1). Hence, the maximum eigenvalue of Ag
is bounded. For this reason, standard smoothers (Richardson, weighted Jacobi,
Gauss-Seidel, etc.) satisfy Lemma 5.3.2, and (Ras);; = O(1) as well, since they
are all from part of the matrix Ag. Moreover, if Ry, is SPD and the spectral
radius ro(RyAg) < w, for 0 < w < 1, then based on Lemma 5.2.4,

CL(RjAj'U,U) = (AjRjAjU,U)
= VTAsRMAsv

< wa(v,v).

The last inequality follows from the similarity of the matrix Ag/ ZRMA;/ * and

the matrix Ry;Ag. Note that the above inequality implies the spectral radius of

R;A; < w, since RjA; is symmetric with respect to af(-, ).

We then define the following operators for the MG V-cycle. Recall T} from
Section 5.2 and let R; denote a subspace smoother satisfying Lemma 5.3.2. Recall

the symmetrization R; of R;, and assume the spectral radius r7q(R;A;) < w for
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0 < w < 1. Note that R’ is the adjoint of R; with respect to (-,-) and T} is the
adjoint of T; with respect to a(-,-). With n smoothing steps, where R; and RE- are
applied alternatingly, the operator G; and G are defined as follows,

Gj=1—R;A;, G5 =1-RiA,

With this choice

Therefore, if we define

j7n

GG forevenn,
G;G;  foroddn,

since Pj2 =P
T,=T,+ T - T;T, = (1~ G,)P,

Note that T] is invertible on M, and hence Tj_l exists.
The main result concerning the uniform convergence of the MG V-cycle for our

model problem is summarized in the next theorem.

Theorem 5.3.4. On every triangulation 7;, suppose that the smoother on each
subspace M satisfies Lemma 5.3.2. Then, following the algorithm described above,

we have

Co &1

I —B,A|? = <
] Al 14¢cy ~ ¢ +con’

where ¢y and ¢y are constants from Lemma 5.3.1 and Lemma 5.3.2.

Proof. Recall (5.4) from Section 5.2. To estimate the constant ¢, we first consider

the decomposition v = > ; v; for any v € M, with

v = (Pj = PjaJv € M;.
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Then, Lemma 5.3.1 implies
N;(v5,05)r, < cra(vj,v;).
Estimating the identity of Xu and Zikatanov [101], , we have

a(Ty (I = Th)vp,vy) = a(( = G},) " Glovs,0;)

= (Ry'RA(I -G, )7 Gl g 0;)

= (BRI = Gjn)(I = GF,) " Ghvs,05).
Note that G’;“n, k < n, is in fact a polynomial of R;A;. Therefore, R 1/2(1 —
G; n)R1/2 R; 1/2(}'” R'Y? and R; V23— G7 )R;/ are all polynomials of the term
R®A;R}?, where R; /2(1 Gr R = (R;V2(1 - G7,)"'RY*)™\. Thus, it can
be seen that R} 1/2(1' - Gj,n)le»/Z, R; UZG%RUQ, Rfl/z([ -G )_1]?1-/2 commute
with each other, and hence, 3;1/2(1 -Gin)I-G},)7'GY, R1/2 is symmetric with
respect to (-, -).

Then, based on the above argument, defining w; = Rj_l/ ij, we have

o(T7 (= Ty)vsvy) = (BRI = Ga)(I = G2,) 7 G RYw), wj)

< maxyep)(1 —t)(1 — t”)_lt”(}?j_lvj, vj)
1 - N
< E(Rj tog,05) < Q—;(Ujavj)rp»

where the last inequality is from Lemma 5.3.2. Moreover,

J J
. N]
a(Tj (I —T;)vj,v5) —=(vj,0;)r
1 Con
]:

J=0

c ¢
—la(vj,vj) = —La(v,v).

J
C Comn
—0 2 2

J

Therefore, ¢y < ¢;/(con) and consequently, the method of subspace corrections

yields the following convergence estimate for the multigrid V-cycle:

Co C1
< )
14+cy = 1+ can

|1 — BA|; =

which completes the proof. O
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Figure 5.2. Crack: initial triangulation (left) and the triangulation after one refinement
(right), k = 0.2.

5.4 Numerical Illustration

This section contains numerical results for the proposed MG V-cycle applied to the
2D Poisson equation with a single corner-like singularity. The model test problem

we consider here is given by

{—Au:f in (56)

u=0 on 0f),

where the singularity occurs at the tip of the crack {(z,y), 0 <z < 0.5, y = 0.5},
for @ = (0,1) x (0,1) as in Figure 5.2.

The MG scheme used to solve (5.6) is a standard MG V-cycle with linear
interpolation. The sequence of coarse-level problems defining the MG hierarchy
is obtained by re-discretizing (5.6) on the nested meshes constructed using the
grading strategy described in Definition 4.1.7. The reported results are for V(1,1)-
cycles and Gauss Seidel (GS) as a smoother. The asymptotic convergence factors
are computed using 100 V(1,1)-cycles applied to the homogeneous problem starting
with an O(1) random initial approximation.

The asymptotic convergence factors reported in Table 5.1 clearly demonstrate
our theoretical estimates in that the they are independent of the number of refine-
ment levels. To obtain a more complete picture of the overall effectiveness of our
MG solver, we examine also storage and work-per-cycle measures. These are usu-

ally expressed in terms of operator complexity, defined as the number of nonzero
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entries stored in the operators on all levels divided by the number of non-zero
entries in the finest-level matrix, and g¢rid complexity defined as the sum of the
dimensions of operators over all levels divided by the dimension of the finest-level
operator. The grid and, especially, the operator complexities can be viewed as pro-
portionality constants that indicate how expensive the entire V-cycle is compared
to performing only the finest-level relaxations of the V-cycle. For our test prob-
lem, the grid and operator complexities were 1.2 and 1.3, respectively, independent
of the number of levels. Considering the low grid and operator complexities the
performance of the resulting MG solver applied to problem (5.6) is comparable to
that of standard geometric MG applied to the Poisson equation with full regular-
ity, i.e., without corner-like singularities; for the Poisson equation discretized on
uniformly refined grids, standard MG with a GS smoother and linear interpolation

yields rome = .35.

levels 2 3 4 5 6
roma (GS) || .40 | .53 | .56 | .53 | .50

Table 5.1. Asymptotic convergence factors (rqsq) for the MG V(1,1)-cycle applied to
problem (5.6) with Gauss Seidel smoother

Besides the results in this chapter, new results for the MG method for singular

solutions are expected.



Chapter

Application I: a Schrodinger Type
Operator

In this chapter and Chapter 7, we will present applications of our a priori estimates
in weighted Sobolev spaces and techniques in the development of the numerical
schemes for singular solutions from elliptic equations with singular coefficients.
Equations of this type widely appear in mathematical models of physics and en-
gineering. Due to the lack of a unified theory, the mathematical study on these
equations has been a difficult topic. We will show our theory extends to a class
of Schrodinger operators and a degenerate operator, which represents our first
attempt on applications in this field.
As usual, let Q C R? be a bounded polygonal domain. We assume that a finite
set of points M C Q was fixed and let R(z) := [1pcn Iz — PiJ?, where |z — P
denotes the Euclidean distance from z to P;. We also assume that a potential
function V is given such that the product RV extends to a smooth function on €.
We define
H:=-A+V. (6.1)

The typical example we have in mind is H = —A + 6r~2, where § > 0 and r is
the distance to the origin O. In this typical example, M consists of a single point,
M = {0}, O € Q. The origin O is not required to be a vertex of our polygonal
domain ().

We are interested in studying the Finite Element approximations of the solu-
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tions to the mixed boundary value problem

Hu=f in €,
du=0 on ON(), and (6.2)
u =20 on Opfl,

for a decomposition 02 = dpQQUINS into a region with Dirichlet and, respectively,
Neumann boundary conditions.

Equations of this kind appear in Quantum mechanics in the form of Schrodinger
equations with centrifugal potentials [79, 78] and in fluid dynamics [71]. Therefore,
the study of the regularity and of the numerical approximation of the solutions of
Equation (6.2) are of practical importance. Non-homogeneous boundary conditions
can also be treated by reducing to homogeneous boundary conditions.

The case when V' is non-singular is well understood, so we mainly concentrate
on the case when V has non-trivial singularities of the form ér—2. In this case,
the usual theorems on the well posedness of elliptic boundary value problems in
the usual Sobolev spaces [48, 70, 81, 94] do not apply. In fact, the solution u
of Equation (6.2) will have limited Sobolev regularity in the neighborhoods of the
points P, € M and close to the vertices or the points where the type of the boundary
conditions changes. This is an issue, because, as is well known, the lack of regularity
of the solution u slows down the convergence rate for the numerical approximation
in the Finite Element Method when quasi-uniform meshes are used. It turns out,
however, that the difficulties caused by the singularities of our potential V' are of
the same nature as the singularities caused by the vertices of {2 and by the presence
of mixed boundary conditions. This observation is the starting point for the work
presented in this chapter.

Many papers are devoted to the analysis of the singularities of (6.2) arising
from the non-smoothness of the boundary when the potential V' is smooth, see for
example the monographs [27, 55, 62, 61, 80] and the references within. See also the
research papers [21, 42, 44, 59, 60, 73, 74, 75, 83, 98]. The numerical approximation
of the solutions of (6.2) for V' = 0 was studied in a very large number of papers,
including [6, 7, 13, 17, 19, 42, 46, 82, 88]. The case of the Schrédinger operator

with a magnetic potential on a polygonal domain was studied in [26]. A good
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introduction to the various methods for treating corner singularities can be found
in [92].

Significantly less papers were devoted to the case of singular coefficients, nev-
ertheless, techniques for the estimation of the finite element approximation for
boundary value problems with singular coefficients can be found in the papers of
Eriksson and Thomée [47], Franchi and Tesi [50], Li [66], and references there in.
Also, Bespalov and Rukavishnikov [24, 89] studied the p-version finite element ap-
proximation in the case when V' has a single singularity at the origin, if the origin is
a boundary point. Arroyo, Bespalov and Heuer [12] investigated the finite element
method in some low-order weighted space for equations with singular coefficients
of a different type than ours. These approaches to approximating solutions of par-
tial differential equations with singular coefficients are thus seen to depend on the
characters of the singularities.

In this chapter, we provide a unified numerical treatment of the difficulties
caused by the singularities of the coefficients, the geometry of the domain, and the
boundary conditions in the framework of weighted Sobolev spaces. These weighted
Sobolev spaces are defined to take into account all the singularites (introduced by
the domain, by the change of boundary conditions, and by the singularities of V).
In order to introduce these weighted Sobolev spaces, let us first notice that the
assumption that RV extends to a smooth function on Q continues to be satisfied if
we increase the set ) of singular points (used to define R := [] .5, [ — Pi|?). We
shall assume therefore from now on that V also contains all vertices of {2 and all
points where the boundary conditions change from Dirichlet to Neumann. Recall
we used V to denote the vertex set of the domain in previous chapters. We here let
Y contain all geometrical vertices, points where the boundary condition changes
and also singular points of the potential V.

Let J(x) be the distance from x to V. Also, let m € NU {0} := {0,1,2,...}
and a € R. Then, in Definition 6.1.1, we introduce the mth weighted Sobolev space
on 2 with index a by

KrQ) :={u: Q- R, 9 00lu e L*(Q), Vi+j<m} (6.3)

One can allow the index a to be different at every point of V, as in previous
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chapters for instance, but we shall not pursue this simple generalization in order
not to complicate the notation. The definition of the weighted Sobolev space is
similar to (3.11) and Definition 2.3.2 except we add new points in the set V.

Let us denote by (v, v) the L%-inner product of two functions vy, vo. The weak
solution u € Ki(2) N {u =0 on dpQ} of Equation (6.2) is defined by

a(u,v) == (Vu, Vo) + (Vu,v) = (f,v), YvekKi(Q)N{u=0ondpN}. (6.4)

(See Equation (6.16) for the case of non-homogeneous boundary conditions.) We
first establish in Theorem 6.2.1 regularity results in the weighted Sobolev spaces
K (€2) for the weak solution u of Equation (6.2). In particular, we obtain that
there is no loss of KI'(Q2)-regularity for the solution u. Under some additional
assumptions on the potential V' and on the boundary conditions, we also estab-
lish the well-posedness of the boundary value problem (6.2), that is, we establish
the existence of a unique solution u depending continuously on the data f. See
Babuska and Aziz [14], Bacuta, Nistor, and Zikatanov [21], Costabel and Dauge
[42], Kondratiev [60], Lubuma and Nicaise [73], Mazzucato and Nistor [75], Nicaise
[83] or the monographs [45, 62, 61, 80] for related results.

By analogy with the definition of the weak solution of (6.2), the discrete solution
us € S C KH(Q)N{u=0on dpQ} of (6.2) is defined as usual by

a(ug,vg) := (Vug, Vvg) + (Vug,vs) = (f,vs), VwvgeS. (6.5)

Using our well-posedness results on Equation (6.2), we shall provide a simple,
explicit construction of a sequence of meshes 7, on (), suitably graded towards
the singularities S that provides quasi-optimal rates of convergence for the finite

element method applied to H := —A + V in the following sense. Let
S, C KHQ)N{u=0on dpQ}. (6.6)

be the sequence of Finite Element Spaces consisting of continuous functions on {2

that coincide on each triangle of the mesh 7, with a degree m polynomial. Let
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Up := ug, € S, be the corresponding discrete solutions. Then
[t — wn || i) < Cdim(S,) ™™ (| £ gm-1(0), (6.7)

where f € H™1(Q), m > 1, is otherwise arbitrary and C' is a constant that
depends on Q and m, but not on n or f (we do not assume u € H™(Q)).
Therefore we recover the optimal rate of convergence that is expected for smooth
solutions [10, 14, 34, 92].

Our proof of the asymptotic order of convergence, Inequality (6.7), uses also
a generalization of the Bramble-Hilbert Lemma to weighted Sobolev spaces on (2
and on the dilation property of our weighted Sobolev spaces.

The rest of this chapter is organized as follows. In Section 6.1, we shall define
our weighted Sobolev spaces K'(§2) and recall their properties from Chapter 2.
Meanwhile, we shall introduce some notation that will be used throughout this
chapter. In Section 6.2, we shall prove our theoretical results on the regularity and
well-posedness of the solution u of Equation (6.2) in the spaces K*(£2). Moreover,
we shall prove that, under certain additional mild assumptions on the potential V,
the operator H = —A 4+ V is Fredholm

H + K75 (Q) N {ulan, = 0} — K75 (Q) (6.8)

with the exception of a in a certain countable subset. Moreover, for |a| small
enough, we show that H is an isomorphism. This isomorphism is crucial for the
construction of finite subspaces to obtain the quasi-optimal rates of convergence.

In Section 6.3, we will analyze the finite element solutions u,, = ug, defined by
the variational form, Equation (6.5), and prove that it satisfies quasi-optimal rates
of convergence (Equation (6.7)).

In Section 6.4, we shall present numerical results on some model problems for
different domains, where a singular point P € )V corresponding to the singularity
of the potential V' is either an interior point or a boundary point. For both cases,
we will compare the rates of convergence of the numerical solutions on different
meshes. The convergence history will convincingly verify our theoretical prediction
and demonstrate the effectiveness of our approach to construct the finite element

spaces.
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6.1 Weighted Sobolev Spaces

As explained above, it is more convenient to consider the boundary value problem
(6.2) in weighted Sobolev spaces. In this section, we shall recall the weighted
Sobolev space K'(2) and their needed properties from Chapter 2. More results
on Sobolev spaces with weights can be found in [2, 17, 45, 60, 62, 61, 63, 84].

We follow Definition 2.3.2 in Chapter 2 to define the weighted Sobolev space
for Equation (6.2). As in (6.3), the only difference we make here is to introduce
more points in the “vertex” set V), such that all singularities of the potential V' are
also in V.

Recall we let [ be the minimum of the non-zero distances from a point Q); € V

to an edge of {2 and the distances between any two points @;, Q; € V. Let
[ :=min(1/2,1/4) and &;:=QNB(Q;,1), (6.9)

where B(Q;,1) denotes the ball centered at Q; € V with radius [. Note that sets
S; are disjoint. Then, we define p : Q — [0, 2] such that p(z) = 9(z) = |z — Q]
on S; and p(z) > 1/2 outside S := US;. We can further assume that p is smooth
at all points of  except at V. Then the quotients p/9 and 9/p are bounded and
we can replace ¥ with p in all the formulas. We therefore replace ¥ with p from
now on.

This leads to the following definition of the weighted Sobolev spaces:

Definition 6.1.1. We have
KiQ) ={v:Q—R, p70.0lv e L*(), Vi+j<m} (6.10)

Recall the lemmas in Subsection 2.3.2, which also hold for the weighted Sobolev
space defined in this chapter.

We now concentrate on the local behavior of a function v € K" = K*(Q) in
the neighborhood of @); € V. The goal is to prove the dilation invariance of the
norm as in Lemma 4.1.3. For the sake of simplicity, we consider a new coordinate
system that is a simple translation of the old x-y coordinate system, such that @;
is translated to the origin. Let G C §; be the subset, such that p < ¢ < [ on G.
For 0 < A < 1, let G’ := AG. Then, we define the dilation of a function on G in
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the new coordinate system as follows,

’U)\(QT, y) = U(/\$7 /\y)

for all (z,y) € G C &;. (This definition makes sense, since ; is the origin in the

new coordinate system.)

Lemma 6.1.2. Let 0 < A < 1 and G C S; be an open subset such that G' := \G C
Si. Then |luallxp @) = A Hullcp @ for any u € KgH(S;).

Proof. As in Lemma 4.1.3, the proof is based on the change of variables w = Az,
z = Ay. Note that on both G C §; and G' C S;, p(z,y) = the distance from (z,y)
to Q;, hence p(z,y) = A !p(w, 2). Then,

e e = 3 /G |, )P0 (., ) Py

j+k<m

= Z / | NI R pI TR (4 ANTRGT O u(w, 2)|PA "2 dwdz
G/

j+k<m

= N2 Z / | TR (w, 2)00 OFu(w, 2)|*dwdz
G/

jt+k<m

_ )\20,*2 Z Hpj+kia<w7Z)ai)afu(w7z))”%2(0’)

j+k<m

= Aza_QHUHZKm(G/y

which completes the proof. O

Recall the function R(x) = [[pcy, |2 — Pi|* and the operator H := —A 4 V.
Note the the potential function V satisfies R(z)V (x) € C*°(Q2). Then, we conclude

this section with the following result.

Lemma 6.1.3. The operator H defines a continuous map: Kflnﬁl — Kt m > 1.

Proof. We shall show that there is C' > 0, such that ||Huf/cm-1 < C’||u||,C;n++11 for
all w e K4

On QNS =0\ (US), H=—A+V is a second order differential operator
with bounded coefficients, bacause |V| < C; < oo on 2\ S. Therefore, it defines
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a bounded operator H™(Q V) — H™ 1 (Q V) [48]. Lemma 2.3.7 then gives
[Hulkr , 0vs) < Cllullim,, @-<s)-

On S;, we write —A+V = r=2((rd,)*+83) +r?V). Then Lemma 2.3.3 and the
equation r~*(rd,)"r*u = (rd, + A)"u give ||Hullxm (s, < Cllullxm, ,(s))- Adding

all the similar inequalities completes the proof. O

Let us say a few words about the boundary weighted Sobolev spaces
Ka'(5) = &rcsky'(9), (6.11)

where S C 012 is a union of sides of Q2. Each side can be identified with I = [—1, 1],

so it is enough to define
Km(I) = {(1 —t>)*2f® ¢ L2(I), k <m}. (6.12)

For s € [0,00) we define KC2(I) by interpolation, and for s < 0 we extend this
definition by duality: K:(I) = (KZ,(I))*. See [2, 3, 21, 75, 63, 95]. The usual
issues with Sobolev spaces of fractional order of the form “integer+1/2” do not
arise in the case of the Sobolev spaces on the boundary (they do arise though for
the ones on ().

It was shown that

K(Q) 3 u— ulog € K[ 2(09), m > 1, (6.13)

is a continuous surjective map, as in the case of smooth, bounded domains. A
similar result holds for the normal derivative, yielding again a continuous and

surjective map

KM8) > u — Byulan € K22 (0Q), m > 2. (6.14)

a—3/2

See for example [2, 3, 21, 63, 75, 95].
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6.2 The Well-posedness and Regularity of the

Solution

In this section, we shall study the well-posedness and the regularity of the solution
of the boundary value problem (6.2) in the weighted Sobolev spaces K.

Let us assume that the boundary of €2 was partitioned as €2 = 02 \ Ip€2,
with dpQ) a union of closed sides of Q. (A side of Q is a segment I C 92 whose
end points are in V but whose interior contains no other points of V.) Then we

consider the following slight extension of Equation (6.2)

Hu=f in Q,
Ou=gy  on Oy, and (6.15)

u=gp on 0pfl,

where, we recall, H = —A+ V. First, we can assume gp = 0 by the surjectivity of
the trace map. Then, with integration by parts, we actually look for the solution

u e Ky, () of (6.15) in the following weak sense. Namely, u satisfies
a(u,v) == (Vu, Vo) + (Vu,v) = (f,v)r2) + (95, 0)ap0; (6.16)

for all v € K1 (Q)N{u = 0 on dpQ}, where (gn, V)s,q is the value of the distribution
gn on the function v. (This is a slight extension of (6.4).)

Thus, we have the following standard regularity result.

Theorem 6.2.1. Let M C Q be our given finite set, R(x) := [o.en o — Qil%,
and V : QN M — R be such that RV extends to a smooth function on ). Let
ue KL, =K. () be a solution of Equation (6.15) with Hu := —Au+ Vu =
f € K™™' and with mized boundary conditions gp € ICZTT/;(@DQ) and gy €
/CZ:V;(@NQ), m > 1. Thenu € KI't' and we have

‘UHICZT? < Creg(”f||;cam:11 + HgD”/CZ;ﬁl/f(GDQ) + HgNHICL"j/f(aNQ) + HU’HICg_H)v

for a constant Cieg > 0 independent of f, gp, gn, and u.

Proof. This result is standard, so we include only a sketch. Regularity is a local
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property, so we may separate the behavior close to the points of S where V' may
have singularities. Close to a vertex () of 2 where V is non singular, the result is
known from Chapter 2 and Chapter 3. Assume, for simplicity that Q = O, the
origin. A simple proof is obtained then by using a radial partition of unity of the
form ¢, (x) := ¢o(2"x) and then applying to the functions ¢, u the usual regularity
results for smooth domains. Details of this method can be found in Theorem 2.2.1.

It remains to deal with the behavior of v near a point ) € M where V is
singular. If @) is on the boundary or a vertex, then the proof is exactly the same as
for the case when () is vertex and V' is non-singular at (). When @) is an interior
point of €, the proof is again very similar to the case when @) is a vertex, if we

think of this case as using periodic boundary conditions. O]

This regularity result for H gives right away by induction the following reg-
ularity result for eigenfunctions, which we hope will be useful for the numerical

determination of the eigenvalues and eigenfunctions of H.

Corollary 6.2.2. Assume u € K% = p®L3(Q), a > 0, is an eigenfunction of H
(i.e., Hu= Au). Thenu e K" = K"(2) for any m € N.

Now, we shall prove the existence and uniqueness of the solution of the bound-
ary value problem (6.2) in weighted Sobolev spaces. For this we need a few more

assumptions on V.

Theorem 6.2.3. Let R and V' be as in the statement of Theorem 6.2.1. Assume
also that VR >0 on Q and that VR(Q) > 0 if Q € M N Q. Also, we assume that
if QQ € M separates two adjacent sides of €1 that are assigned Neumann boundary
conditions, then again VR(Q) > 0. Then there exists n > 0 such that, for any
fekr ' gpe IC;TT/;(@DQ), and gy € /C;n__ll/;((‘?NQ), m >0, |a| <n, the mized
boundary value problem (6.15) has a unique solution u € K" = KT (Q), which

satisfies

Hu||lC:1”++11 < Cmva(HfH’CZn_EI + ||gD||]C;n_:'11/22(8DQ) + HgNH]CZ‘_—ll/;(aNQ))v

for a constant C,, , > 0 independent of f, gp, and gn.

Proof. We can assume gp = 0. We shall prove first the case of m = 0. This follows

from the strict positivity (or strict coercivity) of H on K{(Q2)N{u =0 on dpQ}, or
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more precisely of the bilinear form a(-,-) introdced in Equations (6.4) and (6.16).
We prove below this strict coercive property. We assume the functions to be real,
for simplicity.

First, we need to show that a(-, ) is continuous, that is, a(u, v) < Clluf|x1||v||k:-
Since p = r in the neighborhood S; of Q); € V and RV is continuous on §;, we have
V| < Cp~2. Therefore, Cauchy-Schwarz inequality gives a(u,v) < Cllullx[|v]x1,
for C' > 0 not depending on u or v.

We prove strict coercivity of a(-,-) on each §; and on Q@ NS = Q \ ( U Si),
respectively. On the later set it is just the usual Poincaré inequality. Then, we

shall verify the following inequality on every S;.
/ [(0,u)? + (Byu)* + Vu?]dady > C’||u||,2q(3i).
S;

Assume first that Q); is a vertex with angle a; € (0,27). Then, S; can be locally
characterized in polar coordinates with @); at the origin by
S;={(r0)|0<r<i,0<0<wo}, i>0.

Note that a(u,u) > [,(0,u)® + (9yu)?. Therefore, it suffices to show

w2
/ —dzdy < Ca(u,u).
S P

From the one-dimensional Poincaré inequality for 6 on S; (this is where we need

the assumption that there are no adjacent Neumann sides), we have

/Zu2d0§C’1/ (Dyu)2do.
0 0

By integrating in polar coordinates, we have

2 2 2
/ = dwdy = / Y drde < C, / Oo)” 4.
s T s T s T
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Since [5 (0pu)? + (9yu)*dwdy = [g r(0ru)® + Mdrd@, we get

2 2
/ u—2dxdy = / u—zdajdy < C’/ [(0:u)* + (Oyu)® + Vu?]| dady.
Sz' p 87; r Si

On the other hand, if Q; € M N Q (that is, if it is an interior point) or a
point separating two adjacent Neumann boundaries, we have V > 6772, § > 0
(this is where we use the assumption RV (Q);) > 0). We can no longer use the one

dimensional Poincaré inequality, but do not need it either, we rather write

/S [|[Vul? + Vu*]|dzdy > 5/ [[Vul? + u®/r?]|dedy =: 6““”12@(81»)’
for o > 0 small enough.

The strict coercivity of H (or of the bilinear form a) on K1 (2)N{u = 0 on 9pQ}
then follows by adding all these inequalities.

Let B =K;(Q)N{u =0 on dpQ}. The Lax-Milgram Lemma then proves that
H : B — B* is an isomorphism, which is our result for m = 0 and a = 0.

We next use the continuity of the family p°Hp~¢ : B — B* and Lemma 2.3.5
to prove the result for m = 0 and |a| < 7, for some 1 that depends only on the
domain and the operator H. Theorem 6.2.1 shows that if the result is true for

(0,a), then it is true also for (m, a). This completes the proof. O

It is possible to explicitly determine the value of n for Equation (6.2). Let us

Q — Qi)*V(Q) for any Q; € M. By freezing the coefficients of
H to Q;, we see that the behavior of the solution u on §; is given by —A + §; /7.

define ¢; = limg_.q,

Let us denote by «; the angle of 2 at @Q; («; = 27 if @; is an interior point). We
let £ € N = {1,2,...} if Dirichlet boundary conditions are on both sides of @Q;,
k+1/2 € N if Dirichlet/Neumann boundary conditions are on the sides of @);, and
we let k € NU {0} otherwise. We then define

= { + 1/ k220 4 6, } (6.17)

The operator pencil P;(7) (or indicial family) associated to H at Q; is Py(7) :=
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(1 —1€)* — 93 + §;, and as in (3.16), is obtained by evaluating
(A + 8 /r2) (76 () = rmre? ((T ) — 92+ 5,->¢(9). (6.18)

Then P(7) is invertible for all 7 € R, as long as ¢ ¢ %,. For these values of e,
we can use the method in Chapter 2 to obtain Fredholm conditions on p*Hp~¢.
See also [65, 91] and the references therein for the case of interior singularities
due to the potential V', where no boundary is involved (in which case, a suitable
pseudodifferential calculus immediately gives the desired Fredholm condition.)

Recall that a bounded operator A : X — Y between Banach spaces is Fredholm
if the kernel of A (that is the space ker(A) := {Az = 0}) and Y/AX are finite
dimensional spaces. If A is unbounded but densely defined and closed, then A
is called Fredholm if the induced continuous operator I'(A) — Y, defined on the
graph of A, is Fredholm. For a Fredholm operator A, we defined its index by
the formula ind(A) = dimker(A) — dim(Y/AD(A)) with D(A) the domain of A
(D(A) = X precisely when A is continuous).

Theorem 6.2.4. Assume that §; > 0 and that otherwise we are under the condi-
tions of Theorem 6.2.1. Then the boundary value problem (6.15) defines a Fredholm
operator

H, = (H,res,d,) : KI5H(Q) — KP5HQ) & KI5 (0p2) @ K1 (0n9) (6.19)

for all a & U;X;, and with res being the restriction operator to Opfl..

Let n be the minimum values of |a|, a € U;3;. Then n > 0 exactly if the
conditions of Theorem 6.2.3 are satisfiged. Note that H, is Fredholm of index zero
when a = 0, because it is invertible. By the homotopy invariance of the index, H,
is Fredholm of index zero for |a| < 7. Since the domains of the operators H, are
decreasing as a is increasing, the kernels of the operators H, will also decrease as
we a increases. We therefore conclude that ﬁa are injective for 0 < a < 7, since
they have index zero, they are in fact isomorphisms. By taking the adjoint, we
obtain the invertibility of H, for —n < a < 0 as well.

The operator H, will no longer be invertible for |a| > 5. In that case, even

if @ is away from the specific values above, H, is only a Fredholm operator with
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a non-zero index that can be computed using the results of [60, 61, 77, 80]. The
result is as follows. Let us fix a < @’ and count the number of values in the set
(a,a’) N'%;, with the values corresponding to & = 0 and §; = 0 counted twice
(because of multiplicity). Let N be the total number. We assume that a,a’ & U3;.
Then

ind(H,) — ind(H,) = —N. (6.20)

The same result applies to the operator H, : p*B — p®B*, which satisfies H} =
H_,. This allows to determine the index of ]:Ia. This amounts to an index prob-
lem both for the Neumann and for the Schrodinger problems in the plane. See

discussions in Section 3.2.

Theorem 6.2.5. conditions of Theorem 6.2.1 are satisfied and let N be the number
of points Q; € S that do not satisfy the conditions of Theorem 6.2.3 (more precisely
d; = RV(Q;) = 0 at an interior point or at a Neumann-Neumann point). Then
H, is Fredholm for |a| <n, a # 0, with index

ind(Hs,) = FN, 0<a<n.

This result holds for any complex valued V' such that RV is smooth.

6.3 Estimates for the Finite Element Method

We shall study the finite element method for Equation (6.2) with assumptions
on the operator H as in Theorem 6.2.3. For simplicity, we assume zero Dirichlet
and Neumann boundary conditions. Therefore, the corresponding weak solution
is given by Equation (6.5).

For elliptic problems with smooth coefficients, various error estimates in the
neighborhood of a geometric vertex of a polygonal domain can be found in [7,
21, 45, 86]. A detailed discussion is written in Chapter 4. Therefore, in order to
simplify the presentation, we shall turn our attention to the analysis of the finite
element method close to the interior singularities of V. Around the other points
of V (vertices, points where the type of the boundary conditions change), it is

nevertheless understood that one of the standard gradings will be used, if needed.
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Denote by 7 = {T;} a triangulation of Q with triangles 7;. Let S = S(7,m+1)
be the finite element space associated to the degree m Lagrange triangle, such that
S consists of polynomials of degree < m on each triangle T; € 7. We are looking
for a simple, explicit way to construct a class of finite element spaces S,,(7Z,, m+1),
where the numerical approximations u,, € S, of the solution u for Equation (6.2)

satisfy
|u — tn || < CAim(S,)"™2||f|lgm-1, Yfe H™ ' m>1.

We shall achieve this quasi-optimal rate of convergence by considering a suitable
grading close to the points of V. The proof will be based on estimating the error
in weighted Sobolev spaces. The analysis here is similar to the analysis in Chapter
4. To make this chapter as self-contained as possible, we again recall the following

theorems for further estimations.

6.3.1 Approximation Away from the Singular Set V

In this subsection, we approximate the solution u far from the singular points, so
we ignore the role of the singular set V. In particular, although the results and
constructions of this subsection are formulated for €2, often they will be used for a
subpolygon G C 2. We first need to recall the following well-known approximation
theorem [14, 34, 39, 92].

Let T = {T'} be a mesh, that is a triangulation of 2 with triangles 7. We
shall denote by S(7,m + 1) the Finite Element space associated to the degree m
Lagrange triangle. That is, S (T, m+1) consists of all continuous functions x : { —
R such that y coincides with a polynomial of degree < m on each triangle T' € 7T .
(The smaller subspace S(7,m + 1) := S(T,m + 1) N KX(Q) N {u = 0 on 9pQ}
will be used in our approximation results in the following subsections. It is more
convenient in this subsection to use the larger subspace S (7,m+1), though. This
also allows for more general results.)

We shall denote by u; = urzm+1 € S(T,m + 1) the Lagrange interpolant
of u € H*(Q). First, given a triangle T, let [to, 1, 2] be the barycentric coordi-
nates on 7. The nodes of the degree m Lagrange triangle T' are the points of T’

whose barycentric coordinates [ty, 1, to] satisfy mt; € Z. The degree m Lagrange
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interpolant w1 41 of u is the unique function us 7 m41 € S (7,m + 1) such that
U = U;7,m+1 at the nodes of each triangle T € 7. The shorter notation u; will

be used only when only one mesh is understood in the discussion (recall that m is
fixed).

Theorem 6.3.1. Suppose the bilinear form a(-,-) for an equation is both con-
tinuous and strongly coercive on H*(D), where D is a two-dimensional polygonal
domain. Let S = S(T, m+1). Assume that all triangles T; of the triangulation T
on the domain D have angles > « and edges of length < h and > ah. Let ug € S
and u; € S be the finite element solution and the interpolation of the real solution,

respectively. Then, there exist constants ¢ and Cy = Cy(a,m) such that
cllu = uslm oy < llu—urllmpy < CrR™ Jull s ()

for Yu € H™(D), m > 1.

The constant ¢ depends only on the bilinear form a(-, -) by C'éa’s Lemma, while
(' and (5 are independent of the solution w.

Let M := Cy(a) My M,, where C(«) is as in Theorem 6.3.1, and M; and M, are
from Lemma 2.3.7. Then, we have the following estimate for the error ||u—u]||,q((~;)

on a subset G C Q that is away from any point Q; € V.

Theorem 6.3.2. Fiza >0 and 0 < £ <. Let G C Q be a polygonal subset, such
that p > & on G. Let T = (T3) be a triangulation of G with angles > « and sides
< h. Then

[ = wrllicy @ < MA™[[ullcrir gy

forVu € KN G), m > 1, where M depends on & and a.

Proof. Note that the bilinear form a(-, -) for Equation (6.2) is both continuous and
strongly coercive on H'(G). The proof of this theorem follows the arguments in
Theorem 6.3.1 and the equivalence of the H™-norm and the K7'-norm in Lemma

2.3.7 on G immediately. O

Recall that we assume appropriate graded meshes have been used near the
vertices of {2 where V' is bounded. Then, for a point Q); € M where V is singular

with the assumptions in Theorem 6.2.3, we have the following estimates in the
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small neighborhood of @);. Let T, C &; be a triangle with the biggest edge of
length = ¢, and also, () is a vertex of T¢. Denote by T, C T¢ the similar sub-
triangle of T¢ with the ratio of similitude s, 0 < x < 1, which is obtained as follows.
In T¢, draw a line segment parallel to the edge of T opposite to the vertex @)r, such
that the ratio of the length of this segment and the length of the opposite edge is
k. Then, T is divided into the small triangle 7}, that has the common vertex Q;
with T¢, and the trapezoid between the two parallel edges. This procedure leads

to the below estimates near @);.

Theorem 6.3.3. Let 0 < k < 1, > 0 and T¢ C S; be a triangle as described
above. Let T = (1;) be a triangulation of G' := T¢\ Ty with angles > o and edges
< h. Then

lu = urllicyerny < C(RIEW(R/E) ™ lullicpr

for vu € KN (S), m > 1, a > 0.

The proof of this theorem is the same as the proof of Lemma 4.1.4 in Chapter

We shall now concentrate on the mesh refinements around an interior point

where V' is singular.

6.3.2 Construction of the Finite Element Spaces

Recall that m is fixed. For any mesh 7 of ), we let

S(T,m+1) = S(T,m+1)NK} Q) N{u=0ondpQ}
= {XES(T,m+1), X =0on 0pQQUV}.

The condition y = 0 on Jdpf? in the above equation is due to the fact that our
main variational space K1 (2) N {u = 0 on dpQ} consists of functions that vanish
on Opf2. The condition y = 0 at V is due to the fact that a(y,x) < oo for all
X € K1(Q)N{u =0 on dpQ}.

Recall that we want to construct a sequence of meshes 7,,, with Finite Element
spaces S, := S(7,,m + 1), such that the sequence u, := ug, € S, of Galerkin

approximations of the solution u for our Schrodinger—type mixed boundary value
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problem, Equation (6.2), satisfies [[u — up/|[x1 < C dim(S,,)"™?|| f || zgm-1. We shall
achieve this quasi-optimal rate of convergence by considering a suitable grading
close to the points of V. The proof will be based on estimating the error in weighted
Sobolev spaces. At the boundary, the estimates are known from Chapter 4, so we
shall now concentrate at an interior point (); where V' is singular. The meshes
7, that are used to define the spaces S, = S(7,,m + 1) will be constructed by
successive refinements and will have the same number of triangles as the meshes
obtained by the usual mid-point refinement.

Let n = min|¥j;|, which satisfies (6.17). From now on, we shall assume that the
right hand side f of Equation (6.2) satisfies the condition f € H™™! := H™1(Q) C
Kt = K"H(Q), where 0 < a < min(n, 1), m > 1. Therefore the solution u of
Equation (6.2) satisfies

u e KIH N {ulopn = 0} € K1(Q2) N {u =0 on dpQ},

by Theorem 6.2.3.
We now introduce our refinement procedure. Recall that the vertices of €2 and

the points where the boundary conditions change are contained in V.

Definition 6.3.4. Let x € (0,1/2] and 7 be a triangulation of  such that no
two vertices of () belong to the same triangle of 7. Then the k refinement of T,
denoted k(7)) is obtained by dividing each edge AB of 7 in two parts as follows.
If neither A nor B is in V, then we divide AB into two equal parts. Otherwise, if
say A is in S, we divide AB into AC' and C'B such that |[AC| = k|AB|. This will

divide each triangle of 7 into four triangles.

We now introduce our sequence of meshes. Recall that [ > 0 was introduced
in Remark 2.3.1 and 4{ is not greater than the distance from a point ) in V to an

edge of () that does not contain it.

Definition 6.3.5. For a fixed m = {1,2,...}, we define a sequence of meshes 7,
as follows. The initial mesh 7 is such that each edge in the mesh has length < [ /2
and every point in V has to be the vertex of a triangle in the mesh. In addition,
we chose 7, such that there is no triangle in 7; that contains more than one point
in V. Then we define by induction 7,1 = k(7,,) (see Definition 6.3.4). We shall
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Or Or

Figure 6.1. One refinement of triangle 7" with vertex Qr € M, k =11 /ls.

denote by
UL = Ur Ty mt1 € Sp = S(Tp,m+ 1)

the degree m Lagrange interpolant associated to u € C(Q) and the mesh 7, on €.

Near the vertices, our refinement coincides with the ones introduced in [7, 17,
21, 88|.

We now investigate the approximation properties afforded by the triangulation
7T, close to a fixed point @); € V. We also fix a triangle T' € 7, that has Q; as a
vertex. Let us denote by T,; = /T C T the small triangle belonging to 7; that
is similar to 7" with ratio 7, has @); as a vertex, and has all sides parallel to the
sides of T'. Then T,; C T,;-1. Moreover, since k < 1/2 and the diameter of T is
< 1/2, we have T; C S;, j > 1, by the definition of S;.

Let N be the level of refinement. In all the statements below, h ~ 27V in
the sense that they have comparable magnitudes. In particular, we can replace A
with 27V in all the estimates below, possibly by increasing the constants. A good
choice is h = ho2~V, where hy is the initial mesh size.

We shall need the following general lemma.

Lemma 6.3.6. We have K? := K3(Q) C L>(Q) and K?,, C C(2), fora >0, and

hence every function u € K3, is continuous and vanishes on V.

Proof. Let G = T,;-1 \ T,;;. The Sobolev embedding theorem gives ||u||r=(q) <
Cllul[x2()- The constant can be chosen to be independent of j since both norms
are dilation invariant (this is obvious for the L>-norm and for the K#norm it
follows from Lemma 6.1.2). This shows that K2 C L>(Q). The classical Sobolev
embedding theorem also shows right away that X2 C C(Q . V). The relation
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K1, = p*K? and the fact that p*(p) — 0 as p — Q € V shows that any u € K7,

is also continuous at every point of V. ]

It follows from the above lemma that the interpolant u; is defined for u € K7t

and ur(Q) = 0 for all @ € V. See [2] for more general embedding theorems.

Lemma 6.3.7. Let 0 < k < 27"/% 0 < a <. Let us consider the small triangle
T~ = kNT C T with vertex Q;, obtained after N refinements. Let urn be the

degree m Lagrange interpolant of u associated to Tn. Then, on T,.x € Ty, we have

e = wrnllicyr, ) < CP" lullicns iz, -

for all w € KI'HHS:) N {ulopa = 0}, b~ 1/2N where C' depends on m and k, but

not on N.

Proof. Let us denote uy(x,y) = u(Ar, \y) with @Q; as the origin. Let A = &V.
Then, uy(z,y) € K7 (T) by Lemma 6.1.2. Let x : T — [0,1] be a smooth
function that is equal to 0 in a neighborhood of ();, but is equal to 1 at all the
nodal points of 7" different from the vertex ();. We introduce the auxiliary function

v = yuy on T'. Consequently,

o] iy < Cllual

12C71n+1 (T) - ||Xu)\ | 2K17L+1 (T) 3

where C' depends on m and the choice of the nodal points. Moreover, since u(Q;) =

0 by Lemma 6.3.6, the interpolant v; = uy; = uyy on T by the definition of v.

This gives
||U—UI||;q(TKN) = [lux —v+v —unllrr)

< ua = vlrry + v —untller
= |lux = vllicrry + llv = vrllkr oy
< Cillualliciry + Cellvllicme o
< Cl”uXHIC%(T) +O3||UAHIC’1"“(T)
= ClHuHIC}(THN) + C3HUHIC§"+1(THN)
< 04’fNa||U||;c;"++11(TRN)
<

Ch™ HUHK%I (T.n)"
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The first and the sixth relations above are due to Lemma 6.1.2; the fourth is due
to Theorem 6.3.2; and the seventh is based on Lemma 2.3.6. O

We now combine the estimate on 7).~ of the previous lemma with the estimates
on the sets of the form 7},; \.T,.;+1 of Theorem 6.3.3 to obtain the following estimate
on an arbitrary, but fixed, triangle 7' € 7, that has a vertex in V. We continue to

fix a triangle T of 7, with a vertex Q; € V.

Proposition 6.3.8. Denote by h ~ 1/2N the mesh size of Ty and let 0 < k <
2-m/e (0 < a <. Then there exists a constant C' > 0, such that

lu = urnllcyry < CP™Jullem sy,
for all KI'HH(Q).

Proof. The proof follows from the estimates on the subsets T,.;-1 \T,;, 1 <7 < N,
(Theorem 6.3.3) and from the estimate on 7T,~ (Lemma 6.3.7).
Definition 6.3.5 shows that the mesh size of T)—1 \T},;, is ~ k7712771~ Then,

using the notation in Theorem 6.3.3, we have £ = O(x/~1), therefore,

lu—urllxrr o) < Clfﬁ(jfl)a("fj712j717N/“j71)mHuHic;”;l(Tnj_l \T.5)
< 022_(]_1)m2_Nm+(]_1)m||U||IC;"++11 (i)
- 0227NmHuH’CZT—11(TKJ‘_1 \ij)
<

Ohm ||u||]C;n++11(Tnj,1 \Tnj)’

where C' depends on x, but not on the subset T,;-1 \.T,.;. Since the estimate of the
interpolation error on 7T,,~ has been given in Lemma 6.3.7, we complete the proof
of Proposition 6.3.8 by adding up the error estimates on all the subsets 7,.;-1 \T,,
1<j<N,and on T,~. O

Remark 6.3.9. Denote by T be the union of all the initial triangles that contain
singular points of V. Then T is a neighborhood of M in Q. Moreover, the in-
terpolation error on T also satisfies |[u — url[xc1() < ChmHuH,C;n#(T) by summing
up the estimates in Proposition 6.3.8 over all the triangles, as long as k is chosen

appropriately.
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Here we state our main result, namely the quasi-optimal convergence rate of

the numerical solutions on our meshes.

Theorem 6.3.10. Let 0 < a < n and 0 < £ < 27™° with m > 1 fized. We
assume that the conditions of Theorem 6.2.3 are satisfied. Let 7, be obtained
from the initial triangulation by n-refinements, as in Definition 6.3.5. Let S, =
Sn(Tn, m~+ 1) be the Finite Element space given by the first equation of Subsection
6.3.2 and u,, = ug, € S, be the Finite Element solution defined by Equation (6.5).
Then there exists C' > 0 such that

[ = unllcy < CR™|f]

ICm711’ h ~ 2—7’L'
a—

for any f € K.

Proof. Let T; be the union of initial triangles that contain @); € V. Recall from

Theorem 6.2.3 that ||ul| Kt < C|fl xm—1. We use the previous estimates to obtain

lu—unllcr < Cllu—uglxs
C(llu— url| 1oty + Z |u — UIH;C}(Ti))
< Chm(HUH,C;nH(Q\UTi) +Z||U|/cgﬁ1(1ri))
<

O™ [ufl s < ORI s

The first inequality is based on Céa’s Lemma and the second inequality is based
on the Theorem 6.3.2 and Preposition 6.3.8. ]

Then, as a direct result of the theorem above, we have the following estimate
on the convergence rate of the finite element solution, which indicates that it is

quasi-optimal.

Theorem 6.3.11. Using the notation and assumptions of Theorem 6.3.10, we

have that u, = ug, € S, := S(7,,m + 1) satisfies
lu = unller < Cdim(S,) "] fllem-1,

for a constant independent of f and n.
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Proof. Let 7, be the triangulation of €2 after n refinements. Then, the num-
ber of triangles is O(4™) based on the construction of triangles in different levels.
Therefore, the dimension of S, dim(S,,) ~ 4™, for Lagrange triangles. Thus, from

Theorem 6.3.10, the following estimates are obtained,
lu = talls < ™IS lems = €27 fllgn- < € dim(S,) ™2 fllmr-

The proof is complete. O

Using that H™~! ¢ K™3! for a € (0,1), we obtain the following corollary,

under the assumptions of the above theorem.

Corollary 6.3.12. Let 0 < a < min{1,n} and 0 < k < 27™/. Then
lu = unllicy < € dim(S,) "2 f |l gm-,

for a constant independent of f and n.

6.4 Numerical Results

We present here some numerical results to illustrate the effectiveness of our mesh
refinement technique. We convincingly show that our sequence of meshes achieves
quasi-optimal rates of convergence. Based on the arguments in Section 6.2, the
singularity of the solution near @); € M heavily depends on the parameter 9.

Therefore, we take equations associated to the operator
H=—A+0r?

as model problems, where r is the distance to the origin O = (). Different values
of 6 as well as different positions of the origin on the domain will be considered
so as to verify our theoretical prediction in all aspects. Note that in the model
problems below, we have chosen m = 1, namely, piecewise linear functions for the
finite element method, since the implementation is simpler, while the results are

still relevant.
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Figure 6.2. Initial triangles for Q (left); the mesh after four refinements , £ = 0.2
(right).

We first consider the following model problems on € := (—1,1) x (=1,1), such

that the origin @)y is an interior point of the domain. (See Figure 6.2.)

~

—Au+05r"2u=1 in €,

. (6.21)
u=>0 on 0f2,

A

—Au+2r2u=1 in €,

) (6.22)
u=0 on Of).

For the problem (6.21), the solution is not in H? near the origin. Then, special
treatment is needed for the mesh near the origin to get the optimal rate of con-
vergence. To be more precise, from our theory developed above (Equation (6.17)),
we can take a value of a, such that 0 < a < 7 = V0.5 ~ 0.707, which makes
k= 27Ya < 271/ 2 0.375. In fact, a more accurate a prior estimate [60] on the
solution gives u € H* for s < 14++/0.5 ~ 1.707. The situation in (6.22) is different,
since the regularity of the solution depends on the parameter §. Based on our
method, 7 = v/2 ~ 1.414 > 1, which means the solution is in H?, and hence no
graded mesh is necessary for piecewise linear functions.

Meanwhile, we also implement numerical tests on the L-shape domain ) :=
(—1,0)x(—1,1)U[0,1) x (0,1) (Figure 6.3) with mixed boundary conditions, where

the origin @)y is the vertex of the re-entrant corner on the boundary and boundary
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Figure 6.3. Initial triangles for 1 and boundary conditions (left); the mesh after one
refinement , Kk = 0.2 (right)

conditions change the type at (9. The model problems are as follows

—Au+0.15r2u =1 in O,
u=0 on 9p<l, (6.23)
Oy =0 on Ay,

—Au+1.5r2u=1 in Q,
u=0 on dplh, (6.24)
(%U =0 on 6N§21,

where Oy = {(z,y)] =0, =1 < y < 0} and OpQy = 090, ~ OnQy. The
parameter ¢ has a big effect on the regularity of the solution in this case as well.
For (6.23), a similar a priori estimate leads to a solution u € H® for s < 1 +
V/0.15 + (1/2)2(2/3)? ~ 1.511. We also use the formula (6.17) in Section 6.2 to
determine n = 1/0.15 + (1/2)2(2/3)? &~ 0.511. Thus, to recover the quasi-optimal
convergence rates, we can take k = 27V/¢ for any 0 < € < 7, which indicates
< 0.258. The value of n in (6.24), however, is /1.5 + (1/2)2(2/3)? ~ 1.269.

Therefore, the solution is in H? and the numerical solutions will approximate

the real solution in the quasi-optimal rate on uniform meshes near ). We also
note that in all the equations above, the solutions do not possess singularities in
H? in the neighborhoods of the corners that have acute interior angles. For this
reason, uniform meshes near acute corners of the domain are used in our numerical

experiments.
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One of the difficulties in the discretization of Equation (6.2) is to perform the
numerical integration accurately. Note that the integrations involve the singular

2 which is getting stronger and stronger as r — 0. Regular quadrature rules

term r—
for polynomials in two-dimenstions will fail, since the errors are not in a uniform
order on triangles that are near the origin. Therefore, instead of quadrature rules in
two-dimenstions, we integrate the corresponding function on the reference triangle
in one variable first, which is analytically exact. Then, we apply the Gaussian
quadrature on the one-dimenstional integral to control the error from the numerical
integration. The finest mesh in our numerical tests is obtained after 10 successive
refinements of the coarsest mesh and has roughly 2% ~ 8 x 10° elements. The
preconditioned conjugate gradient (PCG) method is used to solve the resulting
system of algebraic equations.

Table 6.1 lists the convergence rates of the finite element solutions for equations
(6.21) and (6.22), respectively, on triangulations with different values of k. These
results verify our theoretical prediction: the quasi-optimal convergence rates can
be obtained as x < 0.375 for Equation (6.21); no graded meshes are needed to
approximate the solution of Equation (6.22) to get the quasi-optimal rates.

The left most column in the table shows the number of the refinement levels,
and u; represents the numerical solution on the mesh after j refinements. The
quantities printed out in other columns in the table are the convergence rates in
the manner

L logz(‘uj — Uj—1|m |

Wit — ;]

which is quite reasonable to be the approximation of the exact convergence rate.
Recall h = 1/27 for the mesh after j levels of refinements. Then, we see that for
Equation (6.21), on appropriate graded meshes (x < 0.375), the convergence rates
are h!', while on uniform meshes (k = 0.5), the convergence rates have slowed down
to h%™® which is very close to the theoretical rate 0.707 from our estimates above,
and will get closer and closer to 0.707. For Equation (6.22), all the convergence
rates are of order k', which is also predicted by our theory.

In Equation (6.23) and Equation (6.24), the origin is a boundary point with
mixed boundary conditions. Then the values of x for appropriate meshes follow

another formula. For Equation (6.23), we have found that the convergence rates
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J\k|e:01e:02¢€:03¢€:04e€:05/[e:01e:02e:03e:04 e:0.5
3 10903 0934 0941 0.900 0.815 || 0.916 0.937 0.954 0.960 0.915
4 1095 0972 0970 0.919 0.789 || 0.968 0.977 0.983 0.987 0.960
5 10982 0989 0.982 0.924 0.764 || 0.989 0.992 0.994 0.996 0.930
6 [0.993 0.995 0.989 0.926 0.746 || 0.996 0.998 0.998 0.999 0.990
7 10998 0998 0.992 0.927 0.733 || 0.999 0.999 1.000 1.000 0.995
8 10.999 0999 0.994 0.927 0.724 || 1.000 1.000 1.000 1.000 0.997
9 1.000 1.000 0.996 0.928 0.718 ||| 1.000 1.000 1.000 1.000 0.998

Convergence history for (6.21) Convergence history for (6.22)
luj—uj—1lp1

e =logy(—L).
82 w1 =u;Tg1

Table 6.1. Interior singularities

J\k | €:01 €:02 ¢e:03 €:04 e:051|e:01e:02¢€:03 ¢e:04 e:0.5
3 10.885 0.907 0.896 0.840 0.754 || 0.899 0.920 0.938 0.947 0.918
4 10945 0.953 0.922 0.828 0.691 ||| 0.961 0.971 0.978 0.982 0.958
5 10973 0972 0.926 0.798 0.626 || 0.987 0.991 0.993 0.994 0.976
6 0987 0981 0.924 0.767 0.578 || 0.996 0.997 0.998 0.998 0.985
7 10994 0986 0.921 0.740 0.548 (| 0.999 0.999 0.999 0.999 0.990
8 10.998 0.990 0917 0.720 0.531 || 1.000 1.000 1.000 1.000 0.994
9 10999 0992 0914 0.705 0.521 || 1.000 1.000 1.000 1.000 0.996
Convergence history for (6.23) Convergence history for (6.24)
ezlogz(‘u] o

\uj+1—uj|H11 :
Table 6.2. Boundary singularities

of the discrete solutions should be quasi-optimal (h') as long as x < 0.258, which
matches the numerical results in Table 6.2 perfectly. In addition, the numbers in
the column for k = 0.5, Equation (6.23), are decreasing, and one can expect a con-

vergence rate of order h%-°!

will appear at the end by the regularity of the solution.
The second part of Table 6.2 implies that the convergence rates in Equation (6.24)
are quasi-optimal for all x < 0.5, which, once again, verifies the theory.

As a brief summary, we have tested our method on four model problems. All
the results in the two tables above convincingly show that the theoretical rate of
convergence can be verified in practical calculations. Therefore, for the boundary
value problem (6.2), with the regularity of the solution determined in terms of
weighted Sobolev spaces, the convergence rates of the numerical solutions behave

like dim(S,,)™™/2 on correctly graded meshes.



Chapter 7

Application Il: an Operator

Degenerate on a Segment

As the second application of our theory from Chapter 3 and Chapter 4, we consider
an operator degenerate on a segment of the boundary. This type of operators ap-
pears in mathematical models of fuel cells and in fluid mechanics. Similar operators
can also be found in [31, 53].

Let © be the rectangular domain (0, 1) x (0, ) for [ > 0, and define the operator
Ls as follows

52
Ls:= —33% — ﬁaj, 6> 0.

We then consider a class of degenerate elliptic equations on €2 corresponding to L

with the Dirichlet boundary condition:

{L;u — f in Q )

u =0 on 9.

Denote by u the solution of Equation (7.1). Let Q¢ := (0,&) x (0,) and S¢ :=
O\ be subsets of €2, depending on £&. Denote by P, C €, an arbitrary open subset
containing the neighborhoods of the vertices (1,0) and (1,1). Then, the strong
ellipticity of the operator L5 on S¢\ P, implies that u € H™ ™ (S\ P.) N {ulaq = 0}
for any f € H™1(Q) [48, 94].

However, it is well known that this result does not extend to the entire domain 2

in general, because of the loss of ellipticity at x = 0 and the possible singularities
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of the solution arising from the corners. In fact, it is generally impossible to
find a solution uw € H™™(Q) for large m, even if the given data is smooth f €
C>(2). Various techniques have been used to investigate different degenerate
elliptic equations in the papers of Boimatov [25], Felli and Schneider [49], French
[51], Langlais [64], and others. In this chapter, inspired by the analysis in Chapter
3, we shall study the well-posedness and regularity of the solution of Equation
(7.1) in terms of some weighted Sobolev space K" (Definition 7.1.1). Note the
the weighted Sobolev space we use in this chapter is quite different from the space
in Definition 2.3.2. The well-posedness of the solution v in weighted Sobolev
spaces will be proved, and consequently, we shall show that there is no loss of
KM-regularity for the solution of Equation (7.1).

Another main result of this chpater is regarding the numerical approximation
by the finite element method (FEM). Let S, be a sequence of finite dimensional
subspaces for the FEM. Denote by w, € S, the corresponding discrete solution.
Then, we shall provide a simple, explicit way to construct a sequence of finite

dimensional subspaces S,, C K1(Q) N {u|sq = 0}, such that u,, satisfies
[l = wal |11y < Cdim(S) 2|l m-1 00,

where f € H™1(Q) N K™L(Q) is arbitrary and C is a constant that depends on
Q) and m, but not n or f. Namely, one can recover the optimal rate of convergence
that is expected for smooth solutions.

In addition, according to the result of Babuska and Aziz [15], the maximum
angle of the triangles in the triangulation for the FEM should be bounded away
from 7, such that a uniform error estimate can be obtained in the usual Sobolev
spaces H™ on each triangle. Otherwise, the energy norm of the error |u — u,|m
on €2 might be difficult to control. In our construction of subspaces S,,, however,
thin triangles that violate this maximum-angle condition will appear. In fact,
the maximum angle in the triangles will keep increasing with 7 as the limit. We
shall show that the difficulty for the estimates in this case can be overcome by a
homogeneity argument in weighted Sobolev spaces.

In Section 7.1, we shall introduce our weighted Sobolev spaces 7" (Q2) and some

notations that will be used throughout this chapter. We then study the properties
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of K*(2) that are important for our analysis.

In Section 7.2, we shall prove the well-posedness and regularity of the solution
in K™(Q). Denote by (v1,v2) the inner product of vy,v, € HY(2) = L*(2). The
corresponding weak solution u € K} (2) N {u|sq = 0} of Equation (1) is defined by

a(u,v) = (D, Do) + 52(%@% iayv) — (), Yo e KXQ) N {v]pa = 0},

Furthermore, we will prove that, for m > 0, the operator L5 = —0* — 2—285 is an
isomorphism from K" (Q) N {ulaq = 0} to £ 1(Q2) and Fredholm K711 (Q) N
{ulpa = 0} — K™ L(Q) iff € is away from a specific countable set of values.

In Section 7.3, we will analyze the numerical solution w,, for Equation (7.1).

Explicitly, we will look for u,, € S,, satisfying
a(tn,v,) = (f,vn), You, €S,.

Denote by 7 = (T;) the triangulation of Q with triangles. Let S = S(7,m + 1)
be the finite element space associated to the degree m Lagrange triangle [39], such
that S consists of polynomials of degree < m on each triangle T; € 7, in which the
nodes are obtained by taking points with barycentric coordinates in m~'Z. Let
ug € S be the numerical solution of Equation (7.1). For any continuous solution
u, denote by u; € S(7,m+ 1) the interpolation associated to u, which is uniquely
determined by the condition u(z;) = wu;(x;) for any node. Also, a symmetric
bilinear form a(-, -) induces an equivalent norm || - ||, on a normed space, provided
that a(-,-) is both continuous and coercive on this space. As a result from Section
7.2, we shall show that || - [|x1 and || - ||, are equivalent norms on €. Therefore,

based on C'éa’s Lemma, we have the following inequality
[u —us|lc1) < Cllu — urllx1 ()

The constant C' in the expression is independent of the triangulation 7 and the
solution u. From our estimates on the interpolation error ||u — ur||x1(q), we shall

construct a class C(I, h, k,m, €) of partitions 7 of Q = (0,1) x (0,1), I > 0, such
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that
l|u —us||m@) < CAm(S) || fllgm-1@), Vf€H™ Q) NKILL(Q).

More details about the notation and proof will be given in Section 7.3.

In Section 7.4, numerical results will be presented for the operator £, := —9? —
202 on Q = (0,1) x (0,10) with a smooth f. We will compare the rates of
convergence of the numerical solutions for different mesh sizes. The convergence
history will verify our theoretical prediction and demonstrate the efficiency of our

technique to approximate the solution.

7.1 Weighted Sobolev Spaces K"

As explained above, weighted Sobolev spaces are convenient for the problem since
the solution u may not belong to H™*(Q) for large m, even if f € C*°(€2). In this
section, we shall introduce the weighted Sobolev spaces K7*(€2) and establish some
properties of them, which are useful for the study of the boundary value problem
(7.1).

7.1.1 Notation

Let X(z,y) € Q be an arbitrary point in the domain €. To define weighted
Sobolev spaces " on the domain €2, we denote by 7 (z, y) and ra(z, y) two smooth
functions, such that r(z,y) = the distance from X (z,y) to (1,0), if the distance <
1; ro(z, y) = the distance from X (z,y) to (1,1), if the distance < 1; + <ry,ry <1
otherwise. In addition, we require both r1(x,y) and r(z,y) are equal to 1 if z < %
(Figure 7.1). The above distances are similar to the weight in Definition 2.3.2 to
reflect properties of the solution of Equation (7.1) near the vertices (1,0), (1,1).
Denote by V = {(1,0), (1,1), [0,y], 0 <y < [} the set containing the vertices
and the degenerate boundary of the domain. Then, we define the weighed Sobolev

spaces K" on () as follows.

Definition 7.1.1. Let R := {z < 1} U{r; < 1, i = 1,2} C Q be a subset of

the domain. Let p(x,y) be a positive smooth function, such that p stands for
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rz

I=1 r1

Figure 7.1. Domain €2 and the position of X.

the distance from X (z,y) to the set V for any X(z,y) € R, and p satisfies that
i < p <1 for any point in the region 2\ R. Therefore, p = z in the neighborhood
of the degenerate boundary; p = r; and p = r3 in the neighborhoods of (1,0) and
(1,1) respectively. Then, for ¢, j,m € {0,1,2,...}, the mth weighted Sobolev space

is
Ki(Q) == {v, p~*(rir2) ™V (28,)'00v € L*(Q), i+ j < m}.
The K-norm for any function v € K*(€2) is

[olfp) = D Mo (r1r2) ™ (20,) 00| |72y
i+j<m
In addition, we set Q¢ := (0,&) x(0,1) C Q, and S, := Q\ Q¢ to be two particular
subsets that will be used very often in the text.
Since p~(ry7)"t (20,)'0v € L*() for Vv € K'(Q2), the completeness of the
space K™(€2) then follows the completeness of L?({2) and integration by parts with
standard arguments in [1, 48]. Moreover, K7*(€2) is a Hilbert space associated with

the inner product

(,0)ep = 3 / (672 (r172)49 (20, D) (), ) D) dady.

i+j<m
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We denote by KZ7'(Q) := (K'(Q2) N {v|sq = 0})" the dual space of KI'(Q2) N
{v|aq = 0} with respect to the pivot space L*(Q),

| [y vl
[l =y = sup e, v #0.
ek (Q)N{v]9o=0} ||v] |’C£”(Q)

We also agree that if ||v|[xm) = 0o, then v is not in K7*(€2).

Remark 7.1.2. In fact, near the vertices (1,0) and (1,[), the spaces KI*(£2) are
the usual weighted Sobolev spaces for elliptic equations on corner singularities in
previous chapters; while in the neighborhood of z = 0, KX*(€2) can be considered
as the usual weighted spaces in polar coordinates, by setting r = x and 6 = y. Our
weighted Sobolev spaces are invented in the way that is based on the property of
the operator L5 and the geometry of the domain. For this reason, some properties
of KI"(€2) are important for the study of the regularity of the solution and for the

construction of the finite subspaces in the FEM.

Based on the definition of the weighted Sobolev space, we shall give some

observations and lemmas for " (€2).

7.1.2 Lemmas

We here summarize several properties for the spaces K*(£2) that are useful for the
development of the theorems in Section 7.2 and Section 7.3. Most of the properties
are derived from straightforward calculation based on the definition of 7*(€2) and
similar to those properties we obtained in Chapter 2. For simplicity, we omit
2 in the notation K*(2) and H™(2), which are used often below. Therefore,
K = K'Q) and H™ = H™ () for the rest of this chapter. Moreover, a ~ b
means that there exist constants C7, Cy > 0, such that C1b < a < Cyb. As usual,
we denote by r and 6 the corresponding variables in the polar coordinates.

The first lemma claims an alternative definition for the space K.

Lemma 7.1.3. Denote by P, C Q, P., C Q and P,, C ) the small neighborhoods
of © = 0 and the vertices (1,0), (1,1) respectively. Then, for P, = P,, U P,,, we

have

Kl'={ue H(Q), p‘“(r@r)iagu c L*(P), p‘“(w@x)iagu € L*(P,), Yi+j <m},



148

where H™(QY) is the space of functions that are in H™ in any compact subset of 2.

Proof. On the outside of P = P,UP,, u € H™(Q2\P) is equivalent to u € K" (Q\P),
since p,ry,r2 and z are all bounded from above and 0 by the definition.

On the region P,, we notice p = x and r; = ro = 1. Therefore

1o (r172) " (20:) Ol |L2(p,) = ||~ (202)' OfullL2(p)-

On P,,, i = 1,2, we freeze the coefficient of L5 in = at the vertex and change

the variables x, y into r, 0 for the polar coordinates centered at the vertex, then

sin(0)

0. = cos(0)0, — Oy

cos(0)

r

8y = Sin(g)&«—i— 0y,

where p =17 =7 on P, and p =ry =r on P,,. The proof then follows from

et (eos(0)0, — 2 gy sm@)a, + D apullsns,
~lp™ Y (r0) " Ofullrxp,,).

h+k<i+j

Lemma 7.1.4. The function p~*(ryry)"™7 (x0,)'09p" is bounded on .

Proof. On the region P, where p =7, =r or p =ry = r, we follow the notation in
Lemma 7.1.3, and change to the polar coordinates centered at the vertices. Since

(rd,)*r® = bkr® and 9yr = 0, we have

|70 (r1r) ™ (20,) D) ") = |r P (rare)™ (20, ) O
< Cl|7,fb7,i+ja;azj/'rb’
cos(0)

r

= Cy|r~"r"™(cos(0)0, — sin()
.

< Clrt Yo (ron)fopr|

k+h<it+j

< Clrt Y (o) = > b

k<i+j k<i+j

89)73(5111(0)& -+ 89)jrb|
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Therefore p~°(ry72)" (20,)'0]p" is bounded on P,.
On the region P, where p = x, we have (20,)'p" = bp® and 9,p = 0. Thus, the

proof follows

|0~ (rara) I (20,) 00" = 1p~"(20,)' 00"
= o (@0,)'p"| = Clb'|.

As for Q\ P, the complement of P = P, U P,, since p is smooth and bounded
away from 0, the function p=°(ryr)"(29,)'0]p" is bounded. Thus, the proof is
completed. O

Consequently, Lemma 7.1.4 shows

Lemma 7.1.5. For the spaces K, p’KI" = K, , where p?KT" = {pv, Vv € K'}.

Therefore, the multiplication by p° defines an isomorphism K™ — Kot

Proof. Let v € K" and w = pPv. Then |p=*(ryry)™ (28,)'dv| € L?, for i+ j < m.

Moreover, we have

07 (rarg)  (20,) Bw| = |p=  (ryr) ™ (20,) 0] p"
= b ()| Z (20,)* 0L pP (20,) 0T M0

k<i,h<j

< C Z (rire) M (20,) RO | € L2,

k<i,h<j

The last inequality is the consequence of Lemma 7.1.4. Thus, p?’K™ is continuously
embedded in K7’ ;. On the other hand, because this embedding holds for any real

number b, we have the opposite

a+b p P bICa+b C prng’

which completes the proof. O

Recall that Q¢ = (0,€£) x (0,{). From a direct verification based on the defini-

tions of H™ and K", we can also derive the following lemma.
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Lemma 7.1.6. We have K) = L* and for m’ <m, da’ < a,
1. Krc Ky
2. [llieny 0y < €% Mullicg o), Yu € K € < 3.

Proof. The first argument is the result of the inequality below. Vu € K" and

m <m,ad <a,

>l (rre) P (@0, Ol < C Y [l (rire) T (20,) Oul 7.

i+7<m/ i+j<m

Note that on {2, £ < %, we have p = x, r; = ro = 1. Then the second argument

in this lemma follows from

By = 0 Nl (rir)  (@0.) 0ulxga,

i+i<m/

< Z ™ ?"17’2 ) (20,)'0, UHLQ(Qg)

i+j<m

= TN [ (o) (20,) Ol 22

i+3<m

< &N lp (rire) T (@0, Ol gy

i+j<m

= gAlome )||UH2IC{{1(§25)'

]

We note that the weights defined in X' only depend on the distances to certain
parts of the boundary. From Lemma 7.1.3, we obtain that the H™- and K"-norm

are equivalent on any compact subset of 2.

Lemma 7.1.7. Let & be a positive number, and let G C ) be an open subset such
that p > & on G. Then ||ul|gm@) < Mi||ullkp@) and ||ullcm@) < Mallul|am @),
for any uw € H™(G), where the constants My and My only depend on & and m.

Proof. 1t follows from Definition 7.1.1 and Lemma 7.1.3 O
The following lemma states the relation between H™ and K" on €.

Lemma 7.1.8. On Q, ||u||gn < Mi||ullm, and ||u||xm < Ms||ul||gm for a <0,

where My and My depend on m and a.
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Proof. This lemma is basically a consequence of the definitions of those norms.
Recall the definitions of P, P, and P,. Then, based on ¢+ 7 < m and p = x on P,,

||u||ICm(Px) = Z lp™" (x0s) au||L2(P
i+j<m
> S 1000l oy = Ol By
i+j<m

On the other hand, we have

|ul[Rm(py = C Z o™ "™ 8,00l [72(p,y

i+j<m
> C Y 0:05ulliamy = CllullEme,),
i+j<m
based on i +j <m and p =1y or 75 on P,.
For the region Q\P, Lemma 7.1.7 shows that ||u||gm@\pr) < Mi||ullcm@\p),
which completes the proof for the first argument in the lemma.

The second inequality can be proved in a similar way by comparing different
norms on P and Q\ P, which will be shown in Lemma 7.1.10. O]

Corollary 7.1.9. We have K}, C p*H™ C K.

The proof is based on the isomorphism arising from the multiplication in
Lemma 7.1.5 and the inequalities in Lemma 7.1.8.

The following lemma will compare K" and H™ near the y-axis and the vertices.

Lemma 7.1.10. Let £ be a positive number and let G' be an open subset of €,
such that p < & on G'. Then ||ul|lgm@y < Ci&%™||ullkm@y if a@ > m, and
ullcm @y < Co&™|ul|amey if a < 0, where Cy and Cy are generic constants

depending on m.

Proof. For a > m, we first have

[ul|zrm ey < Chllul|eman

from Lemma 7.1.8. Then, on the subregion of G’ that is close to x = 0, Lemma
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7.1.6 shows
ullcm < &7 |ullxp-

For the subregion that is near one of the vertices, we have

lulliy = C D o0 0L05ul[7:
i+j<m
> | 00ul|ze = € ul 3y
The last inequality is based on p < ¢ and ¢ 4+ 7 < m on this subregion. Therefore,
ul|gmary < C1€° ™ ul|mry for @ > m by combining the estimates on different
subregions of G'.

For a < 0, similarly, on the subregion of G’, which is close to z = 0, because

p=z,a<0and p <& we have the following inequalities,

lullfp = D o (x0a) Oull
i+j<m
< e Y |0Ldull3s = CE ful[3m.
+j<m

On the subregion close to one of the vertices, the inequalities are

lullty < C Y o™ 0,00ull7s

i+j<m

< 0e? Y N10i05ullze = O ful[F.

i+j<m

Therefore, for a <0, ||ul|xm@y < CE|u||gmcry. This also provides the proof of

the second inequality in Lemma 7.1.8. O]

We have derived several lemmas to reveal the relations between the weighted
Sobolev space K* and the regular Sobolev space H™. They are the preliminaries
for our main results in the next section. Now, we shall give an important lemma
for the homogeneity of the norms of weighted Sobolev spaces K*(£2¢). This is one
of the main reasons that we use weighted Sobolev spaces for the analysis.

We define the dilation of a function on {2 first. For 0 < A < 1, let G C X
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be an open subset of €¢. Also, let v be a function on G. Then, we define the
dilation function vy(z,y) := v(Az,y) for any point (z,y) € G' C €/, such that
(Ax,y) € G. The relation of the norms of v and its dilation v, is given by the

following lemma.

Lemma 7.1.11. Let G C Q\Qy¢ be an open subset and u(z, y) be a function on
G, 0<A<1, &< 3. Then ||u,\|]2,cm(G,) = /\2“_1||u||,2Cm(G) for any u € KI'(G).
This relation also holds for G C Qy¢, £ < %

Proof. The proof of the lemma follows the change of variables and the fact that

p=ux,1r =19 =1o0n G with a direct calculation. Let w = Az, then
||UA(9C7?J)||;2@(G') = Z / (x_a(rﬂb)iﬂ(xax)iaiux)2dxdy
a, —a 197 2 1
= > | (w(wdl) Oulw,y)) S dwdy
G

— Z /G)\Z‘ll(wa(waw)iﬁiu(w,y))dedy

i+j<m

_ )\2(1—1 Z /(w_a<waw)la;u(w7y))2dwdy
itj<m G

= NSl (wd) Bul 2
i+j<m

= )\QG_IHUH?@(G)-

We note that the proof above can be carried out without any restriction on G C
Qe €< % as well. Therefore, this relation for u and wu, also holds on this region.
[

Lemma 7.1.11 is particular for the analysis of the solution near x = 0, since
one can refer to Chapter 3 and Chapter 4 for the solution around the vertices

(1,0),(1,1).
We now conclude this section by the following result.

Lemma 7.1.12. The operator Ls defines a continuous map Ls: KIHH(Q2) —
Ko (Q).
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Proof. We need to show that for Vu € K'51(Q), || Lsul em=1 < Cu] |K;n++11 on P, P,
and Q\ P, which are defined in Lemma 7.1.3.

On O\P, Ls = —0? — i—i@j is strongly elliptic. Therefore, it is a bounded
operator H™(Q\P) — H™ *(Q\P) [48]. Then, the argument for this lemma
follows the equivalence of the spaces H™™(Q\ P) and K™ (Q\P).

On P, let g = riry, H™ = H™(P,) and K" = K*(P,) in the proof for sim-
plicity. Then, based on g ~ p, the following inequalities hold with the coefficient

frozen in x at 1,

1Csullenr < Co D |l ~g" (20,)'0)(— 32“——32 ) |z2
i+j<m—1

=Co Y |lp' g 0.05(~00u — 6°0u)| 2
i+j<m—1

< G Y (g™l + ("9 0507 P ul|2)
i+j<m—1

< 02 Z (||p—a 1 z+g+2az+261u||L2+||p a—1 z+]+28za]+2u||L2)
i+j<m—1

< Cllulleg-

On P,, similarly, let H™ = H™(P,) and K" = K"(P,) in the proof for sim-

plicity. Then, based on p = x, r; = ro = 1, we have the estimates below,

. 52
Lsullep s < G Y llp' " (@0.) 9 (~02u — Z55u)ll.
i+j<m—1
, 52
<G Y (@0, B0l e + e~ (@0.) 9 ul12)

i+j<m—1

< G D (Il (@0a)? = (20,) a0l +
i+j<m—1
[|lz7* (-2 + x@z)iaﬁzuHLz)

< Gy (e (=24 20,) 0ul| 2 +
i+j<m—1
a7 (=2 + 20,) ) Ful 2 + [l (=2 + 20,) 0] Pul|12)

< Ollullmar-

We here use z7%(20,)'z"u = (a + zd,)"u to simplify the expression. O
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In the next section, we will show that this map Ls : /C;’fll N{ulog = 0} — K™

is a bijection. if the index a satisfies some conditions.

7.2 The Well-posedness and Regularity of the

Solution

First, we need the following estimates on the solution of Equation (7.1). Recall
that we defined the set V := {(1,0), (1,1), [0,y], 0 <y < [}. It has been shown

in [2, 3, 20] that the trace or restriction of u € K" on the boundary follows
m—1l
u’ag\s S ’Ca—; (GQ\S)
However, the estimate of the trace on x = 0 is needed to derive the corresponding
bilinear form a(-,-) for the boundary value problem (7.1). We note that for m > 1,
Km c H™ by Lemma 7.1.8. Denote each segment of 9Q by D;, i = 1,2, 3, 4, where
D; is open. In particular, let Dy := (0,y), 0 <y < [, be the corresponding open

set for the degenerate boundary x = 0. Then, the trace

b, € H™2(D;), Yu e K™(Q),

u

is defined [55]. Consequently, for u € Ki, the trace of u is well defined in L? on
every D; of the boundary 0f2. Furthermore, we can even show that u|p, = 0 for

u € Ki.

Lemma 7.2.1. For any function u € K1, its trace on D; is well defined in L* and

moreover, we have u|p, = 0. Consequently, the corresponding bilinear form for
Equation (7.1) is a(u,v) = [(0;ud,v + i—zﬁyuﬁyv)dxdy, Yo € K1 () N {v]oq = 0}.

Proof. For u € Ki, the trace u|p, belongs to H%(Di) by the arguments above,
hence in L*(D;).
Moreover, on €2 = (0,¢) x (0,1),& < 1/2, since p = x, we have

1 / 2 / Ly 2
— [ widxdy < —udrdy < Cllullfr g, < 0.
52 Qg Q§ .CCZ ]Cl(Qﬁ)
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Therefore, st u?drdy — 0 as £ — 0. Hence, the trace u|p, = 0 in L? by continuity.

Thus, the following bilinear form is obtained by integration by parts,
52 Q)
a(u,v) = Q(axu(?xv + ﬁayuﬁyv)dxdy, Yo € K1(2) N {v]aq = 0}.

]

Now, we shall prove the existence and uniqueness of the solution of Equation

(7.1) in weighted Sobolev spaces.

Theorem 7.2.2. On Q, the map Ls : K"™(Q) N {ulsq = 0} — K™7H(Q) is
an isomorphism, for 6 > 0, m > 0. Namely, there is a unique solution u €

KHHQ) N {ulaq = 0} for Equation (7.1) if f € K™ ().

Proof. We shall first prove it for m = 0. From Lemma 7.2.1, we have the following

weak formulation for Equation (1),

2
a(u,v) = /Q(amuﬁxv + %@lu@yv)dxdy = /vadxdy, Yo € K1(2) N {v]|sq = 0}.

Then, we shall show the equivalence between the energy norm induced by af(,-)
and the Kj-norm || - [|x1(q) to complete the proof.

Based on the definitions of a(, -) and the Ki-norm on , the continuity of a(-, )
can be verified as follows. From the Holder inequality, there exists a constant C,
not depending on u and v, such that a(u,v) < C|[ul[x1|[v][x1. Therefore, a(-,-) is
a continuous (bounded) bilinear form on K}.

To prove the coercivity, we adopt the following notations. Let Q¢ = (0, &) x(0,1)
be the rectangular domain near the boundary x = 0. Denote by B(v,r) the open
ball of radius r centered at v. For any of the vertices v; = (1,0), vy = (1,1), let
e,

can be characterized in polar coordinates by

= QN B(v;, &), i = 1,2, be the corresponding conical domain, such that Q”&i

Q. ={(r0)0<r<{0<d< g}.

Note that a(u, u) is equivalent to [ulfy = 7, . [lp~! (rir2)(20,) 0Jul|7. by their
1
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definitions. Then, we shall first prove the following weaker inequalities for ¢ small,

2
—dxdy < C’/ (Opu)? + %(@/ufdxdy

Q& Q¢

/ ﬁdxdy < C/ (Opu)? + 6%(0,u)*dxdy,
e, .,

since p =z and p =7 on {J¢ and (2, respectively.

On the domain €2, we first have the one-dimensional Poincaré inequality for y,

l !
/ uw?dy < 01/ (O,u)*dy.
0 0

By integrating with respect to x, we obtain

u? Oyu)? 52
—dydr < Cy %dyd:v < C’/Q (0pu)* + ﬁ(ﬁyu)Qdydx,
¢

QT Q X

where C' is independent of w.

Similarly, we have the one-dimensional Poincaré inequality for ¢ on 2, ,

/ " u2de < ¢ / " (Opu)2d6.
0 0

By integrating in polar coordinates, we have

2 2
/ vy = / Lards < ¢ / )
Q. T Q. T ) r

& TE; TE

Since fQ + (Oyu)*drdy = fQ Oru)? + Mdrd@, we now have

2
/ u—zdxdy < C/ (0pu)? + 8%(0yu)*dxdy,
Q, T Q
7"62 7"51
with C independent of u.

Let . :==Q,, UQ,, . Thus, based on the usual Poincaré inequality in O\ (U
Q,,) and the inequalities above, we complete the proof for the coercivity a(u,u) >

C’||u||l€1(Q Then, the existence of the unique solution u € K1(Q2) N {ulsq = 0}
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follows the Lax-Milgram Theorem. O

For m > 1, the proof follows from the results from the previous chapters, which
is based on the regularity of the solution derived by the Mellin transform on an
infinite domain.

As an extension from this theorem, one has the following corollary.

Corollary 7.2.3. There exists a constant n > 0, depending on €2, such that
Eg . ’Cﬁtl(Q) M {U’ag = O} — KT{_&G(Q)

is an isomorphism for 0 < |e| < n.

Proof. Denote by L;, the operator defined by L5 but on the space Kﬁtl N{u|an =
0}. Then, from Theorem 7.2.2 and Lemma 7.1.5 (see the diagram below), the

operator Ls. is an isomorphism if, and only if
Ase := p Lsep - KM N {ulpq = 0} — K™

is an isomorphism.

‘C(Se
’Cﬁtl - ,CTl_—i}e
peT lp—e
e — Ky

Then the proof follows the fact that As. is a continuous bijection as ¢ = 0 and the

operator As. depends continuously in norm on the parameter e. O

Remark 7.2.4. For a brief summary, we have taken the advantage of weighed spaces
K™ to prove the well-posedness of the solution u € K7™ N {u|sq = 0} of Equation
(7.1), Vf € K™ '. Furthermore, there exists some constant 7, such that Ls is
still invertible on weighted spaces that depend on 7. In fact, one will find that
it is important to know the exact upper bound of ¢ in the FEM. To be more

precise, 7 is determined by the local behavior of the solution for Equation (7.1)
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near the set V = {(1,0), (1,{), [0,y], 0 <y <I}. Recall Q¢ = (0,¢) x (0,{) and
Q,, = Q’“sl UQT52 in Theorem 7.2.2. Then, it is possible to show that 7, = @
on Q¢ for ¢ < 1/2. Namely, As. : K (Q) N {uly=oy = 0} — K™ 1) is
invertible for |e| < n = —”22‘;52“2. Here, we include some arguments on operator
As. and the constant 7.

We focus on the region ¢ = (0,&) x (0,1) for & < 1/2 first. The indicial family
of Ase = p~Lsep* for KT (Qe) N {ufy—o; = 0} is (it +e+1) (it +e—§) +6%02 acting
on H*([0,1]) N {ul|y—o; = 0}. The eigenvalues of 92 on H*([0,1]) N {uly—o; = 0}
are —(%0) for k € {1,2,3,...}. On Q,,

can be derived in a similar way as in Chapter 3 by the Mellin transform. Then,

the indicial family of Ajs, for the vertex

we have the corresponding eigenvalues that can be calculated numerically. Based
on Theorem 2.2.12, the operater Az, : K" N {ulsq = 0} — K™ ' is Fredholm
if, and only if its indicial family for the degenerate boundary = = 0 and the
indicial families for the two vertices are invertible for all 7 € R. This is seen to
be the case for (it + € + 3)(iT + € — 3) 4 6°0;, unless € = L VORISR g e N,
Let n, = @. Denote by ny the smallest positive value, such that one of
the indicial families of As. for the vertices is not invertible as ¢ = 7. Then,
Ase = p~Lsep + KN {ulgg = 0} — K™t is Fredholm of index 0 when
le] < n = min(n,n2), since As. is Fredholm of index 0 as e = 0. Moreover,
we note that the kernels of the operators A are decreasing as € is increasing,
we conclude that they are invertible for 0 < € < n. By taking the adjoint, we
obtain the invertibility of Az for —n < € < 0 as well. As the conclusion of the
arguments above, we can take 7 = min(#;,72), such that for V|e| < 7, the operator
Ls : K0 {uloq = 0F — K71 is still an isomorphism.

For values of e outside the range above, the operator As. will no longer be
invertible. In fact, it will have a non-zero index that can be computed, for example,

as in Chapter 3.

7.3 The Finite Element Method

In this section, we will consider the numerical approximation for the solution u
of Equation (7.1) by using the FEM. Denote by 7 = {T;} a triangulation of {2
with triangles T;. Let S,, = S,(7,m + 1) be the finite element space associated
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to the degree m Lagrange triangle such that S, consists of polynomials of degree
< m on each triangle T; € 7. Then, we shall try to find the optimal finite element
solution u, € S, by an appropriate construction of the finite space. By optimal

finite element solution, we here mean the finite element solution that satisfies

[lu = wnllari () < Cdim(Sa) ™™ 2| fllm-1i0),  Vf € H™H(Q) N KIL(Q).

7.3.1 Estimate for the Interpolation

Again, to make this chapter self-contained, we repeat the following well-known

approximation theorem.

Theorem 7.3.1. Suppose the bilinear form a(-,-) for an equation is both con-
tinuous and coercive on H' for a star-shaped two-dimensional domain D. Let
S = 8(T,m+1). Assume that all triangles T; of the triangulation T of domain
D have angles > « and edges of length < h and > ah. Namely, the triangulation
s quasi-uniform. Let u, € S and u; € S be the finite element solution and the in-
terpolation function respectively. Then, there exist constants ¢ and Cy; = Cy(a, m)

such that
cllu = unl[mpy < llu—url[mp) < CLE™ || msr(p)

Yu € H™(D), m > 1.

The constant ¢ depends only on the bilinear form a(-, -) by Céa’s Lemma, while
Ch and (5 are independent of the solution.

Let M := Cy(a)M; M,, where C(«) is as in Theorem 7.3.1, and M; and M, are
from Lemma 7.1.7. Then, we have the following estimate for the error |[u — ur||x:

on a subset of €.

Theorem 7.3.2. Fiz a > 0 and 0 < £ < 1/4. Let P C Q be a star-shaped
polygonal domain, such that p > & on P. Let T = (1)) be a triangulation of P
with angles > o and sides < h. Then

lu = urllicypy < MA™[[ullcrirpy

Yu € Kﬁtl(P), where M depends on & and .
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Proof. The proof for the error estimate follows from the arguments in Theorem

7.3.1 and the equivalence of the H™— and the K]'—norms on P immediately. [

We need to point out here that the estimate in Theorem 7.3.2, for the solution
u of Equation (7.1) and its interpolation wu;, can not extend to the entire domain 2
in general. It is reasonable to expect singularities in H™ of the solution, near the
degenerate boundary x = 0, since it is only in the weighted Sobolev spaces instead
of the usual Sobolev spaces . Also, it is possible that we have corner singularities
near the vertices away from x = 0, depending on the parameter ¢ and the interior
angle corresponding to the corner. In either of the cases, the constant M can not
be uniformly bounded, which will destroy the optimal rate of convergence. The
FEM for elliptic equations with Dirichlet boundary condition near the corners has
been widely studied in Chapter 4 and also see [4, 7, 21]. Thus, from this point, we
concentrate on the estimate near the degenerate boundary x = 0, since we have
been quite clear for the corners. Recall Q¢ = (0,£) x (0,1). Let 0 < k < 1. The

extension of Theorem 4.2 on the thin rectangular region Q¢\ Q¢ is as follows.

Theorem 7.3.3. Let Q¢ = (0,£)x(0,1) be a subset sitting in Q with & < 1/4. Given
0< k<1, letT = (1) be a triangulation for the rectangular region U 1= Q¢\ Qe
with triangles of sides < h, and < hy, in the z-, y-direction respectively. Denote
by u; the interpolant as the polynomial of degree < m on each triangle. Then the

interpolation error on U is

T

= sl < COE (mas(hy 52) o

Vu e K, m>1, e > 0.

Proof. Recall the dilation function uy(x,y) = u(Az,y) from Section 7.1 and note
that ury = uy;. Then, if we let A = 2§ and U’ = (§,1/2) x (0,1), by Lemma 7.1.11

and Theorem 7.3.2, we have

_1
lu —urllcrwy = A 2|Jun — unller @)
1
A7z [|ux — unr|kr )

_1 hx m
< A 2M(max(7,hy)) [l
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Dy m
= M(max(yyhy)) HUHICT“(U)

€ hl’ m
< Mg (max<hy72—§)) HUHK;T;I(U)‘

The last inequality is based on Lemma 7.1.6. O]

This theorem provides us the interpolation error for u € IC’ffgl on a rectangular

strip U near x = 0. Based on our observation above, it is possible to construct a
class C(l, h, k, m, €) of partitions 7 of €2, such that the optimal convergence rate is
obtained.

Before we define the class C(l, h, k, m, €), we assume that, near the vertices (1, 0)
and (1,1), a proper graded mesh has already been chosen to recover the optimal
convergence rate, which is reasonable based on our previous discussions. For this
reason, we will not consider the graded mesh near the vertices in the definition
below. In fact, we will use a uniform mesh near the corners to demonstrate our
method to generate triangles. However, it is only for the purpose to simplify the
expressions. One needs to keep in mind that the uniform mesh near the corners in
the following definition will be replaced by an appropriate graded mesh generally

in practical computation.

7.3.2 Construction of the Mesh

We shall introduce the construction of a class C(l, h, k, m, €) of triangulations and
the finite element spaces S, associated to it. In the class C(l, h, k,m, €), we try to
even-distribute the interpolation error, and keep the same number of triangles as
in the usual mid-point triangulation.

In the notation C(l, h, k, m, €), we denote by h the size of triangles in the trian-
gulation for (3,2) x (0,1) C Q; & is the parameter to control the decay of triangles
near = 0. We focus only on Q¢ = (0,€) x (0,1), for £ < 1. (Graded mesh for both
of the vertices (1,0), (1,1) is needed in general, but it will have the same number
of triangles as in the uniform mesh.) We here define the class C(l, h, k, m,€) for

our problem.

Definition 7.3.4. For a fixed m = {1,2,...}, ¢ € (0,1],1 > 0,h > 0, we define

C(l, h,k,m,€) to be the following set of triangulations. First, for a positive integer



163

o

L L L L L L L L 0 L L L L L L L L
0 01 02 03 04 05 06 07 08 08 1 o 01 02 03 04 05 06 07 08 04 1

Figure 7.2. Initial mesh with three triangles(left); Triangulation after one refinement
N =1,k = 0.5 (right).

N, choose k, such that
Ve < C()h™.

Then, starting with three initial triangles sitting in Q\Q% (Figure. 7.2), we de-
compose €21 into rectangular subdomains 00 = Q%\Q%, Qb = Q%\Qé, -
Vo= Q4 \Qun, for j = 0,1,2,...,N — 1 and QY := Qv = (0,5) x (0,).
Note h :21 in tﬁe initial mesh. Denote by h,; and h,, the lengths of sides of trian-
gles in the x- and y-direction respectively on ©7. In the jth refinement, 1 < j < N,

we triangulate /! with three triangles, such that they satisfy
hoy , =K '/2—=K/2, and h, , =L

Meanwhile, new triangles are generated in Q\2 -1, by connecting the mid-points
of the old triangles. Note that there is no triaanle in Q%4 > j, yet. We simply
repeat this process for 7 and Q\Q,,, in the next step. In the Nth refinement,
besides generating triangles for V1 and O\Q,~v1, we divide QY into two triangles
by the diagonal of the rectangle. Then, after ]\2f refinements, the triangulation 7

is the union of the triangles in the triangulations of all the subdomains.

We now state the following property for the class C(l, h, k,m,€) we defined

above.
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Theorem 7.3.5. For each m > 1, there exists a constant C', such that
[lu = wrllxy@) < CR™||ullcper g

for any triangulation T in C(1, h, k,m,€) and u € K" (Q) N {ulsq = 0}, € > 0.

The proof of this theorem needs the estimate on every €, j < N and QY
since it holds for Q\Q 1 by our assumption. Due to the construction of the class

C(l, h, k,m,€), we present the following lemma for the last region Q% = (0 "N) X

5
(0,1) first.

N

Lemma 7.3.6. On QY = (0, %) x (0,1), from the construction of C(l, h,k, m,¢),

the estimate on the error gives
u —url[c1ony < Chm||“||;q’;t1(ﬂN)a

Vu € KN Q) N {ulan = 0}, € > 0, m > 1, where C' depends on m and k.

Proof. The proof follows the dilation of u and the introduction of an auxiliary
function v. We define the dilation uy(z,y) = u(Az,y) for (A\z,y) € QV. Let A =
k™. Then, uy(x,y) € /Ciil”(Q%) by Lemma 7.1.11. Meanwhile, let x : €21 — 0,1]
be a non-decreasing smooth function of z, which is equal to 0 in a neighborhood
of x = 0, but is equal to 1 at all the nodal points that do not lie on x = 0. Then
we introduce the auxiliary function v = yuy on €2 1. Consequently, for a fixed m

and the corresponding nodal points in the triangulation, we have

2 2
||U||KT+1(Q%) = ||XU/\||;CT+1(Q%)

= > D S a ) (20, A ua(x0:) X2, )
itj<m+1  k<i ?

S CHUAHQKTH(Q )’

[N

where C' depends on m and the function y. Moreover, one notes that the interpo-
lation v; = uy; on Q% by the definition of v.
Therefore, the proof is completed by the following inequalities
[|u — U1|\/q(QN) = )\71/2||UA —v+v— uAI||ic}(Q

)

1
2
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< Al = vl + 110 = warlleiay)

< NP Gllnlleyay + Gl llellpay)
2

< AP Glualleyey) + Ok lnllepay)

2
= Cilulleromy + Cshy[lulleperon)
N N
<

K ¢ m K .
04(7) Hu”’“ﬂe(ﬂN) + C5hyN(7) HUHIC;T:(QN)

< Ch™[ulleprony-

The first and the fifth are from Lemma 7.1.11; the third and the fourth are the
results of Theorem 7.3.2 and the relation between v and wuy; the sixth and the

seventh are based on the construction of the triangulation. O]

We here provide the proof for Theorem 7.3.5 by summing up the estimates on

every region (¥ for j < N.

Proof. Since we assume the estimate is valid on Q\2 1 that contains the vertices,
it is sufficient to show that the estimate still holds on €2 1 for completing the proof.
The basic idea is to establish the estimate ||u — url[c1 on every 7 for j =
0,1,2,...,N —1 and on QV.
On every €/, based on the construction of the triangulation, £ = % for Theorem
7.3.3. Then, we have

hey L,
26 T W T QN-(GHD)”
Recall that h represents the size of triangles in the region (3,2) x (0,1). Then

h = O(1/2N) after N successive refinements. Since ¢ < Ch™, by Theorem 7.3.3,

we have the following for every m,
[lw = wrllicy @iy < ME™||ullmir o)

As for the last region QV, we have [[u — uy|c1ov) < C’hm|\u||,qn++1(QN) by Lemma
7.3.6. The proof of Theorem 7.3.5 then follows by adding the squares of all these

norms on €7 and QV. O
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From this point, we assume that 0 < ¢ < 1 is chosen such that
Ls ICl—i-e N{ulaa = 0} — K7, 1+e

is an isomorphism, which is possible due to Corollary 7.2.3. Denote by S the finite
element space corresponding to the triangulation in Definition 7.3.4. Let ug € S be
the finite element solution of Equation (7.1). Then, we have the following estimate

on ||u — US||H1(Q)
Theorem 7.3.7. Let u € K" N {ulag = 0} be the solution for Equation (7.1),

0 <e< 1. Then, for each m > 1, there exists a constant C, such that

lu — us||g1) < CR™||fl|m-10)

for any T € C(l, h,k,m,€) and Vf € H™ 1.

Proof. We denote by ~s the norm of the inverse operator £ : K™ +6 — IC’ffel

{u|sa = 0}. The theorem can be proved by the following inequalities,

IN

M|lu — uy|[x:
CiM|lu — up|[x:
CoMAP™ ||ul| s
CoMAysh™ || flem2.
Ch™[[f|[rm-1.

[lu = uv

ININIA

IN

The first and fifth inequalities are from Lemma 7.1.8; the second inequality is

based on Céa’s Lemma and the third inequality is from Theorem 7.3.5; the fourth

inequality is obtained by the invertibility of the operator Ls : Kﬂti N {ulsn =

0} — K™ O

We have proved our theorems based on an explicit construction of the class

C(l,h,k,m,€) for Q. Our estimates on the error were expressed by h, the size of

those triangles in (%, %)

However, since there is no uniform size for the triangles in the triangulation, it is

x (0,1), as in the usual quasi-uniform finite element spaces.

better to formulate the estimate in terms of the dimension of the finite subspace
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S. Based on the structure of the mesh we developed above, we attain the rate of

convergence for the finite element solution ug € S as follows.

Theorem 7.3.8. Let u € K" N {u|ag = 0} be the solution for Equation (7.1),
0 < e < 1. There ezists a constant C = C(l, k, h,m,€) for m > 1, such that

[lu = usl| o) < Cdim(S) ™[] f]| sm-1()

for any partition T € C(I, h,k,m,€) and Vf € H™1(Q).

Proof. The proof is very similar to the proof of quasi-optimal rate of convergence
in previous chapters. Let dim(S;) and dim(S;_1) be the numbers of the elements
in the meshes after 7 and j — 1 refinements from the initial mesh respectively.
Then, we have dim(S;) ~ 4 x dim(S;_;) + 3, hence, dim(Sy) = O(4"). On the
other hand, the size of the triangles in (1, 3) x (0,1) satisfies h = O(27), after N
levels of refinement. Thus, dim(S) ~ h™2 for every m > 1. From Theorem 7.3.7,

we have the following estimate in terms of the dimension of the finite subspace S,
lu = sl o) < CAim(S) ™| f|rm-1().

This is also the optimal convergence rate of the finite element solution expected

for a smooth solution. O

7.4 Numerical Results

We here present the numerical results to demonstrate our method to approximate
the solution. The following model problem in the case 6 = 1 and the domain

A

2= (0,1) x (0,10) for Equation (7.1) is considered,

—u—50%u =1 in Q
u =20 on 9.

We also have chosen m = 1, namely, piecewise linear functions for the FEM,
for simplicity. From the previous theorems, the solution is not automatically in

H?(Q)) near the degenerate boundary. In fact, we can use the same method as
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~

in previous chapters to obtain a more accurate a priori estimate v € H*(€2) for
s < 1+—”1088’4’r2 ~ 1.59. Note that the operator £ is actually the Laplace operator
—A near the vertices (0, 1), (0,7). The solution near those two corners, therefore,

behaves like
u(r,0) = TQkCW)a keZ,,

in polar coordinates [55], where the function ( is smooth, only depending on 6.
For this reason, the solution has no singularity near those two vertices in H?2.
The vertices (1,0), (1,1) do not affect the regularity of the solution in this case.

Consequently, it is not necessary to apply graded mesh there. Moreover, with a

direct calculation based on our arguments in Section 7.2, we have 1, = —”()(2)8“1”2
and 7o = 2 on Q. Then, one can set 0 < € < n = min(ng, ne) = —”0234”2 ~ 0.59

and take 0 < k = 27'/¢ for the graded mesh near the degenerate boundary z = 0.
Therefore, we have the range k < 2795 a~ 0.309, on which the optimal rate of
convergence in Theorem 7.3.8 holds for the model problem.

To construct the mesh, we start with three initial triangles (Figure. 7.3). In
every step of refinement, we pick two points (z1,0) and (x9,10) as two vertices
of the new triangle and the third vertex of the new triangle is placed at the mid-
piont of the base of the old triangle. Denote by d the minimum distance from any
point in the old triangles to x = 0. Then, the parameter s controls the position
of the new points, such that 7 = x9,k = x1/d. Meanwhile, other new triangles
are generated on the region that is enclosed by old triangles, by the mid-points as
described in the previous section (Figure 7.3). Therefore, the new triangle that
is approaching x = 0 is specially designed to fulfill the requirement in Definition
7.3.4, while all the other new triangles are generated by connecting the mid-points
of the old triangles. In the last step, the last region Q o~ 1s divided into two
triangles by the diagonal of the rectangle, as described in SQection 7.3.

One also notes that the triangles near the degenerate boundary are getting
thinner and thinner in our construction, in which the maximum-angle condition is
apparently violated. Nevertheless, the difficulty is already overcome by Theorem
7.3.3 and Theorem 7.3.5.

The finest mesh in our numerical experiments is obtained after 10 successive
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Figure 7.3. Initial mesh with three triangles (left); the mesh after one refinement
x = 0.2 (right).

Figure 7.4. The mesh after 5 levels of refinement for x = 0.2.

refinements of the coarsest mesh and has roughly 2% ~ 4 x 10° elements. The
preconditioned conjugate gradient (PCG) method is used to solve the resulting
system of algebraic equations. We have tested several values of the parameter x
for the model problem. The convergence rates are summarized in Table 5.1. These
results convincingly show that the theoretical approximation order can be verified
in practical calculations with x < 0.3.

The left most column in Table 7.1 shows the number of the refinement level,
and u; denotes the numerical solution corresponding to the mesh after j levels of

refinement. The quantity printed out in other columns in the table represents the



170

j le:k=01le:k=02e:k=020e:k=035 e:xn=04 e:k=0.5
2 1045 0.46 0.43 0.35 0.31 0.22
3 10.66 0.63 0.59 0.48 0.42 0.31
4 10.82 0.78 0.73 0.61 0.54 0.40
5 1092 0.88 0.84 0.71 0.63 0.47
6 |0.97 0.94 0.89 0.76 0.68 0.52
7 10.99 0.96 0.93 0.79 0.71 0.55
8 | 1.00 0.98 0.94 0.81 0.73 0.56
9 |1.00 0.99 0.96 0.82 0.74 0.57

Table 7.1. Convergence history.

convergence rate in the manner

U; — Ui 1
6210g2(| J J 1|IC1 .
|uj1 — ujlxs

The quantity e is not an exact convergence rate, but it turns out to be a quite
13

reasonable approximation to it. Recall h stands for the triangle size in (3, 3) X
(0,1). We have already seen that the correctly graded refinement improves the
convergence rate with a factor of about h%#3. In fact, the improvement may be
better as our theory shows that the convergence rate in the case x < 0.3 is h! by
Theorem 7.3.5

Our theoretical prediction for the convergence rate in the case k = 0.5 is about
h%%% and the theoretical prediction for the convergence rate in the cases k = 0.1,
k = 0.2 is h', which is verified by Table 7.1. Moreover, one can see a big jump in
the rates between k = 0.25 and x = 0.35, which strongly supports our theory for
the critical number k =~ 0.3. Thus, our numerical results completely agree with the
theory we have presented in this chapter. Based on the behavior of the sequence
of the numbers in every column, it is also reasonable to expect the optimal rate by
doing more refinements for all kK < 0.3. Therefore, we conclude from our numerical
results, that, for a correct refinement, the difference between consecutive numerical
solutions is decreasing like dim(S,,)~/2, which verifies Theorem 7.3.8.

One may also notice that those numbers in each column keep increasing when
k > 0.3. An explanation is that the solution consists of a singular and a regular

part: u = us+u,. The regular part u, dominates the behavior of the solution until
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x is sufficiently close to the degenerate boundary, when the singular part can be
taken into account [7]. Therefore, as shown in the table, the increasing rate slows

down and will be fixed at some point.



Chapter

Conclusions

In the last chapter, I will briefly summarize my Ph.D. work and give a rough
direction of my future research. A Chinese proverb reads: the more one gets to
know, the more one realizes he does not know. My future plans are certainly
based on my current knowledge and the details may change when I become more
experienced. This is why the research goal given here is a “rough” one. The big

picture, however, I think will remain the same.

8.1 Summary

My research centers around numerical methods for partial differential equa-
tions (PDEs) with low-regularity solutions. I am interested in various aspects
of this field ranging from the theoretical analysis of the PDEs, the estimates of
numerical errors, to the development and implementation of numerical algorithms.
Here are, more concretely, the topics I have worked on and have been included in

the dissertation.
e Partial differential equations on singular spaces.

The solution of an elliptic PDE may have singularities from the non-smoothness
of the boundary, changes of boundary conditions, and jumps in the coefficients.
The research I have done in this area is to establish a priori estimates (well-
posedness, regularity, Fredholm properties) in weighted Sobolev spaces for general

elliptic PDEs with possible singular solutions of these types (in joint work with
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Mazzucato and Nistor, Chapter 3). A priori estimates in weighted Sobolev spaces
represent the theoretical foundation for our numerical approach to these singular

problems.
e The finite element method (FEM).

One of the major concerns in this widely used numerical method is to construct
finite element subspaces that are compatible with the target PDE and produce
numerical solutions with good rates of convergence. From my recent work with
Mazzucato and Nistor, a simple and explicit construction of finite element sub-
spaces has been formulated for general elliptic PDEs with the singular solutions
as mentioned above, which preserve the quasi-optimal convergence rate. In par-
ticular, the analysis of the FEM for Neumann-NNeumann corners and for
transmission problems (Chapter 3 and Chapter 4) is a breakthrough in
this field.

e The multigrid (MG) method.

In this area, I have focused on estimates of the convergence rate of the MG
method, and on the development of efficient subspace solvers for algebraic systems
of equations from the discretization of elliptic PDEs with singular solutions. I
have worked with Brannick and Zikatanov [33] to address our estimates on these
systems, based on the analysis in weighted Sobolev spaces and the method of

subspace corrections (Chapter 5).
e Applications to mathematical physics.

Many mathematical models in physics give rise to differential operators with
singular or degenerate coefficients. Both theoretical analysis and numerical ap-
proximations to these solutions, possibly singular, require a deep mathematical
understanding of the problem. My work on an operator degenerate on a segment
of the boundary (Chapter 7) and the work with Nistor [69] (Chapter 6) on a mod-
ified Schrodinger operator extend our theory on singular spaces to these operators
by providing concrete a priori estimates and robust finite element schemes with

quasi-optimal convergence rates for the numerical solution.
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e Software development

I with Nistor developed the software package LNG_FEM [68] that generates
user-specified graded meshes and solves elliptic PDEs on pathological domains,
possibly with cracks. We have made this software available to the public for the
research and education on singular solutions.

Moreover, during writing this dissertation, I, with Long Chen, are working on
the superconvergence phenomenon of the finite element solution on the graded
meshes proposed in Chapter 4. Because of the singularity of the solution and non-
uniformity of the mesh, many counterparts of the results in the classical FEM can
be considered as potential topics. Some of these topics are discussed in the next

section.

8.2 Future Work

I have been attracted to the interplay between different fields (numerical methods
and PDEs, Mathematics and Physics, Mechanics, and others). I believe that a deep
understanding of the theory is the starting point for good discoveries in numerical

methods.
e Partial differential equations on singular spaces.

I am very interested in the research of singular solutions of other equations
(linear elasticity, Maxwell, Stokes, Schrodinger, evolution equations, and others).
I have been studying the classical theory on other PDEs, and I expect to derive
further theoretical results on different differential operators associated to these
equations. Foe example, different potentials (singular functions) in the Schrédinger
operator may raise singular solutions of different types. It can be seen that we are
able to estimate a class of these operators in weighted Sobolev spaces. This has

been one of the difficulties in physics.
e The FEM.

My main goal here is to study and design effective FEMs for PDEs with singular

solutions. In particular, I have seen many applications of our work in the FEM
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to equations from mathematical physics, and they have proved successful [66, 69].
I plan to continue this study and design effective finite element schemes for these
PDEs, generally with singular coefficients. Also, I am very interested in the gen-
eralized finite element method (GFEM) and the adaptive finite element method
(AFEM), since they give more freedom for the choice of shape functions and meshes
to generate numerical solutions for singular solutions. Moreover, the FEM for other

equations (linear elasticity, Maxwell, Stokes, etc.) is of great interest to me.
e The MG method.

Besides the development of finite element schemes to obtain the quasi-optimal
convergence rate for the numerical solution, I have seen other applications of our
a priori estimates to numerical methods, for example, to the MG method for sin-
gular equations. Most of conventional analysis on the MG method needs certain
regularity results for the solution. With our results in weighted Sobolev spaces, I
would like to obtain MG methods for other low-regularity solutions (transmission

problems, high-order FEMs, for example).

The mathematical research is a long-term process that needs patience, deter-
mination, and more important, consistent hard work. Equipped with motivation,
dedication, and confidence from the experience of my Ph.D. study, I have and will

enjoy every moment of it.
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